Appendix A: Third Order Laminated Beam Theory

A thinrwalled laminated beam theory is developed to calculate deflections and ply- level stresses
under transverse loading, following the approach of Barbero et a. [1]. Third-order kinemetics
are used to model warping and to permit a quadratic variation of shear strain through the
thickness of the beam. This feature eliminates the need for a shear correction factor and captures
warping-related effects.

In addition to the assumptiong/restrictions made by Barbero et al. [1] in their Mechanics of
Laminated Beam (MLB) theory, the panels are assumed to be either vertical (web) or horizonta
(flanges) to simplify the development. Furthermore, the derivation is presented for a single web
panel and two flanges, although the theory could easily be modified for additional panels.

Unlike the ML B model, this model accounts for shear deformation in the flanges using first order
(Timoshenko) kinematics.

The globa stiffness quantities are found by equating the total strain energy of the individual
panels expressed in terms of the local panel stiffnesses to the strain energy of the beam expressed
in terms of the global stiffnesses. The governing equations are then found using variational
principles, and a solution technique employed by Dufort et a. [2] is followed to provide
analytical solutions.

1 Kinematics and Strain-Displacement Relations

1.1 Global

The global coordinate system is oriented as shown in Figure A.1. Following the notation and
convention of Reddy [3] and Reddy et al. [4], the kinematics for a cross-section of the beam are
as follows:

u(x 2) =u, (X + zf (x)- az*f (%) +w,, (%))

W(X, 2) = W, (¥) -

wheref (x) is the rotation of the cross-section due to mid-plane curvature and shear deformation.
The third term accounts for warping and permits a parabolic shear strain distribution. Assuming
small deformations, the strain-displacement relationships become

e,(x,2) =l + el + 2% 1-2)

9,.(x,.2) =g +2°g

where
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e =f (%) 99 =f, (3 +w,, (x)
e® =(a)f. 00+w, () A 9F=CDE 04w, (x)
' ’ 4
_ 4 b=3a=—
a _W h2
1.2 Flanges

The local coordinate system of the flange panels is oriented such that the local x-axis is parallel
to the global x-axis, and the local z-axisis paralel to the global z-axis. The direction of the local
y-axisis determined by the orientation angle g and the right hand rule (Figure A.2). In order to
capture the shear strain in the flange panels, we assume first order shear deformable kinematics
in the flanges. This assumption yields an additional refinement beyond the theory of Barbero et
al. [1], which neglects any shear deformation in the flanges. In the case of a moderately thick-
walled beam, this strain may not be negligible. The local displacements become

u(x,zg =0, + z¢ () (1-3)
W(x) = W,

where z(istheloca z-coordinate;
z=2Z+ z(cosq (1-4)

The bar notation of Barbero et al. [1] is introduced to denote local panel/laminate values. The
mid- surface displacements for the flanges are found from the global kinematics:

U, (X) = u(x,2) =u,(x)+ Zf (X) - a23(f (X) + Wo,x(X)) L5
W, (X) = W(X) oS0 =W, (x)cosg )
In order to find the local rotation f , the axial displacements at two points within the flange are
computed using the global expression for u. The two unknowns of T, and f in Equation (1-3)
can be solved for using these two known values. In order to force U, to equal the global value of
u at the flange mid-plane, we choose the mid-plane (X, Z) as one point. Next, it is convenient to

choose either the inner or outer surface (z = Z+ t; cosg). The magnitude of f at these locations

will differ dightly, depending upon the amount of warping in the cross-section To ensure
continuity of displacements at the flange-web interface, we therefore choose the inner surface as
the second point:
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f (%) :g (X) +%( t? cos’q +6t,ZF 1222)a(f (X) +W§(x))gcosq (1-6)

The + signs depend upon which flange is considered. However, recognizing that z >> t; for thin-
walled beams and substituting for a, these terms are small, and the expression becomes

(9 »[f .09~ Z°blf (0 +w,()]cosg (1-7)
The local in-plane strain measures, in terms of the global coordinates, are found to be

8, (% 2) =U,(X) =0, (X +2¢ ,(x) = +2&?

where 1.8
509 =e, (x,2)= e + 7ef? + 7l o
89 =00 =, (0~ 2D, (%) +w,,,())cosq = e +32%€? )cosg
where Z = distance to the flange’s mid-surface  The flange shear strain is found from
_ u fw
X,2) =—+— 1-9
0. (% 2) 2 (1-9)
to be equal to
— 1 2 2 = =2 0
0. (X2 :E?H Z(- tf cos”q £ 6t; Zx12Z")a Hf , (X) + W, (X)) cosq (1-10)
e @
For thinrwalled beams, Equation (1-10) becomes
0. (% 2) = (- 3Z%)(f , (X) + W, (X)) = (1- ﬁ)(f (%) + W, (X))
xz ! X 0,X h2 X 0,X (1_11)

J.(x2) =99 +7°9% =g, (x,2)

Thus, the shear strain in the flanges is approximately linear through their thickness in accordance
with the Timoshenko assumption, and the flange value can be determined from the global shear
strain expression
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The factor cosq isincluded to account for the orientation of the panel. For instance, if the top
and bottom flanges of a symmetric beam are defined to have exactly the same lay-up, but they
are not individually symmetric, then they will be oriented in opposite directions in the beam.
Thus, the effect of curvature and warping will be of opposite signs for the k' laminaiin each
panel. The cosg provides a negative sign for panels oriented at 180°. Note that Barbero et al.

[1] alow panelsto be oriented at any angle q; in the current development, panels are restricted to
vertical or horizontal, i.e. g = 0°, £ 90° and 180°.

1.3 Web

The web kinematics are identical to the global kinematics, since the centroid of the web is
assumed to be located at the neutral axis of the beam:

U(x,2) = u,(x)+ (X) - azg(f (%) +w0vx(x))

(1-12)
W(x, 2) = W, (X)
where
2(s)=s+7
2 2

where the coordinate across the width of the panel is represented as s to distinguish it from the
transverse beam coordinate, y. Since the web panel is transversely oriented, the strains at the
mid-surface of the web panel vary in the transverse, sdirection:

e9(x,2)=e (x2)=el +z{ + 7%

g3 (% 2) =g, (x2) =99 +2°g (24
Substituting in for z,

ef(x,8)=e? +(s+2)el? +(s+2z)°e®
4 ( ) X ( ) X ( ) X (1_15)
g (x9) =0, +(s+2)°g

Out of plane curvature in the web panels is neglected, following Barbero’ s approach.



2 Constitutive Behavior

2.1 Flanges

From first order shear deformable plate theory, the constitutive behavior of the flange panels,
expressed in terms of mid-plane values and resultant quantitiesis

HNJu_dA [elife) _
il 98] oMl &

Q}=[Alg“}

where N, M, and Q are defined as

iNXXu t/2 IS U iI\/IXXU t/2 IS U
{N}::' Nyyi'/ 0|S de {M}::'M ¢ O|S yZdZ
%NXVIIO tIZLS |o %Mxy|lo t/ZlSXyp
(2-2)
_ QU Y2is 0
= =k O| ;dz
IQ E/) t/2| Z)
wheret is the laminate thickness and [A], [B], and [D] are defined as
N —_—
(A,, B;.D )=§1 RY (1,2, zz)dz (2-3)

k=1l 2

Inverting Equation (2-1),

o}~ §o1' ol }iﬁ &

It isassumed that Ny = Nyy = My = My, = Q, = 0, and following Barbero et al., it is assumed that
all off-axis fibers are balanced and symmetric. This restriction decouples shear-extension and
shear-bending deformations and leads to a1 = b1s=0. It isalso assumed that dig = O; it can be
shown using CLT that dis decreases rapidly as the number of layersincreases. Thisassumption
is vdid for thick laminates.
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Using the bar notation of Barbero et a. to again denote panel strains, the inverted equations
reduce to

\!éfml.;] _(f:an bn@i N><[;]
feo) T8 a EW (2-5)
P €y 11 11 Ul X

_0 — —

g)Ez) _aSSQx

Inverting back, the reduced force resultant-strain equations become

iN U0 éA Bueu
i V=& Ui Y (2-6)
iMh &8 Daelp

Q. =AgY

2.2 Web

The web is modeled as an orthotropic panel with moduli Ex and G, (in global coordinates). Ex is
the longitudinal modulus E; (local coordinates) and Gy is the in-plane shear modulus G2, as
calculated using classical laminate theory (CLT). The web is assumed to carry only axial stress
and shear stresses. Curvatures and curvature-related force resultants are neglected, as these
forces would act through the thickness of the web, and we are not interested in these
deformations. Thus, al higher-order through-the-thickness effects are neglected. However, the
shear stress distribution is allowed to vary in the y- (or s-) direction, so third order constitutive
relations are required to describe the shear stiffness. The resulting constitutive equations are

N, = Ael (2-7)
1Q.u_¢A, D.uglQ
| =y~ &< — Ul
TRXE &, F.9%

where R isan additional higher order shear resultant defined as

h/2

{ﬁx} = G ><222dz (2'8)

-h/2

The higher order stiffness quantities become



Z’dA=G_1 2 (2-9)

xz ' web

A, = F.0A=G,A,,
D, =P
F

xz © web

=(G,Z'dA=G, I}

following the notation of Reddy et al.

2.3 Beam: Global Relations

The constitutive equations for the beam are expressed in terms of unknown global stiffness
quantities following the notation of Reddy et a. [3]:

|N u eAg(X B, E,. ule(o)u
tM xxy =8Bx Du Fuy Uewy (2-10)
{p, |D gEXX Fre Hxxg}ef)b

1Q,U eA<Z D, ugu

R}TD. F.Hoo)

where P,y is an additional higher order resultant related to warping:

h/2
Py = (P 20z (2-11)

-h/2

Note that for a rectangular orthotropic beam, the stiffness parameters are found from

A, =CEdA=E, A
= (E.zdA=0

D, = OF«2°dA=E,I 7

E, = OF. 7°dA= 0 (12

Fo = OE<Z'dA=E, I

H

=/ = (6)
o = (E,2°0A=E, I

A, =(5,dA=G,A
D, =(5,,2°dA=G_I,
Fo=(G.Z'dA=G_I}}
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In order to calculate these quantities for a thin-walled laminated beam, the definition of the beam
stiffness coefficients must be derived from energy considerations, as follows.

3 Strain Energy Expressions
The general expression for the strain energy in a laminate can be expressed as

de} [Q]{e}dV = de 1 [@lelav = —océa Jeb" [oke} dz-dydx (3-1)

For the moment, we assume third order kinematics. Substituting in the plate kinematics, the
strain energy becomes

B o ‘e{e(o’ +7e® 45 e(a)} [Q] { © 4 0@ 4 5 e(s)}_,_UUdzodde a2

2,6 Zgg(m + 2% (2) [Q]{ ©) +zzg(2)} a s

Performing the matrix multiplication and grouping like terms, we have

-2 el e} 2o lal oo} o) Bl 2 ol o e

+= mead? e} [Qlfe@}+ e} [, {e“’})dzudydx

xy€k 2

L esa doV ol oo} s 22V ol o)+ o) el o oo
y Equation (3-3)

Then wsing the definition of Ajj, By, Djj, Ejj, Fij, and Hjj for plates (see Reddy [3]), which are
similar to Equation (2-9) for a beam,

91 (A Je+2e} [, fe }+fe} b, fe}+ 2} [E, fe }ou
U =500kt [F fec et W, Je ) Uiy
ooV A Jeo Ao} [, fo? o @Y (R fo ) ;

Equation (3-4)

wherei,j =1,2,6, and a,b = 4,5. For convenience, we rewrite Equation (3-4) in terms of the
stress resultants:
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0 =L efer N koY Ml T Pl ol VIR 09

Xy

Thisisthe general expression of the strain energy for a laminated plate modeled using third order
kinematics.

3.1 Flanges

For the 1-dimensional beam assumption, we assumed previously that Ny = Nyy = My = Myy = Qy
= 0 in the flanges, allowing only first order shear deformation in the flanges. The reduced
energy expression for aflange panel becomes

U =2 oA 286 Je)+ Ble? ) + Ao f by (3-6)
Xy

where the bar notation is again used to denote panel values. Integrating in the y-direction from
-b/2 to b/2, where b is the width of the flange panels,

U :% C\p[ﬂ(éio) f+2B(e°)e®)+De®) +1a, G0 ]dx 37

A shear correction factor for the flange, ki, has been introduced to account for the error in
assuming a constant shear strain through the thickness. Substituting the flange kinematics into
this expression,

ol @éﬂ(eio) +zel’ + 2% )2 + 2§(e§°) +2zel’ +2%P )(eil) +3z% (Y )cosq +@de
2,780(e +3z2e0f +k, A, 00 + 2292 ] 4

Equation (3-8)

where the strain measures shown are now the global beam values. Substituting for the mid-plane
strains measures,

éﬂ(uox+2fxx+23(_ a)(fXX+WOXX))2+ l;'
1 N g —( _Y -3 ‘ Y =2 l:|

U ZE@SZB(UO,X + Zf X, X tz (- a)(f X, X + Wo,xx )Xf X, X tz b(f X, X +W0,xx))cosq + uLUX
D, +22b(,, +w,)00sa) +k, A, +w,,)+Z2(- b)f, +w,, )]l

Equation (3-9)
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After multiplying the terms in parentheses, the expression finally becomes

é—guox) +22uOXfXX 2azguox(fXX+W0XX) l;l l;I
ene A 0+ ;
g g 2z4afx,x(f x.x +w0,xx)+26a2(f XX +w0,xx)2 + 22(1‘ X,X)ZEI H
. w2 5 _ . ;
U = lé)%ggjo,xf X, X + Zf X,X az3f X,X(‘f X,X +W0,XX)+ u;),XZ b(f X,X +WO,XX)+9COSq E+lfllux
2,78 & Tt W) 20D W) 5 fo
é a
25[(1‘ LS +2z bfxx(fxx w, )+ 202, +w,, F|oostq + g
8RN+, f - 220 ( 4w, f 4 2p2f, +w, ] ?
Equation (3-10)
Now group like terms:
SAlu, f :
é a
e+2[Az+Bcosq]u0X ‘x u
a
e+[Az +2Bzcosq + D cos q]fxx)2 0
u % e 2[Az- 2BZ% cosglu, alf,, +w,,) il (3-11)
« e 2[Az 2B7° cosq - 3Dz? coszq]fxyxa(f ox F Wy
[Az 6Bz° cosq + 9Dz coszq]az(f w, ) 3
§+[ksz(1 0z fJf, +w,. y
3.2 Web
Based on our previous assumptions for a web panel, the energy expression becomes
U =2 oler oo 2R, o) 25,6002 )+ Fub Tk o2

XS

Now substitute in for the mid-surface strains in the first term. The integration along the y-
direction of the web (vertical) is dightly more complicated as the location of the mid-surface is
givenas 2(s) =s+7.

U= ;&A\(e(o) +Ze(1) +7 e(3)) dsdx +— bdsz (0) )2 +2D ( (O)Xg(z))+ F (2) ]dx

XS

Equatl on (3-13)
or
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U =2 00l + 2 o+ 22 a)f s

XS

(3-14)
Zoda. ) +20. 2o+ £ P o

or

1 < \—%0 x)2 + 2Zuo xf XX 2az3uo,x(f X,X + Wo,xx)+ Zz(r x,x)2 - aZ4f X,X (f X, X + Wo,xx)-l_(.j

= RS o Tdsd
%bdﬁq 00) +25, 69 )o2 )+ F. 0 ) Jox
X Equation (3-15)
Substituting for z,
PR T e T B Y RN T S B N,
255 Sa@+e)'t [, +w,)+ra’@+9)°f,, +w, ) p
—b(JA(Z gg) + 2D, (g (O)Xg(z))+ F, (gfj) )Z]dx
Equation (3-16)
Expanding the z+ s terms,
g géuox) +2(z+s)uoxfXX 2a(2 +2$2+s)(7+s)u o tw L) QUU
U -2(‘I‘fA9+(z rog+¢f,, - al?+22+)z +Zsz+s)‘ f, .+ W, Jldsdx
s “u
" e g+a (z +2s7 +5° Xz +Zsz+s)(z +Zsz+s)(fxyx+woyxx) ajl

= b({Aq (0) +2D ((O)Xg(Z)) ((2))}1

Equation (3-17)
or
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g (@;@OX) +2(z+s)uoxfXX - 2a(23+3322 +3SZZ+83),IO’X(f W) QJU

U= %C‘I‘f_g t(Zr2g+s)i, )P -alzt vazP+65°2% v aszH S f L, +woyxx)+}:ldsdx
T8 Ga2(z5 + 65 +158°7" + 2067 +156'7% 4657+ & foo+w, ) 4
@ x W 4

Equation (3-18)

Integrating in s, the strain energy of aweb panel becomes

g E?B( 0,X ) +2(Zb)uoxfxx Za&zsb-l_ziguo,x(f X,X W ) gz b+ _(fxx)zguu
: ¢ ‘o K
1 ‘9— 3 _ b3 b5 : _l:l
U :EE%AE- aaaz4b+ 72 ?4_%3 X’X(f x +W0‘XX)+ —lljdx
€ ) =
T3 AR e s S 3
€ &

+30aR 6 +25. 00 o)+ Fulo )
Equation (3-19)

Recognizing that Z = O for the web, the expression reduces to

U__@Ab ox g_gfxx ag_%xx X,X o,v)+a2§%%fx,x+w
. bc{Aq 00 + 25,60 Yo )+ F. b2 o

Equation (3-20)

Substituting in for the shear strain measures, we finaly have
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N b’ 0 2
U __@A b OX g_gfxx ag@gXX X,X 0,%¢ )+a2 448% X +W0,xx) j,ﬂx
+Ebc\{ﬂxz(f X +W0,X)2 - 25xzb(f X +Wo,x)2 + I?xzbz(f X +Wo,x)2]dx
Equation (3-21)

Note that Equation (3-19) could also be used to establish the strain energy for vertical panels
which are not symmetric about z = 0.

4 Determination of Global Stiffness Coefficients
The strain energy of the beam in terms of the global kinematics and stiffness values is

\gA(X( o, X) + ZBXXLIO Xf X, X DXX(f ) 2EXXLIO Xa (f ) 2FXX.f X, X (f X, X + WO’XX)IL;IU
X

2 %*H a?(f,, +w, f+Af, +w,,) -2szb(fx+wo,x)2+szb f,+w,)? @
Equation (4-1)

U_

The beam stiffness coefficients are defined by equating like terms in the global energy
expression to the sum of the flange and web energy expressions:
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nfl anges nwebs

A = a Ab + a Ah
an%ng i _
B.,= a\Az *+B Cosqi)b|
i=1
nflang nwebs
a AZ?+2BZ cosq, + D, cos’q, )o a Ag—
- 25
nflang _
= 4 (Az® - 2Bz cosq )oi
i=1
nﬂang nwebs &5 -
a Az* - 2Bz°cosq - 3DZ° cos q)o a A 2
80 P
nflang S _ _ nwebs &h 0
H, = & (Az®- 6BZ° cosq +9DZ* cos?
. ele(s q ah+a A i
nvgebs_ nflanges _ > 422 02
A= a Ab + a KA gl 2
i=1 (%]
D nv(gebs5
Xz = a Xz
i=1 (4'2)
nv&ebs_
i=1
The significance of each stiffness coefficient is given in the table below:
Axx Extensional stiffness
Bxx Bending-extension coupling stiffness
Dxx Bending stiffness
Exx Warping-extension coupling stiffness
Fxx Warping-bending coupling stiffness
Hyx Warping - higher order bending coupling stiffness
Axz Shear stiffness
Dy Shear-warping coupling stiffness
Fy, Warping stiffness
Note that if the beam is symmetric, the stiffness quantities By« and Exx will be zero.
5 Stress Resultant Definitions
The strain energy of the beam can be expressed in terms of global stress resultants:
_1 E{ 0 ® @ © (2)]
beam E Nxxex +M wEx + F)xxe + ng + Rxgxz dx (5'1)
0
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where Ny, My, Pxx, Qx, @d Ry are the stress resultants as defined by Reddy et al. [4] Similarly,
the total strain energy of the flange and web panels can be expressed in terms of wall stress
resultants:

U :%“Ne(°)+Me(1’+Q g(o’]dydx

flange
1 t (5-2)
U =5 0fNe” + Q0 + R ? Jiyax

X s

Substituting into the flange energy expression for the local strain measures to express the flange
strain energy in terms of global strain measures,

U fange = ; N N( O 4 760 4+ 7 e(a))+ Vi (( ® 137260 )cosq)+@( 0 4 72 )]dydx
Xy

Equation (5-3)

or grouping like terms

U

flange

:% A(N)e® +(Nz+ M cosg e® + (Nz3 + 3MZ? cosq )ef’) +Q).o0 + ((sz?)gg)]dydx
Xy

Equation (5-4)

Equating coefficients of the strain measures, the global stress resultants can be found in terms of
the panel stress resultants:

npanel S

a Nb,
nﬂang _
TN + M, cosqi))i
nﬂang
Py = E(N Z° +3M2z? cosq, )oi (5-5)
nvgebs_
Qx = a |b|
i=1
nvgebs__z
R=aQzh
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6 Governing Equations

Recall the strain energy expression for the beam in terms of the global stiffness coefficients, and
add the energy due to the external loading to form the total potential energy:

L?A(x( ) +28xxuoxfxx 2D><x(fxx)2_ 2Exxauox(fxx+woxx)_ 2Fxxafxx(fxx+w )U
p=5¢ Y N ' (icx
08+H a ( X,X ,x) +sz(f X +Wo,x) - 2D><zb(fx -I_Wo,x)2 +F><zb2(fx +Wo,x) H

- 09K~ Py (x,)

Equation (6-1)

where g, is a uniform load, P is a point load located at X = X, (X, & boundary, i.e. either x = 0 or x
= L). To find the governing equations, we minimize the total potential energy by taking the first
variation and setting it equal to zero:

A, (Up [, + B, (U, f o, +u,,df )= 2D, (f ,, Jof ., -
AE a(du f . +du .w +Uo,xdfx,x+Uo,xdWo, )

u

u

0,X" X,X 0,X 0,XX u
dp = Oé Foa(a, df, +df, w  +F, dw )+H, a2, +dw )ﬂdx

u

u

6-2
gkAQ(de+dWO,X) 2D, b(df  +dw,, )+ F_b? (dfx+dwo ) 2

L
- Cfldw, (X)dx - Pdw,(x;) =0
0
Using the definitiors of the global stress resultants from Section 2.3,
L
dp = dexduo,x + M df  + P (- a)d(f o +WO’XX)+ Qxd(f o+ Wo,x)+ R(- b (f L+ Wo,x)dx
0

L
- Cpaw, (X)dx - Pdw, (x,) =0
0

Equation (6-3)

Note that this form is equivalent to the Principal of Virtual Work. Next, we apply integration by
parts to relieve the differentiation on the virtual displacements and set the first variation of the
potential energy to zero:
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L
dp = % I N du, - M df + P adf - P, adw, +Qdf - Q. dw, - Rbdf , +R_, bdw, Jdx
0

L
- gy, (x)dx - Paw, (%) +[N,,du, + M df , - Pad(f, +w,,)+P, adw, +Qadw, - Rbdw,]’
0
=0
Equation (6-4)
The governing equations are found from the coefficients of the virtual displacements:
NXX,)( = O
Qx,x - bRxx +anx,xx Q= 0 (6_5)
Mxx,x - anx,x - Qx +bRx =0
These equations match those given by Reddy [ 3], when his equations are reduced to the case of
1-D beam anaysis. The boundary conditions are found in the bracketed terms:
u, specified N, =0
W, ified - bR +aP,, +(-P)=0
Either o P or Q.- bR +aPo,+ (-F) (6-6)
f . soecified M, -aP, =0
w, , specified -aP, =0

The P terms in parentheses is added for the case of a point load at either of the boundaries.

7 Solution of the Governing Equations

Following the approach of Dufort et al. [2], we will rewrite the governing equations in terms of
the displacement quantities and then reduce them to one equation in one displacement variable.
Because the beam is assumed to be symmetric and the bending and stretching problems are
decoupled, the bending problem is considered separately. Therefore, using the definitions of the
stress resultants, the last two governing equations are rewritten in terms of the displacement
guantities:

AG9, +D,02, - b(Dg? +F.0?)+a(Ee? +F.el, +H e )+q=0
B,e® +D, e +F e -a(E,e®+F.e® +H e?)- (A,0® +Dg? )+
b (szgii” + szgi?) =0

Equation (7-1)

Grouping like terms,
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(BB Jesci + (@F e +@H . Jes + (A, - bD, Jo +(D,, - bFJo s +q =0
B, - aE, Je(% +(D,, anxesz G+ (Fu-ab 0 +(- A, +0D, 10
+(- D, +bF,g? =

Equation (7-2)

Now, substituting in the displacement quantities, but leaving g/ asavariable:

(B o+ BF K e+ @H )+ @ ) s+ Wo o+ (A - DD JO 0, +
(De- bF)- b)f x,x+vvo,xx)+q:o
B - 8B Mo * (D= 8F f e +(Fuc - @H L - @) s+ W)+ (- A, +DD )Y
+(- D, +bF, )- b)(f . +WO’X): 0
Equation (7-3)
Assuming the u, terms are negligible (see Dufort et al. [2]),

(aF | ( Hoo M- @)F o0 + Wornmo) + (A, - DD, )0,
(fxx+woxx)+q=
(D aF)f Fo-aH, )-a)f o, + W)+ A, +bD, )
+(- D, +bF,) (fx+w )

Equation (7-4)

Noting that e{” = (-a)g. and g@ =(- b)g?, then we have

(a FXX X, XXX + (a HXX - b)gg.)xxx + (A(Z bDXZb)E(Z))X + ( ><Z bFXZ)( b b)(g.)x + q 0
(DXX - aFXX X, XXX + (FXX aHXX b)ﬁ(z).)xxx + ( A(Z + bDXZ b(O) +( DXZ + bFXZ)( b b)E(ZJ)X :
Equation (7-5)
or, regrouping,

(a Fxx X, XXX ( -a big)xxx + ( 2bD XZ + b 2 szbi(z))x + q O (7_ 6)
(Dxx - anx X XX ( XX xx)( bgg,)xx + (_ A(z + Zbez b F (0) =0
Integrating the first equation and adding to the second, yields the following system:
- Fa +D,f,  tAL+gx=0
gxz XX XX XXX q (7_ 7)

a(- F, +aH, )%, - (A, - 20D, +b?F )% +(D, - aF, ¥ ..
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Eliminating f x.x, an ordinary differential equation in g\ is obtained:

-a 2(DxxHxx - inb)?zxx + Dxx(sz - 2bez +b 2szb>?z + (Dxx - anx)(A]'+qX)2 0
Equation (7-8)

0 _ 20 — (Dxx'anx) _
or gxz,xx w gxz _az(DXXHXX_ in)(Al-l- qx) (7 9)
where
w = D,o(A, - 20D,, b *F.,) (7-10)
a?(D,H, - F2)

The solution to Equation (7-9) is found following the procedurein Dufort et al. [2]*:

D, - aF,
A, - 2bD, +b?F,_) * ACoshiwx) + ASinh{wx)

Equation (7-11)

g;;(x)=(A1+qx)D (

The expression for f  is found by substituting for g in the second of Equation (7-7) and then
integrating:

f (X)=A,+AX- %S—Z(BA +ax)+ A, g—xxaCosh(wx)+ AS%ath(wx)

XX XX XX

Equation (7-12)

Similarly, an expression for w, isfound by using g0 =f , +w,,:
— _1 2_? (Dxx-anx) l‘:l Dxx-anx
W0 = A A A 7R, AT T Dy LACSh(w) + ASinhu]+
Ai X3 + qé x* + (Dxx - anx) le;l
6D,, &4D, D_[(A,- 20D, +b?F,)" §

Equation (7-13)

! Note that the solution obtained here has a slightly different form that that obtained by Dufort et al. due to the
different kinematic definitions.
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This procedure generates 6 unknown constants which can be found using the 6 boundary
conditions given in Equation (6-6).

8 Stress and Strain Calculations

Once the solution in Equations (7-11), (7-12), and (7-13) is found, local panel strains can be
found using the flange and web kinematic expressions in Equations (1-8) and (1-15). Ply-leve
stresses can then be obtained using usua congtitutive relations for plane stress employed in CLT:

|s u el
lSyy [Q]: O'y (8-1)
J\Sxyb Ob

This theory predicts a parabolic shear stress/strain distribution through the beam depth. The
method of Barbero et a. in which the axial stress equilibrium equation is integrated a posteriori
can be used to estimate the actual shear flow. The reader is referred to Reference [1] for
additional information.

Figures
zZ,w
1T
RS S e R s e _-..x'u
undeformed '
} x
TSDT

Figure A.1. Third order beam/plate kinematics. (Figure reproduced from Reference [ 3] with permission from CRC
Press.)
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- |:I1.. b3 *
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zl ¢,=180
Figure A.2. Cross-section geometry and panel level coordinate system.
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