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Designand Modeling of Ultra-Wideband Position-Location Networks

Swaroop Venkatesh

(ABSTRACT)

Impulse-basedUltrawideband(UWB) is a form of signalingwhich usesstreamsof pulsesof
very short duration, typically on the order of a nanosecond.Impulse-basedUWB systems
possessthe abilit y to fuseaccurateposition-location with low-data rate communication, and
provide covertnessfor tactical applications and robustnessin densemultipath propagation
environments. Thesefeaturescanbeleveragedin the designwirelessad hoc position-location
networks (PoLoNets) for accuratelocation tracking and monitoring whereGPS is not avail-
able, especially indoors. Location information is sequentially propagatedthrough a network
of referencenodesin order to createa framework for the tracking of mobile nodes,aswell as
a multi-hop message-passinginfrastructure betweenmobile nodesand control nodeslocated
outside the areaof deployment. The applications of such networks include the location and
command-and-control of �re-�gh ters in emergencyscenarios,the location of military per-
sonneldeployed in urban or indoor environments, and the guidanceof robots through large
multi-ro om indoor environments.

The main objectiveof this dissertationis to derivedesignprinciples,techniquesandanalytical
modelsfor UWB PoLoNetsthat areusefulin the development of practical solutions. Someof
the fundamental obstaclesto obtaining accuratelocation information in indoor environments
arenon-line-of-sight (NLOS) signalpropagation,limited connectivity betweennodes,and the
propagation of localization inaccuracieswhen using sequential estimation approaches in ad
hoc scenarios.Several techniquesandalgorithms that mitigate thesee�ects, thereby allowing
the designof PoLoNets with requisite localization accuracy, are presented. Although these
techniques are developed from the perspective of a UWB physical layer, the majorit y are
applicable to genericPoLoNets.
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Chapter 1

In tro duction

This dissertation dealswith the designand modeling of sensornetworks usedexclusively (or
primarily) for the determination of node locations. We call such networks position-location
networks (PoLoNets). These networks are assumed(for reasonsto be discussedshortly)
to use a physical layer basedon Ultra-wideband (UWB) signals. Before an explicit thesis
statement can be provided, a few preliminaries warrant examination. Section 1.1 discusses
the concept, classi�cation and applications of PoLoNets. The applicability of the UWB
physical layer to PoLoNets is scrutinized in Section 1.2. The goalsof this dissertation are
detailed in Section 1.3, and its organization and original contributions are delineated in
Section1.4.

1.1 Position-Lo cation Net works

Position-location has historically beena desired feature in many commercialand military
applications. More recently, position location has beenan active area of research in many
areasincluding cellular E-911 [3], [4], [5], sensornetworks [6], ad hoc networks [7], robotics
[8] and ubiquitous computing. The envisioned applications for ad hoc wirelessnetworks
often depend on the automatic and accurate location of deployed terminals or nodes, and
as a result, there is a rapidly increasingdemand in location-basedfunctionality. In sensor
networks, particularly for environmental applications [9] such as water quality monitoring,
precisionagriculture, and indoor air quality monitoring, the available sensingdata may be
rendereduselessby the absenceof accurate sensorlocation estimates. The availabilit y of
accuratelocation estimatesof nodesin wirelessad hoc networkscanhelp reducecon�guration
requirements and devicecost in addition to enhancingperformancein communication [10]
and routing [11]. Additionally , accurate localization enablesapplications such as inventory
management, intrusion detection [12], and tra�c monitoring.

We broadly de�ne a genericPoLoNet as a network that has two salient features: (a) the

1



2

abilit y to obtain accurateestimatesof the locations of nodeswithin the areaof deployment
of the network in the presenceof node mobilit y, and (b) the abilit y to route theselocation
estimatesand other messagesto di�erent parts of the network through low data-rate multi-
hop communication between nodes of the network. Applications envisioned for PoLoNets
include inventory control, homeautomation, safety networks, tracking personalitems, per-
sonnelmonitoring, commandand control in emergencysituations, the guidanceof robots in
remote locations, and many others.

The shift in emphasison location-estimation in PoLoNets vis-a-vis traditional sensorand
mobile ad hoc networks is evident. In sensorand ad hoc networks, location estimation is
typically usedto enhancethe performanceof existing protocols,algorithms and techniques,
but is not the primary objective of such networks. For instance, the performanceof the
medium accesscontrol (MA C) layer and routing algorithms can be improved with the useof
location information, but the data beingtransported acrossthe network may beof a di�erent
nature.

In general,onecan view a PoLoNet as a speci�c type of sensornetwork wherethe physical
parametersbeing sensedare the locations of the nodes. However, unlike sensornetworks,
the expected lifetime of such networks may be limited (e.g., position location in emergency
scenarios)and thus,energye�ciency is not the primary metric of interest. On the other hand,
PoLoNetsdi�er considerablyfrom typical mobile ad hoc networks wherelarge quantities of
data may have to be transported acrossthe network with a certain Quality-of-Service(QOS)
while maximizing throughput and/or minimizing latency. In contrast, in PoLoNets,(i) while
energye�ciency may be onemetric of interest, in a majorit y of cases,localization accuracy,
robustnessand scalability, and reliabilit y of communication may take priorit y over energy
e�ciency , and (ii) brief messagesare assumedto be exchanged between the nodes of the
network at low data rates.

The aforementioned di�erences betweenPoLoNets and conventional networks motivate the
study of the PoLoNet designproblem in general,and the di�erences betweenthe designof
PoLoNets and conventional networks in particular. To further emphasizethesedi�erences,
we describe a sampleapplication for PoLoNets in detail.

Sample Target Application of PoLoNets In outdoor environments, accurate,reliable
position information can be obtained via GPS. However, there are many situations where
the use of GPS-basedlocation information is either unreliable (e.g., indoor scenarios),or
impractical (e.g., where GPS receivers are too bulky or expensive), requiring the develop-
ment of other solutions. Considerthe commandand control of a �re�gh ter operation where
multiple personnelare deployed inside a building or an area of interest1. For safety and
e�ciency purposes,it would be extremelyhelpful for a commandcenter outsidethe building
to be establishedfor not only communication but alsoposition tracking as shown in Figure

1We focus mainly on two-dimensional location-estimation and tracking.
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1.1. In such a case,we require an ad hoc position location and communication network that
is independent of GPS and is not reliant on pre-existing infrastructure.

The goalsof a PoLoNet applicable in this scenariowould be to: (a) equip each �re�gh ter
with awarenessof his own location, (b) equip command-and-control with knowledgeof each
�re�gh ter's location, and (c) allow the exchangeof short messagesbetween�re�gh ters and
command-and-control.

Therefore, a PoLoNet used for such applications is required to provide location-awareness
within the areaof interest, in addition to servingasa low data-rate communication network.
The designof PoLoNets for such applications represents a particularly challengingproblem
due to (a) the necessity for extremelyaccuratenode location estimatesin densepropagation
environments, (b) the lack of pre-existing localization infrastructure, and (c) constraints on
the latency of such networks. In the following section,we classifyPoLoNetsthat canbe used
for the application described above, basedon di�erent criteria.

1.1.1 Classi�cation of PoLoNets

PoLoNets that can be usedin the application described above can be classi�ed on the basis
of several criteria:

� Ph ysical Layer: Traditional ranging (and position location) applications have relied
on optical (laser), ultrasound, or narrowband RF physical layers. It is well known
that optical and ultrasound ranging have limited range in harsh environments and
may fail completelywhenthe line-of-sight (LOS) is blocked. Additionally , narrowband
RF solutionsare adverselya�ected in densemultipath due to severemultipath fading.
As will be discussedin Section 1.2, UWB is an excellent physical layer solution for
indoor PoLoNets becauseof its usefulnessin harsh multipath environments, material
penetration capabilities, its abilit y to fuseaccurate position-location with low-datarate
communication and its covertnessfor tactical applications.

� Measured information: Information of several kinds can be usedto estimate node
locations. The most important categoriesare: (i) Time-of-Arrival (TOA) basedrange
estimates,(ii) Time-Di�erence-of-Arrival (TDOA) basedrangeestimates,(iii) Received
SignalStrength (RSS)basedrangeestimates,(iv) Angle-of-Arrival (AOA) information,
and (v) Connectivity basedrange information, to name a few. UWB signalscan be
usedfor accurateTOA or TDOA-basedrangeestimation. RSS-basedrangeestimation
is typically usedin narrowband sensornetworks.

� Infrastructure-based Vs. Ad hoc PoLoNets: An infrastructure-based PoLoNet
is a network of nodeswhoselocations are preciselyknown, being deployed within the
area of interest in advance. Such a network can directly assist in the localization of
mobile nodeswithin the areaof interest through the multi-lateration of available range
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information. In the most generalsense,GPS can be thought of as an infrastructure-
based PoLoNet. In contrast, nodes whose locations are unknown a priori can be
deployed at the time of usein an ad hoc fashion. Thesenodessubsequently estimate
their locations using range information from a small number of localized2 nodes or
\anchors", typically locatedoutsidethe areaof interest. Ad hoc PoLoNetshave several
practical applications, and are discussedin detail in the following subsection.

� Synchronous Vs. Async hronous: When all nodesin a PoLoNet sharea common
clock, they are said to be synchronous;if each node possessesa unique clock, they are
said to be asynchronous. Synchronization betweennodescan allow for more e�cien t
and accuraterangeestimation betweennodes,aswe shall seesubsequently.

� Centralized Vs. Distributed Lo cation Estimation: Due to constraints on the
hardware complexity of nodes, or limited connectivity to other localized nodes, it
may not be possible for each node to estimate its location based solely on locally
available information. In such cases,rangeand location information canberelayed to a
centralized \lo cation-solver" that jointly estimatesthe locations of several unlocalized
nodes. In distributed location-estimation, unlocalized nodes estimate their locations
independently, basedonly on local rangeand location information.

� Quasi-static Vs. Dynamic Scenarios: In many applications, the locations of the
nodesbeing tracked may be static or changingvery slowly. The rate of changeof these
locations determinesthe rate at which location estimatesneed to be updated. This
implies that the estimation of the locationsof nodesin a quasi-staticscenarioneedsto
be performedlessfrequently than in a dynamic scenariowith high node mobilit y.

In the following section,we describe an ad hoc PoLoNet architecture and the corresponding
mechanismsthat can be applied to practical scenarios,such as the �re-�gh ter tracking and
communication problem discussedin Section1.1.

1.1.2 Ad Ho c UWB PoLoNets

The availabilit y of an infrastructure-basedPoLoNet allows the direct tracking of mobile
nodes in the area of interest. However, in most cases,it may not be possibleto have an
infrastructure of stationary location-awarenodeswithin the areaof interesta priori . Further,
due to (i) the nature of the indoor propagation environment and (ii) the transmit power
restrictions, wewould requirethe PoLoNet to comprisea multi-hop network of localizednodes
in order to achieve network-wide communication. A network architecture that incorporates

2A node is said to be \lo cation-aware" if its location is known a priori and \lo calized" if its location is
known or can be estimated basedon available range information. A node whoselocation is unknown is said
to be \unlo calized".
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Figure 1.1: Ad hoc PoLoNet architecture: the data-sink shown represents the commandand
control station. Referencenodes,whoselocationsare known a priori initially estimatetheir
locations using local range information. Theselocalizedreferencenodesthen assistmobile
nodesin estimating their own locations by providing rangeand location information, while
servingasa multi-hop messagepassingarchitecture betweenmobile nodesand the data sink.

thesefeaturesis illustrated in Figure 1.1. The network consistsof a small number of location-
aware �xed anchors located outside the areaof interest. The locations of �xed anchors may
be available via GPS, or by setting up a local coordinate system. Starting from the setup
instant, the network evolvesin two phases:

Phase 1 Nodescalledreference nodesor propagated anchors, whoselocationsareunknown
a priori , are deployed3 in the areaof interest. The deployed referencenodes,depending on
the available connectivity to other nodes, gather range and location estimates,which can
then be usedto estimatenode locations in a distributed manner. We assumethat reference
nodes triangulate their locations in a distributed manner using range estimatesfrom �xed
anchors or other referencenodes whoselocations have already been estimated. Reference
nodes that estimate their locations provide range estimatesto other unlocalized reference
or mobile nodes. Each \la yer" of location-aware referencenodesservesas a sourceof range
information for the subsequent layer, thereby sequentially propagating location-awareness,
even in the absenceof direct connectivity with �xed anchor nodes. It shouldbe evident that

3Deployment options are not consideredhere but referencenodes could either be pre-existing, deployed
manually as in a �re-�gh ter scenario,via robots, dispersedvia UAV, or launched into the area of interest.
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this phaseresults in the formation of a network of localized referencenodes4 that can be
usedto track the locations of mobile nodes.

Phase 2 After referencenodes estimate their own locations by ranging to one another
or to �xed anchors, the secondphaseof the network involves assisting any mobile node
that enters the area of interest by providing a framework to estimate its location. Mobile
nodes,dependingon their location and available connectivity, communicate with a subsetof
�xed anchors and/or localizedreferencenodesin order to obtain range information. These
range estimatesare then used to triangulate their locations. In this phase, the reference
nodesadditionally provide a multi-hop communication network to relay the mobiles' location
information to, and short messagesfrom, a data-sink (command-and-control).

In this manner, through the network of referencenodes,(i) location-awarenessis propagated
from the �xed anchors located outside the area of interest to the mobile nodeswithin the
area of interest, (ii) mobile node location information is passedfrom the mobile nodes to
the data-sink, and (iii) messagesare relayed between the data sink and mobile nodes. An
illustration of the two network phasesis shown in Figure 1.2.

In the following section,we brie
y discussimpulse-basedUWB technology, a physical layer
whosefeaturesare ideally suited to the designof PoLoNets.

1.2 Ultra Wideband Technology

The U.S. Federal Communications Commission (FCC) has de�ned an Ultra-wideband
(UWB) device to be any intentional radiator of radio frequency (RF) energy, which has
a 10 dB bandwidth of 25 percent of the strongest frequencywithin that 10 dB bandwidth,
or a 10 dB bandwidth equal to or greater than 500 MHz. Assuming that the upper and
lower limits of the 10 dB bandwidth of the signal are f H and f L respectively, and that the
strongestfrequencyliesat the center of the 10dB bandwidth, the de�nition of a UWB signal
can be expressedas:

2
�

f H � f L

f H + f L

�
� 0:25 or (f H � f L ) � 500MHz: (1.1)

UWB signalshavebeenusedin the military for radar applicationssincethe 70's. In February
2002,the FCC legalizedthe useof UWB by releasinga setof spectral \masks", in the portion
of the spectrum from several hundred MHz to approximately 10 GHz, which stipulated the
emissionlevel and frequencyof operation for imaging, radar, and communication purposes.
This sparked a huge interest in UWB technology.

4This can be thought of as the formation of a \noisy" infrastructure-based PoLoNet.
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tempt to estimate their locations to form an infrastructure-basedPoLoNet that can assist
mobile nodesin estimating their own locations in phase2. In phase2, the referencenodes
additionally serve asa multi-hop communication network betweenthe mobilesand the data
sink.
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Figure 1.3: Ultra-wideband versusNarrowband signals

Impulse-basedUWB or Impulse Radio [13] is a form of UWB signaling which usesstreams
of pulsesof very short duration, typically on the order of a nanosecond,thereby spreading
the power spectral density of the radio signal over several gigahertzas illustrated in Figure
1.3. Sample UWB signals in the time and frequency domains are shown in Figure 1.4.
SinceUWB systemshave to operate in the highly populated frequencyrange below a few
gigahertz,UWB radiosmust not only contend with a variety of interfering signals,but must
alsoensurethat they do not interferewith narrowband radio systemsoperating in dedicated
bandsby satisfying the restrictions on the transmit power spectral density imposedby the
FCC. These constraints on the transmit power spectral density necessitatethe reduction
of data rates to improve the coverageradius of transmissions. This directly leads to the
useof direct-sequence(DS) or time-hopping (TH) [13] spread-spectrum techniquesapplied
to the low-duty cycle UWB pulse trains, with data modulation accomplishedby pulse-
amplitude modulation (PAM) or pulse-position modulation (PPM) with several pulsesper
data symbol. Multi-band OFDM (MB-OFDM) is another form of UWB signaling where
the entire bandwidth is divided into sub-bandsof approximately 500 MHz, and orthogonal
frequencydivision multiplexing is usedwithin each sub-bandin order to provide high data
rates over short distances.

Impulse-basedUWB has someunique advantagesover traditional narrowband systems[1]
that include:

� The received pulsesare relatively immune to the multipath fading that a�icts narrow-
band signals,as seenin Figure 1.5. The robustnessto multipath fading is due to the
�ne temporal resolution provided by UWB signals,which allows individual multipath
components to be resolved. Additionally , UWB signalshave signi�cant material pen-
etration capabilities (particularly in the lower bandsapproved by the FCC), which is
desirablein indoor networks.
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Figure 1.4: i
n the time and frequency domains.]Ultra-widebandpulses [1] in the time and frequency
domains.

� Due to the short duration of the pulses,UWB can be usedfor preciseranging. This
feature can be leveraged in the positioning and tracking of devices,and o�ers the
potential to fusecommunications, positioning and sensingfunctionalities.

� Impulse-basedUWB has the potential to support low to medium data rates while
appearing noise-like to other RF technologies,and o�ers inherent data security due to
covertness.

In the following section,we discussthe challengesof designingPoLoNetsbasedon the UWB
physical layer, and the goalsof this dissertation in that regard.

1.3 Macroscopic Design Framew ork for UWB Ad Ho c
PoLoNets

In this dissertation, the research challengebeing addressedis the modeling and designof
PoLoNetsusing UWB signalsin indoor environments without the needfor �xed infrastruc-
ture. Speci�cally, we focus on the designof UWB ad hoc TOA-based PoLoNets from the
perspective of localization accuracy. This dissertation then identi�es the fundamental limi-
tations to the localization accuracyachievable through indoor UWB PoLoNetsand provides
initial solutions that addresstheselimitations. For the target application described in Sec-
tion 1.1, the localization accuracyof mobile nodes that can be guaranteed over the entire



10

0

10

20

30

40

0

10

20

30

40
-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

Measurement Grid Location - XMeasurement Grid Location - Y

R
ec

iv
ed

 P
ow

er
 (

dB
m

)

-45

-40

-35

-30

-25

-20

-15

-10

(a) Narrow-band Signal

0

10

20

30

40

0

10

20

30

40
-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

Measurement Grid Location - XMeasurement Grid Location - Y

R
ec

iv
ed

 P
ow

er
 (

dB
m

)

-25

-24

-23

-22

-21

-20

(b) Ultra-wideband Signal

Figure 1.5: .
]Spatial fading of Narrow-band and Ultra-wideband signalsover a given area[1].

areaof interest is a key metric of interest5, and is likely to bea crucial parameterin PoLoNet
design.

The goal of this dissertation is to broadly answer three main questionsregardingthe design
of indoor UWB PoLoNetsfrom the perspective of localization accuracy: (a) Is it possibleto
designPoLoNetsusing a UWB physical layer that satisfy the practical designconstraints on
localization accuracy? (b) What are the main factors that assist/impede the achievementof
the target localization accuracy? and (c) Can techniquesthat mitigate theseimpediments be
developed for UWB PoLoNets in order to ensure the desired localization accuracy?

The potential PoLoNet designissuesthat relate to (i) the requirement of accurate, robust
and rapid location estimation, and (ii) the useof the UWB physical layer, that areaddressed
in this dissertation are brie
y summarizedbelow:

� Range Estimation: The accuracyof range estimation possiblethrough the use of
UWB signalsin di�erent propagation scenariosneedsto be quanti�ed.

� Lo cation Estimation: Giventhe achievablerangemeasurement accuracyusingUWB
signals,the achievable localization accuracyneedsto be quanti�ed. The factors that
impact localization accuracy need to be analyzed, and their e�ect quanti�ed. Fur-
ther, the useof \practical" low-complexity location estimatorsthat provide su�cien tly

5For instance, in a �re-�gh ter [14] position-tracking system, the knowledgeof whether a �re�gh ter is on
oneside of a door or the other, could be critical. Thus, the target localization accuracy(in terms of the area
of uncertainty of location estimates) for such applications is likely to be on the order to 1 meter2.
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accuratelocation estimatesneedsto be studied.

� Robustness in NLOS propagation environmen ts: In indoor PoLoNets,the direct
use of range information in NLOS propagation scenarioscan result in considerable
degradation in localization accuracy. This necessitatesthe characterization of the
impact of NLOS signal propagation on localization accuracy, and the development of
NLOS mitigation algorithms.

� Propagation of Error: In an ad hoc PoLoNet with sequential distributed location
estimation discussedin Section1.1.2, the propagationof localization error is a key con-
cern. All referencenodesmay not have connectivity with �xed anchors, and therefore,
need to estimate their locations basedon other localized referencenodes. As these
estimatesare likely to be noisy, as the distance to the �xed anchors increases,these
errorscan accumulate. This results in poor localization accuracyin regionsof the area
of interest far away from �xed anchors. The extent of the propagation of localization
error needsto be quanti�ed, and the methods that mitigate thesee�ects needto be
developed.

� Multiple-Access Design: Multiple-accessschemesin sensorand mobile ad hoc net-
works are typically designedfrom the perspectives of data throughput, latency or
energye�ciency . As localization accuracyis the main metric of interest in PoLoNets,
the connectionbetween multiple-accessprotocols and localization accuracyneedsto
be scrutinized. Further, the functional relationship betweenvarious network parame-
ters and localization accuracywarrants further investigation. Multiple-accessprotocols
that areoptimized with respect to (a) localization accuracy, and (b) the UWB physical
layer needto be investigated.

� Power Con trol Algorithms: As a mobile node movesthrough the areaof interest,
the connectivity with localizedreferencenodescan 
uctuate considerably. Further, if
the probability of referencenode failure is signi�cant (e.g., �re-�gh ter tracking net-
work), controlling the transmit power to ensurethe minimum required connectivity
becomesessential. Therefore,the e�ect of power-control on localization accuracyneeds
to be quanti�ed, and e�cien t power-control algorithms needto be developed.

In this work, weanalyzethe connectionsbetweenlocalizationaccuracyanddi�erent PoLoNet
designelements with respect to the issuesdiscussedabove, as shown in Figure 1.6. This al-
lows for a uni�ed treatment of the designproblem for UWB PoLoNets from the perspective
of localization accuracy. Further, we are interested in developing techniques, algorithms
and protocols that can enhancethe performanceof the design elements in Figure 1.6, as
well as the prediction of their performanceunder diverseconditions. Such a uni�ed design
framework allows for a \lo calization-budget"|analogous to a link-budget in communication
system design|that provides an evaluation of the designrequirements in order to obtain
a target localization accuracy. Finally, the insight into the factors that a�ect localization
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Figure 1.6: Uni�ed designof UWB PoLoNetswith respect to localization accuracy

accuracyallows for the active selectionof algorithms, thereby controlling the trade-o�s be-
tweenperformanceand complexity. It is important to point out that although the emphasis
in this dissertation is on the designof UWB PoLoNets,a vast majorit y of the insights gained
and techniquesdeveloped are valid for any networks determining node position in general.

The following section details the contents of this dissertation and delineatesprevious and
original work.

1.4 Organization and Original Con tributions

The problem of modeling and designfor UWB PoLoNets is fairly recent [15], and the lit-
erature on the subject is scarce.However, the relevanceof existing literature on the UWB
physical layer, and literature on localization in cellular, sensor,and other networks needs
to be addressed.In order to clearly distinguish previous (background) work from original
work, in the following we highlight the main original contributions in each chapter, and the
previouswork that is included in each chapter for the sake of completenessand consistency.
This dissertation is organizedas follows:

In Chapter 2, we provide a characterization of the performanceof the e�cien t estimator for
synchronized TOA-basedranging in AWGN and in the presenceof multipath, through the
derivation of the Cramer-Rao lower bound for the variance of an unbiasedestimator. We
then describe a two-way packet handshake for distributed ranging in the absenceof synchro-
nization betweennodes. A practical non-e�cien t estimator basedon energythresholding of
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the received multipath pro�le is then analyzedin detail. We then comparethe \ideal" (ef-
�cient) rangeestimator with practical estimators in measuredmultipath channels,to derive
a model for rangeestimatesthat is usedin the rest of the work.

Previous Work in Chapter 2: CRLB for synchronous TOA estimation [16], and for
UWB signalsin multipath [17]. Two-way packet handshake mechanism for asynchronous
ranging [18].

Original Con tributions in Chapter 2:

� Analysis of a non-e�cien t estimator (basedon energythresholding) for range using
TOA information.

� Comparisonof the e�cien t and non-e�cien t estimatesin multipath channelsthrough
measurements.

Chapter 3 usesthe model for the accuracy of range information derived in Chapter 2 to
arriveat boundson the performanceof location estimation. A systematicformal study of the
propertiesof the CRLB on the localization error in terms of the varianceof rangeestimates,
the impact of node geometry and the number of range estimates and other parameters,
is presented. The insights into the properties of the CRLB are used in establishing the
connection between localization accuracy and multiple accessschemesand power-control
algorithms. We then compare the performanceof practical estimators basedon a Least-
squares(LS) approach with the CRLB in order to (i) verify that similar trends wereobserved
in terms of the properties, and (ii) quantify the di�erence betweenthe CRLB and practical
estimators.

Previous Work in Chapter 3: CRLB for location estimation with unbiased Gaus-
sian range estimates[9], [19], the Least-squaresestimator [20], Iterativ e re�nement using
Levenberg-Marquhardt iteration [21].

Original Con tribution in Chapter 3:

� The systematic study of the properties of the CRLB provides insights into the fac-
tors than impact localization accuracy. Thesetrends were shown to be followed by
practical estimators,and are usedin establishingthe connectionbetweenlocalization
accuracyand multiple accessschemesand power-control algorithms [22], [23].

In Chapter 4, the impact of NLOS propagation on localization accuracyis examined. Ad-
dressingthe impact of NLOS propagation requirespartitioning the problem into two sub-
problems: NLOS identi�cation and NLOS mitigation. The former dealswith the problem of
distinguishing betweenLOS and NLOS range estimates,whereasthe latter typically deals
with the reduction of the adverse impact of NLOS range information on the accuracy of
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location-estimates,assumingthe NLOS range estimateshave been identi�ed. We investi-
gatethe performanceof statistical hypothesis-testingof received signalparametersfor NLOS
identi�cation. We proposeand evaluate a novel NLOS identi�cation method basedon delay
spreadstatistics that can be extracted from the received multipath pro�le.

Assuming NLOS range estimatescan be identi�ed, the CRLB with a mixture of LOS and
NLOS range estimates is interpreted. We then explore the impact of the NLOS range
estimateson the localization accuracyachieved by practical estimators. We then proposea
novel linear programmingapproach to NLOS mitigation that takesadvantageof the features
of UWB signals,andprovide an exhaustiveevaluation of its performancein di�erent scenarios
via simulations.

Previous Work in Chapter 4: The impact of NLOS range estimateson localization
accuracy has been consideredin the context of cellular communications [4], [24]. The
CRLB with biasedGaussianNLOS rangeestimateshasbeenderived in [25].

Original Con tributions in Chapter 4:

� The development and analysisof a novel NLOS identi�cation method basedon re-
ceived signal statistics [26].

� The development and analysisof a novel NLOS mitigation technique basedon linear
programming [27], [28].

Chapter 5 presents a systematicstudy of the boundson the performanceof di�erent estima-
tion approaches (fully-distributed, sequential-distributed and centralized), followed by the
comparisonof practical implementations of these approaches. Insights into the nature of
the propagation of localization error, and its impact on the designof ad hoc PoLoNets are
provided. Theseinsights allow us to enumerate various meansof limiting the propagation
of localization error. The propagation of localization error in NLOS environments has not
beenstudied previously. A novel method of mitigating the propagationof localization error,
that utilizes rangeestimatesover multiple hopswhile incorporating NLOS rangeestimates,
is proposed.

Previous Work included in Chapter 5: The CRLB for centralized estimation was
derived in [19].

Original Con tributions in Chapter 5:

� Insights into the nature of the propagation of localization error, and its impact on
the designof ad hoc PoLoNetsare provided. Basedon theseinsights, various means
of limiting the propagation of localization error are enumerated.

� A novel method that mitigates the propagation of localization error in NLOS envi-
ronments by utilizing rangeestimatesover multiple hops is proposedand analyzed.
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Chapter 6 presents full-
edged indoor measurement results that demonstrate that UWB
PoLoNets have the potential to achieve practical target localization accuracies. The e�-
cacyof the proposedNLOS identi�cation, NLOS mitigation, propagationof error mitigation
algorithms, and the useof Kalman smoothing techniquesis demonstratedthrough measure-
ments.

Previous Work in Chapter 6: Kalman smoothing for location estimates in cellular
networks hasbeenstudied in [29].

Original Con tributions in Chapter 6:

� A complete evaluation of the performanceof an indoor UWB PoLoNet basedon
measurements.

� Validation of the proposedNLOS identi�cation, NLOS mitigation, and propagation
of error mitigation algorithms through measurement results [26].

Chapter 7 discussesthe problem of MAC protocol designspeci�cally for UWB PoLoNets,
and speci�es the required characteristicsof a MAC protocol for UWB PoLoNets. We then
use results derived in Chapter 3 to establish a connection between localization accuracy
and the selectionof MAC protocols. Basedon this connection,a spread-spectrum multiple
accessschemefor UWB PoLoNetsis proposed,which is shown to outperform the traditional
Carrier-SenseMultiple Access(CSMA) protocolsin termsof the convergenceof nodelocation
estimatesto their true values. Analytical models are derived in order to obtain boundson
the performanceof the proposedprotocol.

Previous Work in Chapter 7: The Common-Transmitter protocol was proposedfor
Spread-Spectrum systemsin [30].

Original Con tributions in Chapter 7:

� Establishing connection between MAC protocol design and localization accuracy
through the properties of boundson location estimation.

� The speci�cation of a modi�ed spread-spectrum MAC protocol [23] for distributed
ranging in UWB PoLoNets, and the analytical modeling of the proposed scheme
followed by comparisonthe traditional CSMA protocol via simulations.

Chapter 8 discussesthe dependenceof localization accuracy on network parameterssuch
as node densities, mobile speed and other multiple-accessparameters. We considerboth
synchronous and asynchronous networks, for the caseof ground-deployed nodes. The im-
pact of network parameterson the localization accuracyof a node as a function of time is
investigatedvia analysis,and comparedwith simulation results, in order to provide insights
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into the relationship betweenlocalization accuracyand network parameters.

Previous Work in Chapter 8: The distribution of the received power from a Poisson
�eld of interferershasbeenderived in [31].

Original Con tributions in Chapter 8:

� A framework for the analytical modeling of the relationship betweenmultiple-access
system parametersand the resulting averagelocalization accuracy in synchronous
and asynchronousPoLoNets.

� Insights into the impact of the density of localizednodesand speedof mobile nodes
on averagelocalization accuracybasedon analysis, and veri�cation via simulation
results.

Chapter 9 discussesthe needfor, and implementation of, power-control algorithms in UWB
PoLoNets. We examinethe variation of localization accuracydue to node mobilit y, and the
impact of power-control on the localization accuracy. A novel method of quantifying and
estimating the \qualit y" of location-estimatesis discussed,and two power-control schemes
based on the de�ned quality metric are detailed. The stochastic convergenceof one of
proposedpower-control approachesis demonstratedanalytically in single-userscenarios,and
evaluated via simulations for the multi-user case. A comparison of these power-control
approacheswith simulated optimal solutions is provided.

Previous Work in Chapter 9: A framework for analyzing the stochastic convergenceof
power-control algorithms in cellular systemswas developed in [32], [33].

Original Con tributions in Chapter 9:

� The impact of power-control on localization accuracy is analytically characterized
[22].

� A metric for assessingthe quality of a node's location estimate is proposed,and an
iterativ e power control scheme is developed basedon such a quality metric. The
stochastic convergenceof this schemeis veri�ed for a single-userscenario.

� A secondnon-iterative power control schemeis proposedbasedon the above metric,
and the properties of the CRLB, whoseperformanceis veri�ed via simulations [22].

Chapter 10 concludesthis dissertation and presents an overview of the ideasand insights
gainedon the designof UWB PoLoNets.



Chapter 2

TO A-based Ranging using UWB

2.1 In tro duction

The processof node localization typically requiresthe useof distance,connectivity or angle-
of-arrival information. Given a su�cien t amount of such information, the location of a node
can be estimated or constrained. Figure 2.1 illustrates the useof distance,connectivity or
angular information from three anchor nodesin the localization of a node. Distanceor range
information canbe obtained through the estimation of the time-of-arrival (TOA) or received
signal strength (RSS) of signals from anchors. For localization using UWB radios, TOA-
basedranging is expected to provide very good accuracydue to the high time resolution
(large bandwidth) of UWB signals. Furthermore, TOA-basedschemesare likely to be less
expensive than the AOA-based schemes,which typically require the provision of multiple
antennas, and are less e�ective in densescattering environments. While the estimation
of the distancesbasedon RSS estimation is computationally e�cien t, the requirement of
extremely accuratepath lossmodels limits the accuracyof RSS-basedrange estimation in
densemultipath environments. While the use of connectivity information can be used to
constrain the location of a node, location estimatesobtained from connectivity information
is very coarsecomparedto thoseobtained from the TOA measurements. Due to the inherent
suitabilit y and accuracyof TOA-basedapproachesfor UWB systems,we focusour attention
on TOA-basedranging.

The goal of this chapter is to characterizethe accuracyof TOA-basedranging using UWB
signalsso as to provide a basisfor the characterization of localization accuracy, the subject
of chapter 3. We begin by characterizing bounds on the accuracy of synchronized TOA-
basedrangeestimation, and analyzing the impact of SNR, bandwidth, multipath channels,
and NLOS propagation on range estimation. We then describe a ranging mechanism that
can be used in the absenceof synchronization between nodes. A detailed investigation of
a computationally e�cien t TOA estimator for UWB signalsusing the received multipath

17
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Figure 2.1: Various kinds of information that can be used for localization: (a) TOA/RSS
information, (b) Connectivity information, (c) AOA information.

pro�le is then presented. We then compare the \ideal" (e�cien t) range estimator with
practical estimatorsin measuredmultipath channels,to provide a model for rangeestimates
that is usedin the rest of the work.

Previous Work in this Chapter: CRLB for synchronousTOA estimation [16], and for
UWB signalsin multipath [17]. Two-way packet handshake mechanism for asynchronous
ranging [18].

Original Con tributions in this Chapter: Analysis and Simulation of a non-e�cien t
estimator (basedon energythresholding) for rangeusing TOA information. Evaluation of
a practical estimator in UWB multipath channelsthrough measurements.

The organization of this chapter is as follows: in Section2.2, we provide a characterization
of the performanceof the e�cien t range estimator for synchronized TOA-basedranging in
AWGN and in the presenceof multipath, through the derivation of the Cramer-RaoLower
Bound for the variance of an unbiased range estimator. Section 2.3 describes a two-way
packet handshake for distributed ranging in the absenceof synchronization betweennodes.
Section2.4 presents a simple TOA estimator basedon energythresholding of the received
multipath pro�le, which is analyzed in detail. Finally, we compare the \ideal" (e�cien t)
range estimator with practical estimators in measuredmultipath channels, to present the
rationale a model for rangeestimatesin LOS and NLOS propagation environments that is
usedin the rest of the work in Section2.5. This chapter concludesin Section2.6.
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Figure 2.2: Illustration of TOA-basedranging

2.2 Bounds on TO A-based Range Estimation

Detection and estimation problems associated with a signal traveling between nodes have
beenextensively studied [16] in radar and other applications. TOA-basedranging techniques
rely on a measurement of the travel time of a signal transmitted betweennodes. If two nodes
have a commontime-reference,the node receivingthe signal can determinethe TOA of the
incoming signal as shown in Figure 2.2. Supposethe signal s(t) is transmitted by a node A
at t = 0. This signal is received at node B corrupted by noise,after a propagation delay
� 0 = RAB

c , wherec is the speedof light:

rB (t) = s(t � � 0) + n(t)

wheren(t) is assumedto represent AWGN. Assumingwe have an estimate �̂ 0 of the TOA � 0

of the signal at the receiver, then the rangecan be estimatedusing

rAB = c�̂ 0 (2.1)

It is evident that the accuracy of the range estimate r AB is strongly dependent on the
accuracyof the TOA estimate �̂ 0, sincethe varianceof the rangeestimate is related to the
varianceof the TOA estimate by � 2

r = c2� 2
� .

The Cramer-Raolower bound (CRLB) for a parameter that is to be estimatedspeci�es the
minimum variance of an unbiased estimator [34] of that parameter. The analysis leading
to the CRLB doesnot specify the estimator that achieves the CRLB. However, the CRLB
serves as a benchmark for the performanceof practical estimators, as the accuracyof an
available unbiasedestimator can be evaluated basedon the di�erence between its variance
and the CRLB. An estimator that attains the CRLB is said to be e�cient . In the following
subsections,we look at bounds on the accuracyof TOA-based range estimation in UWB
channelsusing CRLB analysis.
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2.2.1 Range Estimation in AW GN

For a single-path line-of-sight (LOS) additive white Gaussiannoise (AWGN) channel, the
signal transmitted by node A in Figure 2.2 is assumedto be of the form:

s(t) =
NmX

k=1

p(t � kTf ); (2.2)

where p(t) is the transmit pulse shape, Nm is the number of pulses,and Tf is the pulse-
repetition interval. It is assumedthat the pulsewidth Tw is much smallerthan Tf : Tw � Tf .
In general,we can assumethe presenceof a direct-sequence(DS) or time-hop (TH) code
[35], resulting in a transmit signal of the form:

s(t) =
NmX

k=1

akp(t � kTf � ckTc);

where ak and ck are the DS and TH \chips" respectively, and Tc is the hop interval. For
simplicity, we assumethe transmit signal represented by (2.2). The corresponding received
signal at node B is then modeledusing

rB (t) = 
 s(t � � 0) + n(t) = 

NmX

k=1

p(t � kTf � � 0) + n(t); (2.3)

where 
 represents the gain of the channel, � 0 denotes the propagation delay, and n(t)
represents zero-meanAWGN with variance� 2

n .

Assuminga commontime referencesharedby nodesA and B, and given the above received
signal of duration Tm = NmTf , an estimate �̂ 0 of the propagationdelay � 0 can be computed.
For an unbiasedestimate �̂ 0 with variance � 2

� , the following properties are known [16], [17]
to hold:

Theorem 1 (Range Estimation Bound in AW GN). The CRLB for an unbiased es-
timate of a time-of-arrival (TOA) of a single multipath component in AWGN is given by

� 2
� �

� 2
n


 2
R

Tm
_s2(t)dt

; (2.4)

where _s(t) denotesthe time-derivative of the transmitted signal.

From the above theorem, for the transmit signal de�ned in (2.2), we have:

� 2
� �

� 2
n


 2Nm
R

Tf
_p2(t)dt

=
� 2

n


 2NmEp

R
Tf

p2(t)dt
R

Tf
_p2(t)dt

; (2.5)
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whereEp is the energyper pulse. For a real pulsep(t) with spectrum P(f ), sinceTw � Tf ,
we can write R

Tf
p2(t)dt

R
Tf

_p2(t)dt
=

R1
�1 jP(f )j2df

R1
�1 4� 2f 2jP(f )j2df

=
1

4� 2B 2
e
;

whereBe is the e�ective root-mean-squared(RMS) bandwidth of the pulsede�ned as:

Be ,

s R1
�1 f 2jP(f )j2df
R1

�1 jP(f )j2df
: (2.6)

Further, in (2.5), we note that the received signal-to-noiseratio (SNR) � is given by:

� =

 2Nm Ep

� 2
n

:

Therefore,we have:

� 2
� �

1
4� 2� B 2

e
:

Sincethe range estimate r is obtained using r = c�̂ , we obtain the following bound for an
unbiasedrangeestimator:

� 2
r �

c2

4� 2� B 2
e
: (2.7)

In the absenceof multiple-accessinterference,the received SNR can be modeledas:

� = K P PT R� � ; (2.8)

where PT is the transmit power, � is the path-loss exponent, and K P is a constant that
subsumesthe e�ect of other physical layer parameterssuch as Nm , the antenna gains, and
the receiver noise
o or. From (2.7) and (2.8),

� 2
r �

c2R�

4� 2B 2
eK P PT

: (2.9)

Corollary . For the UWB signalsde�ned in this work, the minimum variance of an unbiased
rangeestimator can be written in two equivalent forms:

� 2
r �

K 0
R

�
=

K 0
RR�

K P PT
; where K 0

R =
c2

4� 2B 2
e
;

� 2
r � K 0

E R� where K 0
E =

K 0
R

K P PT
: (2.10)

From the above results, we seethat the accuracy of range estimation (i) improves with
increasingSNR, and (ii) improveswith decreasingpulse-width (or increasinge�ective RMS
bandwidth Be). Further, asthe SNR at the receiver decreaseswith increasingR, we seethat
the accuracyof the range estimate degradesas the distancebetweennodes increases.The
largebandwidth of UWB signalsallows extremelyaccurateTOA-basedrangeestimatesover
short distances,as illustrated in the following example.
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Figure 2.3: Illustration of TOA-basedranging in multipath

Example: TO A-based Ranging with UWB in AW GN With a GaussianUWB pulse
of width Tw = 0:5 nanoseconds,the e�ective RMS bandwidth Be can be estimated using
(2.6) as1.35GHz. Under FCC limits, the transmit power spectral density is -41.3dBm/MHz
between3.1 and 10.6GHz. Basedon thesenumbers, the maximum transmit power over this
band is approximately PT = 0:5 mW. Assuming the received SNR � at R = 1 meter is 20
dB, we obtain K P = 2� 106. Using thesevalues,K E � 1:25� 10� 6. At this valueof K E and
� = 2, the minimum standard deviation of an unbiasedrangeestimate predicted by (2.10)
at a distanceR = 10 metersunder LOS conditions is 1:1 centimeters.

The Maximum Likelihood (ML) estimate [34] of the TOA of a single path in AWGN can
be shown [36] to be reduced to an estimate basedon the output of a matched �lter or
correlationreceiver. The TOA � 0 is estimatedby correlatingthe receivedsignalr B (t) with the
transmitted pulsep(t) and extracting the time-instant at which the correlation is maximized.
It is alsowell known in estimation theory [34] that the ML estimateasymptotically achieves
the CRLB as the amount of available data, and thereforethe e�ective SNR, increases.

2.2.2 Range Estimation in Multipath

In the previous development, the CRLB for range estimation was derived for the caseof
a single path channel. This implies that the received signal is simply an attenuated and
delayed version of the transmitted signal. However, in a multipath channel, the received
signal is a superposition of several attenuated and delayed replicasof the transmit signal as
shown in Figure 2.3. In such channels,neglectingnon-linear e�ects, the received signal is
modeledas:

rB (t) = sA (t) ? h(t) + n(t); (2.11)

whereh(t) is the impulse responseof the channel, and ? denotesconvolution. The impulse
responseis typically modeledas a seriesof impulses:

h(t) =
L � 1X

k=0

� k � (t � � k);
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where � k and � k are the amplitude and TOA of the kth multipath component, k =
0; 1; 2; � � � ; L . For the transmit signal de�ned in (2.2), the received signal is given by

rB (t) = s(t) ? h(t) + n(t) =
NmX

k=1

L � 1X

l=0

� lp(t � kTf � � l ) + n(t): (2.12)

In this case,our goal is to estimate the TOA of the earliest arriving multipath component
or �rst-p ath, as this correspondsto the propagation delay of the LOS path. From the above
equation, and Figure 2.3, we seethat in a multipath channel, the maximization of the
correlation between the received signal and the transmit pulse may not yield an accurate
estimate of the TOA of the �rst path. This is becausemultiple replicasof the transmitted
pulse can overlap and shift the position of the correlation peaks. Therefore, the goal is
to estimate � 0 given rB (t) de�ned in (2.12), in the absenceof the knowledgeof f � lg, l =
0; 1; � � � ; L � 1, and f � l g, l = 1; � � � ; L � 1. Theseunknown parametersaretreated asnuisance
parameters [34], and the accuracyof rangeestimation in this scenariois shown in [17] to be
worsethan the single-pathAWGN caseas stated in the theorembelow:

Theorem 2 (Range Estimation Bound in AW GN with multipath). The CRLB for
the estimation of range based on TOA of a single path in a multipath environment in the
presence of AWGN is greater than the CRLB of rangeestimation with an isolated singlepath
in AWGN:

� 2
r ; mul tipath > � 2

r ; AW GN (2.13)

A closed-formexpressionfor the CRLB in terms of the nuisanceparameters[17] is hard
to derive. A simplistic model for the e�ect of the multipath channel would be to assume
that the transmitted pulsewidth increasesby the delay spreadof the channel without pulse
distortion. Neglectingnon-lineare�ects, we canthen model the CRLB in the multipath case
using

� 2
r ; mul tipath �

K R

�
(2.14)

where K R > K 0
R . The larger proportionalit y constant K R in this caseincorporates the

observations that (i) we are trying to estimate the TOA of the earliest (LOS) path in the
presenceof other multipath, (ii) the performanceof the TOA estimator dependson the SNR
of the received signal. Consequently, for our purposes,the CRLB for TOA estimation in
AWGN with multipath is modeledusing

� 2
r ; mul tipath �

K RR�

K P PT
= K E R�

whereK E = K R
K P PT

> K 0
E .
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Example 2: TO A-based Ranging with UWB in multipath and AW GN With the
parametersgiven in Example 1, assumethat the multipath channel has a delay spreadof
approximately 5 ns (a typical delay spreadvalue in LOS UWB multipath channels), and
the received pulse is a broadenedGaussianpulse of width Tw = 5 ns (this is 10 times the
value of Tw usedin Example 1). In this case,the e�ective RMS bandwidth Be = 135 MHz
(smaller by a factor of 10 than the Be in Example 1), and the corresponding value of K E

is 1:25� 10� 4. At this value of K E , the minimum standard deviation of an unbiasedrange
estimate predicted by (2.10) at a distance R = 10 meters under LOS conditions is 11:2
centimeters.

2.2.3 Multiple Access In terference

In a multi-user environment, signalsfrom simultaneously transmitting nodesinterfere with
each other and degradethe performanceof TOA estimation. Assuming the presenceof a
large number of simultaneous users,using well-designedTH (or DS) codes, we can apply
the Gaussianapproximation [35], [37] for the multiple-accessinterference(MAI). Basedon
this assumption,we can further approximate the model for the CRLB for TOA-basedrange
estimation in a multipath channel in the presenceof MAI:

� 2
r �

K R

� 0
(2.15)

where� 0 is the e�ective signal-to-interference-and-noise-ratio(SINR).

2.2.4 NLOS Propagation

In densemultipath propagation environments, especially indoors or in urban scenarios,the
LOS path betweennodesmay be obstructed. When the direct path between two nodes is
blocked, only re
ections of the UWB pulsefrom scatterersreach the receivingnodeasshown
in Figure 2.4. In this case,the delay of the earliestarriving path doesnot represent the true
TOA of a path corresponding to the LOS distance. Sincethe signal travels an distance in
excessof the LOS distance,a positive bias called the NLOS bias error is introduced in the
TOA-basedrangeestimate.

NLOS propagation haspopularly beenclassi�ed as \soft" NLOS, wherethe LOS multipath
component is detectablealbeit attenuated,and \hard" NLOS, wherethe LOS path is severely
attenuated or absent. From a localization standpoint, the soft-NLOS casesare classi�ed as
LOS scenarios,sincethe TOA of the LOS multipath component can still be estimated for
ranging purposes,i.e., rangeestimatesare not necessarilybiasedin soft-NLOS propagation
environments. The NLOS problem is investigatedin detail in Chapter 4.



25

A
BLOS

B

t = RAB/ c
x = RAB

Bias
Error

s(t)

A t = 0
x = 0 RAB

Scatterers

Figure 2.4: Illustration of the e�ect of NLOS Propagation on TOA-basedrangeestimation

2.3 A two-way packet handshak e for distributed rang-
ing

The potential rangemeasurement accuracywith UWB signals,givenperfect synchronization
between nodes is very high, as demonstratedin the previous section. This implies that the
synchronization betweenthe nodesbecomesan important factor a�ecting TOA estimation
accuracy. In the absenceof a commonclock betweenthe nodes,the round-trip time (RTT)
of a signal transmitted betweentwo nodescanbe measuredto estimatethe distancebetween
two nodes.

A mechanismfor measuringthe RTT, and thereby the distancebetweenasynchronousnodes
of a network, comprisesa packet-handshake. Supposenode A of the network would like to
know the range RAB to node B, as shown in Figure 2.5. Node A �rst transmits a packet,
termed the \range-initiate" (RI) packet, to node B at time t = t1. This packet reachesB
at t = t1 + � 0. Node B synchronizes itself to the TOA of the received packet. Node B
then sendsa responsepacket, called a \range-response" (RR) packet, after a certain known
delay T. Node A receivesthe responsepacket and determinesthe TOA of the packet which
is t2 = 2� 0 + t1 + T. Node A then computes the di�erence � t = t2 � t1 = 2� 0 + T,
from which the known delay T can be subtracted. The range RAB can be computed using
RAB = c(t2 � t1 � T )

2 , wherec is the speedof light. A useful feature of this schemeis that any
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Figure 2.5: Two-Way Ranging Mechanism

data can be exchangedin the data portion of the packet headers,as only the TOAs of the
packets are usedfor ranging purposes.

The two-way mechanism described above essentially allows the two nodes to synchronize
their clocks, thereby creating a common time-referencefor ranging. The above equations
assumethe absenceof processingdelays, but thesecan be eliminated via calibration. Two
important issuesthat impact the performanceof the scheme described above are: (i) the
accuracyof the packet TOA estimation (also called leading-edge-detection(LED)) in the
presenceof noise,and (b) the clock drift betweenthe nodes.

The problemof leading-edgeor �rst-path detectionfor UWB signalsis related to the problem
of �ne acquisition. As mentioned previously, in order to compute the range accurately, we
need to determine the TOA � 0 of the �rst path of the received multipath pro�le, as this
correspondsto the propagationdelay of the signalbetweenthe two nodes. Coarseacquisition
algorithms typically \lo ck" onto the strongestmultipath components in the received pro�le.
For LOS multipath pro�les, the acquisition circuit typically locks onto the LOS path, and
the leading edgemay be estimated using the received pulse-shape as shown in Figure 2.6.
However, this procedureis not straightforward for the NLOS 1 casesincethe LOS path is
either absent or severely attenuated. An error of 3 nanosecondsin the TOA estimateresults
in a range estimate error of approximately 1 meter. Therefore, speci�c algorithms needto
be designedto search for the �rst-path in order to estimate � 0 accurately, especially at low
SNR. Thesealgorithms are then required to be applied at both stagesof the two-way packet
exchangedescribed above in order to guarantee high rangemeasurement accuracy.

The other important issuethat a�ects the performanceof the described packet handshake

1The �gure refersto the soft-NLOS casewherethe LOS path is present albeit attenuated. The hard-NLOS
case,where the LOS path is absent, is the subject of Chapter 4.



27

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

x 10
�7

�50

0

50

Time (sec)

R
ec

ei
ve

d 
M

ul
tip

at
h 

P
ro

fil
e

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

x 10
�7

�40

�20

0

20

40

60

Leading 
Edge    

Lock Spot
         

Leading 
Edge    

Lock Spot
         

Figure 2.6: Typical leading edgesand acquisition lock-spots for LOS and NLOS multipath
pro�les

mechanism is clock drift. SupposenodesA and B have uniform normalizedclock drift rates
� A and � B respectively. This implies that the delay T 0 after receivingthe RI packet from A
at which B transmits an RR packet is given by T 0 = T(1 + � B ). Then node A receives the
RR packet at t2 = t1 + 2� 0 + T0, which it perceivesast0

2 = t1 + (2� 0 + T0)(1 + � A ). Therefore,

RAB =
c(t0

2 � t1 � T)
2

= c�0 (1 + � A ) +
cT
2

(� A + � B + � A � B ) :

This implies that the rangeerror is given by:

� R = c�0� A +
cT
2

(� A + � B + � A � B ) : (2.16)

As an example, let � A = � B = +1 parts-per-billion (ppb). Further supposeT = 1 ms and
� 0 = 10 ns. With thesevalues,the rangeestimation error due to clock drift is given by 0:3
meters. When � A = +1 ppb, and � B = � 1 ppb then the e�ects of the clock drift on the range
error tend to canceleach other out. From the above example,we seethat the rangeerror is
very sensitive to the variation of the clock drifts of the nodes. In this work, we ignore the
e�ect of clock jitter and drift on range-estimation. The e�ect of the combination of clock
drift, jitter and noiseon the ranging error hasbeendiscussedin [38].

In the following section,we discussa simple non-linear leading-edgedetection schemebased
on thresholding the energy of samplesfrom the received multipath pro�le. It must be
emphasizedthat this development was doneprior to, and independently of [39], [40], [41].
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2.4 A nonlinear energy - thresholding estimator for
TO A - based range estimation

Given the received multipath pro�le, a direct approach to �nding the propagationdelay � 0 is
to search for the \�rst indication of signal energy". Supposethe observed multipath pro�le
at the receiver after averaging of several received pulse responses(in order to improve the
SNR) is given by:

r (t) =
LX

l=0

� lp(t � � l ) + n(t):

The sampledversionof the above signal is given by

x[k] =
LX

l=0

� lp(kTs � � l )

| {z }
y[k]

+ z[k]; (2.17)

whereTs is the sampling interval, x[k] = r (kTs), and z[k] = z(kTs) � N (0; � 2
N ) are uncorre-

lated Gaussiannoisesamples.

We can then obtain the multipath energypro�le by squaring x[k] as shown in Figure 2.7.
From Figure 2.7, we seethat there are two distinct regions: a \noise region" and a \signal
region". The key idea is to set a threshold for the energy which is crossedonly at the
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transition between the noise and signal regions. If the threshold is crossedin the noise
region, this constitutesa early-detection, and results in �̂ 0 < � 0. If the threshold is crossedin
the signalregionafter the arrival of the �rst path, this constitutesa late-detection and results
in �̂ 0 > � 0. We alsoassumethat we can estimate the noisevariance� 2

N from samplesin the
noiseregion. The threshold is selectedto be a factor � times the noisevarianceestimated
from the noiseregion.

AssumingNp = b� 0
Ts

c represents the time-index corresponding to the TOA of the �rst-path
in y[k], the instantaneousenergyvaluesare given by:

Zk = x2[k] =
�

z2[k]; 0 � k � Np;
(y[k] + z[k])2; k � Np:

Sincethe noisesamplesz[k] are uncorrelatedzero-meanGaussianrandom variables,the Zk

can be modeled as a � 2 random variable with one degreeof freedom (� 2
1) if it is a noise

sampleand if it contains signal energy, asa non-central � 2 random variable with onedegree
of freedom �� 2

1(y[k]), where y[k] is the non-centralit y parameter. Explicitly , for k < Np,
Zk � � 2

1, and for k � Np, Zk � �� 2
1(y[k]). Therefore, the probability density function of Zk ,

in the noiseregion 0 � k � Np is de�ned by

f Zk (z) =
e

� z
2� 2

N

p
2� � 2

N z
; 0 � k � Np:

Assuminga threshold Z0 = � � 2
N , the probability that Zk is greater than Z0 for 0 � k � Np

is given by

pk = Pr [Zk � Z0] = 1 � FZk (Z0) = 1 �
Z Z 0

2� 2
N

0

e� x
2

p
2� x

dx

= 1 � 
 inc

�
�
2

;
1
2

�
; 0 � k � Np; (2.18)

where
 inc (v; a) is the incompletegammafunction de�ned as:


 inc (v; a) ,
1

�( a)

Z v

0
ta� 1e� t dt:

For a given � , this probability is identical for all 0 � k � Np. For k � Np, Zk is a non-
central � 2 random variable with onedegreeof freedomwith centralit y parametery[k]. Using
the result from [42], the non-central � 2 distribution with � degreesof freedomand a non-
centralit y parameter � k is approximated by the central � 2 distribution with � � degreesof
freedom:

f �� 2 (xj � ; � k) �
1
c

f � 2

� x
c

�
�
� � �

�
; c =

� + 2� k

� + � k
; � � =

(� + � k)2

� + 2� k
: (2.19)
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Figure 2.8: On the validit y of the non-central � 2 approximation: (a) Comparison of the
non-central density functions with the approximate density functions for � = 1; 2 and 5. (b)
Comparisonof the non-central CDFs with the approximate CDFs for � = 1; 2 and 5.

The validit y of this approximation in terms of the probability density function and the
cumulative distribution function is veri�ed in Figures 2.8(a) and 2.8(b) for di�erent degrees
of freedom. Using this approximation,

pk = Pr [Zk � Z0] = 1 � 
 inc

�
�

2ck
;
� �

k

2

�
;

ck =
1 + 2� k

1 + � k
; � �

k =
(1 + � k)2

(1 + 2� k)
; � k = y2[k]; k � Np: (2.20)

Equations (2.18) and (2.20) de�ne pk for all valuesof k. Figure 2.9 shows pk versusk for a
GaussianLOS pulseat an SNR of 15 dB with threshold � = 10.

The probability that �̂ 0 = kTs is the probability that Zk crossesthe threshold Z0, given
that none of the (k � 1) previous samplescrossedthe threshold. Therefore, if Pk denotes
the probability that the kth sampleis picked as the index corresponding to the TOA of the
�rst-path,

Pk =

 
k� 1Y

j =1

(1 � pj )

!

pk :

The probability of picking noneof the samples(a missed detection, resulting in the default
�̂ 0 = 0) is given by

P0 =
Y

j

(1 � pj ): (2.21)



31

0 0.5 1 1.5 2 2.5 3 3.5

x 10
�9

0

10

20

30

40

Time (sec)
S

ig
na

l E
ne

rg
y

0 0.5 1 1.5 2 2.5 3 3.5

x 10
�9

10
�6

10
�4

10
�2

10
0

p n

Signal Energy
Threshold: a s

n
2
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N .

Then, the probability density function of the rangeestimate r is then given by

f r (� ) =
X

k

Pk � (� � ckTs) =
X

k

pk

 
k� 1Y

j =1

(1 � pj )

!

� (� � ckTs):

Denoting the ranging error by � R = r � R, the probability density function of � R is given by

f � R (� ) =
X

k

Pk � (� � ckTs + R) =
X

k

pk

 
k� 1Y

j =1

(1 � pj )

!

� (� � ckTs + R): (2.22)

It is evident that the accuracyof range estimation depends on the sampling resolution of
the received multipath pro�le. The envelope of the distribution f � R (x) of the negative range
error � � R for a singlepath AWGN channel is shown in Figure 2.10(a) for di�erent distances
R and pulse-widthsTw . We seethat the density of the rangeerror is (i) not symmetric, and
(ii) hasa negative bias. This is because(i) the probability of a time index being selectedas
the TOA is conditioned on noneof the previouspoints being picked, leading to asymmetry,
and (ii) the threshold value Z0 = � � 2

N is set so as to reducethe probability of false-alarm
(which results in r < R) in the noise region, resulting in a negative bias. We note that
the latter result is more pronouncedat larger distancessincein this case,the noisevariance
is larger. This is seenin Figure 2.10(b) where the variation of the mean negative range
error with distance is shown. At larger distances,the reduction in SNR results in larger
valuesof Z0 relative to signal energies.This results in a higher probability of late detection
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Figure 2.10: The envelopeof the distribution of the rangeerror R� r (or � � R ): (a) PDF of the
negative rangeestimation error R � r for di�erent distancesand the pulsewidths. Increasing
the true range(i.e. decreasingthe SNR) and increasingthe pulse-width Tw increasethe mean
andvarianceof R� r . (b) Variation of the meanof the negative rangeerror with the threshold
� for di�erent ranges.

as the valuesR or � increase,leading to a positively biased� R . This e�ect is observed in
Figure 2.10(b). The biasof the rangeestimatescanbe reducedusingthe calibration of range
estimates.

Figures2.11(a)and 2.11(b) show the comparisonof the performanceof the described energy
thresholdingschemein terms of the meanand standarddeviation of the rangeerror obtained
through analysisand simulation. We seethat the analytical modeling of the rangeerror in
(2.22) closelymatches the performanceobtained by simulation. Figure 2.12 comparesthe
performanceof the thresholdingmethod described for a singlepath AWGN casefor di�erent
valuesof Nm and � . We seethat for larger valuesof � , a larger value of Nm is required to
compensatefor the decreasein received SNR and the corresponding degradation in range
estimation accuracy. For small valuesof R (high SNR), asR ! 0, we seethat the accuracy
of the described schemesaturates,approaching the CRLB. Further, it can be veri�ed that
the varianceof the rangeestimatesis approximately proportional to R � for larger valuesof
R (slope of the logarithm of the varianceon the y-axis in Figure 2.12 is proportional to � ),
as predicted by (2.10).
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Figure 2.11: The comparisonbetweenanalysisand simulation of energy-basedTOA estima-
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range error (R � r ). The threshold usedwas � = 15, which implies a probability of false
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Figure 2.13: (a) Illustration of cumulative energythresholding, (b) Comparisonof the mean
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olding methods.

2.4.1 Cum ulativ e Energy Thresholding

In this case,the valuesof interest are the cumulative received signal energyvalues:

Zk =
kX

j =0

x2[j ] =

( P k
j =0 z2[j ]; 0 � k � Np;

P k
j =0 (y[j ] + z[j ])2; k � Np:

Onceagain, the varianceof the squarednoisesamples� 2
N is estimatedfrom the noiseportion

of the received multipath pro�le. The threshold in this caseis de�ned as:

ZT;k = � 2
N (k + b); (2.23)

where b is an o�set parameter. The foundation for such a threshold is that as the noise
energysamplesare uncorrelated� 2 random variableswith mean� 2

N , the averagecumulative
energyof noisesamplesincreaseslinearly as � 2

N k. However, the cumulative energyincreases
at a much higher rate when the signal energy is included as seenin Figure 2.13(a). With
an appropriate chooseof b, this transition in cumulative signal energycan be captured by
the linearly increasingthreshold de�ned in (2.23). Figure 2.13 comparesthe performance
of the energy thresholding and cumulative energy thresholding techniques in terms of the
meanrangeerror R � r . We seethat the cumulative energythresholding method generates
more accurate range estimatesin terms of mean range error than the energy thresholding
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Table 2.1: LOS and NLOS RangeMeasurement Error Statistics

LOS NLOS
Num ber of Measuremen ts 260 623

Mean Error hr i � Ri i 0.02meters 1.90meters
Standard Deviation of Error 0.23meters 2.09meters� �

r i
R i

� 1
� 2

�
0.005 0.15

Kurtosis 4.74 15.66

technique. Thesegainsresult from the addedaveragingarising from the cumulative sum of
energiesthat reducesthe probability of early detection.

2.5 Range Error Measuremen ts and Mo deling

Thusfar, wehavediscussedboundson the accuracyof rangeestimation, and the performance
of practical estimatorsin singlepath AWGN channels. In this section,we discussthe perfor-
manceof practical rangeestimation in measuredmultipath channels. Table 2.1 summarizes
someof the parametersobserved in the rangesestimatedfrom indoor measurements [1] over
distancesof 1-30 meters. The range estimatesare obtained using the energy thresholding
TOA estimator applied to indoor received signal measurements taken with Biconeantennas
[1] over distances1-30meters. The measurement setup and other details can be found in [1]
and in Chapter 6. The rangeestimateswere calibrated using a referencemeasurement at 1
meter, and an energythreshold � = 36 was used.

In the caseof unbiasedrangeestimates,an estimate of K E can be estimatedusing

K̂ E =
� 2

i

R2
i

=
(r i � Ri )

2

R2
i

=
�

r i

Ri
� 1

� 2

: (2.24)

We seefrom Table 2.1 and Figure 2.14 that a rough estimate for the value of K E in LOS
scenariosis about 0.005. At a distanceR = 10 meters, this implies a standard deviation of
rangeerror on the order of 0.5 meters.

Figure 2.15shows the empirical histogramsof the rangeerror (r i � Ri ) from measurements.
We seethat LOS rangeestimatesafter calibration are approximately unbiased,symmetric,
and have a small variance. On the other hand, the NLOS range estimates have a large
positive bias with high probability and this bias is much larger than the variance of the
range estimates in the LOS case(this is exploited in the mitigation of the unknown bias
errors in Chapter 4). In view of the need for a mathematically tractable model for the
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accuracyof TOA-basedrangeestimation, we usethe following model for rangeinformation,
basedon the above observations:

r i �
�

N (Ri ; � 2
i ); � 2

i = K E R� L
i ; LOS RangeEstimates;

N (bi + Ri ; � 2
i ); � 2

i = K E R� N
i ; NLOS RangeEstimates;

(2.25)

where � L and � N are the path-loss exponents in LOS and NLOS casesrespectively. The
assumption that LOS range estimates are Gaussiandistributed is fairly common in the
literature on position-location [9], [19], although experimental results[43] indicate that range
estimatesmay not beGaussianin the presenceof densemultipath. It is further assumedthat
in the LOS case,errors due to hardware, clock jitter, processingdelays, etc., are eliminated
via calibration.

As discussedpreviously, the NLOS range estimatesare positively biasedwith high proba-
bilit y. When the distribution of the bias errors bi is unknown a priori , they can be modeled
as uniformly distributed random variables: bi � U(0; Bmax ), where Bmax is the maximum
bias. Measurement results [44] suggestthat the NLOS bias errorsmay be exponentially dis-
tributed in densemultipath channels,which has also beenobserved in indoor UWB NLOS
measurements [1], [43]. The model for r i in NLOS conditions is thereforethe superposition
of an unbiasedGaussianmeasurement noiseand a random positive bias:

r i = Ri + ni + bi ;

wherebi is exponentially distributed with parameter � b, and is assumedto be independent
of the rangemeasurement noise. The rationale for the biasbeingexponentially distributed is
that the arrival of multipath components canbe modeledusinga Poissonprocess[13], which
implies exponentially distributed inter-arrival times [1]. Therefore,in NLOS scenarios,if the
LOS path is absent or attenuated, and a path other than the LOS path is selectedfor the
estimation of �̂ 0, this is likely to result in an exponentially distributed bias error. Basedon
theseassumptions,as shown in Appendix 2A, the probability density function of r i can be
written as:

f r i (� jNLOS) =
1

2� b
exp

�
� 2

i

2� 2
b

�
exp

�
�

(� � Ri )
� b

� �
1 + erf

�
� b(� � Ri ) � � 2

ip
2� i � b

��
:

To summarizethe statistical models for rangeestimatesin LOS and NLOS scenarios:

f r i (� ) =

8
<

:

(2� � 2
i )� 1=2 exp

�
� (� � R i )2

2� 2
i

�
; LOS;

1
2� b

exp
�

� 2
i

2� 2
b

�
exp

�
� (� � R i )

� b

� h
1 + erf

�
� b(� � R i )� � 2

ip
2� i � b

� i
; NLOS:

(2.26)

Figure 2.15 comparesthe histogram of the range error (r i � Ri ) from measurements, with
the corresponding statistical range models in (2.26) for the LOS and NLOS cases.We see
that although the number of range measurements is small, the statistical models for the
range errors based on the parameters in Table 2.1 are reasonablyclose to the observed
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histograms. In the rest of this dissertation, the model for range estimation in LOS and
NLOS scenariosgiven by (2.25) is utilized. Based on this model for range estimates, in
the following chapter, we characterizebounds on the localization accuracyof nodes given
su�cien t rangeinformation.

2.6 Conclusions

In this chapter, we provided a characterization of the performanceof the e�cien t estimator
for synchronized TOA-basedranging in AWGN and in the presenceof multipath, through
the derivation of the Cramer-RaoLower Bound for the varianceof an unbiasedrangeestima-
tor. We then described a two-way packet handshake for distributed ranging in the absenceof
synchronization betweennodes. A practical non-e�cien t estimator basedon energythresh-
olding of the received multipath pro�le was then analyzedin detail for singlepath AWGN
channels. We then characterizedthe performanceof practical rangeestimators in measured
indoor LOS and NLOS multipath channels,in order to derive a model for LOS and NLOS
rangeestimatesthat is usedin the rest of this dissertation.

2.7 App endix 2A: Distribution of r i under NLOS con-
ditions

Under NLOS propagation conditions, the range estimate is modeled as a superposition of
unbiasedGaussianrangemeasurement noise,and an exponentially distributed bias error:

r i = Ri + ni + bi ;

whereni is a zero-meanGaussianrandom variable with variance� 2
i , and bi is exponentially

distributed with mean � b. Therefore, the probability density function of r i is de�ned by a
convolution of the density functions of ni and bi :

f r i (� jNLOS) =
�
2� � 2

b�
2
i

� � 1=2
Z 1

0
exp

�
�

(� � Ri � b)2

2� 2
i

�
exp

�
�

b
� b

�
db;

=
�
� � 2

b

� � 1=2
Z r � R ip

2� i

�1
exp

�
� y2

�
exp

 

�
� � Ri �

p
2� i y

� b

!

dy;

=
�
� � 2

b

� � 1=2
exp

�
� 2

i

2� 2
b

�
exp

�
�

� � Ri

� b

� Z � � R ip
2� i

�1
exp

 

�
�

y �
� ip
2� b

� 2
!

dy;

=
1

2� b
exp

�
� 2

i

2� 2
b

�
exp

�
�

(� � Ri )
� b

� �
1 + erf

�
� b(� � Ri ) � � 2

ip
2� i � b

��
;
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where erf (x) = 2p
�

Rx
0 e� y2

dy. The mean and standard deviation of the range estimate are
respectively given by:

� r i = Ri + � b;

� r i =
q

� 2
i + � 2

b:



Chapter 3

Bounds on Lo cation Estimation

3.1 In tro duction

In the previous chapter, we derived a model for the range information available to an un-
localizednode that can be usedto estimate its location. In ad hoc UWB PoLoNets, these
rangeestimatesmay be available to an unlocalizednode from either �xed anchors or local-
izedreferencenodes,henceforthreferredto simply as\anchors". Given rangeestimatesfrom
anchors, and the corresponding anchor locations, the location of an unlocalizednode can be
estimated.

In this chapter, a systematicformal study of the propertiesof the CRLB on the location esti-
mation given unbiasedGaussianrangeestimatesfrom anchors is presented. The dependence
of localization accuracyon the accuracyof range estimates, the impact of node geometry
and the number of rangeestimatesand other parametersis analytically characterized.These
insights into the properties of the CRLB are used in establishing the connectionbetween
localization accuracyand multiple accessschemesand power-control algorithms in Chapters
7 and 9. We then comparethe performanceof various practical estimators basedon the
Least-squares(LS) formulation with the CRLB in order to (i) verify that similar trends were
observed in terms of the properties, and (ii) quantify the di�erence betweenthe CRLB and
practical estimators.

Previous Work included in this Chapter: CRLB for location estimationwith unbiased
Gaussianrange estimates[9], [19], the Least-Squaresestimator [20], Iterativ e re�nement
using Levenberg-Marquhardt iteration [21].

41
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Original Con tributions in this Chapter:

� The systematicstudy of the propertiesof the CRLB providesinsights into the factors
than impact localization accuracy. A novel characterization of the geometricdilution
of precisionwasdeveloped, which allowed us to individually assessthe impact of the
varianceof rangeestimates,geometryof anchors, and the number of rangeestimates
on averagelocalization accuracy.

� Similar trends were observed with practical estimators and are usedin establishing
the connectionbetweenlocalization accuracyand multiple accessschemesand power-
control algorithms [22], [23].

The organization of this chapter is as follows: Section 3.2 discussesthe CRLB on location
estimation with unbiasedGaussianrangeestimatesfrom anchors. In Section3.3, we present
a systematic analysis of the properties of the CRLB in terms of the accuracy of range
estimates,and the geometryand number of anchors. Section3.4 describes the formulation
of practical location estimation basedon a Least-Squares(LS) approach. The modi�cation
of the LS estimator to incorporate weighting of rangeestimatesis discussedin Section3.5.
Section 3.6 discussesthe use of iterativ e re�nement of LS location estimates in order to
achieve gains in averagelocalization accuracy. This chapter concludesin Section3.7.

3.2 Cramer-Rao Lower Bound on Lo cation Estimation

In this section,we derive boundson the performanceof location estimators given unbiased
Gaussianrange estimatesthat are de�ned in (2.25). Let us assumethat we are trying to
estimate the location x = [x y]T of a node given m unbiased Gaussianrange estimates
r i � N (Ri ; � 2

i ), from anchors with known locations x i , i = 1; 2; � � � ; m. Sincethe available
rangeestimatesare noisy, the exact solution x cannot be determined in general. The error
in the location estimate is denotedby e = x � x̂ , where x̂ = [x̂ ŷ]T represents the estimate
of the true node location x. The covariancematrix of the error is given by:

C x̂ = E
�

eeT
	

=
�

� 2
x � xy

� yx � 2
y

�
:

The CRLB for the estimation of a node's location given unbiasedGaussianrangeestimates
from known locations has been derived previously in [9], [19], [45]. In terms of the error
covariancematrix,

C x̂ � I � 1 ) C x̂ � I � 1 � 0; (3.1)

whereI is the Fisher information matrix:

I =

" P m
i=1

cos2(� i )
� 2

i

P m
i=1

cos(� i ) sin( � i )
� 2

iP m
i=1

cos(� i ) sin( � i )
� 2

i

P m
i=1

sin2 (� i )
� 2

i

#

; (3.2)
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where� i is the orientation (angle) of the i th anchor node relative to the node whoselocation
is being estimated as shown in Figure 3.1. The proof of the above equation is given in
Appendix 3A. The term that we useto quantify the accuracyof node's location estimate is
called the localization error and is de�ned by

eT e = kx � x̂k2: (3.3)

The root localization error is de�ned as the Euclidean distancebetweenx and x̂:
p

eT e =
kx � x̂k. The averagelocalization error is de�ned as:


 x = E
�

kx � x̂k2
	

= E
�

eT e
	

: (3.4)

Assuming the x and y coordinates of the node and its estimate are independent, and since
the CRLB bounds the performanceof an unbiased estimator, the averagelocalization error
for CRLB analysiscan be written in terms of the varianceof the location estimatex in the
x and y coordinates:


 x = Tr f C x̂ g = E
�

(x � x̂)2	 + E
�

(y � ŷ)2	
= � 2

x + � 2
y :

The averagelocalization error de�ned above is a convenient scalarmeansof quantifying the
CRLB de�ned in (3.1). The CRLB in terms of the averagelocalization error 
 x is given by
[19]:

E
�

eT e
	

� 
 x ;CRLB =

P m
i=1

1
� 2

i
P m

i=1

P m
j =1 ;j >i

sin2 ( � i � � j )
� 2

i � 2
j

: (3.5)

The derivation of the above equation is given in Appendix 3A. From (3.5), the localization
error is, in general,a function of (i) the number of range estimates(m), (ii) the accuracy
of the range estimates (� 2

i , i = 1; 2; � � � ; m) and (iii) the geometry of anchor nodes (� i ,
i = 1; 2; � � � ; m). For the UWB signalsmodeled in this work, from (2.25) and (3.5),


 x ;CRLB =
K R

P m
i=1

1
R �

i

K P PT
P m

i=1

P m
j =1 ;j >i

sin2 (� i � � j )

R �
i R �

j

: (3.6)

For simplicity, we adhereto the notation usedin (3.5) and present a detailed analysisof the
properties of the CRLB in the following section.

3.3 Prop erties of the CRLB

In this section, we look at the impact of the parameters detailed above on the average
localization error 
 x ;CRLB corresponding to the CRLB. In the following, the results are
presented as a seriesof theoremsand corollaries,with the salient observations summarized
at the end of the section.
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Figure 3.1: E�ect of the Geometry of nodeson the localization error.

In order to isolate the impact of geometry from the impact of range estimate varianceson
the average localization error, we de�ne the generalized Geometric Dilution of Precision
(GGDOP) as follows:

De�nition 1 (Generalized Geometric Dilution of Precision). Supposewe de�ne


 m ,
mX

i =1

1
� 2

i
> 0;  m ,

mX

i =1

mX

j =1 ;j >i

sin2 (� i � � j )
� 2

i � 2
j

� 0;

then the generalized Geometric Dilution of Precision (GGDOP) is de�ned by

Gm =

 2

m

 m
= � � 1

m � 0:

� m is termed the inverseGGDOP.

Basedon the above de�nition, the averagelocalization error usingm rangeestimatesis given
by


 x ;CRLB (m) =
Gm


 m
=

1

 m � m

:

From the above relation, for a given set of range estimate variances,as the GGDOP Gm

increases,the localization error increases. Under the condition that the range estimate
variancesare equal, i.e., � 2

i = � 2, i = 1; 2; � � � ; m,

Gm =
m2

P m
i=1

P m
j =1 ;j >i sin2 (� i � � j )

:
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This implies that the GGDOP is dependent only on the number and geometry of anchor
nodes that provide range estimateswhen the range estimate variancesare identical. Note
that this is a generalizedversionof the classicalGDOP de�nition [9], which constitutes the
case� 2

i = � 2; 8i . For a given valueof 
 m , asthe GGDOP Gm increases,the localization error
increases.It must be noted that Gm is not purely a function of the geometryof unlocalized
nodes, but also depends on the range estimate variances. However, scaling all the range
estimate variancesby a common factor while maintaining the same relative orientations
doesnot alter the value of Gm . The following theorem shows that the value of Gm is lower
bounded. The proof is provided in Appendix 3B.

Theorem 3 (Bounds on GGDOP). The minimum and maximum possiblevaluesof � m

are 0 and 1
4 respectively:

0 � � m =
 m


 2
m

�
1
4

) 4 � Gm =

 2

m

 m
< 1 :

The maximum valueof � m occurs whenthe node to be localized lies at the \center-of-mass"
of a modi�e d systemof anchor nodes, where \mass" is analogous to the reciprocal of the
rangeestimatevariance. The orientation of the anchor nodesin this hypothetical systemis
obtained by doublingthe anglesin the original system. Explicitly, Gm = 4 if and only if

mX

i =1

cos2� i

� 2
i

= 0;
mX

i =1

sin2� i

� 2
i

= 0:

Corollary (Lo calization Error with Optimal Geometry). The localization error in the
optimal geometric con�guration Gm = 4 is given by


 �
x ;CRLB =

4

 m

=
4

P m
i=1

1
� 2

i

: (3.7)

The above equationindicatesthat in the optimal geometricalscenario,asthe rangeestimate
variancesdecrease,the average localization error also decreases. The following theorem
quanti�es the impact of range estimate varianceson the averagelocalization error for an
arbitrary geometryof anchor nodes. The proof is given in Appendix 3C.

Theorem 4 (Dep endence on � 2
i ). Supposeweare givenan initial geometric con�guration

of anchor nodesf � i g, i = 1; 2; � � � ; m with the corresponding rangeestimatevariancesf � 2
i g.

The localization error is then given by (3.5).

The decreasein any of the variancesresultsin the reduction of the localization error. Specif-
ically, for a given i , if � 02

i = a� 2
i , 0 < a � 1, the new localization error 
 0

x ;CRLB satis�es


 0
x ;CRLB =

P m
k=1 ;k6= i

1
� 2

k
+ 1

a� 2
i

P m
k=1 ;k6= i

P m
l=1 ;l>k ;l 6= i

sin2 ( � k � � l )
� 2

k � 2
l

+ 1
a� 2

i

P m
k=1 ;k6= i

sin2 (� k � � i )
� 2

k

� 
 x ;CRLB : (3.8)
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The above theorem states that a reduction of any range estimate variance results in the
decreaseof the localization error. From the perspective of PoLoNet design,this implies that
repeatedrangeestimation followed by averagingcan also improve localization accuracy.

Theorem 5 (Dep endence on m). Supposewe havean initial geometric con�guration of
anchornodesf � i g with rangeestimatevariancesf � 2

i g, i = 1; 2; � � � ; m. Then, the localization
error is a function of m givenby (3.5). The intr oduction of a newnode with orientation and
variance

�
� m+1 ; � 2

m+1

�
always resultsin the reduction of the localization error. Speci�c ally,


 x ;CRLB (m + 1) =
� 2

m+1 
 m + 1

� 2
m+1  m + 
 m

2 �
p


 2
m � 4
 m

2 cos(2� m+1 � 2� )
� 
 x ;CRLB (m); (3.9)

where

� =
1
2

arctan

0

@

P m
i=1

sin (2� i )
� 2

iP m
i=1

cos(2� i )
� 2

i

1

A : (3.10)

The reduction in the averagelocalization error as the number of rangeestimatesis increased
from m to (m + 1) can be shownto be

2

6
6
4

� p
1 � 4� m � cos(2� m+1 � 2� )

� 2
+ sin2 (2� m+1 � 2� )

2� m

�
� 2

m+1  m + 
 m
2 �

p

 2

m � 4 m cos(2� m +1 � 2� )
2

�

3

7
7
5 : (3.11)

Corollary (Optim um Orien tation of In tro duced No de). Irr espective of the rangevari-
ance of the intr oduced anchor node, the angles� m+1 = � � and � m+1 = � y which respectively
minimize and maximize 
 x ;CRLB (m + 1) for a �xed initial con�guration with m nodes,are
given by

� ? = � �
�
2

; � y = � ;

where � is de�ned in (3.10).

Corollary (Rep eated Measuremen ts). In terms of the reduction of localization error,
the special case where � m+1 = � k , � m+1 = � k where k 2 f 1; 2; � � � ; mg, is equivalent to a
repeated rangemeasurement followed by averaging, which reduces the variance of the range
estimateby a factor of 2 (i.e., a = 1

2 in Theorem 4).

The proof of the above results is provided in Appendix 3D. From the above theorem, in-
creasingthe number of available rangeestimatesalways decreasesthe localization error of a
node. We summarizethe above theoremson the characteristicsof the CRLB below:

1. The averagelocalization error depends not only on the accuracyand number of the
available range estimates, but also on the relative orientations of anchors providing
thoserangeestimates.
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2. For a given geometry, the decreasein the variancesof any subsetof range estimates
results in the decreaseof the average localization error. Therefore, repeated range
estimation followed by averaging results in the reduction of the averagelocalization
error.

3. Increasingthe number of available rangeestimatesalways improvesperformance,irre-
spective of rangevarianceand geometry. However, the improvement canbe maximized
with respect to geometryby carefully selectingthe orientation of the introducednode.

It is interesting to note the CRLB with exponentially distributed rangeestimates(seeAp-
pendix 3E) is similar in structure to the CRLB for unbiasedGaussianrangeestimatesdis-
cussedabove. This suggeststhat the above properties, albeit in slightly modi�ed form, are
alsoobserved for the caseof exponentially distributed rangeestimates.

3.3.1 CRLB and Error Ellipses

As discussedpreviously, the CRLB bounds the eigenvaluesof the covariance matrix C x̂ of
the location estimate x̂:

C x̂ � I � 1 ) C x̂ � I � 1 � 0;

where I is the Fisher information matrix de�ned in (3.2). In the quanti�cation of the
attainable localization accuracythrough the averagelocalization error 
 x ;CRLB , we ignored
the o�-diagonal elements of C x̂ . However, the elements represent the correlation between
the x and y coordinatesof the location estimate,and arenon-zeroin general. If the location-
estimate x̂ is assumedto be an unbiasedGaussianestimate of the true location x, then the
probability density function of the error in the location estimate e = x � x̂ is given by

f e (e) =
1

(2� )2
p

detC x̂
exp

�
�

eT C x̂
� 1e

2

�
: (3.12)

This implies that equi-probableerror contours are given by the following condition on the
quadratic form:

eT C x̂
� 1e = k;

wherek determinesthe probability of observingthe error e. This above relation corresponds
to an ellipse in the two-dimensionalcase,and an ellipsoid in the three-dimensionalcase.
Therefore,a useful way of visualizing the CRLB for two-dimensionallocation estimation is
through the use of error ellipses. The larger the error ellipse, the larger the localization
error. Further, the orientation of the error ellipse illustrates the impact of geometryon the
accuracyof location-estimates.The value of k is selectedsuch that [46] the probability that
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the location-estimatelies inside the error-ellipseis1 p:

k = � 2 log(1 � p)

If the (positive) eigenvaluesof C x̂ are � 1 and � 2, with � 1 � � 2, the eigenvaluesof C x̂
� 1 are

then 1
� 1

and 1
� 2

, with unchangedeigenvectors. The semi-major and semi-minor axesof the
error ellipse are given by eigenvectors corresponding to eigenvalues � 2 and � 1 respectively.
The lengthsof the semi-major and semi-minoraxes[46] aregiven by

p
k� 1 and

p
k� 2 respec-

tively. This implies that decreasingthe eigenvaluesof C x decreasesthe localization error,
since

� 1 + � 2 = Tr (Cx ) = 
 x ;CRLB : (3.13)

The areaof the ellipseis given by

Ae = � k
p

� 1� 2:

It can be veri�ed that the eigenvaluesof the Fisher Information matrix I are given by

� (I ) =

 m

2

�
1 �

p
1 � 4� m

�
:

For the e�cien t estimator, the eigenvalues� 1 and � 2 of Cx are given by

� 1 =
1


 m
2

�
1 �

p
1 � 4� m

� ; � 2 =
1


 m
2

�
1 +

p
1 � 4� m

� : (3.14)

It is easyto verify that

� 1 + � 2 =
1


 m � m
= 
 x ;

as predicted by (3.13). We seefrom (3.14) that if � m ! 0 (worst-casegeometry), � 1 ! 1
and thus the localization error tends to in�nit y. Similarly, if � m = 1

4 (best-casegeometry),
� 1 = � 2 = 2


 m
. This implies that the error ellipse for any value of k (or p) reducesto a

circular regionwith areaAe = 4� k

 m

. Figure 3.2 illustrates the impact of anchor geometryand
the number of rangeestimateson the CRLB error ellipses.

3.4 The Least-Squares (LS) estimator

The CRLB in terms of the averagelocalization error given by (3.5) providesa benchmark for
evaluating the performanceof practical location estimators,but doesnot explicitly describe

1This value of k arisesfrom a normalized, rotated ellipse transformed to polar coordinates:

p =
Z p

k

0

Z 2�

0

1
2�

exp
�

�
r 2

2

�
rdrd� = 1 � exp

�
�

k
2

�
:



49

-10 -5 0 5 10
-10

-5

0

5

10

Y
-C

oo
rd

in
at

e 
(m

et
er

s)

X-Coordinate (meters)

(a) m = 3, Poor Geometry

-10 -5 0 5 10
-10

-5

0

5

10

Y
-C

oo
rd

in
at

e 
(m

et
er

s)
X-Coordinate (meters)

(b) m = 3, Good Geometry

-10 -5 0 5 10
-10

-5

0

5

10

Y
-C

oo
rd

in
at

e 
(m

et
er

s)

X-Coordinate (meters)

(c) m = 4, Poor Geometry

-10 -5 0 5 10
-10

-5

0

5

10

Y
-C

oo
rd

in
at

e 
(m

et
er

s)

X-Coordinate (meters)

(d) m = 4, Good Geometry

Figure 3.2: Examplesof CRLB Error ellipseswith p = 0:95: The anchor nodes(asterisks)
are assumedto be uniformly distributed over a 10 � 10 meter2 area, and the unlocalized
node is locatedat the origin. The rangeestimatesare assumedto be unbiasedand Gaussian
distributed with variance � 2

i = 0:1R2
i . We seethat as m increases,the size of the error

ellipsesdecrease.
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the estimator that achieves it. The Least-Squares(LS) estimation approach is known to
be suitable if a statistical model for the available data (range estimatesin this case)is not
known [34]. Additionally , it wasshown in [20] that the LS estimator is more robust to range
bias errors than other estimators.

If the coordinates of m anchor nodes x i , (i = 1; 2; � � � ; m) and the corresponding range
estimatesr i are known, then x̂ canbe computedbasedon the LS formulation asfollows. We
have m equationsof the form

kx � x i k2 = r 2
i ; i = 1; 2; � � � ; m:

The above equationscan be simpli�ed to the form:

kxk2 + kx i k2 � 2xT
i x = r 2

i ; i = 1; 2; � � � ; m:

Taking the di�erence betweenpairs of the above m equations,this systemreducesto a set
of

� m
2

�
linear equations:

2(x i � x j )T x = (R2
i0 � R2

j 0) � (r 2
i � r 2

j );

i = 1; 2; � � � ; m � 1; j > i;

where Ri 0 = kx i k. It is important to point out that we must have at least m = 3 in
order to obtain two linear equationsthat can be solved simultaneously. Therefore, for two-
dimensionallocation estimation, the LS estimator requiresm � 3. The above set of linear
equationsis of the form

Ax = b; (3.15)

where A is a
� m

2

�
� 2 matrix whose rows are from the set2 f 2(x i � x j )T g, (i; j =

1; 2; � � � ; m; j > i ) and b is a column vector of length
� m

2

�
whosecomponents are from

f (R2
i0 � R2

j 0) � (r 2
i � r 2

j )g. The LS estimate of the node's location is given by

x̂ = (A T A )� 1A T b: (3.16)

The averagelocalization error for the LS estimator is de�ned as


 x ;LS = E
�

kx̂ � xk2
	

:

It can seenfrom the equationsthat the model for the rangeestimatescannot be expressed
as a linear function of x:

r 6= Hx + w:

Therefore,the LS estimator is not the minimum varianceunbiasedestimator (MVUE) [34].
This is alsoseenin Figure 3.3, wherethe performanceof the LS estimator is comparedwith

2Note that a = f � g is usedto represent a genericcomponent of the vector (or matrix) a without reference
to the speci�c ordering of components (or rows).
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Figure 3.3: Comparisonof the LS estimator with the CRLB for two-dimensionallocation
estimation given m unbiasedGaussianrangeestimates.

the CRLB in terms of the averagelocalization error given unbiasedGaussian(noisy) range
estimates. The details of the simulation are as follows: m anchor nodes whoselocations
are known exactly are dispersedrandomly over an L � L area. The range estimatesr i are
assumedto be unbiasedGaussianrandom variableswith variance � 2

i = K E R�
i . The values

of K E and � used for this simulation were 0.01 and 2 respectively. As expected, the LS
estimator performs worsethan the CRLB in terms of the localization error. We also make
another important observation: asshown with the CRLB in Theorem5, the LS localization
error decreaseswith increasingm.

Figure 3.4 shows the sensitivity of the LS estimate to the geometry of nodes, when m is
increased.In this simulation, the locations of the �rst (m � 1) anchor nodeswas �xed, and
the orientation � m of the mth anchor node was varied between [0; 2� ). We observe that
increasingthe number of available range estimatesnot only decreasesthe LS localization
error, but alsoconsiderablyreducesits sensitivity to geometry.

Figure 3.5 shows the averagelocalization error of the LS location estimator when the range
estimatesand the anchor location estimatesare noisy. We seethat even with noisy location
estimatesof the anchor nodes x̂ i � N (x i ; � 2

P I ), increasingthe number of available range
estimatesdecreasesthe localization error. It must be noted that this is a realistic scenario
in ad hoc UWB PoLoNets, sincethe locations of unlocalizedreferencenodesare computed
usingnoisyrangeestimatesfrom �xed anchorsand localizedreferencenodes. In the following
subsections,we show that for small range measurement noise in the presenceof perfect
anchor location estimates, the localization error for the LS estimate can be approximated
by a Gaussianrandom variable.
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Figure 3.4: Impact of geometryon the LS location estimate. In this simulation, K E = 0:01,
L = 10 meters.
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i ), � 2

i = K R R �
i

K P Pt
, � = 2, K P = 1� 106, Pt = 1 mW, and (b),

noisy referencenode coordinates x̂ i � N (x i ; � 2
P I ) and noisy rangeestimatesr i � N (Ri ; � 2

i ).
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3.4.1 Distribution of the Lo calization Error

From (2.25), the noisy rangemeasurements are modeledas

r i = Ri + ni ; i = 1; 2; � � � ; m;

where ni � N (0; � 2
i ). Assuming the range measurement noise is small when comparedto

the actual inter-node distances,n2
i � Ri ; i = 1; 2; � � � ; m, we can rewrite the expressionfor

b in (3.15), where8 i; j = 1; 2; � � � ; m; i < j :

~b = f (R2
i0 � R2

j 0) � (r 2
i � r 2

j )g = f (R2
i0 � R2

j 0) �
�
(Ri + ni )2 � (Rj + nj )2

�
g

� f
�
(R2

i0 � R2
j 0) + (R2

i � R2
j )

�
� 2 [Ri ni � Rj nj ]g = b � 2f Ri ni � Rj nj g = b � � b :

where
� b = 2f Ri ni � Rj nj g; i; j = 1; 2; � � � ; m; i < j:

Assumingthat the rangeerrorsni , nj are independent, it canbe shown that the components
of the vector � b are alsoGaussian:2(Ri ni � Rj nj ) � N

�
0; 4

�
R2

i � 2
i + R2

j � 2
j

��
. The estimate

of the node's location is given by

x̂ = (A T A )� 1A T b̂ = (A T A )� 1A T
�
b0 � � b

�
) x � x̂ =

�
A T A

� � 1
A T � b :

From the above equation, we seethat the location estimate error is x � x̂ is a linear com-
bination of Gaussianrandom variables, and is therefore also Gaussiandistributed. The
localization error is given by


 x ;LS = E
h
(x � x̂ )T (x � x̂)

i
= Tr

n
E

h
(x � x̂) (x � x̂)T

io

= Tr
�

E
� � �

A T A
� � 1

A T � b

� � �
A T A

� � 1
A T � b

� T
��

= Tr
n�

A T A
� � 1

A T C � b A
�
A T A

� � 1
o

; (3.17)

whereC � b is the covariancematrix of � b . From the above expression,we seethat extracting
a closed-formexpressionof the localization error in terms of the anchor coordinatesand the
rangeestimatevariancesis a tedioustask, even for a small valueof m. The above expression
is much simpli�ed in the e�cien t weighted LS case[34], when the covariancematrix of the
rangeestimatesis known, as will be seenin the following section.

3.5 Reliabilit y and Weighted Least Squares

Basedon the model of TOA-based range estimation discussedin Chapter 2, the variance
of a range estimate was shown to be dependent of the received SNR, and therefore, on
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the distance between unlocalized nodes and anchors. Consequently, range estimatesfrom
near-by anchors are likely to be more accurate than distant anchors. As a consequence,it
is reasonableto weight range estimatesfrom nearby anchors higher than range estimates
from distant anchors. In the following section,we derive the Weighted Least-Squares(WLS)
estimate for a nodes location given unbiasedrange estimatesfrom anchors, and show that
the optimal weighting matrix cannot be implemented in practice as it dependson the true
distancesbetween nodes, which are unknown. We provide a heuristic modi�cation of the
optimal weighting matrix which still providessizablegainsin terms of localization accuracy
over the LS method discussedin Section3.4.

3.5.1 Simple Weighted Least Squares

Given m range estimatesr i , i = 1; 2; � � � ; m, and the corresponding anchor locations, x i ,
i = 1; 2; � � � ; m, we can write

(x � x i )2 + (y � yi )2 = R2
i ; i = 1; 2; � � � ; m: (3.18)

whereRi = kx � x i k is the true distancebetweenthe unlocalizednode and the i th anchor.
Supposewe take the di�erence betweenthe i th equation (i > 1) above, and the �rst (i = 1),
we obtain

(x1 � x i )x + (y1 � yi )y =
R2

i � R2
1 � (x i � x1)2 � (yi � y1)2

2
; i = 2; 3; � � � ; m:

This can be expressedin matrix form as

A 1x = b1; (3.19)

where,as usual, x = [x y]T , and

A 1 =

2

6
6
6
4

(x1 � x2) (y1 � y2)
(x1 � x3) (y1 � y3)

...
...

(x1 � xm ) (y1 � ym )

3

7
7
7
5

(m� 1)� 2

; b1 =

2

6
6
6
6
4

R2
2 � R2

1 � (x2 � x1)2 � (y2 � y1 )2

2
R2

3 � R2
1 � (x3 � x1)2 � (y3 � y1 )2

2
...

R2
m � R2

1 � (xm � x1)2 � (ym � y1)2

2

3

7
7
7
7
5

(m� 1)� 1

:

The subscripts of matrices above indicate that the range di�erences were computed with
respect to range estimate from anchor i = 1. It must be emphasizedthat this formulation
is di�erent from the LS formulation in Section3.4, wherethe di�erence betweenall pairs of
range estimateswas usedto solve for the node's location. Although a similar formulation
can be adopted for a WLS method, it is lessmathematically tractable than the method
described here.
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As the true rangeestimatesRi are unknown, the available noisy versionof b1 is given by

~b1 =

2

6
6
6
6
4

r 2
2 � r 2

1 � (x2 � x1)2 � (y2 � y1 )2

2
r 2

3 � r 2
1 � (x3 � x1)2 � (y3 � y1 )2

2
...

r 2
m � r 2

1 � (xm � x1)2 � (ym � y1 )2

2

3

7
7
7
7
5

(m� 1)� 1

:

Sincer i = Ri + ni , we can write

r 2
i � r 2

1 = (Ri + ni )2 � (R1 + n1)2 � R2
i � R2

1 + 2Ri ni � 2R1n1;

when ni � Ri , i = 1; 2; � � � ; m. Under theseconditions, we can approximate ~b1 using

~b1 � b1 + w1 (3.20)

where

w1 =

2

6
6
6
4

R2n2 � R1n1

R3n3 � R1n1
...

Rmnm � R1n1

3

7
7
7
5

(m� 1)� 1

=

2

6
6
6
4

� R1 R2 0 � � � 0
� R1 0 R3 � � � 0

...
...

...
. . .

...
� R1 0 0 � � � Rm

3

7
7
7
5

(m� 1)� m| {z }
D

2

6
6
6
4

n1

n2
...

nm

3

7
7
7
5

m� 1| {z }
n

:

As n is a zero-meanvector of random variables, w1 is also zero-mean.Assuming that the
measurement noiseterms in di�erent rangeestimatesareuncorrelated,the covariancematrix
of w1 is given by

Cw 1 = D� n D T ; (3.21)

where� n is the diagonalmatrix containing noisevariances:

� n =

2

6
6
6
4

� 2
1 0 � � � 0

0 � 2
2 � � � 0

...
...

. . .
...

0 0 � � � � 2
m

3

7
7
7
5

m� m

:

From (3.19) and (3.20), we can write

~b1 � A 1x + w1: (3.22)

For this model, the Best Linear UnbiasedEstimator (BLUE) [34] is well-known:

x̂ =
�
A T

1 WA 1

� � 1
A T

1 W ~b1; (3.23)

wherethe optimal weighting matrix W is the inverseof the covariancematrix C w 1 :

W = Cw 1
� 1:
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In essence,the weighting matrix weights range estimatesfrom nearby anchors higher than
thosefrom farther away anchorssincethe rangeestimation accuracyis inverselyproportional
to distance. From (3.21), we seethe stumbling block in usingthe above WLS estimator. The
covariancematrix Cw 1 dependson the true rangesRi , i = 1; 2; � � � ; m through the matrices
D and � n (as the rangeestimatevariancesare determinedby the true distancesR i ), which
are unknown. Hence,the optimal weighting matrix cannot be computed in this manner.

A heuristic adaptation of the WLS method above would be to replacethe true rangesR i in
the de�nition of W , with the rangeestimatesr i . This implies that the newweighting matrix
~W is given by

~W = ~C � 1
w 1

=
�

~D ~� n
~D T

� � 1
;

where

~D =

2

6
6
6
4

� r1 r2 0 � � � 0
� r1 0 r3 � � � 0

...
...

...
. . .

...
� r1 0 0 � � � rm

3

7
7
7
5

(m� 1)� m

; � n =

2

6
6
6
4

�̂ 2
1 0 � � � 0

0 �̂ 2
2 � � � 0

...
...

. . .
...

0 0 � � � �̂ 2
m

3

7
7
7
5

m� m

: (3.24)

In the above equation, sincethe rangeestimate variances� 2
i depend on Ri , i = 1; 2; � � � ; m,

we can use�̂ 2
i = K r �̂

i , where �̂ is an estimateof the path lossexponent. If such an estimate
is not available, we can simply use �̂ 2

i = K r 2
i . Note from (3.23) that the constant K does

not a�ect the performanceof the estimator.

Figure 3.6 comparesthe performanceof the heuristic WLS method discussedabove with the
LS estimator formulated in section3.4, and the CRLB. We seethat the WLS method out-
performsthe LS estimator and is closerto the CRLB. Further, relative to the LS estimator,
the gains in localization accuracyincreaseas m increases.

Figure 3.7 comparesthe performanceof the heuristic WLS method discussedabove and
\ideal" WLS, assumingthe optimal weighting matrix is available. We observe that (i) for
small valuesof K E , the heuristic and ideal WLS arecomparable,but (ii) asK E increases,the
performanceof the heuristic WLS rapidly degradesrelative to the ideal WLS solution, asthe
weighting matrix is no longer closeto the optimal weighting matrix 3. Therefore, for small
range estimate variances,the performanceof the heuristic WLS method can be quanti�ed
using [34]


 x ;W LS � Tr
� �

A T
1 C � 1

w A 1

� � 1
�

: (3.25)

Although the above approximation for the WLS localization error is much simpler than
the corresponding expressionfor the LS estimator given in (3.17), this does not directly
associate the localization error with the distributions of the range measurement error and

3It has beenobserved via simulations that as the range estimate variancesincrease,the matrix A T
1 WA 1

tends to becomeill-conditioned with greater probabilit y.
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Figure 3.6: Comparison of the heuristic WLS method with the previously discussedLS
method and the CRLB for di�erent values of m and K E . The path loss exponent was
assumedto be � = 2. The plots depict the localization error averagedover a large number
of realizationsof rangemeasurement noiseand anchor locations.
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Figure 3.7: Comparison of the heuristic WLS with \ideal" WLS: we observe that (i) for
small valuesof K E , the heuristic and ideal WLS are comparable,but (ii) as K E increases,
the performanceof the heuristic WLS rapidly degradesrelative to the ideal WLS solution.
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anchor locations. In conclusion,for arbitrary anchor locationsand rangeerror distributions,
the CRLB remainsthe most tractable meansof quantifying the localization error.

Robust localization through selection of a subset of range estimates can be viewed as a
special caseof the WLS estimator discussedabove. Further enhancements of the above
WLS methods are possible. In the casewhere the estimatesof anchor locations are noisy,
we can formulate a weighted LS solution where range information from anchors with more
reliable location estimatesare weighted more heavily than unreliable ones.Each anchor and
its corresponding rangeestimateare associated with a reliabilit y metric (e.g., the reliabilit y
of a location estimatecould be assignedbasedon the geometricalconditions under which it
was computed), and the weights are computedusing the reliabilit y estimates.

The LS and WLS location-estimators discussedabove provide \one-shot" estimates of a
node's location. Using these as initial solutions, we can obtain more accurate location
estimatesthrough iterativ e re�nement. In the following section, we quantify the gains in
localization accuracyprovided by such iterativ e re�nement of location estimates.

3.6 Iterativ e Re�nemen t of Lo cation-Estimates

The problemof two-dimensionallocation estimationcanbecastasthe weighted minimization
of the distance error residuals: Given f r i g; f x i g, i = 1; 2; � � � ; m, �nd x = [x y]T that
minimizes the cost function:

� (x) =
mX

i =1

wi (r i � Ri (x))2 =
mX

i =1

wi

�
r i �

p
(x � x i )2 + (y � yi )2

� 2
: (3.26)

We de�ne the vector e(x) as

e(x) = [r 1 � R1(x); r2 � R2(x); � � � ; rm � Rm (x)]T : (3.27)

Then the cost function can be re-written as

� (x) = e(x)T We(x); (3.28)

whereW = diagf w1; w2; � � � ; wmg.

This is a nonlinear estimation problem and a closed-formsolution doesnot exist [47]. How-
ever, a variety of optimization algorithms are available for solving this type of nonlinear
estimation. For instance, the quasi-NewtonDFP (Davidon-Fletcher-Powell) algorithm has
beenemployed for locating valuable assets[48] and the Levenberg-Marquardt method was
studied in [47]. Both unconstrained and constrained minimization algorithms [3] can be
employed to achieve optimal position estimation.
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3.6.1 Gauss-Newton Metho ds

The basis for Gauss-Newtonmethods lies in the Taylor-seriesexpansionof the non-linear
function � (x):

� (xk + dk) � � (xk) + gT
k dk +

dT
k H (xk) dk

2
;

wheredk is the increment to be determined,and gk and H (xk) are the gradient and Hessian
of � (x) at x = xk respectively. From the aboveapproximation, the valueof dk that minimizes
� (xk + dk) is given by

H (xk) dk = � gk ;

using partial derivativeswith respect to dk . The choiceof dk basedon the above equation,
which requires the inversion of the Hessianmatrix, comprisesNewton's method. In order
to avoid computation of the HessianH (x k) that usessecond-orderinformation, the Gauss-
Newton method uses

JT
k Jkdk = � JT

k e(xk) (3.29)

whereJk is the Jacobianof e (x) at x = x k . If Jk is full rank, dk can be determinedby the
linear least-squaressolution:

dk = �
�
JT

k Jk
� � 1

JT
k e(xk) (3.30)

The Gauss-Newtonmethod has been observed to perform poorly when the second-order
information in the Hessianis non-trivial. A modi�cation of the Gauss-Newtonmethod,
called the Levenberg-Marquardt (LM) method, usesthe following system of equations to
solve for dk : �

JT
k Jk + � k I

� � 1
dk = � JT

k e(xk) ; (3.31)

where � k is a non-negative scalar. The LM method usesa search direction that is a cross
betweenthe Gauss-Newtondirection and the steepest descent, and hasbeento shown to be
more robust than the Gauss-Newtonmethod. The LM iteration is the default method used
by the lsqnonlinscript in Matlab's Optimization Toolbox. The LM method [47] has been
shown to outperform the Quasi-Newton Davidon-Fletcher-Powell (DFP) iteration (which
was usedin [48]) in terms of localization accuracy.

One of the main issueswith the useof iterativ e solutions is the choiceof an initial solution.
Sincetypical non-linear cost functions can have a very large number of local minima, the
choiceof the initial solutionsplays a major role in determining the accuracyof the iterativ e
solution. In general,an initial solution closerto the true solution results in a more accurate
iterativ e solution.

Figure 3.8 comparesthe performanceof the LS and WLS methods discussedin previous
sectionswith the performanceof an LM iterativ e solution that usesthe LS and WLS esti-
matesasinitial solutionsfor iteration. We seethat, at the costof higher complexity, the LM
iterativ e solution providessomegainsin localization accuracy, especially for a small number
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Figure 3.8: Comparisonof iterativ e and non-iterative methods: the anchor nodes are as-
sumedto randomly distributed over a 10� 10 meter2 area,and rangeestimatevariancesare
generatedaccordingto � 2

i = K E R2
i . Weobserve that the useof iterativ e re�nement improves

the averagelocalization accuracy, especially for small valuesof m. For small valuesof K E

we seethat the WLS method outperformsthe iterativ e methods for large valuesof m.

of rangeestimates.However, for small valuesof K E , the heuristic WLS method outperforms
the iterativ e methods for large valuesof m. We seethat the useof WLS estimatesas initial
solutions for LM iteration results in marginally better location estimatesthan the useof LS
estimates.

Figure 3.9showssamplehistogramsof the x andy coordinatesof location estimatesgenerated
using the LS, (heuristic) WLS and LM iterativ e methods. We observe that the estimated
coordinates are biased,and cannot strictly be modeled as Gaussianrandom variables. We
will seein Chapter 5 that this makesthe modeling of the propagationof error problem with
practical estimatorsmore complicated.

3.7 Conclusions

In this chapter, we presented bounds on localization accuracy and compared them with
the performanceof the practical LS location estimation. Valuable analytical insights were
gainedusing thesebounds, with respect to the impact of node geometry, and the variance
and number of range estimateson localization accuracy. Thesetrends were also observed
in LS estimation approaches, and the disparity between the practical estimators and the
CRLB wasquanti�ed via simulation results. Theseinsights are useful in the designof MAC
protocols and Power-Control algorithms as will be shown in subsequent chapters. It was
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Figure 3.9: Histogramsof estimatednodecoordinatesfor a singlerandomlocation, with m =
4 unbiasedrangeestimateswith variances� 2

i = K E R2
i , K E = 0:1. The anchors coordinates

are assumedto be independently uniformly distributed over [0L], L = 10 meters,with the
unlocalized node located at x = [5 5]T meters, and location estimatesare generatedfor a
large number of range measurement noiserealizations. (a) Estimate of x-coordinate using
LS, (heuristic) WLS and LM iterativ e with LS initial solution. (b) Estimate of y-coordinate
using LS, (heuristic) WLS and LM iterativ e with LS initial solution. Also indicated are the
meansand standard deviations of the errors in the x and y coordinates.
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further found that under the LS formulation, weighting and iterativ e re�nement of location
estimatescan be used to considerablyimprove the averagelocalization accuracy. Finally,
due to a lack of tractabilit y in terms of analysisof the LS estimators, the CRLB alsoserves
as a measureof localization accuracyin subsequent analyses.
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3.8 App endix 3A: Pro of of Equation (3.5)

The vector parameter to be estimated is

� = x = [x y]T

The given data are
r = [r1 r2 � � � rm ]T

where r i ; i = 1; 2; � � � ; m are the noisy estimatesof the true rangessuch that n i = r i �
kx � x i k � N (0; � 2

i ). We assumethat each of the range measurements are independent.
Therefore,the PDF

f (r ; � ) =
mY

i =1

1
p

2� � 2
i

exp

"

�
(r i � kx � x i k)2

2� 2
i

#

) logf (r ; � ) = � log

"

(2� )
m
2

mY

i =1

� 2
i

#

�
mX

i =1

(r i � kx � x i k)2

2� 2
i

The Fisher information matrix is given by

I =
�

I xx I xy

I yx I yy

�

where

I xx = � E
�

@2

@x2
logf (r ; � )

�
; I xy = � E

�
@2

@x@y
logf (r ; � )

�

I yx = � E
�

@2

@y@x
logf (r ; � )

�
; I yy = � E

�
@2

@y2
logf (r ; � )

�

We obtain

@
@x

logf (r ; � ) = �
@

@x

mX

i =1

(r i � kx � x i k)2

2� 2
i

= �
mX

i =1

1
2� 2

i

@
@x

(r i � kx � x i k)2

= �
mX

i =1

1
2� 2

i

@
@x

�
r 2

i � 2r i

p
(x � x i )2 + (y � yi )2 + (x � x i )2 + (y � yi )2

�

=
mX

i =1

1
2� 2

i

@
@x

�
2r i

p
(x � x i )2 + (y � yi )2 � (x � x i )2

�

=
mX

i =1

1
� 2
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r i
x � x ip
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� (x � x i )
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From the above equation, we obtain
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Similarly, we can show that
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Further,
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To summarizethe above results,
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:

Therefore,the Fisher Information Matrix I is given by
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:

The determinant of I is given by
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:

This implies that the inverseof I is given by

I � 1 =
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The CRLB on the covariancematrix can be expressedas

Cx � I � 1; (3.32)
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which implies that the lower bound on the localization error is
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;

whereu i represents the unit vector x i � x
kx i � x k ,

a2
ij = ku i � u j k

2 =
A2

ij

R2
i R2

j
= ku i k2ku j k2 sin2(� ij ) = sin2(� ij ) � 1:

The quantit y aij is essentially the area of the parallelogramformed by the unit vectors u i

and u j as shown in Figure 3.10.

3.9 App endix 3B: Pro of of Theorem 3

Proof of Theorem 3. The generalizedGDOP is de�ned by

� m =
 m
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Figure 3.10: Illustration of GDOP and location estimation with m = 3 anchor nodes.

When � i = � j , we seethat we obtain the lower bound, � m = 0. In order to obtain the upper
limit, note that
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whereequality is achieved when
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cos2� i

� 2
i

= 0;
mX
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= 0: (3.33)

Therefore,

� m =
 m


 2
m

=
1
4

�

� P m
i=1

cos2� i
� 2

i

� 2
+

� P m
i=1

sin 2� i
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� 2
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� 2 �
1
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;

with equality achieved when (3.33) is satis�ed.
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3.10 App endix 3C: Pro of of Theorem 4

Proof of Theorem 4. Without lossof generality, let the mth rangeestimatebe reducedby a
factor a, 0 < a � 1. Then


 0
x ;CRLB =


 m� 1 + 1
a� 2

m

 m� 1 + 1
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m
� m� 1
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:

After somemanipulation, it can be shown that
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 2
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wherethe angle � is de�ned as

� =
1
2

arctan

0

@

P m� 1
i=1

�
sin 2� i

� 2
i

�

P m� 1
i=1

�
cos2� i

� 2
i

�

1

A : (3.35)

The di�erence between
 x ;CRLB and 
 0
x ;CRLB is then given by
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since m� 1 �

 2

m � 1

4 and 0 < a � 1, and all other quantities arepositive. Therefore
 x ;CRLB �

 0

x ;CRLB .
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3.11 App endix 3D: Pro of of Theorem 5

Proof of Theorem 5. Given rangeestimatesfrom m anchor nodes,we know that the location
error is given by the relation:
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:

We would like to analyzethe e�ect of adding a new node (� m+1 ; � 2
m+1 ):
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where
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From (3.36) and (3.37),
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We seethat 
 x ;CRLB (m + 1) is minimized when � is maximized. From (3.37), this implies
that the optimal value of � m+1 is � ?
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2 (Corollary 5).

In order to compute the improvement due to the addition of a new node, we look at
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Sincethe denominator is always positive, to verify whether there is an improvement in the
location error or not, we verify that:

1
2

�

p
1 � 4� m cos(2� m+1 � 2� )

2
� � m

=

� p
1 � 4� m � cos(2� m+1 � 2� )

� 2
+ sin2 (2� m+1 � 2� )

2
� 0;

whereequality holds when � m = 0 and � m+1 = � . Therefore, 
 x ;CRLB (m) � 
 x ;CRLB (m +
1).

3.12 App endix 3E: CRLB for exp onentially dis-
tributed range estimates

The joint probability density function of m i.i.d. exponentially distributed rangeestimates
with means� i , i = 1; 2; � � � ; m is given by
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From the above equation, we obtain
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Similarly, we can show that
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Therefore,the Fisher Information Matrix I is given by
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Proceedingin a manner similar to Appendix 3A, it is straightforward to show that the
localization error expressionsfor the unbiasedGaussianand the exponential cases,if � 2

i =
� i Ri .



Chapter 4

The NLOS problem in UWB
PoLoNets

4.1 In tro duction

As discussedin Chapter 2, in PoLoNets deployed in densemultipath propagation envi-
ronments, especially indoors or in urban scenarios,the LOS path between nodes may be
obstructed. As a result, in NLOS conditions, TOA-basedrangeestimatesare positively bi-
asedwith high probability, sincethe �rst arriving multipath component travels a distance
that is in excessof the true LOS distance,asillustrated in Figure 2.4. A similar e�ect is seen
in the caseof RSS-basedrange estimates,where the received signal power is reduceddue
to the obstruction of the LOS path. Thesee�ects result in range estimatesthat are often
much larger than the true distancesand therefore, in NLOS scenarios,the accuracyof node
location estimatescan be adverselya�ected.

The problem of location-estimation with biasedNLOS rangeestimateshasbeenconsidered
before,mostly in the context of cellular communications [24], [4], where it has beenshown
that the bias errors in NLOS range estimateslead to large errors in the computation of a
node's location. Similar observations have beenmadewith UWB signals[43], where it was
demonstratedthat the NLOS bias errorscan be on the order of several metersand are much
larger than the rangemeasurement errors in LOS scenarios.

Broadly speaking,the literature on the NLOS problem falls in two categories:NLOS identi-
�cation and NLOS mitigation. The former dealswith the problem of distinguishing between
LOS and NLOS rangeestimates,whereasthe latter typically dealswith the reduction of the
adverseimpact of NLOS range errors on the accuracyof location-estimates,assumingthe
NLOS rangeestimateshave beenidenti�ed.
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4.1.1 NLOS Iden ti�cation

Statistical NLOS identi�cation techniquesfor cellular systemshavebeendiscussedpreviously
[49], [50] that rely on a time-seriesof range measurements. A comprehensive discussionof
a decision-theoreticframework for NLOS identi�cation basedon the statistical distributions
of rangeestimatesin LOS and NLOS scenarioswas presented in [50].

While such approaches [49], [50], can be directly extended to UWB PoLoNets, (i) for
PoLoNetswith low or no mobilit y, usinga time-seriesof rangeestimatesmay not be feasible,
and (ii) speci�c featuresof UWB multipath channelscan be exploited to enhancethe accu-
racy of NLOS identi�cation. In particular, UWB signalspossesshigher temporal resolution
and robustnessto multipath fading than narrowband and wideband signals. Thesecharac-
teristics create considerabledi�erences in the behavior of (a) the Time-of-Arrival (TOA),
(b) Received signal-strength(RSS) and (c) the temporal energydispersion, of the received
signal in di�erent propagation scenarios.The temporal dispersionof received signal energy
in indoor UWB propagation channelshas beenextensively characterized(see,for instance,
[1, 51]), and is quanti�ed through the delay-spreadstatistics, such asthe root-mean-squared
delay spread(RDS) [1]. The variations of the TOA, RSS and RDS estimatesfrom UWB
signalscan be utilized to distinguish betweenLOS and NLOS propagation scenarios.

In this chapter, we formulate a NLOS identi�cation technique basedon the joint statistical
hypothesistesting of a singleset of TOA, RSSandRDSestimatesfrom a givenreceivedUWB
signal. We initially assumethat the statistical modelsfor the TOA, RSSand RDS estimates
are known a priori from a statistical characterization of the propagationenvironment. Since
the distributions of these parameters are known to vary with the distance [1], [51], the
distance is modeled as a nuisanceparameter that needsto be estimated. Given a distance
estimate, we show that combinations of conditional probabilities of the estimated valuesof
the TOA, RSSand RDS can provide reliable estimatesof the state of the channel (LOS or
NLOS).

We show that for the channelparametersextracted from the UWB measurements discussed
in [1], the useof RDS estimatesprovidesthe most accuratemeansof identifying the channel
state, with a probability of error on the order of 1%. Further, we show that delay spread
statistics of the received signal remain a reliable meansof channel state identi�cation when
(a) the completestatistical characterization of the propagation environment is unknown a
priori , and (b) when an accurate estimate of the distance is not available. Performance
metrics that allow the evaluation of the proposedtechniquesin other propagation scenarios
with di�erent statistical models are provided. The performanceof the NLOS identi�cation
basedon delay spreadstatistics, from the perspective of localization accuracy, is investigated
in a location-tracking experiment with indoor UWB measurements in Chapter 6.
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Figure 4.1: The NLOS Problem: In the absenceof LOS in TOA-basedranging betweentwo
nodesA and B, the estimatedrangeis larger than the true distancebetweenA and B.

4.1.2 NLOS Mitigation

Once we are able to accurately distinguish between LOS and NLOS range estimates, we
can then turn our attention to the problem of NLOS mitigation. Equipped with the abil-
it y to distinguish betweenLOS and NLOS rangeestimates,the Cramer-RaoLower Bound
(CRLB) analysispresented in [52], [53], characterizedthe performanceof the minimum vari-
anceunbiasedestimator (MVUE) [34] of a node's location, given a mixture of (unbiased)
LOS and (biased) NLOS range estimates. This analysis showed that, in the absenceof a
priori statistical information on the NLOS rangeestimates,the MVUE discardsthe biased
NLOS rangeestimatesand utilizes only LOS range information while estimating sensorlo-
cations. However, as will be demonstratedin the following sections,in the caseof practical
non-e�cien t [34] estimators such as the commonly usedLeast-Squares(LS) estimator [20],
discarding NLOS range information does not necessarilyimprove performance. Addition-
ally, for two (three) dimensionallocation-estimation, the LS estimator requiresat least three
(four) range estimates in order to obtain an unambiguous solution. In ad hoc networks,
limited connectivity with anchors may imply that we may not have the luxury of discarding
any rangeestimates.This suggeststhat in general,given a mixture of LOS and NLOS range
estimates,we may be required to usethe entire set of available range information in order
to computea node's location, as shown in Figure 4.1.

A Semi-De�nite Programming (SDP) approach to node localization basedon connectivity
information was investigated in [54], and a quadratic programming approach with NLOS
range estimateswas discussedin [55], but these approaches result in high computational
complexity [56]. The Residual Weighting Algorithm (Rwgh) was proposedin [57], whose
advantage is that NLOS identi�cation is not required a priori . However, this algorithm
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implicitly assumesthat the range measurement noiseis much smaller than the NLOS bias
introduced, in order to inherently distinguish between the residuals from LOS and NLOS
range estimates. More importantly, it relies on the availabilit y of a large number of range
estimates,several of which are LOS, so that the set of range estimates�nally selectedto
computea node'slocation resultsin the smallestresidualerror. However, in indoor networks,
situations may arisewhereonly NLOS rangeestimatesareavailablewhile estimatinga node's
location.

The statistics of the NLOS bias errors depend on the spatial distribution of scatterers in
the propagationenvironment. Given the scatteringmodel for the environment, the statistics
of TOA measurements can be obtained and well-known techniques such as maximum a
posteriori (MAP) and maximum-likelihood (ML) estimation can be employed to mitigate
the e�ects of NLOS errors [58]. However, in an ad hoc wirelessnetwork, the distribution of
scatterersin the propagation environment may not be available and therefore, we assume
that the statistics of the NLOS bias errors are unknown a priori .

In this chapter, we present a novel computationally-e�cien t linear programming (LP) ap-
proach that e�ectively incorporates both LOS and NLOS range information into the esti-
mation of a node's location. A linear programming approach was brie
y mentioned for the
caseof NLOS rangeestimatesin [56], but was not pursued. We demonstratethat this low-
complexity LP approach can be generalizedto handle a mixture of LOS and NLOS range
estimates(with the \only-LOS" and \only-NLOS" rangeinformation scenariosassub-cases)
without discardingany rangeinformation. The main advantagesof this approach are:

� The statistics of the NLOS bias errors are not assumedto be known [15] a priori ,

� No rangeinformation is discarded,

� This method outperformsthe LS estimator, given a mixture of LOS and NLOS range
estimates,

� This method can be generalizedand extendedto handledegeneratecaseswith insu�-
cient (< 3) LOS rangeestimates,and

� Can be extendedto include other forms of constraints.

In the proposedapproach, we leveragethe following featuresof UWB TOA-basedrangees-
timation: (a) the rangebias errors in NLOS conditions are always positive and signi�cantly
larger in magnitude than the range measurement errors in LOS conditions [43], and (b)
NLOS range estimatesare readily distinguished from LOS range estimatesthrough chan-
nel identi�cation [26]. It is important to point out that although the development of the
approach is from the perspective of UWB PoLoNets, the approach itself is generally valid
for any location-aware system with the mentioned features. For the purposeof analytical
simplicity and clear exposition, the development and insights that follow largely pertain
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to two-dimensional location estimation, but can easily be extended to three-dimensional
localization scenarios.

This chapter is organized in two parts. Part I focuseson the NLOS Identi�cation using
received signal statistics. The organization of Part I is as follows: in Section4.2, we discuss
the modeling of the statistics of the TOA, RSSand RDS estimatesin indoor LOS and NLOS
environments basedon the UWB measurement campaigndiscussedin [1]. The formulation
of the statistical hypothesis-testingmethod is outlined in Section4.3, and the corresponding
simulation results are presented in Section4.4. Part I concludesin Section4.5.

Part I I discussesthe useof the linear programming for NLOS mitigation. In section4.6, we
discussthe impact of NLOS bias errors on the accuracyof LS location estimatesand the
motivation for newapproaches. Section4.7 discussesthe LP approach to incorporating LOS
rangeestimates,NLOS rangeestimatesanda mixture of LOS andNLOS rangeestimatesinto
node location estimation. In section4.8, we discusssomeextensionsand a seriesof sub-cases
that needto be addressedin order to generalizethe proposedapproach. Simulation results
are presented in Section4.9, wherewe evaluate the performanceof the proposedmethod in
terms of node localization accuracy. We alsopresent two practical scenarios(including a 3D
indoor scenario)in Section4.10wherethe e�cacy of the proposedapproach is highlighted.
Our conclusionsare presented in Section4.11.

Original Con tributions included in this chapter are:

� The completedevelopment and analysisof a novel NLOS identi�cation method based
on receivedsignalstatistics [26]: Westatistically characterizethe abilit y of TOA, RSS
and RMS delay spreadestimatesto distinguish betweenLOS and NLOS propagation
basedon an extensive indoor measurement campaign. Simulation and measurement
results are usedto demonstratethat the delay spreadstatistics of UWB signalscan,
even in isolation and without completestatistical information, serve as robust and
computationally-e�cien t indicators of the LOS/NLOS nature of propagation.

� The development and analysisof a novel NLOS mitigation technique basedon linear
programming [27], [28], that (i) allows us to incorporate NLOS range information
into location-estimation, but (ii) does not allow NLOS bias errors to degradenode
localization accuracy.
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Part I: NLOS Iden ti�cation based on Receiv ed Signal
Statistics

4.2 Statistics of the UWB TO A, RSS and RDS Esti-
mates in Indo or Environmen ts

The formulation of the NLOS identi�cation problem is as follows: we would like to identify
the state H of the channel between the transmit and receive nodes, separatedphysically
by a distanced, given estimatesof the TOA, RSSand RDS observed at the receive node.
Here, the channel state H = H0 corresponds to LOS propagation and H = H1 corresponds
to NLOS propagation. NLOS propagation has popularly been classi�ed as \soft" (\ob-
structed") NLOS, where the LOS multipath component is present albeit attenuated, and
\hard" NLOS, where the LOS path is severely attenuated or absent. From a localization
standpoint, the soft-NLOS casesare classi�ed as LOS scenarios,sincethe TOA of the LOS
multipath component canstill beestimatedfor rangingpurposes,i.e., rangeestimatesarenot
necessarilybiasedin soft-NLOSpropagationenvironments. In the following development, we
present statistical modelsfor the TOA, RSSand RDS estimatesin an indoor UWB channel,
consideringboth LOS and NLOS scenarios.

TO A Estimates

The received UWB signal,neglectingnon-lineare�ects, canbe modeledasa function of time
� :

r (� ) =
L � 1X

k=0

� kp(� � � k) + n(� );

wherep(� ) is the received (LOS) pulseshape, � k , k = 0; 1; � � � ; L � 1 denotethe L multipath
coe�cien ts, and n(� ) represents additive white Gaussiannoiseat the receiver. Here, � 0 = d

c
represents the true TOA of the signal,wherec denotesthe speedof light. In LOS propagation
conditions, the estimateof the TOA �̂ 0 is modeledas[18], [43] an unbiasedGaussianrandom
variable:

�̂ 0 =
d
c

+ n� ; (H = H0)

where n� is the zero-meanGaussianTOA measurement noise. The corresponding density
function of �̂ 0, conditioned on the distanced is then given by:

f �̂ 0 (� jd; H0 ) =
�
2� � 2

�

� � 1=2
exp

 

�
(� � d

c )2

2� 2
�

!

;
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where� � represents the standard deviation of the TOA measurement noise. Sincethe min-
imum variance of an unbiasedTOA estimate is known to be inversely proportional to the
signal-to-noiseratio [17], the standard deviation of the TOA estimates� � is dependent on
the distanced, and is modeledas:

� � = K � d
�
2 ;

whereK � is a proportionalit y constant that dependson physical layer parameters,and � is
the path-lossexponent.

In a NLOS propagation scenario,the multipath component corresponding to the true dis-
tance d betweenthe nodesis either absent or severely attenuated, and the TOA estimate �̂ 0

is positively biasedwith high probability. The model for �̂ 0 in NLOS conditions is therefore
the superposition of an unbiasedGaussianmeasurement noiseand a random positive bias:

�̂ 0 =
d
c

+ n� + b� ; (H = H1)

where b� is the NLOS bias. The NLOS bias b� is assumedto be independent of the range
measurement noiseand hasbeenmodeledasan exponential random variable [43] with mean
� b. Based on these assumptions,as shown in Appendix 4A, the density function of �̂ 0,
conditioned on the distanced, can be written as:

f �̂ 0 (� jd; H1 ) =
1

2� b
exp

�
� 2

�

2� 2
b

�
exp

 

�
(� � d

c )
� b

! "

1 + erf

 
� b(� � d

c) � � 2
�p

2� � � b

! #

:

Summarizing the above results, the density functions of the TOA estimate �̂ 0 for the two
propagation scenarioscan be written as

f �̂ 0 (� jd; H ) =

8
<

:

(2� � 2
� )� 1=2 exp

�
� (� � d

c )2

2� 2
�

�
; H = H0;

1
2� b

exp
�

� 2
�

2� 2
b

�
exp

�
� (� � d

c )
� b

� h
1 + erf

�
� b(� � d

c )� � 2
�p

2� � � b

� i
; H = H1:

(4.1)

In the above equations,

� � =

(
K � d

� L
2 ; H = H0;

K � d
� N

2 ; H = H1;

where� L and � N represent the path-lossexponents in LOS and NLOS scenariosrespectively.

RSS Estimates

The normalizedRSS(in dB) SdB is de�ned as:

SdB = 10log10

�
1

P0T

Z

T
jr (� )j2d�

�
;
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whereP0 is the receivedpower measuredat a referencedistanced0, and T is the measurement
interval for the received signal. Due to the absenceof signi�cant multipath fading, the
estimatedRSShasbeenmodeledas a lognormal random variable [1], [51], [59]:

ŜdB = 10� log10

�
d
d0

�
+ X ;

where � is the path loss exponent, and X is a zero-meanGaussianrandom variable with
di�erent variancesin LOS and NLOS scenarios:

f X (x) =

8
<

:

(2� � 2
SL )� 1=2 exp

�
� x2

2� 2
S L

�
; H = H0;

(2� � 2
SN )� 1=2 exp

�
� x2

2� 2
S N

�
; H = H1:

Therefore, in LOS and NLOS scenarios,the conditional density functions of ŜdB can be
succinctly represented by:

f ŜdB
(s jd; H ) =

8
<

:

(2� � 2
SL )� 1=2 exp

�
� (s� 10� L log10 (d)) 2

2� 2
S L

�
; H = H0;

(2� � 2
SN )� 1=2 exp

�
� (s� 10� N log10 (d))2

2� 2
S N

�
; H = H1:

(4.2)

RDS Estimates

Given the received signal r (� ), and the received LOS pulse p(� ), the temporal channel
impulseresponsehc(� ) canbeestimatedusinga deconvolution algorithm such asthe CLEAN
algorithm [60], which haspreviouslybeenapplied to impulse-basedUWB measurements [60],
[61]. The estimatedchannelimpulseresponseĥc(� ) is a superposition of L̂ discretemultipath
components:

ĥc(� ) =
L̂ � 1X

k=0

�̂ k � (� � �̂ k); (4.3)

where �̂ k and �̂ k are the estimated amplitude (including polarity) and arrival-time of the
kth multipath component respectively. The estimated number of multipath components
L̂ is determined by the relative strengths of the multipath components and the amplitude
threshold applied by the deconvolution algorithm. The deconvolution algorithm typically
retains thosemultipath components whoseamplitudes are within a certain threshold of the
strongestmultipath component. The most commonmetric usedto quantify the dispersion
of the received signal energyover time by the channel is the RDS �̂ r ms , which is de�ned as:

�̂ r ms =

s P
k �̂ 2�̂ 2

kP
k �̂ 2

k

� �̂ 2
m ; (4.4)

where �̂ m is the mean excessdelay of the channel, de�ned as �̂ m =
P

k �̂ 2
k � kP

k �̂ 2
k

. Figure 4.2
illustrates the dispersionin the received multipath energyover time in two sampleLOS and
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Figure 4.2: SampleLOS (top) and NLOS (bottom) channel impulse responsesin an indoor
o�ce propagation measurement [1]. Both channel impulse responseswere computed using
the CLEAN algorithm with a threshold of 20 dB, and weresubsequently normalizedto unit
energy. The RMS delay spreadand the number of signi�cant multipath components in the
LOS and NLOS casesare respectively 2.575ns and 25 (top), and 14.90ns and 76 (bottom).

NLOS channel impulse responsesextracted from measurements [1]. In the LOS case,the
energyis seento be concentrated in the �rst-arriving path, whereasin the NLOS case,the
energyis well distributed over several multipath components. We seethat this di�erence is
captured by the valuesof �̂ r ms computed for the two cases.Further, we also observe that
for a �xed amplitude threshold (20 dB in this case), the estimated number of multipath
components L̂ is much larger in the NLOS casethan the LOS case.

The RDS estimate has been observed to be positive and Gaussiandistributed in several
measurement campaigns[1, 51, 59]. Further, it has beenobserved [1, 51, 59, 62] that the
average RDS increaseswith the distance between the nodes. The rationale behind this
trend is that the averagenumber of signi�cant scatterers in a typical indoor propagation
environment increasesas the distancebetweenthe transmit and receive antennasincreases.
The meanof the RDS estimate (in nanoseconds)is assumedto vary linearly with distance
[1, 51, 62] as:

� �̂ r ms (d) =
�

aL (d � d0) + bL ; H = H0;
aN (d � d0) + bN ; H = H1;

and we assumethat the variance of the RDS estimates � 2
�̂ r ms

is independent of distance.
With theseassumptions,the distribution of the RDS estimate can be written as

f �̂ r ms (� ; d jH ) =

8
<

:

cL
�
2� � 2

�̂ r ms L

� � 1=2
exp

�
� (� � (aL (d� d0 )+ bL )) 2

2� 2
�̂ r ms L

�
u(� ); H = H0;

cN

�
2� � 2

�̂ r ms N

� � 1=2
exp

�
� (� � (aN (d� d0 )+ bN )) 2

2� 2
�̂ r ms N

�
u(� ); H = H1;

(4.5)
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Table 4.1: ]
Parametersobtained from UWB Measurements [1]

Measurement LOS NLOS
Parameters H = H0 H = H1

� 1.8 2.5
� b - 4.5 ns
� S 2.75 4.1
a 1.42 15.30
b 0.03 0.15

� � r ms 2.17 2.41

where u(�) is the Heaviside function, and f cL ; cN g are normalization constants that ensure
that the areaunder the above probability density functions is unity (seeAppendix 4B).

The parameterscorresponding to above the models for the TOA, RSSand RDS estimates
extracted from the measurements in [1] are presented in Table 4.1. In the following section,
we discussa statistical NLOS identi�cation method basedon the conditional distributions
of the TOA, RSSand RDS estimatesgiven in (4.1), (4.2) and (4.5) respectively.

4.3 Statistical NLOS Iden ti�cation

Supposewe are given a set of the TOA, the RSSand the RDS estimates: S = f x1; x2; x3g,
where x1, x2 and x3 are realizations of �̂ 0, ŜdB and �̂ r ms respectively, obtained from the
received signal. As discussedin the previous section, the conditional distributions of the
TOA, RSS and RDS estimatesare functions of the distance d and the channel state H ,
given by (4.1), (4.2) and (4.5) respectively. Provided the physical distance d between the
transmit and receive nodes is known exactly, the state of the channel can be identi�ed by
comparing the likelihood values for each of the estimatesx i , conditioned on the distance
d, for both H = H0 and H = H1. This is shown in Figure 4.3, where the true state of
the channel is H = H1, and the a posteriori distribution of the distance, conditioned on
the valuesof the available estimatesfor both LOS and NLOS scenariosis shown. In this
example,for the known value of d, the likelihood that the available estimatesoccurred due
to NLOS propagation rather than LOS propagation is higher, and the maximum-likelihood
(ML) channel state [34] would be Ĥ = H1. Evidently, if d is known, basedon the likelihood
valuesof any of the given estimates,the ML channelstate canbe directly obtained from the
known conditional distributions of the estimates.

In reality however, we do not know the physical distanced betweenthe nodes. Indeed, for
localization applications, ascertainingthe distanced accurately is a primary objective, and
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Figure 4.3: a posteriori density function of the distanceconditionedon (a) the TOA estimate
x and the channel state H , and (b) the RSSestimate y and the channel state H . For both
plots, the true channel state is H = H1.

is typically doneusing TOA or RSSestimates. For simplicity, we assumethat the distance
is estimatedusing the TOA:

d̂ = cx1:

While the above distance estimate is unbiasedwhen H = H0, it is positively biasedwith
high probability when H = H1, and therefore, the likelihood of the TOA estimate cannot
be used to identify the channel state as seenin Figure 4.3. However, for the given RSS
estimate x2 when H = H1, the probability that the received RSS estimate was obtained
under NLOS propagation conditions, even with the biased distance estimate d̂, is higher
than the corresponding LOS probability. This suggeststhat joint NLOS identi�cation based
on all three estimatescanimprove the probability of successfulidenti�cation, evenwith noisy
and/or biaseddistanceestimates.

The formulation of the joint channel state identi�cation is as follows: our initial hypothesis
is that the state of the channel is LOS, i.e, Ĥ = H0, and that d̂ = cx1. For each of the given
estimates,we determinethe conditional probabilities:

pi = Pr
n

X i = x i

�
�
� d̂; H0

o
;

qi = Pr
n

X i = x i

�
�
� d̂; H1

o
:

We then computeDL =
Q

i pi and DN =
Q

i qi . It must be pointed out that if the estimates
are assumedto independent for a �xed distanceand channelstate, D L and DN are the joint
conditional probabilities of the estimates. The valuesof DL and DN can then serve as the
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Figure 4.4: Block Diagram of statistical decision-theoreticframework: the joint probabilities
DL and DN are comparedto determine the channel state estimate.

decisionmetrics for estimating the channel state. In particular, if DN < DL , we changeour
hypothesisof the channel state from LOS to NLOS:

Ĥ =
�

H0; DL > DN ;
H1; DL < DN :

(4.6)

After the state of the channelhasbeendetermined,the rangeestimatecan then be updated:

d̂ = argmax
d

Pr
n

X i = x i

�
�
�d; Ĥ

o
; (4.7)

which is the ML estimate of d for the given estimate x i and the estimated channel state
Ĥ . Once the channel state and the new distanceestimate have beencomputed, thesecan
be fed back to verify if the conditional probabilities change,as shown in Figure 4.4. The
above method can be viewed as joint iterativ e ML estimation of the channel state, with
the distance d treated as a nuisanceparameter. As seenin Figure 4.4, the distance d is
iterativ ely estimated along with the channel state. The iteration is terminated when the
estimated channel state does not changewith additional iterations. It has been observed
that the above iterativ e schemetypically convergeswithin two iterations.

Clearly, there are variations to this scheme: we may chooseto useonly a subsetof the esti-
mates,depending upon their availabilit y and/or knowledgeof their statistical distributions.
Speci�cally, in Figure 4.4, to determine the decisionmetrics DL and DN , we may choose
to use only TOA, or RSS, or RMS conditional probabilities, or any combination of these
estimates.
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In the following section,we provide simulation results that comparethe e�cacy of combina-
tions of di�erent estimatesin distinguishing betweenLOS and NLOS propagation. We show
that, basedon the indoor UWB measurements in [1], the RDS estimatesserve as e�cien t
\di�eren tiators" betweenLOS and NLOS propagationscenarios.We further show that even
in the absenceof information on their statistical dependenceon distance,the RDS estimates
canbeusedthrough conventional hypothesis-testingto accuratelyidentify the channelstate.

4.4 Simulation Results

The performanceof decision-theoreticNLOS identi�cation, basedon the joint statistics of
combinations of TOA, RSSand RDS estimates,is shown in Figures4.5(a) and 4.5(b). There
exist 7 combinations of these estimates: \Only-TO A", \Only-RSS", \Only-RDS", \TO A
& RSS", \RSS & RDS", \RDS & TOA" and \TO A, RSS & RDS". A large number of
realizationsof the TOA, RSSand RDS estimatesare generatedfor each value of d between
1 and 30 metersusing (4.1), (4.2) and (4.5). A given realization of an estimate is generated
basedon its corresponding conditional distribution for the LOS scenario(H = H 0) with
probability pL , and using the conditional distribution for the NLOS scenario(H = H1) with
probability pN = 1 � pL . The described hypothesis-testingapproach is then applied to the
each realization of the given parameters,and the channel state Ĥ is estimated. For each
valueof the distance,the averageprobability of channelstate estimation error Pe is evaluated
basedon the relation:

Pe = pL � Pr
n

Ĥ = H1

�
�
� H = H0

o
+ pN � Pr

n
Ĥ = H0

�
�
� H = H1

o
: (4.8)

In the absenceof the knowledgeof a priori probabilities, the channel statesare assumedto
be equi-probable:pL = Pr f H = H0g = Pr f H = H1g = pN = 0:5, and 10,000realizationsof
the TOA, RSS,and the RDS were generatedfor each value of d.

Figure 4.5(a) comparesthe averageprobability of channel state estimation error Pe, when
the distancebetweenthe transmit and receive nodesis known exactly, and the TOA, RSS,
and RDS estimatesobey the statistical distributions with the parametersgiven in Table 4.1,
de�ned in (4.1), (4.2) and (4.5) respectively. Given di�erent combinations of the estimated
parameters,the ML estimate of the channel state can be obtained as discussedin Section
4.3. Although exact distanceinformation is typically not available, the performanceof the
channel state identi�cation with perfect distance information (i) servesas an upper bound
for the probability of successfulidenti�cation in the casewhere the distanced is unknown,
and (ii) helps quantify the sensitivity of the discussedchannel identi�cation techniques to
the accuracyof distanceestimates.

Figure 4.5(b) comparesthe valuesof Pe obtained using di�erent combinations of the esti-
mated parameterswhen d is unknown and is estimated using the iterativ e proceduredis-
cussedin section 4.3. It must be pointed out that in all these cases,the initial distance
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Figure 4.5: Probability of Error using di�erent methods when (a) d is known exactly, and
(b) d is estimatedusing the TOA estimate. In the above simulations, it is assumedthat the
probability of LOS propagation is equal to the probability of NLOS propagation.

estimate d̂ is obtained using the TOA estimate �̂ 0. It is intuitiv e that the \only-TO A"
method producesapproximately 50%successfulidenti�cation in Figure 4.5(b), as the initial
hypothesis is always Ĥ = H0 and this, with high probability, results in p1 > q1. From
Figures 4.5(a) and 4.5(b), we observe that while the method which usesall three estimates
(\TO A, RSS & RDS") results in the lowest value of Pe of all the methods when perfect
distance information is available (Figure 4.5(a)), this is not the casewhen perfect distance
information is not available (Figure 4.5(b)). We further note that asthe distanced increases,
the averageprobability of channel state estimation error decreases,as the regionsof overlap
for the density functions in LOS and NLOS scenariosdiminish, leading to more accurate
channel state identi�cation. This results from the fact that the meanof the estimatesgrows
at di�erent rates in LOS and NLOS scenarios,and the di�erence of the meanvaluesin the
two scenariosincreasesas d increases.

A key observation in both Figures 4.5(a) and 4.5(b) is that methods incorporating the
RDS estimate are most successfulin di�erentiating between the LOS and NLOS channel
states. Even in isolation, the RDS estimate can be used to distinguish between LOS and
NLOS propagation conditions with a high probability of success,and adding TOA and
RSS statistical information does not result in considerablegains when accurate distance
information is not available. Indeed, for the statistical parametersobserved in [1] and listed
in Table4.1, in the absenceof perfectdistanceinformation, usingTOA and RSSestimatesin
addition to the RDS estimatesactually degradesthe probability of successfulchannel state
estimation, asobserved in Figure 4.5(b).
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4.4.1 Absence of Complete Statistical Information

A major issueconcerningthe practical application of the statistical decision-theoreticmethod
described in section4.3 is the availabilit y of completestatistical information corresponding
to received signal parameters, and particularly their variation with distance. When the
conditional distributions of the received signal parametersare unknown, we may resort to
\conventional" hypothesis-testing,where the received signal parameter is comparedwith a
threshold, followed by a decisionon the channel state depending on whether the estimate
is smaller or larger than the threshold. Due to the strong dependenceof the statistics of
the TOA and RSS estimateson the true distancebetween transmit and receive antennas,
the threshold used for hypothesis-testingthese estimatesmust be dependent on the true
distance. However, as seenin Figure 4.5(b), the lack of perfect distanceinformation results
in considerableperformancedegradation when using TOA and RSS estimateswith noisy
and/or biaseddistanceestimates.

On the other hand, we observed in Figure 4.5(b) that signi�cantly lower channel state esti-
mation error probabilities can be obtained with RDS estimates,even with noisy and biased
distanceestimates.Figure 4.6 shows the histogram of the RDS estimatesin LOS and NLOS
scenarios,for all measurement distances (1-30 meters) [1]. We seethat regardlessof d,
the regions of support for the density functions of the RDS estimates remain su�cien tly
separatedto use conventional hypothesis testing, without requiring a distance-dependent
threshold. The statistics of the RDS estimatesobserved in several measurement campaigns
[59], [2], summarizedin Table 4.2, indicate that the distinction betweenthe RDS estimates
in LOS and NLOS propagation scenariosis general, and not restricted to a given set of
measurements. The statistics of the RDS estimates corresponding to the channel model
adopted by the IEEE 802.15.3asubcommittee [63] are also shown. It is important to em-
phasizethat for each of the measurement scenarioslisted in Table 4.2, di�erences in the
propagationenvironments, deconvolution algorithms and their associated parameters,types
and directionality of antennas,etc., result in the variation of the observed valuesof the RDS
acrossthe measurement campaigns. We would like to (a) investigate the performanceof
conventional hypothesis-testingof the RDS estimatesfor the setsof measurements listed in
Table 4.2, and (b) quantify the extent of performancedegradation due to the lack of the
knowledgeon the statistical dependenceon distance.

4.4.2 De�nition of a distance metric

Assumingthat the RDSestimateis positiveandGaussian[59], asgivenin (4.5), the minimum
probability of error P ?

e and the optimal threshold T? for hypothesis-testingcanbe computed
in a straightforward manner, as detailed in Appendix 4B. In general,the valuesof P ?

e and
T?, respectively given by (4.39) and (4.40), depend on the meansf � L ; � N g and the standard
deviations f � L ; � N g of the RDS estimates. In order to allow for a uni�ed comparisonof
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the histogramof the RMS delay spreadin LOS and NLOS scenariosfor distances1-30meters.
We seethat sincethe PDF of the RMS delay spreadfor the LOS and NLOS casesare well
separated,the performanceof NLOS identi�cation using this approach is not sensitive to
the value of the threshold selected.

performanceusing di�erent setsof measurements, we de�ne a metric:

M =
p

� L � N

j� N � � L j
: (4.9)

Intuitiv ely, the metric M is a measureof extent of the overlap of the probability density
functions of the RDS estimatesin LOS and NLOS scenarios:asM decreases,P ?

e decreases.
As the parametersf � L ; � N ; � L ; � N g vary, the valuesof the metric vary aswell. However, as
seenin Figure 4.7, there is a strong correlation betweenthe value of M de�ned above and
the value of P?

e computedusing (4.39). Further, we seethat the valueof P ?
e achieved largely

dependson the valueof M , rather than the speci�c valuesof the parametersf � L ; � N ; � L ; � N g.

Table 4.3 lists the valuesof M , P ?
e and T? respectively computed using (4.9), (4.39) and

(4.40) from the RDS statistics in Table 4.2. For each of thesemeasurement statistics (S1-S9
in Table 4.2), the valuesof P?

e are plotted versusthe valuesof M in Figure 4.7. We seethat
for the setsof measurements S1-S9,the probability of channelstate estimation error canvary
from 10� 5 to 0.2. It must beemphasizedthat thesevaluesof Pe areobtainedvia simulations,
under the assumption that the distribution of the RDS estimate under LOS and NLOS
conditions is positive and Gaussiandistributed. The direct application of the hypothesis-
testing to received signal measurements over all distances [1] results in a probability of
error Pe of approximately 0.02 (see(M1) in Figure 4.7). With (M1), no knowledgeof the
distanceor statistical distributions wasassumedand the RDS estimatesfrom received signal
measurements were comparedto a threshold T = 9:5 nanoseconds.This value of T was
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Table 4.2: ]
RMS Delay SpreadStatistics from Measurement Campaigns[2]

Indoor LOS
Measurement Mean � L Standard Deviation

Campaign (nanoseconds) � L (nanoseconds)

AT&T [62], [64]
4.71 2.31
3.55 1.65

Samsung/SAIT [65]
14.00 1.53
12.87 1.87

Time Domain [61] 5.27 3.37
MPRG, VT [1] 3.34 2.17
IEEE CM1 [66] 6 1.1

Indoor NLOS
Measurement Mean � N Standard Deviation

Campaign (nanoseconds) � N (nanoseconds)

AT&T [62], [64]
8.20 3.30
7.35 3.45

Samsung/SAIT [65]
38.61 8.03
26.51 5.22

Time Domain [61] 14.59 3.41
MPRG, VT [1] 16.08 2.41
IEEE CM2 [66] 8 0.75
IEEE CM3 [66] 14.5 2.26
IEEE CM4 [66] 25 3.7
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Table 4.3: Computation of M , P ?
e and T? using the statistics in Table 4.2

Metric Calculations
Measurement Metric Minimum Probability of Error Optimal Threshold

Campaign M P?
e T? (nanoseconds)

AT&T (S1, S2)
0.50 0.16 6.69
0.63 0.20 5.69

Samsung/SAIT (S3, S4)
0.14 3:5 � 10� 3 18.35
0.23 0.024 17.1

Time Domain (S5) 0.36 0.087 10.1
MPRG, VT [1] (S6) 0.18 3:3 � 10� 3 9.49

IEEE CM1-CM2 (S7) 0.43 0.13 6.97
IEEE CM1-CM3 (S8) 0.19 5:5 � 10� 3 8.86
IEEE CM1-CM4 (S9) 0.10 3:35� 10� 5 10.76
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valuesof P?
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computedusing the analysisin Appendix 4B, and was found to provide robust performance
over a large number of measurement locations. The averageprobability of error in scenario
(M1) is about an order of magnitude larger than the \Only-RDS" scenariodiscussedin
section4.3 equipped with distance-dependent statistical knowledge,wherePe averagedover
d was approximately 2 � 10� 3. While this suggeststhat the lack of knowledge on the
statistical dependenceon distancedoesresult in performancedegradation,the performance
may be acceptablefor localization applications. In Chapter 6, we present measurement
results from a location-tracking experiment that demonstratethat hypothesis-testingof the
RDS estimate provides accuratechannel identi�cation from the perspective of localization
accuracy.

4.5 Conclusions from Part I

In part I, we presented a statistical decision-theoreticapproach to NLOS identi�cation based
on TOA, RSSand RDS estimates. Basedon the parametersfrom extensive measurement
results, we characterizedthe abilit y of TOA, RSSand RMS delay spreadestimatesto dis-
tinguish between LOS and NLOS propagation. We showed that while utilizing all three
estimatesjointly in detecting the nature of propagation yields the best results in the pres-
enceof accuratedistanceinformation, the RMS delay spreadestimate is the best indicator
of the nature of propagation when perfect distance information is not available. Our re-
sults suggestthat hypothesis-testingof the RMS delay spreadestimatesof UWB signalscan
serve asa robust and computationally-e�cien t meansof identifying NLOS propagation,and
does not require distance information or considerablestatistical information. The e�cacy
of hypothesistesting of the RMS delay spreadwill be demonstratedin a location-tracking
experiment with indoor UWB measurements in Chapter 6.

Part I I: NLOS mitigation using Linear Programming

4.6 Impact of NLOS bias errors

4.6.1 Notation, Mo dels and Assumptions

Supposethat an \unlo calized" node's (unknown) location is x = [x y]T . Let A denote the
set of anchor locations,and L 2 A denotethe set of locationsof anchors which provide LOS
range estimates,with cardinality mL = jLj . The known locations of the LOS anchors are
denoted by f x Lj g, j = 1; 2; � � � ; mL . Similarly, N 2 A represents the set of locations of
anchors that provide NLOS rangeestimates,with mN = jN j, and the known set of locations
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of the NLOS anchors is represented by f x N j g, j = 1; 2; � � � ; mN .

The LOS range estimates f r Lj g, j = 1; 2; � � � ; mL , are modeled as unbiased Gaussian[9]
estimatesof the actual inter-node distancesRLj = kx � x Lj k:

rLj = RLj + nLj ; j = 1; 2; � � � ; mL ; (4.10)

where nLj represents zero-meanGaussianrange measurement noise in the j th LOS range
estimate: nLj � N (0; � 2

Lj ). The range measurement noisevariance � 2
Lj can be modeled as

[67]:
� 2

Lj = K E R� L
Lj ; (4.11)

where � L is the LOS path loss exponent and K E is a proportionalit y constant (governed
by the transmit power and the receiver noise
o or) that determinesthe accuracyof range
estimation. This modelarisesdueto the fact that the accuracyof TOA-basedrangeestimates
can be shown [17], [36] to be inverselyproportional to the received signal-to-noiseratio (or,
moregenerally, the signal-to-interference-and-noiseratio) assumingmatched-�lter detection.
The above model for the accuracyof range estimates[67] applies to both TOA and RSS-
based range estimates when � = 2. The vector of LOS range estimates is denoted by
r L = [rL 1 rL 2 � � � rLm L ]T(1� mL ) , where[�](1� n) denotesa row vector of length n.

The NLOS range estimatesare assumedto be positively biasedGaussianestimates[49] of
the true distances:

rN j = RN j + nN j + bN j ; j = 1; 2; � � � ; mN ; (4.12)

where RN j = kx � x N j k, nN j � N (0; � 2
N j ), � 2

N j = K E R� N
N j , bN j are the NLOS bias errors,

and � N is the e�ective path lossexponent under NLOS conditions. We assumethat the bias
errorsarealways positive: bN j > 0; 8j . The biaserrorsbN j and the rangemeasurement noise
nN j are assumedto be independent random variables. Although we make no assumptions
about the statistical distribution [53] of the NLOS bias errors in the following development,
for the purposeof simulation, we assumethat bias errors are uniformly distributed: bN j �
U(0; Bmax), where Bmax represents the maximum possiblebias1. Additionally , we assume
that the bias errors are, with high probability, much larger than the range measurement
noiseBmax � � N j ; j = 1; 2; � � � ; mN . Finally, without lossof generality, we assumethat
the coordinate axesare selectedsuch that x � 0.

4.6.2 Discarding NLOS range estimates

As we shall show in a later section, when we have at least three range estimates, the LS
estimator [20] can be usedto compute an estimate x̂ of the unlocalizednode's location x .
We de�ne the localization error, a measureof the accuracyof the location-estimatex̂ , as:


 = kx � x̂ k2 (meter2): (4.13)

1Practically speaking, Bmax would depend on the propagation environment and physical layer parameters
such as the transmit power.
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It must benoted that 
 is a randomvariable, with di�erent instancescorresponding to di�er-
ent realizationsof the rangemeasurement noise,biaserrorsand anchor locations. Therefore,
we characterizethe accuracyof location-estimatesthrough the mean� 
 and standard devi-
ation � 
 of the localization error de�ned in (4.13); smallervaluesof both � 
 and � 
 indicate
more accuratenode location-estimateson the average.

When mN = 0 and mL � 3, the LS estimator providesaccurateestimatesof a node'slocation
[20]. However, when mN > 0, we neede�ective ways of incorporating NLOS information
into the estimation procedure. The Cramer-RaoLower Bound (CRLB) analysispresented
in [52], [53] showed that, in the absenceof prior statistical information on the NLOS range
estimates, the MVUE discards the biased NLOS range estimates and utilizes only LOS
range information while computing location estimates. However, this approach may not be
optimal when using practical estimators, such as the LS estimator, that do not achieve the
CRLB. Figures4.8(a) and 4.8(b) show the impact of directly (without mitigation of the bias
errors) incorporating NLOS rangeestimatesinto the LS solution for two speci�c scenarios.
For the speci�c distribution of anchors shown in Figure 4.8(a), directly incorporating the
NLOS rangesinto the LS solution without any mitigation of the bias in the rangeestimate
can degradeaveragelocalization accuracyde�ned in terms of � 
 and � 
 . However, in some
cases,and in particular for the exampleshown in Figure 4.8(b), introducing the NLOS range
estimate directly into LS location estimation can improve performancein terms of � 
 and
� 
 .

Generallyspeaking, it is observed that discardingthe NLOS rangeestimatesdoesnot result
in poor performancewhen the geometry of LOS anchor nodeshas certain properties, best
describedby the geometric dilution of precision (GDOP) [9], wherea largeGDOP (asde�ned
in [9]) implies poor localization accuracy. It has been observed that when the GDOP of
LOS anchors is large, the presenceof an additional NLOS range estimate results in an
improvement in performance: the addition of a NLOS node typically reducesthe e�ective
GDOP and this compensatesfor the inaccuracyof the NLOS rangeestimate.

Thesetwo examplesshow that (i) directly incorporating NLOS rangeestimatesinto existing
practical estimators without reducing the impact of bias errors can adversely a�ect local-
ization accuracy;however, (ii) we do not wish to discard the NLOS range estimates,since
their use could improve the performanceof practical estimators under certain conditions.
Indeed, in indoor networks, we may have more NLOS range estimatesthan LOS range es-
timates. Therefore, what is desiredis a method that allows the \soft-activation" of NLOS
rangeinformation: the NLOS rangeestimatesare not incorporated directly, but are usedin
conjunction with LOS range estimateswhen LOS range estimatesalone do not guarantee
accuratenode location estimates. In the following sections,a LP approach that achievesthis
goal is described.
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Figure 4.8: (a) This exampleshows several instancesof the LS location estimate x̂ , one
for each realization of the range estimates, for (i) (top) Only mL = 3 LOS estimates(ii)
(bottom) including mL = 3 LOS and mN = 1 NLOS range estimates. The NLOS range
estimateis treated exactly like an LOS rangeestimateand directly incorporated into the LS
solution in the bottom �gure. In this case,the addition of the biasedNLOS rangeestimate
degradeslocalization accuracywith respect to � 
 and � 
 . (b) In this case,the addition of
the biasedNLOS rangeestimate improveslocalization accuracywith respect to � 
 and � 
 .
In both cases,x = [3 3]T , � L = 2, � N = 2:5, K E = 0:1, Bmax = 4 meters.
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4.7 A Linear Programming Approac h

In this section,we show that the problem of node localization given LOS rangeinformation
can be cast into the form of a linear program. We then modify the linear program to utilize
additional NLOS range information, resulting in a method that utilizes a mixture of LOS
and NLOS rangeestimatesto estimate a node's location.

4.7.1 LOS range estimates

The LOS rangeestimates,which are modeledas unbiasedestimatesof the true ranges,can
be usedto de�ne conditions satis�ed by the unknown node location x . We can write:

kx � x Li k = rLi ) (x � xLi )2 + (y � yLi )2 = r 2
Li ; i = 1; 2; � � � ; mL : (4.14)

These relations are non-linear equations in x and y and represent the fact that x lies on
a circle of radius r Li whosecenter is x Li . This system of equationscan be linearized by
extracting the di�erence of each of theseequationsfrom the others, forming a linear system
of M =

� mL
2

�
distinct equations:

aij x + bij y = cij ; i; j = 1; 2; 3; � � � ; mL ; i < j (4.15)

whereaij = xLi � xLj ; bij = yLi � yLj ; cij =

�
x2

Li � x2
Lj

�
+

�
y2

Li � y2
Lj

�
�

�
r 2

Li � r 2
Lj

�

2
:

Each of theseM equationscanbeviewedasrepresenting the linesconnectingthe intersection
points (if any) of pairsof circular constraints de�ned in (4.14). As the rangeestimatesde�ned
in (4.10) are noisy, in general,r Li 6= RLi , and solving theseequationssimultaneously may
not yield a uniquesolution. Resortingto an error minimization approach, for every potential
solution x , and for every equation, we can de�ne the residual error as:

eij = aij x + bij y � cij ; i; j = 1; 2; 3; � � � ; mL ; i < j: (4.16)

The �nal estimate x̂ can be selectedsuch that an objective function Z , such as the sum of
the residual error squares,is minimized:

x̂ = argmin
x

Z = argmin
x

X

i

X

j; j >i

e2
ij :

This is the equivalent to the LS approach de�ned in [20]. It is important to note that (i)
although the systemof equationsin (4.15) is linear, the objective function Z is non-linear
in x and y, and (ii) we require mL � 3 to form an unambiguoussolution2. The LS solution
is given by

x̂ =
�
A T A

� � 1
A T c; (4.17)

2In the three-dimensionalcase,we require mL � 4.
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where

A =
�

a12 a13 � � � a1mL a23 � � � a(mL � 1)mL

b12 b13 � � � b1mL b23 � � � b(mL � 1)mL

� T

2� M

; (4.18)

and
c =

�
c12 c13 � � � c1mL c23 � � � c(mL � 1)mL

� T

1� M
: (4.19)

Looking at (4.16), we seethat the set of variablesf eij g plays the role of unconstrained\slack
variables" [68] in the systemof M equations. Therefore,this linear systemof equationscan
be converted to a linear program [68] if the objective function Z is a linear function of the
unknowns. Speci�cally, if we de�ne

Z ,
X

i

X

j; j >i

jeij j;

and then replacethe unconstrainedvariable eij by e+
ij � e�

ij , e+
ij � 0; e�

ij � 0, we can write
an alternative linearized objective function that is to be minimized, as

Z ,
X

i

X

j; j >i

�
e+

ij + e�
ij

�
: (4.20)

It must be noted that in the optimal solution that minimizes Z , only one term among
f e+

ij ; e�
ij g will be equal to jeij j, with the other being zero[68]. The constraints are then given

by
aij x + bij y � e+

ij + e�
ij = cij ; i; j = 1; 2; 3; � � � ; mL ; i < j: (4.21)

Sincethere are now 2M non-negative slack variables,the vector z of (2M + 2) variablescan
be written as z =

�
x y � T

� T
, where

� =
h
e+

12 e�
12 e+

13 e�
13 � � � e+

(mL � 1)mL
e�

(mL � 1)mL

i T

1� 2M
: (4.22)

Thus, the linear program can be formulated in standard form [68] as

min Z = f T
L z; such that

[A j J ] z = c; z � 0; (4.23)

whereA and c were respectively de�ned in (4.18) and (4.19),

J =

2

6
6
6
4

� 1 1 0 0 � � � � � � 0 0
0 0 � 1 1 � � � � � � 0 0
...

...
0 0 0 0 0 0 � 1 1

3

7
7
7
5

M � 2M

; (4.24)

and f L = [0T
2� 1 1T

2M � 1]
T . Here,0k� l represents a k � l matrix of zerosand 1k� l represents a

k � l matrix of ones.
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Figure 4.9: Standard Deviation of the Localization Error 
, mL = 3, mN = 0 for a speci�c
distribution of anchors.

It can be seenfrom Figure 4.9 that the linearization of the objective function doesnot result
in signi�cant degradation of the localization accuracy. Therefore, we now have a linear
program that can be usedto solve for a node's location given LOS rangeestimates. In this
linear program, the objective function Z de�ned in (4.20) is a function of the distancesof
a point x to the straight lines given in (4.15). If we useNLOS rangeestimatesin a similar
manner,by incorporating them into the objective function we could potentially degradethe
accuracy of the location estimate. Instead, as described in the following section, we can
use the NLOS range estimatesto constrain the feasibleregion for x without a�ecting the
objective function de�ned usingLOS rangeestimates,thereby limiting the possibility of large
errors, particularly when the number of LOS rangeestimatesis small.

4.7.2 NLOS range estimates

As the bias errors in the NLOS range estimatesare always positive, and are assumedto
be much larger than the rangemeasurement noise,we know each NLOS rangeestimate r N i

de�ned in (4.12) is, with high probability, larger than the true rangeRN i , i = 1; 2; � � � ; mN .
Basedon this observation, we can convert the NLOS range estimatesinto inequalities for
i = 1; 2; � � � ; mN :

kx � x N i k � rN i ) (x � xN i )2 + (y � yN i )2 � r 2
N i : (4.25)

Theseinequalitiesimply that the feasibleregionfor x liesin the interior of each of the circular
constraints de�ned by (4.25). Note that this assumptioncannot be made if the standard
deviation of the zero-meanmeasurement noiseand the positivebiasin (4.12) arecomparable.
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Onceagain, theseare non-linear constraints on x and y. However, theseconstraints can be
relaxedto the following linear constraints, as suggestedin [56]:

x � xN i � rN i ; � x + xN i � rN i ; y � yN i � rN i ; � y+ yN i � rN i ; (i = 1; 2; � � � ; mN ): (4.26)

This essentially relaxesthe circular constraints to rectangularconstraints asshown in Figure
4.10(a). It is readily seenthat the new rectangular feasible region contains the original
(convex) feasibleregion formed by the intersection of the original circular regions. We can
now write the above four constraints for the i th NLOS rangeestimatein standard form [68]:

x � xN i + u1i = rN i ; � x + xN i + u2i = rN i ; y � yN i + v1i = rN i ; � y + yN i + v2i = rN i

u1i ; u2i ; v1i ; v2i � 0; i = 1; 2; � � � ; mN : (4.27)

whereu1i ; u2i ; v1i ; v2i are the slack variablescorresponding to the i th NLOS rangeestimate.
De�ning w i = [ui 1 u2i vi 1 v2i ]T1� 4 and z i = [x y w T

i ]T asthe vectorsof variablescorresponding
to the i th NLOS rangeestimate,we can expressthe above equationsin matrix form as

[B 1j I 4� 4] z i = r i ; z i � 0;

where

B 1 =

2

6
6
4

1 0
� 1 0
0 1
0 � 1

3

7
7
5 ; r i =

2

6
6
4

rN i + xN i

rN i � xN i

rN i + yN i

rN i � yN i

3

7
7
5 ;

and I n� n denotesan n � n identit y matrix. We can now stack the constraints corresponding
to each of the mN NLOS rangeestimatesto form a systemof N = 4mN equationsasfollows:

[B I N � N ] z = r ; z � 0;

where

B =
�

B T
1 B T

1 � � � B T
1

� T

(2� N )
; r =

�
r T

1 r T
2 � � � r T

mN

� T

(1� N )
; (4.28)

w =
�

w T
1 w T

2 � � � w T
mN

� T

(1� N )
; (4.29)

with the vector of variablesbeing de�ned as

z =
�
x y w T

� T

(1� (N +2))
:

It is important to note that in the above analysis,no objective function was de�ned based
on the NLOS range estimates,and only a feasibleregion for x was derived. The feasible
region can further be constrained by including the tangents at the intersection points of
the circular constraints de�ned in (4.25) to reducethe sizeof the feasibleregion as shown
in Figure 4.10(b). In the following subsection,we integrate the constraints and objective
function obtained using LOS range estimates with the NLOS constraints de�ned above,
for the problem of node location-estimation given any mixture of LOS and NLOS range
estimatessuch that mL � 3, mN � 0.
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Figure 4.10: (a) Linearization of mN = 3 NLOS constraints: the NLOS circular constraints
are converted to rectangular constraints. (b) The tangents at the intersectionscan be used
to further reducethe sizeof the feasibleregion.
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4.7.3 Com bining the LOS and NLOS Range Information

Basedon the above subsections,given mL � 3 LOS range estimatesand mN � 0 NLOS
rangeestimates,we can combine them into a singlelinear program. We de�ne the vector of
variablesas

z = [x y � w ]T(1� (2M + N +2)) ;

where � and w are respectively de�ned in (4.22) and (4.29). The objective function Z is
de�ned as

Z = f T z;

where f T = [0 0 12M � 1 0N � 1]1� (2M + N +2) . The complete linear program is then formulated
as:

min Z = f T z; such that

D z = g; z � 0;

where

D =
�

A j J 0M � N

B j 02M � N I N � N

�

(M + N )� (2+2 M + N )

; g =
�

c
r

�

(2+2 M + N )� 1

:

In the above equations,the matrices A , J and B are respectively de�ned in (4.18), (4.24)
and (4.28), and the vectorsc and r are de�ned in (4.19) and (4.28) respectively.

It must be pointed out that in the above linear program, LOS range information is used
to de�ne both the objective function and the feasible region, whereasthe NLOS range
information is usedonly to de�ne the feasibleregion. This allows the NLOS rangeestimates
to \assist" in improving the accuracyof location estimatesby limiting the sizeof the feasible
region,but doesnot allow the NLOS biaserrorsto adverselya�ect nodelocalizationaccuracy,
since the NLOS range information plays no part in de�ning the objective function. The
e�cacy of the proposedmethod is demonstratedthrough simulations in section 4.9. The
above approach works for any mixture of LOS and NLOS rangeestimates,provided mL �
3, mN � 0. In the following section, we discusssomespecial sub-caseswhere there are
insu�cien t LOS and NLOS rangeestimatesto apply the approach described above.

4.8 Extensions, Special Cases and Analysis

In the previous section,we formulated the \basic-LP", which utilizes NLOS constraints to
generatea rectangularfeasibleregionto limit the potential valuesfor x̂ . Intuitiv ely, reducing
the size of the feasible region can limit large values of the localization error, improving
averagelocalization accuracy. In this section, we considerextensionsof the basic-LP that
utilize additional constraints to further reducethe sizeof the feasibleregion. Wealsoconsider
several special caseswhere the number of LOS range estimatesare not su�cien t to apply
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the conventional LS solution. We then present an analytical perspective on the impact of
the sizeof the feasibleregion on the performanceof the LP approach.

4.8.1 Piece-wise Linear Feasible Region

Figure 4.10(b) illustrates the useof the tangents at the points of intersectionof the circular
constraints in reducing the size of the feasibleregion. Given mN > 1 NLOS constraints,
there are a maximum of L = 2

� mN
2

�
points of intersection. Consequently, as a tangent to

each circle can be drawn at each intersectionpoint, there are at most 2L tangents that can
be drawn to con�ne the feasibleregion. If the points of intersection of the NLOS circular
constraints de�ned in (4.25) are denotedby si = [sxi syi ]T , i = 1; 2; � � � ; L , then a feasible
region can be constructedusing the convex hull [68] of thesepoints given by

F =

(

x

�
�
�
�
�
x =

LX

i =1

� i si ; 0 � � i � 1; 8i

)

: (4.30)

It must be noted that, as seenin Figure 4.10(b), the above feasibleregion F is di�erent
from the original feasibleregiondiscussedin section4.7.3, and can either be usedinsteadof,
or in addition to, the previously de�ned feasibleregion. In order to incorporate the above
constraints into the original linear program, we can restructure the constraints in (4.30) into
the following form:

x �
LX

i =1

� i sxi = 0; y �
LX

i =1

� i syi = 0; 0 � � i � 1; i = 1; 2; � � � ; L:

The vector of variablesin this caseis

z =
�
x y l T

� T

1� (L +2)
; l = [� 1 � 2 � � � � L ]T1� L :

The above constraints can be written in matrix form using:

H z = 02� 1; z � 0; l � 1L � 1;

where

H =
�

1 0 � sx1 � sx2 � � � � sxL

0 1 � sy1 � sy2 � � � � syL

�
= [I 2� 2 S2� L ] ;

and

S2� L =
�

� sx1 � sx2 � � � � sxL

� sy1 � sy2 � � � � syL

�
:
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4.8.2 Extension to LOS Estimates

In the development of the basicLP, while LOSrangeestimatesareusedto de�ne the objective
function and the feasibleregionof the linear program, the NLOS rangeestimatescontribute
solely to constraining the feasibleregion. In the absenceof NLOS rangeestimates(mN = 0,
mL � 3), it has beenveri�ed [27] that the performanceof the LP approach in terms of the
meanand standard deviation of the localization error is similar to that of the LS estimator.
However, given only LOS range estimates, we can arti�cially introduce a bias to create
\arti�cial" NLOS range estimateswhich can then be used to con�ne the feasible region.
The underlying assumption here is that a rough estimate of (or at least an upper bound
on) the standard deviation of the LOS rangeestimatesis known, such that a large enough
bias (su�cien tly larger than the standard deviation of the LOS range estimates) can be
determined. Thus, even in the absenceof \true" NLOS rangeestimates,we have a method
of restricting the feasible region, thereby providing performancegains relative to the LS
approach.

If r L is the given vector of LOS rangeestimates,introducing a su�cien tly large bias results
in the \arti�cial NLOS" vector of rangeestimates:

~r L = r L + ~b;

where ~b denotesthe vector of introduced bias terms. This serves as the vector of NLOS
rangeestimateswhen mN = 0, and the linear program is formulated exactly as in the case
of the basic LP, developed in section 4.7.3, by replacing rN j with ~rLj . When mN > 0, ~r L

is concatenatedwith r N resulting in constraints given by (4.28), where B , r and w are
respectively replacedby:

~B =
�

B T
1 B T

1 � � � B T
1

� T

(2� ~N )
; ~r =

�
r T ~r T

L

� T

(1� ~N )
; (4.31)

~w =
�

w T
1 w T

2 � � � w T
mN + mL

� T

(1� ~N )
; (4.32)

and ~N = 4(mN + mL ). In the following section, we present a formulation of the linear
program, completewith the extensionsdiscussedabove.

4.8.3 Complete Linear Program

Basedon the abovesections,wecannow formulate the complete\extended LP". In this case,
the feasibleregion is determined by (a) both NLOS and \arti�cial NLOS" constraints, as
well as(b) the tangents at intersectionsof NLOS and \arti�cial NLOS" circular constraints.
The formulation of the extendedlinear program is as follows: de�ne the vector of variables
as

z =
h
x y � ~w ~l

i T

(1� (2+2 M + ~N + ~L ))
;
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where � and ~w are respectively de�ned in (4.22) and (4.32). In this case, ~l =
[� 1 � 2 � � � � ~L ]T1� ~L , ~L = 2

� mN + mL
2

�
. The objective function Z is de�ned as

Z = f T z;

where f T =
�
0 0 12M � 1 0 ~N � 1 0~L � 1

�
1� (2+2 M + ~N + ~L ). The linear program is then formulated

as:

min Z = f T z; such that

D z = g; z � 0; ~l � 1~L � 1;

where

D =

2

4
A M � 2 j J M � 2M 0M � ~N 0M � ~L
B ~N � 2 j 0 ~N � 2M I ~N � ~N 0 ~N � ~L
I 2� 2 j 02� 2M 02� ~N S2� ~L

3

5

(M + ~N +2) � (2+2 M + ~N + ~L )

; g =

2

4
c
r

0~L � 1

3

5

(2+2 M + ~N + ~L )� 1

:

4.8.4 Special Cases

The extendedlinear program described above can be usedto accurately estimate a node's
location for a largenumber of caseswith a mixture of LOS and NLOS rangeestimates,when
mL � 3, mN � 0. In order to generalizethe schemeto handle other degenerate cases,we
considerthe exceptionsbelow:

Case I: mL = 0, mN > 0

If no LOS rangeestimatesare available, then the LP approach in the form discussedabove
will not be applicable sincethe NLOS range estimatesare not usedto de�ne an objective
function. An exampleof this situation with mN = 3 is shown in Figure 4.11(a). In this case
(if mN � 3), we could either usethe LS estimator without the mitigation of bias errors, or
simply usethe centroid of the feasibleregion as a location estimate:

x̂ =
1
n

nX

i =1

v i ;

wherev i , i = 1; 2; � � � ; n, are the verticesof the feasibleregion. In the caseof the basicLP,
the feasibleregion is rectangular (n = 4), and it is straightforward to show that:

x̂ =
1
2

�
mini f xN i + rN i g + maxi f xN i � rN i g
mini f yN i + rN i g + maxi f yN i � rN i g

�
:
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(a) CaseI: mL = 0 and mN =
3. The verticesof the feasible
region are denoted by v1, v2,
v3 and v4.
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(b) CaseI I: mL = 1, mN �
2. Sub-case1: the LOS con-
straint cuts through the fea-
sible region generatedusing
the NLOS constraints.
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(c) CaseI I: mL = 1, mN �
2. Sub-case 1: the LOS
constraint does not pass
through the feasible region
generated using the NLOS
constraints.
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(d) CaseI I I: mL = 2, mN �
1, Sub-case 2: The feasi-
ble region contains one of
two intersection points of
the circle.
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x– True Location

(e) CaseI I I: mL = 2, mN �
1, Sub-case3: The feasible
region contains both intersec-
tion points of the circle.

Figure 4.11: Special Cases,with mN � 1 and mL < 3.
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Case I I: mL = 1, mN � 2

This situation is illustrated in Figures 4.11(b) and 4.11(c), which represent two sub-cases.
SincemL = 1, we have a singleLOS equality constraint and the linearization performed in
(4.15) is not possible.In the �rst sub-case(Figure 4.11(b)), the circle formedusing the LOS
rangeestimate r L 1 passesthrough the feasibleregion formed by the NLOS constraints (and
with LOS constraints in the extendedLP). In such a case,the center of the arc of the circle
within the feasibleregioncan be selectedasthe solution. In the secondsub-case,illustrated
in Figure 4.11(c), the circular constraint formedusing the LOS rangeestimatedoesnot pass
through the feasibleregion. In such a case,we can pick the vertex of the feasibleregion that
is closestto the circle as a potential solution, i.e.,

x̂ = argmin
v i

fj kv i � x L 1k � rL 1 jg :

Case I I I: mL = 2, mN � 1

In this case,sincemL = 2, we have two circular constraints, and the linearization of LOS
estimates is not particularly useful since a single linear constraint is generatedusing the
di�erence. Therefore, instead of two potential solutions corresponding to the intersections
of the two circles, we have an in�nite number of solutions. It is easier to compute the
two intersectionsof the circles, and if there are additional NLOS constraints, three sub-
casesarise: (1) Neither of the intersection points lies inside the feasibleregion formed by
the NLOS constraints, (2) only one of the intersection points lies inside the feasibleregion
(Figure 4.11(d)), and (3) both intersectionpoints lie inside the feasibleregion formedby the
NLOS constraints (Figure 4.11(e)). When neither intersection point lies inside the feasible
region formed by the NLOS constraints, we can pick the intersection that lies closestto the
centroid of the feasibleregion. In the secondsub-case,we can simply pick the intersection
point that lieswithin the feasibleregion. In the last sub-case,in order to eliminate oneof the
solutions, considerthe following approach: sincethe NLOS rangeestimatesare larger than
the true ranges,decrement the NLOS range estimatesby small amounts until only one of
the intersection points remains inside the feasibleregion. The intersection point remaining
in the feasibleregion is likely to be closer to the true location than the intersection point
that lies outside the feasibleregion, and can be selectedas the location estimate.

4.8.5 Other Extensions

Somefurthers extensionsof the linear program are possible. For example, similar to the
heuristic weighted LS method discussedin Section 3.5.1, we can weight the terms in the
objective function of the linear program, basedon a factor proportional to the LOS range
estimates.The rationale for this weighting is that the varianceof the rangeestimateincreases
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with distance. The objective function of the linear program with weighting can be written
as:

Z =
X

i

X

j; j >i


 ij

�
e+

ij + e�
ij

�
; (4.33)

where
 ij is the weight corresponding to the linear equationextracted through the di�erence
betweenthe i th and j th LOS rangeestimates.A possibleset of weights is 
 ij = rLi rLj . Note
that methods is not strictly analogousto the heuristic weighting method of Section3.5.1, as
it includesdi�erences of all pairs of LOS rangeestimates.

4.8.6 Impact of the num ber of NLOS range estimates

The e�cacy of the proposedapproach dependson the fact that the NLOS bias errors are
much larger than the rangemeasurement noise,so that the true node location x lies inside
the feasibleregion generatedusing the NLOS range estimates. Given that the true node
location lies inside the feasibleregion, it is evident that reducing the sizeof feasibleregion
improves localization accuracyby limiting the localization error. As the number of NLOS
rangeestimatesmN increasesor asBmax decreases,two trends which haveopposinge�ects on
the localizationerror areexpected: (a) the probability p that the true solution liesoutsidethe
feasibleregionformedby NLOS estimatesincreases,and (b) the areaA of the feasibleregion
decreases.If the true solution lies inside the feasibleregion, then reducing the area of the
feasibleregion also reducesthe meanand varianceof the localization error. It is important
to point out that even if the true location doesnot lie insidethe feasibleregion, this doesnot
automatically imply a large localization error (especially when the feasibleregion is small),
although the two events are correlated. This suggeststhat the areaof feasibleregionA may
play a more signi�cant role in determining averagelocalization error than the probability p.

The probability p that x lies outside the linear feasibleregion formed using NLOS range
estimates can be upper-bounded by the probability that the true distance kx � x N j k is
larger than the rangeestimate r N j for at least onevalue of j , j 2 f 1; 2; � � � ; mN g. In such a
case,the region of overlap betweenthe NLOS constraints doesnot contain the true location
x . From the model for NLOS rangeestimatesgiven in (4.12), p can be boundedby:

p � 1 �
mNY

j =1

qj ; (4.34)

whereqj is given by:

qj = Pr f rN j < RN j g = Pr f bN j + nN j < 0g; j = 1; 2; � � � ; mN :

It must beemphasizedthat (4.34) is an upper-bound for p, sincethe right-hand-sideof (4.34)
represents the probability that the true solution liesoutsidethe original feasibleregionformed
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Figure 4.12: (a) The upper bound on the probability p that the true solution lies outside
the feasibleregiongeneratedusingmN NLOS rangeestimatesfor di�erent valuesof K E and
Bmax . (b) The areaA of the feasibleregion as mN increasesfor di�erent valuesof K E and
Bmax .

usingcircular constraints, which is contained within the linearizedfeasibleregion. Assuming
that nN j � N (0; � 2

N j ) and bN j � U(0; Bmax), we can show that (seeAppendix 4C):

qj = 1 �
1
2

erfc
�

zjp
2

�
�

1
p

2�

0

@1 � e�
z 2

j
2

zj

1

A ; zj =
Bmax

� N j
: (4.35)

Figure 4.12(a) shows the variation of the probability p, computed using (4.34) and (4.35),
as mN increases,with the simulation parametersusedin Figures 4.8(a) and 4.8(b). Figure
4.12(b) shows the decreasein the area of the feasible region as the number of available
NLOS range estimates increases. We seethat as Bmax increases,the area of the feasible
region is larger, implying reducedgainsdue to NLOS constraints on the feasibleregion, but
the probability (1 � p) of the feasibleregion containing the true location increases.Further,
we do observe that when K E (in (4.11)) is small, the probability p is small and therefore,
we are likely to seea considerabledecreasein the meanlocalization error as the number of
NLOS range estimates increases. Further, we expect that the extent of the improvement
obtained by restricting the feasibleregionwith additional NLOS rangeestimatesdiminishes
as the number of LOS rangeestimatesincreases.

As we will observe from the simulation results presented in the following section,decreasing
Bmax or increasingmN reducesthe areaof the feasibleregionA and cansigni�cantly decrease
averagelocalization error, despitethe resulting increasein p.
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4.9 Simulation Results

In this section,we present simulation results that demonstratethat the proposedapproach
not only mitigates the e�ect of NLOS bias errors but utilizes the NLOS range information
to improve node localization accuracy. In the following discussionof simulation results, the
anchor nodes are randomly (uniformly) distributed over a W � W area, where W = 10
meters. The unknown node location of interest is x = [5 5]T (meters). The valuesof � L and
� N are assumedto be 2 and 2:5 respectively. We comparethe performanceof four location-
estimation approachesin terms of the meanand standard deviation of the localization error

: (i) the basic LP approach (\LP-Basic") discussedin section 4.7.3, (ii) the extendedLP
approach (\LP-Extended") discussedin section 4.8.3, (iii) the LS estimator, utilizing only
LOS range estimates,while discarding the NLOS range estimates(\LS-(Pure-LOS)"), and
(iv) the LS estimator, utilizing both LOS and NLOS rangeestimates,without the mitigation
of NLOS bias errors (\LS-(LOS+NLOS)"). For the extendedLP approach, the standard
deviation of LOS rangeestimatesis assumedto be known, and bias errors equal to 3 times
the standard deviation are addedto generatethe arti�cial NLOS rangeestimates.

For thesefour methods, the valuesof 
 are computed for a large number (N iter = 20000)
of realizations of the measurement noiseand bias errors for 50 setsof randomly generated
anchor locations. The mean � 
 and the standard deviation � 
 of the localization error
are shown in Figure 4.13(a), for di�erent valuesof the proportionalit y constant K E de�ned
in (4.11). In this simulation, mL = 3, mN = 3 and Bmax = 8 meters. As expected, for
all location estimators, node localization accuracy degradesas the variance of the range
estimatesincreases(i.e., K E increases).The proposedLP approaches outperform the LS-
basedschemesin terms of both the mean and standard deviation of the localization error,
and therefore,on the average,generatemoreaccuratenode location estimates. In general,it
is observed that for the mentioned estimation procedures,� 
 and � 
 follow identical trends
in terms of their variation with K E , even for larger valuesof � N :

� 
 ;LP � E xtended < � 
 ;LP � B asic < � 
 ;LS � P ur e LO S < � 
 ;LS � (LO S+ N LO S);

� 
 ;LP � E xtended < � 
 ;LP � B asic < � 
 ;LS � P ur e LO S < � 
 ;LS � (LO S+ N LO S): (4.36)

The variation of the mean localization error � 
 with K E , while respectively increasingthe
maximum bias Bmax , and the number of NLOS range estimatesmN , is shown in Figures
4.13(b) and 4.13(c). We observe that (a) the LP approaches outperform both the LS ap-
proachesand are lesssensitive to an increasein Bmax , and (b) the performanceof the LP
approaches improvesas mN increases.The former e�ect is due to the fact that the NLOS
rangesdo not contribute to the objective function of the linear program, while the latter
is becauseadditional NLOS range estimatesreducethe sizeof the feasibleregion, thereby
limiting largevaluesof the localization error. The LP approachesonceagainoutperform the
LS estimator that utilizes only LOS rangeestimates.

The results in Figures 4.13(b) and 4.13(c) are in agreement with the analysis presented
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Figure 4.13: (a) The mean � 
 and the standard deviation � 
 of the localization error 

are plotted versusK E . Here, mL = 3, mN = 3 and Bmax = 5 meters. (b) Mean � 
 of the
Localization Error 
, mL = 3, mN = 3. The maximum bias Bmax is increasedfrom 5 meters
to 10 meters. (c) Mean � 
 of the Localization Error 
, mL = 3, Bmax = 10 meters. The
number of NLOS range estimatesis varied from mN = 3 to mN = 6. (d) Mean � 
 of the
Localization Error 
, mN = 4, Bmax = 10 meters,as the number of LOS rangeestimatesis
increasedfrom mL = 3 to mL = 4.



110

in Section 4.8.6, where we argued that either decreasingBmax or increasingmN results in
the reduction of the sizeof the feasibleregionand the averagelocalization error, despitethe
increasein the probability that the true solution liesoutsidethe feasibleregion. Wealsonote
that the extended-LPapproach outperforms the basic-LP approach, due to the availabilit y
of a larger number of constraints on the feasibleregion, at the cost of higher complexity.

From Figure 4.13(d), we seethat the improvement in performanceof the LP-based ap-
proachesover the LS-(Pure LOS) approach decreasesasthe number of LOS rangeestimates
increases.For instance, when K E = 0:1, the percentage improvement of the extendedLP
method over the LS-(Pure LOS) estimator decreasesfrom 78%when mL = 3 to 65%when
mL = 4. Therefore,when the number of LOS rangeestimatesis large (mL � 3), discarding
the NLOS range estimatesis likely to have negligible impact on localization accuracy, and
the LS-(Pure LOS) estimator can be usedto generateaccuratelocation estimates.

Figures4.14(a)-4.14(c)comparethe performanceof the extendedLP approach with the LS-
(LOS+NLOS) approach in scenarioswherethe LS-(Pure LOS) approach cannot be applied
due to an insu�cien t number of LOS range estimates (mL < 3), i.e., the special cases
discussedin Section4.8.4. In each of thesecases,we seethat the LP approach substantially
outperformsthe LS approach in terms of � 
 and � 
 .

The simulation resultspresented thus far assumedthat the NLOS biaserrorswereuniformly
distributed between0 and Bmax . Figure 4.14(d)comparesthe performanceof the approaches
when the NLOS bias errors are exponentially distributed [44], which has beenobserved in
UWB NLOS measurements [1], [43]. For the sake of comparison,the meanNLOS bias for
both uniform and exponential distributions was set at Bmax=2, and the mean localization
error was computed for 100 random anchor locations, each with a large number of range
measurement noiserealizations. We seethat the even when the bias errorsare exponentially
distributed, the LP-basedapproachesprovide signi�cant reduction in the averagelocalization
error as comparedto the LS-basedapproaches. In fact, the LP-basedapproachesperform
approximately 20% better when the bias errors are exponentially distributed than when
they are uniformly distributed. With exponentially distributed bias errors, the probability
of obtaining smallerbiasvaluesis higher than with uniformly distributed biaserrors;smaller
biasvaluesimply a smallerfeasibleregionwhich, in turn, resultsin lower averagelocalization
error. Finally, this result suggeststhe possibility that the LP-basedapproachescan provide
gainsin localization accuracyrelative to LS estimatorsin general,whenempirical statistical
distributions of NLOS bias errors are applied.

Figures4.15(a) and 4.15(b) comparethe performanceof the LS - (Pure LOS) and LP - Ex-
tended estimators for di�erent valuesof mL and mN . From Figure 4.15(a), we seethat for
mL > 6, the LS-(Pure LOS) estimator outperforms the LP-Extended estimator, and thus,
beyond this value of mL , discarding NLOS range estimatesis advisable. As mL increases,
the probability p increasesleadingto performancedegradationrelative to the LS-(Pure LOS)
estimator. As similar e�ect is seenwith an increasingmN in Figure 4.15(b). We seethat
for each valueof mL there is an optimal value of mN beyond which performancedegradesas
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Figure 4.14: Somesub-caseswherediscardingthe NLOS estimatesis not possiblewhen the
LS estimator is used, as mL < 3. (a) CaseI: mL = 0, mN = 4, (b) CaseII: mL = 1,
mN = 4, (c) CaseII I: mL = 2, mN = 4. (d) A comparisonof the mean localization error
obtained usingdi�erent approacheswhen the NLOS bias errorsare (i) uniformly distributed
and (ii) exponentially distributed. The meanbias error for both distributions is normalized
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Figure 4.15: (a) Comparison of the LS-(Pure LOS) and the LP-Extended estimators for
di�erent values of mL with mN = 3, (b) Performanceof the LP-Extended estimator for
di�erent valuesof mN with mL = f 3; 5g, (c) Comparisonof the LP-Extended method with
the non-linear constrainedoptimization approach when mL = 3, mN = 3. In each of the
above simulations, L = 10 meters, � = 2, and x = [5 5]T :
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K E = 0:005,mL = 3, mN = 3, Bmax = 10 meters.

mN increases.This optimal value of mN decreasesas mL increases,e.g., mN ; opt = 6 when
mL = 3, and mN ; opt = 4 when mL = 5. This e�ect is again attributable to the probability
p. As either mN or mL increase,the total number of e�ective NLOS constraints in the
LP methods increase. This reducesthe area of the feasibleregion A but increasesp, and
beyond a certain point the increasein p dictates performance.Finally, Figure 4.15(c) com-
paresthe performanceof the LP-Extended method with non-linearconstrainedoptimization
(implemented using the fminconroutine in Matlab) for mL = 3, mN = 3. We seethat the
LP method and the non-linear estimator are comparablein terms of the mean localization
error, whereasthe LP method outperformsthe non-linearestimator in terms of the standard
deviation of the localization error.

One of the main drawbacks of using the mean and standard deviation of the localization
error as indicators of the localization accuracyis that a single realization of noiseor node
locationsthat results in a largeerror canconsiderablyincreasethe valuesof � 
 and � 
 . This
e�ect is particularly observed in the LS-(Pure LOS) scenario,where a single occurrenceof
large GDOP can result in large valuesof � 
 and � 
 . As the number of realizations of the
node locationsconsideredincreases,the probability of the occurrenceof a scenariowith poor
anchor geometryincreases,and consequently, � 
 and � 
 alsoincrease.Figure 4.16compares
the histograms of the root localization error obtained using di�erent location estimators.
We seethat the LP-basedmethods display a higher probability of small localization errors
than the LS-basedmethods. We also notice that the LS-(Pure LOS) displays a signi�cant
probability of large localization error which can adversely impact the average localization
accuracy. However, basedon the histogram, the trends in (4.36) are con�rmed.

The trends observed in the simulation results are summarizedbelow:
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1. In terms of the mean and standard deviation of the localization error, the LP-based
estimatorsoutperform the LS-basedestimatorsfor small (practical) valuesof mL , and
when mN � 1. The averagelocalization accuracyof the LS-(Pure LOS) estimator is
dominated by the e�ect of high GDOP for small valuesof mL .

2. When mL is large, the LS-(Pure LOS) estimator outperformsthe LP-Extended estima-
tor. Thus, when the number of LOS rangeestimatesis large, discardingNLOS range
estimatesmay be advisable.

3. The LP approachesare lesssensitive to an increasein the biasof NLOS rangeestimates
than the LS approaches.

4. For each valueof mL , there is an optimal valueof mN beyond which performanceof the
LP-basedestimatorsdegradesasmN increases.This optimal valueof mN decreasesas
mL increases.

5. The LP-basedapproachesperform better when the bias errors are exponentially dis-
tributed than when they are uniformly distributed.

4.10 Simulation Results: Application to Mobile Ad
hoc Lo cation-Aw are Net works

In the previous section, we investigated the averagelocalization accuracyobtained in the
caseof a stationary unlocalized node. In this section, we evaluate the e�cacy of the pro-
posedNLOS mitigation schemein a mobile ad hoc network, where localization accuracyis
a function of time. It must be pointed out that in mobile scenarios,tracking algorithms can
be applied in order to mitigate the impact of NLOS bias errors [69, 70, 71]. However, the
e�cacy of tracking algorithms may be limited in indoor networks due to the fact that in the
caseof ad hoc deployment of nodes in a typical indoor environment, the number of NLOS
rangeestimatesavailable can far exceedthe number of LOS rangeestimatesthroughout the
duration of the mobile's tra jectory. As a result, the tracking algorithm is provided with
biasedrange estimatesat every instant of time, and as a consequence,its abilit y to ame-
liorate present estimatesbasedon past location and range estimatesis reduced. However,
tracking algorithms canbeusedto exploit the spatial correlation betweenlocation and range
estimateswithin the mobile's tra jectory, and can thus operate in conjunction with NLOS
identi�cation and mitigation schemesto improve localization accuracy.

In this simulation framework, the network is assumedto compriseNA anchors distributed
over an area(or volume) of interest, and whoselocationsareknown a priori . A singlemobile
node,whosetime-varying location is denotedby the vector x (t), is assumedto travel through
this region at a constant speedof v metersper second.The location of the mobile node at
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time t = (n + 1)Ts is generatedusing the following linear model:

x M ((n + 1)Ts) = x M (nTs) + ve(nTs); x M (0) = x M 0; (4.37)

wherex M 0 is the location of the mobile at t = 0, and e(t) is the time-varying unit vector in
the direction of the mobile's instantaneousmotion.

The mobile is assumedto gather range estimates from nearby anchors and estimate its
location every Ts seconds. At time t = nTs, successful\ranging" is assumedto occur
between the mobile node and the i th anchor if the e�ective signal-to-noise-ratio (SNR)
� i (nTs) is larger than a threshold � T . The e�ective SNR � i (nTs) on the link betweenthe i th
anchor and mobile node is modeledby

� i (nTs) = K P PT R� �
i (nTs);

wherePT denotesthe (constant) transmit power, Ri (nTs) = kx (nTs) � x i k is the distance
betweenthe mobile node and the i th anchor and K P is a constant that subsumesthe e�ects
of other physical layer parameters.Depending on the locations of the mobile node, anchors
and obstructions, at any instant of time, the mobile node may successfullyobtain range
estimatesfrom both LOS and NLOS anchors. The path loss exponents for the LOS and
NLOS casesare assumedto be � L and � N respectively, � L < � N . Therefore, at a given
instant of time, the mobile node receivesrangeestimatesfrom LOS and NLOS anchors that
are respectively within distances

Rmax;L =
�

K P PT

� T

� 1
� L

; Rmax;N =
�

K P PT

� T

� 1
� N

;

from the mobile's current location. We assumethat the nature of the propagation channel
(LOS or NLOS) is identi�ed for each received range estimate and, for simplicity, that the
rangeestimatesareuncorrelatedat di�erent time instants. At time t, let the setof all anchor
locations A be partitioned into the set of locations of all anchors which have LOS to the
mobile, A L t , and the set of locations of all anchors which do not have LOS to the mobile,
A N t , such that A L t

S
A N t = A ; A L t

T
A N t = � . Then, the subsetsof LOS and NLOS

anchors which provide rangeestimatesat time t are respectively de�ned by

L t = f x A jx A 2 A L t ; kx (t) � x A k � Rmax;L g; N t = f x A jx A 2 A N t ; kx (t) � x A k � Rmax;N g:

At t = nTs, the location estimate x̂ (t) is computed using LOS and NLOS range estimates
from L t and N t , governed by (4.10) and (4.12) respectively. The localization error as a
function of time is computedusing:


( t) = kx (t) � x̂ (t)k2;

using the di�erent estimation approachesfor x̂ (t).
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Figure 4.17: Simulation of a 2D location-aware network in a NLOS environment: the values
of the simulation parametersusedare: PT = 1 mW, K P = 1 � 105, � T = 15 dB, � L = 2,
� N = 3, K E = 0:1 and Bmax = 10 meters. The total number of anchors is NA = 80, and
the mobile node movesat a speedof v = 2:5 meters/secondthrough a W � W meter2 area,
whereW = 100 meters. (a) The true mobile tra jectory and the mobile location estimates
obtained using the LS and the LP-based location estimators. (b) A comparison of the
di�erent location estimatorsin terms of the localization error 
 versustime. We observe the
trends suggestedby equation (4.36).
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4.10.1 2-D Application: Indo or Tracking

Consider a W � W meter2 area of interest with W = 100 meters, containing NA = 80
randomly (uniformly) distributed anchors. Several obstructionsare randomly dispersedover
the area of interest. At time t, if the path between the mobile's true location x (t) and a
given anchor contains any portion of the obstructions, then the range estimatesfrom that
anchor areassumedto be given by (4.12); otherwise,the rangeestimatesare given by (4.10).
The density of nodes in this simulation was selectedsuch that the total number of range
estimates(mL + mN ) received at each instant of time lies between3 and 8. The mobile is
assumedto move at a speedv = 2:5 meters per secondin a direction e(0) = 1p

2
[1 1]T at

t = 0 and subsequently re
ects o� the boundary of any obstacleencountered.

Figure 4.17(a) comparesthe true location of a mobile node with the location estimates
computed using the LS and LP approaches. The mobile node estimatesits location based
on range information from anchors every Ts = 1 secondbetweent = 0 and t = 50 seconds.
We seethat the LP-basedNLOS mitigation schemesoutperform the two LS-basedschemes.
This is more evident in Figure 4.17(b) which comparesthe localization error achieved by
the estimation approaches versustime. We seethat on the average,the LP-basedNLOS
mitigation schemesachieve much higher localization accuracy than the LS basedlocation
estimators.

4.10.2 3-D Application: Indo or trac king with ground sensors

Consider a building with 3 
o ors, each 
o or having dimensionsW � W � H , W = 100
meters, H = 10 meters, as shown in Figure 4.18(a). Let a total of NA = 108 anchors be
deployed uniformly over the 3 
o ors on the ground, i.e., NA

3 = 36 anchors on each 
o or. The
coordinatesof the anchors in metersare generatedusing

x A =
n

[L � u1 L � u2 (g + F � H )]T
o

where u1 and u2 are uniformly distributed random variables over [0; 1], g is a zero-mean
Gaussianrandom variable with unit varianceand F = f 0; 1; 2g is the index of the 
o or. A
singlemobile node is assumedto be present on the 
o or F = 1, moving linearly with a speed
v = 1:5 metersper secondfrom an initial location x M 0 = [5 5 H ]T (meters) at t = 0. The
motion of the mobile is de�ned using (4.37), where

e(nTs) =
1
2

[cos(0:2� nTs) sin(0:2� nTs) 1]T ;

It is assumedthat all anchors on 
o or F = 1 have LOS links to the mobile, and provide
unbiasedrange estimates. Further, anchors from 
o ors F = f 0; 2g are NLOS with respect
to the mobile node, and thereforeprovide biasedrangeestimates.
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In this scenario,all the LOS anchors are approximately located on the plane z = H . As
a consequence,it is expected that the LS-(Pure LOS) approach will have poor location
resolutionalongthe z-direction relative to the x and y directions. In such a case,it is intuitiv e
that the NLOS mitigation approaches would play a key role in determining localization
accuracy along the z-direction, as the NLOS anchors are located around di�erent planes
z = 0 and z = 2H , and can provide improved resolution in the z-direction. This intuition is
con�rmed in Figures4.18(b) and 4.18(c), wherewe seethat any schemethat utilizes NLOS
information provides better location resolution in the z-direction. From Figure 4.18(c), we
seethat the LS-(Pure LOS) method hasvery poor localization accuracyin the z-coordinate
of the mobile's location. Due to the presenceof a largenumber of LOS anchorsalongthe xy-
planeat z = H , the discussedapproachesperform similarly in terms of localization accuracy
in the x and y coordinatesof the mobile asseenin Figure 4.18(b).

Figure 4.18(d) comparesthe di�erent schemesin terms of the total localization error 
( t)
as the mobile movesthrough the volume of interest at a speedv betweent = 0 and t = 25
seconds.The mobile attempts to compute its location every Ts = 0:5 seconds.Onceagain,
we seethat the LP-basedlocalization schemesoutperform the LS-basedschemesin terms of
the time-averagedlocalization error by an orderof magnitude. Note that this is a particularly
interesting scenariosince3D-localization is crucial to several applications, but is known to
bedi�cult in indoor scenarios.This examplehighlights the potential bene�t of the proposed
approach in practical scenarios.

4.11 Conclusions from Part I I

In Part I I, we described a novel linear-programmingapproach to the problem of localization
in NLOS environments. The main motivation for the development of this method wasthat in
typical indoor PoLoNets, it is likely that we would be required to computea node's location
using a mixture of LOS and NLOS range estimates. Using the LOS range estimates to
de�ne the objective function, and the NLOS range estimatesto restrict the feasibleregion
for the linear program, we showed that NLOS range information can be used to improve
node localization accuracy without incurring performancedegradation due to NLOS bias
errors. This approach was observed to perform as well as the LS estimator when only
LOS range estimatesare provided, and substantially better than the LS estimator when a
mixture of LOS and NLOS range estimatesis provided, particularly when the number of
LOS rangeestimatesis small. Relative to LS estimation, it was found that the LP method
is lesssensitive to increasein NLOS bias errors, and that increasingthe number of NLOS
range estimatesimproves node localization accuracy. Further, the proposedapproach can
be applied to the general(and practically signi�cant) three-dimensionallocation-estimation
problem, and to a number of degeneratecaseswith insu�cien t LOS rangeestimates.

The joint e�cacy of the proposedNLOS identi�cation andmitigation methodswill bedemon-
strated in a location-tracking experiment with indoor UWB measurements in Chapter 6.
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Figure 4.18: In this 3D indoor tracking simulation, W = 50, H = 10, NR = 108, x M 0 =
[0 0 10]T and v = 1:5 m/s. The remaining simulation parametersare the sameas those in
Figures4.17(a) and 4.17(b). The time-axis is assumedto run from t = 0 to t = 25 seconds,
with Ts = 0:5 second. (a) An illustration of the tra jectory of the mobile node and the
distribution of anchor nodesin a building. (b) The x and y components of the localization
error 
( t) versustime t. (c) The z component of the localization error 
( t) versustime t.
(d) The total localization error 
( t) asa function of time t. The time-averagedlocalization
error is alsoshown for comparison.



120

4.12 App endix 4A: Distribution of �̂ 0 under NLOS con-
ditions

Under NLOS propagation conditions, the TOA estimate is modeledas

�̂ 0 =
d
c

+ n� + b� ; H = H1;

wheren� is a zero-meanGaussianrandom variable with variance� 2
� and b� is exponentially

distributed with mean � b. Therefore, the probability density function of �̂ 0 is de�ned by a
convolution of the density functions of n� and b� :

f �̂ 0 (� ; d jH1 ) =
�
2� � 2

b�
2
�

� � 1=2
Z 1

0
exp

 

�
(� � d

c � b)2

2� 2
�

!

exp
�

�
b
� b

�
db;
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�
� � 2

b

� � 1=2
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� y2
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c �
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(� � d

c)
� b

! "

1 + erf

 
� b(� � d
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whereerf (x) = 2p
�

Rx
0 e� y2

dy.

4.13 App endix 4B: Deriv ation of P?
e and T? for positiv e,

Gaussian RDS estimates

The probability density functions of the RDS estimates in LOS and NLOS scenariosare
modeledas positive (truncated) Gaussiandensity functions:

f (x) =

8
>>><

>>>:

1

Q
�

� � L
� L

� � 1p
2� � 2

L

e
� ( x � � L ) 2

2� 2
L u(x); H = H0;

1

Q
�

� � N
� N

� � 1p
2� � 2

N

e
� ( x � � N ) 2

2� 2
N u(x); H = H1;

(4.38)

where Q(x) = 1p
2�

R1
x e� x2=2, and u(x) is the Heaviside function. The means� L , � N and

the standard deviations � L , � N are speci�ed in Table 4.2. Let the threshold selectedfor
di�erentiating between LOS and NLOS RMS delay spread estimates be T. For a given
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sampleRMS delay spreadmeasurement Z , the probability of error in the detection of the
nature of the channel is given by

Pe(T) = pL � Pr f Z � TjH0g + pN � Pr f Z < TjH1g: (4.39)

It must be pointed out for a given ad hoc indoor scenario,the probability pL that a given
link between two nodes is LOS is not necessarilyequal to the probability pN that the link
is NLOS. In the absenceof a priori knowledge,we assumepL = pN = 1

2. From (4.38) and
(4.39), we obtain

Pe(T) = pL �
Q

�
T � � L

� L

�

Q
�

� � L
� L

� + pN �

0

@1 �
Q

�
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�

Q
�

� � N
� N

�

1

A :

To �nd the optimal thresholdT? that minimizesthe probability of error, we set d
dT Pe

�
�
T = T ? =

0, and it is straightforward to show that T ? is the solution of the quadratic equation
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A : (4.40)

Then, minimum probability of channel detection error is given by P ?
e = Pe(T?).

4.14 App endix 4C: Expression for qj , j = 1; 2; � � � ; mN

The term qj is the probability that the true solution lies inside the j th circular constraint:

qj = Pr f rN j > RN j g = Pr f bN j + nN j > 0g; j = 1; 2; � � � ; mN :

Assumingthat nN j � N (0; � 2
N j ) and bN j � U(0; Bmax),
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Z B max
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Chapter 5

The Propagation of Lo calization Error
and its Mitigation

5.1 In tro duction

In chapter 1, webrie
y discussedthe classi�cation of PoLoNetsbasedon several criteria, such
as network architecture, connectivity, and modesof location estimation. In infrastructure-
basednetworks, anchor nodesare extensively deployed within the areaof interest, allowing
direct tracking of the locations of mobile nodes. In the ad hoc network architecture, anchor
nodescould be deployed inside or outside the areaof interest with connectivity to a subset
of referencenodes. We then rely on referencenodesto propagatelocation information into
the areaof interest, thereby allowing mobile tracking. Further, unlocalizednodes(reference
or mobile) may have full or partial connectivity with other unlocalizedand anchor nodesin
the network, which determinesthe number of rangeestimatesthat can be gathered.

In this chapter, we focus our attention on the structure of location-estimation in ad hoc
PoLoNets. In infrastructure-basednetworks with densedeployment of anchors within the
areaof interest, referencenodesare unnecessaryasmobile nodescan directly estimate their
locations in a distributed manner, using range estimatesfrom anchor nodes. However, in
the ad hoc casewith sparselydeployed anchors, either inside or outside the area of inter-
est, three modesof location-estimationare possible:(i) fully distributed (when the requisite
connectivity1 with anchors is provisioned), (ii) centralized, and (iii) sequential. When all un-
localizednodeshave connectivity with 3 or more anchors (for two-dimensionallocalization),
location estimatescanbegeneratedin a fully distributed manner,i.e., location-estimatescan
be computedbasedonly on local rangeand location information and without collaboration
with other unlocalizednodes. The secondapproach is to route all the available range and

1In two dimensions, this implies that each unlocalized node has connectivity to at least three localized
nodeswhen its location needsto be estimated.

122
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Arc hitecture Connectivit y Estimation
Ad Hoc Full Distributed/Centralized/Sequential
Ad Hoc Partial Centralized/Sequential

Infrastructure-based Full Distributed
Infrastructure-based Partial Distributed/Centralized/Sequential

Table 5.1: Network Classi�cations and Options

location information, including rangeestimatesbetweenunlocalizednodes,to a centralized
\solver" which jointly estimatesthe locations of all unlocalized nodes in the network and
then relays the location estimatesback to each node. The �nal approach is sequential esti-
mation: nodesthat obtain a su�cien t number of rangeestimatesfrom anchors can estimate
their own locations in a distributed fashion, and then can act as anchors for other unlocal-
ized nodes. Thus, location information is sequentially propagatedfrom \true" anchors to
the unlocalizednodes. It must be pointed out that hybrid modesof location estimation are
possiblefor the di�erent phasesof localization. For example, the centralized or sequential
approachescanbe usedfor estimating the locationsof referencenodes,whereasthe locations
of mobile nodescan be computed in a distributed manner thereafter.

Table5.1 lists potential combinations of network architecture, extent of connectivity and the
three modesof location-estimation discussedabove. Each of the three modesof estimation
mentioned above has certain advantages and disadvantages. In fully-distributed location-
estimation, each unlocalizednode reliesonly on rangeestimatesfrom true anchors to obtain
location estimates. A small number of anchors imposesstrict connectivity requirements
as any unlocalized node that does not have direct connectivity with 3 or more anchors
cannot estimate its location. Theserequirements may not be feasibleover large distances,
especially in NLOS propagationenvironments, and thus, fully distributed methodsarebetter
suited to infrastructure-basednetworks with densedeployment of anchors within the areaof
interest. As we will seein this chapter, even if theseconnectivity constraints are satis�ed,
range estimation over large distancesand the geometric dilution of precision associated
with the anchor locations can result in poor localization accuracy. However, provided these
connectivity requirements are satis�ed, the complexity of implementing location-estimation
and the communication cost are minimal, as no collaboration with other unlocalizednodes
is required.

In the caseof the centralized solver, insteadof each node attempting to computeits location
basedon local range estimates,all range estimatesand anchor locations are relayed to a
node with superior computational power, which integratesall available rangeinformation to
estimate the locations of all unlocalizednodessimultaneously. Theselocation estimatesare
then routed back to the respective unlocalizednodes. Such a method hasseveral advantages:

� All nodesare not required to be capableof estimating their locations. This allows for
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Localized node
or “Anchor” Transmission

radius

A

B

Figure 5.1: A scenariowhere the distributed computation of location-estimatesis not fea-
sible. UnlocalizednodesA and B cannot estimate their locations independently: although
both nodescan obtain 3 rangeestimates,neither has3 rangeestimatesfrom known anchor
locations.

the reduction in computational complexity within a majorit y of the nodes,asonly the
centralized solver performs large-scalecomputation.

� The availabilit y of complete range information could potentially result in improved
localization accuracythrough the useof complex centralized algorithms. Algorithms
can be devisedwhich take advantage of range estimatesbetween unlocalized nodes,
which are not utilized in distributed estimation.

� In low-density networks, situations may arisewherea distributed solution may not be
feasible. Consider, for instance, the situation depicted in Figure 5.1: the unlocalized
nodesA andB cannotestimatetheir locationsindependent of oneanother,eventhough
each node can obtain 3 rangeestimates. In such scenarios,collaborative solutions are
required,wherelocationsof unlocalizednodesare jointly estimatedusing the available
rangeand location information.

However, the centralized approach hasseveral disadvantagesaswell:

� In the presenceof mobilit y, which requiresfrequent updatesof location-estimates,all
range and location estimates would have to be routed to the centralized solver at
regular intervals, which results in routing bottlenecks and higher interferencelevels
[72]. Thus, such methods may be more suitable for static networks.

� In order to forward the location information to a central node,a route to the centralized
solver must be known. Sincethe locations of unlocalizednodesare unknown a priori ,
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a routing protocol other than location-basedrouting is required. This approach there-
fore incurs additional communication cost that is dependent on the e�ciency of the
existing network protocols[73]. Further, in highly mobile applicationsand/or in dense
networks, this may lead to considerablepacket congestionand unacceptablelatencies.

� The nodes around the centralized solver can becomeheavily congestedwith packets
(and tend to consumea large amount energywhen comparedto other nodes)asrange
estimates to, and location estimates from, the centralized solver need to be routed
through thesenodes.

� Robustnessis a key concern: if the routes to the centralized solver are broken (e.g.,
due to node failure), rangeand location information cannot be exchangedbetweenthe
unlocalizednodesand the centralized solver.

It should be evident that the centralized approach is the most generalmode of location-
estimation, asthe distributed localization techniquescanalsobeimplemented in a centralized
manner. Due to the availabilit y of additional rangeinformation betweenunlocalizednodes,
an intuitiv e prediction is that the centralized approach should outperform the distributed
approaches in terms of average localization accuracy. However, this gain in localization
accuracyis realizedat higher communications cost. The cost model devisedin [74] predicts
that the communication cost of the centralized approach is O(m

p
N ) higher than the fully

distributed approach, wherem is the number of rangemeasurements per unlocalizednode,
and N is the number of nodes (assumedto be uniformly distributed over space) in the
network.

The sequential location estimation approach appearsto lie in betweenthe fully-distributed
and centralized approaches in terms of complexity and communication cost. Locations of
nodes are estimated in a distributed manner; unlocalized nodes estimate their locations,
and subsequently act as anchors for other unlocalized nodes. This can potentially achieve
higher localization accuracythan the fully distributed approach, and lower communication
cost than the centralized approach at the expenseof higher computational complexity per
node.

The main disadvantage of sequential location-estimation is (i) the inabilit y to deal with de-
generatesituations such asthoseshown in Figure 5.1, and (ii) the propagationof localization
error. The latter e�ect stemsfrom the fact that several unlocalizednodesneedto estimate
their locations basedon noisy range and location estimatesfrom other previously unlocal-
ized nodes,and thus, the errors in the location-estimatescan accumulate. This implies that
nodesfarther away from true anchors are likely to have lessaccuratelocation estimatesthan
nodesin the vicinit y of true anchors. In the context of the �re-�gh ter tracking network, the
propagation of localization error is a critical issue,as the errors in the propagatedanchors
can result in large errors in the �re-�gh ter's location estimate, even with accurate range
estimates. Thus, there may be areasof the indoor environment (far away from the true
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anchors) wheremobile localization accuracymay be poor due to the presenceof propagated
anchors with inaccurate location estimates.

In this chapter, we investigate the impact of the propagation of localization error on the
performanceof sequential location-estimation schemesin ad hoc PoLoNets. We restrict our
attention to the estimation of referencenode locations, as accuratereferencenode location
estimatesimply accuratemobile location estimates,provided su�cien t range measurement
accuracy. We attempt to gain insight into the nature of the propagation of error in such
networks, allowing the development of error mitigation schemes.

Previous Work included in Chapter 5: The CRLB for centralized estimation was
derived in [19].

Key contributions included in this chapter are:

� The propagationof error problem and its mitigation in ad hoc sequential localization
schemeshas not beenpreviously investigated except, to the best of our knowledge,
in [75], [76]. A systematic study of the bounds on the performanceof di�erent
estimation approaches, followed by the comparisonof practical implementations of
theseapproaches,is presented.

� Insights into the nature of the propagation of localization error, and its impact on
the designof ad hoc PoLoNets are provided. Theseinsights allow us to enumerate
various meansof limiting the propagation of localization error.

� The propagation of localization error in NLOS environments has not been studied
previously. A novel method of mitigating the propagation of localization error, that
utilizes rangeestimatesover multiple hopswhile incorporating NLOS rangeestimates,
is proposed.

This chapter is organizedas follows: in Section 5.2, we formulate the CRLB on location-
estimation for the fully-distributed and centralized estimation approaches. This quanti�es
the gains provided by the centralized approach in terms of averagelocalization accuracy
over the distributed approaches,and servesasa benchmark for the performanceof sequential
location estimation. Section5.3discussesthe propagationof localization error in a simplistic
one-dimensionallocalization scenarioin order to gain fundamental insights into the nature
of error propagation in the absenceof variations in node geometry. An equivalent range
model for sequential location-estimation is formulated to model anchor position errors, and
an approximate CRLB for sequential location-estimation in two dimensionsis derived based
on this model in Section5.3.2. The trends observed in the CRLB analysisare then compared
with the trends observed with practical distributed and centralized methods in Section5.4.
We study the impact of geometry on the propagation of localization error, and the overall
implications of the propagation of localization error on ad hoc PoLoNet design in Section
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5.5. A novel multi-hop range-basedmethod for mitigating the propagation of error that is
applicableto NLOS environments is proposedin Section5.6. Our conclusionsare presented
in Section5.7.

5.2 CRLB for Fully Distributed and Centralized Lo ca-
tion Estimation

In order to jointly formulate the distributed and centralized estimation approaches,we as-
sumethat there are N unlocalizednodesdeployed within the areaof interest, and M anchor
nodescon�ned to a given region outside the areaof interest. The unlocalizednodesare in-
dexedf i = 1; 2; � � � ; N g, and the anchor nodesare indexedf i = N + 1; N + 2; � � � ; N + M g.
The total number of nodesin the network is denotedby N t = N + M . The i th unlocalized
node is assumedto maintain connectivity with, and thereby receive rangeestimatesfrom, a
subsetof the nodes in the network denotedby Ti , i = 1; 2; � � � ; N . Sincethis set of nodes
may compriseanchorsand other unlocalizednodes,it is further partitioned into two subsets:
Ti = A i [ Ui , whereA i and Ui respectively denotethe setsof anchor nodesand unlocalized
nodesproviding rangeestimatesto node i .

Wetemporarily assumethat all links betweennodesin the network areLOS.This assumption
is relaxedin Section5.6. The rangeestimatesavailable at the i th unlocalizednode can then
be modeledas:

r ij = kx i � x j k + nij ; i = 1; 2; � � � ; N; j 2 Ti :

where, nij is zero-meanGaussianrange measurement noise, with variance � 2
ij . The range

estimate variancesare assumedto increasewith the distance between the nodes, and are
modeledas: � 2

ij = K E R2
ij , Rij = kx i � x j k. It is evident that for two-dimensionallocation-

estimation, if jA i j � 3, each unlocalizednode can estimate its location in a fully distributed
manner, independent of other unlocalizednodes. However, if jA i j < 3, then the information
from other unlocalizednodesneedsto be incorporated.

5.2.1 Fully Distributed Solver

When jA i j � 3, 8i , each unlocalized node can estimate its location basedsolely on range
estimatesfrom anchor nodes. When the information contained in Ui is ignored, the CRLB
for the location-estimate of the i th unlocalized node is well-known [19], [9], and has also
beenderived in Chapter 4. In terms of the localization error 
 x ;i of the i th node,


 x ;i �
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j 2A i
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� 2

ij

!  
X

j 2A i

X

k2A i ; k>j
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� 2

ij � 2
ik

! � 1

; (5.1)
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where, as before (see Chapter 4), � ij = ] (x j � x i ) is the orientation of anchor node j ,
j 2 A i , relative to node i . The CRLB in terms of the covariance matrix of the location
estimate x̂ i is given by

C x̂ i �

0

@

2

4
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j 2A i

cos2 (� ij )
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1

A

� 1

: (5.2)

Figures 5.2(a) and 5.2(b) illustrate the CRLB on fully distributed location- estimation
through the averagelocalization error and error-ellipsesrespectively, with M = 5 anchor
nodes located outside the area of interest, which is an L � L region, with L = 50 meters.
The N = 36 unlocalizednodesare assumedto be uniformly (randomly) distributed over the
area of interest and are sorted basedon their increasingdistance from the centroid of the
anchors (the origin). Constant transmit power and full connectivity are assumed,i.e., each
unlocalizednode receivesrangeestimatesfrom all anchors.

As seenin Figures 5.2(a) and 5.2(b), the localization accuracy of the unlocalized nodes
degradeswith increasingdistance from the centroid of anchor locations. This results from
the increasein (i) the rangeestimatevariances,and (ii) the geometricdilution of precision,as
the distancesfrom anchor nodesincrease.From Figure 5.2(b), weobserve that the scalingthe
rangevariancesby a multiplicativ e factor (increasingK E ) also results in the corresponding
scalingof the averagelocalization error. We further note that the orientations of the error
ellipsesaredeterminedby the geometricalorientations of anchor nodesrelative to unlocalized
nodes. Also noteworthy is the presenceof \edge e�ects": the geometryof the anchor nodes
relative to unlocalizednodeson the boundaryof the regionof interest typically result in larger
localization errors than nodesin the interior of the areaof interest (for a �xed distancefrom
the centroid of the anchors).

The useof the fully distributed method described above may be ine�cien t dueto constraints
on the transmit power, asfull connectivity betweenall unlocalizednodesof the network and
all anchor nodesis required. Sincethe anchor nodesareassumedto be deployed over a small
area, this implies that distant unlocalizednodesrequire large transmit powers to maintain
connectivity. Further, for a �xed transmit power, as the distancebetween the unlocalized
node and the anchors nodes increases,the range estimate variancesand the geometrical
dilution of precisionincrease,resulting in considerabledegradationin localization accuracy.
Therefore, from the standpoint of localization accuracy, the fully distributed approach is
not well-suited to the ad hoc network architecture. Hence,we would prefer a centralized or
sequential method where full connectivity is not required. The boundson the performance
of centralized location-estimation are the subject of the following subsection.
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Figure 5.2: The areaof interest is an L � L region,L = 50meters. N = 36unlocalizednodes
areuniformly (randomly) distributed over this region. The unlocalizednodes,i = 1; 2; � � � ; N
are sorted with increasingdistancefrom the centroid of anchors. (a) The localization error
versussortednodeindex, and (b) the 99%error ellipsescorresponding to the fully distributed
CRLB.

5.2.2 Centralized Solver

In order to quantify the gainsof using a centralized solver in terms of localization accuracy
relative to the fully distributed method described in the previous section, we �rst look at
the CRLB on the localization error of unlocalizednodes. In the caseof full connectivity, we
assumethat every availablepair of rangeestimatesbetweenlocalizedand unlocalizednodes
is forwarded to the centralized solver, i.e., the set R of rangeestimates

R = f r ij jr ij = kx i � x j k + nij g; j 2 Ti ; i = 1; 2; � � � ; N: (5.3)

The goal is to estimatesthe vector of locations:

X =
�

x1 y1 x2 y2 � � � xN yN
� T

2N � 1
; (5.4)

given R, and x i , i = N + 1; N + 2; � � � ; N + M . The CRLB for X hasbeenderived in [19],
and is alsodetailed in Appendix 5A for completeness.The CRLB can be expressedas:

CX � I � 1;
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wherethe entries of the (2N � 2N ) Fisher information matrix I are given by

I 2i � 1;2j � 1 =

8
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0 otherwise:

= I 2i; 2j � 1 = I 2j � 1;2i = I 2j; 2i � 1: (5.5)

The total localization error for all unlocalizednodesis given by


 t = Tr
�
I � 1

�
:

The CRLB for the localization error of individual unlocalized nodescan also be extracted
from the Fisher information matrix, as shown in Appendix 5A. The CRLB analysis [19]
predicts that as the amount of rangeinformation increases,the localization error decreases.
The CRLB for the centralized solver with full network connectivity is shown in Figure 5.3.
In comparisonto the fully distributed solver in Figure 5.2, we seethat the availabilit y of
additional rangeinformation allowsconsiderablereduction in the localizationerror. However,
even in this case,we observe that as the distanceto the anchors increases,the localization
error also increases.This suggeststhat the increasein the localization error with distance
from the anchors is inherent to the geometryof the ad hoc network architecture, and is the
subject of Section5.5.

In the following section,we discussboundson the performanceof the sequential estimation
approach, wherethe locationsof unlocalizednodesareestimatedsequentially , basedon their
distancefrom anchor nodes.

5.3 Distributed Sequential Lo cation-Estimation

In the sequential mode of estimation, nodesthat estimate their locations, in turn, serve as
anchors for other unlocalized nodes. This approach does not require full connectivity, or
connectivity with \true" anchors, and location-estimatescan be obtained in a distributed
manner. The main issuewith a sequential localization approach is that using the location
estimatesof unlocalizednodesasanchor locationsalongwith noisy rangemeasurements can
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Figure 5.3: The areaof interest is an L � L region,L = 50meters. N = 36unlocalizednodes
areuniformly (randomly) distributed over this region. The unlocalizednodes,i = 1; 2; � � � ; N
are sorted with increasingdistancefrom the centroid of anchors. (a) The localization error
versussorted node index, and (b) the 99% error ellipsescorresponding to the centralized
CRLB.

result in the degradationof node localization accuracy. Further, theseerrorscan propagate,
as the distancebetweenthe unlocalizednodesand \true" anchors increases.

In this section, our goal is to quantify the extent of the propagation of error in two-
dimensional sequential location-estimation, and gain insight into the steps which can be
taken to mitigate this phenomenon.We begin by quantifying the propagation of error for
the simplistic one-dimensionalsequential location-estimationproblem. The one-dimensional
caseis consideredto side-stepthe in
uence of geometryof node locations,which makesthe
analysisconsiderablycomplicated, as will be seenin subsequent sections. We then extend
this analysis in Section 5.3.2 to the two-dimensionallocation-estimation problem using an
equivalent rangeestimate model to account for anchor position errors.

5.3.1 One-Dimensional Propagation of Error

In the one-dimensionallocation-estimation problem, we assumethat unlocalizednodesare
distributed along the positive x-axis, as shown in Figure 5.4. It is evident that each unlo-
calizednode can estimate its location basedon a single unbiasedGaussianrange estimate
for its predecessornode, and the corresponding node location estimate. For our purposes,
we assumethat the sourceof accurateposition information is an anchor node at the origin
or node 0. We �rst analyzethe localization error versusdistance,when an unlocalizednode
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Figure 5.4: Propagation of localization error in along onedimension.

estimatesits location solely basedon a rangeestimate obtained from its precedingnode.

Single range estimate from predecessor node

The kth unlocalizednode receivesa rangeestimater k;k � 1 from its predecessor,node (k � 1),
that is modeledas

r k;k � 1 = Rk;k � 1 + wk;k � 1;

where Rk;j = xk � x j , and wk;k � 1 is zero-meanGaussianrange measurement noise with
variance� 2

k;k � 1 = K E R�
k;k � 1, � being the path lossexponent. Let x̂ i denotethe estimate of

the kth node's location. We have the following relations:

x̂1 = x0 + r1;0 = r1;0 = R1;0 + w1;0 = x1 + w1;0;

x̂2 = x̂1 + r2;1 = r1;0 + r2;1 = R1;0 + R2;1 + w1;0 + w2;1 = x2 + w1;0 + w2;1;
...

x̂k = xk +
kX

j =1

wj;j � 1:

We seethat the error in the kth node's location-estimate is a superposition of the range
measurement errors in all previous range measurements. Assuming that the errors in the
rangeestimatesare independent, the varianceof the kth location-estimateis given by:


 k =
kX

j =1

� 2
j;j � 1 = K E

kX

j =1

R�
j;j � 1:

If the nodesare equally spaced:Rj;j � 1 = R, 8j , then


 k = kK E R� ;

which impliesthat the localizationerror growslinearly with distancefrom the origin. Further,
the extent of the increasein the localization error canbe reducedby providing moreaccurate
rangeestimates(smaller K E ) and a higher density of nodes(resulting in smaller inter-node
distancesR). If these options are not feasible, we can allow connectivity between each
unlocalized node and several precedingnodes, thereby providing a larger number of range
estimates for location-estimation. This can be achieved, for instance, by using a higher
transmit power, and is discussedin the following subsection.
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Multiple range estimates, equidistan t nodes

Given rangeestimatesfrom m precedingnodes,the kth node can estimateits location using
the relation:

x̂k =
1
m

mX

j =1

(x̂k� j + r k;j ) :

From the above relation, it can be shown that

x̂k = xk + vk ;

where

vk =
1
m

mX

j =1

vk� j + yk ; yk =
1
m

mX

j =1

wk;k � j : (5.6)

In order to provide connectivity with m preceding nodes, the transmit power has to be
increasedby a factor m� , which (in the absenceof network self-interference)alsoreducesthe
rangeestimatevariances.Weassume,asbefore,that wk;k � j are independent and Rj;j � 1 = R,

8j . Then, wk;k � j � N
�

0; K E

� j R
m

� �
�

, and therefore

� 2
yk

=
K 0

m2

mX

j =1

�
j
m

� �

; (5.7)

whereK 0 = K E R� . When � = 2, we have

� 2
yk

= � 2
y =

K 0(m + 1)(2m + 1)
6m3

; 8k: (5.8)

We observe that the variancesof yk are independent of k. From (5.6), taking the z-transform
of vk , we have

V(z) =
V(z)

m

mX

j =1

z� j + Y(z) ) V(z) =
Y(z)

�
1 � 1

m

P m
j =1 z� j

� ; (5.9)

=

8
<

:

Y (z)
(1� z� 1 )

Q n p
j =1 (1� zpj z� 1)(1� z?

pj z� 1) ; m odd;
Y (z)

(1� z� 1 (1� r 0z� 1)
Q n p

j =1 (1� zpj z� 1)(1� z?
pj z� 1) ; m even;

=

8
<

:

Y(z)
h

B
1� z� 1 +

P np
j =1

�
A j

1� zpj z� 1 +
A �

j

1� z�
pj z� 1

� i
; m odd;

Y(z)
h

B
1� z� 1 + A 0

1� r 0z� 1 +
P np

j =1

�
A j

1� zpj z� 1 +
A �

j

1� z�
pj z� 1

�i
; m even;

wherejr0j, jzpj j < 1, 8j . Therefore, if zpj = r j e
p

� 1� j , then

vk =
�

yk ?
�
B +

P np
j =1 2< (Ak

j ) cos(k� j )
�

uk ; m odd;
yk ?

�
B + A0r k

0 +
P np

j =1 2< (A j )r k
j cos(k� j )

�
uk ; m even:

(5.10)
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We can now obtain individual expressionsfor di�erent valuesof m.

Case1: m = 2 Applying (5.9) with m = 2, we obtain

V(z) =
Y(z)

1 � z� 1

2 � z� 2

2

= Y(z)

"
2

3(1 � z� 1)
+

1
3

�
1 + 1

2z� 1
�

#

;

) vk = yk ?

"
1
3

 

2 +
�

�
1
2

� k
!

uk

#

=
2
3

k� 1X

l=0

yk� l

 

1 �
�

�
1
2

� l
!

:

Therefore,the localization error of the kth node is given by


 k = E
�
v2

k

�
=

4� 2
y

9

k� 1X

l=0

 

1 �
�

�
1
2

� l
! 2

=
5K 0

36

�
k + 1 �

2� k+1

3
�

4� k

3

�
:

We seethat when k � 1, 
 k � 5K 0

36 k, indicating a linear increasein the localization error
with the number of nodes.

Case2: m = 3 Applying (5.9) with m = 3, we obtain

V(z) =
Y(z)

(1 � z� 1) (1 � z0z� 1) (1 � z?
0z� 1)

;

wherez0 = � 1+
p

� 2
3 = a0ej � 0 . Therefore,

V(z) = Y(z)
�

1
2(1 � z� 1)

+
1

4(1 � z0z� 1)
+

1
4(1 � z?

0z� 1)

�

) vk = yk ?
�

1
2

+
1
4

�
zk

0 + z?k
0

�
�

uk =
1
2

k� 1X

l=0

yk� l

�
1 + al

0 cos(l � 0)
�

:

Therefore,the localization error of the kth node is given by


 k =
1
4

k� 1X

l=0

� 2
yk � l

�
1 + al

0 cos(l � 0)
� 2

=
7K 0

162

"

k +
k� 1X

l=0

�
2al

0 cos(l � 0) + a2l
0 cos2 (l � 0)

�
#

:

It can be veri�ed through the above expression,that 
 k increasesapproximately linearly
with k when k � 1, albeit at a lower rate than when m = 2. Proceedingin the above
manner, the localization error canbe derived for all valuesof m. In the following subsection,
we analyzethe localization error when rangeestimatesfrom all predecessors(including the
anchor node at the origin) are usedto estimate the kth node's location.
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Using range estimates from al l predecessors, equidistan t nodes:

When range estimatesfrom all predecessorsare used, we have m = k, and the following
relations:

x̂k = xk + vk ; where

v1 = y1;

v2 =
1
2

(x0 + v1) + y2 =
y1

2
+ y2;

v3 =
1
3

(v0 + v1 + v2) + y3 =
1
3

�
y1 +

y1

2
+ y2

�
+ y3 =

y1

2
+

y2

3
+ y3;

v4 =
1
4

(v0 + v1 + v2 + v4) + y4 =
y1

2
+

y2

3
+

y3

4
+ y4:

Proceedingin this manner,we seethat

vk = yk +
k� 1X

i =1

yi

i + 1
; yk =

1
k

kX

j =1

wk;k � j : (5.11)

Onceagain, wk;k � j are assumedto be independent with variances

� 2
k;k � i = K 0

�
i
k

� �

; K 0 = K E R� :

Therefore,

� 2
yk

=
K 0

k2+ �

kX

j =1

i � ;

and when � = 2,

� 2
yk

=
K 0(k + 1)(2k + 1)

6k3
: (5.12)

From (5.11), the localization error of the kth node is given by


 k = E
�
v2

k

�
= � 2

yk
+

k� 1X

i =1

� 2
yi

(i + 1)2
=

K 0(k + 1)(2k + 1)
6k3

+
k� 1X

i =1

K 0(2i + 1)
6i3(i + 1)

=
K 0

6

"
2
k

+
3
k2

+
1
k3

+
k� 1X

i =1

2
i3

�
k� 1X

i =1

1
i3(i + 1)

#

:

It can be veri�ed that as k ! 1 , 
 k ! 0:3K 0, i.e., the localization error doesnot diverge
ask ! 1 . This suggeststhat providing a progressively larger number of rangeestimatesto
unlocalizednodesas their distance to the anchor (origin) increaseso�sets the propagation
of error.
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To summarizethe expressionsfor the localization error versusdistanceobtained in each of
the discussedsub-cases:


 k =

8
>>><

>>>:

5K 0

36

h
k + 1 � 2� k +1

3 � 4� k

3

i
; m = 2;

7K 0
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h
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�
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�
1
3
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2 cos(l � 0) +

�
1
3

� l
cos2 (l � 0)

�i
; m = 3;

K 0

6

h
2
k + 3

k2 + 1
k3 +

P k� 1
i=1

2
i 3 �

P k� 1
i=1

1
i 3(i +1)

i
; m = k:

(5.13)

The analytical expressions(basedon (5.13)) and simulated variation of the localization error
with distance from the origin for di�erent values of m are shown in Figure 5.5. As seen
in Figure 5.5, if all the available range estimatesare utilized, there is no propagation of
error and the localization error decreaseswith increasingdistancefrom the reliable sourceof
location information (the origin). However, this reduction in the localization error comesat
the price of increasingtransmit power as the distancefrom the origin increases,i.e., in�nite
transmit power ask ! 1 .

Therefore,if there are no constraints on the transmit power, the propagationof localization
error can be completelyo�set by using a progressively larger number of rangeestimatesfor
location estimation. However, for a �xed maximum transmit power, the localization error
propagates,i.e., increasesas the distanceto the reliable sourceof location information (the
origin) increases.This analysissuggeststhat in the presenceof transmit power constraints
that the distance over which the desired localization accuracycan be guaranteed may be
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limited. In the analogoustwo-dimensionalcase,this would suggestthat the areaover which
the desiredaveragelocalization accuracycan be guaranteed may be boundedfrom above.

The above one-dimensionalanalysisfurther suggeststhat if the transmit power is �xed, then
the propagation of localization error can be contained by (i) increasingnode density (this
increasesm and reducesinter-node distancesR, which in turn reducesrangeestimate vari-
ances),(ii) increasingrange estimation accuracy(this can be achieved by increasedrange
averaging,and reducesthe valueof K E ). Another key aspect of the aboveanalysisthat needs
to be emphasizedis that in the discussedone-dimensionallocation estimation scenario,the
location estimatesof nodesareunbiasedand Gaussiandistributed, dueto the structure of the
location estimator, and the fact that the rangeestimatesare assumedto be unbiasedGaus-
sian random variables. However, if the location estimatesare biased,even if progressively
larger number of rangeestimatesareusedto estimatethe locationsof nodes,the localization
error can divergeas k ! 1 . For instance, if a positive bias b is included in each location
estimate, the localization error divergesas k ! 1 . Thus, a key premise to the decrease
in the sequential localization error with an increasingnumber of range estimates is that
the available range and location estimatesare unbiased. However, in the two-dimensional
case,we saw in Section 3.6, that even if the available range estimates are unbiased and
Gaussiandistributed, the two-dimensionallocation estimatescan be neither unbiasednor
Gaussiandistributed. Further, this suggeststhat the propagation of localization error will
be exacerbatedin NLOS propagation environments.

In the following section, we extend the analysis of the propagation of error to the two-
dimensional location-estimation problem. The derivation of the CRLB for the accuracyof
location estimatesin the two-dimensionalcase,in the presenceof both anchor position errors
and rangemeasurement errors, is known to be a hard problem [34], [25]. In order to analyze
sequential localization in two-dimensions,we �rst derive an approximate CRLB for the case
of localization with Gaussiananchor position errors.

5.3.2 Equiv alent range measuremen t mo del with Gaussian anchor
position errors

In order to characterize the impact of anchor location errors on two-dimensionallocaliza-
tion accuracy, we derive the equivalent range measurement error that results from a given
anchor position error. Consider an unlocalized node with unbiased Gaussianrange esti-
mates from localized nodeswhoselocation-estimatesare also noisy. Let R = R(xA ; yA ) =q

(x � xA )2 + (y � yA )2 be the distancebetweenan unlocalizednode located at (x; y) and
an anchor located at (xA ; yA ). In order to analyzethe impact of anchor position errors, we
temporarily neglectthe presenceof rangemeasurement noise,i.e., the rangeestimater = R.
For small anchor position errors, � x and � y respectively in the x and y coordinates,we can
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write the e�ective rangeerror as

� r �
�

@R
@xA

�
� x +

�
@R
@yA

�
� y = � x cos� A + � y sin� A ; (5.14)

where � = arctan
�

y� yA
x� xA

�
represents the orientation of the anchor relative to x. Assuming

that � x and � y are zero-meanGaussianwith joint covariancematrix C � given by

C � =
�

� 2
x � xy

� yx � 2
y

�
; (5.15)

we seefrom (5.14) that � r is a zero-meanGaussianrandom variable. The varianceof � r is
given by

� 2
r = E

�
(� r )2

	
= E

�
(� r )(� r )T

	

= E
�

[cos� A sin� A ]
�

� x
� y

�
[� x � y]

�
cos� A

sin� A

� �
= eT

A C � eA ; (5.16)

whereeA =
�

cos� A

sin� A

�
. Substituting (5.15) in (5.16), we obtain

� 2
r = [cos� A sin� A ] C �

�
cos� A

sin� A

�

= [cos� A sin� A ]
�

� 2
x � xy

� yx � 2
y

� �
cos� A

sin� A

�

=
�
� 2

x cos� A + � yx sin� A � xy cos� A + � 2
y sin� A

�
�

cos� A

sin� A

�

= � 2
x cos2 � A + 2� xy sin� A cos� A + � 2

y sin2 � A :

It is a well known result [77] that for a squarematrix A and for all vectorsx of appropriate
dimension,

� min (A ) �
xT Ax
xT x

� � max (A ); (5.17)

where � min (A ) and � max (A ) are the minimum and maximum eigenvaluesof A . The values
of x at which the equalities are achieved are the eigenvectors xmin (A ) and xmax (A ) corre-
sponding to the minimum and maximum eigenvalues respectively. SinceeT

A eA = 1 for all
� A , we have

� min (Cx ) � eT
A Cx eA � � max(Cx ); (5.18)

and the equalities are satis�ed when eA = x min (C x )
kx min (C x )k and eA = x max (C x )

kx max (C x )k respectively. In
other words, the varianceof the equivalent rangeerror is maximizedwhen the major axis of
the error ellipseof the anchor location-estimateis alignedwith the vector from the unlocalized
node to the anchor node as seenin Figure 5.6(a). The variance of the equivalent range
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Figure 5.6: Impact of the two-dimensionaldistribution of Gaussiananchor position error on
the distribution of the equivalent range error in the absenceof range measurement noise,
with � xy 6= 0. In (a), the vector eA is the sameas the eigenvector (normalized to unit
norm) of the matrix Cx corresponding to the maximum eigenvalue. In (b), eA is the sameas
the eigenvector (normalized to unit norm) of the matrix C x corresponding to the minimum
eigenvalue. In (c), eA is a linear combination of the eigenvectors (normalized to unit norm)
of the matrix Cx corresponding to the minimum and maximum eigenvalues.
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error is minimized when the minor axis of the error ellipse is aligned with the vector from
the unlocalized node to the anchor node, as seein Figure 5.6(b). An intermediate caseis
illustrated in Figure 5.6(c). If the position errors in the x and y coordinatesare uncorrelated
(� xy = 0), and identically distributed as N (0; � 2), then the error ellipse reducesto a circle
and it is easyto seethat

� 2
r = � 2; (5.19)

irrespective of the orientation of the anchor node relative to the unlocalizednode.

Thus, the e�ect of small (� x, � y � R) Gaussiananchor position errors can be modeled
as an enhancement of the Gaussianrange measurement noise. Further, in the presenceof
range measurement noiseand anchor position errors, the approximate model for the range
estimatesbecomes

r i � N (0; � 2
i + � 2

r i ); (5.20)

where� 2
i denotesthe varianceof the rangemeasurement noise,and � 2

r i denotesthe equivalent
range measurement noise attributed to anchor position errors, given by (5.16). For ease
of notation, we use � 2

i , � 2
i + � 2

r i as the total equivalent range estimate variance in the
subsequent discussion.

Theorem 6 (Appro ximate CRLB with Gaussian Range and Anc hor Position Er-
rors). The CRLB for the estimation of a location x of a nodegivenm noisy Gaussianranges
r i � N (Ri ; � 2

i ), from anchorswith exactly known locations x i , i = 1; 2; � � � ; m, is given by

Cx � x̂ � I � 1;

where the Fisher information matrix I is given by

I =

" P m
i=1

cos2(� i )
� 2

i

P m
i=1

cos(� i ) sin( � i )
� 2

iP m
i=1

cos(� i ) sin( � i )
� 2

i

P m
i=1

sin2 (� i )
� 2

i

#

: (5.21)

This bound can be expressed in terms of the localization error


 x = E
�

(x � x̂)2 + (y � ŷ)2	 = � 2
x + � 2

y

� Tr
�
I � 1

�
=

P m
i=1

1
� 2

i
P m

i=1

P m
j =1 ;j >i

sin2( � i � � j )
� 2

i � 2
j

: (5.22)

Using the equivalent range model for anchor position errors, we can provide an \approxi-
mate" CRLB in the presence of anchor position errors. Assumingthe errors in the position
estimatesof the anchorsare zero-mean Gaussiandistributed: (x i � x̂ i ) � N (0; C i ), then the
approximate CRLB in terms of the localization error can be written as:

~
 x = E
�

(x � x̂)2 + (y � ŷ)2	 = � 2
x + � 2

y

&

P m
i=1

1
� 2

i
P m

i=1

P m
j =1 ;j >i

sin2 (� i � � j )
� 2

i � 2
j

: (5.23)



141

3 4 5 6 7 8 9 10
10

-1

10
0

10
1

10
2

Number of Range estimates (m)

Lo
ca

liz
at

io
n 

E
rr

or
 (

m
et

er2 )

Approx. CRLB, s
x
2 = s

y
2 =0.01

Approx. CRLB, s
x
2 = s

y
2 =0.34

Approx. CRLB, s
x
2 = s

y
2 =0.67

Approx. CRLB, s
x
2 = s

y
2 =1

CRLB: No Anchor Position Error

Figure 5.7: The approximate CRLB with anchor position errors,versusthe number of range
estimates.The position error of all the anchorsare assumedto be i.i.d. zero-meanGaussian,
with equal variancesin x and y coordinates � 2

x = � 2
y (meter2, � xy = 0. The rangeestimate

variancesare obtained accordingto � 2
i = K E R�

i , with K E = 0:01 and � = 2.

where, from (5.16) and (5.20),
� 2

i = � 2
i + eT

i C i ei ; (5.24)

and ei = [cos� i sin� i ]
T .

Figure 5.7 comparesthe CRLB with and without Gaussiananchor position errors in the
presenceof Gaussianrange measurement errors. It must be emphasizedthat the above
bound is applicableonly for small anchor Gaussianposition errors, i.e., � x; � y � R.

Given a set of N unlocalized nodesand M �xed anchors, assumingsu�cien t connectivity
betweenanchorsand unlocalizednodesto obtain location estimatesin a distributed manner,
the following sequential localization schemefor the unlocalized nodescan be applied. Let
the true locations of the unlocalized nodes be denoted by x i ; i = 1; 2; � � � ; N , and the
locations of anchors by x i ; i = N + 1; N + 2; � � � ; N + M . At stagek, let A k denote the
set of all nodeswhoselocations are either known (true anchors) or estimated. We assume
that the unlocalizednodesk = 1; 2; � � � ; N , are arrangedin the sequenceof their location-
estimation. Node k = 1 estimatesits location basedonly on rangeestimatesfrom the set of
�xed anchors A . Oncenode k = 1 estimatesits location, it is addedto the set of localized
nodes. Therefore, the set of localizednodesA 2 that provide rangeestimatesto node k = 2
is governedby:

A 2 � A [ f x̂1g: (5.25)

Node k = 2 then estimatesits location basedon rangeestimatesfrom the nodesin A 2. In
general, node k, k = 1; 2; � � � ; N , estimates its location basedon range estimates from a
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subsetof the set of localizednodes:

A k � A [ f x̂1; x̂2; � � � ; x̂k� 1g: (5.26)

It is clear that jA k j � jAj + k � 1. Since estimated locations of (k � 1) nodes contain
estimation errors, this a�ects the estimation of the kth node's location. In order to model
the estimation error at the kth stage,we resort to the following theorem.

Theorem 7 (Sequential Estimation with Range and Anc hor Position Errors). Let
C l , l = 1; 2; � � � ; k � 1, denotethe covariance matricesof the position errors of the unlocalized
nodeswhoselocations havebeen estimated. For true anchors,it is evidentthat the covariance
matricesof the position errors is 02� 2. Then we de�ne

� 2
kl = � 2

kl + eT
klC lekl ; l 2 jA k j; (5.27)

where ekl = [cos� kl sin� kl ]
T . The angles� kl , l = 1; 2; � � � ; jA k j determine the orientations

of the localized nodesrelative to the node k. The approximate CRLB can be computed using

Ck � ~I � 1;

where the \e�e ctive" Fisher information matrix ~I is given by

~I =

" P jA k j
l=1

cos2 (� k l )
� 2

k l

P jA k j
l=1

cos(� k l ) sin( � i )
� 2

k lP jA k j
l=1

cos(� k l ) sin( � k l )
� 2

k l

P jA k j
l=1

sin2 (� k l )
� 2

k l

#

: (5.28)

The localization error of individual nodescan be computedusing the above Fisher informa-
tion matrix, as in Appendix 5A.

Figure 5.8 illustrates the performanceof distributed sequential location estimation for the
samescenarioas Figures 5.2 and 5.3. We observe that the localization error as a function
of distance from the true anchors �rst increasesand then decreases.This trend can be
explainedby the fact that as the distancebetweenunlocalizednodesand the true anchors
increases,each unlocalized node can receive range estimatesfrom a larger set of localized
nodes, resulting in the decreaseof localization error. As in the one-dimensionalcase,the
approximate CRLB based on the equivalent range error model| that assumesunbiased
location estimates| predicts that the propagationof error is o�set due to the availabilit y of
an increasingnumber of rangeestimates.

Figure 5.9(a) comparesthe three estimation approachesin terms of the averagelocalization
error asa function of the distancefrom true anchors,averagedover a largenumber of realiza-
tions of unlocalizednode locations,assumingfull connectivity. We seethat the performance
of the sequential approach is predicted to be superior to those of the fully distributed and
centralized approaches,as the distancefrom true anchors increases.This is contrary to the
expected trend, as the centralized approach should outperform the sequential approach in
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Figure 5.8: The areaof interest is an L � L region,L = 50meters. N = 36unlocalizednodes
areuniformly (randomly) distributed over this region. The unlocalizednodes,i = 1; 2; � � � ; N
are sorted with increasingdistancefrom the centroid of anchors. (a) The localization error
versussorted node index, and (b) the 99% error ellipsescorresponding to the sequential
CRLB.

terms of averagelocalization accuracy. As we will �nd in the following sections,the cen-
tralized estimation in practice doesoutperform the sequential approach, and this highlights
the inabilit y of the equivalent rangeerror model to accuratelydescribe the behavior of error
propagation. As discussedin Section 5.5, the counter-intuitiv e behavior predicted by the
equivalent rangeerror model for anchor position errorsgivesus someimportant insights into
the factors causingthe propagation of localization error.

Figure 5.9(b) comparesthe CRLB for centralized and sequential estimation with full and
partial connectivity. We seethat as the extent of connectivity decreases,the localization
accuracyof both methods degrades.In the following section,we comparethe performance
of practical centralized and sequential location estimators.

5.4 Practical Centralized and Distributed Solvers

The most popular centralized location estimation approachesarebasedon multi-dimensional
scaling(MDS) [6], [78]. However, the useof classicalMDS [6] (i) requiresfull network con-
nectivity and (ii) requiresvery accuraterangeinformation. In caseswherefull connectivity
is not available, the sum of hop distancescan be assumed[6] to be the distance between
two nodes. This results in considerabledegradation in localization accuracy. As a result,
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Figure 5.9: L = 50, N = 36. K E = 0:001, Full Connectivity. The area of interest is an
L � L region,L = 50 meters. N = 36 unlocalizednodesare randomly (uniformly) dispersed
over the area of interest. Localization Error versusdistanceaveragedover a large number
of realizationsof the locationsof nodes. The value of K E usedin this simulation was 0.001.
(a) Full connectivity, (b) Centralized and sequential estimators,full and partial connectivity
with Rmax = 30 meters.
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Figure 5.10: Comparisonof sequential and centralized location estimators: (a) K E = 0:001,
Full connectivity, (b) K E = 0:001, Partial connectivity with Rmax = 40 meters. The area
of interest is an L � L region, L = 50 meters. N = 36 unlocalized nodes are randomly
(uniformly) dispersedover the area of interest. In the above �gures, methods labeled \C"
are centralized solutions, whereasmethods labeled\D" are distributed methods.

MDS estimateshave beenusedas initial solutions for iterativ e re�nement [6] yielding good
results. A brief description of the basicMDS method is provided in Appendix 5B.

We comparethe performanceof sequential distributed solvers basedon the estimators de-
tailed in Chapter 4, with a centralized solver based on the Levenberg-Marquardt (LM)
iteration discussedin Chapter 4. The LM iterativ e method \LM (C)" method is applied to
the following non-linear minimization problem:

min � (X ) =
X

i;j

cij (kx i � x j k � r ij )2 : (5.29)

whereX is de�ned in (5.4), and cij 2 f 0; 1g represents the absenceor presenceof connectivity
between nodes i and j . The details of the LM iteration can be found in Section 3.6. As
discussedin Chapter 4, the performanceof iterativ e estimation schemes,in general,depends
on the choice of initial solution. Figures 5.10(a) and 5.10(b) comparethe performanceof
sequential distributed schemeswith the LM (C) iteration usingvarious initial solutions(IS).

In Figure 5.10(a), the performanceof the centralized LM estimator using random or MDS-
basedinitial estimatesis very poor comparedto the casewith estimatesfrom a sequential
approach. It must be pointed out that MDS cannot be usedunlessfull connectivity is as-
sumed.We seethat the performanceof centralized LM method with sequential LS estimates
is much better than with MDS estimatesas initial solutions. However, we also note that
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Figure 5.11: The true locationsof N = 36nodesaredenotedby the reddots. The centralized-
LM estimatesaredenotedby circles,and the sequential distributed LS estimatesaredenoted
by squares.Weseethat the LM iteration helpsdrive the estimatescloserto the true solutions.

the centralized schemethat usessequential distributed estimatesasthe initial solution2 pro-
videsconsiderableperformancegainsrelative to the sequential distributed schemes(Figures
5.10(a) and 5.10(b)). Thus, centralized iteration using additional range estimatesbetween
unlocalized nodes can considerably improve average localization accuracy relative to dis-
tributed sequential approaches. Figure 5.11 illustrates an exampleof the location estimates
obtained using the distributed LS and the centralized-LM iteration on the distributed LS
estimates. We seethat the centralized iteration drives the location-estimatescloserto the
true locations thereby reducing the localization error.

Figure 5.10(b)comparesthe performanceof the distributed and centralized approacheswhen
unlocalized nodes have connectivity with other nodes that are within a radius Rmax = 40
meters. While the performanceof both estimation approaches degradesas the extent of
connectivity goesdown, centralized estimation is morerobust to decreasein connectivity than
distributed estimation. The observations madeabove with practical estimatorsare contrary
to those predicted in Section 5.3, where, basedon the approximate CRLB developed for
anchor position errors, the sequential approach was expected to outperform the centralized
approach. In the following section, we examinethe accuracyof the equivalent range error
model and the impact of geometryon the propagation of localization error.

2The sequential estimates can be computed in a centralized manner for an initial solution, prior to the
LM iteration.
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Figure 5.12: (a) Comparisonof the performanceof LS and LM Sequential estimators with
and without the equivalent rangemodel, (b) Comparisonof the simulated performanceof LS
and LM Sequential estimatorswith and the casewith equivalent unbiasedGaussiananchor
position errors. The value of K E = 1 � 10� 3.

5.5 CRLB, Geometry , and Design Implications

In chapter 4, the CRLB for location estimation using unbiased Gaussianrange estimates
and exact anchor location-estimateswas derived. The trends displayed by the CRLB were
seento be similar to the trends shown by practical estimators in terms of the impact of
geometry, number of range estimates,and the variancesof range estimates. However, the
approximate CRLB for sequential location estimation derived in Section5.3predicts that the
increasednumber of rangeestimatesfrom nodesthat have estimated their locations causes
the localization error not to diverge(Figure 5.9) asthe distancefrom true anchors increases,
while this e�ect was not observed with the practical estimatorsdiscussedin Section5.4.

The derivation of the approximate CRLB usedthe equivalent rangeerror model for anchor
position errors due to the intractabilit y of the exact CRLB that combines the e�ects of
both rangeerrors and anchor position errors simultaneously. One of the key assumptionsin
this derivation was that the anchor position errors wereunbiasedand Gaussiandistributed.
Figure 5.12(a)showsthe performanceof the practical sequential methodswhenthe equivalent
range model is used to replacethe anchor position errors. The anchor position errors are
replacedby equivalent Gaussianrangeerrors using (5.19). We seethat when this model is
applied, the trends displayed by practical estimators are similar to those displayed by the
approximate CRLB, and the localization error doesnot increase.
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This suggeststhat the disparity betweentrends observed with the approximate CRLB and
practical estimators arisesdue to the inabilit y of the equivalent range errors to accurately
model anchor position errors obtained when practical estimators are used. An explanation
for this disparity is that when practical estimatorsare used,the coordinatesof the location
estimatesare not necessarilyunbiased or Gaussian,as seenin Figure 3.9. This explana-
tion gains further credibility through Figure 5.12(b), where the simulated performanceof
the sequential LS and LM estimators is comparedwith the casewhere the actual anchor
position errorsare replacedby zero-meanGaussianrandom variablesthat producethe same
localization error. We seethat the averagelocalization error with the zero-meanGaussian
anchor position errors is similar to that predicted by the equivalent range error model in
Figure 5.12(a), and tends to convergewith increasingdistancefrom the true anchors. Thus,
a key factor that determinesthe propagationof localization error in practical sequential ap-
proachesis the bias in location estimatesobtained through practical estimators. Therefore,
a potential meansof containing the propagation of localization error is to use estimators
that producelocation estimatesthat areunbiased,alongwith an increasingnumber of range
estimatesas the distance to the true anchors increases. Finally, we may conjecture that
if the exact CRLB with both range and anchor position errors were computed, the trends
would be similar to the practical estimators discussed,and would be outperformed by the
centralized case.

5.5.1 Impact of geometry

It was seenin Section 5.2.2 that even when a centralized estimation approach is used, the
averagelocalization error in the ad hoc network architecture increaseswith distancefrom the
true anchors (Figure 5.3(a)). This suggeststhat the inherent geometryof nodes in ad hoc
network architecture and the propagationof localization error may becorrelated. In order to
demonstratethat geometryplaysa signi�cant role in dictating the propagationof localization
error, considerthe examplesshown in Figures 5.13(a) and 5.13(b). Figure 5.13(a) presents
scenario1 (S1), where the unlocalized nodes are located at f (iR ; 0)g, i = 0; 1; 2; � � � , and
the anchor nodesare located at f (� R; 0)g [ f (iR ; � R)g, i = 0; 1; 2; � � � . The transmission
radius Rmax is selectedsuch that the i th unlocalized node can estimate its location based
on using rangeand location estimatesfrom two anchors at f (iR ; � R)g and unlocalizednode
(i � 1). Figure 5.13(b) presents scenario2 (S1) which is identical to scenario1, exceptfor an
improvement in geometricaldilution of precisionof anchors at each unlocalizednode. The
LS estimator wasusedto sequentially estimate the locationsof unlocalizednodes,assuming
unbiasedGaussianrangeestimates.Figure 5.13(c)shows the simulated LS localization error
for the two scenarios.We seethat the improvement in geometrycan result in the di�erence
betweenthe convergenceand divergenceof the localization error.

The impact of geometryin the ad hoc network architecture is further demonstratedin Figure
5.14. In Figure 5.14(a), M = 8 anchor nodesare placed in a small region outside the area
of interest. In this case,as we have seenin Figure 5.10, the use of sequential estimation
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Figure 5.13: (a) Scenario1 (S1) Here,unlocalizednodesare locatedon the x-axis at x = iR ,
i � 0, R = 10 meters, and anchor nodes are located at (iR ; � R) and (� R; 0). The node
transmissionradius Rmax = 12 meters. (b) Scenario2 (S2) In this case,unlocalizedanchor
nodesare located at (iR ; R), (iR + � ; � R), i � 0 and (� R; 0), � = 2 meters. (c) The mean
and standard deviation of the simulated LS localization error (in meter2) as a function of
the unlocalizednode index i for scenariosS1 and S2. Here,K E = 1 � 10� 4.
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Figure 5.14: (a) Case 1 (C1) In this case,M = 8 anchor nodes are placed in a small
area located outside the L � L area of interest, where L = 50 meters, (b) Case2 (C2)4
anchor nodesof the 8 anchor nodesin C1 are moved to the cornersof the area of interest,
(c) the averageroot localization error (meters) for casesC1 and C2 using a sequential LS
estimator, with N = 36 unlocalized nodes uniformly distributed over the area of interest,
partial connectivity with Rmax = 40 meters,and K E = 0:001.



151

approaches results in the propagation of error. However, if 4 of the 8 anchor nodes are
moved to the cornersof the area of interest, as in Figure 5.14(b), the resulting geometry
of anchors results in lower geometricdilution of precision for unlocalized nodeswithin the
areaof interest. As seenin Figure 5.14(c), even with partial connectivity, this changein the
geometry considerablymitigates the propagation of error. Thus, the propagation of error
resulting from sequential location estimation can be considerablymitigated by distributing
the locations of a su�cien t number of anchors around the areaof interest in a manner that
ensuresa low geometricdilution of precision.

5.5.2 Limits on the Area of Propagating Lo cation Information

In the previoussubsection,we saw the inherent geometryof the ad hoc network architecture
results in the propagation of localization error when practical sequential estimators are ap-
plied. The most signi�cant implication of the propagationof localization error to the design
of ad hoc PoLoNetsis that for a target localization accuracy, the areaover which the desired
localization accuracy can be guaranteed is limited. For instance, let us assumethat the
desiredaverageroot localization error (in meters) is speci�ed as 
 0 = 2 meters. Further,
supposethat N = 36 unlocalizednodesare uniformly (randomly) distributed over the area
of interest, which is an L � L region, whereL = 50 meters. AssumingK E = 0:001, full con-
nectivity, LOS links, and that the sequential LS estimator is used,then from Figure 5.15(a),
the averagedistance ~L from the centroid of true anchors at which 
 0 can be maintained is
approximately ~LLS = 20 meters. If the dimensionof the areaof interest L is larger than ~L,
then the averagelocalization error in someregionsof the areaof interest will be larger than
desired.

As is evident from Figure 5.15(a), two ways of expanding the area over which the desired
localization accuracy can be guaranteed are (i) using a superior location estimator, (ii)
increasingnode density, and/or (iii) increasingtransmit power. We seethat if the sequential
LS estimator is replacedby the sequential WLS estimator, while �xing N and the other
parameters,the value of ~LW LS � 40 meters. IncreasingN from 36 to 72 while keepingL
�xed further improvesperformance: ~LLS � 30 metersand ~LW LS � 60 meters.

In Figure 5.15(b), we seethat connectivity plays an important role in determining ~L. We see
that if Rmax denotesthe transmissionradius, the averagelocalization error increasessharply
after a distance � Rmax from the true anchors. For this value of Rmax , the value of ~LW LS

decreasesfrom 40 metersto 30 meterswhenN = 36, and from 60 metersto 35 meterswhen
N = 72.

Basedon the observations in Figures5.15(a)and 5.15(b), we canderive linear modelsfor the
propagationof localization error, and its impact of the areaover which a desiredlocalization
accuracycan be ensured.The log localization accuracy(in terms of the localization error or
root localization error) can be modeled as linear function of ~L as shown in Figure 5.15(c).
From Figure 5.15(a), we seethat the slope of the log localization accuracyis approximately
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Figure 5.15: Modeling of the propagation of localization error in ad hoc scenarioswith
practical sequential estimators: (a) sequential LS and WLS estimatorswith full connectivity
and di�erent node densities, (b) sequential WLS estimator with partial connectivity and
di�erent node densities,(c) Linear models for log localization accuracy.
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the sameacrossthe discussedsequential estimators. In the absenceof full connectivity,
we seefrom Figure 5.15(b) that the slope of the log localization accuracy increaseswhen
~L . Rmax . For such cases,a two-slope linear model for the log localization accuracycan be
usedas shown in Figure 5.15(c).

From the aboveobservationswecanenumeratevariousways of increasingthe areaover which
the desired localization accuracy can be guaranteed when sequential estimation is used:
(i) improving range accuracy, (ii) using a superior (and possibly more complex) location
estimator, (iii) increasingnode density, (iv) increasingtransmit power, (v) improving the
geometryof anchor nodes,(vi) usingmethods to mitigate the propagationof error (discussed
in the following section). Using the listed methods, if the desiredlocalization accuracystill
cannot be guaranteed over the entire region of interest, then switching to a centralized
estimation approach may be consideredas shown in Figure 5.15(c).

In the discussionof the propagation of localization error thus far, the links betweennodes
were assumedto be LOS in nature. The propagation of localization error is likely to exac-
erbate in the presenceof NLOS links. In the following section, we discussa novel method
of mitigating the propagationof localization error, especially in NLOS propagationenviron-
ments.

5.6 Multi-hop range-based propagation of error miti-
gation

The propagationof error problem and its mitigation are discussedin [75], and brie
y in [76].
In [75], radio implementation constraints on the maximum angle-of-arrival errors and range
measurement errors from one-hopneighbors of a given node are usedto constrain the set of
possiblelocations for the node. In [76] the covariancematrix of the anchor position errors is
relayed from node to node to provide a better estimateof the weighting matrix in the WLS
formulation.

In the previous section, we saw that the extent of connectivity plays an important role in
the propagation of error. We observed that with both centralized and sequential modesof
estimation, as the extent of connectivity decreases,the localization error increases.Further,
the rangeestimateswereassumedto unbiased,implying LOS links betweennodes. In NLOS
environments, the propagation of error can be considerablyexacerbateddue to the biased
nature of NLOS rangeestimates.

We found previously that the biasednature of location estimators contributed signi�cantly
to the propagation of error. As shown in Chapter 4, the e�ects of bias can be limited by
constraining the feasibleregion for location-estimates. In this section, we proposesuch a
meansof partially mitigating the propagation of error, that incorporates (i) the possible
NLOS nature of range estimates, and (ii) partial connectivity. This method usesNLOS
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Figure 5.16: (a) Illustration of the use of two-hop distancesto provide bounds on node
distance,(b) Illustration of boundsin the multi-hop case.

range estimatesand multi-hop distancesbetween two nodes to bound the possibleset of
node locations. No angle-of-arrival information is assumed.Considerthe scenarioillustrated
in Figure 5.16(a). Here, the unlocalizednode can obtain range estimatesfrom its one-hop
localized neighbor A, but not from its two-hop localized neighbor B. However, A and B
are one-hop neighbors, and A can estimate the distance between itself and B. We shall
demonstrate that the range estimates from two-hop localized neighbor B can be used to
constrain the location of the unlocalizednode.

In Figure 5.16(a), if kx � xA k = a, kxA � xB k = b, and kx � xB k = c, we seethat

c2 = a2 + b2 � 2abcos� :

From the above equation (or the Triangle inequality),

c � a + b;

with equality achieved when � = � . This implies that when anchor nodes A and B are
collinear, the sum of the distancesa and b is alsoequal to the distancebetweenanchor node
B and the unlocalized node. Otherwise, the sum of the distancesa and b is always larger
than the true distancebetweennode B and the unlocalizednode. This implies that we can
bound the location of the unlocalized node using the sum of single-hopdistancesfrom an
anchor node to the unlocalized node. We can ensurethat the unlocalized node lies within
this distancebetweenusing a multiplicativ e factor � > 1:

c < � (a + b):
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The factor � alsomakesthe boundsrobust in the presenceof rangemeasurement noiseand
anchor position errors. The above upper bound becomestighter asthe angle� increasesand
tends toward � . The above result can further be extendedto the generalmultiple two-hop
localizedanchors caseas follows: If x j is the location of an anchor, then the location of an
unlocalizednode at x i , and cij = 0 (i.e., node i and node j are not one-hopneighbors), then

kx i � x j k � Rik + Rkj ; cij = 0; cik = 1; ckj = 1; (5.30)

where cmn are elements of the network connectivity matrix. This can also be extendedto
the three-hopcase:

kx i � x j k � Rik + Rkl + Rl j ; cij = 0; cik = 1; ckl = 1; cl j =1 ;

) kx i � x j k < � (Rik + Rkl + Rl j ) ; cij = 0; cik = 1; ckl = 1; cl j =1 ; � > 1: (5.31)

The above bound is illustrated in Figure 5.16(b). Each of the constraints in (5.31) can be
usedto createa feasibleregion for the estimateof the unlocalizednode in order to limit the
propagation of error. The number of constraints can be increasedby using distance con-
straints over a larger number of hops, which further reducesthe sizeof the feasibleregion.
The gains achieved by increasingthe number of constraints comeat the price of computa-
tional complexity. Figure 5.17comparesthe performanceof the sequential LS estimator with
the sequential LP approach assumingLOS links, whereN = 36, M = 5 and L = 50 meters.
We seethat the LP approach can provide gains in localization accuracy: the distancefrom
the true increasesat which an averageroot localization error 
 0 = 2 meterscan be provided
increasesfrom ~LLS = 20 metersto ~LLP = 30 meters.

However, the main advantage of the discussedsequential LP scheme is in NLOS environ-
ments. We seethat the constraints in (5.31) are similar to the NLOS constraints discussed
in Chapter 4. This implies that the above constraints can be linearized as seenin Section
4.7.2, and combined with the NLOS constraints in the linear-programformulated in Sections
4.7.3, constraining the feasibleregion for a given node's location. The increasein compu-
tational complexity is due to the increasein the number of constraints. This results in the
straightforward formulation of a sequential-LP schemethat usesLOS rangeinformation from
available localized nodes to de�ne the objective function and constraints, with NLOS and
multi-hop constraints de�ning the feasibleregion.

Figure 5.18 comparesthe performanceof the sequential distributed LS method with the
sequential-LP method that usestwo-hop constraints on a node's location. The simulation
parametersare the sameas thoseusedin Figure 5.10, with partial connectivity, Rmax = 30
meters,and the probability that a given link is NLOS is p. Only two-hop constraints were
consideredin the formulation of the sequential-LP, and the sequential-LS estimator usesonly
LOS rangeestimates.We seethat asp increases,the localization accuracydegrades,and the
advantageof the sequential-LP schemeover the sequential-LS schemeprogressively increases.
When p = 0:1, the averagedistancefrom the true anchors at which a root localization error

 0 = 2 meterscan be achieved, increasesfrom ~LLS = 15 meters to ~LLP = 25 meters. The
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Figure 5.17: Gains in the average root localization error when the LP-based mitigation
scheme is applied with all LOS range estimates. Here, N = 36, M = 5, L = 50 meters,
K E = 0:001. Full connectivity is assumed.
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error for a small number of nodes is large, as the links to the true anchors may be NLOS,
and only a small number of LOS rangeestimatesmay be available. Thus, in order to prevent
large localization error, LOS links betweenthe true anchorsand nearby referencenodesneed
to ensured.

5.7 Conclusions

In this chapter, we presented an in-depth study of the propagation of error problem when
sequential estimation, which achievesa trade-o� betweenlocalization accuracyand commu-
nication cost vis-a-vis the fully distributed and centralized approaches,is usedin an ad hoc
network architecture. The propagationof error in sequential location-estimationrestricts the
areaof the regionover which a desiredaveragelocalization accuracycan be achieved. It was
found that the geometryof anchors and the bias resulting from the useof practical estima-
tors were important factors contributing the propagation of error. We discussedthe various
ways of increasingthe area over which the desiredlocalization accuracycan be guaranteed
when sequential estimation is used: (i) improving rangemeasurement accuracy, (ii) using a
superior (with minimal bias) location estimator, (iii) increasingnode density, (iv) increasing
transmit power, (v) improving the geometryof anchor nodes,(vi) usingmethods to mitigate
the propagationof error. A novel method of mitigating the propagationof localization error
basedon linear-programming that incorporates NLOS range estimateswas proposed. In
the following chapter, we present measurement results that evaluate the performanceof the
proposedmethod in mitigating the propagation of error.
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5.8 App endix 5A: CRLB for Centralized Lo cation-
Estimation

The vector of parametersto be estimated is

X =
�

x1 y1 x2 y2 � � � xN yN
� T
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The given set of rangeestimatesR can be cast into the vector 
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where
 ij is the available rangeestimatebetweennodesi and j . The entries of the (2N � 2N )
Fisher information matrix are given by
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0 otherwise;

= I 2i; 2j � 1 = I 2j � 1;2i = I 2j; 2i � 1: (5.32)
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From the above result, it is straightforward to show that the total localization error is given
by:


 t =
NX

i =1

E
�

kx i � x̂ i k2
	

= Tr
�
I � 1

�

The CRLB for the location of the kth unlocalizednode is given by

Cx l �
�

Jl � 1; l � 1 Jl � 1; l

Jl ; l � 1 Jl ; l

�
; (5.33)

whereJ = I � 1.

5.9 App endix 5B: Multi-Dimensional Scaling (MDS)

Multi-Dimensional Scaling (MDS) is used to provide a visualization of entities, given the
distancemetric for every pair of entities. Given N nodes,with the N � N distancematrix
D = f � ij g, MDS attempts to estimatex i that minimizesa \stress function", which is de�ned
as:

S =
X

i;j

h
� 2

ij � (x i � x j )
T (x i � x j )

i
: (5.34)

It is useful to make a few observations basedon the above de�nition: (i) the optimization is
basedon the squaresof the distancemeasures� ij and not the distancemeasuresthemselves,
(ii) all distancemeasuresare weighted equally, (iii) the distancemeasurebetweenevery pair
of entities is required. A weighted form of MDS requires the use of majorizing functions,
such as the one formulated in [78].

The basic MDS method usesthe matrix of squareddistance measuresD (2) = f � 2
ij g, and

performs a processcalled \double-centering" to obtain the matrix B = XX T , where the
N � N matrix X is an N dimensionalrepresentation of the N entities:

B = �
1
2

JD (2) J; J = I N � N �
1
N

1T 1: (5.35)

OnceB is obtained, the matrix X can be extracted using singular value decomposition (or
eigenvalue decomposition):

B = U� U T = XX T ) X = U�
1
2 : (5.36)

The columns of X (sorted basedon decreasingmagnitude of eigenvalues) beyond two (or
three) dimensionsare discarded,allowing X to be visualized.



Chapter 6

Measuremen t Results

6.1 In tro duction

In chapter 4, we proposedand analyzedNLOS identi�cation and mitigation methods, while
in chapter 5, we studied the e�ects of the propagationof localization error and techniquesfor
its mitigation. The e�cacy of the proposedmethods wasdemonstratedthrough simulations
with the range error models discussedin Chapter 2. In this chapter, we present indoor
measurement resultsthat (a) demonstratethat UWB PoLoNetshave the potential to achieve
practical target localization accuracies(� 1 meter2 for the target applications discussed
in Chapter 1), and (b) evaluate the e�cacy of the proposedNLOS identi�cation, NLOS
mitigation, propagation of error mitigation algorithms, and the use of Kalman smoothing
techniquesin practical scenarios.

This chapter is organizedasfollows: in Section6.2, we present details of the setupemployed
for recording measurements that are usedto evaluate the performanceof the proposedal-
gorithms. The evaluation of the NLOS identi�cation and mitigation algorithms, as well as
propagation of error mitigation methods are discussedin Section 6.3. The key �ndings in
this chapter are summarizedin Section6.4.

Previous Work included in this chapter : Kalman smoothing for location estimatesin
cellular networks hasbeenstudied in [29].

Original Con tributions in this chapter:

� A complete evaluation of the performanceof an indoor UWB PoLoNet basedon
measurements.

� Validation of the proposedNLOS identi�cation, NLOS mitigation, and propagation
of error mitigation algorithms through measurement results [26].

160
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6.2 Measuremen t Setup

The schematic in Figure 6.1(a) shows the 
o or plan and the measurement locations, which
comprise N = 71 measurement points in the mobile's tra jectory, and NA = 18 anchor
locations as shown in Figure 6.1(c). Thesemeasurements were conducted in the corridors
of the 4th 
o or of Durham Hall, Virginia Tech. The measurement locations in the mobile's
tra jectory wereseparatedby approximately 1.2 meters. The received signal at each of these
points from the transmitter placed at di�erent anchor locations was measured,provided
the signal could be captured. A Bicone antenna (seeFigure 6.1(b)) connectedto a 30 ps
pulse generatorwas usedas the transmitter, and the receiver consistedof a secondBicone
antenna connectedto a digital sampling oscilloscope that was triggered by the pulser. The
pulse repetition frequencywas set at 200 KHz, and the e�ective sampling frequencyof the
oscilloscope at 20 GHz. The averagedreceived signalsfrom the oscilloscope were extracted,
and subsequently bandpass-�ltered with lower and upper cuto�s of 3.1 GHz and 10.6 GHz
respectively. For each measurement location, the state of the channel (LOS or NLOS) was
noted. The \soft NLOS" cases,where the LOS path was present albeit attenuated, were
classi�ed as LOS scenarios(cf. Section 2.2.4), as the TOA of the �rst path can still be
estimated.

The distancebetweena given point in the mobile's tra jectory and a given anchor was esti-
mated using the corresponding received signal, if available. The rangeestimation algorithm
was basedon energy thresholding discussedin Section 2.4, with a threshold � = 36. The
rangeestimation method was calibrated using a referencemeasurement taken at a distance
d0 = 1 meter. For each mobile measurement location, basedon the rangeestimatesobtained
from the set of available anchors, the location can be estimatedusing a variety of methods.
Theselocation estimatescan then be comparedto the physically measuredlocation of the
receive antenna. The errors arising from the physical measurement and placement of the
Biconeantennasare expectedto be limited to within � 5 centimeters.

Due to the nature of measurement locations, the total number of LOS range estimates
was approximately three times the total number of NLOS range estimates,i.e., pL = 0:75,
pN = 0:25. It must be pointed out that the probability of NLOS links betweennodescan
be signi�cantly higher in indoor scenarios. In the following subsections,we demonstrate
the e�cacy of the NLOS identi�cation, NLOS and propagation of error mitigation schemes
through measurement results.

6.3 Measuremen t Results

In this section,wepresent an evaluation of the e�cacy of NLOS identi�cation, NLOS mitiga-
tion, and propagationof error mitigation methods. In order to demonstratethe utilit y of the
proposedalgorithms, and the impact of NLOS rangeinformation in particular, we compare
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Figure 6.1: (a) Floor-plan [1] of 4th 
o or, Durham Hall, Virginia Tech, (b) photograph of
measurement setupcomprisingBiconeantennas,oscilloscope and pulser,and (c) the relative
placement of anchor and mobile locations. The axes in (c) correspond to the x and y
coordinates in feet.
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the following localization methods: (a) the least-squares(LS) estimator discussedin Chap-
ter 3, retaining only LOS rangeestimatesand discardingNLOS rangeestimatesafter chan-
nel state identi�cation when more than two LOS range estimatesare available (\LS-(Pure
LOS)"), (b) the LS estimator incorporating all available range estimates without distin-
guishingbetweenLOS and NLOS rangeestimates(\LS-(LOS+NLOS)") and (c) the linear-
programming (LP) approaches discussedin Chapter 4, that treat LOS and NLOS range
estimatesdi�erently following channelstate identi�cation (\LP-basic" and \LP-extended").
The LS-(Pure LOS) method is identical to the LS-(LOS+NLOS) method when fewer than
three LOS rangeestimatesare available.

As discussedin Chapter 4, the LS-(Pure LOS) method essentially represents a conservative
location-estimation method, sinceNLOS range estimatesare discardedas they are known
to be biased. The LS-(LOS+NLOS) method represents a \blind" approach, as all range
estimates,unbiasedor biased,are directly incorporated into the least-squaresformulation.
The LP-basedmethods utilize LOS rangeestimatesin a way similar to the LS-(Pure LOS)
method, but utilize NLOS range estimates to create a feasible region for potential solu-
tions [27, 28], thereby resulting in the \soft-activation" of NLOS range information. These
localization methods are comparedin terms of the \ro ot localization error" (in meters), de-
�ned asthe Euclideandistancebetweenthe true and estimatedlocationsof the mobile. For
all three cases,if an estimate cannot be computed due to insu�cien t range estimates,the
location-estimateis set to the previous location-estimate.

We begin by evaluating the performanceof the LS and LP-basedestimatorswhen \p erfect"
(recorded) channel state information is available. We then apply the NLOS identi�cation
methods discussedin Chapter 4 to examinethe e�cacy of the proposedmethods.

6.3.1 Lo calization Accuracy using Perfect Channel State Informa-
tion

Figure 6.2 comparesthe location estimatesof the LS and LP approaches with the phys-
ically measurednode locations. The estimates obtained using the LS-(Pure LOS), LS-
(LOS+NLOS), LP-basicand LP-extendedmethods are respectively shown in Figures6.2(a),
6.2(b), 6.2(c), and 6.2(d) respectively. The LP-basedmethods clearly outperform the LS-
basedmethods, and the trends predicted by (4.36) are observed.

Figure 6.3 comparesthe performanceof the LS and LP-basedmethods in terms of the root
localization error (meters) versusthe index of the mobile'smeasurement location. The time-
averagedroot localization error valuesare also shown. The time-averagedroot localization
error obtained using the LP-extended method is approximately 0.49 meters. The relative
gainsof the LP-extendedmethod over the LS-(Pure LOS), LS-(LOS+NLOS), and LP-basic
methods in terms of the time-averagedroot localization error are 282%444%,and 6.15%
respectively.
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Figure 6.2: Physically measuredmobile locations,and location estimatesobtained using (a)
LS-(Pure LOS) Estimator, (b) LS-(LOS+NLOS) Estimator, (c) LP-Basic Estimator, (d)
LP-Extended Estimator. The anchor locations are alsoshown in each of the �gures.
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Figure 6.3: The root localization error (in meters) obtained using (a) LS-basedmethods,
and (b) LP-basedmethods. The time-averagedroot localization error is also shown for all
cases.

From Figure 6.3(b), we seethat there is considerable
uctuation in the root localization
error versusthe mobile'smeasurement location. This 
uctuation can be reducedby Kalman
smoothing, which may alsohelp improve the localization accuracyin somescenarios.Kalman
smoothing applied to mobile location estimation relieson a motion model and previousloca-
tion estimatesto reducelarge-scalevariations in current mobile location estimates.Kalman
smoothing haspreviously beenapplied to cellular location tracking [29] and UWB localiza-
tion systems[79]. The detailed derivation of the Kalman smoothing method that can be
applied to mobile location estimation is presented in Appendix 6A.

Figure 6.4 comparesthe root localization error with and without Kalman smoothing applied
to LP-extended location estimates. We seethat although Kalman smoothing improves lo-
calization accuracyin somemobile locations, there is partial degradationin the localization
accuracyat other locations. The gain of applying Kalman smoothing in terms of the time-
averagedroot localization error is 4.5%. As we shall discussin Chapter 9, power-control
schemescan alsobe usedto reducethe 
uctuation in localization accuracy.

6.3.2 Lo calization Accuracy with Channel Iden ti�cation

The channel identi�cation methods discussedin Chapter 4 are based on received signal
statistics such asthe RMS delay spreadand the number of signi�cant multipath components.
Figure 6.5 shows the empirical histograms of the RMS delay spread and the number of
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Figure 6.4: Impact of Kalman smoothing: (a) Kalman-smoothed LP-extended location es-
timates (cf. Figure 6.2(d)), (b) comparisonof the root localization error (in meters) of
LP-Extended location estimateswith and without Kalman smoothing.

signi�cant1 multipath components corresponding to LOS and NLOS range measurements.
As expected, we seethat the RMS delay spreadand the number of signi�cant multipath
components for NLOS propagation scenariosare, with high probability, much larger than
the corresponding LOS scenarios.

In the following, we comparethe performanceof the LS-(Pure LOS), LS-(LOS+NLOS) and
LP-extended estimators when channel state estimation through the hypothesis-testingof
the RMS delay spreadis applied. A threshold T = 9:5 nanosecondswasusedfor hypothesis
testing the RMS delay spread.As before,we seethat the LP-extendedmethod outperforms
both the LS-(Pure LOS) and LS-(LOS+NLOS) methods in terms of localization accuracy.
Figures 6.6(a) and 6.6(b) compare the number of LOS and NLOS estimates respectively
observed during measurement and estimated using the RMS delay spread. The total prob-
abilit y of error Pe in channel state estimation was found to be approximately 9% using the
RMS delay spreadestimate. It was veri�ed that Pe drops to approximately 5% when both
the RMS delay spreadand the number of signi�cant multipath components (with a threshold
Tp = 50) are usedfor joint hypothesistesting.

Figures 6.7(a) and 6.7(b) comparethe root localization error (in meters) achieved by the
three methods, with (a) \p erfect" channelstate information, and (b) channelstate estimates
basedon hypothesis-testingof the RMS delay spread. We seethat the useof channel state
estimatesbasedon RMS delay spreadresults in negligible degradation in the localization

1The amplitude threshold employed here was 20 dB.
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Figure 6.5: Measureddelay spreadstatistics: histogramsof (a) the RMS delay spread,and
(b) a) the number of signi�cant multipath components, corresponding to LOS and NLOS
scenarios.
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Figure 6.6: Number of (a) LOS and (b) NLOS rangeestimatesfor di�erent mobile location
observed usingmeasurements and through channelstate estimation usingRMS delay spread
hypothesis-testing.
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Figure 6.7: Root localization error (meters) versusmobile location index obtained using
di�erent methods when (a) perfect channel state information is available, and (b) when the
channel state information is estimated from the RMS delay spread.

error, when compared to the casewith perfect channel state information. For instance,
the performancedegradation in terms of the time-averagedroot localization error for the
LS-(Pure LOS) and LP-extended methods are 1.4% and 5.7% respectively. We further
note that after channel state identi�cation, the time-averagedlocalization error for the LS-
(LOS+NLOS), LS-(Pure LOS) and LP-extendedmethods are approximately 2.71,1.90and
0.50metersrespectively. This suggeststhat while channelstate identi�cation followedby the
discarding of NLOS rangeestimatesimproves localization accuracywhen the LS estimator
is used,channel state identi�cation followed by the appropriate utilization of NLOS range
estimation is more bene�cial.

In summary, these measurement results indicate that from the perspective of localization
accuracy(i) NLOS identi�cation can prove bene�cial, as treating the NLOS rangeestimates
di�erently from LOS rangeestimatescan result in considerablereduction in the localization
error, and (ii) the delay-spreadstatistics can be usedsuccessfullyfor NLOS identi�cation in
indoor UWB localization applications.

6.3.3 Propagation of Lo calization Error

In this section,we quantify usingmeasurements, the extent of the propagationof error when
sequential location estimation is applied,and demonstratethe e�cacy of the error mitigation
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algorithm discussedin Section5.6. In order to utilize the availablemeasurements to quantify
the propagation of error with sequential location estimation, the locations of the transmit
antenna are no longer consideredas points in the \mobile tra jectory", but as the locations
of unlocalizednodes. Therefore, in this case,we have N = 71 unlocalizednodeswithin the
areaof interest, and their locationsaresequentially estimated,starting with the node closest
to the origin.

In our measurement setup, the transmitter was placed at one of N = 71 measurement
locations, and the receiver at various anchor locations. Evidently, the main issue with
using the available measurements for sequential location estimation, is the lack of range
estimatesbetween unlocalized nodes. In order to quantify the extent of the propagation
of error in sequential location estimation, range estimatesbetween transmit locations are
required. Since these measurements are not available, we generaterange estimatesbased
on the statistical models discussedin chapter 2, using the parameterslisted in Table 2.1.
Speci�cally, LOS range estimatesare modeled as unbiasedGaussianestimatesof the true
distances,and NLOS range estimatesas unbiasedGaussianestimatesof the true distance,
superimposedwith an exponentially distributed bias. Further, the probability that a given
link betweenunlocalizednodesis NLOS is denotedby pN LO S, and the transmissionrangeis
denotedby Rmax .

As discussedin Chapter 5, with regard to the availabilit y of anchor nodes, there are two
possibilities: (a) an infrastructure-basednetwork, whererangeestimatesfrom a largenumber
of anchors deployed within the area of interest are available, and (b) an ad hoc network,
where rangeestimatesfrom a few anchors are located closeto the origin are available, and
location-awarenessis sequentially propagatedthrough the network. In order to evaluate the
propagation of error in thesetwo scenarios,we considerthe following cases:

Case I: Sequential Lo calization in Infrastructure-based net works In this case,
range estimates from NA = 18 anchor nodes are assumedto be available at various lo-
cations, and the locations of nodes are sequentially estimated (from index i = 1 through
i = 71) using (a) the LS-(Pure LOS) estimator, and (b) the LP-basic estimator. Figure 6.8
shows the estimatednode locations and the corresponding root localization error of the two
sequential estimatorsas the probability pN LO S is increased.We seethat due to the presence
of anchors within the areaof interest, we do not observe considerablepropagation of error.
This observation validates the analysis of the impact of geometry of available anchors on
the propagation of error discussedin Section 5.5. The LP-basic sequential estimator again
outperforms the LS-(Pure LOS) estimator in terms of averagelocalization accuracy. The
relative gain of using the LP-basedapproach over the LS-basedapproach in terms of average
root localization error is approximately 33%. Further, we seethat as the probability pN LO S

increases,the localization accuracydegrades.However, we note the performanceof the LS-
(Pure LOS) estimator is considerablybetter than in Figure 6.3(a), due to the availabilit y of
a larger number of LOS rangeestimates.
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Figure 6.8: The performanceof sequential estimation when NA = 18 (\Infrastructure-
based") using the LS-(Pure LOS) and LP-basic estimators when (a), (b) pN LO S = 0:1,
and (c), (d) pN LO S = 0:25. The value of Rmax usedhere is 10 meters.



171

Case I I: Sequential Lo calization in Ad hoc net works In this case,NA = 5 anchors
are located around the origin, and the locations of the unlocalizednodesare estimated se-
quentially . Figures 6.9(a) and 6.9(b) illustrate that the localization error in such a scenario
can propagateconsiderably. We seethat the propagation of error can result in large local-
ization error. However, we note that due to the accuracyof LOS rangeestimates,the overall
structure of unlocalizednodesis still maintained, but the orientation of this structure is very
sensitive to changesin the localization error as the distancefrom the anchors increases.

Figures 6.9(c) and 6.9(d) show the performanceof the LP-based propagation mitigation
("`LP-PM"') method discussedin Section5.6that usesboth NLOS rangeestimatesand2-hop
rangeestimatesto bound the location of the unlocalizednode. We seethat the application
of the LP-PM method considerablylimits the propagation of error, and displays signi�cant
gainswhen comparedto the LS-(Pure LOS) method. For instance,when pN LO S = 0:1, the
averageroot localization error decreasesfrom 8.7meterswhenthe LP-basicestimator is used
to 2.4 meterswhen the LP-PM method is utilized. The root localization error achieved by
the LP-PM method is larger than 1 meter, and further constraints can be addedto improve
localization accuracyat the costof computational complexity. In general,asthe local map of
node locations remainsintact, creating a feasibleregion for node locations can considerably
limit the propagation of error by \guiding" the local map to the true locations. Physical
constraints of the areaof interest canbe usedto further reducethe sizeof the feasibleregion.
This exampleemphasizesthe utilit y of optimization methods in ad hoc location estimation.

6.4 Conclusions

In this chapter, we presented results from indoor UWB measurements which demonstrated
the e�cacy of the proposedNLOS identi�cation, NLOS mitigation, and propagation of er-
ror mitigation algorithms. The application of the proposedNLOS identi�cation algorithms
basedon received signal statistics to the available measurements indicated a low probability
of identi�cation error and negligible degradationin localization accuracyrelative to perfect
channel information. The LP-basedNLOS mitigation algorithms proposedin Chapter 4 suc-
cessfullyincorporate NLOS range estimatesinto location estimation, outperform LS-based
location estimators, and allow us to estimate node locations to within a root localization
error of 1 meter. The propagation of localization error was found to be inconsequential
when sequential location estimation is applied to infrastructure-basedPoLoNets due to the
presenceof anchors within the area of interest resulting in superior anchor geometry. On
the other hand, we veri�ed that in ad hoc PoLoNets, there is considerablepropagationof lo-
calization error when sequential estimation approachesare applied. The proposedLP-based
con�nement of a node's location using multi-hop and NLOS range estimateswas found to
considerably limit the propagation of localization error. The inclusion of additional con-
straints and optimization methods can further improve localization accuracyin PoLoNets.
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Figure 6.9: The performanceof sequential estimation whenNA = 5 (\ad hoc"), pN LO S = 0:1,
(a), (b) using the LS-(Pure LOS) and LP-basic estimators,and (c), (d) when the LP-based
error propagation mitigation method (\LP-PM") discussedin Section5.6 was applied.
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6.5 App endix 6A: Kalman Smoothing

Supposewe are given noisy location estimates x̂ (t) = [x̂(t) ŷ(t)]T , at discrete N instants
of time t = t0 + k� t , k = 1; 2; � � � ; N , where t0 is the initial measurement time and � t is
the interval between the successive attempts at estimation a node's location. Then these
estimatescan be smoothed using a Kalman �lter, so as the limit the sudden increasein
localization error at any instant k basedon previous location estimates.

The state vector is de�ned as

X (tk) = [x(tk) y(tk) vx (tk) vy(tk)]T ; (6.1)

wherex(tk) and y(tk) respectively represent the node's x and y coordinates,and vx (tk) and
vy(tk) denotethe velocities in the x and y directions at time tk . Under the Kalman �ltering
framework, the state vector is assumedto follow the linear recursion:

X (tk+1 ) = � X (tk) + � w (tk); k = 1; 2; � � � ; N; (6.2)

where

� =

2

6
6
4

1 0 � t 0
0 1 0 � t

0 0 1 0
0 0 0 1

3

7
7
5 ; � =

2

6
6
4

0 0
0 0

� t 0
0 � t

3

7
7
5 : (6.3)

The entries of w (tk) are assumedto independent Gaussianrandom variables:

w (tk) = [wx (tk)wy(tk)]T � N (0; Q); (6.4)

with Q = � 2
w I 2.

The interpretation of the above model is as follows. If the node is located at x (t k) =
[x(tk) y(tk)]T with velocity vector v(tk) = [vx (tk) vy(tk)]T at time tk , then after time � t , it
is assumedto have moved to position x (tk+1 ) = [x(tk) + � tvx (tk) y(tk) + � tvy(tk)]T . The
components of the actual velocity vector are now changedby a random amount � tw (tk).
Thus the total accelerationat time tk is a modeledas a Rayleigh random variable:

a(tk) =
q

w2
x (tk) + w2

y(tk); E f a(tk)g = � w

r
�
2

: (6.5)

SinceX (tk), k = 1; 2; � � � ; N contains the information of interest, only noisy observations of
the location estimatesare available, i.e.,

Y (tk) = M X (tk ) + Uk ; (6.6)

where

M =
�

1 0 0 0
0 1 0 0

�
; Uk � N (0; R ): (6.7)
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The matrix R needsto be estimated from measurements with known locations in a test
scenario.

From the Gaussianobservations, the minimum varianceestimateof state vector is given by
the conditional expectation:

X̂ (tk) = E
n

X (tk)j ~Y (tk)
o

; (6.8)

where ~Y (tk) = f Y (t0); Y (t1); � � � ; Y (tk� 1); Y (tk)g represents the set of all current and pre-
vious observations. The optimal predicted value of the state vector X (tk) given ~Y (tk� 1) is
given by:

X̂ k� 1(tk) = E
n

X (tk)j ~Y (tk� 1)
o

= E
n

� X (tk� 1) + � w (tk� 1)j ~Y (tk� 1)
o

= � E
n

X (tk� 1)j ~Y (tk� 1)
o

= � X̂ k� 1(tk� 1): (6.9)

The corresponding covariancematrices are given by

Ck(tk) = Cov
n

X (tk)j ~Y (tk)
o

; (6.10)

and

Ck� 1(tk) = Cov
n

X (tk)j ~Y (tk� 1)
o

= E
� �

X̂ k� 1(tk) � X (tk)
� �

X̂ k� 1(tk) � X (tk)
� T �

�
� ~Y (tk� 1)

�

= � Ck� 1(tk� 1)� T + � Q� T : (6.11)

Optimal recursive estimators of minimum varianceare obtained by the Kalman-Bucy �lter
de�ned in the following theorem:

Theorem 8. The minimum variance estimator of the state of the systemat time t k is given
by

X̂ k(tk) = X̂ k� 1(tk) + K (tk)
�

Y (tk) � M X̂ k� 1(tk)
�

: (6.12)

Covariance matrices are updated using

Ck(tk) = Ck� 1(tk) � K (tk)M Ck� 1(tk); (6.13)

where
K (tk) = Ck� 1(tk)M T

�
M Ck� 1(tk)M T + R

� � 1
(6.14)

is the Kalman gain. With initial values X̂ 0(t0) and C0(t0) the recursion (6.12) can be
evaluated via (6.9), (6.11), (6.13), and (6.14). The corresponding algorithm is described
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below, where updated valuesare denoted by + . Let X + = X̂ 0(t0) and C + = C0(t0). Then
iterate:

X = X + ;

C = C + ;

C = � C � T + � Q� T ;

K = C M T
�
M C M T + R

� � 1
;

C + = C � K M C ;

X + = � X + K (x̂ k � M � X ) :

A reasonableinitial choiceof X̂ 0(t0) is [x̂ (t0)T 0 0]T , i.e., the speedof the mobile is assumed
to be zeroinitially . Basedon the above theorem, the state vector at any time instant t k can
be predicted, basedon the observations (computed location estimates)in the previousk � 1
time instants.



Chapter 7

MA C design for UWB PoLoNets

7.1 In tro duction

In communication networks, the physical channel is often sharedby several communicating
devicesor users. A packet radio network is an example of such a multiple-accesssystem
wheredi�erent users(or nodes)attempt to communicateusingthe commonwirelesschannel.
A transmissionby any node is likely to be heard by several other nodesand therefore can
distort intendedtransmissionsto thosenodes. Therefore,werequirea mechanismor protocol
through which the channel is divided or sharedamongthe users. Such a protocol is called
a Medium-AccessControl (MA C) protocol and is implemented in the MAC sublayer of the
Data Link Control (DLC) layer of the ISO/OSI network model [80]. The function of the
MAC sublayer is to allocate the multiple-accesschannel to the userssuch that each usercan
transmit its frames(packets) without undue interferencefrom other users.

In this chapter, we �rst discussthe required characteristics of a MAC protocol for UWB
PoLoNets. We then use results derived in Chapter 3 to establish a connection between
localization accuracy and the selectionof MAC protocols. Based on this connection, we
proposea spread-spectrum multiple-accessscheme for UWB PoLoNets which is shown to
outperform the traditional Carrier-SenseMultiple-Access(CSMA) protocols in terms of the
averagelocalization accuracyachieved.

Original Con tributions in Chapter 7:

� The speci�cation of the desiredfeaturesof MAC protocols in UWB PoLoNets,

� Establishing the connectionbetweenMAC protocol designand localization accuracy
through the properties of boundson location estimation.

� The speci�cation of a modi�ed spread-spectrum MAC protocol [23] for distributed
ranging in ad hoc UWB PoLoNets, by comparisonthe traditional CSMA protocol
via simulations.
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The organizationof this chapter is as follows: In Section7.2, we discussthe desiredfeatures
of MAC protocols in ad hoc UWB PoLoNets. Section7.3 provides a detailed description of
a spread-spectrum MAC protocol developed speci�cally for ad hoc UWB PoLoNets. Sim-
ulation results comparing the performanceof the proposedmultiple-accessscheme with a
CSMA-basedMAC protocol in terms of localization accuracyare presented in Section 7.4.
Our conclusionsare presented in Section7.5.

7.2 MA C Design for ad hoc UWB PoLoNets

In Chapter 1, we made the observation that a PoLoNet can be viewed as the hybrid of a
mobile ad hoc network and a sensornetwork. Speci�cally, the data sinks of the network
are the mobile and command-and-control nodes,and the physical quantit y being measured
through the stationary referencenodesis the physical location of the mobile nodes. In the
caseof ad hoc PoLoNets, the size of the network is not �xed a priori , and consequently,
network scalability is essential. In addition, the MAC protocol designedfor PoLoNetsneeds
to provide automated node discovery, fair and reliable multi-hop data transfer and routing
betweennodes,and possessthe abilit y to adapt to mobilit y and node failure. Further, the
requirement of up-to-date knowledgeof mobile locations implies constraints on latency need
to be satis�ed. Evidently, there is a trade-o� betweenupdate-rate and reliabilit y of location
estimates,and a useful feature of the MAC protocol would be the 
exibilit y to trade one
quantit y for the other. When the desiredPoLoNet lifetimes are large, the energy-e�ciency
of the MAC protocol may be an important consideration.Another constraint that needsto
be consideredis the hardware complexity of the nodes. In order to minimize the hardware
complexity of the nodes,we may needto enforcethe constraint that at any instant, a node
can either transmit or receive, but not both. Additionally , each node is required to \listen"
on only onechannel at any time.

7.2.1 MA C Design and localization error

In Section3.3, we showed that on the average,the accuracyof the LS location estimate of
an unlocalizednode is determinedby the number of rangessuccessfullyreceived from other
localizednodes. It was shown using the CRLB that, except when all localizednodeswere
collinear, increasingthe number of range estimatesresults in reduction of the localization
error. Even whenconnectivity with localizednodesis limited, repeatedrangemeasurements
allow averagingof rangeestimates,which reducestheir varianceand hencethe localization
error.

Therefore, a MAC protocol that allows each unlocalizednode to accumulate several range
estimatesin a short duration increasesthe likelihood that an accurateestimateof the nodes
location is computed at the end of that duration. In the caseof referencenodes, these
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accuratelocation estimatessubsequently translate to accurateestimatesof the location of the
mobile nodes,sincemobile nodesutilize thesecoordinatesto triangulate their own locations.
In the caseof mobile nodes, the lower latency in obtaining accurate location estimates
allowsmobilenodesto obtain estimatesof their locationsmorefrequently, which is especially
important at high mobile node speeds.

In terms of the ranging schemediscussed,this implies that a MAC protocol which provides
a higher e�ective throughput of range estimates(RI and RR packets) allows (i) faster for-
mulation of an initial location estimate, and (ii) faster convergenceof location estimates
of unlocalized nodes to their true locations. This conjecture is analytically examined in
Chapter 8. Similarly, in the secondphaseof the PoLoNet evolution, wherethe estimatesof
locationsof mobile nodesarerouted back to a monitoring station, a higher e�ective through-
put reducesthe lag betweenthe estimation of the mobileslocation, and the availabilit y of this
information at a remotemonitoring location (provided the MAC protocol treats range-packet
handshakesand data exchangesin the samemanner).

7.2.2 UWB Ph ysical Layer

Due to stringent constraints on the transmit power, data-rates are reduced in order for
UWB radios to achieve signi�cant transmissionrangesin indoor environments. Theselow-
data rates over a wide transmissionbandwidth implies large spreadinggains(bandwidth to
data-rate ratio) which indicates that \single-channel" approaches are wasteful in terms of
throughput. In order to take advantage of the inherent spreadingin UWB channels,and
to lower the transmit power spectral densities,spread-spectrum techniques such as Time-
Hopped (TH) or Direct Sequence(DS) spreadingare expectedto be an integral feature [13],
[35] of the signalsused.

While the majorit y of the MAC protocols proposedfor mobile ad hoc and sensornetworks
are basedon CSMA [81], there are several issueswith CSMA-basedschemesfor networks
with a UWB physical layer. With the useof spread-spectrum signaling, in order for a node
sensingthe channel to detect channel usage,the spreadingcode usedfor transmissionmust
be known beforehand.As a result, detection of the UWB signal after spreadingis likely to
be highly computationally intensive and time-consuming,i.e., simpleenergydetection is not
su�cien t. This implies that reliable sensingof the channel can be achieved only through
the acquisition of the transmitted signal. While CSMA-basedMAC protocols are scalable,
pure CSMA su�ers from the Hidden-Node problem, and we need RTS/CTS overheadsto
alleviate this problem, and this additional overhead reducesthe energy e�ciency of the
network. TDMA is a commonly suggestedMAC protocol [82] in sensornetwork literature
as it is power e�cien t and allows for sleepschedulesto improve power e�ciency , but is not
scalableand requiresnetwork wide synchronization.

A multi-channelspread-spectrum protocol allowssimultaneoustransmissionsby the nodesof
the network at the costof incurring multi-accessinterference;a single-channelapproach such
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as CSMA on the other hand does not allow nodes in the samevicinit y to transmit simul-
taneously. Basedon the above reasoning,a spread-spectrum MAC protocol could provide
a higher localization accuracyin UWB PoLoNets than CSMA-basedprotocols. The details
of a spread-spectrum multiple-accessprotocol, designedspeci�cally for UWB PoLoNetsare
provided in the following section.

7.3 Prop osed Solution: Spread-Sp ectrum MA C Pro-
to col

As discussedin 2.3, in the absenceof network-wide synchronization, the processof ranging
betweentwo nodesis performedthrough an exchange[18] of RI and RR packets. An e�cien t
MAC protocol from the perspectiveof localizationaccuracy(i) provideshigherratesof packet
exchangeswithin the network betweenunlocalizedand localizednodes,and (ii) is scalable,
allowing packet exchangesbetweenan arbitrary number of unlocalizednodesand localized
nodes. The MAC protocol we proposefor ad hoc UWB position-location networks is based
on the Common-Transmitter SpreadSpectrum Multiple-Access protocol (CT-SSMA) [30],
modi�ed to in order meet the above requirements.

The details of the schemeareasfollows: whennodelocation-estimatesareeither unknown or
not updated (in the caseof mobile nodes),nodeswould ideally like to obtain range-estimates
from every other localized node in the network. The contention between such unlocalized
nodesfor broadcastingRI packets to localizednodesoccurson a \common" [30] spreading
code C0 and all nodes, when idle, are listening on the common code C0. However, each
RI packet speci�es a \priv ate" code Ci , unique to the node broadcastingit, on which RR
packets from localizednodesare to be received. As discussedbelow, this allows several range
exchangesto proceedsimultaneously in all regionsof the PoLoNet, at the cost of increased
multiple-accessinterference.

7.3.1 Multiple-Access Ranging

The RI packet broadcast by a node i contains1 a new TH-code Ci . As soon as node i
transmits the RI packet on code C0, it beginsto listen on code Ci for a window of time from
t = 0 to t = TW . The window-length TW is much larger than the duration TRR of an RR
packet, TW � TRR , which allows multiple RR packets to be gatheredwithin the duration of

1In order to avoid large overheads,the RI packet from node i could specify a parameter that can be used
to uniquely compute Ci . For instance, in the caseof random codes,the seedusedto generatethe random TH
(or DS) sequencescan be speci�ed. Further, the useof random codesdoesnot place a stringent limitation
on the number of available private codes.
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Figure 7.1: Timing Diagram for the ProposedMAC protocol.

the window2.

In order to allow an arbitrary number of rangeestimatesto be gatheredwithin this window,
the following scheme, illustrated in Figure 7.1 is used: supposenode i broadcaststhe RI
packet on C0 at time t = t1. In the absenceof collisions,this packet reachesa localizednode
j at t = t1 + � 0, where � 0 = R ij

c represents the propagation delay between nodes i and j .
Node j synchronizesitself to the TOA of the received packet. Node j then responds with
an RR packet on the private code Ci after a random integer multiple of a known delay � T

(at t = t1 + � 0 + k� T ), wherek is a random positive integer in the interval
h
1;

j
TW
� T

ki
. Node

i receivesthe RR packet, again in the absenceof collisions,and determinesthe TOA of the
RR packet from node j , which is t2 = 2� 0 + t1 + k� T . Node A then computesthe di�erence
� t = t2 � t1 = 2� 0 + k� T , from which the known delay � T can be eliminated, without any
ambiguity in interpreting the rangeestimate,by ensuringthat � 0 � � T . The rangeestimate
r ij can then be computedusing r ij = c(t2 � t1 � k� T )

2 after processingdelays have be calibrated
out.

The useof the random delay k� T , k 2
h
1;

j
TW
� T

ki
, in the above mechanism is for collision-

avoidancebetweenRR packets transmitted on the private code of the unlocalizednode that

2The duration of the window TW canbeadaptedbasedon the desiredlocalization-accuracyand acceptable
latency, sincea longer window-length will likely result in a larger number of received RR packets. However,
this discussionis outside the scope of this work.
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Figure 7.2: An illustration of the multiple-accessranging procedure. In this situation, two
nodesA and B simultaneously wish to obtain rangeestimatesfrom localizednodesaround
them (nodes 1 through 7). The RI packets broadcast by nodes A and B on the common
code C0 collide at node 4, and as a result node 4 doesnot respond with RR packets. The
remaining nodesrespond with RR packets on the private codesCA and CB , each o�set by
a random delay k� T . NodesA and B each collect m = 3 rangeestimatesat the end of this
process.

transmitted the RI packet. Oncenode j transmits its RR packet, it continues listening on
code C0. The unlocalizednode i decodesdata on code Ci and collects the received packets
from all localized nodes that send an RR packet. An RR packet can be assumedto be
successfullyreceived if the SINR at node i during the time of receptionexceedsthe threshold
� min . Node i thereby estimatesthe distancer j to every localizednode j that sendsan RR
packet, and computesan estimate x̂ i of its location. The accuracyof the rangeestimate r j

is also determinedby the SINR at node i through (2.25). At t = TW , node i assumesthat
all other localizednodesare out of rangeand broadcastsan ACK packet on C0 declaringthe
newly acquiredrangeestimatesand the estimated coordinates. An examplescenariobased
on the above protocol mechanism is illustrated in Figure 7.2, where two unlocalizednodes
simultaneously attempt to receive rangeestimates.

If node i receives no RR packets (potentially due to (a) collision between RI packets on
the common code C0, (b) collisions between RR packets on the private code Ci , or (c)
becausethere are no localized nodes within range) within a certain interval, it times out
and (exponentially) backs-o� for TW � 2n� 1 seconds,where n represents the index of the
retransmissionattempt. Additionally , node i can increasethe transmit power from Pi to
Pi + � P in its subsequent retransmissionattempt. If node i receives more RR packets
within the window than necessaryto maintain the localization accuracy, it then decreases
the transmit power from Pi to Pi � � P in its subsequent range-initiate transmission,which
reducespower consumption. Such power-control algorithms basedon localization accuracy
[22] are the subject of Chapter 9.

Due to the abilit y of the discussedranging mechanism to \piggyback" data on RI and
RR packets, a node that transmits a RI packet can transmit all the range and coordinate
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ACQ HDR ID CR PT MobileLocation Segment CRC

Range Initiate Packet Structure for Phase I I :
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ACQ HDR ID PT CRC

Range Response (RR) Packet Structure for Phase I :

X1 Y1 Z1 TS Reliability

PT: Transmit Power 

CR: TH-Code 

TS: Time Stamp 

Figure 7.3: Range-Initiate (RI) and Range-Response(RR) Packet structures for the two
phasesof the network. Note that the transmit power levels are included in each RI packet;
if the node that receivesthis packet wants to communicate/range with the node that trans-
mitted this RI packet, it knows what transmit power-level to use. This is useful when we
implement power-control algorithms for the network.

information it has along with the time-stamps for each of thesevalues. It must be noted
that the sameMAC protocol can be usedfor data transmissionsin the secondphaseof the
network, to route the coordinatesof the nodesto a data sink, by makinga distinction between
the data and ranging packets. In such a case,the relatively high throughput promisedby
the proposedapproach result in a lower latency in the arrival of this data at the data-sink
that monitors the node locations.

A possiblestructure for the transmitted packets in the two network phasesis shown in Figure
7.3. In this way, each node that listens to this packet obtains all thesevaluesand possibly
can use these values to obtain/impro ve location estimates. The bene�ts of the proposed
multiple-accessmechanism are as follows:

� The protocol takesadvantage of the inherent spreadingpresent in the UWB physical
layer;

� It allows independent ranging and communication to proceedindependently and si-
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multaneously in di�erent parts of the network (spatial reuse) and therefore reduces
latency;

� The protocol is scalable,with a larger number of nodes being accommodated at the
price of higher multiple-accessinterference,leading to gracefuldegradation;

� Network-wide synchronization is not required;

� The hardware complexity of a node is kept small by ensuringthat it is not necessary
for a node to transmit and receive packets at the sametime, or receive packets on two
spreadingcodessimultaneously;

� Power control can be usedto achieve reliabilit y versusenergye�ciency trade-o�s by
controlling the number of neighboring nodesthat can hear a range-initiate packet.

A potential disadvantage of the proposedschemeresults in the presenceof clock drift, as
discussedin Section 2.3. If the duration of the window Tw is large, this can lead to con-
siderablerangeestimation error determined by (2.16). In the following section,we present
simulation results comparing the performanceof the proposedmultiple-accessschemewith
CSMA.

7.4 Simulation Results

In order to evaluate the performanceof the proposedmultiple-accessscheme,we compare
its performancewith carrier-sensemultiple-access(CSMA), as CSMA forms the basis of
most MAC protocols typically investigated for mobile ad hoc and sensornetworks. The
performanceof the proposedschemewascomparedwith CSMA in terms of the averagecon-
vergencerate of the total localization error of mobile and referencenode location estimates,
as well as the averagenumber of RR packets successfullyreceived in an interval. The total
localization error of the PoLoNet at any instant t is de�ned as


( t) =

0

B
B
B
B
@

mobil e nodesz }| {
NMX

i =1

kx i (t) � x̂ i (t)k2 +

stationar y r ef erence nodes
z }| {
NRX

k=1

kx k � x̂ k(t)k2

1

C
C
C
C
A

NM + NR
:

In the CSMA case,RI and RR packets are transmitted on a single TH-code C0. Nodes
\sense" the channel by listening on C0 before transmitting. A transmissionby a node j is
sensedat node i if the SNR � corresponding to that transmissionexceedsa threshold � L

at node i . A node that transmits an RI packet awaits RR packets from localized nodes
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within a window of duration TW . If no RR packets are received within that window (or if an
ongoingtransmissionwassensedbeforebroadcastingthe RI packet), the node exponentially
backs-o� for TW � 2n� 1 seconds,wheren represents the index of the retransmissionattempt,
beforere-broadcastingthe RI packet.

In thesesimulations, the referenceand mobile nodesare deployed at t = 0 and the mobile
nodesmove linearly with speedvM = 0:25 m=s. It wasassumedthat NM = 2, NR = 10 and
NA = 5. The stationary referencenodes were uniformly distributed over the L � L area,
de�ned by the lines x = 0, x = L, y = 0, y = L. The �xed anchor nodeswere assumedto
located outside the areaof interest at f (L=2 � L=4; � L=2 � L=4); (L=2; � L=2)g.

The LS estimator de�ned by (3.16) was used to estimate node locations with the total
localization error of unlocalizednodesarbitrarily set at a large value (� 2000m2) at t = 0.
The value of K R usedto generatethe rangeestimatevariancesin (2.25) wasK R = 100,and
the transmit power of all nodeswas �xed at Pt = 1 mW . The probability of an unlocalized
node transmitting an RI packet in any given time-slot wasset at p = 0:15, and the duration
of the window TW = 20Ts, wherethe width of a slot was Ts = 50 ms, and the durations of
RI and RR packets and the delay � T are assumedto be equal: TRI = TRR = � T = 20 ms.

The SINR at a node j corresponding to a signal from node i is computedusing the relation

� j  i =
K P PtR

� �
ij

N0 +
P

k6= i gkK P PtR
� �
ik

; (7.1)

wherek represents the index of simultaneoustransmissions,N0 represents the power spectral
density of additive noise, and gk incorporates the e�ect of spreadinggain if multiple TH
codes are used. If the kth simultaneous transmissionoccurs on the samecode as node i ,
then gk = 1, else,gk = 1=64. The SINR and SNR thresholdsthat determine the successful
decoding of packets and the sensingof ongoingpacket transmissionsare � min = 15 dB and
� L = 5 dB respectively.

The performanceof the two protocolsin terms of the averagenumber of RR packets received
successfullywithin the network versustime for di�erent path lossexponents wascompared.
Figure 7.4 depicts the performancefor � = 2. We seethat the proposedapproach has
a much higher e�ective throughput of RR packets. The average total localization error
Ef 
( t)g was computed by averaging 
( t) over a large number of simulation runs. Figures
7.5(a) and 7.5(b) comparethe performanceof the two protocolsin terms of the averagetotal
localization error of mobile and referencenodes versustime for di�erent valuesof � . We
seethat the averagetotal localization error Ef 
( t)g decreasesmuch faster with t for the
proposedapproach than for the CSMA scheme,which is expectedsincethe localization error
and the averagee�ective RR packet throughput are strongly (negatively) correlated.

In the initial phaseafter deployment after t = 0, relatively few localized nodes (only NA

�xed anchors at t = 0) can provide rangeinformation to unlocalized(referenceand mobile)
nodes. Consequently, location estimatesare inaccurate, and can even be outside the area
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Figure 7.4: Comparisonof CSMA and the proposedschemein terms of the averagenumber
of successfulRR packet transmissionsversustime for � = 2. The valuesof K P and K R are
1 � 106 and 100respectively.

of interest3 leading to large localization errors. As time progresses,more referencenodes
estimate their locations and consequently, more rangeestimatesare available to the mobile
nodes and unlocalized referencenodes. At this point, the total averagelocalization error
decreasessharply.

With � = 2, an increasein the area (L 2) of the network doesnot have a signi�cant impact
on performance. For the � = 3 case4, increasingthe area of interest reducesthe e�ective
throughput of RR packets. Therearetwo opposingfactorsat work: asthe areaincreases,the
averagedistancebetweennodesincreases,increasingrangeestimate variancesand possibly
decreasingthe probability of successfuldetection of RI and RR packets. However, as the
area increases,the inherent spatial reuseincreases;if the density of nodesis kept constant
as the area of the network is increased,the bene�ts of spatial reusein terms of increased
e�ective throughput are observed.

Figure 7.6shows the mobile locationsand the corresponding estimatesobtained through the
proposedMAC protocol, in a L � L � L volume of interest, L = 20 meters, with NA = 5
anchors and NR = 20 referencenodes. The components of the mobile speedin the x, y, and
z directions are 0.2 meters per second. We seethat in the initial segment of the mobile's
tra jectory, the localization accuracyof the mobile is poor as the number of localizednodes
in the volume of interest in small. Once the referencenodeswithin the volume of interest

3It is assumedthat the nodes are not aware of the boundaries of the area of interest, precluding the
possibility of eliminating such egregiouslocation-estimates.

4Although we assumea LOS model for the range estimation process,this scenario represents the case
where the LOS multipath component is severely attenuated (soft-NLOS).
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are localized,accurateestimatesof the mobile's location are obtained. In the latter part of
the mobile's tra jectory, the mobile leaves the volume of interest, and this results in a poor
geometryof localizedreferencenodesthat provide rangeestimatesto the mobile, resulting
in low localization accuracy.

7.5 Conclusions

This chapter discussedthe problemof multiple-accessdesignfor ad hoc UWB PoLoNets.The
properties of location estimation discussedin Chapter 3 provided insight into the problem
of MAC design,and indicate that the problem of minimizing localization error in PoLoNets
is equivalent to the problem of maximizing e�ective throughput of rangeinformation within
the network. Basedon insights into the nature of the UWB physical layer, we developed a
spread-spectrum protocol basedon time-hopping for UWB PoLoNets,which is basedon the
common-transmitter spread-spectrum multiple-accessapproach. Network simulations were
performedto comparethe performanceof the proposedprotocol with CSMA, which is one
of the most commonly investigated protocols for ad hoc and sensornetworks. We showed
that the proposedprotocol is superior to CSMA in terms of the localization accuracyand
convergencetime of the location estimates. In the following chapter, we discussthe math-
ematical modeling of the relationship betweennetwork parametersand averagelocalization
accuracy.



Chapter 8

Multiple-Access Analysis

8.1 In tro duction

In chapter 7, basedon the properties of location estimation, we conjectured that a MAC
protocol which providesa higher e�ective throughput of rangeestimatesto unlocalizednodes
shouldallow fasterconvergenceof nodelocation estimatesto the true locations. In this chap-
ter, we present an in-depth examination of the relationship between localization accuracy
and the e�ective throughput of packets in a spreadspectrum multiple-accessPoLoNet. We
develop an analytical framework for characterizing the dependenceof localization accuracy
on network parameterssuch as node densities,mobile speedand other multiple-accesspa-
rametersin synchronousand asynchronousPoLoNets. The insights into the impact of these
parameterson the localization accuracyprovided by the developed analytical framework are
then veri�ed using simulation results. The main challengesin the analytical modeling of
multiple-accessPoLoNetsare then discussed,along with possibilities for further research.

Previous Work included in this chapter: The distribution of the received power from
a Poisson�eld of interferershasbeenderived in [31].

Original Con tributions in this chapter:

� A framework for the analytical modeling of the relationship betweenmultiple-access
system parametersand the resulting averagelocalization accuracy in synchronous
and asynchronousPoLoNets.

� Insights into the impact of the density of localizednodesand speedof mobile nodes
on averagelocalization accuracybasedon analysis, and veri�cation via simulation
results.

The organization of this chapter is as follows: in Section 8.2, we examinethe relationship
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betweenthe e�ective throughput of packets at an unlocalizednode and the resulting average
localization accuracyasa function of time. Basedon the network model discussedin Section
8.3, the expressionsfor the average localization accuracy of a node in terms of various
systemparametersin synchronous and asynchronousPoLoNets are derived in Sections8.4
and 8.5 respectively. A discussionof the analytical insights gainedfrom theseexpressionsis
presented, followed by the validation of theseinsights usingsimulation results in Section8.6.
Section8.6 also lists someaspects of the modeling of PoLoNets that warrant investigation
and require more sophisticated modeling strategies. Finally, Section 8.7 summarizesthe
main results contained in this chapter.

8.2 Av erage Lo calization Error versus Throughput

Considera slotted packet transmissionsystemwhereeach nodeis allowedto transmit a single
packet within a slot. Let us restrict our attention to a single unlocalizednode successfully
receivingpackets from localizednodeswith a constant throughput per slot � . Each successful
receptionof a packet is assumedto result in successfulrangeestimation, basedon the TOA
of the packet within a slot. Consequently, as� represents the probability that an unlocalized
node receivesa rangeestimate in a given time-slot, starting at t = 0, the probability that m
rangeestimatesare accumulated by an unlocalizednode at time t = nTs, is given by

pn;m =
�

n
m

�
� m (1 � � )n� m :

Therefore, the averagelocalization error in the nth time-slot (at time t = nTs) 
( n) of the
unlocalizednode is given by


( n) = E f 
( nTs)g =
nX

m=0

pn;m 
 x ;m =
1X

m=0

�
n
m

�
� m (1 � � )n� m 
 x ;m ; (8.1)

where
 x ;m is the averagelocalization error asa function of the number of rangeestimates.
Ignoring the impact of geometry, we model the average localization error 
 x ;m basedon
(3.7):


 x ;m =
�


 0; m < m0;
4� 2

m ; m � m0;
(8.2)

where
 0 is the uncertainty in the location of an unlocalizednode, and m0 is the minimum
number of rangeestimatesrequired to formulate a location estimate. The varianceof range
estimates� 2 is assumedto be constant for simplicity1. Substituting for 
 x ;m in (8.1), we

1In reality, the variance of TOA-based range estimates is dependent on the distance between localized
and unlocalizednodes. However, for mathematical tractabilit y, we neglect this dependenceand assumethat
the variance of range estimatesfrom all localized nodesis a constant.
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have


( n) = 
 0

m0 � 1X

m=0

�
n
m

�
� m (1 � � )n� m + 4� 2

nX

m= m0

�
n
m

�
� m (1 � � )n� m

�
1
m

�
: (8.3)

If � 2 is independent of the parameters that determine the average e�ective throughputper
slot � , then it is straightforward to show that the systemparametersthat maximize � also
minimize the averagelocalization error 
( n) in any time slot n. In order to justify this claim,
assumethat x is a given systemparameter that impacts the throughput � . Then, we see
that an extremepoint of � with respect to x is also an extremepoint of 
( n) with respect
to x:

@�
@x

= 0 )
@
( n)

@x
=

@
( n)
@�

�
@�
@x

= 0:

Further, when 
 0 � 4� 2 (this is typically true for UWB systems),we can show that (the
proof is provided in Appendix 8A) the secondderivative of 
( n) with respect to x is positive
if the secondderivative of � with respect to x is negative:

@2�
@x2

< 0 )
@2
( n)

@x2
> 0:

A similar result holdswhenthe varianceof rangeestimatesis not constant, but remain inde-
pendent of � . This implies that when the rangemeasurement variancesare independent of
the systemparameters(and consequently the e�ective throughput), maximizing the e�ective
throughput is tantamount to minimization of the localization error.

Figure 8.1 shows the simulated valuesof averagelocalization error 
( n) computed through
(8.3) for di�erent valuesof the slot-index n and the e�ective throughput � . As discussed
above, we seethat for any n, increasing � results in the decreaseof 
( n). Thus, when
the rangeestimate variancesare constant and independent of the throughput, the problem
of minimizing the averagelocalization error is identical to the commonly studied problem
of maximizing the throughput of packets within the network. This is an intuitiv e result
as the accuracyof location estimateswas shown to be dependent on the amount of range
information available in Theorem 5, asconjecturedin Chapter 7.

To provide a concrete example, consider a synchronous PoLoNet with a slotted TDMA
multiple-accessscheme. Let us assumethat in a given slot, a single anchor transmits a
packet to a speci�c unlocalizednode. The unlocalizednode estimatesthe distancebetween
the nodes basedon the TOA of the packet within the slot. It can be reasonedthat the
rangemeasurement variancein any slot is independent of the throughput of packets, as the
varianceof a range estimate in a given slot is �xed by the received SNR, and independent
of the events occurring in other slots. To illustrate the casein point, consider a system
parameter such as the total number of unlocalized nodes. Assumethat the total number
of unlocalized nodes is increasedkeeping the number of anchors �xed, and the widths of
the packets and slots are maintained the same. It is evident that for a �xed slot duration,
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Figure 8.1: The variation of the averagelocalization error 
( n) with averagethroughput �
for di�erent slot indicesn. Here, 
 0 = 10 meter2, and � = 1 meter.

an increasein the number of unlocalized nodes reducesthe averagethroughput of range
estimatesper unlocalized node. The rangemeasurement variancewould not be dependent on
the number of unlocalizednodes,as multiple-accessinterferenceis absent. Thus, increasing
the number of unlocalized nodeswould reducethe average successfulthroughput per slot,
thereby increasingthe localization error as a function of time. It must be noted that an
analysis along the above lines would be generally applicable for contention-free multiple-
accessschemes.

However, for contention-basedschemes,wherethe channel is sharedsimultaneously by sev-
eral nodes, the multiple-accessinterferencesimultaneously a�ects the e�ective throughput
and the rangeestimation variance(through the SINR). Therefore, the choiceof systempa-
rametersimpacts both the throughput and the rangemeasurement variancessimultaneously
as shown in Figure 8.2. Speci�cally, if x denotesa genericsystemparameter,

@
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Figure 8.2: Impact of PoLoNet system parameterson the averagelocalization error when
contention-basedmultiple-accessschemesare used.

In this case,maximizing the throughput with respect to the given systemparameterx does
not necessarilyminimize the averagelocalization error with respect to x, due to the depen-
denceof the rangeestimate varianceon x. Ideally, we would like to minimize the accuracy
of rangeestimates,while simultaneouslymaximizing the e�ective throughput, but varying a
given systemparametermay have di�erent e�ects on the accuracyof rangeestimation and
the e�ective throughput. Thus, we needan analytical framework for modeling the simulta-
neousimpact of network parameterson the e�ective throughput and the varianceof range
estimation. As shown in Figure 8.2, this allows us to directly relate the network parameters
with the averagelocalization accuracyof an unlocalized node as a function of time. The
development of such a framework is discussedin the following sections.

In this chapter, two speci�c objectivesof the developed framework are:

� We would like to analyzethe impact of increasingthe total number of localizednodes
on the averagelocalization accuracyachieved. We saw in Chapter 3 that increasing
the number of anchors that provide rangeestimatesimprovesthe averagelocalization
accuracy, and the bene�ts of increasingthe number of localizednodeswere observed
in Chapters 3-6. However, we did not considerthe multiple-accessdesignaspects of
successfullyobtaining range estimatesfrom a large number of localized nodes. This
also provides insight into the modeling of more dynamic scenarios: e.g., from the
perspective of averagelocalization accuracy, should unlocalizednodesthat are able to
estimate their locations be allowed to becomeanchors and provide rangeestimatesto
other unlocalizednodes?

� It is alsoof interest to examinethe impact of mobile speedon the averagemobile local-
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ization accuracythat canbeachieved. It is intuitiv e that asthe mobilespeedincreases,
the duration over which range estimatesshould be gathered and location estimates
computeddiminishes. The analysisof this tradeo� betweenlocalization accuracyand
mobile speed provides insight into the selectionof network design parametersfor a
target localization accuracyand mobile speed.

In the following section, we describe the network model used in the development of the
discussedanalytical framework.

8.3 Net work Mo del

The following assumptionsare madein order to associate the averagelocalization accuracy
of an unlocalized node with the relevant multiple-accessparameters. The multiple-access
schemesunder consideration are similar to the pure-Aloha [80] scheme adapted to meet
the requirements of a MAC protocol for PoLoNets. The assumptionsfor synchronous and
asynchronousPoLoNets are treated separatelywhererelevant. We return to the validit y of
someof theseassumptionsin Section8.6.

Spatial Distribution of Lo calized and Unlo calized nodes: We assumethat the lo-
calizedand unlocalizednodesare Poissondistributed over the two-dimensionalplane, with
averagespatial densities� L and � U respectively. This implies that the probabilities of �nd-
ing k localized and l unlocalized nodes in a region with an area A are respectively given
by:

Pr f k localizednodesin an areaAg = e� � L A (� L A)k

k!
;

Pr f l unlocalizednodesin an areaAg = e� � U A (� UA) l

l !
: (8.4)

In this case,the area of interest is the entire x-y plane. An important and useful property
of a Poissonprocess[83] is statistical isotropy. This implies that the statistics of the two-
dimensionalpoint processare identical relative to any point in the two-dimensionalplane.
Thus, it su�ces to considerthe behavior of a singleunlocalizednode, which, without lossof
generality, is located at the origin.

Packet Transmissions in a Synchronous PoLoNet: We assumethat the time-axis is
slotted, and all nodesare perfectly synchronized to the slot transitions. A singlepacket can
be transmitted within a slot. In such a PoLoNet, the anchor nodes are \packet-sources"
and the unlocalized nodesare \packet-sinks". Each anchor node broadcastsa packet in a
slot with probability p. The multiple-accessschemeis essentially a pure-Aloha scheme[80]
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Figure 8.3: Slotted packet transmissions:basedon the delay betweena packet's arrival-time
and the beginningof the slot, an unlocalizednodecanestimatethe distancesto transmitting
anchors.

with transmissionprobability p. An unlocalizednode that receivesa packet from an anchor
can estimate the distanceR betweenthem basedon the TOA of the packet within the slot,
as shown in Figure 8.3. Anchor nodesare assumedto transmit packets at slot-transitions,
and therefore,the TOA of the packet at an unlocalizednode relative to the slot-transition is
proportional to R. In order to eliminate rangeambiguity, we assumeR � cTs, wherec is the
speedof light. Sinceour goal is to model localization accuracy, the contents of the packets
are assumedto be the coordinates of the corresponding anchors. From a communications
perspective, thesepackets could contain additional data, sinceonly the TOAs of the packets
are usedto obtain rangeestimates.The transmit power of all localizednodesis assumedto
be constant and equal to PT .

Packet Transmissions in an Async hronous PoLoNet In this case,we assumethat
the time-axis is slotted and that although the nodesarenot perfectly synchronizedto the slot
transitions, each nodecantransmit a singlepacket within a slot. The slot width Ts is assumed
to be greater than the packet duration Tp to accommodate the lack of synchronization
between nodes. Due to the lack of synchronization between nodes, range estimation is
performed through a packet exchange,as described in Section 2.3. Each unlocalized node
broadcastsa RI packet within a given slot indexed i with probability p. Each localized
node that successfullydecodes this packet, transmits a RR packet speci�c ally addressed to
the unlocalized node that transmitted the RI packet at the suitable time in time slot (i + 1)
with probability q. A probability q < 1 is usedto reducethe probability of collisionsof RR
packets intended for an unlocalizednode that broadcastsa RI packet. If a RR packet can
be successfullydecoded by the unlocalized node, then a range estimate can be extracted.
For simplicity, we assumethat RI and RR packets are identical. The above multiple-access
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Figure 8.4: Transmissionsfrom (a) unlocalizednodes to localized nodes(RI packets), and
(b) localizednodesto unlocalizednodes(RR packets).

schemecanbeviewedasa two-way conditional2 pure-Alohaschemewith transmit probability
p for RI packets, and probability q for RR packets.

Figures8.4(a) and 8.4(b) illustrate the di�erences in the discussedmodeling of synchronous
and asynchronous PoLoNets. In synchronous PoLoNets, we restrict our attention to the
transmissionsfrom localizedto unlocalizednodesshown in Figure 8.4(b). However, in asyn-
chronousPoLoNets,the modelingof the RI transmissionsfrom unlocalizednodesto localized
nodes(Figure 8.4(a)), as well as the RR transmissionsfrom localizednodesto unlocalized
nodes(Figure 8.4(b)) needto be considered.

Multiple-access in terference and the successful reception of packets As localized
(and unlocalizednodesin the asynchronouscase)can transmit packets simultaneously in a
slot, this can result in multiple-accessinterference(MAI) betweensimultaneously transmit-
ted packets. We assumethat the multiple-accessinterferenceseenat an unlocalizednode is
independent from slot to slot, and further, that the interferencepower is constant over the
length of a slot.

The computation of the statistics of the multiple-accessinterferencepresented here closely
follows the analysispresented in [31]. We considerthe link betweenan anchor node A and
an unlocalizednode B. The analysisis analogousfor transmissionsfrom B to A, given the
nature of the network model assumed.Let the distancebetweenA and B be R. In a given

2The transmission of a RR packet is conditioned on the successfulreception of an RI packet.
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slot, if node A transmits a packet to node B, the received signal power [1] can be modeled
as

Pr 0 =
K P PT

R�
; (8.5)

At B , the received signal power from other interfering anchors that transmit packets in the
sameslot is given by

Pr k =
K P PT

R�
k

; k = 1; 2; � � � ; (8.6)

whereRk is the distancebetweenB and the kth transmitting localizednode. The Gaussian
model for the MAI in TH-PPM UWB systemswas analyzedin [35]. Applying this model
to the interferenceseenat B from other interfering anchors, the Signal-to-Interference-and-
NoiseRatio (SINR) S at B can be expressedas

S =

 
1
� 0

+
K 1

NsPr 0

X

k

Pr k

! � 1

;

where K 1 is a constant dependent on the receiver structure [35], Ns is the spreadinggain,
and � 0 is the Signal-to-Noiseratio (SNR). As the transmit power of nodesis assumedto be
identical, using (8.5) and (8.6), this can be rewritten as

S =

 
1
� 0

+
K 1R�

Ns

X

k

1

R�
k

! � 1

: (8.7)

The SINR S is a random variable, sinceit dependson the spatial locationsof the interfering
nodes. Supposewe de�ne the random variable Y as:

Y ,
X

k

1

R�
k

: (8.8)

Then, Y represents the spatial dependenceof the total interferencepower seenfrom all
transmitting localizednodesin a givenslot. If � 0 is the averagespatial density of transmitting
nodes,it can be shown that (seeAppendix 8B, [31]) for � > 2, the characteristic function of
Y is given by:

� Y (! ) = exp
�

� � � 0e� �
� �

�
1 �

2
�

�
!

2
�

�
:

This has the form of the characteristic function of a symmetric � -stable (S� S) distribution
[84] with a dispersion factor � = 2

� . A closed-formexpressionfor the probability density
function and the cumulative distribution function associated with the above characteristic
function [85] is known only when � = 4 (Levy distribution):

f Y (y) =
� � 0

2
y� 3

2 e� � 3 � 02

4y ; FY (y) = erfc

 
�

3
2 � 0

2
p

y

!

:
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The expressionfor the statistical distribution of Y for � > 2; � 6= 4 is known but not in closed-
form, and this makes the analysisconsiderablytedious. We therefore restrict our analysis
to the case� = 4, which is known to be applicable for wirelesssignal propagation with
ground-deployed nodes[31]. We usesimulation results in Section8.6 to verify that similar
trends are valid for � = 2. Using the above statistical distribution for Y, the distribution of
the SINR S can be derived using (8.7) and (8.8). This derivation is provided in Appendix
8C.

In the synchronouscase,the probability that an anchor node is transmitting in a given slot
is p, the set of \activ e" interfering anchors form a spatial Poissonprocess[31] with average
density � 0 = p� L . In the asynchronouscase,we assumethat the active interferer density is
� 0 = p� U + q� L . This is a conservative assumption3, as the probability of RR transmission
is strictly lessthat q, sinceit is conditioned on a RI packet being decoded successfully.

A packet can be decoded successfullyat a node if the received signal-to-interference-and-
noiseratio (SINR) S exceedsa threshold � T , determined by the sensitivity of the receiver
and the strength of coding schemeused. We further assumethat if the packet is decoded
successfully, a rangeestimatecanbeobtainedthrough the TOA of the packet within the slot.
The maximum distancebetweentwo nodessuch that a packet can be successfullydecoded
is denotedby Rmax . For a spatial Poissonprocess,the inter-node distanceR can be modeled
as a uniform random variable:

f R (r ) =
� 2r

R2
max

r � Rmax ;
0 otherwise.

Basedon the above assumptions,the probability Ps(R) that a packet is decodedsuccessfully
can be written as a function of R. As shown in Appendix 8C, when � = 4, the expression
for Ps(R) becomes

Ps(R) = erfc

0

B
B
@

�
3
2 � 0R2

2

r
1

K 0
1

�
1

� T
� 1

� 0

�

1

C
C
A ;

whereK 0
1 = K 1

N s
. Averagingthis probability over the link distanceR (between0 and Rmax ),

we obtain

Ps = erfc
� z

2

�
+ 2
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@� � 0�(1 � � )R2
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1
K 0

1

�
1
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� 1

� 0
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1

A : (8.9)

Collision model The multiple-accessinterference(or \secondaryinterference")is modeled
through the statistics of the SINR and Ps above. When several packet transmissionswith a

3This can be replacedby � 0 = p� U + qPs;RI � L , where 0 � Ps;RI � 1 is the probabilit y that a localized
node successfullydecodesan RI packet transmitted by an unlocalized node in any slot. However, Ps;RI is a
quantit y that we are trying to ascertain through the following analysis,and therefore, we opt for the simpler
model.
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SINR larger than � T are received at a node, these\primary interferers" needto be regarded
di�erently. In the casewhere there are j primary interferers, the collision model assumed
is that out of the j interfering packets, a packet is randomly selectedand decoded with
probability (1 � Q) j , whereQ is termed the capture ratio. The probability that a particular
packet out of the j packets is successfullydecoded is then given by (1� Q) j

j . This model
providesconsiderable
exibilit y in terms of the actual multiple-accessschemeemployed. For
instance,in the presenceof strong transmissionon di�erent spreadingcodes,we may assume
Q = 0, and for strong transmissionson the samespreadingcode, we may assumeQ > 0.
In the following development, we ignore the details of the spreading-code assignment, and
assumea constant spreadinggain and Q > 0 for all transmissions.

TO A-based Range Estimation at unlo calized nodes An unlocalizednode that suc-
cessfullydecodesa packet from a localizednode can estimate the distanceR betweenthem
basedon the TOA of the packet within the slot and the transmissiontime of the original RI
packet. We assumethat the varianceof the rangeestimate received is given by:

� 2(R; Y) =
K R

S
= K R

�
1
� 0

+
K 1R� Y

Ns

�
:

Basedon the statistical distribution of Y, we can derive an expressionfor the variance of
rangeestimatesaveragedover the statistics of the interferencewhen � = 4:

� 2(R) =
K R

Ps(R)

2

4

0

@
x

�
1

� T
� 1

� 0

�

2

1

A
�

exp(� x)
p

� x
� erfc(

p
x)

�
+

1
� 0

erfc(
p

x)

3

5 ; (8.10)

wherex = � 3 � 02R4K 0
1�

1
� T

� 1
� 0

� . The proof of the above equation is given in Appendix 8C. The range

estimate variance averagedover the link distance can be obtained using the following ex-
pressionvia numerical integration:

� 2 =
Z

R
� 2(r )f R(r )dr =

Z Rmax

0
� 2(r )

2r
R2

max
dr: (8.11)

In (8.9), (8.10) and (8.11) wehave expressionsfor (i) the averageprobability Ps that a packet
for a node within a radius Rmax can be successfullydecoded in the absenceof other primary
interferers,and (ii) the averagevariance� 2 of rangeestimatesthat can be estimatedbased
on the TOA of the received packet in the presenceof multiple-accessinterferencecausedby
a Poisson�eld of interfererswith averagespatial density � 0. We assumethat in the absence
of other primary interferers, for a transmissionfrom any node within a distanceRmax , the
probability of packet successis givenby Ps, and the resulting rangeestimatevarianceis given
by � 2. This is an oversimpli�cation, as the probability of successfulpacket transmissions
from nearby nodesis expectedto be larger than thosefrom moredistant nodes. Similarly, we
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Figure 8.5: The averageprobability Ps and the averagerange error variance � 2 versusthe
e�ectivedensity of nodes� 0. The valueof K R usedis 100. The receiver sensitivity is captured
by the parameterK 0

1 = K 1
N s

. The smaller the value of K 0
1, the more robust the receiver is to

multiple-accessinterference.

expect that distancesestimated using packets from nearby nodesshould be more accurate
than packets from distant nodes. However, including the dependenceon distancemakesthe
modeling extremely complicated.

Figure 8.5(a) shows the variation of Ps with the e�ective density � 0. We seethat as � 0

increases,Ps decreasesand � 2 increasesdue to the increasein the interference. As the
maximum link distanceRmax increases,we seethat Ps decreasesdue to the decreasein the
SINR. Figure 8.5(b) shows the variation of � 2 with � 0. The rangeestimatevariance� 2 tends
to saturate as� 0 increases,asthe probability of successfullyreceivinga rangeestimatesfalls
sharply with increasein � 0.

Basedon the expressionsfor Ps and � 2 presented above, wederive expressionsfor the average
throughput � of rangeestimatesfor synchronousand asynchronousPoLoNetsin the following
sections.The averagelocalization error can then be computed from � through (8.1). Some
identities usedin the following development are listed below.

NX

i =1

�
N
i

�
ai (1 � a)N � i bi = (1 � a)N

NX

i =1

�
N
i

� �
ab

1 � a

� i

= (1 � a)N

" �
1 +

ab
1 � a

� N

� 1

#

=
h
(1 � a + ab)N � (1 � a)N

i
: (8.12)
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This further implies that

NX

i =1

�
N
i

�
ai (1 � a)N � i

�
(1 � b1) i � (1 � b2) i

�
= (1 � ab1)N � (1 � ab2)N : (8.13)

The secondidentit y that is usedis:

e� �
1X

n=1

� n

n!
(an � bn ) = e� �

�
e�a � 1 � e�b + 1

�
=

�
e� (a� 1) � e� (b� 1)

�
: (8.14)

Finally,
NX

i =0

�
N � 1

i

�
ai

i + 1
=

1
N a

�
(1 + a)N � 1

�
: (8.15)

8.4 Lo calization Accuracy in a Synchronous PoLoNet

Without lossof generality, we canrestrict our attention to an unlocalizednode locatedat the
origin. For the synchronouscase,the spatial density of active anchors is given by � 0 = p� L .
The expressionfor Ps in this casecan be obtained by plugging in � 0 = p� L into (8.9). Based
on the resulting expressionfor Ps, the averagee�ective throughput of packets per slot can
be derived as follows.

The probability of n transmitters located within a radius Rmax of an unlocalizednode is:

Pr f n transmitters within Rmaxg = e� � 0� R2
max

(� 0� R2
max )n

n!
:

Basedon the discussedmodel, the probability that k of the n transmissioncan potentially
be decoded successfullyis given by

� n
k

�
Ps

k �
1 � Ps

� n� k
: Given that k transmissionscan

be received successfully, then the probability that one of these transmissionsis received
successfullyis (1 � Q)k . Then, basedon the above expressionsand (8.14), the e�ective
throughput of rangeestimatesper slot is given by:

� =
1X

n=1

e� � 0� R2
max

(� 0� R2
max )n

n!

nX

k=1

�
n
k

�
Ps

k �
1 � Ps

� n� k
(1 � Q)k

= e� � 0� R2
max

1X

n=1

(� 0� R2
max)n

n!

� �
1 � QPs

� n
�

�
1 � Ps

� n �

= e� � 0� R2
max QPs � e� � 0� R2

max Ps : (8.16)

From (8.16), (8.3) and (8.2), an expressionfor the averagelocalization error in the nth time-
slot canbeobtained. The expressionfor � 2 is obtainedfrom (8.11) by substituting � 0 = p� L .
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Figure 8.6: The throughput � (Figures (a) and (c)) and the averagelocalization error 
( n)
(meter2) (Figures (b) and (d)) versusthe density of active transmitters � 0 for di�erent values
of the capture ratio Q. The valuesof the other parametersare n = 20, � = 4, K R = 100.



202

Figure 8.6 shows the variation of the throughput � and the averagelocalization error 
( n)
versusthe active transmitter density � 0 = p� L , when n = 20. We make the following key
observations:

1. There is an optimal value of � 0 at which � is maximized. An explanation for this is
as follows: for small valuesof � 0 there is a small number of anchors within Rmax that
transmit packets which can be successfullydecoded, and asa consequence,� takeson
small values. For largevaluesof � 0, � gradually decreaseswith increasein � 0 dueto the
increasein multiple-accessinterference.With regard to the density of localizednodes,
this implies that for a �xed p, there exists a � �

L that maximizes� . Analogously, for a
�xed � L , there existsa p� that maximizes� . In order to �nd the value of a parameter
z than maximizes� while the other parametersare kept �xed, we can di�erentiate �
with respect to a genericsystemparameterz and equateto zero:

@�
@z

= 0 )
@
@z

e� p� L � R2
max Ps Q �

@
@z

e� p� L � R2
max Ps = 0;

)
h
� Qe� p� L � R2

max Ps Q + e� p� L � R2
max Ps

i �
@p� L � R2

maxPs

@z

�
= 0: (8.17)

Solving the above equation provides the optimal value of the parameterz? that maxi-
mizesthe throughput.

2. The value of � 0 that maximizes� also minimizes 
( n). This implies that the value
of a parameter that maximizesthe averagelocalization accuracycan be obtained by
solving (8.17). We further note that although the systemparametersimpact both the
throughput and the variance of range estimates,the averagelocalization accuracyis
maximizedwhen the throughput is maximized.

3. As the receiver sensitivity and the robustnessto secondarymultiple-accessinterference
(parametrizedby K 0

1) increases,the throughput and the localization accuracyincrease.
We alsoseethat asQ increases,the e�ective throughput of packets decreases.

In the following section,we extendthe above analysisto the caseof asynchronousPoLoNets.

8.5 Lo calization Accuracy in a Async hronous PoLoNet

In this case,the spatial density of active anchors that generatesecondaryinterferenceis
modeledby � 0 = p� U + q� L . The expressionfor Ps in this casecan be obtained by plugging
in � 0 = p� U + q� L into (8.9). Basedon the resulting expressionfor Ps, the averagee�ective
throughput of packets per slot can be derived as follows. As before,consideran unlocalized
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nodeB locatedat the origin. NodeB broadcastsan RI packet in a givenslot with probability
p. The probability that there are n localizednodeswithin a distanceRmax of B is:

Pr f n localizednodeswithin a distanceRmaxg = e� � L � R2
max

(� L � R2
max)n

n!
: (8.18)

The probability that j of the n localized nodes in the neighborhood of B receive the RI
packet successfullyis given by:

Pr f j of n localizednodesreceive RI packetg =
�

n
j

�
Ps;RI

j �
1 � Ps;RI

� n� j
; (8.19)

wherePs;RI is the probability that an RI packet is received successfullyby a localizednode
within a distanceRmax , which will be derived shortly. Sincelocalizednodesthat successfully
receive an RI packet only respond with probability q, the probability that k of the j localized
nodes that received the RI packet from B respond by transmitting an RR packet to B in
the following slot is

Pr f k of j localizednodestransmit RR packetg =
�

j
k

�
qk (1 � q) j � k : (8.20)

Finally, the probability that oneof the k RR packets is received successfullyis given by:

Pr f RR packet received successfullyg =
kX

l=1

�
k
l

�
(1 � Q) l Ps

l �
1 � Ps

� k� l

=
h�

1 � PsQ
� k

�
�
1 � Ps

� k
i

: (8.21)

using the identit y (8.12). Therefore, the averageprobability that node B receives an RR
packet in the following slot after transmitting an RI packet is given by:

Ps;RR =
1X

n=1

e� � L � R2
max

(� L � R2
max)n

n!

nX

j =1

�
n
j

�
Ps;RI
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� n� j
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jX

k=1

�
j
k

�
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� k
�

�
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1X
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1 � Ps;RI

� n� j
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1 � qPsQ
� j

�
�
1 � qPs

� j
i

=
1X

n=1

e� � L � R2
max

(� L � R2
max )n

n!

��
1 � Ps;RI qPsQ

� n
�

�
1 � Ps;RI qPs

� n �

= e� � L � R2
max Ps;RI qPs Q � e� � L � R2

max Ps;RI qPs ;

wherethe identities (8.12) and (8.13) have beenusedfor simpli�cation. Sincean unlocalized
node transmits an RI packet in an arbitrary slot with probability p, and since the range
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estimatesare received in the following slot, the normalized throughput of range estimates
per slot is given by:

� =
p
2

Ps;RR =
p
2

�
e� � L � R2

max Ps;RI qPs Q � e� � L � R2
max Ps;RI qPs

�
: (8.22)

8.5.1 Expression for Ps;RI

Consider a localized node A. Node A receives RI packets from unlocalized nodes within
the radius Rmax . The probability that there are m transmitting unlocalized nodes in the
neighborhood of A is:

Pr f m transmitting unlocalizednodeswithin a distanceRmaxg = e� p� U � R2
max

(p� U � R2
max )m

m!
:

The probability that the RI packet from node B is received successfullyis constituted by
the probabilities that (i) the packet from B has a su�cien tly high SINR to be successfully
decoded, and (ii) the packet from node B is selectedfrom the remaining i , 0 � i � m � 1
primary interferers:

Pr f RI packet from node B is receivedg

= Ps

m� 1X

i =0

�
m � 1

i

�
Ps

i �
1 � Ps

� m� i � 1
(1 � Q) i +1 �

1
i + 1
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� i

�
1

i + 1

=
1
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)m �

�
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� m �
:

Therefore,

Ps;RI = e� p� U � R2
max

1X
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� ��
; (8.23)

where

T(x) =
1X

m=1

xm

m � m!
:
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The function T(x) can be further expressedas:

T(x) =
1X

m=1

xm

m � m!
=

1X

m=1

1
m!

Z x

0
um� 1du =

Z x

0

1
u

1X

m=1

1
m!

umdu

=
Z x

0

�
eu � 1

u

�
du = Ei(x) � logx + 
 ;

whereEi(x) is the exponential integral function, and 
 = 0:5772is Euler's constant. There-
fore, the e�ective throughput of range estimates in the asynchronous caseis de�ned by
(8.22) and (8.23). The averagerange estimate variancescan be obtained through (8.11)
with � 0 = p� U + q� L . As before,from (8.16), (8.3) and (8.2), an expressionfor the average
localization error in the nth time-slot can be obtained.

Figure 8.7 shows the variation of the e�ective throughput � computed using (8.22), and
the corresponding averagelocalization error 
( n) where n = 1000. In these simulations,
p = q = 0:2, � = 4, and K R = 100. We seethat there is an optimal set of node densities
(� �

U ; � �
L ) at which � is maximized, due to the interference-limitednature of the system. As

observed in the synchronouscase,we seethat maximizing � results in the minimization of
the localization error. We observe that the value of � is much smaller than the throughput
obtain in the synchronous case,as obtaining a range estimate in the asynchronous caseis
contingent on two successfulpacket receptions,as opposedto one in the synchronouscase.

Figure 8.8 shows the variation of � with the probabilities of RI and RR packet transmissions
p and q respectively. It was veri�ed in this caseaswell that the optimal values(p� ; q� ) that
maximize the e�ective throughput alsominimize the averagelocalization error for all values
of n. Once again, the optimal value of a system parameter z with respect to localization
accuracycan be extracted using:

@�
@z

= 0 )
@
@z

�
p

�
e� � L � R2

max Ps;RI qPs Q � e� � L � R2
max Ps;RI qPs

� �
= 0: (8.24)

8.5.2 Variation of the Lo calization Error with mobile speed

In general, there is a trade-o� between the rate of changeof a quantit y and the accuracy
with which the quantit y can be measured.Intuitiv ely, such a trade-o� must occur between
mobile localization accuracyand mobile speed. As the mobile speedincreases,the duration
over which mobile location estimatesneedto be computeddecreases.A plausible meansof
compensatingfor the increasein mobile speedis to increasethe transmissionprobability p
of RI packets. In order to evaluate whether this responseto an increasein the mobile speed
is indeed valid, we attempt to characterize the relation between the maximum allowable
mobile speedat the current localization accuracycan be guaranteed, in terms of the system
parameters.
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Figure 8.7: Variation of � and 
( n) with the localized and unlocalized node densities,� L

and � U , when n = 1000. The valuesof � and 
( n) have beenscaledin Figures (a) and (c)
to ensuremaximum contrast. The extreme valuesare indicated by the white \+" marks.
Here,p = q = 0:2, � = 4, Rmax = 5 meters,K 0

1 = 0:01, and K R = 100.



207

Range Response Probability (  q )

R
an

ge
 In

iti
at

e 
P

ro
ba

bi
lit

y 
(  p
 )

Effective Throughput  h, L
L
 = 1, L

U
 = 0.5

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

10

20

30

40

50

60

Figure 8.8: Variation of the e�ective throughput � with the rangeinitiate and rangeresponse
probabilities p, q. The throughput has been scaledby a factor of 1000 to increaseimage
contrast. The localized and unlocalized node densitiesare �xed at � L = 1 nodes/meter2,
and � L = 0:5 nodes/meter2. The other parametershave the samevaluesas in Figure 8.7.

In order to derive a framework for the relationship between the maximum mobile speed
and the network parameters,we begin by stating the following de�nition for the maximum
allowable mobile speed:

vmaxTloc ,
q

g
 ; (8.25)

where vmax is the maximum mobile speed, Tloc is the average\lo calization time", g is a
scaleparameter, and 
 is the averagelocalization accuracythat is achieved. This relation
suggeststhat if the root localization error causedby the motion of the mobile during the
localization time is a factor g larger than the localization accuracy that can be achieved
when the node is stationary, then mobilit y is the dominant sourceof localization error.
Basedon this de�nition, we can relate vmax to the network parametersthrough the average
localization time Tloc and the averagelocalization error. We further de�ne the localization
time as the time take to gather m0 rangeestimates4. The probability that the localization
time Tloc = kTs is given by

Pr f Tloc = kTsg = �
�

k � 1
m0 � 1

�
(1 � � )k� m0 � m0 � 1: (8.26)

This essentially denotesthe probability that the m0th rangeestimate is received in the nth
time slot, and m0 � 1 range estimatesare received within the �rst n � 1 slots. If Tmax is

4Strictly speaking, the localization time should be de�ned asthe time take to achievea certain localization
accuracy, but this makes the analysis extremely complex. The main issuewith the de�nition above is that
it doesnot stipulate that range estimatesfrom di�er ent localized nodesare received.
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Figure 8.9: Average localization time Tloc versus the e�ective throughput � for di�erent
valuesof m0. In the above �gure, the slot width Ts = 10 ms, and the maximum localization
time Tmax = 20 seconds.

the maximum allowable localization time, this occurswith the probability that lessthan m0

rangeestimateswere received in k slots is:

Pr f Lessthan m0 rangeestimatesreceivedg =
m0 � 1X

i =0

�
m0 � 1

i

�
� i (1 � � )m0 � i � 1:

The averagelocalization time is then given by

Tloc = Ts

1X

k= m0

kPr f Tloc = kTsg

= Tmax

m0 � 1X

i =0

�
m0 � 1

i

�
� i (1 � � )m0 � i � 1 + Ts� m0

1X

k= m0

k
�

k � 1
m0 � 1

�
(1 � � )k� m0 :

Thus, through the de�nition of � in (8.22), we can expressthe localization time Tloc in
terms of the systemparameters. Subsequently, vmax can be obtained using (8.25) and the
localization error de�ned in (8.3). Figure 8.9 illustrates the variation of Tloc with � , and
as expected, Tloc decreasesas � increases.Evidently, as the number of range estimatesm0

required to form a reliable estimate increases,the averagelocalization time also increases.

Figure 8.10illustrates the analytical modeling of vmax through the variation of the RI trans-
mission probability p. Figure 8.10(a) illustrates the variation of the average localization
error, the averagelocalization time, and the maximum mobile speedwith p. The value of g
is assumedto be unity. We seethat vmax is minimized when the averagelocalization error is
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Figure 8.10: (a) The variation of the average localization error, the average localization
time, and the maximum mobile speed(g = 1) as p increases,and (b) the reciprocal of the
averageroot localization error (meter� 1) versusmaximum mobile speed(meters/second)as
p is varied for di�erent valuesof g. The valuesof the parametersusedin this simulation are:
q = 0:2, K R = 100, Ts = 10 ms, � = 4, � L = 0:5 nodes/meter2, � U = 0:25 nodes/meter2,
m0 = 3, K 0

1 = 0:01, Rmax = 5 meters,Q = 0:05.
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minimized. This suggestsa tradeo� betweenlocalization accuracyand mobile speed,which
is illustrated in Figure 8.10(b). Figure 8.10(b) plots the reciprocal of the root localization
error versus the maximum mobile speed as p is varied, for di�erent values of g. We see
that as the localization accuracy(y-axis) increases,the maximum allowable mobile speed
decreasesand vice versa,as expected. As g increases,a given localization accuracycan be
attained at higher mobile speeds.We note that increasingthe valueof p asthe mobile speed
increasesdoesnot improve the averagelocalization error.

In this section,we have establisheda framework for the analysisof the interaction between
localization accuracyand relevant multiple-accessand network parameters. However, the
analytical resultspresented correspond to the case� = 4, andseveral simplifying assumptions
were required in order to make the analysistractable. In the following section, we present
simulation results that evaluate the validit y of the insights gain through the above analytical
development.

8.6 Comparison with Simulation Results, Mo deling Is-
sues and Further Work

Basedon the simulation framework discussedin section7.4, the performanceof the Aloha-
basedscheme discussedin Section 8.3 was simulated. Figure 8.11 shows the variation of
the simulated valuesof the averageroot localization error (in meters) of NR = 5 stationary
unlocalized nodes randomly located over an L � L � L volume of interest. Here, NA � 4
anchorsarerandomly placedwithin the areaof interest. The location estimatesarecomputed
using the LS estimator, and all links are assumedto be LOS. Figures 8.11(a) and 8.11(b)
indicate the root localization error versusNA at t = 2 secondsand t = 5 secondsrespectively.

As seenin the analytical results, there is an optimal density of localized nodes at which
the localization accuracy is maximized. In this case,when � = 2, the optimal number of
anchors is N �

A = 10, and when � = 4, N �
A > 20. This is an intuitiv e result as the average

localization accuracy is likely to be more strongly limited by multiple-accessinterference
when � = 2, as opposedto � = 4. Therefore,from a multiple-accessperspective, increasing
the number of anchorsbeyond a certain valuedegradesthe averagelocalization accuracydue
to the increasein multiple-accessinterference.For small valuesof NA , the number of range
estimatesis too small, whenNA is large,multiple-accessinterferencereducesthe throughput
of rangeestimatesand their accuracy.

Figure 8.12(a) presents a simulation of the averagerate of transition in the density of un-
localized nodes and localized nodes as a function of time. In this simulation, we assume
that at t = 0, the number of anchors NA = 5, the number of unlocalized referencenodes
NR = 5, and L = 10 meters. Here, unlocalizednodesthat are able to receive m0 = 4 range
estimatesfrom distinct localizednodesestimate their locations,and then act asanchors for
other unlocalizednodes. The time-varying densitiesof localizedand unlocalizednodesare
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Figure 8.11: Simulated valuesof the averageroot localization error of stationary reference
nodesas the number of anchors NA is varied. The root localization error curvesat (a) t = 2
seconds,and (b) t = 5 secondsare shown for di�erent valuesof L and � .

computed by dividing the number of localizedand unlocalizednodesat any instant by L 2.
We seefrom Figure 8.12(a) that the choice of the parameter p plays a signi�cant role in
determining the \net work localization time", or the time taken for all unlocalizednodesto
becomelocalized. By choosingp suitably, the network localization time can be reduced.

Figure 8.12(b) comparesthe averageroot localization error of nodesin two cases:(1) unlo-
calizednodesthat compute their location estimatesare not allowed to becomeanchors, (2)
unlocalizednodesthat computetheir location estimatesareallowed to becomeanchors. The
valuesof the parametersin this simulation were: � = 2, L = 10 meters, q = 0:1, NA = 5,
and NR = 5. We seethat Case1 can result in considerablyimproved performancerelative
to Case2 for certain parameter choices. This implies that in order to take advantage of
the presenceof additional localized nodes within the area of interest as unlocalized nodes
estimate their locations, the systemparametersneedto be suitably selected(possibly in a
time-variant manner) in order to reducethe increasein multiple-accessinterference.

However, the extraction of the optimal parametersto be used in this dynamic scenariois
not straightforward. In our analytical framework, we assumedthat the number of localized
and unlocalizednodeswere �xed, and that the averagethroughput of range estimateswas
constant over all time-slots. We further showed that the throughput of range estimates
depends on the densitiesof localized and unlocalized nodes. However, if the densitiesof
localized and unlocalized nodes are time-varying, this implies that the throughput is also
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Figure 8.12: (a) Change in the densities of localized and unlocalized nodes versus time.
Here,NA = 5 anchors are located within the areaof interest, which is an L � L � L volume,
L = 10 meters, and NR = 5 is the number of stationary unlocalized nodes. (b) Average
root localization error in two cases(i) Case1: Unlocalizednodesthat computetheir location
estimatesare not allowed to becomeanchors, (ii) Case2: Unlocalizednodesthat compute
their location estimatesare allowed to becomeanchors.
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Figure 8.13: Probabilistic state model for node transitions: the probability of an unlocal-
ized node becominglocalized in a given slot is a function of the number of localized and
unlocalizednodes,and other systemparameters.

time-variant, and the corresponding analysis becomesextremely complicated. A possible
approach to this problem is to develop a simple probabilistic model for the transition of
unlocalizednodesto localizednodes,as shown in Figure 8.13. The transition probabilities
at time instant depend on the current values of the system parameters, and the current
densitiesof localizedand unlocalizednodes. The development of such a model can provide
insights into the behavior of more dynamic scenarios.

Finally, Figure 8.14 presents a simulation of the averagelocalization accuracy(the average
inverseroot localization error) of a mobile node traveling linearly with a speedv through a
network of NA = 20 localizednodesdeployed over an L � L � L volume, L = 10 meters. We
seethat the trends observed are similar to those developed through the analytical frame-
work. Further, we seethat if target localization accuracyare the expected mobile speeds
are provided, performanceenhancement through the selectionof systemparametersmay be
possible.

8.6.1 Mo deling Issues

In the modelingof the synchronousand asynchronousPoLoNets,several simplifying assump-
tions were made in an e�ort to make the analysissimple yet insightful. However, in order
to gain a better understandingof the behavior of practical PoLoNets, further investigation
is required into more realistic models for such networks from the perspective of localization
accuracy. Below, we list someaspects of the modeling of location-aware sensornetworks
that warrant investigation and require more sophisticatedmodeling strategies.
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Figure 8.14: Simulated valuesof the averageinverseroot localization error (meter� 1) of a
mobile versusthe speedof mobile (meters/second). Here, � = 4, NA = 20, L = 10 meters.
The anchor nodesare randomly dispersedover the L � L � L volume, and the mobile node
travels linearly acrossthe volume of interest with a speedv. The curvesplotted correspond
to di�erent valuesof p.

Dep endence on the true in ter-no de distances: In this chapter, we ignoredthe depen-
denceof the probability of successfulpacket transmissionand the varianceof rangeestimates
on the distancesbetweenunlocalizedand localizednodes. We assumedthat the probability
of successfulpacket transmissionand the varianceof rangeestimatesfor all unlocalizedand
localizednodeswithin a distanceRmax is constant and aregivenby Ps and � 2 respectively. In
reality, the the probability of successfulpacket transmissionsfrom nearby nodesis expected
to be larger than those from more distant nodes. Similarly, we expect that distancesesti-
mated using packets from nearby nodesshould be more accuratethan packets from distant
nodes. Therefore, a more accurate model for the localization accuracywould include the
dependenceof the localization accuracyon the distribution of the inter-node distances.

Poisson Distribution of No des The spatial Poissondistribution for the locations of
nodeshasseveral advantagesandattractiv emathematicalproperties. The statistical isotropy
and memorylessproperties of the Poissonprocessmake the analysisof the interferencefrom
Poissondistributed terminals tractable. However, the main disadvantageof usingthe spatial
Poissonassumptionfor the locations of nodesis that the areaof the network is assumedto
be in�nite. Models for the behavior of PoLoNets deployed over a �nite area need to be
developed.
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Fairness: The issueof fairnessof packet transmissionshasnot beconsideredin the analysis
of throughput. For instance,it may bepossibleto maximizethe averagethroughput of range
estimatesby allowing a singlelocalizednode to transmit repeatedly to an unlocalizednode,
i.e., we do not enforce the condition that range estimates be received from m0 distinct
localizednodesin the analysis. Due to the probabilistic nature of the Aloha-basedmultiple-
accessscheme discussed,fairnesswas not found to be an issuevia simulations. However,
the interpretation of the generalrelation betweenlocalization accuracyand the throughput
necessitatesthe discussionof fairness.

Slotted versus Unslotted: While discussingthe performanceof asynchronousPoLoNets
weassumedthat the time axiswasslotted, and it wasassumedthat each nodecantransmit a
singlepacket within a slot. Unslotted packet transmissionsbasedon continuous-timePoisson
packet-arrivals can be investigated.

Collision model and code-assignmen t In the development of the analytical framework
for the impact of multiple-accessschemeson localization accuracy, the speci�c details of
spreadingcodeassignment werenot discussed.The captureratio Q wasusedmodel the e�ect
of primary interferers,but speci�c models to incorporate the details of the code-assignment
needto be incorporated.

8.7 Conclusions

In this chapter, we presented an analytical framework for characterizing the dependence
of localization accuracy on network parameterssuch as node densities, mobile speed and
other multiple-accessparametersin synchronousand asynchronousPoLoNets. The insights
into the impact of theseparameterson the localization accuracyprovided by the developed
analytical framework were then veri�ed using simulation results. We found that (i) from a
multiple-accessperspective, there is an optimal density of localized nodes that maximizes
the averagelocalization accuracy, and (ii) there is a trade-o� betweenthe mobile speedand
the mobile localization accuracy. The insights gainedfrom the analytical framework further
provide an approach to modeling the more dynamic nature of practical ad hoc PoLoNets.
A discussionof possibleimprovements to the modeling of PoLoNets from a multiple-access
perspective was provided.
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8.8 App endix 8A: On the relationship between local-
ization accuracy and e�ectiv e throughput

De�ne Hm;n = � m (1 � � )n� m . Then,
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Di�eren tiating the averagelocalization error with respect to the parameterx,
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When the throughput � is maximized with respect to a system parameter x, @�
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Figure 8.15shows the variation of J (� ) with � . We seethat J (� ) < 0 8� when 
 0 � � 2.

8.9 App endix 8B: Statistics of the In terference Power
from a Poisson Field of In terferers.

Supposewe de�ne the \e�ectiv e interference"as the random variable Y:

Y ,
X

k

1

r �
k

: (8.27)
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Then Y represents the spatial dependenceof the total interferenceseenfrom all interfering
anchor nodes. Let Y�a be the interferencepower from anchors located in the annulus Da

betweenr = � and r = a. The characteristic function of Y�a is given by

� Y�a (! ) = E
�

ej ! Y�a
	

= Ek

�
E

�
ej ! Y�a jk interfering anchors in Da

		
: (8.28)

Given that there are k interfering anchors in Da, due to the nature of the Poissonprocess
[30], the distribution of their locations is that of k independent and identically distributed
points with uniform distribution. Their distancesfrom the origin are distributed as:

f R (r ) =
� 2r
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0 otherwise.

It follows that
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From (8.29), it can be shown that [31] for � > 2, the characteristic function of Y asa ! 1
and � ! 0 is given by
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A closed-formexpressionfor the probability density function (PDF) associated with the
above characteristic function [85] is known only when � = 4. When � = 2, the interference
power diverges. For � > 2, the PDF associated with the above characteristic function is
given by:
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where� = 2
� , � = � � 0�(1 � � ). The corresponding CDF is given by
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(8.29)

8.10 App endix 8C: Distribution of the SINR

Since the link distance to a localized node is also modeled as a random variable R, the
random variable S representing the SINR seenat the unlocalizedis given by

S = S(R; Y) =
�

1
� 0

+
K 1R� Y

Ns

� � 1

: (8.30)

The randomvariablesR and Y areassumedto be independent, and therefore,the expression
for the CDF of the SINR conditioned on the link distanceR is given by:
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The probability of a packet being successfullydecoded is modeled as the probability that
the SINR exceedsthe threshold � T given a distanceR, Ps(R) = 1 � FSjR(s = � T jR), which
implies
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Further,
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Av erage Probabilit y of Success when � = 4

When � = 4, the expressionfor Ps(R) becomes
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Further, the probability of successaveragedover the link distanceis then given by

Ps =
Z

R
Ps(r )f R(r )dr: (8.33)

When nodesare spatial Poissondistributed, the link distancecan be modeledas a uniform
random variable:
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Range Estimate Variances when � = 4

Assumingthat a packet canbe successfullydecoded, the varianceof rangeestimatethat can
be obtained

V =
K R

S
: (8.35)
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The range estimate variance averaged over the link distance can be obtained using the
following expressionvia numerical integration:

� 2 =
Z

R
� 2(R)f R (r )dr:



Chapter 9

Power Con trol for UWB PoLoNets

9.1 In tro duction

In this chapter, we consider the problem of designingpower-control algorithms for UWB
PoLoNets. As a mobile node moves through a network of localized referencenodes, its
localization accuracy
uctuates due to variations in connectivity, range estimate variances
and geometry. Further, if the probability of referencenode failure is signi�cant, controlling
the transmit power to ensurethe minimum required connectivity becomesessential. We
demonstratethat power-control algorithms can be usedto improve and provide robustness
to a mobile node's localization accuracyas it traversesthe network of referencenodes,with-
out the necessity to transmit at the maximum available power. Additionally , as suggested
in Chapter 5, e�cien t power-control can speed up the rate at which range estimatesare
delivered to unlocalizednodes,thereby promoting rapid localization.

Key contributions included in this chapter are:

� While power-control algorithms have beendeveloped for cellular networks, their de-
sign is typically from the perspective of ensuringrequisite signal-to-interference-and-
noiseratios or bit/frame error-rates. Power-control from the perspective of localiza-
tion accuracyhasnot beenconsideredpreviously.

� An analytical framework for the impact of power-control on localization accuracyis
provided.

� Two di�erent power-control algorithms based on localization accuracy have been
proposed,whosee�cacy is demonstratedvia simulation results.

This chapter is organizedas follows: In sections9.2 and 9.3, we examine the variation of
localization accuracydue to node mobilit y and impact of power control on the localization
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accuracy. A means of quantifying and estimating the \qualit y" of location-estimatesis
discussedin section 9.4. Two power control estimatesbasedon the de�ned quality metric
are discussedin detail in section9.5. A comparisonof thesepower control approacheswith
simulated optimal solutions obtained can be found in section 9.6. We concludein section
9.7.

�20 �10 0 10 20
�20

�10

0

10

20

X (meters)

Y
 (

m
et

er
s)

mobile speed = 1.6 m/s

0 50 100
10

�1

10
0

10
1

Time (Seconds)

Lo
ca

liz
at

io
n 

E
rr

or

0 50 100
10

0

10
1

10
2

Time (Seconds)

g

0 50 100
10

�2

10
�1

10
0

Time (Seconds)

G

Figure 9.1: \Spatial Fading" of Localization Accuracy: the mobile is assumedto be moving
through the L � L area of interest with speed v = 1:6 meters/second. The N localized
referencenodesare assumedto uniformly (randomly) distributed over the area of interest.
In the above example,� = 2, P = 10 mW, N = 10, L = 40 meters, � min = 20 dB.

9.2 \F ading" of Lo calization Accuracy

As shown in (3.5), the localization error 
 x is dependent on the geometry of reference
nodes (through � m ), connectivity with localized referencenodes (through m) and range
estimatevariances(which depend on Ri ). It is evident that asa mobile node movesthrough
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the network of referencenodes, all three quantities can vary with time and therefore, the
localization error of a mobile node is a function of time. Figure 9.1 illustrates an example
of the variation of a mobile node's localization error as the mobile node moves through an
area containing randomly distributed referencenodes. The localization error 
uctuation is
analogousto the spatial fading of received signal power in wirelesspropagation channels.

It was shown in (3.11) that increasingthe number of rangeestimatesfrom referencenodes
decreasesthe localization error. Therefore,oneway of reducingthe 
uctuation of localization
error due to changesin connectivity is to initially deploy referencenodeswith a high node
density. An alternative meansof improving localization accuracyand making it robust to
node mobilit y is through the use of power control. We seethat increasing the transmit
power P (i) increasesthe transmissionrangeRmax , improving connectivity and resulting in
the availabilit y of a larger number of rangeestimates,and (ii) from (2.25), reducesthe range
estimate variances. In the following section, we quantify the decreasein localization error
with an increasein transmit power.
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Figure 9.2: Localization Accuracy \F ading" versusnode density: the number of localized
referencenodes N in the L � L area of interest is increased. We seethat as the average
localizednode density � = N

L 2 increases,a mobile's localization accuracyis more robust to

uctuations. In the above simulation, L = 20 meters, and the mobile speed is v = 1:6
meters/second. For a given set of anchor locations, the number of available anchors is
increasedfrom N = 10 to N = 20.

It must be pointed out that the short-term fading in localization accuracycan be partially
mitigated by tracking algorithms such as Kalman �ltering as will be seenin Chapter 6.
However, in PoLoNets with a low density of referencenodes, limited connectivity with ref-
erencenodes| which results in poor localization accuracy| can span longer durations of
time, thereby limiting the e�ectivenessof tracking algorithms. In such situations, we can
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resort to power-control to improve connectivity, reducebattery consumption,reducesinter-
ference,and reduceslocalization error. In the following section,we quantify the decreasein
localization error with an increasein transmit power. It must be noted that although the
investigation of power control algorithms that follows is performedwith UWB PoLoNets in
mind, the development is not speci�c to the UWB physical layer and be applied to PoLoNets
with a genericphysical layer.

9.3 E�ect of Increasing Transmit Power

Let P be the transmit power of a mobile node. The e�ective received signal-to-noise-ratio
(SNR) at referencenodei , during a \range-initiate" broadcastby the mobilenode is modeled
by � i = K P PR� �

i , where� is the path-lossexponent, Ri = kx � x i k is the distancebetween
the nodes,and K P is a constant that subsumesthe e�ects of other physical layer parameters.
If multiple uncoordinated mobile nodesarepresent, then the SNR would have to be replaced
by signal-to-interference-and-noiseratio (SINR). For simplicity, we temporarily examinethe
casewith one mobile node in a network of referencenodes. We assumethat the minimum
SNRrequiredfor a packet to bereceivedsuccessfullyis givenby � min , resulting in a maximum

radius of coverageRmax (P) =
�
K P P� � 1

min

� 1
� around x . Let N (P) represent the number of

referencenodespresent within a radius Rmax(P) from the mobile node.

Given m = N (P) range estimatesfrom referencenodes, the mobile node estimatesits lo-
cation with the localization error lower-bounded by (3.5). Supposethe transmit power is
increasedby a factor � > 0. The new transmit power is given by P 0 = P (1 + � ). In the
absenceof multiple-accessinterference, the number of referencenodes that can receive a
packet from the mobile node increases(or remainsthe same)with this increasein the trans-
mit power. Let the new number of responding referencenodes be N (P 0) = m + n � m.
From (2.25), the new rangeestimate variancesare given by

� 0
i
2 =

K RR�
i

K P P0
=

� 2
i

1 + �
; i = 1; 2; � � � ; m + n: (9.1)

The improvement in terms of localization error is de�ned as D = 
 x (P) � 
 x (P0). The
expressionfor D in terms of � is derived in Appendix 9A and is given by (9.10). It is clear
from (9.10) that D > 0 if P0 > P which implies that the localization error decreaseswith an
increasein transmit power. Figure 9.3 illustrates the impact of increasingthe transmit power
on localization accuracyobtained via (a) the CRLB, and (b) the LS estimator. We seethat
under ideal conditions, increasingthe transmit power can result in signi�cant improvement
in localization accuracy. As stated previously, the decreasein the localization error can
be attributed to the two e�ects of increasingthe transmit power: improved connectivity,
resulting a larger number of range estimates(m + n � m), and reducedrange variances
(� 0

i
2 < � 2

i ).
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Figure 9.3: Impact of Power Control: Increasingthe transmit power from P0 = 1 mW to 2P0

(a) increasesthe number of available rangeestimatesfrom m = 4 to m = 9, and (b) reduces
the variance of range estimates. This leadsto a decreasein the averagelocalization error.
In the above example,x = [5 5]T , and NR = 15 referencenodesare randomly distributed
over an L � L areaof interest, whereL = 40 meters.
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9.4 Qualit y of Lo cation Estimates

We de�ne the Quality of Localization (QOL) Qx of a location-estimatex as the reciprocal
of the localization error :

Qx (P) =
1


 x
=

K P P
P m

i=1

P m
j =1 ;j >i

sin2 ( � i � � j )

R �
i R �

j

K R
P m

i=1
1

R �
i

: (9.2)

The larger the value of the QOL, the higher the localization accuracy. It is evident that
in an in�nite �eld of referencenodesas P ! 1 , Qx (P) ! 1 . We would like to �nd the
transmit power P with which a given target location-estimatequality Q0 is obtained. We
can thereforeset up an objective function that is to be minimized as

Z(P) = (Qx (P) � Q0)
2 : (9.3)

It can be veri�ed from (9.2) that the transmit power P = P ? that minimizes this objective
function is given by the solution of the following equation:

P? =
Q0K R

P N (P ? )
i =1

1
R �

i

K P
P N (P ? )

i =1

P N (P ? )
j =1 ;j >i

sin2 (� i � � j )

R �
i R �

j

: (9.4)

However, this equationcannotdirectly be usedto solve for P ?, sincewe do not a priori know
the valuesof N (P), f Ri g or f � i g for a speci�c mobile location in the network. In our case,
the value of P? can be obtained via simulations in order to serve as a benchmark for the
power control schemesproposedin the following sections.

9.4.1 Qualit y Metric

In order to implement power control algorithm basedon the quality of location estimates,it
is essential for a mobilenodeto beableto assessthe quality of its location-estimate. Suppose
an initial power level P0 wasusedand a location estimatex̂ wasobtained (e.g.,usinga least-
squaresestimator). Assuming the knowledgeof the constants K P and K R via calibration,
the range estimatesr i , and the referencenode coordinates x i , i = 1; 2; � � � ; m, the quality
of the location estimate can be estimated as follows: the angles�̂ i can be estimated using
�̂ i = ] (x i � x̂ ). The variancesof the rangeestimatescan be estimatedusing

�̂ 2
i =

K R r �
i

K P P0
: (9.5)

Therefore,an estimate Q̂x̂ of the QOL can be computedusing

Q̂x̂ =

P m
i=1

P m
j =1 ;j >i

sin2 ( �̂ i � �̂ j )
�̂ 2

i �̂ 2
jP m

i=1
1

�̂ 2
i

: (9.6)
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A mobile node can then adapt its transmit-power basedon the QOL estimatesasdescribed
in the following sections.Figure 9.4(a) showsthe distribution of Q̂x̂ computedfrom Gaussian
rangeestimatesand a least-squares(LS) estimateof the nodeslocation. The estimateQ̂x̂ can
beapproximated by a Gaussianrandomvariable, especially for largeK R . We further observe
from Figure 9.4(a) that the meanand standard deviation of the QOL estimateincreasewith
K R . Figure 9.4(b) shows that the QOL estimate described in (9.6) can be treated as an
unbiasedestimate of the true QOL for small valuesof K R :

Q̂x̂ = Qx + vQ; (9.7)

where vQ � N (0; � 2
Q(P)), where � 2

Q(P) is a non-increasingfunction of P. In the following
section,we de�ne an iterativ e power-control algorithm basedon the QOL estimate de�ned
in (9.6).
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Figure 9.4: (a) The histograms of Q̂x̂ for di�erent values of K R , and (b) the mean and
standard deviation of 1=Q̂x̂ for di�erent values of K R for a given geometry of reference
nodesand a large number of rangemeasurement noiserealizations. The true value of 1=Qx

is shown for the sake of comparison.

9.5 Transmit power adaptation based on qualit y of lo-
cation estimates

In this section, we describe two power control algorithms for UWB PoLoNets based on
location-estimatesin order to obtain a target QOL Q0. The �rst algorithm usesan adaptive
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power-update basedon the estimated QOL, whereasthe secondis a two-step procedure
that tries to directly compute the transmit power required to obtain the target localization
accuracy. We assumethat mobile node displacements are small in the time-spanover which
power control algorithms are implemented.

9.5.1 QOL-based Iteration

In a mobile environment, it may be necessaryto update the location-estimateof the mobile
node periodically. In such a case, the transmit power can be updated at each attempt
to compute the location-estimate, basedon the quality of the previous location estimate.
Considera simple iterativ e power control algorithm, wherethe kth iteration is of the form

Pk+1 = Pk + � P;k

�
Q0 � Q̂x̂ (Pk)

�
; (9.8)

where� P;k represents the step-sizeof the power increment or decrement in the kth iteration.
It is clear from the above equation that if Q̂x̂ (Pk) < Q0, then the transmit power in the
subsequent iteration is increased;if Q̂x̂ (Pk) > Q0, the transmit power is decreased.Based
on the framework of power control convergenceanalysis provided in [32], [33], it can be
shown that a power control schemeof a similar form as(9.8) convergeswith probability one
to the optimal transmit power, provided the valueof � P;k and K R aresu�cien tly small. The
proof is provided in Appendix 9B, wherewe assumethat Q̂x̂ is an unbiasedestimate of the
QOL, an assumptionthat is valid for small valuesof K R .

Figures9.5-9.6 show the convergenceof the transmit power and localization error using the
above schemefor di�erent valuesof K R . It is clear that as K R increases(resulting in the
increaseof range variances),a larger step-size� P;k = � P results in faster convergenceof
the power-control algorithm. If K R is known a priori , then the speedof convergenceof the
above iterativ e schemeto the desiredQOL Q0 can be increasedby making � P proportional
to K R as seenin Figure 9.6.

9.5.2 Tw o-Step Solution

In applications where a location-estimate is computed at irregular intervals or basedon
requirement, an iterativ e schemesuch as that described above may not be suitable. In such
a case,we would like a non-iterative solution to directly compute the required transmit
power. Let P0 be the initial transmit power with the corresponding QOL estimate Q̂x̂ (P0).
From (9.10), the unknown increment � can be computed(as shown in Appendix 9A) setting
D = 1

Q̂ x̂ (P0 )
� 1

Q0
, if the term C in (9.10) is known. However, C includes range estimates

from nodes that would be responding after the transmit power is increasedby a factor � .
Sincethis information is not known when � is computed,we assumea worst-casegeometry
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Figure 9.5: (a) Transmit power, and (b) localization error versus iteration index for the
QOL-basediterativ e scheme in (9.8). In this casea constant step-size� P is used,which,
along with other parametersis displayed above the �gure. In the above �gures, the desired
QOL is Q0 = 100meters� 2.

for nodes that would be introduced if the transmit power were increased,given by (9.11),
leading to C = 0. The details of the computation of � can be found in Appendix 9A.

Since the computed value of � assumesa worst-casegeometry, the transmit power P 0 =
P0(1 + � ) is, with high probability, larger than the optimal transmit power P ? that ensures
a quality metric Q0. Therefore, the secondstep in the solution is to decreasethe transmit
power to a level that maintains Q̂x̂ � Q0. This ensuresthat if the location-estimate is
updated in quick successionsubsequently, the initial transmit power used is close to the
optimal transmit power. In this case,since the locations and rangesfor all the nodes are
known (from the �rst step), we can decreasethe transmit power soas to selectively exclude
the largest rangeestimatesand retain only the rangeestimatesthat ensureQ̂x̂ � Q0.

The above power control algorithm is de�ned explicitly as follows:

(1) Start with a transmit power P0.

(2) Using transmit power P0, obtain rangeestimatesr i , i = 1; 2; � � � ; m and referencenode
coordinatesx i , i = 1; 2; � � � ; m. Computean estimateof the mobile node'slocation x̂ . Using
this location estimate, estimate the angles�̂ i = ] (x i � x̂ ). Compute the range variances
using (9.5). Compute the QOL the location-estimatex̂ using (9.6).

(3) If Q̂x̂ > Q0, then arrange the available range estimatesin increasingorder. Compute
the QOL estimate from (9.6) with the �rst m = k ranges,endingwith the full set of ranges.



232

0 20 40 60 80 100
10

�4

10
�3

10
�2

Iteration Number

T
ra

ns
m

it 
P

ow
er

N = 100; L = 10, n = 2, g
min

 = 1000, m
0
 = 3, W

t
 = 0.01, D

P
 = K

R
 ´  10�8

K
R

 = 50

K
R

 = 100

K
R

 = 200

K
R

 = 500

K
R

 = 1000

(a)

0 20 40 60 80 100
10

�2

10
�1

10
0

10
1

10
2

Iteration Number

Lo
ca

liz
at

io
n 

E
rr

or

N = 100; L = 10, n = 2, g
min

 = 1000, m
0
 = 3, W

t
 = 0.01, D

P
 = K

R
 ´  10�8

K
R

 = 50

K
R

 = 100

K
R

 = 200

K
R

 = 500

K
R

 = 1000

(b)

Figure 9.6: (a) Transmit power, and (b) localization error versus iteration index for the
QOL-basediterativ e scheme in (9.8). In this case,the step-size� P is varied accordingto
K R which determinesthe varianceof the rangeestimates. In the above �gures, the desired
QOL is Q0 = 100meters� 2.

Find the value of k = k? for which the quality metric Q̂x̂ (k) is closestto Q0. Compute the

transmit power corresponding to the k?th rangeestimate using P =
r �

k ? � min

K P
. Stop.

(4) Else, if Q̂x̂ < Q0, compute � using (9.12), wherewe replacef � 2
i g with f �̂ 2

i g, f � i g with

f �̂ i g, and D with
�

1
Q0

� 1
Q̂ x̂

�
. Next, go to step (3).

It must benoted that in general,the transmit power obtainedusingstep(3) will not beequal
to the optimal transmit power because(i) there may not exist a k? such that Q̂x̂ (k?) = Q0,
(in such a case,the �nal k? = argmink jQ̂x̂ (k) � Q0j), and (ii) the transmit-power is computed

usingP = r �
k ? � min

K P
, which usesa rangeestimatethat is a noisyestimateof the distancebetween

the nodes.

9.6 Simulation Results

Figure 9.7 comparesthe performanceof the two power control schemesdescribed in the
previous section with the optimal solution P ? obtained through (9.4) for a given mobile
location. For di�erent values of NR and K R (which controls the variance of the range
estimatesthrough (2.25)), we observe that the transmit power obtained by both schemes
closelymatchesthe optimal transmit power P ? in all cases.The value of L was �xed at 10
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meters,and the number of randomly distributed referencenodesNR was increased,thereby
increasing the e�ective node density. It is observed that the transmit power required to
attain a QOL Q0 = 100m� 2 ) 
 0 = 0:01 m2 decreasesasthe node density increases,which
is expected from (3.11), since for a given transmit power, the number of available range
estimatesm increasesas we increasethe node density. Also, as K R increases,the range
estimate variancesincreaseand we require a higher transmit power to attain the target
localization error 
 0 = 1=Q0.
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Figure 9.7: Comparisonof the two power control schemeswith the optimal solution: in this
simulation, L = 10, � = 2, � min = 20 dB, Q0 = 100m� 2 .

Figure 9.8 shows the impact of using iterativ e power control on a mobile node's localization
accuracy as it moves through a network of NR = 15 referencenodes that are randomly
scatteredover a 40 � 40 meter2 area. The mobile node is assumedto move at a speedof
vm = 1:6 m=s and N iter = 10 power control iterations are performedper second.We observe
that the useof power control not only reducesthe 
uctuation of localization accuracy, but
also ensureslower localization error, i.e., higher localization accuracy. However, this gain
comesat the price of usinga higher transmit power, which would lead to higher interference
levels when several mobile nodesare present, which impacts ranging accuracy.

9.6.1 Power-con trol with multiple mobile nodes

In the previous sections,we looked at power-control schemesconsideringthe localization
accuracyof a singleunlocalizednode. When there are K unlocalizednodessimultaneously
ranging to N localizednodes, increasingthe transmit power of each unlocalizednodescan
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adversely impact the localization accuracyof other unlocalized nodes due to the increase
in multiple-accessinterference. In such a case, the power control algorithm needsto be
suitably designedto provide the desiredQOL for all unlocalized nodes. Supposep is the
K � 1 vector of transmit powersof unlocalizednodes. Then, the SINR at the lth unlocalized
node receiving a range packet from the j th localized node with transmit power Pl can be
written as a function of the transmit powers:

� l ;j (p) =
PlR� n

l j

1
N s

P K
k=1 ;k6= l PkR� n

lk + PN

; l 2 f 1; 2; � � � ; K g; j 2 f 1; 2; � � � ; N g;

where Ns accounts from the processinggain of the system, and PN denotesthe e�ective
thermal noisepower. Assuming that the interferencefrom other mobile usersis Gaussian
distributed, the varianceof the rangeestimateat mobile l from referencenode j is given by

� 2
l ;j (p) =

K R

� i;j
=

K RRn
l j

�
1

N s

P K
k=1 ;k6= l PkR� n

lk + PN

�

Pl
:

As the rangeestimate variances� 2
l ;j and the number of rangeestimatesavailable to the lth

mobile node ml are functions of the transmit power vector p, we can expressthe quality of
the location estimate of the lth mobile node as:

Ql (p) =

P m l (p)
j =1

P m l (p)
i =1

sin2 (� i � � j )
� 2

l;j (p)� 2
l;i (p)

P m l (p)
j =1

1
� 2

l;j (p)

=
Pl

K R

�
1

N s

P K
k=1 ;k6= l PkR� n

lk + PN

�

0

@

P m l (p)
j =1

P m l (p)
i =1

sin2 (� i � � j )
R � n

lj R � n
li

P m l (p)
j =1 R� n

l j

1

A :

As with the single-mobilecase,we can de�ne a power vector update:

pk+1 = pk + � P;k

�
Q0 � Q̂(pk)

�
; (9.9)

where� P;k and Q̂(pk) are respectively, the vector of step-sizesand quality estimatesduring
iteration k. The main issuewith such a distributed power control scheme is that several
mobile usersmay be driven to increasetheir transmit powerswithout necessarilyimproving
their respective localization accuracieswhile degradingthe localization accuraciesof other
nodes. Further, proving stochastic convergencefor the above iteration along the lines of
the single-mobilescenario(Appendix 9B) is a di�cult task. However, Figure 9.9 presents
simulation results implementing the iterativ e power control scheme in (9.9) that indicate
that similar schemesapplied to multiple unlocalizednodescould result in higher localization
accuracies. In Figure 9.9 the quality estimateswere computed according to (9.6) and the
iteration in (9.9) was applied with a constant step-size� P and transmit power limits of
f 0:1; 5g mW. Location-estimateswereobtained using the LS estimator. We seethat the ap-
plication of such a power-control method canprovide improved averagelocalization accuracy
over time.
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9.7 Conclusions

In this chapter, we looked at the use of power control schemesin UWB PoLoNets. The
localization accuracy of a mobile node was shown to be determined by connectivity with
referencenodes,rangeestimate variancesand geometryof mobile nodesrelative to the ref-
erencenodes. This results in large-scale
uctuation of localization accuracyas the mobile
node traversesthe network. Two ameliorative power control schemesfor a singleunlocalized
node were discussed:a stochastically convergent iterativ e scheme basedon the quality of
location-estimatesand a two-step analytical solution. We demonstratedthat the two ap-
proachesapproximate the empirically-obtained optimal solution, and signi�cantly improve
the robustnessof location-estimates. Although the stochastic convergenceof the iterativ e
power control algorithm wasnot analytically shown in the caseof multiple unlocalizednodes,
its e�cacy in such scenarioswas demonstratedvia simulations.
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tion error using power control. The parametersusedfor this simulation were: P0 = 5mW,
� = 2, N = 25, L = 40, � min = 20 dB, vm = 1:6 m/s.

0 10 20 30 40 50 60
10

1

10
2

10
3

10
4

Time (Seconds)

A
ve

ra
ge

 T
ot

al
 L

oc
al

iz
at

io
n 

E
rr

or

No Power Control
With Power Control

Figure 9.9: Simulation of an iterativ e power-control algorithm with multiple unlocalized
nodes. Here, K = 20, N = 5, L = 20 meters, � = 2, Q0 = 0:1 meter� 2. The unlocalized
nodes are assumedto be stationary for simplicity. The time-varying localization error is
averagedover a large number of realizationsof unlocalizednode locations.



237

9.8 App endix 9A: Variation of 
 x with Transmit Power

Let us de�ne the following terms:

gm =
p

1 � 4� m ; 
 n =
m+ nX

i = m+1

1
� 2

i
= 
 m+ n � 
 m ;

 n =
m+ nX

i = m+1

m+ nX

j = m+1 ;j >i

sin2 (� i � � j )
� 2

i � 2
j

; � n =
 n


 2
n

:

We have


( P0) =

P m
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1
� 02

i

P m
i=1

P m
j =1 ;j >i

sin2 (� i � � 2
j )

� 02
i � 02

j

=

 m+ n

(1 + � )  m+ n
:

The denominator term is simpli�ed using

 m+ n =
m+ nX
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� 2
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Using the above expressions,after somemanipulation, the improvement in terms of the
localization error due to the increasein the transmit power can be written as


 x (P0) � 
 x (P) =

 m

 m
�


 m+ n

(1 + � ) m+ n
=

�A
1+ � + B 
 n

(1+ � ) [B + � ] + C

A (A + B
 n )
� 0; (9.10)

whereA = � m 
 m ; B = (1� gm )
2 , and

C = gm

m+ nX

i = m+1

sin2 (� i � � )
� 2

i
+

� n 
 2
n


 m
:

The worst-casegeometryfor the introducedreferencenodesis given by:

� i = � ; i = m + 1; m + 2; � � � ; m + n: (9.11)
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This implies � n = 0, and therefore, C = 0 in (9.10). Here, due to the lack of knowledge
regardingn or 
 n , we assumethat the nodesare uniformly distributed with a density � and
� = 2. Sincen = N (P 0) � N (P) here dependson � , assumingn is the averagenumber of
newnodesthat transmit rangeresponsepackets after the increasein transmit power, we can
write:

n = N (P0) � N (P) � K N P�;

where N (P) = b�� R2
maxc � ��

�
� min
K P P

� 2
�

= K N P
2
� . Additionally , since we do not know

the variances� 2
i , i = m + 1; � � � ; m + n, we assumethey are a factor � larger than � 2

m .
This leads to 
 n = n

� � 2
m

� K N P0 �
� � 2

m
= E� , where E = K N P0

� � 2
m

. Therefore, substituting D =

 x (P0) � 
 x (P) = 1

Qx (P 0) � 1
Qx (P ) into (9.10), we can solve for � :

� =
b�

p
b2 � 4ac
2a

(9.12)

a = BE(DA � 1); b= (A + B 2E) � DA(A + BE);

c = DA2:

9.9 App endix 9B: Con vergence of Power-Con trol Al-
gorithms based on Lo cation Estimates

It hasbeenshown that the deterministic scalarpower control algorithm

p(n + 1) = I (p(n))

convergesto the optimal transmit power p? which satis�es p � I (p), if the interference
function I (p(n)) is standard [32], [33] in that for p � 0 it satis�es the following properties:

� Positivit y: I (p) � 0.

� Monotonicity: For p � p0, I (p) � I (p0).

� Scalability: For � � 1, � I (p) � I (� p).

It can be shown that if I (p) is standard, the algorithm

p(n + 1) = (1 � � (n))p(n) + � (n)I (p(n))

also convergesto p?, where 0 < � (n) � 1 is the step sizeat the nth iteration. Considera
power-control algorithm of the form

Pk+1 = I k(Pk) = Pk + � P (Q0 � Q(Pk)) :
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We have shown in (9.10) that for p � p0

Q(p) � Q(p0): (9.13)

Therefore,for p � p0

I (p) � I (p0) = p � p0+ cQ (Q(p0) � Q(p)) � 0;

if

� P �
p � p0

Q(p) � Q(p0)
; (9.14)

8 p � p0. In order to prove scalability, we note that for � � 1,

Q(� p) � � Q(p):

Therefore,
I (� p) � � I (p) = cQ(1 � � )Q0 + cQ (� Q(p) � Q(� p)) : � 0

We de�ne a stochastic power control algorithm

p(n + 1) = (1 � � (n))p(n) + � (n) ~I (p(n); v(n)): (9.15)

In the aboveequation, ~I (p(n); v(n)) is the noisy interferenceestimatecontaining the stochas-
tic variablesv(n) = f vi (n)g, and is called a stochastic interferencefunction. In our case,we
have

~Q(p(n)) = Q(p(n)) + vQ(n); (9.16)

wherevQ(n) � N (0; � 2
Q(p(n))). This is valid for small valuesof K R asveri�ed via simulations.

Further, from Appendix 9A, � 2
Q(p(n)) is an non-increasingfunction of p(n). Therefore,

~I (p(n); v(n)) = p(n) + � P (Q0 � Q(p(n)) + vQ(n))

= I (p(n)) � � P vQ(n):

De�nition 2. A stochastic interference function ~I (p;v) is standard if, for p � 0, the fol-
lowing conditions are satis�ed:

� Mean Condition : The expectation

E
h

~I (p;v)
i

= I (p); (9.17)

whereI (p) is a standard interferencefunction. In this case,since

E
h

~Q(p(n))
i

= Q(p(n));

from (9.16), we seethat (9.17) is satis�ed.
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� Lipshitz Condition There exists K 1 > 0 such that

[I (p1) � I (p2)]
2 � K 1 [p1 � p2]

2 :

In our case,this implies that

[I (p1) � I (p2)]
2 = [p1 � p2 + � P (Q(p2) � Q(p1))]2

� (p1 � p2)
2 ;

from (9.14).

� Gro wing Condition There exists K 2 > 0 such that

E
� �

~I (p;v) � I (p)
� 2

�
� K 2(1 + p2):

In our case,we have

E
� �

~I (p;v) � I (p)
� 2

�
= c2

QE
�
v2

Q

�

= c2
Q� 2

Q(p) � K 2(1 + p2);

for some�nite K 2. The above relation is valid because� 2
Q(p) is a �nite non-increasing

function of p, provided an estimatehasbeencomputedusing the transmit power p(n).

It has beenshown in [33] that a stochastic algorithm satisfying theseproperties converges
to p? with probability one if the step size� (n) satis�es

1X

n=0

� (n) = 1 ;
1X

n=0

(� (n))2 < 1 :

We seethat a stochastic power-control algorithm of the form

Pk+1 = Pk

�
1 �

�
k

�
+

� � P

k

�
Q0 � Q̂(Pk)

�
; (9.18)

where 0 < � < 1, convergeswith probability one. Therefore, a step-sizethat guarantees
convergenceis

� P;k =
� � P

k
; 0 < � < 1:
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Conclusions

In Chapter 1, the stated goalof this dissertationwasto broadly answer three main questions
regardingthe designof indoor UWB PoLoNetsfrom the perspective of localization accuracy.
In the following, we discussthe answers to thesequestionsin terms of the ideasdiscussedin
the chapters of this dissertation:

Question: (a) Is it possibleto designPoLoNetsusing a UWB physical layer that satisfy the
practical designconstraints on localization accuracy?

Answ er: Yes. In Chapter 1, we stated that a practical target localization accuracyin terms
of the average localization error for the indoor �re-�gh ter tracking application discussed
was � 1 meter2. It was shown in Chapter 6 through indoor UWB measurements that the
application of the proposedlocalization techniquesto rangeestimatesextracted from these
measurements resulted in a averageroot localization error on the order of � 0:6 meter2.

Question: (b) What are the main factors that assist/impede the achievementof the target
localization accuracy?

Answ er: The main factors that impact the achievement of the target localization accuracy
in ad hoc UWB PoLoNets are: (i) the accuracyof TOA-based range estimatesestimated
from UWB signals, (ii) the accuracyof localization techniquesand algorithms that utilize
theserangeestimates,(iii) the degradationin rangemeasurement and localization accuracy
in NLOS propagation environments, (iv) the propagation of localization error in ad hoc
scenarios,(v) the multiple-accessschemeapplied and the corresponding network and system
parameterssuch asanchor node density, transmit power, mobile speed,etc.

Question: (c) Can techniquesthat mitigate these impediments be developed for UWB
PoLoNets in order to ensure the desired localization accuracy?

Answ er: The challengesfacing the design of UWB PoLoNets for the target localization
accuracyrelate to the following aspects addressedin the chapters of this dissertation. We
brie
y summarizethe contents in each chapter, along with the salient issuespertaining to

241
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Table 10.1: LOS and NLOS RangeMeasurement Error Statistics

RangeMeasurement Error LOS NLOS
Mean 0.02meters 1.90meters

Standard Deviation of Error 0.23meters 2.09meters

UWB PoLoNet design.

� Range Estimation (Chapter 2):

In order to ascertainthe degreeof localization accuracythat can be provided in UWB
PoLoNets,the accuracyof range-estimationpossiblethrough the useof UWB signalsin
di�erent propagationscenariosneededto bequanti�ed. In Chapter 2, we characterized
the impact of di�erent parameterson the accuracyof TOA-based range estimation.
A simple practical TOA-estimator for ranging using UWB signalswas proposedand
analyzed. Using such an estimator, the statistics of the range measurement error in
LOS and NLOS propagation scenarioswere presented, as shown in Table 10.1. Based
on measurement results, we modeledthe LOS and NLOS rangeestimatesasunbiased
and biasedGaussianrandom variables. We further found that the biaserrors in NLOS
range estimates can be modeled as exponential random variables. The presenceof
thesebias errorssuggestedthat providing accuratelocation estimatesin indoor NLOS
environments is a challenging task, and exacerbatesthe propagation of localization
error in ad hoc scenarios.

� Lo cation Estimation Algorithms (Chapter 3):

Basedon the model for UWB range measurements derived in Chapter 2, we studied
the accuracyof location estimation in LOS scenarios.The propertiesof boundson the
accuracyof location estimation werepresented, and it wasshown that the localization
accuracydependsnot only the accuracyof rangeestimates,but also on the geometry
of anchors and the number of range estimates. Using a novel generalizationof the
geometricdilution of precision,we wereable to quantify the individual e�ects of these
parameterson the averagelocalization accuracy. Simulation results corresponding to
the well-known LS estimator suggestedthat similar trends are obeyed by practical
estimators. We further showed that weighting and iterativ e re�nement of location
estimatescan lead to considerablegains in practical location estimation, as seenin
Table 10.2, at the price of computational complexity.

� Robust Lo calization in NLOS propagation environmen ts (Chapter 4):

Due to the biasednature of rangeestimatesin NLOS propagationscenarios,the direct
useof NLOS range information can result in considerabledegradation in localization
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Table 10.2: Simulated averageroot localization error (meters) when K E = 0:01, L = 10
meters in LOS scenarios.

Number of LOS Least-Squares Weighted Least-Squares Weighted Least-Squares
RangeEstimates Estimator Estimator Estimator with

(m) Iterativ e Re�nement
3 4.15 4.15 1.56
4 1.06 0.95 0.72
5 0.71 0.61 0.49

accuracy. Thus, the NLOS problem is a main obstaclein obtaining the target local-
ization accuracyin indoor UWB PoLoNets. This necessitatesthe characterization of
the impact of NLOS signalpropagationon localization accuracy, and the development
of NLOS mitigation algorithms. To this end, we partitioned the NLOS problem into
NLOS identi�cation and NLOS mitigation aspects. NLOS identi�cation dealswith the
identi�cation of NLOS rangeestimates.We proposeda novel computationally-e�cien t
NLOS identi�cation schemesbasedon delay spreadparametersthat can be extracted
from the received signal. Thesemethods were found to produce a probability of er-
ror of approximately 5%, and further shown to produce negligible degradation in the
localization accuracythrough measurements.

A novel NLOS mitigation algorithm basedon linear-programming(LP) was proposed
that relies on NLOS identi�cation. The comparison of the localization accuracy
achieved by LP and LS-basedestimatorswith indoor UWB measurements are summa-
rized in Table 10.3. The main advantagesof the proposedNLOS mitigation method
were: (i) the statistics of the NLOS bias errors are not assumedto be known a priori ,
(ii) no rangeinformation is discarded,(iii) this method outperformsthe LS estimator
in terms of the meanand standard deviation of the localization error, given a mixture
of LOS and NLOS rangeestimates,(iv) this method can be generalizedand extended
to handledegeneratecaseswith insu�cien t (< 3) LOS rangeestimates,(v) improve lo-
calization accuracyin LOS scenarioswith a poor geometryof localizednodes,and (vi)
canbe extendedto include other forms of constraints such asphysical maps,multi-hop
information, GPS data, etc.

� Propagation of Lo calization Error (Chapter 5):

In the absenceof a pre-existinglocalization infrastructure within the areaof interest, ad
hoc sequential localization schemescan be used. However, sincethe location estimates
of referencenodesare likely to be noisy, as the distanceto the �xed anchors increases,
the localization error can propagateleadingto poor localization accuracyin regionsof
the areaof interest far away from �xed anchors. We showed that geometryof localized
nodesand the bias introducedby practical estimators are key factors that determine
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Table 10.3: Averageroot localization error (meter2) in NLOS scenariosobtained through
measurements.

Root Localization LS-(LOS+NLOS) LS-(Pure LOS) LP-Basic LP-Extended
Error (meters) Estimator Estimator Estimator Estimator

Mean 2.71 1.90 0.53 0.50
Standard Deviation 4.82 4.23 0.70 0.64

Table 10.4: Comparisonof CT-SSMA and CSMA in terms of the simulated averageroot
localization error (in meters) valuesat t = 20 secondsafter deployment. The parameters
usedin this simulation can be found in Section7.4.

Protocol L = 10 meters L = 10 meters L = 20 meters L = 20 meters
� = 2 � = 3 � = 2 � = 3

CT-SSMA 2.74meters 5.43meters 2.05meters 4.70meters
CSMA 15.51meters 17.03meters 16.21meters 21.91meters

the extent of the propagation of error. The main implication of the propagation of
localization error is that the area (determined by the distance from anchor nodes)
over which a desired localization accuracy can be guaranteed may be limited. We
showed that this areacan be expandedthrough the useof more e�cien t (albeit more
computationally-intensive) location estimators in LOS scenarios.In NLOS scenarios,
the NLOS bias errors were found to increasethe propagation of error. A novel multi-
hop propagation of error mitigation schemebasedon the linear programming method
developed in Chapter 4 was proposed. This method incorporatesbiasedNLOS range
estimates and mitigates the propagation of localization error. The e�cacy of this
method was validated through measurements.

� Multiple-Access Design (Chapters 7 and 8):

In Chapter 7, basedon insights into the nature of the UWB physical layer, we pro-
poseda spread-spectrum protocol basedon time-hopping for UWB PoLoNets,which is
basedon the common-transmitterspread-spectrum multiple-accessapproach. Network
simulations were performed to demonstratethat the proposedprotocol is superior to
the CSMA protocol in terms of the localization accuracyand convergencetime of the
location estimates,as shown in Table 10.4.

Multiple-accessschemesin sensorand mobile ad hoc networks are typically designed
from the perspectives of data throughput, latency or energy e�ciency . As localiza-
tion accuracy is the main metric of interest in PoLoNets, the connection between
multiple-accessprotocols and localization accuracywas examined. In Chapter 8, we
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demonstratedthat the problem of minimizing the averagelocalization error in a single
slotted packet radio network was equivalent to maximizing the e�ective throughput
of rangeestimates,a conjecture that was previously madeusing insights gainedfrom
boundson location estimation.

The results in Chapter 3 suggestedthat increasingthe number of anchors that pro-
vide range estimatesimproves the averagelocalization accuracy, and the bene�ts of
increasingthe number of localizednodeswereobserved in Chapters3-6. However, the
multiple-accessdesignaspects of successfullyobtaining range estimatesfrom a large
number of localized nodes was not considered. In Chapter 8, we presented a frame-
work for studying the impact of multiple-accessparameterson the averagelocalization
accuracyof unlocalizednodes. We showed that in an interference-limitedAloha-based
multiple-accessscheme,there are optimal valuesof the systemparametersthat max-
imize the averagelocalization accuracy, and theseparameterscan be extracted if the
e�ective throughput can be extracted as a function of the systemparameters. These
analytical insights were then veri�ed through simulations. Further, the trade-o�s be-
tween localization accuracyand the speedof mobile nodeswas investigated through
analysisand simulations.

� Power Con trol Algorithms (Chapter 9):

As a mobile node moves through the area of interest, the connectivity with localized
referencenodescan
uctuate considerably. Further, if the probability of referencenode
failure is signi�cant (e.g., �re-�gh ter tracking network), controlling the transmit power
to ensurethe minimum required connectivity becomesessential. The main advantage
of power-control is: (i) improving connectivity in low-density PoLoNets,thereby ensur-
ing the minimum number rangeestimatesrequired to compute location estimates,(ii)
improving the quality and number of rangeestimates,thereby improving averagelocal-
ization accuracy. In Chapter 9, we demonstratethat in the absenceof multiple-access
interference,increasein the transmit power of unlocalizednodescan result in improve-
ment in the location estimates,asshown in Table 10. Two ameliorative power control
schemesfor a singleunlocalizednode were discussed:a stochastically convergent iter-
ative schemebasedon the quality of location-estimatesand a two-stepanalytical solu-
tion. We demonstratedthat the two approachesapproximate the empirically-obtained
optimal transmit power, and signi�cantly improve the robustnessof location-estimates.
Although the stochastic convergenceof the iterativ e power control algorithm was not
proved in the multiple unlocalized node scenario, its e�cacy was demonstrated via
simulations.

In addition to the above ideas,the resultspresented in this dissertationprovide insights into
the overall trade-o�s in the designof PoLoNets. Considerthe following example: if Nm the
number of pulsesin a packet that are used to estimate the TOA of the received signal is
reduced,then the accuracyof range estimatesdegrades.The resulting loss in localization
accuracy can be compensated in several ways as shown in Figure 10.1. The framework
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Table 10.5: Simulated impact of transmit power on the averageroot localization error (me-
ters) when K P = 3:5 � 106, K R = 100,NA = 10, L = 10 meters in LOS scenarios.

Transmit Power K E LS Localization
PT (mW) value Error (meters)

0.5 5:8 � 10� 2 3.19
1 2:9 � 10� 2 2.26
2 1:5 � 10� 2 1.61

Decrease
in Nm

Increase
in transmit 
power PT

Increase
in node density

�/ L

Modification of 
location estimation:
weighting, iteration, 

constraints, etc.

Repeated range 
estimation, followed 

by averaging

Figure 10.1: Possibledesignmodi�cations to maintain the localization accuracyin caseof a
reduction in the packet size.
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developed in this dissertationallowsus to usea localization budget to modify the parameters
in di�erent components of the design. For instance, if the Nm is reducedby a factor of 2,
from the analysisof rangeestimation, the varianceof rangeestimatesincreasesby a factor
of two, and sodoesthe averagelocalization error. In order to compensatefor this, we know
that a 3 dB increasein the transmit power reducesthe rangeestimatevariancesby a factor
of 2, and also the localization error. Similarly, the degradation in localization accuracycan
be compensatedby trading performancefor computational complexity, by usinga weighting
schemeor iterativ e position re�nement.

In this manner,the insights gainedin this dissertationcanprove valuablein the system-level
designof indoor UWB PoLoNets.
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