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Differential Algebraic Methods
for Obtaining Approximate Numerical Solutions
to the Hamilton-Jacobi Equation
by
Gordon D. Pusch
Committee Chairman: Paul F. Zweifel
Physics
(ABSTRACT)

I present two differential-algebraic (DA) methods for approximately solving the Hamilton-
Jacobi (HJ) equation. I use the “automatic differentiation” property of DA to convert
the nonlinear partial-differential HJ equation into a initial-value problem for a DA-valued
first-order ordinary differential equation (ODE), the “HJ/DA equation”. The solution of
either form of the HJ/DA equation is equivalent to a perturbative expansion of Hamilton’s
principle function about some reference trajectory (RT) through the system. The HJ/DA
method also extracts the equations of motion for the RT itself. Hamilton’s principle function
generates the canonical tranformation, or mapping, between the initial and final state of
every trajectory through the system. Since the map is represented by a generating function,

it must automatically be symplectic, even in the presence of round-off error.

The DA-valued ODE produced by either form of HJ/DA is equivalent tc a heirarchically-
ordered system of real-valued ODEs without “feedback” terms; therefore the heirarchy may
be truncated at any (arbitrarily high) order without loss of self consistency. The HJ/DA
equation may be numerically integrated using standard algorithms, if all mathematical
operations are done in DA. I show that the norm of the DA-valued part of the solution is
bounded by linear growth. The generating function may be used to track either particles

or the moments of a particle distribution through the system.

In the first method, all information about the perturbative dynamics is contained in the

DA-valued generating function. I numerically integrate the HJ/DA equation, with the



identity as the intial generating function. A difficulty with this approach is that not all
canonical transformations can be represented by the class of generating functions connected
to the identity; one finds that with the required initial conditions, the generating function
becomes singular near caustics or foci. One may continue integrating through a caustic
by using a Legendre transformation to obtain a new (but equivalent) generating function
which is singular near the identity, but nonsingular near the caustic. However the Legendre
transformation is a numerically costly procedure, so one would not want to do this often.
This approach is therfore not practical for systems producing periodic motions, because one

must perform a Legendre transformation four times per periced.

The second method avoids the caustic problem by representing only the nonlinear part of
the dynamics by a generating function. The linearized dynamics is treated separately via
matrix techniques. Since the nonlinear part of the dynamics may always be represented by

a near-identity transformation, no problem occurs when passing through caustics.

I sucessfully verify the HJ/DA method by applying it to three problems which can be solved
in closed form. Finally, I demonstrate the method’s utility by using it to optimize the length

of a lithium lens for minimum beam divergence via the moment-tracking technique.
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Chapter 0

Introduction

Scientists and engineers are often interested in the response of a dynamical system to pertur-
bations from some idealized state. Unfortunately, an analytical solution to such a problem
usually can only be obtained if the system in question is linear, or may be so approximated;

for a nonlinear system, one must frequently resort to numerical methods.

For example, this dissertation is particularly concerned with the response of a beam of
charged particles to applied electric and magnetic fields; the dynamics of such systems
become nonlinear when the field has sextupole or higher components, or when coulomb
interactions between the charged particles are included. If one is only interested in a small
number of specific trajectories through a system, then the “brute-force” method of direct
numerical integration may suffice. However, if one is interested in tracking hundreds of
particles through the system, or one particle for hundreds of orbits, the computational
expense of direct numerical integration may become prohibative. Furthermore, the analyst
may be far more interested in properties characterizing the system, rather than some small

set of trajectories passing through it.

Now the propagation of a state through a system may be thought of as being represented

by an “operation”, or mapping, which takes initial states into final states. Since the appli-



cation of the map to a state may be orders of magnitude “cheaper” than direct numerical
integration (because one is spared the expense of computing the intermediate states), it
often makes sense to invest one’s effort “up front” by looking for some means of numerically
representing and computing the map produced by a system. When the perturbation is
“small”, for example, one could respresent the map by a Taylor-series expansion of the final
coordinates in terms of the initial coordinates. In the region where this series is sufficiently
accurate, tracking becomes a matter of evaluating a set of polynomials having a few hundred
coefficients, as opposed to the several thousand complicated evaluations of the equations of

motion which might be required by direct numerical integration.

The subclass of Hamziltonian systems pose particular problems, because the evolution-map
produced by a Hamiltonian system has a special property known as symplecticity. One
would like the numerical representation of such a map to respect symplecticity exactly, if
possible; otherwise, unphysical behavior will occur. One such exactly symplectic representa-
tion is provided by the so-called “mixed generating functions”. A Mixed generating function

satisfies the Hamilton-Jacobi (HJ) equation associated with each Hamiltonian system.

HJ equations may be formulated for any system governed by a variational principle depend-
ing on no higher than first derivatives of the dynamical or “state” variables with respect
to some continous parameter; this category contains almost all systems in physics, and a
significant fraction of the systems in engineering. Examples from physics include certain
problems in celestial mechanics, parazial light optics, and parazial charged-particle optics.
In engineering and applied mathematics, examples of such variational principles arise in
optimal control theory. In fact, essentially any first-order differential system may be imbed-
ded in a larger Hamiltonian system, either by appending one or more “trivial” auxiliary
equations [LN88]., or by using the theory of optimal controls [Kir70, Sag67]. The result-
ing extended system may sometimes exhibit pathological behavior not seen in the original

system, however, so caution must be used [LN88].

This dissertation presents a new method for obtaining approximate numerical solutions to



the HJ-equation using the recently developed method of “differential algebra”. The result-
ing generating function provides a perturbative expansion for deviations from a specified
“reference trajectory”. Since much of my recent experience has been in charged-particle
optics, I shall draw most of my examples and terminology from this field. However, the

methods I shall describe may be applied to any of the problems mentioned above.
The organization of this dissertation is as follows:

In Chapter 1, I introduce those elements and notations of modern dynamical systems theory
needed for this dissertation, with particular emphasis on Hamiltonian systems. I then
discuss the importance of the symplectic condition in Hamiltonian dynamics, and why it
should be respected by numerical simulations. I then briefly sketch the relationship between

Hamiltonian dynamics and optics.

In Chapter 2, I review current numerical methods for Hamiltonian systems, and discuss their
respective advantages and liabilities. I then briefly sketch my HJ/DA method, describing

where it fits in with the aforementioned schemes.

In Chapter 3, I give a tutorial on differential algebra, a new method which allows one to
compute the numerical values of the analytical derivatives of functions, to arbitrarily high

order and machine precision, without resorting to an explicit analytical formula.

In Chapter 4, I introduce those elements of Hamilton-Jacobi and perturbation theory needed

for this dissertation. I also briefly discuss the theory of perturbative eikonals.

In Chapter 5, I develop and present three forms of my HJ/DA method. HJ /DA is a tech-
nique for obtaining approximate numerical solutions to the Hamilton-Jacobi equation via

differential algebra.

In Chapter 6, I describe an implementation of the HJ /DA method, and verify its accuracy
for three test problems solvable in closed form: a particle in a uniform relativistic drift, a

two-dimensional harmonic oscillator in polar coordinates, and a relativistic charged particle



in a uniform magnetic field. T then apply it to a new problem, for which no closed form

solution exists: optimization of a “lithium lens”.
In Chapter 7, I summarize my results and conclusions.

Finally, I present my numerical results and the FORTRAN code used in appendices A-G.



Chapter 1

Modern Dynamics, Perturbative

Methods, and Optics

“... Among all mathematical disciplines the theory of differential equations
is the most important ... It furnishes the explanation of all those elementary

manifestations of nature which involve time ...” — Sophus Lie (1895)

This chapter summarizes relevant concepts from modern dynamics and optics, and their
connection to perturbative methods, in order to establish terminology, notation, and provide

a framework.

1.1 Systems, Flows, and Mappings

A dynamical system may be defined in the abstract as a tangent vector field U € TM on a
manifold of states M; One may intuitively think of U as a “velocity” (see [AMRS8S, chap. 4],
also [Omo86, chap. 2]). TM is the tangent bundle over M which, loosely speaking, is the

product of M with its tangent manifolds (where tangent vectors live) at every point p € M.

(2}



Locally, the equations of motion (EOMs) governing the evolution of the system may always

be expressed as a set of first-order ordinary differential equations (ODEs):

€ = UM(E,¢t). (1.1)

Here the £* denote a local set of coordinates on the manifold M, (i.e. a chart), t is the
evolution parameter, and, as usual, £# denotes the total derivative of the £€# with respect

to t.

In principle, I can find the evolution of such a system with respect to ¢ from any admissable
initial condition £;(t,) to its coresponding final state £¢(t;); geometrically, this is a mapping

of M onto itself for each tq, t3:

U: M- M &(t) o €4(t2) = Ulta, 1) €i(t1). (1.2)

Do not be deceived by the simple appearance of (1.2); in general the evolution-map operator

U will not be linear!

If U satisfies certain smoothness and uniqueness conditions, then U will be a diffeomorphism

(i.e., a smooth, one-to-one, onto map having a smooth inverse) [AMRS8, p.116].

The two-parameter family of diffeomorphisms U, s, produced by the map U(ts,t,), and
labeled by the continous parameters ¢; and i, is called the flow of the dynamical vector

field U on M (see [AMRS8S, p.239]). The flow has the “group” properties:
utg £ = ut:;,tz o uh,tl ’ utl &2 — ut;,ltl ) ut,t = ga v t)
where £ is the identity map.

A system is called autonomous if its evolution map depends only on the difference t; — ¢,
so that Uy, ¢, = Uy, )0, Vt2,81; this is true if, and only if, U is independent of ¢. The
map and its associated flow therefore effectively reduce to one-parameter families, which I

write as U(t) and Uy, respectively.



By abuse of notation, in the text of this dissertation I will often use the undecorated symbol
U to denote both the flow of U and the mapping operator which generates it, when the

difference is clear from context (they are, after all, more or less the same thing).

1.2 Hamiltonian Systems and Poisson Brackets

A very special class of dynamical systems are the Hamiltonian systems. A member of this
class lives on an even-dimensional manifold P, generally known as a “phase-space” [AMRSS,
pp. 560-583]. By Darboux’s theorem [AMRS8S, p. 562], [Arn88, p. 230], for any Hamiltonian
system a local chart ¢ : P » R™XxR™ ~ R?™ may always be found in which the evolution

equations take the canonical form:

s 0 .0 .
q = ap‘H(qyp): b: = _8qu(q)p)7 l—-—l,...,ﬂ.. (13)

The generalized coordinates ¢', and their corresponding generalized (or conjugate) momenta
p; provide a particular local parameterization of the manifold P known as “canonical co-
ordinates”, while the Hamiltonian function H(q,p) = H(q',...,9™,p1,--.,Pn) specifies the

dynamics.

I shall use the same symbol H to denote both the flow and the evolution mapping operator
defined by H. Again, context should be sufficient to resolve this ambiguity. To refer to the

system itself, I shall use either X or H, depending on which is more appropriate.

Strictly speaking, it is not generally possible to cover P by a single chart without en-
countering some sort of coordinate singularity. However, as a matter of convenience such
“defective charts” are often used anyway (e.g. spherical polar coordinates), since they pro-
vide perfectly servicable representations as long as one remembers that some points are not
properly represented. (The equations of motion may become numerically ill-conditioned

near the singularities, however, requiring some type of regularization.)



The Poisson Bracket (PB) between functions on P plays a fundamental role in the theory

of Hamiltonian systems. The PB is a skew-symmetric bilinear map:
{»}: CU(P)x C™(P) — C™1(P)
where C"(P) is the set of all continuous, n-times differentiable functions over P.

The PB has a number of important algebraic properties [SM74, p. 39] which I will state

here without proof:

I. Bilinearity: {(afi + Bf2),9} = a{f1,9} + B{f2, 9}
{f>(agl + ﬁQZ)} = a{fygl} + B{fs g2}
I1. Anti-Symmetry: {f,9}=—-{9,f}
III. Jacobi’s Identity: {{f,9},h} + {{g,h}, f} + {{h,f},9} =0
IV. Derivation Property: {fygh}y ={f,9}th + g{f,h}.

In terms of canonical coordinates, the PB is given by [Gol80]:

of 99 Bf 8g
(roy= Y (5hae - 2150 (1.4

While the above definition appears to be tied to a particular coordinate system, it is actually

invariant under the class of coordinate transformations (called canonical transformations)

which leave the canonical equations (1.3) form-invariant.

Using the Poisson Bracket, I can write the canonical equations (1.3) in a more symmetrical
form:

¢ = {¢', H}, pi ={p:,H}, (1.5)
and indeed for any f(q,p;t) € CI(P), one can show that the total derivative is given by:

d 0

along every trajectory (¢'(t), pi(t)) satisfying the canonical equations (1.3).



1.3 Poisson Brackets and Poisson Manifolds

From the above properties of PBs, one sees that for functions in C*®(P), the PB satisfies the
defining properties of an (infinite-dimesional) Lie-algebra. These properties hold indepen-
dently of the canonical coordinate representation (1.4), and indeed, a completely coordinate-
free treatment is possible using Lie derivatives and differential forms [AMRS88, Arn88].
Modern workers in Mechanics hold that it is the above “Lie properties” which are crucial;
as in General Relativity, the coordinatization of the system is physically irrelevent, and a

coordinate-free treatment should be employed whenever possible.

The arena of Hamiltonian dynamics is a Potsson manifold: a manifold of states with a
Poisson Bracket defined on it [AMRS8, pp.110]. The bracket structure plays a defining role
in the geometry of this manifold analogous to the role of the metric tensor in a Riemannian
manifold. In General Relativity, we distill the physical essence of coordinates into the
metric tensor; in Hamiltonian dynamics, the physics of the canonical equations resides in
the Poisson bracket structure. In General Relativity, we attach special importance to those
transformations which preserve the metric; in Hamiltonian dynamics, we attach similar

importance to the canonical tranformations which leave the bracket structure invariant.

For the purposes of this dissertation, the full machinery of coordinate-independent me-
chanics will not be necessary. However some of the concepts of tensor analysis on phase-

space [SMT74| will be useful.

1.4 Phase-Space Tensors

Consider a set of 2n functions é#(q,p), ¢ = 1, ..., 2n. If they are smooth and invertable,
I may just as easily parameterize the phase-space P by the £* as by the (q‘,p,-). In particular,

the Poisson bracket (1.4) of two functions so parameterized will become:

{f,9} = Z agu{f" ) agu = 8,f J*™ B,9. (1.7)































































































































































































































































