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by 
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Engineering Mechanics 

(ABSTRACT) 

Laser Doppler velocimetry, a non-intrusive flow measurement technique, was em- 

ployed to experimentally investigate two-dimensional airfoil-vortex interaction. Vortices 

were generated by sinusoidally oscillating a NACA 0012 airfoil about its quarter-chord 

at a reduced frequency of k= 2.05 and an amplitude of +10° angle of attack. The target 

airfoil, a NACA 632A015, was immersed in the wake, two chord lengths downstream of 

the vortex generator’s trailing edge. Phase-averaged velocity measurements of the flow 

around the target airfoil were made with the airfoil at angles of attack of a=0° and 

a=10°. A close encounter with a counterclockwise rotating vortex was observed for 

both angles of attack, and a head-on collision, which split the counterclockwise rotating 

vortex in two, was observed for «= 10°. Vorticity fields were constructed from the ve- 

locity measurements and the circulation of the vortex was evaluated throughout the 

interaction. The surface pressure fluctuations on the airfoil were determined by substi- 

tuting the measured velocities into the Navier-Stokes equations and numerically inte- 

grating the resulting pressure gradients. Furthermore, an extensive investigation of the 

undisturbed wake of the oscillating airfoil was performed in order to determine the effect 

of oscillation frequency and amplitude on the wake development.
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Chapter 1 

Introduction 

Vorticity generated at the tip of helicopter rotor blades rolls up into concentrated 

vortices which sustain their character for considerable distances downstream of the 

rotor. When these vortices interact with following rotor blades, the unsteady pressure 

fluctuations induced on the blade lead to dynamic structural loading of the blade and 

noise production. The blade-vortex interaction, or BVI, is the source of the familiar 

“blade slap” sound of helicopters. 

This interaction is an example of a broad class of unsteady fluid dynamics problems 

which can be generalized as body-turbulence interaction (Bushnell, 1984). The turbu- 

lence field can take any form, from full three-dimensional, uncorrelated turbulence (wind 

gusts against structures), to highly coherent, uniform vortices (such as the helicopter 

BVI). Any wing-like surface, however, will shed vorticity at the tip, which can encounter 

trailing surfaces. Examples include; rotor wake-stator interacaction; propeller wake- 

wing or fuselage interaction; canard-wing interaction, to name a few. 

Research into the airfoil-vortex interaction phenomenon may be placed into two 

broad categories. In the first, the emphasis is placed upon the influence that a vortex 

has on an airfoil (or any body, in general), whereas, research in the second category ex- 
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amines the effect of the interaction on the vortex. The scale and circulation of the 

vorticity affect the nature of the interaction, therefore, a detailed investigation of the 

flow field in the leading edge region of the airfoil is required to better understand the 

fluid mechanics involved in the interaction. Research yielding qualitative measurements 

of an airfoil-vortex interaction predominately fall within the first category (one exception 

known to the author is Gursul and Rockwell, 1990). These measurements are typically 

in the form of unsteady surface pressures. Research focusing on the details of the flow 

field have been primarily flow visualization in nature. 

In some cases, research into helicopter BVI has closely approximated the actual 

flow around the rotor blade. Caradonna et al. (1988) reported unsteady pressure 

measurements made on a non-lifting rotor model during blade-vortex interaction (BVI). 

A leading-edge pressure pulse was the dominant feature of the BVI. Detailed velocity 

measurements in the tip vortex core of a single-bladed model rotor in hover were made 

by Thompson et al. (1987), however, due to the downwash of the rotor, no blade-vortex 

interaction occured in this study. 

Blade-vortex interactions within a helicopter rotor system are shown schematically 

in Fig. 1.1. We see in this figure a site at which the vortex core is nearly perpendicular 

to the blade span and another site at which the core is nearly parallel. By considering 

the extreme case of a parallel interaction, the helicopter rotor blade-vortex interaction 

can be modeled in two dimensions, while retaining many of the physical characteristics 

of the actual interaction. Analytical predictions by Widnall (1971) indicate that the 

parallel interaction produces the largest amplitude radiated noise pulse. Noise directivity 

studies (Martin et al., 1987) and noise source indentification (Splettstoesser et al., 1987) 

bear out this conclusion. Therefore, the helicopter BVI problem has quite often been 

studied in the form of a two-dimensional parallel interaction. 
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Parallel Interaction 

  

Figure 1.1. Blade-vortex interaction in a helicopter rotor. 
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Two-dimensional vortex disturbances can be generated by a variety of methods. 

Rockwell and Knisely (1979) and Graf and Durgin (1990) made use of the natural 

intstabilities inherent in a free shear layer to investigate vortex impingment upon a cor- 

ner. Kaykayoglu and Rockwell (1985) and Sohn and Rockwell (1987) have also em- 

ployed mixing-layers in the examination of vortex impingement with sharp and elliptical 

leading edges at zero angle of incidence. Rockwell (1984) provides an overview of earlier 

work of this type. Unsteady surface pressure measurements, and streakline and timeline 

flow visualizations were employed in these studies. 

The vortices naturally formed in the wake of a bluff body have also been used in the 

study of vortex interaction with a body. The obvious disadvantages of using the von 

Karman vortex street are the relatively close vortex spacings and the elavated turbulence 

due to the dead-air region behind the bluff body. Meier and Timm (1985) employed 

Mach-Zehnder interferometry (a precise method of determining density variations within 

a flow) to study the interaction with an airfoil of vortices generated by different shedding 

cylinders. Gursul and Rockwell (1990) too, studied body-vortex interaction by immers- 

ing the body in the wake of a shedding cylinder. Unsteady surface pressures and 

streakline flow visualization results of the interaction of the vortices with an elliptical 

leading edge were presented. Gursul and Rockwell also provided detailed two- 

dimensional LDV velocity measurements in the leading-edge region. The velocity 

measurements were used to calculate vorticity and pressure fields, and to simulate 

streakline and timeline flow visualizations. 

Meier and Timm (1985) also employed vortices generated by an airfoil placed in the 

starting flow. In a shock-tube, a second airfoil was placed upstream of the test airfoil. 

The starting vortex shed by the second airfoil had a very small core radius and velocity 

distribution close to a potential vortex. The experimental results were compared with 

inviscid calculations using conformal mapping. 
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A popular method — and the one employed by the author — of generating a two- 

dimensional vortex disturbance is by oscillating an airfoil in pitch. Free shear layers, 

shed from the airfoil’s trailing edge as it undergoes rapid changes in angle of attack, 

quickly roll up into large scale coherent vortical structures. For sinusoidal oscillations, 

these structures arrange themselves as a street of vortices of alternating rotational sense. 

This wake is similar in appearance to the Karman vortex street of bluff bodies, but the 

rotational sense of the vortices is opposite to that of the bluff body wake. 

Booth and Yu presented smoke flow visualization for a symmetric airfoil in the wake 

of a sinusoidally oscillating airfoil (September, 1986), and a nonsinusoidally oscillating 

airfoil (March, 1986). The nonsinusoidal oscillation waveform consisted of a rapid up- 

stroke (in the first 20% of the period) followed by a gradual return. In this way only 

one strong vortex was formed per oscillation period, increasing the separation between 

vortices by about five times, and isolating each encounter from the effects of the previ- 

ous and successive ones. Booth (1986) recorded unsteady pressures on the first 20 per- 

cent of the blade surface and later (1987, 1990) computed the far field noise from the 

measured surface pressures. 

Steady and unsteady pressures were measured by Straus et al. (1990) for the inter- 

action of a counterclockwise rotating vortex with a symmetric airfoil at zero angle of 

incidence. The vortices were formed by pitching a symmetric airfoil about its center of 

mass. Measured pressures were compared with pressures computed by discrete vortex 

methods. Lift and moment coefficients were compared with those derived by discrete 

vortex method and linear theory of Sears. 

Swirydezuk (1990) also employed a non-sinusoidal pitching schedule in order to 

lengthen the separation between vortices. Smoke-wire visualization was used to examine 

the interaction of a single vortex with a thin symmetrical airfoil and its wake. The em- 

phasis of this investigation was placed of the vortex-wake interaction. 
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A variety of numerical simulations of parallel blade-vortex interaction have been 

reported as well. Experiments must be performed to establish the validity of the various 

models employed. Methods range from inviscid discrete-vortex modeling to numerical 

solutions of the Euler and Navier-Stokes equations to exact analytical solutions. 

Poling et al. (1989) used a single discrete vortex and confomal mapping analysis with 

an unsteady Kutta condition to model the airfoil-vortex interaction. The vortex was 

replaced with a cloud of vortices to represent an extended vortex core (Poling et al. 

1988). Unsteady pressures using the vortex cloud were compared with experimental re- 

sults (Poling et al. 1991). Panaras (1987), and Lee and Smith (1987), also employed a 

cloud of discrete vortices in modeling the vortex core. 

Inviscid calculations were made by Swirydczuk (1990), Straus et al. (1990), and 

Meier and Timm (1985) to compare with there experimental results. 

Hardin and Lamkin (1987) developed an Euler code for predicting the radiated noise 

due to the interaction of a distributed vortex with a Joukowski airfoil. Wu et al. (1985) 

used the Euler equations in calculations of compressible inviscid transonic flow, and Lee 

et al. (1990) used an Euler-Lagrangian method. 

The problem of vortex-wing interaction was treated analytically and exact solutions 

were obtained by Jones (1972). Farassat and Succi (1983) developed analytical 

fomulations for predicting radiated helicopter noise. These fomulations were employed 

by Booth (1990) to calculate radiated noise from experimentally obtained surface pres- 

sures. Lee and Roberts (1985) computed the impulsive noise due to blade-vortex inter- 

action using an analytical turbulent vortex core model. Hardin and Lamkin (1986) 

identified the critical parameters controling noise generation by an analysis of a simpli- 

fied physical model. 

The vortex disturbance for the experimental work reported here was generated by 

oscillating a symmetrical airfoil about its quarter-chord point. A careful survey of the 
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velocity distribution of the vortices and of the repeatability of producing the disturbance 

was conducted. Beyond this, a more extensive investigation of the wake of an oscillating 

airfoil was performed. Unsteady velocity measurements were made in the mid- and far- 

wake regions to examine the developement of the wake and the effects of oscillation 

frequency and amplitude were investigated. These results are reported in chapter 3. 

Like the airfoil-vortex interaction problem, there exists little quantitative exper- 

imental data on the unsteady flow in the wake of an oscillating airfoil. Other vortex 

dominated flows and free shear flows are also lacking in experimental detail while much 

effort has gone into modeling such unsteady flows (Aref and Siggia (1980), Wygnanski 

and Petersen (1987), Mook et al. (1987), and Sundaram et al. (1991)). 

Much of the experimental effort in unsteady aerodynamics of airfoils has concen- 

trated on the unsteady loading associated with the dynamic stall phenomenon. Such 

research efforts were reviewed by McCroskey (1977, 1981). The applicability of an un- 

steady Kutta-Joukowski trailing-edge condition has also received considerable attention 

(Satyanarayana and Davis (1978), Poling and Telionis (1986), and Liu et al. (1990)). 

Two non-dimensional parameters, namely, the reduced frequency and the reduced 

amplitude, determine the nature of the ocsillating airfoil wake. These parameters are 

defined as, 

_ 2c 
k= 

a H=4, 

respectively, where w is the angular frequency of oscillation, c is the chordlength of the 

airfoil, U., is the magnitude of the mean freestream velocity, and a is the amplitude of 

oscillation (the linear distance traveled by the trailing edge). Inviscid calculations by 

Katz and Weihs (1978) suggest that the wake of a sinusoidally pitching airfoil rolls up 
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into discrete concentrations of vorticity for reduced frequencies greater than 2. Exper- 

imental results (flow visualization) show that roll up is dependent on amplitude as well 

as frequency. 

Flow visualization studies, such as performed by Bratt (1953), provide insight into 

the structure of unsteady wakes and the nature of vortex roll-up, but do not offer 

quantitative data on the flow. Extensive streakline flow visualization results were pre- 

sented by Oshima and Oshima (1980) and compared with inviscid calculations using 

discrete vortices. Experiments for a NACA 0012 airfoil oscillating in pitch were per- 

formed for reduced frequencies ranging from k=0.99 to 4.90, reduced amplitudes from 

H=0.2 to 0.74 and at low Reynolds numbers (Re < 20,000). LDV and hot-film meas- 

urements were also made, though only a single sample of the LDV measurements were 

presented. 

Koochesfahani (1989) has also employed streakline flow visualization in the study 

of an oscillating airfoil wake, only here the emphasis was placed on controlling the wake 

structure by controlling the frequency, amplitude and the shape of the oscillation 

waveform. Pitching amplitudes of + 2° and + 4°, reduced frequencies between 0.8 and 

10.0 at a Reynolds number of 12,000 for both sinusoidal and non-sinusoidal pitching 

waveforms, or pitching schedules, were studied. Mean velocity profiles obtained with 

LDV at a station | chordlength from the trailing edge were also presented. 

Caution must be used in interpreting streakline visualizations in unsteady flows. 

Williams and Hama (1980) have shown that streaklines can give the erroneous im- 

pression of growth and the presence of discrete vortices in a shear layer. Kurosaka and 

Sundaram (1986) calculated straklines for a single vortex and for a Karman vortex street 

and found the streaklines gave the impression of growth and flow reversal which did not 

exist. Moreover, associating the dye of the streakline with vorticity is erroneous since 

the diffusivity of the vorticity is different than that of the dye. 
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Until resently, the majority of the studies reported in the literature which do provide 

unsteady velocity and/or turdulence measurements have been predominately concerened 

with the near-field wake and typically involve low reduced frequencies (k < 1). Ho and 

Chin (1981) reported that the upper and lower parts of the wake of a plunging airfoil 

have different turbulent structures. Ensemble averaged velocity measurements were 

carried out between 0.08 and 1.0 chordlengths downstream of the airfoil trailing edge 

using a rake of five x-wire hot-wire probes. 

De Ruyck and Hirsch (1983) made instantaneous velocity and turbulence profile 

measurements by hot-wire at five locations in the near-wake of a sinusoidally pitching 

NACA 0012 airfoil. The furthest downstream measurement was only 0.2 chordlengths 

from the trailing edge. For a reduced frequency of k=1 (the highest frequency em- 

ployed) a small recirculation area was observed up to 2% chord downstream of the 

trailing edge. Also, the wake did not appear to be stalled during osillation even when 

the static stall angle («= 14°) was slightly exceeded (by 1°). 

Hot-wire velocity and turbulence measurements combined with smoke-wire flow 

visualizations were made as far as 1.5 chordlengths into the wake by Park and Kim 

(1987). A NACA 0012 airfoil was pitched siusoidally about the “%-chord at low reduced 

frequencies (k= 0.09, 0.13, and 0.2) and at Reynolds numbers of Re= 47,000, 40,000, and 

27,000, respectively. The airfoil was oscillated about zero mean angle of attack with an 

amplitude of 7.4°. The authors reported a sudden increase in wake thickness as a result 

of dynamic trailing edge stall, and that wake thickness increases with reduced frequency. 

From work done at similar experimental parameters, Park et al. (1988) established the 

convection velocity of the trailing edge stall to be 0.6 times the free-stream velocity. In 

comparison, Carr et al. (1977) found the convection speed of the vortex generated over 

an airfoil during deep dynamic stall to be from 0.35 to 0.4 times the free-stream velocity. 
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Extending to higher reduced frequencies, Mathioulakis et al. (1985), made one- 

component laser Doppler velocimetry measuremenst in the wake of a NACA 0012 

pitching sinusoidally at a reduced frequency of k=2.77. These experiments were per- 

formed in the same facilities as the present author’s research. Instantaneous velocity 

profiles were obtained along eight columns between 0.6 and 1.3 chordlengths down- 

stream of the trailing edge. The streamwise velocity component (u) was measured and 

the cross-stream component (v) was computed by integrating the continuity equation 

and assuming that v=0 along the top row of the measurement grid. Results were 

compared with the velocity field produced by the complex velocity potential for an infi- 

nite double row of ideal vortices, and with the results of descrete vortex computations 

by Kim and Mook (1985). 

Velocity and vorticity measurements were made at one chordlength into the wake 

of a pitching NACA 0012 airfoil by Booth (1987). The measurements were performed 

in a low-speed, low-turbulence wind tunnel at a chord Reynolds number of about 46,000, 

a reduced frequency of k=3.14., a 10° amplitude about a zero mean angle of attack. 

Hot-wire velocity measurements as well as vorticity measurements via a prototype 

vorticity probe were made along a survey line for both sinusoidal and non-sinusoidal 

pitching schedules. The non-sinusoidal (or tailored) schedule was sawtooth-like, with 

the airfoil going from minimum incidence to maximum incidence in a sinusoidal sweep 

in the first 20 percent of the pitching period, followed by a linear return sweep over the 

remaining 80 percent of the cycle. The vortex produced by the tailored pitching 

schedule was weaker than one formed by sinusoidal pitching at the same reduced fre- 

quency and appeared as two distinct vorticity accumulations. The tailored pitching 

schedule increased the spacing between vortices of like sign, from the order of one 

chordlength for the sinusoidal wake to about 5.1c for the tailored wake, and although 

prominent vortices of one sign were produced there were no strong vortices of the op- 
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posite sense evident. For a similar tailared pitching schedule (Koochesfahani (1989)), 

flow visualization in water clearly showed several weaker vortices of this opposite sense. 

In the next chapter a discussion of the experimental facilities and techniques is of- 

fered. Included is an examination of the two-dimensionality and repeatability of the flow 

in the wake of the oscillating airfoil. 

An airfoil oscillating about its quarter chord was employed to create the vortex 

disturbance used for the airfoil-vortex interaction experiments. A careful study of the 

wake of the sinusoidally pitching airfoil was performed, and the results compose chapter 

3. Laser Doppler velocimetry, a non-intrusive flow measurement technique, was em- 

ployed to provide detailed, unsteady velocity measurements as far as four chordlengths 

into the wake for a range of reduced frequencies and two pitching amplitudes. These 

measurements were made in order to determine how the wake structure depends on re- 

duced frequency and amplitude, and to establish the qualities of the vortex disturbance 

utilized in the airfoil-vortex interaction study. 

The results of a detailed investigation of the airfoil-vortex interaction are presented 

in chapter 4. LDV measurements were made around the leading edge of the airfoil 

during the interaction. Three cases were studied; a close encounter with the airfoil at a 

zero degree angle of attack, and both a close encounter and a direct encounter with the 

airfoil at ten degrees. In the direct encounter the vortex was split in two, while in the 

close encounter the vortex skimmed across the upper surface of the airfoil. With the 

velocity measurements, instantaneous vorticity fields, the instantaneous circulation of 

the vortex, and the unsteady surface pressure coefficients on the airfoil were calculated. 

A complete sequence of vorticity contour maps for each case is presented as appendices. 
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Chapter 2 

Experimental Facilities and Techniques 

2.1 Introduction 

Velocity measurements were performed with a two-component laser-Doppler 

velocimeter (LDV) in the VPI & SU water tunnel. Laser Doppler velocimetry is an op- 

tical measurement technique employing laser light to measure the velocity of small tracer 

particles suspended in the fluid. As an optical measurement technique, LDV is non- 

intrusive; a feature of particular importance here, where a mechanical measurement 

probe would upset the vortical structures that we wish to observe. This chapter offers 

a description of the experimental facilities, including the water tunnel, the vortex gener- 

ator, and the laser velocimetry systems used, and an analysis of the expected exper- 

imental errors and the methods employed for data reduction. 

2.2 The Water Tunnel 

Built in 1976 by the Engineering Science and Mechanics Department with the sup- 

port of the Army Research Office, the water tunnel is a 570-gallon closed-circuit tunnel 
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constructed of plexiglass and poly-vinyl chloride (PVC) pipe, Fig. 2.1. The settling 

chamber has a 6:1 two-dimensional contraction and features screens, honeycombs, ac- 

curately positioned flow straighteners and a set of guide vanes in the divergence to the 

settling chamber for improving flow quality within the test section. The basic design is 

described by Koromilas (1978) and by Mezaris (1979), while a detailed calibration of the 

tunnel can be found in Telionis et al. (1986). A centrifugal pump powered by a 2 h.p. 

variable speed dc motor provided free-stream velocities in the test section from about 

45 cm/sec up to 1.5 m/sec. Lower speeds, down to 10 cm/sec could be reached by closing 

a butterfly valve located immediately after the pump. Free-stream turbulence levels at 

the upstream end of the test section were consistently 1% for velocities from 12 cm/sec 

to 25 cm/sec. These measurements were made 12.7 cm (5 in.) into the test section im- 

mediately following the contraction, and roughly in the center of the tunnel cross sec- 

tion. At locations further downstream, the turbulence levels ranged from 1.5% to 5%. 

The magnitude of the turbulence was heavily influenced by the cleanliness of the water 

tunnel. A typical span-wise turbulence intensity profile is presented in section 2.6(iii) 

(see Figure 2.10 on page 40). 

Recently a new test section was designed and installed (Telionis and Wilder, 1988) 

Built of clear plexiglass, the inside cross section of the test section is 25 cm (span) x 30 

cm, (9.8 in. x 11.8 in.) and the length is 244 cm (8 ft.) measured from the end of the 

settling chamber contraction. The test section proper; i.e., the segment of the 244 cm- 

long test section in which measurements were performed (hereafter refered to simply as 

the test section), is a removable plexiglass box. The top and bottom of this box serve 

as the roof and inner floor of the water tunnel when in place, while the box’s walls serve 

as side (or false) walls to our models. The inside dimensions of the test-section box are 

21.5 cm (span) x 30 cm (8.46 in. x 11.8 in.), leaving a 0.9525 cm (6/16 in.) gap between 

the false walls and the tunnel walls. The false walls are bevelled at the leading-edge and 
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act as end plates for the airfoil models. The test-section box is 48.26 cm (19 in.) long, 

while the false walls are extended by another 22.86 cm (9 in.) by segments permanently 

mounted inside the tunnel. Finally, 10.16 cm (4 in.) long flaps are located at the 

trailing-edge of the fixed wall segments. The position of the flaps can be varied from 

fully open to fully closed and are used to control the flow rate through the gaps between 

false walls and tunnel walls. The flap position has a negligible effect on turbulence levels 

over the central 70% of the test-section span, and little effect on mean velocity over this 

same span untill the flaps are fully closed, (Poling, 1986). A flap angle of 10° was used 

in this work. This new design allows simpler, quicker access to the models in comparison 

with the older design, and greatly facilitates making adjustments to model position and 

cleaning. A second access to the test section interior (the first being the test-section box) 

is located at the upstream end of the test section and opens onto a removable 

honeycomb and three fine-mesh screens. 

An adjustable mounting bracket is attached to one false wall of the test-section box. 

The bracket can slide up or down along slots in the false wall. A slotted hub supports 

our airfoil models (which are equipped with a tab to match this slot). The hub can be 

fixed in place with the model at a 0°, + 5°, or + 10° angle of attack. With all adjust- 

ments fixed, a set screw located within the hub is used to press the model firmly against 

the opposite false wall. At present, the model position cannot be adjusted in the 

streamwise direction. 

2.3 The Vortex Generator 

Vortices were generated by oscillating an airfoil in pitch. The free shear layers shed 

from the airfoil during rapid changes in the angle of incidence quickly roll up into co- 

herent vortical structures with sizes on the order of the airfoil chord. The airfoil, a 
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NACA 0012 with a 10.16 cm (4 in.) chord length, was pitched about its “%-chord by a 

¥4-horsepower dc motor. The rotational motion of the motor was translated to a 

pitching motion of the airfoil via a four-bar linkage system. A 16:1 speed-reducing gear 

box and flywheel connected the motor to the linkage system (see Fig. 2.2). The four-bar 

linkage provided structural rigidity to the drive and allowed the pitching motion to be 

smooth and cotinuous. Running the motor at a constant speed resulted in a sinusoidal 

variation in the angle of attack, which can be written as, 

a(t) = Xp + a sin(wr) 

=A) +a sin( 21), [2.1] 

where a is the mean angle of attack, «, is the amplitude of oscillation, t 1s the period 

of oscillation, w = 22 is the angular frequency of oscillation, and t is time. In the 

present case we kept a, =0°. Motor speed, and therefore pitching frequency, was set 

by a Morse MDC-II controller. In manual operation, speed was selected by a 

potentiometer. Oscillation frequencies from 0 to 11 Hz were possible. We also exper- 

imented with non-sinusoidal pitching waveforms, which required a periodic variation of 

the motor _ speed. This variation was achieved with an _ automatic 

potentiometer/tachometer. The speed of the motor was proportional to a dc-voltage 

input to the potentiometer/tachometer, the voltage being sent from a laboratory com- 

puter. With this computer-controlled system a wide range of oscillation waveforms 

could be produced. 

Data acquisition was coordinated with the oscillating airfoil via an optical trigger 

(a side-by-side LED - phototransistor pair) mounted beside the flywheel of the pitching 

mechanism. Infrared light emitted by the LED would reflect off a mirrored tab attached 

to the flywheel, and be detected by the phototransisitor. A current produced by the 

phototransistor caused a pulse to be sent to the laboratory computer. This pulse initi- 

Chapter 2 16



  

  

Fiywheel 

\ 
  

  

  

  

                
  

  

  

  

  

False Wall 

Pitching Airfoil 

= 3/4hp Variable Speed 

—_—— Motor 

      
  

  

  

  

    

  

  

            

\ 
16:1 Ratio Gearbox 

Figure 2.2. The Vortex Generator. 
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ated data acquisition by activating the computer’s clock. The reflective tab was posi- 

tioned so that the triggering pulse occured as the airfoil begins its upstroke; ie., the 

airfoil is at -10° angle of attack and is beginning to pitch up. 

Physical characteristics of vortices produced by the oscillating airfoil are described 

in chapter 3. 

2.4 Laser Doppler Velocimetry 

Laser Doppler velocimetry (LDV) is a non-intrusive flow measurement technique 

which allows the measurement of the instantaneous velocity (magnitude and direction) 

of tracer particles suspended in the fluid. The technique provides high spacial resolution, 

high frequency response, and measurements which are independent of the fluid proper- 

ties. However, LDV systems are often expensive and complex, requiring for proper op- 

eration a working knowledge of optics and electronics. Since light beams serve as the 

probe, optical access to the test section (a window) is necessary. In addition, the tracer 

particles must accurately follow the flow. Seeding the flow with particles is a demanding 

task when air is the working fluid, but water often contains enough natural impurities 

to make seeding unnecessary. For best results the particles should be neutrally buoyant 

and quite small ( ~ lym in diameter). 

Laser Doppler velocimetry makes use of the Doppler effect —the frequency shift in 

light due to the relative motion of source and observer— to detect the velocity of the 

seeding particles. Light scattered from the moving particles is Doppler shifted in fre- 

quency. An interference pattern forms when the scattered light is mixed with unshifted 

laser light. The resulting interference patteren varies in intensity with a frequency equal 

to the Doppler frequency, and this variation is detectable with a photodetector. 
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�T�w�o� �l�a�s�e�r� �D�o�p�p�l�e�r� �v�e�l�o�c�i�m�e�t�e�r�s� �w�e�r�e� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k�.� �A� �s�i�n�g�l�e�-�c�o�m�p�o�n�e�n�t� �s�y�s�t�e�m� 

�m�o�n�i�t�e�r�e�d� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �w�a�t�e�r� �t�u�n�n�e�l� �a�n�d� �a� �m�o�r�e� �c�o�m�p�l�e�x� �t�w�o�-� 

�c�o�m�p�o�n�e�n�t� �s�y�s�t�e�m� �w�a�s� �e�m�p�l�o�y�e�d� �i�n� �m�a�k�i�n�g� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n�.� 

�T�h�e� �t�w�o�-�c�o�m�p�o�n�e�n�t� �s�y�s�t�e�m� �w�a�s� �c�a�p�a�b�l�e� �o�f� �d�e�t�e�c�t�i�n�g� �f�l�o�w� �r�e�v�e�r�s�a�l�s� �a�n�d� �c�o�u�l�d� �a�u�t�o�m�a�t�-� 

�i�c�a�l�l�y� �t�r�a�v�e�r�s�e� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e� �o�v�e�r� �a� �p�r�e�d�e�f�i�n�e�d� �g�r�i�d�.� �B�o�t�h� �s�y�s�t�e�m�s� �h�a�d� �o�n�e� 

�e�l�e�m�e�n�t� �i�n� �c�o�m�m�o�n�;� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �c�o�m�p�u�t�e�r�.� 

�A� �D�i�g�i�t�a�l� �E�q�u�i�p�m�e�n�t� �C�o�r�p�o�r�a�t�i�o�n� �M�I�N�C�-�1�1� �(�M�o�d�u�l�a�r� �I�N�s�t�r�u�m�e�n�t� �C�o�m�p�u�t�e�r�)� 

�c�o�n�t�r�o�l�l�e�d� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �e�q�u�i�p�m�e�n�t� �a�n�d� �r�e�c�o�r�d�e�d� �t�h�e� �d�a�t�a� �o�n� �8 �� �f�l�o�p�p�y� �d�i�s�k�s�.� �T�h�e� 

�M�I�N�C� �f�e�a�t�u�r�e�d� �a� �1�2�-�c�h�a�n�n�e�l� �a�n�a�l�o�g�-�t�o�-�d�i�g�i�t�a�l� �(�A�/�D�)� �b�o�a�r�d� �f�o�r� �c�o�n�v�e�r�t�i�n�g� �t�h�e� �a�n�a�l�o�g� 

�o�u�t�p�u�t� �o�f� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �t�o� �d�i�g�i�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �m�a�n�i�p�u�l�a�t�i�o�n� �a�n�d� �s�t�o�r�a�g�e�,� �a� 

�d�i�g�i�t�a�l�-�t�o�-�a�n�a�l�o�g� �(�D�/�A�)� �c�o�n�v�e�r�t�e�r� �a�n�d� �a� �d�i�g�i�t�a�l� �o�u�t�p�u�t� �f�o�r� �c�o�n�t�r�o�l�l�i�n�g� �t�h�e� �s�t�e�p�p�i�n�g� �m�o�-� 

�t�o�r�s� �w�h�i�c�h� �t�r�a�v�e�r�s�e� �t�h�e� �p�r�o�b�e� �v�o�l�u�m�e�,� �a�n�d� �a� �S�c�h�m�i�t�t� �t�r�i�g�g�e�r� �a�c�t�i�v�a�t�e�d� �c�l�o�c�k� �w�h�i�c�h� �s�y�n�-� 

�c�h�r�o�n�i�z�e�d� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �w�i�t�h� �t�h�e� �p�i�t�c�h�i�n�g� �a�i�r�f�o�i�l�.� �O�t�h�e�r� �t�h�a�n� �t�h�e� �M�I�N�C�,� �t�h�e� �t�w�o� 

�L�D�V� �s�y�s�t�e�m�s� �w�e�r�e� �s�e�p�a�r�a�t�e� �a�n�d� �d�i�s�t�i�n�c�t�.� 

�T�h�e� �f�r�e�e�-�s�t�r�e�a�m� �m�o�n�i�t�o�r� �w�a�s� �a� �s�i�n�g�l�e�-�c�o�m�p�o�n�e�n�t� �D�I�S�A� �t�y�p�e� �5�5�L� �l�a�s�e�r� �D�o�p�p�l�e�r� 

�v�e�l�o�c�i�m�e�t�e�r� �w�h�i�c�h� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �h�e�r�e� �a�s� �t�h�e� �D�I�S�A� �L�D�V� �o�r� �D�I�S�A� �s�y�s�t�e�m�.� �A� �5�-�m�W� 

�H�e�l�i�u�m�-�N�e�o�n� �S�p�e�c�t�r�a� �P�h�y�s�i�c�s� �l�a�s�e�r� �s�e�r�v�e�d� �a�s� �t�h�e� �l�i�g�h�t� �s�o�u�r�c�e�.� �T�h�e� �b�e�a�m� �w�a�s� �s�p�l�i�t� �b�y� �a� 

�p�r�i�s�m� �i�n�t�o� �t�w�o� �e�q�u�a�l�-�i�n�t�e�n�s�i�t�y� �b�e�a�m�s� �w�h�i�c�h� �w�e�r�e� �f�o�c�u�s�e�d� �b�y� �a� �3�0�0� �m�m� �f�o�c�a�l� �l�e�n�g�t�h�,� �f�/�4�.�5� 

�f�o�c�a�l� �r�a�t�i�o� �l�e�n�s�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e� �w�a�s� �3�.�2�3� �m�m� �l�o�n�g� �a�n�d� �0�.�2�4� �m�m� �i�n� �d�i�a�m�e�t�e�r�,� 

�w�i�t�h� �a� �f�r�i�n�g�e� �s�p�a�c�i�n�g� �o�f� �4�.�2� �u�m�.� �T�h�e� �p�r�o�b�e� �v�o�l�u�m�e� �w�a�s� �p�o�s�i�t�i�o�n�e�d� �1�4� �c�m� �d�o�w�n�s�t�r�e�a�m� 

�o�f� �t�h�e� �t�u�n�n�e�l� �c�o�n�t�r�a�c�t�i�o�n� �a�n�d� �a�s� �n�e�a�r� �t�o� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �t�u�n�n�e�l� �c�r�o�s�s� �s�e�c�t�i�o�n� �a�s� �p�o�s�s�i�b�l�e�.� 

�A� �p�h�o�t�o�m�u�l�t�i�p�l�i�e�r� �t�u�b�e� �(�P�M�T�)�,� �l�o�c�a�t�e�d� �o�n� �t�h�e� �o�p�p�o�s�i�t�e� �s�i�d�e� �o�f� �t�h�e� �t�u�n�n�e�l�,� �r�e�c�e�i�v�e�d� �t�h�e� 

�s�c�a�t�t�e�r�e�d� �l�i�g�h�t�.� �T�h�i�s� �a�r�r�a�n�g�e�m�e�n�t� �i�s� �k�n�o�w�n� �a�s� �f�o�r�w�a�r�d�-�s�c�a�t�t�e�r� �m�o�d�e�.� �T�h�e� �c�o�m�p�o�n�e�n�t�s� 

�o�f� �t�h�e� �D�I�S�A� �s�y�s�t�e�m� �w�e�r�e� �m�o�u�n�t�e�d� �o�n� �a� �s�t�a�t�i�o�n�a�r�y� �o�p�t�i�c�a�l� �b�e�n�c�h�.� �A� �D�I�S�A� �m�o�d�e�l� �5�5�L�2�0� 

�f�r�e�q�u�e�n�c�y� �t�r�a�c�k�e�r� �D�o�p�p�l�e�r� �s�i�g�n�a�l� �a�n�a�l�y�z�e�r� �p�r�o�c�e�s�s�e�d� �t�h�e� �s�i�g�n�a�l� �f�r�o�m� �t�h�e� �P�M�T�.� �F�r�e�-� 

�q�u�e�n�c�y� �t�r�a�c�k�e�r�s�  ��f�o�l�l�o�w �� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �b�y� �f�o�r�m�i�n�g� �a� �p�h�a�s�e�-�l�o�c�k�e�d� �l�o�o�p� �b�e�-� 

�C�h�a�p�t�e�r� �2� �2�1



�t�w�e�e�n� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �o�u�t�p�u�t� �o�f� �a� �v�o�l�t�a�g�e� �c�o�n�t�r�o�l�l�e�d� �o�s�c�i�l�l�a�t�o�r� �(�V�C�O�)�.� 

�I�f� �t�h�e� �D�o�p�p�l�e�r� �s�i�g�n�a�l� �i�s� �l�o�s�t� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t�l�y� �l�o�n�g� �t�i�m�e� �(�h�i�g�h� �d�r�o�p�-�o�u�t�)� �o�r� �i�f� �f�l�u�c�t�u�a�t�i�o�n�s� 

�i�n� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �(�h�i�g�h� �t�u�r�b�u�l�e�n�c�e�)� �a�r�e� �t�o�o� �g�r�e�a�t�,� �t�h�e� �p�h�a�s�e�-�l�o�c�k�e�d� �l�o�o�p� �w�i�l�l� �b�e� 

�b�r�o�k�e�n�.� �T�h�e�n�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �t�r�a�c�k�e�r� �n�e�e�d�s� �t�o� �b�e� �m�a�n�u�a�l�l�y� �r�e�-�t�u�n�e�d�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �w�e� 

�e�m�p�l�o�y�e�d� �a� �t�r�a�c�k�e�r� �o�n�l�y� �i�n� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �m�o�n�i�t�o�r�.� 

�T�h�e� �o�t�h�e�r� �s�y�s�t�e�m�,� �a� �t�w�o�-�c�o�m�p�o�n�e�n�t� �H�e�-�N�e� �L�D�V� �f�r�o�m� �T�S�I� �I�n�c�.� �w�a�s� �t�h�e� �p�r�i�n�c�i�p�l�e� 

�i�n�s�t�r�u�m�e�n�t� �i�n� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �T�h�e� �s�y�s�t�e�m� �l�a�y�o�u�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�4�.� �O�p�t�i�c�a�l� �c�o�m�-� 

�p�o�n�e�n�t�s� �(�c�o�l�l�e�c�t�i�v�e�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �o�p�t�i�c�s� �t�r�a�i�n�)� �i�n�c�l�u�d�e�d� �a� �b�e�a�m� �c�o�l�l�i�m�a�t�o�r�,� �t�w�o� 

�p�o�l�a�r�i�z�a�t�i�o�n� �a�x�i�s� �r�o�t�a�t�o�r�s�,� �a� �p�a�i�r� �o�f� �b�e�a�m� �s�p�l�i�t�t�e�r�s� �(�p�r�i�s�m� �t�y�p�e�)�,� �t�w�o� �B�r�a�g�g� �c�e�l�l�s�,� �b�e�a�m� 

�s�t�e�e�r�i�n�g� �w�e�d�g�e�s� �(�f�o�r� �f�i�n�e� �t�u�n�i�n�g� �t�h�e� �a�l�i�g�n�m�e�n�t�)�,� �a� �s�i�n�g�l�e� �p�h�o�t�o�d�e�t�e�c�t�o�r�,� �a�n�d� �a� �b�e�a�m� �e�x�-� 

�p�a�n�s�i�o�n� �u�n�i�t� �w�i�t�h� �a� �2�.�2�7� �e�x�p�a�n�s�i�o�n� �r�a�t�i�o�.� �T�h�e� �b�e�a�m� �e�x�p�a�n�d�e�r� �r�e�d�u�c�e�s� �t�h�e� �m�e�a�s�u�r�i�n�g� 

�v�o�l�u�m�e� �l�e�n�g�t�h� �b�y� �f�i�v�e� �t�i�m�e�s� �a�n�d� �t�h�e� �d�i�a�m�e�t�e�r� �b�y� �2�.�2�7� �t�i�m�e�s� �a�n�d� �i�m�p�r�o�v�e�s� �t�h�e� �s�i�g�n�a�l�-�t�o�-� 

�n�o�i�s�e� �r�a�t�i�o� �b�y� �f�i�v�e� �t�i�m�e�s�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �o�p�t�i�c�s� �t�r�a�i�n� �a� �p�a�i�r� �o�f� �m�i�r�r�o�r�s� �p�r�o�j�e�c�t� �t�h�e� �l�a�s�e�r� 

�b�e�a�m�s� �t�h�r�o�u�g�h� �a� �2�5�0� �m�m� �£�/�4� �l�e�n�s�.� �T�h�i�s� �g�i�v�e�s� �a� �m�e�a�s�u�r�i�n�g� �v�o�l�u�m�e� �w�i�t�h� �a� �l�e�n�g�t�h� �o�f� �1�.�2�6� 

�m�m�,� �a� �d�i�a�m�e�t�e�r� �o�f� �o�n�l�y� �0�.�0�8�9� �m�m�,� �a�n�d� �a� �f�r�i�n�g�e� �s�p�a�c�i�n�g� �o�f� �4�.�5� �w�m�.� �S�i�g�n�a�l�s� �a�r�e� �c�o�l�l�e�c�t�e�d� 

�i�n� �b�a�c�k�s�c�a�t�t�e�r� �m�o�d�e�,� �w�i�t�h� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �o�p�t�i�c�s� �a�l�s�o� �s�e�r�v�i�n�g� �a�s� �t�h�e� �r�e�c�e�i�v�i�n�g� �o�p�t�i�c�s�.� 

�T�h�i�s� �g�r�e�a�t�l�y� �s�i�m�p�l�i�f�i�e�s� �t�r�a�v�e�r�s�i�n�g� �t�h�e� �m�e�a�s�u�r�i�n�g� �p�r�o�b�e� �v�o�l�u�m�e� �s�i�n�c�e� �t�h�e� �t�r�a�s�m�i�s�s�i�o�n� �a�n�d� 

�r�e�c�e�p�t�i�o�n� �o�p�t�i�c�s� �n�e�c�e�s�s�a�r�i�l�l�y� �m�o�v�e� �i�n� �u�n�i�s�o�n�.� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �b�a�c�k�s�c�a�t�t�e�r�e�d� �l�i�g�h�t� �i�s� 

�n�e�a�r�l�y� �1�0�0� �t�i�m�e�s� �w�e�a�k�e�r� �t�h�a�n� �f�o�r�w�a�r�d� �s�c�a�t�t�e�r�e�d� �l�i�g�h�t�,� �s�e�e�d�i�n�g� �t�h�e� �f�l�o�w� �(�e�v�e�n� �w�a�t�e�r�)� �w�a�s� 

�n�e�c�e�s�s�a�r�y�.� �A� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� �s�i�l�i�c�o�n� �c�a�r�b�i�d�e� �p�o�w�d�e�r� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �w�a�t�e�r�.� �S�i�l�i�c�o�n� 

�c�a�r�b�i�d�e� �p�a�r�t�i�c�l�e�s� �h�a�v�e� �a�n� �i�r�r�e�g�u�l�a�r� �s�h�a�p�e� �w�i�t�h� �a� �m�e�a�n� �d�i�a�m�e�t�e�r� �o�f� �1�.�5� �w�m�,� �a� �d�e�n�s�i�t�y� �o�f� 

�3�.�2� �g�m�/�c�m�®� �a�n�d� �a� �r�e�f�r�a�c�t�i�v�e� �i�n�d�e�x� �o�f� �2�.�6�5�.� �R�e�-�s�e�e�d�i�n�g� �i�n� �n�e�c�e�s�s�a�r�y� �r�o�u�g�h�l�y� �e�v�e�r�y� �1�2� 

�h�o�u�r�s� �(�w�h�e�n�e�v�e�r� �t�h�e� �d�a�t�a� �r�a�t�e� �d�r�o�p�s� �b�e�l�o�w� �2�0�0� �p�a�r�t�i�c�l�e�s�/�s�e�c�o�n�d�)� �a�s� �t�h�e� �p�a�r�t�i�c�l�e�s� �g�r�a�d�u�-� 

�a�l�l�y� �s�i�n�k� �t�o� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �s�e�t�t�e�l�i�n�g� �c�h�a�m�b�e�r�.� 

�F�e�a�t�u�r�e�s� �o�f� �t�h�e� �T�S�I� �v�e�l�o�c�i�m�e�t�e�r� �t�a�h�t� �a�r�e� �n�o�t� �c�o�m�m�o�n� �t�o� �t�h�e� �D�I�S�A� �s�y�s�t�e�m� �i�n�c�l�u�d�e�,� 
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�F�i�g�u�r�e� �2�.�4�.� �T�h�e� �T�S�I� �l�a�s�e�r� �D�o�p�p�l�e�r� �v�e�l�o�c�i�m�e�t�e�r�.� 
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�1�.� �T�h�e� �T�S�I� �s�y�s�t�e�m� �m�e�a�s�u�r�e�s� �t�w�o� �m�u�t�u�a�l�l�y� �o�r�t�h�o�g�o�n�a�l� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s�,� 

�2�.� �B�r�a�g�g� �c�e�l�l�s� �a�r�e� �i�n�c�l�u�d�e�d� �t�o� �a�l�l�o�w� �t�h�e� �m�e�a�s�u�r�e� �o�f� �f�l�o�w� �r�e�v�e�r�s�a�l�s�,� 

�3�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e� �c�a�n� �b�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �t�r�a�v�e�r�s�e�d� �o�v�e�r� �a� �p�r�e�d�e�f�i�n�e�d� �g�r�i�d�,� 

�T�h�e� �o�p�t�i�c�a�l� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �r�o�t�a�t�e� �i�n� �u�n�i�s�o�n�,� 

�C�o�u�n�t�e�r� �t�y�p�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �a�r�e� �u�s�e�d�,� �a�n�d� 

�D
�n

�s
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�T�h�e� �s�c�a�t�t�e�r�e�d� �l�i�g�h�t� �i�s� �r�e�c�e�i�v�e�d� �i�n� �b�a�c�k�s�c�a�t�t�e�r� �m�o�d�e�.� 

�r�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �e�a�c�h� �i�t�e�m� �i�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�I�t�e�m�s� �1�.� �a�n�d� �2�.� �m�u�s�t� �b�e� �c�o�m�b�i�n�e�d� �b�e�c�a�u�s�e� �t�h�e� �B�r�a�g�g� �c�e�l�l�s� �m�a�k�e� �t�w�o�-�c�o�m�p�o�n�e�n�t� 

�m�e�a�s�u�r�e�m�e�n�t�s� �p�o�s�s�i�b�l�e� �w�i�t�h� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �v�e�l�o�c�i�m�e�t�e�r�.� �U�s�u�a�l�l�y�,� �m�u�l�t�i�-�c�o�l�o�r�e�d� �b�e�a�m�s� 

�a�r�e� �u�s�e�d� �i�n� �m�u�l�t�i�-�c�o�m�p�o�n�e�n�t� �L�D�V� �w�o�r�k�.� �I�n�d�i�v�i�d�u�a�l� �s�i�g�n�a�l�s� �t�h�e�n� �a�r�e� �s�e�p�a�r�a�t�e�d� �w�i�t�h� 

�c�o�l�o�r� �(�o�p�t�i�c�a�l�)� �f�i�l�t�e�r�s�.� �T�h�e� �s�y�s�t�e�m� �u�s�e�d� �h�e�r�e� �e�m�p�l�o�y�s� �a� �s�i�n�g�l�e� �c�o�l�o�r� �l�a�s�e�r� �a�n�d� �f�r�e�q�u�e�n�c�y� 

�s�h�i�f�t�i�n�g� �l�i�n�k�e�d� �w�i�t�h� �e�l�e�c�t�r�o�n�i�c� �f�i�l�t�e�r�i�n�g� �t�o� �s�e�p�a�r�a�t�e� �t�h�e� �s�c�a�t�t�e�r�e�d� �l�i�g�h�t� �s�i�g�n�a�l�s�.� �T�h�e� �l�a�s�e�r� 

�b�e�a�m� �f�r�o�m� �a� �1�5� �m�W� �H�e�-�N�e� �S�p�e�c�t�r�a� �P�h�y�s�i�c�s� �l�a�s�e�r� �i�s� �s�p�l�i�t� �i�n�t�o� �t�h�r�e�e� �e�q�u�a�l� �i�n�t�e�n�s�i�t�y� 

�b�e�a�m�s�.� �T�w�o� �o�f� �t�h�e� �b�e�a�m�s� �a�r�e� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t�e�d� �b�y� �t�h�e� �B�r�a�g�g� �c�e�l�l�s�;� �o�n�e� �b�e�a�m� �i�s� �s�h�i�f�t�e�d� 

�b�y� �4�0� �M�H�z� �a�n�d� �t�h�e� �o�t�h�e�r� �b�y� �6�0� �M�H�z�.� �T�h�e� �t�h�r�e�e� �b�e�a�m�s� �a�r�e� �a�r�r�a�n�g�e�d� �t�o� �f�o�r�m� �t�h�e� 

�v�e�r�t�i�c�e�s� �o�f� �a� �4�5�°�,� �4�5�°�,� �9�0�°� �t�r�i�a�n�g�l�e� �a�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�5�.� �E�a�c�h� �b�e�a�m� �p�a�i�r� �i�s� �s�e�n�s�i�t�i�v�e� 

�t�o� �a� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �v�e�l�o�c�i�t�y�,� �h�o�w�e�v�e�r�,� �o�n�l�y� �t�w�o� �a�r�e� �l�i�n�e�a�r�l�y� �i�n�d�e�p�e�n�d�e�n�t�.� �T�h�e� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s� �m�e�a�s�u�r�e�d� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �t�o� �o�n�e� �a�n�o�t�h�e�r� �a�n�d� �i�n�c�l�i�n�e�d� �b�y� �+� �4�5�°�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� 

�t�o� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m�.� �O�n�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �i�s� �m�e�a�s�u�r�e�d� �w�i�t�h� �t�h�e� �4�0� 

�M�H�z� �-� �6�0� �M�H�z� �b�e�a�m� �p�a�i�r� �a�n�d� �h�a�s� �a� �m�e�a�s�u�r�e�d� �f�r�e�q�u�e�n�c�y� �o�f� �f�p� �+� �2�0� �M�H�z�.� �T�h�e� �o�t�h�e�r� 

�c�o�m�p�o�n�e�n�t� �u�s�e�s� �t�h�e� �4�0� �M�H�z� �-� �u�n�s�h�i�f�t�e�d� �b�e�a�m� �p�a�i�r�.� �I�t ��s� �f�r�e�q�u�e�n�c�y� �i�s� �f�p� �+� �4�0� �M�H�z�.� �B�o�t�h� 

�s�i�g�n�a�l�s� �a�r�e� �r�e�c�e�i�v�e�d� �w�i�t�h� �t�h�e� �s�a�m�e� �p�h�o�t�o�d�e�t�e�c�t�o�r� �a�n�d� �a�r�e� �e�l�e�c�t�r�o�n�i�c�a�l�l�y� �s�e�p�a�r�a�t�e�d� �w�i�t�h� 

�b�a�n�d�-�p�a�s�s� �f�i�l�t�e�r�s�.� �A�f�t�e�r� �s�e�p�a�r�a�t�i�n�g� �t�h�e� �s�i�g�n�a�l�s�,� �t�h�e� �B�r�a�g�g� �c�e�l�l� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �s�u�b�t�r�a�c�t�e�d� 

�b�y� �e�l�e�c�t�r�o�n�i�c� �d�o�w�n�-�m�i�x�i�n�g�.� �F�l�o�w� �r�e�v�e�s�a�l�s� �a�r�e� �m�a�d�e� �d�e�t�e�c�t�a�b�l�e� �b�y� �a�d�d�i�n�g� �a�n� �a�d�d�i�t�i�o�n�a�l� 

�f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �t�o� �t�h�e� �l�a�s�e�r� �b�e�a�m�s�.� �T�h�i�s� �a�d�d�i�t�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �i�s� �t�y�p�i�c�a�l�l�y� �s�e�l�e�c�t�e�d� �t�o� �b�e� 

�C�h�a�p�t�e�r� �2� �2�4



�a�p�p�r�o�x�i�m�a�t�e�l�y� �t�w�i�c�e� �t�h�e� �m�e�a�n� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �f�l�o�w�,� �a�n�d� �i�s� �n�o�t� �d�o�w�n�-�m�i�x�e�d� 

�f�r�o�m� �t�h�e� �s�i�g�n�a�l�s�.� �T�h�e� �s�i�g�n�a�l� �s�e�n�t� �t�o� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s�,� �t�h�e�n�,� �h�a�s� �a� �f�r�e�q�u�e�n�c�y� �e�q�u�a�l� 

�t�o� �f�o�+� �s�h�i�f�t� �f�r�e�q�u�e�n�c�y�.� �A� �p�a�r�t�i�c�l�e� �w�i�t�h� �z�e�r�o� �v�e�l�o�c�i�t�y� �w�i�l�l� �p�r�o�d�u�c�e� �a� �s�i�g�n�a�l� �f�r�e�q�u�e�n�c�y� 

�e�q�u�a�l� �t�o� �t�h�e� �s�h�i�f�t� �f�r�e�q�u�e�n�c�y�.� 

�3�.� �A�u�t�o�m�a�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e� �w�i�t�h�i�n� �a� �v�e�r�t�i�c�a�l� �p�l�a�n�e� �i�s� 

�m�a�d�e� �p�o�s�s�i�b�l�e� �w�i�t�h� �a� �p�a�i�r� �o�f� �s�t�e�p�p�i�n�g� �m�o�t�o�r�s�.� �S�t�e�p�p�i�n�g� �i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �M�I�N�C�-�1�1� 

�l�a�b�o�r�a�t�o�r�y� �c�o�m�p�u�t�e�r� �a�n�d� �e�a�c�h� �m�o�t�o�r� �i�s� �e�q�u�i�p�p�e�d� �w�i�t�h� �a� �l�i�n�e�a�r� �v�a�r�i�a�b�l�e�-�d�i�f�f�e�r�e�n�t�i�a�l� 

�t�r�a�n�s�f�o�r�m�e�r� �(�L�V�D�T�)� �w�h�i�c�h� �a�c�t�s� �i�n� �a� �f�e�e�d�b�a�c�k� �l�o�o�p� �w�i�t�h� �t�h�e� �M�I�N�C� �t�o� �i�n�s�u�r�e� �a�c�c�u�r�a�t�e� 

�p�o�s�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e� �t�o� �w�i�t�h�i�n� �0�.�0�5� �m�m�,� �(�n�e�a�r�l�y� �h�a�l�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�v�o�l�u�m�e� �d�i�a�m�e�t�e�r�)�.� 

�V�e�r�t�i�c�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �d�o�n�e� �w�i�t�h� �m�i�r�r�o�r�s�.� �A� �f�i�x�e�d� �m�i�r�r�o�r� �r�e�f�l�e�c�t�s� �t�h�e� �b�e�a�m�s� �v�e�r�t�i�-� 

�c�a�l�l�y� �u�p� �a� �t�o�w�e�r� �w�h�e�r�e� �t�h�e�y� �a�r�e� �t�u�r�n�e�d� �t�h�r�o�u�g�h� �a�n�o�t�h�e�r� �9�0�°� �b�y� �a� �s�e�c�o�n�d� �m�i�r�r�o�r�.� �T�h�e� 

�l�a�t�t�e�r� �m�i�r�r�o�r� �p�r�o�j�e�c�t�s� �t�h�e� �b�e�a�m�s� �t�h�r�o�u�g�h� �t�h�e� �f�o�c�u�s�i�n�g� �l�e�n�s� �a�n�d� �i�n�t�o� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n�.� �T�h�e� 

�s�e�c�o�n�d� �m�i�r�r�o�r� �a�n�d� �t�h�e� �f�o�c�u�s�i�n�g� �l�e�n�s� �a�r�e� �m�o�v�e�d� �t�o�g�e�t�h�e�r� �i�n� �t�h�e� �v�e�r�t�i�c�a�l� �d�i�r�e�c�t�i�o�n� �b�y� �t�h�e� 

�s�t�e�p�p�i�n�g� �m�o�t�o�r�.� �F�o�r� �h�o�r�i�z�o�n�t�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �t�h�e� �e�n�t�i�r�e� �o�p�t�i�c�a�l� �t�r�a�i�n� �i�s� �d�i�s�p�l�a�c�e�d�.� �T�h�e� 

�l�a�s�e�r�,� �o�p�t�i�c�s�,� �a�n�d� �v�e�r�t�i�c�a�l� �t�r�a�v�e�r�s�i�n�g� �t�o�w�e�r� �a�r�e� �a�l�l� �m�o�u�n�t�e�d� �o�n� �a� �s�l�i�d�i�n�g� �t�a�b�l�e� �w�h�i�c�h� 

�m�o�v�e�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n�.� 

�4�.� �T�h�e� �t�r�a�i�n� �o�f� �o�p�t�i�c�s� �i�s� �s�u�s�p�e�n�d�e�d� �b�e�t�w�e�e�n� �r�o�t�a�t�a�b�l�e� �m�o�u�n�t�s�.� �T�h�i�s� �f�e�a�t�u�r�e� �b�e�c�o�m�e�s� 

�n�e�c�e�s�s�a�r�y� �w�h�e�n� �m�a�k�i�n�g� �m�e�a�s�u�r�e�m�e�n�t�s� �n�e�a�r� �a� �c�u�r�v�e�d� �s�u�r�f�a�c�e�.� �F�i�g�u�r�e� �2�.�6�a� �i�l�l�u�s�t�r�a�t�e�s� �h�o�w� 

�m�e�a�s�u�r�e�m�e�n�t�s� �n�e�a�r� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �o�f� �a�n� �a�i�r�f�o�i�l� �m�o�d�e�l� �a�r�e� �f�a�c�i�l�i�t�a�t�e�d� �b�y� �r�o�t�a�t�i�n�g� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �v�o�l�u�m�e�.� �T�h�e� �b�e�a�m�s� �a�r�e� �a�l�s�o� �s�l�i�g�h�t�l�y� �t�i�l�t�e�d� �t�o�w�a�r�d�s� �t�h�e� �m�o�d�e�l� �s�u�r�f�a�c�e� �(�t�i�l�t� 

�a�n�g�l�e�s� �a�r�e� �b�e�t�w�e�e�n� �4�°� �a�n�d� �6�°�)�.� �T�i�l�t�i�n�g� �t�h�e� �p�r�o�b�e� �v�o�l�u�m�e� �a�l�l�o�w�s� �m�e�a�s�u�r�e�m�e�n�t�s� �t�o� �b�e� 

�m�a�d�e� �c�l�o�s�e�r� �t�o� �t�h�e� �m�o�d�e�l� �s�u�r�f�a�c�e� �(�s�e�e� �F�i�g�.� �2�.�6�b�)�.� 

�L�a�s�t�l�y�,� �i�t�e�m� �5�.� �C�o�u�n�t�i�n�g� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �m�e�a�s�u�r�e� �t�h�e� �t�i�m�e� �b�e�t�w�e�e�n� �c�y�c�l�e�s� �o�f� �t�h�e� 

�D�o�p�p�l�e�r� �s�i�g�n�a�l�;� �i�n�v�e�r�s�e� �o�f� �t�h�i�s� �t�i�m�e� �i�s� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y�.� �B�o�t�h� �a� �T�S�I� �m�o�d�e�l� �1�9�8�0� 

�a�n�d� �a� �T�S�I� �m�o�d�e�l� �1�9�9�0� �c�o�u�n�t�e�r� �a�r�e� �e�m�p�l�o�y�e�d�;� �o�n�e� �f�o�r� �e�a�c�h� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�.� �T�h�e� �t�w�o� 
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�+�4�0� �M�H�z� 

�e� 

�e� �©� �f�l�o�w� 
�+�6�0� �M�H�z� 

�F�i�g�u�r�e� �2�.�5�.� �B�e�a�m� �a�r�r�a�n�g�e�m�e�n�t� �f�o�r� �t�h�e� �T�S�I� �L�D�V�.� 
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�(�a�)� 

�F�l�o�w� 

�(�b�)� 

�B�l�o�c�k�e�d� �b�e�a�m� 

� � 

� � � � � � �6� 

�C�S� �R�o�t�a�t�e�d� �k�y ��e� 

� � 

�M�e�a�s�u�r�i�n�g� �v�o�l�u�m�e� 
�=�=�>� �N�o� �t�i�l�t� 

�L�L�I�E�B�L�L�L� 
� � � � � � 

�M�e�a�s�u�r�i�n�g� �v�o�l�u�m�e� 
� � 

�V�L� �L�L�E�B�L�L� 
� � � � � � 

�x� �F�l�o�w� 

�F�i�g�u�r�e� �2�.�6�.� �E�f�f�e�c�t� �o�f� �r�o�t�a�t�i�n�g� �a�n�d� �t�i�l�t�i�n�g� �t�h�e� �p�r�o�b�e� �v�o�l�u�m�e�:� �(�a�)� �r�o�t�a�t�i�o�n� �(�b�)� �t�i�l�t� 
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�c�o�u�n�t�e�r�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �a�l�i�k�e� �a�n�d� �a�r�e� �o�p�e�r�a�t�e�d� �i�n� �t�h�e� �N� �c�y�c�l�e� �m�o�d�e� �w�i�t�h� �N� �=� �8�.� �T�h�i�s� 

�m�e�a�n�s� �t�h�a�t� �t�h�e� �c�o�u�n�t�e�r� �t�i�m�e�s� �e�i�g�h�t� �c�y�c�l�e�s� �o�f� �t�h�e� �D�o�p�p�l�e�r� �s�i�g�n�a�l�.� �T�o� �h�e�l�p� �e�l�i�m�i�n�a�t�e� 

�s�p�u�r�i�o�u�s� �s�i�g�n�a�l�s� �t�h�e� �c�o�u�n�t�e�r� �a�l�s�o� �m�e�a�s�u�r�e�s� �t�h�e� �t�i�m�e� �f�o�r� �f�o�u�r� �c�y�c�l�e�s� �a�n�d� �c�o�m�p�a�r�e�s� �t�w�i�c�e� 

�t�h�e� �f�o�u�r� �c�y�c�l�e� �t�i�m�e� �w�i�t�h� �t�h�e� �e�i�g�h�t� �c�y�c�l�e� �t�i�m�e�.� �I�f� �t�h�e� �t�w�o� �a�r�e� �w�i�t�h�i�n� �a� �c�e�r�t�a�i�n� �p�e�r�c�e�n�t�a�g�e� 

�o�f� �o�n�e� �a�n�o�t�h�e�r� �(�t�h�e� �c�o�m�p�a�r�i�s�o�n� �p�e�r�c�e�n�t�a�g�e� �i�s� �7�%� �h�e�r�e�)� �t�h�e�n� �t�h�e� �s�i�g�n�a�l� �i�s� �c�o�n�s�i�d�e�r�e�d� 

�v�a�l�i�d�.� �A�l�s�o�,� �e�a�c�h� �c�y�c�l�e� �m�u�s�t� �e�x�c�e�e�d� �a� �p�r�e�s�e�t� �a�m�p�l�i�t�u�d�e� �l�i�m�i�t�.� �C�o�u�n�t�i�n�g� �b�e�g�i�n�s� �w�i�t�h� �t�h�e� 

�f�i�r�s�t� �c�y�c�l�e� �t�o� �e�x�c�e�e�d� �t�h�i�s� �l�i�m�i�t�.� �A� �h�y�s�t�e�r�e�s�i�s� �l�i�m�i�t� �i�s� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �a�m�p�l�i�-� 

�t�u�d�e� �l�i�m�i�t� �t�o� �a�v�o�i�d� �t�i�m�i�n�g� �t�u�r�b�u�l�e�n�t� �f�l�u�c�t�u�a�t�i�o�n�s� �r�a�t�h�e�r� �t�h�a�n� �c�y�c�l�e�s� �o�f� �t�h�e� �s�i�g�n�a�l�.� 

�T�h�e� �T�S�I� �c�o�u�n�t�e�r�s� �h�a�v�e� �t�w�o� �a�n�a�l�o�g� �o�u�t�p�u�t�s�:� �o�n�e� �o�u�t�p�u�t�s� �a� �v�o�l�t�a�g�e� �w�h�i�c�h� �i�s� �p�r�o�p�o�r�-� 

�t�i�o�n�a�l� �t�o� �t�h�e� �m�e�a�s�u�r�e�d� �t�i�m�e�.� �T�h�e� �o�t�h�e�r� �o�u�t�p�u�t� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y�,� 

�a�n�d� �i�s� �s�i�m�p�l�y� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �t�i�m�e� �o�u�t�p�u�t�.� �T�h�e� �M�I�N�C� �l�a�b�o�r�a�t�o�r�y� �c�o�m�p�u�t�e�r� �r�e�c�o�r�d�s� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�u�t�p�u�t�;� �t�h�e� �p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �f�a�c�t�o�r� �b�e�i�n�g� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �f�r�o�n�t� �p�a�n�n�e�l� 

�s�e�t�t�i�n�g�s� �o�f� �t�h�e� �c�o�u�n�t�e�r�s�.� 

�2�.�5� �D�a�t�a� �R�e�d�u�c�t�i�o�n� 

�i�)� �V�e�l�o�c�i�t�y� �R�e�d�u�c�t�i�o�n�s� 

�T�h�e� �v�o�l�t�a�g�e� �o�u�t�p�u�t� �o�f� �t�h�e� �L�D�V� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �D�o�p�p�l�e�r� 

�f�r�e�q�u�e�n�c�y�.� �A� �t�a�b�u�l�a�t�e�d� �c�o�n�v�e�r�s�i�o�n� �f�a�c�t�o�r� �i�s� �p�r�o�v�i�d�e�d� �w�i�t�h� �t�h�e� �T�S�I� �c�o�u�n�t�e�r�s�.� �T�h�e� �f�a�c�t�o�r� 

�i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�r�o�n�t� �p�a�n�n�e�l� �a�d�j�u�s�t�m�e�n�t�s� �o�n� �t�h�e� �c�o�u�n�t�e�r� �a�n�d� �h�a�s� �u�n�i�t�s� �H�z�/�v�o�l�t�.� �T�h�e� 

�D�I�S�A� �f�r�e�q�u�e�n�c�y� �t�r�a�c�k�e�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �m�o�n�i�t�o�r�,� �h�o�w�e�v�e�r�,� �m�u�s�t� 

�b�e� �d�i�r�e�c�t�l�y� �c�a�l�i�b�r�a�t�e�d�.� �C�a�l�i�b�r�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �p�r�i�o�r� �t�o� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n� �b�y� 

�p�r�o�c�e�s�s�i�n�g� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �m�e�a�s�u�r�e�m�e�n�t� �w�i�t�h� �b�o�t�h� �t�h�e� �D�I�S�A� �t�r�a�c�k�e�r� �a�n�d� �a� �T�S�I� �c�o�u�n�t�e�r�.� 

�A� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t� �r�e�l�a�t�i�n�g� �t�h�e� �D�I�S�A� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �t�o� �t�h�e� �T�S�I� �o�u�t�p�u�t� �f�r�e�q�u�e�n�c�y� �f�o�r� 

�t�h�e� �s�a�m�e� �s�i�g�n�a�l� �w�a�s� �d�e�f�i�n�e�d� �a�s� 
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�T�S�I� �f�y� �D�I�S�A� �f�a�c�t�o�r� �(�H�z�|�v�o�l�t�)� �=� �7� �o�h�a�g�e�.� 

�T�h�e� �f�r�e�e�-�s�t�r�e�a�m� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y�,� �t�h�e�n�,� �i�s� �d�e�f�i�n�e�d� �a�s�,� 

�(�p�)�o�o� �=� �[�D�I�S�A� �f�a�c�t�o�r� �(�H�z�/�v�o�l�t�)�]� �[�D�I�S�A� �v�o�l�t�a�g�e� �(�v�o�i�t�)�]�.� 

�V�e�l�o�c�i�t�y� �f�o�l�l�o�w�s� �f�r�o�m� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �a�c�c�o�r�d�i�n�g� �t�o� �e�q�n�.� �2�.�2� �(�r�e�a�r�r�a�n�g�e�d� �h�e�r�e�)�;� 

�A� 
�V�=� �(�f�p�  ��S�e�u�)� �T�a�n�k� �°� �[�2�.�3�]� 

�w�h�e�r�e� �f�i�n� �1�S� �t�h�e� �o�p�t�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �f�o�r� �f�l�o�w� �r�e�v�e�r�s�a�l� �d�e�t�e�c�t�i�o�n�;� �t�h�e� �D�I�S�A� �f�r�e�e�-� 

�s�t�r�e�a�m� �m�o�n�i�t�o�r� �h�a�s� �n�o� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �c�a�p�a�b�i�l�i�t�i�e�s�,� �t�h�e�r�e�f�o�r�e� �f�i�x�i�z� �=�O�.� �T�h�e� �v�e�l�o�c�i�t�y� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�t� �e�a�c�h� �i�n�s�t�a�n�t� �w�e�r�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �w�i�t�h� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� 

�A� 
�2� �s�i�n� �K �� 

�f�o�r� �t�h�e� �t�w�o� �s�y�s�t�e�m�s� �w�a�s� �a� �c�o�n�s�t�a�n�t� �e�q�u�a�l� �t�o� �1�.�0�6�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�l�o�c�i�t�y� 

�m�e�a�s�u�r�e�m�e�n�t� �m�a�d�e� �a�t� �t�h�a�t� �s�a�m�e� �i�n�s�t�a�n�t�.� �T�h�e� �r�a�t�i�o� �o�f� �t�h�e� �f�r�i�n�g�e� �s�p�a�c�i�n�g�,� �d�=� 

�w�a�s� �1�.�0�6� �t�i�m�e�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �D�o�p�p�l�e�r� �s�i�g�n�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� 

�F�o�r� �p�u�r�p�o�s�e�s� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �v�o�r�t�i�c�i�t�y�,� �t�h�e� �v�e�l�o�c�i�t�y� �d�a�t�a� �a�r�e� �s�m�o�o�t�h�e�d�.� �T�h�e� 

�I�M�S�L� �r�o�u�t�i�n�e� �D�C�S�S�M�H�,� �w�h�i�c�h� �f�i�t�s� �a� �n�a�t�u�r�a�l� �c�u�b�i�c� �s�p�l�i�n�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �d�a�t�a�,� 

�i�s� �u�s�e�d� �f�o�r� �s�m�o�o�t�h�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s�.� �T�h�e� �u�n�s�m�o�o�t�h�e�d� �v�e�l�o�c�i�t�y� �d�a�t�a� �a�r�e� �u�s�e�d� �i�n� 

�c�i�r�c�u�l�a�t�i�o�n� �a�n�d� �p�r�e�s�s�u�r�e� �c�a�l�c�u�l�a�t�i�o�n�s� �s�i�n�c�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �i�n�v�o�l�v�e�d� �i�n� �t�h�e�s�e� 

�c�a�l�c�u�l�a�t�i�o�n�s� �a�c�t�s� �t�o� �s�m�o�o�t�h� �t�h�e� �r�e�s�u�l�t�s�.� 

�t�i�)� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �V�o�r�t�i�c�i�t�y� �a�n�d� �C�i�r�c�u�l�a�t�i�o�n� 

�B�y� �p�l�o�t�t�i�n�g� �i�s�o�l�e�v�e�l� �c�o�n�t�o�u�r�s� �o�f� �v�o�r�t�i�c�i�t�y�,� �w�e� �c�a�n� �t�r�a�c�k� �t�h�e� �p�a�t�h� �a�n�d� �e�v�o�l�u�t�i�o�n� �o�f� 

�v�o�r�t�i�c�i�e�s� �i�n� �t�h�e� �w�a�k�e� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �a�i�r�f�o�i�l� �a�n�d� �t�h�e�i�r� �i�n�t�e�r�a�c�t�i�o�n� �w�i�t�h� �t�h�e� �f�i�x�e�d� �a�i�r�f�o�i�l�.� 

�V�o�r�t�i�c�i�t�y� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �c�u�r�l� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�;� 
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 �� �o�e� �L�O� �*� 

�(�h�e�n�c�e�f�o�r�t�h�,� �r�e�f�e�r�e�d� �t�o� �s�i�m�p�l�y� �a�s� �Q�)�.� �T�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�i�t�y� �o�f� �t�h�e� �f�l�o�w� �i�s� �d�i�s�c�u�s�s�e�d� 

�b�e�l�o�w� �i�n� �s�e�c�t�i�o�n� �2�.�6�(�v�)�.� 

�V�o�r�t�i�c�i�t�y� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �b�y� �u�s�i�n�g� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �f�o�r�m�u�l�a�s� 

�t�o� �e�v�a�l�u�a�t�e� �t�h�e� �v�e�l�o�c�i�t�y� �d�e�r�i�v�a�t�i�v�e�s�.� �T�w�o� �a�n�d� �t�h�r�e�e� �p�o�i�n�t� �d�i�f�f�e�r�e�n�c�e� �f�o�r�m�u�l�a�s� �w�e�r�e� �e�m�-� 

�p�l�o�y�e�d�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�t�e�p� �s�i�z�e� �b�e�t�w�e�e�n� �m�e�a�s�u�r�e�m�e�n�t� �s�t�a�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� 

�x�-�s�t�e�p� �s�i�z�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �w�a�s� �t�w�i�c�e� �t�h�e� �y�-�s�t�e�p� �s�i�z�e� �(�A�x� �=� �2�A�y�)�,� �a� �t�w�o� �p�o�i�n�t� �f�o�r�-� 

�m�u�l�a� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �x�-�d�e�r�i�v�a�t�i�v�e� �a�n�d� �a� �t�h�r�e�e� �p�o�i�n�t� �f�o�r�m�u�l�a� �f�o�r� �t�h�e� �y�-�d�e�r�i�v�a�t�i�v�e�;� 

�v�(�x� �+� �A�x�,� �y�,�t�)�  �� �v�(�x�,� �y�,�f�)� �u�(�x�,� �y� �+� �A�y�,�t�)�  �� �u�(�x�,� �y�  �� �A�y�,�d�)� 
�Q�(�x�,� �y�t�)� �=� �A�x� �~� �2�A�y�  �� �[�2�.�4�]� 

� � � � 

�T�h�i�s� �r�a�t�i�o� �o�f� �s�t�e�p� �s�i�z�e�s� �i�s� �t�y�p�i�c�a�l� �f�o�r� �m�u�c�h� �o�f� �t�h�e� �d�a�t�a� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �t�e�x�t�.� 

�S�o�m�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e� �w�a�k�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �w�e�r�e� �m�a�d�e� �a�l�o�n�g� 

�s�i�n�g�l�e� �c�o�l�u�m�n�s� �i�n� �s�p�a�c�e�.� �V�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d�s� �m�a�d�e� �a�l�o�n�g� �a� �s�i�n�g�l�e� �c�o�l�u�m�n� �(�o�r� �s�u�r�v�e�y� 

�l�i�n�e�)� �c�a�n� �b�e� �u�t�i�l�i�z�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �s�p�a�c�i�a�l� �v�e�l�o�c�i�t�y� �o�r� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d� �b�y� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �v�o�r�t�i�c�e�s� �c�o�n�v�e�c�t� �d�o�w�n�s�t�r�e�a�m� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� �v�e�l�o�c�i�t�y�,� �U�,�,� �i�n� �a� 

 ��f�r�o�z�e�n �� �p�a�t�t�e�r�n�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �a�n� �o�b�s�e�r�v�a�t�i�o�n� �m�a�d�e� �a�t� �t�i�m�e� �4� �a�n�d� �a� �d�i�s�t�a�n�c�e� �U�,� �A�t� 

�d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�t�a�t�i�o�n� �w�o�u�l�d� �b�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �a�n� �o�b�s�e�r�v�a�t�i�o�n� �m�a�d�e� 

�a�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�t�a�t�i�o�n� �a�n�d� �t�i�m�e� �t�f�;� �=�}�  �� �A�t� �A� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �f�i�e�l�d� �c�o�n�s�t�r�u�c�t�e�d� �b�y� 

�t�h�i�s� �m�e�t�h�o�d� �i�s� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�.� �2�.�7�.� �T�h�i�s� �f�i�e�l�d� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �t�i�m�e� �r�e�c�o�r�d� �i�n� �r�e�v�e�r�s�e� 
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�o�r�d�e�r� �w�i�t�h� �t�h�e� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �c�o�l�u�m�n�s� �e�q�u�a�l� �t�o� �U�,� �A�t�.� �W�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �v�o�r�t�i�c�i�t�y� �f�o�r� 

�t�h�i�s� �t�y�p�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �t�h�e� �x�-�d�e�r�i�v�a�t�i�v�e� �i�s� �e�v�a�l�u�a�t�e�d� �a�s� 

�O�V� �~� �W�f� �y�,�t�)�  �� �W�e�y�,�t� �+� �A�d�)� 

�O�x� �U�,� �A�t� 

� � 

�w�h�e�r�e� �a�g�a�i�n�,� �U�,� �i�s� �t�h�e� �d�r�i�f�t� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �v�o�r�t�i�c�e�s�.� 

�A�n� �e�x�t�e�n�t�i�o�n� �o�f� �t�h�e� �f�r�o�z�e�n� �v�o�r�t�i�c�i�t�y� �a�s�s�u�m�p�t�i�o�n�,� �w�h�i�c�h� �a�l�l�o�w�s� �f�o�r� �l�o�c�a�l� �d�i�s�t�o�r�t�i�o�n�s� 

�o�f� �t�h�e� �v�o�r�t�i�c�e�s�,� �i�s� �i�n�t�r�o�d�u�c�e�d� �h�e�r�e�.� �V�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �m�a�d�e� �a�l�o�n�g� �a� �c�l�o�s�e�l�y� 

�s�p�a�c�e�d� �p�a�i�r� �o�f� �s�u�r�v�e�y� �l�i�n�e�s�,� �a�n�d� �t�h�e� �v�o�r�t�i�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d� �i�s� �e�v�a�l�u�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �e�q�n�.� 

�2�.�4�.� �T�h�e� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d� �i�s� �t�h�e�n� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �t�h�e� �t�i�m�e� �r�e�c�o�r�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t�,� �o�v�e�r� 

�s�h�o�r�t� �d�i�s�t�a�n�c�e�s�,� �t�h�e� �v�o�r�t�i�c�i�t�y� �p�r�o�p�a�g�a�t�e�s� �w�i�t�h� �t�h�e� �l�o�c�a�l� �v�e�l�o�c�i�t�y�.� �T�h�e� �p�a�i�r� �o�f� �s�u�r�v�e�y� �l�i�n�e�s� 

�i�s� �u�s�e�d� �t�o�  ��o�p�e�n� �a� �w�i�n�d�o�w �� �i�n� �t�h�e� �f�l�o�w�.� �A� �w�h�o�l�e� �r�e�g�i�o�n� �o�f� �t�h�e� �f�l�o�w� �c�a�n� �b�e� �d�e�f�i�n�e�d� �w�i�t�h� 

�r�e�l�a�t�i�v�e�l�y� �f�e�w� �m�e�a�s�u�r�e�m�e�n�t�s� �b�y� �u�s�i�n�g� �s�e�v�e�r�a�l� �w�i�n�d�o�w�s�.� �T�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d� �i�s� 

�d�e�m�o�n�s�t�r�a�i�t�e�d� �i�n� �F�i�g�.� �2�.�8�;� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �m�e�a�s�u�r�e�m�e�n�t�s� 

�o�n� �a� �2�7�x�4�1� �g�r�i�d� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d� �c�o�n�s�t�r�u�c�t�e�d� �v�i�a� �t�h�e� �w�i�n�d�o�w� �m�e�t�h�o�d� 

�u�s�i�n�g� �o�n�l�y� �8� �o�f� �t�h�e� �2�7� �s�u�r�v�e�y� �l�i�n�e�s�.� �T�h�e� �l�o�c�a�t�i�o�n� �a�n�d� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �v�o�r�t�e�x� �i�s� �i�n� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t�.� 

�C�i�r�c�u�l�a�t�i�o�n� �1�s� �c�a�l�c�u�l�a�t�e�d� �e�i�t�h�e�r� 

�b�y� �t�h�e� �l�i�n�e� �i�n�t�e�g�r�a�l� 

�r�=�{� �V� �e�d�i� �,� �[�2�.�5�]� 

�o�r� �b�y� �t�h�e� �a�r�e�a� �i�n�t�e�g�r�a�l� �o�f� �t�h�e� �v�o�r�t�i�c�i�t�y�,� 
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�T�h�e� �l�i�n�e� �i�n�t�e�g�r�a�l� �i�s� �e�v�a�l�u�a�t�e�d� �b�y� �r�e�p�e�a�t�e�d� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �t�r�a�p�a�z�o�i�d� �r�u�l�e�,� �a�n�d� �i�s� �p�e�r�-� 

�f�o�r�m�e�d� �o�n� �e�i�t�h�e�r� �c�i�r�c�u�l�a�r� �p�a�t�h�s� �o�r� �p�a�t�h�s� �o�f� �c�o�n�s�t�a�n�t� �v�o�r�t�i�c�i�t�y�.� �I�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�e�d�e�s� �i�n� 

�t�h�e� �c�o�u�n�t�e�r�-�c�l�o�c�k�w�i�s�e� �d�i�r�e�c�t�i�o�n�,� �s�o� �t�h�a�t� �a� �v�o�r�t�e�x� �w�i�t�h� �c�o�u�n�t�e�r�-�c�l�o�c�k�w�i�s�e� �r�o�t�a�t�i�o�n� �h�a�s� 

�p�o�s�i�t�i�v�e� �c�i�r�c�u�l�a�t�i�o�n�.� �T�h�e� �a�r�e�a� �i�n�t�e�g�r�a�l� �i�s� �e�v�a�l�u�a�t�e�d� �b�y� �s�u�m�m�i�n�g� �t�h�e� �v�o�r�t�i�c�i�t�y� �m�u�l�t�i�p�l�i�e�d� 

�w�i�t�h� �t�h�e� �i�n�c�r�e�m�e�n�t�a�l� �a�r�e�a� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �g�r�i�d�.� 

�w�i�)� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �P�r�e�s�s�u�r�e� 

�A� �m�a�j�o�r� �c�o�n�c�e�r�n� �i�n� �t�h�e� �s�t�u�d�y� �o�f� �t�h�e� �a�i�r�f�o�i�l�-�v�o�r�t�e�x� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�v�o�r�t�e�x� �o�n� �t�h�e� �l�o�a�d�s� �e�x�p�e�r�e�n�c�e�d� �b�y� �t�h�e� �a�i�r�f�o�i�l�.� �U�n�s�t�e�a�d�y� �s�u�r�f�a�c�e� �p�r�e�s�s�u�r�e�s� �o�n� �t�h�e� �m�o�d�e�l� 

�a�r�e� �e�v�a�l�u�a�t�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�;� 

�o�p� �2� �O�u� �O�u� �O�u� 
�a�x� �=� �1�V�u�-� �o�(� �a�r� �a�x� �+ �� �a�y� 
�O�p� �2� �O�v� �O�v� �O�v� �a�y� �=� �2� �V�v�~� �p�(�B� �4�u� �a�x� �a�y� �)� 

�[�2�.�6�]� 

�T�h�e� �d�e�n�s�i�t�y� �a�n�d� �v�i�s�c�o�s�i�t�y� �o�f� �t�h�e� �f�l�u�i�d� �a�r�e� �u� �a�n�d� �p�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �r�i�g�h�t�-�h�a�n�d�-�s�i�d�e� �o�f� 

�e�a�c�h� �e�q�u�a�t�i�o�n� �i�s� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �p�r�e�s�s�u�r�e� �g�r�a�-� 

�d�i�e�n�t�s� �a�r�e� �i�n�t�e�g�r�a�t�e�d� �a�l�o�n�g� �x�-� �a�n�d� �y�-�c�o�o�r�d�i�n�a�t�e� �l�i�n�e�s�;� 

�O�p� �O�p� 
�P�(�x�,� �y�¥�,�t�)� �=� �P�o�o� �+� �I�t� �a�x� �d�x� �+� �a�y�  ��v�)� �.� �[�2�.�7�]� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e� �t�h�a�t� �t�h�e� �p�r�e�s�s�u�r�e� �e�q�u�a�l�s� �p�,�,� �a�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �l�o�c�a�t�i�o�n� �f�a�r�t�h�e�s�t� 

�u�p�s�t�r�e�a�m� �a�n�d� �a�b�o�v�e� �t�h�e� �a�i�r�f�o�i�l�.� �T�h�e� �p�r�e�s�s�u�r�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�e�r�m�s� �o�f� �a� �n�o�n�-� 

�d�i�m�e�n�s�i�o�n�a�l� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �p�r�e�s�s�u�r�e�;� 
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�(�P�  �� �P�.�.�)� �C�,� �=�  ��_ �� 

�Y� �p�U�2�,� 

�2�.�6� �U�n�c�e�r�t�a�i�n�t�y� �A�n�a�l�y�s�i�s� 

�i�)� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A�n�y� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �q�u�a�n�t�i�t�y� �m�u�s�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e� �q�u�a�l�i�f�i�e�d� �b�y� �a�n� �e�s�t�i�m�a�t�i�o�n� 

�o�f� �i�t�s� �u�n�c�e�r�t�a�i�n�t�y�.� �A�n� �e�x�p�e�r�i�m�e�n�t�a�l� �u�n�c�e�r�t�a�i�n�t�y� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �o�n�e� �o�f� �t�w�o� �t�y�p�e�s�:� 

�s�y�s�t�e�m�a�t�i�c� �o�r� �r�a�n�d�o�m�.� �S�y�s�t�e�m�a�t�i�c� �u�n�c�e�r�t�a�i�n�t�i�e�s� �a�r�e� �p�r�e�d�i�c�t�a�b�l�e� �b�i�a�s�e�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s�.� �R�a�n�d�o�m� �u�n�c�e�r�t�a�i�n�t�i�e�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a�r�e� �d�u�e� �t�o� �s�p�u�r�i�o�u�s� 

�s�i�g�n�a�l�s� �i�n� �t�h�e� �s�y�s�t�e�m� �(�e�l�e�c�t�r�o�n�i�c� �n�o�i�s�e�,� �v�i�b�r�a�t�i�o�n�s�,� �e�t�c�.�)�,� �a�n�d� �t�h�e� �n�a�t�u�r�a�l� �r�a�n�d�o�m�n�e�s�s�,� �o�r� 

�t�u�r�b�u�l�e�n�c�e�,� �o�f� �t�h�e� �q�u�a�n�t�i�t�y� �b�e�i�n�g� �m�e�a�s�u�r�e�d�.� �A� �p�r�e�c�i�s�i�o�n� �l�i�m�i�t� �(�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �f�o�r� 

�e�x�a�m�p�l�e�)� �c�a�n� �b�e� �p�l�a�c�e�d� �o�n� �a� �m�e�a�s�u�r�e�d� �q�u�a�n�t�i�t�y� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �d�e�g�r�e�e� �o�f� �r�a�n�d�o�m� �u�n�-� 

�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �a� �v�a�l�u�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �m�e�a�s�u�r�e�d� 

�q�u�a�n�t�i�t�i�e�s� �m�u�s�t� �a�l�s�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �L�e�t� �t�h�e� �r�e�s�u�l�t� �R� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n� �m�e�a�s�u�r�e�d� 

�q�u�a�n�t�i�t�i�e�s� �x�,�,�.�%�2�,�.�.�.�,�%�,�,� �W�i�t�h� �a�s�s�o�c�i�a�t�e�d� �u�n�c�e�r�t�a�i�n�t�i�e�s� �w�i�,�W�o�,�.�.�.�,�W�.� �T�h�u�s�,� �R� �=� �R�(� 

�X�i�,�X�2�,�.�.�.�,� �X�n�)�.� �T�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �r�e�s�u�l�t� �i�s� �g�i�v�e�n� �a�s� �(�H�o�l�m�a�n�,� �1�9�8�4�)� 

�a�n� �\� �f�e�r� �\�Y� �a�R� �\�)�.� 
�W�r� �=� �(�8� �¥�]� �+� �(�&� �v�2�]� �+� �t�e�e� �o�p�e� �(� �O�x�,� �|� �|� �.� �[�2�.�8�]� 

�¢� 

� � 

�T�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �u�n�c�e�r�t�a�i�n�t�i�e�s� �o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� 

�a�n�d� �o�n� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 
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�t�i�)� �S�y�s�t�e�m�a�t�i�c� �U�n�c�e�r�t�a�i�n�t�i�e�s� 

�A�s� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�c�e�e�d�i�n�g� �s�e�c�t�i�o�n�s�,� �t�h�e� �l�a�s�e�r�-�D�o�p�p�l�e�r� �v�e�l�o�c�i�m�e�t�e�r� �i�s� �s�e�n�s�i�-� 

�t�i�v�e� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �g�i�v�e�n� �b�y�,� 

�A� 
�2� �s�i�n�k� 
� � �V�=�f�p� �;� �[�2�.�9�]� 

�w�h�e�r�e� �f�p� �i�s� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y�,� �J� �i�s� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �o�f� �t�h�e� �l�a�s�e�r� �l�i�g�h�t�,� �a�n�d� �x� �i�s� �h�a�l�f� �t�h�e� 

�b�e�a�m� �c�r�o�s�s�i�n�g� �a�n�g�l�e� �(�r�e�f�e�r� �t�o� �F�i�g�u�r�e� �2�.�3� �o�n� �p�a�g�e� �2�0�)�.� �S�i�n�c�e� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �o�f� �t�h�e� �l�i�g�h�t� 

�e�m�i�t�t�e�d� �b�y� �a� �l�a�s�e�r� �i�s� �p�r�e�c�i�s�e�l�y� �k�n�o�w�n�,� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �i�t�s� �u�n�c�e�r�t�a�i�n�t�y� �c�a�n� �b�e� �i�g�n�o�r�e�d�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�y�s�t�e�m�a�t�i�c� �u�n�c�e�r�t�a�i�n�t�y� �i�n�h�e�r�e�n�t� �i�n� �a� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �d�u�e� �t�o� �i�n�a�c�-� 

�c�u�r�a�t�e� �b�e�a�m� �a�l�i�g�n�m�e�n�t� �a�n�d� �t�h�e� �s�y�s�t�e�m�a�t�i�c� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �D�o�p�p�l�e�r� �f�r�e�-� 

�q�u�e�n�c�y�.� 

�F�i�r�s�t�,� �l�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �b�e�a�m� �a�l�i�g�n�m�e�n�t�.� �T�h�e� �b�e�a�m� �c�r�o�s�s�i�n�g� �a�n�g�l�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �f�o�c�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� �l�e�n�s� �a�n�d� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�a�s�e�r� �b�e�a�m�s� �a�t� �t�h�e� 

�p�l�a�n�e� �o�f� �t�h�e� �f�o�c�u�s�i�n�g� �l�e�n�s�.� �A�n� �a�l�i�g�n�m�e�n�t� �m�a�s�k� �(�p�r�o�v�i�d�e�d� �b�y� �T�S�I�)� �w�a�s� �e�m�p�l�o�y�e�d� �t�o� 

�m�e�a�s�u�r�e� �t�h�e� �b�e�a�m� �s�e�p�a�r�a�t�i�o�n�.� �T�h�e�s�e� �d�i�s�t�a�n�c�e�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �a�n� �e�s�t�i�m�a�t�e�d� �a�c�c�u�-� 

�r�a�c�y� �o�f� �h�a�l�f� �a� �b�e�a�m� �d�i�a�m�e�t�e�r�,� �o�r� �0�.�5� �m�m�.� �T�h�u�s� �t�h�e� �c�r�o�s�s�i�n�g� �a�n�g�l�e� �x� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�o� 

�w�i�t�h�i�n� �0�.�1�°�,� �o�r� �2�.�5�%� �o�f� �x�.� �T�h�e� �b�e�a�m� �r�o�t�a�t�i�o�n� �a�n�d� �t�i�l�t� �a�n�g�l�e�s�,� �@� �a�n�d� �@� �(�r�e�f�e�r� �t�o� 

�F�i�g�u�r�e� �2�.�6� �o�n� �p�a�g�e� �2�7�)�,� �w�e�r�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �s�i�m�i�l�a�r� �a�c�c�u�r�a�c�y�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �t�i�l�t� 

�a�n�g�l�e� �i�s� �o�f� �l�e�s�s� �c�o�n�c�e�r�n� �t�h�o�u�g�h�,� �b�e�c�a�u�s�e� �@� �w�a�s� �a� �s�m�a�l�l� �a�n�g�l�e� �(�b�e�t�w�e�e�n� �+� �4�°� �a�n�d� �-�6�°�)� �a�n�d� 

�e�n�t�e�r�e�d� �t�h�e� �v�e�l�o�c�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� �t�h�r�o�u�g�h� �a� �c�o�s�i�n�e� �t�e�r�m�.� 

�N�e�x�t�,� �t�h�e� �s�y�s�t�e�m�a�t�i�c� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y�,� �i�n�t�r�o�d�u�c�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �a�n�d� �c�o�m�p�u�t�e�r� �a�n�a�l�o�g�-�t�o�-�d�i�g�i�t�a�l� �c�o�n�v�e�r�t�e�r�,� �w�a�s� �e�s�t�i�m�a�t�e�d� �b�y� �s�a�m�p�l�i�n�g� 

�a� �s�i�g�n�a�l� �o�f� �k�n�o�w�n� �f�r�e�q�u�e�n�c�y�.� �A� �s�i�n�e� �w�a�v�e� �s�i�g�n�a�l� �w�a�s� �p�r�o�d�u�c�e�d� �w�i�t�h� �a� �f�u�n�c�t�i�o�n� �g�e�n�e�r�a�t�o�r� 

�(�H�e�w�l�e�t�t� �P�a�c�k�a�r�d� �H�P� �3�3�1�1�A�)� �a�n�d� �i�n�p�u�t� �t�o� �t�h�e� �T�S�I� �c�o�u�n�t�e�r�s�.� �A�s� �a� �c�h�e�c�k� �o�n� �t�h�e� �s�i�g�n�a�l� 

�g�e�n�e�r�a�t�o�r�,� �t�h�e� �s�i�g�n�a�l� �w�a�s� �a�l�s�o� �e�x�a�m�i�n�e�d� �w�i�t�h� �a� �f�r�e�q�u�e�n�c�y� �c�o�u�n�t�e�r� �(�H�P� �5�3�8�1�A�)� �a�n�d� �a� 
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�d�y�n�a�m�i�c� �s�i�g�n�a�l� �a�n�a�l�y�z�e�r� �(�H�P� �3�5�6�2�A�)�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �m�e�a�s�u�r�e�d� �b�y� �t�h�e�s�e� �t�w�o� �d�e�v�i�c�e�s� �w�a�s� 

�w�i�t�h�i�n� �0�.�5�%� �o�f� �o�n�e� �a�n�o�t�h�e�r�.� �A� �s�i�g�n�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �1�3�0� �k�H�z�,� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �m�e�a�n� 

�D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �t�y�p�i�c�a�l� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s�,� �w�a�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� �a�d�j�u�s�t�m�e�n�t�s� �o�f� �t�h�e� 

�T�S�I� �c�o�u�n�t�e�r�s� �w�e�r�e� �s�e�t� �a�s� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s�.� �A�d�j�u�s�m�e�n�t�s� �i�n�c�l�u�d�e�d� �t�h�e� �i�n�p�u�t� �s�i�g�n�a�l� �f�i�l�t�e�r� 

�b�a�n�d�w�i�d�t�h�s�,� �t�h�e� �t�i�m�e�r� �r�a�n�g�e� �a�n�d� �t�h�e� �t�i�m�e�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e� �a�n�a�l�o�g� �f�r�e�q�u�e�n�c�y� �o�u�t�p�u�t� 

�o�f� �t�h�e� �c�o�u�n�t�e�r�s� �w�a�s� �s�e�n�t� �t�o� �t�h�e� �M�I�N�C� �a�/�d� �b�o�a�r�d�,� �w�h�i�c�h� �w�a�s� �s�a�m�p�l�e�d� �f�o�r� �t�h�r�e�e� �s�e�c�o�n�d�s� 

�a�t� �a� �r�a�t�e� �o�f� �1�0�0� �H�z�;� �a� �t�y�p�i�c�a�l� �s�a�m�p�l�i�n�g� �r�a�t�e� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s�.� �F�r�o�m� �t�h�e�s�e� �s�a�m�p�l�e�s�,� �t�h�e� 

�m�e�a�n� �f�r�e�q�u�e�n�c�y� �a�n�d� �i�t�s� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �w�e�r�e� �c�o�m�p�u�t�e�d� �a�s� �f�o�l�l�o�w�s�;� 

� � 

�N� 
�>� �1� 
�f�a�y� �L�h� 

�N� 

�o�=� �s�i�)� �t�s� �f�y�  �� 

�n�=� �1� 

�w�h�e�r�e� �N�=�3�0�0� �w�a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s�.� �T�h�e� �m�e�a�n� �f�r�e�q�u�e�n�c�y� �f�o�r� �e�a�c�h� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r� �d�i�f�f�e�r�e�d� �b�y� �l�e�s�s� �t�h�a�n� �0�.�1�%� �o�f� �t�h�e� �s�o�u�r�c�e� �f�r�e�q�u�e�n�c�y� �a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �H�P� 

�c�o�u�n�t�e�r�,� �a�n�d� �t�h�e� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �w�a�s� �c�o�n�s�i�s�t�a�n�t�l�y� �a�r�o�u�n�d� �0�.�0�5�%� �o�f� �t�h�e� �m�e�a�n�.� 

�T�h�i�s� �t�e�s�t� �w�a�s� �r�e�p�e�a�t�e�d� �w�i�t�h� �a� �s�o�u�r�c�e� �s�i�g�n�a�l� �o�f� �3�0� �k�H�z� �a�n�d� �1�0�0� �k�H�z�.� �S�a�m�p�l�e� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n� �w�a�s� �a�g�a�i�n� �a�r�o�u�n�d� �0�.�0�5�%� �o�f� �t�h�e� �m�e�a�n�,� �b�u�t� �t�h�e� �m�e�a�n� �d�i�f�f�e�r�e�d� �b�y� �0�.�8�%� �o�f� �t�h�e� 

�s�o�u�r�c�e� �f�r�e�q�u�e�n�c�y� �f�o�r� �t�h�e� �l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �U�s�i�n�g� �w�,�;�=�0�.�0�1�f�p� �a�s� �a� �w�o�r�s�t� �c�a�s�e� �f�o�r� �t�h�e� 

�u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �f�r�e�q�u�e�n�c�y�,� �w�,� �=� �0�.�0�2�5�x� �f�o�r� �t�h�e� �b�e�a�m� �a�l�i�g�n�m�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �a�n�d� �e�q�n�.� 

�2�.�9� �f�o�r� �t�h�e� �v�e�l�o�c�i�t�y� �g�i�v�e�s�,� �f�r�o�m� �e�q�n�.� �2�.�8�,� �a�n� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �w�,� �=� �0�.�0�2�7�U�,�,�,� �w�h�e�r�e� �w�e� �h�a�v�e� 

� � 

�z�a� 
�t�a�k�e�n� �f�p� �y�s�i�n�k� �=� �U�,�.� 

�W�i�t�h� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �a�v�a�i�l�a�b�l�e�,� �t�h�e� �a�n�a�l�y�s�i�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �c�o�u�l�d� �n�o�t� �b�e� �p�e�r�-� 

�f�o�r�m�e�d� �o�n� �t�h�e� �D�I�S�A� �f�r�e�q�u�e�n�c�y� �t�r�a�c�k�e�r�.� �I�n�s�t�e�a�d�,� �a� �c�o�m�p�a�r�i�s�o�n� �w�a�s� �m�a�d�e� �b�e�t�w�e�e�n� �t�h�e� 

�D�I�S�A� �t�r�a�c�k�e�r� �a�n�d� �t�h�e� �T�S�I� �c�o�u�n�t�e�r� �b�y� �p�r�o�c�e�s�s�i�n�g� �t�h�e� �p�h�o�t�o�m�u�l�t�i�p�l�i�e�r� �s�i�g�n�a�l� �f�r�o�m� �t�h�e� 
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�f�r�e�e�-�s�t�r�e�a�m� �m�o�n�i�t�o�r� �L�D�V� �w�i�t�h� �b�o�t�h� �i�n�s�t�r�u�m�e�n�t�s�.� �F�i�g�u�r�e� �2�.�9� �s�h�o�w�s� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �v�e�-� 

�l�o�c�i�t�y� �p�r�o�b�a�b�i�l�i�t�y� �h�i�s�t�o�g�r�a�m� �f�o�r� �e�a�c�h� �p�r�o�c�e�s�s�o�r� �a�l�o�n�g� �w�i�t�h� �t�h�e� �G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� 

�h�a�v�i�n�g� �t�h�e� �s�a�m�e� �m�e�a�n� �v�e�l�o�c�i�t�y� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�s� �t�h�e� �D�I�S�A� �t�r�a�c�k�e�r� �d�a�t�a�.� �A� 

�s�a�m�p�l�e� �v�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d� �i�s� �a�l�s�o� �s�h�o�w�n�.� �T�h�e�s�e� �d�a�t�a� �w�e�r�e� �t�a�k�e�n� �f�o�r� �a� �s�t�e�a�d�y� �m�e�a�n� 

�f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �o�f� �1�2�.�5�6� �c�m�/�s� �(�f�p� �=� �3�0�k�H�z�)�.� �T�h�e� �t�w�o� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �g�i�v�e� �n�e�a�r�l�y� 

�i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s�,� �a�n�d� �t�h�e� �v�e�l�o�c�i�t�y� �h�i�s�t�o�g�r�a�m�s� �a�r�e� �G�a�u�s�s�i�a�n�,� �i�n�d�i�c�a�t�i�n�g� �a� �s�t�a�t�i�s�t�i�c�a�l�l�y� 

�n�o�r�m�a�l�]� �r�a�n�d�o�m� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y�.� 

�i�t�i�)� �R�a�n�d�o�m� �U�n�c�e�r�t�a�i�n�t�i�e�s� 

�T�h�e� �o�n�l�y� �r�a�n�d�o�m� �e�r�r�o�r�s� �i�n� �t�h�e� �d�a�t�a� �w�h�i�c�h� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �a�r�e� �a�t�t�r�i�b�u�t�a�b�l�e� �t�o� �t�u�r�-� 

�b�u�l�e�n�c�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �f�l�o�w� �a�n�d� �t�o� �a�n�y� �l�a�c�k� �o�f� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�l�o�w� �i�n� �t�h�e� �w�a�k�e� �o�f� 

�t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l�.� �F�i�g�u�r�e� �2�.�1�0� �s�h�o�w�s� �t�h�e� �t�u�r�b�u�l�e�n�c�e� �i�n�t�e�n�s�i�t�y� �p�r�o�f�i�l�e�s� �a�c�r�o�s�s� �t�h�e� �t�e�s�t� 

�s�e�c�t�i�o�n� �s�p�a�n� �f�o�r� �s�t�e�a�d�y� �f�l�o�w� �w�i�t�h� �a� �m�e�a�n� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �o�f� �1�2�.�5� �c�m�/�s�.� �T�h�e� �m�e�a�s�-� 

�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� �1�2�7� �m�m� �d�o�w�n�s�t�r�e�a�m� �f�r�o�m� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �o�f� �t�h�e� �f�a�l�s�e� �w�a�l�l� �a�n�d� 

�m�i�d�-�w�a�y� �b�e�t�w�e�e�n� �t�h�e� �t�u�n�n�e�l�!� �f�l�o�o�r� �a�n�d� �c�e�i�l�i�n�g�.� �T�h�e� �p�r�o�f�i�l�e�s� �e�x�t�e�n�d� �f�r�o�m� �t�h�e� �f�a�l�s�e� �w�a�l�l� 

�t�o� �n�e�a�r�l�y� �o�n�e� �q�u�a�r�t�e�r� �o�f� �t�h�e� �s�p�a�n� �o�f� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n�.� �T�u�r�b�u�l�e�n�c�e� �l�e�v�e�l�s� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� 

�t�h�e� �t�e�s�t� �s�e�c�t�i�o�n� �w�e�r�e� �t�y�p�i�c�a�l�l�y� �2�%� �o�f� �t�h�e� �m�e�a�n� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �f�o�r� �s�t�e�a�d�y� �f�l�o�w� �a�t� 

�1�2�.�5� �c�m�/�s�,� �a�n�d� �i�n�c�r�e�a�s�e�d� �t�o� �n�e�a�r�l�y� �3�%� �f�o�r� �a� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �o�f� �2�5� �c�m�/�s�.� �T�u�r�b�u�l�e�n�c�e� 

�l�e�v�e�l�s� �w�e�r�e�,� �h�o�w�e�v�e�r�,� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �c�l�e�a�n�l�i�n�e�s�s� �o�f� �t�h�e� �w�a�t�e�r� �t�u�n�n�e�l�.� �A�f�t�e�r� �a� �t�h�o�r�-� 

�o�u�g�h� �c�l�e�a�n�i�n�g� �o�f� �t�h�e� �s�e�t�t�l�i�n�g� �c�h�a�m�b�e�r� �a�n�d� �h�o�n�e�y�c�o�m�b�s�,� �t�u�r�b�u�l�e�n�c�e� �l�e�v�e�l�s� �i�n� �t�h�e� �t�e�s�t� 

�s�e�c�t�i�o�n� �d�r�o�p�p�e�d� �t�o� �1�.�9�%� �f�o�r� �U�,�,� �=� �2�5�c�m�/�s�.� 

�F�l�o�w� �q�u�a�l�i�t�y� �w�a�s� �b�e�t�t�e�r� �a�t� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �m�o�n�i�t�o�r�i�n�g� �l�o�c�a�t�i�o�n�,� �1�4� �c�m� �a�f�t�e�r� 

�t�h�e� �c�o�n�t�r�a�c�t�i�o�n�.� �H�e�r�e�,� �t�u�r�b�u�l�e�n�c�e� �i�n�t�e�n�s�i�t�i�e�s� �r�a�n�g�e�d� �f�r�o�m� �0�.�5�%� �t�o� �1�.�3�%� �o�f� �t�h�e� �m�e�a�n� 

�f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �f�o�r� �a�l�l� �v�e�l�o�c�i�t�i�e�s� �t�e�s�t�e�d�.� �T�o� �v�e�r�i�f�y� �t�h�a�t� �b�l�o�c�k�a�g�e� �d�u�e� �t�o� �t�h�e� �m�o�t�i�o�n� 

�o�f� �t�h�e� �v�o�r�t�e�x� �g�e�n�e�r�a�t�o�r� �d�i�d� �n�o�t� �a�f�f�e�c�t� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y�,� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� 
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�P� �(�a�)� 
�L� 

�L�L� �+�4�4�4�4� �U�,� �|� 
�3�p�|�.� �+� �e�e�e�0�0� �U�,� �(�T�i�)� �°� 

�a� �G�a�u�s�s�i�a�n� 

�i� 

�S� �o�o�l� 
�a�L� 

�1�0�;�-� 

�0� 
�0�.�9�5� �1�.�0�0� �1�.�0�5� 

�v�_� �(�v�e�l�o�c�i�t�y� �/�U�,�.�)� 

�1�.�0�4� 
�(�b�)� �D�I�S�A� 

�]� �T�S�I� 
�1�.�0�2�:� �t�i�k� �|�_�_�y� 

�S� �1�.�0�0� �{� 
�>� 

�0�.�9�8�4� 

�0�.� �9�6�1� 
�0� �9�0� �1�8�0� �2�7�0� �3�6�0� 

�p�h�a�s�e� �(�d�e�g�)� 

�F�i�g�u�r�e� �2�.�9�.� �A� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �D�I�S�A� �a�n�d� �T�S�I� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �f�o�r� �s�t�e�a�d�y� �f�l�o�w�:� �(�a�)� �N�o�r�m�a�l�-� 
�i�z�e�d� �v�e�l�o�c�i�t�y� �p�r�o�b�a�b�i�l�i�t�y� �h�i�s�t�o�g�r�a�m� �(�b�)� �V�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d�.� 
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�0�.�4�0� 

�8� �0�.�3�0� 
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�S� �0�.�2�0� 

�0�.�1�0� 

�0�.�0�0� 
�0�.�0�0� �5�.�0�0� �1�0�.�0�0� �1�8�.�0�0� 

�t�u�r�b�u�l�e�n�c�e� �I�n�t�e�n�s�i�t�y� �(�#� �U�.�)� 

�L�u�.� �=� �0�.�1�2�5�6� �m�/�e� �F�r�e�e�s�t�r�e�a�m� �r�m�s� �=� �0�.�8�9�%� 
�f�l�a�p� �a�n�g�l�e� �=� �1� 
�x�=�0�.�1�2�7� �m� �d�o�w�n�s�t�r�e�a�m� �o�f� �f�a�l�s�e� �w�a�i�l� �L�E�.� 

�y�o�m�i�d�  ��h�e�i�g�h�t� 
�s�p�a�n�=�0�.�2�1�5� �m� 

�F�i�g�u�r�e� �2�.�1�0�.� �E�S�M� �w�a�t�e�r� �t�u�n�n�e�l� �t�u�r�b�u�l�e�n�c�e� �i�n�t�e�n�s�i�t�y� �p�r�o�f�i�l�e�s�:� �|� �S�t�e�a�d�y� �f�l�o�w�,� �U�,�,� �=� �1�2�.�5� �c�m�/�s�,� �x� �=� �1�2�7� 
�m�m� �d�o�w�n�s�t�r�e�a�m� �f�r�o�m� �f�a�l�s�e� �w�a�l�l� �l�e�a�d�i�n�g� �e�d�g�e�,� �y� �=� �m�i�d�-�h�e�i�g�h�t� �o�f� �t�e�s�t� �s�e�c�t�i�o�n�.� 

�C�h�a�p�t�e�r� �2� �4�0



�w�i�t�h� �t�h�e� �v�o�r�t�e�x� �g�e�n�e�r�a�t�o�r� �s�w�i�t�c�h�e�d� �o�f�f�,� �a�s� �w�e�l�l� �a�s� �i�n� �o�p�e�r�a�t�i�o�n� �w�i�t�h� �a�n� �o�s�c�i�l�l�a�t�i�o�n� �p�e�r�i�o�d� 

�o�f� �1�.�2�4� �s�e�c�o�n�d�s� �(�r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �k� �=� �2�.�0�5�)�.� �I�n� �b�o�t�h� �c�a�s�e�s� �3�0� �c�o�n�s�e�c�u�t�i�v�e� �v�e�l�o�c�i�t�y� 

�t�i�m�e� �r�e�c�o�r�d�s�,� �e�a�c�h� �1�.�2�4� �s�e�c�o�n�d�s� �l�o�n�g� �a�n�d� �c�o�n�s�i�s�t�i�n�g� �o�f� �2�0�0� �s�a�m�p�l�e�s�,� �w�e�r�e� �r�e�c�o�r�d�e�d�.� �T�h�e� 

�v�e�l�o�c�i�t�y� �p�r�o�b�a�b�i�l�i�t�y� �h�i�s�t�o�g�r�a�m�s� �a�n�d� �t�i�m�e� �r�e�c�o�r�d�s� �p�r�o�v�e�d� �t�o� �b�e� �n�e�a�r�l�y� �i�d�e�n�t�i�c�a�l� �(�w�e�l�l� 

�w�i�t�h�i�n� �t�h�e� �r�a�n�g�e� �o�f� �v�a�r�i�a�b�i�l�i�t�y� �e�x�p�e�c�t�e�d� �f�o�r�m� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �f�l�o�w�)�.� 

�V�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �u�n�s�t�e�a�d�y� �w�a�k�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� 

�w�e�r�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �o�v�e�r� �m�a�n�y� �o�s�c�i�l�l�a�t�i�o�n�s�.� �E�n�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� 

�n�e�x�t� �s�e�c�t�i�o�n�.� �T�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g� �i�n� �r�e�d�u�c�i�n�g� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �r�a�n�-� 

�d�o�m� �f�l�u�c�t�u�a�t�i�o�n�s� �o�n� �t�h�e� �f�r�e�e�s�t�r�e�a�m� �m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �2�.�1�1�.� �T�h�e� 

�n�o�r�m�a�l�i�z�e�d� �v�e�l�o�c�i�t�y� �h�i�s�t�o�g�r�a�m� �f�o�r� �t�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �d�a�t�a� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�a�t� �o�f� 

�t�h�e� �s�a�m�e� �d�a�t�a� �w�i�t�h� �n�o� �a�v�e�r�a�g�i�n�g� �(�a�l�s�o� �s�h�o�w�n� �i�n� �-�-� �F�i�g�u�r�e� �i�d�  ��s�t�u�n �� �u�n�k�n�o�w�n� �-�-�)�.� �T�h�e� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �d�r�o�p�p�e�d� �f�r�o�m� �1�.�3�%� �t�o� 

�0�.�3�%� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g�.� 

�i�v�)� �E�n�s�e�m�b�l�e� �A�v�e�r�a�g�i�n�g� �a�n�d� �F�l�o�w� �R�e�p�e�a�t�a�b�i�l�i�t�y� 

�E�n�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g� �i�s� �a� �m�e�t�h�o�d� �f�o�r� �r�e�m�o�v�i�n�g� �r�a�n�d�o�m� �f�l�u�c�t�u�a�t�i�o�n�s� �f�r�o�m� �p�e�r�i�o�d�i�c� 

�d�a�t�a�.� �I�n� �a� �p�e�r�i�o�d�i�c� �f�l�o�w�,� �e�a�c�h� �s�a�m�p�l�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �p�h�a�s�e� �i�n� �t�h�e� �p�e�r�i�o�d�.� 

�T�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� �o�f� �a� �m�e�a�s�u�r�e�m�e�n�t� �r�e�p�e�a�t�e�d�l�y� �m�a�d�e� �a�t� �a� �g�i�v�e�n� �p�h�a�s�e� �i�s� �c�a�l�l�e�d� �t�h�e� �e�n�-� 

�s�e�m�b�l�e� �a�v�e�r�a�g�e�.� �T�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� �i�s� �s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� �t�h�e� �p�h�a�s�e�-�a�v�e�r�a�g�e� �o�r� �t�h�e� 

�c�o�n�d�i�t�i�o�n�a�l�-�a�v�e�r�a�g�e�.� �T�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �p�r�o�v�i�d�e�s� �t�h�e� �p�e�r�i�o�d�i�c�i�t�y� �t�o� �t�h�e� �f�l�o�w�.� �V�e�l�o�c�-� 

�i�t�y� �M�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� �d�u�r�i�n�g� �M� �p�e�r�i�o�d�s� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �m�o�t�i�o�n�.� �E�a�c�h� �p�e�r�i�o�d� 

�c�o�n�t�a�i�n�e�d� �N� �s�a�m�p�l�e�s� �s�e�p�a�r�a�t�e�d� �i�n� �t�i�m�e� �b�y� �t�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l� �A�t�=� �T�/�N�,� �w�h�e�r�e� �T� �i�s� �t�h�e� 

�p�e�r�i�o�d� �o�f� �o�s�c�i�l�l�a�t�i�o�n�.� �T�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l� �i�s� �t�h�e� �t�i�m�e� �b�e�t�w�e�e�n� �a�n�a�l�o�g�-�t�o�-�d�i�g�i�t�a�l� �c�o�n�-� 

�v�e�r�t�i�o�n�s� �p�e�r�f�o�r�m�e�d� �b�y� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �c�o�m�p�u�t�e�r�.� �E�v�e�r�y� �A�t� �s�e�c�o�n�d�s�,� �t�h�e� �c�o�m�p�u�t�e�r� �c�o�n�-� 

�v�e�r�t�s� �t�h�e� �v�o�l�t�a�g�e� �o�u�t�p�u�t� �o�f� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r� �t�o� �a� �d�i�g�i�t�a�l� �v�a�l�u�e�.� �T�h�e� �s�e�e�d�i�n�g� �p�a�r�t�i�c�l�e�s�,� 
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�F�i�g�u�r�e� �2�.�1�1�.� 

�C�h�a�p�t�e�r� �2� 

�1�8�0� � � 
�e�o�c�e�o� �U�s� �(�r�e�e�v�e�s� �p�v�y�r�e�g�e�)� 

� � � � � � � � 

�0�.�9�5� �1�,�0�0� 
�U�(�t�)�/�U�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �s�t�a�t�i�s�t�i�c�s�:� 
�h�i�s�t�o�g�r�a�m�s� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�v�e�r�a�g�i�n�g�.� 

� � 
�1�.�0�5� 

�N�o�r�m�a�l�i�z�e�d� �v�e�l�o�c�i�t�y� 

�4�2



�h�o�w�e�v�e�r�,� �p�a�s�s� �t�h�r�o�u�g�h� �t�h�e� �L�D�V� �m�e�a�s�u�r�i�n�g� �v�o�l�u�m�e� �a�t� �r�a�n�d�o�m� �i�n�t�e�r�v�a�l�s�.� �T�h�e� �l�a�b�o�r�a�t�o�r�y� 

�c�o�m�p�u�t�e�r� �e�m�p�l�o�y�e�s� �a� �s�a�m�p�l�e�-�a�n�d�-�h�o�l�d� �t�e�c�h�n�i�q�u�e� �i�n� �w�h�i�c�h�,� �i�f� �n�o� �n�e�w� �s�i�g�n�a�l� �1�s� �o�u�t�p�u�t� �b�y� 

�t�h�e� �L�D�V� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�,� �t�h�e� �l�a�s�t� �s�i�g�n�a�l� �i�s� �r�e�p�e�a�t�e�d�l�y� �s�a�m�p�l�e�d� �e�v�e�r�y� �A�t� �s�e�c�o�n�d�s�.� �F�o�r� 

�l�o�w� �d�a�t�a� �r�a�t�e�s� �(�o�r� �h�i�g�h� �s�a�m�p�l�e� �r�a�t�e�s�)�,� �t�h�i�s� �p�r�o�c�e�s�s� �r�e�s�u�l�t�s� �i�n� �a� �c�h�o�p�p�y� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 

�t�h�e� �p�e�r�i�o�d�i�c� �f�l�u�c�t�u�a�t�i�o�n�.� �B�y� �r�e�p�e�a�t�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �o�v�e�r� �s�e�v�e�r�a�l� �p�e�r�i�o�d�s� �a�n�d� �e�n�-� 

�s�e�m�b�l�e� �a�v�e�r�a�g�i�n�g�,� �t�h�e� �t�i�m�e� �r�e�c�o�r�d� �i�s� �f�i�l�l�e�d� �i�n� �a�n�d� �r�a�n�d�o�m� �f�l�u�c�t�u�a�t�i�o�n� �a�r�e� �a�v�e�r�a�g�e�d� �o�u�t�.� 

�T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �2�.�1�2�,� �w�h�i�c�h� �c�o�m�p�a�r�e�s� �a� �s�i�n�g�l�e� �v�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d� �w�i�t�h� �t�h�e� 

�e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �t�i�m�e� �r�e�c�o�r�d� �c�o�n�s�t�r�u�c�t�e�d� �w�i�t�h� �t�h�i�r�t�y� �i�n�d�i�v�i�d�u�a�l� �t�i�m�e� �r�e�c�o�r�d�s�.� 

�I�d�e�a�l�l�y�,� �f�o�r� �e�a�c�h� �c�y�c�l�e� �o�f� �t�h�e� �v�o�r�t�e�x� �g�e�r�e�r�a�t�o�r ��s� �m�o�t�i�o�n�,� �a�n� �i�d�e�n�t�i�c�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� 

�c�r�e�a�t�e�d�,� �h�o�w�e�v�e�r�,� �e�x�p�e�r�i�m�e�n�t�s� �a�r�e� �r�a�r�e�l�y� �i�d�e�a�l�.� �T�h�e�r�e� �a�r�e� �v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�r�o�m� 

�c�y�c�l�e� �t�o� �c�y�c�l�e�.� �T�o� �e�s�t�i�m�a�t�e� �t�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�l�o�w� �i�n� �t�h�e� �w�a�k�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� 

�a�i�r�f�o�i�l� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�t�i�y� �c�o�m�p�o�n�e�n�t�s� �w�a�s� �e�v�a�l�u�a�t�e�d� �f�o�r� 

�e�a�c�h� �p�h�a�s�e� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �m�o�t�i�o�n�.� �T�h�i�s� �p�h�a�s�e�-�s�t�a�n�d�a�r�d�-�d�e�v�i�a�t�i�o�n� �o�r� �p�h�a�s�e�-�r�m�s� �i�s� �d�e�-� 

�f�i�n�e�d� �a�s�,� 

� � 

�M� 

�o�(�p�)� �=� �|� �;� �>� �n�l�  ��U�(�¢�)�)� �,� 
�m�=�!� 

�w�h�e�r�e� �t�h�e� �p�h�a�s�e� �¢� �=� �+� �3�6�0�°� �i�s� �a� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �t�i�m�e� �w�i�t�h� �3�6�0�°� �e�q�u�a�l� �t�o� �o�n�e� �p�e�r�i�o�d� 

�o�f� �o�s�c�i�l�l�a�t�i�o�n�,� �M� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �t�i�m�e� �r�e�c�o�r�d�s�,� �a�n�d� �U�(�¢�)� �i�s� �t�h�e� �v�e�l�o�c�i�t�y� �f�o�r� �a� �g�i�v�e�n� 

�p�h�a�s�e� �a�v�e�r�a�g�e�d� �o�v�e�r� �a�l�l� �M� �t�i�m�e� �r�e�c�o�r�d�s�.� �T�h�e� �e�n�s�e�m�b�l�e�-�a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �p�h�a�s�e�-�r�m�s� �i�n� �F�i�g�.� �2�.�1�3�.� �S�h�o�w�n� �a�r�e� �t�h�e� �r�e�s�u�l�t�s� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �f�i�v�e�,� �f�i�f�t�e�e�n� �a�n�d� �t�h�i�r�t�y� �t�i�m�e� �r�e�c�o�r�d�s� �(�a�l�s�o� �c�o�m�p�a�r�e� �w�i�t�h� �t�h�e� �s�i�n�g�l�e� �v�e�l�o�c�i�t�y� 

�t�i�m�e� �r�e�c�o�r�d� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�2� �o�n� �p�a�g�e� �4�5�)�.� �T�h�e� �t�h�i�r�t�y� �r�e�c�o�r�d�s� �w�e�r�e� �c�o�n�s�e�c�u�t�i�v�e�l�y� 

�r�e�c�o�r�d�e�d� �a�t� �t�h�e� �p�o�i�n�t� �x�/�c�,� �=� �2�,� �y�/�c�,� �=� �0�.�1�,� �w�h�i�c�h� �l�a�y� �o�n� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �o�f� �t�h�e� �u�p�p�e�r� �r�o�w� 

�o�f� �v�o�r�t�i�c�e�s� �(�r�e�f�e�r� �t�o� �F�i�g�u�r�e� �3�.�3� �o�n� �p�a�g�e� �6�0� �f�o�r� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�)�.� 
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�T�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �w�a�s� �e�q�u�a�l� �t�o� �2�.�0�5� �a�n�d� �t�h�e� �a�v�e�r�a�g�e� �f�r�e�e�-� 

�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �w�a�s� �U�,�,� �=� �1�2�.�5�c�m�/�s�.� 

�W�e� �s�e�e� �t�h�a�t� �a�s� �f�e�w� �a�s� �f�i�v�e� �r�e�c�o�r�d�s� �a�r�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �p�r�o�d�u�c�e� �a� �r�e�a�s�o�n�a�b�l�y� �s�m�o�o�t�h� 

�e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� �a�n�d� �t�h�a�t�,� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �c�e�r�t�a�i�n� �p�h�a�s�e� �a�n�g�l�e�s�,� �t�h�e� �p�h�a�s�e�-�r�m�s� �f�o�r� 

�f�i�v�e� �a�n�d� �t�h�i�r�t�y� �a�v�e�r�a�g�e�s� �a�r�e� �q�u�i�t�e� �s�i�m�i�l�a�r�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �w�i�t�h� �t�h�i�r�t�y� �t�i�m�e� �r�e�c�o�r�d�s� �w�e� 

�c�a�n� �a�c�c�u�r�a�t�e�l�y� �e�s�t�i�m�a�t�e� �t�h�e� �p�h�a�s�e�-�w�i�s�e� �v�e�l�o�c�i�t�y� �s�t�a�t�i�s�t�i�c�s�;� �n�a�m�e�l�y� �t�h�e� �e�n�s�e�m�b�l�e�-�a�v�e�r�a�g�e� 

�v�e�l�o�c�i�t�y� �a�n�d� �p�h�a�s�e�-�r�m�s�.� �T�h�e� �p�h�a�s�e�-�r�m�s� �i�s� �m�a�x�i�m�u�m� �a�r�o�u�n�d� �9�0�°� �a�n�d� �2�7�0�°� �o�f� �p�h�a�s�e�,� 

�w�h�e�n� �t�h�e� �c�h�a�n�g�e� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �g�r�a�d�i�e�n�t� �i�s� �m�a�x�i�m�u�m� �(�i�.�e�.�,� �w�h�e�n� �a� �v�o�r�t�e�x� �p�a�s�s�e�s� �t�h�e� 

�m�e�a�s�u�r�i�n�g� �s�t�a�t�i�o�n�)�,� �a�n�d� �a�v�e�r�a�g�e�s� �7�%� �f�o�r� �t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �a�n�d� �8�.�5�%� �f�o�r� �t�h�e� �s�e�c�o�n�d� 

�c�o�m�p�o�n�e�n�t�.� 

�T�y�p�i�c�a�l�l�y�,� �t�w�e�n�t�y� �t�o� �t�h�i�r�t�y� �v�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d�s� �w�e�r�e� �m�e�a�s�u�r�e�d�.� �T�i�m�e� �w�a�s� �a� �c�o�n�-� 

�s�t�r�a�i�n�t� �i�n� �s�e�l�e�c�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �e�n�s�e�m�b�l�e�s� �t�o� �e�m�p�l�o�y�.� �A� �s�u�r�v�e�y� �l�i�n�e� �c�o�n�s�i�s�t�i�n�g� �o�f� �f�o�r�t�y� 

�m�e�a�s�u�r�e�m�e�n�t� �s�t�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �a�b�o�u�t� �t�w�o� �h�o�u�r�s� �f�o�r� �c�o�m�p�l�e�t�i�o�n� �w�h�e�n� �t�h�i�r�t�y� �t�i�m�e� �r�e�c�o�r�d�s� 

�w�e�r�e� �r�e�c�o�r�d�e�d�.� �A�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�c�o�r�d�s� �w�a�s� �r�e�q�u�i�r�e�d� 

�t�o� �i�m�p�r�o�v�e� �t�h�e� �v�e�l�o�c�i�t�y� �s�t�a�t�i�s�t�i�c�s�.� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �p�e�r�i�o�d�-�t�o�-�p�e�r�i�o�d� �f�l�o�w� �r�e�p�e�a�t�a�b�i�l�i�t�y� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �p�h�a�s�e�-�r�m�s� 

�i�n� �F�i�g�.� �2�.�1�3�,� �t�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �f�r�o�m� �m�o�m�e�n�t�-�t�o�-�m�o�m�e�n�t�,� �a�n�d� �e�v�e�n� �f�r�o�m� �d�a�y�-�t�o�-�d�a�y�,� �o�f� 

�t�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� �m�u�s�t� �a�l�s�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �M�e�a�s�u�r�e�m�e�n�t� �s�u�r�v�e�y� �l�i�n�e�s�,� �a�s� �s�t�a�t�e�d� 

�a�b�o�v�e�,� �r�e�q�u�i�r�e�d� �s�e�v�e�r�a�l� �h�o�u�r�s� �t�o� �c�o�m�p�l�e�t�e�,� �w�h�i�l�e� �d�a�t�a� �s�e�t�s� �c�o�n�s�i�s�t�i�n�g� �o�f� �t�e�n�s� �o�f� �s�u�r�v�e�y� 

�l�i�n�e�s� �r�e�q�u�i�r�e�d� �d�a�y�s�,� �o�r� �e�v�e�n� �w�e�e�k�s�,� �t�o� �c�o�m�p�l�e�t�e�.� �T�o� �c�h�e�c�k� �t�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �e�n�-� 

�s�e�m�b�l�e� �a�v�e�r�a�g�e�,� �o�n�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� �w�a�s� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e� �f�i�r�s�t� �f�i�f�t�e�e�n� �t�i�m�e� �r�e�c�o�r�d�s� 

�a�n�d� �a�n�o�t�h�e�r� �u�s�i�n�g� �t�h�e� �s�e�c�o�n�d� �f�i�f�t�e�e�n� �o�u�t� �o�f� �t�h�e� �t�h�i�r�t�y� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �2�.�1�3�.� �T�h�i�s� �i�s� 

�e�q�u�i�v�e�l�e�n�t� �t�o� �t�w�o� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�s� �m�a�d�e� �a�t� �t�h�e� �s�a�m�e� �p�o�i�n�t� �i�n� �s�p�a�c�e�,� �w�i�t�h� �t�h�e� �s�e�c�o�n�d� 

�b�e�g�i�n�n�i�n�g� �i�m�m�e�d�i�a�t�e�l�y� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� �e�n�d�s�.� �T�h�e�s�e� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �o�n�e� �a�n�o�t�h�e�r� �i�n� �F�i�g�.� 

�2�.�1�4�.� �T�h�e� �t�w�o� �a�v�e�r�a�g�e�s� �d�i�f�f�e�r� �f�r�o�m� �o�n�e� �a�n�o�t�h�e�r� �b�y� �a�s� �m�u�c�h� �a�s� �1�0�%� �a�t� �a� �p�h�a�s�e� �o�f� �9�0�°� 
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�U�.�,� �=� �1�2�.�5�c�m�/�s�,� �k�=� �2�.�0�5�,� �x�/�c�,� �=� �2�.�0�,� �y�e�,� �=� �0�.�1� 
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�F�i�g�u�r�e� �2�.�1�3�.� �E�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�y� �a�n�d� �p�h�a�s�e�-�r�m�s� �f�o�r� �5�,� �1�5� �a�n�d� �3�0� �e�n�s�e�m�b�l�e�s� 
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�a�n�d� �2�7�0�°� �(�t�h�e� �p�o�i�n�t�s� �o�f� �m�a�x�i�m�u�m� �p�h�a�s�e�-�r�m�s�)�.� �T�h�e� �a�v�e�r�a�g�e� �d�i�f�f�e�r�e�n�c�e� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� 

�p�e�r�i�o�d� �i�s� �o�n�l�y� �-�0�.�2�%� �f�o�r� �t�h�e� �-�4�5�°� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �a�n�d� �0�.�6�%� �f�o�r� �t�h�e� �+� �4�5�°� �c�o�m�p�o�n�e�n�t�.� 

�T�h�e� �d�a�i�l�y� �f�l�o�w� �r�e�p�e�a�t�a�b�i�l�i�t�y� �i�s� �n�e�x�t� �a�s�s�e�s�s�e�d�.� �V�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� �o�n� 

�t�w�o� �c�o�n�s�e�c�u�t�i�v�e� �d�a�y�s� �a�n�d� �a�t� �t�h�e� �s�a�m�e� �p�o�i�n�t� �i�n� �s�p�a�c�e�,� �a�g�a�i�n�,� �t�h�e� �p�o�i�n�t� 

�x�/�C�,� �=� �2�.�0�,� �y�/�c�,� �=� �0�.�1�,� �z�/�c�,� �=� �0�.�0�.� �T�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� �+�4�5�°� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� 

�f�o�r� �e�a�c�h� �d�a�y� �i�s� �c�o�m�p�a�r�e�d� �i�n� �F�i�g�.� �2�.�1�5�.� �T�h�e� �m�a�x�i�m�u�m� �v�e�l�o�c�i�t�y� �d�i�f�f�e�r�e�n�c�e� �i�s� �a�r�o�u�n�d� �1�0�%� 

�o�f� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y�,� �a�n�d� �t�h�e� �m�e�a�n� �d�i�f�f�e�r�e�n�c�e� �o�v�e�r� �t�h�e� �p�e�r�i�o�d� �i�s� �2�.�1�%�.� �S�i�n�c�e� �t�h�e� 

�w�a�t�e�r� �t�u�n�n�e�l� �a�n�d� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �e�q�u�i�p�m�e�n�t� �w�e�r�e� �s�h�u�t� �d�o�w�n� �f�o�r� �m�o�r�e� �t�h�a�n� �t�w�e�l�v�e� �h�o�u�r�s� 

�b�e�t�w�e�e�n� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s�,� �F�i�g�.� �2�.�1�5� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �a�b�i�l�i�t�y� �t�o� �r�e�a�c�q�u�i�r�e� �t�h�e� �t�e�s�t� 

�p�a�r�a�m�e�t�e�r�s� �(�R�e� �a�n�d� �k�)� �f�r�o�m� �d�a�y�-�t�o�-�d�a�y�.� 

�v�)� �F�l�o�w� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l�i�t�y� 

�A� �b�a�s�i�c� �p�r�e�m�i�s�e� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�h�a�t� �t�h�e� �w�a�k�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �i�s� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l�.� �S�i�n�c�e� �i�t� �w�a�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �d�i�r�e�c�t�l�y� �m�e�a�s�u�r�e� �t�h�e� �t�h�i�r�d� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� 

�w�i�t�h� �t�h�e� �e�q�u�i�p�m�e�n�t� �a�v�a�i�l�a�b�l�e�,� �a� �l�e�s�s� �d�i�r�e�c�t� �m�e�t�h�o�d� �w�a�s� �e�m�p�l�o�y�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l�i�t�y� �o�f� �t�h�e� �f�l�o�w�.� �B�e�c�a�u�s�e� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �m�u�s�t� �b�e� �i�n�v�a�r�i�e�n�t� �i�n� �t�h�e� 

�t�h�i�r�d� �d�i�m�e�n�s�i�o�n� �(�t�h�e� �s�p�a�n�-�w�i�s�e� �o�r� �z�-�d�i�r�e�c�t�i�o�n�)�,� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� 

�m�e�a�s�u�r�e�d� �a�t� �s�e�v�e�r�a�l� �s�p�a�n�-�w�i�s�e� �l�o�c�a�t�i�o�n�s� �p�r�o�v�i�d�e�s� �a� �s�u�f�f�i�c�i�e�n�t� �m�e�a�s�u�r�e� �o�f� �t�h�e� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l�i�t�y�.� �M�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� �i�n� �t�h�e� �u�p�p�e�r� �r�o�w� �o�f� �v�o�r�t�i�c�e�s� �(� 

�x�/�c�,� �=� �2�.�0�,� �y�/�c�,� �=� �0�.�1�)� �a�n�d� �a�t� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �z�-�l�o�c�a�t�i�o�n�s� �a�c�r�o�s�s� �t�h�e� �w�a�t�e�r� �t�u�n�n�e�l� �s�p�a�n�.� �T�h�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �c�o�v�e�r� �a� �s�p�a�n� �o�f� �5�.�0�8� �c�m�,� �o�r� �0�.�5�c�,� �(�o�r� �%� �o�f� �t�h�e� �t�e�s�t�-�s�e�c�t�i�o�n� �s�p�a�n�)� �a�n�d� �a�r�e� 

�c�e�n�t�e�r�e�d� �a�b�o�u�t� �t�h�e� �t�u�n�n�e�l� �c�e�n�t�e�r� �l�i�n�e�.� �T�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�y� �t�i�m�e� �r�e�c�o�r�d�s� �(�w�i�t�h� 

�M� �=� �3�0�)� �f�o�r� �t�h�e� �f�i�v�e� �l�o�c�a�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�.� �2�.�1�6�.� �W�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� 

�z�/�c�,� �=�  ��0�.�2�5� �m�e�a�s�u�r�e�m�e�n�t�,� �t�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s� �a�r�e� �a�g�r�e�e�a�b�l�y� �s�i�m�i�l�a�r� �t�o� �o�n�e� �a�n�o�t�h�e�r�,� �a�n�d� 

�e�v�e�n� �t�h�i�s� �d�i�s�p�a�r�a�t�e� �p�r�o�f�i�l�e� �i�s� �w�i�t�h�i�n� �t�h�e� �e�x�p�e�c�t�e�d� �d�a�i�l�y� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� 
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�(�r�e�f�e�r� �t�o� �F�i�g�u�r�e� �2�.�1�4� �o�n� �p�a�g�e� �4�9� �a�n�d� �F�i�g�u�r�e� �2�.�1�5� �o�n� �p�a�g�e� �5�0�)�.� �T�h�e� �v�e�l�o�c�i�t�y� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �(�z�/�c�=�0�)� �a�n�d� �e�a�c�h� �m�e�a�s�u�r�e�m�e�n�t� �p�l�a�n�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�1�7�.� 

�v�i�)� �C�a�l�c�u�l�a�t�i�o�n� �E�r�r�o�r�s� 

�N�a�t�u�r�a�l�l�y�,� �t�h�e� �u�s�e� �o�f� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �f�o�r�m�u�l�a�s� �i�n� �e�s�t�i�m�a�t�i�n�g� �d�e�r�i�v�a�t�i�v�e�s� �i�n�t�r�o�d�u�c�e�s� 

�e�r�r�o�r�s� �i�n�t�o� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �r�e�s�u�l�t�s�.� �T�h�e�s�e� �e�r�r�o�r�s� �d�e�p�e�n�d� �o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �g�r�i�d� �s�i�z�e� �a�n�d� 

�t�h�e� �d�e�g�r�e�e� �o�f�  ��t�u�r�b�u�l�e�n�c�e �� �p�r�e�s�e�n�t� �i�n� �t�h�e� �d�a�t�a�.� �H�e�r�e�,� �t�u�b�u�l�e�n�c�e� �i�n�d�i�c�a�t�e�s� �f�l�u�c�t�u�a�t�i�o�n�s� 

�o�f� �a�n�y� �k�i�n�d�.� �A�n� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�i�s� �e�r�r�o�r� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �s�u�f�f�i�c�i�e�n�c�y� 

�o�f� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �o�n� �a� �g�r�i�d� �e�l�e�m�e�n�t� �(�I�m�a�i�c�h�i� �a�n�d� �O�h�m�i�,� �1�9�8�3�)�.� �T�h�e� �e�r�r�o�r� �f�o�r� �t�h�e� 

�g�r�i�d� �e�l�e�m�e�n�t� �a�t� �(�i�,�}�)� �i�s�,� 

�(�d�u�/�d�x�)�,� �A�x� �A�y� �+� �(�d�v�/�d�y�)�,� �A�y� �A�x� 

�f�y� �=� �U�L�A�y� �,� 
� � 

�w�h�e�r�e� �t�h�e� �g�r�i�d� �s�t�e�p� �s�i�z�e�s� �a�r�e� �A�x� �a�n�d� �A�y�.� �T�h�e� �e�r�r�o�r� �i�s� �g�i�v�e�n� �a�s� �a� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �i�n�f�l�o�w� 

�t�o� �t�h�e� �g�r�i�d� �c�e�l�l� �(�U�.�.�A�y�)�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �f�o�r� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e� �w�a�k�e� �o�f� 

�t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �i�s� �s�h�o�w�n� �a�s� �a� �h�i�s�t�o�g�r�a�m� �i�n� �F�i�g�.� �2�.�1�8�.� �T�h�e� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�e� �d�i�s�-� 

�t�r�i�b�u�t�i�o�n� �o�f� �e�r�r�o�r� �f�o�r� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �t�w�o�,� �t�h�r�e�e� �a�n�d� �f�o�u�r� �c�h�o�r�d�l�e�n�g�t�h�s� �d�o�w�n�s�t�r�e�a�m� 

�o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l�.� �W�e� �s�e�e� �i�n� �F�i�g�.� �2�.�1�8�a� �t�h�a�t� �t�h�e� �e�r�r�o�r� �i�s� �l�e�s�s� �t�h�a�n� �1�%� �o�f� �U�.�,�A�y� �f�o�r� 

�o�v�e�r� �4�5�%� �o�f� �t�h�e� �g�r�i�d� �c�e�l�l�s�.� �F�i�g�u�r�e� �2�.�1�8�b� �i�n�v�o�l�v�e�s� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �a�t� �t�w�i�c�e� �t�h�e� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �a�s� �t�h�o�s�e� �o�f� �F�i�g�.� �2�.�1�8�a�.� �T�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �d�a�t�a� �t�o� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�t�i�-� 

�n�u�i�t�y� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �t�h�e� �e�r�r�o�r� �i�n�t�r�o�d�u�c�e�d� �w�h�e�n� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �v�e�-� 

�l�o�c�i�t�y�,� �a�n�d� �c�a�n� �b�e� �t�a�k�e�n� �a�s� �t�h�e� �e�r�r�o�r� �i�n�t�r�o�d�u�c�e�d� �f�o�r� �a�n�y� �f�i�r�s�t� �o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y�.� 
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�C�h�a�p�t�e�r� �3� 

�T�h�e� �W�a�k�e� �o�f� �a�n� �O�s�c�i�l�l�a�t�i�n�g� �A�i�r�f�o�i�l� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�i�s� �a�n�d� �f�o�l�l�o�w�i�n�g� �c�h�a�p�t�e�r�s� �w�i�l�l� �p�r�e�s�e�n�t� �a�n�d� �d�i�s�c�u�s�s� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �B�e�f�o�r�e� 

�i�n�v�e�s�t�i�g�a�t�i�n�g� �a�i�r�f�o�i�l�-�v�o�r�t�e�x� �i�n�t�e�r�a�c�t�i�o�n�,� �a� �t�h�o�r�o�u�g�h� �s�t�u�d�y� �o�f� �t�h�e� �v�o�r�t�i�c�a�l� �d�i�s�t�u�r�b�a�n�c�e� �i�s� 

�w�a�r�r�a�n�t�e�d�.� �T�o� �c�r�e�a�t�e� �t�h�e� �d�e�s�i�r�e�d� �v�o�r�t�e�x� �d�i�s�t�u�r�b�a�n�c�e�,� �a�d�v�a�n�t�a�g�e� �i�s� �t�a�k�e�n� �o�f� �t�h�e� �n�a�t�u�r�a�l� 

�i�n�s�t�a�b�i�l�i�t�y� �o�f� �f�r�e�e� �s�h�e�a�r� �l�a�y�e�r�s�.� �F�r�e�e� �s�h�e�a�r� �l�a�y�e�r�s� �a�r�e� �r�e�g�i�o�n�s� �o�f� �h�i�g�h� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� 

�v�o�r�t�i�c�i�t�y� �w�h�i�c�h� �t�e�n�d� �t�o�  ��r�o�l�l� �u�p �� �i�n�t�o� �l�a�r�g�e� �s�c�a�l�e� �c�o�h�e�r�e�n�t� �v�o�r�t�i�c�a�l� �s�t�r�u�c�t�u�r�e�s�.� �A� �c�o�h�e�r�e�n�t� 

�s�t�r�u�c�t�u�r�e� �i�s�  �� �.�.�.� �a� �c�o�n�n�e�c�t�e�d� �t�u�r�b�u�l�e�n�t� �f�l�u�i�d� �m�a�s�s� �w�i�t�h� �i�n�s�t�a�n�t�a�n�e�o�u�s� �p�h�a�s�e�-�c�o�r�r�e�l�a�t�e�d� 

�v�o�r�t�i�c�i�t�y� �o�v�e�r� �i�t�s� �s�p�a�t�i�a�l� �e�x�t�e�n�t�  �� �(�H�u�s�s�a�i�n�,� �1�9�8�6�)�.� �T�h�e� �c�o�h�e�r�e�n�t� �s�t�r�u�c�t�u�r�e�s� �f�o�r�m�e�d� �i�n� 

�t�h�e� �w�a�k�e� �o�f� �a�n� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �v�o�r�t�i�c�e�s� �f�o�r� �w�h�i�c�h� �t�h�e� 

�a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �i�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �p�r�o�p�a�g�a�t�i�o�n�.� 

�R�e�c�a�l�l� �t�h�a�t� �t�h�e� �v�o�r�t�e�x� �g�e�n�e�r�a�t�o�r� �i�s� �a� �N�A�C�A� �0�0�1�2� �a�i�r�f�o�i�l� �o�s�c�i�l�l�a�t�i�n�g� �i�n� �p�i�t�c�h� �a�b�o�u�t� 

�i�t�s� �%�-�c�h�o�r�d� �p�o�i�n�t�.� �F�o�r� �m�o�d�e�r�a�t�e� �a�m�p�l�i�t�u�d�e�s�,� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s� �r�e�m�a�i�n� �a�t�t�a�c�h�e�d� 

�t�h�r�o�u�g�h�o�u�t� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �m�o�t�i�o�n�.� �V�o�r�t�i�c�i�t�y� �i�n� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s� �i�s� �t�r�a�n�s�f�e�r�e�d�,� �o�r� 

�s�h�e�d� �,� �t�o� �t�h�e� �f�r�e�e� �s�h�e�a�r� �l�a�y�e�r� �f�r�o�m� �t�h�e� �a�i�r�f�o�i�l ��s� �t�r�a�i�l�i�n�g� �e�d�g�e�.� �A�s� �t�h�e� �a�i�r�f�o�i�l ��s� �t�r�a�i�l�i�n�g� �e�d�g�e� 

�m�o�v�e�s� �d�o�w�n�w�a�r�d� �(�a� �i�n�c�r�e�a�s�i�n�g�)�,� �v�o�r�t�i�c�i�t�y� �i�s� �s�h�e�d� �f�r�o�m� �t�h�e� �l�o�w�e�r� �s�u�r�f�a�c�e� �o�f� �t�h�e� �t�r�a�i�l�i�n�g� 
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�e�d�g�e�.� �F�o�r� �a� �f�r�e�e�-�s�t�r�e�a�m� �m�o�v�i�n�g� �l�e�f�t� �t�o� �r�i�g�h�t�,� �t�h�i�s� �v�o�r�t�i�c�i�t�y� �h�a�s� �a� �c�o�u�n�t�e�r�-�c�l�o�c�k�w�i�s�e� 

�(�p�o�s�i�t�i�v�e�)� �s�e�n�s�e� �o�f� �r�o�t�a�t�i�o�n�.� �C�o�n�v�e�r�s�e�l�y�,� �a�s� �«� �d�e�c�r�e�a�s�e�s�,� �c�l�o�c�k�w�i�s�e� �(�n�e�g�a�t�i�v�e�)� �v�o�r�t�i�c�i�t�y� �i�s� 

�s�h�e�d� �f�r�o�m� �t�h�e� �u�p�p�e�r� �s�u�r�f�a�c�e�.� �T�h�e� �f�r�e�e� �s�h�e�a�r� �l�a�y�e�r� �i�n� �t�h�e� �w�a�k�e� �o�f� �a�n� �o�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� 

�c�o�n�s�i�s�t�s� �o�f� �a�l�t�e�r�n�a�t�i�n�g� �s�t�r�e�a�k�s� �o�f� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �v�o�r�t�i�c�i�t�y�.� �T�h�e�s�e� �s�t�r�e�a�k�s� �i�n�t�e�r�a�c�t� 

�a�n�d� �q�u�i�c�k�l�y� �r�o�l�l� �u�p� �t�o� �f�o�r�m� �a� �d�o�u�b�l�e� �r�o�w� �o�f� �c�o�h�e�r�e�n�t� �v�o�r�t�i�c�e�s� �w�i�t�h� �a�l�t�e�r�n�a�t�i�n�g� �r�o�t�a�t�i�o�n�a�l� 

�s�e�n�s�e�s�,� �(�s�e�e� �F�i�g�.� �3�.�1�)�.� �F�o�r� �s�i�n�u�s�o�i�d�a�l� �o�s�c�i�l�l�a�t�i�o�n�s�,� �t�h�e�s�e� �v�o�r�t�i�c�e�s� �a�r�e� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �a�n�d� 

�h�a�v�e� �t�h�e� �s�a�m�e� �m�a�g�n�i�t�u�d�e� �o�f� �v�o�r�t�i�c�i�t�y�.� 

�T�w�o� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s�,� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �(�k�=� �w�c�/�2�U�,�,�)� �a�n�d� �t�h�e� �r�e�-� 

�d�u�c�e�d� �a�m�p�l�i�t�u�d�e� �(�H�=� �a�/�c�)�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�i�s� �w�a�k�e�.� �H�e�r�e�,� �w� �i�s� �t�h�e� �a�n�g�u�l�a�r� 

�f�r�e�q�u�e�n�c�y� �o�f� �o�s�c�i�l�l�a�t�i�o�n�,� �c� �i�s� �t�h�e� �c�h�o�r�d�l�e�n�g�t�h� �o�f� �t�h�e� �a�i�r�f�o�i�l�,� �U�,�,� �i�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�m�e�a�n� �f�r�e�e�s�t�r�e�a�m� �v�e�l�o�c�i�t�y�,� �a�n�d� �a� �i�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �o�s�c�i�l�l�a�t�i�o�n� �(�t�h�e� �l�i�n�e�a�r� �d�i�s�t�a�n�c�e� �t�r�a�v�-� 

�e�l�e�d� �b�y� �t�h�e� �t�r�a�i�l�i�n�g� �e�d�g�e�)�.� �I�n�v�i�s�c�i�d� �c�a�l�c�u�l�a�t�i�o�n�s� �b�y� �K�a�t�z� �a�n�d� �W�e�i�h�s� �(�1�9�7�8�)� �s�u�g�g�e�s�t� �t�h�a�t� 

�t�h�e� �w�a�k�e� �o�f� �a� �s�i�n�u�s�o�i�d�a�l�l�y� �p�i�t�c�h�i�n�g� �a�i�r�f�o�i�l� �r�o�l�l�s� �u�p� �i�n�t�o� �d�i�s�c�r�e�t�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� 

�v�o�r�t�i�c�i�t�y� �f�o�r� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�i�e�s� �g�r�e�a�t�e�r� �t�h�a�n� �2�.� �F�l�o�w� �v�i�s�u�a�l�i�z�a�t�i�o�n� �r�e�s�u�l�t�s�,� �h�o�w�e�v�e�r�,� 

�s�h�o�w� �t�h�a�t� �r�o�l�l� �u�p� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �a�m�p�l�i�t�u�d�e� �a�s� �w�e�l�l� �a�s� �f�r�e�q�u�e�n�c�y� �(�O�s�h�i�m�a� �a�n�d� �O�s�h�i�m�a�,� 

�1�9�8�0�;� �K�o�o�c�h�e�s�f�a�h�a�n�i�,� �1�9�8�9�)�.� �F�i�g�u�r�e� �3�.�2�,� �a�f�t�e�r� �O�s�h�i�m�a� �a�n�d� �O�s�h�i�m�a� �(�1�9�8�0�)� �i�l�l�u�s�t�r�a�t�e�s� �h�o�w� 

�t�h�e� �w�a�k�e� �s�t�r�u�c�t�u�r�e� �d�e�p�e�n�d�s� �o�n� �t�h�e�s�e� �t�w�o� �p�a�r�a�m�e�t�e�r�s�.� �A�l�s�o� �i�n�d�i�c�a�t�e�d� �i�n� �t�h�i�s� �f�i�g�u�r�e� �i�s� �t�h�e� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�T�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �h�a�s� �a� �t�w�o�f�o�l�d� �p�u�r�p�o�s�e�:� �t�o� �f�u�l�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�p�h�y�s�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �v�o�r�t�i�c�e�s� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �a�i�r�f�o�i�l�-�v�o�r�t�e�x� �i�n�t�e�r�a�c�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s�,� 

�a�n�d� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �t�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �m�e�t�h�o�d� �o�f� �v�o�r�t�e�x� �g�e�n�e�r�-� 

�a�t�i�o�n�.� �T�o� �t�h�e�s�e� �e�n�d�s�,� �i�n�s�t�a�n�t�a�n�e�o�u�s� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e� �i�n� �t�h�e� �m�i�d�-� �a�n�d� 

�f�a�r�-�f�i�e�l�d� �w�a�k�e� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �a�i�r�f�o�i�l�,� �f�o�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�i�e�s�,� �t�w�o� �a�m�-� 

�p�l�i�t�u�d�e�s�,� �a�n�d� �a� �r�a�n�g�e� �o�f� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�.� �V�o�r�t�i�c�i�t�y� �a�n�d� �c�i�r�c�u�l�a�t�i�o�n� �w�e�r�e� �c�o�m�p�u�t�e�d� 

�a�n�d� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�a�s�e�s�.� 

�C�h�a�p�t�e�r� �3� �5�6



� � 
�F�i�g�u�r�e� �3�.�1�.� �O�s�c�i�l�l�a�t�i�n�g� �a�i�r�f�o�i�l� �w�a�k�e� �s�t�r�u�c�t�u�r�e� �(�f�r�o�m� �O�s�h�i�m�a� �a�n�d� �O�s�h�i�m�a�,� �1�9�8�0�)�.� 

�C�h�a�p�t�e�r� �3� 
�5�7



�0�.�5�0� 

�0�.�4�0� 

�0�.�3�0� 

�0�.�2�0� 

�0�.�1�0� 

�0�.�0�0� 

�F�i�g�u�r�e� �3�.�2�.� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �w�a�k�e� �t�y�p�e�s� �a�n�d� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �p�a�r�a�m�e�t�e�r�s�:� 

� � 

�
D

�
t
�
 

�T
�r

�T
�T

�T
�y

�T
�Y

�T
�r

�r
�r

�y
�t
�r

�r
�r

�y
� 

�i
�r

�r
� 

� � � � 

�N�  ��\� 
�\�\� �.� 

�Y�Q�?� �3�5�8�  ��X�N� 
�\� �\� �n�N� 

�\� �\�.� �a� �s�t�r�o�n�g� �m�i�x�i�n�g� 
�\� �\� �\� �w�a�k�e� 

�o� �\�o� �o� �o�N� �S�o� 
�\� �N�\� 

�\� �\� �~�N� 

�\� �X�\� �~� 

�N�O�N� �2� �£�0�6� �\�\� �\� 

 � � �� �\� �S�S� �r�o�l�l�-�u�p� �w�a�k�e� 

�,� �w�a� �w�a�k�e� 
 ��Y� �s�p�l�i�t� �w�a�k�e� 
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�0�.�0�0� �1�.�0�0� �2�.�0�0� �3�.�0�0� �4�.�0�0� �5�.�0�0� 

�K� 

�k�=�0�.�5�,� �H�=�0�.�2�6�5� 
�x�/�c�,�=� �4�.�0�;� �R�e�=� �2�6�0�0�0� 
�k�=�1�,� �H�=�0�.�2�6�5� 
�x�/�c�,�=� �2�.�0�,� �4�.�0�;� �R�e�=� �1�2�6�0�0� 
�k�=�2�,� �H�=�0�.�2�6�5� 
�x�/�c�,�=� �1�.�7�5� �t�o� �3�.�0� �b�y� �0�.�1�2�5�,� �4�.�0�;� �R�e�=� �1�2�6�0�0� 
�x�/�c�,�=� �2�.�0�,� �3�.�0� �a�n�d� �4�.�0�;� �R�e�=� �2�6�0�0�0� 
�k�=�3�,� �H�=�0�.�2�6�5� 
�x�/�c�y�=� �4�.�0�;� �R�e�=� �1�7�2�0�0� 
�k�=�4�,� �H�=�0�.�2�6�5� 
�x�/�c�,�=� �2�.�0�;� �R�e�=� �1�2�6�0�0� 
�k�=� �2�,� �H�=�0�.�4�0�2� 
�x�/�c�,�=� �3�.�0�;� �R�e�=� �1�2�6�0�0�,� �2�6�0�0�0� 

�a�n�d� �O�s�h�i�m�a�,� �1�9�8�0�)�.� 
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�3�.�2� �E�x�p�e�r�i�m�e�n�t�a�l� �C�o�n�d�i�t�i�o�n�s� 

�A� �t�h�o�r�o�u�g�h� �s�u�r�v�e�y� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�n� �t�h�e� �m�i�d�-� �a�n�d� �f�a�r�-�w�a�k�e� �o�f� �a�n� �a�i�r�f�o�i�l� �o�s�c�i�l�-� 

�l�a�t�i�n�g� �i�n� �p�i�t�c�h� �w�a�s� �p�r�e�f�o�r�m�e�d� �u�s�i�n�g� �a� �t�w�o�-�c�o�m�p�o�n�e�n�t� �l�a�s�e�r�-�D�o�p�p�l�e�r� �v�e�l�o�c�i�m�e�t�e�r�.� �T�h�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �e�x�e�c�u�t�e�d� �i�n� �t�h�e� �E�S�M� �w�a�t�e�r� �t�u�n�n�e�l�,� �(�d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �2�)�.� �A� 

�N�A�C�A� �0�0�1�2� �a�i�r�f�o�i�l� �h�a�v�i�n�g� �a� �c�h�o�r�d�l�e�n�g�t�h� �o�f� �c�,�=� �1�0�.�1�6� �c�m� �a�n�d� �a� �s�p�a�n� �o�f� �2�1� �c�m� �w�a�s� 

�m�o�u�n�t�e�d� �b�e�t�w�e�e�n� �e�n�d� �w�a�l�l�s� �i�n� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n� �a�n�d� �c�o�n�n�e�c�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �w�a�t�e�r� �t�u�n�n�e�l� 

�w�a�l�l� �t�o� �t�h�e� �p�i�t�c�h�i�n�g� �m�e�c�h�a�n�i�s�m�;� �s�e�e� �F�i�g�u�r�e� �2�.�2� �o�n� �p�a�g�e� �1�7�.� �T�h�e� �a�i�r�f�o�i�l� �w�a�s� �p�i�t�c�h�e�d� 

�s�i�n�u�s�o�i�d�a�l�l�y� �a�b�o�u�t� �i�t�s� �%�-�c�h�o�r�d� �p�o�i�n�t� �w�i�t�h� �z�e�r�o� �m�e�a�n� �a�n�g�l�e� �o�f� �a�t�t�a�c�k� �a�n�d� �w�i�t�h� �a�n� �a�m�-� 

�p�l�i�t�u�d�e� �o�f� �+� �1�0�°� �(�H�=�0�.�2�6�5�)�.� �T�h�u�s�,� �t�h�e� �s�t�a�t�i�c� �s�t�a�l�l� �a�n�g�l�e� �o�f� �a�t�t�a�c�k� �w�a�s� �n�o�t� �e�x�c�e�e�d�e�d�.� 

�T�h�e� �a�i�r�f�o�i�l� �w�a�s� �a�l�s�o� �p�i�t�c�h�e�d� �w�i�t�h� �a�n� �a�m�p�l�i�t�u�d�e� �o�f� �+� �1�5�°� �(�H�=�0�.�4�0�2�)�.� �A�t� �t�h�i�s� �a�m�p�l�i�t�u�d�e� 

�o�f� �o�s�c�i�l�l�a�t�i�o�n�,� �l�i�g�h�t� �d�y�n�a�m�i�c� �s�t�a�l�l� �l�i�k�e�l�y� �o�c�c�u�r�e�d� �(�M�c�C�r�o�s�k�e�y�,� �1�9�8�1�)�.� 

�V�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �f�o�r� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �k�=�0�.�5�,� �1�.�0�,� �2�.�0�5�,� 

�3�.�0�,� �a�n�d� �4�.�0� �a�n�d� �a�t� �c�h�o�r�d� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �r�a�n�g�i�n�g� �f�r�o�m� �1�2�,�6�0�0� �t�o� �2�5�,�1�0�0�.� �F�i�g�u�r�e� �3�.�2� 

�o�n� �p�a�g�e� �5�8� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �a�n�d� �r�e�d�u�c�e�d� �a�m�p�l�i�t�u�d�e� �f�o�r� 

�w�h�i�c�h� �d�a�t�a� �w�e�r�e� �o�b�t�a�i�n�e�d�.� �P�a�r�a�m�e�t�e�r�s� �w�e�r�e� �c�h�o�s�e�n� �t�o� �c�o�v�e�r� �e�a�c�h� �c�l�a�s�s� �o�f� �w�a�k�e� �s�t�r�u�c�-� 

�t�u�r�e�.� �E�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�i�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �a�l�o�n�g� �s�u�r�v�e�y� �l�i�n�e�s� �(�c�o�l�u�m�n�s�)� �l�y�i�n�g� �b�e�-� 

�t�w�e�e�n� �1�.�7�5� �a�n�d� �4�.�0� �c�h�o�r�d�l�e�n�g�t�h�s� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �a�i�r�f�o�i�l ��s� �t�r�a�i�l�i�n�g� �e�d�g�e�.� 

�F�i�g�u�r�e� �3�.�3� �d�e�f�i�n�e�s� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� �M�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �o�v�e�r� 

�2�0� �t�o� �3�0� �c�y�c�l�e�s� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �m�o�t�i�o�n�,� �w�i�t�h� �s�a�m�p�l�i�n�g� �i�n�t�e�r�v�a�l�s� �r�a�n�g�i�n�g� �f�r�o�m� �1�/�3�0�0� �t�o� 

�1�/�2�0�0� �o�f� �t�h�e� �p�i�t�c�h�i�n�g� �p�e�r�i�o�d�.� �T�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�l�l� �p�a�r�a�m�e�t�e�r�s� �(�p�i�t�c�h�i�n�g� �f�r�e�q�u�e�n�c�y� �a�n�d� 

�a�m�p�l�i�t�u�d�e�,� �f�r�e�e�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �a�n�d� �m�e�a�s�u�r�i�n�g� �s�t�a�t�i�o�n�)� �f�o�r� �t�h�e� �d�a�t�a� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�o�l�-� 

�l�o�w�i�n�g� �s�e�c�t�i�o�n� �i�s� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�u�r�e� �3�.�2� �o�n� �p�a�g�e� �5�8�.� �V�o�r�t�i�c�i�t�y� �a�n�d� �c�i�r�c�u�l�a�t�i�o�n� �w�e�r�e� 

�c�o�m�p�u�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �2�.� 
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�3�.�3� �R�e�s�u�l�t�s� 

�i�)� �A� �C�o�m�p�a�r�i�s�o�n� �o�f� �G�r�i�d�,� �C�o�l�u�m�n� �a�n�d� �W�i�n�d�o�w� �D�a�t�a� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�r�e�e�  ��c�l�a�s�s�e�s �� �o�f� �d�a�t�a� �(�g�r�i�d�,� �c�o�l�u�m�n� �a�n�d� 

�w�i�n�d�o�w� �d�a�t�a�)� �a�r�e� �c�o�m�p�a�r�e�d�.� �G�r�i�d� �d�a�t�a� �a�r�e� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �o�n� �a�n� �n�,�x�n�,� �r�e�c�t�a�n�g�u�l�a�r� 

�m�e�a�s�u�r�e�m�e�n�t� �g�r�i�d�.� �C�o�l�u�m�n� �d�a�t�a� �a�r�e� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�l�o�n�g� �a� �s�i�n�g�l�e� �s�u�r�v�e�y� �l�i�n�e� �c�o�n�-� 

�s�i�s�t�i�n�g� �o�f� �n�,� �p�o�i�n�t�s�.� �W�i�n�d�o�w� �d�a�t�a� �a�r�e� �a� �p�a�i�r� �o�f� �s�u�r�v�e�y� �l�i�n�e�s� �s�e�p�a�r�a�t�e�d� �b�y� �a� �s�m�a�l�l� �d�i�s�t�a�n�c�e�,� 

�A�x�=� �A�y�.� �T�h�e� �m�e�t�h�o�d�s� �f�o�r� �c�o�n�s�t�r�u�c�t�i�n�g� �v�e�l�o�c�i�t�y� �a�n�d� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d�s� �f�r�o�m� �e�a�c�h� �c�l�a�s�s� �o�f� 

�d�a�t�a� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �c�h�a�p�t�e�r� �2�,� �s�e�c�t�i�o�n� �2�.�5�1�1�.� �V�o�r�t�i�c�i�t�y� �a�n�d� �c�i�r�c�u�l�a�t�i�o�n� �a�r�e� �c�o�m�p�a�r�e�d� �f�o�r� 

�a� �p�o�s�i�t�i�v�e� �(�c�o�u�n�t�e�r�-�c�l�o�c�k�w�i�s�e� �r�o�t�a�t�i�n�g�)� �v�o�r�t�e�x�,� �a�t� �t�h�e� �i�n�s�t�a�n�t� �i�t� �p�a�s�s�e�s� �x�/�c�,� �=� �2�.�0�.� �O�n�l�y� 

�t�h�e� �r�o�l�l�-�u�p� �w�a�k�e� �i�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�;� �k�=�2�.�0�5� �(�w�=�5�.�0�7� �H�z�)�,� �H�=�0�.�2�6�5� �(�a� �=� �+�1�0�°�)�,� 

�R�e�=� �1�2�6�0�0� �(�U�,�,� �=� �1�2�.�5� �c�m�/�s�)�.� 

�T�h�e� �g�r�i�d� �d�a�t�a� �a�r�e� �a� �s�e�t� �o�f� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �o�n� �a� �r�e�c�t�a�n�g�u�l�a�r� �g�r�i�d� �c�o�n�-� 

�s�i�s�t�i�n�g� �o�f� �1�1� �c�o�l�u�m�n�s� �a�n�d� �6�1� �r�o�w�s� �c�o�v�e�r�i�n�g� �t�h�e� �r�e�g�i�o�n� 

�1�.�7�5� �<� �x�]�c�y� �<� �3�.�0�,� 
�-�0�.�2�5� �<� �y�l�t�y� �<� �0�.�5�.� 

�T�h�e� �s�t�e�p� �s�i�z�e�s� �b�e�t�w�e�e�n� �r�o�w�s� �a�n�d� �c�o�l�u�m�n�s� �a�r�e� 

�A�x� �=� �0�.�1�2�5�c�,� �=� �1�2�.�7�m�m� 

�A�y� �=� �0�.�0�1�2�5�c�,� �=� �1�.�2�7�m�m�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�i�e�s� �w�e�r�e� �r�e�c�o�r�d�e�d� �e�v�e�r�y� �A�t� �=� �0�.�0�3� �s�e�c�o�n�d�s�,� 

�g�i�v�i�n�g� �t�h�i�r�t�y� �s�a�m�p�l�e�s� �t�h�r�o�u�g�h�o�u�t� �a� �c�y�c�l�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n�.� 

�A�n�y� �s�i�n�g�l�e� �c�o�l�u�m�n� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �c�o�l�u�m�n� �d�a�t�a�.� �A� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� �f�o�r�m�e�d� �f�r�o�m� �c�o�l�u�m�n� �d�a�t�a� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �v�o�r�t�i�c�e�s� �d�r�i�f�t� 

�d�o�w�n�s�t�r�e�a�m�,� �w�i�t�h� �t�h�e� �v�e�l�o�c�i�t�y� �U�,�,� �i�n� �a� �f�r�o�z�e�n� �p�a�t�t�e�r�n�.� �T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �k�n�o�w�n� �a�s� 
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�T�a�y�l�e�r ��s� �h�y�p�o�t�h�e�s�i�s�.� �A� �c�o�l�u�m�n� �o�f� �t�i�m�e� �r�e�c�o�r�d�s� �i�s� �e�m�p�l�o�y�e�d� �t�o� �f�o�r�m� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� 

�s�p�a�c�i�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �w�i�t�h� �a�n� �x�-�s�t�e�p� �s�i�z�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �A�x� �=� �U�,�A�t�.� �M�e�a�s�u�r�e�m�e�n�t� �c�o�l�u�m�n�s� 

�c�o�n�s�i�s�t� �o�f� �6�1� �m�e�a�s�u�r�e�m�e�n�t� �s�t�a�t�i�o�n�s� �(�A�y� �=� �0�.�0�1�2�5�c�,�)�.� �T�h�e� �v�o�r�t�e�x� �d�r�i�f�t� �v�e�l�o�c�i�t�y� �w�a�s� �d�e�t�e�r�-� 

�m�i�n�e�d� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �p�h�a�s�e� �l�a�g� �i�n� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �a�t� �d�i�f�f�e�r�e�n�t� �d�o�w�n�-� 

�s�t�r�e�a�m� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �w�a�k�e� �(�s�e�e� �F�i�g�.� �3�.�4�)�.� �T�h�e� �d�r�i�f�t� �v�e�l�o�c�i�t�y� �f�o�r� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� 

�(�k�=� �2�.�0�5�,� �H�=�0�.�2�6�5�)� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �U�,�=� �1�.�1�5�U�,�,� �+� �0�.�0�5�U�,�,�.� �C�o�l�u�m�n�s� �t�a�k�e�n� �f�r�o�m� �t�h�e� 

�g�r�i�d� �d�a�t�a� �m�e�a�s�u�r�e�m�e�n�t�s� �h�a�v�e� �a� �t�e�m�p�o�r�a�l� �r�e�s�o�l�u�t�i�o�n� �o�f� �A�t� �=� �0�.�0�3�s�e�c�o�n�d�s�,� �s�o� �t�h�a�t� 

�A�x� �=� �U�,�A�t� 
�=� �0�.�0�4�2�4�c�,� 
�=� �4�.�3�1�m�m�,� 

�~�3�,�5�A�y�.� 

�A� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �a�l�o�n�g� �a� �s�i�n�g�l�e� 

�c�o�l�u�m�n� �a�t� �x�/�c�,�=�2�.�0� �i�s� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�.� �3�.�5�.� �T�o� �m�o�r�e� �c�l�e�a�r�l�y� �b�r�i�n�g� �o�u�t� �t�h�e� �v�o�r�t�i�c�a�l� 

�c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �f�l�o�w�,� �t�h�e� �d�r�i�f�t� �v�e�l�o�c�i�t�y� �w�a�s� �s�u�b�t�r�a�c�t�e�d�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �v�e�c�t�o�r� �f�i�e�l�d� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�.� �F�i�g�u�r�e� �3�.�7� �o�f�f�e�r�s� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�i�s� �v�e�c�t�o�r� �f�i�e�l�d� �w�i�t�h� �t�h�e� �g�r�i�d� �d�a�t�a� 

�d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� �E�v�e�r�y� �t�h�i�r�d� �c�o�l�u�m�n� �o�f� �F�i�g�.� �3�.�6� �w�a�s� �p�l�o�t�t�e�d�,� �t�o� �g�i�v�e� �a� �c�o�l�u�m�n� �s�p�a�c�i�n�g� 

�s�i�m�i�l�a�r� �t�o� �t�h�e� �g�r�i�d� �d�a�t�a�.� �C�i�r�c�u�l�a�t�i�o�n� �i�n�t�e�g�a�l�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �a�r�o�u�n�d� �c�o�n�c�e�n�t�r�i�c� �c�i�r�c�u�l�a�r� 

�p�a�t�h�s� �c�e�n�t�e�r�e�d� �o�n� �t�h�e� �v�o�r�t�i�c�a�l� �c�o�r�e�s�.� �T�h�e� �i�n�t�e�g�r�a�l� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �n�e�t� �v�o�r�t�i�c�i�t�y� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �t�h�e� �v�o�r�t�e�x�,� �a�n�d� �t�h�e� �e�x�t�e�n�t� �o�f� �t�h�e� �v�o�r�t�e�x� �c�o�r�e�.� �T�h�e� �c�i�r�c�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �g�r�i�d� �d�a�t�a� �a�n�d� 

�t�h�e� �c�o�l�u�m�n� �d�a�t�a� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�8�,� �a�n�d� �t�h�e� �a�g�r�e�e�m�e�n�t� �i�s� �a�c�c�e�p�t�a�b�l�e�.� 

�T�h�e� �t�h�i�r�d� �c�l�a�s�s� �o�f� �d�a�t�a�,� �w�i�n�d�o�w� �d�a�t�a�,� �c�o�n�s�i�s�t�s� �o�f� �p�a�i�r�s� �o�f� �c�o�l�u�m�n�s� �s�e�p�a�r�a�t�e�d� �b�y� �t�h�e� 

�s�m�a�l�l� �d�i�s�t�a�n�c�e� �A�x� �=� �A�y� �=� �0�.�0�1�2�5�c�,�.� �V�o�r�t�i�c�i�t�y� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �w�i�t�h� �c�o�l�u�m�n� �d�a�t�a� �w�i�t�h�o�u�t� 

�m�a�k�i�n�g� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �f�r�o�z�e�n� �v�o�r�t�i�c�i�t�y� �p�a�t�t�e�r�n�.� �H�o�w�e�v�e�r�,� �s�u�c�h� �a�n� �a�s�s�u�m�p�t�i�o�n� �m�u�s�t� 

�b�e� �m�a�d�e� �t�o� �p�r�o�d�u�c�e� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d�.� �T�h�e� �v�o�r�t�i�c�i�t�y� �a�l�o�n�g� �t�h�e� �c�o�l�u�m�n� 

�p�a�i�r� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �e�q�n�.� �2�.�4�,� �a�n�d� �a� �v�o�r�t�i�c�i�t�y� �f�i�e�l�d� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �b�y� �a�s�s�u�m�i�n�g� 
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�F�i�g�u�r�e� �3�.�4�.� �V�e�l�o�c�i�t�y� �w�a�v�e�f�o�r�m�s� �a�t� �f�o�u�r� �d�o�w�n�s�t�r�e�a�m� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �w�a�k�e�:� �x�/�c�,� �=� �1�.�8�5�,� �1�.�9�2�5�,� �2�.�0�,� 
�2�.�0�7�5�;� �y�/�e�,�g�=� �0�.�1�;� �k�=� �2�.�0� 
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