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STABILITY OF RETICULATED DOMES UNDER MULTIPLE
STATIC AND DYNAMIC LQOADS
by
Ayodele Olushola Abatan

(ABSTRACT)

The primary purpose of this dissertation is to investigate the
stability of reticulated domes under multiple static and dynamic loads.
Two elastic geometrically nonlinear structural models of a reticulated
dome with 21 and 39 degrees of freedom are considered.

The nonlinear response of the system to static loads is obtained
using nonlinear programming and discrete perturbation techniques. The
nonlinear programming technique is used to obtain a starting solution
for the discrete perturbation technique and to optimize the choice of
the perturbation parameter. Convergence criteria and error estimates
to limit errors in a perturbation scheme are developed. A method for
selecting a "suitable" perturbation parameter for imperfection sen-
sitive systems 1is proposed.

The investigation of stability of equilibrium of the system sub-
jected to finite disturbances is based on the concept of "degree of
stability" and the associated sufficient stability condition. The
stability condition is derived from a theorem on extent of asymptotic

stability of Liapunov's direct method of the theory of stability of



motion. Its application requires the determination of the nonlinear
fundamental path and the “nearest” unstable post-buckling path.
This is obtained via static ana1ysis;'

The perturbed motion of the system under a given set of perturba-
tions is obtained by numerically integrating the nonlinear equations
of motion. The dynamic stability tests confirm the sufficiency of the
dynamic stability condition. However, they also indicate that there
is a dynamic disturbance with a specific spatial distribution for
which the sufficient condition of stability is also a necessary condi-
tion for each equilibrium state tested. Since in practice, the spatial
distribution of the disturbances cannot be controlled, the sufficient
dynamic stability condition employed is practical for the design of
reticulated domes.

The stability boundaries corresponding to two independent loads
on the models are presented. Limit points lie on a boundary which is
convex towards the region of stability. Bifurcation points 1lie on a
continuous but piecewise differentiable boundary. Each piece of the
boundary containing bifurcation points appears to be convex towards the

region of stability.
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NOTATION

cross-sectional area of i-th element

set containing the equilibrium state; a subset of the
domain of asymptotic stability of the origin

modulus of elasticity of i-th element

displacements corresponding to 10ads_Aj; Ej are linear
in Q;

height of center of dome from supports

undeformed length of element i

deformed Tength of element i

direction cosine from a loading ray in the load space
to the Toad Aj

Liapunov function

total derivative of L with respect to time

energy level at "nearest" unstable equilibrium state
number of members (elements)

number of joints

Landau's error order symbol

generalized Toad corresponding to generalized displacement Qs

three dimensional force vector at joint j.

transpose of vector Pj

~generglized displacements

time derivative of Qi

~generalized velocity perturbation of i-th coordinate

viii



~generalized displacement-increment of i-th coordinate

first derivative of q. with respect to ¢

regular matrix

span of the reticulated dome

kinetic energy function

time

duration of exciting force

three-dimensional displacement vector at joint j

total potential energy function

total energy; Liapunov function

value of v at time zero

1imit point characteristic matrix

bifurcation point characteristic matrix

coincident critical point characteristic matrix

the s-th equilibrium equation

partial derivatives of the s-th equilibrium equation with
respect to the i-th generalized coordinate

second order partial derivatives of the s-th equilibrium
equation with respect to the i-th and j-th generalized coor-
dinates.

determinant of matrix W

state vector; resulting motion of system

value of y at time zero; initial state of system

~generalized displacement vector of perturbed motion

ix



~generalized velocity vector of perturbed motion

vector norm; (yTy)V2

unstable equilibrium states

load parameters

J-th generalized independent load
critical value of Ay

critical value of Ak when acting singly
perturbation parameter

increment in load parameter A

first derivative of n with respect to e
potential energy; strain energy of system
the strain energy of the i-th element
potential energy of external forces

limit of errors in a perturbation scheme
unbalanced joint forces; small positive constant

is an element of



CHAPTER 1
INTRODUCTION

1.1 Purpose and Scope

The primary purpose of this thesis is to investigate the stability
of reticulated domes under multiple static and dynamic loads. An
elastic geometrically nonlinear structural model of a reticulated dome
is considered. Geometric nonlinearities are due to admissible finite
joint displacements. The pre- and post-buckling paths of the imperfec-
tion-sensitive system are obtained via nonlinear programming and
discrete perturbation techniques. A method for selecting a "suitable"
perturbation parameter is proposed.

Stability of equilibrium of the system subjected to instantaneous
and transient disturbances is established using the concept of "degree
of stability" [45]* and the associated sufficient stability condition.
The sufficient stability condition is based on Liapunov's direct method
[37].

The perturbed motion of the system for a given class of perturba-
tions is obtained by numerically integrating the nonlinear differential
equations of motion. The characteristics of the resulting phase-plane
portraits provide two useful guides: 1. a check on the sufficient
stability condition, and 2. an indication when the sufficient condition
is also necessary for the stability of equilibrium.

Stability boundary curves [59] are presented for the reticulated

*Numbers in brackets refer to the references listed in the bibliography.



dome model to indicate the effect of several independent external Toads

on the stability of equilibrium.

1.2 "Nearest" Unstable Equijlibrium States

In this section, the location of the "nearest" unstable equilibrium
states is discussed. The unstable post-buckling path, emanating from an
unstable critical point, which is closest to the fundamental path [114]
contains the "nearest” unstable equilibrium points.

In this study, the potential energy difference between the stable
prebuckling state and the "nearest" unstable equ11ibrium state is used
as a measure of degree of stability of equilibrium [45]. The degree of
stability is a quantitative measure of the disturbances an equilibrium
state can sustain; it is a safe estimate of the domain of asymptotic
stability of the equilibrium state whose stability is in question [45].
Hence the location of the "nearest" unstable equilibrium states with
high precision is central to the correct usage of the stability
criterion. The concept of degree of stability represents a practical
stability criterion.

The nature and type of the critical point in configuration space
determines the form of the post-buckling response. Post-buckling paths
beyond a limit point, bifurcation point, and a coincident critical
point are shown in Fig. 1.1. Definitions of these critical points
are given by Thompson [109]. 1In all three cases shown in Fig. 1.1,
point 2 represents the "nearest" unstable equilibrium state with re-

spect to the stable equilibrium point 1. AC,,AD represent the critical
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load, design load, on the system, respectively. In the case of a 1imit
point, Fig. 1.la, the unstable post-buckling path, LL*, is unique. If
a bifurcation point B (Fig. 1.1b) exists, two unstable paths, BB* and
BLL*B*, exist. For some loading conditions, point 2 could be to the
right of point 3. In that case, point 3 represents the "nearest" un-
stable state. The case of a coincident critical point is shown in Fig.
1.7c. For the case of two coincident critical loads, paths CC¥*, CC1,
CC2 are feasible. Again, the location of point 2 on CC] is required
to use the sufficient stability criterion. Secondary bifurcation [7]
from an unstable post-buckling path (e.g. path SS*) is not considered.
The static perturbation method [92], a systematic approach, is
used to locate all post-buckling paths beyond unstable critical points

of the reticulated dome model used.

1.3 Literature Review

There are many factors affecting the stability of structures
(Fig. 1.2). Researchers in the field of structural stability have
considered several of these factors in selecting mathematical models
for several classes of structures. In this section, major works re-
lating to the present study are reviewed and classified on the basis
of modelling and solution characteristics. Special attention is
given to conservative, geometrically nonlinear structural models. The
review contains three sub-sections: stability concepts and theories,
solution techniques in stability analysis, and stability of reticulated
space structures. The review concludes with a justification and need

for research on stability of reticulated domes subjected to mulitiple
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static and dynamic loads.

a. Stability Concepts and Theories

Over two hundred years ago, Euler solved the first problems of
elastic instability. He considered the lateral buckling of compressed.
members [116]. Euler's method permits the question of stability to be
replaced by the question of bifurcation of the equilibrium modes [13].
Other eminent scientists such as Lagrange, Dirichlet, Bryan, and
Poincaré clarified the connection between the Euler method and the
stability concept [13]. Although the Euler method yields accurate
results for the stability analysis of conservative elastic systems [116],
stability analysis should be based on the theory of stability of motion
[12]. The need to utilize dynamic analysis in stability investigations
was stressed by Ziegler [122] and later by others [71, 58]. For conser-
vative (divergence) type structures, a static approach to stability is
permissible [13, 71] since nontrivial positions of equilibrium always
determine the limit of stability. For flutter-prone structures [12, 58],
the dynamic approach to stability is essential in order to detect the
Toss of stability by flutter. Published erroneous results (e.g. PFlu-
ger's static stability analysis of an elastic cantilever rod under a
follower Toad [13]) emphasize the limitations of static analyses in
stability investigations.

A vrigorous definition of stability of equilibrium (motion) is due
to Liapunov [37], whose treatise on the theory of stability of motion

(equilibrium) was published in Russia in 1892. Liapunov's direct method
q P P



[37] represents a powerful tool for the solution of stability problems
and has been successfully used, e.g., [12, 43, 37, 82]. Recently, the
method has been used to establish a rigorous basis for the concept of
degree of stability of equilibrium of geometrically nonlinear discrete
systems subjected to finite aperiodic disturbances [45]. It is the
basis of a sufficient stability condition proposed by Hsu [50] and has
appeared implicitly in other definitions of dynamic stability [e.g. 18,
547. A review article [47] places the existing dynamic stability
criteria for elastic imperfection-sensitive shells in the framework of
Liapunov's theory of stability of motion (equilibrium).

Several other stability theories have been proposed in the litera-
ture. Extensive review of some of these theories appears in a paper by
Hoff [41] and by several others [e.g. 19, 18, 36, 46]. In the particular
case of shallow spherical shells [61, 87, 115], most of these theories
~are in disagreement with each other and with existing experimental data.
Karman and Tsien [61] showed in 1939 that the large discrepancies
between experiment and theory for shell structures were due to the
highly-unstable post-buckling behavior of these structures. Since then,
researchers in shell stability analysis have presented more accurate
experimental and theoretical approaches to account for the discrepancies.

In 1945, Koiter, in a classic thesis [65], presented a general
theory of stability for elastic systems by means of asymptotic expansion
of the potential energy of the system. Koiter's theory received Tittle
attention until recently [66] when Thompson [106, 1077, and Sewell [92,

94] developed the basic concepts of elastic stability for a discrete



system described by N generalized coordinates and a variab]e Toading
parameter. These researchers in their theories expanded the potential
energy function as a power series and conducted an extensive study re-
lating to the occurrence of Tlimit and bifurcation critical states. This
"static perturbation method" [92] became a powerful mathematical tool in
a wide class of stability investigations [e.g. 93, 96, 107, 108, 110,
114, 59].

b. Solution Techniques in Stability Analysis

The solution techniques available in structural stability analysis
are mostly numerical and/or approximate. This is because the analysis
often involves systems of nonlinear equations with non-available exact
solutions. Common solution techniques include the Newton-Raphson method
[29], the Finite Element Method [68, 79, 80]. Nonlinear Programming [33,
73] and Static Perturbation Methods [92, 109]. The relative advantages
and disadvantages of these methods are discussed by Sticklin, et. al.
[99] and Oden [80].

The static perturbation method has received considerable attention
lately in obtaining post-buckling response and measures of imperfection-
sensitivity of structural models. Application of the method is reviewed
by Thompson [109]. Walker [117] proposed the technique as a general
method of solution for nonlinear simultaneous equations. Various per-
turbation methods are available in text books [10, 78]. Perturbation
approaches have been used in various stability analyses both in the

continuum context [2, 77, 85, 98, 108] and in the discrete context [114,



59]. A combined approach using the static perturbation method with other
nonlinear analysis techniques appears in recent papers; Techniques used
recently in conjunction with the perturbation method include the Newton-
Raphson method [117], the Finite Element Method [79], and Nonlinear Pro-
gramming Techniques [118].

For dynamic stability analysis, Liapunov's direct method [37]
represents a consistent approach. This method provides a safe estimate
of the domain of asymptotic stability of equilibrium. It can be used
to study motion of the system "in the large" [75]. Liapunov's direct
method does not require the solution of the differential equations for
an investigation of system stability [75]. Its main drawback is the
lack of general methods for the construction of Liapunov functions. A
Liapunov-type stability analysis provides criteria which are Tower
bounds on the regions of stability [45, 75, 37]. For conservative

systems, the total energy represents a suitable Liapunov function [45].

c. Stability of Reticulated Space Structures

A reticulated space structure is an assemblage of one-dimensional
elements interconnected at a finite number of points [46]. The points
of connections are structural joints. Because of their three-
dimensional rigidity, flexibility and economy of construction, erection,
and fabrication, reticulated space structures are widely accepted in
the building industry [24]. However, because of their relative Tight-
ness in comparison with continuous solid shells, reticulated space

structures pose fundamental stability problems under the influence of
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static and dynamic Toads. The stability problgms which arise in
reticulated space structures are of three types: bar stability (Euler
critical Toad), snap-through buckTing; and general buckling [46, 104].
Hence, under increasing external load, the change in the geometry of
these structures becomes significant. Therefore, the structure exhibits
a nonlinear load-deflection relationship [22].

In reticulated she11s, local buckling leads to general buckling
because the shell cannot resist shear Toads caused by Tocal buckling,
and hence the area of buckling increases [24]. An extensive review of
the stability of reticulated space structures is given by Holzer and
Buchert [46].

In 1963, a large reticulated dome of 93.5 meters span, constructed
in Bucharest as the roof structure of the National Economy Pavilion,
suffered catastrophic failure after a fall of approximately one meter
of fresh snow. This alerted practicing engineers and researchers to
the importance of buckling problems of reticulated shell structures.
Beles, et. al. [9] and Wright [119] examined the failure of the Bucharest
dome and presented criteria for the buckling of reticulated shells using
continuous, solid shell analogies. Other related papers appeared in a
book on Space Structures [5].

The post-buckling behavior of reticulated shells is often studied
by means of Koiter's general post-buckling theory [66]. This theory
provides the possibility of determining the sensitivity of a structure

to initial imperfections which may cause a great reduction in the



1

buckling load [19]. Application of Koiter's thgory to reticulated
shells Teads to a system of linear equations for the pre-buckling state
[104]. At the buckling state, a Tinear eigenvalue problem is solved.
Recent analyses have shown [63] that the assumption of a linear pre-
buckling state may lead to inaccurate results. Perturbation techniques
have shown excellent results in solving eigenvalue problems with non-
Tinear pre-buckling deformations [117, 118].

In spite of many studies on linear eigenvalue problems of discrete
systems [e.g., 104, 90], there are relatively few publications on non-
lTinear eigenvalue analyses [e.g., 6]. The basic difficulty lies in
solving nonlinear simultaneous algebraic equations with large numbers
of unknowns. Although the ‘equivalent' continuous shell analogy for
reticulated shell analysis has been developed and utilized in many
practical designs [24, 467, one question still remains unanswered: to
what extent can these ana]ogies represent the true nature of general
reticulated shells of arbitrary composition? Also, it is doubtful if
these analogical concepts simulate the behavior of the original reticu-
lated shell for localized large deflections common in the buckling of
shells [38].

The present study addresses itself to the assessment of degree of
stability of equilibrium [45] of reticulated domes under multiple static
and dynamic loads. None of the studies cited above included the effect
of several independent loads. Multiple Toad considerations are neces-
sary for consideration of éymmetrica1 as well as unsymmetrical load

distribution on the dome; Unsymmetrical loads account for wind, snow,
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and special cases.

In Chapter 2, the basic theorems and definitions used in the sequel
are discussed. In Chapter 3;'the solution techniques applied are dis-
cussed and analyzed in detail with special emphasis on the static pertur-
bation method. Chapter 4 presents the error estimates and convergence
criteria in a static perturbation scheme. In Chapter 5, a detailed
account of the application of the theory to the stability analysis of
geodesic domes is given. Chapter 6 presents the conclusions of the

present work.



CHAPTER 2
STABILITY DEFINITIONS, THEOREMS, AND PRINCIPLES

The basic stability definitions, theorems, and principles pertin-
ent to the present study are stated. Their implications and limitations
with respect to the model used are discussed where necessary. The
discussions on the concept of degree of stability follows those of
references 44, 45, and 48. The practical implication of prior know-
ledge of convexity or concavity of stability boundaries in the case of

multiple loads is stated.

2.1 Basic Principles and Theorems

Static and dynamic stability principles and theorems applicable to
discrete systems are stated in this section. The discrete system is
defined by a total potential function, V(Qi, Aj), and kinetic energy
function, T(Qy, Qy» A3 1= 1,2, .o N, =1, 2, o M. 0y, A are
the generalized coordinates (displacements), generalized independent
external loads, respectively; N, M are the number of system degrees of
freedom, number of generalized independent loads, respectively. At
least in the region of interest, V and T are assumed to be single valued
and continuous functions of the Qi; also aV/aQi, aT/aQi and aT/abi are
assumed continuous in the same region. The system is holonomic and scler-
onomic, since there are no constraints on the variations of the coordin-
ates, and V and T do not contain time explicity [114].

The energy criterion and the principles of virtual work form the

basis of the static stability analysis. In this regard, the following

13
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princip]e is stated [75].

 Virtual Work Principle: A mechanical system is in

a state of equilibrium if; and only if, the virtual
work of all forces (external and internal) vanishes

for any virtual disp]acement;

This is a necessary and sufficient condition. It implies that V is
stationary with respect to every kinematically admissible displacement,
Qi’ from a state of equilibrium.

A Theorem, due to Lagrange, relating Liapunov's dynamical defini-

tion of stability [37] to the extremum properties of V is now stated.

Theorem 1: A complete relative minimum of the total
potential energy with respect to the generalized
coordinates is both necessary and sufficient for

stability of equilibrium.

Lagrange's Theorem has not been proved in complete generality for the
system under study [114, 59]. By introducing damping with a positive

definite energy dissipation, Koiter established a general theorem [59].

Theorem 2: An equilibrium configuration in which
the potential energy has no proper relative minimum
is always unstable in the presence of damping with

a positive definite energy dissipation.

In view of the presence of damping in actual physical systems, Theorem


















































































































































































































































































































































































































