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Abstract

Circadian rhythm& mammals are sefustained repeating activities driven by tireadian gene
expressionn cells,which is regulated at both transcriptional and posttranscriptional stages

work, we first used mathematical modeling to investigate the trarisaaptegulation of circadian
gene expression, with a focus on the mechanisms of robust genetic oscillatfr@®mammalian
circadian core clockSecondly, we built a coarggained model to study the pesanscriptional
regulation of the rhythmicitiesf poly(A) tail length observed in hundreds of mMRNAS in mouse
liver. Lastly, we examined the application of Sobol indices, which is a global sensitivity analysis
method, to mathematical models of biological oscillation systems, and proposed two methods
tailored for the calculation of circular Sobol indices. In the first project, we modified the core
negative feedback loop inmathematical modedf the mammalian genetic oscillator so that the
unrealistic tight binding between the repressor PER and tha@etBMAL1 isrelaxedfor robust
oscillatiors. By studying the modified extended magjelve found that the auxiliary positive
feedback loop, rather than thexiliary negative feedback loop, makes the oscillations more robust,
yet they are similar when amgnting for circadian rhythms (~24h period). In the second project,
we investigated the regulation of rhythmicities in poly(A) tail length by four couigthmic
processes, which ateanscription,deadenylationpolyadenylation, andiegradation We found
thatrhythmic deadenylations the strongest contributor to the rhythmicity in poly(A) tail length
and therhythmicity in the abundance of the mRNA subpopulation with long poly(A) tailsne

with this finding, the model further stwvedthat theexperimentally observed distinct peak phases

in the expression of deadenylases, regardiessher rhythmic controls, can robustly cluster the
rhythmic mRNAs by their peaghases impoly(A) tail length and abundance of the letaged
subpopilation.In the last project, we reviewed the theoretical basis of Sobol indices and identified



potential problems when it is applied to mathematical models of biological oscillation systems.
Based on circular statistics, we proposed two methods for litidatéon of circular Sobol indices

and compared their performance with the original Sobol indices in several models. We found that
though the relative rankings thfe contribution fronparameters are the same across three methods,
circular Sobol indices an better quantitatively distinguish the contribution of individual
parameters. Through this work, we showed that mathematical modeling combined with sensitivity
analysis carhelp us understand the mechanisms underljfiggcircadian gene expression in
manmalian cells. Also, testablgredictionsare made for future experiments and new ideas are

providedthat can enablpotentialchronopharmacology research
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General Audience Abstract

Circadian rhythms are repeating biological activities with ~24h period observed in most living
organisms. Disruption of circadian rhythms in humans has been found pgminete cancer,
metabolc diseases, cognitive degeneration etc. In this work, we first used mathematical modeling
to study the mechanisms of robust oscillations in the mammalian circadian core clock, which is a
molecular regulatory network that drives circadian gene expressidraretcriptional stage.
Secondly, we built a coarggained model to investigate the ptrsinscriptional regulation of the
rhythmicities in poly(A) tail length, which are observed in hundreds of mMRNAs in mouse liver.
Lastly, we examined the application®dbol indices, which is a global sensitivity analysis method,

to mathematical models of biological oscillation systems, and proposed two methods tailored for
the calculation of circular Sobol indices. In the first project, we modified a previous matlematic
model of the mammalian genetic oscillator so that it sustains robust oscillation with more realistic
parameter values. Our analysis of the model further showed that the auxiliary positive feedback
loop, rather than thauxiliary negative feedback loopakes the oscillations more robust. In the
second project, we found thahythmic deadenylation, among the coupled transcription,
polyadenylation, and degradation processes, mostly controls the rhythmicity of poly(A) tail length
and mRNA subpopulation withong poly(A) tails Lastly, we reviewed the theoretical basis of
Sobol indices and found potential problems when it is applied to mathematical models of
biological oscillation systems. Based on circular statistics, we proposed two circular Sobol indices,
which can better distinguish the contribution of individual parameters to model outputs than the
original Sobol indicesAltogether, we used mathematical modeling and sensitivity analysis to
investigate the regulation of circadian gene expression in maammaglls, providing testable

predictions and new ideas for future experimentsciamdnopharmacology research
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Chapter 1. Background and Introduction

1.1 Circadian rhythm

Due tothe rotation of thearth, mosliving organisms have evolveagrcadian rhythms, which are
repeatingpiological activitieswith ~24h periodto adjust tothe changingnvironmentCircadian
rhythmsin humanglay important roles imegulatingthe sleepwake cyclethe body-temperature
cycle, andthe diurnal rhythm of hormong$-3]. Disruption of circadian rhythethas been found
to promotemetabolic diseases, menthsordersandcancerd4]. Therefore, it iscrucial for usto
understand the mechanisms of circadian rhgthahich may furtheichronopharmacology and
chronotherapys].

Circadianrhythms in mammalsare orchestrated by a hierarchicarcadian clock system,
consising of thecentral clock located d@he suprachiasmatic nucle¢SCN)of the hypothalamus
and the peripheral clockscatedin various tissuef6]. SCN, mostly knownas the pacemakef
mammaliancircadian rhythrg, receiweslight cuesfrom the external environmentwhereaghe
peripheral clockseceive both external signals such as feeding andselayedinternalchemical
signals[6, 7]. Even thoughexternal signals are needed tbe entrainment othe mammalian
circadian clock tdhe externalday-light cycle, the mammalian circadian clocks cellular level
are selsustained biological oscillatorthat are driven g the circadian gene expressian

mammalian cell§7, 8.

1.2 Circadian gene expressioiin mammalian cells

The circadian gene expressions in mammalian cells are drivem tbgnscriptiortranslation
feedback networkwhose core paiit a negative feedback logf]. In this loop,the PERCRY
heterodimer in the nucleushibits the binding ofthe CLOCK:BMAL1 heterodimer to the d5ox
region of the core clock gene®er and Cry, thereby repressing their ownanscription[10].
Auxiliary feedback loop#nvolve theactivator ROR and repressREV-ERB of the geneBmall,
and tley aresuggestedo increase the robustness and stability of the core dib@k As
transcription factorBMALL can also bindhe E-box region ofdownstreantoreclock-controlled
genes CCGy, exerting rhythmic control ofircadiangene expressioim mammalian cell§l11].

In addition to the regulation of circadian geegpression atthe transcriptional level
accumulatingevidence hasuggestedhe important role of pogtanscriptional regulatiain

1



shaping andluning therhythmicity of circadian gene expressidfor examplealternativesplicing
has beemproposedo stabilizethe clockagainst changing lighHt.2]; circadianpolyadenylatiorin
mouse liver controlghe rhythmidty of protein expressiorf13]; and microRNA-mediated
regulationof circadian gene expressidias beershownto modulate the rhythmicityf tissue
specifictranscriptd14, 15}

Although we haveobtained abetter undersinding ofthe regulationof mammalian circadian
gene expressioduring the past decadesyme questions remain unansweiddw is theperiod
of the circadian rhythmin mammalian cellsmaintainedat ~24h despite variation in gene
expressiofd Transcriptomic and proteomic studies in recent years have discanargorhythmic
proteins without rhythmic transcripf$6], for which the mechanisms remains to be investigated.
Even more intriguinghow are the synchronizations otircadian rhythns achieved withinand
acrosdifferenttissues inthe mammalian circadian systé&iio answer those questignge need
to examine the regulation of circadian gene expression at different time and space scales, which

calls for systematiapproaches.

1.3Mathematical modeling of circadian gene expression

Based on experimental evidence ammphysical lawsiathematicaimodek usepreciseequations
to quantitatively characterize th dynamics of biological systems involving theteractions
between key componentSomputersimulations ofthe modek can be conducted to predict the
responseof the biological systens to genetic mutations or external stimuiind mathematical
analysis of the modgtan help reveahechanisms of system behaviors

Circadian rhythmdehave been of interest to mathematical modelers for a long Bawk in
1 9 6 Gh& Goodwin modefeveakd how stableoscillation can be driven by negatifeedback
loop including onlythreemolecular speciefl7, 18] Later, Peter Ruoffpicked up the Goodwin
oscillator toexplain many characteristics of circadian rhy#j®-21]. In 2012, Kim & Forged s
model of the mammalian circadian clockuggestd that the sequestration dlie activators
CLOCK:BMALL1 by the repressorsPER:CRY generate stable oscillation andan additional
negative feedback lodpelps maintairtherobust rhythmic periof22].

In addition to the mammalian core clock, which drives the circadian gene expression,
mathematical modelsavealso beendeveloped to investigate the regulation of circadian gene

expression at pogtanscriptional stages-or example Sarahe t al . R3] suggestsdahat
2



rhythmic RNA transcription andhythmic degradationtogethercan explain the discrepancy
observed irthe rhythmidty of mRNAsand progins Systematic modelingriven experiments
Drosophilafound thathigher synthesis and turnover rate of PERacemaker neuronsderlie
their strong rhythma that are adjustable toa changing environmenf24]. With mounting
experimental evidencghowing theimportance ofposttranscriptional regulatioin controlling
circadian gene expressi@lb, 25, 26] mathematical modelingas gained incesing potentiain

helping us gainhefull picture of circadian gene expression.

1.4 Sensitivity analysisfor mathematical models

Mathematical models usually contamodel inpus without accurate experimentaieasurement
Sensitivity analysis (SA) is method that analyzes the relationship betwiberuncertainies in
modelinputs andthe uncertainties imodel outputsand it has been appli¢d the identification
of key paameters, model reductioand engineering desigf27]. Thereexist several different
typesof SA method distinguished by the type of sensitivity measuremental sensitivity
analysisfocusson thebehavioral change of the system wimeodel inputs are varied neiixed
points in the input parameter spaf28]. On the other hand,apal sensitivity analysis (GSA)
examines thenodelfeatures by varying thealue ofmodel inputs across tHall samplespace
without fixing the value ofsomemodel inputs[28]. With the advanceof computationpower,
mathematical moeling and sensitivity analysisogether havebecome more recognized and

applied inthe field offinance, pharmacologgnd systembiology [29-32].

1.5Research objectives

In this work, we aim to use mathematical modeling to investigate circadian gene expression in
mammalian cells. In three separate projectsfogased orstudyingthe underlying mechanisms
of robust genetic oscillation in the mammalian circadian core clibek,posttranscriptional
regulation of rhythmicities in poly(A) tail length in mouse liver, and the application of sensitivity
analysis tanathematical models diiological oscillation systemsespectively.

In the first project, we examinedeathematal model of the mammalian circadian clock based
onKim & Forgerd mterpretation othe mammalian genetic oscillaj@2]. Wefound thatfor Kim
& Forge® snodelto sustainstable oscillation, specific parameter valweould fall out of the

3



realistic rangg(details discussed in Chapter. Zherefore, our first research objectivas to
modi fy Kim & skahthagteeph§sgcal valoebitHe modelparametes arerealistic
and thegeneticoscillationis robustregardingthe dosage variatioof the core clock genesvhich
have beershown in experimentd33-37]. We alsowantedto investigate the role chuxiliary
feedback loops in maintaining thebustness of circadian oscillationthe modified model

In the second projecbased ornthe finding ofrhythmic polyA) tail length inhundreds of
mRNAsin mouse livef13], we ainedto investigae the regulation ofpoly(A) tail lengthby four
coupled processesnamely transcription,deadenylation polyadenylation and degradation of
MRNA. With evidence showing #rhythmic controlexerted by the four processesy goalwas
to dissectthar individual roles in shapingthe rhythmicities of poly(A) tailengthandto explain
thedifferent classes of rhythmic characteristics found in mMRNAs migthmic poly(A) tail length
[13].

While manymathematical models have been develofedtudybiological oscillations, the
incorporatiorof sensitivity analysis talentify key factors that impact system behaviors is not well
recognizedUnlike other systems, oscillatory systems typically involve circular quantities such as
phases, for which the performance of common SA methods are not tested. In the lasty®oject,
aimed to examine the application of Sobol indices, one of the commonly used GSA miethods,
mathematical models of biological oscillation systems. By reviewing the theoretical basis of Sobol
indices and circular statistics, our goal is to propose cir@&dol indices that are tailored for
biological oscillation systems.
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2.1 Introduction

Most organisms experience perpetual day/night cycles and need to synchronize their physiological
functions with this potent estnal rhythm of light and temperat{dg¢ Endogenou<ircadian
rhythms meet this demand. These autonomous -dikekrhythms are driven bynolecular
mechanisms that generate oscillations of ~24 h period through negative feedbasne
expressiof, 9, 38] Although the genes and proteins constituting the circadian clocks in

animals, plants and fungi are quite different, their essential interactions are remarkably similar.

In all cases, the clock mechanism featurésar e 6 negati ve feedback | oo]
C inhibits A. In mammals, this loop consists of transcriptional regulation involvingesigs:

Perl/2 Cryl/2, Bmall, and Clock[4, 9, 10, 38] For convenience, in this work we drop the
distinction between the homolagis pairs of proteins PER1/2 and CRY1/2. In this mechanism
(Figure2.1), the heterodimeric transcription fact®eMAL1:CLOCK activates Per transcription.
PermRNA is then translated in the cytoplasm, where PER protein binds with CRY and enters the
nucleus. PER:CRY then binds wiBMAL1:CLOCK to block its activation of Per transcription.
PER: CRYOGs cycl e earfentry aubadhibiton,iamdrsyubsequant degradation is
widely acknowledged to be the source of circadian rhythm[iday.
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Over the past 50 years, many people have proposed mathematical models of cingéulias
[39-45]. In 1965, Brian Goodwin proposed a model of periodic enzyme synthasesd on
negative feedback onege expressiofl7, 18] At the time, Goodwin was not attending
circadian rhythms, because nothing was known then about the negative feedB&fk of its
own synthesis. But his model was picked up later by Peter Ri#s#1, 46, 47}to explainmany

characteristic features of circadian rhythms. Recently, the core negative feedback loop of

Goodwi nds mo d e | was e ack ops Eigure A1) tohcreatet nhoeer fee
comprehensivand realistic models of circadian rhythf22, 48, 49] While all of these models
havemuch t o commend, they suffer from a techni
oscillatord.

In his model of periodic enzyme synthesis, Goodwin assumed thatddpecatuct of a
metabolic pathway functioned as an inhibitor of expression of the gene encoding #neziirae
in the pathway. The inhibition was carried out pymolecules of the engdroduct binding

cooperatively to the transcription factor for the gdnethis scenario the rate of transcriptiisn
given by a Hill function——, whereZ = concentration of engroduct,Ul = maximumrate of

transcription, and = endproduct concentration at hatfiaximal rate ofranscription. In2.5.3S1
Text we define Goodwinds model pghe madel ® edcifate, di s c |
p must be greater than 8, which is unreabte)a and we describe twohanges to Good
model that permit oscillations for smaller valuepof

One particularly interesting modificHmion to
and Daniel Forge[22], who r epl ac e 8 of Gagativkwaedbdck by waomemative
binding of a generi c 6 with pheicosvis madd oftoichioraetrig e ne p
binding of a repressor (PER:CRY) to an activaBMAL1:CLOCK) of geneexpression. Some
characteristic features of the two models have been compdgi] Bil] Inthe following section,
we describethe kii-For ger model . Then, d9mow hteh atR,e sluil K es 6C
model, the KimFor ger model al so has @&hiscapalysisdramees aur f r a

proposals for more robust and realistic mathematical modelscaflian clocks.
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Figure2.1 Three major feedback loops regulate the mammalian circadian ¢loekore negative

feedback loop is between PER:CRY aBMAL1:CLOCK. The two sources of additional

feedback are negative feedback between FIRB andBMAL1 and positive feedback between

ROR andBMAL1. PER1/ 2, CRY1/ 2, and RORU/ b are si
respectively. Solid lines indicate chemical reatsiothe Fshaped reactions indicate reversible

binding of proteins to form multicomponent complexes. Dashed lines indicate regulatory signals

(positive regulation = barbed arrow, and negative regulation = blunt arrow).

Kim & Forger6s model
In 2012, Kim & Forger [22] presented a model of the negative feedback Igeperating
autonomousircadian rhythms in mammalian cellsdure2.2a). The KimForger (KF) ODEs are:
Kim-Forger SNF Model.

[0 0 &) 0
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SNF stands for 0si ngl ecora eayaiveifeedback leop dntolvingk 6  ( i
PER:CRY inhibition of BMAL1:CLOCK). As originally written, the KF model has three
dynamical variables) = [Per mRNA], 0z = [PER protein in the cytoplasmj, = [PER proteirin
the nucleus] (i.e., PER:CRY in the nucleus). BMAL1:CLOCK transcription factor idenoted
by A; 6, is the total concentration oBMAL1:CLOCK in the nucleus, an@ gy A3 the
concent r atBMALG:CLOECK (bef, noebeuwind to PER:CRY) inthemli eus. ( The 0
on each variable indicates a concentration in nanomole/literfigntime in hours.) The factor
0 £6f0k IS the probability thaBMAL1:CLOCK is not bound to its repressor, PER:CRY. By
expressing the rate of transcriptionR&E@r mMRNA to be proportional té £o%0%, Kim & Forgerare
implicitly assuming that the total numberBMAL1:CLOCK dimers is large enough saturate
the Eboxes orPergenes, and that PER:CRY binds equally weBMAL1:CLOCK dimers that
are either bound or not bound to arb@&. Eq (2.4) is derived by solving the conditiofor
equilibrium binding oBMAL1:CLOCK (A) and PER:CRY (P) to form an inactizemplex (C);
namely,040 OzoMecands 6 0 6 8Thel 6s Tarmsd are rate constants
units of concentration and time. It is commonplace in these models to assume that | ,
because this condition is most conducive to oscillations.

First of all, we cast the equations on the left sid€df)-(2.3) into dimensionless form on the
right side by defining dimensionless concentrations,
O 0joghy | OjT 040 | | OjF 04 6X04, and dimensionless time, T d-U
Furthermore, | | | jI Ugqis the dimensionless rate of synthesi®ef MRNA (in a wild
type diploid cell). The other dimensionless parametdeqde (2.1)-(2.4) isO01 07f04 = total

concentration oBMALL1 in the nucleus.
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Figure2.2 Wiring diagrams for the three KiiRorger models: SNF (a), NNF (b), and PNF T®.

simplify the models, several molecular species that do not contribute significantly to the feedback

loops are not explicitly represented. For example, in the SNF loopC&L&hd CRY are not
shown. In the NNF and PNF loops, mRNAs encoding FERB, ROR andBMAL1 are not
shown, nor are the cytoplasmic forms of these proteins. Solid and dashed lines indicate reactions

and regulations, as in Figure 1. NF, negative feedbackyd3ijve feedback.

In addition to the SNF model, Kim & Forger proposed two extended models, in whiobréhe
negative feedback loop involving PER aBWMAL1 is supplemented with either auditional
negative feedback from REERB on transcription of thBmall gene (called the NNRodel,

Figure 2.2b) or an additional positive feedback from ROR on transcription oBthall gene
(called the PNF modefigure2.2c). Evidences for these interactions are found in refergb@es
56J]The ODEs of Kim & Forgerds ONNBEBAEs2daexd O6PNFO



Notice that, in the SNF model, rorearity in the transcription term is due to tight
stoichiometridbinding between PER alBMAL1, not (as i n Goodwinbés eq!
participation of nuclear PER in the regulationR#r gene expression. Consequently, the SNF

modelcircumvents the unreasonable cooperativity constrpirt§ ) of GoodWDhom®&t mo d

confuse the Hillexponenp, i n Goodwi nés model wiPERP,inthee conc
KF model.)
While the SNF model appears to oscillate robustly anddavoGoodwi ndés wunreal i s

(p> 8), the SNF model has an unrealistic constraint of its own. To elaborate, we derive an equation

for oscillations to arise in the SNF model.

2.2 Results

221Locus of Hopf Dbifurcatmodels in Kim & Forgero

The condition for a Hopf bifurcation lBgg2.1)-(2.4) is

llJ |_T6free | P OT L’)ssp (2-5)

or T Uss GO7 6T ks P TaT

wherePss the steadystate solution oEqq2.1)-(2.4), satisfies the equation

5 | © 5 o i ©
bks =01 s P Or WKs P 107 (2'6)
COT
SolvingEgs() and() simultaneously, we find that
0 - Us s 2.7)
T 5 (3}
P C|— ks O P
and fromEq () we derive
o N 2.
Lo 1P o LT =9
¢l Of or p

SubstitutingEq () into Eq () , we find, after a little algebra, the condition for a Hopf bifurcation
(HB):

B3 wor 3 mor m (2.9)
where
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Solving the quadratic equatidy (), we obtain as a function obr, as plotted irFigure2.3a.
We must locate a wiltlype (WT) cell somewhere within the oscillatory domain, far enough from
the HB locus so that mutant cells overexpressing or vexjaessingdMAL1 and PER are still
rhythmic. To this end, we propose the followiag ipw e nt  dar ¢choosing ithe veldes of

| anddt for a WT cell: if the point| WTRO¥T locates a WT cell on the bifurcation diagram,
then the points-| WTROWT h| WTR-6WT h g WTROWT h| WTheoWT should also lie within
the oscillatory domain. We introduce this constraint becaB®tL1" / &ndClock' / tells, i.e.,

| WTh-0WT are rhyhmic; Perl’ Per2’* and Per1"*Per2’ "cells, i.e., -| WTROWT are

rhythmic [36, 37, 57] mouse embryonic fibroblasts (MEFs) retain rhythmicity whern co
overexpressing botBMALland Clock up to at least foufold, seeFig 3c of [58]; and MEFs
carrying extra copies ¢terlor Per2 driven by aPer2-promoter, also retain rhythmicity, seey

6 of [58]. We choose tie smallest values offbt that satisfy these requirementse.| 7 4

¢ pmwi* p m(seeFigure?2.3a), to minimize the dimensionless concentrations of PER and

BMAL1 in order to maximize the value 0f; given observed values dfand®.

a 4
gl 3000
— [\
4l 2500 PN
-P!f.?f
2000 |
3 L
8 1500
2 L
1000 \
T 500 |
0 : : 0 '
0 1000 2000 3000 0 5 10
Ar (A

Figure 2.3 SNF (0L3) model(a) Hopf bifurcation curve given by Eq§2.9) and(2.10) . 6Fi ve
pointé criterion: black circle, 6homozygous d
red circles, tetraploid cellgb) Oscillations for homoggous diploid cells&r = 1000,U= 20,000),

Period =3.8] A® ,6 = 2650.
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The oscillatory solution of the SNF model for this set of parameter values is plotted in Figure
3b. The dimensionless period of oscillation is 3.8, which would correspond to a 24 h rhythm if
=0.16 h%. Nuclear PERP(t), executes nearly sinusoidal ditions around a mean value of 1000.
The oscillations oPermRNA, on the other hand, are slightly reinusoidal. This property of the
model is not in contradiction to the evidently sinusoidal oscillations exhibited by luciferase
6report er 6 bygPerg premoters{59]vbecause those observations were made on
populations of cells, which, in reality, cannot be perfectly synchronizédglne2.11 we show
that thePer mRNA oscillations reported iRigure2.3b, when averaged over a population of cells
with a 10% dispersion of phase, appear perfectly sinusoidal.

The oscillations inFigure 2.3b require [PERhucear @ BMAL1]ww p T4, i.€., that the
dissociation constant of the PERIALL complex is much smaller than the concentrations of the
binding partnersTo see why this is a problem, we must estindgtby fitting [PER] and BMAL 1]
to experimental data.

2.2.2 Estimation of |, fierha n &, from experimental data

We can estimatey from the fact that there is a maximum of ~30,000 molecules of PER in
mammalian cel[60]; henceg p 1T O @0 OO 6x—U040. In the SNF model,

cytoplasmic PER is transported into the nucleus, so the rate at which PER molecules are lost from
the cytoplasmi, 0 Jup, must equal the rate at which PER molecules are gained in the nucleus,

| 0. 3, assuming that there is not significant degradaifd®ER in the cytoplasm (for an order
of-magnitude estimation, this is a reasonable simplifying assumption). In this-case€, and
C

o pm GUg 0 U .From the simulation iffigure2.3b, we find thath; , (0 0. ¢ L TTTT
at the peak of its oscillation, and from BioNumbgg$], we find that the volume of a typical

. : : fL/IL g M
mammalian ell nucleus is ~500 fL. Hencegq L o 12 . 0.04 nM.

In this caseAr D 40nM, and theotal number oBMAL1 moleculesn a nucleus of volume ~500

fL would be 42,000.The observed numbef BMAL1 molecules in a cell is ~25,0060], which
is not too far off, considering that some fractionB&flAL1 molecules may not localize to the

nucleus or act as functional transcription factors.
12



Isby T8t ™M Mareasonable estimate of the affinity of PERBMALL? We expect the time
constant fodissociation of the PEBMAL1 complex to be on the order of minutes (8., b i n d
p 1t O ), because, if dissociation of the complex were slower, then the negative feedback of PER
onBMAL1 would react sluggishly to changes in nuclear PER concentratondy al so O6sti ck
binding toBMAL1 would disrupt PER degradatioRurthermorefq (2.4) implies equilibrium of
PERBMALL1 binding and would not hold with a much slower dissociation constant. With this

estimate of the dissociation rate constant, the binding constant for theezonqulld have to be

Qi g “d88 — TIQMs ¢ pTM s 8However, proteirprotein binding
d

rate constants are typically on the order of WS ! [62]. So, we estimate that a physically
realigic, minimum value for the dissociation constant of the PFBIRAL1 complex iSUg mi n
pn M and we conclude that the dissociation constant we used in the SNFsnouehlistically
small by at least 28old.

Fribourgh et al[63] recently studied the docking of PER2:CRY1/2 to the core PAS domain of
BMAL1:CLOCK and measuredly; 1 11m MThis estimate ob is likely too large because the
authors used only partial protein sequences. Since the true valyesdikely between 1 and 100
nM, we will takeby p ™ Mas our benchmark

To summarize, we findtht ci rcadi an oscillations in KFO6s
of the PERBMAL 1 dissociation constanbgd 0. 04 nM ( or doldéessltharra) , t h e
realistic estimate by = &40 nM, and 25old less than the minimum valugg 7 3 nM.

In this work we consider some realistic changes to the SNF model that increase the maximum
permissible value a4 for oscillations. In the process, we come up with some other surprising

reassessments of the KF model and its extensions.

2.2.3 Longer feedback loop and saturating PER degradation increase trascillatory

robustness of the KimForger SNF model

Our primay goal in modifying KF models is to alleviate the unreasonable constrain, dhe
dissociation constant of the PERAL 1 complex. To this end, we consider two changes to the

SNF model: first, increasing the number of dynamical species in theBREER.1 negative

13



feedback loop, and second, introducing a Michadksten rate law for the degradation of nuclear
PER. These same changes are known to increase
in 2.53S1 Tex).

Longer feedback loop. In theSNF model, there is only one intermediatg FetweerPer
mMRNA (M) and nuclear PER protein (P). However, the primary gene transcript must be processed
and exported to the cytoplasm, where it is translated into nascent PER protein. PER protein must
be phsphorylated multiple times (PER has-20 phosphorylation sitg$4, 65) and bound to
CRY before it is transported into the nucleus. Th&teps insert a considerable time lag between
Per gene transcription and the negative feedbacBBIALL activity. To account for this time
delay, we replacec the SNF model by a sequence of specigs, Pé; (notéthat the first few

intermediates could be mMRNA species), to obtain the modified ODEs:

%:) | 300_ 6 (2.11)
%0 T (2.12)
%{) 0 0hQ ¢B (213
205 (214

where N = J+2 is the total length of the negative feedback loopand still given byEq (2.4).
This change lengthens the time between Per mRNA transcription and the negative feedback signal
generated by nuclear PER and consequently increases the oscillatory potential of the negative
feedback loop66].

The longer feedback loop changes the condition for a Héyfchtion to arise in ODER.11)-

(214t he number -adidide ofEq/()tisheplackdeby the numbdr OA A

Following the same derivation as before, we find Bmp(2.9)d et er mi nes UArats a f u

the Hopf bifurcation, provided that

In Figure2.4a we show that, aBl (the length of the feedback loop) increases, the domain of
oscillations in thel{, Ar) parameter plane moves toward smaller valud$asfdAr. For example,
for N = 8, applying the fivgpoint criterion, we place the WT cell @t 200,Ar = 40; see-igure
14



2 4b. For this choice of parameter values, the oscillation is illustratéchifi.4c: period = 15.5,

and the maximum value &t = 540. Following a similar argument as that for the original model

with N=3, wewritec pmt 0 @0 0 E 0 6og0 vy —0 E

0 8Assuming the identitigs 8 | I (for a simple phosphorylation chain)

and— X (the conservation law for nuclear transport mentioned before| witaplaced by
C

| ), we rewrite therelation above as p1m Uy 0 O E 0 @O0 . (When

there is no chance of misunderstanding, we viRisefor i A 0§ ;¢ .) So, in this case we might

estimate thaby= 100 nM/ 540 & Rud 2 i n ¥érmRNABpedies as,well@s
PER protein species. So a better estimaRxofni ght be 630 04&, O0i. B3wmiMg h wha
is still 30-fold smaller than our estimate 0f . s10 nM for the binding of PER tBMAL 1.

Furthermore, in this case, we esdi®o+ = 13 nM (4000 molecules in a nucleus of volume 500

fL), which is perhaps too small compared to the observed number of ~ZE\®01 molecules.

b 500
' 4
é 400 . H
0 NN TN T

1.5 2 25 0 50 100 0 30 50
log(Ar) Aq t

C 600

N\l\

100

I

“
o

K, (nM)

w

log(a)

N
o
Dimensional

N

Y
(4}
o

Figure2.4 SNF(OLN) models(a) Loci of Hopf bifurcations foN = 3, 4, 6, 8.(b) Value ofuq
=(expressedsp TIMIMIY; J as a function oAr andUfor the SNF(0L8) modelContour lines mark
constantvaluesafy. Ci rcl es mpok nt e c o figune23a @)Simulaian ofi n
WT cell, SNF(OL8) withAr = 40,U= 200. Period = 15.3, A ,¢ =540,0y T&n M

Saturating degradation of nuclear PER PER is degraded by proteasomes after it is-poly
ubiquitinat ed -TICP[67]. Becauge3he faie gfahss enzyimediated reaction
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likely saturates at large substrate concentration, it is reasonable to repldneahé&ihetics for

degradation of nuclear PERHy. (2.3) by a MichaelisMenten rate laW67],

Q0 .,  TiA®
— : - 2.14C
Qo v Of O (

bmax and Ky, are dimensionless parameters; in particwlaf, U Ug,T max [ mald Ug. This

change also has the potential to increase the oscillatory robustness of the model. Intuitively, the

upper limit to the rate of PER degradation introduced by the Michisleligen rate law causes

nuclear PER concentration to react sluggishly to chanmgehe rate oPer mRNA production,

which is another sort of 6élagd in the negatiyv
To keep track of these changes, we introduce the notation SNF(ODN), where D denotes the PER

degradation rate law (L for linear or M for Michaelian), andéwhates the number of species in

the negative feedback loop. For example, the original KF model is denoted SNF(OL3). The

significance of the 606 will become evident s
For the case of 6ésaturating degrspectadybutn, 6 we

we can no longer derive a closkm algebraic equation for the locus of Hopf bifurcations.

Instead, forN = 8, we searched the fedimensional parameter spadg Ar, | max Km) for

oscillations with the smallest value lofA & ¢ , subject to the constraints th&t > 1 and that

the model gives a reasonable domain of oscillations i) plane (i.e., large enough to satisfy
the fivepoint criterion). We foundsge2.5.5 S3 Textseveral different combinations bfaxand

Km that could satisfy these criteria with similar value$ ok @ 6 , suggesting that the model is

robust with respect to these criteria. A typical combinatiobmis = 3.8 andKy = 1, shown in

Figure 5\. The fivepoint criterion issatisfied for | WT ¢ 1©YT p @, and the oscillations for

this case are shown in FigurB,5or whichPiwt = 70; discounting for mMRNA species, we estimate
Pwt=50.Hencepy= 100 nM/ 50+ 320 nnwW a(ndd, 000 mol ecul es i
500 fL). This estimate of the theoretical value 0f is now within our range of the probable
experimental value, 1 nM &, < 10 nM, and the estimate of the total numbe8MAL1 molecules

per nucleus is acceptable, considering our uncertainty about the localizaBbAbfl.
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Figure2.5 SNF(OM8) model(a) Bifurcation diagram fobmax= 3.8,Km = 1. Fivepoint criterion
locates WT cell at the black d¢h) Time-courses oM(t), P(t) andPw(t) for WT cell: Ar = 16,U
= 20; Period =30, A@ ,¢ =70.

For further information, se2.5.5 S3 Texfor notable patterns in the optimization results for
SNF (0M8).

A disturbing property of this SNF(OM8) model is that oscillations persistevén¥as 0, whi c h
is clearly impossible because there can be no expression dPethgene whenBMAL1
concentration is zero. The problem, of course, is that the rate laRefdranscription (raté
Ared A7) is valid only ifBMAL1 saturateder E-boxes, which clearly cannot be truefasY 0 .

To get around this problem, we propose a revised rate laRefayene transcriptian

2.2.4 A more realistic rate law for Pertranscription does notaffect therobustness of the
SNF model

We propose to replace the KF expression for the raBeodene transcription (Rate Law 0) by a

revised Rate Law 1 that is more realistic for smal{see2.5.6 S4 Text

: Q0 o
Rate Law O: iy )
06 | 8, (2.15-0)
Qo 0 o (2151)
Rate Law 1 a6 ', o, °
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For rate law 1, the maximum rate of transcription +s——, which depends on how strongly
A T

BMAL1:CLOCK binds to the Ebox, as characterized by the dimensionless dissociation constant
0  Uaj Ug; and also, wheir becomes small, the transcription rate is proportion&tgKa
(not AsedAr). Rate law O applies to the case in which binding betweER:GRY and
BMAL1:CLOCK is independent of the binding betweBMAL1:CLOCK and Ebox, and
BMALL1:CLOCK complexes saturaierE-boxes. Rate law 1 relaxes the assumption of saturation
of Per E-boxes byBMAL1:CLOCK.

Modified Kim -Forger SNF equations. Taking all of the aforementioned changes into

account, we havésee2.5.7 S5 Text

o
2% o008 © (2.16)
06
(0] .
W 2.17
o U 0 (2.17)
(0]
oo sho i 2.18
o8 U 0hQ ¢ (2.18)
Q0 . .
LU s 2.19
96 V] Ou ( )
5 264 5 p 6, 0 p 16, (2.20)
where 00 ¢ 0 £okon and’'00 O (2.21)
AOAR deokft 04 Tiagfbi 0 '

In the notation SNF(TDN), T denotes tRer transcription rate law (0 or 1), all=J + 2 =
total length of the negative feedback loop.

Models of form SNF(1LN) can be analyzed exactly as SNF(OLN), and the condition for a Hopf
bifurcation is Eq. (9),5 J Wwor 3 mogy T where,

. or U . "
B 3 p hwor 3 T6 A or p 13 07 h (2.10%)
T
. Or Ua .
mor 3 — 5. Ot P
T

Solving this quadratic equation foras a function obt, we plot the locus of Hopf bifurcations
for N = 3 and 8 inFig 2.6a andb. Clearly, this change in rate law makes little difference in the

robustness of oscillations for U0, ¢ TAs Ka increases further, the bifurcation locus moves

0 u p 6Pwidnarebses, so the estimated value ofjets smaller.
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Figure 2.6 SNF (1LN) models Loci of Hopf bifurcations for(a) SNF(1L3) model andb)
SNF(1L8) moded for Ka = 1, 10 and 100. For comparison, the dashed lineKcr 0) show
contours for SNF(OLN). Rate law 1 makes little change to the oscillatory domaiiumtilO.

For SNF(1MN) we have no closdédrm algebraic equation for the locus of Hopf bifurcations,
so as before, we stt= 8 and searched the fagimensional parameter spat Ar, Bmax, Km, Ka)
for oscillations with the smallest valueiofA & ,¢ , subject to the constraints
| v prhp by prfp ALY ptp TRA),Y php HOAN php T 8

and that the amplitude of oscillation Bf«(t) be larger than 0.5, wheded 1) & . The

amplitude constraint is to select for o&érobus
provided in2.5.5 S3 TextBriefly, we found ~1000 parameter sets Wit & ,¢ = 32.3 + 3.5

and Period = 20.7 N 1.1. Then we -gphiectk edr ftoer i
Results of a typical parameter sktdx = 5, Km = 5.5 andKa = 20) are illustragd inFigure2.7 a

and b. In this case A@; ¢ = 75, whichi s | arger t hanWToc®IB6 bec
| 74 v )% ¢ mmust be centered in the oscillatory domair-afure 2.7 a. DiscountingPy for

mRNA species, we estimateA @ ,0 & 40, U4#H25nMand; =50 nM (~15,000 molecules

of BMAL1 per nucleus). We conclude that, although rate law 1 is more accurate than rate law O for values

of Ar OKa, it does not improve significantly on our estimates pando-.
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Figure2.7. SNF(1M8) model(a) Bifurcation diagram fobmax= 5, Km = 5.5,Ka = 20. Fivepoint
criterionlocates WT cell at the black ddgb) Time-courses oM(t), P(t) andPiw(t) for WT cell:
At =20,U=50; Period = 27, A @& ,¢ = 75.

2.2.5 Adding a negative feedback loop involving REMERB does not increase the

robustness of circadian oscillations

Next, we explore Ki nsee&5 432 mTaewtonsodifiddNr&te lamvs thre | (
gene transcriptionFor the rates of transcription d®er and Reverb genes governed by
BMAL1:CLOCK binding to Eboxes, we use our Rate LawElq (2.151). For the transcriptional
repression of th@ MALL gene by REVERB (variable) , we repl ace Kim & Fao
2 /byoyaxDyT @ Uy , whereby is the dissociation constant for REBRB binding to the
promoter (RORE) of thBMAL1 gene. Thisnewrat | aw remedi es an i ssue |
model, for which the rate of synthesisBMALLMRNA Y WO0a s

Modified Kim -Forger NNF model. Equationq1)-(6) plus

o “ Vg o [0 o p o

QU 0 - Y] -— -— 222
> 1 ® Og 4 00 7 O ® p O4 ( )
@-Uj W "O0gpaAW T 1 @ "O0gpaA® (223
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The dimensional equations on the-eéindside are cast into dimensionless form with the same

definitions used ifEqgs.(2.1)-(2.4), plug - hdyax —2Xhw - h Gy x M\‘/‘X 8

d

To compare NNF to SNF, we must adopt some constraints on the new parameters. First of all,
from Narumi et al[60], we find that the maximum number of REBRB molecules dring the

circadian rhythm in mouse liver cells is 50,000. If all molecules are confined to a nucleus of 500

mol ec

fL, thenh—fL poexM 0,d A@0 . Foruy to be greater than, say, 10 nM, we will
constrainVmax sothal A@ 0 p mWe continue to insist that the relative amplitud®gft)

be > 0.5, and, in addition, we constrafax So that the relative amplitude @é{t) over an
oscillation is > 0.460]. We also require thdt A& 0 | AW ,¢ be as close to 1 as possible

(total numbers oBMAL1 and PER proteins are clg&®]). Subject to these constraints, we search

over the available parameter space
| N pmfp yaxY P A o p TR MHOLN php mROAN php TTH
Ghaf PP AN pripm
to minimize the objective functioh A & ,§ ; i.e., to maximize the value of; .

A summary of these calculations is provided inZhe5 S3 TexiBriefly, we found ~1000
parametersetswith A% ,6 &8 91. 7 N 24.5 and Period = 22.7 |

parameter sets-ptohatt <catiitefry otntbe dovfei pd ot r esul
(bmax= 4.5,Km = 2.5,Ka = 3.7,Vmax = 22 andl = 0.17) inFigure2.8. For the WT cell

| WT oYl omi Al ,6 =64 and avgdr) = 9. Discounting for mRNApecies,
i Al ,¢ =3504=3nManda v (=27 nM (~8,000 molecules &MAL1 per nucleus).

We conclude that NNF(1M8) is not more robust than SNF(1M8), nor does it improve our

estimates ob4 andor.
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Figure2.8. NNF(1M8) model(a) Bifurcation diagram fobmax= 4.5,Km = 2.5,Ka = 3.7,Vuax =
22,0=0.17. Fivepointcriterionlocates WT cell at the black dgh) Time-courses ofAr(t), V(t),
M(t), P(t) andPio(t) for WT cell: Auax = 30,U= 30; Period =25, A @ ,¢ = 64, avghr) = 9.

2.2.6 An additional positive feedback loop involving ROR increases the robustness of

circadian oscillations at a cost

Next, we explore Kim & Forgerdéds PNF model ,Ewi t h s
(2.151) for the rates of transcription &ferandRorgenes, an@yaxO-Ug Y T'Y U0g for the rate

of transcription oBmall by ROR (variabléY). In the latter rate lawpg is the dissociation constant for

ROR binding to the RORBnapedectionitBenallexpressionkhenYs mt he f r
This new rate | aw remedies an i ssu@&MALdtradderipton or i gi n
does not behave appropriately as RYDP or RYO.

Modified Kim -Forger PNF model.Equationg2.16)(2.20)plus

X, R -0, Y ™, - Y

- ) : ) — 0 —— 0 24
‘U 1 Y 0, 4 Qo 10 Y p 04 24
(0)'% ) i , Qy - .

The dimensional equations on thedefindside are cast into dimensionless form with the same definitions

used earlier, pluY — R'Yyax —22X8
R R
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To compare PNF to SNF, we adopt the following constraints. First of all, since the maximum number of
ROR molecules during the circadian rhythm in mouse liver cells is 29800 we estimate that

_h mol TOLI "W M 0gJ A®0O , and consequently we constrdfax so thai A®o v. We

continue to insist that the relative amplitudes Rafi(t) be > 0.5 and ofA(t) be > 0.2, and that

i A& 0o | A® ,6 be as close to 1 as possible. Subject to these constraints, we search over the
available parameter space
| N pT R TTWyax® PR TR MY pTTip TOLN pfp Mo php Th
Ynaf PP TAN pufpmhN pripm
to minimize the objective functioh A & ,6 .

a 10000 5 b
8000 | 107
8 L
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4
2000 5
\ ,. ‘ .
0 0 ‘;._, — 4 . — S
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A?ﬂ.(l.’l.‘ t
Figure2.9. PNF(1M8) model(a) Bifurcation diagram fobmax= 1.85,Km = 8.5,Ka = 35,Ruax =
6.2, U= 0.0003,li = 8. Fivepoint criterionlocates WT cell at the black ddgb) Time-courses of
M(t), P(t), Ar(t), R(t), andPu(t) for WT cell: Avax = 15,U= 10. Period = 31, A @& ,¢ = 12,

avg(Ar) = 3.

A summary of these calculations is provided in2he5 S3 TextBriefly, we found ~1000 parameter
setswithmaRqd 3.6 N 2.2 and Period = 43.9 N 25.4. Agai
t he -pdiinvte criteriond, we pl dOfx=L&EKwA85Kr=BbRuax=t ypi cal
6.2,0= 0.0003 andi= 8) inFigure2.9. Forthe WT cell]l WT p fO\\A« pu,i A® ,6 =12 and

a v @y ( = 3. Discounting for mRNA specie, A & ,¢ = 7; hencepy=15nMandA O& & 45 n M

(i.e., 13,000 molecules dBMAL1 per nucleus), which are quite reasonable estimates. Clearly, the
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PNF(1M8) exhibits more robust oscillations than the SNF(1M8) and NNF(1M8) models and is consistent
withogd 10 n M, ilationtwaveforms acesinbelievable. For about half of the oscillatory period,
Rt), Ar(t)andM(t) are a 0, which is [BOhconsi stent with obse

2.2.7 The three 1M8 models are about equally robust with respect to circadiaoscillations

In Figure210wer edr aw t he bifurcation plots for the
oscillatory periods. (For each model, we abe a value df , as indicated in the legend, to convert
from dimensionless periodto aperiod of ~24 h given the wiltype parameter values, specified
in the I egend.) For SNF and NNF models the os

The PNF, though very robust in terms of oscillatory potential, is restricted in exhibiting circadian

oscil |l ati on $ two segigns obpRessidnoBMAL 1 (parameteAvax) and PER
(parametek)); namely, a broad band around the diagpnalp Db Y 1t rwmhich is clearly
seen in Figl0C, and tiangular region p ¢ o (fforv 0O ow | o

seen in Fig 10DOur WT simulation figure2.9) is found inthed t r i aregigndl ar
Oscillations in the O6broad bandbd (results no
Ug 10 nM, predict average concentrations of nudBMAL 1 that are much too sm&# 1 nM

= 300 molecules per nucleus). IndeedA & 6 is so small despité being very large,

because the concentration of ROR in this region is very sinal@ ,¢ 8t moand—

0 - Y mind®d . We note, in passing, that robust oscillations abdoad distribution
of periods, as we see in the PNF model, is a common feature of modelsnitiate positive and
negative feedback loop66, 68]
We <can quantify the &6r obnuesasnuersisndg otfh et haer elaM8
oscil | at ArpUnos @umaxi, W) planer Eo standardize the area, we mea&ti(@wax) and
U as multiples of their WT values, as given in the figure legend. In these units, the areas are
NNF:SNF:PNF = 6.6:4:2. Thesatios are probably not significantly different in terms of what
might possibly be measured experimentally.
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Figure2.10. Distributions of oscillatory period for 1M8 mode{a) SNF(1M8) forbmax= 5, Km =
5.5,Ka = 20; WT cell at & = 20,U= 50, PP ¢ b , so that WT cell exhibits 24 h rhythm.
(b) NNF(1M8) for bmax = 4.5,Km = 2.5,Ka = 3.7, Vwax = 22,0 =0.17; WT cell at A= 30,0=
30, ph , sothat WT cell exhibits 25 h rhythifc) PNF(1M8) forbmax= 1.85,Km = 8.5,Ka

= 35,Rvax = 6.2,0= 0.0003i= 8; WT cell at Auax = 15,U= 10 p&h , sothat WT cell
exhibits 24 h rhythm(d) Lower left corner of panel c.

In theFigure2.12we explorethe dependence of oscillatory period on foltanges iBMAL 1
expression (i.e., eexpression o0BMAL 1 and CLOCK in experimentsiNF(OLN) models are
quite insensitive to fol¢harges in BMAL1 expression (i.e., cexpression oBMAL1 and
CLOCK in experiments): the change in period is ~1 h across the range of oscillations. SNF(OM8),
SNF(1M8) and NNF(1M8) models are more sensitive, with a changeBdi &cross the range
Apparently, the saturating rate law for nuclear PER degradation is responsible for the increased
sensitivity to variable expression BMAL1. PNF(1M8) exhibits very long periods of oscillation
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for large values ofwax, as noted, but is comparably sengtiv ( T a 8 h) over a
of BMAL1 overexpression (up to 2.5 x WT level). When Lee et al. constitutively overexpressed
BMAL 1:CLOCK dimers (~ foufold) in mouse embryonic fibroblasts, they observed rhythms of
reduced amplitude but normal 24 fripd (see their Figure 3@p8]. This observation is within
the limits predicted by models with linear degradation of nuclear PER but is not consistent with
the assumption of saturating degradation.

Figure2.13 shows the trends with respect to PER overexpression (e-gxpcession of PER2
and CRY1l in experiments).T SNF{OhB) Wwbegeas eSHh
SNF(1M8) are more sensitive (T &8 4.5 h). NNF
overexpression of PER B h). These trends are subject to experimental investigation by
overexpression dBMAL 1:CLOCK and PER2:CRY1.

2.3 Discussion

The Kim-Forger (KF) models of mammalian circadian rhythms (called SNF, NNF and PNF) are
appealing in many respects, but they rely on an unrealistic requirement for robust oscillations,
namely that the equilibrium dissociati@onstant of the PER:CRBMAL1:CLOCK complex
must bevy < 0.04 nM, which is 250old smaller than a reasonable value for the dissociation of
the PER:CRYBMALL:CLOCK complex. This difficulty can be ameliorated by lengthening the
core negative feedback lpdoetween Per mRNA transcription and PER:CRY inactivation of
BMAL1:CLOCK (the transcription factor driving Per expression), and/or by implementing a
MichaelisMenten rate law for the degradation of nuclear PER. The KF models were further
modified by introdicing an alternative rate law f&MALL:CLOCK-mediated transcription of
clock genes (Per, Rexb and Ror) to correct a problem at low expression oBMAL1 gene,
and by providing more accurate rate laws for the effects of-ERB and ROR orBMAL1
expresion.

With these modifications, we findFigure 2.7) that the SNF(1M8) model can exhibit

oscillations fovy ¢ n MFrom biophysical constraints, we estimate that . ;p ™ Mso the

model constraint is not too far off from expectations. pr ¢n M the SNF(1M8) model
oscillates over a Hbld range of totaBMAL1 concentrations, 10 nM < AT < 140 nM. For AT =

30 nM, the corresponding numberB¥AL1 molecules in a nucleus of volume 500 fL would be
26



ot - v TAE, oft 7T, Twhich is about on¢hird the observed number

(~25,000) ofBMAL1 molecules in a mammalian c¢d0]. If the remainingBMAL1 molecules
are dispersed throughe cytoplasm of volume 5000 fL, the cytoplasmic concentrati@MAL1
would be aboutore ent h t he nucl ear concentration, whi
protein such aBMALL1. Furthermore, the model focuses BMALL1:CLOCK complexes that
bind E-boxes to regulate gene expressiBRIALL in this form may account for only a fraction of
total BMALL, if BMALL, like PER2, undergoes multep postranslational modifications.
Indeed, botiBMAL1 and CLOCK are known to be phosphorylated at multiple sitlich affects
their stability, nuclear accumulation, and activity of BMAL1:CLOCK complex69-71].

Replacing the linear rate law for nuclear PER degradation by a Michéetfiten rate law
causes a dramatic change in the sensitivity of oscillation to the expression levels of Per2 and
BMAL1 (compareFigure 2.4a and Figure 2.5a). Models with linear PER degradation, e.qg.,

SNF(0L8), predict that oscillations are possible over an ever broadening range of rates of Per2 and

BMAL1 expression; e.gp® —— X u(approximately) in Figure 4a. For a comparable
T

model with MichaelisMenten degradation, SNF(OM8), the oscillatory domain is bounded by

ma x i mal rates of expression: U < 45 and AT <
testable prediction fofuture experimental exploration. By overexpressing Per/Cry genes and/or
BMAL1/ Cl ock genes under control of their nor mal
and AT), one could test whether nuclear PER degradation operates in a saturatedligMichae
Menten) or unsaturated (linear) manner, which would be difficult to measure directly in vivo. In

the same experiment, by measuring the depender
changes in expression of Per/Cry &MAL1/Clock), one cald investigate a second property of

our models (Suppl. Fi gs. S6 and S7) that peri
models with saturated degradation than in models with linear degradation of nuclear PER.

The single negative feedback Io@pNF), whereby PER inhibits its own synthesis, can be
supplemented with an auxiliary positive feedback from ROR (PNF) or a second negative feedback
from REV-ERB (NNF) on the synthesis BMAL1. For their versions of these three models (OL3
versions), Kmm& or ger observed a Orobustness trendd N

the oscillatory domain in parameter space. For our versions of these models, we find that
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O0robustness,d in terms of the si2@l nhmpafametehe don
space, is roughly the same for SNF(1M8), NNF(1M8) and PNF(1M8).

Our models could be employed in the future to explore other features of the mammalian
circadian clock. For instance, following the lead of Kim and colleafizzs 3} we could address
our model s to the c i-compandatian @and/orlplaskeitidgspropedien.p er at u
Adding these key features may answer some remaining questions about the behaviors of these
models. Another question that could be addresséu these models is the function of an anti
sense transcript of th@&er2 gene [74]. Furthermore, these modelcould be applied in
chronopharmacology and chronotherapy stufii€. One such application would be modeling
PER26s interaction with the tumor suppressor

compared to unstressed c¢li§, 77]

2.4 Materials and methods

The oO6wiring diagrams6é ( mol e cRgbraz?2) waere cohvarted s ms )
into nonlinear ODES, as described in the main text. The ©Oé&e solved by standard numerical
algorithms, as implemented in MATLAB and XPARJTO. Software codes are providedinand

S2Codes for XPP and MATLAB, respectively. Bifurcation diagrams were computed XiBiRg

Auto, which may be downloaded from www.mailtt.edu/~bard/xpp/xpp.html. To optimizee

parameters of SNF (OM8), SNF (1M8), NNF (1M8) and PNF (1M8) models, weMidedl L AB 6 s
simulated annealing method (6si mul rmangeseTad bnd d)
parameter ranges armgbtimization criteria we used for each model and the correspordstg

functions are provided.5.5 S3 Text
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2.5 Supporting information

2.5.1 Supplemental Figures
2500

2000 t

Figure2.11. Bulk average ohsymmetric oscillatory trajectories appears sinusoid@h colored
lines:0 O trajectory inFigure 2.3 with a random shift in phase. The random phase was drawn
from anormal distribution with zero mean and standard deviation dfifdé unit (~ 1/10 of the
oscillation period). Thick black lineaverage of the colored trajectories. Skewness of a single

colored trajectory and the average trajectory is 0.42 and 0.17, respectively.
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Figure2.12. Dependence of oscillation period on leveegpression of Bmall, either AT for

SNF models or AMAX for NNF and PNF models.the insets we record a measure of the

—max min across the range of gene expression, and the absolute

ma x mi

change (in hours®”Y 3 ;1 h. For PNF(1M8) we limit the increase in gene expression to 2.5

X WT value ofAuax.

relative change in period
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Figure2.13. Dependence of oscillation period on level of expressidteaf | . e. , gpar amet

a n dr, thep relative and absolute changes in period over the range of gene expression, are

defined in the legend to S2 Fig. For PNF(1M8) we limit the increase in genession to 2.5 x
WT value ofU.
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2.5.2 Supplemental Tables

Table2.1 Definitions of the dynamical variables in the models.

Dimensionless

) Definition* Physical Meaning
Variable
t I o time
I E| O
M — PermRNA
f V]
Bl 0L . .
Pi T l,)—h Q plE ) ¢ Cytoplasmic PER specie
d
P 0j 0 Nuclear PER
A 0j L Nuclear BMAL1
R Y0 Nuclear ROR
\Y WL Nuclear REVERB
Al Ohatteddbéb variables and parameters carry u

assumed that all the firstrder rate constants for loss of MRNA and cytoplasmic PER species are

=

identicalf i E 1
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Table2.2 Definitions of the dimensionless parameters in the models.

Dimensionless

Parameter Definition Meaning
Kd 1 Dissociation constant of the PER:BMAL1 complex
Ka Ojou Dissociation constant of tH®MAL1:Ebox complex
Km O jou Michaelis constant for the degradation of nuclear PE
Prmax I T o Maximum rate of degradation of nuclear PER
U | |T f | Maximum rate of transcription #fergene
At 0ju Total BMAL1 concentration (bound + unbound)
Amax 0 jo Maximum concentration of BMAL1
Vmax w jo Maximum concentration of RE¥RB
Rwvax Y jou Maximum concentration of ROR

Rate constant for turnover of BMAL1, RElWRB and
ROR

a4
—
—
—x
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253S1Text Goodwi nds model

To account for observations of periodic enzyme synthesis in baat8lj@rian Goodwin17,

18] presented the following model for the periodic synthesis of an enzymeanyitanRNA X,

where mRNA synthesis is inhibited by a repressor Z that is the product of the catalytic action of
Y:

QW 0 Qw P

_ - A — _ » 1

'Q"Y| 0 W To Qo | p a @ (1)
QO Q0
Q¢ . . Qw . 2
,Q..Yleoo o © @ (2
(OXA) Qad
Q¢ . . Qa 3
.Q,,Yleoo 95 © ¢ (3

In EqQ. (1), the factor

is the probability that the promoter region of the gene encoding X is

notbound to Z, its repressor, abidis the maximum rate of synthesis of X by the gene. The
other terms in these equations correspond tedncer rate laws for production and rembof
X, Y and Z. I n this tableau, Goodwindbs equat:i

left, the equations are written in terms of the original dimensional variables: concenixatfons

andZ (nM) and timeT (h); on the right, interms ofthied i mensi onloe ss®-,vari abl

W —3,a -—,dimensionlesstimé | "Y, and a dimensionless parameter .In

deriving these dimensionless equations, we have assumed (as have all authors in the past) that

i i I, which serves to maximize the oscillatory potential of the m@@I180] In

Goodwi nbds v e-compoonent neghtivesedback loop, ¢he repression of gene

transcription by Z is modeled by a Hill function with expongnt/nderlying this function is the

supposition that the gemacoding X is turned off whgmmolecules of Z bind cooperatively to

its promoter region (or, equivalently, whemolecules of Z bind cooperatively to an activator of

gene transcription and shut it off).

A problem wit h.JSdoffitgl]wéasdirsttopalbe lout t hat Goodwir

equationg1)-(3) admit oscillatory solutionsonly ff s e ¢ 7o |, a very restrictive

condition, because in experimental studies it is rare that more than 3 or 4 protein molecules bind
cooperatively to DNA rgulatory sequencd82]. This condition becomes even more restrictive
T 11 [79]
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One solution: a longer feedback lodghe restrictiorp > 8 can be ameliorated by lengthening the

feedback loop: ih = number of variables in the feedback loop, then the necessary condition for
oscillations become$ s e ¢ f¢ . For example, fon = 8, the condition ip > 1.88. Longer

loops 6 > 3) correspond to inserting more than one intermediate (saY,Y €ni3) b&tween

X (MRNA) and Z (feedback component). This is quite reasonable, considering that PER protein

has multiple phosphorylation sitg1]. Each intermediate,jYthen denotes cytoplasmic PER
phosphorylated opsites,j= 0, J.JEyentdally, the fully phosphorylated forivy, is
transported into the nucleus and becomes Z. I
equations become Eq#)-(7).

Qw .
=0 P @
0O p «q
Qw
e 5
a5 © @ (%)
oo oh  E1"®D p8 (6)
Qo ° @ P
Qa
I 7
oo ® ¢ (7)

Exactly the same equations can be derived by assuming a distributed time lag Betadzn
[83]:

ao O o0 i wiQh xEA@Y o6Q TA (8)
Introduce the newariables,
W 0 0o i wi Qh Al'® nﬁDFB ) 9

Forj = 0, we have Eq) for dyw/dt. Forj O @;(D) = 0 and &;j(u)/du = Gji1(u) 1Gj(u); so we
have Eq() for dy/dt for 'Q pf8 hhand EqJ) for dzdt.
A second solutionMichaelisMenten degradation of.Zn 1982 Bliss, Painter and MdB84]

proposed to repta the firstorder degradation of Z,f ¢hby a MichaelisMenten rate law,
I oF 0, ®hwvhereb,i s the O6Michael i s-éatalgzedrendtienatd of t he
i s VYndOe o6f t he reaction. Wi th this cwlange, the

oscillations even fop = 1[84]. The substitution of Michaelslenten rate laws for the firstrder
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kinetic terms in Eq91)-(3) has been exploited by many auth@i8, 85, 86}to increase the

robustness of their models of circadian rhythms.

254S2TextKi m & Forgerds extended model s

In addition to the SNF model, Kim & Forg2] proposed two extended models, in which the
core negative feedback loop involving PER and BMAL1 is supplemented with (either) an
additionalnegativefeedback frorREV-ERB on transcription of thBmallgene (or) an
additionalpositivefeedback from ROR on transcription of tBmallgene. Both extended
models include the ODEs of the core SNF model.

Kim-Forger NNF ModelEquations (E]4) of the main text, plus

Qw 0 i 1
,Q(‘) ’I %axa_r w ( )
!@ (7%
el x5 2
as | o © (2)

whereV is the (scaled) concentration of REBRB, Vmaxis the maximum achievable
concentration of RENERB, V, is the REVVERB concentration that would resultAq = 1 at
steady state, andl is a rate constant that sets the time scale for the feedback loop.

Kim-Forger PNF ModelEquations (1)4) of the main text, plus

QY . 0 )

EO 1 Ym a T W (3)
[0 Yoo
00 1 % 0 (4)

whereR s the (scaled) concentration of ROR, &adx Ro andu are defined similarly as in the
NNF equations. For simulations of the NNF and PNF models, Kim & Forger Gha$k2, Vimax
= Rmax= 5, and they adjusted, andR, to make the NNF and PNF models have the same

average activator concentratioryrz, as the SNF model.
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2.5.5 S3 Text: Parameter optimization for models with saturating degradation of nuclear
PER

We used MATLABOGs simul atedbadapgpat ongpmemmhonpd
of SNF(OM8), SNF(1M8), NNF(1M8) and PNF(1M8) models within physiologically reasonable
ranges, as indicated below. The optimization criteria we used for each model and the
corresponding cost functions are also given beldve Model outputs used in the cost functions

were obtained by simulating the model with the corresponding parameter set. Specifically, we
used MATLABGO6s stiff ODE solver (6odel5s6) to
2,000. For each trajeatpwe analyzed the segment between times 1,800 and 2,000 to obtain the
output quantities of interest, such as period, fg¥@nd ampir). We performed simulated

annealing multiple times, starting from 1,100 random initial guesses of paraalets

generated by the Latin hypercube method applied taifoigprm distributions of the parameters

over the same ranges that bound the optimization. In a small fraction of cases for each model, the
optimization aborted and generated no results. We mreséow the most noteworthy patterns

based on all the results we obtained.

Optimization of SNF(OM8)

Criteria:

1. max(Pw) is minimized, in order to select parameters sets with the largest valigs of
2. Relative amplitude oPwt > 0.5, in order to seleqgiarameter sets that generate robust
oscillation.
Cost function:
i A@
X L

The second criterion was implemented in a complicated form to penalize oscillations of small
amplitude anavoid getting stuck with neascillating parameters.
Range of parameters:
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Figure2.14 Notable patterns in optimization results for SNF(OMAEue: 1100 parameter sets
obtained through optimization are plotted in each panel. Red: top 10 parameter sets, i.e., those

with the smallest values of md4).

Main findings:
1. maxPrwt) = 34.3 + 4.0igure2.144). Period = 20.7 + 1.3+(gure2.14b).
2. Period is strongly negatively correlated withax(Figure2.14c), but not other parameters
(not shown). This is not surprising, since smaller valudmafmean a longer time delay
for degrading nuclear PER and reinstitutiRgr gene transcription. The top 10 sets

generate intermediate periods between 20 an&igdie2.14c).
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3. Low max(Pio) requires lowKm andbmax (Figure2.14d-f). Lower values in both parameters
slow down PER degradation, introduce time delay and increase robustness of oscillation
(allowing oscilation to happen for larger valuesaf).

4. UandAr are negatively correlatedfigure2.14g), which is opposite to the trend shown in
the main textKigure 2.4) for SNF(0OL8), although we are comparing different types of
diagrams.

5. max(Puw) is positively correlated td) (Figure 2.14h, as expected) but not #r (Figure
2.140).

6. The range of optimal values Bf(18 30) is much smaller than the rangefef(0.015 10)
(Figure2.14g). Because its rate degradation saturates at high concentratios|avel of
PER in the nucleus tends to stay high for an extended period of time, which places a

constraint orthe rate dexpression of th€ergene

Optimization of SNF(1M8)

Criteria:

1. max(Pwt) is minimized, in order to select parameters sets with the largest valiigs of
2. Relative amplitude oPwt > 0.5, in order to select parameter sets that generate robust
oscillation.
Cost function:
i A
X L

The second criterion was implemented in a complicated form to penatikations of small
amplitude and avoid getting stuck with roscillating parameters.
Range of parameters:

O M prmipmh) v pppmth v pthphy v plpmth N pmipm
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Figure2.15 Notable patterns in optimization results for SNF(1N88)e: 1013 parameter sets

obtained through optimization are plotted in each panel. Red: top 10 parameter sets, i.e., those
with the smallest values of mads).

Main findings:

1. max(Prwy) = 32.3 £ 3.5igure2.153). Period = 20.7 + 1.1Hgure2.150). The distributions
are quite similar to SNF(OM8n Figure2.14a, b.

2. Period is strongly negatively correlated wikthex (Figure2.15c), but not other parameters.
This is not surprising, since smaller value®efc mean a longer time delay for degrading
nuclear PER and reinstitutifRer gene transcription. The top 10 sgénerate intermediate
periods between 20 and Z3dure2.15c).
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Low maxPror) requires lonwkm andbmax (Figure2.15d-f). Lower values in both parameters
slow down PER degradation, introduce time delay and increase robustness of oscillation
(allowing oscillation to happen for larger valuesgj.

UandAr are negatively correlate@igure2.15g). This result is opposite to the trend in L
models (see main tektgure 2.®, although we are comparing different types of diagrams).
Ar must be greater thanka/100 (Figure2.15h). The top 10 sets are concentrated in a
narrow range oAt between 1 and 5-(gure2.15h).

UandKa are positively correlated, arldmust be greater thanp 0 (Figure 2.15),
presumably to have sufficiently rapid transcriptiorPef gene a¥a increases. Also, for
small values ofAr, Ucan be much larger in SNF(1M8) compared to SNF(OM8), because
the rate oPer transcription is more restricted at Idw in rate law 1 compared to rate law

0.

Optimization of NNF(1M8)

Criteria:

1. max(Pwt) is minimized in order to select parameters sets with the largest valiigs of

2. Relative amplitude oPwt > 0.5, in order to select parameter sets that generate robust
oscillation.

3. Relative amplitude ofAt > 0.2, because experimental data show ~20% amplitude in
BMALL1 oscillation[87].

4. max(V) < 10, in order thab,,, the equilibrium dissociation constant for RIERB binding
to the promotor of thBmallgene, is not too small.

5. max@r) / maxPwt) as close to 1 as possible; this criteriomisoduced because without

it we often ended up with parameter sets for which wgx{ maxPit) is very small.
However, experimental data show that the peak levels of PER and BMAL1 are comparable
[87].

Cost function:
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Criteria 2 and 3 above were implemented with functions taking a form similar to Criterion 2 in

the SNF model.
Range of parameters:
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Figure2.16 Notable patterns in optimization results for NNF(1VBlue: 1011 parameter sets
obtained through optimization are plotted infepanel. Cyan in (jfm): 423 parameter sets with
0> 0.35. (Thal> 0.35 sets are not highlighted in the other panels because they are mixed with
theli< 0.35 group.) Red: top 10 parameter sets (with smallest values dPw)ax(
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Main findings:

1.
2.

maxPwot) = 91.7 £ 24.5Kigure2.163). Period = 22.7 £ 2.1 (bimodaljgure2.16b).

Period is not strongly correlated wiihax (Figure 2.16c), which is surprising. But it is
strongly correlated with (Figure2.16)).

Low maxPror) requires lowKm andbmax (Figure 2.16d-f), but not as strongly as in SNF
(Figure 2.15d-f). Note thatFigure 2.16d-f and Figure 2.15d-f have very different axis
ranges.

Unlike SNF modelslJandAwax are no longer correlatedifjure2.16g). Neither aréwmax
andKa (Figure2.16n). ButUandKa remain positively correlatedr{gure2.16i).

With regard to the timscale parameted, there appear to be two clusters, separated by a
value of ~0.35Kigure2.16, k). The majority of top sets (red) haite 0.35. In comparison

to thel < 0.35 cluster, thé > 0.35 cluster is associated wiiit) with smaller maximum
values Figure2.16l) yet larger amplitudes-(gure 2.16m).

Awvax is positively correlated witlVvax (Figure2.16n). Top 10 sets are associated with
nearly the highest ratio &fuax to Auax. Consistently, these top sets generate the highest
max(V) relative to the value odwax (Figure2.160). Additionally, they tend to generate
low amplitude ofV(t) in theli < 0.35 cluster. Presumably, a high ratiovafax to Auax
enhances the inhibition of BMAL1 expression by RERB, which can help suppress
BMAL1 for a longer time even if PER does not bind BMALL1 as tightly (i.e., labgesr

lower maxProt)).

Optimization of PNF(1M8)

Criteria:

1.

5.

max(Piwt) is minimized, i.e.py is maximized.

2. Relative amplitude dPwt > 0.5, i.e., oscillations are robust.
3.
4

. max®R) < 5, so thatig, the equilibrium dissociation constant for ROR binding to the

Relative amplitude ofr > 0.2, as for NNF.

promotor of theBmdl gene, is not too small.

max(@r) / maxPwt) as close to 1 as possible, as for NNF.

Cost function:
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Similar to the cost function for the NNF model.

Range of parameters:
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Figure2.17 Notable patterns in optimization results for PNF(1N88)e: 898 parameter sets
obtained through optimization are plotted in each panel. Red: top 10 parameter sets (with
smallest values of maR(y)).

Main findings:
1. maxPwy) =3.60 + 2.21Kigure2.173), Period = 43.9 + 25.4-(gure2.17b).

2. Period is strongly negatively correlated wiihex (Figure2.17c), as in SNF moddFigure
2.150).
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. Low maxPro) still requires lowbmax (Figure2.17€), but is less dependent &m (Figure

2.17d).

. Like the NNF modellJandAuax are no longer correlatedigure 2.17g), nor areAmax

andKa (Figure2.17n). But UandKa are strongly positively correlateigure2.17).

. For most of the optimized parameter sets, the-Boade parametar> 1 (Figure2.17)),

and in all casef)<< 1 (Figure2.17)). Note thatli s t he o6ébac Peggeoaundd r
transcription wheiR(t) = 0. The parameté&hvas introduced to avoid the trivial steady state,
which often prevents the simulation to generate the oscillatory solution.

. Awax andRwvax are strongly negatively correlatefiure2.17k), opposite to the relation
betweenAuwax and Vuax in the NNF model Kigure 2.16n). Since BMAL1 and ROR
enhance the expression of each other, this negative relation probably helps stabilize the
BMAL1 level (recall that the best sets for the SNF model Aevie a narrow ange).

. Although the parametd&uax and the output makj) are positively correlated as expected,

the top sets are associated with niRx&< 1 (Figure 2.171). Recall that the non
dimensionalized dissociation constant between ROR arlniaélgene is 1. makg) <<

1 indicates that robust oscillation is favored by ROR levels far below levelsatuamate
binding to theBmallgene, presumably by maintaining sensitivity of the auxiliary positive

feedback loop.
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2.5.6 S4 Text: Deriving the rate laws for Pertranscription.

BMAL1:CLOCK binds to many Ebox sequences throughout theammalian genome, and
PER:CRY binds to both free andd®x-bound BMAL1:CLOCK complexes. LetE= 1, ¢&,
denote all the box sequences that bind all four proteins BMAL1, CLOCK, PER and CRY,
where q & 1500 -seqdatdd4].dhie ol cdneentr@tiorls Bf BMAL1:CLOCK
(A) and PER:CRY (P) dimers are:

Ar A A: P AE P:RA: (2)

Pt P A: P P: RA: (2)

We are assuming that the synthesis and degradation of proteins are much slower reactions than

q,

the association and dissociations of proteins in a complex, so the total amounts of A and P in the

system can be treated as constants otirtteescale of the binding and unbinding reactions.
Because the total number ofiexes (~1500) is considerably less than the total number of
BMAL1:CLOCK and PER:CRY complexes (~25,000 and ~30,000, respecit@y we can
reasonably neglect thelibox-bound forms of th protein complexes, and assume that

Ar A A: P (3)

P+ P A: P 4)
To derive an expression for the ratePaf transcription, we need to estimate the fraction-of E
boxes bound to BMAL1:CLOCK but not to PER:CRY, i.e., [/EE]t, wherep is the index
corresponding to dboxes drivingPer gene expression. To this end, we consider the equilibrium

binding reactions:

A+ Ui AP (5)

A B Wi'AE AAOEOBAT A (6)
AE P Ul P: RA: (7)

A: PE WWP:B: (8)

The equilibrium dissociation constants of Reacti@)g8) are defined by
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, AP _ A E _ PAE ., A: E
Vaar1 - fgPaaer g Maare 5 g Mane 54— 9)
The principle of detailed balance at equilibrium requires that
A E PAE AP A: E
AE P:BA: A: PP: RA: (10)
That is, the dissociation constants for React{&)$8) satisfy
0 0
dAE1 YdAP1 (11)

l!)d AE?2 LE)d AP2
Taking Eq.(11)into account, we are left witmby three independent chemical equilibrium

equations. One of these equations is

AP A; A:PP; A:P

VdaP1 27 p AP (12)

which can be solved for the unknown concentration of A:P,

At P1 Ugap1 [ Al [ R]Vaar: TLAIRI (13

A: P
q
Meanwhile, the total number &%r E-boxes, [E]T = [Ep] + [A:Ep] + [P:A:Ep], can be written as:
0 E P A:
E - dAER AE [!]E[] (14)
A Ugap2
which can be rearranged to give the probability tHa¢regene is being transcribed:
AE A
E 1 . Al [ P (15)
A —_— L
VaaEl Udap2
Plugging the definition oKqar1 (EQ. (9)) into EQ.(15) yields
AE A
: ) 1
Ex Ugael A A: pdAaPl (16)
dAP2
First Case PER:CRY binds equally strongly to fre@nd Ebox-bound BMAL1:CLOCK, i.e.,
Ugap1 Ugap2 (17)
In this case, Eq16) becomes
AE A
(18)

E T Dd AE1 A A: P
Plugging Eq(3) into Eq.(18) yieldsRate Law 1
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AE A

E r UOgae1 At
Second Cas®ER:CRY binds equally strongly to freend Ebox-bound BMAL1:CLOCK, Eg.
(17) (First Case above), and at the same time, BMAL1:CLOCK saturat®etliebox, i.e.,

(19)

Ugaek At (20)
In this case, Eq19) become$Rate Law (n the original KimForger model:
AE A
(21)
E: A

Third CaseBMAL1:CLOCK cannot or can hardly bind PER:CRY and&x simultaneously,
ie.,
Ugapk Ugapi (22)

In this case, Eq16) gives rise tdRate Law 2

AE A

E T l')d AE1l A
Electron microscopy studies by Aryal et al. have shown that PER:CRY::BMAL1:CLOCK
complexes bind to oxes[88], indicating that rate laws 0 and 1 are to be preferred to rate law
2.

(23)
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25.7 S5 Text: Non-dimensionalization of the modified Kim-Forger equations

The

model s

presented

n

t hi

S

paper, as

nontdimensional form before simulation and analysis. For examplehas how to non

dimensionalize the SNF(1M8) model, and the other variations use the same non

dimensionalization factors for the variables.

Dimensional Equations

Non-dimensional Equations

we l
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where we have already $et 1T 8 T

likely. Species pPé
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, because this constraint makes oscillations most

drepresent both mRNA species (say=Rnature mRNA in nucleus kB
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MRNA in cytoplasm) and PER proteins in the cytoplasm (say,Uhphosphorylated PER4 B
monophosphorylated PER, etc.), and P = nuclear PER. The purposedimamnsionalization is
to6scale awayd as many of the kinetic paramete
space of independent parameters. To this end, we make the following change of variables from
Ohae¢aringd variabl es ( car riyeidimgnsignlasg \wisiona: | uni t s

o D 5 D 5 D L 5 \ \
0] —_—, U —_—, U _——, ve, —, U —, 0 T d_U

d d d d d
The dimensionless ODEs (above right) are governed by five dimensipalesseters:

D
d

Op 2,0, 2,07 —,1max =% and
d d d d
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Chapter 3. Critical role of deadenylation in regulating
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3.1Introduction

Rhythmic control of gene expression is a hallmark of the circadian system. The daily rhythms in
biochemistry, physiology and behavior ultimately stem from rhythmic gene expression in each cell
[7, 8]. In mammals, approximately1H% of mMRNAs are rhythmically expressed with a ~24 hr
period in any given tissufl6, 89, 90] The rhythmicity originates from a cedutonomous
circadan clock machinery, which consists of a set of core clock genes interlocked by transcription
translation feedback lood8, 10, 38] Many core clock genes encode transcription factors and
interact withtheir respectivetarget enhancers to exert rhythmic transcriptional control over
circadian mRNA expressididO, 11]

While rhythmic transcriptional control has been extensively studied, rhythmic control of gene
expression also occurs beyond transcrip{id5, 26, 91] Recent genomwide analyses and
mathematical modeling particularly highlight the role of goahscriptional regulations in driving
rhythmic mRNA expressionf23, 74, 9294]. Posttranscriptional regulations target various
processes, sucls aplicing, nuclear export, cellular translocatidaymancy,and degradation of
RNAs [95]. Many posttranscriptional processes are under circadian cofttepl14, 15, 25, 64,
96-98]; these postranscriptional processes, in turn, affect the phase and amplitude of mMRNA level.
Ultimately, rhythmic transcription and pesanscriptional processes couple with each other and
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jointly determine the gene expression rhythm. Example, rhythmic RNA transcription and
degradation jointly determine the rhythmicity in mRNA |ef&8]. As yet, it remains unclear how
the rhythmicities in other pos$tanscriptional processes affect the gene expression rhythm.

One of the postranscriptional regulations that impact rhythmic gene expression is the
regulation of poly(A)t a i | l engt h. The tracts of adenosine
MRNASs are critical for controlling stability and translatability of the mRN#%101]. Hundreds
of mMRNAs were recently discovered to exhibit robust circadian rhythms in their poly(A) tail
lengths in mouse liver. Interestingly, the rhythmicity in poly(A) tail length is tloserrelated
with the rhythmicity in the corresponding protein level, indicating that rhythmic poly(A) regulation
plays an important role in driving rhythmic protein expres$id@j. Similar daily fluctuations in
poly(A) tail length also occur in mouse brdgk02, 103] In addition, the amplitude of mMRNA
rhythmicity increases in the absenceNafcturnin a deadenylase (enzyme that removes poly(A)
tails from mRNAS) which is rhythmically expressed in different mouse tigéds 105] These
observations underscore the importance of poly(A) tail rhythmicity in reguleitiogdian gene
expression

In this work, we built a mathematical model that describes mRNA dynamics under the
regulation of rhythmic transcriptiopplyadenylation, deadenylation and degradation. We used the
model to systematically examine how rhythmic transcription and poly(Aegullation generates
rhythmicities in poly(A) tail length and mRNA abundance. Our results highlight the rhythmicity
in deadenylation as the strongest determinant for the rhythmicities in the poly(A) tail length and
in the abundance of mMRNAs with long p@W tails. The latter can be regarded as a rough proxy
for mRNA translatability because the poly(A) tail is known to regulate mRNA translation
initiation [106-110]. Furthermore, deadenylase expression with several digi@ait phases, as
those observed in the mouse li{&3], are able to override the imp&am other rhythmicontrols
and separate the peak phases of poly(A) tail length and abundanoegtailed mRNAs into
corresponding clusterginally, we used the model to predict factors or combination of factors
(e.g., amplitudes of or phase differences between specific procdsgesgrt explain the different
classes of rhythmic characteristics found in mRNAs with rhythmic poly(A) tail Idagih
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3.2Results

3.2.1Model for rhythmic mRNA and poly(A) regulation

In a typical RNA expression process) RNAs is first transcribed in the nucleus and acgsise
long poly(A) tail as a result of nuclegolyadenylatioft11]. After being exported into the
cytoplasm, mRNAs undergo deadenylation and are ultimately degfad@li Cytoplasmic
polyadenylation, as another important parsinscriptional regulation, elongates the poly(A) tail to
promote mMRNA stability and translatabilifft13]. Although cytoplasmigoolyadenylationis
typically associated with translational control in oocyte maturation, early embrgtogeent and
synaptic plasticity113-116], it is recently suggested to play a role in circadian gene expression in
mouse live13]. Furthermore, the expression levelGifi2, a poly(A) polymerase responsible for
cytoplasmigpolyadenylation, exhibits circadian rhythmicity in mouse liy&8]. In light of these
biological facts, in the model we incorporatpdlyadenylation, together with transcription,
deadenylation and degradation, to capture the major processes that dynamically regulate poly(A)
tail length and mRNA abundandeidure3.1A). Note that thdour processes can assume different
amplitudes and phases for different genes, becauserédmggations can be mediated by different
combinations ofcis-elements andransfactors [11, 74, 115, 117119)] Instead of explicitly
tracking the exact length of poly(A) tails, the model divides the mRNA population into a long
tailed fraction and a shetéiled fraction, which mimics the experimental condition (long
tailed >~100nt, shottailed <~60nt, [13]). Herein we use the ratio between the abundances of long
tailed and shoftailed mMRNAs as themetric for poly(A) tail length, as was done in the
experimental studii3].

For the sake okimplicity, we made the following assumptions in the model based on
experimental evidence. First, degradation only occurs to the-tsled mMRNAs, because the
poly(A) tail of an mMRNA must be shortened to 10~15 nt before the mRNA is dedfdd:d 20
122]. Second, transcription and nucle@olyadenylation are lumped together, because
transcription is followed by nucleaolyadenylationn geneal [123] and the poly(A) polymerases
responsible for nucleapolyadenylationare not rhythmically expressgd3]. In our model,
therefore, the transcription process directly leads to a-tmiegd mRNA, the downstream
cytoplasmic deadenylation armblyadenylation further mediate conversion between the long

tailed and shortailed mRNAs, and degradation consumes the ghidetd MRNA. The ordinary
55



differential equations (ODES) that govern the temporal dynamics oftéolegl (0) andshorttailed
("Y mRNAsread a€gs.(3.1) and (.2).

Long-tailed mRNA: d—lt‘: Kese(t) - Ka(t)L  +ha(1)S (3.1
transcription  deadenylation polyadenylation
Shorttailed MRNA: d—f’:kdeA (L - kya(t)S -dka(D) S (3.2

deadenylation polyadenylation degradatior

To capture the circadian rhythmicity in the four RNA metabolism proces&ass.(3.1) and

(3.2), each reaction rate terin0 is represented by a sinusoid functlike Eq.(3.3)
k(t)= k(l +Acoq -/ )))

where'Qdenotes the mean ratiethe relative amplitude, and the peak phase, of the process
labeled by the subscript. The angular frequencyequals*j ¢ €0.] is fixed, while the other
parameters vary. The subscript of a parameter indicates the process it describ@s (snds
for the mean deadenylation rate).

(3.3)

A Deadenylation
Transcription aara Degradation
core clock '# . @ core
clock ' - > : clock e @
> |Long-tailed | AAAAAAA Short-tailed |AA >
ore
ok I — Q)
Polyadenylation
B

Input parameters

Output quantities

o peak phase |:> ODE |:> mean level
Transcription @ amplitude model Poly(ll\-)slength @ peak phase
mean rate Sobor amplitude
i eak phase ODOI'S
Degradation @ Zmpli'ﬁjde |:> sensitivity <:| -
analysis Total mMRNA
mean rate L+S peak'phase
Deadenylation @ peak phase amplitude
e impact.of mean level
mean rate each parameter Long-tailed
Polyadenylation @ peak phase on each L @ peal<|’phase
amplitude output quantity amplitude

Figure3.1 Overview of thestudy. (A) Schematic diagram of the core clock exerting circadian

control of the rhythms in transcription, degradation, cytoplasmic deadenylation and
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polyadenylatior{(Shaded area represents the core components of the core clock that form

transcriptiontranslation feedback loops). (Bjorkflow of the study. Numeric simulations of

the ODE model using different sets of input parameters (sampled accordialg¢&. 11

Figure3.6) generate the output quantities. The input parameters and output quantities are
analyzed through the global sensitivity analysis to quantify the impact of each parameter on each
output quantity over the global parameter space.

In this work we focus ondw rhythmicities in the four processes affect the rhythmicitiestad
MRNA abundance and poly(A) tail length, because total mMRNA abundance and ptaily(A)
length were quantified in the previous circadian transcriptome §13dy 4] Additionally, we
take the rhythmicity of longailed mRNA abundance as a rough proxy for the rhythmadity
MRNA translatability, because poly(A) tail facilitates translation initiafl®6-110].

3.2.2Rhythmic deadenylation strongly controls rhythmicities in poly(A) tail length and
long-tailed MRNA abundance
Because the parameters of the modelagely unknown and likely vary significantly from
gene to gene, we need to investigate the dependency of the output rhythmicities on the input
rhythmicities in the global parameter space (i.e., the entire possible range of parameter values).
In theprevious studies, such dependency has been analyzed by deriving approximate analytic
solutions to models with up to two rhythmic input proce$28s124] With four rhythmic
input processes in our model, the approximate analytic solution obtained using the same
method as 23, 124]are too complex to deliver any useful insight. We leetttose numeric
simulations to investigate the inpotitput dependency for our model. We ran numeric
simulationsof the model(Egs. ¢.1) and (.2)) with random parameter values for the mean rates,
relativeamplitudes, and phases of each procéssle3.1 andFigure3.6). Only the mean rate of
transcription was omitted, because it only affects the overall abundance of mMRNAs, but not the
output rhythmicity, i.e., the phases and relative amplitudes of méldance and poly(A)
tail length See details i8.5.2S1 Tex). From each simulated time trajectories, we extracted the
peakphases, relative amplitudes and mean levels of total MRNA abundai®egoly(A)
lengthmetric /S and longtailed mRNAabundancel() (Figure3.1B, also see Methods). These
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guantitieswere subject to further analysis, as elaborated in the following Resuatiens. For

the resbf the paper, we will refer to these quantities, e.g., the peak phase of L/S ratio, generally

asthefout put quantitieso, unless any specific
Our model results reveal that the peak phase of deadenylatienssdngest contributor to

the peak phase of L/S ratio (poly(A) length metric), followed by the peak phase of

polyadenylation. Specifically, the scatter plots of the simulation demonstrate a strong correlation

between the peak phases of L/S ratio and el@ddtion, with a 10 1.5 hr lag between the two

(Figure3.2A). The peak phase of L/S ratio also depends on the peak phadgadknylation,

although with much weaker dependence compared to that of deadenytaiior§.2A). In

contrast, the peak phase of L/S ratio depends very little on the peak phases of transcription and

degradationKigure3.2A).
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Figure 3.2 Rhythmicities of poly(A) tail length and lorigiled mMRNA abundance are strongly
controlled by rhythmic deadenylatioi\) Scatter plot of the peak phases of input processes versus

the peak phases of L/S ratio. (B) Sobol indices for the peak phaseratib/8.e., poly(A) length

metric). (C) Scatter plot of the peak phases of input processes versus the peak phases of L+S (i.e.,
total mMRNA abundance). (D) Sobol indices of the peak phase of L+S. (E) Scatter plot of the peak
phases of input processes wergshe peak phases of L (i.e., leajjed mRNA abundance). (F)

Sobol indices of the peak phase of L. (A, C, E) Each scatter plot shows 10,000 data points randomly
chosen from the original simulati ons orftopr t he
single Sobol indi ces. Bars with ATO0O on top:

are shown, because the variances are too small for clear visualizadiore.7).
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To systematically quantify the impacts of input parameters on output quantities, we performed
variancebased sensitivity ana]/[l35sl2&(Fiowrsd. 18, dlethotls S o b o
Based on simulation results from a large number of random parameter sets spanning the global
parameter spacé€igure3.6, Table3.1),theS o b amletbos quantifies the sensitivity of an output
guantity to an input parameter in terms of how much the parameter, due to the variation in its value,
contributes to the variatiom the output quantity. Specifically, the sensitivity is reported as the
single (S) and total (T) Sobol indices, which represent the contribution of the parameter alone and
the contribution of the parameter together with its (nonlinear) interactions tigthother
parameters, respectively (see Methods).

The estimated Sobol indiceSifure 3.2B) confirm the findings from the scatter plotsdqure
3.2A). For example, among alhé input parameters, the peak phase of deadenylation has the
largest Sobol indices with respect to the peak phase of L/S ratio. The values of the Sobol indices
indicate that variance in the peak phase of deadenylation alone contributes to ~40% of wariance
t he peak phase of L / SFigurea3t2iB).oWhénl tlie nirgegastibpns 6f S0 b @
deadenyl ation with other processes are counte
bar in Figure 3.2B). Additionally, the Sobol indices also indicate thia¢ trelative amplitude of
deadenylation has the strongest impact on the relative amplitude of L/SHiatioe(3.7). In
comparison, the mean level of L/S ratio, a quantity not related to rhythmicity, depends nearly
equally on the mean rates of deadenylation palyadenylation(Figure 3.7). These results
collectively demonstrate the rhythmicity in deadenylation as the strongest contributor to the
rhythmicity in poly(A) tail length.

60



Table3.1 Parameter distribution for sampling.

Parameter Symbol Distribution Source
Has no effect on
Mean rate of . rhythmic patterns
o Q 1 (constant)
transcription (see Supplementary
Materials)
¢ "QEO x~  pp fig o | Fitting with haltlife
Mean rate of . o
. Q (Log-normal) distribution measure(
degradation _
in [127]
Mean value of
e _ deadenylation rate
Mean rate of . a€ OPE O x ™ g o _
_ Q estimated fronj128];
deadenylation (Log-normal) o
deviation same as
MRNA degradation
Mean rate of o aé GPEO x~ 1@ @} o | Same as
polyadenylation (Log-normal) deadenylation
Relative 6 M h o< Y Tip
amplitudes 6 (Uniform)
i FP F] o X TYT[F( 1
Peak phases . .
e b (Uniform)

Our model results also show a significant impact of rhythmic deadenylation and

polyadenylatioron the rhythmicity of L+S (total mMRNA abundance). Although the peak phases

of transcription and degradation strongly influence the peak phase of Lexpeaged igure

3.2C, D), the Sobol indices indicate a weaker, yet substantial impact from the peak phases of

deadenylation angolyadenylatioron the peak phase of L+$igure3.2D). These impacts can

be understood from the regulation of MRNA stability by poly(A) tail length, whicéfliscted in

the model by the assumption that degradation is restricted to thdalemtmRNAS Figure
3.1A, Egs.(3.1) and B.2).
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We further used the model to examine the effects of the four processes on the rhythmicity of
MRNA translatability, using L (lon¢ailed mRNA abundance) as a proxy. Although L is a quantity
directly related to both L+S level and L/S ratio, the Sobol indst@sv that the peak phase of L
relies most heavily on the peak phase of deadenylation, followed by gayaflenylatio{Figure
3.2F). Consistently, the scatter plot shows a strong correlation between the peak phases of L and
deadenylation, with an approximately 10 hr lag between the Bagure 3.2E). This is a
relationship highly similar to that observed between the peak phases of L/S ratio and deadenylation
(Figure3.2A). Furthermore, the relative amplitudes of deadenylatiorpahlyédenylatiorare also
among the strongest contributors to the relative amplitude oFidwie 3.7). Overall, the
rhythmicities in deadenylation anqmblyadenylatiormake stronger impact on the rhythmicity of
long-tailed MRNA abundance than the rhythmicities in transcription and degradation. This finding
provides an explanation for the obsehaose correlation between the rhythmicities of poly(A)
tail length and protein expressifi8].

Cytoplasmigolyadenylatiomequires specificise | e ment s i n the 306 untra
of an mRNA to recruit the molecular machinery that elongates poly(A]1a44. However, such
ciselements do not necessarily exist in all mMRNAs. Therefore, we m@smved the
polyadenylatiorterm in our model and conducted the same global sensitivity analysis. The results
demonstrate similar impacts of the rhythmicity of transcription, deadenylation and degradation on
the rhythmicity of L/S ratio, L+S and LF{gure 3.8) as those found from the model with
cytoplasmic polyadenylatio(Figure 3.2, Figure 3.3, Figure 3.7). Particularly, rhythmic
deadenylation remains the strongest contributor to the rhythmicity of L/S ratio and L. Hence, our
conclusion stays the same for mRNAs without tieelements that nukate cytoplasmic
polyadenylation.

Taken together, these model results underscore the importance of rhythmic poly(A) regulation
in circadian gene expression, especially its impact on the rhythmicity of poly(A) tail length, total
MRNA abundance, and abundanof the longtailed subpopulation. Importantly, deadenylation
emerges as the strongest contributor to the rhythmicity of poly(A) tail length andalited)
mMRNA abundance.
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3.2.3 Rhythmic deadenylation can robustlycluster genes by their poly(A) tail rhythms

The rhythmicities in transcription, deadenylatipnlyadenylatiorand degradation of MRNAs are
ultimately controlled by the rhythmicities in the abundance and activity of the molecules mediating
these processes, e.g., transcription factors, deadenylases and poly(A) polymerases. Interestingly,
although the core clock madalery includes several transcription factors with different peak phases,
the peak phases of nascent RNA synthesis (indicated by intron abundance) are strongly
concentrated around ZT 15 in mouse liy&gt]. Additionally, a cytoplasmic poly(A) polymerase,
Gld2, is rhythmically expressed with peak phase around ZT 3.5 (Zeitgeber time, where ZT O is
defined as the time [hr] of lights on and ZT 12 is defiagthe time of lights offiL3]. Meanwhile,
five deadenylases are also rhythmically expressed, @alde/Angél peaking around ZT 2,
Ccr4a/Cnot6 Ccr4b/Cnot6] Cafla/Cnot7/pop2and Parn peaking around ZT 5, and
Ccr4c/Nocturnirpeaking around ZT 13 .3]. These data indicate that deadenylases assume a more
diverse rhythmic expression pattern than poly(A) polymerases and nascent RNA transcription.
Intrigued by the above observation, we used our modetftmre the potential consequence of
having several distinct peak phases in deadenylases. In four sepaitte experiments, we set
transcription, degradation, deadenylatiopolyadenylation, respectively, to peak at three narrow
windows centeredraund ZT 0, 8, and 16 (chosen to represent distinct time windows in general),
while setting the peak phases of the other three processes to distribute evenly around the clock
(Figure3.3,1i-v). Our results demonstrate that, when deadenylation peaks in three narrow windows,
the peak phases of L/S ratio and L are strongly grouped into three distinct windows asywedl (
3.3, Iv). In contrast, when transcriptior~igure 3.3, ii), degradation Kigure 3.3, iii) or
polyadenylatio(Figure 3.3, v) peaks in three narrow windows, the resulting peak phases of L/S
ratio and L do not show any distirgitouping andare comparable to the control case with evenly
distributed peak phasesrfall processes<gure 3.3, i). To test the effect of the actual rhythmic
patterns observed in nascent RNA transcription and expression of deadenglade
polyadenylases, we set the distribution of peak phases centered around ZT 15 for tranftgiption
narrow peak phase window centered around ZT 3.pdbadenylation, and narrow peak phase
windows around ZT 2, ZT 5 and ZT 13 for deadatign[13]. The simulations results demonstrate
that the peak phases of both L/S ratio and L are strongly clustered into three distinct time windows
(Figure 3.3, vi). These results corroborate with the findings above about the strong impact of
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rhythmic deadenylation on the rhythmicities of L/S ratio and-lgi{re 3.2B, F). Note that the

mean rates and relative amplitudes of all four processes assumed random variables in the model
simulations (able 3.1, Figure 3.6). Therefore, our results indicate that multiple peak phases in
deadenylation, but not other processes, can robustly group the peak phases of poly(A) tail length
and mRNA translatability (~ lontailed MRNA abundance) into distinct time windows, regardless

of variations in the mean rates or rhythmicities of other processes.
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Figure3.3 Distinct peak phases in deadenylases cluster transcripts by their peak phases of poly(A)
tail length and longailed mRNAabundance(i) Transcription, degradation, deadenylation and
polyadenylatiorphases evenly distributed around the clock. (ii) Transcription phases within three
narrow windows at ZT 0, 8, and 16. Degradation, deadenylatiorpalyddenylationphases
evenly distributed around the clock. (iii) Degradation phases within three narrow windows at ZT
0, 8, and 16. Transcription, deadenylation potyadenylatiorphases evenly distributed around

the clock. (iv) Deadenylation phases within three narmimdows at ZT 0, 8, and 16.
Transcription, degradation amqblyadenylationphases evenly distributed around the clock. (v)
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Polyadenylationphases within three narrow windows at ZT 0, 8, and 16. Transcription,
degradation and deadenylation phases eventyildised around the clock. (vi) Peak phases of
transcription follow transcriptome data reported [By#]. Deadenylation phases within three
narrow windows at ZT 2, 5, and 13, apdlyadenylatiorphases within one narrow windows at
ZT 3.5, based on the data fr¢©38], while degradation phases evenly distributed around the clock.

Mean rates and relative amplitudes followble3.1 andFigure3.6.

3.2.4Factors that explain different classes of mMRNAs witlmhythmic poly(A) tail length

In the previous transcriptormeide study[13], the mRNAs withpoly(A) tail rhythmicity (PAR
MRNAS) were grouped into three classes, based on their rhythmicities-mRNA and total
MRNA. The rhythmicity in preanRNA essentially reflects the rhythmicity in transcription. The
Class | mRNAs are rhythmic not only in poly(A) tail lehgbut also in prenRNA and total
MRNA (Figure3.4A). The Class Il mMRNAs are rhythmic in poly(A) tail length and-mRNA,

but not in total MRNA Kigure 3.4A). The Class lll mRNAs are only rhythmic in poly(A) tall
length but not the other twa-(gure 3.5A). Differences in mRNA halfives were suggested to
explain why the rhythmic patterns of pmeRNA, total MRNA, and poly(A) tail length are different
between these clasgéds8]. Here we leverage our model to systematically identify factors that can
lead to the combinatorial rhythmic patterns in these classes.

We first attempted to identify the model parameters that contrilnot to the distinction
between Class | and Class Il. Because the only difference between Class | and Il is whether total
MRNA abundance is rhythmic or not, we focused on identifying muateimeters that contribute
most to the relative amplitude of L+Bhe Sobol indices reveal the mean degradation rate as the
strongest contributor to the amplitude of L+So(ire3.4B). We then raimodel simulations using
random parameter sets (sampled from the distributions givéalife 3.1 and Figure 3.6) and
identified the ones that exhilitte characteristics d@@lass | or Class lIigure3.4A). Out of all
the random parameter sets, the mean degradation rates in the Class Il parameter sets are overall
smaller than those in the Class | parameter $efsi(e3.4C). This finding corroborates with the
experimental observation that the average-lifalf(i.e., reciprocal of degradation rate) of Class II
MRNAs is longer than that of Class | mRNAS].

66



The total Sobol indices also indicate that the peak phases of transcription and degradation as
the second and third strongest contributors to the amplitude ofrésigctively Figure3.4B).
However, the corresponding single indices are diminishingly simigllie3.4B). The huge
contrast between the total and single indices indicates that these two parameters exert strong
impacts through interactions with other parameters. Because such huge contrasts between total
and single indices do not exist in any other parameterspeulated that the interactions likely
happen between the two parameters themselves. Irttie€tiass |, but not the Class II,
parameter sets, are strongly enriched with antiphasic rhythms between transcription and
degradationKigure3.4D). This finding is consistent with the prediction by a previous modeling
study that antiphasiooupling between rhythmic transcription and degradaidmanceshe
rhythmicity of mRNAlevel.

The Sobol indices also reveal that the relative amplitudes of transcription and degradation
rates and the mean deadenylation rate are potentially important contributors to the amplitude of
L+S (Figure3.4B). IndeedtheClass | parameter sets tend to have stronger amplitudes in
transcription and degradation ratesy(ire3.4E, F), again, consistent with the previous modeling
study[23]. Interestingly, unlike the Class | parameter sets.(re3.4D-F, purple), the Class Il
parameter sets exhibit nearly even distributions of transcripigmnadation phase difference,
transcription amiitude and degradation amplitudeidure3.4D-F, green. The distributions for
Class I and Class Il parameter sets indicate that generatsoyndfcant rhythmicity in L+S
(Class 1) requires sufficient phase difference between transcription and degradation, and
sufficiently high amplitudes of transcription and degradation, simultaneoksjyre3.9). If any
of these conditions are not satisfied, total MRNA abundance would not have significant
rhythmicity (Class I1). Lastly, the mean deadenylation rates in the Class | parameter séts tend
belarger than those in the Class Il parameter ($eisire3.4G). This is related to the above
finding about MRNA haHives, because deadenylation promotes degradation and hence
increasing the mean deadenylation rate has a similar effect on mRNA turnover as increasing the

mean degradation rate.
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Figure3.4 Factors distinguishing between Class | and Class Il PAR mRM@®A\<Lharacteristics

of Class | and Class Il PAR mRNAs. (B) Sobol indices for the amplitude of L+S (i.e., total

MRNA abundance). Bianrgsl ewiSohb ofil S 6i nodni cteosp.: Bsar s wi
indices. (C) Distributions of mean mRNA degradation rates for the two classes. (D) Distributions

of peak phase differences between transcription and degradation for the two classes. The red line
correponds to the peak phase of rhythmic degradation. (E) Distributions of relative amplitudes

of transcription for the two classes. (F) Distributions of relative amplitudes of degradation for the

68



two classes. (G) Distribution of mean deadenylation rates éamtb classes. Results in-(&

from 100,000 simulations with parameters randomly sampled according to

Class lll is distinct from Class | and Class I, since it does not have rhythmic transcription
(Figure3.5A). Because rhythmicity of transcription serves as input to our model, we cannot use
the model to identify the origin of lack of transcriptional rhythmicity. However, we are interested
in undestanding why all PAR mRNAs without transcriptional rhythmicity also lack rhythmicity
in L+S, and only exhibit rhythmicity in L/S rat{@3]. For the convenience of discussion, we use
AClass I Vo to refer to a hypothetical group
total MRNAs and poly(A) tails, but not in pRINA (Figure3.5A); this group of mMRNAs are not
found in the experimen{43]. We used the model to identify model parameters that could
contribute to the difference between Class Il and the hypothetical Class IV .sBduath Class
Il and Class IV do not have rhythmic transcription, we ran model simulations with non
rhythmic transcription (i.e., setting the relative amplitude of transcription to zero, while keeping
the other parameters sampled from the same distritsuéie beforelable 3.1, Figure3.6)). Out
of the random parameter sets, we identified those that fit tmaatbastics of Class Il or Class
IV (Figure3.5A). We also calculated the Sobol indices for this model.

When the model does not have rhythmnanscription, the Sobol indices again reveal the mean
degradation rate as the strongest contributor to the relative amplitude ofilct8:(6.5B).

Consistently, the Class IV parameter sets require much larger mRNA degradation rate, i.e., much
shorter haHlife of mMRNA, than the Class Ill parameter sets, to sustain rhythmic total mMRNA
(Figure3.5C). Therefore, the absence of Class IV mRNAs in the experiment is most likely due to
the long haHlives of the mRNAs without rhythmic transcription. Indeed, Class Il has the

longest average mRNA hdlfe measured among all MRNASs that are rhythmically expressed

[13].
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Figure3.5 Factors distinguishing between Class Il and Class IV PAR mRM)<haracteristics
of Class Il and the hypothetical Class IV mRNAs. (B) Sobol indices of the amplitude of L+S (i.e.,
total MRNA abundance) for the model without rhythmic transcription.8a wi t h A S0 on
Sobol i ndi ces. Bars with ATO0O on top: tot al
degradation rates for the two classes. (D) Distributions of relative amplitudes of degradation for
the two classes. (E) Distributions of gephase differences (i) between deadenylation and
degradation, (ii) betweepolyadenylatiorand degradation, and (iii) between deadenylation and
polyadenylatiorfor the two classes. The red lines correspond to the peak phase of degradation
(cases (i) andiif) or polyadenylatiofcase (iii)). Results in (&) from 100,000 simulations with
parameters randomly sampled accordingable3.1, butwithout rhythmic transcriptiond(
). Parameter sets with Ti& relative amplitude in L/S ratio and & relative amplitude in L+S
are defined as Class lll, while those with andi@® relative amplitude in both L/S ratio and L+S

are defined as Class V.
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We also identified a few additional factors that would distinguish Class IIl from Class IV. The
second strongest factor affecting the amplitude of L+S is the relative amplitude of degradation rate,
based on the Sobol indiceSigure 3.58). The Class IV parameter sets have markedly higher
amplitudes of degradation rate than Class Fib(re 3.5D). The phases of all three rhythmic
processes, i.e., degradation, deadenylation patgadenylation, are also potentially important
contributors, because their total Sobol indices are substahrtialré 3.5B). Again, the huge
contrast between the total and single indices for these phase parameters, but not the other
parameters, suggests that they exert impacts through interactions among themselves. We hence
examined the distribution of pairwise differencesa@en the three phase parameters. To achieve

the rhythmic characteristics of the hypothetical Class IV, the corresponding hyper parameters are
more enriched in the region where the peak phases of deadenylation and degradation are close to
each other, butpposite to that opolyadenylatio(Figure 3.5E). This can be understood from the

fact that both deadenylation and degradation promote mRNA turnover pdijladenylation

inhibits it. Unlike the Class IV parameter sets, no distinct patterns are found in the amplitude of
degradation rate or the phasé#etiences in the Class Il parameter sétg((re3.5D, E). Similar

to the discussion above for Class | and Class Il, these results indicate that the Class IV
characteristicsequire both sufficiently large amplitude in degradatiml sufficient differences

of the polyadenylatiorphase from the deadenylationdagegradatiorphasesKigure 3.10). The

missing of Class IV from the experiment suggests that mRMN#®ut transcriptional rhythmicity

may alsdfail to satisfy these conditions at the same time.

Overall, our model suggests that besides mRNA-Iifalf relative amplitudes and phase
difference between transcriptional and piwahscriptional processes also contribute to the
rhythmic characteristicdhat distinguishes the three observed classes of PAR mRNAs¢3.4,
Figure3.5). These results highlight that rhythmic transcriptional and-passcriptional processes
collectively determine the rhythmicity in mRNA expression and poly(A) tail length. It will be of
future interests to test if the factors predicted by the model are indeed correlated with different

rhythmic characteristics.
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3.3Discussion

In this work, we developed a parsimonious mathematical médelre3.1) to quantitatively
evaluate how rhythmic inputs from the transcription, degradatimgadenylatiorand
deadenylation processes collectively determine the mhigtbutputs in mMRNA abundance,
poly(A) tail length and longailed mRNA abundance. Our model results and global sensitivity
analyses reveal rhythmic deadenylation as the strongest factor in controlling the peak phases and
amplitudes of rhythmic poly(A) thiength and longailed mRNA abundanceé-{gure3.2, Figure
3.3). This finding highlights the crucial role of rhythmic poly(A) regulatiortircadian gene
expression. Our model also suggests how three classes of rhythmic characteristics observed in
PAR mRNAs[13] arise from the dynamic features of the four processes, as well as the coupling
among their rhythmicities{gure3.4, Figure3.5).
Many posttranscriptional steps are involved in regulating circadian gene expréasjd@6] The
importance of dynamic coupling between rhythmic transcription and-tgaostcriptional
proeesses was demonstrated by a previous modeling study by Lick [@8Jal.That work
particularly highlights that rhythmic turnover is necessary for achieving >6 hr peak phase
difference between transcription and mRNA abundance. In compamsw study explicitly
considers the effects of poly(A) regulation, a common intermediate process in the mRNA decay
pathway, on rhythmic gene expression. In our model, the dynamic coupling between four rhythmic
processes, transcriptiopglyadenylation, @adenylation and degradation, determines the rhythmic
patterns in both poly(A) tail length and mMRNA abundafid¢ese four processes jointly regulate
the circadian gene expression driven by the core clacki(e3.1A), with a principle similar to a
previous theoretical study that investigates rhythmic fluxes along metabolic chains using circadian
response analysi§l24]. Because deadenylation is necessary for mRNA degradation and
polyadenylationopposes it, rhythmic deadenylation gmalyadenylation, unsurprisinglyaffect
the rhythmicity of total mMRNA abundance at a level comparable to rhythmic degradatiore(
3.2, Figure 3.7). However, when poly(A) tail length and its effect on mRNA translatgtdlie
considered, rhythmic deadenylation emerges as the most important step controlling their
rhythmicities Figure3.2, Figure3.7). Of course, our model has not included other mRNA decay
pathways that do not depend on poly(A) regulation, such as endonuclease cldavéjefo
foll owed WRIBEMEr any mRNA decayed through these pathways, which are less
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common, their expression rhythrobviously would not depend on the rhythmicity in poly(A)

regulation.

Based on the finding of rhythmic deadenylation as the strongest contributor to rhythmicity of
poly(A) tail length and longailed mRNA abundance, we further discovered that rhythmic
deadaylation is capable of synchronizing the target circadian gene expression post
transcriptionally. According to the model results, three distinct peak phases in deadenylation
activity, as those observed in mouse lij&3], can robustly divide the mRNASs into three distinct
groups by their peak phases of poly(A) tail length and-tarlgd MRNA abundance; this grang
effect by deadenylation phases happens regardless of the rhythmicity in other prdegsses (
3.3). This finding suggests a potential mechanismsyochronize the expression of genes
controlled by the same deadenylased hence foster synergy among these genes around the clock.
This synchronization potential is unique to rhythmic deadenylation, dtuthe other rhythmic
processesHgure3.3).

The potential capability of deadenylation to synchronize circadian gene expression further
poses two irgresting questions. First, could deadenylation help synchronize circadian gene
expression among different cells and entrain theargtbnomous clock to the systemic rhythms?
Recent studies suggest that rhythmic feeding or other systemic rhythmic cuektberrhythmic
expression of several deadenylases, includiagn, Pan2 [94] and Nodurnin [129], through
clock-independent pathwaysGiven the findings by our model, such systemically driven
rhythmicity in deadenylases could dictate the rhythmicity of poly(A) length andNAnR
translatability (~longtailed mRNA abundance). This could help synchronize circadian gene
expression in cells influenced by the same systemic signals. Second, could deadenylases play a
role in tissuespecific circadian gene expression? Rhythmic geneesgn is known to vary
tremendously from tissue to tissue: different tissues not only share very few rhythmically
expressed genes beyond the core clock genes, but also display different peak times for some genes
[90, 130, 131] It is puzzling how the rhythmicity in gene expression varies so much across
different tissues while the cellular clock machinerm® the same and are presumably
synchronized throughout the organism. Most previous studies on the mechanisms-epessie
circadian gene expression have focused on tispaeific transcriptional control, such as rhythmic

fluctuations in chromatintsicture and interactions between core clock transcription factors and
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tissuespecific transcription factofd 32, 133] In light of the findings from our work, differential
expression patterns of deadenylases in different tisgl&Y could serve as an additional
mechanism to mediate tissgpecific circadian gene expression. These two interesting questions
await future studies to answer.

In our aurrent model, the poly(A) regulation has been cograged as onstep conversions
between a longailed and a shoitailed MRNA subpopulations. Such coagsainingretains the
most essential kinetic features of the poly(A) regulation processes, \Whléng for significant
reduction of the model and efficient global parameter sensitivity analysis.dadmanalysis we
identified the critical role of deadenylation in rhythmic regulation. In redityhh deadenylation
and polyadenylatioract sequentially, i.e., adding or subtracting one adencadirgetime. Unlike
onestep chemical reactions, the kinetics of sequential processeftaaranonexponentia[135,
136]. To evaluate the rhythmicities of poly(A) regulation and gexgression more accurately,
we will include a linear reaction chain in the model to accourgdquential steps deadenylation
andpolyadenylatiorin our future work.

Circadian gene expression is a critical, yet highly complex process. Expressing tgemigght
at the right time anthe right place requires coordinated control at various gene expresss:,
as well as across different cells and tissues. Sys@rabkstudy of the couplingetween different
rhythmic processes is necessary to gain comprehensive understandinglarmireae expression
control, and more importantly, the ability to make positive use of circatiigghm in disease
treatments. As our work demonstrates the significant impattytfimic poly(A) regulation and
its coupling with rhythmic mRNA transcripticend degradatioon circadian gene expression, it
will be of great future interest to examine how coupbhghythmicities in all transcriptional, post
transcriptional, translational and pasanslationaprocesses influences circadian gene expression.

Finally, the methodology used in this study, namely, global parameter sensitivity anabssis
randomized model parameters, are broadly applicable to modeling studies in chronobiology.
Randomized global parameter sweeping is effective and efficient foelmodlysis, whethe
model parameters are largely unknown or highly variant (e.g., high variations across different
genes for parameters in our model), and the corresponding experimental datasp@rdedo
effectively constrain the parameters. Resfutisn global parameter sweep providesights about
which elements of the system are important for the target qualitative or quantiahiaeiors.
Many chronobiology models fall in this type. In fact, similar randomgletdal parameter sweep
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was used tadentify components that are critical to generate key charactemdtibe circadian
clock, such as circadian entrainment, adaptation to seaslerades in photoperiod, and tissue
specific rhythmg137-139].

I n addition, the Sobol 6s method serves as a
analysis for models in chronobiology. In chronobiology models, oscillation phases are often
important quantitiesf interest. As circular variables, i.e., ZT 0 = ZT 24, phases are intrinsically
nonlinear and nomonotonic. Analyzing nonlinear and namnotonic variables using classic
correlation and dependency analyses, such as Pearson correlation and Spearragonmoudd
lead to misleading conclusions, because these methods are based on assabqutidimear and
monotonic relations between the analyzed data. For example, in our Peaislon and Spearman
correlation analyses demonstrate strong negativelation betweethe phases of deadenylation
and L/S ratio, a spurious conclusion due to the circular natyeasesKigure3.11); other pairs
of input and output phases suffer different levels of distortioth@r Pearson and Spearman
correlations figure 3.11). Based on variance decompositiseeMet hods ), t he Sobol
circumvents these problems and can effectively analyze nonkmeianormonotonic variables
[126]. The method can be used widely in chronobiology moiteidentify the keyfactors that
drive phases of target quantities, such as the phase diffdsetween PER2 and TP53, whose
interaction is critical for the crosstalk between the circadiack and cell cycl¢76]. Furthermore,
the Sobol s met hod -dsvwenchronopbamacokgy researfdio-h42lmao d e |
particularly exciting new area, to elucidate tholecular mechanism of the therapydoug and
the source of variations in the therapeefiect.

Control of circadian rhythm is a great example of systems biology topics, since the circadian
control is intricately connected to many, if not all, biological processes from the cellular to
organsmal levels. Like research on other systems biology topics, combination between
computational modeling and experimentation provides a powerful tool and will accélduase

advance in the research of circadian control.
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3.4Methods

3.4.1Model simulation and extraction of phase, amplitude and mean from simulation

results

For any given parameter seis.(3.1) and @.2) were simulated using the ordinary differential
equation (ODE) solver, ode45, in MATLAB. For a simulated time trajecioyfiyo , the

peak phases, relative amplitudes and mean levélsoof Yo ) 0 YO AT Ro were
analyzed. First, the time trajectory for the output quantity of interestpedg;, YO , was

calculated from0 6 Yo . Then a 4&r window after 700 hrs (sufficiently long to pass the
initial transient) were extracted from the simulated trajgctor data analysis. The trajectories
typically have irregular time spacing (due to automatic time stepping in the ode45 solver) and
often have insufficient time resolution for accurate determination of the peak phase. To improve
the accuracy of the estated peak phase, the-ABtrajectory were interpolated upon 500 equally
spaced time points spanning the 48 hrs. The peak phase was evaluated from the time for the
maximum valuep ,i.e.DPADEAOCOAEL @ X 1thg T (hr). The mean value \sa
estimated by taking the average of the 500 interpolated data values withintthevh@ow. The
relative amplitude was estimated by taking the maximum and minimum values withirtlthe 48
window and calculatingi A @i Ef ¢ 1 A AlAn output quantity wasonsidered

rhythmic if its relative amplitude is equal to or greater than 0.2.

3.4.2Parameter sampling

We performed global parameter sensitivity analy$#3] on the model to analyze the general
contribution of each parameter to any specific output quantity (i.e., peak phase, relative amplitude
and meanob 6 YOI 0j°Y0 AT #ho). To perform such global sensitivity analysis, one
needs to simulate theadel with randomly chosen parameter values that maximally represent the
parameter space. In this study we drew random parameter values from the distributions listed in
Table3.1 and plotted inFigure3.6. The peak phases and relative amplitudes were sampled form
uniform distributions of their possible ranges by definitionf{le 3.1). The mean reaction rates

were sampled from legormal distributions suggested by previous genomic scale measurements
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(see sources indicated irable 3.1). It is noteworthy that we set the mean transcription rate as
constant, as it only causes proportional changésdnand“Yo , and does not affect the rhythmic
patterns of any quantity (s&upplementary Materials). To improve the accuracy of the global
sensitivity analysis for models with many parameters, one needs sampled parameter values that
well represent the parameter space. To this end, we used the sampling method of Latin hypercube

[144], which is known to ensure gooepresentation of the higimensional parameter space.

343Sobol 6s met hod of global sensitivity analys

To evaluate the impact of each model parameter (e.g., phase of deadenylation) on each model
output (e.g., relative amplitude of L/S ratio), wediaevariancébased global parameter sensitivity

analysis method, the Sobol indi¢&26]. For each pair of paramet&r and outputy in the model,
the firstorder, or single Sobol indeXy , characterizes the contribution of varianceéviralone to
the total variance i (Eqg. (3.4)). O, @30 denotes the conditional expectation of output
when @ is fixed andia are varied.w®i O, @I then denotes the variance of the
calculated conditional expectation whnvaries Eqg. (3.4)). The totaleffect, or total indexY

characterizes the contribution of variancéinas well as the variance caused by its coupling with

other mrameters, to the total variancedn(Eq. (3.5). Similarly, ® @i WXy denotes the
conditional variance of outpub whend are fixed and is varied. O, W®i O

denotes the expectation of the calculated variance wheare variedEq. (3.5)). The larger these

indices are, the more sensitiwas tow, or the more impaeb has on.

- var (Ec (v, 1%))
L varly)

(3.4)

E, (Vvar (Y, 1X,))
var(Y,)

Sy = (35)

where the subscriptGndicates all indices except fp
We followed the specific algorithms given[it25] and[145] for evaluating the singleeq. (3.4))

and total indicesHqg. (3.5)), respectively. The details of implementation are explained below.
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1) Sample from the distributions given'imble3.1 two independent groups of parameter

sets)  p T 1T in this study):

‘\?An Alk 9 Bﬁ Blk
A:gi th g R (3.6)
3’%,1 A\lk H Bﬁl BN,k

Each row ind and6 represents one set GlparametersQ p dor the model with
cytoplasmigpolyadenylation.”Q for the model without cytoplasmjmlyadenylation.

Q  wfor the model without transcriptional rhythmicity.

2) ConstructQhybrid groups of parameter sets. Té@h group,0 , has thé&h column
equal to théah column of6, and the remaining columns copied fropwhere'Q
ph8 hQ
2,6111 Blj Aik
ef o B (37)

é:

g . : . :
éA\l,l BN,i AN,k

A\(ai)

3) Estimate the total variance in the output.

vi=vary) afie(a) 1(a) g dfe) fa) 1 e

_ll \

where"Qdenotes thé&xh output quantity from the circadian gene expression méags. (
(3.)and 8.2)),0 andbd denote the&-th parameter set (row) in Groupsandd,

respectively. The bars on top denote the average of output quantitiés pasmeter
sets.

4) Estimate the single and total Sobol indices, uEiqg.(3.9) and(3.10 [125, 145]

S ,i,a (8¢ f(( A),) - ﬁv (39)
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N a:- g f ] Qh) oY '
where 0 denotes the -th parameter set (row) in tf@h hybrid group, and the

other notations follow those described above.

3.5 Supplemental materials

3.5.1 Supplemental figures
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Figure 3.6 Sampling distributions of the model parametéfy. Sampling distribution of mean
MRNA degradation rate. (B) Sampling distribution of mean deadenylation rate. (C) Sampling
distribution of mearpolyadenylatiorrate. (D) Sampling distribution a&lative amplitudes of all

rhythmic processes. (E) Sampling distribution of peak phases of all rhythmic processes.
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Figure 3.7 Sobol indices of the model with cytoplasnpiclyadenylation.Calculation usig Eqs

(1)

single Sobol i

(0]

0]

Label nSo

(2).

and

bars show the standard deviation of the estimated Sobol indices from 10 repeats. Each repeat was

performed using the procedure described in Methodsiwit 100,000.
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Figure3.8 Sobol indices of the model without cytoplasmpalyadenylation Calculation using Eqs
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Sobol indices. Error bars show the standard deviation of the estimated Sobol indices from 10

RSO on top: single

repeats. Each repeat was performed using the procedure described in Methods w@®,000
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Figure3.9 Two-parameter distributions show a more confined distribution of the Class | parameter
sets than the Class Il setg\) Parameter distributions with respect to the amplitudes of
transcription and degradation. (B) Parameter distributions with respeug fohtise difference
between transcription and degradation and the amplitude of transcription. (C) Parameter
distributions with respect to the phase difference between transcription and degradation and the
amplitude of degradation. Case (i): Scatter plots3,000 Class | sets and 3,000 Class Il sets
randomly chosen from the 100,000 parameter sets used to produce Fig 4. Case (ii): The parameter

sets in case (i) that satisfyp® v 1 T @ 1. Case (iii): The parameter sets in case (i) that
satisfy ¢ 11T @ p® vAs the mean degradation raf@, , decreases, fewer Class |

parameter sets are found in a more confined region.
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Figure 3.10 Two-parameter distributions show a more confined distribution of the Class IV
parameter sets than the Class Il 9g&4sC) Parameter distributions with respect to the degradation
amplitude and the phase difference between deadenylation and degradjtion letween
polyadenylationand degradation (B), or between deadenylation @oigadenylatio(C). (D-F)
Parameter distributions with respect to pairs of phase differences. Case (i): Scatter plots for 3,000
Class lll sets and 3,000 Class IV sets randorhlysen from the 100,000 parameter sets used to
produce Fig 5. Case (ii): The parameter sets in case (i) that satisfyl T @ p. Case

(iii): The parameter sets in case (i) that satisp® 1 T @ p. As the mean degradation

rate,’Q , decrases, fewer Class IV parameter sets are found in a more confined region.
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Figure3.11 Comparison among Pearson correlation, Spearman correlation and Sobol (Adices.

Dependency analyses betweenghase of L/S ratio and the phase of each input. (B) Dependency

analyses between the phase of L+S and the phase of each input. (C) Dependency analyses between

the phase of L and the phase of each input. Scatter plots from Fig 2 for eaebuitpuuitpair ae

placed below the corresponding dependency analysis results.

3.5.2S1 Text: Setting mean transcription rate as constant does not affect rhythmic pattern.

Egs.(3.1) and (3.2 from the Methods section are copied below.

Long-tailed mRNA: % = heso(t) - ha()L +&4(1)S (SD)

Shorttailed MRNA: aS_x (DL - hya(t)S  -ka(9) S (S2)
- dt deA /SonA déd

Notethatl o Q p 6 Ai1Oo6 - . We can divide both sides of EG4S1)

and(S2) by the mean transcription rate const@t, and obtain the following equations.

d(L i m

% = (1+ Arse COS(Wt -/ "SC)) } &A(t) k:sc +pég/A(t) ktSrsc =
d(S/ks) L = k)
T B kdeA (t) ktrsc KOIyA (t) ktI’SC déd(t) kthC ( )
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Egs.(S3) and(S4) show that changin® only causes a strictly proportional change o

and"Yo . The rhythmicity patterns, including the peak phase and relative amplitude, will not be
affected at allThe mean ob 0 and"Y0 change proportionally, but mean L/S ratio also

remains the same.
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Chapter 4. Circular Sobol indicesfor the global sensitivity

analysis ofbiological oscillator models

4.1 Introduction

Mathematical modeig of biological systemhas elucidatedthe underlying mechanismaf the
systemsand generatedjuantitative predictionor biological dynamicsduring the past decades
[146]. For example, ordinary differential equation (ODE) modieige beermevelopedo reveal
the mechanisms afobust oscillationdn the mammalian circadn clock[22, 147] reaction
diffusion equation modelsave beemsed toexplainthe pattern formation during embryogenesis
of Drosophila[148, 149] stochastic models of gene expresdianwehelped us understand how
intrinsic and extrinsic noise in gene expression leatlsetioeterogeneityn cell population$150].
With accumulatingquantitative biological data, mathematical modelag become increasingly
importantin studyingbiological systems

Mathematical models of complex biological systems usually contaimy parameters without
precise experimental measureméla. enhance our confidence in parameter choieesitvity
analysis (SAJs often used, whicls acollection ofmethodthatdetermine how changes in model
inputs (i.e., parameters) affetiodel outputs. Results of SA chelp identify key factors in the
mode| reduce model complexitgnd inform robust parameter cho{@F]. Largechanges in key
inputs influence the behavior of the system significantly, wheobanges imon-essential inputs
barely affect the model outcome. Among several different classes of SA, local sensitivity analysis
focuses orihe effect ofa singleparametewhile fixing other parametsrat their nominavalues
whereas global sensitivity analysis (GS#&)ot restricted to analysis around a nominal parameter
set or linear modelstructure and can evaluate the relative importance of all parameters
simultaneously[151]. The information provided by GSA is particular useful biological
modeling which often suffers uncertainty multiple parametersSobolingéx, or Sobol 6s
[152], is one of the commonly used GSA methods that examine the sensitivity of model outputs
over the wholgparametesspaceof the model;it has beerwidely usedin the fields of finance,
pharmacologyandecolog [29-32].

Among various biological systems, selistained biological oscillats play important

functional rolessuch as oscillatorplood pressure, brain activity in humargscillatory growth
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rates in plantsandthewell-knowncircadian rhythmgn most living organismgl53-156], and are

of great interest to mathemedil modelers and biologists. Though many mathematical models have
been developed for studying biological oscdlat S o b o | bas ontybeermapptiad afew.

Since Sobol index is aanalysisof-variance  ANOVA) method that is based on the decompasit

of variance, and models of biological oscitletusually contain circular quantities such as phases
which are associated with different definitions of varigifié&], we askdthe questionsCan the
original Sobol index accurately quantify the contribution of individual model inptitetoaircular
outputs in biological oscillatrs? Do we need to tailor the Sobol index calculation for circular
guantities?

To answer these quest®nve examinedt he appl i cation of Sobol 6s
oscillabr models We first reviewed the theoretical basis axilstingnumericalalgorithms for
evaluating the&sobol indices. We found th#te traditionalSobol indices based on decomposition
of noncircular varianceare not validfor circular quantities. Based on circular statistics, we
proposed two circular Sobol imes for circular model outputsFinally, we compared the
performance of circular Sobol irm@swith the original Sobol indesfor several oscilladr models.

The results showed theabmpared to the original Sobol ieds,circular Sobol inccescan better
distinguish the individual contribution of adel inputs to model output®ur work provides a

novel tool for future analyses of oscillator models, which can be further refined in the future.

4.2 Review of Sobol indces

Sobol indices, also known &bob method is a variancdased GSAnethod that quantifies the
contribution of uncertaintin each model parametir the uncertainty iamodel outputbased on
decomposition of the varianae the model outpufl52]. Consider ggenericmodel described in
Eq.(4.1), in whichan outputy depends oa set oparameters® g5 . As shownin the original

Sobol method paper, the function can be decomposed into terms with increasing orders if it is
integrable overrdp  (Eq. (4.2)) [152]. Moreover, if the summands are mutually orthogonal, then
integration of the square &g. (4.2) yields the decomposition ¢iie variance o¥ into terms of
different orderghatrepresent different soursef the variancéEqg. (4.3)). For examplethe first

order termsw represent thdraction of variance of® contributedby the uncertaintiesn an

individual paramete® alone(Eg. (4.4)). The seconarder termsn represent thdraction of
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variance ofw contributedby the uncertainties in the interactions between parametarsd® (Eq.

(4.5)). This goes on until the highestder termw g , which represents the contribution by the

uncertainties in the interactions among all parame¢kgs4.6)).

® Qo hd B o 4.1
d® Q B M&d B Qo E "Qep 0B (4.2)
W 0 ) » E wgf 43)
® ®OIW (4.4)
W woMMh o o (4.9)
é
WiER W w W w E W EnR (46)

mh

Sobol indcesof different orders can be derivédm the decompositio(Eg. (4.2)). The Single
Sobol indexY, which quantifies the variance of output that is solely influenced by the
uncertaintyin parametety can be derived frorthe firstorder termw (Eq. (4.7)).

® w O W (4.7)

Higher order Sobol indescan be derived similarly from the higher order decomposition terms

For instancethe secongrder Sobol ingtesare given byEq. (4.8).

W (4.8)

Because they derive from variance decomposition, Sobol indices of different orders should add
up to ongEq. (4.9)).

(4.9
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Besideghesingle Sobol indx ™Y, thetotal Sobol indeXY is another commonly used Sobol ingdex
which accouns for the contributions from paramet@r and its interactions with other parameters
to the output varianc€Eq. (4.10)).

nY nY nY E an: o

- hEh (4.10)

With the decomposition of variancelig. (4.3), it can be shown that

.‘Y ©w O o
P oo (4.12)
With the law oftotal variance, it can be further proved that
0O o oW

® 0 (4.12

4.2.3Numerical calculation of Sobol indices

To numerically calculatthesingle Sobol indeXY and total Sobol indeX , groups of parameters
are randomly sampled from thdiarget distributiors using a nested sampling scheme to be
explained below, and usdédr model simulatios (Figure4.1). To calculag ™Y, we first set up
groups ofparameterseachcontairing 0 parameter sefer themodel. To calculate the conditional
expectation value of model outpOt @30 as shown irEq (4.4), within each groupghe value
of parametem is fixed whilethe values of other parameter® arerandomly sampledFigure
(4.1A). Across different groups, the value parametery is randomly sampledThen these
parameter sets are used in model simulationstam@xpeatd values ofthe model outputrom
each group®dy 8 &, are collectedin the final stepthe variance of these expedtvaluesare
calculatedasthe estimator fooo 'O @&  (Figure (4.1A). As forthetotal Sobol indexY ,
similar nestedgroups of parameters are samplextept that the values parametergo , rather
than the value gbarametery, are fixed within each group\cross different groupshevalues of
parametergdo are randomly sample@he parameter sets in each group are then usedcidae
the conditional variansew @ (Figure (4.1B). The mean of these variancgs/es the
estimator forO ® GO (Figure (4.1B). Notice that other numericalgorithms with

different parameter sampling schena¢so exisf145], yet they are based on the same variance

decompositioprocessandall methods converge to the same results as sample size increases
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Total Sobol index
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X X Xigr
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Figure4.1 Schematic diagram of parameter sampling for the calculatiemgle and total Sobol
indices(A) Parameter sampling for the calculation of single Sobol irffdeparametety. (B)
Parameter sampling for the calculation of total Sobol ifidegarametety . Check Eqs(4.4) and

(4.12) for the formulas of single and total Sobol indices.

4.3 Review of circular Statistics

Mathematical models of biological oscilkas usually contain periodic outptfor which

circular statistics are needed to examine the characteristicargbeniedicity. Circular mean of
circular quantitiessuch as thphases of oscillatiortanbe verydifferent fromtheir non-circular
mean value, which is illustrated bysimple exampl& Figure4.2B. The circulammean-+  of a

group of angles— —h—HE — is defined as the mean directi@hl3) rather than the
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arithmetic mean valug57]. Based on the definition of circular mean, ciacwariance
characterizes the sparsity of anglegh the definitionw p Y, whereYis the mean
resultant lengtiEq. (4.14) andFigure4.2A [157]).

L AOAT ¢i Qth wé+ (4.13)
v 2 iae & et
3 (4.14)
A B
/2 _ . /2
5 — circular mean
\ @ circular mean
resultant vector R B

n 0 T —= el (]

circular variance

V=1 Rl /n
3n/2 3n/2

Figure 4.2 Schematic diagram ofhe definition ofcircular mean and circular varianc@)
Definition of circular mean and circular varian@®) Comparisorbetweercircular mean and nen

circular meanillustrated by a example of two angles—h— , where— ¢* —38

4.4 Result

4.4.1Proposed formula for circular Sobol index

Several methods wepgeviouslyproposed to approximatke single and total Sobol imcks

[145]. Regardless of their different formulas and parameter sampling sghéese methods are
all different estimators of the formw@described irEgs. (4.7) and(4.10). Based ortircular
statistics and thenestedparameter sampling schenméroduced abové~igure4.1), we proposed
two new methodgailored for the calculation afingle and total Sobol incesfor circular
quantities(Table4.1).
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Table4.1 Proposed formulas for circular single and total Sobol in#lices

Method Single Sobol index Total Sobol index
Circularl P v vy P vy Y
“y n . oy o n
Py pY
Circular2 %B Y Y %B Y Y
Y - Y op :
Py p Y

* Y is the mean resultant length thie circular model outputcpnvertedto angles) within each
group whenthe parameter value ab is fixed, wherea¥%' is the mean resultant length thie
circular model output within each group whire parameter values @b are fixed.Yor'Y is
calculated fromN independent sampled parameter sets, wNeng*q. (p is group numbergq is

group size).

Forthefirst method the circular variance is defined @s p Ylike in[157]. To estimate
@ , anindependent group of parameters of Siredrawn from the parameter space. After
performing nestedamplingof parameterasfort he or i gi n a |, theSmednoebudasit me t h c

length’Y andY are calculatedbr each groupand are then used ¢alculate’Y and™Y ,
respectively Figure4.3A,B). Forthe secondnethod we redefinen p Y andreplaceY

andyY by’Y andyY |, respectivelyfFigure4.3AB).
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A B

Circular Single Sobol index Circular Total Sobol index
of X; of X;

A AT —>f}11 A A —>f}

ean resultant length mean resultgnt length
AAM| —f Ri AAD| —f Ry’

; 2 or p(~i)?
AAD| —f~ oA AAD | —f B

XN X Xitr X X Xitg
L ——

- f mean rasul_lﬂnt length A ZB I:l — f mean resultant length
—>f} R, A A0 —>f} Ry’
—f7  oRS AMAD| —»f7 or

Xip Xj Xisg
distribution of  parameter value  parameter value
parameter X, fixed within group  varied within group

Figure4.3 Schematic diagram of parameter samplingtiercalculation o€ircular single and total
Sobol indices(A) Parameter sampling for the calculation of circular single Sobol index for
parametern . (B) Parameter sampling for the calculation of circular total Sobol index for
parametery. Circular 1 method calculates the mean resultant length of model outpdash
parameter group, while circular 2 method calculates the squared mean resultantGbaagkh.

Table4.1 for formulas ofcircularsingle and totaBobol indces

4.4.2 Examination of Sobol indiceghrough toy models with circular quantities

To examine the performance of our proposed methods, we startecsevighaltoy models

constructedvith simple periodic functions.

Case 1Toy Model 1
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® €& D
where® , & K are sampled from the uniform distributid®(0, ¢* .
Since is within the range of [(g" ], the moduldunction has no effect o, therefored k ®.
As illustrated by the scatter plofsigure4.4A, B), the value of model outpub is mostly linearly
dependent on the value @f, followed by . Sinced T, varying the value of does not
affect the value ofb, indicated by the wide band of scattered dbtsi(re4.4A, B). Across three
methods of Sobol index calculationie relative rankings othethree parameters are almost the
same, with the uncertainty @@ mostly affecting model outpudbd (Figure4.4C). Since there are
no interactions betwesdhe three parameters in Toy model 1, the single and total Sobol indices
from each model input should be the same. Based on this, theéroolar method seems to provide
the most accurate quantification of single and total Sobol index. However, we later shatved
the numericonvergencean bemprovedby increasing sampling sifer circular Sobol indices
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Y1 =02x X, +04xXs+0xX;5

non-circular . circular 1 1 circular 2

m Single Sobol index

0.5 0.5 0.5
= Total Sobol index

0 0 0
X1 X3 X3 X1 Xz X3 X1 Xz X3

Figure4.4 Sobol indices for Toy Model (A) Scatter plots of model outpdt vsmodel inputd ,

@, ® for Toy Model 1.(B) Scatter plots of model outptt vs model input , @ , & for Toy
Model 1.(C) Comparison ofSobol indicesdbetweenthree methods. The single and total Sobol
indicesare averaged from lifidependentepeats ohumericalsimulation.The groupmumber and

group sizeof each simulatiomare set a400 and 100.

Case 2Toy Model 2
D IO IO DR
O aé B
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where® , ® Rd ~U0,¢* , 00 ™, @, T

In Toy Model 2, the coefficient @b is increased t6> @), making the model outpi

exceeding the range of [§; ]. As shown in the scatter plotSifure4.5A), @ is mostly linearly
dependent on the value @f as compared t® , @ , indicated by the dense stripetinvs® and

the sparse scattersanvs® , @ vs® . However, after applying ¢ ‘@unction that transforma

to an angled within the range of [0¢" ], the linear relationships betweeénandd , & aregone

and the strong linear dependency betwiesnd® is broken into 2 stripes-(gure4.5B).

Relative rankings of Sobol indices from three parameters are the same across three methods,
with the uncertaint of @ mostly contributed by the uncertainty fram. Circular 1 method

mostly distinguishes thimdividual contribution from model inpub , & , @ , with the highest
contrast between single Sobol indiceg)(ire4.5C), whereaghe non-circular method mostly
attributes the uncertainty of model output to the interactions between model inputs, indicated by

the large difference between the single and tatdbSindices.
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A

}/’1:0.2XX1+0.4XX2+0.8XX3

non-circular circular 1 circular 2

C

= Single Sobol index
= Total Sobol index

0.5 0.5 0.5

0 0
0 X; Xz X3 X1 X2 X3 X1 Xz X3

Figure4.5 Sobol indices for Toy Model ZA) Scatter plots of model outpdt vsmodel inputd ,
@, ® for toy model 2.(B) Scatter plots of model outpdt vs model inputw , @ , & for Toy
Model 2.(C) Comparison ofSobol indicesbetweenthree methodsThe single and total Sobol
indicesare averaged from ifidependentepeats of simulatiof.he group number and group size

of each simulatioare set as 100 and 1m0

Case 3ToyModel 3
D IO IO DR
W €& D
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where®d , ® hd ~U@0,¢* ,® ™, 0 p,O ¢

In toy model 3, the coefficients of independent varialilesre increased tanextent such that the
model outputd exceeds” in most cases, making tlie¢ ‘@unction dominantly affecting the
value of®. As shown irFigure (4.6A, B, the linear correlations betweanandd are completely

gone in the scatter plots @b vs®. Correspondingly, single Sobol indices of all moigluts
approach 0, while total Sobol indices approach 1, indicating that it is the interactions between all
model inputs rather than any individual model input that affects the model otitputs4.6C, D,

E). In this extreme case, there is no difference between the three methods in quantifying the
contribution of individual model inputs.
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Figure4.6 Sobol indices for Toy Model 3A) Scatter plots of modelutput® vsmodel inputt ,
@, ® for toy model 3.(B) Scatter plots of model outpdit vs model inputw , & , & for Toy
Model 3.(C) Sobol indicescalculated by nosircular method (D) Sobol indicescalculated by
circular 1 method(E) Sobol indicesalculated by circular 2 method@ihe single and total Sobol
indicesare averaged from lifidependentepeats ohumericalsimulation.The group humber and

group sizeof each simulatiomare set as 100 and 10
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