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Mathematical Modeling of Circadian Gene Expression in 

Mammalian Cells 

 

Xiangyu Yao 

 

Abstract 

 

Circadian rhythms in mammals are self-sustained repeating activities driven by the circadian gene 

expression in cells, which is regulated at both transcriptional and posttranscriptional stages. In this 

work, we first used mathematical modeling to investigate the transcriptional regulation of circadian 

gene expression, with a focus on the mechanisms of robust genetic oscillations in the mammalian 

circadian core clock. Secondly, we built a coarse-grained model to study the post-transcriptional 

regulation of the rhythmicities of poly(A) tail length observed in hundreds of mRNAs in mouse 

liver. Lastly, we examined the application of Sobol indices, which is a global sensitivity analysis 

method, to mathematical models of biological oscillation systems, and proposed two methods 

tailored for the calculation of circular Sobol indices. In the first project, we modified the core 

negative feedback loop in a mathematical model of the mammalian genetic oscillator so that the 

unrealistic tight binding between the repressor PER and the activator BMAL1 is relaxed for robust 

oscillations. By studying the modified extended models, we found that the auxiliary positive 

feedback loop, rather than the auxiliary negative feedback loop, makes the oscillations more robust, 

yet they are similar when accounting for circadian rhythms (~24h period). In the second project, 

we investigated the regulation of rhythmicities in poly(A) tail length by four coupled rhythmic 

processes, which are transcription, deadenylation, polyadenylation, and degradation. We found 

that rhythmic deadenylation is the strongest contributor to the rhythmicity in poly(A) tail length 

and the rhythmicity in the abundance of the mRNA subpopulation with long poly(A) tails. In line 

with this finding, the model further showed that the experimentally observed distinct peak phases 

in the expression of deadenylases, regardless of other rhythmic controls, can robustly cluster the 

rhythmic mRNAs by their peak phases in poly(A) tail length and abundance of the long-tailed 

subpopulation. In the last project, we reviewed the theoretical basis of Sobol indices and identified 



 

 

potential problems when it is applied to mathematical models of biological oscillation systems. 

Based on circular statistics, we proposed two methods for the calculation of circular Sobol indices 

and compared their performance with the original Sobol indices in several models. We found that 

though the relative rankings of the contribution from parameters are the same across three methods, 

circular Sobol indices can better quantitatively distinguish the contribution of individual 

parameters. Through this work, we showed that mathematical modeling combined with sensitivity 

analysis can help us understand the mechanisms underlying the circadian gene expression in 

mammalian cells. Also, testable predictions are made for future experiments and new ideas are 

provided that can enable potential chronopharmacology research. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 

 

Mathematical Modeling of Circadian Gene Expression in 

Mammalian Cells 

 

Xiangyu Yao 

 

General Audience Abstract 

 

Circadian rhythms are repeating biological activities with ~24h period observed in most living 

organisms. Disruption of circadian rhythms in humans has been found to be promote cancer, 

metabolic diseases, cognitive degeneration etc. In this work, we first used mathematical modeling 

to study the mechanisms of robust oscillations in the mammalian circadian core clock, which is a 

molecular regulatory network that drives circadian gene expression at transcriptional stage. 

Secondly, we built a coarse-grained model to investigate the post-transcriptional regulation of the 

rhythmicities in poly(A) tail length, which are observed in hundreds of mRNAs in mouse liver. 

Lastly, we examined the application of Sobol indices, which is a global sensitivity analysis method, 

to mathematical models of biological oscillation systems, and proposed two methods tailored for 

the calculation of circular Sobol indices. In the first project, we modified a previous mathematical 

model of the mammalian genetic oscillator so that it sustains robust oscillation with more realistic 

parameter values. Our analysis of the model further showed that the auxiliary positive feedback 

loop, rather than the auxiliary negative feedback loop, makes the oscillations more robust. In the 

second project, we found that rhythmic deadenylation, among the coupled transcription, 

polyadenylation, and degradation processes, mostly controls the rhythmicity of poly(A) tail length 

and mRNA subpopulation with long poly(A) tails. Lastly, we reviewed the theoretical basis of 

Sobol indices and found potential problems when it is applied to mathematical models of 

biological oscillation systems. Based on circular statistics, we proposed two circular Sobol indices, 

which can better distinguish the contribution of individual parameters to model outputs than the 

original Sobol indices. Altogether, we used mathematical modeling and sensitivity analysis to 

investigate the regulation of circadian gene expression in mammalian cells, providing testable 

predictions and new ideas for future experiments and chronopharmacology research. 
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Chapter 1. Background and Introduction  

1.1 Circadian rhythm  

Due to the rotation of the earth, most living organisms have evolved circadian rhythms, which are 

repeating biological activities with ~24h period, to adjust to the changing environment. Circadian 

rhythms in humans play important roles in regulating the sleep-wake cycle, the body-temperature 

cycle, and the diurnal rhythm of hormones [1-3]. Disruption of circadian rhythms has been found 

to promote metabolic diseases, mental disorders, and cancers [4]. Therefore, it is crucial for us to 

understand the mechanisms of circadian rhythms, which may further chronopharmacology and 

chronotherapy [5]. 

Circadian rhythms in mammals are orchestrated by a hierarchical circadian clock system, 

consisting of the central clock located at the suprachiasmatic nucleus (SCN) of the hypothalamus 

and the peripheral clocks located in various tissues [6]. SCN, mostly known as the pacemaker of 

mammalian circadian rhythms, receives light cues from the external environment, whereas the 

peripheral clocks receive both external signals such as feeding cues and relayed internal chemical 

signals [6, 7]. Even though external signals are needed for the entrainment of the mammalian 

circadian clock to the external day-light cycle, the mammalian circadian clocks at cellular level 

are self-sustained biological oscillators that are driven by the circadian gene expression in 

mammalian cells [7, 8].   

 
1.2 Circadian gene expression in mammalian cells 

The circadian gene expressions in mammalian cells are driven by a transcription-translation 

feedback network, whose core part is a negative feedback loop [9]. In this loop, the PER:CRY 

heterodimer in the nucleus inhibits the binding of the CLOCK:BMAL1 heterodimer to the E-box 

region of the core clock genes Per and Cry, thereby repressing their own transcription [10]. 

Auxiliary feedback loops involve the activator ROR and repressor REV-ERB of the gene Bmal1, 

and they are suggested to increase the robustness and stability of the core clock [10]. As 

transcription factor, BMAL1 can also bind the E-box region of downstream core clock-controlled 

genes (CCGs), exerting rhythmic control of circadian gene expression in mammalian cells [11]. 

 In addition to the regulation of circadian gene expression at the transcriptional level, 

accumulating evidence has suggested the important role of post-transcriptional regulations in 
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shaping and tuning the rhythmicity of circadian gene expression. For example, alternative splicing 

has been proposed to stabilize the clock against changing light [12]; circadian polyadenylation in 

mouse liver controls the rhythmicity of protein expression [13]; and microRNA-mediated 

regulation of circadian gene expression has been shown to modulate the rhythmicity of tissue-

specific transcripts [14, 15].  

Although we have obtained a better understanding of the regulation of mammalian circadian 

gene expression during the past decades, some questions remain unanswered. How is the period 

of the circadian rhythm in mammalian cells maintained at ~24h despite variation in gene 

expression? Transcriptomic and proteomic studies in recent years have discovered many rhythmic 

proteins without rhythmic transcripts [16], for which the mechanisms remains to be investigated. 

Even more intriguing, how are the synchronizations of circadian rhythms achieved within and 

across different tissues in the mammalian circadian system? To answer those questions, we need 

to examine the regulation of circadian gene expression at different time and space scales, which 

calls for systematic approaches. 

 
1.3 Mathematical modeling of circadian gene expression 

Based on experimental evidence and biophysical laws, mathematical models use precise equations 

to quantitatively characterize the dynamics of biological systems involving the interactions 

between key components. Computer simulations of the models can be conducted to predict the 

response of the biological systems to genetic mutations or external stimuli, and mathematical 

analysis of the models can help reveal mechanisms of system behaviors.  

Circadian rhythms have been of interest to mathematical modelers for a long time. Back in 

1960ôs, the Goodwin model revealed how stable oscillation can be driven by negative feedback 

loop including only three molecular species [17, 18]. Later, Peter Ruoff picked up the Goodwin 

oscillator to explain many characteristics of circadian rhythms [19-21]. In 2012, Kim & Forgerôs 

model of the mammalian circadian clock suggested that the sequestration of the activators 

CLOCK:BMAL1 by the repressors PER:CRY generates stable oscillation and an additional 

negative feedback loop helps maintain the robust rhythmic period [22].  

In addition to the mammalian core clock, which drives the circadian gene expression, 

mathematical models have also been developed to investigate the regulation of circadian gene 

expression at post-transcriptional stages. For example, Sarah et al.ôs model [23] suggests that 
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rhythmic RNA transcription and rhythmic degradation together can explain the discrepancy 

observed in the rhythmicity of mRNAs and proteins. Systematic modeling-driven experiments in 

Drosophila found that higher synthesis and turnover rate of PER in pacemaker neurons underlie 

their strong rhythms that are adjustable to a changing environment [24]. With mounting 

experimental evidence showing the importance of post-transcriptional regulation in controlling 

circadian gene expression [16, 25, 26], mathematical modeling has gained increasing potential in 

helping us gain the full picture of circadian gene expression. 

 

1.4 Sensitivity analysis for  mathematical models 

Mathematical models usually contain model inputs without accurate experimental measurement. 

Sensitivity analysis (SA) is a method that analyzes the relationship between the uncertainties in 

model inputs and the uncertainties in model outputs, and it has been applied to the identification 

of key parameters, model reduction, and engineering design [27]. There exist several different 

types of SA methods distinguished by the type of sensitivity measurement. Local sensitivity 

analysis focuses on the behavioral change of the system when model inputs are varied near fixed 

points in the input parameter space [28]. On the other hand, global sensitivity analysis (GSA) 

examines the model features by varying the value of model inputs across the full sample space 

without fixing the value of some model inputs [28]. With the advance of computation power, 

mathematical modeling and sensitivity analysis together have become more recognized and 

applied in the field of finance, pharmacology, and systems biology [29-32].  

 

1.5 Research objectives  

In this work, we aim to use mathematical modeling to investigate circadian gene expression in 

mammalian cells. In three separate projects, we focused on studying the underlying mechanisms 

of robust genetic oscillation in the mammalian circadian core clock, the post-transcriptional 

regulation of rhythmicities in poly(A) tail length in mouse liver, and the application of sensitivity 

analysis to mathematical models of biological oscillation systems, respectively.   

In the first project, we examined a mathematical model of the mammalian circadian clock based 

on Kim & Forgerôs interpretation of the mammalian genetic oscillator [22]. We found that for Kim 

& Forgerôs model to sustain stable oscillation, specific parameter values would fall out of the 
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realistic range (details discussed in Chapter 2). Therefore, our first research objective was to 

modify Kim & Forgerôs model such that the physical values of the model parameters are realistic 

and the genetic oscillation is robust regarding the dosage variation of the core clock genes, which 

have been shown in experiments [33-37]. We also wanted to investigate the role of auxiliary 

feedback loops in maintaining the robustness of circadian oscillation in the modified model. 

In the second project, based on the finding of rhythmic poly(A) tail length in hundreds of 

mRNAs in mouse liver [13], we aimed to investigate the regulation of poly(A) tail length by four 

coupled processes, namely transcription, deadenylation, polyadenylation, and degradation of 

mRNA. With evidence showing the rhythmic control exerted by the four processes, our goal was 

to dissect their individual roles in shaping the rhythmicities of poly(A) tail length and to explain 

the different classes of rhythmic characteristics found in mRNAs with rhythmic poly(A) tail length 

[13]. 

 While many mathematical models have been developed to study biological oscillations, the 

incorporation of sensitivity analysis to identify key factors that impact system behaviors is not well 

recognized. Unlike other systems, oscillatory systems typically involve circular quantities such as 

phases, for which the performance of common SA methods are not tested. In the last project, we 

aimed to examine the application of Sobol indices, one of the commonly used GSA methods, to 

mathematical models of biological oscillation systems. By reviewing the theoretical basis of Sobol 

indices and circular statistics, our goal is to propose circular Sobol indices that are tailored for 

biological oscillation systems. 
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Chapter 2. Mathematical analysis of robustness of 

oscillations in models of the mammalian circadian clock 
 

Xiangyu Yao1,#, Benjamin L. Heidebrecht2,#, Jing Chen2,3,4,*, & John J. Tyson2,3,4,* 

1Graduate Program in Genetics, Bioinformatics and Computational Biology, Virginia Tech, 

Blacksburg, VA, USA 

2Division of Systems Biology, Virginia Tech, Blacksburg, VA, USA 

3Department of Biological Sciences, Virginia Tech, Blacksburg, VA, USA 

4Fralin Life Sciences Institute, Virginia Tech, Blacksburg, VA, USA 

# Co-first authors. 

* Co-corresponding authors. Email: chenjing@vt.edu, tyson@vt.edu  

 

2.1 Introduction  

Most organisms experience perpetual day/night cycles and need to synchronize their physiological 

functions with this potent external rhythm of light and temperature[4]. Endogenous circadian 

rhythms meet this demand. These autonomous clock-like rhythms are driven by molecular 

mechanisms that generate oscillations of ~24 h period through negative feedback on gene 

expression[4, 9, 38]. Although the genes and proteins constituting the circadian clocks in 

animals, plants and fungi are quite different, their essential interactions are remarkably similar. 

In all cases, the clock mechanism features a ócoreô negative feedback loop: A activates B activates 

C inhibits A. In mammals, this loop consists of transcriptional regulation involving six genes: 

Per1/2, Cry1/2, Bmal1, and Clock [4, 9, 10, 38]. For convenience, in this work we drop the 

distinction between the homologous pairs of proteins PER1/2 and CRY1/2. In this mechanism 

(Figure 2.1), the heterodimeric transcription factor BMAL1:CLOCK activates Per transcription. 

Per mRNA is then translated in the cytoplasm, where PER protein binds with CRY and enters the 

nucleus. PER:CRY then binds with BMAL1:CLOCK to block its activation of Per transcription. 

PER:CRYôs cycle of production, nuclear entry, auto-inhibition, and subsequent degradation is 

widely acknowledged to be the source of circadian rhythmicity [39]. 

mailto:chenjing@vt.edu
mailto:tyson@vt.edu
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Over the past 50 years, many people have proposed mathematical models of circadian rhythms 

[39-45]. In 1965, Brian Goodwin proposed a model of periodic enzyme synthesis based on 

negative feedback on gene expression [17, 18]. At the time, Goodwin was not attending to 

circadian rhythms, because nothing was known then about the negative feedback of PER on its 

own synthesis. But his model was picked up later by Peter Ruoff [19-21, 46, 47] to explain many 

characteristic features of circadian rhythms. Recently, the core negative feedback loop of 

Goodwinôs model was extended with other feedback loops (Figure 2.1) to create more 

comprehensive and realistic models of circadian rhythms [22, 48, 49]. While all of these models 

have much to commend, they suffer from a technical problem with the underlying óGoodwin 

oscillatorô. 

In his model of periodic enzyme synthesis, Goodwin assumed that the end-product of a 

metabolic pathway functioned as an inhibitor of expression of the gene encoding the first enzyme 

in the pathway. The inhibition was carried out by p molecules of the end-product binding 

cooperatively to the transcription factor for the gene. In this scenario the rate of transcription is 

given by a Hill function, ρ , where Z = concentration of end-product, Ŭ1 = maximum rate of 

transcription, and K = end-product concentration at half-maximal rate of transcription. In 2.5.3 S1 

Text, we define Goodwinôs model precisely, discuss its basic problem (for the model to oscillate, 

p must be greater than 8, which is unreasonable), and we describe two changes to Goodwinôs 

model that permit oscillations for smaller values of p.  

One particularly interesting modification to Goodwinôs model was made by Jae Kyoung Kim 

and Daniel Forger [22], who replaced Goodwinôs viewðof negative feedback by cooperative 

binding of a generic órepressorô to a gene promoterðwith their own model of stoichiometric 

binding of a repressor (PER:CRY) to an activator (BMAL1:CLOCK) of gene expression. Some 

characteristic features of the two models have been compared in [50, 51]. In the following section, 

we describe the Kim-Forger model. Then, in the óResultsô section, we show that, like Goodwinôs 

model, the Kim-Forger model also has a óparameter fragilityô problem. This analysis frames our 

proposals for more robust and realistic mathematical models of circadian clocks. 
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Figure 2.1 Three major feedback loops regulate the mammalian circadian clock. The core negative 

feedback loop is between PER:CRY and BMAL1:CLOCK. The two sources of additional 

feedback are negative feedback between REV-ERB and BMAL1 and positive feedback between 

ROR and BMAL1.  PER1/2, CRY1/2, and RORŬ/ɓ are simplified to PER, CRY, and ROR, 

respectively. Solid lines indicate chemical reactions; the T-shaped reactions indicate reversible 

binding of proteins to form multicomponent complexes. Dashed lines indicate regulatory signals 

(positive regulation = barbed arrow, and negative regulation = blunt arrow). 

Kim & Forgerôs model 

In 2012, Kim & Forger [22] presented a model of the negative feedback loop generating 

autonomous circadian rhythms in mammalian cells (Figure 2.2a). The Kim-Forger (KF) ODEs are: 

Kim-Forger SNF Model. 

Ὠὓ

ὨὸǶ
‌
ὃ

ὃT
‍ὓ 

Ὠὓ

Ὠὸ
‌
ὃ

ὃT
ὓ (2.1) 

Ὠὖc
ὨὸǶ

‌ὓ ‍ὖc 
Ὠὖc
Ὠὸ

ὓ ὖc       (2.2) 

Ὠὖ

ὨὸǶ
‌ὖc ‍ὖ 

Ὠὖ

Ὠὸ
ὖc ὖ    (2.3) 
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        ὃfree
ρ

ς
ὃT ὖ ὑd ὃT ὖ ὑd τὑdὃT  

 ὃfree
ρ

ς
ὃT ὖ ρ ὃT ὖ ρ τὃT  

 (2.4) 

SNF stands for ósingle negative feedbackô (i.e., the core negative feedback loop involving 

PER:CRY inhibition of BMAL1:CLOCK). As originally written, the KF model has three 

dynamical variables: ὓ = [Per mRNA], ὖÃ = [PER protein in the cytoplasm], ὖ  = [PER protein in 

the nucleus] (i.e., PER:CRY in the nucleus). The BMAL1:CLOCK transcription factor is denoted 

by A; ὃ4 is the total concentration of BMAL1:CLOCK in the nucleus, and ὃÆÒÅÅ is the 

concentration of ófreeô BMAL1:CLOCK (i.e., not bound to PER:CRY) in the nucleus. (The óhatô 

on each variable indicates a concentration in nanomole/liter; and ὸǶ is time in hours.) The factor 

ὃÆÒÅÅȾὃ4 is the probability that BMAL1:CLOCK is not bound to its repressor, PER:CRY. By 

expressing the rate of transcription of Per mRNA to be proportional to ὃÆÒÅÅȾὃ4, Kim & Forger are 

implicitly assuming that the total number of BMAL1:CLOCK dimers is large enough to saturate 

the E-boxes on Per genes, and that PER:CRY binds equally well to BMAL1:CLOCK dimers that 

are either bound or not bound to an E-box. Eq (2.4) is derived by solving the condition for 

equilibrium binding of BMAL1:CLOCK (A) and PER:CRY (P) to form an inactive complex (C); 

namely, ὑÄὅ ὃÆÒÅÅϽὖÆÒÅÅὃ4 ὅ ὖ ὅȢ  The ‌ôs and ‍ôs are rate constants with appropriate 

units of concentration and time. It is commonplace in these models to assume that ‍ ‍ ‍, 

because this condition is most conducive to oscillations.  

First of all, we cast the equations on the left side of (2.1)-(2.3) into dimensionless form on the 

right side by defining dimensionless concentrations, 

 ὖ ὖὑdϳ ȟὖc ‌ὖc‍ὑdϳ ȟὓ ‌‌ὓ ‍ὑdϳ ȟὃ ὃȾὑd , and dimensionless time, ὸ ‍ὸǶ. 

Furthermore, ‌ ‌‌ ‌ ‍ὑdϳ  is the dimensionless rate of synthesis of Per mRNA (in a wild-

type diploid cell). The other dimensionless parameter in Eqs (2.1)-(2.4) is ὃT ὃTȾὑd = total 

concentration of BMAL1 in the nucleus.  
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Figure 2.2 Wiring diagrams for the three Kim-Forger models: SNF (a), NNF (b), and PNF (c). To 

simplify the models, several molecular species that do not contribute significantly to the feedback 

loops are not explicitly represented. For example, in the SNF loop, CLOCK and CRY are not 

shown. In the NNF and PNF loops, mRNAs encoding REV-ERB, ROR and BMAL1 are not 

shown, nor are the cytoplasmic forms of these proteins. Solid and dashed lines indicate reactions 

and regulations, as in Figure 1. NF, negative feedback; PF, positive feedback. 

 

In addition to the SNF model, Kim & Forger proposed two extended models, in which the core 

negative feedback loop involving PER and BMAL1 is supplemented with either an additional 

negative feedback from REV-ERB on transcription of the Bmal1 gene (called the NNF model, 

Figure 2.2b) or an additional positive feedback from ROR on transcription of the Bmal1 gene 

(called the PNF model, Figure 2.2c). Evidences for these interactions are found in references [52-

56].The ODEs of Kim & Forgerôs óNNFô and óPNFô models are presented in 2.5.4 S2 Text.         



10 

 

Notice that, in the SNF model, nonlinearity in the transcription term is due to tight 

stoichiometric binding between PER and BMAL1, not (as in Goodwinôs equations) to cooperative 

participation of nuclear PER in the regulation of Per gene expression. Consequently, the SNF 

model circumvents the unreasonable cooperativity constraint (p > 8) of Goodwinôs model. (Donôt 

confuse the Hill exponent, p, in Goodwinôs model with the concentration of nuclear PER, P, in the 

KF model.) 

While the SNF model appears to oscillate robustly and avoid Goodwinôs unrealistic constraint 

(p > 8), the SNF model has an unrealistic constraint of its own. To elaborate, we derive an equation 

for oscillations to arise in the SNF model.  

 

2. 2 Results 

2.2.1 Locus of Hopf bifurcations in Kim & Forgerôs SNF model 

 

The condition for a Hopf bifurcation in Eqs(2.1)-(2.4) is 

ψ
‌

ὃT

‬ὃfree
‬ὖss

‌

ςὃT
ρ

ὃT ὖss ρ

ὃT ὖss ρ τὃT
 

(2.5) 

where Pss, the steady-state solution of Eqs(2.1)-(2.4), satisfies the equation 

ὖss
‌

ςὃT
ὃT ὖss ρ ὃT ὖss ρ τὃT  (2.6) 

Solving Eqs () and () simultaneously, we find that 

ψ
ὖss

ρ ς
ὃT
‌ ὖss ὃT ρ

 
(2.7) 

and from Eq () we derive  

ὖss
‌ὃT ρ

ς‌ ὃT
ρ ρ

τ‌ ὃT
ὃT ρ

 

(2.8) 

Substituting Eq () into Eq () , we find, after a little algebra, the condition for a Hopf bifurcation 

(HB): 

ɮϽ‌ ɰὃT Ͻ‌ ɱὃT π (2.9) 

where 
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ɮ τωȟ ɰὃT ψὃT σπὃT ρȟ ɱὃT φτὃTὃT ρ  (2.10) 

 

Solving the quadratic equation Eq (), we obtain ‌ as a function of ὃT, as plotted in Figure 2.3a. 

We must locate a wild-type (WT) cell somewhere within the oscillatory domain, far enough from 

the HB locus so that mutant cells overexpressing or under-expressing BMAL1 and PER are still 

rhythmic. To this end, we propose the following ófive-point criterionô for choosing the values of 

‌ and ὃT for  a WT cell: if the point ‌WTȟὃT
WT  locates a WT cell on the bifurcation diagram, 

then the points ‌WTȟὃT
WT ȟ‌WTȟὃT

WT ȟς‌WTȟὃT
WTȟ‌WTȟςὃT

WT  should also lie within 

the oscillatory domain. We introduce this constraint because: BMAL1+/ī and Clock+/ī cells, i.e., 

‌WTȟὃT
WT  are rhythmic; Per1ī/īPer2+/+ and Per1+/+Per2ī/ī cells, i.e., ‌WTȟὃT

WT  are 

rhythmic [36, 37, 57]; mouse embryonic fibroblasts (MEFs) retain rhythmicity when co-

overexpressing both BMAL1 and Clock up to at least four-fold, see Fig 3c of [58]; and MEFs 

carrying extra copies of Per1 or Per2, driven by a Per2-promoter, also retain rhythmicity, see Fig 

6 of [58]. We choose the smallest values of ‌ȟὃT that satisfy these requirements, i.e. ‌74

ς ρπȟὃ4
74 ρπ (see Figure 2.3a), to minimize the dimensionless concentrations of PER and 

BMAL1 in order to maximize the value of ὑd given observed values of ὖ and ὃ. 

 

Figure 2.3 SNF (0L3) model. (a) Hopf bifurcation curve given by Eqs. (2.9) and (2.10). óFive-

pointô criterion: black circle, óhomozygous diploidô cell; white circles, heterozygous diploid cells; 

red circles, tetraploid cells. (b) Oscillations for homozygous diploid cells (AT = 1000, Ŭ = 20,000), 

Period = 3.8; ÍÁØὖtotὸ = 2650. 
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The oscillatory solution of the SNF model for this set of parameter values is plotted in Figure 

3b. The dimensionless period of oscillation is 3.8, which would correspond to a 24 h rhythm if ‍ 

= 0.16 hī1. Nuclear PER, P(t), executes nearly sinusoidal oscillations around a mean value of 1000. 

The oscillations of Per mRNA, on the other hand, are slightly non-sinusoidal. This property of the 

model is not in contradiction to the evidently sinusoidal oscillations exhibited by luciferase 

óreporterô genes driven by Per2 promoters [59] because those observations were made on 

populations of cells, which, in reality, cannot be perfectly synchronized. In Figure 2.11 we show 

that the Per mRNA oscillations reported in Figure 2.3b, when averaged over a population of cells 

with a 10% dispersion of phase, appear perfectly sinusoidal. 

The oscillations in Figure 2.3b require [PER]nuclear å [BMAL1]total ρπὑd, i.e., that the 

dissociation constant of the PER:BMAL1 complex is much smaller than the concentrations of the 

binding partners. To see why this is a problem, we must estimate ὑd by fitting [PER] and [BMAL 1] 

to experimental data. 

 

2.2.2 Estimation of ╟totȟ═Tȟ and ╚d from experimental data 

 

We can estimate ὑd from the fact that there is a maximum of ~30,000 molecules of PER in 

mammalian cell [60]; hence, σ ρπ ὠNὖ ὠCὖ ὠNὑdὖ ὠC ὑdὖc. In the SNF model, 

cytoplasmic PER is transported into the nucleus, so the rate at which PER molecules are lost from 

the cytoplasm, ‍ὖϽὠC, must equal the rate at which PER molecules are gained in the nucleus, 

‌ὖcϽὠN, assuming that there is not significant degradation of PER in the cytoplasm (for an order-

of-magnitude estimation, this is a reasonable simplifying assumption). In this case, N
C
, and 

σ ρπ ὠNὑdὖ ὖc. From the simulation in Figure 2.3b, we find that ὖtotὖ ὖc ςυππ 

at the peak of its oscillation, and from BioNumbers [61], we find that the volume of a typical 

mammalian cell nucleus is ~500 fL. Hence, ὑd  fL

fL/L

Ⱦnmol
 å

 nM
 0.04 nM. 

In this case, ÂT Ɔ 40 nM, and the total number of BMAL1 molecules in a nucleus of volume ~500 

fL would be ~12,000. The observed number of BMAL1 molecules in a cell is ~25,000 [60], which 

is not too far off, considering that some fraction of BMAL1 molecules may not localize to the 

nucleus or act as functional transcription factors. 
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Is ὑd πȢπτ nM a reasonable estimate of the affinity of PER for BMAL1? We expect the time 

constant for dissociation of the PER:BMAL1 complex to be on the order of minutes (i.e., Ὧunbind

ρπ Ó ), because, if dissociation of the complex were slower, then the negative feedback of PER 

on BMAL1 would react sluggishly to changes in nuclear PER concentration, and also óstickyô PER 

binding to BMAL1 would disrupt PER degradation. Furthermore, Eq (2.4) implies equilibrium of 

PER-BMAL1 binding and would not hold with a much slower dissociation constant. With this 

estimate of the dissociation rate constant, the binding constant for the complex would have to be 

Ὧbind
unbind

d

Ȣ  

Ȣ  nM
πȢπς nM s ς ρπ M s Ȣ However, protein-protein binding 

rate constants are typically on the order of 106 Mī1sī1 [62]. So, we estimate that a physically 

realistic, minimum value for the dissociation constant of the PER:BMAL1 complex is ὑd,min

ρ nM , and we conclude that the dissociation constant we used in the SNF model is unrealistically 

small by at least 25-fold. 

Fribourgh et al. [63] recently studied the docking of PER2:CRY1/2 to the core PAS domain of 

BMAL1:CLOCK and measured ὑd τππ nM. This estimate of ὑd is likely too large because the 

authors used only partial protein sequences. Since the true value of ὑd is likely between 1 and 100 

nM, we will take ὑd ρπ nM as our benchmark.  

To summarize, we find that circadian oscillations in KFôs original SNF model require a value 

of the PER:BMAL 1 dissociation constant, ὑd å 0.04 nM (or smaller), that is 250-fold less than a 

realistic estimate of ὑd,est = 10 nM, and 25-fold less than the minimum value, ὑd,min = 1 nM.  

In this work we consider some realistic changes to the SNF model that increase the maximum 

permissible value of ὑd for oscillations. In the process, we come up with some other surprising 

reassessments of the KF model and its extensions. 

 

2.2.3 Longer feedback loop and saturating PER degradation increase the oscillatory 

robustness of the Kim-Forger SNF model 

 

Our primary goal in modifying KF models is to alleviate the unreasonable constraint on ὑd, the 

dissociation constant of the PER:BMAL 1 complex. To this end, we consider two changes to the 

SNF model: first, increasing the number of dynamical species in the PER-BMAL1 negative 
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feedback loop, and second, introducing a Michaelis-Menten rate law for the degradation of nuclear 

PER. These same changes are known to increase the robustness of Goodwinôs model (as explained 

in 2.5.3 S1 Text). 

Longer feedback loop.   In the SNF model, there is only one intermediate (Pc) between Per 

mRNA (M) and nuclear PER protein (P). However, the primary gene transcript must be processed 

and exported to the cytoplasm, where it is translated into nascent PER protein. PER protein must 

be phosphorylated multiple times (PER has 10-20 phosphorylation sites [64, 65]) and bound to 

CRY before it is transported into the nucleus. These steps insert a considerable time lag between 

Per gene transcription and the negative feedback on BMAL1 activity. To account for this time 

delay, we replace Pc in the SNF model by a sequence of species, P1, é, PJ (note that the first few 

intermediates could be mRNA species), to obtain the modified ODEs:  

 
Ὠὓ

Ὠὸ
‌Ͻ
ὃ

ὃ
ὓ (2.11) 

 
Ὠὖ

Ὠὸ
ὓ ὖ (2.12) 

 
Ὠὖ

Ὠὸ
ὖ ὖȟ   Ὦ ςȟȣȟὐ (2.13) 

 
Ὠὖ

Ὠὸ
ὖ ὖ (2.14) 

where N = J+2 is the total length of the negative feedback loop, and Afree is still given by Eq (2.4). 

This change lengthens the time between Per mRNA transcription and the negative feedback signal 

generated by nuclear PER and consequently increases the oscillatory potential of the negative 

feedback loop [66].   

The longer feedback loop changes the condition for a Hopf bifurcation to arise in ODEs (2.11)-

(2.14):the number ó8ô on the left-hand-side of Eq () is replaced by the number Ὓ ÓÅÃ . 

Following the same derivation as before, we find that Eq (2.9) determines Ŭ as a function of AT at 

the Hopf bifurcation, provided that 

 

ɮ 3 ρ ȟ   ɰὃ4 3 ὃ4 ρ τ3ὃ4ȟ   ɱὃ4 3 ὃ4ὃ4 ρ  (2.10') 

 

In Figure 2.4a we show that, as N (the length of the feedback loop) increases, the domain of 

oscillations in the (Ŭ, AT) parameter plane moves toward smaller values of Ŭ and AT. For example, 

for N = 8, applying the five-point criterion, we place the WT cell at Ŭ = 200, AT = 40; see Figure 
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2.4b. For this choice of parameter values, the oscillation is illustrated in Fig 2.4c: period = 15.5, 

and the maximum value of Ptot = 540. Following a similar argument as that for the original model 

with N = 3, we write σ ρπ ὠNὖ ὠCὖ ὖ Ễ ὖ ὠNὑdὖ ὠCὑd ὖ Ễ

ȣ
ὖ Ȣ Assuming the identities ‌  ȣ  ‌   ‍ (for a simple phosphorylation chain) 

and N

C
 (the conservation law for nuclear transport mentioned before, with ‌ replaced by 

‌ ), we rewrite the relation above as σ ρπ ὠNὑdὖ ὖ Ễ ὖ ὠNὑdὖ . (When 

there is no chance of misunderstanding, we write Ptot for ÍÁØὖtotὸ.) So, in this case we might 

estimate that ὑd = 100 nM/540 å 0.2 nM. However, óPtotô includes Per mRNA species as well as 

PER protein species. So a better estimate of Ptot  might be ó300ô, in which case ὑd å 0.33 nM, which 

is still 30-fold smaller than our estimate of ὑd,est 10 nM for the binding of PER to BMAL 1. 

Furthermore, in this case, we estimate ὃT = 13 nM (4000 molecules in a nucleus of volume 500 

fL), which is perhaps too small compared to the observed number of ~25,000 BMAL 1 molecules. 

 

 

 

Figure 2.4 SNF(0LN) models. (a) Loci of Hopf bifurcations for N = 3, 4, 6, 8. (b) Value of ὑd 

=(expressed as ρππnMȾὖtot) as a function of AT and Ŭ for the SNF(0L8) model. Contour lines mark 

constant values of ὑd. Circles mark the ófive-pointô criterion, as in Figure 2.3a. (c) Simulation of 

WT cell, SNF(0L8) with AT = 40, Ŭ = 200. Period = 15.5, ÍÁØὖtotὸ = 540, ὑd πȢς nM. 

Saturating degradation of nuclear PER.  PER is degraded by proteasomes after it is poly-

ubiquitinated by the E3 ligase ɓ-TrCP [67]. Because the rate of this enzyme-mediated reaction 
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likely saturates at large substrate concentration, it is reasonable to replace the linear kinetics for 

degradation of nuclear PER in Eq.    (2.3) by a Michaelis-Menten rate law [67],   

 
Ὠὖ

Ὠὸ
ὖ

‍ÍÁØὖ

ὑÍ ὖ
 (2.14Ωύ 

ɓmax and Km are dimensionless parameters; in particular, ὑm ὑm ὑdϳ , ‍max ‍max‍ὑdϳ . This 

change also has the potential to increase the oscillatory robustness of the model. Intuitively, the 

upper limit to the rate of PER degradation introduced by the Michaelis-Menten rate law causes 

nuclear PER concentration to react sluggishly to changes in the rate of Per mRNA production, 

which is another sort of ólagô in the negative feedback loop. 

To keep track of these changes, we introduce the notation SNF(0DN), where D denotes the PER 

degradation rate law (L for linear or M for Michaelian), and N denotes the number of species in 

the negative feedback loop. For example, the original KF model is denoted SNF(0L3). The 

significance of the ó0ô will become evident shortly. 

For the case of ósaturating degradation,ô we still scale all concentrations with respect to ὑd, but 

we can no longer derive a closed-form algebraic equation for the locus of Hopf bifurcations. 

Instead, for N = 8, we searched the four-dimensional parameter space (Ŭ, AT, ‍max, Km) for 

oscillations with the smallest value of ÍÁØὖtotὸ, subject to the constraints that Km > 1 and that 

the model gives a reasonable domain of oscillations in the (Ŭ, AT) plane (i.e., large enough to satisfy 

the five-point criterion). We found (see 2.5.5 S3 Text) several different combinations of ɓmax and 

Km that could satisfy these criteria with similar values of ÍÁØὖtotὸ, suggesting that the model is 

robust with respect to these criteria. A typical combination is ɓmax = 3.8 and Km = 1, shown in 

Figure 5A. The five-point criterion is satisfied for ‌WT ςπȟὃT
WT ρφ, and the oscillations for 

this case are shown in Figure 5B, for which Ptot = 70; discounting for mRNA species, we estimate 

Ptot = 50. Hence, ὑd = 100 nM/50 å 2 nM and ὃT å 30 nM (9,000 molecules in a nucleus of volume 

500 fL). This estimate of the theoretical value of  ὑd is now within our range of the probable 

experimental value, 1 nM < ὑd < 10 nM, and the estimate of the total number of BMAL1 molecules 

per nucleus is acceptable, considering our uncertainty about the localization of BMAL 1. 
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Figure 2.5 SNF(0M8) model. (a) Bifurcation diagram for ɓmax = 3.8, Km = 1. Five-point criterion 

locates WT cell at the black dot. (b) Time-courses of M(t), P(t) and Ptot(t) for WT cell: AT = 16, Ŭ 

= 20; Period = 30, ÍÁØὖtotὸ = 70. 

For further information, see 2.5.5 S3 Text for notable patterns in the optimization results for 

SNF (0M8). 

A disturbing property of this SNF(0M8) model is that oscillations persist even as AT Ÿ 0, which 

is clearly impossible because there can be no expression of the Per gene when BMAL1 

concentration is zero. The problem, of course, is that the rate law for Per transcription (rate θ 

Afree/AT) is valid only if BMAL1 saturates Per E-boxes, which clearly cannot be true as AT Ÿ 0. 

To get around this problem, we propose a revised rate law for Per gene transcription.  

 

2.2.4 A more realistic rate law for Per transcription does not affect the robustness of the 

SNF model 

 

We propose to replace the KF expression for the rate of Per gene transcription (Rate Law 0) by a 

revised Rate Law 1 that is more realistic for small AT (see 2.5.6 S4 Text): 

Rate Law 0:  

 

Rate Law 1: 

Ὠὓ

Ὠὸ
‌
ὃ

ὃ4
ὓ 

Ὠὓ

Ὠὸ
‌
ὃ

ὑ! ὃ4
ὓ 

(2.15-0) 

(2.15-1) 
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For rate law 1, the maximum rate of transcription is ‌ T

A T
, which depends on how strongly 

BMAL1:CLOCK binds to the E-box, as characterized by the dimensionless dissociation constant 

ὑ ὑA ὑdϳ ; and also, when AT becomes small, the transcription rate is proportional to Afree/KA 

(not Afree/AT). Rate law 0 applies to the case in which binding between PER:CRY and 

BMAL1:CLOCK is independent of the binding between BMAL1:CLOCK and E-box, and 

BMAL1:CLOCK complexes saturate Per E-boxes. Rate law 1 relaxes the assumption of saturation 

of Per E-boxes by BMAL1:CLOCK.  

Modified Kim -Forger SNF equations.   Taking all of the aforementioned changes into 

account, we have (see 2.5.7 S5 Text): 

 
Ὠὓ

Ὠὸ
‌ϽὊὃ ὓ (2.16) 

 
Ὠὖ

Ὠὸ
ὓ ὖ (2.17) 

 
Ὠὖ

Ὠὸ
ὖ ὖȟ   Ὥ ςȟȣȟὐ (2.18) 

 
Ὠὖ

Ὠὸ
ὖ Ὃὖ (2.19) 

 ὃ
ρ

ς
ὃ4 ὖ ρ ὃ4 ὖ ρ τὃ4  (2.20) 

where  ὊὃÆÒÅÅ
ὃÆÒÅÅȾὃ4

ὃÆÒÅÅȾὑ! ὃ4
 ,  and Ὃὖ

ὖ
‍ÍÁØὖȾὑÍ ὖ

 .                    (2.21)

            

In the notation SNF(TDN), T denotes the Per transcription rate law (0 or 1), and N = J + 2 = 

total length of the negative feedback loop. 

Models of form SNF(1LN) can be analyzed exactly as SNF(0LN), and the condition for a Hopf 

bifurcation is Eq. (9),  ɮϽ‌ ɰὃT Ͻ‌ ɱὃT π, where,  

ɮ 3 ρ ȟ   ɰὃT 3
ὃT ὑA
ὃT

ὃT ρ τ3ὃTȟ    

ɱὃT 3
ὃT ὑA
ὃT

ὃT ρ  

(2.10'') 

Solving this quadratic equation for ‌ as a function of ὃT, we plot the locus of Hopf bifurcations 

for N = 3 and 8 in Fig 2.6a and b. Clearly, this change in rate law makes little difference in the 

robustness of oscillations for ρ ὑA ςπ. As KA increases further, the bifurcation locus moves 

óupô and Ptot increases, so the estimated value of ὑ gets smaller. 
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Figure 2.6 SNF (1LN) models. Loci of Hopf bifurcations for (a) SNF(1L3) model and (b) 

SNF(1L8) models for KA = 1, 10 and 100. For comparison, the dashed lines (for KA = 0) show 

contours for SNF(0LN). Rate law 1 makes little change to the oscillatory domain until KA > 10. 

For SNF(1MN) we have no closed-form algebraic equation for the locus of Hopf bifurcations, 

so as before, we set N = 8 and searched the five-dimensional parameter space (Ŭ, AT, ɓmax, Km, KA) 

for oscillations with the smallest value of ÍÁØὖtotὸ, subject to the constraints 

‌ᶰρπȟρπȟὃTᶰρπȟρπȟ‍maxɴ ρπȟρπȟὑmᶰρȟρπȟὑAᶰρȟρπ Ȣ 

and that the amplitude of oscillation of Ptot(t) be larger than 0.5, where ὥάὴὰ  . The 

amplitude constraint is to select for órobustô oscillations. A summary of these calculations is 

provided in 2.5.5 S3 Text. Briefly, we found ~1000 parameter sets with ÍÁØὖtotὸ = 32.3 ± 3.5 

and Period = 20.7 Ñ 1.1. Then we checked for parameter sets that satisfy the ófive-point criterionô. 

Results of a typical parameter set (ɓmax = 5, Km = 5.5 and KA = 20) are illustrated in Figure 2.7 a 

and b.  In this case, ÍÁØὖÔÏÔὸ  = 75, which is larger than ó33ô because the WT cell 

‌74 υπȟὃ4
74 ςπ must be centered in the oscillatory domain of Figure 2.7 a. Discounting Ptot for 

mRNA species, we estimate ÍÁØὖtotὸ å 40,  Hence, ὑd = 2.5 nM and ὃT = 50 nM (~15,000 molecules 

of BMAL1 per nucleus). We conclude that, although rate law 1 is more accurate than rate law 0 for values 

of AT Ò KA, it does not improve significantly on our estimates of ὑd and ὃT. 
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Figure 2.7. SNF(1M8) model. (a) Bifurcation diagram for ɓmax = 5, Km = 5.5, KA = 20. Five-point 

criterion locates WT cell at the black dot. (b) Time-courses of M(t), P(t) and Ptot(t) for WT cell: 

AT = 20, Ŭ = 50; Period = 27, ÍÁØὖtotὸ = 75. 

 

2.2.5 Adding a negative feedback loop involving REV-ERB does not increase the 

robustness of circadian oscillations 

 

Next, we explore Kim & Forgerôs NNF model (see 2.5.4 S2 Text), with modified rate laws for 

gene transcription. For the rates of transcription of Per and Rev-erb genes governed by 

BMAL1:CLOCK binding to E-boxes, we use our Rate Law 1, Eq (2.15-1). For the transcriptional 

repression of the BMAL1 gene by REV-ERB (variable ὠ), we replace Kim & Forgerôs function 

ɔ/V by ὃMAXϽὑVȾὠ ὑV , where ὑV is the dissociation constant for REV-ERB binding to the 

promoter (RORE) of the BMAL1 gene. This new rate law remedies an issue in KFôs original NNF 

model, for which the rate of synthesis of BMAL1 mRNA Ÿ Ð as VŸ0.    

Modified Kim -Forger NNF model.  Equations (1)-(6) plus 

Ὠὃ4
ὨὸǶ

ὃ‏
ὑ6
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Ὠὃ4
Ὠὸ

ὃ‏
ρ

ὠ ρ
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Ὠὸ
ὠ‏ ὊὃÆÒÅÅὠ (2.23) 



21 

 

The dimensional equations on the left-hand-side are cast into dimensionless form with the same 

definitions used in Eqs. (2.1)-(2.4), plus ‏  ȟ ὃMAX
MAX

d
 ȟὠ

V
 ȟὠMAX

MAX

V
  Ȣ  

To compare NNF to SNF, we must adopt some constraints on the new parameters. First of all, 

from Narumi et al. [60], we find that the maximum number of REV-ERB molecules during the 

circadian rhythm in mouse liver cells is 50,000. If all molecules are confined to a nucleus of 500 

fL, then 
ȟ  molec

 fL
ρφχ nM ὑVϽÍÁØὠὸ . For ὑV to be greater than, say, 10 nM, we will 

constrain VMAX  so that ÍÁØὠὸ ρπ. We continue to insist that the relative amplitude of Ptot(t) 

be > 0.5, and, in addition, we constrain AMAX  so that the relative amplitude of A(t) over an 

oscillation is > 0.2 [60]. We also require that ÍÁØὃTὸ ÍÁØὖtotὸ  be as close to 1 as possible 

(total numbers of BMAL1 and PER proteins are close [60]). Subject to these constraints, we search 

over the available parameter space  

‌ᶰρπȟρπȟὃMAXɴ ρπȟρπȟ‍maxɴ ρπȟρπȟὑmᶰρȟρπȟὑAᶰρȟρπȟ 

 ὠmaxɴ ρπȟρπȟ‏ᶰρπȟρπ  

to minimize the objective function  ÍÁØὖtotὸ; i.e., to maximize the value of ὑd . 

A summary of these calculations is provided in the 2.5.5 S3 Text. Briefly, we found ~1000 

parameter sets with ÍÁØὖtotὸ å 91.7 Ñ 24.5 and Period = 22.7 Ñ 2.1. Again, after checking for 

parameter sets that satisfy the ófive-point criterionô, we plot results of a typical parameter set 

(ɓmax = 4.5, Km = 2.5, KA = 3.7, VMAX  = 22 and ŭ = 0.17) in Figure 2.8. For the WT cell 

‌WT σπȟὃMAX
WT σπ, ÍÁØὖtotὸ = 64 and avg(AT) = 9. Discounting for mRNA species, 

ÍÁØὖtotὸ = 35, ὑd = 3 nM and avg(ὃT  = 27 nM (~8,000 molecules of BMAL1 per nucleus). 

We conclude that NNF(1M8) is not more robust than SNF(1M8), nor does it improve our 

estimates of ὑd and ὃT. 
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Figure 2.8. NNF(1M8) model. (a) Bifurcation diagram for ɓmax = 4.5, Km = 2.5, KA = 3.7, VMAX  = 

22, ŭ = 0.17. Five-point criterion locates WT cell at the black dot. (b) Time-courses of AT(t), V(t), 

M(t), P(t) and Ptot(t) for WT cell: AMAX  = 30, Ŭ = 30; Period = 25, ÍÁØὖtotὸ = 64, avg(AT) = 9. 

 

2.2.6 An additional positive feedback loop involving ROR increases the robustness of 

circadian oscillations at a cost 

 

Next, we explore Kim & Forgerôs PNF model, with similarly modified rate laws for gene transcription: Eq 

(2.15-1) for the rates of transcription of Per and Ror genes, and ὃMAXϽ‐ὑR ὙȾὙ ὑR  for the rate 

of transcription of Bmal1 by ROR (variable Ὑ). In the latter rate law,  ὑR is the dissociation constant for 

ROR binding to the RORE promoter and Ů is the fractional reduction in Bmal1 expression when Ὑ π. 

This new rate law remedies an issue in KFôs original PNF model, for which the rate of BMAL 1 transcription 

does not behave appropriately as RŸÐ or RŸ0.    

Modified Kim -Forger PNF model. Equations (2.16)-(2.20) plus 
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The dimensional equations on the left-hand-side are cast into dimensionless form with the same definitions 

used earlier, plus  Ὑ
R
 ȟὙMAX
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 Ȣ  
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To compare PNF to SNF, we adopt the following constraints. First of all, since the maximum number of 

ROR molecules during the circadian rhythm in mouse liver cells is 25,000 [60], we estimate that 

ȟ  molec

 fL
ψσ nM ὑRϽÍÁØὙὸ , and consequently we constrain RMAX  so that ÍÁØὙὸ υ. We 

continue to insist that the relative amplitudes of Ptot(t) be > 0.5 and of A(t) be > 0.2, and that 

ÍÁØὃTὸ ÍÁØὖtotὸ  be as close to 1 as possible. Subject to these constraints, we search over the 

available parameter space  

‌ᶰρπȟρπȟὃMAXɴ ρπȟρπȟ‍maxɴ ρπȟρπȟὑmᶰρȟρπȟὑAᶰρȟρπȟ 

 Ὑmaxɴ ρπȟρπȟ‏ᶰρπȟρπȟ‐ɴ ρπȟρπ   

to minimize the objective function  ÍÁØὖtotὸ. 

 

Figure 2.9. PNF(1M8) model. (a) Bifurcation diagram for ɓmax = 1.85, Km = 8.5, KA = 35, RMAX  = 

6.2, Ů = 0.0003, ŭ = 8. Five-point criterion locates WT cell at the black dot. (b) Time-courses of 

M(t), P(t), AT(t), R(t), and Ptot(t) for WT cell: AMAX  = 15, Ŭ = 10. Period = 31, ÍÁØὖtotὸ = 12, 

avg(AT) = 3. 

 

A summary of these calculations is provided in the 2.5.5 S3 Text. Briefly, we found ~1000 parameter 

sets with maxPtot å 3.6 Ñ 2.2 and Period = 43.9 Ñ 25.4. Again, after checking for parameter sets that satisfy 

the ófive-point criterionô, we plot results of a typical parameter set (ɓmax = 1.85, Km = 8.5, KA = 35, RMAX  = 

6.2, Ů = 0.0003 and ŭ = 8) in Figure 2.9.  For the WT cell ‌WT ρπȟὃMAX
WT ρυ, ÍÁØὖtotὸ = 12 and 

avg(ὃT   = 3. Discounting for mRNA species, ÍÁØὖtotὸ = 7; hence, ὑd = 15 nM and ÁÖÇὃ  å 45 nM 

(i.e., 13,000 molecules of BMAL1 per nucleus), which are quite reasonable estimates. Clearly, the 
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PNF(1M8) exhibits more robust oscillations than the SNF(1M8) and NNF(1M8) models and is consistent 

with ὑd å 10 nM, but the oscillation waveforms are unbelievable.  For about half of the oscillatory period, 

R(t), AT(t) and M(t) are å 0, which is inconsistent with observations [60].  

 

2.2.7 The three 1M8 models are about equally robust with respect to circadian oscillations 

 

In Figure 2.10 we redraw the bifurcation plots for the ó1M8ô models with colors to indicate 

oscillatory periods. (For each model, we choose a value of ‍, as indicated in the legend, to convert 

from dimensionless period Ű to a period of ~24 h given the wild-type parameter values, specified 

in the legend.) For SNF and NNF models the oscillatory period varies over a range of ~22 25 h. 

The PNF, though very robust in terms of oscillatory potential, is restricted in exhibiting circadian 

oscillations (say, 23 26 h) to two regions of expression of BMAL 1 (parameter AMAX ) and PER 

(parameter Ŭ); namely, a broad band around the diagonal ‌ ρφϽὃ ψπππ, which is clearly 

seen in Fig10C, and a triangular region ‌ ρφϽὃ συ(for υ ὃ συ, υ ‌ συ) 

seen in Fig 10D. Our WT simulation (Figure 2.9) is found in the ótriangular region.ô  

Oscillations in the óbroad bandô (results not shown), although they are consistent with 1 nM 

ὑd 10 nM, predict average concentrations of nuclear BMAL 1 that are much too small (< 1 nM 

= 300 molecules per nucleus). Indeed, ÍÁØὃTὸ  is so small despite ὃ  being very large, 

because the concentration of ROR in this region is very small (ÍÁØὖtotὸ πȢππσ) and 

ὃ ‐ Ὑ πȢππσϽὃ . We note, in passing, that robust oscillations and a broad distribution 

of periods, as we see in the PNF model, is a common feature of models that combine positive and 

negative feedback loops [66, 68].  

We can quantify the órobustnessô of the 1M8 models by measuring the area of ócircadian 

oscillationsô in the (AT, Ŭ) or (AMAX , Ŭ) plane. To standardize the area, we measure AT (AMAX ) and 

Ŭ as multiples of their WT values, as given in the figure legend. In these units, the areas are 

NNF:SNF:PNF = 6.6:4:2. These ratios are probably not significantly different in terms of what 

might possibly be measured experimentally. 
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Figure 2.10. Distributions of oscillatory period for 1M8 models. (a) SNF(1M8) for ɓmax = 5, Km = 

5.5, KA = 20; WT cell at AT = 20, Ŭ = 50, ‍ ρȢρςυ h , so that WT cell exhibits 24 h rhythm. 

(b) NNF(1M8) for ɓmax = 4.5, Km = 2.5, KA = 3.7, VMAX  = 22, ŭ = 0.17; WT cell at AT = 30, Ŭ = 

30, ‍ ρ h , so that WT cell exhibits 25 h rhythm. (c) PNF(1M8) for ɓmax = 1.85, Km = 8.5, KA 

= 35, RMAX  = 6.2, Ů = 0.0003, ŭ = 8; WT cell at AMAX  = 15, Ŭ = 10, ‍ ρȢσ h , so that WT cell 

exhibits 24 h rhythm. (d) Lower left corner of panel c. 

 

In the Figure 2.12 we explore the dependence of oscillatory period on fold-changes in BMAL 1 

expression (i.e., co-expression of BMAL 1 and CLOCK in experiments). SNF(0LN) models are 

quite insensitive to fold-changes in BMAL1 expression (i.e., co-expression of BMAL 1 and 

CLOCK in experiments): the change in period is ~1 h across the range of oscillations. SNF(0M8), 

SNF(1M8) and NNF(1M8) models are more sensitive, with a change of 5-8 h across the range. 

Apparently, the saturating rate law for nuclear PER degradation is responsible for the increased 

sensitivity to variable expression of BMAL1. PNF(1M8) exhibits very long periods of oscillation 
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for large values of AMAX , as noted, but is comparably sensitive (ȹT å 8 h) over a restricted range 

of BMAL1 overexpression (up to 2.5 x WT level). When Lee et al. constitutively overexpressed 

BMAL 1:CLOCK dimers (~ four-fold) in mouse embryonic fibroblasts, they observed rhythms of 

reduced amplitude but normal 24 h period (see their Figure 3C) [58]. This observation is within 

the limits predicted by models with linear degradation of nuclear PER but is not consistent with 

the assumption of saturating degradation. 

Figure 2.13 shows the trends with respect to PER overexpression (e.g., co-expression of PER2 

and CRY1 in experiments). SNF(0L8) is quite insensitive (ȹT å 1 h), whereas SNF(0M8) and 

SNF(1M8) are more sensitive (ȹT å 4.5 h). NNF(1M8) and PNF(1M8) are even more sensitive to 

overexpression of PER (8-10 h). These trends are subject to experimental investigation by 

overexpression of BMAL 1:CLOCK and PER2:CRY1. 

 

2.3 Discussion 

The Kim-Forger (KF) models of mammalian circadian rhythms (called SNF, NNF and PNF) are 

appealing in many respects, but they rely on an unrealistic requirement for robust oscillations, 

namely that the equilibrium dissociation constant of the PER:CRY::BMAL1:CLOCK complex 

must be ὑd < 0.04 nM, which is 250-fold smaller than a reasonable value for the dissociation of 

the PER:CRY::BMAL1:CLOCK complex. This difficulty can be ameliorated by lengthening the 

core negative feedback loop between Per mRNA transcription and PER:CRY inactivation of 

BMAL1:CLOCK (the transcription factor driving Per expression), and/or by implementing a 

Michaelis-Menten rate law for the degradation of nuclear PER. The KF models were further 

modified by introducing an alternative rate law for BMAL1:CLOCK-mediated transcription of 

clock genes (Per, Rev-erb and Ror) to correct a problem at low expression of the BMAL1 gene, 

and by providing more accurate rate laws for the effects of REV-ERB and ROR on BMAL1 

expression.  

With these modifications, we find (Figure 2.7) that the SNF(1M8) model can exhibit 

oscillations for ὑd ς nM. From biophysical constraints, we estimate that ὑd,estρπ nM, so the 

model constraint is not too far off from expectations. For ὑd ς nM, the SNF(1M8) model 

oscillates over a 14-fold range of total BMAL1 concentrations, 10 nM < ÂT < 140 nM. For ÂT = 

30 nM, the corresponding number of BMAL1 molecules in a nucleus of volume 500 fL would be 
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σπ Î- υππ Æ,
  

ωȟπππ, which is about one-third the observed number 

(~25,000) of BMAL1 molecules in a mammalian cell [60]. If the remaining BMAL1 molecules 

are dispersed through the cytoplasm of volume 5000 fL, the cytoplasmic concentration of BMAL1 

would be about one-tenth the nuclear concentration, which is not unreasonable for a ónuclearô 

protein such as BMAL1. Furthermore, the model focuses on BMAL1:CLOCK complexes that 

bind E-boxes to regulate gene expression. BMAL1 in this form may account for only a fraction of 

total BMAL1, if BMAL1, like PER2, undergoes multi-step post-translational modifications. 

Indeed, both BMAL1 and CLOCK are known to be phosphorylated at multiple sites, which affects 

their stability, nuclear accumulation, and activity of the BMAL1:CLOCK complex [69-71].  

Replacing the linear rate law for nuclear PER degradation by a Michaelis-Menten rate law 

causes a dramatic change in the sensitivity of oscillation to the expression levels of Per2 and 

BMAL1 (compare Figure 2.4a and Figure 2.5a). Models with linear PER degradation, e.g., 

SNF(0L8), predict that oscillations are possible over an ever broadening range of rates of Per2 and 

BMAL1 expression; e.g., ρȢψ
T

χυ (approximately) in Figure 4a. For a comparable 

model with Michaelis-Menten degradation, SNF(0M8), the oscillatory domain is bounded by 

maximal rates of expression: Ŭ < 45 and AT < 45 in Figure 5a. These contrasting results provide a 

testable prediction for future experimental exploration. By overexpressing Per/Cry genes and/or 

BMAL1/Clock genes under control of their normal (regulated) promoters (i.e., by manipulating Ŭ 

and AT), one could test whether nuclear PER degradation operates in a saturated (Michaelis-

Menten) or unsaturated (linear) manner, which would be difficult to measure directly in vivo. In 

the same experiment, by measuring the dependence of oscillation period on Ŭ and AT (i.e., on fold-

changes in expression of Per/Cry and BMAL1/Clock), one could investigate a second property of 

our models (Suppl. Figs. S6 and S7) that period length is much more sensitive to Ŭ and to AT in 

models with saturated degradation than in models with linear degradation of nuclear PER. 

The single negative feedback loop (SNF), whereby PER inhibits its own synthesis, can be 

supplemented with an auxiliary positive feedback from ROR (PNF) or a second negative feedback 

from REV-ERB (NNF) on the synthesis of BMAL1. For their versions of these three models (0L3 

versions), Kim & Forger observed a órobustness trendô NNF > SNF > PNF, in terms of the size of 

the oscillatory domain in parameter space. For our versions of these models, we find that 
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órobustness,ô in terms of the size of the domains of circadian oscillations (22-26 h) in parameter 

space, is roughly the same for SNF(1M8), NNF(1M8) and PNF(1M8).   

Our models could be employed in the future to explore other features of the mammalian 

circadian clock. For instance, following the lead of Kim and colleagues [72, 73], we could address 

our models to the circadian clockôs temperature-compensation and/or phase-shifting properties. 

Adding these key features may answer some remaining questions about the behaviors of these 

models. Another question that could be addressed with these models is the function of an anti-

sense transcript of the Per2 gene [74]. Furthermore, these models could be applied in 

chronopharmacology and chronotherapy studies [75]. One such application would be modeling 

PER2ôs interaction with the tumor suppressor protein p53 in stressed (e.g., DNA damage) cells 

compared to unstressed cells [76, 77]. 

 

2.4 Materials and methods 

The ówiring diagramsô (molecular mechanisms) of our models (see Figure 2.2) were converted 

into nonlinear ODEs, as described in the main text. The ODEs were solved by standard numerical 

algorithms, as implemented in MATLAB and XPP-AUTO. Software codes are provided in S1 and 

S2 Codes for XPP and MATLAB, respectively. Bifurcation diagrams were computed using XPP-

Auto, which may be downloaded from www.math.pitt.edu/~bard/xpp/xpp.html. To optimize the 

parameters of SNF (0M8), SNF (1M8), NNF (1M8) and PNF (1M8) models, we used MATLABôs 

simulated annealing method (ósimulannealbndô) within physiologically reasonable ranges. The 

parameter ranges and optimization criteria we used for each model and the corresponding cost 

functions are provided 2.5.5 S3 Text. 
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2.5 Supporting information  

2.5.1 Supplemental Figures 

 

Figure 2.11. Bulk average of asymmetric oscillatory trajectories appears sinusoidal. Thin colored 

lines: ὓὸ trajectory in Figure 2.3 with a random shift in phase. The random phase was drawn 

from a normal distribution with zero mean and standard deviation of 0.5 time unit (~ 1/10 of the 

oscillation period). Thick black line: average of the colored trajectories. Skewness of a single 

colored trajectory and the average trajectory is 0.42 and 0.17, respectively.  
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Figure 2.12. Dependence of oscillation period on level of expression of Bmal1, either AT for 

SNF models or AMAX for NNF and PNF models. In the insets we record a measure of the 

relative change in period, ɝ max min

max minȾ
 , across the range of gene expression, and the absolute 

change (in hours): ɝὝ ɝϽςτ h. For PNF(1M8) we limit the increase in gene expression to 2.5 

x WT value of AMAX . 
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Figure 2.13. Dependence of oscillation period on level of expression of Per, i.e., parameter Ŭ. ȹ 

and ȹT, the relative and absolute changes in period over the range of gene expression, are 

defined in the legend to S2 Fig. For PNF(1M8) we limit the increase in gene expression to 2.5 x 

WT value of Ŭ.  
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2.5.2 Supplemental Tables 

 

Table 2.1 Definitions of the dynamical variables in the models. 

Dimensionless 

Variable 
Definition* Physical Meaning 

t ‍ὸǶ time 

M 
‌ Ễ‌

‍

ὓ

ὑ
 Per mRNA 

Pi 
‌ Ễ‌

‍

ὖ

ὑd
ȟ   Ὥ ρȟỄȟὔ ς Cytoplasmic PER species 

P ὖὑϳ  Nuclear PER 

A ὃὑϳ  Nuclear BMAL1 

R Ὑὑϳ  Nuclear ROR 

V ὠὑϳ  Nuclear REV-ERB 

*All óhattedô variables and parameters carry units of concentration (nM) and time (h). We have 

assumed that all the first-order rate constants for loss of mRNA and cytoplasmic PER species are 

identical: ‍ ‍ Ễ ‍ . 
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Table 2.2 Definitions of the dimensionless parameters in the models. 

Dimensionless 

Parameter 
Definition Meaning 

Kd 1 Dissociation constant of the PER:BMAL1 complex 

KA ὑ ὑϳ  Dissociation constant of the BMAL1:Ebox complex 

Km ὑ ὑϳ  Michaelis constant for the degradation of nuclear PER 

ɓmax ‍ ‍ὑ  Maximum rate of degradation of nuclear PER  

Ŭ 
‌‌Ễ‌

‍ὑ
 Maximum rate of transcription of Per gene 

AT ὃ ὑϳ  Total BMAL1 concentration (bound + unbound) 

AMAX  ὃ ὑϳ  Maximum concentration of BMAL1  

VMAX  ὠ ὑϳ  Maximum concentration of REV-ERB  

RMAX  Ὑ ὑϳ  Maximum concentration of ROR 

ŭ ‏‍ϳ  
Rate constant for turnover of BMAL1, REV-ERB and 

ROR 
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2.5.3 S1 Text: Goodwinôs model 

 

To account for observations of periodic enzyme synthesis in bacteria [78], Brian Goodwin [17, 

18] presented the following model for the periodic synthesis of an enzyme Y from its mRNA X, 

where mRNA synthesis is inhibited by a repressor Z that is the product of the catalytic action of 

Y:  

 
Ὠὢ

ὨὝ
‌

ὑ

ὑ ὤ
‍ὢ 

Ὠὼ

Ὠὸ
‌
ρ

ρ ᾀ
ὼ (1) 

 
Ὠὣ

ὨὝ
‌ὢ ‍ὣ 

Ὠώ

Ὠὸ
ὼ ώ (2) 

 
Ὠὤ

ὨὝ
‌ὣ ‍ὤ 

Ὠᾀ

Ὠὸ
ώ ᾀ (3) 

In Eq. (1), the factor  is the probability that the promoter region of the gene encoding X is 

not bound to Z, its repressor, and Ŭ1 is the maximum rate of synthesis of X by the gene. The 

other terms in these equations correspond to first-order rate laws for production and removal of 

X, Y and Z. In this tableau, Goodwinôs equations are written in two equivalent forms. On the 

left, the equations are written in terms of the original dimensional variables: concentrations X, Y 

and Z  (nM) and time T  (h); on the right, in terms of the ódimensionlessô variables ὼ Ͻ , 

ώ  Ͻ , ᾀ  , dimensionless time ὸ ‍Ὕ , and a dimensionless parameter ‌  . In 

deriving these dimensionless equations, we have assumed (as have all authors in the past) that 

‍ ‍ ‍, which serves to maximize the oscillatory potential of the model [79, 80]. In 

Goodwinôs version of a three-component negative-feedback loop, the repression of gene 

transcription by Z is modeled by a Hill function with exponent p. Underlying this function is the 

supposition that the gene encoding X is turned off when p molecules of Z bind cooperatively to 

its promoter region (or, equivalently, when p molecules of Z bind cooperatively to an activator of 

gene transcription and shut it off).  

A problem with Goodwinôs model. J.S. Griffith [81] was first to point out that Goodwinôs 

equations (1)-(3) admit oscillatory solutions only if ὴ sec“Ⱦσ ψ, a very restrictive 

condition, because in experimental studies it is rare that more than 3 or 4 protein molecules bind 

cooperatively to DNA regulatory sequences [82]. This condition becomes even more restrictive 

if ‍ ‍ ‍ [79].  
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One solution: a longer feedback loop. The restriction p > 8 can be ameliorated by lengthening the 

feedback loop: if n = number of variables in the feedback loop, then the necessary condition for 

oscillations becomes ὴ sec“Ⱦὲ. For example, for n = 8, the condition is p > 1.88. Longer 

loops (n > 3) correspond to inserting more than one intermediate (say, Y0, Y1, é, Ynī3) between 

X (mRNA) and Z (feedback component). This is quite reasonable, considering that PER protein 

has multiple phosphorylation sites [64]. Each intermediate, Yj, then denotes cytoplasmic PER 

phosphorylated on j sites, j = 0, 1, é, J. Eventually, the fully phosphorylated form, YJ, is 

transported into the nucleus and becomes Z. In this case, Goodwinôs dimensionless differential 

equations become Eqs. (4)-(7). 

 
Ὠὼ

Ὠὸ
‌
ρ

ρ ᾀ
ὼ (4) 

 
Ὠώ

Ὠὸ
ὼ ώ (5) 

 
Ὠώ

Ὠὸ
ώ ώȟ ÆÏÒ Ὦ ρȟȣȟὐ (6) 

 
Ὠᾀ

Ὠὸ
ώ ᾀ  (7) 

Exactly the same equations can be derived by assuming a distributed time lag between x and z 

[83]: 

 ᾀὸ Ὃ ὸ ίὼίὨίȟ ×ÈÅÒÅ  Ὃ ό όὩ ȾὮȦ (8) 

Introduce the new variables, 

 ώὸ Ὃ ὸ ίὼίὨίȟ ÆÏÒ Ὦ πȟρȟȣȟὐ  (9) 

For j = 0, we have Eq. () for dy0/dt. For j Ó 1, Gj(0) = 0 and dGj(u)/du = Gjī1(u)ī Gj(u); so we 

have Eq. () for dyj/dt for Ὦ ρȟȣȟὐ and Eq. () for dz/dt. 

A second solution: Michaelis-Menten degradation of Z. In 1982 Bliss, Painter and Marr [84] 

proposed to replace the first-order degradation of Z, ‍ὤȟ by a Michaelis-Menten rate law, 

‍ὤȾὑm ὤȟ where ὑm is the óMichaelisô constant of the enzyme-catalyzed reaction and ‍ 

is the óVmaxô of the reaction. With this change, the Goodwin model can exhibit limit cycle 

oscillations even for p = 1 [84]. The substitution of Michaelis-Menten rate laws for the first-order 
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kinetic terms in Eqs. (1)-(3) has been exploited by many authors [40, 85, 86] to increase the 

robustness of their models of circadian rhythms.  

 

2.5.4 S2 Text: Kim & Forgerôs extended models 

 

In addition to the SNF model, Kim & Forger [22] proposed two extended models, in which the 

core negative feedback loop involving PER and BMAL1 is supplemented with (either) an 

additional negative feedback from REV-ERB on transcription of the Bmal1 gene (or) an 

additional positive feedback from ROR on transcription of the Bmal1 gene. Both extended 

models include the ODEs of the core SNF model. 

Kim-Forger NNF Model. Equations (1)-(4) of the main text, plus 
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where V is the (scaled) concentration of REV-ERB, Vmax is the maximum achievable 

concentration of REV-ERB, Vo is the REV-ERB concentration that would result in AT = 1 at 

steady state, and ŭ  is a rate constant that sets the time scale for the feedback loop.  

Kim-Forger PNF Model. Equations (1)-(4) of the main text, plus 
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where R is the (scaled) concentration of ROR, and Rmax, Ro and ŭ are defined similarly as in the 

NNF equations. For simulations of the NNF and PNF models, Kim & Forger chose ŭ  = 0.2, Vmax 

= Rmax = 5, and they adjusted Vo and Ro to make the NNF and PNF models have the same 

average activator concentration, <AT>, as the SNF model. 
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2.5.5 S3 Text: Parameter optimization for models with saturating degradation of nuclear 

PER 

 

We used MATLABôs simulated annealing method (ósimulannealbndô) to optimize the parameters 

of SNF(0M8), SNF(1M8), NNF(1M8) and PNF(1M8) models within physiologically reasonable 

ranges, as indicated below. The optimization criteria we used for each model and the 

corresponding cost functions are also given below. The model outputs used in the cost functions 

were obtained by simulating the model with the corresponding parameter set. Specifically, we 

used MATLABôs stiff ODE solver (óode15sô) to generate simulated trajectories with final time = 

2,000. For each trajectory we analyzed the segment between times 1,800 and 2,000 to obtain the 

output quantities of interest, such as period, max(Ptot) and amp(Ptot). We performed simulated 

annealing multiple times, starting from 1,100 random initial guesses of parameter values 

generated by the Latin hypercube method applied to log-uniform distributions of the parameters 

over the same ranges that bound the optimization. In a small fraction of cases for each model, the 

optimization aborted and generated no results. We present below the most noteworthy patterns 

based on all the results we obtained. 

Optimization of SNF(0M8) 

Criteria:  

1. max(Ptot) is minimized, in order to select parameters sets with the largest values of ὑd. 

2. Relative amplitude of Ptot > 0.5, in order to select parameter sets that generate robust 

oscillation. 

Cost function: 

 

ὅ
ÍÁØὖ

χυ
 

πȢυ

ÁÍÐὖ

ÁÍÐὖ

πȢυ
ρ ρ ὌÁÍÐὖ πȢυ  

 ὌÁÍÐὖ πȢυ 

 

 

The second criterion was implemented in a complicated form to penalize oscillations of small 

amplitude and avoid getting stuck with non-oscillating parameters. 

Range of parameters: 
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ὃ ᶰρπȟρπȟ‌ᶰρπȟρπȟὑ ᶰρȟρπȟ‍ ᶰρπȟρπ 

 

 

Figure 2.14 Notable patterns in optimization results for SNF(0M8). Blue: 1100 parameter sets 

obtained through optimization are plotted in each panel. Red: top 10 parameter sets, i.e., those 

with the smallest values of max(Ptot). 

Main findings: 

1. max(Ptot) = 34.3 ± 4.0 (Figure 2.14a). Period = 20.7 ± 1.3 (Figure 2.14b).  

2. Period is strongly negatively correlated with ɓmax
 (Figure 2.14c), but not other parameters 

(not shown). This is not surprising, since smaller values of ɓmax mean a longer time delay 

for degrading nuclear PER and reinstituting Per gene transcription. The top 10 sets 

generate intermediate periods between 20 and 24 (Figure 2.14c). 
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3. Low max(Ptot) requires low Km and ɓmax (Figure 2.14d-f). Lower values in both parameters 

slow down PER degradation, introduce time delay and increase robustness of oscillation 

(allowing oscillation to happen for larger values of ὑd).  

4. Ŭ and AT are negatively correlated (Figure 2.14g), which is opposite to the trend shown in 

the main text (Figure 2.4a) for SNF(0L8), although we are comparing different types of 

diagrams. 

5. max(Ptot) is positively correlated to Ŭ (Figure 2.14h, as expected) but not to AT (Figure 

2.14i).  

6. The range of optimal values of Ŭ (1ð30) is much smaller than the range of AT (0.01ð10) 

(Figure 2.14g).  Because its rate of degradation saturates at high concentration, the level of 

PER in the nucleus tends to stay high for an extended period of time, which places a 

constraint on the rate of expression of the Per gene. 

 

Optimization of SNF(1M8) 

Criteria:  

1. max(Ptot) is minimized, in order to select parameters sets with the largest values of ὑd. 

2. Relative amplitude of Ptot > 0.5, in order to select parameter sets that generate robust 

oscillation. 

Cost function: 
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The second criterion was implemented in a complicated form to penalize oscillations of small 

amplitude and avoid getting stuck with non-oscillating parameters. 

Range of parameters: 

 

ὃ ᶰρπȟρπȟὑ ᶰρȟρπȟ‌ᶰρπȟρπȟὑ ᶰρȟρπȟ‍ ᶰρπȟρπ 
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Figure 2.15 Notable patterns in optimization results for SNF(1M8).Blue: 1013 parameter sets 

obtained through optimization are plotted in each panel. Red: top 10 parameter sets, i.e., those 

with the smallest values of max(Ptot). 

Main findings: 

1. max(Ptot) = 32.3 ± 3.5 (Figure 2.15a). Period = 20.7 ± 1.1 (Figure 2.15b). The distributions 

are quite similar to SNF(0M8) in Figure 2.14a, b. 

2. Period is strongly negatively correlated with ɓmax
 (Figure 2.15c), but not other parameters. 

This is not surprising, since smaller values of ɓmax mean a longer time delay for degrading 

nuclear PER and reinstituting Per gene transcription. The top 10 sets generate intermediate 

periods between 20 and 23 (Figure 2.15c). 
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3. Low max(Ptot) requires low Km and ɓmax (Figure 2.15d-f). Lower values in both parameters 

slow down PER degradation, introduce time delay and increase robustness of oscillation 

(allowing oscillation to happen for larger values of ὑd).  

4. Ŭ and AT are negatively correlated (Figure 2.15g). This result is opposite to the trend in L 

models (see main text Figure 2.6b, although we are comparing different types of diagrams).  

5. AT must be greater than ~ KA/100 (Figure 2.15h). The top 10 sets are concentrated in a 

narrow range of AT between 1 and 5 (Figure 2.15h). 

6. Ŭ and KA are positively correlated, and Ŭ must be greater than ͯρπὑ  (Figure 2.15i), 

presumably to have sufficiently rapid transcription of Per gene as KA increases. Also, for 

small values of AT, Ŭ can be much larger in SNF(1M8) compared to SNF(0M8), because 

the rate of Per transcription is more restricted at low AT in rate law 1 compared to rate law 

0. 

 

 

 

 

Optimization of NNF(1M8) 

Criteria:  

1. max(Ptot) is minimized in order to select parameters sets with the largest values of ὑd. 

2. Relative amplitude of Ptot > 0.5, in order to select parameter sets that generate robust 

oscillation. 

3. Relative amplitude of AT > 0.2, because experimental data show ~20% amplitude in 

BMAL1 oscillation [87].   

4. max(V) < 10, in order that ὑV, the equilibrium dissociation constant for REV-ERB binding 

to the promotor of the Bmal1 gene, is not too small. 

5. max(AT) / max(Ptot)  as close to 1 as possible; this criterion is introduced because without 

it we often ended up with parameter sets for which max(AT) / max(Ptot) is very small. 

However, experimental data show that the peak levels of PER and BMAL1 are comparable 

[87]. 

Cost function: 
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Criteria 2 and 3 above were implemented with functions taking a form similar to Criterion 2 in 

the SNF model. 

Range of parameters: 

 

ɴ‏ ρπȟρπȟὃ ᶰρπȟρπȟὙ ᶰρπȟρπȟ 

ὑ ᶰρȟρπȟ‌ᶰρπȟρπȟὑ ᶰρȟρπȟ‍ ᶰρπȟρπ 
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Figure 2.16 Notable patterns in optimization results for NNF(1M8). Blue: 1011 parameter sets 

obtained through optimization are plotted in each panel. Cyan in (j)-(m): 423 parameter sets with 

ŭ > 0.35. (The ŭ > 0.35 sets are not highlighted in the other panels because they are mixed with 

the ŭ < 0.35 group.) Red: top 10 parameter sets (with smallest values of max(Ptot)). 
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Main findings:  

1. max(Ptot)  = 91.7 ± 24.5 (Figure 2.16a). Period = 22.7 ± 2.1 (bimodal, Figure 2.16b). 

2. Period is not strongly correlated with ɓmax (Figure 2.16c), which is surprising. But it is 

strongly correlated with ŭ (Figure 2.16j). 

3. Low max(Ptot) requires low Km  and ɓmax (Figure 2.16d-f), but not as strongly as in SNF 

(Figure 2.15d-f). Note that Figure 2.16d-f and Figure 2.15d-f have very different axis 

ranges. 

4. Unlike SNF models, Ŭ and AMAX  are no longer correlated (Figure 2.16g). Neither are AMAX  

and KA (Figure 2.16h).  But Ŭ and KA remain positively correlated (Figure 2.16i). 

5. With regard to the time-scale parameter, ŭ, there appear to be two clusters, separated by a 

value of ~0.35 (Figure 2.16j, k). The majority of top sets (red) have ŭ < 0.35. In comparison 

to the ŭ < 0.35 cluster, the ŭ > 0.35 cluster is associated with V(t) with smaller maximum 

values (Figure 2.16l) yet larger amplitudes (Figure 2.16m). 

6. AMAX  is positively correlated with VMAX  (Figure 2.16n). Top 10 sets are associated with 

nearly the highest ratio of VMAX  to AMAX . Consistently, these top sets generate the highest 

max(V) relative to the value of AMAX  (Figure 2.16o). Additionally, they tend to generate 

low amplitude of V(t) in the ŭ < 0.35 cluster. Presumably, a high ratio of VMAX  to AMAX  

enhances the inhibition of BMAL1 expression by REV-ERB, which can help suppress 

BMAL1 for a longer time even if PER does not bind BMAL1 as tightly (i.e., larger ὑ  or 

lower max(Ptot)). 

 

Optimization of PNF(1M8) 

Criteria:  

1. max(Ptot) is minimized, i.e., ὑd is maximized. 

2. Relative amplitude of Ptot > 0.5, i.e., oscillations are robust. 

3. Relative amplitude of AT > 0.2, as for NNF.   

4. max(R) < 5, so that ὑR, the equilibrium dissociation constant for ROR binding to the 

promotor of the Bmal1 gene, is not too small. 

5. max(AT) / max(Ptot)  as close to 1 as possible, as for NNF.  

Cost function: 
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Similar to the cost function for the NNF model. 

Range of parameters: 

 

ɴ‏ ρπȟρπȟὃ ᶰρπȟρπȟὙ ᶰρπȟρπȟ‐ɴ ρπȟρπ  

ὑ ᶰρȟρπȟ‌ᶰρπȟρπȟὑ ᶰρȟρπȟ‍ ᶰρπȟρπ 
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Figure 2.17 Notable patterns in optimization results for PNF(1M8).Blue: 898 parameter sets 

obtained through optimization are plotted in each panel. Red: top 10 parameter sets (with 

smallest values of max(Ptot)). 

Main findings: 

1. max(Ptot)  = 3.60 ± 2.21 (Figure 2.17a), Period = 43.9 ± 25.4 (Figure 2.17b). 

2. Period is strongly negatively correlated with ɓmax (Figure 2.17c), as in SNF model (Figure 

2.15c).  
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3. Low max(Ptot) still requires low ɓmax (Figure 2.17e), but is less dependent on Km (Figure 

2.17d). 

4. Like the NNF model, Ŭ and AMAX  are no longer correlated (Figure 2.17g), nor are AMAX  

and KA (Figure 2.17h).  But Ŭ and KA are strongly positively correlated (Figure 2.17i). 

5. For most of the optimized parameter sets, the time-scale parameter ŭ > 1 (Figure 2.17j), 

and in all cases Ů << 1 (Figure 2.17j). Note that Ů is the óbackgroundô rate of Per gene 

transcription when R(t) = 0. The parameter Ů was introduced to avoid the trivial steady state, 

which often prevents the simulation to generate the oscillatory solution.  

6. AMAX  and RMAX  are strongly negatively correlated (Figure 2.17k), opposite to the relation 

between AMAX  and VMAX  in the NNF model (Figure 2.16n). Since BMAL1 and ROR 

enhance the expression of each other, this negative relation probably helps stabilize the 

BMAL1 level (recall that the best sets for the SNF model have AT in a narrow range). 

7. Although the parameter RMAX  and the output max(R) are positively correlated as expected, 

the top sets are associated with max(R) << 1 (Figure 2.17l). Recall that the non-

dimensionalized dissociation constant between ROR and the Bmal1 gene is 1.  max(R) << 

1 indicates that robust oscillation is favored by ROR levels far below levels that saturate 

binding to the Bmal1 gene, presumably by maintaining sensitivity of the auxiliary positive 

feedback loop. 
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2.5.6 S4 Text: Deriving the rate laws for Per transcription.  

 

BMAL1:CLOCK binds to many E-box sequences throughout the mammalian genome, and 

PER:CRY binds to both free and E-box-bound BMAL1:CLOCK complexes. Let Ei, i = 1, é, ɋ, 

denote all the E-box sequences that bind all four proteins BMAL1, CLOCK, PER and CRY, 

where ɋ å 1500 according to ChIP-seq data [74]. The total concentrations of BMAL1:CLOCK 

(A) and PER:CRY (P) dimers are: 

 AT A A:P A:E P:A:E  (1) 

 PT P A:P P:A:E  (2) 

We are assuming that the synthesis and degradation of proteins are much slower reactions than 

the association and dissociations of proteins in a complex, so the total amounts of A and P in the 

system can be treated as constants on the time scale of the binding and unbinding reactions.  

Because the total number of E-boxes (~1500) is considerably less than the total number of 

BMAL1:CLOCK and PER:CRY complexes (~25,000 and ~30,000, respectively [60]), we can 

reasonably neglect the E-box-bound forms of the protein complexes, and assume that 

 AT A A:P (3) 

 PT P A:P (4) 

To derive an expression for the rate of Per transcription, we need to estimate the fraction of E-

boxes bound to BMAL1:CLOCK but not to PER:CRY, i.e., [A:Ep]/[Ep]T, where p is the index 

corresponding to E-boxes driving Per gene expression. To this end, we consider the equilibrium 

binding reactions: 

 A + P
    dAP1   
ựựựự A:P (5) 

 A + E
    dAE1   
ựựựự A:E ÁÃÔÉÖÅ ὖὉὙ ÇÅÎÅ (6) 

 A:E P
    dAP2   
ựựựự P:A:E (7) 

 A:PE
    dAE2   
ựựựự P:A:E (8) 

The equilibrium dissociation constants of Reactions (5)-(8) are defined by 
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 ὑdAP1
A P

A:P
ȟὑdAE1

A E

A:E
ȟὑdAP2

PA:E

P:A:E
ȟὑdAE2

A:PE

P:A:E
 (9) 

The principle of detailed balance at equilibrium requires that 

 

A E

A:E

PA:E

P:A:E

A P

A:P

A:PE

P:A:E
 

(10) 

That is, the dissociation constants for Reactions (5)-(8) satisfy 

 
ὑdAE1
ὑdAE2

ὑdAP1
ὑdAP2

 (11) 

Taking Eq. (11) into account, we are left with only three independent chemical equilibrium 

equations. One of these equations is 

 ὑdAP1
A P

A:P

AT A:PPT A:P

A:P
 (12) 

which can be solved for the unknown concentration of A:P, 

 
A:P

AT PT ὑdAP1 [A]
T
[P]
T
ὑdAP1 τ[A]

T
[P]
T

ς
 

(13) 

Meanwhile, the total number of Per E-boxes, [Ep]T = [Ep] + [A:Ep] + [P:A:Ep], can be written as: 

 E T

ὑdAE1A:E

A
A:E

[P][A:E]

ὑdAP2
 (14) 

which can be rearranged to give the probability that a Per gene is being transcribed: 

 

A:E

E T

A

ὑdAE1 A
A][P
ὑdAP2

 
(15) 

 Plugging the definition of KdAP1 (Eq. (9)) into Eq. (15) yields 

 

A:E

E T

A

ὑdAE1 A A:P
ὑdAP1
ὑdAP2

 
(16) 

First Case. PER:CRY binds equally strongly to free- and E-box-bound BMAL1:CLOCK, i.e., 

 ὑdAP1ὑdAP2 (17) 

In this case, Eq. (16) becomes 

 
A:E

E T

A

ὑdAE1 A A:P
 (18) 

Plugging Eq. (3) into Eq. (18) yields Rate Law 1: 
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A:E

E T

A

ὑdAE1 AT
 (19) 

Second Case. PER:CRY binds equally strongly to free- and E-box-bound BMAL1:CLOCK, Eq. 

(17) (First Case above), and at the same time, BMAL1:CLOCK saturates the Per E-box, i.e., 

 ὑdAE1Ḻ AT (20) 

In this case, Eq. (19) becomes Rate Law 0 in the original Kim-Forger model: 

 
A:E

E T

A

AT
 (21) 

Third Case. BMAL1:CLOCK cannot or can hardly bind PER:CRY and E-box simultaneously, 

i.e., 

 ὑdAP2ḻὑdAP1 (22) 

In this case, Eq. (16) gives rise to Rate Law 2: 

 
A:E

E T

A

ὑdAE1 A
 (23) 

Electron microscopy studies by Aryal et al. have shown that PER:CRY::BMAL1:CLOCK 

complexes bind to E-boxes [88], indicating that rate laws 0 and 1 are to be preferred to rate law 

2. 
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2.5.7 S5 Text: Non-dimensionalization of the modified Kim-Forger equations 

 

The models presented in this paper, as well as Kim and Forgerôs original models, were cast in 

non-dimensional form before simulation and analysis. For example, we show how to non-

dimensionalize the SNF(1M8) model, and the other variations use the same non-

dimensionalization factors for the variables. 

Dimensional Equations Non-dimensional Equations 
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ςὃ ὃT ὖ ρ

ὃT ὖ ρ τὃT 

 

where we have already set ‍ ‍ȣ ‍, because this constraint makes oscillations most 

likely. Species P1 é P6 represent both mRNA species (say, P1 = mature mRNA in nucleus, P2 = 
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mRNA in cytoplasm) and PER proteins in the cytoplasm (say, P3 = unphosphorylated PER, P4 = 

monophosphorylated PER, etc.), and P = nuclear PER. The purpose of non-dimensionalization is 

to óscale awayô as many of the kinetic parameters as possible, to reduce the dimensionality of the 

space of independent parameters.  To this end, we make the following change of variables from 

óhat-wearingô variables (carrying physical units) to their respective dimensionless versions:  

       ὓ
d

ϽϽϽ
 ,  ὖ

d

ϽϽϽ
 ,  ὖ

d

ϽϽϽ
 ,  é,  ὖ

d
 ,  ὖ

d
 ,  ὸ ‍ὸǶ 

The dimensionless ODEs (above right) are governed by five dimensionless parameters: 

      ὑA
A

d
 ,  ὑm

m

d
 ,  ὃT

T

d
 ,  ‍max

max

d
 , and ‌

ϽϽϽ

d
   . 
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3.1 Introduction  

Rhythmic control of gene expression is a hallmark of the circadian system. The daily rhythms in 

biochemistry, physiology and behavior ultimately stem from rhythmic gene expression in each cell 

[7, 8]. In mammals, approximately 3-15% of mRNAs are rhythmically expressed with a ~24 hr 

period in any given tissue [16, 89, 90]. The rhythmicity originates from a cell-autonomous 

circadian clock machinery, which consists of a set of core clock genes interlocked by transcription-

translation feedback loops [9, 10, 38]. Many core clock genes encode transcription factors and 

interact with their respective target enhancers to exert rhythmic transcriptional control over 

circadian mRNA expression [10, 11]. 

While rhythmic transcriptional control has been extensively studied, rhythmic control of gene 

expression also occurs beyond transcription [25, 26, 91]. Recent genome-wide analyses and 

mathematical modeling particularly highlight the role of post-transcriptional regulations in driving 

rhythmic mRNA expression [23, 74, 92-94]. Post-transcriptional regulations target various 

processes, such as splicing, nuclear export, cellular translocation, dormancy, and degradation of 

RNAs [95]. Many post-transcriptional processes are under circadian control [12, 14, 15, 25, 64, 

96-98]; these post-transcriptional processes, in turn, affect the phase and amplitude of mRNA level. 

Ultimately, rhythmic transcription and post-transcriptional processes couple with each other and 

mailto:chenjing@vt.edu


54 

 

jointly determine the gene expression rhythm. For example, rhythmic RNA transcription and 

degradation jointly determine the rhythmicity in mRNA level [23]. As yet, it remains unclear how 

the rhythmicities in other post-transcriptional processes affect the gene expression rhythm. 

One of the post-transcriptional regulations that impact rhythmic gene expression is the 

regulation of poly(A) tail length. The tracts of adenosines at the 3ô end of nearly all eukaryotic 

mRNAs are critical for controlling stability and translatability of the mRNAs [99-101]. Hundreds 

of mRNAs were recently discovered to exhibit robust circadian rhythms in their poly(A) tail 

lengths in mouse liver. Interestingly, the rhythmicity in poly(A) tail length is closely correlated 

with the rhythmicity in the corresponding protein level, indicating that rhythmic poly(A) regulation 

plays an important role in driving rhythmic protein expression [13]. Similar daily fluctuations in 

poly(A) tail length also occur in mouse brain [102, 103]. In addition, the amplitude of mRNA 

rhythmicity increases in the absence of Nocturnin, a deadenylase (enzyme that removes poly(A) 

tails from mRNAs) which is rhythmically expressed in different mouse tissues [104, 105]. These 

observations underscore the importance of poly(A) tail rhythmicity in regulating circadian gene 

expression.  

In this work, we built a mathematical model that describes mRNA dynamics under the 

regulation of rhythmic transcription, polyadenylation, deadenylation and degradation. We used the 

model to systematically examine how rhythmic transcription and poly(A) tail regulation generates 

rhythmicities in poly(A) tail length and mRNA abundance. Our results highlight the rhythmicity 

in deadenylation as the strongest determinant for the rhythmicities in the poly(A) tail length and 

in the abundance of mRNAs with long poly(A) tails. The latter can be regarded as a rough proxy 

for mRNA translatability, because the poly(A) tail is known to regulate mRNA translation 

initiation [106-110]. Furthermore, deadenylase expression with several distinct peak phases, as 

those observed in the mouse liver [13], are able to override the impact from other rhythmic controls 

and separate the peak phases of poly(A) tail length and abundance of long-tailed mRNAs into 

corresponding clusters. Finally, we used the model to predict factors or combination of factors 

(e.g., amplitudes of or phase differences between specific processes) that can explain the different 

classes of rhythmic characteristics found in mRNAs with rhythmic poly(A) tail length [13]. 
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3.2 Results 

3.2.1 Model for rhythmic mRNA and poly(A) regulation 

 

In a typical RNA expression process, an RNAs is first transcribed in the nucleus and acquires a 

long poly(A) tail as a result of nuclear polyadenylation[111]. After being exported into the 

cytoplasm, mRNAs undergo deadenylation and are ultimately degraded [112]. Cytoplasmic 

polyadenylation, as another important post-transcriptional regulation, elongates the poly(A) tail to 

promote mRNA stability and translatability [113]. Although cytoplasmic polyadenylation is 

typically associated with translational control in oocyte maturation, early embryo development and 

synaptic plasticity [113-116], it is recently suggested to play a role in circadian gene expression in 

mouse liver [13]. Furthermore, the expression level of Gld2, a poly(A) polymerase responsible for 

cytoplasmic polyadenylation, exhibits circadian rhythmicity in mouse liver [13]. In light of these 

biological facts, in the model we incorporated polyadenylation, together with transcription, 

deadenylation and degradation, to capture the major processes that dynamically regulate poly(A) 

tail length and mRNA abundance (Figure 3.1A). Note that the four processes can assume different 

amplitudes and phases for different genes, because these regulations can be mediated by different 

combinations of cis-elements and trans-factors [11, 74, 115, 117-119]. Instead of explicitly 

tracking the exact length of poly(A) tails, the model divides the mRNA population into a long-

tailed fraction and a short-tailed fraction, which mimics the experimental condition (long-

tailed >~100nt, short-tailed <~60nt, [13]). Herein we use the ratio between the abundances of long-

tailed and short-tailed mRNAs as the metric for poly(A) tail length, as was done in the 

experimental study [13]. 

For the sake of simplicity, we made the following assumptions in the model based on 

experimental evidence. First, degradation only occurs to the short-tailed mRNAs, because the 

poly(A) tail of an mRNA must be shortened to 10~15 nt before the mRNA is degraded [118, 120-

122]. Second, transcription and nuclear polyadenylation are lumped together, because 

transcription is followed by nuclear polyadenylation in general [123] and the poly(A) polymerases 

responsible for nuclear polyadenylation are not rhythmically expressed [13]. In our model, 

therefore, the transcription process directly leads to a long-tailed mRNA, the downstream 

cytoplasmic deadenylation and polyadenylation further mediate conversion between the long-

tailed and short-tailed mRNAs, and degradation consumes the short-tailed mRNA. The ordinary 
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differential equations (ODEs) that govern the temporal dynamics of long-tailed (ὒ) and short-tailed 

(Ὓ) mRNAs read as Eqs. (3.1) and (3.2). 

Long-tailed mRNA:   () () ()trsc deA polyA

transcription deadenylation polyadenylation

dL
t t L t S

dt
k k k= - +          (3.1) 

Short-tailed mRNA:   () () ()deA polyA dgrd

deadenylation polyadenylation degradation

dS
t L t S t S

dt
k k k= - -          (3.2) 

To capture the circadian rhythmicity in the four RNA metabolism processes in Eqs. (3.1) and 

(3.2), each reaction rate term ‖ὸ is represented by a sinusoid function like Eq. (3.3)  

         () ( )( )( )1 cos tt k A jk w-= +            (3.3) 

where Ὧ denotes the mean rate, ὃ the relative amplitude, and • the peak phase, of the process 

labeled by the subscript. The angular frequency, “equals ς ,‫ ςτÈÒϳ . is fixed, while the other ‫ 

parameters vary. The subscript of a parameter indicates the process it describes (e.g., Ὧ  stands 

for the mean deadenylation rate). 

 

Figure 3.1 Overview of the study.  (A) Schematic diagram of the core clock exerting circadian 

control of the rhythms in transcription, degradation, cytoplasmic deadenylation and 
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polyadenylation (Shaded area represents the core components of the core clock that form 

transcription-translation feedback loops).  (B) Workflow of the study. Numeric simulations of 

the ODE model using different sets of input parameters (sampled according to Table 3.1ι 

Figure 3.6) generate the output quantities. The input parameters and output quantities are 

analyzed through the global sensitivity analysis to quantify the impact of each parameter on each 

output quantity over the global parameter space.   

In this work we focus on how rhythmicities in the four processes affect the rhythmicities in total 

mRNA abundance and poly(A) tail length, because total mRNA abundance and poly(A) tail 

length were quantified in the previous circadian transcriptome study [13, 74]. Additionally, we 

take the rhythmicity of long-tailed mRNA abundance as a rough proxy for the rhythmicity of 

mRNA translatability, because poly(A) tail facilitates translation initiation [106-110]. 

 

 

3.2.2 Rhythmic deadenylation strongly controls rhythmicities in poly(A) tail length and 

long-tailed mRNA abundance 

Because the parameters of the model are largely unknown and likely vary significantly from 

gene to gene, we need to investigate the dependency of the output rhythmicities on the input 

rhythmicities in the global parameter space (i.e., the entire possible range of parameter values). 

In the previous studies, such dependency has been analyzed by deriving approximate analytic 

solutions to models with up to two rhythmic input processes [23, 124]. With four rhythmic 

input processes in our model, the approximate analytic solution obtained using the same 

method as in [23, 124] are too complex to deliver any useful insight. We hence chose numeric 

simulations to investigate the input-output dependency for our model. We ran numeric 

simulations of the model (Eqs. (3.1) and (3.2)) with random parameter values for the mean rates, 

relative amplitudes, and phases of each process (Table 3.1 and Figure 3.6). Only the mean rate of 

transcription was omitted, because it only affects the overall abundance of mRNAs, but not the 

output rhythmicity, i.e., the phases and relative amplitudes of mRNA abundance and poly(A) 

tail length (See details in 3.5.2 S1 Text). From each simulated time trajectories, we extracted the 

peak phases, relative amplitudes and mean levels of total mRNA abundance (L+S), poly(A) 

length metric (L/S) and long-tailed mRNA abundance (L) (Figure 3.1B, also see Methods). These 
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quantities were subject to further analysis, as elaborated in the following Results sections. For 

the rest of the paper, we will refer to these quantities, e.g., the peak phase of L/S ratio, generally 

as the ñoutput quantitiesò, unless any specific quantity is referred to. 

Our model results reveal that the peak phase of deadenylation is the strongest contributor to 

the peak phase of L/S ratio (poly(A) length metric), followed by the peak phase of 

polyadenylation. Specifically, the scatter plots of the simulation demonstrate a strong correlation 

between the peak phases of L/S ratio and deadenylation, with a 10 ° 1.5 hr lag between the two 

(Figure 3.2A). The peak phase of L/S ratio also depends on the peak phase of polyadenylation, 

although with much weaker dependence compared to that of deadenylation (Figure 3.2A). In 

contrast, the peak phase of L/S ratio depends very little on the peak phases of transcription and 

degradation (Figure 3.2A).  
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Figure 3.2 Rhythmicities of poly(A) tail length and long-tailed mRNA abundance are strongly 

controlled by rhythmic deadenylation. (A) Scatter plot of the peak phases of input processes versus 

the peak phases of L/S ratio. (B) Sobol indices for the peak phase of L/S ratio (i.e., poly(A) length 

metric). (C) Scatter plot of the peak phases of input processes versus the peak phases of L+S (i.e., 

total mRNA abundance). (D) Sobol indices of the peak phase of L+S. (E) Scatter plot of the peak 

phases of input processes versus the peak phases of L (i.e., long-tailed mRNA abundance). (F) 

Sobol indices of the peak phase of L. (A, C, E) Each scatter plot shows 10,000 data points randomly 

chosen from the original simulations for the sake of visual clarity. (B, D, F) Bars with ñSò on top: 

single Sobol indices. Bars with ñTò on top: total Sobol indices. Mean values of the Sobol indices 

are shown, because the variances are too small for clear visualization (Figure 3.7).  



60 

 

To systematically quantify the impacts of input parameters on output quantities, we performed 

variance-based sensitivity analysis using the Sobolôs method [125, 126] (Figure 3.1B, Methods). 

Based on simulation results from a large number of random parameter sets spanning the global 

parameter space (Figure 3.6, Table 3.1), the Sobolôs method quantifies the sensitivity of an output 

quantity to an input parameter in terms of how much the parameter, due to the variation in its value, 

contributes to the variation in the output quantity. Specifically, the sensitivity is reported as the 

single (S) and total (T) Sobol indices, which represent the contribution of the parameter alone and 

the contribution of the parameter together with its (nonlinear) interactions with the other 

parameters, respectively (see Methods). 

The estimated Sobol indices (Figure 3.2B) confirm the findings from the scatter plots (Figure 

3.2A). For example, among all the input parameters, the peak phase of deadenylation has the 

largest Sobol indices with respect to the peak phase of L/S ratio. The values of the Sobol indices 

indicate that variance in the peak phase of deadenylation alone contributes to ~40% of variance in 

the peak phase of L/S ratio (longest ñSò bar in Figure 3.2B). When the interactions of 

deadenylation with other processes are counted, this contribution increases to ~75% (longest ñTò 

bar in Figure 3.2B). Additionally, the Sobol indices also indicate that the relative amplitude of 

deadenylation has the strongest impact on the relative amplitude of L/S ratio (Figure 3.7). In 

comparison, the mean level of L/S ratio, a quantity not related to rhythmicity, depends nearly 

equally on the mean rates of deadenylation and polyadenylation (Figure 3.7). These results 

collectively demonstrate the rhythmicity in deadenylation as the strongest contributor to the 

rhythmicity in poly(A) tail length.  
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Table 3.1 Parameter distribution for sampling. 

Parameter Symbol Distribution  Source 

Mean rate of 

transcription 
Ὧ  1 (constant) 

Has no effect on 

rhythmic patterns 

(see Supplementary 

Materials) 

Mean rate of 

degradation 
Ὧ  

ὰέὫὯÈÒϳ  ﬞͯ ρȢρπȟπȢςσ 

(Log-normal) 

 

Fitting with half-life 

distribution measured 

in [127] 

Mean rate of 

deadenylation 
Ὧ  

ὰέὫὯÈÒϳ  ﬞͯ πȢτψȟπȢςσ 

(Log-normal) 

Mean value of 

deadenylation rate 

estimated from [128]; 

deviation same as 

mRNA degradation 

Mean rate of 

polyadenylation 
Ὧ  

ὰέὫὯÈÒϳ  ﬞͯ πȢτψȟπȢςσ 

(Log-normal) 

Same as 

deadenylation 

Relative 

amplitudes 

ὃ ȟὃ ȟ 

ὃ ȟὃ  

ὃͯ Ὗπȟρ 

(Uniform) 
 

Peak phases 
• ȟ• ȟ 

• ȟ•  

•ͯ Ὗπȟςτ 

(Uniform) 
 

 

Our model results also show a significant impact of rhythmic deadenylation and 

polyadenylation on the rhythmicity of L+S (total mRNA abundance). Although the peak phases 

of transcription and degradation strongly influence the peak phase of L+S, as expected (Figure 

3.2C, D), the Sobol indices indicate a weaker, yet substantial impact from the peak phases of 

deadenylation and polyadenylation on the peak phase of L+S (Figure 3.2D). These impacts can 

be understood from the regulation of mRNA stability by poly(A) tail length, which is reflected in 

the model by the assumption that degradation is restricted to the short-tailed mRNAs (Figure 

3.1A, Eqs. (3.1) and (3.2)).  
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We further used the model to examine the effects of the four processes on the rhythmicity of 

mRNA translatability, using L (long-tailed mRNA abundance) as a proxy. Although L is a quantity 

directly related to both L+S level and L/S ratio, the Sobol indices show that the peak phase of L 

relies most heavily on the peak phase of deadenylation, followed by that of polyadenylation(Figure 

3.2F). Consistently, the scatter plot shows a strong correlation between the peak phases of L and 

deadenylation, with an approximately 10 hr lag between the two (Figure 3.2E). This is a 

relationship highly similar to that observed between the peak phases of L/S ratio and deadenylation 

(Figure 3.2A). Furthermore, the relative amplitudes of deadenylation and polyadenylation are also 

among the strongest contributors to the relative amplitude of L (Figure 3.7). Overall, the 

rhythmicities in deadenylation and polyadenylation make stronger impact on the rhythmicity of 

long-tailed mRNA abundance than the rhythmicities in transcription and degradation. This finding 

provides an explanation for the observed close correlation between the rhythmicities of poly(A) 

tail length and protein expression [13]. 

Cytoplasmic polyadenylation requires specific cis-elements in the 3ô untranslated region (UTR) 

of an mRNA to recruit the molecular machinery that elongates poly(A) tails [114]. However, such 

cis-elements do not necessarily exist in all mRNAs. Therefore, we also removed the 

polyadenylation term in our model and conducted the same global sensitivity analysis. The results 

demonstrate similar impacts of the rhythmicity of transcription, deadenylation and degradation on 

the rhythmicity of L/S ratio, L+S and L (Figure 3.8) as those found from the model with 

cytoplasmic polyadenylation(Figure 3.2, Figure 3.3, Figure 3.7). Particularly, rhythmic 

deadenylation remains the strongest contributor to the rhythmicity of L/S ratio and L. Hence, our 

conclusion stays the same for mRNAs without the cis-elements that mediate cytoplasmic 

polyadenylation. 

Taken together, these model results underscore the importance of rhythmic poly(A) regulation 

in circadian gene expression, especially its impact on the rhythmicity of poly(A) tail length, total 

mRNA abundance, and abundance of the long-tailed subpopulation. Importantly, deadenylation 

emerges as the strongest contributor to the rhythmicity of poly(A) tail length and long-tailed 

mRNA abundance.  
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3.2.3 Rhythmic deadenylation can robustly cluster genes by their poly(A) tail rhythms 

 

The rhythmicities in transcription, deadenylation, polyadenylation and degradation of mRNAs are 

ultimately controlled by the rhythmicities in the abundance and activity of the molecules mediating 

these processes, e.g., transcription factors, deadenylases and poly(A) polymerases. Interestingly, 

although the core clock machinery includes several transcription factors with different peak phases, 

the peak phases of nascent RNA synthesis (indicated by intron abundance) are strongly 

concentrated around ZT 15 in mouse liver [74]. Additionally, a cytoplasmic poly(A) polymerase, 

Gld2, is rhythmically expressed with peak phase around ZT 3.5 (Zeitgeber time, where ZT 0 is 

defined as the time [hr] of lights on and ZT 12 is defined as the time of lights off) [13]. Meanwhile, 

five deadenylases are also rhythmically expressed, with Ccr4e/Angel1 peaking around ZT 2, 

Ccr4a/Cnot6, Ccr4b/Cnot6l, Caf1a/Cnot7/pop2 and Parn peaking around ZT 5, and 

Ccr4c/Nocturnin peaking around ZT 13 [13]. These data indicate that deadenylases assume a more 

diverse rhythmic expression pattern than poly(A) polymerases and nascent RNA transcription.  

Intrigued by the above observation, we used our model to explore the potential consequence of 

having several distinct peak phases in deadenylases. In four separate in silico experiments, we set 

transcription, degradation, deadenylation or polyadenylation, respectively, to peak at three narrow 

windows centered around ZT 0, 8, and 16 (chosen to represent distinct time windows in general), 

while setting the peak phases of the other three processes to distribute evenly around the clock 

(Figure 3.3, ii -v). Our results demonstrate that, when deadenylation peaks in three narrow windows, 

the peak phases of L/S ratio and L are strongly grouped into three distinct windows as well (Figure 

3.3, iv). In contrast, when transcription (Figure 3.3, ii ), degradation (Figure 3.3, iii ) or 

polyadenylation(Figure 3.3, v) peaks in three narrow windows, the resulting peak phases of L/S 

ratio and L do not show any distinct grouping and are comparable to the control case with evenly 

distributed peak phases for all processes (Figure 3.3, i). To test the effect of the actual rhythmic 

patterns observed in nascent RNA transcription and expression of deadenylases and 

polyadenylases, we set the distribution of peak phases centered around ZT 15 for transcription [74], 

narrow peak phase window centered around ZT 3.5 for polyadenylation, and narrow peak phase 

windows around ZT 2, ZT 5 and ZT 13 for deadenylation [13]. The simulations results demonstrate 

that the peak phases of both L/S ratio and L are strongly clustered into three distinct time windows 

(Figure 3.3, vi). These results corroborate with the findings above about the strong impact of 
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rhythmic deadenylation on the rhythmicities of L/S ratio and L (Figure 3.2B, F). Note that the 

mean rates and relative amplitudes of all four processes assumed random variables in the model 

simulations (Table 3.1, Figure 3.6). Therefore, our results indicate that multiple peak phases in 

deadenylation, but not other processes, can robustly group the peak phases of poly(A) tail length 

and mRNA translatability (~ long-tailed mRNA abundance) into distinct time windows, regardless 

of variations in the mean rates or rhythmicities of other processes.  
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Figure 3.3 Distinct peak phases in deadenylases cluster transcripts by their peak phases of poly(A) 

tail length and long-tailed mRNA abundance. (i) Transcription, degradation, deadenylation and 

polyadenylation phases evenly distributed around the clock. (ii) Transcription phases within three 

narrow windows at ZT 0, 8, and 16. Degradation, deadenylation and polyadenylation phases 

evenly distributed around the clock. (iii) Degradation phases within three narrow windows at ZT 

0, 8, and 16. Transcription, deadenylation and polyadenylation phases evenly distributed around 

the clock. (iv) Deadenylation phases within three narrow windows at ZT 0, 8, and 16. 

Transcription, degradation and polyadenylation phases evenly distributed around the clock. (v) 
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Polyadenylation phases within three narrow windows at ZT 0, 8, and 16. Transcription, 

degradation and deadenylation phases evenly distributed around the clock. (vi) Peak phases of 

transcription follow transcriptome data reported by [74]. Deadenylation phases within three 

narrow windows at ZT 2, 5, and 13, and polyadenylation phases within one narrow windows at 

ZT 3.5, based on the data from [13], while degradation phases evenly distributed around the clock. 

Mean rates and relative amplitudes follow Table 3.1 and Figure 3.6. 

 

3.2.4 Factors that explain different classes of mRNAs with rhythmic poly(A) tail length  

 

In the previous transcriptome-wide study [13], the mRNAs with poly(A) tail rhythmicity (PAR 

mRNAs) were grouped into three classes, based on their rhythmicities in pre-mRNA and total 

mRNA. The rhythmicity in pre-mRNA essentially reflects the rhythmicity in transcription. The 

Class I mRNAs are rhythmic not only in poly(A) tail length, but also in pre-mRNA and total 

mRNA (Figure 3.4A). The Class II mRNAs are rhythmic in poly(A) tail length and pre-mRNA, 

but not in total mRNA (Figure 3.4A). The Class III mRNAs are only rhythmic in poly(A) tail 

length, but not the other two (Figure 3.5A). Differences in mRNA half-lives were suggested to 

explain why the rhythmic patterns of pre-mRNA, total mRNA, and poly(A) tail length are different 

between these classes [13]. Here we leverage our model to systematically identify factors that can 

lead to the combinatorial rhythmic patterns in these classes.  

We first attempted to identify the model parameters that contribute most to the distinction 

between Class I and Class II. Because the only difference between Class I and II is whether total 

mRNA abundance is rhythmic or not, we focused on identifying model parameters that contribute 

most to the relative amplitude of L+S. The Sobol indices reveal the mean degradation rate as the 

strongest contributor to the amplitude of L+S (Figure 3.4B). We then ran model simulations using 

random parameter sets (sampled from the distributions given in Table 3.1 and Figure 3.6) and 

identified the ones that exhibit the characteristics of Class I or Class II (Figure 3.4A). Out of all 

the random parameter sets, the mean degradation rates in the Class II parameter sets are overall 

smaller than those in the Class I parameter sets (Figure 3.4C). This finding corroborates with the 

experimental observation that the average half-life (i.e., reciprocal of degradation rate) of Class II 

mRNAs is longer than that of Class I mRNAs [13].  
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The total Sobol indices also indicate that the peak phases of transcription and degradation as 

the second and third strongest contributors to the amplitude of L+S, respectively (Figure 3.4B). 

However, the corresponding single indices are diminishingly small (Figure 3.4B). The huge 

contrast between the total and single indices indicates that these two parameters exert strong 

impacts through interactions with other parameters. Because such huge contrasts between total 

and single indices do not exist in any other parameters, we speculated that the interactions likely 

happen between the two parameters themselves. Indeed, the Class I, but not the Class II, 

parameter sets, are strongly enriched with antiphasic rhythms between transcription and 

degradation (Figure 3.4D). This finding is consistent with the prediction by a previous modeling 

study that antiphasic coupling between rhythmic transcription and degradation enhances the 

rhythmicity of mRNA level.  

The Sobol indices also reveal that the relative amplitudes of transcription and degradation 

rates and the mean deadenylation rate are potentially important contributors to the amplitude of 

L+S (Figure 3.4B). Indeed, the Class I parameter sets tend to have stronger amplitudes in 

transcription and degradation rates (Figure 3.4E, F), again, consistent with the previous modeling 

study [23]. Interestingly, unlike the Class I parameter sets (Figure 3.4D-F, purple), the Class II 

parameter sets exhibit nearly even distributions of transcription-degradation phase difference, 

transcription amplitude and degradation amplitude (Figure 3.4D-F, green). The distributions for 

Class I and Class II parameter sets indicate that generation of significant rhythmicity in L+S 

(Class I) requires sufficient phase difference between transcription and degradation, and 

sufficiently high amplitudes of transcription and degradation, simultaneously (Figure 3.9). If any 

of these conditions are not satisfied, total mRNA abundance would not have significant 

rhythmicity (Class II). Lastly, the mean deadenylation rates in the Class I parameter sets tend to 

be larger than those in the Class II parameter sets (Figure 3.4G). This is related to the above 

finding about mRNA half-lives, because deadenylation promotes degradation and hence 

increasing the mean deadenylation rate has a similar effect on mRNA turnover as increasing the 

mean degradation rate.   
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Figure 3.4 Factors distinguishing between Class I and Class II PAR mRNAs. (A) Characteristics 

of Class I and Class II PAR mRNAs. (B) Sobol indices for the amplitude of L+S (i.e., total 

mRNA abundance). Bars with ñSò on top: single Sobol indices. Bars with ñTò on top: total Sobol 

indices. (C) Distributions of mean mRNA degradation rates for the two classes. (D) Distributions 

of peak phase differences between transcription and degradation for the two classes. The red line 

corresponds to the peak phase of rhythmic degradation. (E) Distributions of relative amplitudes 

of transcription for the two classes. (F) Distributions of relative amplitudes of degradation for the 
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two classes. (G) Distribution of mean deadenylation rates for the two classes. Results in (C-G) 

from 100,000 simulations with parameters randomly sampled according to  

Class III is distinct from Class I and Class II, since it does not have rhythmic transcription 

(Figure 3.5A). Because rhythmicity of transcription serves as input to our model, we cannot use 

the model to identify the origin of lack of transcriptional rhythmicity. However, we are interested 

in understanding why all PAR mRNAs without transcriptional rhythmicity also lack rhythmicity 

in L+S, and only exhibit rhythmicity in L/S ratio [13]. For the convenience of discussion, we use 

ñClass IVò to refer to a hypothetical group of PAR mRNAs that would exhibit rhythmicity in 

total mRNAs and poly(A) tails, but not in pre-RNA (Figure 3.5A); this group of mRNAs are not 

found in the experiments [13]. We used the model to identify model parameters that could 

contribute to the difference between Class III and the hypothetical Class IV. Because both Class 

III and Class IV do not have rhythmic transcription, we ran model simulations with non-

rhythmic transcription (i.e., setting the relative amplitude of transcription to zero, while keeping 

the other parameters sampled from the same distributions as before (Table 3.1, Figure 3.6)). Out 

of the random parameter sets, we identified those that fit the characteristics of Class III or Class 

IV (Figure 3.5A). We also calculated the Sobol indices for this model. 

When the model does not have rhythmic transcription, the Sobol indices again reveal the mean 

degradation rate as the strongest contributor to the relative amplitude of L+S (Figure 3.5B). 

Consistently, the Class IV parameter sets require much larger mRNA degradation rate, i.e., much 

shorter half-life of mRNA, than the Class III parameter sets, to sustain rhythmic total mRNA 

(Figure 3.5C). Therefore, the absence of Class IV mRNAs in the experiment is most likely due to 

the long half-lives of the mRNAs without rhythmic transcription. Indeed, Class III has the 

longest average mRNA half-life measured among all mRNAs that are rhythmically expressed 

[13].  
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Figure 3.5 Factors distinguishing between Class III and Class IV PAR mRNAs. (A) Characteristics 

of Class III and the hypothetical Class IV mRNAs. (B) Sobol indices of the amplitude of L+S (i.e., 

total mRNA abundance) for the model without rhythmic transcription. Bars with ñSò on top: single 

Sobol indices. Bars with ñTò on top: total Sobol indices. (C) Distributions of mean mRNA 

degradation rates for the two classes. (D) Distributions of relative amplitudes of degradation for 

the two classes. (E) Distributions of peak phase differences (i) between deadenylation and 

degradation, (ii) between polyadenylation and degradation, and (iii) between deadenylation and 

polyadenylation for the two classes. The red lines correspond to the peak phase of degradation 

(cases (i) and (ii)) or polyadenylation(case (iii)). Results in (C-E) from 100,000 simulations with 

parameters randomly sampled according to Table 3.1, but without rhythmic transcription (ὃ

π). Parameter sets with πȢς relative amplitude in L/S ratio and πȢς relative amplitude in L+S 

are defined as Class III, while those with and πȢς relative amplitude in both L/S ratio and L+S 

are defined as Class IV. 
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We also identified a few additional factors that would distinguish Class III from Class IV. The 

second strongest factor affecting the amplitude of L+S is the relative amplitude of degradation rate, 

based on the Sobol indices (Figure 3.5B). The Class IV parameter sets have markedly higher 

amplitudes of degradation rate than Class III (Figure 3.5D). The phases of all three rhythmic 

processes, i.e., degradation, deadenylation and polyadenylation, are also potentially important 

contributors, because their total Sobol indices are substantial (Figure 3.5B). Again, the huge 

contrast between the total and single indices for these phase parameters, but not the other 

parameters, suggests that they exert impacts through interactions among themselves. We hence 

examined the distribution of pairwise differences between the three phase parameters. To achieve 

the rhythmic characteristics of the hypothetical Class IV, the corresponding hyper parameters are 

more enriched in the region where the peak phases of deadenylation and degradation are close to 

each other, but opposite to that of polyadenylation(Figure 3.5E). This can be understood from the 

fact that both deadenylation and degradation promote mRNA turnover while polyadenylation 

inhibits it. Unlike the Class IV parameter sets, no distinct patterns are found in the amplitude of 

degradation rate or the phase differences in the Class III parameter sets (Figure 3.5D, E). Similar 

to the discussion above for Class I and Class II, these results indicate that the Class IV 

characteristics require both sufficiently large amplitude in degradation and sufficient differences 

of the polyadenylation phase from the deadenylation and degradation phases (Figure 3.10). The 

missing of Class IV from the experiment suggests that mRNAs without transcriptional rhythmicity 

may also fail to satisfy these conditions at the same time. 

Overall, our model suggests that besides mRNA half-life, relative amplitudes and phase 

difference between transcriptional and post-transcriptional processes also contribute to the 

rhythmic characteristics that distinguishes the three observed classes of PAR mRNAs (Figure 3.4, 

Figure 3.5). These results highlight that rhythmic transcriptional and post-transcriptional processes 

collectively determine the rhythmicity in mRNA expression and poly(A) tail length. It will be of 

future interests to test if the factors predicted by the model are indeed correlated with different 

rhythmic characteristics.  
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3.3 Discussion 

In this work, we developed a parsimonious mathematical model (Figure 3.1) to quantitatively 

evaluate how rhythmic inputs from the transcription, degradation, polyadenylation and 

deadenylation processes collectively determine the rhythmic outputs in mRNA abundance, 

poly(A) tail length and long-tailed mRNA abundance. Our model results and global sensitivity 

analyses reveal rhythmic deadenylation as the strongest factor in controlling the peak phases and 

amplitudes of rhythmic poly(A) tail length and long-tailed mRNA abundance (Figure 3.2, Figure 

3.3). This finding highlights the crucial role of rhythmic poly(A) regulation in circadian gene 

expression. Our model also suggests how three classes of rhythmic characteristics observed in 

PAR mRNAs [13] arise from the dynamic features of the four processes, as well as the coupling 

among their rhythmicities (Figure 3.4, Figure 3.5). 

Many post-transcriptional steps are involved in regulating circadian gene expression [25, 26]. The 

importance of dynamic coupling between rhythmic transcription and post-transcriptional 

processes was demonstrated by a previous modeling study by Lück et al. [23]. That work 

particularly highlights that rhythmic turnover is necessary for achieving >6 hr peak phase 

difference between transcription and mRNA abundance. In comparison, our study explicitly 

considers the effects of poly(A) regulation, a common intermediate process in the mRNA decay 

pathway, on rhythmic gene expression. In our model, the dynamic coupling between four rhythmic 

processes, transcription, polyadenylation, deadenylation and degradation, determines the rhythmic 

patterns in both poly(A) tail length and mRNA abundance. These four processes jointly regulate 

the circadian gene expression driven by the core clock (Figure 3.1A), with a principle similar to a 

previous theoretical study that investigates rhythmic fluxes along metabolic chains using circadian 

response analysis [124]. Because deadenylation is necessary for mRNA degradation and 

polyadenylation opposes it, rhythmic deadenylation and polyadenylation, unsurprisingly, affect 

the rhythmicity of total mRNA abundance at a level comparable to rhythmic degradation (Figure 

3.2, Figure 3.7). However, when poly(A) tail length and its effect on mRNA translatability are 

considered, rhythmic deadenylation emerges as the most important step controlling their 

rhythmicities (Figure 3.2, Figure 3.7). Of course, our model has not included other mRNA decay 

pathways that do not depend on poly(A) regulation, such as endonuclease cleavage of mRNA 

followed by 5ô-3ô decay [118]. For any mRNA decayed through these pathways, which are less 



73 

 

common, their expression rhythms obviously would not depend on the rhythmicity in poly(A) 

regulation. 

Based on the finding of rhythmic deadenylation as the strongest contributor to rhythmicity of 

poly(A) tail length and long-tailed mRNA abundance, we further discovered that rhythmic 

deadenylation is capable of synchronizing the target circadian gene expression post-

transcriptionally. According to the model results, three distinct peak phases in deadenylation 

activity, as those observed in mouse liver [13], can robustly divide the mRNAs into three distinct 

groups by their peak phases of poly(A) tail length and long-tailed mRNA abundance; this grouping 

effect by deadenylation phases happens regardless of the rhythmicity in other processes (Figure 

3.3). This finding suggests a potential mechanism to synchronize the expression of genes 

controlled by the same deadenylases and hence foster synergy among these genes around the clock. 

This synchronization potential is unique to rhythmic deadenylation, but not the other rhythmic 

processes (Figure 3.3).  

The potential capability of deadenylation to synchronize circadian gene expression further 

poses two interesting questions. First, could deadenylation help synchronize circadian gene 

expression among different cells and entrain the cell-autonomous clock to the systemic rhythms? 

Recent studies suggest that rhythmic feeding or other systemic rhythmic cues control the rhythmic 

expression of several deadenylases, including Parn, Pan2 [94] and Nocturnin [129], through 

clock-independent pathways. Given the findings by our model, such systemically driven 

rhythmicity in deadenylases could dictate the rhythmicity of poly(A) length and mRNA 

translatability (~long-tailed mRNA abundance). This could help synchronize circadian gene 

expression in cells influenced by the same systemic signals. Second, could deadenylases play a 

role in tissue-specific circadian gene expression? Rhythmic gene expression is known to vary 

tremendously from tissue to tissue: different tissues not only share very few rhythmically 

expressed genes beyond the core clock genes, but also display different peak times for some genes 

[90, 130, 131]. It is puzzling how the rhythmicity in gene expression varies so much across 

different tissues while the cellular clock machineries are the same and are presumably 

synchronized throughout the organism. Most previous studies on the mechanisms of tissue-specific 

circadian gene expression have focused on tissue-specific transcriptional control, such as rhythmic 

fluctuations in chromatin structure and interactions between core clock transcription factors and 
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tissue-specific transcription factors [132, 133]. In light of the findings from our work, differential 

expression patterns of deadenylases in different tissues [134] could serve as an additional 

mechanism to mediate tissue-specific circadian gene expression. These two interesting questions 

await future studies to answer. 

In our current model, the poly(A) regulation has been coarse-grained as one-step conversions 

between a long-tailed and a short-tailed mRNA subpopulations. Such coarse-graining retains the 

most essential kinetic features of the poly(A) regulation processes, while allowing for significant 

reduction of the model and efficient global parameter sensitivity analysis. From such analysis we 

identified the critical role of deadenylation in rhythmic regulation. In reality, both deadenylation 

and polyadenylation act sequentially, i.e., adding or subtracting one adenosine at a time. Unlike 

one-step chemical reactions, the kinetics of sequential processes are often non-exponential [135, 

136]. To evaluate the rhythmicities of poly(A) regulation and gene expression more accurately, 

we will include a linear reaction chain in the model to account for sequential steps of deadenylation 

and polyadenylation in our future work. 

Circadian gene expression is a critical, yet highly complex process. Expressing the right genes 

at the right time and the right place requires coordinated control at various gene expression steps, 

as well as across different cells and tissues. Systems-level study of the coupling between different 

rhythmic processes is necessary to gain comprehensive understanding of circadian gene expression 

control, and more importantly, the ability to make positive use of circadian rhythm in disease 

treatments. As our work demonstrates the significant impact of rhythmic poly(A) regulation and 

its coupling with rhythmic mRNA transcription and degradation on circadian gene expression, it 

will be of great future interest to examine how coupling of rhythmicities in all transcriptional, post-

transcriptional, translational and post-translational processes influences circadian gene expression. 

Finally, the methodology used in this study, namely, global parameter sensitivity analysis over 

randomized model parameters, are broadly applicable to modeling studies in chronobiology. 

Randomized global parameter sweeping is effective and efficient for model analysis, when the 

model parameters are largely unknown or highly variant (e.g., high variations across different 

genes for parameters in our model), and the corresponding experimental data are too sparse to 

effectively constrain the parameters. Results from global parameter sweep provide insights about 

which elements of the system are important for the target qualitative or quantitative behaviors. 

Many chronobiology models fall in this type. In fact, similar randomized global parameter sweep 
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was used to identify components that are critical to generate key characteristics of the circadian 

clock, such as circadian entrainment, adaptation to seasonal changes in photoperiod, and tissue-

specific rhythms [137-139]. 

In addition, the Sobolôs method serves as a particularly powerful tool for parameter sensitivity 

analysis for models in chronobiology. In chronobiology models, oscillation phases are often 

important quantities of interest. As circular variables, i.e., ZT 0 = ZT 24, phases are intrinsically 

nonlinear and non-monotonic. Analyzing nonlinear and non-monotonic variables using classic 

correlation and dependency analyses, such as Pearson correlation and Spearman correlation could 

lead to misleading conclusions, because these methods are based on assumptions about linear and 

monotonic relations between the analyzed data. For example, in our model, Pearson and Spearman 

correlation analyses demonstrate strong negative correlation between the phases of deadenylation 

and L/S ratio, a spurious conclusion due to the circular nature of phases (Figure 3.11); other pairs 

of input and output phases suffer different levels of distortion in their Pearson and Spearman 

correlations (Figure 3.11). Based on variance decomposition (see Methods), the Sobolôs method 

circumvents these problems and can effectively analyze nonlinear and non-monotonic variables 

[126]. The method can be used widely in chronobiology models to identify the key factors that 

drive phases of target quantities, such as the phase difference between PER2 and TP53, whose 

interaction is critical for the crosstalk between the circadian clock and cell cycle [76]. Furthermore, 

the Sobolôs method would be useful in model-driven chronopharmacology research [140-142], a 

particularly exciting new area, to elucidate the molecular mechanism of the therapy or drug and 

the source of variations in the therapeutic effect. 

Control of circadian rhythm is a great example of systems biology topics, since the circadian 

control is intricately connected to many, if not all, biological processes from the cellular to 

organismal levels. Like research on other systems biology topics, combination between 

computational modeling and experimentation provides a powerful tool and will accelerate future 

advance in the research of circadian control. 
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3.4 Methods 

3.4.1 Model simulation and extraction of phase, amplitude and mean from simulation 

results 

 

For any given parameter set, Eqs. (3.1) and (3.2) were simulated using the ordinary differential 

equation (ODE) solver, ode45, in MATLAB. For a simulated time trajectory ὒὸȟὛὸ , the 

peak phases, relative amplitudes and mean levels of ὒὸ Ὓὸȟὒὸ Ὓὸϳ  ÁÎÄ ὒὸ were 

analyzed. First, the time trajectory for the output quantity of interest, e.g., ὒὸ Ὓὸϳ , was 

calculated from ὒὸȟὛὸ . Then a 48-hr window after 700 hrs (sufficiently long to pass the 

initial transient) were extracted from the simulated trajectory for data analysis. The trajectories 

typically have irregular time spacing (due to automatic time stepping in the ode45 solver) and 

often have insufficient time resolution for accurate determination of the peak phase. To improve 

the accuracy of the estimated peak phase, the 48-hr trajectory were interpolated upon 500 equally 

spaced time points spanning the 48 hrs. The peak phase was evaluated from the time for the 

maximum value, ὸ , i.e., ÐÅÁË ÐÈÁÓÅ άέὨὸ χππȟςτ (hr). The mean value was 

estimated by taking the average of the 500 interpolated data values within the 48-hr window. The 

relative amplitude was estimated by taking the maximum and minimum values within the 48-hr 

window and calculating ÍÁØ ÍÉÎς ÍÅÁÎϳ . An output quantity was considered 

rhythmic if its relative amplitude is equal to or greater than 0.2. 

 

3.4.2 Parameter sampling 

 

We performed global parameter sensitivity analysis [143] on the model to analyze the general 

contribution of each parameter to any specific output quantity (i.e., peak phase, relative amplitude 

and mean of ὒὸ Ὓὸȟὒὸ Ὓὸϳ  ÁÎÄ ὒὸ). To perform such global sensitivity analysis, one 

needs to simulate the model with randomly chosen parameter values that maximally represent the 

parameter space. In this study we drew random parameter values from the distributions listed in 

Table 3.1 and plotted in Figure 3.6. The peak phases and relative amplitudes were sampled form 

uniform distributions of their possible ranges by definition (Table 3.1). The mean reaction rates 

were sampled from log-normal distributions suggested by previous genomic scale measurements 
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(see sources indicated in Table 3.1). It is noteworthy that we set the mean transcription rate as 

constant, as it only causes proportional changes in ὒὸ and Ὓὸ, and does not affect the rhythmic 

patterns of any quantity (see Supplementary Materials). To improve the accuracy of the global 

sensitivity analysis for models with many parameters, one needs sampled parameter values that 

well represent the parameter space. To this end, we used the sampling method of Latin hypercube 

[144], which is known to ensure good representation of the high-dimensional parameter space. 

 

3.4.3 Sobolôs method of global sensitivity analysis 

 

To evaluate the impact of each model parameter (e.g., phase of deadenylation) on each model 

output (e.g., relative amplitude of L/S ratio), we used a variance-based global parameter sensitivity 

analysis method, the Sobol indices [126]. For each pair of parameter ὢ and output ὣ in the model, 

the first-order, or single Sobol index, Ὓ , characterizes the contribution of variance in ὢ alone to 

the total variance in ὣ (Eq. (3.4)). Ὁ
ͯ
ὣȿὢ  denotes the conditional expectation of output ὣ 

when ὢ  is fixed and ὢͯ  are varied. ὠὥὶὉ
ͯ
ὣȿὢ  then denotes the variance of the 

calculated conditional expectation when ὢ varies (Eq. (3.4)).   The total-effect, or total index, Ὓ , 

characterizes the contribution of variance in ὢ, as well as the variance caused by its coupling with 

other parameters, to the total variance in ὣ (Eq. (3.5)). Similarly, ὠὥὶὣȿὢͯ  denotes the 

conditional variance of output ὣ when ὢͯ  are fixed and ὢ is varied.  Ὁ
ͯ
ὠὥὶὣȿὢͯ  

denotes the expectation of the calculated variance when ὢͯ  are varied (Eq. (3.5)). The larger these 

indices are, the more sensitive ὣ is to ὢ, or the more impact ὢ has on ὣ.  
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where the subscript ͯὭ indicates all indices except for Ὥ. 

We followed the specific algorithms given in [125] and [145] for evaluating the single (Eq. (3.4)) 

and total indices (Eq. (3.5)), respectively. The details of implementation are explained below. 
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1) Sample from the distributions given in Table 3.1 two independent groups of ὔ parameter 

sets (ὔ ρππȟπππ in this study): 
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Each row in ὃ and ὄ represents one set of Ὧ parameters. Ὧ ρρ for the model with 

cytoplasmic polyadenylation. Ὧ ψ for the model without cytoplasmic polyadenylation. 

Ὧ ω for the model without transcriptional rhythmicity. 

 

2) Construct Ὧ hybrid groups of parameter sets. The Ὥ-th group, ὃ , has the Ὥ-th column 

equal to the Ὥ-th column of ὄ, and the remaining columns copied from ὃ, where Ὥ

ρȟȣȟὯ. 
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3) Estimate the total variance in the output. 
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where Ὢ denotes the Ὦ-th output quantity from the circadian gene expression model (Eqs. 

(3.1) and (3.2)), ὃ  and ὄ  denote the ὲ-th parameter set (row) in Groups ὃ and ὄ, 

respectively. The bars on top denote the average of output quantities over ὔ parameter 

sets. 

4) Estimate the single and total Sobol indices, using Eqs. (3.9) and (3.10) [125, 145]. 
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where ὃ  denotes the ὲ-th parameter set (row) in the Ὥ-th hybrid group, and the 

other notations follow those described above. 

 

3.5 Supplemental materials 

3.5.1 Supplemental figures 

 

 

Figure 3.6 Sampling distributions of the model parameters. (A) Sampling distribution of mean 

mRNA degradation rate. (B) Sampling distribution of mean deadenylation rate. (C) Sampling 

distribution of mean polyadenylation rate. (D) Sampling distribution of relative amplitudes of all 

rhythmic processes. (E) Sampling distribution of peak phases of all rhythmic processes. 
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Figure 3.7 Sobol indices of the model with cytoplasmic polyadenylation. Calculation using Eqs 

(1) and (2). Label ñSò on top: single Sobol indices. Label ñTò on top: total Sobol indices. Error 

bars show the standard deviation of the estimated Sobol indices from 10 repeats. Each repeat was 

performed using the procedure described in Methods with ὔ = 100,000. 
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Figure 3.8 Sobol indices of the model without cytoplasmic polyadenylation. Calculation using Eqs 

(1) and (2), with ‖poly(A) = 0. Label ñSò on top: single Sobol indices. Label ñTò on top: total 

Sobol indices. Error bars show the standard deviation of the estimated Sobol indices from 10 

repeats. Each repeat was performed using the procedure described in Methods with ὔ = 100,000. 
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Figure 3.9 Two-parameter distributions show a more confined distribution of the Class I parameter 

sets than the Class II sets. (A) Parameter distributions with respect to the amplitudes of 

transcription and degradation. (B) Parameter distributions with respect to the phase difference 

between transcription and degradation and the amplitude of transcription. (C) Parameter 

distributions with respect to the phase difference between transcription and degradation and the 

amplitude of degradation. Case (i): Scatter plots for 3,000 Class I sets and 3,000 Class II sets 

randomly chosen from the 100,000 parameter sets used to produce Fig 4. Case (ii): The parameter 

sets in case (i) that satisfy ρȢρυ ÌÏÇὯ π. Case (iii): The parameter sets in case (i) that 

satisfy ς ÌÏÇὯ ρȢρυ. As the mean degradation rate, Ὧ , decreases, fewer Class I 

parameter sets are found in a more confined region. 
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Figure 3.10 Two-parameter distributions show a more confined distribution of the Class IV 

parameter sets than the Class III sets. (A-C) Parameter distributions with respect to the degradation 

amplitude and the phase difference between deadenylation and degradation (A), or between 

polyadenylation and degradation (B), or between deadenylation and polyadenylation(C). (D-F) 

Parameter distributions with respect to pairs of phase differences. Case (i): Scatter plots for 3,000 

Class III sets and 3,000 Class IV sets randomly chosen from the 100,000 parameter sets used to 

produce Fig 5. Case (ii): The parameter sets in case (i) that satisfy ρ ÌÏÇὯ ρ. Case 

(iii): The parameter sets in case (i) that satisfy ρȢυ ÌÏÇὯ ρ. As the mean degradation 

rate, Ὧ , decreases, fewer Class IV parameter sets are found in a more confined region. 
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Figure 3.11 Comparison among Pearson correlation, Spearman correlation and Sobol indices. (A) 

Dependency analyses between the phase of L/S ratio and the phase of each input. (B) Dependency 

analyses between the phase of L+S and the phase of each input. (C) Dependency analyses between 

the phase of L and the phase of each input. Scatter plots from Fig 2 for each input-output pair are 

placed below the corresponding dependency analysis results. 

 

3.5.2 S1 Text: Setting mean transcription rate as constant does not affect rhythmic pattern. 

 

Eqs. (3.1) and (3.2) from the Methods section are copied below. 

Long-tailed mRNA: () () ()trsc deA polyAt t L t S
dL

dt
k k k= - +   (S1) 

Short-tailed mRNA: () () ()deA polyA dgrdt L t S t S
dS

dt
k k k= - -   (S2) 

 

Note that ‖ ὸ Ὧ  ρ ὃ  ÃÏÓ ‫ὸ • . We can divide both sides of Eqs. (S1) 

and (S2) by the mean transcription rate constant, Ὧ  and obtain the following equations. 

 

 
( )

( )( ) () ()trsc

trsc trsc deA polyA

trsc trsc

1 cos
L k L S

A t t t
k k

d

dt
w j k k+ -= - +   (S3) 

 
( )

() () ()trsc

deA polyA dgrd

trsc trsc trsc

S k L S S
t t t

k k k

d

dt
k k k= - -   (S4) 
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Eqs. (S3) and (S4) show that changing Ὧ  only causes a strictly proportional change of ὒὸ 

and Ὓὸ. The rhythmicity patterns, including the peak phase and relative amplitude, will not be 

affected at all. The mean of ὒὸ and Ὓὸ change proportionally, but mean L/S ratio also 

remains the same. 
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Chapter 4. Circular Sobol indices for  the global sensitivity 

analysis of biological oscillator models 

4.1 Introduction  

Mathematical modeling of biological systems has elucidated the underlying mechanisms of the 

systems and generated quantitative predictions for biological dynamics during the past decades 

[146]. For example, ordinary differential equation (ODE) models have been developed to reveal 

the mechanisms of robust oscillations in the mammalian circadian clock [22, 147]; reaction-

diffusion equation models have been used to explain the pattern formation during embryogenesis 

of Drosophila [148, 149]; stochastic models of gene expression have helped us understand how 

intrinsic and extrinsic noise in gene expression leads to the heterogeneity in cell populations [150]. 

With accumulating quantitative biological data, mathematical modeling has become increasingly 

important in studying biological systems.  

Mathematical models of complex biological systems usually contain many parameters without 

precise experimental measurement. To enhance our confidence in parameter choice, sensitivity 

analysis (SA) is often used, which is a collection of methods that determine how changes in model 

inputs (i.e., parameters) affect model outputs. Results of SA can help identify key factors in the 

model, reduce model complexity, and inform robust parameter choice [27]. Large changes in key 

inputs influence the behavior of the system significantly, whereas changes in non-essential inputs 

barely affect the model outcome. Among several different classes of SA, local sensitivity analysis 

focuses on the effect of a single parameter while fixing other parameters at their nominal values, 

whereas global sensitivity analysis (GSA) is not restricted to analysis around a nominal parameter 

set or linear model structure, and can evaluate the relative importance of all parameters 

simultaneously [151]. The information provided by GSA is particular useful in biological 

modeling, which often suffers uncertainty in multiple parameters. Sobol index, or Sobolôs method 

[152], is one of the commonly used GSA methods that examine the sensitivity of model outputs 

over the whole parameter space of the model; it has been widely used in the fields of finance, 

pharmacology, and ecology [29-32].  

Among various biological systems, self-sustained biological oscillators play important 

functional roles, such as oscillatory blood pressure, brain activity in humans, oscillatory growth 
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rates in plants, and the well-known circadian rhythms in most living organisms [153-156], and are 

of great interest to mathematical modelers and biologists. Though many mathematical models have 

been developed for studying biological oscillators, Sobolôs method has only been applied in a few. 

Since Sobol index is an analysis-of-variance (ANOVA) method that is based on the decomposition 

of variance, and models of biological oscillators usually contain circular quantities such as phases 

which are associated with different definitions of variance [157], we asked the questions: Can the 

original Sobol index accurately quantify the contribution of individual model inputs to the circular 

outputs in biological oscillators? Do we need to tailor the Sobol index calculation for circular 

quantities? 

To answer these questions, we examined the application of Sobolôs method to biological 

oscillator models. We first reviewed the theoretical basis and existing numerical algorithms for 

evaluating the Sobol indices. We found that the traditional Sobol indices based on decomposition 

of non-circular variance are not valid for circular quantities. Based on circular statistics, we 

proposed two circular Sobol indices for circular model outputs. Finally, we compared the 

performance of circular Sobol indices with the original Sobol indices for several oscillator models. 

The results showed that compared to the original Sobol indices, circular Sobol indices can better 

distinguish the individual contribution of model inputs to model outputs. Our work provides a 

novel tool for future analyses of oscillator models, which can be further refined in the future. 

 

4.2 Review of Sobol indices   

Sobol indices, also known as Sobolôs method, is a variance-based GSA method that quantifies the 

contribution of uncertainty in each model parameter to the uncertainty in a model output, based on 

decomposition of the variance in the model output [152]. Consider a generic model described in 

Eq. (4.1), in which an output Y depends on a set of parameters ὢ ȟỄȟ. As shown in the original 

Sobol method paper, the function can be decomposed into terms with increasing orders if it is 

integrable over πȟρ  (Eq. (4.2)) [152]. Moreover, if the summands are mutually orthogonal, then 

integration of the square of Eq. (4.2) yields the decomposition of the variance of Y into terms of 

different orders that represent different sources of the variance (Eq. (4.3)). For example, the first-

order terms ὠ represent the fraction of variance of ὣ contributed by the uncertainties in an 

individual parameter ὢ alone (Eq. (4.4)). The second-order terms ὠ  represent the fraction of 
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variance of ὣ contributed by the uncertainties in the interactions between parameters ὢ and ὢ (Eq. 

(4.5)). This goes on until the highest-order term ὠȟỄȟ, which represents the contribution by the 

uncertainties in the interactions among all parameters (Eq. (4.6)). 

 ὣ Ὢὢȟὢȟȣȟὢ  (4.1)  

ὣ Ὢ В Ὢὢ В Ὢ ὢȟὢ Ễ ὪȟỄȟ ὢȟὢȟȣȟὢ   (4.2) 

 

ὠὣ ὠ ὠ Ễ ὠȟỄȟ 

 

(4.3) 

 ὠ ὠὉὣȿὢ  (4.4) 

 ὠ ὠὉὣὢȟὢ ὠ ὠ (4.5) 

 ể  

 

ὠȟỄȟ ὠὣ ὠ ὠ Ễ ὠȟỄȟ
Ễ

 

 

(4.6) 

 

Sobol indices of different orders can be derived from the decomposition (Eq. (4.2)). The Single 

Sobol index Ὓ, which quantifies the variance of output that is solely influenced by the 

uncertainty in parameter ὢ can be derived from the first-order term ὠ (Eq. (4.7)). 

 
Ὓ

ὠ

ὠὣ

ὠ Ὁ ὣȿὢ

ὠὣ
 

(4.7) 

Higher order Sobol indices can be derived similarly from the higher order decomposition terms. 

For instance, the second-order Sobol indices are given by Eq. (4.8). 

 
Ὓ

ὠ

ὠὣ
 

(4.8) 

Because they derive from variance decomposition, Sobol indices of different orders should add 

up to one (Eq. (4.9)). 

 

ρ Ὓ Ὓ Ễ ὛȟỄȟ 

 

 (4.9) 
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Besides the single Sobol index Ὓ, the total Sobol index Ὓ  is another commonly used Sobol index, 

which accounts for the contributions from parameter ὢ and its interactions with other parameters 

to the output variance  (Eq. (4.10)). 

 Ὓ Ὓ Ὓ

ȟ

Ễ ὛȟỄȟỄȟ  

(4.10) 

   

With the decomposition of variance in Eq. (4.3), it can be shown that 
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(4.11) 

With the law of total variance, it can be further proved that 
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(4.12) 

 

4.2.3 Numerical calculation of Sobol indices 

To numerically calculate the single Sobol index Ὓ and total Sobol index Ὓ , groups of parameters 

are randomly sampled from their target distributions using a nested sampling scheme to be 

explained below, and used for model simulations (Figure 4.1). To calculate Ὓ, we first set up ὖ 

groups of parameters, each containing ὗ parameter sets for the model. To calculate the conditional 

expectation value of model output Ὁ ὣȿὢ  as shown in Eq (4.4), within each group the value 

of parameter ὢ is fixed while the values of other parameters ὢ  are randomly sampled (Figure 

(4.1A). Across different groups, the value of parameter ὢ is randomly sampled. Then these 

parameter sets are used in model simulations and the expected values of the model output from 

each group, ὣȟὣȣὣ, are collected. In the final step, the variance of these expected values  are 

calculated as the estimator for ὠ Ὁ ὣȿὢ  (Figure (4.1A). As for the total Sobol index Ὓ , 

similar nested groups of parameters are sampled, except that the values of parameters ὢ  , rather 

than the value of parameter ὢ, are fixed within each group. Across different groups, the values of 

parameters ὢ  are randomly sampled. The parameter sets in each group are then used to calculate 

the conditional variances ὠ ὣȿὢ  (Figure (4.1B). The mean of these variances gives the 

estimator for Ὁ ὠ ὣȿὢ  (Figure (4.1B). Notice that other numerical algorithms with 

different parameter sampling schemes also exist [145], yet they are based on the same variance 

decomposition process and all methods converge to the same results as sample size increases. 
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Figure 4.1 Schematic diagram of parameter sampling for the calculation of single and total Sobol 

indices.(A) Parameter sampling for the calculation of single Sobol index for parameter ὢ.  (B) 

Parameter sampling for the calculation of total Sobol index for parameter ὢ. Check Eqs. (4.4) and 

(4.12) for the formulas of single and total Sobol indices. 

 

4.3 Review of circular Statistics   

Mathematical models of biological oscillators usually contain periodic outputs, for which 

circular statistics are needed to examine the characteristics of their periodicity. Circular mean of 

circular quantities, such as the phases of oscillation, can be very different from their non-circular 

mean value, which is illustrated by a simple example in Figure 4.2B. The circular mean —Ӷ  of a 

group of angles — —ȟ—ȟỄ—  is defined as the mean direction (4.13) rather than the 
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arithmetic mean value [157]. Based on the definition of circular mean, circular variance 

characterizes the sparsity of angles, with the definition ὠ ρ Ὑ, where Ὑ is the mean 

resultant length (Eq. (4.14) and Figure 4.2A [157]). 

 
—Ӷ ÁÔÁÎς ίὭὲ—ȟ ὧέί—  

 

 

(4.13) 

 

Ὑ
ρ

ὲ
ίὭὲ— ὧέί—  

 

 

(4.14) 

 

 

Figure 4.2 Schematic diagram of the definition of circular mean and circular variance. (A) 

Definition of circular mean and circular variance (B) Comparison between circular mean and non-

circular mean, illustrated by an example of two angles —ȟ— , where — ς“ —Ȣ  

 

4.4. Result 

4.4.1 Proposed formula for circular Sobol index 

 

Several methods were previously proposed to approximate the single and total Sobol indices 

[145]. Regardless of their different formulas and parameter sampling schemes, these methods are 

all different estimators of the formulas described in Eqs. (4.7) and (4.10). Based on circular 

statistics and the nested parameter sampling scheme introduced above (Figure 4.1), we proposed 

two new methods tailored for the calculation of single and total Sobol indices for circular 

quantities (Table 4.1). 
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Table 4.1 Proposed formulas for circular single and total Sobol indices* . 

Method Single Sobol index Total Sobol index 

Circular 1 

Ὓ

ρ
ὴ
В Ὑ Ὑ

ρ Ὑ
 Ὓ ρ

ρ
ὴ
В Ὑ Ὑ

ρ Ὑ
 

Circular 2 

Ὓ

ρ
ὴ
В Ὑ Ὑ

ρ Ὑ
 Ὓ ρ

ρ
ὴ
В Ὑ Ὑ

ρ Ὑ
 

*  Ὑ is the mean resultant length of the circular model output (converted to angles) within each 

group when the parameter value of ὢ is fixed, whereas Ὑ  is the mean resultant length of the 

circular model output within each group when the parameter values of ὢ  are fixed. Ὑ or Ὑ  is 

calculated from N independent sampled parameter sets, where N=p*q. (p is group number, q is 

group size). 

 

For the first method, the circular variance is defined as ὠ ρ Ὑ like in [157]. To estimate 

ὠ , an independent group of parameters of size N is drawn from the parameter space. After 

performing nested sampling of parameters as for the original Sobolôs method, the mean resultant 

length Ὑ and Ὑ  are calculated for each group, and are then used to calculate Ὓ and Ὓ , 

respectively (Figure 4.3A,B). For the second method, we redefine ὠ ρ Ὑ  and replace Ὑ 

and Ὑ  by Ὑ  and Ὑ , respectively (Figure 4.3A,B). 
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Figure 4.3 Schematic diagram of parameter sampling for the calculation of circular single and total 

Sobol indices. (A) Parameter sampling for the calculation of circular single Sobol index for 

parameter ὢ. (B) Parameter sampling for the calculation of circular total Sobol index for 

parameter ὢ. Circular 1 method calculates the mean resultant length of model outputs in each 

parameter group, while circular 2 method calculates the squared mean resultant length. Check 

Table 4.1 for formulas of circular single and total Sobol indices. 

 

4.4.2 Examination of Sobol indices through toy models with circular quantities 

 

To examine the performance of our proposed methods, we started with several toy models 

constructed with simple periodic functions. 

Case 1: Toy Model 1 
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ὣ πȢςὢ πȢτὢ πὢ 

ὣ άέὨὣȟς“ 

where ὢ, ὢȟὢ are sampled from the uniform distribution, U(0, ς“. 

Since ὣ is within the range of [0, ς“], the modulo function has no effect on ὣ, therefore ὣḳὣ. 

As illustrated by the scatter plots (Figure 4.4A, B), the value of model output  ὣ is mostly linearly 

dependent on the value of ὢ, followed by ὢ. Since ὧ π, varying the value of ὢ does not 

affect the value of ὣ, indicated by the wide band of scattered dots (Figure 4.4A, B). Across three 

methods of Sobol index calculations, the relative rankings of the three parameters are almost the 

same, with the uncertainty in ὢ  mostly affecting model output ὣ (Figure 4.4C). Since there are 

no interactions between the three parameters in Toy model 1, the single and total Sobol indices 

from each model input should be the same. Based on this, the non-circular method seems to provide 

the most accurate quantification of single and total Sobol index. However, we later showed that 

the numeric convergence can be improved by increasing sampling size for circular Sobol indices. 
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Figure 4.4 Sobol indices for Toy Model 1.(A) Scatter plots of model output ὣ vs model input ὢ, 

ὢ, ὢ for Toy Model 1. (B) Scatter plots of model output ὣ vs model input ὢ, ὢ, ὢ for Toy 

Model 1. (C) Comparison of Sobol indices between three methods. The single and total Sobol 

indices are averaged from 10 independent repeats of numerical simulation. The group number and 

group size of each simulation are set as 100 and 1000. 

Case 2: Toy Model 2 

ὣ ὧ ὢz ὧ ὢz ὧ ὢz 

ὣ άέὨὣȟς“ 
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where ὢ, ὢȟὢ  ~ U(0, ς“, ὧ πȢς, ὧ πȢτ, ὧ πȢψ 

In Toy Model 2, the coefficient of ὢ is increased to ὧ πȢψ, making the model output ὣ 

exceeding the range of [0, ς“]. As shown in the scatter plots (Figure 4.5A), ὣ is mostly linearly 

dependent on the value of ὢ as compared to ὢ, ὢ, indicated by the dense stripe in ὣ vs ὢ and 

the sparse scatters in ὣ vs ὢ, ὣ vs ὢ. However, after applying άέὨ function that transforms ὣ 

to an angle ὣ within the range of [0, ς“], the linear relationships between ὣ and ὢ, ὢ are gone 

and the strong linear dependency between ὣ and ὢ is broken into 2 stripes (Figure 4.5B). 

Relative rankings of Sobol indices from three parameters are the same across three methods, 

with the uncertainty of ὣ mostly contributed by the uncertainty from ὢ. Circular 1 method 

mostly distinguishes the individual contribution from model input ὢ, ὢ, ὢ, with the highest 

contrast between single Sobol indices (Figure 4.5C), whereas the non-circular method mostly 

attributes the uncertainty of model output to the interactions between model inputs, indicated by 

the large difference between the single and total Sobol indices. 
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Figure 4.5 Sobol indices for Toy Model 2. (A) Scatter plots of model output ὣ vs model input ὢ, 

ὢ, ὢ for toy model 2. (B) Scatter plots of model output ὣ vs model input ὢ, ὢ, ὢ for Toy 

Model 2. (C) Comparison of Sobol indices between three methods. The single and total Sobol 

indices are averaged from 10 independent repeats of simulation. The group number and group size 

of each simulation are set as 100 and 1000. 

Case 3: Toy Model 3 

ὣ ὧ ὢz ὧ ὢz ὧ ὢz 

ὣ άέὨὣȟς“ 
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where ὢ, ὢȟὢ  ~ U(0, ς“, ὧ πȢυ, ὧ ρ, ὧ ς 

In toy model 3, the coefficients of independent variables ὢ are increased to an extent such that the 

model output ὣ exceeds ς“ in most cases, making the άέὨ function dominantly affecting the 

value of ὣ. As shown in Figure (4.6A, B, the linear correlations between ὢ and ὣ are completely 

gone in the scatter plots of  ὢ vs ὣ. Correspondingly, single Sobol indices of all model inputs 

approach 0, while total Sobol indices approach 1, indicating that it is the interactions between all 

model inputs rather than any individual model input that affects the model output (Figure 4.6C, D, 

E). In this extreme case, there is no difference between the three methods in quantifying the 

contribution of individual model inputs.  
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Figure 4.6 Sobol indices for Toy Model 3. (A) Scatter plots of model output ὣ vs model input ὢ, 

ὢ, ὢ for toy model 3. (B) Scatter plots of model output ὣ vs model input ὢ, ὢ, ὢ for Toy 

Model 3. (C) Sobol indices calculated by non-circular method. (D) Sobol indices calculated by 

circular 1 method. (E) Sobol indices calculated by circular 2 method. The single and total Sobol 

indices are averaged from 10 independent repeats of numerical simulation. The group number and 

group size of each simulation are set as 100 and 1000. 




















































