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An initial value problem for one-dimensional wave propagation is considered; the medium is assumed to be
randomly perturbed as a function of both space and time. The stochastic perturbation theory of
Papanicolaou and Keller [SIAM J. Appl. Math. 21, 287 (1971)] is applied directly in the space—time
regime to derive transport equations for the first and second moments of the solution. These equations are

solved in special cases.

I. INTRODUCTION

The problem of characterizing long-range acoustic
transmission in the ocean is essentially that of under-
standing the dynamics of wave propagation in a medium
subjected to small random spatial and temporal pertur-
bations. While the ocean problem is further complicated
by a deterministic sound-speed profile (forming the
SOFAR channel) and randomly irregular boundaries,
understanding the effects of the medium itself repre-
sents a necessary prerequisite.

In this paper, a model problem involving one-dimen-
sional wave propagation is considered. The properties
of the medium are assumed to be randomly perturbed
in both space and time. The stochastic perturbation the-
ory of Papanicolaou and Keller! is applied directly in
space-time; transport equations for the first and sec-
ond moments of the solution emerge as necessary rela-
tions for the suppression of secular growth in the two
characteristic directions of the unperturbed wave opera-
tor.

Dealing with the problem directly in space-time per-
mits us to study the evolution of wavepackets in a spati-
ally and temporally fluctuating environment. Fourier
transforms are used, but only after the formal stochas-
tic asymptotic analysis is complete. Only the infinite
spatial domain is considered; however, the formalism
can be developed as well for the semi-infinite spatial
domain. It is hoped that subsequent analytis of this lat-
ter problem will provide insights into the nature of the
boundary conditions that must accompany the limiting
transport equations in cases (like the ocean) where
boundaries exist.

In Sec. II the asymptotic formalism is developed while
equations for the first moment of the solution are de-
rived in Sec. III. In Sec. IV similar equations are de-
rived for the second moment (i.e., the mutual coherence
function). Sec. V deals with a specific example.
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Il. DEVELOPMENT OF THE FORMALISM

The initial value problem that we shall consider is the
following:

2

3 8 /. 9
-a—;z-u(x, t, w, €) -57 (C ¥(x, t, w, €)-a—tu(x, t, w, e)) =0,

-0 <y <o, t>0 (1)

o}
ulx, 0, v, €} =£(x), —5?—(36, 0,w, €)=g(x), —o<x<wo,

(2)

where € is a small real parameter and w is an element
of some underlying probability space. We assume that

T3x, t, w, €)=c"¥(1+eulx, t, w)), (3)

i.e., the sum of a constant and a small randomly fluc-
tuating quantity. The random field u is assumed to be
a zero mean wide-sense stationary function of both
space and time; consequently, we have

(lJ-(x’ t: 'U»:Os
(e, t, Wulx’, ¢, wh=R(x —=x',1 =), 4)

-0 <y, x! <o, 0= t, t <o,

where (+) denotes expectation, i.e., integration with re-
spect to the underlying probability measure. We shall
further assume that the random field p is mixing (Ref.
2) in the sense that as the space-time separation of

(x,, ¢,) and (x,, #,) tends to infinity, the random variables
plxy, ¢, w) and plx,, {,, w) become asymptotically inde-
pendent.

We are ultimately interested in (u(x, {, w, €)) and
(ulx, 1, w, €ulx’, t', w, €)) in the asymptotic limit where
€ - 0 but where the space-time propagation paths (i.e.,
distances along the characteristics) tend to infinity.
Prior work (Refs. 1, 2) has shown that since (u)=0, in-
teresting probabilistic effects will energe on ¢™? scales.
Accordingly, we introduce the following slow spatial and

temporal variables:
E=ex, T=€ (5)

and view the solution « as a functionof x,¢,£,7,¢,w. The
differential operators transform as follows:
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a3 8 ,8 8 8 ,8 -
4@y et € 6
ox ox TS BE’ 81 ot 8T (6)

and Egs. (1) and (2) become

2

92 o 82 s 0 8 5 0
a—-xg-+2€ —3-)—65?-‘-6 a—gg M(X,t,g,'r,w,i)— 3—t+€ 37/

X[cH1+ epulx, ¢, w))(—:—t- +€ :T> ulx, t, &7, w, €)]

E(E (".B")u =0, (M
u(x,0, &0, w, €) :f(x) s
(8)

] 2
Wu(x, 0,£0,w,€)+ € Fu(x, 0,£0,w, €)=g(x).

In particular:

2
92,8

0= FF T¢ BT

3 2
£1=—C'ZW(#(% L w)'gt—(» , 9)
a2 . 97 )
£2—2<8x8§ ~¢ Bter)
The solution « is expanded in a power series in €,

ulx, t, &, 7, w, €)= 2 €u,(x, t, E,7, w).

n=0

(10)

When (10) is substituted into (7), (8) and coefficients
of the same power of € are equated, we obtain the fol-
lowing hierarchy of problems:

() £,u,=0, wu,lx,0,£,0)=7(x), uo(x, 0, £,0)=g(x),

ot

(i) Lou, = - L uy, u,(x,0,£0,w0)=0,

2]
Wul(x, 0,£0,w=0,

(iii) £uy= —L u, ~Louy, uy(x,0,£,0,w)=0,

-] 3
a—t-uz(x, 0, g, 0, CL’):’—?[uo(x’ 0, ¢, 0)7 (11)

Stochastic effects in the actual solution gradually build
up over long space—time propagation paths. Because of
the assumed mixing property of the random field, the
solution becomes essentially independent of the random
field contained in any given space-time correlation cell.
The stochastic perturbation formalism incorporates
these features in the sense that computationally. «, is a
deterministic quantity and yet its dependence upon the
slow variables £ and T will ultimately be dictated by pro-
perties of the random field.

The u, problem is solved by imposing the initial con-
ditions upon the D’ Alembert general solution; we obtain

Ug(xy 8, &, T) =0, (£, Ty x = ct) + v,(E, Ty x + 2) (12)
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with

04(6,0, ¥ )= Eflx —ct) == [ g,
(13)

x+cl

sflx+ ct)+2ic- f_” gh)yax.

v,(&,0,x+ct)=

Equations (13) will essentially provide the initial con-
ditions for the resulting £7-transport equations. The
equations themselves will emerge from the need to sup-
press secular growth in the expression for (uy).

We now solve the «, problem [cf.(11ii)], imposing the
more stringent initial conditions ,(x, 0, & 7, w)= (3/
8t (x,0,&,7T,w)=0 (r=0). Using Duhamel’s Method®
we obtain

uy(x, 4, &, 7, w)

x+c(t=-8)
f f (u()\ S, w) uo()\, s, &, T)>d7\ds ,
x=c(t=s)

(14)

where u, is given by (12). In solving the u, problem
(11iii) we again impose the more stringent initial con-
ditions u,(x, 0, £,7) =0, (8/91)u,(x, 0, &, 7) = =(3/87Juy(x, 0,
£,7). Then, using superposition and Duhamel’s Method,
we obtain

us(x, 1, &, 7, w)

X+c(i=5)

f -/;-c(t-s)
52
_2<02 & 7

9EaN
1 x+ct )
~or [, a0, 5 D (15)

[ (u(x s, w) T Ay s, 8,7, w»

) us(A, s, &, T)J dxds

aToSs

IlIl. EQUATIONS FOR THE FIRST MOMENT

In this section we shall derive equations of evolution
for », and v, (as functions of { and 7). Taking expected
values of the terms in (10), we have

(16)

Recall that u, is a deterministic quantity. There-
fore, noting (14) and the fact that {u)=0, a formal
exchange of operations leads to {,)=0. Therefore,
@ =uy + @)+ -+ An examination of the terms
comprising (u,) will reveal that some terms grow secul-
arly with ¢; suppression of this growth, which is re-
quired to make the correction €*(u,) truly small on O(1)
{1 scales, will also determine the equations of evolution
for v, and v, (i.e., u,).

<u> =SUg+ e(u1)+ €2<u2> FREIN

We are basically interested in the evolution of wave-
packets in a statistically fluctuating environment. Thus
we are tacitly assuming the initial data f and g to be
such that v,(£,0,x), i=1,2, are suitably smooth with
(essentially) compact support in x. [As (13) indicates,
v,(£,0,x), i=1,2, are actually independent of £.] In the
absence of random fluctuations, », and », would propa-
gate undistorted along the characteristics. In the pre-
sence of a spatially and temporally fluctuating medium,
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however, the packets will become distorted and could
also conceivably grow in strength (having energy
“pumped in” by the medium) as they evolve. We shall
assume, however, that any such accrual of energy oc-

curs, on the average, at a sufficiently slow rate. Speci-
fically, we shall assume that
x+ct
lim — |28, 7,0 [dh=0, i=1,2 (1
t o0 a=ct

uniformly in &, 7,x. We shall also assume that similar
averages of various partial derivatives of », and 7,
vanish in the limit as j —«,

Consider (u,), where u, is given by (15). Noting (12)

the latter portion can be expressed as

fx+c(t ~8) < 52 52
— c? u (A, s, &, 7)drds
f x=c(t~s) 8A BT83> 0 T

x+ct 5
— ft =10, (1, 0, £, )
A
T \er T

0 9
<—a? - CBTj ) v,(&, T, x+ Cf)

=

In the context of our assumptions, the last term on the
right-hand side of (18) will not contribute to secular
growth in /. The remainder of (15) is evaluated using
the expression for u, given by (14). For brevity, let 9,
denote partial differentiation with respect to the ith ar-
gument. Then

1 t  ~xtc{t=s) 9 5
-5 f f e <—8—q <H(7\, S,w)—a—;ul(k,s, g1, ’U))>d7\ds
=c(t=5 < K

2ct Act-o
{ f f [c*R(-0, c™'o)(@20, (8,7, 20+ x ~ ct)
8c*t

+ 0, (5, T, 04 e x — )+ 35,0, (4, T,0 =N+ x+cl)

a£> 1(£ T \'_([)

x+ct

< v, (&, T,2) - £ —v,(&, 7, X))(D\:‘. (18)

+850,(8, T, x4+ ) — cd,R(-0, cro) (-8, (&, T, 20

+x =)+ 00,8, T, 00 +x =)

-9, (&, T, 0 =N+ x+cl)+ 91, (8, T, x + 1))

+¢*R(0, ¢™'o) @Zp (£, T, x —ct)

+ 20,8, T, ~0rx —ct) + 820, (§, T, =0 =N+ x+ cl)
+8Z,0,(8, T, ~20+ x+ ct)) —=cd,R (v, c™'0)

X (=80 (§, T, x —c)+ 8,0,(8, T, -0 +x = cl)

-0 (5T, -N-0+x+ ct)

+0,u,(E, T, ~20+ %+ ct))]dnd(f] . (19)

Note that R(z0, c™'0) corresponds to correlations along
the two characteristic directions. We shall assume that
both R and 3,R decrease rapidly as a function of o in the
sense that

fx‘ [R(z0, c™'0) + |8,R (20, ¢710) | o "do <o (20)

for n=0,1. Inview of assumptions (17) and similar as-
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sumptions for the partial derivatives, contributions to
the secular term will arise from those portions of the
integrand of (19) which are independent of . For bre-
vity of notation, let

a=x-cl, B=x+cl. (21)

Combining the secular terms in (19) with those of (18),
we observe that

o a 9
- (T?? +C~8§j n (&7, a) - <F—

¢ 2¢t 2
vy f R(-0,c™'0)8,,0,(¢, 7,20+ a)do
0

]
C%‘E) 1’2(5, T, B)

+—

2ct
3 f 8,R(-0,c o) b,0,(E, 7,20 +a)do
s}

2¢ct
aiBUl(E”r’ Ol)/ R(O', ¢ o) do
0

1 -2¢t
+3 a.0,(5,7,0) J a,R(0, cra)do

2ct

BT mf R(-0, c™'0)do

2¢t
_l 8,0,(&, 7 ﬁ)f 3,R (-0, c™o)do

c 2ct
s fo R(o, c™t0)dZ,v,(8, 7, —20+ B)do

2ct
—% fo 3,R(0, c10)3,0,(&, T, ~20+ B)do (22)
must necessarily vanish as? -« if €%(u,) is to be genu-
inely small on O(1) £7 scales. Recall that we havetacit-
ly assumed initial data corresponding to wavepacketprop-
agation. Inthe absence of random fluctuations, an initial
localized disturbance would split into forward and back-
ward propagating components; these components, inturn,
would propagate undistorted along the characteristies.

In the randomly perturbed case, we shall assume that
the same gross qualitative features exist, i.e., that the
support of », is concentrated on a family of characteris-
tics x — ¢l = a = const while the support of ¢, remains
concentrated on a family of characteristics x+ct=p
=const. Thus, while the packets may be distorted,
smeared or otherwise affected by the random fluctua-
tions, we assume that these fluctuations have not totally
obliterated the packets.

Suppression of the secular term (22) as { -« reduces,
therefore, to the suppression of secular growth in the
two characteristic directions. Setting o =const and let-
ting { —, we obtain the equation

(8 ag)”‘(‘g’T"”)

c (" - 92
:—4—f0 R(-o,clo)wvl(g,'r, 20+ a)do

1 - 3
+?f0 9,R(~0, ¢ 1o)a—aul(£,7, 20+ a)do

c 9 “ .
S iy v, (&, T, a)/; R(o, ¢ *o)do

Py ©
+ *1“ _a'vl(g, T, a) .fo azR(G’ C-IU)dO’ .

1% (23a)

Werner E. Kohler 1980



The partial derivatives with respect to the third argu-
ment have been interpreted as partial derivatives with
respect to a. Since f=a+ 2¢t, taking the limit { -
along a family of characteristics o = const will suppress
the v, terms in (22); we are assuming that v, and its
various partial derivatives with respect to 8 vanish as
B~c. [This added assumption is similar but more re-
strictive than the ones made in (17).]

Setting 8= const (so that @ =8~ 2¢f) and leiting ¢ —~=,
we obtain the second equation,

8 a
<—8? _CE> vz(ﬁ, 7, B)
2_2__%: (7, Bf R(-o0, ¢ '0)do

1

-7 aﬁ v, (&, T B)f 3,R(-0, cro)do

c (" oy 0°
+T,/(; Ko, c 10)_8?02@’ 7, =20+ B)do

w©

—l 3,R(o, c” o)—pz(g, T, ~20+ B)do.
e}

3 (23b)

Together with Eq. (23), we have initial conditions (13),
which can be recast as

(8,0, @)= (@) —51; S st)as, (242)

(¢, 0, ﬁ)«zf(ﬁ)+ f g(s)ds . (24b)

Both o and 8 range from -« to +® as x and ! vary over
the half-plane —» <x <w«, {=0. Introducing Fourier
transforms greatly simplifies problems (23) and (24).
Define

By(&, T,y ET—Tn- S vilg, 7, 2)e  az, i=1,2. (25)

Then, (23) and (24) transform into the following pair of
first order Cauchy problems:

9 ¢ ~ ~
<3?+c—§—g> D&, 7, 7)= =T (0D, (E, 7,7), (26)

—wo Lt T2, —w<ly<w

2 o 2 ©
I‘l(y)s—c‘;"—f R(-o0, c"c)e'""do+£41— f R(o, c™'o)do
0 0

©

_i_Z, 8,R (-0, c“c)e*“"do-—f 8, R{0, c™o)do,

9 8
(3 ~ 0 )06, T, M = T, 7,9,

(27)
"°°<§<°0’ TZ(0, =—w0<y<o s
2 o 2 o
rz(Y)EiZ—f R(—O,c“o)dc.p%_f R(o, c0)e"27gg
0
i
+ —41 823(—0 c'lor)dg+ f 8,R({a, C'lo-)e-tzrndo,’
0

where the initial data 9,(£,0,¥), i=1, 2, are obtained by
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the Fourier transformation of Eq. {24). Note that the
initial data is actually independent of £; to make this
point explicit, we shall set 9,(£,0,y)=®,(y), i=1,2.
Then, the solutions of (26) and (27) are

D&, T, v) =0,y exp[ -T; (7], i=1,2. (28)

The desired functions v,(£,7, @) and v,(£, 7, 8) must then
be determined by inverse Fourier transformation.

We shall conclude this section by considering an ideal -
ized special case for which the computations are par-
ticularly simple. Let

-x2/ 282

fx)= REE g(x)——C-—(x) (29)
This choice of initial data corresponds to
v,(§,0,a)=fla), v,(¢0,8)=0. (30)

Thus we consider the case of a right-propagating Gaus-
sian pulse; in the absence of random fluctuations, this
pulse would propagate undistorted. For simplicity, as-
sume that the random field u is independent of time and
spatially delta-correlated, i.e.,

Ry ~x',t—1")=5.6(x - x'). 31)
Then, the inverse Fourier transformation of expres-
sions (28) for this example leads to

v (&, T, x —cl)= expl - (x - c1)*/2(8% + 3¢S,7))

(2m)* 2% 4 3¢S, 7)V/? (32)
{8, T, x+¢t)=0.
Therefore,
2 2 1.2
e, 1, 0, ) ~ expl —(x — ct)?/2(%% + 3€%cS,t)] ' (33)

(2172 & 2€%cS, 1) °

IV. EQUATIONS FOR THE MUTUAL COHERENCE
FUNCTION

In this section we shall study the asymptotic behavior
of (u(x,, £, w, €u(x,, t,, w, €)). We again introduce slow
variables £,,7;,7=1,2, and develop the solution at each
space—time point in an € power series [cf.(10)]. For
brevity, let «'*> and u!*’ denote u{x,, ¢,, £, 7;, w, €) and
u (x,, L, £45 Tiy W), respectively (where i=1,2 and =0, 1,

**+). Then

u(l)u(z) (l) (2)+€(u(1) (2)+u(l) (2))

F EUVUD MU LDy D) e (34)

The product #& 4%’ is computationally a deterministic
quantity. Noting (14) we obtain

(u(” (2)> u(1)u(z)+ EZ(u(()”(u;Z))-;-(ui”uiZ))
+ @ ulP) oo (35)
Recall that we are essentially interested in the evolu-

tion of wavepackets in a random environment. Thus, the
spatial and temporal offsets of interest, i.e.,

Werner E. Kohler 1981



(36)

will be 0(1), being limited basically by the support of
the packet. Consequently, the case of interest will cor-
respond to O(¢€?) offsets in the slow variables ¢ and 7.
Therefore, we shall be ultimately concerned (to leading
order) with ¢§ =§,=8 and 7, =7,=7.,

Ax=x, ~x,, A&lI=l -1,

Note that the consideration of the mutual coherence
function involves a “‘cross-coupling” term @ {*'u{?') which
will contribute to the ultimate equations of evolution.

Let
i=1,2,

a;=x;~clyy, Bi=x;+cly,

7
T=3(t,+1,). 37

X =3(x,+x,),

Again, we must identify the terms in the €* coefficient
of (35) which grow secularly as 7 -, Recall that the
(&4 T4, @;) terms have their support located near

X — ¢T = const while the »,(¢,, 7,, 8;) terms have their
support in 8 located near X + ¢T = const. Therefore, as
T -, twoequations will emerge from the need to suppress
secular growth along the two families of characteristics.
Note that cross products of the form v, (&, 7,, a)v,(£,,
T, 8;), i,j=1,2, will tend to zero as T increases since
the supports of the two terms forming the product be-
come essentially disjoint.

Suppression of secular growth along the characteris-
tic family a = const necessitates the vanishing of

9 3
_’[v‘(gl, T” a‘) <'§;— +C—a—§;)1j1(€2, Tz, az) - 1»1(52, 72, 012)

< a3
57t

32
X (’)1(£u TN Paz 0, (g Toy 20+ @) + 0, (E55 Ty a,)
2

8 c (" R
C_a_f;>vl(£1’71’a‘)+ffo R(-0,c'0)

52
% —5%3-01(51,71, 20+ al)>d0
1~ N 9
+Zf 3,R(-0, c™0) U1(‘£19Tua1)'§a‘v1(52:72: 20+ a,)
2 \ 2

+0,(5,, T, 2) ’U AE, Ty, 20+ a1)>do

o2
c 8
+ ’Z(Ux(gu T, Q) EP v, (E25 Toy @)+ 0,(E5, 75, )
2

2

F ol . 1
X —v, (£, Ty, @) f R(o, c'o)do += <vl(§l, T, Q)
5, . 3

v e, T, )>

9
X ?&_1'1(‘52: Tay 0p)+ 0, (&5, Ty az)
X fw 3,R (o c"o)do+£—?—-v (&, T, ;)
o H 4 aal 1 1% 13 1

o w
X —— 1, (&5, Ty az)f R, cMo-a,+a,))do.  (38)
2 -

oa

Suppression of secular growth along the characteristic
family 8= const leads to the vanishing of
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2]
-v,(&,, 71, B)) <§‘,’:‘2‘ - ca_z;) Vol&sy Tay ﬁz) - 7)2(52, Tay B2)

2

9 9 2]
X <'— - CE_&I) V(615 15 B+ % (’)2(51, T ﬁx)FB‘T

‘87.1

V,(E35 Tay Ba) + vy(65y Ty, B, ) 1}2(£1,TI,B )>

® - 1 )
X L R(—oy c lc)dc _2(7’2(51’ T1, B])_E;B:vg(gza Tz, Bz)

+0,(8,5, Ty Bz)

1)2(51,71,6 )) jm 3,R (=0, c'a)do

o 32
+ —40— f R(o, c™'0) (1,:2(51, Tos Bl)—gg;-vz(‘g’z, Tos By = 20)
0

2

ol T -zo>)d

+,(85, Ty 62)

-3 32R(0' c™'o) (U (&, 71,8, ) 02(52,72, B, - 20)

9
+ 7’2(‘£2s Tas Bz) EE’Uz(gp Ty, B, - 20)) do

2(£2’ TZ! Bz)

e}
+ _2-3_6-; ’Uz(gu 1,6

x [ Rio, (8, -8, ~ o (39)

Recall that we are interested in the case where £, =§,=¢
and 7,=7,=7; define

w, (&, 7,0, 0,)=v,(E,7,a)v,(§ T, a,),

wg(&, T’ Bl, Bz) = ?)2(5, T, Bl)vz(gy T, Bz) .

(40)

Then, (38) and (39) can be recast as the following equa-
tions for w, and w,:

c r= . 8?2
:z.fo R(-0,c 1g)<7&-3w1(£,7, 20+ o, @,)

62
+ —w, (£, 7, a,
S,

20+ a2)> dac
1 “1g) (2 2 )
+71f 9,R(-0, c"'0) 5;‘7/01(5;7, O+ 0y, O,
o 1
8 20+ a,))d
+—83;w1(£’ T, Oy, 20+ o
2 92 * -
+ Z (iz- +——'2‘> w (g,T Ay az)f R(g, ¢ ‘o)do
0

da

1 3 3 - -
e R R G

92 - .
+ ~Z— 5a.9a w, (&, T, 0, q,) f R{o, c"(0 —a, + a,))do,
(41)
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<} <} < - .
<8—T. ——g-g) W2(£, T, BI, Bz) "z‘ <71'/(; agR(_U) c 10) exp(zZylc)dO

=%<38—;,+%,> w,(&, 7, Bl,Bz)f R(-0, c™'o)do +y2j:° 3,R(-0, c™'0)exp(i2y,0)do
1
_%<§3-+ ;; >w2(s,f B1r By) f 8,R(=0, c'0)do ¢ iy [ T0.R0, c"o)do)
1
+—Z— j; R(o, c™'o) <FB§"W2(£, 7,8, - 20, B,) and
2 1 « R 3
+ ;Bgll’z(g, T,B,, 32—20')) dO—Z j(; 8,R(g, c™'0) ("T 35) (&, Ty Y15 72)

(44
= <A,y Y)W (8, Ty Y1y Va) ~TTTe
<;B_w (g,-r,Bl-20,Bz)+—;ﬁ—2w2(£,‘r,31,;82-20)>do LA oL v Y2 T gEnTE
. - X fﬂ BN, =V + V0, (E, Ty v, =7, Yo+ Y)Y,
-1 -0
N me2(6,7,ﬁl,ﬁg) L RO, (B, = B, - )Mo "

(42) Ay, 7,)

The analysis of (41) and (42) is again greatly facilitated c s o [ .

by the use of Fourier transforms; define vy <(71 +72)'/; R(-0, c0)do

. 1 e e .

(& 7571, 72) Tom S~ f‘“" wilbs 75 2,5 25) + yff R(0, c7'0) exp(-i2y,0)do
v

x expl —i(y,2,+ ¥,2,)]dz,dz,, i=1,2. (43) , [ . -
. . . ' +y2f0 R{o, c'0) exp(-zZyzo)do)
Note that if the random field varies solely as a function
of space or time, the equations for i, and @, will be i " o
first order linear constant coefficient equations. The *1 <(7x+72)f0 8,R(0, c'0)do
general case, however, will not be so simple; the
“cross-product” terms [i.e., the last terms in (41) and +Ylf‘°32R(g’ ¢"'0) exp(-i2y,0)do
(42)] become convolution integrals in the transform do- 0
main. Let "
. +y2_[0 8,R(0, c"'0) exp(-iZyp)dc) !
p,(2)= [ R(o,c™ (o —2))do,

(44)

(= - We conclude this section by considering again the
z)= |_ R(o,c(z -

ite) f' (0, ™z = o)do example discussed at the end of Sec. III; we consider a

right-propagating Gaussian pulse in a random field that

and let 5, i=1, 2, denote the corresponding Fourier ’
is time independent and spatiaily delta-correlated [cf.

transforms. Then, a Fourier transformation of (41)

and (42) leads to (29)-(31)]. In this case, (45) and (46) simplify to
a2 3 cd ~ (44 Py
(8_7 a£>w1(£,1‘ Y1 ¥a) < 85) W= - SolV2+y, .+ Y2, ,

Py [ © .
= _A(Yl, 72)14’1(§’ Ty Y1 72) “'W f-eo p1(7’) e-Rz(‘rfwg)/z
wl(gy 0)?;,72)=T_ s

(45) 47)

3 coy c -
(‘a"_; _32'> Wy = -ISO(Y? + V1Yo + Y20, ,

X(‘yl - 7)()’2"" Y)ﬁ)l(gy T; 7’1 - )’, Y2+ Y)d'}’ s
A7)

¢ w . .
Ez(yfj; R(-0, c"'o) exp{i2y,0)do
« W,(£,0,7,,7,)=0.
+2 [ R(-0,c™'0) exp(i2y,0)do 2 P e
Solving these equations for #;, ¢=1, 2, and taking in-
+ (4 Yz)f R(o c"o)do) verse Fourier transforms lead to

(Ax—cat)’  (X—cT)?
42+ 5€2cS,T) (8%+ %echOT)

ulxy by, w, €ulxg, Ly w, €)) ~ exp(‘ ) /[21r(z~:2 +5€%¢S,T) /2 (R% + 3€2¢S,T) /2] (48)

Note that if x, = x,=cf, = cl,, the effect of the random field uponthe mutual coherence function reduces to an attenuation
due to the demoninator term. In general, the fluctuations in the solution are given by
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(“2(9(’ [) U), €)> -<u(x) [, (’J’ ()>2

~(x =cl)

~ 2 1.2 /2 (824 3¢ 1/2) _ -(X-C[)2>/ 2 L2
exp(m)/[%(ﬁ + 7€ Csol) (¥ + 3¢ CSOZ) } exp<m 2m(R% + 3¢ CSOl).

V. A SPECIAL CASE

If the random field fluctuates solely as a function of
space or time, the functions #,(¢,7,v,,v,), 1=1,2, are
readily determined as solutions of first-order linear
equations. The mutual coherence function is then ob-
tained by inverse Fourier transformation. In this sec-
tion, we consider the case of a spatially fluctuating
Gaussian random field; let

R(x,1)=R(x) = exp(-x?/20?)/(2n) %0 . (50)
We again adopt initial data corresponding to a right-
propagating Gaussian pulse [cf. (29)]. Then, (45) and

U x, t,w,e D

xeCt
(U (0,00,
1.0
09]
]
8 o=2.0
0 o=1.0
o=05
071
=00
06
02 Q0.4 0.6 0.8 1.0 cT
FIG. 1.
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(49)
{
(46) [with p,(y)=p,(») = (2m)*/*8(y)] imply
@,(E, T, 71 v2)
2
<o e | -2+ S l1+ exp(-20%)])
7_< < ) i et
-5 (W[ exp(-20%))] ) - MY = Iy
07’1
x(viemi-20) [ exp(/2)dr+ 53
Q
0’72
xf exp(?\g/Z)dx> ,
0 (51)

wy(E, Ty ¥y, ¥2)=0.
For simplicity, we shall study the parametric depen-
dence of w,(¢,7,0,0) (i.e., x,=x,=ct, =ct,) upon g. Not-

ing (51) we have

w, (£, 7,0,0)
1t v_f< 2 €T 2,2 >
_Wﬁ [«, exp[— 5 N~ [1+ exp(=202%%)]

Y cT o €T
——zi <N2 + —4—[1 + exp(—ZUZyg)D— '4—'}/172}

X CcoS <ﬂ%ﬁ[y§ exp(—Zozyf)fO”1 exp(A?/2)dr
cyex(-20%) [ exp /2] (52)
and
@, 1, @, ) et 218w, (£,7,0,0). (53)

Zu (0,0, w, €))

The variation of this ratio as a function of ¢7 (= €*ct) is
shown in Fig. 1 for several values of 0. The case =0
corresponds to the delta-correlated case with §;=1.
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