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Algebras of Toeplitz Operators

Bartleby Ordonez-Delgado

(ABSTRACT)

In this work we examine C*-algebras of Toeplitz operators over the unit ball in C™ and the
unit polydisc in C2. Toeplitz operators are interesting examples of non-normal operators
that generate non-commutative C*-algebras. Moreover, in the nice cases (depending on the
geometry of the domain) of algebras of Toeplitz operators we can recover some analogues of
the spectral theorem up to compact operators. In this setting, we can capture the index of
a Fredholm operator which is a fundamental numerical invariant in Operator Theory.
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Chapter 1

Introduction

The spectral theorem plays a fundamental role in the study of normal, especially self-adjoint,
operators. In fact, the spectral theorem can be applied (by simultaneous diagonalizations)
to commutative C*-algebras. The spectrum is a rich source of numerical invariants, such as
the index and the trace, when these are defined. The version of the spectral theorem that
shows that an operator is unitarily equivalent to a multiplication operator is the foundation
for functional analysis.

Some questions arise after this discussion. Are there any “natural” examples of non-normal
operators? What kinds of algebras do these operators generate? Clearly a non-normal opera-
tor generates a non-commutative C*-algebra. This leads us to search for families of operators
that generate non-commutative C*-algebras. In function theory we have very natural exam-
ples - Toeplitz operators.

In the context of algebras of Toeplitz operators, we can ask under which conditions or over
which domains we can recover some analogues or consequences of the spectral theorem. It
turns out that for some “nice” cases (algebras of Toeplitz operators over strictly pseudo-
convex domains) the commutator ideal coincides with the compact operators; therefore, we
have a sort of “ spectral theorem up to compact operators”. This similarity is enough to
recover some results from the spectral theorem modulo compact operators, for example the
index of a Fredholm operator, which is one of the primary numerical invariants in operator
theory.

The domain where Toeplitz operators are defined plays an important role in the characteriza-
tion of the algebras of Toeplitz operators. It turns out that if the domain is not “nice” enough
(not a strictly pseudoconvex domain), the commutator ideal of the algebra of Toeplitz oper-
ators contains more than compact operators. For this case the algebra is not “commutative
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up to compact operators” and our analogue of the spectral theorem is not a straightforward
source of invariants. The end of the last chapter contains some comments pointing towards
further developments.

This paper is a survey of the structure theory of algebras of Toeplitz operators associated
with continuous, scalar-valued functions. The paper organizes the known results in a way
that motivates recent and ongoing research. The main source of this paper is [Upm]|. Most
of the results in this paper are particular cases of stronger results that can be found in
[Upm]. However, many of the proofs have been worked independently from [Upm)] by using
different techniques.

The first domain we consider is the unit disc because the disc is the simplest domain with
“nice” boundary. Then, we consider the natural generalizations of the unit disc, the unit ball
and the unit polydisc. In the latter case, the polydisc, we do not have a “nice” boundary,
so this will be our example of contrast with the previous cases, where we could apply our
analogue of the spectral theorem.

Also, we consider the Hardy and Bergman spaces in L? because they are the simplest spaces
where the Toeplitz operators are defined and have interesting properties. Through this work
we discuss the similarities or differences between the C*-algebras generated by the Hardy-
Toeplitz and Bergman-Toeplitz operators. Eventually we will show that the only difference
between them is the commutator ideal.

In the second chapter we study the Bergman space over the unit disc. The Bergman space
is defined as the Hilbert space of holomorphic functions that are square-integrable. In this
context, we shall show an explicit basis for the Bergman space that will be very useful for
characterizing the orthogonal projection from L?(ID) onto the Bergman space, for finding
the Bergman Kernel (reproducing kernel), and for finding an integral representation of func-
tions in the Bergman space. In addition, we do the analysis of Bergman-Toeplitz operators
over the unit disc, operators which are defined as the compressions to the Bergman space
of multiplication operators with continuous symbols. Our main result in this chapter is the
characterization of the C*-algebra generated by the Toeplitz operators. It turns out that the
algebra of compact operators on the Bergman space is contained in the C*-algebra generated
by the Toeplitz operators and coincides with the commutator ideal. Furthermore, the quo-
tient C*-algebra (subalgebra of the Calkin algebra) resulting by modding out the C*-algebra
of Toeplitz operators by the algebra of compact operators is C*-isomorphic to the algebra
of continuous functions over the unit circle. We conclude this chapter by showing a nice
characterization of the Fredholm-Toeplitz operators.

In chapter three we study the Hardy space over the unit disc. The Hardy space is defined
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as the closed subspace of L?(S') generated by the functions 2™ for n non-negative integer.
Using the Poisson Kernel we can extend every function in the Hardy space to a holomorphic
function on the unit disc. As in chapter two, we characterize the C*-algebra of the Hardy-
Toeplitz operators over the unit disc. Here the definition of the Toeplitz operator is similar
to the definition in the Bergman case. We obtain the same result as in the Bergman case,
i.e., the algebra of compact operators on the Hardy space is equal to the commutator ideal
of the C*-algebra of the Hardy-Toeplitz operators and the quotient C*-algebra (subalgebra
of the Calkin algebra) resulting by modding out the C*-algebra of Toeplitz operators by the
algebra of compact operators is again C*-isomorphic to the set of continuous functions over
the unit circle. In conclusion, the C*-algebra of the Hardy-Toeplitz operators is isomorphic
(up to compact operators) to the C*-algebra of the Bergman-Toeplitz operators.

In chapter four we start the generalization of the previous cases to higher dimensions. This
time we consider the Bergman space over the unit ball in C", defined just as in the one-
dimensional case. In this case, the nice geometry of the unit ball (strictly pseudoconvex
domain) guarantees the existence of peaking functions, which play an important role in the
characterization of the C*-algebra of the Toeplitz operators. At the end of this chapter
we get the analogue to the previous cases of the characterization of the C*-algebra of the
Toeplitz operators.

For the Hardy space over the unit ball, in chapter five, we use more tools of function theory
of several complex variables e.g. the Szego Kernel formula, which plays the same role as
the Poisson Kernel formula in the one-dimensional case. Through this chapter we repeat
many arguments used in the Bergman case, and our characterization of the C*-algebra of
the Toeplitz operators is similar in the Bergman and Hardy cases.

In chapter six we consider the Hardy space over the unit polydisc in C2. The Hardy space
is defined as the closed subspace of L?(T?) generated by the functions 2* for z = (21, ),
a = (a1, ay) with ai, as non-negative integers. As in the one-dimensional case, the Poisson
Kernel formula permits extending functions on the Hardy space to holomorphic functions
defined on the unit polydisc.

Unlike the previous cases, the characterization of the C*-algebra of Toeplitz operators is
more complicated due to the failure of the polydisc to be strictly pseudoconvex. Tensor
products are introduced to analyze the C*-algebra of Toeplitz operators.

In chapter seven, we use tools from the one-dimensional case to describe the Bergman space
over the unit polydisc in C2. However, we do not obtain the same characterization of the
Bergman-Toeplitz C*-algebras as in the one-dimensional case.

The aim of the last chapter is to give an application of the previous results. It turns out
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that in the unit ball case the Toeplitz operators that are Fredholm operators are the ones
whose symbols never vanish on the boundary; therefore, the index is well defined for these
operators.
Finally we shall prove an index theorem for Fredholm Toeplitz operators in the case of the
unit ball.



Chapter 2

Bergman Space and Toeplitz
Operators over the unit disc D

The point of view in this chapter has been influenced by [Upm| and [Zhu]. Some of the
assertions in this chapter are particular cases of stronger results that can be found in [Upm].
In this chapter we shall show that Toeplitz operators with non-constant polynomial symbols
are natural examples of non-normal operators that arise in operator theory and verify that
the algebra generated by these Toeplitz operators is commutative up to compact operators.
From this characterization we can tell which operators are Fredholm (invertible up to com-
pact operators) and capture the primary numerical invariant in operator theory, the index
of a Fredholm operator. (See Chapter 8 for the discussion of index of Fredholm-Toeplitz
Operators).

2.1 Definition and basic properties

Consider L*(D) the Lebesgue space of square-integrable functions on D with Lebesgue mea-
sure dA(z) = dxdy = rdrdf, and inner product,

(f.g) = / F@g(2)dA(2)

Convention: Inner products will be considered conjugate-linear in the first variable.

The following two propositions give the background to show that the Bergman space is
a Hilbert space of holomorphic functions and to prove the existence of its reproducing kernel
called the Bergman Kernel. Also, it can be proven that these propositions still hold if we
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replace the unit disc for the unit ball in C".

Proposition 2.1.1. Let K C D be a compact set, then the restriction map,
R:L*D)NOD) — C(K), R(f)= flx

is continuous where the metric of C(K) is the metric induced by the infinity norm.

Proof. Say a € K and 2d = dist(K,0D) > 0, then we have
B(a,d) c D
Take any f € L?*(D) N O(D). Since f is holomorphic, we have
f(z) = Z ¢j(z — a)’ converging uniformly on B(a, d)
Jj=0
Since for j # k
/ (z—a) (z — a)*dA(z) = 0
B(a,d)

we obtain

[ 1r@Ppaac) = /B(a’d)\ DPdAR) > S / e5(2 — a)[PdA(2)

7>0

> | f(a)*Area(B(a, d))

Since Area(B(a,d)) is constant for every a in K, we have

1Fll2 = W[ 1k lloo v/ Area( B(a, d))

This proves the continuity of R.

Proposition 2.1.2. L*(D) N O(D) is a closed subspace of L*(D)

Proof. Take (f,) a L?-Cauchy sequence in L?*(D) N O(D). By Proposition 2.1.1, (f,) is a
Cauchy sequence in C'(K) for every compact subset of D . Then, there exists f € O(D) such
that f, — f normally on D (i.e. convergence on compact subsets).
On the other hand, we have || f,, — h||s — 0 for some h € L*(D), because L*(D) is complete.
This implies that (f,,) converges in measure to h; therefore, there exists a subsequence of
(f.) that converges a.e. to h. Thus, f = h a.e.; hence, f € L?*(D) N O(D). This proves
that L?*(D) N O(D) is complete; therefore, a Hilbert space. Thus L?*(D) N O(D) is a closed
subspace of L?(DD).

O
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Definition 2.1.3. H2(D) := {f € C(D) : f € O(D)}*" is called the Bergman Space over the

unit disc.
Notice that H?(D) C L*(D) () O(D) is a Hilbert space of holomorphic functions.

The orthogonal projection P : L*(D) — H?(D) is called the Bergman projection. For
any fixed z € D; by Proposition 2.1.1, the evaluation function
eval : H*(D) — C
eval(f) = f(2)
is continuous. Then, by the Riesz-Frechet Theorem, there exists K, € H%(D) such that

f(2) = (K. f) = / K-(w) f(w)dA(w) Vf € H*(D)

K(z,w) := K,(w) is called the Bergman Kernel function.

2.2 Characterization of H?*(D)

For 0 < 7 < 1 denote D, = {z € D : |z| < r}. Now, for any f € L*(D)O(D) with
f(2) = 3272, d;#’ converging normally on I, define

fr(2) = f(2)xs,
Then, f,(2) = > 2, d;»’ converges uniformly on D,. It is clear that f. € L*(D)

The “restriction” functions f, are very useful to get information and approximate f € H?(D).
The proof of the following lemma just requires straightforward calculation; for this reason
we will omit it.

Lemma 2.2.1.

T 2n+2

r
n+1

/ |2|*"dA(z) = and / 2"ZMdA(z) =0 Vn#m
D, D

Lemma 2.2.2. f, — f in L*(D) norm for any f € L*(D)(O(D)

Proof. Clearly |f.(2) — f(2)| < 2[f(2)|, then [f.(2) — f(2)[* < 4]f(2)|*. Since f, — f
pointwise and 4| f(z)|? is integrable, by the Lebesgue Convergence Theorem we obtain f, — f
in L?(D) norm.

]
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Lemma 2.2.3. For any f € L*(D)O(D) with f(2) = 372, d;2’ converging normally on
D

T
n+1

d T2n+2
n

<Zn> f?"> =

Proof.
ot = [ 1@7AR) = [ S amiac)

T ]:0

By uniform convergence,

= Z/ d;z'Z2"dA(z) = dn/ 2"Z"dA(z) = g e
‘= /Dr

B, n+1
O
Lemma 2.2.4. Let g € L*(D) and f € L*(D) (N O(D), then
(9, fr) = (9, f)
In particular i
() = " d,
where d,, is the same as above.
Proof. By the Cauchy-Schwarz Inequality and Lemma 2.2.2,
g, fr) = (g, D)1 = g, fr = D) < llgll2ll fr = flla — 0O
O

The next proposition shows a basis for L*(D) [ O(D). It turns out that the elements of
this basis belong to the Bergman space H?(ID); hence, the Bergman space coincides with

L2(D) N O(D).

Proposition 2.2.5. Let ¢,(z2) := ¢,z" where ¢, =

basis of L*(D) (N O(D).

2l Then {¢,} is an orthonormal

Proof. Tt is easy to check that {¢,} is an orthonormal set. By Lemma 2.2.4, (¢,, f) = ‘Z—:
for any f € L*(D) N O(D) with f(2) = 32, d;z/ converging normally.
It is not hard to verify that ||f.||*> = > 7, %73”“. Since f, — f in L? norm and f,(z) —

f(2) pointwise, we have || f.||> — || f]|*; hence, ||f|* = >_7 4u* Therefore, we have

n=0 c¢,?2

e}

D as ) =111

n=0
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Then f € span{¢,}.
Thus {¢,} is an orthonormal basis of L*(D) N O(D) and f(z) = Y07 2¢,(2) = Y02 dn2"
in L? norm.

]

Corollary 2.2.6. Let f € L*(D) (N O(D) with f(z) = >°72d;z’ converging normally. Then,
f(2) = 3220 d; 2 converges in L? norm.

Remark 2.2.1. Since ¢, € H*(D), H*(D) = L*(D) (N O(D).
Now, we have the tools to calculate the Bergman Kernel and give an explicit representation

of the Bergman projection P.

Proposition 2.2.7. Let f € H*(D) with f(2) = Y72 d;z7 converging normally on D. Fiz

z €D, then
16 =1 [ 7w

m Jp (1 — wz)?

Proof. Using power series
1 — w2) Z

converges uniformly on D x {z}. Notice that

o0

w d 1 1
(1—wz)? i w) 1—wz)? 2 (n ars”

n=0

converges uniformly on D x {z}. By uniform convergence of the series, we have

= Sttt = 25 o+ D)=

n=0

By Lemma 2.2.4

Remark 2.2.2. Recall that

=
K
I
S
>
=
£
Y
P
<C
&h
Mm
T
[\v]
<C
N
m
S

Then,
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2.3 Bergman-Toeplitz Operators over the unit disc D

2.3.1 Definitions and basic properties

Definition 2.3.1. For f a continuous function on I the multiplication operator with symbol

f my: L*(D) — L*(D) is defined by m(g) := fg

Remark 2.3.1. [[ms(9)ll2 = [Ifgll2 < [I/llcllglla = lmsllop < I Flloc
Remark 2.3.2. Since (mg(h), g) = (h, fg) for every h,g € L*(D), ms* = mj

Definition 2.3.2. For f a continuous function on D the Bergman-Toeplitz operator with
symbol f Ty : H*(D) — H?*(D) is defined by T}(g) := P o my(g)

Remark 2.3.3. By characterization of the Bergman kernel, we have

Ti(9)(=) = P(fo)2) = = [ L9 44y vy € ()

7w Jp (1 — wz)?

Proposition 2.3.3. For every f € C(D) we have
) 1Ty < 1

(i) Ty = T¥

If o € A(D) :=0(D)NC(D) , then
(iii) /T, = Ty,

() TeTy = Ty

Proof. (i) Recall that ||Pll,, = 1. Therefore, |T%|lop = [P o msllop < [[Pllopllmsllop =
Hmf”OP < Hf”oo

(ii) Recall that P is self adjoint. Notice that we can write Ty = PmsP. Therefore, us-
ing Remark 2.3.2 we have Ty" = P*m;*P* = PmzP =Tj

(iii) It is easy to see that A(D) is an algebra. For any h € H?(D) there exists (h,) in
A(D) such that ||k, — h||s — 0. It follows that ||ph, — @hllz — 0; hence, ph € H*(D).
Moreover, T,,(h) = Pmy,(h) = ¢h, ie., T, = m,P. Then, T;T, = Pmm,P = Pmy,P =
Ty,.

(iv) Using (iii) we have T7T, = T},. Taking adjoint we obtain T,"TF" = Tf,"
Applying (ii) we have 1Ty = Ts¢
0

Definition 2.3.4. The Bergman-Toeplitz C*-algebra over D is defined as the unital C*-
algebra 7 (D) := C*(Ty : f € C(D)) generated by all Toeplitz operators with continuous
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symbols.

Proposition 2.3.5. 7(D) = C*(T}, : p € P(C)), where P(C) : polynomials over C

Proof. Let f € C(D). Applying the Stone-Weierstrass Theorem there exists a sequence of
polynomials p,(z, Z) ,that can be written as p, (2, 2) = > p;j(2)q;(2) where p;,q; € P(C)
, converging uniformly to f.

Therefore, using Proposition 2.3.3,

m m
1Ty — ZTPJ'*TQ]'HOP = HTf*ZT:ﬁqujHOP <|f- Zp_j%'noo
j=1 j=1

But each p,(z, Z) can be written as p,(z,2) = 37", pj(2)g;(2). Thus
Ty € C(T, : p € P(C))

because p,, converges uniformly to f and T, *T;,, € C*(T}, : p € P(C)).
]

The following proposition shows that 7}, is a non-normal operator for any non-constant poly-
nomial p. This means that we have found our first example of non-commutative C*-algebra
generated (except for constant polynomials) by non-normal operators.

If we form the quotient of 7 (D) by its commutator ideal we will obtain a commutative
C*-algebra that is easier to deal with. The key idea in understanding 7 (D) is the character-
ization of its commutator ideal.

Proposition 2.3.6. T}, is a non-normal operator for any non-constant polynomial p. More-
over, T (D) is a non-commutative C*-algebra.

Proof. 1t is not difficult to verify that the integral over ID of any non-constant polynomial is
zero. Let p any non-constant polynomial. Since ¢, p is a non-constant polynomial for every
n, we have (p, ¢,) = 0. This means that p € H?(D)*; therefore, P(p) = 0. On the other
hand, (1, [p|*) # 0; hence, P(|p|?) # 0.

Putting things together we have

T,Ty(1) = T,P(p) = 0

and
T,T,(1) = T(p) = P(Ip|*) # 0

Thus T}, is a non-normal operator.
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The next proposition is crucial in our characterization of 7 (D). At the end of the next sec-
tion we shall prove as a consequence of the next proposition that the C*-algebra of compact
operators is included in 7 (D).

Proposition 2.3.7. T(D) acts irreducibly on H*(D)

Proof. Let B : H*(ID) — H?*(D) be an orthogonal projection that commutes with 7'(D). In
particular, Ty B = BTy on H*(D) for every f € C(D).
It is clear that p(2)B(1) € H*(D) for any p € P(C). Then for any p,q € P(C)

B(g) = B(T(1)) = T,B(1) = P(¢B(1)) = ¢B(1) (2.3.)

(B(1),pq) = (pB(1),q) = (T,(B(1)),q) = (T o B)(1),q)
= ((BoT,)(1),q) = (B(p),q)

(B(p).q) = (p, B(q)) = (p.qB(1)) = (B(1),pq) = (B(1)— B(1),pq) =0

Since {} 7_, pj(2)¢;(2) : pjyq; € P(C)} is uniformly dense in C(D), {37, p;(2)g;(2) :
p;»q; € P(C)} is dense in L*(D).

Then, B(1) — B(1) = 0. Because B(1) is holomorphic, B(1) is constant function.

Since B? = B and B(1) is constant, B(1) = B*(1) implies B(1) =1 or 0.

Thus; by equation 2.3.1, B=0or B = Id. O]

2.4 Toeplitz Operators and Compact Operators

In the first part of this section, we study the compact Toeplitz operators. It turns out that
a Toeplitz operator is compact if and only its symbol vanishes on the boundary of D.

Lemma 2.4.1. Let {K,} be the ezhaustion of D by compact subsets, where
K,=B(0,1- %) Then for each K = K,,, the family

F ={h|g : h € H*(D),||h|l2 < 1} has compact closure in C(K)

Proof. Say K = K,, and F = K, 4, for a fixed n. Denote 2r = dist(K,0F). Applying
Proposition 2.1.1, d¢ > 0 such that

sup|h(E)| < c||h|s Yh € H*(D)

Now, for any zi, 20 € K with |27 — 23| < r, we have [z1,2] C K C E
Applying the Mean Value Theorem:

[h(21) = h(z2)] < supwegey 2B (w)][21 = 22| ...()
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Observe that for any wg € [21, 22], B(wo, ) € E. Now, by the Cauchy Integral Inequality

(| < BBl I} _ sup|h(E)

Wo
r

Therefore
sup |h(E)|
r

IN

C
SUDwelz, 2] |1 (W) < ;Hth

Using (*) and the above result; we get

h(=) = hw)| < ~[[hllo|z = w] < Sz = w| VheF

Then F is equicontinuous. Moreover, for any z € K and h € F, |h(z)| < ¢
By the Arzela-Ascoli Theorem, F has compact closure in C'(K).

Proposition 2.4.2. Let f € C(D) with flop = 0. Then, Ty is a compact operator.

Proof. Consider {K,} and F as in the previous lemma. Say K = K,, for some fixed n.
By the previous lemma, the restriction map

r: H*(D) — O(K) , r(h) := hlk

is a compact operator.
Notice that the inclusion

i:C(K)— L*D) , i(g) == gxk

is continuous, because

lgxxlls? = / lgxicPdA < ||g]l o Area(D)

Define m,,. : H*(D) — L*(D) as m,, = ior. Since i is continuous and r is compact
operator, m,, is compact operator.

Now, observe that my,, : H*(D) — L*(D) defined as my,, := mjs o m,, is a compact
operator, because my is a bounded operator.

Note that fxx is not necessarily continuous, but we can denote T%,, = P o my,, which is
a compact operator.

Claim: fyg, — fin L>®(D) norm as m — oo

Proof:

By uniform continuity of f, given € > 0 , there exists § € (0,1) such that

|z —w| <d=|f(z) = fw)| <eVz,weD
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Since { K, } is a nested exhaustion of compact sets of D, In € N such that B(0,1—6) C K,,.
Therefore, if z € D\ K,, = 3z € ID such that |z — 20| < J = |f(2) — f(20)| = |f(2)] < .
Hence, |f(2) — (fxx,)(2)| < € Vz € D.

Since K, C K., Vm > n, || f — (fxk,)|lco < € VM > n.

Thus |[f = (/XK )llee — 0

Finally,
ITs = Trxsep lor = 1 Ts sy lop < L = (fxx ) [loo = 0

Since Tyyy, are compact operators, T is compact operator.

]

In order to prove the remaining of our characterization of compact Toeplitz operators, we
will define and use some properties of the Berezin Transforms. The Berezin transform of a
Toeplitz operator recovers information about the symbol; in fact, it is a continuous function
that coincides with the symbol in S*.

Definition 2.4.3. Define for a fixed a € D, ¢,(z) = == Vz € D.

Clearly ¢, defined above is an automorphism (M dbius transformation) of the unit disc.

: o () — A=lal? 2 _
Remark 2.4.1. Notice that k,(z) := ¢,(2) = =5y and k, € H*(D). Moreover, Jac,,(z) =
ko (2)[*.

Remark 2.4.2. Recall that the Bergman Kernel K,(2) = 77 and Ku(a) = (K, K,) =

T w(l-za

| K, ||>. Therefore, k,(z) = n(1 — |a|*) K, has norm ||k.|| = 7(1 — |a|*)\/K.(a) = /7.
Definition 2.4.4. f(z) := L(k., Ty(k.)) is called the Berezin Transform of f.

Remark 2.4.3.
(ke T (k) = (ke P(FRL)) = (P(R), fla) = (s, fl) = / F(w) k. (w)PdA(w)

Changing variables,
. 1
i) =1 / (f 0 p.) (w)dA(w)
D

™

Proposition 2.4.5. f € C(D) and f=7F ondD for every f € C(D)
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Proof. Notice that for any a € 0D we have ¢.(w) = 2> —aas z — a Yw € D.
By the continuity of f, (f o p,)(w) — f(a) as z — a Yw € D; and, |f o v, (w)| < || [l
Yw e D Vz € D.

By the Lebesgue Convergence Theorem,

fla) = 1tim ~ [ (o @art) = < [ @A) = )

z—a T Jp

The continuity of f on D follows by using the same argument.

O
Lemma 2.4.6. k, — 0 weakly as |a| — 1
Proof. Recall that k,(z) = (1 — |a|*)K4(2). Then
(Ko, 2") = (1 — |a|*)(K,, 2") = ma™ (1 — |a[?)
Then
(koo 2") — 0 as |a| — 1
Therefore, (k,, ¢,) — 0 as |a| — 1 . This means, k, — 0 weakly as |z| — 1.
O

Theorem 2.4.7. Suppose f € C(D), then T} is a compact operator if and only if f € Cy(D)

Proof. f € Cy(D) implies T is compact operator was proven in Proposition 2.4.2.
Suppose T is a compact operator. By Remark 2.4.2

FE = 210k Ty < Ikl < VAT R

Since k; — 0 weakly as |2| — 1 and Ty is a compact operator, ||Tf(k.)[> — 0 as z — 1.
Thus, f(z9) =0, Vzo € OD. Since f and f are equal on D, f € Cy(D). O

Remember that {¢,},> is an orthonormal basis for H2(D)

n+1
T

where  ¢,(2) = c,2", ¢, =

It is also true that: If g € H?*(D)

“+o00

g(Z) = Z<9’ ¢n>¢n(z)

n=0
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Let P : L*(D) — H?*(D) the orthogonal projection over H*(ID). Then, we have for
any g € L*(D),

P(g)(2) = Y _(P(9), $n)n(2)
Since P is self-adjoint,
P(g)(z) = 32,29, P(n))n(2)

- Z§)<g7¢n>¢n(2)

To prove that the semi-commutators Ty, — T 0T, are compact operators, we consider several
cases in the following lemmas.

Lemma 2.4.8.
0, n<m
P(2"Z™) =
3 m¢n my n > m

Proof. By the above formula:
P(z"zm) = Y20(2"E, dr)n
= S APk

= 00 22 Gk O

Zk 0 Cncm+k ¢TL7 ¢m+k > ¢k

0, n<m

Cnm

2 Pnm, T2 M.

Lemma 2.4.9. T,pz¢ — T,p 0 T34 1S a compact operator.

0, p+k<gq
Proof. By the above lemma Tloza(¢y) = P(cp2?+29) =
LE g PR 2 g
0, k<gqg
Tea(dr) = P(cp2*z9) =

Cl;;q ¢k—q(z)a k Z q.
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0, k<gq
Top(Tza(r)) =
Ck
P( ), k>q.
0, k<gq
= 62
hCpthe q¢p+k q(2), k=>q.
For k > ¢:
(Turzo — T 0 Tan) () = (%m0 — =t )g ()
Cotk CkCpik—gq
ay = (Ckcp+k—q % ) = R kg Ch—qp ik _ 1 (k+1)(ptk—q+1)—(k—gq+1)(p+k+1)
’ c§+k ChCpik—g ci+kckcp+k,q w2 ci+kckcp+k,q
_ pg
ap = ——PL
k ”2C;2J+kckcp+k7q
+00
— 5 ag converges
k

Let ay, defined as above. Denote A = Typza — Thp 0 Tsa, A(Pr) = axPpik—q, ar > 0.

ak¢p+k—qa k S r
Define B, (¢r) =
0, k>r

Let h € H?(D) with ||h]j2 = 1 and h(z) = _ axdr

:>‘Oék‘§1

I (A = Br) (22 cn) =1 2opsr ahardpri—g 1< 2psr | axarPpin—q |

§Z|ak|akﬁzak

k>r k>r

Then
A= B, <)

k>r

Since ) ay converges,

Zak—>0 as r — 400

k>r

Then B, 2 A.
Thus A is a compact operator.

Lemma 2.4.10. Tyrza 0 T,rzt — T p.ry(zazty 1S a compact operator.

17
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PTOOf. szgq = quzp = qu o sz

Tz'rzl = Tzlz'r = ng o Tzr
T(szr)(gqgl) — qu o szglzr = qu 9 szgl o Tzr

szgq @) Tz"Zl — T(szr)(qul) = qu @) sz O Tzl @) Tzr — qu @) szfl O Tzr = qu O (sz @) Tzl — szgl) O d,r

By previous lemma, Tyrza 0 Trzt — Tip,ryzezt) 18 & compact operator.
]

Lemma 2.4.11. Let ¢(z,2) , (2, 2) be polynomials, then
(a) Ty 0 Topza — Topuvza i @ compact operator.

(b) Torza 0 T,y — Tiporza is a compact operator.

(c) T, 0Ty — T,y is a compact operator.

Proof. (a) Say ¢(z,2) = b; ;2125
Then
TSO 0 Tirza — Twngq = Z bi,j (Tzaizﬁj O lzrze — szz‘lz%zﬁj)
It follows by using the previous lemma.
(b) and (c) follow similarly.

Theorem 2.4.12. Let p, ¢ € C(D), then T, 0 Ty — T, is a compact operator.

Proof. First, let p(z,Z) be a polynomial. Since v is continuous, there exists g,(z,z) — ¥
uniformly. Then

| Tpo T, —Tpo Ty — (Thg, —Tpy)llop = ||TpoTn—1/1_Tp(qnfw)H0p < HTPHOP”anllJ”Op_'_HTP(qn*IZ))”Op

< [Ipllsollgn = ¥lloo + lIPllcollgn = Plloc — 0 as n — o0

Thus T, o T}, — T}, — 1, 0Ty — T}y in operator norm.
By previous lemma, T}, 0T, —T,,, are compact operators; therefore, T}, 0Ty, — T}, is compact
operator.
Likewise, we can show that T,, 0Ty, — T, is compact operator, by fixing ) and approximating
¢ (uniformly) by polynomials.

O

Now, we are ready to prove the main theorem of this chapter, the characterization of 7 (D).
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Theorem 2.4.13. The Bergman-Toeplitz C*-algebra T (D) has the commutator ideal K(H? (D))
(compact operators), and there exists a C*-isomorphism

v: T(D)/K(H*(D)) — C(S")
such that for every f € C(D),
v(Ty + K(H*(D))) = fls:
Proof. The commutator
[Ty, Ty) = TyTy — TyTy = (T5Ty — Tyg) — (TyTy — Tyy)

is a compact operator, by the previous theorem.
Then, the commutator ideal 7'(D) generated by the commutators [T, T,] is contained in
K(H*(D))
We know that 7' (D) is not commutative, then 7'(D) # 0
Since 7 (D) acts irreducibly on H?(D) and by Corollary 2 of [Arv, p. 18], we have K(H?*(D)) C
7 (D). Then 7'(D) is a nonzero ideal of K(H?*(D)). By Corollary 1 of [Arv, p.18] 7/(D) =
K(H*(D)).
Therefore,

p:C(D) = T(D)/K(H*D)) , p(f) =Ty + K(H*(D))

is a (well-defined) C*-homomorphism that is surjective.
Notice that the restriction map

r:CD) — C(SY) , r(f) = flo

is a surjective C*-homomorphism. Indeed, for any f € C(S*) we can define

z

f(z):= |z|f(m) if z# 0 and f(0):=0
Clearly, f(z) € C(D) and f|g1 = f.
If f € Ker(p) i.e. vanishes on S', then T} is a compact operator (by Theorem 2.4.7).
Therefore, there exists p surjective C*-homomorphism such that por = p.
Now, take f € Ker(p) i.e. Tf compact operator. By Theorem 2.4.7, f vanishes on S*. This
implies f = 0. Thus p is injective; hence, C*-isomorphism.
[



Chapter 3

Hardy Space and Toeplitz Operators
over the unit disc D

The viewpoint in the first two sections of this chapter are influenced by [Yng], and the last
two sections follow the line of reasoning from [Upm]. As in the Bergman case (Chapter 2)
we shall show that Toeplitz operators with non-constant polynomial symbols are non-normal
operators and verify that the algebra generated by these Toeplitz operators is commutative
up to compact operators. Also, in this case we can tell which operators are Fredholm. We
will discuss the index of these operators in Chapter 8. Moreover, we observe that the C*-
algebra of Bergman-Toeplitz operators is C*-isomorphic (up to compact operators) to the
C*-algebra of Hardy-Toeplitz operators.

3.1 Definition and basic properties

The purpose of this section is to define and show an orthonormal basis of the Hardy space
on the unit disc. Once again the “scaled” or “radial” functions are very useful to get infor-
mation about functions on the Hardy space.

Consider L?(S') &~ L?*(0,27) the Lebesgue space of square-integrable functions on S* with

Y
Haar measure dm/(z) 4 and inner product,

T

(1) = [ FEateyim(z)

Remark 3.1.1.
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Definition 3.1.1. H?(S') defined as the L?(S') closure of {f|s1 : f € C(D)NO(D)} is
called the Hardy Space over D

Theorem 3.1.2. (2"),cz is an orthonormal basis of L*(S1)

Proof. Tt is known that (e"),cz is an orthonormal basis of L?(0,2). It follows by the
identification L?(S') ~ L?(0,2n) that (2™),ez is an orthonormal basis of L?(S%).
[

Lemma 3.1.3. Let f € C(D) N O(D). Define for any v € (0,1) f.(2) := f(rz) Vz € D.
Then f|s1 — fls1 in L2(S") norm asr — 1.

Proof. For every z € S we have f.(2) — f(z) pointwise and |f,.(z) — f(2)[* < 4|/ f||%, (the
infinity norm on the right is considered on D). It follows by the Lebesgue Convergence
Theorem.

O

Theorem 3.1.4. Let f € C(D) N O(D) with f(z) = > 2o a;2) converging normally on D.
Then f(2) = > 22ya;2’ in L*(S") norm.

Proof. Notice that f,(z) = Y°72ga;r727 converges uniformly on D. Then, by the above
lemma, f,(z) =Y o, a;r’z7 converges in L*(S') norm as r — 1.
Since f, — f in L?(S') norm and by the Cauchy-Schwarz Inequality, (2", f.) — (2", f) as
r— 1.
But (", f.) = a,r™ ¥n > 0 and 0 otherwise. Therefore, (2", f) = a,, Vn > 0 and 0 otherwise.
Thus, f(2) = > 72y a;2’ in L? norm, because (z"),cz is an orthonormal basis of L*(S").

O]

Corollary 3.1.5. (2"),>¢ is an orthonormal basis of H*(S').

Proof. By the previous theorem, {f|s1 : f € C(D) N O(D)} C clos{(z")n>0}, where clos
means L?(S') closure. Since clos{(z")n>0} is a closed subspace of L?(S'), we have H?(S') C

clos{(2")n>0}-
On the other hand, 2™ € H*(S'). Thus clos{(z"),>0} € H?*(S'). O

3.2 Characterization of H?*(S') :

In this section we are going to look more closely at the Hardy space. We shall prove that we
can extend functions in the Hardy space to holomorphic function defined on the unit disc.
Moreover, thank to the Poisson kernel we will show an explicit formula for this extension.
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Theorem 3.2.1. Let f € H?(S) with f(z) = 3272 a;27 in L*(S") norm. Then f(z) =
Z;io a;z’ defines a holomorphic function in D, i.e., converges normally on D

Proof. Notice that > la;[* = || f||* < co. Then [a;| — 0. This implies that 3ny € N such
that |a;| < 1 Vj > ng; therefore, limsup ¢/|a;| < 1.
By the Cauchy-Hadamard formula,

1
Re——>1
lim sup ¢/ |a;|

Thus, Z;io a;z? defines a holomorphic function V|z| < R; therefore, f (z) is holomorphic in
D.
]

Corollary 3.2.2. Let f € H*(SY), then ||f,||2 increases with v € (0,1) and || f,||2 = ||f]2-

Proof. Let f € H?*(S') with f(z) = > 2ga;2/ in L? norm. Then fr(z) = Do arl
converges uniformly, so it converges in L? norm. This implies,

_ o _ o0
\mm:EZMWP:gymm:§]%P=wm
j=0 Jj=0

Definition 3.2.3. log™ () := log(x) if # > 1 and 0 otherwise.
Theorem 3.2.4 (Fatou’s Theorem). Let f € H*(S"), then lim,_; f,(2) = f(2) a.e.

Proof. Observe that

= 1 ~ 1 -
log™" | /+(2)] = 5 log" |/ (2)I” < 51 /x(2)°
then ,
[ 1ot @ amz) < 5 [ 1))
St g1
1, - 1
ZQMMS§W@
Therefore

- 1
sup [ tog" |7,(2)ldm(2) < 51118 < o
S1

0<r<1

By Theorem 3.3.3 of [Rd3, p.45], f*(z) = lim,_; fr(2) exists a.e. Hence f* is measurable
function.
By Fatou’s Lemma,

[ @RanG) = [ tmlf)Rdne) < tmipt [ 1))
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~ limint 17, (B < 12
Thus f* € L*(S'). Now, using the Problem 17 of [Roy, p.127], we have

(2" f) = (2" f Vel
Since (2")nez is an orthonormal basis of L?(S') and

(z" ) = (z", f)VYneZ
f=fin L2(SY). O
Remfc)rk 3.2.1. Tt can be proven that f, — f in L2(S') norm (see Theorem 3.4.3. [Rd3,
p-51)).

Theorem 3.2.5 (Poisson’s Kernel Formula). Let f € H*(S'). For0<r <1 andf € R,

f(re?) = %/O f(e)P.(6 — t)dt

where )
1—17r

T 1-2r cos(6) + r?

P.(6 —1t)
Proof. See [Yng, p.161] .

Definition 3.2.6. Define
P: L*(SY) — H*(SY
P(g) := Z(z",g}z" in L? norm
n=0
Remark 3.2.2. P is clearly well-defined and is the orthogonal projection of L2?(S') over
HZ(SI)

3.3 Hardy-Toeplitz Operators over D

3.3.1 Definitions and basic properties

The most important result of this section is that the C*-algebra of Hardy-Toeplitz operators
acts irreducibly on the Hardy space. The two main ingredients for this proof are the Poisson
Kernel formula and Fatou’s Theorem.

We start with some definitions and some properties analogous to those appearing in the
Bergman case.
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Definition 3.3.1. For f a continuous function on S! the multiplication operator with symbol
fmy: L2(SY) — L*(S") is defined by my(g) := fg

Remark 3.3.1. [[ms(g)[l2 = [[fglla < I Fllccllgllz = llmsllop < [ floo-
Remark 3.3.2. Since (my(h), g) = (h, fg) for every h,g € L*(S'), we have m;* = mj

Definition 3.3.2. For f a continuous function on S! the Hardy-Toeplitz operator with
symbol f Ty : H*(S') — H?(S) is defined by Ty(g) := P omy(g)

Proposition 3.3.3. For every f € C(S'), we have

(1) 1 T¢llop < [Iflloo

(ii) Tj" = Tf

If o € HX(SY)Y N C(SY) , then
(i) T/T, = Ty,

() ToTy = Ty

Proof. The proof is like the proof in the Bergman case (see Proposition 2.3.3.)
]

Definition 3.3.4. The Hardy-Toeplitz C*-algebra over S! is defined as the unital C*-algebra
T(SY) :=C*(Ty: f € C(S")) generated by all Toeplitz operators with continuous symbols.

Proposition 3.3.5. 7(S') = C*(T, : p € P(C)), where P(C) : polynomials over C

Proof. The proof is the same as in the Bergman case (see Proposition 2.3.5).
m

Proposition 3.3.6. T}, is a non-normal operator for any non-constant polynomial p. More-
over, T(SY) is a non-commutative C*-algebra.

Proof. An argument similar to that used in Proposition 2.3.6 works here.

Proposition 3.3.7. 7(S') acts irreducibly on H*(S')

Proof. Let B : H*(S') — H?(S') be an orthogonal projection that commutes with 7 (S%).
In particular, Ty B = BTy on H?*(S") for every f € C(S').
Notice that for any p € P(C) we have p(z)B(1) € H*(S'). Then, for any p,q € P(C)

Blq) = B(T,(1)) = T,B(1) = P(¢B(1)) = ¢B(1) (3.3.1)

(B(1),pq) = (pB(1),q) = (1,(B(1)),q) = (T, o B)(1),q)
={((BoT,)(1),q) = (B(p),q)
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(p, B(q)) = (p,qB(1)) = (B(1),pq) = (B(1)— B(1),pq) =0

2" and ¢(z) = 1 and vice versa for n > 0, we obtain for every n € Z

(B(p),q)

If we choose p(z)

(B(1) = B(1),2") =0

Denote f = B(1), then f = f,i.e., f is real on S*.
Using Poisson’s Kernel formula, we see that

F(e®) = f(re'?) = % /O e PA6 — D)t

Since f(e") and P.(6 — t) are reals, f is real on D. Therefore, f is a real constant function,
because it is holomorphic.

Now, by Fatou’s Theorem, f = a € R a.e. Since we are working in L?(S'), we can assume
f=a.

Since B? = B and B(1) is constant, B(1) = B%*(1) = B(B(1)) = B(a.1) = a.B(1) implies
B(1) =1or 0.

Thus, by equation 3.3.1, B=0or B = Id. O]

3.4 Toeplitz Operators and Compact Operators

The following theorem shows that the Hankel operators with continuous symbols (defined
below) are compact. As a consequence of this theorem we will see that the semi-commutator
operators are compact,too. Therefore, the commutator ideal is contained in the C*-algebra
of compact operators.

Theorem 3.4.1 (Hartman’s Theorem). For every f € C(S), the Hankel operator
Hp:= (I — P)omy: H*(S") — H?*(S")*

18 compact.

Proof. By the Stone-Weierstrass Theorem, we can approximate f uniformly by polynomi-
als pn(z,2). The idea of the proof is to show that the Hankel operators H,, are compact;
therefore, by using uniform convergence of the symbols we will obtain that H; is a compact
operator. We will split the proof into three cases.

Case1: f=2",k>0
Consider h € H*(S') with h(z) = >.°7 , ¢,2" converges in L? norm.Then

n=0

my(h) =Y 2™ = (I = P)omy(h) =0
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because (I — P)LP, so I — P projects over clos(z")~L..
Thus (I — P) omy = 0. is a compact operator.

Case 2: f=2%,k>0
Consider h as above. Then

Z 2" (I — P)omg(h) = Z cn 2" "

Thus (I — P) o my has finite rank, so it is a compact operator.

Case 3: General case
By cases 2 and 3, we have that H),, is a compact operator. Since p, — f uniformly, we have

I = P)yomy = (I =P)omy,llop = [|(I = P)omsp,llop <III = Pllopllms—p,lop
<M = Pllopllf = pullc — 0 as k— 0

Thus (I — P) omy is a compact operator.

Corollary 3.4.2. Let ¢, ¢ € C(S"), then T, 0 Ty — T,y is a compact operator.

Proof.
T, 0Ty — Ty = PmyPmy — Pmyy, = Pmy(P — I)my

It follows from the fact that Pm, is a bounded operator and the previous theorem that
T,0Ty — 1T,y is a compact operator.
]

Theorem 3.4.3. Let f € C(S') . If T} is a compact operator then f = 0.

Proof. Clearly f € L*(S'). Then, f(z) = > _a,z" converges in L? norm.
For k > 0, we have

Zan =>Tf 2F) = Pomyg(z Zam 2"

Then the Toeplitz matrix [T] = (b; ;) has constant entries a;_; on diagonals. Therefore, for
a fixed n € Z we have b;1,,; = ay.
Since T} is compact operator, b;y,; — 0 as i — 0o. Thus a, = 0; hence, f = 0.

O

Now, we have all the tools to prove our main theorem. The proof basically follows the same
pattern as in the Bergman case.
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Theorem 3.4.4. The Hardy- Toeplitz C*-algebra T (S*) has the commutator ideal K(H?*(S))
(compact operators), and there exists a C*-isomorphism

v T(SY)/K(H?(SY)) — C(SY)
such that for every f € C(SY),
v(Ty + K(H*(SY) = f
Proof. The commutator
[Ty, Ty) == TyTy — TyTy = (T5Ty — Tyg) — (TyTy — Tyy)

is compact operator, by Corollary 3.4.2 .

Then, the commutator ideal 77(S') generated by the commutators [T, T,] is contained in
K(H?(S1)))

We know that 7°(S') is not commutative, then 77(S?) # 0

Since 7 (S') acts irreducibly on H?(S') and by Corollary 2 of [Arv, p.18] , K(H?*(S')) C
T(S'). Then 7'(S') is a nonzero ideal of IC(H?*(S'))). By Corollary 1 of [Arv, p.18],
T'(SY) = K(H?*(SY)).

Therefore,

p:C(SY) = T(SY)/K(H*(SY) , p(f) =Ty + K(H*(S"))

is a (well-defined) C*-homomorphism that is surjective.

Now, take f € Ker(p) i.e. T} is a compact operator. By Theorem 3.4.3, f vanishes on S*.
Thus p is injective; hence, C*-isomorphism.
O



Chapter 4

Bergman Space and Toeplitz
Operators over the unit ball B, C C"

In the following chapters I focus my attention on the discussion of Fredholm operators and
index.

This chapter follows the line of reasoning from Chapter 2. The unit ball is a natural general-
ization of the unit disc, and we shall prove that for this case the algebra of Bergman-Toeplitz
operators has basically the same structure as in the one-dimensional case. Note that the unit
ball has a nice boundary, which allows us to use peaking functions and to get a clear charac-
terization of the commutator ideal. We can ask how far we can go performing our argument
used to get parallel results for the unit disc and unit ball. The answer to this question can
be found in the context of Chapter 6, the polydisc case, for which the boundary is not nice.
The last corollary of this chapter is fundamental for our discussion of index of a Fredholm
operator carried in Chapter 8.

Many of the assertions through this chapter are simple generalizations of the one-dimensional
case (see Chapter 2); hence, we shall omit some proofs that just require repeating a previous
argument.

28
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4.1 Definition and basic properties

Consider L?*(B,) the Lebesgue space of square integrable functions on B, with Lebesgue
measure dV (z), and inner product,

(f.9)= [ f(2)g(z)dV(z)

Bn

Lemma 4.1.1. Let o # 8 be non-negative multi-indices, then
(z%,2°y =0

Proof. Assume by simplicity that «; # ; and denote w = (22, ...,2,), ag = (g, ..., ),

Bo = (Bas ..., By) then

/ 204V (2) = / 0w / 202,04V (21))dV (w)
n lw|<1 [z1|<4/1—|w|?

Clearly
Z_lalzl’aldV(Zl) =0

/IZ1§\/ 1—|w]?

Thus the lemma follows.

Proposition 4.1.2. Let K C B,, be a compact set, then the restriction map,
R:L*(B,)NO(B,) — C(K), R(f) = flx

18 continuous.

Proof. Apply Lemma 4.1.1 and use same argument as in the proof of Proposition 2.1.1.

]
Proposition 4.1.3. L*(B,) N O(B,) is a closed subspace of L*(B,)
Definition 4.1.4. H*(B,,) := L*(B,) N O(B,) is called the Bergman Space.
Proposition 4.1.5. Denote ¢, = —— for any non-negative multi-index o and define

212

ba(2) := coz®. Then {¢4} is an orthonormal basis of H*(B,,).
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Proof. By Lemma 4.1.1 we have that {¢,} is an orthogonal set. Now, take f € H*(B,)

with -
f(z) = Z doz®

la[>0

converging normally on B,,. Applying a similar argument as in the one-dimensional case we

can show that .
f(z) = Z doz®

la[>0

converges in L?(B,,) norm.
Thus {¢,} is an orthonormal basis of H?(B,,).
[

Definition 4.1.6. The orthogonal projection P : L*(B,) — H?*(B,) is called the Bergman
projection.

Remark 4.1.1. For any fixed z € B,,; by Proposition 4.1.2, we have that the evaluation map
eval : H*(B,) — C eval(f) = f(z) is continuous. Then, by the Riesz-Frechet Theorem,
there exists K, € H*(B,,) such that

f(2) = (K. f) = | K.(w)f(w)dV(w)Vf e H(B,)

Bn
Definition 4.1.7. K(z,w) := K,(w) is called the Bergman Kernel function.

Remark 4.1.2. Tt is possible to find an explicit representation of the Bergman Kernel for the
unit ball (see for example [Ran, p.183] ). The Bergman Kernel for the unit ball is given by

n!
K(zw) = (1 — (2, w))"

4.2 Bergman-Toeplitz Operators over the unit ball B,

4.2.1 Definitions and basic properties

In this section we can still use most of the arguments used in the one-dimensional case and
get natural generalizations of the results obtained in Chapter 2. However, in some cases new
technicalities arise because of the dimension.

Definition 4.2.1. For f a continuous function on B,, the multiplication operator with sym-
bol f, ms: L*(B,) — L*(B,) is defined by m(g) := fg

Remark 4.2.1. lmg(g)ll2 = [Ifgll2 < [fllscllgllz = llmsllop < 1 f]loe-
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Remark 4.2.2. Since (my(h), g) = (h, fg) for every h,g € L*(B,), then m;* = mj

Definition 4.2.2. For f a continuous function on B,, the Bergman-Toeplitz operator with
symbol f Ty : H*(B,) — H*(B,) is defined by T;(g) := P omy(g)

Proposition 4.2.3. For every f € C(B,), we have

(1) [Tt lop < 11 f]lo0

(i) Ty™ = T _

If p € A(B,,) :==0O(B,)NC(B,) , then

(i) TyT, = Ty,

() TeTy = Ty

Definition 4.2.4. The Bergman-Toeplitz C*-algebra over B, is defined as the unital C*-
algebra 7 (B,) := C*(Ty : f € C(B,)) generated by all Toeplitz operators with continuous
symbols.

Proposition 4.2.5. 7(B,) = C*(T, : p € P(C")), where P(C") : polynomials over C"

Proposition 4.2.6. T, is a non-normal operator for any non-constant polynomial p. More-
over, T(B,,) is a non-commutative C*-algebra.

Proof. An argument similar to that used in Proposition 2.3.6 works here, but we need to
apply Lemma 4.1.1 and use the orthonormal basis {¢, }.
O

Proposition 4.2.7. 7(B,) acts irreducibly on H*(B,,)

Proof. Let B : H?(B,) — H?*(B,) be an orthogonal projection that commutes with 7 (B,).
Then, Ty B = BT; on H*(B,) for every f € C(B,).
Notice that pB(1) € H*(B,) for any p € A(B,), then for any p,q € A(B,)

B(q) = B(¢.1) = B(T,(1)) = T,B(1) = P(¢B(1)) = ¢B(1)

(B(1),pq) = (pB(1),q) = (1,(B(1)),q) = {(T, o B)(1),q)
=((BoT,)(1),q) = (B(p),q)

(B(p),q) = (p, B(q)) = (p,¢B(1)) = (B(1),pg) = (B(1)—B(1),pq) =0
Since the algebra generated by {pq : p,q € P(C") C A(B,)} is dense in C(B,,) and C(B,)
is dense in L?*(B,), the algebra generated by {pq : p,q € P(C")} is dense in L*(0B,).

Therefore,
B(1)—B(1)=0

Denote f = B(1), then f = f,i.e., f is real on 9B,.Hence, f = a is constant real function.
Since B> = B and f = B(1) is constant, B(1) = B*(1) = B(B(1)) = B(a.1) = a.B(1)
implies B(1) =1 or 0.

Thus B=0or B = Id. O
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4.3 Toeplitz Operators and Compact Operators

In this section we focus on identifying the commutator ideal of 7(B,). We introduce the
concept of Hankel operator which is a sort of “orthogonal complement” of a Toeplitz oper-
ator. Properties of Hankel operators imply properties of Toeplitz operators, and vice versa.
For our purposes we will use just one result about Hankel operators, but they are studied as
much as Toeplitz operators (e.g. see [Pel] ).

Lemma 4.3.1. Let {K,} be the exhaustion of B, by compact subsets , where
K., = B(0,1— ). Then for each K = K,,, the family

F={hlx :h € H*(By),|[h]: < 1}
has compact closure.
Proposition 4.3.2. Let f € C(B,) with f|sp, =0. Then, Ty is a compact operator.

Remark 4.3.1. For each a € B, there exist an automorphism (M o6bius transformation) of
B, satisfying:

(1) pa(a) =0 and

(2) Pa © Pa = IdBn

Moreover for any zo € 0B, we have

lim ¢,(z) = 20 Vz € B,

a—2zg

(see [Rd2]).
Proposition 4.3.3. Let f € C(B,). Then the Hankel operator
H; = (I — P)m; : H*(B,) — L*(B,)

18 a compact operator.

Proof. For any z, € 0B,, we have
fows — f(20) uniformly as a — zg

In particular
fowa— f(20)
in L?(B,,) norm. Then
(I =P)(fops —0
in L*(B,) norm, because I — P is continuous.
Therefore, by Theorem 7 of [StZ] H; is a compact operator. O

Corollary 4.3.4. Let f, g € C(B,), then Ty oTy — Ty, is a compact operator.
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4.4 Characterization of 7(B,)

Peaking functions (defined below) play a fundamental role in this section. They are very
useful for obtaining norm estimates. The existence of peaking functions depends on the
domain and is a well-known result in function theory of complex variables.

Definition 4.4.1. Let w € B,. h, € A(B,) is a peaking function if |h,(z)| < 1 for any
z € B, with z # w, and h,(w) =1

Lemma 4.4.2. There exists a function
OB, — A(B,) C H*(B,)

w +— hy,

where hy, 1s a peaking function at w.

Proof. 1t is clear that B, is a strictly (strongly) pseudoconvex domain with C'*° boundary.
The lemma follows by Theorem 5.2.15 of [Kra, p. 188|.
O

Remark 4.4.1. By the continuity of h,, and its peaking property at w, for each open neigh-
borhood U C B, of w € 0B, there exists an open neighborhood V' C U of w relatively
compact in U such that

sup |hy(2)] < inf |hy(2)]

2€B,\U z€V
Proposition 4.4.3. For every f € C(B,) and every w € 0B,
s, ()| (2)"dV (2)
s, 1hw(2)PrdV ()

— f(w) as n — o0

Proof. We can assume that f is a real-valued function because we can repeat the same
argument for the real and imaginary part of f. Also, correcting by a constant, we can
assume that f(w) = 0.

Therefore, given € > 0 there exists an open neighborhood U C B, of w € 0B, such that
sup |f|(U) < e .By the above remark, there exists an open neighborhood V' C U of w
relatively compact in U such that

sup |hy(2)] < inf |hy,(2)]
2€B,\U zeV

| /B F() () v (2)] < / ()Y (2) + / () PV (2)

Bn
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<6/ [P (2)[*"dV (2) + Vol(By \ U) | flloe sup [hu(2)[*"

z€By,

On the other hand

/ (o (2) 2V () /|h ()P"dz > Vol(V) inf [hu(2)"

Then
IB Yhe (2)2*dV (2 )| . Vs, \U)“f|| (suszBn\Uth(z)yY”
I5, | ()IQ”dV( ) Vol(V) F\ infley |hu(2)]
Therefore
SUP.eB,\U | <1 an \Q"dV( ) 0 as 1 — 00
mfzevlhw( )l fB |h |2ndv( )

O

Corollary 4.4.4. Let f € C(B,,) be non-negative real-valued. Then for each w € OB, there
exists a sequence (h,) C H*(B,) where

such that
[ fhnlla — f(w) asn — oo

Proposition 4.4.5. Let p a polynomial in k non-commuting variables. Then

1P(Tpss s T )lop = [IP(f1loB,s - frlon,) oo
where f; € C(B,) for 1 <j <k

Proof. The argument used in Proposition 6.4.6 can be easily adapted to this proof.
[

Now, we have all the machinery needed to get our characterization of the algebra of Toeplitz
operators. Again we basically use the argument used in the one-dimensional case; however,
the proof of the injectivity of p, defined below, requires a different argument, which is sup-
ported by the previous proposition.

Theorem 4.4.6. The Bergman-Toeplitz C*-algebra T (B,,) has the commutator ideal K(H?*(B,,))
(compact operators), and there exists a C*-isomorphism

v:T(B,)/K(H*B,)) — C(0B,)
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Proof. The commutator
[Ty, Ty] = T5Ty — T, Ty = (T4Ty — Tyg) — (TyTy — Tyy)

is a compact operator, because each semi-commutator is a compact operator.
Then, the commutator ideal 7'(B,) generated by the commutators [T, T,] is contained in
K(H(B,))
We know that 7 (B,,) is not commutative, then 7'(B,,) # 0
Since 7 (B,,) acts irreducibly on H?(B,) and by Corollary 2 of [Arv, p.18], K(H?*(B,)) C
T(B,). Then T'(B,) is a nonzero ideal of K(H?*(B,))). By Corollary 1 of [Arv, p.18],
T'(B,) = K(H?*(B,)).
Therefore,

p: C(B,) — T(B.)/K(HA(B,)) . plf) = Ty + K(H*(B,))

is a (well-defined) C*-homomorphism that is surjective.
Notice that the restriction map

r:C(B,) — C(0By,) , r(f) == flss,

is a surjective C*-homomorphism. Indeed, for any f € C(9B,,) we can define

z

f(z) = \z|f(m) if 2% 0 and f(0) :=0

Clearly, f(z) € C(B,) and flop, = f.
If f € Ker(p) i.e. vanishes on 0B, then T} is a compact operator (by Proposition 4.3.2).
Therefore, there exists p surjective C*-homomorphism such that por = p.
Now, take f € Ker(p) i.e. T'; compact operator.
Let A € K(H?*(B,)). Then A is in the C*-ideal generated by the semi-commutators; hence,
A = limA, where A, is a finite sum of operators of the form

Ty, .., T (TrTe — Tre)T, T

g1s - Lgm

Consider the polynomial with non-commutative variables with terms of the same form than
the terms of A, i.e., with terms of the form zixs...xx(2122 — 23)Y1.- Y-
Using the previous proposition and

filos,,---frlos, (Flos,Glos, — Flos,Glos, )91los,---9mlos, =0
we have 3
[ floB,lloo < 177 + Anllop

Therefore || flos, [|oe < 177+ Allop

Since f € Ker(p), f’aBn =0.
Thus f =0
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Corollary 4.4.7. Ty is Fredholm if and only if f(z) # 0 Vz € 0B,.

Proof. The above theorem implies f|sp, is invertible in C'(0B,,) if and only if T} is invertible
up to compact operators. Thus, the corollary follows. O



Chapter 5

Hardy Space and Toeplitz Operators
over the unit ball B,

There are not many additional difficulties in following the same reasoning used in the
Bergman case, except for the assertion that Hankel operators are compact operators. We
quote this result because its proof requires sophisticated arguments. On the other hand, we
notice that the algebras of Bergman-Toeplitz and Hardy-Toeplitz operators over the unit
ball are still C*-isomorphic up to compact operators. In context of the spectral theorem we
can still calculate the numerical invariant that is invariant under compact perturbations, the
index of a Fredholm operator (see Chapter 8).

Many of the assertions throughout this chapter are simple generalization of the one-dimensional
case (see Chapter 3); hence, we shall omit some proofs that just require repeating a previous
argument.

Consider L%*(0B,) the Lebesgue space of square integrable functions on 9B, with surface
measure do(z), and inner product,

(f.9) = f(2)g(2)do(z) (5.0.1)

0Bn
Definition 5.0.8. H?(9B,,) defined as the L*(0B,,) closure of {f|sp, : f € A(B,)} is called
the Hardy Space over B,,.
Definition 5.0.9. The orthogonal projection P : L?(9B,,) — H?(0B,,) is called the Cauchy-

Szégo projection.

37
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5.1 Hardy-Toeplitz Operators over the unit ball B,

Definition 5.1.1. For f a continuous function on 0B, the multiplication operator with
symbol f , my: L*(0B,) — L*(0B,,) is defined by m;(g) := fg

Remark 5.1.1. [lmy(g)ll2 = [fgll2 < [ fllscllgllz- Thus [[mgllop < [1floc-

Remark 5.1.2. Since (my(h), g) = (h, fg) for every h,g € L*(B,), then m;* = mj

Definition 5.1.2. For f a continuous function on 0B, the Hardy-Toeplitz operator with
symbol f, Ty : H*(0B,) — H*(0B,) is defined by T}(g) := P o my(g)

Proposition 5.1.3. For every f € C(0B,,), we have

(1) | T¢llop < [Iflloo

(ii) Ty* = T;

If o € H*(0B,) N C(0B,,) , then

(i) /T, = Ty,

() TaTy = Tgy

Definition 5.1.4. The Hardy-Toeplitz C*-algebra over 0B, is defined as the unital C*-
algebra 7(0B,,) := C*(Ty : f € C(0B,)) generated by all Toeplitz operators with continuous
symbols.

Proposition 5.1.5. 7(0B,,) is not commutative.

Proof. Since f(z) = z; € H*(0B,), we have
Ty(1) = P(f) = f

It is not difficult to verify that f = 2, € H*(0B,)*. We just need to verify that (f,p) =0
for any polynomial p € P(C") because P(C") is dense in A(B,,).
Then we have B
Ty(1) = P(f) =0
Notice that | f|* is not in H*(0B,)*, because (|f[*,1) = [, |f*(2)|do(2) # 0. Therefore

TyTF(1) = 0 and T7Ty(1) = Tp(f) = P(f[) # 0

Thus, 7 (0B,,) is not commutative.
[l

Proposition 5.1.6. 7(0B,) = C*(T, : p € P(C")), where P(C") : polynomials over C"
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Proposition 5.1.7. 7(9B,,) acts irreducibly on H*(0B,,)

Proof. Let B : H*(0B,) — H?*(0B,) be an orthogonal projection that commutes with
T(0B,). Then, TyB = BTy on H*(0B,,) for every f € C(9B,).
Notice that pB(1) € H*(0B,,) for any p € P(C"), then for any p,q € P(C")

B(q) = B(q1) = B(T,(1)) = T,B(1) = P(¢B(1)) = ¢B(1)

(B(1),pq) = (pB(1),q) = (1,(B(1)),q) = {(T, o B)(1),q)
=((BoT,)(1),q) = (B(p),q)

(B(p).q) = (p, B(q)) = (p.qB(1)) = (B(1),pq) = (B(1)— B(1),pq) =0

Since the algebra generated by {pq : p,q € P(C")} is dense in C(0B,,) and C(0B,,) is dense
in L?(0B,,), the algebra generated by {pq : p,q € P(C")} is dense in L*(0B,). Therefore,

B(1)—B(1)=0
Denote f = B(1), then f = f.i.e., f is real on B,.
Using Poisson’s integral formula we extend f to a holomorphic function on B,, (see [Kra,
p. 55])

Pf(z) = . f(w)S(z,w)do(w) Vz € B,

defines a holomorphic function in B,, where S(z,w) is the Szego Kernel.

But we know that f is real on 0B,, it follows that Pf is real on B,; hence, it is constant.
Thus f = a is a constant real-valued function.

Since B> = B and f = B(1) is constant, B(1) = B*(1) = B(B(1)) = B(a.1) = a.B(1)
implies B(1) =1 or 0.

Thus B=0or B = Id. O

5.2 Toeplitz Operators and Compact Operators

Proposition 5.2.1. Let f € C(B,). Then
Hy = (I — P)ymy : H*(0B,) — L*(0B,)
18 a compact operator.

Proof. See Theorem 4.2.17 of [Upm, p. 253].

Corollary 5.2.2. Let f, g € C(B,), then Ty o T, — Ty, is a compact operator.
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5.2.1 Characterization of 7(0B,)

Remark 5.2.1. Recall that for any function g € A(B,) = O(B,) N C(B,), the restriction
function g¢lpp, € H?(OB,). For this reason we are going to allow the abuse of notation
A(B,) C H*(0B,) in the following lemma.

Lemma 5.2.3. There exists a function
0B, — A(B,) C H*(0B,)

w +— hy,

where hy, 1s a peaking function at w.

Proof. 1t is clear that B, is a strictly (strongly) pseudoconvex domain with C'* boundary.
The lemma follows from Theorem 5.2.15 of [Kra, p. 188].
m

Remark 5.2.2. By the continuity of h,, and its peaking property at w, for each open neigh-
borhood U C 0B, of w € 0B, there exists an open neighborhood V' C U of w relatively
compact in U such that

sup |hu(2)| < inf [hy(2)]

2€0B,\U
Proposition 5.2.4. For every f € C(0B,,) and every w € 0B,
Jon, (D) hw(2)|*"do(2)

Jom, 1hw(2)Prdo(2)

— f(w) asn — oo

Proof. The argument used in Proposition 4.4.3 works for this proof.
O

Corollary 5.2.5. Let f € C(0B,) be non-negative real valued. Then for each w € 0B,
there exists a sequence (h,) C H*(OB,) where

L hy"(2)
1@ =

such that
[fhnlla — f(w) asn — oo

Proposition 5.2.6. Let p a polynomial in k non-commuting variables. Then

Ip(Trs - Tr)llop 2 [1P(f15 -5 fr)lloo

where f; € C(0B,,) for1 <j <k
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Proof. The argument used in Proposition 6.4.6 can be easily adapted to this proof.
m

Theorem 5.2.7. The Hardy-Toeplitz C*-algebra T (0B,,) has the commutator ideal K(H?*(0B,,))
(compact operators), and there exists a C*-isomorphism

p: C(0B,) — T(0B,)/K(H*(0B,)) . p(f) = Tf + K(H*(0B,))

Proof. The commutator
[Ty, Tgl := TTy = TyTy = (T5Ty = Tyg) — (TTy — Tyy)

is a compact operator, because each semi-commutator is a compact operator.

Then, the commutator ideal 7'(B,) generated by the commutators [T, T,] is contained in
K(H*(0B,))

We know that 7(9B,,) is not commutative, then 7'(B,,) # 0

Since 7 (0B,,) acts irreducibly on H?(9B,,) and by Corollary 2 of [Arv, p. 18], K(H?*(0B,)) C
T(0B,). Then T'(B,) is a nonzero ideal of K(H?*(0B,)). By Corollary 1 of [Arv, p.18],
T'(B,) = K(H?*(0B,)).

Therefore,

p:C(0B,) — T(0B,)/K(H*(0B,)) , p(f) :=T; + K(H?*(0B,))

is a (well-defined) C*-homomorphism that is surjective.

Let f € Ker(p) i.e. Ty is a compact operator.
Let B € K(H?*(0B,)). Then B is in the C*-ideal generated by the semi-commutators; hence,
A = limA, where A, is a finite sum of operators of the form

Ty o Ty (ToTe — Te) Ty, ., T,

gis ) S gdm

Consider the polynomial with non-commutative variables with terms of the same form than
the terms of A, i.e., with terms of the form zyx9...25(2122 — 23)Y1... Y-
Using the previous proposition and

we have
[ flloo < IT5 + Anllop

Therefore || flloo < [|T7 + Allop
Since f € Ker(p), f = 0. -

Corollary 5.2.8. Ty is Fredholm if and only if f(z) # 0 Vz € 0B,.

Proof. The proof is the same as in Corollary 4.4.6. [



Chapter 6

Hardy Space and Toeplitz Operators
over A(0,1) C C?

The point of view in this chapter has been mainly influenced by [BoS| and [Upm]. The
polydisc is the other natural generalization of the unit disc. In contrast to the unit ball, the
boundary of a polydisc is not “nice” anymore. This induces some changes in the structure
of the algebra of Toeplitz operators. In fact, the algebra of Hardy-Toeplitz operators over
the polydisc is our first example where the commutator ideal is not the space of compact
operators; consequently, we do not have an analogue of the spectral theorem up to compact
operators. We use ideas different from those used in the previous chapters, because of the
difficulty of the boundary of the domain. For example, we shall show the existence of peaking
functions for the polydisc because the polydisc is not a strictly pseudoconvex domain. Also,
tensor products are necessary to characterize the commutator ideal of 7 (T72).

To obtain a description of the Toeplitz-Fredholm operators and the index, we need to use
different and more complicated arguments. For this reason we will not discuss the index of
a Fredholm operator in this setting, but we give some references about this topic at the end
of Chapter 8.

6.1 Definition and basic properties

The purpose of this section is to recover some properties that we obtained in the one-
dimensional case, such as Fatou’s Lemma and Poisson’s Kernel formula.

Notation:

A(0,1)=Dx D c C?
T? = St x St

42
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2% = 21" 2% for z = (21, 22) € C? and a = (ay, an) € Z?
For a = (ay, ay) € Z?* denote |a| = |ay| + |ae| and o > 0 < oy, 9 > 0

Consider L?(T?) the Lebesgue space of square integrable functions on 72 with Haar measure

dm(z) = dgﬁfﬁ, and inner product,

(f.9)= [ f(z)g(z)dm(z)

T2
Remark 6.1.1.
1 27 27 0y it
[ 1) = o /0 [ e iy,

Remark 6.1.2. (2%)qez2 C L*(T?) is an orthonormal set.

Proposition 6.1.1. (2%),cz2 is an orthonormal basis of L*(T?).

Proof. Let f € C(T?). By the Stone-Weierstrass Theorem, there exists a sequence of poly-
nomials p,, (21, 21, 22, 22) such that

Ion — fll2 < |lpn — flloo = 0 as n — o0

Therefore p,, converges to f in L?(T?) norm. On the other hand each p,, is in span(z®),cze;
hence , f is in the the L?(T?) closure of span(z®)sczz.
Thus L?(T?) is equal to the L?(T?) closure of (2%)qez2

Definition 6.1.2. H?*(T?) := clos{z* € L*(T?) : « > 0} in the L? sense.

Remark 6.1.3. H?(T?) is a closed subspace of L*(T?). Then H?*(T?) is a Hilbert space with
Hilbert-space basis (2%)a>0

The following theorem says that we can extend any function in the Hardy space to a holo-
morphic function defined in the unit polydisc. This theorem is the analogue of Theorem
3.2.1.

Theorem 6.1.3. Let f € H?*(T?) with f(z) = > =0 Qa0 L? sense. Then f(z) ==
Z\an|=o a,z* defines a holomorphic function in A(0,1), i.e., it converges normally on A(0,1)

Proof. We are going to prove that f(z1,z) = Zr;‘:o a,2" defines a holomorphic function in
each variable separately.
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Fix z, € D and define f.,(z) := f(z1,2) as a function of the variable z,. Then, we can
rewrite
le Z2 Z ba222
az=0

_ 0 «
where b, = Zoq:[) Aoy 021 ™

Then
o o o o0 o0
|bOtz|2 < Z |a’041,oz2|2 = Z |ba2|2 < Z Z |a041,a2|2 = Z |a04|2 <00

a1=0 as=0 a2=0 a1=0 |a‘:0

Notice that 377 _laa|? = [|f][* < co. By the Cauchy-Hadamard formula, as in the one-

dimensional case, le is a function holomorphic function in the variable z; € D.
Likewise, we have that f., is a holomorphic function in the variable z; € D. Thus f(z) =
2 _inj=0 az® defines a holomorphic function in A(0,1).
0

Corollary 6.1.4. Let f € H*(T?) and fr(2) = f(rz), then | f.|2 increases with r and
lim, . [|f; = fll2 = 0.

Proof. Let f € H*(T?) with f(z) = 37 _ aaz® in L? norm. Then fo(z) = =0 agrlelze
converges uniformly, so it converges in L? norm. Notice that

f—f= Z (o (1 — 7o)z
|a|=0
in L? sense.
This implies,
1= 1B =3 laal(1 = )2 = tim 1 = Fo[3 =0
|a|=0

Theorem 6.1.5 (Fatou’s Theorem). Let f € H*(T?), then lim,_; f,(z) = f(2) a.e.

Proof. Observe that
- 1 .
log" [7,()] = 5 log* 7, (=) <
then

[ g i @lam:) < 5 [ 17 )am)

= 1713 < Sl F13

<3
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Therefore 1
sup [ log | (2)ldm(z) < 51715 < oc
T

0<r<1

By Theorem 3.3.3 of [Rd3, p.45] , f*(2) := lim,_ f,(2) exists a.e. Hence f* is measurable
function.
By Fatou’s Lemma,

/T | (@)Fdm(z) = /T i |[(2)Pdm(z) < liminf || (2)*dm(2)

T2
= liminf || £, (2)[13 < [I£13

Thus f* € L*(T?). Now, since f, — f in L? norm, it converges in measure; therefore, there
exist a subsequence of f, that converges pointwise to f. Hence f = f* a.e.
O

Remark 6.1.4. Notice that the Poisson’s Kernel Formula (see Theorem 3.2.5) in dimension
one can be restated as follows: For f € H?(S') we have

f(z) = . f(w) P (w)dm(w)
where z € D is fixed and

P,(w) := i w" 2k

converges uniformly.
P, is called Poisson’s Kernel.

Now, we are going to prove the analogue to Theorem 3.2.5 .

Theorem 6.1.6 (Poisson’s Kernel Formula). Let f € H*(T?). For z = (z1,22) € A(0, 1)
we have

f(z) = . f(w) P (w)dm(w)

where
P2<w) =P, (wl)P22(w2)

15 the product of Poisson’s Kernels in dimension one.

Proof. Let f € H*(T?) with f = > =0 Gaz® in L? norm.

) )
PZ('LU) = le ('LU1>PZ2 (UJQ) = Zwlklzlkl ZuijQZka = Z U_szk
—o0 —o0 keZ?
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By uniform convergence we have

[ )P w)am(w) = 3] fptdm@)F= 3wt

Definition 6.1.7. Define
P: L*(T* — H*(T?)

P(g)(z) :== Z(za,g>za in L? norm

a>0

Remark 6.1.5. P is clearly well-defined and is the orthogonal projection of L*(7?) onto
H?(T?)

6.2 Hardy-Toeplitz Operators over A(0,1) C C?

6.2.1 Definitions and basic properties

In this section we shall obtain the same standard results as in the one-dimensional case which
are the background for the characterization of the Hardy-Toeplitz C*-algebra.

Definition 6.2.1. For f a continuous function on 72 the multiplication operator with symbol
f my: L*(T?) — L*(T?) is defined by m¢(g) := fg

Remark 6.2.1. |ms(g)ll2 = [|fgll2 < [ fllscllgllz = [Imsllop < [l
Remark 6.2.2. Since < my(h),g >=< h, fg > for every h, g € L*(T?), we have m;* = mj

Definition 6.2.2. For f a continuous function on 72, the Hardy-Toeplitz operator with
symbol f Ty : H*(T?) — H?*(T?) is defined by T}(g) := P omg(g)

Proposition 6.2.3. For every f € C(T?) we have
i) 1Tyl < I

(i) Ty* =Tj

If o € H*(T*)NC(T?) , then

(i) TYT, = Ty,

(i) TeTy = Toy
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Proof. The proof is similar to the proof in Proposition 2.3.3
O

Definition 6.2.4. The Hardy-Toeplitz C*-algebra over T2 is defined as the unital C*-algebra
T(T?) :=C*(Ty : f € C(T?)) generated by all Toeplitz operators with continuous symbols.

Remark 6.2.3. T(T?) is not commutative. Indeed,
Since z* € H*(T?) Ya > 0, we have

T.(2%) = P(2*T") = 227!

and
T:(2%) = P(22*) = P(z* ') = 2V if @ > 0 and 0 otherwise

In particular, 7,75(1) = 0 and T:7.(1) = T5(2) = 1
Thus, 7 (7%) is not commutative.

Proposition 6.2.5. 7(T?) = C*(T, : p € P(C?)), where P(C?) denotes the algebra of
polynomials over C?

Proof. Same proof as in Proposition 2.3.5 .

Proposition 6.2.6. 7 (1?) acts irreducibly on H*(T?)

Proof. Let B : H?(T?) — H?(T?) be an orthogonal projection that commutes with 7 (77?).
Then Ty B = BTy on H*(T?) for every f € C(T7).
Notice that p(z)B(1) € H?(T?) for any p € P(C?), then for any p,q € P(C?)

B(q) = B(T,(1)) = T,B(1) = P(¢B(1)) = ¢B(1) (6.2.1)

(B(1),pq) = (pB(1),q) = (1,(B(1)),q) = (T, o B)(1),q)
=((BoT,)(1),q) = (B(p),q)

(B(p),q) = (p, B(q)) = {p,q¢B(1)) = (B(1),pq) = (B(1) = B(1),pq) =0
If we choose p(z) = z* and ¢(z) = 1 and vice versa for & > 0, we obtain for every a €
(Zo")?U(Z7)?
(B(1) = B(1),z%) =0
Denote f = B(1). Note that f — f € span(2®)ae(zo+)2uz—y2- Therefore f — f=0 e, fis
real on T2,
Using Poisson’s Kernel formula, for z € A(0, 1)

f(z) = - f(w)P-(w)dm(w) € R
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because f(w) € R and P,(w) € R. Therefore f is real on A(0,1). Hence, f is a real constant
function,because it is holomorphic.
Now, by Fatou’s Theorem, f = a € R a.e. Since we are working in L*(7T?), we can assume

f=a.

Since B? = B and B(1) is constant, B(1) = B*(1) = B(B(1)) = B(ax 1) = a x B(1) implies
B(1)=1or0.

Thus, by equation 6.2.1, B=0or B = Id. O

6.3 Tensor Products

Roughly speaking, tensor products are introduced in this section because they allow us to
work in each variable separately, i.e, to split the analysis over the polydisc into the analysis
over two independent unit discs.

The most important result of this section is the description of the commutator ideal of
T (H?*(A(0,1))) in terms of tensor products of operators.

Definition 6.3.1. For f,g € L?*(S') define

(f ®9)(21,22) == f(21)g(22) 21,2 € S
Remark 6.3.1. Clearly f ® g € L*(T?) and || f @ g|l2 = || fll2]l9]l2
Definition 6.3.2. For X,Y C L*(S') define
XoY:={)_ fi©g: fieXgeY}
=1

Denote by X ® Y the closure of X ® Y in L?*(T?)

Proposition 6.3.3. L*(T?) = P ® P = L*(S') ® L*(S') and H*(T?) = P, @ P, =
H?(SY) ® H?(SY), where P := {p : p(z, 2)is a polynomial in the variables z and z with
z € S'Y and Py = {p: p(z) is a polynomial in the variable z with z € S'}

Proof. Just observe that the basis elements of L*(T?) (resp. H*(T?)) are in P ® P (resp.
P, @ P,). The other containment is trivial.
[

Proposition 6.3.4. C(T?) =P ® P = C(S') @ C(S*) where the tensor product spaces on
the right are closures with the infinity norm.
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Proof. Tt follows from the Stone-Weierstrass Theorem.
O

Definition 6.3.5. Let X be L*(S!') or H?*(S'), let Y be L*(S') or H?(S') , and A € L(X),
BeL(Y) Forh=3"7 fj®g; € X©Y define

(A® B)(h) = Z A(f;) ® B(g;)

Proposition 6.3.6. Let X,Y, A and B be as in the above definition. A ® B extends to a
bounded operator on X ® Y and

A ® Bllop = [ Allopl| Bllop

Proof. Let h € X ©® Y. Straightforward calculation leads to
(A DR < [AlllA] and [[(I © B)(h)|| < || B][[|A]]

Then
(A @ B)(h)| = (Ao DT © B)(h)|| < [[A[llBA]
Therefore we can extend A ® B to a bounded operator on X ® Y.
Let € > 0. Choose f € X and g € Y both with norm equal to 1 and /1 — €||A]| < ||A(f)]],
V1—¢||B|| < [|B(g)]].

Notice that ||f ® g|| = 1 then

(A B)(f@9)ll = [lA(f) @ Blg)ll = [ANINB) = (1 =)l Al Bl

Thus [[A® Bllop = [|Allop| Bllop
O

Corollary 6.3.7. P = P® P , where P on the left side of the equality is the orthogonal
projection of L*(T?) onto H*(T?) and P on the right side is the orthogonal projection of
L*(S') onto H*(S)

Proof. The equality is true for P @ P. Then the equality extends to L*(T?) =P @ P
m

Lemma 6.3.8. Let f,g,h € C(S') then
("') My @ Mg = Myggy

('”') Ty @1y =Tre,

(iii) Ty @ (Ty o Ty) = Trgy o Tien

Proof. (i) The equality is true for the basis elements of L*(7T?); hence, m; ® m, = myg,
(ii) Ty @ Ty = (Pomy) @ (Pomy) = (P& P)o(my@mg) = Pompgy = Treg
(lll) Tf X (Tg 9 Th) = (Tf (%9 Tg) o (T1 X Th) == Tf®g o) T1®h
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Proposition 6.3.9. 7(7?) = 7(S') @ T(S') where the closure on the right side of the
equality 1s respect to the operator norm.

Proof. Using (ii) and (iii) in the above lemma we have 7 (S*) @ T(S') C T(T?).
Recall that C(T?) = C(S') ® C(S!) in the infinity norm sense. By (ii) in the above lemma
we have Tsn oy = >0 Ty @ Ty, € T(S 'Y ® T(S'). Since uniform convergence of
symbols implies operator norm convergence of Toeplitz operators, Ty € T(S') ® T(S') for
any f € C(T?).
Thus 7(7?%) C T(S') @ T(Sh)

[

Corollary 6.3.10. 7 (SY)QK(H?(S')) and K(H?*(S'))@7 (S') are two-sided ideals of T (T?)

Corollary 6.3.11. The C*-algebraic sum I := T (S') @ K(H?*(S")) @ K(H*(S')) @ T(S")
is a two-sided ideal of T (T?)

Theorem 6.3.12. I, is the semi-commutator ideal T"(T?) of T (T?)
Proof. Consider any semi-commutator
Ty — 14T, = Pmy(I — P)my = Pmy[(I — P)® I+ P ® (I — P)lm,
As before, we first assume that f = f; ® f; and g = g1 ® g2. Then
Try =TT, = Pmypgpn|(I —P)@ 1+ P& (I — P)lmy,ag,

= me1([ - P)mgl ® mezmgz + melmgl ® mez(I - P)mgz
= (Tf1g1 - Tf1T91) ® Tf2£]2 + Tflgl ® (Tf292 - Tf2T92) €l
Similar argument works for f, g € C(S')®C(S?). By closure of I, we have that Ty, —T,T, €
I, for any f,g € C(T?). Thus T"(T?) C I.
Take any T, ® (Tyg — TT,) ”generator” of T(S') ® KC(H?(S')). Then
Th & (Trg —TiTy) = Th @ Thy — Th @ TiTy = Thx g — ThefT1sg

= Tinonee — ThorTieg € T'(T7)
Therefore 7 (S') @ K(H?(SY)) c T"(T?). Similarly K(H?(S')) @ T(S') c T"(T?)

Corollary 6.3.13. I, coincides with the commutator ideal T'(T?)

Proof. Choose any “generator”

T, @ (T;T, — T,Ty) € I
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Then
T @ (TyTy — TyTy) = (Th @ Th)(Ty @ (T Ty — T,Ty))
= (Tho1) (D10 Thsg — ThegTior) € T'(T7)
Therefore I, C 7'(T?). On the other hand, it is clear that the commutator ideal is included

in the semi-commutator ideal. Thus I, coincides with the commutator ideal 7"(7%).
[

Remark 6.3.2. The C*-algebra generated by the semi-commutators and the commutator
ideal 7'(T?) coincide.

6.4 Characterization of 7 (77)

We start this section by examining some properties of peaking functions over the unit poly-
disc and giving some applications of those peaking functions.

Some of the following assertions will be proven for the one-dimensional case and can be easily
generalized for the two-dimensional case.

Remark 6.4.1. Recall that for any function g € A(D) = O(D) N C(D) (algebra of continuous
functions on D which are holomorphic on D) , the restriction function is g|g1 € H?(S!) (see
Theorem 3.1.4 ). For this reason we are going to allow the abuse of notation A(D) C H?(S)
in the following lemma.

Lemma 6.4.1. There exists a continuous mapping
St — A(D) c H*(SY)
w +— hy,

where hy, 1s a peaking function at w.

Proof. Define hy(z) := 3(z + 1) a Mdbius transform that takes S* to the circle centered at

(%, 0) and radius % Clearly h; is a peaking function at 1.
For any w € S define
z, lz4w

hy(z) = hl(ﬁ)

It is clear that h,, is a peaking function at w. Let w,wy € S* then

2w

1 1 1
() = b ()] = 51 = S0 = Sy = w)] < oo = w

Thus, the lemma follows.
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Remark 6.4.2. For s € S* we have hy,(2571) = hys(2)

Remark 6.4.3. By the continuity of h,, and its peaking property at w, for each open neigh-
borhood U C S! of w € S* there exists an open neighborhood V' C U of w relatively compact
in U such that
sup |hy(2)| < inf |hy(2)|
zeSN\U zeV

Remark 6.4.4. Recall that for any function g € A(A(0,1)) = O(A(0,1)) N C(A(0,1)), the
restriction function g|;2 € H*(T?) (same idea as in Theorem 3.1.4). For this reason we are
going to allow the abuse of notation A(A(0,1)) C H*(T?) in the following lemma.

Lemma 6.4.2. There exists a continuous mapping
T? — A(A(0,1)) € H*(T?)
w — Ay,
where hy, 1s a peaking function at w.

Proof. For w € T? define hy(2) := Ry, (21)ha,(22). Clearly h,, € A(A(0,1)) and is a peaking
function at w. The continuity of the map

T? — A(A(0,1)) € H*(T?)
follows from the lemma in the one-dimensional case and the next inequality
7 (2) = ha(2)] = [, (21w, (22) = hay (21) hay (22)]
= [Py (21) Py (22) = Py (21) Py (22) 4 haw, (21) hay (22) = Ty (21) hay (22)]

< |hUJ1 (Zl)”h 2(22) haQ(z2>| + |ha2(22)||hw1(21) - ha1 (Z1)|
<y (22) = hay (22)] + [hwy (21) = By (21)]

Remark 6.4.5. For s € T? we have h,(2571) = hys(2)

Remark 6.4.6. By the continuity of h,, and its peaking property at w, for each open neighbor-
hood U C T? of w € T? there exists an open neighborhood V' C U of w relatively compact
in U such that
sup |hy(2)| < inf |h,(2)]
2€T2\U zeV

Proposition 6.4.3. For every f € C’(Sl) and every w € S!

fsl 2)|*"dz
Ja1 |h |2”dz

— f(w) as n — o
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Proof. We can assume that f is a real-valued function because we can repeat the same
argument for the real and imaginary part of f. Also, correcting by a constant, we can
assume that f(w) = 0.

Therefore, given ¢ > 0 there exists an open neighborhood U C T2 of w € S! such that
sup |f|(U) < € . By the above remark, there exists an open neighborhood V' C U of w
relatively compact in U such that

sup |he(2)| < inf A, (2
s Jhu(2)] < inf (o)

[ SO < [P [ e

/Nh (2)Pdz + m(S\ V)| fllo sup |hl)>

zeSN\U

On the other hand
/ |hw(z)|2"dz > / |hw(z)|2”dz > m(V) inf |hw(z)|2n
g1 v zeV

Then )
fSl | w |2ndz| < e+ (Sl \U>HfH <SUPZ€SI\U|hw<2)|>
S P (2)Pdz m(V) inf, ey |hy(2)]
Therefore ' 2o
SuPzesl\U| <1 fsl | w | z 0 as n — 0o
inf ey |7y (2 )| S | (2)?dz
]
Proposition 6.4.4. For every f € C(T?) and every w € T?
Jr2 f(2) R (2)[dm(2)
— f(w) as n — oo
Cmant
Proof. Repeat the prove of the above proposition.
]

We can say that the purpose of introducing peaking functions is reflected in the following
corollary:.

Corollary 6.4.5. Let f € C(T?) be non-negative real valued. Then for each w € T?* there
exists a sequence (hy,) C H*(T?) where

hy"(2)

ha(2) == ==
1”2

such that
| fhnllz — f(w) asn — oo
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Proposition 6.4.6. Let p a polynomial in k non-commuting variables. Then

1p(Tss s Ty ) llop = Mlp(f1s s fe)llo
where f; € C(T?) for 1 <j <k

Proof. Let (b, ...,bx) € Im(f1,..., fi). Define

fi= Z\fj > e C(T?)

Clearly f has a zero in T?. Using the above corollary, given ¢ > 0 there exists h € H*(T?)
with norm 1 such that || fh||2 < e. Then

k k k
Z 1Ty, (R) = bihlle* = > I P(fih = bih)l2® < Y ILfih = bihlla® = [ fBl2* < €
j=1 j=1 j=1

therefore
| Ty, (h) — bjhll2 < € for every 1 < j <k

Consider operators of the form Tf].1 Ty —bjy.by, where 1 < g < k for 1 <! < m Notice
that

Ty, Ty, = bjybi, = Ty Ty (Tr, = bi)bi,, by,

=1
We can assume that [|f;|| < 1 and |[b;| < 1 for 1 < j < k in order to reduce calculations.
Then

Ty, ... Ty, (h)=bj,...bj;, k|2 < Z Ty, Ty, (Ty, () =bjh)bjy b, 2 < Z Ty, (h)—bj, |
=1 =1
< me

For any n > 0 we can choose € > 0 such that
Ip(Ty,.. T ) (h) — p(by, ... bi) [l <

Using triangle inequality

Py, - )| < (T T ) (W)l2 + 0 < \lp(Tpy Ty ) llop + 1

Since 1 was arbitrary, we have

[p(brs o ba) | < (T T ) lop

Finally, since (b1, ...,bx) € Im(f1, ..., fr) was arbitrary, we have

IpCf1s - Fidlloo < MP(Tgrs oo T ) llop
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The above proposition is crucial for the proof of the injectivity of the C*-homomorphism p
defined in the following theorem.

Theorem 6.4.7. The mapping
p:C(T* — T(T*/I,

15 a C*- isomorphism.

Proof. Recall that Iy is the commutator ideal of 7(T?) (see Remark 6.3.2 ). It is clear
that p is well-defined and is a surjective C*- homomorphism. It is suffices to prove that p is
injective.
Let B € I,. Then B is in the C*-ideal generated by the semi-commutators; hence, B = limB,,
where B, is a finite sum of operators of the form

Ty, .., Ty (TeTe — Tre) 1y, ..., T,

) T gm

Consider a polynomial with non-commutative variables with terms of the same form than
the terms of B, i.e., with terms of the form zy25...25(2122 — 23)Y1.- Y-
Using the previous proposition and

we have
[ flloo < 1T + Bullop

Therefore ||f|lc < [T + B|lop
If f e Ker(p) then Ty € I,. Thus f = 0. O



Chapter 7

Bergman Space and Toeplitz
Operators over A(0,1) C C?

This chapter follows the line of reasoning from the previous chapter and generalizes some
results in Chapter 2. In the previous chapter we found that the Hardy-Toeplitz algebra over
the polydisc is not similar in structure to the Hardy-Toeplitz algebra over the unit ball. In
this chapter we shall show a similar contrast in the setting of the Bergman-Toeplitz algebras.

7.1 Definition and basic properties

Notation:
dV (z) : Lebesgue measure on C? ~ R%.
L?*(A(0,1)) : Lebesgue space of square-integrable functions.

s = z 2)dV (z
(f.9) /(0,1)f( )9(2)dV (z)
A(A(0,1)) := O(A(0,1)) N C(A(0,1))

Definition 7.1.1.
HZ(A(O, 1)) := LQ(A(O, 1)) NO(A(0,1))

is called Bergman Space.

Remark 7.1.1. Tt is not hard to see that H*(A(0,1)) := L?(A(0,1)) N O(A(0,1)) is a closed
subspace of L?(A(0, 1)) (similar proof as in Theorem 2.1.2 ).

o6
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Definition 7.1.2. The orthogonal projection P : L*(A(0,1)) — H?*(A(0,1)) is called the
Bergman Projection.

Remark 7.1.2. For any fixed z € A(0, 1), the evaluation map eval : H*(A(0,1)) — C eval(f) =
f(z) is continuous (same idea as in Proposition 2.1.1). Then, by the Riesz-Frechet Theorem,
there exists K, € H*(A(0,1)) such that

f6) = (e f) = [ R fw)dA(w) Vf € B0 D)
A(0,1)
K(z,w) := K,(w) is called the Bergman Kernel function.

Remark 7.1.3. Using power series as in the one-dimensional case (see Remark 2.2.2) we have

1

7T2(1 — ’117121)2(1 — 117222)

K(z,w) = K, (w) =

2

Remark 7.1.4. Since the Bergman projection P is self-adjoint, we obtain the following formula

PO = [ A

2 1-— w121)2(1 — U)QZQ)

where g € L*(A(0,1)) and z € A(0,1)

Observations:
L. If f € L*(A(0,1)), then [y, f(2 )=Jp Jp [ (21, 22)dA(21)dA(2,)

2. Recall that in dimension 1: ¢,(z) = ¢,2" where ¢, = / ”TH is an orthonormal basis
of H*(D)

3. Define ¢ (2) := Pa, (21)¢a,(22) Where a = (a1, ) € Zy™ X Zy" . Then (¢a)aezy+xzy+ 1
an orthonormal set of H*(A(0,1))

7.2 Characterization of H?*(A(0,1)) :

Denote A,(0,1) = {z € A(0,1) : |21],|2| <7}

For any f € H?(A(0,1)) with f(2) = > 0%, da2® converging normally on A(0,1), define
fr(2) = f(2)Xa,01) Then, fu(z) = 303, dez* converges uniformly on A,(0,1). Notice
that f. € L*(A(0,1))
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Lemma 7.2.1. For a = (ay,a9) >0

[ peane) = Tt [ a0 va kg
z Z) = an VA zZ) = )
A (0,1) (1 +1)(az +1) A, (0,1)

Proof. The proof just requires straightforward calculation.

O]
Lemma 7.2.2. f, — f in L*(A(0,1)) norm for any f € H*(A(0,1))
Proof. Notice that f.(z) — f(z) pointwise and |f.(z) — f(2)| < 2|f(z)|; hence, |f.(2) —
f(2)|? < 4|f(2)|* By the Lebesgue Convergence Theorem, f, — f in L*(A(0,1)).

[

Lemma 7.2.3. For any f € H*(A(0,1)) with f(z) = > ovydaz® converging normally on
A(0,1), B

o _ m 2042
5 Jr) = (o + 1) (ag + 1)dar

Proof. By uniform convergence,

2 = 2)z% z) = v 2Pz z
(= £,) /A(O’l)fm A= [ detraa

An01) 530
= dgzPz%dA(z) = da/ 2%Z%dA(z) = 7T dyr?ot?
é /AT(O,I) ’ A (0,1) (1 + 1) (g + 1)
m
Lemma 7.2.4. Let g € L*(A(0,1)) and f € H*(A(0,1)), then
<g, fr> - <g7 f>
In particular
s
aa = da
) G D@ T D)
where d,, 1s the same as in the previous lemma.
Proof. By the Cauchy-Schwarz Inequality and Lemma 7.2.2 |
g, fr) = 9, D)l = g, fr = HI < llgll2ll £ = fll2 = 0
[

Proposition 7.2.5. {¢, }a>0, defined as in Obs.3, form an orthonormal basis of H*(A(0,1)).
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(011+1)7r(a2+1) :

By Obs.3 {¢,} is an orthonormal set. By Lemma 7.2.4, < ¢, f >= ‘i—z for any f €
H?(A(0,1)) with f(z) = Zr;:o doz® converging normally on A(0,1) .
It is not hard to verify that ||f.||s = Zm:ow

Ca?
fr(2) — f(z) pointwise, we have ||f,.||o — ||f]|?; hence, ||| dal®  Therefore, we
|04 0 ca
have

Proof. Denote ¢, :=

4An+4

r Since f, — f in L? norm and

[e.9]

> (b ) = IFIP

|a|=0

Then f € span{¢,}.
Thus {¢,} is an orthonormal basis of H*(A(0,1)) and f(z) = 3275, Ccl—nga(z) = > aj=0 da?®
converges in L? norm.

]

Corollary 7.2.6. Let f € H*(A(0,1)) with f(2) = Y200 daz® converging normally, then
f=2"0b0daz™ converges in L*(A(0,1))

Corollary 7.2.7. The orthogonal projection P of L*(A(0,1)) onto H*(A(0,1)) is given by

[e.9]

P(Q) = Z<¢a,g>¢a
a>0
Lemma 7.2.8. Suppose that
1
2
o <+
Z' e Dl ) = T

a>0

Then f(z) = > o3¢ daz® converges normally on A(0,1), i.e., f € O(A(0,1))

Proof. Consider, r; and 75 in [0,1). Then N > 0 s.t Yoy, > N we have:

1 1 1 1

ritrd? < = |d,|r{*rs? < |d
P2 o+ 1o+ 1 dalrirs |a|\/a1+1\/o¢2+1

1

e T D@1 is bounded for large ||

is bounded for large|a| because |d,|?

Therefore, f(z) = Za>0 doz% converges uniformly on compact subsets of A(0,1) ( by Abel’s
Lemma). Hence f is holomorphic on A(0, 1)
]
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Theorem 7.2.9. f € H*(A(0,1)) with

f(z) = Z doz® normally

a>0

if and only if

> 1
d,|? <+
PR ey e

a>0

Proof. Suppose that f € H*(A(0,1)) with

f(z) = Z doz® normally
a>0
Then f = Y222 doz® converges in L*(A(0, 1)) norm. Rewriting we have

N daVA
f_;\/(aﬁrl)(aﬁl) i

Thus [|f|[2 = 7722020 |da‘2(a1+1)1(o¢2+1) < +0o0

Now suppose that 305 [da|?; L

@ty < too. By the above lemma

f(z) =) daz® € O(A(0,1))

a>0

Notice that
1

fr(2)Pdz =7 d,|? plotd
/A(0,1)| )l ;20‘ | (aq +1)(ag + 1)

Also observe that f,(z) — f(z) pointwise and |f,(2)|? < |f(2)|*>. By the Monotone Conver-
gence Theorem

im [ 1, () Pdz = /A G

r—1 A(0,1)
But

- 1
lim fr(2)Pdz =7 dal|?
r—1 A(OJ) ’ ( )‘ Q/X:ZO ’ ’ (Oél + 1)(0(2 + 1)

Thus f € L?(A(0,1)); hence, f € H*(A(0,1))
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7.3 Bergman-Toeplitz Operators over A(0, 1)

7.3.1 Definitions and basic properties

Definition 7.3.1. For f a continuous function on A(0,1) the multiplication operator with
symbol f my: L*(A(0,1)) — L*(A(0,1)) is defined by ms(g) := fg

Remark 7.3.1. |mg(g)ll2 = [[fgll2 < [Ifllscllgll2- This implies [[m [l < [|f][
Remark 7.3.2. Since (my(h),g) = (h, fg) for every h,g € L*(D), we have m* = my
Definition 7.3.2. For f a continuous function on A(0,1) the Bergman-Toeplitz operator

with symbol f, Ty : H*(A(0,1)) — H?*(A(0,1)) is defined by T(g) := P omg(g)

Remark 7.3.3. By characterization of the Bergman projection, we have

T(6)(:) = PO = = | Sw9w) jaw) vg € H2(A0,1))

T2 o1 (1= 0121)2(1 — Wp20)?

Proposition 7.3.3. For every f € C(A(0,1)), we have

() T lop < £l
(i) Ty" = Tf

If p € A(A(0,1)) , then
(i) TyT, = T,

() TeTy = Tgy

Proof. Similar to the proof in the one-dimensional case (see Proposition 2.3.3).
[

Definition 7.3.4. The Bergman-Toeplitz C*-algebra over A(0, 1) is defined as the unital
C*-algebra 7 (A(0,1)) := C*(Ty : f € C(A(0,1))) generated by all Toeplitz operators with

continuous symbols.

Remark 7.3.4. T(A(0,1)) is not commutative. Indeed,
T.(1)=P(z) ==z
T:(1) = P(2) =0
T.7:(1) =0 and T37,(1) = T:(2) =1
Thus, 7 (A(0,1)) is not commutative.
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Proposition 7.3.5. T(A(0,1)) = C*(T, : p € P(C?)), where P(C?) : polynomials over C?

Proof. Similar to proof in the one-dimensional case.

7.4 Characterization of 7 (A(0,1))

Remark 7.4.1. Recall that A(A(0,1)) € H*(A(0,1))

The following lemma was proven in the Hardy case chapter.

Lemma 7.4.1. There exists a continuous mapping
T? — A(A(0,1)) € H*(A(0,1))

w +— hy,

where hy, is a peaking function at w.

Remark 7.4.2. By the continuity of h,, and its peaking property at w, for each open neigh-
borhood U C A(0,1) of w € T? there exists an open neighborhood V' C U of w relatively
compact in U such that
sup  |hw(2)| < inf |, (2)]
2€A(0,1)\U z€V

Proposition 7.4.2. For every f € C(A(0,1)) and every w € T?

Jaw (@) (2)[*dm(z)
fA(o,l) |heo (2)[?dm(2)

— f(w) as n — o

Proof. The argument used to prove Proposition 6.4.3 can be adapted to make this proof.
O

1)) be non-negative real valued. Then for each w € T?

Corollary 7.4.3. Let f € C(A(0,
2(A(0,1)) where

there exists a sequence (hy,) C H

ha(2) : " (2)

B

such that
| fhnllz — f(w) asn — oo
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Proposition 7.4.4. Let p a polynomial in k non-commuting variables. Then

[D(T 15 es T Mlop = lpCf 1725 o5 Frlr2) oo
where f; € C(A(0,1)) for 1 <j <k

Proof. Let (by,...,bx) € Im(fi|r2, ..., fx|r2). Define
k
F=) 11— b € C(A(0, 1))
j=1

Clearly f has a zero in T2. Using the above corollary, given e > 0 there exists h € H?(A(0, 1))
with norm 1 such that ||fhl|js < e. Then

k k k
Z 1Ty, (1) = binlla = IIP(fh = bih)[l2* <Y |l fih = bikle* = || fhl2” < €
j=1 j=1 =1

therefore
| 7%, (h) — bjhlls < € for every 1 < j <k

Consider operators of the form Tf].1 Ty, —bjy.by, where 1 < 5p < k for 1 <1 < m Notice
that

Ty, Ty, = bjyby, = Ty Ty (T = bi)bi,, - by,
=1

We can assume that || f;|| < 1 and [b;] < 1 for 1 < j < k in order to reduce calculations.
Then

1Ty, Ty, (h)=bjy -..bj, b2 < Z 1T, T, (Tp, (W) =03 )bjis bl < Y Ty, ()=

=1 =1
< me

For any nn > 0 we can choose ¢ > 0 such that

Ip(Ty,-- T, ) (h) = p(by, .., bi)hlla < 1
Using triangle inequality

‘p(bla ) bk)l < Hp(Tflek>(h)”2 +n < ”p(Tfl"'Tfk:)HOp +n

Since 1 was arbitrary, we have

’p(bla S bk)’ S Hp(Tflek>||Op

Finally, since (by, ..., bx) € Im(fi|rz, ..., fx|72) was arbitrary, we have

[pCfrlz2soos frlr2)lloo < IP(Tpys s T ) lop
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Theorem 7.4.5.
C(1%) = T(A(0,1))/T"

is a C*- isomorphism, where T" is the semi-commutator ideal of T (A(0,1))

Proof. Define

p: (AW, 1) — T(AO,1))/T"

p(f) =Ty +T"
It is clear that p is well-defined and is a surjective C*- homomorphism.Take f € Ker(p) .
Let B € 7”. Then B is in the C*-ideal generated by the semi-commutators; hence, B =
limB,, where B, is a finite sum of operators of the form

Ty, Ty (TeTes — Tre) Ty, oo, T,

g1s - Lgm

Consider a polynomial with non-commutative variables with terms of the same form than
the terms of B, i.e., with terms of the form zy2s...2(2122 — 23)Y1.- Y-
Using the previous proposition and

f1|T2~'fk|T2<F‘T2G|T2 - F‘T2G|T2)91|T2~-gm|T2 =0

we have
I fl72llco < I T¢ + Bullop

Therefore ||fl72]loc < |77 + Bllop
Since f € Ker(p), f|lr2 =0.
Thus
C(T% = C(A(0,1))/Ker(p) = T(A(0,1))/T"



Chapter 8

An Index Theorem for Toeplitz
Operators

The reading of [StZ] has been the motivation for this chapter. In this chapter we will show
an index theorem for Bergman-Toeplitz and Hardy-Toeplitz operators over the unit ball. In
dimension one, this theorem gives us a relation between the index of a Freholm-Toeplitz
operator and the winding number of its symbol. It turns out that in dimension greater than
one the index of a Toeplitz operator is 0. We are going to start by stating some basic prop-
erties of Fredholm operators and of the index of a Fredholm operator. The proof of these
results can be found in [BsB] and [BoS].

Theorem 8.0.6 (Atkinson’s Theorem). The space of Fredholm operators is closed under
composition, the adjoint operation and addition of compact operators.

Corollary 8.0.7. Let A, B be Fredholm operators and K be a compact operator, then
(i) Ind(A*) = —Ind(A)

(i) Ind(AB) = Ind(A) + Ind(B)

(111) Ind(A+ K) = Ind(A)

Theorem 8.0.8 (Dieudonne’s Theorem). Let F be the space of Fredholm operators. The
indez is constant on the connected components of F.

Corollary 8.0.9. Let D be either B, or 0B,,. Then, the index of the (Hardy or Bergman)-
Toeplitz operators T, over B, is constant under the homotopy

ft:D—>C

where f; does not vanish in 0B,,.

65
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Proof. The hypothesis f; does not vanish in 0B,, guarantees that the Toeplitz operators T,
are Fredholm. Therefore, the homotopy f; defines a continuous path

t— 1Ty,

in F because the operator norm of a Toeplitz operator is less than the infinity norm of its
symbol.
Thus, the corollary follows by Dieudonne’s Theorem.

Lemma 8.0.10. Let f(z) = 2™ € C(S'). Then Ind(Ty) = —m
Proof. Suppose m is non-negative. For any h € H?(S") with h = 377 ja;2’ in L? norm we

have
(o]

Ty(h) = P(z"h) = Z a;z"t
=0

Therefore dim(Ker(Ty)) = 0 and dim(Coker(Ty)) = m. Thus Ind(f) = —m.
If m is negative, f(z) = z=™. By part (i) in Corollary 8.0.7 we have Ind(Ty) = —(m) = —m.
[

Theorem 8.0.11. Let f € C(0B,) and f(z) # 0 Vz € 0B,,. Then
Ind(Ty) = —wind(f) ifn=1

and
Ind(Ty) =0 ifn>1

Proof. Suppose n = 1. Let m be the winding number of f. Then f is homotopic to z™ with
images in C\ {0}. Since any of the functions (or paths) f; in the homotopy does not attain
0, T}, is Fredholm for every t.
On the other hand, by Corollary 8.0.9 the index of T’ is invariant under the above homotopy.
This means that

Ind(Ty) = Ind(T,m)

Thus Ind(Ty) = —m.
If n > 1, B, = S?" ! is simply connected. Notice that by radial homotopy we have that

f 8%t — C\ {0} is homotopic to g(z) := |§8\ Then we have

R Sanl N Sl

and
p:R—S!
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covering space of S1.
By Proposition 1.33 of [Htc] there exists a lift §: S?**~! — R of g, because

ge(m (8*"71)) = {0} C p.(m(R)) = {0}

Clearly § is homotopic to the constant function 0. Then ¢ : S**~! — §
constant function a € S*.

Furthermore, f: S?*~! — C\ {0} is homotopic to the constant function a.
By Corollary 8.0.9 the Ind(Ty) = Ind(T,) = 0.

! is homotopic to a

]

Now, we shall give an index theorem for (Fredholm) Bergman-Toeplitz operators that is a
similar to the result obtained in the Hardy case.

Lemma 8.0.12. Let f(z) = 2™ € C(D). Then Ind(Ty) = —m = —wind(f|s)
Proof. Same idea as in the above lemma.

Theorem 8.0.13. Let f € C(B,) and f(z) # 0 Vz € 0B,. Then
Ind(Tf) = —wind(f‘y» ifn =1

and
[nd(Tf) =0ifn>1

Proof. Suppose n = 1. Let m be the winding number of f|s:. Then there exist a homotopy
fi with images in C\ {0} between f|s1 and 2™ (as function defined on S'). We can extend
the homotopy f; to g; a homotopy on D such that g;|s1 = f;. This homotopy is defined as

follows
z

g(z) == IZ|ft(m) if 2 40
=0if2=0

Since any of the functions (or paths) g:|s1 = f; in the homotopy does not attains 0, Tj, is a
Fredholm operator for every t.
Since go(2) = f(2) and g;(z) = 2™ Vz € S,

Ind(T,,) = Ind(Ty) and Ind(T},,) = Ind(T.m)

By Corollary 8.0.9 and the above lemma, we get Ind(Ty) = —m.

If n>10B, = S5 !is simply connected. As in the proof of the preceding theorem, there
exist a homotopy f; : S*""1 — C\ {0} between f|g2n—1 and f(p) where p is any point in
SQn—l.
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We can extend the homotopy f; to g; a homotopy on B, such that g;|s2n-1 = f; as above.
It follows that
Ind(Tf) = ]nd(Tf(p)) =0
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Appendix

In the following we will mention some results (not covered by this work) and references where
these assertions are proven.

To calculate the index of a Toeplitz operators over A(0,1) C C" for n > 1 we need to
characterize the Fredholm-Toeplitz operators.

For the Hardy case and for n = 2, we have

Corollary 9.0.14. Let f € C(T?). Then Ty is Fredholm on H*(T?) if and only if
f(z1,22) # 0 V(21, 20) € T?
windy (f) = winds(f) =0

where wind;(f) is the winding number of the function obtained by fixing the j variable.
Moreover, if Ty is Fredholm then Ind(Ty) = 0.

The proof of this Corollary can be found in [BoS, p. 353].

For the Bergman case, assuming compactness of the Hankel operator Hy and Fredholm-
ness of 7'y, we have an analogous index theorem to the unit ball case (see [StZ] ).

The vanishing of Fredholm indices of Toeplitz operators on higher-dimensional domains is
a consequence of our focus on Toeplitz operators made from scalar-valued functions. On
these domains Toeplitz operators made from matrix-valued functions can have geometrically
significant nonzero Fredholm indices (see [Upm)] for details).

For algebras whose commutator ideals are not contained in the ideal of compact operators,
it can be useful to generalize the Fredholm index to an index that lives in the K-theory of a
C*-algebra. Some details are in [Upm, Ch. 5].
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