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Algebras of Toeplitz Operators

Bartleby Ordonez-Delgado

(ABSTRACT)

In this work we examine C∗-algebras of Toeplitz operators over the unit ball in Cn and the
unit polydisc in C2. Toeplitz operators are interesting examples of non-normal operators
that generate non-commutative C∗-algebras. Moreover, in the nice cases (depending on the
geometry of the domain) of algebras of Toeplitz operators we can recover some analogues of
the spectral theorem up to compact operators. In this setting, we can capture the index of
a Fredholm operator which is a fundamental numerical invariant in Operator Theory.
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Chapter 1

Introduction

The spectral theorem plays a fundamental role in the study of normal, especially self-adjoint,
operators. In fact, the spectral theorem can be applied (by simultaneous diagonalizations)
to commutative C∗-algebras. The spectrum is a rich source of numerical invariants, such as
the index and the trace, when these are defined. The version of the spectral theorem that
shows that an operator is unitarily equivalent to a multiplication operator is the foundation
for functional analysis.

Some questions arise after this discussion. Are there any “natural” examples of non-normal
operators? What kinds of algebras do these operators generate? Clearly a non-normal opera-
tor generates a non-commutative C∗-algebra. This leads us to search for families of operators
that generate non-commutative C∗-algebras. In function theory we have very natural exam-
ples - Toeplitz operators.

In the context of algebras of Toeplitz operators, we can ask under which conditions or over
which domains we can recover some analogues or consequences of the spectral theorem. It
turns out that for some “nice” cases (algebras of Toeplitz operators over strictly pseudo-
convex domains) the commutator ideal coincides with the compact operators; therefore, we
have a sort of “ spectral theorem up to compact operators”. This similarity is enough to
recover some results from the spectral theorem modulo compact operators, for example the
index of a Fredholm operator, which is one of the primary numerical invariants in operator
theory.

The domain where Toeplitz operators are defined plays an important role in the characteriza-
tion of the algebras of Toeplitz operators. It turns out that if the domain is not “nice” enough
(not a strictly pseudoconvex domain), the commutator ideal of the algebra of Toeplitz oper-
ators contains more than compact operators. For this case the algebra is not “commutative
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Chapter 1. Introduction 2

up to compact operators” and our analogue of the spectral theorem is not a straightforward
source of invariants. The end of the last chapter contains some comments pointing towards
further developments.

This paper is a survey of the structure theory of algebras of Toeplitz operators associated
with continuous, scalar-valued functions. The paper organizes the known results in a way
that motivates recent and ongoing research. The main source of this paper is [Upm]. Most
of the results in this paper are particular cases of stronger results that can be found in
[Upm]. However, many of the proofs have been worked independently from [Upm] by using
different techniques.

The first domain we consider is the unit disc because the disc is the simplest domain with
“nice” boundary. Then, we consider the natural generalizations of the unit disc, the unit ball
and the unit polydisc. In the latter case, the polydisc, we do not have a “nice” boundary,
so this will be our example of contrast with the previous cases, where we could apply our
analogue of the spectral theorem.

Also, we consider the Hardy and Bergman spaces in L2 because they are the simplest spaces
where the Toeplitz operators are defined and have interesting properties. Through this work
we discuss the similarities or differences between the C∗-algebras generated by the Hardy-
Toeplitz and Bergman-Toeplitz operators. Eventually we will show that the only difference
between them is the commutator ideal.

In the second chapter we study the Bergman space over the unit disc. The Bergman space
is defined as the Hilbert space of holomorphic functions that are square-integrable. In this
context, we shall show an explicit basis for the Bergman space that will be very useful for
characterizing the orthogonal projection from L2(D) onto the Bergman space, for finding
the Bergman Kernel (reproducing kernel), and for finding an integral representation of func-
tions in the Bergman space. In addition, we do the analysis of Bergman-Toeplitz operators
over the unit disc, operators which are defined as the compressions to the Bergman space
of multiplication operators with continuous symbols. Our main result in this chapter is the
characterization of the C∗-algebra generated by the Toeplitz operators. It turns out that the
algebra of compact operators on the Bergman space is contained in the C∗-algebra generated
by the Toeplitz operators and coincides with the commutator ideal. Furthermore, the quo-
tient C∗-algebra (subalgebra of the Calkin algebra) resulting by modding out the C∗-algebra
of Toeplitz operators by the algebra of compact operators is C∗-isomorphic to the algebra
of continuous functions over the unit circle. We conclude this chapter by showing a nice
characterization of the Fredholm-Toeplitz operators.

In chapter three we study the Hardy space over the unit disc. The Hardy space is defined
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as the closed subspace of L2(S1) generated by the functions zn for n non-negative integer.
Using the Poisson Kernel we can extend every function in the Hardy space to a holomorphic
function on the unit disc. As in chapter two, we characterize the C∗-algebra of the Hardy-
Toeplitz operators over the unit disc. Here the definition of the Toeplitz operator is similar
to the definition in the Bergman case. We obtain the same result as in the Bergman case,
i.e., the algebra of compact operators on the Hardy space is equal to the commutator ideal
of the C∗-algebra of the Hardy-Toeplitz operators and the quotient C∗-algebra (subalgebra
of the Calkin algebra) resulting by modding out the C∗-algebra of Toeplitz operators by the
algebra of compact operators is again C∗-isomorphic to the set of continuous functions over
the unit circle. In conclusion, the C∗-algebra of the Hardy-Toeplitz operators is isomorphic
(up to compact operators) to the C∗-algebra of the Bergman-Toeplitz operators.

In chapter four we start the generalization of the previous cases to higher dimensions. This
time we consider the Bergman space over the unit ball in Cn, defined just as in the one-
dimensional case. In this case, the nice geometry of the unit ball (strictly pseudoconvex
domain) guarantees the existence of peaking functions, which play an important role in the
characterization of the C∗-algebra of the Toeplitz operators. At the end of this chapter
we get the analogue to the previous cases of the characterization of the C∗-algebra of the
Toeplitz operators.

For the Hardy space over the unit ball, in chapter five, we use more tools of function theory
of several complex variables e.g. the Szego Kernel formula, which plays the same role as
the Poisson Kernel formula in the one-dimensional case. Through this chapter we repeat
many arguments used in the Bergman case, and our characterization of the C∗-algebra of
the Toeplitz operators is similar in the Bergman and Hardy cases.

In chapter six we consider the Hardy space over the unit polydisc in C2. The Hardy space
is defined as the closed subspace of L2(T 2) generated by the functions zα for z = (z1, z2),
α = (α1, α2) with α1, α2 non-negative integers. As in the one-dimensional case, the Poisson
Kernel formula permits extending functions on the Hardy space to holomorphic functions
defined on the unit polydisc.
Unlike the previous cases, the characterization of the C∗-algebra of Toeplitz operators is
more complicated due to the failure of the polydisc to be strictly pseudoconvex. Tensor
products are introduced to analyze the C∗-algebra of Toeplitz operators.

In chapter seven, we use tools from the one-dimensional case to describe the Bergman space
over the unit polydisc in C2. However, we do not obtain the same characterization of the
Bergman-Toeplitz C∗-algebras as in the one-dimensional case.

The aim of the last chapter is to give an application of the previous results. It turns out
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that in the unit ball case the Toeplitz operators that are Fredholm operators are the ones
whose symbols never vanish on the boundary; therefore, the index is well defined for these
operators.
Finally we shall prove an index theorem for Fredholm Toeplitz operators in the case of the
unit ball.



Chapter 2

Bergman Space and Toeplitz
Operators over the unit disc D

The point of view in this chapter has been influenced by [Upm] and [Zhu]. Some of the
assertions in this chapter are particular cases of stronger results that can be found in [Upm].
In this chapter we shall show that Toeplitz operators with non-constant polynomial symbols
are natural examples of non-normal operators that arise in operator theory and verify that
the algebra generated by these Toeplitz operators is commutative up to compact operators.
From this characterization we can tell which operators are Fredholm (invertible up to com-
pact operators) and capture the primary numerical invariant in operator theory, the index
of a Fredholm operator. (See Chapter 8 for the discussion of index of Fredholm-Toeplitz
Operators).

2.1 Definition and basic properties

Consider L2(D) the Lebesgue space of square-integrable functions on D with Lebesgue mea-
sure dA(z) = dxdy = rdrdθ, and inner product,

〈f, g〉 =

∫
D
f(z)g(z)dA(z)

Convention: Inner products will be considered conjugate-linear in the first variable.

The following two propositions give the background to show that the Bergman space is
a Hilbert space of holomorphic functions and to prove the existence of its reproducing kernel
called the Bergman Kernel. Also, it can be proven that these propositions still hold if we

5



Chapter 2. Bergman Space and Toeplitz Operators over the unit disc D 6

replace the unit disc for the unit ball in Cn.

Proposition 2.1.1. Let K ⊂ D be a compact set, then the restriction map,

R : L2(D) ∩O(D) → C(K), R(f) = f |K

is continuous where the metric of C(K) is the metric induced by the infinity norm.

Proof. Say a ∈ K and 2d = dist(K, ∂D) > 0, then we have

B̄(a, d) ⊂ D

Take any f ∈ L2(D) ∩O(D). Since f is holomorphic, we have

f(z) =
∑
j≥0

cj(z − a)j converging uniformly on B̄(a, d)

Since for j 6= k ∫
B(a,d)

(z − a)
j
(z − a)kdA(z) = 0

we obtain ∫
D
|f(z)|2dA(z) ≥

∫
B(a,d)

|f(z)|2dA(z) ≥
∑
j≥0

∫
B(a,d)

|cj(z − a)j|2dA(z)

≥ |f(a)|2Area(B(a, d))

Since Area(B(a, d)) is constant for every a in K, we have

‖f‖2 ≥ ‖f |K‖∞
√
Area(B(a, d))

This proves the continuity of R.

Proposition 2.1.2. L2(D) ∩O(D) is a closed subspace of L2(D)

Proof. Take (fn) a L2-Cauchy sequence in L2(D) ∩ O(D). By Proposition 2.1.1, (fn) is a
Cauchy sequence in C(K) for every compact subset of D . Then, there exists f ∈ O(D) such
that fn → f normally on D (i.e. convergence on compact subsets).
On the other hand, we have ‖fn − h‖2 → 0 for some h ∈ L2(D), because L2(D) is complete.
This implies that (fn) converges in measure to h; therefore, there exists a subsequence of
(fn) that converges a.e. to h. Thus, f = h a.e.; hence, f ∈ L2(D) ∩ O(D). This proves
that L2(D) ∩ O(D) is complete; therefore, a Hilbert space. Thus L2(D) ∩ O(D) is a closed
subspace of L2(D).
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Definition 2.1.3. H2(D) := {f ∈ C(D̄) : f ∈ O(D)}L2
is called the Bergman Space over the

unit disc.

Notice that H2(D) ⊂ L2(D)
⋂
O(D) is a Hilbert space of holomorphic functions.

The orthogonal projection P : L2(D) → H2(D) is called the Bergman projection. For
any fixed z ∈ D; by Proposition 2.1.1, the evaluation function

eval : H2(D) → C

eval(f) = f(z)

is continuous. Then, by the Riesz-Frechet Theorem, there exists Kz ∈ H2(D) such that

f(z) = 〈Kz, f〉 =

∫
D
Kz(w)f(w)dA(w) ∀f ∈ H2(D)

K(z, w) := Kz(w) is called the Bergman Kernel function.

2.2 Characterization of H2(D)

For 0 < r < 1 denote D̄r = {z ∈ D : |z| ≤ r}. Now, for any f ∈ L2(D)
⋂
O(D) with

f(z) =
∑∞

j=0 djz
j converging normally on D, define

fr(z) := f(z)χD̄r

Then, fr(z) =
∑∞

j=0 djz
j converges uniformly on D̄r. It is clear that fr ∈ L2(D)

The “restriction” functions fr are very useful to get information and approximate f ∈ H2(D).
The proof of the following lemma just requires straightforward calculation; for this reason
we will omit it.

Lemma 2.2.1. ∫
D̄r

|z|2ndA(z) =
πr2n+2

n+ 1
and

∫
D̄r

znz̄mdA(z) = 0 ∀n 6= m

Lemma 2.2.2. fr → f in L2(D) norm for any f ∈ L2(D)
⋂
O(D)

Proof. Clearly |fr(z) − f(z)| ≤ 2|f(z)|, then |fr(z) − f(z)|2 ≤ 4|f(z)|2. Since fr → f
pointwise and 4|f(z)|2 is integrable, by the Lebesgue Convergence Theorem we obtain fr → f
in L2(D) norm.
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Lemma 2.2.3. For any f ∈ L2(D)
⋂
O(D) with f(z) =

∑∞
j=o djz

j converging normally on
D

〈zn, fr〉 =
π

n+ 1
dnr

2n+2

Proof.

〈zn, fr〉 =

∫
D
fr(z)z̄

ndA(z) =

∫
D̄r

∞∑
j=0

djz
j z̄ndA(z)

By uniform convergence,

=
∞∑
j=0

∫
D̄r

djz
j z̄ndA(z) = dn

∫
D̄r

znz̄mdA(z) =
π

n+ 1
dnr

2n+2

Lemma 2.2.4. Let g ∈ L2(D) and f ∈ L2(D)
⋂
O(D), then

〈g, fr〉 → 〈g, f〉

In particular

〈zn, f〉 =
π

n+ 1
dn

where dn is the same as above.

Proof. By the Cauchy-Schwarz Inequality and Lemma 2.2.2,

|〈g, fr〉 − 〈g, f〉| = |〈g, fr − f〉| ≤ ‖g‖2‖fr − f‖2 → 0

The next proposition shows a basis for L2(D)
⋂
O(D). It turns out that the elements of

this basis belong to the Bergman space H2(D); hence, the Bergman space coincides with
L2(D)

⋂
O(D).

Proposition 2.2.5. Let φn(z) := cnz
n where cn =

√
n+1
π

. Then {φn} is an orthonormal

basis of L2(D)
⋂
O(D).

Proof. It is easy to check that {φn} is an orthonormal set. By Lemma 2.2.4, 〈φn, f〉 = dn

cn

for any f ∈ L2(D)
⋂
O(D) with f(z) =

∑∞
j=0 djz

j converging normally.

It is not hard to verify that ‖fr‖2 =
∑∞

n=0
|dn|2
cn2 r

2n+2. Since fr → f in L2 norm and fr(z) →
f(z) pointwise, we have ‖fr‖2 → ‖f‖2; hence, ‖f‖2 =

∑∞
n=0

|dn|2
cn2 . Therefore, we have

∞∑
n=0

〈φn, f〉 = ‖f‖2
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Then f ∈ span{φn}.
Thus {φn} is an orthonormal basis of L2(D)

⋂
O(D) and f(z) =

∑∞
n=0

dn

cn
φn(z) =

∑∞
n=0 dnz

n

in L2 norm.

Corollary 2.2.6. Let f ∈ L2(D)
⋂
O(D) with f(z) =

∑∞
j=0 djz

j converging normally. Then,

f(z) =
∑∞

j=0 djz
j converges in L2 norm.

Remark 2.2.1. Since φn ∈ H2(D), H2(D) = L2(D)
⋂
O(D).

Now, we have the tools to calculate the Bergman Kernel and give an explicit representation
of the Bergman projection P .

Proposition 2.2.7. Let f ∈ H2(D) with f(z) =
∑∞

j=o djz
j converging normally on D. Fix

z ∈ D, then

f(z) =
1

π

∫
D

f(w)

(1− w̄z)2
dA(w)

Proof. Using power series
1

(1− w̄z)
=

∞∑
n=0

w̄nzn

converges uniformly on D̄× {z}. Notice that

w̄

(1− w̄z)2
=

d

dz
(

1

1− w̄z
) ⇒ 1

(1− w̄z)2
=

∞∑
n=0

(n+ 1)w̄nzn

converges uniformly on D̄× {z}. By uniform convergence of the series, we have

1

π

∫
D
f(w)

∞∑
n=0

(n+ 1)w̄nzndA(w) =
1

π

∞∑
n=0

(

∫
D
f(w)(n+ 1)w̄ndA(w))zn

By Lemma 2.2.4

=
∞∑
n=0

dnz
n = f(z)

Remark 2.2.2. Recall that

f(z) =

∫
D
Kz(w)f(w)dA(w) ∀f ∈ H2(D) , ∀z ∈ D

Then,

K(z, w) = Kz(w) =
1

π(1− w̄z)2
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2.3 Bergman-Toeplitz Operators over the unit disc D

2.3.1 Definitions and basic properties

Definition 2.3.1. For f a continuous function on D̄ the multiplication operator with symbol
f mf : L2(D) → L2(D) is defined by mf (g) := fg

Remark 2.3.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2 ⇒ ‖mf‖op ≤ ‖f‖∞
Remark 2.3.2. Since 〈mf (h), g〉 = 〈h, f̄g〉 for every h, g ∈ L2(D), mf

∗ = mf̄

Definition 2.3.2. For f a continuous function on D̄ the Bergman-Toeplitz operator with
symbol f Tf : H2(D) → H2(D) is defined by Tf (g) := P ◦mf (g)

Remark 2.3.3. By characterization of the Bergman kernel, we have

Tf (g)(z) = P (fg)(z) =
1

π

∫
D

f(w)g(w)

(1− w̄z)2
dA(w) ∀g ∈ H2(D)

Proposition 2.3.3. For every f ∈ C(D̄) we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ A(D) := O(D) ∩ C(D̄) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f

Proof. (i) Recall that ‖P‖op = 1. Therefore, ‖Tf‖op = ‖P ◦ mf‖op ≤ ‖P‖op‖mf‖op =
‖mf‖op ≤ ‖f‖∞.

(ii) Recall that P is self adjoint. Notice that we can write Tf = PmfP . Therefore, us-
ing Remark 2.3.2 we have Tf

∗ = P ∗mf
∗P ∗ = Pmf̄P = Tf̄

(iii) It is easy to see that A(D) is an algebra. For any h ∈ H2(D) there exists (hn) in
A(D) such that ‖hn − h‖2 → 0. It follows that ‖ϕhn − ϕh‖2 → 0; hence, ϕh ∈ H2(D).
Moreover, Tϕ(h) = Pmϕ(h) = ϕh, i.e., Tϕ = mϕP . Then, TfTϕ = PmfmϕP = PmfϕP =
Tfϕ.

(iv) Using (iii) we have Tf̄Tϕ = Tf̄ϕ. Taking adjoint we obtain Tϕ
∗Tf̄

∗ = Tf̄ϕ
∗

Applying (ii) we have Tϕ̄Tf = Tϕ̄f

Definition 2.3.4. The Bergman-Toeplitz C*-algebra over D is defined as the unital C*-
algebra T (D) := C∗〈Tf : f ∈ C(D̄)〉 generated by all Toeplitz operators with continuous
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symbols.

Proposition 2.3.5. T (D) = C∗〈Tp : p ∈ P (C)〉, where P (C) : polynomials over C

Proof. Let f ∈ C(D̄). Applying the Stone-Weierstrass Theorem there exists a sequence of
polynomials pn(z, z̄) ,that can be written as pn(z, z̄) =

∑m
j=1 pj(z)qj(z) where pj, qj ∈ P (C)

, converging uniformly to f .
Therefore, using Proposition 2.3.3,

‖Tf −
m∑
j=1

Tpj

∗Tqj‖op = ‖Tf−∑m
j=1 pjqj‖op ≤ ‖f −

m∑
j=1

pjqj‖∞

But each pn(z, z̄) can be written as pn(z, z̄) =
∑m

j=1 pj(z)qj(z). Thus

Tf ∈ C∗〈Tp : p ∈ P (C)〉

because pn converges uniformly to f and Tpj

∗Tqj ∈ C∗〈Tp : p ∈ P (C)〉.

The following proposition shows that Tp is a non-normal operator for any non-constant poly-
nomial p. This means that we have found our first example of non-commutative C∗-algebra
generated (except for constant polynomials) by non-normal operators.
If we form the quotient of T (D) by its commutator ideal we will obtain a commutative
C∗-algebra that is easier to deal with. The key idea in understanding T (D) is the character-
ization of its commutator ideal.

Proposition 2.3.6. Tp is a non-normal operator for any non-constant polynomial p. More-
over, T (D) is a non-commutative C∗-algebra.

Proof. It is not difficult to verify that the integral over D of any non-constant polynomial is
zero. Let p any non-constant polynomial. Since φnp is a non-constant polynomial for every
n, we have 〈p̄, φn〉 = 0. This means that p̄ ∈ H2(D)⊥; therefore, P (p̄) = 0. On the other
hand, 〈1, |p|2〉 6= 0; hence, P (|p|2) 6= 0.
Putting things together we have

TpTp̄(1) = TpP (p̄) = 0

and
Tp̄Tp(1) = Tp̄(p) = P (|p|2) 6= 0

Thus Tp is a non-normal operator.
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The next proposition is crucial in our characterization of T (D). At the end of the next sec-
tion we shall prove as a consequence of the next proposition that the C∗-algebra of compact
operators is included in T (D).

Proposition 2.3.7. T (D) acts irreducibly on H2(D)

Proof. Let B : H2(D) → H2(D) be an orthogonal projection that commutes with T (D). In
particular, TfB = BTf on H2(D) for every f ∈ C(D̄).
It is clear that p(z)B(1) ∈ H2(D) for any p ∈ P (C). Then for any p, q ∈ P (C)

B(q) = B(Tq(1)) = TqB(1) = P (qB(1)) = qB(1) (2.3.1)

〈B(1), p̄q〉 = 〈pB(1), q〉 = 〈Tp(B(1)), q〉 = 〈(Tp ◦B)(1), q〉
= 〈(B ◦ Tp)(1), q〉 = 〈B(p), q〉

〈B(p), q〉 = 〈p,B(q)〉 = 〈p, qB(1)〉 = 〈B(1), p̄q〉 ⇒ 〈B(1)−B(1), p̄q〉 = 0

Since {
∑n

j=1 pj(z)qj(z) : pj, qj ∈ P (C)} is uniformly dense in C(D̄), {
∑n

j=1 pj(z)qj(z) :

pj, qj ∈ P (C)} is dense in L2(D).

Then, B(1)−B(1) = 0. Because B(1) is holomorphic, B(1) is constant function.
Since B2 = B and B(1) is constant, B(1) = B2(1) implies B(1) = 1 or 0.
Thus; by equation 2.3.1, B = 0 or B = Id.

2.4 Toeplitz Operators and Compact Operators

In the first part of this section, we study the compact Toeplitz operators. It turns out that
a Toeplitz operator is compact if and only its symbol vanishes on the boundary of D.

Lemma 2.4.1. Let {Kn} be the exhaustion of D by compact subsets, where
Kn = B(0, 1− 1

n
). Then for each K = Kn, the family

F = {h|K : h ∈ H2(D), ‖h‖2 ≤ 1} has compact closure in C(K)

Proof. Say K = Kn and E = Kn+1 for a fixed n. Denote 2r = dist(K, ∂E). Applying
Proposition 2.1.1, ∃c > 0 such that

sup|h(E)| ≤ c‖h‖2 ∀h ∈ H2(D)

Now, for any z1, z2 ∈ K with |z1 − z2| ≤ r, we have [z1, z2] ⊂ K ⊂ E
Applying the Mean Value Theorem:

|h(z1)− h(z2)| ≤ supw∈[z1,z2]|h′(w)||z1 − z2| ...(∗)
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Observe that for any w0 ∈ [z1, z2], B(w0, r) ⊆ E. Now, by the Cauchy Integral Inequality

|h′(w0)| ≤
sup{|h(B(w0, r)|}

r
≤ sup |h(E)|

r

Therefore

supw∈[z1,z2]|h′(w)| ≤ sup |h(E)|
r

≤ c

r
‖h‖2

Using (*) and the above result; we get

|h(z)− h(w)| ≤ c

r
‖h‖2|z − w| ≤ c

r
|z − w| ∀h ∈ F

Then F is equicontinuous. Moreover, for any z ∈ K and h ∈ F , |h(z)| ≤ c
By the Arzela-Ascoli Theorem, F has compact closure in C(K).

Proposition 2.4.2. Let f ∈ C(D̄) with f |∂D = 0. Then, Tf is a compact operator.

Proof. Consider {Kn} and F as in the previous lemma. Say K = Kn for some fixed n.
By the previous lemma, the restriction map

r : H2(D) → C(K) , r(h) := h|K

is a compact operator.
Notice that the inclusion

i : C(K) → L2(D) , i(g) := gχK

is continuous, because

‖gχK‖2
2 =

∫
D
|gχK |2dA ≤ ‖g‖∞2Area(D)

Define mχK
: H2(D) → L2(D) as mχK

= i ◦ r. Since i is continuous and r is compact
operator, mχK

is compact operator.
Now, observe that mfχK

: H2(D) → L2(D) defined as mfχK
:= mf ◦ mχK

is a compact
operator, because mf is a bounded operator.
Note that fχK is not necessarily continuous, but we can denote TfχK

= P ◦mfχK
which is

a compact operator.

Claim: fχKm → f in L∞(D̄) norm as m→∞
Proof:
By uniform continuity of f , given ε > 0 , there exists δ ∈ (0, 1) such that

|z − w| < δ ⇒ |f(z)− f(w)| < ε ∀z, w ∈ D̄
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Since {Kn} is a nested exhaustion of compact sets of D, ∃n ∈ N such that B̄(0, 1− δ) ⊆ Kn.
Therefore, if z ∈ D̄ \Kn ⇒ ∃z0 ∈ ∂D such that |z − z0| < δ ⇒ |f(z) − f(z0)| = |f(z)| < ε.
Hence, |f(z)− (fχKn)(z)| < ε ∀z ∈ D̄.
Since Kn ⊆ Km, ∀m ≥ n, ‖f − (fχKm)‖∞ < ε ∀m ≥ n.
Thus ‖f − (fχKm)‖∞ → 0

Finally,
‖Tf − TfχKm

‖op = ‖Tf−fχKm
‖op ≤ ‖f − (fχKm)‖∞ → 0

Since TfχKm
are compact operators, Tf is compact operator.

In order to prove the remaining of our characterization of compact Toeplitz operators, we
will define and use some properties of the Berezin Transforms. The Berezin transform of a
Toeplitz operator recovers information about the symbol; in fact, it is a continuous function
that coincides with the symbol in S1.

Definition 2.4.3. Define for a fixed a ∈ D, ϕa(z) = a−z
1−āz ∀z ∈ D.

Clearly ϕa defined above is an automorphism (Möbius transformation) of the unit disc.

Remark 2.4.1. Notice that ka(z) := ϕ′a(z) = 1−|a|2
(1−zā)2 and ka ∈ H2(D). Moreover, Jacϕa(z) =

|ka(z)|2.

Remark 2.4.2. Recall that the Bergman Kernel Ka(z) = 1
π(1−zā)2 and Ka(a) = 〈Ka, Ka〉 =

‖Ka‖2. Therefore, ka(z) = π(1− |a|2)Ka has norm ‖ka‖ = π(1− |a|2)
√
Ka(a) =

√
π.

Definition 2.4.4. f̃(z) := 1
π
〈kz, Tf (kz)〉 is called the Berezin Transform of f .

Remark 2.4.3.

〈kz, Tf (kz)〉 = 〈kz, P (fkz)〉 = 〈P (kz), fkz〉 = 〈kz, fkz〉 =

∫
D
f(w)|kz(w)|2dA(w)

Changing variables,

f̃(z) =
1

π

∫
D
(f ◦ ϕz)(w)dA(w)

Proposition 2.4.5. f̃ ∈ C(D̄) and f̃ = f on ∂D for every f ∈ C(D̄)
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Proof. Notice that for any a ∈ ∂D we have ϕz(w) = z−w
1−z̄w → a as z → a ∀w ∈ D.

By the continuity of f , (f ◦ ϕz)(w) → f(a) as z → a ∀w ∈ D; and, |f ◦ ϕz(w)| ≤ ‖f‖∞
∀w ∈ D ∀z ∈ D.
By the Lebesgue Convergence Theorem,

f̃(a) := lim
z→a

1

π

∫
D
(f ◦ ϕz)(w)dA(w) =

1

π

∫
D
f(a)dA(w) = f(a)

The continuity of f̃ on D follows by using the same argument.

Lemma 2.4.6. ka → 0 weakly as |a| → 1

Proof. Recall that ka(z) = π(1− |a|2)Ka(z). Then

〈ka, zn〉 = π(1− |a|2)〈Ka, z
n〉 = πan(1− |a|2)

Then
〈ka, zn〉 → 0 as |a| → 1

Therefore, 〈ka, φn〉 → 0 as |a| → 1 . This means, kz → 0 weakly as |z| → 1.

Theorem 2.4.7. Suppose f ∈ C(D̄), then Tf is a compact operator if and only if f ∈ C0(D)

Proof. f ∈ C0(D) implies Tf is compact operator was proven in Proposition 2.4.2.
Suppose Tf is a compact operator. By Remark 2.4.2

|f̃(z)| = 1

π
|〈kz, Tf (kz)〉| ≤

1

π
‖kz‖2‖Tf (kz)‖2 ≤

√
π‖Tf (kz)‖2

Since kz → 0 weakly as |z| → 1 and Tf is a compact operator, ‖Tf (kz)‖2 → 0 as z → 1.
Thus, f̃(z0) = 0 , ∀z0 ∈ ∂D. Since f̃ and f are equal on ∂D, f ∈ C0(D).

Remember that {φn}+∞
n=0 is an orthonormal basis for H2(D)

where φn(z) = cnz
n, cn =

√
n+ 1

π

It is also true that: If g ∈ H2(D)

g(z) =
+∞∑
n=0

〈g, φn〉φn(z)
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Let P : L2(D) −→ H2(D) the orthogonal projection over H2(D). Then, we have for
any g ∈ L2(D),

P (g)(z) =
+∞∑
n=0

〈P (g), φn〉φn(z)

Since P is self-adjoint,

P (g)(z) =
∑+∞

n=0〈g, P (φn)〉φn(z)

=
∑+∞

n=0〈g, φn〉φn(z).

To prove that the semi-commutators Tfg−Tf ◦Tg are compact operators, we consider several
cases in the following lemmas.

Lemma 2.4.8.

P (znzm) =


0, n < m

cn−m

c2n
φn−m, n ≥ m.

Proof. By the above formula:

P (znzm) =
∑+∞

k=0〈znzm, φk〉φk

=
∑+∞

k=0〈zn, zmφk〉φk

=
∑+∞

k=0〈
1
cn
φn,

ck
cm+k

φm+k〉φk

=
∑+∞

k=0
ck

cncm+k
< φn, φm+k > φk

=


0, n < m

cn−m

c2n
φn−m, n ≥ m.

Lemma 2.4.9. Tzpzq − Tzp ◦ Tzq is a compact operator.

Proof. By the above lemma Tzpzq(φk) = P (ckz
p+kzq) =


0, p+ k < q

ckcp+k−q

c2p+k
φp+k−q, p+ k ≥ q.

Tzq(φk) = P (ckz
kzq) =


0, k < q

ck−q

ck
φk−q(z), k ≥ q.
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Tzp(Tzq(φk)) =


0, k < q

P (
ck−q

ck
zpck−qz

k−q), k ≥ q.

=


0, k < q

c2k−q

ckcp+k−q
φp+k−q(z), k ≥ q.

For k ≥ q:

(Tzpzq − Tzp ◦ Tzq)(φk) = (
ckcp+k−q

c2p+k
− c2p−q

ckcp+k−q
)φp+k−q(z)

ak := (
ckcp+k−q

c2p+k
− c2p−q

ckcp+k−q
) =

c2kc
2
p+k−q−c

2
k−qc

2
p+k

c2p+kckcp+k−q
= 1

π2

(k+1)(p+k−q+1)−(k−q+1)(p+k+1)

c2p+kckcp+k−q

ak = pq
π2c2p+kckcp+k−q

=⇒
+∞∑
k

ak converges

Let ak defined as above. Denote A = Tzpzq − Tzp ◦ Tzq , A(φk) = akφp+k−q, ak ≥ 0.

Define Br(φk) =


akφp+k−q, k ≤ r

0, k > r

Let h ∈ H2(D) with ‖h‖2 = 1 and h(z) =
∑
αkφk

=⇒ | αk |≤ 1

‖ (A−Br)(
∑
αkφk) ‖=‖

∑
k>r αkakφp+k−q ‖≤

∑
k>r ‖ αkakφp+k−q ‖

≤
∑
k>r

| αk | ak ≤
∑
k>r

ak

Then
‖ A−Br ‖op≤

∑
k>r

ak

Since
∑
ak converges, ∑

k>r

ak → 0 as r → +∞

Then Br
op−→ A.

Thus A is a compact operator.

Lemma 2.4.10. Tzpzq ◦ Tzrzl − T(zpzr)(zqzl) is a compact operator.
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Proof. Tzpzq = Tzqzp = Tzq ◦ Tzp

Tzrzl = Tzlzr = Tzl ◦ Tzr

T(zpzr)(zqzl) = Tzq ◦ Tzpzlzr = Tzq ◦ Tzpzl ◦ Tzr

Tzpzq ◦Tzrzl −T(zpzr)(zqzl) = Tzq ◦Tzp ◦Tzl ◦Tzr −Tzq ◦Tzpzl ◦Tzr = Tzq ◦ (Tzp ◦Tzl −Tzpzl) ◦Tzr

By previous lemma, Tzpzq ◦ Tzrzl − T(zpzr)(zqzl) is a compact operator.

Lemma 2.4.11. Let ϕ(z, z̄) , ψ(z, z̄) be polynomials, then
(a) Tϕ ◦ Tzpzq − Tϕzpzq is a compact operator.
(b) Tzpzq ◦ Tϕ − Tϕzpzq is a compact operator.
(c) Tϕ ◦ Tψ − Tϕψ is a compact operator.

Proof. (a) Say ϕ(z, z̄) =
∑
bi,jz

αi z̄βj

Then
Tϕ ◦ Tzpzq − Tϕzpzq =

∑
bi,j(Tzαizβj ◦ Tzpzq − Tzpzqzαizβj )

It follows by using the previous lemma.
(b) and (c) follow similarly.

Theorem 2.4.12. Let ϕ, ψ ∈ C(D̄), then Tϕ ◦ Tψ − Tϕψ is a compact operator.

Proof. First, let p(z, z̄) be a polynomial. Since ψ is continuous, there exists qn(z, z̄) → ψ
uniformly. Then

‖Tp◦Tqn−Tp◦Tψ−(Tpqn−Tpψ)‖op = ‖Tp◦Tqn−ψ−Tp(qn−ψ)‖op ≤ ‖Tp‖op‖Tqnψ‖op+‖Tp(qn−ψ)‖op

≤ ‖p‖∞‖qn − ψ‖∞ + ‖p‖∞‖qn − ψ‖∞ → 0 as n→∞

Thus Tp ◦ Tqn − Tpqn → Tp ◦ Tψ − Tpψ in operator norm.
By previous lemma, Tp ◦Tqn−Tpqn are compact operators; therefore, Tp ◦Tψ−Tpψ is compact
operator.
Likewise, we can show that Tϕ◦Tψ−Tϕψ is compact operator, by fixing ψ and approximating
ϕ (uniformly) by polynomials.

Now, we are ready to prove the main theorem of this chapter, the characterization of T (D).
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Theorem 2.4.13. The Bergman-Toeplitz C*-algebra T (D) has the commutator ideal K(H2(D))
(compact operators), and there exists a C*-isomorphism

ν : T (D)/K(H2(D)) → C(S1)

such that for every f ∈ C(D̄),

ν(Tf +K(H2(D))) = f |S1

Proof. The commutator

[Tf , Tg] := TfTg − TgTf = (TfTg − Tfg)− (TgTf − Tgf )

is a compact operator, by the previous theorem.
Then, the commutator ideal T ′(D) generated by the commutators [Tf , Tg] is contained in
K(H2(D))
We know that T (D) is not commutative, then T ′(D) 6= 0
Since T (D) acts irreducibly onH2(D) and by Corollary 2 of [Arv, p. 18], we haveK(H2(D)) ⊆
T (D). Then T ′(D) is a nonzero ideal of K(H2(D)). By Corollary 1 of [Arv, p. 18] T ′(D) =
K(H2(D)).
Therefore,

ρ : C(D̄) → T (D)/K(H2(D)) , ρ(f) := Tf +K(H2(D))

is a (well-defined) C*-homomorphism that is surjective.
Notice that the restriction map

r : C(D̄) → C(S1) , r(f) := f |S1

is a surjective C*-homomorphism. Indeed, for any f ∈ C(S1) we can define

f̃(z) := |z|f(
z

|z|
) if z 6= 0 and f̃(0) := 0

Clearly, f̃(z) ∈ C(D̄) and f̃ |S1 = f .
If f ∈ Ker(ρ) i.e. vanishes on S1, then Tf is a compact operator (by Theorem 2.4.7).
Therefore, there exists ρ̄ surjective C*-homomorphism such that ρ̄ ◦ r = ρ.
Now, take f ∈ Ker(ρ̄) i.e. Tf̃ compact operator. By Theorem 2.4.7, f̃ vanishes on S1. This
implies f ≡ 0. Thus ρ̄ is injective; hence, C*-isomorphism.



Chapter 3

Hardy Space and Toeplitz Operators
over the unit disc D

The viewpoint in the first two sections of this chapter are influenced by [Yng], and the last
two sections follow the line of reasoning from [Upm]. As in the Bergman case (Chapter 2)
we shall show that Toeplitz operators with non-constant polynomial symbols are non-normal
operators and verify that the algebra generated by these Toeplitz operators is commutative
up to compact operators. Also, in this case we can tell which operators are Fredholm. We
will discuss the index of these operators in Chapter 8. Moreover, we observe that the C∗-
algebra of Bergman-Toeplitz operators is C∗-isomorphic (up to compact operators) to the
C∗-algebra of Hardy-Toeplitz operators.

3.1 Definition and basic properties

The purpose of this section is to define and show an orthonormal basis of the Hardy space
on the unit disc. Once again the “scaled” or “radial” functions are very useful to get infor-
mation about functions on the Hardy space.

Consider L2(S1) ≈ L2(0, 2π) the Lebesgue space of square-integrable functions on S1 with
Haar measure dm(z) = dθ

2π
, and inner product,

〈f, g〉 =

∫
S1

f(z)g(z)dm(z)

Remark 3.1.1. ∫
S1

f(z)dm(z) :=
1

2π

∫ 2π

0

f(eiθ)dθ

20
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Definition 3.1.1. H2(S1) defined as the L2(S1) closure of {f |S1 : f ∈ C(D̄) ∩ O(D)} is
called the Hardy Space over D

Theorem 3.1.2. (zn)n∈Z is an orthonormal basis of L2(S1)

Proof. It is known that (einθ)n∈Z is an orthonormal basis of L2(0, 2π). It follows by the
identification L2(S1) ≈ L2(0, 2π) that (zn)n∈Z is an orthonormal basis of L2(S1).

Lemma 3.1.3. Let f ∈ C(D̄) ∩ O(D). Define for any r ∈ (0, 1) fr(z) := f(rz) ∀z ∈ D̄.
Then fr|S1 → f |S1 in L2(S1) norm as r → 1.

Proof. For every z ∈ S1 we have fr(z) → f(z) pointwise and |fr(z) − f(z)|2 ≤ 4‖f‖2
∞ (the

infinity norm on the right is considered on D̄). It follows by the Lebesgue Convergence
Theorem.

Theorem 3.1.4. Let f ∈ C(D̄) ∩ O(D) with f(z) =
∑∞

j=0 ajz
j converging normally on D.

Then f(z) =
∑∞

j=0 ajz
j in L2(S1) norm.

Proof. Notice that fr(z) =
∑∞

j=0 ajr
jzj converges uniformly on D̄. Then, by the above

lemma, fr(z) =
∑∞

j=0 ajr
jzj converges in L2(S1) norm as r → 1.

Since fr → f in L2(S1) norm and by the Cauchy-Schwarz Inequality, 〈zn, fr〉 → 〈zn, f〉 as
r → 1.
But 〈zn, fr〉 = anr

n ∀n ≥ 0 and 0 otherwise. Therefore, 〈zn, f〉 = an ∀n ≥ 0 and 0 otherwise.
Thus, f(z) =

∑∞
j=0 ajz

j in L2 norm, because (zn)n∈Z is an orthonormal basis of L2(S1).

Corollary 3.1.5. (zn)n≥0 is an orthonormal basis of H2(S1).

Proof. By the previous theorem, {f |S1 : f ∈ C(D̄) ∩ O(D)} ⊆ clos{(zn)n≥0}, where clos
means L2(S1) closure. Since clos{(zn)n≥0} is a closed subspace of L2(S1), we have H2(S1) ⊆
clos{(zn)n≥0}.
On the other hand, zn ∈ H2(S1). Thus clos{(zn)n≥0} ⊆ H2(S1).

3.2 Characterization of H2(S1) :

In this section we are going to look more closely at the Hardy space. We shall prove that we
can extend functions in the Hardy space to holomorphic function defined on the unit disc.
Moreover, thank to the Poisson kernel we will show an explicit formula for this extension.
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Theorem 3.2.1. Let f ∈ H2(S1) with f(z) =
∑∞

j=0 ajz
j in L2(S1) norm. Then f̃(z) =∑∞

j=0 ajz
j defines a holomorphic function in D, i.e., converges normally on D

Proof. Notice that
∑∞

j=0 |aj|2 = ‖f‖2 <∞. Then |aj| → 0. This implies that ∃n0 ∈ N such

that |aj| < 1 ∀j > n0; therefore, lim sup j
√
|aj| ≤ 1.

By the Cauchy-Hadamard formula,

R =
1

lim sup j
√
|aj|

≥ 1

Thus,
∑∞

j=0 ajz
j defines a holomorphic function ∀|z| < R; therefore, f̃(z) is holomorphic in

D.

Corollary 3.2.2. Let f ∈ H2(S1), then ‖f̃r‖2 increases with r ∈ (0, 1) and ‖f̃r‖2 = ‖f‖2.

Proof. Let f ∈ H2(S1) with f(z) =
∑∞

j=0 ajz
j in L2 norm. Then f̃r(z) =

∑∞
j=0 ajr

jzj

converges uniformly, so it converges in L2 norm. This implies,

‖f̃r‖2
2 =

∞∑
j=0

|ajrj|2 ⇒ lim
r→1

‖f̃r‖2
2 =

∞∑
j=0

|aj|2 = ‖f‖2
2

Definition 3.2.3. log+(x) := log(x) if x ≥ 1 and 0 otherwise.

Theorem 3.2.4 (Fatou’s Theorem). Let f ∈ H2(S1), then limr→1 f̃r(z) = f(z) a.e.

Proof. Observe that

log+ |f̃r(z)| =
1

2
log+ |f̃r(z)|2 ≤

1

2
|f̃r(z)|2

then ∫
S1

log+ |f̃r(z)|dm(z) ≤ 1

2

∫
S1

|f̃r(z)|22dm(z)

=
1

2
‖f̃r‖2

2 ≤
1

2
‖f‖2

2

Therefore

sup
0≤r<1

∫
S1

log+ |f̃r(z)|dm(z) ≤ 1

2
‖f‖2

2 <∞

By Theorem 3.3.3 of [Rd3, p. 45], f ∗(z) = limr→1 f̃r(z) exists a.e. Hence f ∗ is measurable
function.
By Fatou’s Lemma,∫

S1

|f ∗(z)|2dm(z) =

∫
S1

lim
r→1

|f̃r(z)|2dm(z) ≤ lim inf
r→1

∫
S1

|f̃r(z)|2dm(z)
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= lim inf
r→1

‖f̃r(z)‖2
2 ≤ ‖f‖2

2

Thus f ∗ ∈ L2(S1). Now, using the Problem 17 of [Roy, p. 127], we have

〈zn, f̃r〉 → 〈zn, f∗〉 ∀n ∈ Z

Since (zn)n∈Z is an orthonormal basis of L2(S1) and

〈zn, f̃r〉 → 〈zn, f〉 ∀n ∈ Z

f = f ∗ in L2(S1).

Remark 3.2.1. It can be proven that f̃r → f in L2(S1) norm (see Theorem 3.4.3. [Rd3,
p. 51]).

Theorem 3.2.5 (Poisson’s Kernel Formula). Let f ∈ H2(S1). For 0 ≤ r < 1 and θ ∈ R,

f̃(reiθ) =
1

2π

∫ 2π

0

f(eit)Pr(θ − t)dt

where

Pr(θ − t) =
1− r2

1− 2r cos(θ) + r2

Proof. See [Yng, p. 161] .

Definition 3.2.6. Define
P : L2(S1) → H2(S1)

P (g) :=
∞∑
n=0

〈zn, g〉zn in L2 norm

Remark 3.2.2. P is clearly well-defined and is the orthogonal projection of L2(S1) over
H2(S1)

3.3 Hardy-Toeplitz Operators over D

3.3.1 Definitions and basic properties

The most important result of this section is that the C∗-algebra of Hardy-Toeplitz operators
acts irreducibly on the Hardy space. The two main ingredients for this proof are the Poisson
Kernel formula and Fatou’s Theorem.
We start with some definitions and some properties analogous to those appearing in the
Bergman case.
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Definition 3.3.1. For f a continuous function on S1 the multiplication operator with symbol
f mf : L2(S1) → L2(S1) is defined by mf (g) := fg

Remark 3.3.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2 ⇒ ‖mf‖op ≤ ‖f‖∞.

Remark 3.3.2. Since 〈mf (h), g〉 = 〈h, f̄g〉 for every h, g ∈ L2(S1), we have mf
∗ = mf̄

Definition 3.3.2. For f a continuous function on S1 the Hardy-Toeplitz operator with
symbol f Tf : H2(S1) → H2(S1) is defined by Tf (g) := P ◦mf (g)

Proposition 3.3.3. For every f ∈ C(S1), we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ H2(S1) ∩ C(S1) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f

Proof. The proof is like the proof in the Bergman case (see Proposition 2.3.3.)

Definition 3.3.4. The Hardy-Toeplitz C*-algebra over S1 is defined as the unital C*-algebra
T (S1) := C∗〈Tf : f ∈ C(S1)〉 generated by all Toeplitz operators with continuous symbols.

Proposition 3.3.5. T (S1) = C∗〈Tp : p ∈ P (C)〉, where P (C) : polynomials over C

Proof. The proof is the same as in the Bergman case (see Proposition 2.3.5).

Proposition 3.3.6. Tp is a non-normal operator for any non-constant polynomial p. More-
over, T (S1) is a non-commutative C∗-algebra.

Proof. An argument similar to that used in Proposition 2.3.6 works here.

Proposition 3.3.7. T (S1) acts irreducibly on H2(S1)

Proof. Let B : H2(S1) → H2(S1) be an orthogonal projection that commutes with T (S1).
In particular, TfB = BTf on H2(S1) for every f ∈ C(S1).
Notice that for any p ∈ P (C) we have p(z)B(1) ∈ H2(S1). Then, for any p, q ∈ P (C)

B(q) = B(Tq(1)) = TqB(1) = P (qB(1)) = qB(1) (3.3.1)

〈B(1), p̄q〉 = 〈pB(1), q〉 = 〈Tp(B(1)), q〉 = 〈(Tp ◦B)(1), q〉

= 〈(B ◦ Tp)(1), q〉 = 〈B(p), q〉
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〈B(p), q〉 = 〈p,B(q)〉 = 〈p, qB(1)〉 = 〈B(1), p̄q〉 ⇒ 〈B(1)−B(1), p̄q〉 = 0

If we choose p(z) = zn and q(z) = 1 and vice versa for n ≥ 0, we obtain for every n ∈ Z

〈B(1)−B(1), zn〉 = 0

Denote f = B(1), then f = f̄ ,i.e., f is real on S1.
Using Poisson’s Kernel formula, we see that

f̃r(e
iθ) = f̃(reiθ) =

1

2π

∫ 2π

0

f(eit)Pr(θ − t)dt

Since f(eit) and Pr(θ − t) are reals, f̃ is real on D. Therefore, f̃ is a real constant function,
because it is holomorphic.
Now, by Fatou’s Theorem, f ≡ a ∈ R a.e. Since we are working in L2(S1), we can assume
f ≡ a.
Since B2 = B and B(1) is constant, B(1) = B2(1) = B(B(1)) = B(a.1) = a.B(1) implies
B(1) = 1 or 0.
Thus, by equation 3.3.1, B = 0 or B = Id.

3.4 Toeplitz Operators and Compact Operators

The following theorem shows that the Hankel operators with continuous symbols (defined
below) are compact. As a consequence of this theorem we will see that the semi-commutator
operators are compact,too. Therefore, the commutator ideal is contained in the C∗-algebra
of compact operators.

Theorem 3.4.1 (Hartman’s Theorem). For every f ∈ C(S1), the Hankel operator

Hf := (I − P ) ◦mf : H2(S1) → H2(S1)⊥

is compact.

Proof. By the Stone-Weierstrass Theorem, we can approximate f uniformly by polynomi-
als pn(z, z̄). The idea of the proof is to show that the Hankel operators Hpn are compact;
therefore, by using uniform convergence of the symbols we will obtain that Hf is a compact
operator. We will split the proof into three cases.

Case 1: f = zk , k ≥ 0
Consider h ∈ H2(S1) with h(z) =

∑∞
n=0 cnz

n converges in L2 norm.Then

mf (h) =
∞∑
n=0

cnz
n+k ⇒ (I − P ) ◦mf (h) = 0
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because (I − P )⊥P , so I − P projects over clos(zn)−1
−∞.

Thus (I − P ) ◦mf = 0. is a compact operator.

Case 2: f = z−k , k > 0
Consider h as above. Then

mf (h) =
∞∑
n=0

cnz
n−k ⇒ (I − P ) ◦mf (h) =

k−1∑
n=0

cnz
n−k

Thus (I − P ) ◦mf has finite rank, so it is a compact operator.

Case 3: General case
By cases 2 and 3, we have that Hpn is a compact operator. Since pn → f uniformly, we have

‖(I − P ) ◦mf − (I − P ) ◦mpn‖op = ‖(I − P ) ◦mf−pn‖op ≤ ‖I − P‖op‖mf−pn‖op

≤ ‖I − P‖op‖f − pn‖∞ → 0 as k → 0

Thus (I − P ) ◦mf is a compact operator.

Corollary 3.4.2. Let ϕ, ψ ∈ C(S1), then Tϕ ◦ Tψ − Tϕψ is a compact operator.

Proof.
Tϕ ◦ Tψ − Tϕψ = PmϕPmψ − Pmϕψ = Pmϕ(P − I)mψ

It follows from the fact that Pmϕ is a bounded operator and the previous theorem that
Tϕ ◦ Tψ − Tϕψ is a compact operator.

Theorem 3.4.3. Let f ∈ C(S1) . If Tf is a compact operator then f ≡ 0.

Proof. Clearly f ∈ L2(S1). Then, f(z) =
∑∞

−∞ anz
n converges in L2 norm.

For k ≥ 0, we have

mf (z
k) =

∞∑
−∞

anz
n+k ⇒ Tf (z

k) = P ◦mf (z
k) =

∞∑
m=0

am−kz
m

Then the Toeplitz matrix [Tf ] = (bi,j) has constant entries ai−j on diagonals. Therefore, for
a fixed n ∈ Z we have bi+n,i = an.
Since Tf is compact operator, bi+n,i → 0 as i→∞. Thus an = 0; hence, f ≡ 0.

Now, we have all the tools to prove our main theorem. The proof basically follows the same
pattern as in the Bergman case.



Chapter 3. Hardy Space and Toeplitz Operators over the unit disc D 27

Theorem 3.4.4. The Hardy-Toeplitz C*-algebra T (S1) has the commutator ideal K(H2(S1))
(compact operators), and there exists a C*-isomorphism

ν : T (S1)/K(H2(S1)) → C(S1)

such that for every f ∈ C(S1),

ν(Tf +K(H2(S1))) = f

Proof. The commutator

[Tf , Tg] := TfTg − TgTf = (TfTg − Tfg)− (TgTf − Tgf )

is compact operator, by Corollary 3.4.2 .
Then, the commutator ideal T ′(S1) generated by the commutators [Tf , Tg] is contained in
K(H2(S1)))
We know that T (S1) is not commutative, then T ′(S1) 6= 0
Since T (S1) acts irreducibly on H2(S1) and by Corollary 2 of [Arv, p. 18] , K(H2(S1)) ⊆
T (S1). Then T ′(S1) is a nonzero ideal of K(H2(S1))). By Corollary 1 of [Arv, p. 18],
T ′(S1) = K(H2(S1)).
Therefore,

ρ : C(S1) → T (S1)/K(H2(S1)) , ρ(f) := Tf +K(H2(S1))

is a (well-defined) C*-homomorphism that is surjective.

Now, take f ∈ Ker(ρ) i.e. Tf is a compact operator. By Theorem 3.4.3, f vanishes on S1.
Thus ρ is injective; hence, C*-isomorphism.



Chapter 4

Bergman Space and Toeplitz
Operators over the unit ball Bn ⊂ Cn

In the following chapters I focus my attention on the discussion of Fredholm operators and
index.

This chapter follows the line of reasoning from Chapter 2. The unit ball is a natural general-
ization of the unit disc, and we shall prove that for this case the algebra of Bergman-Toeplitz
operators has basically the same structure as in the one-dimensional case. Note that the unit
ball has a nice boundary, which allows us to use peaking functions and to get a clear charac-
terization of the commutator ideal. We can ask how far we can go performing our argument
used to get parallel results for the unit disc and unit ball. The answer to this question can
be found in the context of Chapter 6, the polydisc case, for which the boundary is not nice.
The last corollary of this chapter is fundamental for our discussion of index of a Fredholm
operator carried in Chapter 8.

Many of the assertions through this chapter are simple generalizations of the one-dimensional
case (see Chapter 2); hence, we shall omit some proofs that just require repeating a previous
argument.

28
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4.1 Definition and basic properties

Consider L2(Bn) the Lebesgue space of square integrable functions on Bn with Lebesgue
measure dV (z), and inner product,

〈f, g〉 =

∫
Bn

f(z)g(z)dV (z)

Lemma 4.1.1. Let α 6= β be non-negative multi-indices, then

〈zα, zβ〉 = 0

Proof. Assume by simplicity that α1 6= β1 and denote w = (z2, ..., zn), α0 = (α2, ..., αn),
β0 = (β2, ..., βn) then∫

Bn

z̄αzβdV (z) =

∫
|w|≤1

w̄α0wβ0(

∫
|z1|≤

√
1−|w|2

z̄1
α1z1

β1dV (z1))dV (w)

Clearly ∫
|z1|≤

√
1−|w|2

z̄1
α1z1

β1dV (z1) = 0

Thus the lemma follows.

Proposition 4.1.2. Let K ⊂ Bn be a compact set, then the restriction map,

R : L2(Bn) ∩O(Bn) → C(K), R(f) = f |K

is continuous.

Proof. Apply Lemma 4.1.1 and use same argument as in the proof of Proposition 2.1.1.

Proposition 4.1.3. L2(Bn) ∩O(Bn) is a closed subspace of L2(Bn)

Definition 4.1.4. H2(Bn) := L2(Bn) ∩O(Bn) is called the Bergman Space.

Proposition 4.1.5. Denote cα = 1
‖zα‖2 for any non-negative multi-index α and define

φα(z) := cαz
α. Then {φα} is an orthonormal basis of H2(Bn).
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Proof. By Lemma 4.1.1 we have that {φα} is an orthogonal set. Now, take f ∈ H2(Bn)
with

f(z) =
∞∑

|α|≥0

dαz
α

converging normally on Bn. Applying a similar argument as in the one-dimensional case we
can show that

f(z) =
∞∑

|α|≥0

dαz
α

converges in L2(Bn) norm.
Thus {φα} is an orthonormal basis of H2(Bn).

Definition 4.1.6. The orthogonal projection P : L2(Bn) → H2(Bn) is called the Bergman
projection.

Remark 4.1.1. For any fixed z ∈ Bn; by Proposition 4.1.2, we have that the evaluation map
eval : H2(Bn) → C eval(f) = f(z) is continuous. Then, by the Riesz-Frechet Theorem,
there exists Kz ∈ H2(Bn) such that

f(z) = 〈Kz, f〉 =

∫
Bn

Kz(w)f(w)dV (w) ∀f ∈ H2(Bn)

Definition 4.1.7. K(z, w) := Kz(w) is called the Bergman Kernel function.

Remark 4.1.2. It is possible to find an explicit representation of the Bergman Kernel for the
unit ball (see for example [Ran, p. 183] ). The Bergman Kernel for the unit ball is given by

K(z, w) =
n!

πn(1− 〈z, w〉)n+1

4.2 Bergman-Toeplitz Operators over the unit ball Bn

4.2.1 Definitions and basic properties

In this section we can still use most of the arguments used in the one-dimensional case and
get natural generalizations of the results obtained in Chapter 2. However, in some cases new
technicalities arise because of the dimension.

Definition 4.2.1. For f a continuous function on B̄n the multiplication operator with sym-
bol f , mf : L2(Bn) → L2(Bn) is defined by mf (g) := fg

Remark 4.2.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2 ⇒ ‖mf‖op ≤ ‖f‖∞.
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Remark 4.2.2. Since 〈mf (h), g〉 = 〈h, f̄g〉 for every h, g ∈ L2(Bn), then mf
∗ = mf̄

Definition 4.2.2. For f a continuous function on B̄n the Bergman-Toeplitz operator with
symbol f Tf : H2(Bn) → H2(Bn) is defined by Tf (g) := P ◦mf (g)

Proposition 4.2.3. For every f ∈ C(B̄n), we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ A(Bn) := O(Bn) ∩ C(B̄n) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f

Definition 4.2.4. The Bergman-Toeplitz C*-algebra over Bn is defined as the unital C*-
algebra T (Bn) := C∗〈Tf : f ∈ C(B̄n)〉 generated by all Toeplitz operators with continuous
symbols.

Proposition 4.2.5. T (Bn) = C∗〈Tp : p ∈ P (Cn)〉, where P (Cn) : polynomials over Cn

Proposition 4.2.6. Tp is a non-normal operator for any non-constant polynomial p. More-
over, T (Bn) is a non-commutative C∗-algebra.

Proof. An argument similar to that used in Proposition 2.3.6 works here, but we need to
apply Lemma 4.1.1 and use the orthonormal basis {φα}.

Proposition 4.2.7. T (Bn) acts irreducibly on H2(Bn)

Proof. Let B : H2(Bn) → H2(Bn) be an orthogonal projection that commutes with T (Bn).
Then, TfB = BTf on H2(Bn) for every f ∈ C(Bn).
Notice that pB(1) ∈ H2(Bn) for any p ∈ A(Bn), then for any p, q ∈ A(Bn)

B(q) = B(q.1) = B(Tq(1)) = TqB(1) = P (qB(1)) = qB(1)

〈B(1), p̄q〉 = 〈pB(1), q〉 = 〈Tp(B(1)), q〉 = 〈(Tp ◦B)(1), q〉
= 〈(B ◦ Tp)(1), q〉 = 〈B(p), q〉

〈B(p), q〉 = 〈p,B(q)〉 = 〈p, qB(1)〉 = 〈B(1), p̄q〉 ⇒ 〈B(1)−B(1), p̄q〉 = 0

Since the algebra generated by {p̄q : p, q ∈ P (Cn) ⊂ A(Bn)} is dense in C(Bn) and C(Bn)
is dense in L2(Bn), the algebra generated by {p̄q : p, q ∈ P (Cn)} is dense in L2(∂Bn).
Therefore,

B(1)−B(1) = 0

Denote f = B(1), then f = f̄ ,i.e., f is real on ∂Bn.Hence, f ≡ a is constant real function.
Since B2 = B and f = B(1) is constant, B(1) = B2(1) = B(B(1)) = B(a.1) = a.B(1)
implies B(1) = 1 or 0.
Thus B = 0 or B = Id.
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4.3 Toeplitz Operators and Compact Operators

In this section we focus on identifying the commutator ideal of T (Bn). We introduce the
concept of Hankel operator which is a sort of “orthogonal complement” of a Toeplitz oper-
ator. Properties of Hankel operators imply properties of Toeplitz operators, and vice versa.
For our purposes we will use just one result about Hankel operators, but they are studied as
much as Toeplitz operators (e.g. see [Pel] ).

Lemma 4.3.1. Let {Km} be the exhaustion of Bn by compact subsets , where
Km = B(0, 1− 1

m
). Then for each K = Km, the family

F = {h|K : h ∈ H2(Bn), ‖h‖2 ≤ 1}

has compact closure.

Proposition 4.3.2. Let f ∈ C(B̄n) with f |∂Bn = 0. Then, Tf is a compact operator.

Remark 4.3.1. For each a ∈ Bn there exist an automorphism (Möbius transformation) of
Bn satisfying:
(1) ϕa(a) = 0 and
(2) ϕa ◦ ϕa = IdBn

Moreover for any z0 ∈ ∂Bn we have

lim
a→z0

ϕa(z) = z0 ∀z ∈ Bn

(see [Rd2]).

Proposition 4.3.3. Let f ∈ C(B̄n). Then the Hankel operator

Hf := (I − P )mf : H2(Bn) → L2(Bn)

is a compact operator.

Proof. For any z0 ∈ ∂Bn we have

f ◦ ϕa → f(z0) uniformly as a→ z0

In particular
f ◦ ϕa → f(z0)

in L2(Bn) norm. Then
(I − P )(f ◦ ϕa) → 0

in L2(Bn) norm, because I − P is continuous.
Therefore, by Theorem 7 of [StZ] Hf is a compact operator.

Corollary 4.3.4. Let f , g ∈ C(B̄n), then Tf ◦ Tg − Tfg is a compact operator.
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4.4 Characterization of T (Bn)

Peaking functions (defined below) play a fundamental role in this section. They are very
useful for obtaining norm estimates. The existence of peaking functions depends on the
domain and is a well-known result in function theory of complex variables.

Definition 4.4.1. Let w ∈ Bn. hw ∈ A(Bn) is a peaking function if |hw(z)| < 1 for any
z ∈ B̄n with z 6= w, and hw(w) = 1

Lemma 4.4.2. There exists a function

∂Bn → A(Bn) ⊂ H2(Bn)

w 7→ hw

where hw is a peaking function at w.

Proof. It is clear that Bn is a strictly (strongly) pseudoconvex domain with C∞ boundary.
The lemma follows by Theorem 5.2.15 of [Kra, p. 188].

Remark 4.4.1. By the continuity of hw and its peaking property at w, for each open neigh-
borhood U ⊂ B̄n of w ∈ ∂Bn there exists an open neighborhood V ⊂ U of w relatively
compact in U such that

sup
z∈Bn\U

|hw(z)| < inf
z∈V

|hw(z)|

Proposition 4.4.3. For every f ∈ C(B̄n) and every w ∈ ∂Bn∫
Bn
f(z)|hw(z)|2ndV (z)∫
Bn
|hw(z)|2ndV (z)

→ f(w) as n→∞

Proof. We can assume that f is a real-valued function because we can repeat the same
argument for the real and imaginary part of f . Also, correcting by a constant, we can
assume that f(w) = 0.
Therefore, given ε > 0 there exists an open neighborhood U ⊂ B̄n of w ∈ ∂Bn such that
sup |f |(U) < ε .By the above remark, there exists an open neighborhood V ⊂ U of w
relatively compact in U such that

sup
z∈Bn\U

|hw(z)| < inf
z∈V

|hw(z)|

|
∫
Bn

f(z)|hw(z)|2ndV (z)| ≤
∫
U

|f(z)||hw(z)|2ndV (z) +

∫
Bn\U

|f(z)||hw(z)|2ndV (z)
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< ε

∫
Bn

|hw(z)|2ndV (z) + V ol(Bn \ U)‖f‖∞ sup
z∈Bn\U

|hw(z)|2n

On the other hand∫
Bn

|hw(z)|2ndV (z) ≥
∫
V

|hw(z)|2ndz ≥ V ol(V ) inf
z∈V

|hw(z)|2n

Then

|
∫
Bn
f(z)|hw(z)|2ndV (z)∫
Bn
|hw(z)|2ndV (z)

| < ε+
V ol(Bn \ U)

V ol(V )
‖f‖∞

(
supz∈Bn\U |hw(z)|

infz∈V |hw(z)|

)2n

Therefore

supz∈Bn\U |hw(z)|
infz∈V |hw(z)|

< 1 ⇒
∫
Bn
f(z)|hw(z)|2ndV (z)∫
Bn
|hw(z)|2ndV (z)

→ 0 as n→∞

Corollary 4.4.4. Let f ∈ C(B̄n) be non-negative real-valued. Then for each w ∈ ∂Bn there
exists a sequence (hn) ⊂ H2(Bn) where

hn(z) :=
hw

n(z)

‖hwn‖2

such that
‖fhn‖2 → f(w) as n→∞

Proposition 4.4.5. Let p a polynomial in k non-commuting variables. Then

‖p(Tf1 , ..., Tfk
)‖op ≥ ‖p(f1|∂Bn , ..., fk|∂Bn)‖∞

where fj ∈ C(B̄n) for 1 ≤ j ≤ k

Proof. The argument used in Proposition 6.4.6 can be easily adapted to this proof.

Now, we have all the machinery needed to get our characterization of the algebra of Toeplitz
operators. Again we basically use the argument used in the one-dimensional case; however,
the proof of the injectivity of ρ, defined below, requires a different argument, which is sup-
ported by the previous proposition.

Theorem 4.4.6. The Bergman-Toeplitz C*-algebra T (Bn) has the commutator ideal K(H2(Bn))
(compact operators), and there exists a C*-isomorphism

ν : T (Bn)/K(H2(Bn)) → C(∂Bn)
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Proof. The commutator

[Tf , Tg] := TfTg − TgTf = (TfTg − Tfg)− (TgTf − Tgf )

is a compact operator, because each semi-commutator is a compact operator.
Then, the commutator ideal T ′(Bn) generated by the commutators [Tf , Tg] is contained in
K(H2(Bn)))
We know that T (Bn) is not commutative, then T ′(Bn) 6= 0
Since T (Bn) acts irreducibly on H2(Bn) and by Corollary 2 of [Arv, p. 18], K(H2(Bn)) ⊆
T (Bn). Then T ′(Bn) is a nonzero ideal of K(H2(Bn))). By Corollary 1 of [Arv, p. 18],
T ′(Bn) = K(H2(Bn)).
Therefore,

ρ : C(B̄n) → T (Bn)/K(H2(Bn)) , ρ(f) := Tf +K(H2(Bn))

is a (well-defined) C*-homomorphism that is surjective.
Notice that the restriction map

r : C(B̄n) → C(∂Bn) , r(f) := f |∂Bn

is a surjective C*-homomorphism. Indeed, for any f ∈ C(∂Bn) we can define

f̃(z) := |z|f(
z

|z|
) if z 6= 0 and f̃(0) := 0

Clearly, f̃(z) ∈ C(B̄n) and f̃ |∂Bn = f .
If f ∈ Ker(ρ) i.e. vanishes on ∂Bn, then Tf is a compact operator (by Proposition 4.3.2).
Therefore, there exists ρ̄ surjective C*-homomorphism such that ρ̄ ◦ r = ρ.
Now, take f ∈ Ker(ρ̄) i.e. Tf̃ compact operator.
Let A ∈ K(H2(Bn)). Then A is in the C∗-ideal generated by the semi-commutators; hence,
A = limAn where An is a finite sum of operators of the form

Tf1 , ..., Tfk
(TFTG − TFG)Tg1 , ..., Tgm

Consider the polynomial with non-commutative variables with terms of the same form than
the terms of An, i.e., with terms of the form x1x2...xk(z1z2 − z3)y1...ym.
Using the previous proposition and

f1|∂Bn ...fk|∂Bn(F |∂BnG|∂Bn − F |∂BnG|∂Bn)g1|∂Bn ...gm|∂Bn = 0

we have
‖f̃ |∂Bn‖∞ ≤ ‖Tf̃ + An‖op

Therefore ‖f̃ |∂Bn‖∞ ≤ ‖Tf̃ + A‖op
Since f ∈ Ker(ρ̄), f̃ |∂Bn ≡ 0.
Thus f ≡ 0
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Corollary 4.4.7. Tf is Fredholm if and only if f(z) 6= 0 ∀z ∈ ∂Bn.

Proof. The above theorem implies f |∂Bn is invertible in C(∂Bn) if and only if Tf is invertible
up to compact operators. Thus, the corollary follows.



Chapter 5

Hardy Space and Toeplitz Operators
over the unit ball Bn

There are not many additional difficulties in following the same reasoning used in the
Bergman case, except for the assertion that Hankel operators are compact operators. We
quote this result because its proof requires sophisticated arguments. On the other hand, we
notice that the algebras of Bergman-Toeplitz and Hardy-Toeplitz operators over the unit
ball are still C∗-isomorphic up to compact operators. In context of the spectral theorem we
can still calculate the numerical invariant that is invariant under compact perturbations, the
index of a Fredholm operator (see Chapter 8).

Many of the assertions throughout this chapter are simple generalization of the one-dimensional
case (see Chapter 3); hence, we shall omit some proofs that just require repeating a previous
argument.

Consider L2(∂Bn) the Lebesgue space of square integrable functions on ∂Bn with surface
measure dσ(z), and inner product,

〈f, g〉 =

∫
∂Bn

f(z)g(z)dσ(z) (5.0.1)

Definition 5.0.8. H2(∂Bn) defined as the L2(∂Bn) closure of {f |∂Bn : f ∈ A(Bn)} is called
the Hardy Space over Bn.

Definition 5.0.9. The orthogonal projection P : L2(∂Bn) → H2(∂Bn) is called the Cauchy-
Szëgo projection.

37
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5.1 Hardy-Toeplitz Operators over the unit ball Bn

Definition 5.1.1. For f a continuous function on ∂Bn the multiplication operator with
symbol f , mf : L2(∂Bn) → L2(∂Bn) is defined by mf (g) := fg

Remark 5.1.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2. Thus ‖mf‖op ≤ ‖f‖∞.

Remark 5.1.2. Since 〈mf (h), g〉 = 〈h, f̄g〉 for every h, g ∈ L2(Bn), then mf
∗ = mf̄

Definition 5.1.2. For f a continuous function on ∂Bn the Hardy-Toeplitz operator with
symbol f , Tf : H2(∂Bn) → H2(∂Bn) is defined by Tf (g) := P ◦mf (g)

Proposition 5.1.3. For every f ∈ C(∂Bn), we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ H2(∂Bn) ∩ C(∂Bn) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f

Definition 5.1.4. The Hardy-Toeplitz C*-algebra over ∂Bn is defined as the unital C*-
algebra T (∂Bn) := C∗〈Tf : f ∈ C(∂Bn)〉 generated by all Toeplitz operators with continuous
symbols.

Proposition 5.1.5. T (∂Bn) is not commutative.

Proof. Since f(z) = z1 ∈ H2(∂Bn), we have

Tf (1) = P (f) = f

It is not difficult to verify that f̄ = z̄1 ∈ H2(∂Bn)
⊥. We just need to verify that 〈f̄ , p〉 = 0

for any polynomial p ∈ P (Cn) because P (Cn) is dense in A(Bn).
Then we have

Tf̄ (1) = P (f̄) = 0

Notice that |f |2 is not in H2(∂Bn)
⊥, because 〈|f |2, 1〉 =

∫
∂Bn

|f 2(z)|dσ(z) 6= 0. Therefore

TfTf̄ (1) = 0 and Tf̄Tf (1) = Tf̄ (f) = P (|f |2) 6= 0

Thus, T (∂Bn) is not commutative.

Proposition 5.1.6. T (∂Bn) = C∗〈Tp : p ∈ P (Cn)〉, where P (Cn) : polynomials over Cn
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Proposition 5.1.7. T (∂Bn) acts irreducibly on H2(∂Bn)

Proof. Let B : H2(∂Bn) → H2(∂Bn) be an orthogonal projection that commutes with
T (∂Bn). Then, TfB = BTf on H2(∂Bn) for every f ∈ C(∂Bn).
Notice that pB(1) ∈ H2(∂Bn) for any p ∈ P (Cn), then for any p, q ∈ P (Cn)

B(q) = B(q1) = B(Tq(1)) = TqB(1) = P (qB(1)) = qB(1)

〈B(1), p̄q〉 = 〈pB(1), q〉 = 〈Tp(B(1)), q〉 = 〈(Tp ◦B)(1), q〉

= 〈(B ◦ Tp)(1), q〉 = 〈B(p), q〉

〈B(p), q〉 = 〈p,B(q)〉 = 〈p, qB(1)〉 = 〈B(1), p̄q〉 ⇒ 〈B(1)−B(1), p̄q〉 = 0

Since the algebra generated by {p̄q : p, q ∈ P (Cn)} is dense in C(∂Bn) and C(∂Bn) is dense
in L2(∂Bn), the algebra generated by {p̄q : p, q ∈ P (Cn)} is dense in L2(∂Bn). Therefore,

B(1)−B(1) = 0

Denote f = B(1), then f = f̄ ,i.e., f is real on ∂Bn.
Using Poisson’s integral formula we extend f to a holomorphic function on Bn (see [Kra,
p. 55])

Pf(z) :=

∫
∂Bn

f(w)S(z, w)dσ(w) ∀z ∈ Bn

defines a holomorphic function in Bn where S(z, w) is the Szego Kernel.
But we know that f is real on ∂Bn, it follows that Pf is real on Bn; hence, it is constant.
Thus f ≡ a is a constant real-valued function.
Since B2 = B and f = B(1) is constant, B(1) = B2(1) = B(B(1)) = B(a.1) = a.B(1)
implies B(1) = 1 or 0.
Thus B = 0 or B = Id.

5.2 Toeplitz Operators and Compact Operators

Proposition 5.2.1. Let f ∈ C(B̄n). Then

Hf := (I − P )mf : H2(∂Bn) → L2(∂Bn)

is a compact operator.

Proof. See Theorem 4.2.17 of [Upm, p. 253].

Corollary 5.2.2. Let f , g ∈ C(B̄n), then Tf ◦ Tg − Tfg is a compact operator.
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5.2.1 Characterization of T (∂Bn)

Remark 5.2.1. Recall that for any function g ∈ A(Bn) = O(Bn) ∩ C(B̄n), the restriction
function g|∂Bn ∈ H2(∂Bn). For this reason we are going to allow the abuse of notation
A(Bn) ⊂ H2(∂Bn) in the following lemma.

Lemma 5.2.3. There exists a function

∂Bn → A(Bn) ⊂ H2(∂Bn)

w 7→ hw

where hw is a peaking function at w.

Proof. It is clear that Bn is a strictly (strongly) pseudoconvex domain with C∞ boundary.
The lemma follows from Theorem 5.2.15 of [Kra, p. 188].

Remark 5.2.2. By the continuity of hw and its peaking property at w, for each open neigh-
borhood U ⊂ ∂Bn of w ∈ ∂Bn there exists an open neighborhood V ⊂ U of w relatively
compact in U such that

sup
z∈∂Bn\U

|hw(z)| < inf
z∈V

|hw(z)|

Proposition 5.2.4. For every f ∈ C(∂Bn) and every w ∈ ∂Bn∫
∂Bn

f(z)|hw(z)|2ndσ(z)∫
∂Bn

|hw(z)|2ndσ(z)
→ f(w) as n→∞

Proof. The argument used in Proposition 4.4.3 works for this proof.

Corollary 5.2.5. Let f ∈ C(∂Bn) be non-negative real valued. Then for each w ∈ ∂Bn

there exists a sequence (hn) ⊂ H2(∂Bn) where

hn(z) :=
hw

n(z)

‖hwn‖2

such that
‖fhn‖2 → f(w) as n→∞

Proposition 5.2.6. Let p a polynomial in k non-commuting variables. Then

‖p(Tf1 , ..., Tfk
)‖op ≥ ‖p(f1, ..., fk)‖∞

where fj ∈ C(∂Bn) for 1 ≤ j ≤ k
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Proof. The argument used in Proposition 6.4.6 can be easily adapted to this proof.

Theorem 5.2.7. The Hardy-Toeplitz C*-algebra T (∂Bn) has the commutator ideal K(H2(∂Bn))
(compact operators), and there exists a C*-isomorphism

ρ : C(∂Bn) → T (∂Bn)/K(H2(∂Bn)) , ρ(f) := Tf +K(H2(∂Bn))

Proof. The commutator

[Tf , Tg] := TfTg − TgTf = (TfTg − Tfg)− (TgTf − Tgf )

is a compact operator, because each semi-commutator is a compact operator.
Then, the commutator ideal T ′(Bn) generated by the commutators [Tf , Tg] is contained in
K(H2(∂Bn))
We know that T (∂Bn) is not commutative, then T ′(Bn) 6= 0
Since T (∂Bn) acts irreducibly on H2(∂Bn) and by Corollary 2 of [Arv, p. 18], K(H2(∂Bn)) ⊆
T (∂Bn). Then T ′(Bn) is a nonzero ideal of K(H2(∂Bn)). By Corollary 1 of [Arv, p. 18],
T ′(Bn) = K(H2(∂Bn)).
Therefore,

ρ : C(∂Bn) → T (∂Bn)/K(H2(∂Bn)) , ρ(f) := Tf +K(H2(∂Bn))

is a (well-defined) C*-homomorphism that is surjective.

Let f ∈ Ker(ρ) i.e. Tf is a compact operator.
Let B ∈ K(H2(∂Bn)). Then B is in the C∗-ideal generated by the semi-commutators; hence,
A = limAn where An is a finite sum of operators of the form

Tf1 , ..., Tfk
(TFTG − TFG)Tg1 , ..., Tgm

Consider the polynomial with non-commutative variables with terms of the same form than
the terms of An, i.e., with terms of the form x1x2...xk(z1z2 − z3)y1...ym.
Using the previous proposition and

f1...fk(FG− FG)g1...gm = 0

we have
‖f‖∞ ≤ ‖Tf + An‖op

Therefore ‖f‖∞ ≤ ‖Tf + A‖op
Since f ∈ Ker(ρ), f ≡ 0.

Corollary 5.2.8. Tf is Fredholm if and only if f(z) 6= 0 ∀z ∈ ∂Bn.

Proof. The proof is the same as in Corollary 4.4.6.



Chapter 6

Hardy Space and Toeplitz Operators
over ∆(0, 1) ⊂ C2

The point of view in this chapter has been mainly influenced by [BoS] and [Upm]. The
polydisc is the other natural generalization of the unit disc. In contrast to the unit ball, the
boundary of a polydisc is not “nice” anymore. This induces some changes in the structure
of the algebra of Toeplitz operators. In fact, the algebra of Hardy-Toeplitz operators over
the polydisc is our first example where the commutator ideal is not the space of compact
operators; consequently, we do not have an analogue of the spectral theorem up to compact
operators. We use ideas different from those used in the previous chapters, because of the
difficulty of the boundary of the domain. For example, we shall show the existence of peaking
functions for the polydisc because the polydisc is not a strictly pseudoconvex domain. Also,
tensor products are necessary to characterize the commutator ideal of T (T 2).
To obtain a description of the Toeplitz-Fredholm operators and the index, we need to use
different and more complicated arguments. For this reason we will not discuss the index of
a Fredholm operator in this setting, but we give some references about this topic at the end
of Chapter 8.

6.1 Definition and basic properties

The purpose of this section is to recover some properties that we obtained in the one-
dimensional case, such as Fatou’s Lemma and Poisson’s Kernel formula.

Notation:
∆(0, 1) = D× D ⊂ C2

T 2 = S1 × S1

42
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zα = z1
α1z2

α2 for z = (z1, z2) ∈ C2 and α = (α1, α2) ∈ Z2

For α = (α1, α2) ∈ Z2 denote |α| = |α1|+ |α2| and α ≥ 0 ↔ α1, α2 ≥ 0

Consider L2(T 2) the Lebesgue space of square integrable functions on T 2 with Haar measure
dm(z) = dθ1dθ2

(2π)2
, and inner product,

〈f, g〉 =

∫
T 2

f(z)g(z)dm(z)

Remark 6.1.1. ∫
T 2

f(z)dm(z) :=
1

(2π)2

∫ 2π

0

∫ 2π

0

f(eiθ1 , eiθ2)dθ1dθ2

Remark 6.1.2. (zα)α∈Z2 ⊂ L2(T 2) is an orthonormal set.

Proposition 6.1.1. (zα)α∈Z2 is an orthonormal basis of L2(T 2).

Proof. Let f ∈ C(T 2). By the Stone-Weierstrass Theorem, there exists a sequence of poly-
nomials pn(z1, z̄1, z2, z̄2) such that

‖pn − f‖2 ≤ ‖pn − f‖∞ → 0 as n→∞

Therefore pn converges to f in L2(T 2) norm. On the other hand each pn is in span(zα)α∈Z2 ;
hence , f is in the the L2(T 2) closure of span(zα)α∈Z2 .
Thus L2(T 2) is equal to the L2(T 2) closure of (zα)α∈Z2

Definition 6.1.2. H2(T 2) := clos{zα ∈ L2(T 2) : α ≥ 0} in the L2 sense.

Remark 6.1.3. H2(T 2) is a closed subspace of L2(T 2). Then H2(T 2) is a Hilbert space with
Hilbert-space basis (zα)α≥0

The following theorem says that we can extend any function in the Hardy space to a holo-
morphic function defined in the unit polydisc. This theorem is the analogue of Theorem
3.2.1.

Theorem 6.1.3. Let f ∈ H2(T 2) with f(z) =
∑∞

|α|=0 aαz
α in L2 sense. Then f̃(z) :=∑∞

|α|=0 aαz
α defines a holomorphic function in ∆(0, 1), i.e., it converges normally on ∆(0, 1)

Proof. We are going to prove that f̃(z1, z2) =
∑∞

|α|=0 aαz
α defines a holomorphic function in

each variable separately.
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Fix z1 ∈ D and define f̃z1(z2) := f̃(z1, z2) as a function of the variable z2. Then, we can
rewrite

f̃z1(z2) =
∞∑

α2=0

bα2z2
α2

where bα2 =
∑∞

α1=0 aα1,α2z1
α1 .

Then

|bα2|2 ≤
∞∑

α1=0

|aα1,α2|2 ⇒
∞∑

α2=0

|bα2|2 ≤
∞∑

α2=0

∞∑
α1=0

|aα1,α2|2 =
∞∑

|α|=0

|aα|2 <∞

Notice that
∑∞

|α|=0 |aα|2 = ‖f‖2 < ∞. By the Cauchy-Hadamard formula, as in the one-

dimensional case, f̃z1 is a function holomorphic function in the variable z2 ∈ D.
Likewise, we have that f̃z2 is a holomorphic function in the variable z1 ∈ D. Thus f̃(z) =∑∞

|α|=0 aαz
α defines a holomorphic function in ∆(0, 1).

Corollary 6.1.4. Let f ∈ H2(T 2) and f̃r(z) := f̃(rz), then ‖f̃r‖2 increases with r and
limr→1 ‖f̃r − f‖2 = 0.

Proof. Let f ∈ H2(T 2) with f(z) =
∑∞

|α|=0 aαz
α in L2 norm. Then f̃r(z) =

∑∞
|α|=0 aαr

|α|zα

converges uniformly, so it converges in L2 norm. Notice that

f − f̃r =
∞∑

|α|=0

aα(1− r|α|)zα

in L2 sense.
This implies,

‖f − f̃r‖2
2 =

∞∑
|α|=0

|aα|2(1− r|α|)2 ⇒ lim
r→1

‖f − f̃r‖2
2 = 0

Theorem 6.1.5 (Fatou’s Theorem). Let f ∈ H2(T 2), then limr→1 f̃r(z) = f(z) a.e.

Proof. Observe that

log+ |f̃r(z)| =
1

2
log+ |f̃r(z)|2 ≤

1

2
|f̃r(z)|2

then ∫
T 2

log+ |f̃r(z)|dm(z) ≤ 1

2

∫
T 2

|f̃r(z)|22dm(z)

=
1

2
‖f̃r‖2

2 ≤
1

2
‖f‖2

2



Chapter 6. Hardy Space and Toeplitz Operators over ∆(0, 1) ⊂ C2 45

Therefore

sup
0≤r<1

∫
T 2

log+ |f̃r(z)|dm(z) ≤ 1

2
‖f‖2

2 <∞

By Theorem 3.3.3 of [Rd3, p. 45] , f ∗(z) := limr→1 f̃r(z) exists a.e. Hence f ∗ is measurable
function.
By Fatou’s Lemma,∫

T 2

|f ∗(z)|2dm(z) =

∫
T 2

lim
r→1

|f̃r(z)|2dm(z) ≤ lim inf
r→1

∫
T 2

|f̃r(z)|2dm(z)

= lim inf
r→1

‖f̃r(z)‖2
2 ≤ ‖f‖2

2

Thus f ∗ ∈ L2(T 2). Now, since f̃r → f in L2 norm, it converges in measure; therefore, there
exist a subsequence of f̃r that converges pointwise to f . Hence f = f ∗ a.e.

Remark 6.1.4. Notice that the Poisson’s Kernel Formula (see Theorem 3.2.5) in dimension
one can be restated as follows: For f ∈ H2(S1) we have

f̃(z) =

∫
S1

f(w)Pz(w)dm(w)

where z ∈ D is fixed and

Pz(w) :=
∞∑
−∞

w̄kzk

converges uniformly.
Pz is called Poisson’s Kernel.

Now, we are going to prove the analogue to Theorem 3.2.5 .

Theorem 6.1.6 (Poisson’s Kernel Formula). Let f ∈ H2(T 2). For z = (z1, z2) ∈ ∆(0, 1)
we have

f̃(z) =

∫
T 2

f(w)Pz(w)dm(w)

where
Pz(w) := Pz1(w1)Pz2(w2)

is the product of Poisson’s Kernels in dimension one.

Proof. Let f ∈ H2(T 2) with f =
∑∞

|α|=0 aαz
α in L2 norm.

Pz(w) = Pz1(w1)Pz2(w2) =
∞∑
−∞

w̄1
k1z1

k1

∞∑
−∞

w̄2
k2z2

k2 =
∑
k∈Z2

w̄kzk
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By uniform convergence we have∫
T 2

f(w)Pz(w)dm(w) =
∑
k∈Z2

(

∫
T 2

f(w)w̄kdm(w))zk =
∑

k∈(Z+)2

akz
k

=
∞∑

|α|=0

aαz
α = f̃(z)

Definition 6.1.7. Define
P : L2(T 2) → H2(T 2)

P (g)(z) :=
∞∑
α≥0

〈zα, g〉zα in L2 norm

Remark 6.1.5. P is clearly well-defined and is the orthogonal projection of L2(T 2) onto
H2(T 2)

6.2 Hardy-Toeplitz Operators over ∆(0, 1) ⊂ C2

6.2.1 Definitions and basic properties

In this section we shall obtain the same standard results as in the one-dimensional case which
are the background for the characterization of the Hardy-Toeplitz C∗-algebra.

Definition 6.2.1. For f a continuous function on T 2 the multiplication operator with symbol
f mf : L2(T 2) → L2(T 2) is defined by mf (g) := fg

Remark 6.2.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2 ⇒ ‖mf‖op ≤ ‖f‖∞
Remark 6.2.2. Since < mf (h), g >=< h, f̄g > for every h, g ∈ L2(T 2), we have mf

∗ = mf̄

Definition 6.2.2. For f a continuous function on T 2, the Hardy-Toeplitz operator with
symbol f Tf : H2(T 2) → H2(T 2) is defined by Tf (g) := P ◦mf (g)

Proposition 6.2.3. For every f ∈ C(T 2) we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ H2(T 2) ∩ C(T 2) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f
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Proof. The proof is similar to the proof in Proposition 2.3.3

Definition 6.2.4. The Hardy-Toeplitz C*-algebra over T 2 is defined as the unital C*-algebra
T (T 2) := C∗〈Tf : f ∈ C(T 2)〉 generated by all Toeplitz operators with continuous symbols.

Remark 6.2.3. T (T 2) is not commutative. Indeed,
Since zα ∈ H2(T 2) ∀α ≥ 0, we have

Tz(z
α) = P (zα+1) = zα+1

and
Tz̄(z

α) = P (z̄zα) = P (zα−1) = zα−1 if α > 0 and 0 otherwise

In particular, TzTz̄(1) = 0 and Tz̄Tz(1) = Tz̄(z) = 1
Thus, T (T 2) is not commutative.

Proposition 6.2.5. T (T 2) = C∗〈Tp : p ∈ P (C2)〉, where P (C2) denotes the algebra of
polynomials over C2

Proof. Same proof as in Proposition 2.3.5 .

Proposition 6.2.6. T (T 2) acts irreducibly on H2(T 2)

Proof. Let B : H2(T 2) → H2(T 2) be an orthogonal projection that commutes with T (T 2).
Then TfB = BTf on H2(T 2) for every f ∈ C(T 2).
Notice that p(z)B(1) ∈ H2(T 2) for any p ∈ P (C2), then for any p, q ∈ P (C2)

B(q) = B(Tq(1)) = TqB(1) = P (qB(1)) = qB(1) (6.2.1)

〈B(1), p̄q〉 = 〈pB(1), q〉 = 〈Tp(B(1)), q〉 = 〈(Tp ◦B)(1), q〉
= 〈(B ◦ Tp)(1), q〉 = 〈B(p), q〉

〈B(p), q〉 = 〈p,B(q)〉 = 〈p, qB(1)〉 = 〈B(1), p̄q〉 ⇒ 〈B(1)−B(1), p̄q〉 = 0

If we choose p(z) = zα and q(z) = 1 and vice versa for α ≥ 0, we obtain for every α ∈
(Z0

+)2 ∪ (Z−)2

〈B(1)−B(1), zα〉 = 0

Denote f = B(1). Note that f − f̄ ∈ span(zα)α∈(Z0
+)2∪(Z−)2 . Therefore f − f̄ = 0 ,i.e., f is

real on T 2.
Using Poisson’s Kernel formula, for z ∈ ∆(0, 1)

f̃(z) =

∫
T 2

f(w)Pz(w)dm(w) ∈ R
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because f(w) ∈ R and Pz(w) ∈ R. Therefore f̃ is real on ∆(0, 1). Hence, f̃ is a real constant
function,because it is holomorphic.
Now, by Fatou’s Theorem, f ≡ a ∈ R a.e. Since we are working in L2(T 2), we can assume
f ≡ a.
Since B2 = B and B(1) is constant, B(1) = B2(1) = B(B(1)) = B(a×1) = a×B(1) implies
B(1) = 1 or 0.
Thus, by equation 6.2.1, B = 0 or B = Id.

6.3 Tensor Products

Roughly speaking, tensor products are introduced in this section because they allow us to
work in each variable separately, i.e, to split the analysis over the polydisc into the analysis
over two independent unit discs.
The most important result of this section is the description of the commutator ideal of
T (H2(∆(0, 1))) in terms of tensor products of operators.

Definition 6.3.1. For f, g ∈ L2(S1) define

(f ⊗ g)(z1, z2) := f(z1)g(z2) z1, z2 ∈ S1

Remark 6.3.1. Clearly f ⊗ g ∈ L2(T 2) and ‖f ⊗ g‖2 = ‖f‖2‖g‖2

Definition 6.3.2. For X, Y ⊂ L2(S1) define

X � Y := {
n∑
j=1

fj ⊗ gj : fj ∈ X, gj ∈ Y }

Denote by X ⊗ Y the closure of X � Y in L2(T 2)

Proposition 6.3.3. L2(T 2) = P ⊗ P = L2(S1) ⊗ L2(S1) and H2(T 2) = P+ ⊗ P+ =
H2(S1) ⊗ H2(S1), where P := {p : p(z, z̄)is a polynomial in the variables z and z̄ with
z ∈ S1} and P+ := {p : p(z) is a polynomial in the variable z with z ∈ S1}

Proof. Just observe that the basis elements of L2(T 2) (resp. H2(T 2)) are in P ⊗ P (resp.
P+ ⊗ P+). The other containment is trivial.

Proposition 6.3.4. C(T 2) = P ⊗ P = C(S1) ⊗ C(S1) where the tensor product spaces on
the right are closures with the infinity norm.



Chapter 6. Hardy Space and Toeplitz Operators over ∆(0, 1) ⊂ C2 49

Proof. It follows from the Stone-Weierstrass Theorem.

Definition 6.3.5. Let X be L2(S1) or H2(S1), let Y be L2(S1) or H2(S1) , and A ∈ L(X),
B ∈ L(Y ). For h =

∑n
j=1 fj ⊗ gj ∈ X � Y define

(A⊗B)(h) :=
n∑
j=1

A(fj)⊗B(gj)

Proposition 6.3.6. Let X, Y,A and B be as in the above definition. A ⊗ B extends to a
bounded operator on X ⊗ Y and

‖A⊗B‖op = ‖A‖op‖B‖op

Proof. Let h ∈ X � Y . Straightforward calculation leads to

‖(A� I)(h)‖ ≤ ‖A‖‖h‖ and ‖(I �B)(h)‖ ≤ ‖B‖‖h‖

Then
‖(A⊗B)(h)‖ = ‖(A� I)(I �B)(h)‖ ≤ ‖A‖‖B‖‖h‖

Therefore we can extend A⊗B to a bounded operator on X ⊗ Y .
Let ε > 0. Choose f ∈ X and g ∈ Y both with norm equal to 1 and

√
1− ε‖A‖ ≤ ‖A(f)‖,√

1− ε‖B‖ ≤ ‖B(g)‖.
Notice that ‖f ⊗ g‖ = 1 then

‖(A⊗B)(f ⊗ g)‖ = ‖A(f)⊗B(g)‖ = ‖A(f)‖‖B(g)‖ ≥ (1− ε)‖A‖‖B‖

Thus ‖A⊗B‖op = ‖A‖op‖B‖op

Corollary 6.3.7. P = P ⊗ P , where P on the left side of the equality is the orthogonal
projection of L2(T 2) onto H2(T 2) and P on the right side is the orthogonal projection of
L2(S1) onto H2(S1)

Proof. The equality is true for P � P . Then the equality extends to L2(T 2) = P ⊗ P

Lemma 6.3.8. Let f, g, h ∈ C(S1) then
(i) mf ⊗mg = mf⊗g
(ii) Tf ⊗ Tg = Tf⊗g
(iii) Tf ⊗ (Tg ◦ Th) = Tf⊗g ◦ T1⊗h

Proof. (i) The equality is true for the basis elements of L2(T 2); hence, mf ⊗mg = mf⊗g
(ii) Tf ⊗ Tg = (P ◦mf )⊗ (P ◦mg) = (P ⊗ P ) ◦ (mf ⊗mg) = P ◦mf⊗g = Tf⊗g
(iii) Tf ⊗ (Tg ◦ Th) = (Tf ⊗ Tg) ◦ (T1 ⊗ Th) = Tf⊗g ◦ T1⊗h
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Proposition 6.3.9. T (T 2) = T (S1) ⊗ T (S1) where the closure on the right side of the
equality is respect to the operator norm.

Proof. Using (ii) and (iii) in the above lemma we have T (S1)⊗ T (S1) ⊂ T (T 2).
Recall that C(T 2) = C(S1)⊗ C(S1) in the infinity norm sense. By (ii) in the above lemma
we have T∑n

j=1 fj⊗gj
=

∑n
j=1 Tfj

⊗ Tgj
⊂ T (S1) ⊗ T (S1). Since uniform convergence of

symbols implies operator norm convergence of Toeplitz operators, Tf ∈ T (S1) ⊗ T (S1) for
any f ∈ C(T 2).
Thus T (T 2) ⊂ T (S1)⊗ T (S1)

Corollary 6.3.10. T (S1)⊗K(H2(S1)) and K(H2(S1))⊗T (S1) are two-sided ideals of T (T 2)

Corollary 6.3.11. The C∗-algebraic sum I2 := T (S1)⊗K(H2(S1))
⊕
K(H2(S1))⊗ T (S1)

is a two-sided ideal of T (T 2)

Theorem 6.3.12. I2 is the semi-commutator ideal T ′′(T 2) of T (T 2)

Proof. Consider any semi-commutator

Tfg − TfTg = Pmf (I − P )mg = Pmf [(I − P )⊗ I + P ⊗ (I − P )]mg

As before, we first assume that f = f1 ⊗ f2 and g = g1 ⊗ g2. Then

Tfg − TfTg = Pmf1⊗f2 [(I − P )⊗ I + P ⊗ (I − P )]mg1⊗g2

= Pmf1(I − P )mg1 ⊗ Pmf2mg2 + Pmf1mg1 ⊗ Pmf2(I − P )mg2

= (Tf1g1 − Tf1Tg1)⊗ Tf2g2 + Tf1g1 ⊗ (Tf2g2 − Tf2Tg2) ∈ I2
Similar argument works for f, g ∈ C(S1)�C(S1). By closure of I2 we have that Tfg−TfTg ∈
I2 for any f, g ∈ C(T 2). Thus T ′′(T 2) ⊂ I2.
Take any Th ⊗ (Tfg − TfTg) ”generator” of T (S1)⊗K(H2(S1)). Then

Th ⊗ (Tfg − TfTg) = Th ⊗ Tfg − Th ⊗ TfTg = Th×fg − Th⊗fT1⊗g

= T(h⊗f)(1⊗g) − Th⊗fT1⊗g ∈ T ′′(T 2)

Therefore T (S1)⊗K(H2(S1)) ⊂ T ′′(T 2). Similarly K(H2(S1))⊗ T (S1) ⊂ T ′′(T 2)

Corollary 6.3.13. I2 coincides with the commutator ideal T ′(T 2)

Proof. Choose any “generator”

Th ⊗ (TfTg − TgTf ) ∈ I2
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Then
Th ⊗ (TfTg − TgTf ) = (Th ⊗ T1)(T1 ⊗ (TfTg − TgTf ))

= (Th⊗1)(T1⊗fT1⊗g − T1⊗gT1⊗f ) ∈ T ′(T 2)

Therefore I2 ⊂ T ′(T 2). On the other hand, it is clear that the commutator ideal is included
in the semi-commutator ideal. Thus I2 coincides with the commutator ideal T ′(T 2).

Remark 6.3.2. The C∗-algebra generated by the semi-commutators and the commutator
ideal T ′(T 2) coincide.

6.4 Characterization of T (T 2)

We start this section by examining some properties of peaking functions over the unit poly-
disc and giving some applications of those peaking functions.
Some of the following assertions will be proven for the one-dimensional case and can be easily
generalized for the two-dimensional case.

Remark 6.4.1. Recall that for any function g ∈ A(D) = O(D)∩C(D̄) (algebra of continuous
functions on D̄ which are holomorphic on D) , the restriction function is g|S1 ∈ H2(S1) (see
Theorem 3.1.4 ). For this reason we are going to allow the abuse of notation A(D) ⊂ H2(S1)
in the following lemma.

Lemma 6.4.1. There exists a continuous mapping

S1 → A(D) ⊂ H2(S1)

w 7→ hw

where hw is a peaking function at w.

Proof. Define h1(z) := 1
2
(z + 1) a Möbius transform that takes S1 to the circle centered at

(1
2
, 0) and radius 1

2
. Clearly h1 is a peaking function at 1.

For any w ∈ S1 define

hw(z) := h1(
z

w
) =

1

2

z + w

w

It is clear that hw is a peaking function at w. Let w,w0 ∈ S1 then

|hw(z)− hw0(z)| =
1

2
|z + w

w
− z + w0

w0

| = 1

2
|z(w0 − w)| ≤ 1

2
|w0 − w|

Thus, the lemma follows.
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Remark 6.4.2. For s ∈ S1 we have hw(zs−1) = hws(z)

Remark 6.4.3. By the continuity of hw and its peaking property at w, for each open neigh-
borhood U ⊂ S1 of w ∈ S1 there exists an open neighborhood V ⊂ U of w relatively compact
in U such that

sup
z∈S1\U

|hw(z)| < inf
z∈V

|hw(z)|

Remark 6.4.4. Recall that for any function g ∈ A(∆(0, 1)) = O(∆(0, 1)) ∩ C(∆̄(0, 1)), the
restriction function g|T 2 ∈ H2(T 2) (same idea as in Theorem 3.1.4). For this reason we are
going to allow the abuse of notation A(∆(0, 1)) ⊂ H2(T 2) in the following lemma.

Lemma 6.4.2. There exists a continuous mapping

T 2 → A(∆(0, 1)) ⊂ H2(T 2)

w 7→ hw

where hw is a peaking function at w.

Proof. For w ∈ T 2 define hw(z) := hw1(z1)hw2(z2). Clearly hw ∈ A(∆(0, 1)) and is a peaking
function at w. The continuity of the map

T 2 → A(∆(0, 1)) ⊂ H2(T 2)

follows from the lemma in the one-dimensional case and the next inequality

|hw(z)− ha(z)| = |hw1(z1)hw2(z2)− ha1(z1)ha2(z2)|

= |hw1(z1)hw2(z2)− hw1(z1)ha2(z2) + hw1(z1)ha2(z2)− ha1(z1)ha2(z2)|
≤ |hw1(z1)||hw2(z2)− ha2(z2)|+ |ha2(z2)||hw1(z1)− ha1(z1)|

≤ |hw2(z2)− ha2(z2)|+ |hw1(z1)− ha1(z1)|

Remark 6.4.5. For s ∈ T 2 we have hw(zs−1) = hws(z)

Remark 6.4.6. By the continuity of hw and its peaking property at w, for each open neighbor-
hood U ⊂ T 2 of w ∈ T 2 there exists an open neighborhood V ⊂ U of w relatively compact
in U such that

sup
z∈T 2\U

|hw(z)| < inf
z∈V

|hw(z)|

Proposition 6.4.3. For every f ∈ C(S1) and every w ∈ S1∫
S1 f(z)|hw(z)|2ndz∫
S1 |hw(z)|2ndz

→ f(w) as n→∞
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Proof. We can assume that f is a real-valued function because we can repeat the same
argument for the real and imaginary part of f . Also, correcting by a constant, we can
assume that f(w) = 0.
Therefore, given ε > 0 there exists an open neighborhood U ⊂ T 2 of w ∈ S1 such that
sup |f |(U) < ε . By the above remark, there exists an open neighborhood V ⊂ U of w
relatively compact in U such that

sup
z∈S1\U

|hw(z)| < inf
z∈V

|hw(z)|

|
∫
S1

f(z)|hw(z)|2ndz| ≤
∫
U

|f(z)||hw(z)|2ndz +

∫
S1\U

|f(z)||hw(z)|2ndz

< ε

∫
S1

|hw(z)|2ndz +m(S1 \ U)‖f‖∞ sup
z∈S1\U

|hw(z)|2n

On the other hand∫
S1

|hw(z)|2ndz ≥
∫
V

|hw(z)|2ndz ≥ m(V ) inf
z∈V

|hw(z)|2n

Then

|
∫
S1 f(z)|hw(z)|2ndz∫
S1 |hw(z)|2ndz

| < ε+
m(S1 \ U)

m(V )
‖f‖∞

(
supz∈S1\U |hw(z)|

infz∈V |hw(z)|

)2n

Therefore
supz∈S1\U |hw(z)|

infz∈V |hw(z)|
< 1 ⇒

∫
S1 f(z)|hw(z)|2ndz∫
S1 |hw(z)|2ndz

→ 0 as n→∞

Proposition 6.4.4. For every f ∈ C(T 2) and every w ∈ T 2∫
T 2 f(z)|hw(z)|2ndm(z)∫
T 2 |hw(z)|2ndm(z)

→ f(w) as n→∞

Proof. Repeat the prove of the above proposition.

We can say that the purpose of introducing peaking functions is reflected in the following
corollary.

Corollary 6.4.5. Let f ∈ C(T 2) be non-negative real valued. Then for each w ∈ T 2 there
exists a sequence (hn) ⊂ H2(T 2) where

hn(z) :=
hw

n(z)

‖hwn‖2

such that
‖fhn‖2 → f(w) as n→∞
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Proposition 6.4.6. Let p a polynomial in k non-commuting variables. Then

‖p(Tf1 , ..., Tfk
)‖op ≥ ‖p(f1, ..., fk)‖∞

where fj ∈ C(T 2) for 1 ≤ j ≤ k

Proof. Let (b1, ..., bk) ∈ Im(f1, ..., fk). Define

f :=
k∑
j=1

|fj − bj|2 ∈ C(T 2)

Clearly f has a zero in T 2. Using the above corollary, given ε > 0 there exists h ∈ H2(T 2)
with norm 1 such that ‖fh‖2 < ε. Then

k∑
j=1

‖Tfj
(h)− bjh‖2

2 =
k∑
j=1

‖P (fjh− bjh)‖2
2 ≤

k∑
j=1

‖fjh− bjh‖2
2 = ‖fh‖2

2 < ε2

therefore
‖Tfj

(h)− bjh‖2 < ε for every 1 ≤ j ≤ k

Consider operators of the form Tfj1
...Tfjm

− bj1 ...bjm where 1 ≤ jl ≤ k for 1 ≤ l ≤ m Notice
that

Tfj1
...Tfjm

− bj1 ...bjm =
m∑
l=1

Tfj1
...Tfjl−1

(Tfjl
− bjl)bjl+1

...bjm

We can assume that ‖fj‖ ≤ 1 and |bj| ≤ 1 for 1 ≤ j ≤ k in order to reduce calculations.
Then

‖Tfj1
...Tfjm

(h)−bj1 ...bjmh‖2 ≤
m∑
l=1

‖Tfj1
...Tfjl−1

(Tfjl
(h)−bjlh)bjl+1

...bjm‖2 ≤
m∑
l=1

‖Tfjl
(h)−bjlh‖

≤ mε

For any η > 0 we can choose ε > 0 such that

‖p(Tf1 ...Tfk
)(h)− p(b1, ..., bk)h‖2 ≤ η

Using triangle inequality

|p(b1, ..., bk)| ≤ ‖p(Tf1 ...Tfk
)(h)‖2 + η ≤ ‖p(Tf1 ...Tfk

)‖op + η

Since η was arbitrary, we have

|p(b1, ..., bk)| ≤ ‖p(Tf1 ...Tfk
)‖op

Finally, since (b1, ..., bk) ∈ Im(f1, ..., fk) was arbitrary, we have

‖p(f1, ..., fk)‖∞ ≤ ‖p(Tf1 , ..., Tfk
)‖op
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The above proposition is crucial for the proof of the injectivity of the C∗-homomorphism ρ
defined in the following theorem.

Theorem 6.4.7. The mapping

ρ : C(T 2) → T (T 2)/I2

ρ(f) := Tf + I2

is a C∗- isomorphism.

Proof. Recall that I2 is the commutator ideal of T (T 2) (see Remark 6.3.2 ). It is clear
that ρ is well-defined and is a surjective C∗- homomorphism. It is suffices to prove that ρ is
injective.
LetB ∈ I2. ThenB is in the C∗-ideal generated by the semi-commutators; hence, B = limBn

where Bn is a finite sum of operators of the form

Tf1 , ..., Tfk
(TFTG − TFG)Tg1 , ..., Tgm

Consider a polynomial with non-commutative variables with terms of the same form than
the terms of Bn, i.e., with terms of the form x1x2...xk(z1z2 − z3)y1...ym.
Using the previous proposition and

f1...fk(FG− FG)g1...gm = 0

we have
‖f‖∞ ≤ ‖Tf +Bn‖op

Therefore ‖f‖∞ ≤ ‖Tf +B‖op
If f ∈ Ker(ρ) then Tf ∈ I2. Thus f ≡ 0.



Chapter 7

Bergman Space and Toeplitz
Operators over ∆(0, 1) ⊂ C2

This chapter follows the line of reasoning from the previous chapter and generalizes some
results in Chapter 2. In the previous chapter we found that the Hardy-Toeplitz algebra over
the polydisc is not similar in structure to the Hardy-Toeplitz algebra over the unit ball. In
this chapter we shall show a similar contrast in the setting of the Bergman-Toeplitz algebras.

7.1 Definition and basic properties

Notation:
dV (z) : Lebesgue measure on C2 ≈ R4.
L2(∆(0, 1)) : Lebesgue space of square-integrable functions.

〈f, g〉 =

∫
∆(0,1)

f(z)g(z)dV (z)

A(∆(0, 1)) := O(∆(0, 1)) ∩ C(∆̄(0, 1))

Definition 7.1.1.
H2(∆(0, 1)) := L2(∆(0, 1)) ∩O(∆(0, 1))

is called Bergman Space.

Remark 7.1.1. It is not hard to see that H2(∆(0, 1)) := L2(∆(0, 1)) ∩O(∆(0, 1)) is a closed
subspace of L2(∆(0, 1)) (similar proof as in Theorem 2.1.2 ).

56
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Definition 7.1.2. The orthogonal projection P : L2(∆(0, 1)) → H2(∆(0, 1)) is called the
Bergman Projection.

Remark 7.1.2. For any fixed z ∈ ∆(0, 1), the evaluation map eval : H2(∆(0, 1)) → C eval(f) =
f(z) is continuous (same idea as in Proposition 2.1.1). Then, by the Riesz-Frechet Theorem,
there exists Kz ∈ H2(∆(0, 1)) such that

f(z) = 〈Kz, f〉 =

∫
∆(0,1)

Kz(w)f(w)dA(w) ∀f ∈ H2(∆(0, 1))

K(z, w) := Kz(w) is called the Bergman Kernel function.

Remark 7.1.3. Using power series as in the one-dimensional case (see Remark 2.2.2) we have

K(z, w) = Kz(w) =
1

π2(1− w̄1z1)2(1− w̄2z2)2

Remark 7.1.4. Since the Bergman projection P is self-adjoint, we obtain the following formula

P (g)(z) =

∫
∆(0,1)

g(w)

π2(1− w̄1z1)2(1− w̄2z2)2
dA(w)

where g ∈ L2(∆(0, 1)) and z ∈ ∆(0, 1)

Observations:

1. If f ∈ L2(∆(0, 1)), then
∫

∆(0,1)
f(z)dA(z)=

∫
D

∫
D f(z1, z2)dA(z1)dA(z2)

2. Recall that in dimension 1: φn(z) = cnz
n where cn =

√
n+1
π

is an orthonormal basis

of H2(D)

3. Define φα(z) := φα1(z1)φα2(z2) where α = (α1, α2) ∈ Z0
+ × Z0

+ . Then (φα)α∈Z0
+×Z0

+ is
an orthonormal set of H2(∆(0, 1))

7.2 Characterization of H2(∆(0, 1)) :

Denote ∆̄r(0, 1) = {z ∈ ∆(0, 1) : |z1|, |z2| ≤ r}.
For any f ∈ H2(∆(0, 1)) with f(z) =

∑∞
α≥0 dαz

α converging normally on ∆(0, 1), define

fr(z) := f(z)χ∆̄r(0,1). Then, fr(z) =
∑∞

α≥0 dαz
α converges uniformly on ∆̄r(0, 1). Notice

that fr ∈ L2(∆(0, 1))
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Lemma 7.2.1. For α = (α1, α2) ≥ 0∫
∆̄r(0,1)

|z|2αdA(z) =
πr2α+2

(α1 + 1)(α2 + 1)
and

∫
∆̄r(0,1)

zαz̄βdA(z) = 0 ∀α 6= β

Proof. The proof just requires straightforward calculation.

Lemma 7.2.2. fr → f in L2(∆(0, 1)) norm for any f ∈ H2(∆(0, 1))

Proof. Notice that fr(z) → f(z) pointwise and |fr(z) − f(z)| ≤ 2|f(z)|; hence, |fr(z) −
f(z)|2 ≤ 4|f(z)|2 By the Lebesgue Convergence Theorem, fr → f in L2(∆(0, 1)).

Lemma 7.2.3. For any f ∈ H2(∆(0, 1)) with f(z) =
∑∞

α≥0 dαz
α converging normally on

∆(0, 1),

〈zα, fr〉 =
π

(α1 + 1)(α2 + 1)
dαr

2α+2

Proof. By uniform convergence,

〈zα, fr〉 =

∫
∆(0,1)

fr(z)z̄
αdA(z) =

∫
∆̄r(0,1)

∞∑
β≥0

dβz
β z̄αdA(z)

=
∞∑
β≥0

∫
∆̄r(0,1)

dβz
β z̄αdA(z) = dα

∫
∆̄r(0,1)

zαz̄αdA(z) =
π

(α1 + 1)(α2 + 1)
dαr

2α+2

Lemma 7.2.4. Let g ∈ L2(∆(0, 1)) and f ∈ H2(∆(0, 1)), then

〈g, fr〉 → 〈g, f〉

In particular

〈zα, f〉 =
π

(α1 + 1)(α2 + 1)
dα

where dn is the same as in the previous lemma.

Proof. By the Cauchy-Schwarz Inequality and Lemma 7.2.2 ,

|〈g, fr〉 − 〈g, f〉| = |〈g, fr − f〉| ≤ ‖g‖2‖fr − f‖2 → 0

Proposition 7.2.5. {φα}α≥0, defined as in Obs.3, form an orthonormal basis of H2(∆(0, 1)).
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Proof. Denote cα :=
√

π
(α1+1)(α2+1)

.

By Obs.3 {φα} is an orthonormal set. By Lemma 7.2.4, < φα, f >= dα

cα
for any f ∈

H2(∆(0, 1)) with f(z) =
∑∞

|α|=0 dαz
α converging normally on ∆(0, 1) .

It is not hard to verify that ‖fr‖2 =
∑∞

|α|=0
|dα|2
cα2 r

4n+4. Since fr → f in L2 norm and

fr(z) → f(z) pointwise, we have ‖fr‖2 → ‖f‖2; hence, ‖f‖2 =
∑∞

|α|=0
|dα|2
cα2 . Therefore, we

have
∞∑

|α|=0

〈φα, f〉 = ‖f‖2

Then f ∈ span{φα}.
Thus {φα} is an orthonormal basis of H2(∆(0, 1)) and f(z) =

∑∞
|α|=0

dα

cα
φα(z) =

∑∞
|α|=0 dαz

α

converges in L2 norm.

Corollary 7.2.6. Let f ∈ H2(∆(0, 1)) with f(z) =
∑∞

α≥0 dαz
α converging normally, then

f =
∑∞

α≥0 dαz
α converges in L2(∆(0, 1))

Corollary 7.2.7. The orthogonal projection P of L2(∆(0, 1)) onto H2(∆(0, 1)) is given by

P (g) =
∞∑
α≥0

〈φα, g〉φα

Lemma 7.2.8. Suppose that

∞∑
α≥0

|dα|2
1

(α1 + 1)(α2 + 1)
< +∞

Then f(z) =
∑∞

α≥0 dαz
α converges normally on ∆(0, 1), i.e., f ∈ O(∆(0, 1))

Proof. Consider, r1 and r2 in [0, 1). Then ∃N > 0 s.t ∀α1, α2 > N we have:

rα1
1 rα2

2 <
1√

α1 + 1

1√
α2 + 1

⇒ |dα|rα1
1 rα2

2 < |dα|
1√

α1 + 1

1√
α2 + 1

is bounded for large|α| because |dα|2
1

(α1 + 1)(α2 + 1)
is bounded for large |α|

Therefore, f(z) =
∑∞

α≥0 dαz
α converges uniformly on compact subsets of ∆(0, 1) ( by Abel’s

Lemma). Hence f is holomorphic on ∆(0, 1)
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Theorem 7.2.9. f ∈ H2(∆(0, 1)) with

f(z) =
∞∑
α≥0

dαz
α normally

if and only if
∞∑
α≥0

|dα|2
1

(α1 + 1)(α2 + 1)
< +∞

Proof. Suppose that f ∈ H2(∆(0, 1)) with

f(z) =
∞∑
α≥0

dαz
α normally

Then f =
∑∞

α≥0 dαz
α converges in L2(∆(0, 1)) norm. Rewriting we have

f =
∞∑
α≥0

dα
√
π√

(α1 + 1)(α2 + 1)
φα

Thus ‖f‖2 = π
∑∞

α≥0 |dα|2
1

(α1+1)(α2+1)
< +∞

Now suppose that
∑∞

α≥0 |dα|2
1

(α1+1)(α2+1)
< +∞. By the above lemma

f(z) =
∞∑
α≥0

dαz
α ∈ O(∆(0, 1))

Notice that ∫
∆(0,1)

|fr(z)|2dz = π
∞∑
α≥0

|dα|2
1

(α1 + 1)(α2 + 1)
r4α+4

Also observe that fr(z) → f(z) pointwise and |fr(z)|2 ≤ |f(z)|2. By the Monotone Conver-
gence Theorem

lim
r→1

∫
∆(0,1)

|fr(z)|2dz =

∫
∆(0,1)

|f(z)|2dz

But

lim
r→1

∫
∆(0,1)

|fr(z)|2dz = π

∞∑
α≥0

|dα|2
1

(α1 + 1)(α2 + 1)

Thus f ∈ L2(∆(0, 1)); hence, f ∈ H2(∆(0, 1))



Chapter 7. Bergman Space and Toeplitz Operators over ∆(0, 1) ⊂ C2 61

7.3 Bergman-Toeplitz Operators over ∆(0, 1)

7.3.1 Definitions and basic properties

Definition 7.3.1. For f a continuous function on ∆̄(0, 1) the multiplication operator with
symbol f mf : L2(∆(0, 1)) → L2(∆(0, 1)) is defined by mf (g) := fg

Remark 7.3.1. ‖mf (g)‖2 = ‖fg‖2 ≤ ‖f‖∞‖g‖2. This implies ‖mf‖op ≤ ‖f‖∞

Remark 7.3.2. Since 〈mf (h), g〉 = 〈h, f̄g〉 for every h, g ∈ L2(D), we have mf
∗ = mf̄

Definition 7.3.2. For f a continuous function on ∆̄(0, 1) the Bergman-Toeplitz operator
with symbol f , Tf : H2(∆(0, 1)) → H2(∆(0, 1)) is defined by Tf (g) := P ◦mf (g)

Remark 7.3.3. By characterization of the Bergman projection, we have

Tf (g)(z) = P (fg)(z) =
1

π2

∫
∆(0,1)

f(w)g(w)

(1− w̄1z1)2(1− w̄2z2)2
dA(w) ∀g ∈ H2(∆(0, 1))

Proposition 7.3.3. For every f ∈ C(∆̄(0, 1)), we have
(i) ‖Tf‖op ≤ ‖f‖∞
(ii) Tf

∗ = Tf̄
If ϕ ∈ A(∆(0, 1)) , then
(iii) TfTϕ = Tfϕ
(iv) Tϕ̄Tf = Tϕ̄f

Proof. Similar to the proof in the one-dimensional case (see Proposition 2.3.3).

Definition 7.3.4. The Bergman-Toeplitz C∗-algebra over ∆(0, 1) is defined as the unital
C∗-algebra T (∆(0, 1)) := C∗〈Tf : f ∈ C(∆̄(0, 1))〉 generated by all Toeplitz operators with
continuous symbols.

Remark 7.3.4. T (∆(0, 1)) is not commutative. Indeed,

Tz(1) = P (z) = z

Tz̄(1) = P (z̄) = 0

TzTz̄(1) = 0 and Tz̄Tz(1) = Tz̄(z) = 1

Thus, T (∆(0, 1)) is not commutative.
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Proposition 7.3.5. T (∆(0, 1)) = C∗〈Tp : p ∈ P (C2)〉, where P (C2) : polynomials over C2

Proof. Similar to proof in the one-dimensional case.

7.4 Characterization of T (∆(0, 1))

Remark 7.4.1. Recall that A(∆(0, 1)) ⊂ H2(∆(0, 1))

The following lemma was proven in the Hardy case chapter.

Lemma 7.4.1. There exists a continuous mapping

T 2 → A(∆(0, 1)) ⊂ H2(∆(0, 1))

w 7→ hw

where hw is a peaking function at w.

Remark 7.4.2. By the continuity of hw and its peaking property at w, for each open neigh-
borhood U ⊂ ∆̄(0, 1) of w ∈ T 2 there exists an open neighborhood V ⊂ U of w relatively
compact in U such that

sup
z∈∆(0,1)\U

|hw(z)| < inf
z∈V

|hw(z)|

Proposition 7.4.2. For every f ∈ C(∆̄(0, 1)) and every w ∈ T 2∫
∆(0,1)

f(z)|hw(z)|2ndm(z)∫
∆(0,1)

|hw(z)|2ndm(z)
→ f(w) as n→∞

Proof. The argument used to prove Proposition 6.4.3 can be adapted to make this proof.

Corollary 7.4.3. Let f ∈ C(∆̄(0, 1)) be non-negative real valued. Then for each w ∈ T 2

there exists a sequence (hn) ⊂ H2(∆(0, 1)) where

hn(z) :=
hw

n(z)

‖hwn‖2

such that
‖fhn‖2 → f(w) as n→∞
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Proposition 7.4.4. Let p a polynomial in k non-commuting variables. Then

‖p(Tf1 , ..., Tfk
)‖op ≥ ‖p(f1|T 2 , ..., fk|T 2)‖∞

where fj ∈ C(∆̄(0, 1)) for 1 ≤ j ≤ k

Proof. Let (b1, ..., bk) ∈ Im(f1|T 2 , ..., fk|T 2). Define

f :=
k∑
j=1

|fj − bj|2 ∈ C(∆̄(0, 1))

Clearly f has a zero in T 2. Using the above corollary, given ε > 0 there exists h ∈ H2(∆(0, 1))
with norm 1 such that ‖fh‖2 < ε. Then

k∑
j=1

‖Tfj
(h)− bjh‖2

2 =
k∑
j=1

‖P (fjh− bjh)‖2
2 ≤

k∑
j=1

‖fjh− bjh‖2
2 = ‖fh‖2

2 < ε2

therefore
‖Tfj

(h)− bjh‖2 < ε for every 1 ≤ j ≤ k

Consider operators of the form Tfj1
...Tfjm

− bj1 ...bjm where 1 ≤ jl ≤ k for 1 ≤ l ≤ m Notice
that

Tfj1
...Tfjm

− bj1 ...bjm =
m∑
l=1

Tfj1
...Tfjl−1

(Tfjl
− bjl)bjl+1

...bjm

We can assume that ‖fj‖ ≤ 1 and |bj| ≤ 1 for 1 ≤ j ≤ k in order to reduce calculations.
Then

‖Tfj1
...Tfjm

(h)−bj1 ...bjmh‖2 ≤
m∑
l=1

‖Tfj1
...Tfjl−1

(Tfjl
(h)−bjlh)bjl+1

...bjm‖2 ≤
m∑
l=1

‖Tfjl
(h)−bjlh‖

≤ mε

For any η > 0 we can choose ε > 0 such that

‖p(Tf1 ...Tfk
)(h)− p(b1, ..., bk)h‖2 ≤ η

Using triangle inequality

|p(b1, ..., bk)| ≤ ‖p(Tf1 ...Tfk
)(h)‖2 + η ≤ ‖p(Tf1 ...Tfk

)‖op + η

Since η was arbitrary, we have

|p(b1, ..., bk)| ≤ ‖p(Tf1 ...Tfk
)‖op

Finally, since (b1, ..., bk) ∈ Im(f1|T 2 , ..., fk|T 2) was arbitrary, we have

‖p(f1|T 2 , ..., fk|T 2)‖∞ ≤ ‖p(Tf1 , ..., Tfk
)‖op
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Theorem 7.4.5.
C(T 2) ∼= T (∆(0, 1))/T ′′

is a C∗- isomorphism, where T ′′ is the semi-commutator ideal of T (∆(0, 1))

Proof. Define
ρ : C(∆̄(0, 1)) → T (∆(0, 1))/T ′′

ρ(f) := Tf + T ′′

It is clear that ρ is well-defined and is a surjective C∗- homomorphism.Take f ∈ Ker(ρ) .
Let B ∈ T ′′. Then B is in the C∗-ideal generated by the semi-commutators; hence, B =
limBn where Bn is a finite sum of operators of the form

Tf1 , ..., Tfk
(TFTG − TFG)Tg1 , ..., Tgm

Consider a polynomial with non-commutative variables with terms of the same form than
the terms of Bn, i.e., with terms of the form x1x2...xk(z1z2 − z3)y1...ym.
Using the previous proposition and

f1|T 2 ...fk|T 2(F |T 2G|T 2 − F |T 2G|T 2)g1|T 2 ...gm|T 2 = 0

we have
‖f |T 2‖∞ ≤ ‖Tf +Bn‖op

Therefore ‖f |T 2‖∞ ≤ ‖Tf +B‖op
Since f ∈ Ker(ρ), f |T 2 ≡ 0.
Thus

C(T 2) ∼= C(∆̄(0, 1))/Ker(ρ) ∼= T (∆(0, 1))/T ′′



Chapter 8

An Index Theorem for Toeplitz
Operators

The reading of [StZ] has been the motivation for this chapter. In this chapter we will show
an index theorem for Bergman-Toeplitz and Hardy-Toeplitz operators over the unit ball. In
dimension one, this theorem gives us a relation between the index of a Freholm-Toeplitz
operator and the winding number of its symbol. It turns out that in dimension greater than
one the index of a Toeplitz operator is 0. We are going to start by stating some basic prop-
erties of Fredholm operators and of the index of a Fredholm operator. The proof of these
results can be found in [BsB] and [BoS].

Theorem 8.0.6 (Atkinson’s Theorem). The space of Fredholm operators is closed under
composition, the adjoint operation and addition of compact operators.

Corollary 8.0.7. Let A,B be Fredholm operators and K be a compact operator, then
(i) Ind(A∗) = −Ind(A)
(ii) Ind(AB) = Ind(A) + Ind(B)
(iii) Ind(A+K) = Ind(A)

Theorem 8.0.8 (Dieudonne’s Theorem). Let F be the space of Fredholm operators. The
index is constant on the connected components of F .

Corollary 8.0.9. Let D be either Bn or ∂Bn. Then, the index of the (Hardy or Bergman)-
Toeplitz operators Tft over Bn is constant under the homotopy

ft : D → C

where ft does not vanish in ∂Bn.

65
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Proof. The hypothesis ft does not vanish in ∂Bn guarantees that the Toeplitz operators Tft

are Fredholm. Therefore, the homotopy ft defines a continuous path

t 7→ Tft

in F because the operator norm of a Toeplitz operator is less than the infinity norm of its
symbol.
Thus, the corollary follows by Dieudonne’s Theorem.

Lemma 8.0.10. Let f(z) = zm ∈ C(S1). Then Ind(Tf ) = −m

Proof. Suppose m is non-negative. For any h ∈ H2(S1) with h =
∑∞

j=0 ajz
j in L2 norm we

have

zmh =
∞∑
j=0

ajz
m+j

Tf (h) = P (zmh) =
∞∑
j=0

ajz
m+j

Therefore dim(Ker(Tf )) = 0 and dim(Coker(Tf )) = m. Thus Ind(f) = −m.
If m is negative, f(z) = z̄−m. By part (i) in Corollary 8.0.7 we have Ind(Tf ) = −(m) = −m.

Theorem 8.0.11. Let f ∈ C(∂Bn) and f(z) 6= 0 ∀z ∈ ∂Bn. Then

Ind(Tf ) = −wind(f) if n = 1

and
Ind(Tf ) = 0 if n > 1

Proof. Suppose n = 1. Let m be the winding number of f . Then f is homotopic to zm with
images in C \ {0}. Since any of the functions (or paths) ft in the homotopy does not attain
0, Tft is Fredholm for every t.
On the other hand, by Corollary 8.0.9 the index of Tf is invariant under the above homotopy.
This means that

Ind(Tf ) = Ind(Tzm)

Thus Ind(Tf ) = −m.
If n > 1, ∂Bn = S2n−1 is simply connected. Notice that by radial homotopy we have that
f : S2n−1 → C \ {0} is homotopic to g(z) := f(z)

|f(z)| . Then we have

g : S2n−1 → S1

and
p : R → S1
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covering space of S1.
By Proposition 1.33 of [Htc] there exists a lift g̃ : S2n−1 → R of g, because

g∗(π1(S
2n−1)) = {0} ⊆ p∗(π1(R)) = {0}

Clearly g̃ is homotopic to the constant function 0. Then g : S2n−1 → S1 is homotopic to a
constant function a ∈ S1.
Furthermore, f : S2n−1 → C \ {0} is homotopic to the constant function a.
By Corollary 8.0.9 the Ind(Tf ) = Ind(Ta) = 0.

Now, we shall give an index theorem for (Fredholm) Bergman-Toeplitz operators that is a
similar to the result obtained in the Hardy case.

Lemma 8.0.12. Let f(z) = zm ∈ C(D̄). Then Ind(Tf ) = −m = −wind(f |S1)

Proof. Same idea as in the above lemma.

Theorem 8.0.13. Let f ∈ C(B̄n) and f(z) 6= 0 ∀z ∈ ∂Bn. Then

Ind(Tf ) = −wind(f |S1)) if n = 1

and
Ind(Tf ) = 0 if n > 1

Proof. Suppose n = 1. Let m be the winding number of f |S1 . Then there exist a homotopy
ft with images in C \ {0} between f |S1 and zm (as function defined on S1). We can extend
the homotopy ft to gt a homotopy on D̄ such that gt|S1 = ft. This homotopy is defined as
follows

gt(z) := |z|ft(
z

|z|
) if z 6= 0

= 0 if z = 0

Since any of the functions (or paths) gt|S1 = ft in the homotopy does not attains 0, Tgt is a
Fredholm operator for every t.
Since g0(z) = f(z) and g1(z) = zm ∀z ∈ S1,

Ind(Tg0) = Ind(Tf ) and Ind(Tg1) = Ind(Tzm)

By Corollary 8.0.9 and the above lemma, we get Ind(Tf ) = −m.
If n > 1 ∂Bn = S2n−1 is simply connected. As in the proof of the preceding theorem, there
exist a homotopy ft : S2n−1 → C \ {0} between f |S2n−1 and f(p) where p is any point in
S2n−1.
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We can extend the homotopy ft to gt a homotopy on B̄n such that gt|S2n−1 = ft as above.
It follows that

Ind(Tf ) = Ind(Tf(p)) = 0



Chapter 9

Appendix

In the following we will mention some results (not covered by this work) and references where
these assertions are proven.
To calculate the index of a Toeplitz operators over ∆(0, 1) ⊂ Cn for n > 1 we need to
characterize the Fredholm-Toeplitz operators.
For the Hardy case and for n = 2, we have

Corollary 9.0.14. Let f ∈ C(T 2). Then Tf is Fredholm on H2(T 2) if and only if

f(z1, z2) 6= 0 ∀(z1, z2) ∈ T 2

wind1(f) = wind2(f) = 0

where windj(f) is the winding number of the function obtained by fixing the j variable.
Moreover, if Tf is Fredholm then Ind(Tf ) = 0.

The proof of this Corollary can be found in [BoS, p. 353].

For the Bergman case, assuming compactness of the Hankel operator Hf and Fredholm-
ness of Tf , we have an analogous index theorem to the unit ball case (see [StZ] ).

The vanishing of Fredholm indices of Toeplitz operators on higher-dimensional domains is
a consequence of our focus on Toeplitz operators made from scalar-valued functions. On
these domains Toeplitz operators made from matrix-valued functions can have geometrically
significant nonzero Fredholm indices (see [Upm] for details).

For algebras whose commutator ideals are not contained in the ideal of compact operators,
it can be useful to generalize the Fredholm index to an index that lives in the K-theory of a
C∗-algebra. Some details are in [Upm, Ch. 5].
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