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Abstract
SIMULATION OF ISOTHERMAL COMBUSTION IN GAS

TURBINES

by
Matthew J� Rice

Committee Chair� Dr� Peter King
Dr� Clint Dancey

Dr� Uri Vandsburger

Current improvements in gas turbine engine performance have arisen primarily due to increases

in turbine inlet temperature and compressor pressure ratios� However� a maximum possible tur�

bine inlet temperature exits in the form of the adiabatic combustion temperature of the fuel� In

addition� thermal limits of turbine blade materials also places an upper bound on turbine inlet

temperatures� Thus� the current strategy for improving gas turbine e�ciency is inherently lim�

ited� Introduction of a new gas turbine� based on an alternative work cycle utilizing isothermal

combustion �i�e� combustion within the turbine� a�ords signi�cant opportunities for improving

engine output and�or e�ciency� However� implementation of such a scheme presents a number

of technological challenges such as holding a 	ame in high�speed 	ow� The currect research is

aimed at determining whether such a combustion scheme is feasible using computational methods�

The geometry� a simple 
�D cascade utilizes surface injection within the stator or rotor boundary

layers �including the rotor pressure side recirculation zone �a natural 	ame holder��� Computa�

tional methods utilized both steady and time accurate calculations with transitional 	ow as well

as laminar and turbulent combustion and species transport� It has been determined that burning

within a turbine is possible given a variety of injection schemes using �typical� foil geometries

under �typical� operating conditions� Speci�cally� results indicate that combustion is self�igniting

and� hence� self�sustaining given the high temperatures and pressures within a high pressure tur�

bine passage� Deterioration of aerodynamic performance is not pronounced regardless of injection

scheme� However� increased thermal loading in the form of higher adiabatic surface temperatures

or heat transfer is signi�cant given the injection and burning of the fuel within the boundary layer�

This increase in thermal loading is� however� minimized when injection takes place in or near a

recirculation zone� The e�ect of injection location on pattern factors indicates that suction side

injection minimizes temperature variation downstream of the injection surface �for rotor injection

only�� In addition� the most uniform temperature pro�le �in the 	ow direction� is achieved by

injection of fuel and combustion nearest to the source of work extraction� Namely� injection at the

rotor produces the most �isothermal� temperature distribution� Finally� a pseudo direct simula�

tion of an isothermal machine is conducted by combining simulation data and assumed processes�

The results indicate that isothermal combustion results in an increase in turbine speci�c work and

e�ciency over the equivalent Brayton cycle�
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Chapter �

INTRODUCTION AND

MOTIVATION

��� INTRODUCTION ANDHISTORICAL BACKGROUND

The need for continual improvements in gas turbine e�ciency and power is the driving
force behind current engine development� Indeed� the evolution of the gas turbine engine

Figure ���� Lockheed Tristar L�����

used in aerospace applications can be described as a sucession of technological �break�
throughs� resulting in enhanced thermal e�ciency and power� The principle �historical�
advances in gas turbine technology were the development of high�bypass ratio turbofan
engines �in the �����s� and external�internal turbine blade cooling �in the �����s and
���s�� Figure ��� shows one of the �rst civilian aircraft to use high�bypass engines supplied
by Rolls�Royce �Figure ����� In addition to improvements in e�ciency� of concern to
engine manufacturers is the power produced �in the form of shaft power and�or thrust�
in comparison to engine size� While this comparison is especially important for military

�
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Figure ���� Roll�Royce RB���� Turbofan Engine

applications �which require signi�cant thrust for rapid acceleration along with low engine
weight�� civilian applications also require �in some cases� signi�cant production of thrust
if only for brief periods� A speci�c technology used to enhance thrust production is the

Figure ��
� Concord at takeo�

technique known as �afterburning� used extensively for military aircraft and� to a much
lesser extent� in civil aviation� The use of this technology has signi�cant drawbacks in
terms of reduced e�ciency and an increase in thrust speci�c fuel consumption �TSFC��
Figure ��
 shows the Concord at takeo� �note the use of afterburners� which utilizes the
Olympus turbojet supplied by Rolls�Royce �Figure ��	���

With the exception of performance improvements arising from the use of turbofan
�as opposed to turbojet� con�guations� the �recent� history of jet engine development
has been dictated by much more fundamental and rudimentry cycle analysis� Speci�cally�
enhanced power and engine e�ciency can� and has been brought about by raising turbine
inlet temperatures� The end result �historically� is a constant upward trend in turbine
inlet temperatures and compressor pressure ratios in order to enhance the cycle e�ciency
and power of modern Brayton cycle gas turbine engines� This trend is readily observed

�High fuel consumption was the primary reason for the Concord�s lack of commercial viability�
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Figure ��	� Roll�Royce Olympus

Figure ���� Temperature vs� year

in Figure ��� and Figure ��� which display turbine inlet temperatures vs� production date
�for various Rolls�Royce engines� and cruise speci�c thrust�to�weight ratio vs� turbine
inlet temperature for various turbojet engines� As Figure ��� indicates� the upward trend
in peak engine temperatures is gradual throughout the �����s whereupon the introduction
of turbine blade cooling and advances in materials technology allowed for a more rapid
increase in turbine inlet temperature� Finally� Figure ��� illustrates the historical trend
in �cruise� thrust speci�c fuel consumption as a result of engine improvements including�
amongst others� an increase in peak engine temperature �i�e� turbine inlet temperature��
It should be borne in mind that turbine inlet temperatures cannot be raised inde�nitely�
Apart from the issue of turbine component durability� there exists a temperature limit in
the form of the adiabatic �ame temperature �for a given combustor inlet temperature��
which the turbine inlet gases cannot exceed� For current aviation fuels this limit is in
excess of �� 
���K� Hence� as peak engine temperatures approach this limit an alternative
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Figure ���� Thrust to weight vs� inlet temperature

strategy must be found for increasing engine e�ciency without reducing power� Such an
alternative potentially exits with the introduction of a new cycle and its hybrid counter�
part in the form of isothermal heat addition within the turbine itself� �as opposed to the
combustor alone �which is the case for all modern Brayton cycle engines currently used
today��� To see this we �rst take a brief detour into the basic thermodynamics governing
the Brayton work cycle�

��� IDEAL BRAYTON CYCLE

� The idealized Brayton cycle �for which all modern gas turbine engines are based� is
illustrated in Figure ��
 and composed of the following internally reversible processes�

�� Isentropic compression �in compressor�� ��� ��

�� Isobaric heat addition �in combustor�� ��� 
�


� Isentropic expansion �in turbine�� �
� 	�

	� Isobaric heat rejection �to the ambient�� �	� ��

From a rather straight�forward cycle analysis assuming idealized processes for a perfect
gas� we have the following expression for the thermal e�ciency of the Brayton work cycle

�Brayton � �� ���c � �� ������ �����

�The following development in section ����� resembles that in Ramohalli� AIAA�����			
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Figure ���� Thrust speci�c fuel consumption vs� production year

where �c and � are the compressor temperature and pressure ratios respectively� In ad�
dition� speci�c work �scaled or dimensionless work per unit mass of the working �uid� is
also given by

W �

Brayton �
W

CpTambient
� �� � �c � �� ��

�c
�����

The maximum normalized speci�c work for a �xed overall temperature ratio
�Tturbineinlet�Tambient � T��T� � ��� is also given by

W �
max�Brayton� �

WBrayton
max

CpTambient
� �� � �

p
�� � � � �

p
�� � ��� ���
�

where we �nd that
�workmax
c �

p
�� ���	�

This yields an expression for the maximum work thermal e�ciency

�workmax
Brayton � �� �p

��
�����

Thus� from ����� and ���
� we can see that in order to maximize output and reduce fuel
consumption �i�e� increase thermal e�ciency while producing the most work possible per
unit mass �ow�� turbine inlet temperatures must be as high as possible �hence� maximiz�
ing the value of ���� Unfortunately� as stated previously� physical limitations for such a
strategy which cannot be avoided are the maximum combustion temperature for the fuels
currently used� and the thermal limits of turbine and combustor materials� In addition�
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Figure ��
� T � s diagram for ideal Brayton cycle

while increasing compressor pressure ratios results in an increase in e�ciency� speci�c
output �or work per unit mass� ultimately falls as a result� Thus� to a signi�cant ex�
tent� a tradeo� exists between engine power and e�ciency for current machines based on
the Brayton cycle�� It is in the hope of partially overcoming this tradeo� that a new�
isothermal work cycle� could be implemented for use in gas turbines�

��� IDEAL ISOTHERMAL CYCLE

The Carnot cycle� composed of constant temperature �or isothermal� heat addition and
rejection processes� is the most e�cient work cycle� Hence� it makes sense to apply such a
process� where possible� to gas turbines� Speci�cally� a new work cycle might be composed
of the following processes as illustrated in Figure ����

�� Isentropic compression �in compressor�� ��� �� � ��

�� Isothermal heat addition �combustion in turbine�� ��� 
�


� Isentropic expansion �work extraction in turbine�� �
 � 	�

	� Isobaric heat rejection �to ambient�� �	� ��

�For the maximum e
ciency operating point �c � �� and W�
� ��
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Figure ���� T � s diagram for ideal isothermal cycle

Note that a distinct combustor �as used in the case of a Brayton cycle machine� is absent
from the isothermal cycle� Instead� fuel is injected and combustion occurs at the location
of work extraction �i�e� in the turbine�� thus maintaining a constant gas �ow temperature�
Assuming an ideal isothermal process as shown in Figure ��� we �nd the e�ciency for our
new cycle to be

�isothermal � �� ����c � ���� �

ln�����c�
�����

where �c � T���T� �according to Figure ����� Now� assuming typical temperatures asso�
ciated with conventional Brayton cycle engines we have ����c � T��T�� � ���� Thus� the
isothermal thermal e�ciency can be approximated as

�isothermal � �� ���c � ���� � �Brayton � ���� �����

Hence� for typical jet engine operating conditions �in fact� for all conditions conforming to
the cycle in Figure ���� the isothermal thermal e�ciency is higher that that of the Brayton
cycle� In addition� we can express the normalized work �again� scaled work per unit mass
�ow� for the isothermal cycle as

W �

isothermal �
Wisothermal

CpTambient
� � � ��ln�����c�� ����c ���
�

Similarly� normalized work for the isothermal process is maximized when

�c � T���T� � ��Wmax
isothermal �����
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which is hardly surprising given that net work per unit mass �ow is the area bound by
the T�s curve� In contrast� for maximum e�ciency we have

T�� � T� � �� � �c ������

which �from the �gure� minimizes heat rejection per unit heat addition� Note that like the

Figure ����� � vs �� for Isothermal and Brayton cycle

conventional Brayton cycle� output is zero for the maximum e�ciency operating point�

��� PERFORMANCE COMPARISONS FOR THE ISOTHER�
MAL AND BRAYTON CYCLES

Comparing cycle e�ciency and speci�c output for the maximum work Brayton as a func�
tion of peak �or turbine inlet� temperature we �nd that the isothermal cycle performance
is superior for almost all operating points� Speci�cally� Figure ���� displays isothermal
and Brayton cycle e�ciency for various values of the temperature ratio �c��� � T���T�
�in parenthesis� including the maximum work condition ��c � T���T� � �� as a function
of ��� Note that Figure ���� indicates an improvement in cycle e�ciency over the maxi�
mum work Brayton cycle except in the case of the operating points corresponding to the
maximum work isothermal cycle� This e�ciency penalty is rather small and ranges from
�� to �� depending on turbine inlet temperature� If� however� we compare the slight re�
duction in cycle e�ciency to the increase in work output for the maximum work Brayton
and isothermal cycle �see Figure ������ we see an increase in speci�c output of ��� to
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Figure ����� Normalized work vs� �� for Isothermal and Brayton cycle


��� for the isothermal cycle �depending on turbine inlet temperature �proportional to
����� Hence� we conclude that� at the least� isothermal combustion results in a signi�cant
increase in engine power with only a modest decrease in e�ciency� Conversely� if only
a small increase in power is desired �over that of the conventional Brayton cycle�� then
isothermal combustion can result in a signi�cant improvement in cycle e�ciency�

��� HYBRID BRAYTON�ISOTHERMAL CYCLE

Unfortunately� to achieve the high output and e�ciency associated with isothermal com�
bustion very high compressor pressure ratios are required �see Figure ��� and note that
the temperature rise T� � T� is achieved solely through compression within the compres�
sor �as opposed to compression followed by isobaric heat addition within a combustor as
is the case for the Brayton cycle��� Such pressure ratios �on the order of ��� to ������
are not technologically feasible at present� The solution to this di�culty is to utilize a
combustor with subsequent isothermal heat addition �burning within the turbine� yielding
a hybrid isothermal�Brayton cycle� Such a cycle� depicted in Figure ����� is composed of
the following processes

�� Isentropic compression� ��� �� � ��

�� Isobaric heat addition �in combustor�� ��� 
�


� Isothermal heat addition �heat addition in turbine�� �
� 	�
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Figure ����� T�s diagram for hybrid isothermal�Brayton cycle

	� Isentropic expansion �work extraction in turbine �no combustion��� �	� ��

�� Isobaric heat rejection �to the ambient�� ��� ��

This hybrid Brayton�isothermal cycle� while not as e�cient as the pure isothermal cycle�
still provides many advantages over the traditional Brayton machine in terms of increased
output and�or enhanced thermal e�ciency over a variety of operating conditions� The
expression for the thermal e�ciency for this hybrid cycle is�

�Hybrid � �� ����c� � �

�� � �c � ��ln��c���c�
������

again where �c� �c� and �� are de�ned as T��T�� T���T� and T��T�� As in the case of the
ideal Brayton and Isothermal cycle a normalized work can also be calculated�

W �

Hybrid � �� �c � ����� �

�c�
� ln

�c�

�c
� ������

Hence� a comparison can now be made between the Brayton and Hybrid cycle� Figures
���
 and ���	 compare thermal e�ciency and normalized work for the Hybrid and Brayton
cycle assuming reasonable values for �c and �

�

c�
� Speci�cally� from Figure ���
 we see

that the Hybrid �or combined� cycle �in blue� presents an e�ciency advantage over the
Brayton cycle �in yellow� over all temperature ratios ��� Figure ���	 also illustrates the

�See Appendix A for details
�Assuming a conventional Brayton machine overall pressure ratio of ���� and a Hybrid device pressure

ratio of ���� we 
nd �for isentropic compression� �c� and �c are ���	 and ����	 respectively�
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Figure ���
� � vs� �� for Hybrid �combined� and Brayton cycle

hybrid cycle advantage in net speci�c work over the Brayton cycle�� It should be noted
that these results are only valid for the temperature ratios assumed� and in general� for an
identical compressor and peak engine temperatures the Hybrid cycle must produce more
work �but� may not be more e�cient�� Indeed the latter point is illustrated by comparing
the combined cycle with the same compressor pressure ratio as the Brayton cycle� This
combined cycle has a cuto� temperature ratio �c� of ��� and� while producing more work
than the Brayton cycle� exhibits a lower e�ciency�

Instead of plotting speci�c work and e�ciency as a function of �� we might instead
be interested in holding the peak engine temperature� compressor pressure ratio for the
Brayton machine and the cut�o� pressure constant �i�e� holding T� and T�� constant��
These results are given in Figure ���� and indicate that the Hybrid cycle always has supe�
rior performance in terms of enhanced output and e�ciency�	 In conclusion� we must be
careful how we characterize the potential bene�ts of isothermal combustion� Speci�cally�
isothermal combustion as used in the Hybrid cycle is only guaranteed to yield improved
e�ciencyand output for compressor pressure ratios in excess of the equivalent Brayton
machine with the same peak engine temperature�

�Note the following notation �Conbined cycle����������� refers to a compressor pressure ratio of ����
and value of ��� for �c� �

�These plots assume reasonable values for �c� and �� of ���� and ��� respectively �but this result is
general��
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Figure ���	� Normalized work vs� �� for Hybrid �combined� and Brayton cycle

In subsequent chapters we shall demonstrate some of these results using a pseudo�
direct simulation of a Hybrid and Brayton machine�

��� TOPICS OF INQUIRY AND THESIS FORMAT

����� TOPICS OF INQUIRY

Thus far� no information has been presented which relates to actual combustion inside a
turbine nor the real bene�ts associated thereof� As indicated in the next chapter research
into this topic has been limited and con�ned to several areas�

�� Simple cycle analysis comparing Brayton and Isothermal e�ciency and power �no
treatment has been found of a Hybrid cycle as such�

�� Experimental results for porous plate injection none of which were conducted at
pressures and temperatures associated with the interior of a gas turbine


� Computational experiments for combustors and stabilized �ames� but few results for
boundary layer injection of jet fuels under conditions similar to those existing in gas
turbines

Hence� this thesis attempts to extend� using available computational tools� the range
of inquiry into the feasibility of boundary layer and recirculation zone combustion for



���� TOPICS OF INQUIRY AND THESIS FORMAT �


Figure ����� Normalize work and � vs� �c for Hybrid and Brayton cycle

conditions speci�c to gas turbines� Speci�cally� �ow inside a turbine with �rst be modeled
afterwhich the following questions will be addressed�

�� Using all computational tools at our disposal �via the computational package FLU�
ENT�� can we demonstrate the feasiblity of combustion within a gas turbine passage
under typical conditions�

�� If combustion appears to be possible� which combustion scheme is the most desirable
from an engineering standpoint� In other words

Does injection location a�ect aerodynamic performance of the turbine airfoils�

Does injection location a�ect blade heat transfer in magnitude and distribution�

How does injection location a�ect pattern factors �transverse temperature vari�
ations just downstream of the foil trailing edge��

How does injection location �rotor or stator injection� a�ect the engine temper�
ature distribution �i�e� which scheme produces the most �isothermal� temperature
distribution��

Does isothermal combustion indeed result in any of the performance improve�
ments promised�
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����� THESIS FORMAT

Given that this research is computatonal in nature a heavy emphasis will be placed on
providing an �in depth� review of the theoretical underpinnings as well as detailed de�
scriptions of the solution procedure� Speci�cally� organization of the material will be as
follows�

�� Present background into the desirability and motivation for investigation of isother�
mal combustion

�� Review the progress previously made and justify the need for further inquiry


� Carefully illustrate the development of a computational model for the simulated
phenomena �reacting �ow inside a gas turbine�like environment�

	� Review simulation results and answer the questions stated previously

In addition� several Appendices are provided for conciseness and e�ciency where needed�
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REVIEW OF THE LITERATURE

��� ISOTHERMAL COMBUSTION

The potential bene�ts of isothermal combustion are illustrated in the works of Ramohalli
�
�� Liu and Sirignano �	� and Sirignano� Delplanque and Liu ���� Ramohalli� the �rst of
the above to illustrate the bene�ts of isothermal combustion� compared thermal e�cien�
cies and speci�c �or normalized work� for both the idealized and �real� isothermal and
Brayton cycles� Assuming typical compressor exit temperatures� Ramohalli showed that
the isothermal e�ciency advantage over the Brayton cycle is proportional to the ambient
temperature and inversely proportional to the peak engine temperature� In addition� he
found that the isothermal cycle maximum speci�c work was substantially higher than that
of the maximum work Brayton cycle with only a modest decrease in e�ciency� Speci�cally�
for the maximum speci�c work operating conditions for both cycles� �assuming an overall
temperature ratio of ��� the ideal isothermal engine will produce three times the normalized
work of the equivalent Brayton machine operating between the same temperature limits�
while su�ering a reduction in thermal e�ciency of approximately ���� Ramohalli points
out� however� that to achieve the necessary high turbine inlet temperatures� compressor
pressure ratios on the order of ��� to � would be required which is unattainable using cur�
rent technology� The Author also notes an inherent advantage of the isothermal cycle for
high �ight Mach numbers�� Finally� Ramohalli also �nds �using order of magnitude anal�
ysis� that the chemical and �ow residence times are of the same maginitude �for droplet
combustion in a turbine like environment�� Thus� yielding inconclusive results as to the
possibility of burning within a turbine� Liu and Sirignano investigated the performance

�Indeed� under such conditions the local compressor inlet temperature can be quite high� hence �for a
constant compressor pressure ratio� increasing combustor inlet temperatures for the traditional Brayton
cycle� This� given a maximum combustor outlet temperature necessitates a reduction the fuel burn rate
�and hence work extraction��

��
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bene�ts of interturbine burning as an alternative to afterburners and notes the enhanced
e�ciency associated with the former� The Authors also �nd that the isothermal device
achieves a peak thrust e�ciency at a higher bypass ratio than the conventional Brayton
machine�

As in the case of Ramohalli� Liu and Sirignano �nd that turbine interburning results
in improvements in e�ciency and�or output �manifested in lower TSFC �thrust�spec�c�
fuel�consumption�� over the conventional Brayton cycle� Speci�cally� for pressure ratios
in the range 
� � 	��� performance of the conventional Brayton cycle machine deterio�
rates in terms of ST �speci�c thrust�� while the isothermal device exhibits performance
improvements for pressure ratios in excess of ����� Sirignano� Delplanque and Liu repeat
the analysis of the two previous studies� but also extends it to land�based regenerative
gas turbines and �nds that isothermal combustion yields superior speci�c power and�or
thermal e�ciency over the conventional Brayton cycle utilizing reheat� Finally� Andriani
��� using a simple one dimensional code �solving the governing bulk �ow equations� �nds
that a two stage turbine utilizing interstage reheating� can produce speci�c thrust com�
parable to a conventional Brayton cycle engine with afterburner� while at the same time
exhibiting thrust speci�c fuel consumption equivalent to the non�afterburning engine�

��� COMBUSTION IN HIGH SPEED FLOW

����� APPLICABLE EXPERIMENTAL RESULTS

Success of the isothermal scheme depends on the ability to light and sustain a �ame in
high speed �ows present in turbine passages� Attemps have been made �both experimen�
tally and computationally� to simulate combustion in a turbine passage�like environment�
These attemps range from porous �at plate injection as in the case of Nasir ���� Agrawal
��� and Ramachandra ��� � to blu� body and step �ame holders in high speed �ow as
in the case of Owens ���� and Schefer ����� Speci�cally� Nasir experimentally simulated
combustion within turbine passages using two parallel porous �at plates through which
passed a heated air stream and found that combustion �of Methane� could be maintained
for freestream velocities over ��m�s� The airstream experienced precombustion corre�
sponding to an equivalance ratio � of ��
� at atmospheric pressure yielding a freestream
temperature of approximately �����K� Ramachandrea investigated the stabilization of a
�ame in a freestream using porous plate injection of Pentane� However� unlike the pre�
vious attempt� freestream temperatures were limited to 	���K� Ramachandra found an
extinction freestream velocity of 
��m�s and that �blowout� injection velocity increased
with freestream oxygen content and decreased with fuel dilution� Rohmat� on the other
hand� experimented with block and step �ame holders placed upstream of a porous �at
plate injection of methane and found the unsurprising result that �ame holders �block or
step� signi�cantly increase �ame stability� Like all previous experiments� this was also
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conducted at atmospheric pressure �and a temperature of approximately 
���K� in the
freestream� In addition� Lewis ���� found that the laminar �ame speed is proportional to
g��� where g refers to the g�force experienced by the �ow� In other words� the presence of
swirl in the �ow �eld has the e�ect of increasing the reaction rate� The presumed physical
mechanism responsible for this e�ect is the migration of unburned fuel �of higher density
than the surrounding products� due to centrifugal e�ects� thus exposing additional quan�
tities of unburned fuel to the surrounding oxidizer �resulting in a faster burn rate�� Zelina
��
� conducted experiments using a high swirl combustor and found that the centrifugal
force �applied to a burning element of fuel� indeed had the e�ect of increasing the e�ective
reaction rate� These results� although not utilized in our study� are important given that
the turbine environment is characterized by high swirl�

����� APPLICABLE COMPUTATIONAL RESULTS

Computational simulation of reacting high�speed swirling �ows was conducted by Roy �����
Speci�cally� Roy utilized an Eddy Dissipation model and PDF approach �in temperature�
to simulated reacting �ows past a blu� body� The turbulence model used was a 	� 
 �
 is
de�ned as the mean vorticity variance� and the use of global as well as a four�step reaction
mechanism yielded accurate results �unlike the 	� � turbulence model which is known to�
and did perform poorly for separated �ows�� In addition� numerical simulations of more
complex geometries such as full combustors have been conducted by Lee ���� and Xia ���� �
Xia speci�cally compares the performance of two 	�� turbulence models with a Reynolds
stress formulation and �nds the familiar de�ciency in peformance of the former �compared
with experimental results�� The Author notes that many of the interesting features of the
�ow are not even qualitatively reproduced by the 	 � � model�� Lee� on the other hand�
attempted to model combustion within a Pratt � Whitney gas turbine combustor �again�
using a 	�� turbulence model with reaction rates based on eddy�dissipation� Results were
less than satisfactory with some of the overall qualitative characteristics of the �ow not
being predicted� Peak combustion temperatures were also incorrect �error on the order
of 
���� however� some uncertainty as to the geometric con�guration of the device may
have been a factor�� A computational study was also conducted by Zelina ��
� using the
enhanced reaction rate of Lewis ���� �utilizing a 	� � turbulence model with PDF species
transport� and found the results to be in good agreement with experiment� However� it
must be noted that the model used was speci�cally tuned to achieve this result�

�It should be stated that Xia�s results are for �cold� incompressible �ow �i�e� non�reacting��
�These results along with the known performance advantage posed by the �� � turbulence model for

separated �ows led to our choice of this model for the turbulence formulation�
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��� OBSERVATIONS AND OPPORTUNITIES FOR IN�
QUIRY

The previous studies� all of which approach �indirectly� the issue of combustion within
a turbine� do not attempt to fully simulate conditions thereof� A simple cycle analysis
demonstrating the theoretical improvements in engine output or e�ciency due to isother�
mal combustion may not be realizable in real gas turbines� Likewise� order of magnitude
analysis on chemical and �ow times in a gas turbine�like environment lack speci�city and
yield inconclusive results as to the possibility of combustion� The experiments supposedly
aimed directly at combustion in gas turbines are only loosely applicable given the fuels
and operating conditions used� The same can also be said for the computational studies�

Hence� the opportunity exists for conducting computational experiments to deter�
mine whether isothermal combustion is clearly impossible in a �realistic� gas turbine�
Speci�cally� we wish to address the following shortcomings in the literature�

�� Only simple cycle analysis comparing the Brayton and Isothermal cycle has been
found �no treatment of the previously described Hybrid cycle has been presented to
this Author�s knowledge��

�� The experimental results for porous plate injection� although of interest� were not
conducted at pressures and temperatures associated with the interior of a gas turbine�


� Computational experiments for combustors and stabilized �ames present few results
for boundary layer injection of jet fuels under conditions similar to those existing in
a gas turbine�

Indeed� in reference to ��� reaction rates and �ame speeds are strong functions of the
ambient temperature and relatively weak functions of pressure� Speci�cally� for most
hydrocarbon fuels�

laminar �ame speed � P�
���T ���� �����

Hence� if possible� experiments should be conducted at the correct operating conditions�
It should however be stated that methods based on CFD are only as good as the

modeling� Thus� strictly speaking� we seek only to ascertain whether combustion is possible
according to various models for the �ow as opposed to arriving at a de�nitive conclusion
as to the possibility of boundary layer injection and combustion in a turbine�

�See Metghalchi and Keck� Burning Velocities of Mixtures of Air with Methanol� Isooctane and Indolene

at High Pressures and Temperatures� Combustion and Flame� ��� �	�����
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THERMODYNAMIC

MODELING OF THE FLOW

��� INTRODUCTION

The combustion models used for the simulations were based on Arrhenius Kinetics� Eddy�
Dissipation or �Turbulent length scales� and the conserved scalar or PDF approach� all of
which utilize di�ering forms of the basic conservation equations for the �ow �eld �mass�
momentum� energy� species� etc�� Hence� in the interest of clarity the governing equations
of the �ow for the PDF method will be treated separately from the �traditional� Arrhenius
kinetics �or reaction rate based� approach and the Eddy Dissipation model�

��� MASS� MOMENTUM� ENERGYAND SPECIES CON�
SERVATION

The behavior of single component �uids �i�e� �uid containing a single species� can be de�
scribed and predicted by application of the principles of conservation mass �producing the
continuity equation�� conservation of linear momentum or Newton�s second law �yielding
the Navier�Stokes equations� and conservation of energy or the energy balance �giving the
energy equation� all for a di�erential control volume� Speci�cally� in the absense of mass
creation or destruction �e�g� no nuclear processes� the application of mass conservation
on a di�erential basis yields

�


�t
�r � �
�V � � � �
���

where 
 is the �uid density and �V is the bulk �ow velocity� With the application of
Newton�s second law for �uid motion �for an open system� we have the �uid equations of

��
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motion �neglecting gravitational forces�

�

�t
��V � �r � �
�V �� � �rP �r � �� � �
���

where P is the local �or static� pressure and � is the shear stress tensor which includes
the viscous as well as dilation �compressible� e�ects� Note that since we are dealing
with conservation of a vector quantity �force� the second term on the left has a special
interpretation� Speci�cally�

r � �
�V �V � �

�

Vi

�Vi
�xi

� 
Vi
�Vj
�xj

� 
Vi
�Vi
�xi

� 
Vj
�Vi
�xj

��

�
�
�
�

for the two�dimensional case where i and j refer to the x and y coordinate directions� The
stress tensor � is taken to mean the following

� � �
h
�r�V �r�V T �� ��
�r��V �I

i
�
�	�

where � is the absolute �uid viscosity and I is the identity matrix� In the case of turbulent
�ow the typical approach is to replace absolute viscosity �a property of the �uid� with
an e�ective viscosity re�ecting the enhanced di�usion due to �uctuating or oscillatory
motion of the �ow �i�e� �eff � �� �t�� Finally� conservation of energy can be applied for
a di�erential control volume �for a multi�component mixture while neglecting radiative
energy transfer� to yield

�

�t
�
e� �r � ��V �
e� P �� � �r �

�
�krT �X

j

hj  Jj � �� � �V �

�
A� Sh �
���

where k is the �mixture� thermal conductivity of the �uid �replaced by keff � k�kt in the

case of turbulent �ow��  Jj is the di�usion �ux of species j �to be discussed subsequently��
Sh is an energy source term �due� for example� to chemical reactions� and e is de�ned as
the total energy of the mixture per unit mass neglecting changes in gravitational potential

energy �e � u�T � � j�V j��� where u�T � is the mixture speci�c internal energy�� Note that
if we introduce a turbulent Prandlt number

Prt � �tCp

kt
�
���

we can express the e�ective thermal conductivity as

keff � k � kt � k �
�tCp

Prt
�
���
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Terms in �
��� which may be unfamiliar to us include the di�usive term �second in brackets
on the right hand side� resulting from species transport�

In the case of multi�component �uids the enthalpy h of the mixture is calculated via
the fact that enthalpy� for an ideal mixture� is an additive property

h �
X
j

�jhj �
�
�

where
hj � hrefj � �hj � hrefj � �
���

and �j is the mass fraction of the jth species� Also note that for an ideal gas enthalpy and
energy are related via the following

e�T� �V � � u�T � � j�V j��� � h�T �� P� � j�V j��� � h�T ��RmT � j�V j��� �
����

where Rm is the mixture gas constant� Species conservation is imposed via

�

�t
�
�j� �r � �
�V �j� � �r �  Jj �Rj �
����

where Rj is the net rate of production of species j� The second term on the left refers
to the net convective �ux of species j while the �rst term on the right represents the net
di�usive �ux� Note that conservation of mass implies �and is enforced via the requirement�X

j

�j � � �
����

In the case of laminar �ow  Jj is calculated using Fick�s law for a dilute mixture �i�e� we
assume that each of the mixture components behave as if they are dilutants within an
�parent� �uid �in our case air��� Or

 Jj � Jj�i � Dj�ir�j �
��
�

where Dj�i is the �assumed constant� di�usivity of species j into the surrounding �uid i
�air�� In the case of turbulent �ow� mass transfer is enhanced and we can replace di�usion

with an e�ective di�usion �Dj�i � Deff
j�i � as in the case with energy �k� and momentum

di�usivity ���� Finally� the equation of state �used previously� is simply

Pv � RmT �
��	�

where the mixture gas constant Rm is given by

Rm � Ru

X
j

�j
MWj

�
����
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����� TURBULENCE MODELING

While conservation of mass� momentum and energy are relatively transparent concepts the
same cannot be said for turbulence quantities and modeling in general� The phenomena
of turbulence �and the associated di�culty of modeling� arises out of the fact that not
all solutions to the Navier�Stokes� continuity and energy equations are stable� For some
�ows� slight perturbations �in velocity� pressure� temperature� etc� within the �uid stream
are damped out� while for others these pertubations �which can be microscopic or macro�
scopic� grow until the overall �ow �eld is altered� This purturbation� or disturbance of the
�ow �eld is characterized by time and spatially dependent �uctuations in all properties�
Speci�cally� in the case of steady �ow �in the mean�� all properties can be represented as
the sum of the mean property value R and a �uctuating component r�t�� Hence� Pressure�
Temperature and momentum are generally expressed as R�t� � R � r�t�� Now� given
that most problems of practical interest are concerned with quantities in the mean �e�g�
average shear stress or total drag on a surface� average heat transfer� etc� it is natural to
attempt to solve the governing equations of motion for the average values of the quantities
of interest� Speci�cally� we desire expressions for all time�averaged quantities R which can
be found by integrating the governing expressions for the �ow over some time period much
greater than the period of turbulence� This approach� advocated and implemented by Sir
Reynolds is refered to as �Reynolds averaging��

The next prudent question to ask is what physical situations� in terms of geometry�
we wish to model� After all� substitution of our time�dependent properties �V �t�� T �t�� etc
would� even after Reynolds averaging yield an intractable and complex set of governing

equations for the �ow with dependent variables �V and �v�t� in the case of the Navier�
Stokes equations alone� In fact� in terms of velocities� we have as set of three equations
enforcing momentum conservation and six unknowns �the three components of the mean
and �uctuating velocity��� This predicament is termed the closure problem of turbulence
and� in a purely mathematical sense� renders the �ow solution unattainable� However� if
one assumes that the turbulence is isotropic� in other words

u���t� � v���t� � w���t� �
����

�where again the mean is taken over some period greater that the period of the turbulent
�uctuation�� then after making boundary layer assumptions the number of unknowns is
reduced� resulting in a set of time�averaged Navier�Stokes equations where the molecular

�Note that strictly speaking� pressure has a �uctuating component as well� but we will be neglecting
this�
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viscosity is replaced by the e�ective viscosity�

�eff � �� �t �
��
�

However� strictly speaking� one would appear to be none the wiser given that we have just
given another name �turbulent viscosity� �t to an unknown quantity �namely u�v��� At�
tempting another route we perform the following operation �where NSj is the j

th direction
Navier�Stokes equation� X

j

NSJ � ��V � �v�t�� �
����

After Reynolds averaging the result and making boundary layer assumptions we have a
conservation equation for 	 �the average turbulent kinetic energy per unit mass �v

�

�� � �u
�

���
of the form

�

�t
�
	� �

�

�xi
�
	ui� �

�

�xj
�!�

�	

�xj
� �G� �D� �
����

where Yk� G� and !� represent the dissipation� production and di�usion of 	� �notice the
gradient transport formulation as with �ow shear stress or heat transfer�� The generation
of turbulent kinetic energy is related to the vorticity of the �ow

G� � �
u�iu�j
�uj
�xi

� �tS
� �
����

where S� is the square of the modulus of the mean rate�or�strain tensor� In addition�
dissipation �or destruction� and the di�usivity of 	 are given by

D� � 
�f	� �
����

!� � ��
�t
��

�
��
�

where �� is the turbulent Prandlt number based on 	� � is a constant� f�Vorticity� �� and
the new quantity � is the dissipation � per unit turbulent kinetic energy of the �ow �or� if
you like� the turbulence frequency�� To arrive at the conservation equation for turbulent
frequency � we postulate that �like 	�� � is subject to convection� di�usion� generation
and dissipation� Thus� we have an analogous expression to that of 	

�

�t
�
�� �

�

�xi
�
�ui� �

�

�xj
�!�

��

�xj
� �G� �D� �
��	�

�The turbulent viscosity replaces the remaining �after making BL assumptions� time�averaged �uctu�
ating velocity components via

�t � �
�u�v�

�U��y
������

according to the Boussinesq formulation�
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where the generation and dissipation of � are modeled via

G� � �
�

	
G� �
����

Y� � 
�d�� �
����

where d � f��� vorticity� The di�usion of � is also given by

!� � ��
�

�w
�
����

where �� is the Prandtl number based on �� Finally� the set of momentum �related�
equations are closed by noting that �on dimensional grounds�

�t � �

	

�
�
��
�

where the signi�cance of the dimensionless quantity � will become apparent with the
introduction of transition modeling� Complete closure of the system of equations �the
energy and species turbulent di�usion have not been dealt with� can be achieved by noting
that� physically speaking� all conservation equations �except mass� include all the same
basic processes �di�usion and convection� and� within the boundary�layer �in the absense
of any pressure gradient�� take on identical mathematical forms� Hence one might presume
�t � kt � Dt� Or to be more rigorous

kt �
�tCp

Prt
�
����

where Prt is the turbulent Prandlt number �assumed to be a constant�� And in the case
of species di�usion

Dt �
�t


Scht
�
�
��

where the turbulent Schmidt Scht number is also taken as a constant� The values for the
turbulent Prandlt and Schmidt numbers are ��
� and ��� respectively�

��� CHEMICAL REACTIONS

����� ARRHENIUS KINETICS

The e�ects of chemical reactions enter into the computation of the �ow �eld by way of
the energy equation �and indirectly by way of the dependence of various �uid �not �ow�
properties on composition�� Speci�cally� combustion enters into the energy equation in the



���� CHEMICAL REACTIONS ��

form of the dependence of speci�c enthalpy h on mixture composition and the energy source
term Sh� Mixture speci�c enthalpy is given by �assuming ideal gas mixture behavior�

h �
X
j

�jhj�T � �
X
j

�j�h
ref
j �

Z T

Tref

Cp�jdT � �
�
��

and the energy source term is

Sh �
X
j

�hrefj �

Z T

T j
ref

Cp�jdT �MWj

NRX
r��

 Rj�r �
�
��

where Rj�r is the volumetric rate of production of species j due to reaction r� The reaction
corresponds to a forward reaction of the form

X
r

X
j

�
�

j�rXj�r
kf�r�

X
r

X
j

�
��

j�rXj�r �
�

�

where the summation is over all reaction mechanisms r with forward reaction rate kf�r and
reactant and product stoichiometric coe�ents are labeled �

�

j�r and �
��

j�r� In addition� the
X�s are simply labels for the relevant species�� Note that global �as opposed to reversible
elemental reactions� are utilized in this study� Assuming that the overall reaction rate is
a function of reactant species concentrations �Cj � and temperature� the form for the rate
of species production �for species j� is

 Rj �
X
r

���
��

j�r � �
�

j�r�kf�r
Y
j

Cj
	j�r � �
�
	�

where �j�r is the corresponding reaction exponent for species j in reaction r� The forward
reaction rate constant kf�r � f�T � is given by

kf�r � ArT

re�

Er
RuT �
�
��

where Er� �r and Ar are emperical constants�

����� EDDY DISSIPATION MODEL

Now� the previous expression for the rate of species production does not in any way di�
rectly take into account the e�ects of turbulence and turbulent mixing� In fact� the only
path of in�uence for turbulence is via the rate of species and energy transport �i�e� the
e�ect of turbulent mixing on mean concentrations C and �uid temperature T �� We can

�Thus� the simple stoichiometric equation �CO� � �C � �O� would involve the species �X�s� C� O�

and CO� with stoichiometric coe
cients � for �
�

� and � and � for the �
��

�s�
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begin to appreciate the in�uence which turbulence and turbulent structures have on the
combustion process by introducing the concept of a �rate�limiting process�� An example
of this is would be the assumptions made in boundary layer analysis as to the governing or
rate�limiting process for momentum transfer �i�e� the comparative importance of convec�
tive vs� di�usive �viscous� transfer of momentum�� The same is true for turbulence and
analysis of turbulent �ow where the boundary layer is partitioned into regions dominated
by certain momentum transfer processes �viscous e�ects in the laminar sub�layer and tur�
bulent �di�usion� in the log and wake region�� Hence� it should not come as a surprise
that there are limiting processes associated with chemical reactions as well� Speci�cally�
one could imagine the following possible extremes� Combustion occurs in regions of much
smaller scale than the smallest turbulent eddies� Conversely� the combustion region could
be large compared to the mixing length� etc� Note that in the �rst case this must imply
that on a di�erential �control volume� basis� the reaction is governed �or if you like �rate�
limited�� by chemical kinetics that are� on the scale of the �ame� laminar in character�
Hence� we can postulate that under the �rst extreme the reaction is laminar and �kinet�
ically limited�� Another way of say this is that in the �rst case� turbulent �uctuations
due to the motion of turbulent eddies appears �relatively speaking� macroscopic when
compared with the scale of chemical reaction�

This is in contrast to the latter extreme where we postulate that turbulent struc�
tures populated the combustion region� Hence� in this case we can say that turbulence and
turbulent mixing play an important� if not dominant role in governing the reaction rate��

Speci�cally� in the latter regime we can think of combustion occuring when �clumps� of
unburned fuel are broken down into smaller �clumps� of su�ciently small volume �com�
pared to surface area� to allow for complete combustion� We could operationalize this
approach by surmising that as the eddies rotate� there exist some likelihood of �breakup�
�into smaller eddies� per revolution� Note that this implies the greater the number of
revolutions per unit time �i�e� the higher the turbulence frequency �� the higher the rate
of eddy breakup and combustion� In addition� one would assume that as the amount of
fuel present in the �uid increases �per unit volume� the greater the consumption rate for
the fuel� Hence� we can render these observations in mathematical form via the following�

�

m
���

fuel� ��
�fuel �
�
��

where
�

m
���

fuel is the fuel consumption per unit volume per unit time�
Applying the above to a single�step reaction mechanism we have the slightly modi�ed

expressions for the reaction rate as the minimum of either of the two expressions

Rj � �
�

jMWjA
�min�
�R

�
�

RMWR
� �
�
��

�Note that this combustion regime is refered to as the ��amelets�in�eddies� regime�
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or

Rj � AB�
�

jMWj
�

P
P �PPN

j �
��

jMWj

�
�

�

where �P and �R are the mass fractions of particular product P and reactant R species
�A and B are empirically derived constants�� Note that the above formulation is required
since the overall reaction is limited by the breakup and combustion of the slowest reacting
component species��

��� FLUID PROPERTIES

Mixture �uid properties such as the viscosity �� thermal conductivity k� speci�c heat Cp

were all calculated using the ideal gas mixing law based on indivudual component mixture
properties� Thus� given individual �uid component properties �j �on a per mole basis� we
can express the mixture property � as

��T � �
X
j

yj�j�T � �
�
��

where yj is the mixture mole fraction of species j�

The individual component �uid viscosities �j are given by Sutherland curve �ts of
the following form�

�j � �
�j�
T

T
�j
�����

T
�j � Sj
T � Sj

� �
�	��

where �
�j � T
�j and Sj are empirical constants� The individual �uid component molar
speci�c heats Cp�j are given by the polynomial curve �t

Cp�j�T � � �j � �jT � �jT
� � �jT

� � 	jT
� �
�	��

Likewise� the individual component �uid thermal conductivities kj�T � are calculated using
kinetic theory�

kj�T � � kj�Cp�j�T �� �j�T �� �
��R�j
	MWj

�
	Cp�jMWj

��Ru
� ��


�
�
�	��

where Ru is the universal gas constant

�Model based on the work of Magnussen and Hjertager utilizing the eddy�breakup model of Spalding
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��� BOUNDARY CONDITIONS

The boundary conditions imposed for momentum� energy and species conservation should
be familiar �e�g� no slip� adiabatic�constant wall temperature� etc�� However� boundary
conditions which are most interesting and least obvious are those used in the conservation
equations for speci�c turbulent kinetic energy 	 and frequency �� The boundaries of
which we speak are �for any computational domain� the inlets� outlets and surfaces� The
simulations to be conducted here specify the values of 	 and � at inlets and outlets �in
the case of back�ow�� But on surfaces �i�e� blade surfaces� the only boundary condition
relevant �to the momentum equation� is no slip� The method used for implementing
boundary conditions for the turbulence quantities 	 and � near a surface �i�e the �rst
grid point o� the wall� is as follows� The region adjacent to a no slip surface �a wall�

Figure 
��� Near wall �ow regimes

is �in turbulent �ow� characterized by a sucession of �ow regimes where certain physical
e�ects dominate� Speci�cally� at the wall turbulent velocity oscillations are damped �in
fact turbulent kinetic energy vanishes very near the wall�� hence� the �ow is locally laminar
and referred to as the viscous or laminar sublayer� Further from the wall the e�ects of
turbulent transport dominate di�usion� It is this region which speci�es the log layer and
where the law of the wall applies �note the �bu�er� region bridging the laminar and log
layers �see Figure 
����� Thus� wall boundary conditions depend on which region the �rst
o� the wall grid point resides� If the �rst grid point is in the viscous sublayer �which
extends� approximately� over the interval � � y� � � �� we have� for all intents and

�y� is de
ned as y� � y�u���� � �y���
p
�w�� where �w is the wall shear stress�
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purposes resolved the �ow �eld to the wall�	 Speci�cally� for a smooth wall �no surface

Figure 
��� Wall boundary conditions

roughness� the boundary conditions for 	 and � are�

�wall � ����
��u���

�y���
�
�	
�

	wall � � �
�		�

Thus� our approach here is to resolve the �ow all the way through �into� the viscous
sublayer�

Note that the previous discussion only refers to surface boundary conditions for 	
and �� In the case of inlet boundary conditions for turbulent quantities we instead specify
the values of turbulent intensity Tu and the hydraulic diametery HD� If one assumes the
inlet �ow is turbulent and fully developed� then a unique value for the length scale exists
at the inlet �presumably some fraction of the total inlet diameter �since the turbulent
mixing length cannot be greater than the �ow�s con�nement distance��� Speci�cally�

l � �����HD �
�	��

�Note that this is in contrast to the wall function approach which assumes the �near wall�� or 
rst grid
point resides in the log�layer and bridges the spatial gap via wall functions �see Figure �����

�This assumes a value of y� less than �� where u� is the friction velocity ��w���
����
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where � can be related to the length scale l and turbulent speci�c kinetic energy 	 via

� �
k���

����l
� �����

k���

HD
�
�	��

	 on the other hand is related to turbulent intensity Tu via

Tu �
p

	��

Uref
� 	 �

�



�TuUref �

� �
�	��

where the reference velocity Uref is the inlet bulk �ow velocity magnitude j�Vinj�
Finally� a word must be said about the methodology employed by an elliptic solver�

i�e the generation of a solution for a set of eliptic equations where� apriori� the values of
all quantities are not known on all boundaries� Speci�cally� while inlet and surface �ow
conditions are known �i�e� speci�ed by the user in the form of boundary conditions�� the
outlet �ow properties �except local pressure� are unknowns �part of our purpose is to solve
for exit �ow quantities as well as all properties in between�� The solution is to specify
gradients of properties at the exit consistant with the fully�developed solution �no changes
in �ow properties after the �uid exits the computational domain�� In other words� we
implicitly apply a boundary condition at the �ow exit in the form of vanishing property
gradients� Unfortunately� this requires that we iterate the solution while updating exit
�ow properties based on the previous estimates just downstream of the computational
domain outlet�


��� TRANSITION MODELING

The previous treatment does not address transition �even high Reynolds number �ow
contains an initial laminar region�� Clearly the means of modeling transition is to make
the turbulent viscosity of the following functional form

�t � �

	

�
�
�	
�

where � � f�	� �� and � � �small quantity� or � � � in the laminar �typi�ed by low
values for k� or turbulent region �typi�ed by high values for 	� respectively� Bearing this
in mind � is modeled via the following

� �
����	 �Ret��

� �Ret��
�
�	��

where Ret � 
	�����


	Hence the solver employs an iterative approach �as opposed to a marching solution as is the case for
supersonic �where the governing equations are parabolic in nature���

�
Note that the asymptotic behavior of 	 is as desired �i�e� for high values of ��� or �� 	� ���
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��	 CONSERVED SCALAR APPROACH

The approach previously taken attempts to incorporate the e�ects of turbulence by cal�
culating an e�ective viscosity� thermal conductivity and species di�usion� However� the
introduction of these e�ective di�usivities has no direct e�ect on rate of species creation
via the general expression for the reaction rate

 Rj �
X
r

���
��

j�r � �
�

j�r�kfr
Y
j

Cj
	j �k� �
����

where
kf�r � ArT


re�
Er
RuT �
����

Speci�cally� small �uctuations in temperature about the mean �indicative of turbulent
�ow� can have a signi�cant e�ect on the reaction rate due to the nonlinear behavior of
the exponential� The same is true for �uctuating values of concentration C� Another
way of stating this is that inserting the time mean values for T and C into the reaction
rate expression e�ectively neglects the �uctuating nature of these values and renders the
reaction as essentially laminar�

����� CONSERVATION EQUATIONS FOR NON�PREMIXED COM�

BUSTION

Given that the e�ects of turbulence not captured by the previous �laminar� approach are
due to neglecting temperature and concentration �uctuations� we must restate species and
energy conservation if we are to take into account these e�ects of turbulence� Speci�cally�
we intend to neglect the reaction rate and its calculation entirely by assuming the reac�
tion takes place instantaneously once the mixture has reached stoichiometric proportions�
Thus� the following approach will concentrate more on the transport mechanisms occur�
ing within the mixture instead of the reaction chemistry �in other words� assume species
transport is the rate�limiting process��

To reduce computational complexity species conservation is enforced using the �con�
served scalar approach� which is formulated as follows� Note that the previous approach
for laminary combustion utilized multiple species �in our case Oxygen� Nitrogen� water
vapor� Carbon Dioxide and fuel �Kerosene��� However� it is possible to describe the mix�
ture composition in terms of material which has its origin either within the fuel or oxidizer
stream� Speci�cally� we can express the total mass of the mixture anywhere in the com�
putational domain as

mmixture � mfuel �moxidizer �mproducts

� � � �fuel � �ox � �prod �
����
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or
ffuel � fox � � �
��
�

where ffuel and fox are the fraction of material having its origin in the fuel and oxidizer
stream respectively �this is� of course assuming a single inlet fuel stream�� But� in terms
of a quantity f de�ned as the ratio of mass have is �origin in fuel stream� and the mixture
mass we have

f � �mass of material with origin in fuel stream�mass of mixture� �

mfs

mfuel

mfuel

mmixture
�

mfs

mproducts

mproducts

mmixture
�

mfs

moxidizer

moxidizer
mmixture

�

����fuel � � �
���A�F �stoc

��prod � ����ox � �fuel � fstoc�prod �
��	�

where mfx is the �mass of fuel stu�� and

fstoc � ����� � �A�F �stoc�� �
����

This de�nition of the mixture fraction is highly useful if we make several assumptions
regarding the combustion process �some of which have already been stated��

�� Chemistry is fast compared to convection and di�usion

�� Combustion occurs instantaneously and completely when mixture is stoichiometric
��ame sheet assumption�


� Oxidant and fuel are segregated �i�e� no unburned fuel in free�stream and no oxidizer
inside �ame�

	� Di�usion is binary and follows Fick�s Law

�� Radiative energy transfer is neglected

Speci�cally item � implies the partition of the �ow �eld into three zones� the internal �no
oxidizer present�� �ame sheet �in�nitely thin region where the A�F ratio is stoichiometric��
and external zone �no unburned fuel present�� The assumptions regarding composition are
illustrated in Figure 
�
�

Note that the previous assumptions regarding internal��ame�sheet�external �to �ame�
impose the following conditions for mass conservation

�fuel � �prod � �� inside �ame �internal zone�

�prod � �� at �ame sheet

�ox � �prod � �� outside �ame �external zone� �
����
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Figure 
�
� Flame sheet compositions

This leads to the following expressions for fuel and product mass fraction inside the �ame
sheet via 
��	

�internalox � � �
����

f � �fuel � fstoc�prod � �fuel � fstoc��� �fuel�

� �internalfuel �
f � fstoc
�� fstoc

�
��
�

f � �fuel � fstoc�prod � ��� �prod� � fstoc��prod�

� �internalprod �
�� f

�� fstoc
�
����

And for the region external to the �ame sheet we have

�fuel � � �
����

f � �fuel � fstoc�prod � fstoc�prod

� �externalprod �
f

fstoc
�
����
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f � �fuel � fstoc�prod � fstoc�prod � fstoc��� �ox�

� �externalox � �� f

fstoc
�
����

Note that all expressions are linear in f � Thus� the relationship between mixture fraction
and composition is a simple one as displayed in Figure 
�	� Now� for this approach to

Figure 
�	� Mass fractions �j vs� mixture fraction f

be useful� not only must chemical composition be related to f � but properties such as
density and temperature must also be related to mixture fraction f and enthalpy where
the relevant formulation of the energy equation �in terms of enthalpy� is

�

�t
�
h� �r � �
�V h� � r � � kt

Cp
rh� � Sh �
��
�

where all quantities are as de�ned previously� Note that the mixture fraction� since we
are intending to model turbulent combustion� must be a �uctuating quantitiy posessing
a mean f and �uctuating component f � �with variance f ����� If we also assume equal
di�usivities D for all species then species conservation can be expressed in terms of a
conservation equation involving the mean mixture fraction f and its variance f ���

�

�t
�
f� �r � �
�V f� � r � ��t

�t
rf� �
��	�
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�

�t
�
f

��� �r � �
�V f ��� �

r � ��t
�t
rf ��� � Cg�t�r�f��Cd


�

k
f �� �
����

Note that the coe�cients �t� Cg and Cd are empirical constants� Speci�cally� the above
expression is arrived at via combining the species conservation equations and using the
de�nition of mixture fraction f � The result is a conservation equation �
��	� whose �rst
right hand side term represents species di�usion� and �rst and second terms on the left�
represent unsteady e�ects and convection of species via bulk motion respectively� Thus�
we have been able to reduce the number of species conservation equations from �in our
case� four to two� Of course the �direct� incorporation of turbulent �uctuations into the
equation for species transport and energy has not yet been performed� This incorporation
is done by �again� noting that f is a �uctuating quantity� Hence we can evaluate the mean
value of any dependent �ow property �i�f� according according to the weighting scheme

�i�f� �

Z �



p�f��i�f� h�df �
����

where Z �



p�f�df � � �
����

Thus� p�f� is termed the probability density function and the method used here is termed
a pdf combustion calculation� The functional dependence of p�f� on the muxture fraction
f has been approximated using semi�emperical methods and is described by the following
expression�

p�f� �
f������ f�
��

�
�
��
�

where

��f� �� �� �
Z �



f������ f�
��df �
����

��f � f ��� �� � f

�
f��� f�

f ��
� �

�
�
����

and

��f� f ��� � ��� f�

�
f��� f�

f ��
� �

�
�
����

Finally� boundary conditions for f and f
�

are given at the computational boundaries such
as inlets� outlets and surfaces �gradients in f and f

�

vanish at solid surfaces��
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NUMERICAL MODEL

��� APPROACH

The present endeavor attemps to simulate the important geometric and �uid mechanical
conditions within a gas turbine� These conditions in particalar include �ow around foil�like
objects which can be moving or stationary �corresponding to rotor or stator blades�� com�
pressibility e�ects� work extraction �via rotor blades due to moving boundaries�� repeating
boundary conditions to simulate multiple blades within stages as well as appropriate tur�
bulence modeling and chemical reactions for vapor combustion� The result is a ��D linear
cascade�type geometry in the xy plane utilizing the low Reynolds number �i�e� transi�
tional� 	 � � turbulence model along with Arrhenius chemical kinetics� eddy�dissipation
or PDF species conservation and transport �as described in the previous chapter��

��� THE GEOMETRY

The chosen geometry is a simple ��D cascade of generic dimensions and shape �see Figure
	����� Speci�cally� a stage consisting of a stator and matched rotor are used to simulate
�ow inside a gas turbine albeit in a ��dimensional sense� The overall dimensions of the
computation space as illustrated in Figure 	�� and given in Table 	��

Table 	��� Stage geometry summary

Domain height�m� Itsle�m� Stetrle�m� Rteto�m�

���
 �����
 ���
�	� ������

�The geometry used was generatured using the FLUENT preprocessor GAMBIT�


�
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Figure 	��� Linear cascade geometry �see Table 	�� for dimensions �as labeled in paren�
thesis��

In addition� injector surface areas are given in 	��

Table 	��� Injector area

Injectorlocation Area�m�

LESS �Rotor� ������

LEPS �Rotor� �����	�
MID �Rotor� �����	�
LESS �Rotor� ������	
LEPS �Rotor� �������
TESS �Rotor� �����
�
TEPS �Rotor� ������


The grid utilized is composed of a non�structured triangular mesh with quadrihedral
elements within the boundary layer and contains approximately 
�� ��� grid points�
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Figure 	�� displays the stator used� having overall turning in the relative and absolute
frame of ���� a cord length c of ���

�m� a cord to pitch ratio c�s of ���� and total
uncovered turning � of ��� �see Table 	�
�� Figure 	�
 displays the matched rotor used�

Figure 	��� Stator geometry and grid

having overall turning in the relative frame of ��
�� a cord length c of ������m� a cord to
pitch ratio c�s of ���� and total uncovered turning � of 
��� Note that these speci�cations
are summarized in Table� 	�	�

Table 	�
� Stator geometry summary

����� ����� ���� ����� ����� ���� Cord�c� m Pitch�s� m C�S �

� �� �� � �� �� ���

� ���
 ���� ��

Table 	�	� Rotor geometry summary

����� ����� ���� ����� ����� ���� cord�c� m pitch�s� m c�s �

�� 	� ��� 
� 
� ��
 ������ ���
 ���� 
�
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Figure 	�
� Rotor geometry and grid

��� BOUNDARY CONDITIONS

Boundary surface conditions for the geometry are labeled in Figure 	�	� Speci�cally� the
domain inlet utilizes a pressure boundary condition for subsonic �ow which resembles
the conditions found in the combustor exit of a gas turbine �i�e� �ow entering the high
pressure turbine of which we are modeling�� In particular� a total pressure of 
�atm is
used with an inlet total temperature of �� ����K � In addition� the species composition
re�ects a stoichiometric combustion in the combustor followed by ��� dilution with air�
These parameters are summarized in Table 	��

Table 	��� Inlet boundary conditions

P
�MPa� T
��K� Tu��� ����s� �C��H�� �O�
�CO�

�H�O


������� ���� � 

��	 � ����� ����� ���
�

The outlet boundary condition �corresponding to subsonic �ow� is simply an exit
local pressure of ��������MPa� Boundary conditions at the fuel injection points on the
foils �four on the stator and three on the rotor� are of the mass �ow type� with a fuel
temperature of ����K �conforming to the pyrolosis limit for JP�
�� In contrast� fuel
injection was varied from injection surface to surface to achieve a given approximate total
injection rate� This tailoring of bulk �ow injection rates to yield a certain total mass
�ow was necessarily conducted by trial and error� and thus resulted in slightly di�erent
injection rates for the various injectors�
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Figure 	�	� Domain boundary surfaces

In addition� foil surface conditions both included adiabatic and isothermal bound�
aries �with a constant wall temperature of �� ����K�� Finally� the interface boundary
conditions �see Figure 	�	� are simple grid point to grid point mappings from the top
of the domain to the bottom and interpolative mappings for the stator�to�rotor interface
�since grid points in the sliding mesh will not� in general� remain in alignment�� Speci�c
boundary conditions are given in Appendix E�

��� FLUID PROPERTIES

Given that we have assumed ideal gas behavior for the �uid the question arises as to
whether air and fuel can be modeled as ideal gases throughout the �ow �eld� In the case
of the inlet �ow �which is essentially air diluted with products of combustion� P air

crit and T
air
crit

are 
��MPa and �
��K� This yields an approximate reduced pressure PR and temperature
TR of � and �� respectively and a compresibility factor Z of about one� Hence� treatment
of the freestream as an ideal gas is deemed acceptable� In the case of the unburned fuel
�Kerosene� we are on much more contentious grounds� Speci�cally� the critical pressure
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Pcrit and temperature Tcrit for jet fuel �JP��� are ��
MPa and ��
�K respectively� Hence�
given that fuel will be entering the computational domain at approximately freestream
pressures �
��MPa� and with an injection temperature of ����K the reduced pressure
and temperature are on the order of one� Thus� the assumption of ideal gas behavior will
be a poor one near the point of fuel injection�� While this would result in highly inaccurate
ideal gas behavior based calculations of density as a function of temperature and pressure�
calculations of physical properties such as speci�c heat Cp and thus changes in enthalpy�
entropy� etc may also su�er in terms of accuracy� From the de�nition of Zh

�

h
ideal � h � ZhRuTcrit �	���

Now� we would expect fuel temperature to vary more then fuel pressure up to the point
of combustion� Thus� taking the partial derivative of the above expression with respect to
T holding pressure constant gives

�

�T
�h

ideal � h� �
�

�Tr

Tcrit
Tcrit

ZhRu �
�

�Tr
ZhRu �	���

Noting the de�nition of Cp the above becomes �for evaluation at the point of injection
where Tr � ��

C
ideal
p � C � Ru

�

�Tr
Z�Tr� Pr�

				
Pr

� C
ideal
Pr � C

C
ideal

				
Pr

�
Ru

C
ideal
Pr

�

�Tr
Z�Tr� Pr�

				
Pr��

� �
�
������

����������

Z����� �� � Z����� ��

�
�� �
�
������

����������

���� ���

�
� ����
� �	�
�

i�e� an error in the estimate for speci�c heat on the order of ���� Thus� estimates
for changes in speci�c enthalpy� entropy� etc for the fuel near the point of fuel injection via
the ideal gas behavior assumption will likely result in an error �of about� ���� However�
it should be noted that rapid heating of the fuel will occur� thus rendering the behavior of
the fuel as approximately ideal everywhere but very near the point of injection�

Note that the reduced pressure for the fuel must exceed the value of one everywhere
in the domain� This implies that the fuel must also be at a reduced pressure in excess of one
�approximately �� in fact� anywhere in the injection system and hence within the internal
blade passages themselves� This has repercussions in terms of using the fuel as a coolant
given that no phase change can occur as the fuel is heated� say from room temperature
within the blade� to a temperature near the coking limit �approximately ����K� at the
point of injection into the freestream� Hence� heat transfer will result only in a sensible

�Speci
cally� the compressibility factor takes on a value of around ����
�See generalized enthaloy chart for enthalpy deviation Zh
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enthalpy change in the fuel� thus reducing its e�ectiveness as a coolant� Having justi�ed
the assumption of ideal gas behavior all �uid properties are derived using FLUENT�s
thermodynamic database according to the correlations given in the previous chapter�

The only remaining properties to determine are the binary di�usivities Di�j for
an �assumed� dilute mixture� Speci�cally� for an ideal mixture� assuming dilute mixture
behavior �i�e� the multi�component mixture behaves as a binary mixture with fuel� oxidizer
and products di�using into air� we have the correlation

Di�j � �T ����P � �	�	�

Hence�

Di�j � Dref
i�j

T ����P

T ref����P ref
�	���

Table 	��� Calculated constant binary di�usivities for a tem�
perature of �� ����K and pressure of 
�����Pa

Species i Species j T ref �K P refMPa Dref
i�j �m��s� Di�j�m

��s�

CO� Air ��
 ��� ��

����� ��������
H�O Air ��
 ��� �������� ��	������

n�Dodecane N� 
�� ��� ��
������ ��
������

Thus� given data for the reference di�usivity� temperatures and pressures� a new
approximate di�usivity can be calculated via 	��� Table 	�� gives the reference as well as
newly calculated values for species di�usivity of interest at a pressure of 
�����Pa and a
temperature of �� ����K�

For the remaining di�usion coe�cients �N�� O� into air� where reference values
are not available we can use the Chapman�Enskog correlation� The calculated di�usion
coe�cients are given in Table 	�� for completeness and one should refer to Appendix B
for details�

Table 	��� Calculated constant binary di�usivities for a
temperature of �� ����K and pressure of 
�����Pa �using
Chapman�Enskog correlation�

Species i Species j Di�j�m
��s�

O� Air ���	������
N� Air ����������
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��� REACTION MECHANISM

Finally� the single�step global reaction mechanism used describes the combustion of Kerosene
in the presence of oxygen and corresponds to the following reaction

C��H�� � �����O� �� ��CO� � ����H�O �	���

The reaction rate or change in fuel molar concentration per unit time �kmol��m��s�� is
given by

d�C��H���

dt
� �kG�T ��C��H���


����O��
��� �	���

where the global rate coe�cient k�T � is of the Arrhenius form

k�T � � ���
����
�e��������

���RuT �	�
�



Chapter �
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��� SIMULATION PROCEDURE

The simulations in this study were conducted by slowly building from simple to more
complex models� Speci�cally� the �ow solution was iterated via the following steps

�� Inviscid�incompressible �ow solution� �steady �ow�

�� Laminar incompressible �ow solution� �steady �ow�


� Laminar compressible �ow solution� �steady �ow�

	� Turbulent compressible �ow solution� �steady �ow�

�� Turbulent compressible with species transport �no injection�non�reacting�� �steady
�ow�

�� Turbulent compressible with species transport �no injection�non�reacting�� �unsteady
�ow�

�� Turbulent compressible with species transport �with injection�combustion�� �steady
�ow�


� Turbulent compressible with species transport �with injection�combustion�� �un�
steady �ow�

The simulations where performed in this order not only to increased stability �running the
full combustion simulation �even with very low relaxation� always resulted in a diverging
solution�� but also to decrease the time to convergence and check basic �ow conservation
and work extraction� Finally� the non�injection cases provided a common starting point
for all injection simulations with and without adiabatic foil surfaces� In addition� all
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reacting �ow simulations were subsequently performed using �time accurate� unsteady
computations �to gauge convergence�� The extent of convergence was determined by not
only examining residuals� but by repeatedly iterating the �ow solution until exit �ow
properties such as local temperature� turbulence intensity and total pressure converged
to �essentially� constant quantities� For the unsteady calculation the time step "t was
chosen so as to provide at least � steps per blade pass�� Speci�cally� the time required for
the free�stream �ow to transverse the domain is given by

ttras � Ldomain

V av
meridinal

� Ldomain

V av
x

� ��
�

��
� 
��������s �����

where V av
x is approximated by the inlet x velocity component� The time required per

blade pass on the other hand is given by

tpass �
Hdomain

Vrotor
�

���


���
� ���������s �����

Thus� a time step "t was chosen as 	������s and the number of minimum computational
time steps were chosen so as to satisfy ������

��� NON�REACTING FLOW

The �rst results of interest are the non�reacting �ow simulations used to test the accuracy
of the species transport solution� presence of work extraction via the rotor and correct
minimum y� values at foil surfaces �to reduce computational e�ort� a higher y� �i�e� a
coarser� grid was used for the non�injection surface �e�g� the stator in the case of rotor
injection��� Figure ��� and Figure ��� display total pressure and temperature contours�
Note that one interesting anomaly is the localized region of high pressure and temperature
near the leading edge of the rotor� Speci�cally� total pressure and temperature exceed
free�stream values by a maximum of approximately �� �at several gid points near the
blade surface�� However� at mid�stage total temperature and pressure vary from their
�theoretically� constant value by approximately ��� � and ����� respectively��

�Note that decreasing duration of the time step increases the number of steps required for the freestream
�ow to travel the length of the computational domain�

�The values for P
 and T
 at mid�stage are �����MPa and �
 ������K� This result was robust in that
the region of high total temperature and pressure persisted even for alternative grid densities�
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Figure ���� Total pressure contours non�injection simulation

Figure ���� Total temperature for non�injection simulation
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Flow Mach number is given in Figure ��
 and varies in the free�stream from ��� at
the inlet to in excess of ��� within the cascade itself� In addition� the �ow includes a

Figure ��
� Flow Mach number

pressure side separation on the rotor as indicated by the pathlines given in Figure ��	��

In terms of species conservation we see that the O� mole fraction is conserved �see Figure
����� Finally� to ensure adequate grid quality we note that y� values are on the order
of one over the foil surface �the stator is displayed for illustrative purposes and the rotor
exhibits similar values� as displayed in Figure ���� Inlet and outlet �ow properties are
given in Table �����

Table ���� Inlet and exit �ow properties for non�reacting �ow
case

Sim� type vinlet�m
�� voutlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

m �kg�m�

Unst��ad� ���
�� ������ 
�	�	 ���� �� �����
 �� ����	 �����
Unst��nonad� ���
�� ������� 
�	�	� ���� �� ������ �� ����� ���


The �rst item to note is the reduction in local temperature at the outlet due primarily
to work extraction �total temperature also decreased by approximately ����K �see Figure

�In the case of fully laminar �ow both the rotor and stator exhibited gross separation�
�The nomenclature used here is �st� �steady���ad� �adiabatic wall� and �nonad� �isothermal wall��
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Figure ��	� Pathlines indicating pressure side rotor blade separation

������ In addition� the non�adiabatic case �i�e� isothermal foil surfaces at �� ����K� exhibits
an increase in �ow rate due� presumably� to the decrease in average viscosity of the �uid
near the wall� Indeed� for air absolute viscosity increases with temperature�

We can describe the overall process by calculating the polytropic exponent n ac�
cording to

Pinletv
n
inlet � Poutletv

n
outlet ���
�

and �in the adiabatic case� a polytropic e�ciency � via the following

� �
n� �

n
�
� � �

�
���	�

where � is the average of the �ow inlet and outlet values��

Table ���� Inlet and exit �ow properties for non�reacting �ow
case

Simulation type n � �poly
Unsteady�ad� ����	 ���
�� ������

Unsteady�nonad� ��
�
� ���

�

The polytropic exponent is useful in that it may be speci�ed in a cycle deck to
describe the work extraction process taking place for a complete stage�

�� is de
ned at the ratio of speci
c heats Cp�Cv�
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Figure ���� Contours of yo� for no injection

Of interest is also the rate of work extraction which can be directly calculated using
the expression

�

W� �Fblade � �Vblade � Fy�bladek�Vbladek �����

The required quantities for calculating work extraction are give in Table ��
��

Table ��
� Rotor foil velocity� force and work extraction for
non�reaction �ow

Simulation type j�Vbladej �m�s� Fy�rotor �kN�m�
�

W �MW�m�

Unsteady�ad� ��� ��	��� ����
Unsteady�nonad� ��� ��	�
� ����

Again� note that due to the increased mass �ow rate for the non�adiabatic foils there
is an increase in force applied to the blades in the y�direction and hence an increase in
power extracted by the rotor�

Finally� of interest here is arriving at an estimate of the required heat addition and
hence fuel injection to yield an isothermal process�

�The units given for force and power are per unit width since the simulation is ��dimensional�
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Figure ���� y� for stator

Speci�cally� for the non�reacting case we have from the energy balance �neglecting
shear work� heat transfer and elevation change�	

q � w � "h
 � jwj � j"h
j � j"h�T � � "
�V �

�
j �����

Thus� in order to produce zero net change in local temperature the required heat addition
and fuel mass �ow can be expressed as

�"h�T � � qrequired � �

mfuel �
�

m
qrequired
HHVfuel

�
�

m
j �"h�T �j
HHVfuel

�

�

m
hinlet � houtlet
HHVfuel

� ���
�
�� ��	 � �� ���

	�� 
	�
� ����	�

kg

s
� �����

where HHV is the higher heating value of the fuel�� Note� that this result is a minimum
given heat addition will accelerate the �ow and result in a lower local temperature �via
an increase in the Mach number�� It should also be restated that we are modeling the
injection of Kerosene vapor �as opposed to liquid or droplet injection��

�Note that work calculated via the energy balance was in excellent agreement with the method employed
in the previous expression�

�The heating value used is for that of Dodecane �C��H��� vapor�
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��� REACTING FLOW 
ARRHENIUS KINETICS�EDDY�
DISSIPATION�

Figure ���� T pro�les for rotor injection

Fuel was injected from seven locations� two at the leading and trailing edge of the
stator as well as two leading edge and one mid�span injection point on the rotor� The re�
sults from the laminar combustion case as well as the eddy�dissipation model indicate that
combustion is self�igniting and self�sustaining for all injection points� Figure ��� illustrates
temperature contours for the rotor injection points �leading edge suction and pressure side
injection along with pressure side recirculation zone injection �lower image��� Figure ��

displays the same for the stator injection points� For the purpose of demonstrating that
fuel is indeed being consumed the mole fraction contours for water vapor yh�O are given
in Figure ��� and clearly show the vapor component of the �ow is minimized at the point
of injection �approximately in the middle of the �gure on the pressure side of the foil��
whereupon yh�O increases to a maximum value within the recirculaton zone and wake�
Di�usion into the freestream subsequently occurs thereafter�
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Figure ��
� T for stator injection

Figure ���� yH�O for mid�rotor injection
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ARRHENIUS KINETICS�EDDY�DISSIPATION� �


Figure ����� Ma for mid�rotor injection

The Mach number pro�les are given in Figure ����� Two items of interest are the fact
that the introduction of cold fuel at a temperature of ����K �compared with the main �ow
which is at approximately �����K� produces a high local Mach number about the point
of injection� This is due simply to the fact that the local speed of sound is proportional to
T ���� In addition� the combustion process tends to drive the Mach number �downstream
of the injection point� towards the sonic�point� This should not be surprising since any
heat addition process will� in general� drive the Mach number towards unity� Speci�cally�
the exit Ma for injection and non�injection cases are ���� and ���	� Finally� combustion is
also demonstrated by examining the fuel concentrations over the computational domain�
Speci�cally� Figure ���� illustrates the mole fraction of fuel yC��H��

� From the �gure we
can see that the fuel� after being injected� travels upstream of the main �ow �the �ow
is locally moving clockwise in the recirculation zone� and subsequently dispersed and
consumed within the recirculation zone� Various stage inlet and outlet �ow quantities are
given as in the non�reaction case�

Table ��	� Inlet and exit �ow properties for reacting �ow case
�rotor mid injection�

Sim� type vinlet�m
�� voutlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

m �kg�m�

Unst��ad� ���
��� ���

� 
�	�� ���� �� ����	 �� ����� ���

Unst��nonad� ���
�� ���
		 
�	�� ���� �� ����	 �� ��
�
 ����
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Figure ����� yC��H��
for mid rotor injection

As we can see� the process is now essentially isothermal for the complete stage� In

addition the mass �ow rate of fuel
�

mfuel can be calculated via

�

mfuel � "
�

mCO�

mfuel

mCO�

�
�

mCO�

Nfuel

NCO�

MWfuel

MWCO�

�� ��
�
�

m "�CO� ���
�

where the "�s refer to the di�erence between stage inlet and outlet� From the previous we
can calculate a process polytropic exponent n as in the non�reaction case as well as the
fuel injection rate�

Table ���� Fuel mass �ow
�

mfuel and polytropic exponent n
�rotor mid injection�

Sim� type n
�

mfuel �kg�s�

Unst��ad� ���	� ����


Unst��nonad� ����
 �����


Eddy�Dissipation results were nearly identical to the laminar combustion cases in
terms of peak �ame temperature and �ame structure �see Appendix F�� Leading edge
pressure and suction side injection bulk �ow results were also similar to the mid�rotor
pressure side injection and are given in Appendix F�



���� TURBULENT COMBUSTION 
CONSERVED SCALAR� SIMULATIONS ��

��� TURBULENT COMBUSTION 
CONSERVED SCALAR�
SIMULATIONS

Figure ����� Conserved scalar f for mid rotor injection �adiabatic foil�

The results for the turbulent combustion simulations based on a conserved scalar
approach are given as follows�
 A contour plot showing the distribution for the scalar f
is given in Figure ���� indicating �for mid pressure side injection� the introduction of fuel
material on the pressure side of the foil� Conversely� Figure ���
 shows the increase in �H�O

in the freestream� Temperature pro�les are given in Figure ���	 and show a substantially
reduced peak �ame temperature of about �� ����K as opposed to a value of approximately
�� ����K for the laminar and eddy�viscosity case��
 In fact� all rotor simulations yielded
substantially lower peak combustion temperatures �see Appendix F�� An additional point
of interest to make is that the PDF calculation did not yield a pressure side separation as
indicated by the pathlines shown in Figure ����� A possible explanation for this may be
that the separation is weak� thus slight variations in property calculation methods may
result in reattachment of the �ow���

	Fluid properties such as � and k are assumed for the PDF method� thus the values of viscosity and
thermal conductivity were set to their approximate values at mid�stage ���������� and ����	��w�m �K�
respectively via the previous laminar combustion case��

�
Laminar combustion simulations are known to chronically overpredict peak �ame temperatures in
turbulent �ow� Thus� this result comes as no surprise�

��The PDF method assumes constant �uid properties �� k� etc�



�� CHAPTER �� SIMULATIONS

Figure ���
� �H�O for mid rotor injection �adiabatic foil�

��� STATOR SIMULATIONS

Given the similarity of the stator and rotor injection simulations only a few illustrative
�gures are given to demonstrate the presence of combustion� Speci�cally� Figures ����
and ���� display the static temperature rise associated with combustion on the stator foil
region� It should be stated that di�uculties were encountered in arriving at consistent
predictions between the stator and rotor PDF simulations� Speci�cally� the stator injec�
tion cases yielded a much higher peak combustion temperature �similar to the laminar and
eddy�dissipation model� than those of the rotor� Recall that the results for rotor combus�
tion yielded peak temperatures of approximately �� ����K� while stator PDF combustion
results gives a peak temperature of close to �� ����K� In addition� the stage outlet temper�
atures were not consistent between stator and rotor injection nor was there a reasonable
correlation between fuel injection and the overall stage temperature rise�



���� STATOR SIMULATIONS ��

Figure ���	� Temperature for mid rotor injection �adiabatic foil�

Figure ����� Pathlines for mid rotor injection �PDF adiabatic foil�
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Figure ����� Temperature contours for laminar leading edge pressure side injection �leps�
�adiabatic foil�

Figure ����� Temperature contours for eddy�dissipation trailing edge suction side injection
�nonadiabatic foil�
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RESULTS AND DISCUSSION

Given that the results do not exclude the possibility of combustion in a turbine we can
now turn our attention to some of the other questions at hand� Namely� what are the
bene�ts and drawbacks of the di�erent combustion�injection schemes in terms of

�� Deterioration of aerodynamic performance

�� Blade heat transfer


� Transverse temperature variations �pattern factors�

	� Axial temperature variation �i�e� how isothermal is the combustion process��

��� PRESSURE DISTRIBUTIONS

Table ���� Net pressure force on rotor blade for di�erent in�
jection methods �laminar combustion�

Simulation type F y
pressure �kN�

No Injection �
�
�
Leading edge suct� side �
���
Leading edge pres� side �
���
Mid�span pres� side �	���

Given the various locations for fuel injection it is of interest as to which fuel injection
scheme results in the least disruption of the �ow �in an aerodynamic sense�� A �rst
indication of the e�ect of injection location on aerodynamic performance is the net force on

��
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Figure ���� Rotor pressure distribution for various injection locations �laminary combus�
tion�

the blade �Table ������ From the table we can see that the choice of injection con�guation
has very little e�ect on blade force and hence work extraction �these force calculations were
made over one full blade pass� although there would appear to be some minor advantage
to pressure side injection as indicated by the slight higher blade force for pressure side
fuel injection�� This relative invariance �at least for the temperature rises present in these
simulations� can be seen by superimposing blade pressure distribution for the various
injection schemes �Figure ����� From the �gure we can see that indeed the pressure
distributions are largely identical� However� a more illustrative plot is of the percentage
deviation in pressure from the non�injection case as shown in Figure ����� From the
�gure we see that the injection of fuel has the e�ect of reducing foil surface pressure
�via the addition of heat accelerating the �ow�� Speci�cally� surface pressure for the
combustion cases match those for non�combustion at two spatial locations� the leading
edge �at the stagnation point �to the left�� and at the trailing edge where the �ow ceases
to turn and local static pressure is determined by the exit boundary condition �the same
for all cases�� However� immediately downstream of the leading edge stagnation point�
pressure is less than the non�combustioning case �again due to the expansion of the hot

�These results were from the laminar combustion simulations�
�A FORTAN program was written to read� extract and combine pressure plot information from multiple


les�
�Note that as in the blade force calculations� these pro
les are time�averages over one blade pass�
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Figure ���� Rotor pressure variation for various injection locations

gases and acceleration of the �ow�� Of interest is the qualitative di�erence between the
maximum pressure deviation in that the leading edge suction side injection case has the
greatest �negative� deviation� indicative of strong acceleration near the point of injection
�compared to pressure side injection where separation�induced mixing tends to moderate
the temperature rise of the �ow��� Hence� mixing due to the pressure side separation
tends to moderate any di�erences between surface pressure distributions for the leading
edge pressure side and mid�injection cases �both utilizing injection of the pressure side
of the blade�� This can be seen by noting that the leading edge and mid�injection cases
exhibit almost identical pressure deviations from the non�combustion case�

��� HEAT TRANSFER

In assessing the respective merits and de�ciencies of various injection schemes we are also
interested in the potential impact of heat transfer on blade durability� Speci�cally� one
would expect that given the enhanced mixing associated with the pressure side injection
�due to the recirculation zone�� heat transfer would be less pronounced on the pressure
than on the suction side� This is indeed the case as illustrated via the plot of surface

�The 
gure can be viewed as follows� The leading edge �on the left� begins at an x distance of approx�
imately �����m�� The curve of minimum �absolute� pressure deviation proceeding downstream represents
the pressure side� while at the point of in�ection the suction side exhibits the minimum �absolute� pressure
deviation�
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heat �ux �Figure ��
�� Speci�cally� while the pressure side injection cases exhibit their
maximum heat transfer at the trailing edge �resulting presumably from enhanced mixing
at the trailing edge separation point �due to the thickness of the blade��� suction side
combustion yields a much higher heat transfer rate forward of mid�span� This is due to
the fact that on the pressure side gradients are much lower than on the suction side �which
does not contain a separation bubble�� Note� it is not approriate to refer to a �boundary
layer� as such given that near the point of combustion heat is not being transferred from
the freestream �or the blade� to the blade �or free�stream�� Speci�cally� the maximum
gas temperature must be attained within the boundary layer �not at the surface or the
freestream�� Also the acceleration of the �ow on the suction side increases the convective
transport �of energy�� thus yielding a higher heat transfer rate on the suction side �the
analogy for boundary layers here would be a relatively high heat transfer coe�cient h on
the suction side of the blade �in comparison to the pressure side���

Figure ��
� Heat transfer q�� for various injection schemes

��� PATTERN FACTORS

Of interest is not only heat transfer to the blades� but the e�ect of combustion on the
foil wake temperature distibution�� Spec�cally� Figure ��	 illustrates the cross�stream

�Temperature non�uniformity due to foil boundary�layer combustion will a�ect component durability
downstream of the combustion zone �e�g� blades in the following stage��
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temperature distribution just down�stream of the stator trailing edge� Hence� we de�ne

Figure ��	� Cross�stream temperature distibution ��	 cord down�stream of stator �adia�
batic non�combustion�

two pattern factors as follows

Pattern Factor � Tmax � Tmean

"Tfoil
�����

Pattern Factor � Tmax � Tmin

"Tfoil
�����

where Tmean is the temperature pro�le mean value at the rotor exit plane �or stator
exit if we are interested in pattern factors for the stator� approximately a quarter cord
length downstream of the blade trailing edge� Note that temperature di�erence in the
numerator is normalized via the quantity "Tfoil which is taken to be the rotor or stator
local temperature drop from leading to trailing edge for the non�reacting case�
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The calculated pattern factors are given in Table ���

Table ���� Calculated pattern factors �laminar rotor adia�
batic wall injection�

Injection location PF PF

No Injection ���� ����
LEPS Injection ��
	 ����
Mid Injection ��	� ����
LESS Injection ���	 ��		

These results indicate that not only does combustion on the foil increase the pattern
factor �in comparison to the case without fuel injection�� but combustion on the pressure
side of the foil lends itself to higher pattern factors than combustion on the suction side�
The reason for this can be readily seen by viewing a contour plot of static temperature
about the rotor for the injectionless case �Figure ����� Speci�cally� we see that the ex�

Figure ���� Temperature contours about rotor for non�injection case

pansion process for the �ow takes place on the suction side� resulting in relatively high
temperatures on the pressure side� As the �ow proceeds downstream towards the trailing
edge and beyond� there is recompression on the suction side� heat transfer and �uid mixing
between the relatively hot pressure side �ow and the cool suction side �uid� Thus� heat
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addition on the pressure side would accentuate the temperature di�erence between the
suction side and pressure side �uid� hence� increasing the value of the pattern factor�

Similarly� for the stator injection cases we have the result that injection further
upstream �i�e� at the leading edge of the blade� is best for minimizing the pattern factor�
This is reasonable since overall di�usion of the hot product gases into the freestream is
enhanced by the longer travel distance� These results can be seen from Table ��
��

Table ��
� Calculated pattern factors �laminar stator adia�
batic wall injection�

Injection location PF PF

non injection ���	� ���
�
less ��	� ��	

leps ���� ��	�
tess 
��� ����
teps 
��	 	�	�

Unlike in the case of rotor injection �where work extraction is taking place by expan�
sion on the suction side of the foil� we see no disadvantage in burning fuel on the pressure
side in terms of lowering the pattern factor�

��� ISOTHERMAL COMBUSTION

Given that the goal is to determine the most advantageous scheme for instigating isother�
mal combustion� we continue by looking at the axial �x�direction� temperature distribution
for the various injection schemes� Speci�cally� one would presume that given low enough
Mach numbers� it would make sense to burn fuel at or near the point of work extraction
�i�e� on the rotor�� This apparently is the case as displayed in Figure ���� Speci�cally�
we see that stator injection results in a �mass� �ow averaged peak temperature of ap�
proximately �� ����K at mid�stage resulting in a temperature departure of about ����K�
In contrast� rotor injection results in a minimum temperature of approximately �� ����K
�also at mid�stage� and a temperature departure �from the mean inlet� of only about

��K# a signi�cant improvement over the stator injection results� However� it should be
noted that for high Mach number �ows �where velocity is high and local temperatures
are low at mid�stage� stator combustion may provide a more uniform axial temperature
distribution�

�Note that the normalization temperature �Tfoil is much smaller for the stator case� Hence� direct
comparisons between rotor and stator pattern factors are meaningless�
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Figure ���� Axial local temperature distribution for various injection schemes

��� CYCLE ENHANCEMENTS

����� IDENTICAL OVERALL PRESSURE RATIOS

A suitable comparison can be made �see Figure ���� between the Hybrid cycle operating
over the closed path �� � � 
� � 
� 	� �� an intermediate cycle operating over ��
� � 
� � 


��� � 	
��� � � and the equivalent Brayton cycle � � � � 
� � 


�� � 	
�� � ��

where the processes � � �� 

�� � 	

��

� 
 � 	 and 
��� � 	��� are assumed isentropic� In
addition � simulation data exists for the paths 
� � 
� 
� � 
��� and 
� � 


��

�corresponding
to the combustion� and non�combustion cases respectively��	 Hence� the expressions for
net speci�c turbine work for the Brayton cycle is �assuming we can neglect compressible
e�ects�

wBrayton
net 	 Fyj�Vbladej

�

m
�Caverage

P �T��� � T��� �� wcomp ���
�

the hybrid cycle

wHybrid
net 	 Fyj�Vbladej

�

m
� Caverage

P �T� � T���wcomp ���	�

�A reduced fuel injection simulation was conducted to give results for an intermediate non�isothermal
heat addition case�
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and for an intermediate heat addition cycle

wIntermediate
net 	 Fyj�Vbladej

�

m
� Caverage

P �T���� � T������ wcomp �����

where wcomp is the isentropic compressor speci�c work w���� In addition� thermal e��

Figure ���� T�s diagram for cycle comparisons

ciency for the Brayton� Hybrid and Intermediate cycle can be expresses as �see Appendix
C�

�Brayton �
wnet

qin
�

wnet

q����
�����

�Intermediate �
wnet

qin
�

wnet

q���
� � q����

���

�����

�Hybrid �
wnet

qin
�

wnet

q���� � q����

���
�

where q���
� is the combustor heat addition for process �� 


�

� q���� is the approximately

isothermal heat addition associated with the simulated process 

� � 
 and q���� is the

heat addition for a non�isothermal combustion process �reduced fuel injection� 

� � 


���

��

Calculating the above quantities assuming pseudo constant speci�c heats while neglecting
Mach number e�ects yields the following net work and thermal e�ciencies �Table ��	�

�A separate simulation was conducted for this reduced fuel injection �non�isothermal� case �data is
presented in Appendix F��
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Table ��	� Values for �simulation� �theoretical and wnet

Simulation �simulation �theoretical wnet �kJ�kg�

Brayton ����� ����
 �
���
Hybrid ����� ����� ����


Intermediate ���

 � ����


Note� as expected� a machine utilizing isothermal combustion� when compared with
a Brayton machine having identical overall pressure and temperature ratios� produces
more work�

����� NON�CONSTANT OVERALL PRESSURE RATIO

If we instead not only hold the overall temperature ratio constant� but set the Hybrid cuto�
pressure P� equal to that of the turbine inlet temperature of a Brayton cycle we see the
enharent advantage of the Hybrid cycle� Speci�cally� the psuedo simulated Brayton cycle

Figure ��
� T�s diagram for Hybrid �yellow� and Brayton cycle �black� for equal peak
temperatures and isothermal cuto��Brayton turbine inlet pressures

� � �� � 
 � 	� � 	 � � can be compared with the Hybrid equivalent � � � � 
� �

 � 	� � 	 � ��
 The calculated e�ciency and speci�c net work for this high pressure

	Where the simulation results apply to the sub�processes �� � �� �� and �� ���
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Hybird cycle �again based on pseudo simulation data� is ��� and ��	�kJ�kg� respectively�
Recall that the e�ciency and speci�c net output for the equivalent Brayton cycle case are
����� and �
��kJ�kg�� Hence� the Hybrid cycle indeed presents� under certain conditions�
an absolute advantage in terms of e�ciency and power over a Brayton machine� Thus� in
the case of �xed overall temperature ratios the Hybrid cycle can produce more work at a
higher e�ciency than the corresponding equivalent Brayton cycle �as depicted in Figure
��
���


�
Indeed via the expression for Brayton cycle speci
c output ����� we 
nd that �W�

��c

				
��

takes on a

value of ����� for values of �c and �� corresponding to a hypothetical high�pressure Brayton cycle with
pressure ratio � and a peak temperature of ����� and �
 ����K respectively� Hence� a high�pressure Brayton
cycle will produce less work� but exhibit a higher thermal e
ciency �found to be ����� via ���� than the
comparable Hybrid or low�pressure Brayton machine� Thus� the advantage of the Hybrid cycle in producing
more work as well as exhibiting a higher e
ciency for increasing pressure ratios is demonstrated�
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CONCLUSION

	�� SUMMARY

A number of simulations using a generic turbine�like geometry under turbine�like condi�
tions has been performed using a single�step global reaction mechanism� The simulation
results indicate that boundary layer combustion is self�igniting and self�sustaining under
the representative �ow conditions� The simulations indicate that heat transfer to the foil
surfaces is mimimized when injection takes place in a recirculation zone� Pattern factors
also appear to be minimized when combustion occurs on the suction side of the foil �for
rotor injection only�� In addition� pattern factors are minimized when injection takes
place near the leading edge of the foil� The �ow itself remains the most �isothermal� if
combustion takes place at the surface of work extraction �on the rotor foil�� Also� there
appears to be little aerodynamic advantage or penalty associated with the di�erent in�
jection schemes �at least for the rates of heat addition exhibited by the simulations used
in this study�� Finally� after conducting a �pseudo�simulation� of a cycle incorporating
isothermal combustion and comparing to the equivalent Brayton machine� we �nd that
isothermal combustion yields� at the least� an increase in engine speci�c work and hence
power� Speci�cally� given a �xed overall temperature ratio� isothermal combustion �even
in the form of a Hybrid cycle� a�ords the opportunity to enhance output and e�ciency
over the �traditional� Brayton cycle�

	�� RECOMMENDATIONS FOR FUTURE WORK

Although this study has answered some of the fundamental questions regarding the feasi�
bility of isothermal combustion in turbines� a number of opportunities can� and should be
pursued� These include� but are not limited� to the following�

��



	��� RECOMMENDATIONS FOR FUTURE WORK ��

�� Foil optimization study to assess �with improved accuracy� the extent to which
boundary�layer combustion results in airfoil aerodynamic deterioration

�� Three dimensional simulations investigating the e�ect of swirl induced reaction rate
enhancement in the case of isothermal combustion


� Assesment of other reaction mechanisms such as multi�step �laminar�Eddy�Dissipation�
global reactions

	� Assesment of the e�ect of radiative energy transfer on the previous results

�� Full turbine �multi�stage� simulations to verify performance improvements associated
with isothermal combustion



Appendix A

HYBRID CYCLE

PARAMETERS

To derive the Hybrid cycle e�ciency and speci�c output we start by describing the new
cycle as depicted in Figure A��� Speci�cally� this cycle is composed of the following
processes

�� Isentropic compression� ��� �� � ��

�� Isobaric heat addition �in combustor�� ��� 
�


� Isothermal heat addition �heat addition in turbine�� �
� 	�

	� Isentropic expansion �work extraction in turbine �no combustion��� �	� ��

�� Isobaric heat rejection �to the ambient�� ��� ��

The expression for thermal e�ciency � for this new hybrid cycle can be found� beginning
with the general expression

�Hybrid �
wnet

qin
� �� qout

qin
�A���

where� noting the sequence of heat additions and rejections we have

�Hybrid � �� q���

q��� � q���
�A���

where q���� q��� and q��� are composed of internally reversible isobaric� isothermal and
isobaric processes respectively� Thus� we arrive at

�Hybrid � �� Cp"T���

Cp"T��� � T�"s���
�A�
�

��



�


Figure A��� T�s diagram for hybrid isothermal�Brayton cycle

For the isothermal heat addition process 
� 	 we note

"s��� � Cpln�
T�
T�

��Rln�
P�
P�

� �

�Rln�P�
P�

� � �Rln�P��P�
P��P�

� � �Rln�P���P�
P��P�

� �A�	�

where for the isentropic process �� �
�

we have P�� �P� � �T���T��
�������� Furthermore�

we can rewrite P��P� via the following

P�
P�

�
P�
P�

� �
T�
T�

��������� � ��������c �A���

where we are now re�introducing the notation �c� � T���T�� �� � T��T� and �c � T��T��

Hence� the isobar connecting state �
�

and 	 represent the isobaric heat addition for the
equivalent Brayton cycle with peak temperature ratio �� and compressor temperature
ratio �c� and also serves to de�ne an isothermal cuto� temperature T�� � Combining the
previous developments gives

"s��� � �Rln��T���T����c�������� � �Rln��c�
�c

�
�������

�A���

Making substitutions and dividing by Cp yields

�Hybrid � �� "T���

"T��� � RT�
Cp

ln�
�
c
�

�c
��������

�
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�� T� � T�

�T� � T��� RT�
Cp

ln�
�
c
�

�c
��������

�A���

which can be almost completely expressed in terms of temperature ratios already de�ned

�Hybrid � ��
T�
T�
� �

T�
T�
� T�

T�
� ��

���
� ln�� �c��c�

�������

� ��
T�
T�
� �

�� � �c � ��ln��c���c�
�A�
�

Finally� the temperature ratio T��T� can be found via the observation that "s��� � "s���

which gives �noting that the two paths �� � and �
� � 	 are isobaric�

Cpln�
T�
T�

� � Cpln�
T�
T��

�� T�
T�

�
T�
T��

�
T��T�
T���T�

�
��
�c�

�A���

This yields our �nal general expression for the Hybrid cycle e�ciency

�Hybrid � �� ����c� � �

�� � �c � ��ln��c���c�
�A����

Note in the limit as �c � �c� we recover the cycle e�ciency for the ideal Brayton cycle�

�Hybrid � �� �c�
����� � �c� �

�� � �c � ��ln��c���c�

�c��
c
�

�

�� ���c ��� � �c�

�� � �c
� �� �c

�� � �Brayton �A����

Likewise� in the limit as �c � �� our combined cycle e�ciency reduces to that of the
isothermal cycle

�Hybrid � ��
��
�
c
�

� �

�� � �c � ��ln��c���c�

�c���� �� ����c�
�� � ���� �

���ln��c�����
� �� ��c

�� � ���� �

ln�����c�
� �Isothermal �A����



��

where �c is equivalent to �c� � As in the case of the ideal Brayton and Isothermal cycle a
normalized work can also be calculated�

W �

Hybrid �
wHybrid

CpT�
�

q��� � q��� � q���

CpT�
�

Cp�T� � T�� � T�"s��� � Cp�T� � T��

CpT�
�A��
�

Using the previous expression for "s��� �A�	� and substituting our previously de�ned
temperature ratios we �nd

W �

Hybrid �
T�
T�
� T�
T�
� T�
T�
ln
�c�

�c
� T�
T�

� � �

� � �� � �c � ��ln
�c�

�c
� ��
�c�

�A��	�

or
W �

Hybrid � �� �c � ����� ���c� � ln
�c�

�c
� �A����

Taking the limit as �c � �� we �nd

W �

Hybrid
�c���� �� �c � ����� �c�

�� � ln
�c�

��
� �

�� ��
�c�

� ��ln
�c�

��
� W �

Isothermal

�A����

as expected� And taking the limit as �c � �
�

c we also �nd that

WNorm
Hybrid

�c��
c
�

� �� �c � �� � ��
�c

� W �

Brayton



Appendix B

DIFFUSION VIA THE

CHAPMAN�ENSKOG CORR�

The coe�cient estimates to be used for Di�j in equation �	��� are not readily available in
tabular form for Oxygen or Nitrogen� However� data does exist for using the Chapman�
Enskog correlation �derived via psuedo emperical methods� and consists of the following
relationship�

Di�j � ������
T ���

PMW
���
i�j ��i�j$D

�B���

where

�i�j � �i � �j
�

�B���

MWi�j � ��MW��
i �MW��

j ��� �B�
�

$D � ����

T �
����
�

����


e
���T �
�

���


e����T �
�

����

e���
T �
�B�	�

T
 � T

���i�kB���j�kB�����
�B���

where �i� �j� �i and �j are constants� The required physical constants are given in Table
B�� � along with intermediate and �nal calculated values relevant to Di�j �

�Svehla� R�A�� �Estimated viscosities and thermal conductivities of gases at high temperatures��� �th
Ed�� McGraw�Hill� New York� �	��

��



��

Table B��� Required data for calculation of binary di�usion
coe�cients Di�j

Species i species j �i�kB �j�kB �i �j MWi MWj Di�j���
��� �m��s�

O� Air ����� �
�� 
�	 
��� 
��� �
�� ���	
N� Air ���	 �
�� 
��� 
��� �
�� �
�� ����



Appendix C

CYCLE COMPARISONS

C�� CONSTANT OVERALL PRESSURE RATIO

In order to utilize the results derived from the �ow simulation for the purpose of comparing
the isothermal to the Brayton cycle work output� etc�� we proceed as follows� Restating the
Brayton� combined Hybrid and an intermediate �non�isothermal� cycle as displayed in the
Figure C�� a comparison can be made between the Hybrid cycle operating over the closed
path �� �� 
� � 
� 	� �� the equivalent Brayton cycle �� �� 
� � 


�� � 	
�� � �

and an intermediate cycle � � � � 
� � 
��� � 	��� � �� Note that the processes � � ��


�� � 	

��

� 
� 	 and 
��� � 	��� are assumed isentropic �i�e� reversible and adiabatic�� Also�
computational data exists for the paths 
� � 
� 
� � 
��� and 
� � 


��

�corresponding to
the combustion and non�combustion cases respectively�� To compare cycle output and
thermal e�ciency we �rst characterize the Brayton cycle turbine work as the sum of the
subprocess works for the turbine� Or

wBrayton
turbine � w������ � w������� �

Fyj�Vbladej
�

m
� wreversible

�������
�C���

where the �rst quantity on the right is calculated via simulation data and the last term is
simply reversible boundary work for an assumed �internally� reversible expansion process


�� � 	

��

� Likewise an expression for the turbine work for the Hybrid cycle is given by

wHybrid
turbine � w���� � w��� �

Fyj�Vbladej
�

m
� wreversible

��� �C���

Also the expression for the intermediate injection case yields an expression for speci�c
turbine work

wIntermediate
turbine � w������� � w��������� �

Fyj�Vbladej
�

m
� wreversible

��������� �C�
�

�




C��� CONSTANT OVERALL PRESSURE RATIO ��

Figure C��� T�s diagram for Hybrid�nonisothermal�Brayton cycle comparison

Next� an expression for reversible adiabatic boundary work is arrived at via the
following development� For an open system undergoing an internally reversible process we
have the following di�erential expressions for the energy and entropy balances �both on a
per unit mass�

�qreversible � �wreversible � dh
 �C�	�

ds �
�q

T
� �sirr� �

�q

T
�C���

Combining these two expressions we have the following relationship

�wreversible � dh
 �C���

Thus� the reversible adiabatic work can be expressed as

wreversible � "h
 	 Caverage
P "T
 �C���

If we assume low Mach numbers �i�e� T
 	 T � then the resulting expressions for total
speci�c turbine work for the intermediate� isothermal and Brayton cycle are

wBrayton
turbine 	 Fyj�Vbladej

�

m
� Caverage

P �T��� � T��� � �C�
�

wHybrid
turbine 	

Fyj�Vbladej
�

m
� Caverage

P �T� � T�� �C���
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wIntermediate
turbine 	 Fyj�Vbladej

�

m
� Caverage

P �T���� � T����� �C����

"T for an isentropic process can be calculated by noting the following relationship between
temperature and pressure �total or local� assuming constant speci�c heats

�
T�
T�

�isentropic � �
P�
P�

�������� �C����

where � is some suitably chosen average value over the process�
In addition� to speci�c work we may also be interested in comparing thermal e��

ciency� We can begin by noting the de�nition of cycle e�ciency where net work is the
di�erence between turbine and compressor work �for� say a turboshaft engine�

� � wnet

qin
�

wturb � wcomp

qin
�C����

Or more speci�cally�

�Brayton �
wturb � wcomp

qin
�

wturb � wcomp

q����
�C��
�

�Hybrid �
wturb � wcomp

qin
�

wturb �wcomp

q���� � q����

�C��	�

�Intermediate �
wturb � wcomp

qin
�

wturb � wcomp

q���� � q�������
�C����

where

q���� � "h
������ 	 "h������ �

Z T
�
�

T�
Cp�T �dT �C����

Note that Cp in the preceding cycle analysis can be approximated by that of air �the
combustion process results in a change in speci�c heat due to changes in chemical compo�
sition� but we choose to neglect this��� Speci�c heat �for air� as a function of temperature
is given by

CP �T � � ���� � ���������T � ��������	�T � � �����������T � �C����

where the units are �kJ�kg �� K�� Thus

q���
� 	

Z T
�
�

T�
Cp�T �dT 	

����T

					
T�

T��

� 
�
������T �

					
T�

T��

� ��������	�T �

					
T�

T��

� ���
�������T �

					
T�

T��

�C��
�

�As a check the simulation mixture speci
c heat and calculated speci
c heat for air were compared
and had the values ���	 and �����kJ�kg �� K�� Thus� with an error of about �� we are justi
ed in
approximating the mixture by a single component �uid �air��
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Now� the heat addition for the isothermal process 

� � 
 can be approximated by using

the upper heating value HHV for Kerosene�� Hence�

q���� �

�

mfuel
�

m
HHV �C����

Finally� the compressor work can be estimated via the previous reversible work expression

wreversible 	 Caverage
P �T
�� � T
��� �C����

or assuming low compressor inlet and outlet Mach numbers

wreversible 	 Caverage
P �T� � T�� �C����

where the inlet pressure and temperature are that of the ambient ����MPa and 
���K��
Now� for computational purposes� quantities of interest to us are � and hence Cp

evaluated at T�� T�� T��� � T��� � T���� � T���� and T�� thus let us assume values for the previous
temperatures and iterate the solutions as needed �see Table C�� for all assumed relevant
state temperatures��

Table C��� Assumed state temperatures� Cp and �

State T CP �

� 
�� ���� ��	�
� 
�� ���
 ��
�
	 
�� ���
 ��
�

	
��


�� ���
 ��
�

	
���


�� ���
 ��
�

Thus� we can assign an average value for speci�c heat and � over the required
processes �see Table C�� for all assumed path averaged relevant properties��

Table C��� Assumed process averaged Cp and �

Process CP �

�� � ���	 ��



�Again we are assuming vapor injection �as opposed to droplet� where the upper heating value for
Dodecane was used which is ��
 ����kJ�kgfuel��
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Note that for certain states �namely� 
� 

�



��

and 

���

we have simulated data for
speci�c heat and �� This information is presented in Table C�
�

Table C�
� Simulation Cp and �

State CP �


 ��
� ���




�

��
� ����



��

��
� ���




���

��
� ����

Thus� as in the previous case we can calculate an average value for speci�c heat and
� for relevant the processes 
� 	� 


�� � 	
��

and 

��� � 	

���

�given in Table C�	��

Table C�	� Assumed process averaged speci�c heats and �

Process CP �


� 	 ���� ��
�



�� � 	

��

���� ��
�



��� � 	

���

���� ��
�

For reversible adiabatic compression �� � we have

T� � T��
P�
P�

�������� � 
���
	���
�������� � ������K �C����

�which is very close to our initial guess of 
���K �� Thus� the compressor work via C���
is given by

wcompressor 	 CP �T� � T�� � ���	���� � 
��� � ����
�kJ�kg� �C��
�

Next we determine the heat addition in the combustor �process �� 

�

�� via �C��
� which
gives a value for q���� of �� �	��
�kJ�kg�� In addition� we also have �

q���� �

�

mfuel
�

m
HHV �

����


���

�	�� 
	�� � �	����kJ�kg� �C��	�

and

q������� �

�

mfuel
�

m
HHV �

�����

���
�
�	�� 
	�� � �
�
�kJ�kg� �C����

�The �ow rates were selected from the mid�rotor injection simulaton
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Finally� we must determine the turbine exit temperature for the simulated Brayton� Hybrid
and Intermediate cycle via C��� which gives

�
T���

T���
� � �

P���

P���
�������� � TBrayton

���
� �� ���������	�
�������� � �
����K �C����

�
T�
T�

� � �
P�
P�

�������� � THybrid
� � �� ���������	�
�������� � ��	���K �C����

�
T����

T����
� � �

P����

P����
�������� � T Intermediate

����
� �� �	�������	�
�������� � ��	�����K �C��
�

Note that these results are close to the assumed values in Table C��� Thus� from these
results and utilizing �C�
�� �C��� and �C���� we have the following

wBrayton
turbine 	 �
�
�����

�����
� ������ ����� � �
���� � �������kJ�kg� �C����

wHybrid
turbine 	

�
�������

�����
� ������� ����� � ��	��� � �������kJ�kg� �C�
��

wIntermediate
turbine 	 �
�������

���
�
� ������� �	��� � ��	��
� � �������kJ�kg� �C�
��

Finally� using the general expression for thermal e�ciency we have

�Brayton �
wturb � wcomp

qin
�

wturb �wcomp

q����
�

������ � ����


�� �	��

� ����� �C�
��

�Hybrid �
wturb � wcomp

qin
�

wturb � wcomp

q���� � q����

�
������ � ����


�� �	��
 � �	���
� �����

�C�

�

�Intermediate �
wturb �wcomp

qin
�

wturb � wcomp

q���� � q�������
�

������ � ����


�� �	��
 � ����
� ���



�C�
	�

C�� NON�CONSTANT PRESSURE RATIO

Simulation date exists for the paths 
� � 
 and 
 � 	� in the form a high inlet pressure
simulation with an exit pressure and temperature comforming to that of state 
� and the
non�combustion simulations with an inlet state 
�� Note that all quantities relevant to

�See Appendix E for inlet and exit states�
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Figure C��� T�s diagram for hybrid and Brayton cycle for equal peak temperatures and
isothermal cuto��turbine inlet pressures

process 	� � 	� � � �� and 	 � � have previously been calculated� Hence� the only
remaining quantities to calculate are w���� q���� � q���� and w����� Speci�cally� assuming
identical average process values for speci�c heat� etc� for �� � we have

T� � T��
P�
P�

�������� � 
���	�����
�������� � 
�	�K �C�
��

wcompressor 	 CP �T� � T�� � ���	�
�	 � 
��� � �
��kJ�kg� �C�
��

Using the integrated expression for heat addition C��
 we �nd a value of ������kJ�kg� for
q���� The heat addition q���� is also given by

q���� �

�

mfuel
�

m
HHV � 	�� 
	�

�����

����
� �

�
�kJ�kg� �C�
��

Hence� combining simulation date with the assumed isentropic expansion process 	 � �
we have the expression for turbine speci�c work for the high pressure Hybrid case

wHP�Hybrid
Turbine 	 �

Fy j�Vbladej
�

m
����� � �

Fyj�Vbladej
�

m
����� �Caverage

P �T �

� � T��

� �� ����kJ�kg� �C�

�
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�

or in terms of net work

wHP�Hybrid
net 	 wTurbine � wComp� � ��	�kJ�kg� �C�
��

The e�ciency for the high pressrue Hybrid cycle is given by

�HP�Hybrid �
wnet

qin
�

wnet

q���� � q����

�
��	

����� � �

�

� ��������� �C�	��

Thus� the high pressure hybird cycle has an e�ciency �based on pseudo simulation data�
of ��� and speci�c net work of ��	�kJ�kg��



Appendix D

PATTERN FACTORS

Of interest to us is the extent to which the �ow is non�uniform in temperature just down�
stream of combustion� Indeed� for the case of rotor injection� an accompanying foil� such
as a stator blade may reside just downstream� Thus� we de�ne two pattern factors as

PF � Tmax � Tmean

"Tstage
�D���

PF � Tmax � Tmin

"Tstage
�D���

where "Tstage is the temperature change for the non�injection case��

Table D��� Required data for calculation of pattern factor
�laminar rotor injection�

Injection location T �

maxK T �

minK T �

meanK "T �

stageK

No Injection �� ��� �� ��	 �� ��� ��
LEPS Injection ����
 �� ��� �� ��� ��
Mid Injection �� ��� �� ��
 �� ��� ��
LESS Injection �� ��� �� �
� �� ��	 ��

The chosen distance from the trailing edge �in the meridonial direction� is approx�
imately one quarter of a cord length� The required quantites are given in Table D����

�Note that a pattern factor for a turbine is traditionally de
ned where �T is over a stage� but in our case
change in local temperature is �ideally� zero given that our aim is to achieve isothermal combustion� Hence�
we use the non�combustion stage temperature drop to normalize the non�uniformity in �ow temperature�

�Note that the average temperature used for Tmean was not the pro
le mean� but the stage outlet mean


�




�

Finally� the calculated pattern factors are given in Table D��

Table D��� Calculated pattern factors �laminar rotor injec�
tion�

Injection location PF PF

No Injection ���� ����
LEPS Injection ��
	 ����
Mid Injection ��	� ����
LESS Injection ���	 ��		

Similarly� we have the required data for the stator injection cases�

Table D�
� Required date for calculation of pattern factor
�laminar stator injection�

Injection location T �

maxK T �

minK T �

meanK "T �

stageK

No Injection �� ��� �� ��� �� ��	 
���
LESS Injection �� 
�� �� �
� �� ��� 
���
LEPS Injection �� 
�
 �� ��� �� ��	 
���
LESS Injection �� 
�
 �� 
�
 �� ���� 
���
LEPS Injection �� 
�� �� 
�� �� ��� 
���

Table D�	� Calculated pattern factors �laminar stator adia�
batic wall injection�

Injection location PF PF

non injection ���	� ���
�
less ��	� ��	

leps ���� ��	�
tess 
��� ����
teps 
��	 	�	�

�ow temperature� Given that no turning or work extraction is present after the �ow proceeds downstream
of the rotor� average local temperature should remain essentually constant�



Appendix E

BOUNDARY CONDITIONS

The boundary conditions for all simulations are provided in Table E��

Table E��� Simulation boundary conditions

Quantity Boundary value

P 

inlet 
�� MPa �	�	 MPa for high pressure case�

Poutlet ��� MPa �
�� MPa for high pressure case�
T 

inlet �� ����K

Toutlet �back�ow only� �� ����K
Tinjection ����K
Tuinlet � �

Tuoutlet �back�ow only� � �
Tuinjection �� �
HD�injection� ����� �m�

HD�inlet� ��� �m�

HD�outlet� ��� �m�

Tsurface �non�addiabatic surface� �� ����K
�

mfuel variable �������kg�s� target�� �injection normal to boundary�

V rotor blade
y ��� m�s

�fuelinjection �

�N�

inlet �����

�O�

inlet �����

�H�O
inlet ���
�

�CO�

inlet �����







Appendix F

SIMULATION DATA

F�� BULK FLOW QUANTITIES

F���� ROTOR INJECTION

Table F��� Inlet and exit �ow properties for reacting �ow case
�rotor less injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ���� 
�	� ���� �� ��� �� ��	 ����
Unst��ad ED� ���� ���
 
�	� ���� �� ��� �� ��� ����
Unst��ad PDF� ���� ��
� 
�	� ���� �� ��� �� ��� ����

Unst��nonad�LAM ���� ��	� 
�	� ���� �� ��� �� ��� ���	
Unst��nonad�ED ���� ��
� 
�	� ���� �� ��� �� ��
 ���


Unst��nonad� PDF ���� ���� 
�	� ���� �� ��� �� �	� ����


�



�� APPENDIX F� SIMULATION DATA

Table F��� Inlet and exit �ow properties for reacting �ow case
�rotor mid injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��� ���

Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad PDF� ���� ���� 
�	� ���� �� ��� �� 
�� ����

Unst��nonad�LAM ���� ��	� 
�	� ���� �� ��� �� ��
 ����
Unst��nonad�ED ���� ��	
 
�	� ���� �� ��� �� ��� ���	

Unst��nonad� PDF ���� ���� 
�	� ���� �� ��� �� ��� ����

Table F�
� Inlet and exit �ow properties for reacting �ow case
�rotor leps injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad PDF� ���� ���� 
�	� ���� �� ��� �� 
�� ���


Unst��nonad�LAM ���� ��	
 
�	� ���� �� ��� �� ��� ���	
Unst��nonad�ED ���� ��	� 
�	� ���� �� ��� �� ��
 ����

Unst��nonad� PDF ���� ���� 
�	� ���� �� ��� �� ��� ���


F�� STATOR INJECTION

Table F�	� Inlet and exit �ow properties for reacting �ow case
�stator less injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��	 ����
Unst��ad PDF� ���� ��

 
�	� ���� �� ��� �� ��� ����

Unst��nonad�LAM ���� ��	� 
�	� ���� �� ��� �� ��
 ���	
Unst��nonad�ED ���� ��	� 
�	� ���� �� ��� �� ��� ����

Unst��nonad� PDF ���� ���
 
�	� ���� �� ��� �� �	� �
�	



F��� STATOR INJECTION ��

Table F��� Inlet and exit �ow properties for reacting �ow case
�stator leps injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��
 ���

Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��
 ���

Unst��ad PDF� ���� ���
 
�	� ���� �� ��� �� �
� �
�	

Unst��nonad�LAM ���� ��	� 
�	� ���� �� ��� �� ��� ����
Unst��nonad�ED ���� ��	� 
�	� ���� �� ��� �� ��� ����

Unst��nonad� PDF ���� ���� 
�	� ���� �� ��� �� �
	 ����

Table F��� Inlet and exit �ow properties for reacting �ow case
�stator tess injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��	 ���

Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad PDF� ���� ��� 
�	� ���� �� ��� �� ��� ����

Unst��nonad�LAM ���� ��
� 
�	� ���� �� ��� �� ��
 ���	
Unst��nonad�ED ���� ��	� 
�	� ���� �� ��� �� ��
 ����

Unst��nonad� PDF ���� ��
� 
�	� ���� �� ��� �� ��
 ����

Table F��� Inlet and exit �ow properties for reacting �ow case
�stator teps injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��
� 
�	� ���� �� ��� �� ��
 ���

Unst��ad ED� ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��ad PDF� ���� ���� 
�	� ���� �� ��� �� ��
 ����

Unst��nonad�LAM ���� ��
� 
�	� ���� �� ��� �� ��� ����
Unst��nonad�ED ���� ��	� 
�	� ���� �� ��� �� ��� ���


Unst��nonad� PDF ���� ���� 
�	� ���� �� ��� �� ��� ���




�� APPENDIX F� SIMULATION DATA

F�� OTHER QUANTITIES OF INTEREST

F���� ROTOR

Table F�
� Injection rates� peak temperatures� etc �rotor less
injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� ������ ����� �� ��

Unst��ad ED� ������ ���
	 �� ���
Unst��ad PDF� ������ ����� �� ��	

Unst��nonad�LAM ������ ����� �
Unst��nonad�ED ������ ���

 �

Unst��nonad� PDF ������ ����
 �

Table F��� Injection rates� peak temperatures� etc �rotor mid
injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� ����� ����
 �� ���
Unst��ad ED� ������ ����� �� ��	
Unst��ad PDF� ������ ���		 �� ��


Unst��nonad�LAM ����
� ����� �
Unst��nonad�ED ������ ���

 �

Unst��nonad� PDF �����	 ����
 �

Table F���� Injection rates� peak temperatures� etc �rotor
leps injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� ����� ����� �� ���
Unst��ad ED� ������ ���
� �� ��	
Unst��ad PDF� ������ ����
 �� ��


Unst��nonad�LAM ����� ����� �
Unst��nonad�ED �����
 ���
� �

Unst��nonad� PDF �����	 ����� �



F��� OTHER QUANTITIES OF INTEREST �


F���� STATOR

Table F���� Injection rates� peak temperatures� etc� �stator
less injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� �����
 ����� �� ���
Unst��ad ED� ������ ����	 �� �


Unst��ad PDF� ������ ���
� �� ��	

Unst��nonad�LAM �����
 ����� �
Unst��nonad�ED �����
 ����
 �

Unst��nonad� PDF ����� ����� �

Table F���� Injection rates� peak temperatures� etc �stator
leps injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� ������ ����	 �� �	�
Unst��ad ED� ������ ����
 �� ���
Unst��ad PDF� ������ ����� �� ���

Unst��nonad�LAM ������ ����� �
Unst��nonad�ED ������ ����
 �

Unst��nonad� PDF ����� ���
	 �

Table F��
� Injection rates� peak temperatures� etc �stator
tess injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� ������ ���
� �� ���
Unst��ad ED� �����	 ����� �� 	��
Unst��ad PDF� �����	 ���
� �� ���

Unst��nonad�LAM ������ ����� �
Unst��nonad�ED ������ ����� �

Unst��nonad� PDF ������ ����� �



�	 APPENDIX F� SIMULATION DATA

Table F��	� Injection rates� peak temperatures� etc �stator
teps injection�

Sim� type "�CO�

�

mfuel Tpeak
�K

Unst��ad LAM� �����
 ����� �� ���
Unst��ad ED� ������ ����� �� ���
Unst��ad PDF� ����� ����
 �� ���

Unst��nonad�LAM ������ ���
� �
Unst��nonad�ED ������ ����� �

Unst��nonad� PDF ������ ���� �

F�� REDUCED INJECTION RATE CASE

Table F���� Inlet and exit �ow properties for reacting �ow
case �reduced mid�injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��	� 
�	� ���� �� ��� �� �	� ����
Unst��nonad LAM� ���� ���� 
�	� ���� �� ��� �� ��� ����

Table F���� Injection rates� peak temperatures� etc �reduced
mid�injection�

Sim� type "�CO�

�

mfuel

Unst��ad LAM� �����
 ����

Unst��onoad LAM� ������ �����

F�� INCREASED PRESSURE RATIO CASE

Table F���� Inlet and exit �ow properties for reacting �ow
case �high pressure mid�injection�

Sim� type 
inlet�m
�� 
outlet�m

�� Pinlet�MPa� Poutlet�MPa� T �

inletK T �

outletK
�

min �kg�m�

Unst��ad LAM� ���� ��

 	��� 
��� �� ��� �� ����
 ����



F��� INCREASED PRESSURE RATIO CASE ��

Table F��
� Injection rates� peak temperatures� etc �high
pressure mid�injection�

Sim� type "�CO�

�

mfuel Fy kN

Unst��ad LAM� ������ ����� ����
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