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Precision Neutrino Oscillations: Important Considerations for

Experiments

Rebekah Faith Pestes

(ABSTRACT)

Currently, we are in an era of neutrino physics in which neutrino oscillation experiments

are focusing on doing precision measurements. In this dissertation, we investigate what is

important to consider when doing these precise experiments, especially in light of significant

unresolved anomalies. We look at four general categories of considerations: systematic un-

certainties, fundamental assumptions, parameterization-dependence of interpretations, and

Beyond the Standard Model (BSM) scenarios. By performing a simulation using GLoBES,

we find that uncertainties in the fine structure of the reactor neutrino spectrum could be vi-

tally important to JUNO, a reactor neutrino experiment being built in China, so a reference

spectrum with comparable energy resolution to JUNO is needed in order to alleviate this un-

certainty. In addition, we determine that with their fix of the fine structure problem, JUNO

can test the existence of a quantum interference term in the oscillation probability. We also

reason that the CP -violating phase is very parameterization dependent, and the Jarlskog in-

variant is better for talking about amounts of CP violation in neutrino oscillations. Finally,

we discover that CP -violating neutrino Non-Standard Interactions (NSIs) could already be

affecting the outcomes of T2K and NOνA, two accelerator neutrino experiments, and may

be why there is a tension in these two data sets.



Precision Neutrino Oscillations: Important Considerations for

Experiments

Rebekah Faith Pestes

(GENERAL AUDIENCE ABSTRACT)

Neutrinos are very weakly interacting, fundamental particles that are extremely plentiful

in the universe. There are three known types (or flavors) of neutrinos, and the fact that

they change flavors (or oscillate) informs us that their mass is not zero, but no experiments

have been able to put a lower bound on the smallest neutrino mass. Now that experiments

measuring neutrino oscillations have become more precise and some significant anomalies

remain unresolved, there are considerations that have become important to investigate. In

this paper, we look at four of these considerations:

• Uncertainties in the finer shapes in the energy spectrum of neutrinos coming from a

nuclear reactor (Chapter 2): We find that these uncertainties could destroy the ability

of the Jiangmen Underground Neutrino Observatory (JUNO) to meet one of its major

goals, unless they measured the spectrum at a spot close to the reactor with a really

good energy resolution (comparable to that of JUNO).

• An assumption about quantum mechanics being the foundation of particles and their

interactions (Chapter 3): We determine that by heeding our warning in Chapter 2,

JUNO will be able to test the existence of the term in the oscillation probability

arising out of quantum interference.



• How the neutrino oscillation parameter known as the CP -violating phase is dependent

on the parameterization scheme used for the matrix describing how the flavors mix

to make neutrino oscillation possible (Chapter 4): We find that the parameterization

dependence is drastic, and if we want to discuss how much CP violation (i.e. a mea-

sure of how neutrinos behave differently from their anti-matter counterparts) exists in

neutrino oscillations, we should talk about a quantity called the Jarlskog invariant.

• The possibility of interactions existing between neutrinos and other particles that are

not part of the Standard Model of Particle Physics, i.e. neutrino Non-Standard Inter-

actions (NSIs) (Chapter 5): We discover that NSIs that are CP -violating can actually

explain a current discrepancy between two neutrino oscillation experiments: Tokai to

Kamioka Nuclear Decay Experiment (T2K) and NuMI Off-axis νe Appearance (NOνA).
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Chapter 1

Introduction

1.1 Neutrinos

In the early 1900’s, there were a number of experiments investigating beta decay for various

radioactive isotopes [3], which was thought to be given by the formula

A
ZX→ A

Z+1X′ + e− , (1.1)

where A and Z are the atomic mass and atomic number of the radioactive isotope X (whose

nucleus is called the parent nucleus), X ′ (whose nucleus is called the daughter nucleus) is the

element that is produced by the decay of X, and e− is an electron. If this formula was correct,

then the electron would carry away all of the difference in energy between the daughter and

parent nuclei, so the energy spectrum of the outgoing electrons from beta decays of a single

isotope would be mono-energetic. Instead, the experiments observed a continuous electron

energy spectrum with a maximum where they thought the mono-energetic line should be [4],

1
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as expressed by

A
ZX→ A

Z+1X′ + e− + (missing energy) . (1.2)

In 1930, Wolfgang Pauli proposed that an undetected neutral particle was taking away the

missing energy, so Eq. (1.2) would be replaced by

A
ZX→ A

Z+1X′ + e− + ν̄ , (1.3)

where ν̄ is the proposed particle. Since the maximum energy in the electron spectrum was

consistent with all the energy difference between the two nuclei, this particle, later named

a neutrino by Enrico Fermi [5], would need to have very little, if any, mass. Also, neutrinos

would need to have really high penetrating power in order to escape detection by any of the

beta decay experiments, so of the forces in the Standard Model of Particle Physics (SM),

the weak nuclear force would be the only one to which neutrinos are sensitive. While this

makes them very difficult to detect, it is not impossible to observe them, as was shown by the

first confirmed detection of neutrinos from a nuclear reactor by Clyde Cowan and Frederick

Reines in 1956 [6].

Once muons were discovered and it was determined that a neutrino was produced along with

the muon in pion decay (i.e. the formula for the decay of a pion π− is

π− → µ− + ν̄ , (1.4)

where ν̄ is an antineutrino), the question arose of whether these neutrinos were the same as

the neutrinos in Eq. (1.3). So, a group at Brookhaven National Lab used a pion beam to

produce “muon neutrinos” via Eq. (1.4) and detected them in a 10 ton spark chamber via the

interaction below:

ν̄ + p+ → n0 + µ+ , (1.5)
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where p+ is a proton and n0 is a neutron. If the neutrinos in Eqs. (1.3) and (1.4) are the same,

then positrons (e+) would also be expected to be detected from the following interaction in

the detector:

ν̄ + p+ → n0 + e+ . (1.6)

In the experiment, they observed that there were only muons produced in interactions of the

neutrinos with the detector. Thus, in 1962, this group confirmed that electron neutrinos and

muon neutrinos are distinct particles [7], and “electron” and “muon” became known as the

“flavor” of the respective types of neutrinos. A third flavor of neutrinos (tau neutrinos) was

not positively detected until 2001 [8], though its existence was assumed long before that.

An interesting question to think about is whether there might be more flavors of neutrinos

than the three in the SM. This is a question that the Large-Electron Positron Collider (LEP)

at the European Organization for Nuclear Research (CERN) aimed at addressing. The half-

life of the Z0 boson, which can be determined from the width of the Z0 boson resonance,

depends on how many types of neutrinos with a smaller mass than half of the Z0 boson’s

mass interacted with it. So, in measuring the width of the Z0 boson resonance, the four

experiments at LEP were able to determine that the number of light (i.e. less mass than half

of Z0’s mass), active (i.e. participate in weak interactions) neutrinos must be 3 [9–12]. The

combined measured value for the number of light, active neutrinos is 2.984± 0.008 [13].

1.1.1 Neutrino Detectors

There are two type of weak interactions that neutrinos have with matter: neutral current

(NC) interactions and charged current (CC) interactions. In NC interactions, an incoming

(anti)neutrino exchanges a Z0 boson with another fermion (see Fig. 1.1). All that may

be detectable from this is the fermion’s change in momentum; no information about the



4 Chapter 1. Introduction

neutrino’s flavor can be known. In CC interactions, an incoming (anti)neutrino becomes a

lepton of the corresponding flavor (e, µ, τ) through the exchange of a W+ (or W−) boson

with another fermion (see Fig. 1.2). The detector observes the lepton produced in this

interaction. For a CC interaction to be possible, the neutrino must have at least as much

energy as the mass of its corresponding charged lepton. In most situations, neutrinos are

traveling and interacting with “ordinary matter,” which is the matter that makes up atoms

(i.e. up quarks, down quarks, and electrons).

When Cowan and Reines conducted the experiment that first confirmed the existence of

neutrinos, they used a layered setup with a target of cadmium chloride in water and a liquid

scintillator with photomultiplier tubes (PMTs) [6]. An electron antineutrino (ν̄e) from the

nuclear reactor would interact with a proton in the target via inverse beta decay, which

follows this equation:

ν̄e + p+ → e+ + n0 . (1.7)

The positron produced would annihilate with an electron in the detector, producing gamma

rays that would be absorbed and reemitted by the scintillator and detected by the PMTs.

The neutron would be captured by the cadmium, producing a gamma+ ray burst that would

also be detected by the scintillator/PMT combination. The coincidence of these two specific

signals is what was searched for in order to have a confirmed electron antineutrino detection.

�Z0

f

ν

f

ν

Figure 1.1: Sample neutral current neutrino interactions with matter. The neutrino can
be any flavor of neutrino or antineutrino and f is any fermion in the matter (for ordinary
matter, f = u,d,e−).
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�W+

d

νl

u

l−

�W−

u

ν̄l

d

l+

�W+

e−

νl

νe

l−

�W−

e−

ν̄e

l−

ν̄l

Figure 1.2: Sample charged current neutrino interactions with ordinary matter. The flavor
of lepton l can be e, µ, or τ .

Neutrino detectors can also use a liquid scintillator as the target medium.

Spark chambers are another early method used to detect the charged lepton produced from a

CC interaction [7]. The spark chamber contained aluminum plates and was filled with neon.

A charged particle passing through would ionize the neon, and then a high voltage would be

applied to the spark chamber, which would make sparks where the ions were.

Another type of neutrino detector that is commonly used today is a water Cherenkov de-

tector. When a neutrino interacts with the water via a CC interaction, the corresponding

charged lepton will produce Cherenkov radiation if it is moving faster than the speed of light

in water. The fuzziness of the circle of light detected by the PMTs indicates the flavor of

the charged lepton. The IceCube Neutrino Observatory, a ∼ 1 km3 detector in Antarctica, is

an example of a water Cherenkov detector that uses ice, instead of liquid water, to observe

atmospheric and astrophysical neutrinos. Instead of having PMTs surrounding the detec-

tor volume like most other neutrino detectors, the IceCube experiment basically consists of
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strings with evenly spaced PMTs that are lowered into the ice primarily in a hexagonal grid

pattern.

Liquid argon is another material that can be used as a target material for neutrino detectors

to make a time projection chamber. Charged particles produced from the neutrino interaction

ionize the argon as they travel through the detector, and the electrons produced thereby drift

under the influence of an electric field to a wire, where they produce a current pulse.

1.2 Neutrino Oscillation

With multiple distinct flavors of neutrinos comes the possibility that the neutrino mass

eigenstates are not equivalent to the flavor eigenstates, as is the case with quarks. This

possibility requires that the neutrino masses be different from one another, so not all of the

neutrinos could be massless, and results in the neutrinos changing flavor as they propagate, a

phenomenon called neutrino oscillation. In 1957, Bruno Pontecorvo was the first to propose

the idea that neutrinos might oscillate, though in that paper, he just looked at neutrino-

antineutrino oscillation [14]. After it was known that there are more than one flavor of

neutrinos, Ziro Maki, Masami Nakagawa, and Shoichi Sakata proposed a two flavor version

of the phenomenon of neutrino oscillation described below [15].

1.2.1 Neutrino Mixing Matrix

To parameterize the differences between the mass and flavor eigenstates, we use the neutrino

mixing matrix U , also called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, as

follows:

|να〉 = U∗αi |νi〉 , (1.8)
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where |να〉 for α = e, µ, τ are the flavor eigenstates and |νi〉 for i = 1, 2, 3 are the mass

eigenstates (with eigenvalues mi for i = 1, 2, 3, respectively). We define the mass eigenstates

such that |Ue1| > |Ue2| > |Ue3|. In general, the elements of U can be complex, and the size of

U would need to increase if there are more flavors of neutrinos that mix with the three flavors

in the SM. Thus, if we assume that there are only three neutrino flavors and that energy

conservation still holds, U should be a unitary matrix. A discussion of how we parameterize

this matrix can be found in Section 4.2.3. The result (when assuming U to be unitary and

only using the parameters that affect neutrino oscillation) is a matrix with four independent

parameters: 3 mixing angles (θ12, θ13, θ23) and 1 phase (δ), in the parameterization used by

the Particle Data Group (PDG) [13]. The PDG parameterization of U is

UPDG =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 , (1.9)

where cij ≡ cos(θij) and sij ≡ sin(θij).

1.2.2 Oscillation Probability in Vacuum

Assuming mi � E (where E is the neutrino’s energy), the Hamiltonian in the mass basis

for three flavors of neutrinos in a vacuum is

Hvac =
1

2E


m2

1 0 0

0 m2
2 0

0 0 m2
3

 =
1

2E


0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

+
m2

1

2E
I3 , (1.10)
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where mi is the mass of |νi〉, ∆m2
ij ≡ m2

i − m2
j for i, j = 1, 2, 3 are the neutrino mass-

squared differences, and I3 is the 3 × 3 identity matrix. Terms in the Hamiltonian that

are proportional to the identity matrix can be dropped, since they evolve the three mass

eigenstates with the same phase, thereby canceling out the oscillation probability. Now, in

the basis of eigenstates of the Hamiltonian (in this case, the mass basis), neutrinos propagate

as plane waves, obeying the equation |νi(t)〉 = e−iHt |νi〉. So, a neutrino of flavor α propagates

in a vacuum as follows:

|να(t)〉 =
∑
i

U∗αi |νi(t)〉 =
∑
i

U∗αie
−iHvact |νi〉 =

∑
i

U∗αie
−im2

i t/(2E) |νi〉 . (1.11)

Since we are assuming that E � mi, the speed of the neutrino is approximately equal to the

speed of light, so the distance traveled by the neutrino is equivalent (in Gaussian units) to

the time it took to travel that distance. Thus, the probability that a neutrino produced as

flavor α with energy E � m will be detected as flavor β when it interacts with a detector a

distance L from the source is

Pα→β = |〈νβ|να(t)〉|2 =

∣∣∣∣∣∑
i,j

〈νj|Uβje−im
2
iL/(2E)U∗αi |νi〉

∣∣∣∣∣
2

≡ |Sβα|2 (1.12)

=
∑
i

|Uαi|2|Uβi|2 + 2
∑
i>j

Re[UαiU
∗
αjU

∗
βiUβj] cos

(
∆m2

ijL

2E

)

+ 2
∑
i>j

Im[UαiU
∗
αjU

∗
βiUβj] sin

(
∆m2

ijL

2E

)
, (1.13)

where Sβα
1 is known as the oscillation amplitude. Oftentimes, the symbol ∆ij is used to

simplify the expressions inside the trigonometric functions (i.e. ∆ij ≡ ∆m2
ij

2E
or ∆ij ≡ ∆m2

ij

4E
).

Since there are differences in the literature as to how ∆ij is defined, I have chosen not to use

this substitution in this chapter, but it will be used in later sections.

1The definition of the oscillation amplitude found in Eq. (1.12) is important for Chapter 3.
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For anti-neutrinos, CPT symmetry, which is a fundamental symmetry of the Standard

Model, dictates that Pᾱ→β̄ = Pβ→α. So, since Re[UβiU
∗
βjU

∗
αiUαj] = Re[UαiU

∗
αjU

∗
βiUβj] and

Im[UβiU
∗
βjU

∗
αiUαj] = − Im[UαiU

∗
αjU

∗
βiUβj], the probability that an antineutrino produced as

flavor α with energy E � m will be detected as flavor β when it interacts with a detector a

distance L from the source is

Pᾱ→β̄ =
∑
i

|Uαi|2|Uβi|2 + 2
∑
i>j

Re[UαiU
∗
αjU

∗
βiUβj] cos

(
∆m2

ijL

2E

)

− 2
∑
i>j

Im[UαiU
∗
αjU

∗
βiUβj] sin

(
∆m2

ijL

2E

)
. (1.14)

Notice that the sign of the third term is the only difference between the oscillation probability

expressions for neutrinos, Eq. (1.13), and antineutrinos, Eq. (1.14). It turns out that the

value J ≡ Im[UαiU
∗
αjU

∗
βiUβj] is the same for any values of α 6= β and i 6= j, up to a negative

sign. The quantity J is called the Jarlskog invariant and is discussed more in Section 4.2.

If the elements of U are real, the Jarlskog invariant would be zero, and thus, neutrinos and

antineutrinos would have the same oscillation probability, that is, CP symmetry would not

be violated in neutrino oscillation. In the parameterization of U used by the Particle Data

Group (UPDG) [13], there is only one complex phase (δ, shown in Eq. (1.9)) that affects

neutrino oscillation, so it is commonly called the “CP -violating phase.” It turns out that the

Jarlskog invariant for UPDG contains all the parameters of UPDG, so all the mixing angles in

UPDG also need to be non-zero in order for CP violation to exist in neutrino oscillation.

1.2.3 Oscillation Probability in Matter

When neutrinos travel through matter, the possibility of the neutrinos interacting coherently

(i.e. in such a way as to have the same particles before and after the interaction) with that
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matter adds a term to the Hamiltonian called the matter potential. This phenomenon was

first pointed out by Lincoln Wolfenstein [16] and further developed for neutrinos moving

through matter of varying density (e.g. the Sun) by Stanislas Mikheyev and Alexei Smirnov

[17], and it is called the MSW effect. All three flavors of neutrinos in the SM can coherently

interact with ordinary matter via NC interactions, but only electron (anti)neutrinos can

coherently interact with ordinary matter via CC interactions. So, in the flavor basis, the

matter potential (for ordinary matter) is

Vmatter =


VCC + VNC 0 0

0 VNC 0

0 0 VNC

 , (1.15)

where VCC =
√

2GFNe and VNC are the interaction potentials, GF = 1.166 × 10−23 eV−2 =

8.96 × 10−38 eV cm3 is the Fermi constant, and Ne is the number density of electrons in

the matter being traveled through. Thus, the Hamiltonian for neutrinos traveling through

ordinary matter in the mass basis is

Hmat =
1

2E


0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

+
√

2GFNeU
†


1 0 0

0 0 0

0 0 0

U +

(
m2

1

2E
+ VNC

)
I3 . (1.16)

Note that the neutrino mass eigenstates, which we found in the vacuum case, are not eigen-

states of this modified Hamiltonian. Solving for neutrino propagation and oscillation in

matter requires diagonalizing this Hamiltonian. An example of calculating the oscillation

probability in matter using perturbation theory can be found in Appendix A.
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1.2.4 Oscillation Experiments

To test the existence of neutrino oscillation, one needs 1) a neutrino source for which the

produced flux of neutrinos is well known, and 2) a neutrino detector that can either dis-

tinguish between neutrino flavors, or detect one particular flavor of neutrino. The distance

separating the source and the detector, called the “baseline” of the experiment, must be cho-

sen judiciously to optimize the detection of neutrino oscillation. The neutrinos of flavor α

being produced from the source, traveling to the detector, and interacting with the detector

as a neutrino of flavor β via an interaction of type I comprise a “channel” in the experiment.

Generally, we label the channel as a β neutrino appearance channel if α 6= β and as a β

neutrino disappearance channel if α = β. Then, the number of neutrinos detected in channel

c (α→ β, I) with a “reconstructed” energy E in energy bin i (i.e. Ei < E < Ei+1) is related

to the oscillation probability Pα→β by

N c
i =

∫ Ei+1

Ei

dE

∫ ∞
0

dEν fΦα(Eν)Pα→β(Eν)σ
I
β(Eν)R

I
β(Eν , E)εIβ(E) , (1.17)

where Eν is the true energy of the incoming neutrino, Φα(Eν) dEν is the flux of neutrinos of

flavor α having an energy between Eν and Eν+dEν that are produced by the source, f is the

fraction of the neutrinos produced by the source that are directed toward the detector, σIβ(Eν)

is the cross section of the interaction (of type I) of a neutrino of flavor β (with energy Eν)

with the material in the detector, RI
β(Eν , E) dE is the probability that a neutrino of flavor

β (with energy Eν) that is detected (via an interaction of type I) is reconstructed as having

an energy between E and E+ dE, and εIβ(E) represents the efficiency with which a neutrino

reconstructed as having energy E is counted after thresholds and cuts are applied [18]. We

can find RI
β (also called the energy response) and εIβ (also called the post-smearing efficiencies)

from the energy distribution DI
β(Eν , E

′) of the secondary particle (i.e. the particle produced
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by a neutrino of flavor β and with energy Eν interacting with the detector via interaction

type I, where E ′ is the particle’s energy), the detector’s threshold function Tβ(E ′) (which

is determined by the detector’s resolution and analysis cuts), and the energy resolution

Vβ(E ′, E) for the secondary particle (i.e. the probability that a secondary particle of energy

E ′ will lead to a reconstructed neutrino energy E) by using

RI
β(Eν , E)εIβ(E) =

∫ ∞
0

dE ′ Tβ(E ′)DI
β(Eν , E

′)Vβ(E ′, E) . (1.18)

After observing hints of a deficit in the predicted amount of neutrinos coming from the Sun

in 1968 [19], and again from the atmosphere in 1986 [20, 21], the search began in earnest

to discover neutrino oscillations. The Super Kamioka Nucleon Decay Experiment (Super-

KamiokaNDE or SK) collaboration observed significant neutrino oscillations by atmospheric

neutrinos using a water Cherenkov detector [22]. Then, the Sudbury Neutrino Observatory

(SNO) collaboration used a heavy water Cherenkov detector to observe the neutrinos coming

from the Sun using both NC and CC interactions, so they could compare the number of

electron neutrinos observed in CC interactions to the total number of neutrinos observed

in NC interactions, and found that the number of NC interactions was consistent with the

predictions of the solar neutrino spectrum and that the number of CC interactions was

consistent with the electron antineutrinos oscillating via the MSW effect [23].

Once the existence of neutrino oscillations was established, experiments turned their focus

to measuring the neutrino oscillation parameters.

Artificial Sources

To do precision neutrino oscillation measurements, it is helpful to use artificial sources in

order to reduce the flux uncertainty, since we have more control over the conditions in which
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the neutrinos are produced than for natural sources (like the Sun, atmosphere, etc).

The first artificial source used for neutrino experiments was a nuclear reactor [6]. In nuclear

reactors, electron antineutrinos are produced via beta decay of some of the daughter products

of the fission reaction. As there are many different possible daughter products and ways that

those products could decay, there are thousands of parameters that would need to be mea-

sured extremely precisely in order to obtain a meaningful result from summing the neutrino

energy spectra from each possible decay. So, calculations of the expected reactor neutrino

energy spectrum have been performed using the measured electron energy spectra for each

parent isotope used in nuclear reactors (235U, 238U, 239Pu, 241Pu) [1, 2]. Reactor experiments

are limited to studying antineutrinos at short-medium baseline, since the neutrinos spread

out evenly in all directions, so the intensity drops off as the inverse of the baseline squared.

On the other hand, particle accelerators can be used to make a beam of pions (π+ or π−),

which decay into muons and muon (anti)neutrinos. See Appendix B for a calculation of

the energy spectrum of muon neutrinos produced by a pion beam. Since the pion beam is

focused with a high momentum, the intensity of (anti)neutrinos does not drop off much with

distance, so very-long-baseline experiments are possible with accelerator neutrinos. Also, the

focusing mechanism used can select either π+ or π−, so accelerator experiments can study

both neutrinos and antineutrinos.

Experimental Systematic Uncertainties

In any experiment, parameters (called nuisance parameters) are introduced into the model

to encode our uncertainties in various inputs into the model. Commonly, in neutrino oscil-

lation experiments, an overall normalization factor is used for the uncertainty in the total

rate of neutrinos being produced at the source, and a normalization factor per detector is
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used for uncertainties in the detectors’ masses. Another normalization factor (or a set of

normalization factors, if there are uncertainties for how it varies with energy) can be used

for each channel to encode uncertainties in the interaction cross section.

A “pull” term for each nuisance parameter is included in the χ2 function in order to inflict

a penalty on the goodness of fit if the nuisance parameter strays too far from its expected

value. The pull term is generally of the form

(p− 〈p〉)2

σ2
p

,

where p is the value of the nuisance parameter, 〈p〉 is the expected value of p, and σp is

the standard deviation (i.e. uncertainty) of p. In the case of nuisance parameters being

correlated with each other, the pull terms for these nuisance parameters can be expressed

by the equation below, instead of the previous equation:

∑
i,j

(pi − 〈pi〉)
(
V −1

)
ij

(pj − 〈pj〉) ,

where pi are the correlated nuisance parameters and Vij ≡ 〈(pi − 〈pi〉)(pj − 〈pj〉)〉 is the

covariance matrix.

Minimizing the χ2 with respect to all the nuisance (and oscillation) parameters is what we

use to determine the values of these parameters for the best fit of the data to the model.

The need for being very meticulous with identifying and parameterizing our experimental

uncertainties becomes more apparent when we find disagreements between experiments and

theoretical predictions.
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Anomalies

Anomalies (i.e. significant inconsistencies between theory and experiment), have continually

been problematic for neutrino physics, but there are three highly significant ones that remain

unresolved: the LSND/MiniBooNE Anomaly, the Reactor Antineutrino Anomaly, and the

Gallium Anomaly.

The Liquid Scintillator Neutrino Detector (LSND) was an accelerator neutrino experiment

that ran from 1993 to 1998, measuring electron antineutrino CC interactions with a liquid

scintillator detector from a beam of muon antineutrinos produced at Los Alamos National

Laboratory from decay at rest µ+ [24]. Using the approximation of two-flavor neutrino

oscillation, the data LSND collected preferred a mass-squared difference of ∼ 1 eV2, which

is in disagreement with the mass-squared differences measured by solar and atmospheric

neutrinos, so a fourth neutrino would be needed to explain this data as analyzed by the

LSND collaboration. The Mini Booster Neutrino Experiment (MiniBooNE) was created to

test the LSND anomaly [25]. They used a muon (anti)neutrino beam at the Fermi National

Accelerator Laboratory and measured both electron and muon (anti)neutrinos with a liquid

scintillator detector. Their measurement of electron and muon neutrinos was inconsistent

with adding a fourth neutrino to the SM (though they observed an excess of electron neutrinos

at low energies), but their measurement of electron antineutrinos is consistent with what

LSND observed [26]. This has become known as the LSND/MiniBooNE Anomaly.

Spurred on by the upcoming Double Chooz Reactor Experiment, the expected flux of electron

antineutrinos produced by reactors was recalculated in 2010 in order to make the prediction

more precise, resulting in the flux predictions commonly known as the Huber-Mueller model

[1, 2]. When comparing all the data from reactor neutrino experiments to these new pre-

dictions, a significant deficit of electron antineutrinos was observed across all reactor exper-
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iments. Daya Bay measured this spectrum with unprecedented precision and also observed

this overall deficit, along with a significant “bump” in the spectrum at around 5 MeV [27].

These two effects, the deficit and the bump, are seen at the majority of reactor neutrino

experiments and have become known as the Reactor Antineutrino Anomaly [28].

Beyond the Standard Model Effects

When the SM was originally put together, it was thought that neutrinos were massless, so

no mass terms for neutrinos exist in the official SM Lagrangian. There are two different

types of mass terms that can be added to the SM in order to incorporate neutrino masses:

Dirac and Majorana. For Majorana neutrinos, the antineutrino is simply a neutrino whose

chirality is right-handed. For Dirac neutrinos, the antineutrino is a distinct type of particle,

as with the other fermions. So far, no experiments have been able to distinguish between

the two mass terms.

There are many scenarios not included in the SM, also known as Beyond the Standard

Model (BSM) scenarios, that would affect neutrino oscillation experiments. One example

is a scenario that would solve the LSND Anomaly, assuming it was consistent with other

experiments: sterile neutrinos [29]. As mentioned earlier, we know that there are only three

flavors of neutrinos that can interact with the Z0 boson (i.e. that are active) that are lighter

than the Z0 boson, so if there’s another light neutrino, as LSND proposed, then it must

be “sterile” (i.e. cannot participate in weak interactions). The only way a sterile neutrino

would affect neutrino oscillation experiments using SM neutrinos is if it mixed with the SM

neutrinos, which would appear as a non-unitary neutrino mixing matrix for the SM neutrinos.

Another possible BSM scenario is neutrino Non-Standard Interactions (NSIs), in which neu-

trinos participate in other types of interactions (besides weak interactions) with SM particles.
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This will be discussed more in Chapter 5.



Chapter 2

Spectral Uncertainties for Reactor

Experiments

2.1 Preface

The reactor antineutrino anomaly, described in Section 1.2.4, alerts us to the fact that we

do not really know the spectrum of neutrinos coming from the nuclear reactors. The Daya

Bay collaboration has measured the spectrum with a detector that has an energy resolution

of 8%/
√
E, but the fine structure of the spectrum remains undetermined. To account for

this spectral uncertainty, the simulated event rate in each energy bin can be multiplied by a

constant that is the same for all detectors but allowed to be different for each energy bin, as

described in Section 2.2.3. Allowing these “nuisance parameters” to vary freely corresponds

with no prior knowledge of the antineutrino spectrum produced by the source; instead, the

parameters are effectively constrained by the spectrum measured by the near detector, which

tells us what the spectrum should be at the far detector.

18



2.2. Benefits of a Near Detector for JUNO 19

In this chapter, we look at the effects this spectral uncertainty has on the Jiangmen Un-

derground Neutrino Observatory (JUNO) experiment. As the χ2 minimizer had trouble

handling so many free parameters, we had to come up with our own way of calculating what

values these parameters needed to have in order to minimize the χ2, which is discussed in

Appendix C.

2.1.1 Attributions

Section 2.2 is a reproduction, with slight modifications, of a paper to which I contributed:

David V. Forero, Rebekah Hawkins, and Patrick Huber. Benefits of a near detector for

JUNO. arXiv:1710.07378.

Patrick Huber made the synthetic antineutrino spectra that we used, created Fig. 2.1, and

provided me with code that would retrieve the smearing matrix created by GLoBES for the

simulation and that would substitute the true values from one simulated experiment for that

of a different simulated experiment. David Forero wrote the code allowing the energy scaling

uncertainty to be nonlinear. I wrote the rest of the code needed (including the code discussed

in Appendix C), put all the pieces provided to me together, and created Fig. 2.2.

2.2 Benefits of a Near Detector for JUNO

2.2.1 Abstract

It has been proposed to determine the mass hierarchy of neutrinos by exploiting the beat be-

tween the oscillation frequencies corresponding to the two neutrino mass squared differences.

JUNO is based on this concept and uses a large liquid scintillator detector at a distance of



20 Chapter 2. Spectral Uncertainties for Reactor Experiments

53 km from a powerful nuclear reactor complex. We argue that the micro-structure present

in antineutrino fluxes from nuclear reactors makes it essential to experimentally determine

a reference spectrum with an energy resolution very similar to the one of JUNO.

2.2.2 Introduction

The Jiangmen Underground Neutrino Observatory (JUNO) comprises a 20 kt liquid scintilla-

tor detector with a broad physics program [30]. One of the key physics goals of JUNO is the

determination of the so-called mass hierarchy of neutrinos, that is, whether the third mass

eigenstate is the lightest (inverted hierarchy, IH) or heaviest (normal hierarchy, NH) without

having to rely on matter effects: with an appropriate choice of experimental parameters, it is

possible to simultaneously be sensitive to oscillations corresponding to the two mass squared

differences ∆m2
31 ' 2.5 × 10−3 eV2 and ∆m2

21 ' 7.4 × 10−5 eV2 [31]. In this case, also, the

beat frequency between the two oscillations will be present, and whether this beat frequency

is larger or smaller than the main oscillation driven by ∆m2
31 is a direct measure of the mass

hierarchy [32]; the amplitude of the beat is given by sin2 2θ13. The relative difference between

the beat frequency and main oscillation is of the order ∆m2
21/∆m

2
31 ' 1/30, and thus an

energy resolution of approximately 3% is required.

JUNO will detect reactor antineutrinos via inverse beta decay (IBD) and is situated 53 km

from both the Yangjiang and Taishan nuclear power plants, the distance being carefully

chosen to fulfill above conditions and to optimize the mass hierarchy sensitivity. Neutrino

energy reconstruction in IBD, ν̄e + p → n + e+, is relatively straightforward; the visible

energy of the positron, Ee+ , is related to the neutrino energy Eν via

Eν = Ee+ + (mn −mp −me) , (2.1)
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neglecting the kinetic energy of the outgoing neutron, which, for the neutrino energies in

question, is an excellent approximation. The energy deposited by the positron in the scin-

tillator is converted to light, and the energy resolution is determined by photon counting

statistics and, to first order, scales as 1/
√
Ee+ .

Attaining the requisite 3% energy resolution is a challenge in itself, but, given the relatively

small size of the effect, the question of systematic uncertainties needs to be addressed. There

are three main types of systematics for this measurement: uncertainty in ∆m2
31, i.e. uncer-

tainty about the main oscillation frequency; uncertainty in the detector energy response, e.g.

a shift of the energy scale has the same effect as a change in ∆m2
31; and reactor antineu-

trino flux uncertainties, since one is searching for a high-frequency component in the Fourier

spectrum, and any high-frequency components in the flux can lead to confusion. All of these

have been discussed in various combinations in the literature, and, in particular, the JUNO

collaboration is clearly aware of them [30].

The goal of this letter is to highlight the impact of one source of uncertainty which is recog-

nized but may have been underestimated: the reactor antineutrino flux. For all the system-

atic effects except the ∆m2
31 uncertainty, some type of parameterization or implementation

in the analysis has to be found. We argue, here, that the parameterizations used previously

to account for the reactor flux uncertainties are not capturing the relevant degrees of uncer-

tainty; in other words, some of the known unknowns are not accounted for. Using a more

physical model for the reactor flux uncertainties results in a large reduction of sensitivity to

the mass hierarchy. This problem can be completely resolved by using a reference reactor

antineutrino spectrum measured with a similar energy resolution as the JUNO detector. We

demonstrate this by including a near detector in the simulation.
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2.2.3 Methods

Reactor antineutrino fluxes have taken center stage as a research subject of their own since

a series of papers [1, 2] in 2011 (Huber+Mueller model), which led to a revision of the

flux models, giving rise to the reactor antineutrino anomaly (RAA) [28]. Antineutrinos

from reactors are not made directly in the fission process; instead, they arise from the

beta decays of neutron-rich fission products. There are roughly 103 isotopes with about

104 individual beta decay branches which would have to be known with good accuracy to

compute the antineutrino flux with percent level errors. This knowledge does not exist,

and thus measurements of the total beta decay spectrum from fission fragments [33–35] are

used as a basis for unfolding the antineutrino spectrum. The 2011 papers have triggered

significant follow-up work, and this led to the understanding that first forbidden non-unique

beta decays, which make up anywhere between 20-30% of all antineutrinos relevant for IBD,

and their higher-order corrections, like weak magnetism, are dominating the error budget

and likely exceed the estimates [1, 2], a point driven home by the observation of a 5 MeV

bump in the measured antineutrino spectrum relative to predictions, see for instance the

Daya Bay result [36]; for recent reviews on this topic, see Refs. [37, 38].

As explained, a direct calculation of antineutrino fluxes is not feasible; nonetheless, these

direct or a priori calculations allow some significant insight into the energy structure of

the antineutrino spectrum without being obstructed by real-world detector effects, see for

instance Ref. [39]. In Fig. 3 of Ref. [40], it is highlighted that there is significant micro-

structure in the antineutrino spectrum at the 50–100 keV scale. This sawtooth shape arises

because, in a single beta decay, there is a finite probability to emit an antineutrino with

an energy corresponding to the entire available Q2 of the transition due to the Coulomb

correction experienced by the outgoing electron. Adding a large number of these, then,

results in the sawtooth pattern also visible in Fig. 2.1. In Ref. [40], it is also shown that,
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Figure 2.1: Three synthetic antineutrino spectra relative to the antineutrino spectrum
predicted from the ILL data [1, 2] (Huber+Mueller model) normalized to the same total
IBD event rate. The gray shaded horizontal band shows the standard deviation of the whole
population of synthetic spectra. For illustration, the vertical bands indicate the oscillation
arising from ∆m2

31 at a distance L = 53 km smeared with an energy resolution of 3%/
√
E.

once this sawtooth spectrum is convoluted with a detector energy resolution typical for

current reactor neutrino experiments, an entirely smooth spectrum results.

A priori calculations account for about 80-90% of all beta decays and, thus, reproduce the

total beta spectrum as measured by the ILL experiments to about the same degree [39].

Therefore, there is no reason to expect that the specific energy micro-structure derived from

any of these calculations is the actual one: the specific location and size of each sawtooth is

likely wrong; the distribution of locations and sizes, on the other hand, will be close to the

true one. For the following, we use a model based on thermal neutron fission yields of 235U,

239Pu, and 241Pu from the JEFF database, version 3.1.1 [41], and the fast neutron fission yield

of 238U from ENDF-349 [42]. We use the beta decay information contained in the Evaluated

Nuclear Structure Data File (ENSDF) database, version VI [43], and the neutrino spectrum
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is computed following the prescription in Ref. [2]. We use this information on fission yields

and beta decays to construct a probability density function p(Q, a) for the Q-value and

amplitude a for each beta decay branch. We then draw at random pairs of values for Q, a

and compute the resulting antineutrino spectrum; we stop adding more pairs as soon as we

have the same number of antineutrinos above IBD threshold as in the Huber+Mueller model.

The resulting antineutrino spectrum is then normalized to the same IBD rate as obtained

from the Huber+Mueller model and reweighted to represent the shape of the Huber+Mueller

flux at an energy resolution of 8%/
√
E. We repeat the procedure 1000 times to obtain a

population of synthetic antineutrino spectra which all correspond to a very similar spectrum

at 8%/
√
E resolution. The results are shown in Fig. 2.1, where we show the resulting

distribution for each energy bin relative to its mean (the Huber+Mueller prediction), and we

also show three examples of a synthetic spectrum. For comparison, the relevant oscillation is

overlayed; it is apparent that much of the structure in the synthetic spectrum is at a similar

frequency and amplitude as the effect sought after in JUNO. This indicates that the strategy

outlined in Ref. [30] to deal with the reactor flux uncertainty, namely to use the Daya Bay

measured spectrum as reference spectrum is fraught with difficulty: the Daya Bay spectrum

has been measured with an energy resolution of approximately 8%/
√
E whereas for JUNO

the spectrum at 3%/
√
E is needed.

The question now is: what energy resolution does the reference spectrum need to be measured

with, and what other detector effects could intervene? The effect of having a second detector

(near detector) in the hierarchy determination has been discussed in more general terms

in Refs. [44–46]. Specifically, we investigate the non-linearity of the energy response as

a potential issue in comparing the data from two detectors. The Daya Bay detectors are

precision instruments, and their success has inspired the design for JUNO, therefore it makes

sense to use them as a proxy for the energy response. For the Daya Bay detectors, the energy
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response to positrons is non-linear with the main effect happening below the 4 MeV. This

effect is attributed to ionization quenching of scintillation light and Cerenkov light production

and peculiarities of the electronics [47].

To include non-linear effects in the reconstruction of the positron energy one can parameterize

the effect as a linear combination of functions that are powers of energy, generalizing the

linear scaling [45, 48]:

Erec

E
= 1 +

n∑
k=0

αkE
k ≡ 1 + δscal(E). (2.2)

For k = 0, and with only α0 6= 0, one obtains the linear case (linear scaling). Therefore, to

include non-linear effects, αk 6= 0, one needs to include higher energy powers in Eq. (2.2).

Even though this approach is conceptually simple, it does offer neither a physical condition

when to stop the series nor allows to set the size and to understand the physical meaning of

the non-linear coefficients.

Assuming the energy response of the JUNO detector will be similar to the one of Daya

Bay Ref. [49], it is possible to estimate the remaining error Sscal(E) after the non-linear

correction has been applied as a relative deviation from the nominal model. This procedure

was implemented in Ref. [45, 48], where the error envelope Sscal(E) is taken from the reported

detector energy response function in Ref. [49]. The largest energy scale error is around 2%

in the low energy region; for most of the energy range the error is below 1%; we follow the

procedure outlined in Ref. [45].

To include the effect of the remaining error after the non-linear detector energy response

correction in the analysis, we have generalized the algorithm used to account for the linear

scaling in GLoBES [50]. Notice that in principle the individual αk coefficients can be

arbitrarily large, except for |α0| . 2%, since they have no direct physical meaning, and, at

any energy, only the sum of all terms is constrained by the Daya Bay model. This is clearly
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a shortcoming of the parameterization given in Eq. (2.2). The overall Daya Bay constraint

is implemented as a penalty on the χ2-function [45]:

χ2
scal = maxE

∣∣∣∣ δscal(E)

S scal(E)

∣∣∣∣2 . (2.3)

After implementing the penalty in Eq. (2.3) in the JUNO simulation, we find that the χ2-

function becomes somewhat wider as a function of ∆m2
31, indicating as mentioned previously,

the similarity between a linear energy scale uncertainty and a less precise input on ∆m2
31.

We also find that the result practically does not change for k = 2, and thus there is no

reason to go beyond k = 2. For k = 2 the sensitivity to the mass hierarchy is decreased by

∼ 1.23 ∆χ2 units, taking the case of the linear scaling as reference (∆χ2
min ' 23), which is

compatible with the result in Ref. [45]. Also, a pull on ∆m2
31 has to be included [48], since

its effect (within the current errors) can mimic the non-linear effects we are introducing, as

was pointed out previously [44, 51].

Now, we can address how well a reference spectrum needs to be measured in terms of energy

resolution. To this end, we set up a model with a 5 ton near detector at a distance of 0.5 km,

which yields approximately 1.6× 105 events per year. For the far detector, we assume 20 kt

fiducial mass at a distance of 53 km. For both detectors, we use the non-linearity model

described above with k = 2, and the αk are varied independently for near and far detectors,

reflecting the assumption that the α’s are constrained by the calibration systems of each

detector independently. We use 100 bins to compute the spectrum prior to applying the

energy resolution function, and for each bin, we introduce a nuisance parameter, which is fully

correlated between near and far detectors, but otherwise unconstrained. This corresponds to

a flux model where no prior knowledge on fluxes is assumed except that the energy scale of

variations can be as small as about 50 keV. We argued in the introduction that the relevant

degrees of uncertainty in the flux lie in this micro-structure, and, locally, deviations can be
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quite large, see Fig. 2.1, whereas the deviation of the mean is quite small. Finally, we use

3%/
√
E as energy resolution for the far detector and vary the resolution of the near detector,

plotting the result.

2.2.4 Results

The result of using the above method is shown in Fig. 2.2. For the solid line, we use the same

flux model (Huber+Mueller) to generate the data and fit it. For the dashed lines, we use a

synthetic spectrum, drawn at random from the population, to generate the data and attempt

to fit it with the Huber+Mueller model: the result is close to the solid line. We conclude

that, without a dedicated near detector, the sensitivity while accounting for realistic flux

errors decreases from ∆χ2 ' 22 to ∆χ2 ' 4; whereas, with a dedicated near detector, the

sensitivity may improve beyond the original one, since all flux uncertainties are eliminated.

For comparison, in Fig. 2.2 we also show the χ2-values obtained by using, instead of a near

detector, the measured Daya Bay antineutrino spectrum and its full covariance matrix [36].

Point A corresponds to the case where we allow one nuisance parameter for each Daya Bay

energy bin of approximately 250 keV width and find indeed that the Daya Bay data would

fully eliminate the effect of flux uncertainties. Point B, however, is computed with one nui-

sance parameter for each of 100 bins, corresponding to the case of significant micro-structure

in the antineutrino flux. Clearly, in that case, the Daya Bay measurement is insufficient to

eliminate this systematic. Note that point B lies below the black line, which is based on a ide-

alized near detector, because of real-world detector effects that result in significant spectrum

uncertainties in the Daya Bay data for very low and very high antineutrino energies.
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Figure 2.2: ∆χ2 between normal and inverted hierarchy (assuming normal hierarchy to be
true) for a JUNO-like experiment employing a reference measurement of the reactor spectrum
as a function of the energy resolution of the reference measurement. The solid line assumes
that the same spectrum is used to generate and fit the data, whereas, for the dashed lines, we
use a random synthetic spectrum to generate the data and fit the data with Huber+Mueller
model. The points labeled A and B, show the result obtained by using the actually measured
antineutrino spectrum from Daya Bay [36]: for point A we are using one nuisance parameter
per Daya Bay bin and for point B we are using one nuisance parameter in each of 100 bins.
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2.2.5 Discussion

In summary, we made the argument that antineutrino reactor fluxes have a micro-structure

at the 50 keV level which is similar to the mass hierarchy signal in experiments like JUNO.

We performed a careful study of the impact of non-linearities in the energy response and find

that, overall, they have a limited impact on these experiments. We show that a reference

measurement of the antineutrino spectrum with an energy resolution very similar to the far

detector is needed to exclude any sensitivity reduction due to the unknown micro-structure

of the antineutrino flux. For simplicity, we implement a near detector, which, for a real

experiment, has the added benefit of providing information on the actual running conditions

of the reactor(s), and thus helps to eliminate any systematic uncertainties which otherwise

could arise. However, a reference measurement performed at a different time and/or different

reactor, for the purposes of this study, would be acceptable as long as the energy resolution

is similar to the one of the far detector.



Chapter 3

Observing Quantum Interference in

Neutrino Oscillations

3.1 Preface

As a result of the paper in Chapter 2, the JUNO collaboration decided to make a near

detector at the Taishan reactor that aims to have 1.7%/
√
E energy resolution [52]. The

placement of the far detector where the oscillations due to both mass-squared differences can

be observed, the size and phenomenal energy resolutions of the detectors, and the relatively

short distance the neutrinos travel in the earth between the detectors all combine together to

make JUNO the ideal experiment for studying vacuum neutrino oscillations. In this chapter,

we investigate the ability of JUNO to detect an effect that arises from there being multiple

independent mass-squared differences: interference between the mass-squared differences.

There are other types of experiments that are also simultaneously sensitive to both mass-

squared differences, but much of those also have significant matter effects, which makes this

30
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basic quantum mechanical effect of interference harder to isolate. I will be talking more

about what these other experiments are good at observing, which JUNO cannot observe, in

later chapters.

3.1.1 Attributions

Section 3.2 is a reproduction, with slight modifications, of a paper to which I contributed

that was published in Physical Review D:

Patrick Huber, Hisakazu Minakata, and Rebekah Pestes. Interference between the

Atmospheric and Solar Oscillation Amplitudes. Phys. Rev. D 101, 093002 (2020).

doi:10.1103/PhysRevD.101.093002. arXiv:1710.07378.

Hisakazu Minakata developed the method of determining the interference and non-interference

parts of the oscillation probability, and I reproduced his results. I then modified the code

we developed for the paper in Chapter 2 to use a different oscillation probability function,

ran the simulation and analysis, and made both of the figures.

3.2 Interference between the Atmospheric and Solar

Oscillation Amplitudes

3.2.1 Abstract

We propose to detect the interference effect between the atmospheric-scale and solar-scale

waves of neutrino oscillation, one of the key consequences of the three-generation structure

of leptons. In vacuum, we show that there is a natural and general way of decomposing
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the oscillation amplitude into these two oscillation modes. The nature of the interference

is cleanest in the ν̄e disappearance channel since it is free from the CP-phase δ. We find

that the upcoming JUNO experiment offers an ideal setting to observe this interference

with more than 4 σ significance, even under conservative assumptions about the systematic

uncertainties. Finally, we discuss the relationship between the mass ordering resolution and

the interference effect.

3.2.2 Introduction

It is a remarkable feature of nature that the fundamental fermions, quarks, and leptons come

into our world in the form of three generations, which has various important consequences.

The most dramatic one among them would be to provide a mechanism for CP violation [53].

The Standard Model of particle physics with three families of quarks, not two, allows for

the existence of a phase, the Kobayashi-Maskawa (KM) phase [54], by which CP symmetry

is broken; and indeed, CP violation has been observed [13, 55, 56]. If a similar phase exists

in the lepton sector in the neutrino-mass-embedded Standard Model (νSM), then there will

be CP violation due to the lepton KM phase.1 The observation of the leptonic CP phase is

being and will be actively pursued by the ongoing and next generation neutrino oscillation

experiments [58–62].

It is a natural question whether CP violation is the only consequence of the three family

structure. In the context of neutrino oscillation, the three generation structure allows for

the existence of two independent mass squared differences: ∆m2
31 ≡ m2

3 − m2
1 and ∆m2

21.

Experimentally, we find the ∆m2
31-driven atmospheric neutrino oscillation [22] and the solar

∆m2
21-driven reactor neutrino oscillation [63], as well as the ∆m2

21-matter potential induced

1 Note, if neutrinos are Majorana particles [57], there is an option of having CP violation with only two
generations of leptons.
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flavor conversion [16, 17] inside the sun [64].

Building on this success, in this paper, we wish to add a new item to the list of non-

trivial consequences of the three generation structure: Quantum interference between the

atmospheric-scale and solar-scale waves of neutrino oscillation. So far, the existence of the

small ∆m2
21 effects in atmospheric and long-baseline (LBL) accelerator neutrino experiments

and, similarly, the effects of the larger ∆m2
31, as well as the θ13 mixing effect, in the solar

neutrino observation have been recognized as small sub-leading effects. The simultaneous

full existence of both the ∆m2
31 and ∆m2

21 waves and their mutual interference, if observed,

would establish another consequence of the three generation structure of neutrinos embedded

into the νSM. For previous discussions which addressed related interference phenomena, see

e.g. [65, 66] for accelerator/atmospheric neutrinos and [32, 67, 68] for reactor neutrinos.

3.2.3 Methods

The atmospheric and solar amplitudes

Our first task is to define what the atmospheric and solar amplitudes are in neutrino oscil-

lation. In this paper, we restrict our discussion to vacuum, as a similar generic definition

fulfilling the conditions 1 and 2 below is not available — in fact, very likely not existing —

in matter [69].2 The flavor basis S matrix elements Sαβ (α, β = e, µ, τ), which describe the

neutrino flavor transformation νβ → να, can be written under the ultra-relativistic approxi-

mation of neutrinos as

Sαβ = Uα1U
∗
β1 + Uα2U

∗
β2e
−i∆m2

21
2E

x + Uα3U
∗
β3e
−i∆m2

31
2E

x, (3.1)

2 The authors of [66] propose a particular way of decomposition into the “atmospheric” and “solar”
amplitudes in matter. We will contrast their method to our own proposal in [69].
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where E is the energy and ∆m2
ji ≡ m2

j−m2
i (i, j = 1, 2, 3) denote the mass squared differences

of neutrinos. Uαi is the element of the lepton flavor mixing matrix which relates the flavor

and the mass eigenstates of neutrino as να = Uαiνi. In Eq. (3.1), we factor out e−im
2
1x/2E

for simplicity of the expression, which of course does not alter the physical observables. The

oscillation probability of the process νβ → να is given by P (νβ → να : x) = |Sαβ|2. Hereafter,

again for simplicity of the expressions, we define

∆ji ≡
∆m2

ji

2E
. (3.2)

We take a heuristic way to find the appropriate definitions of the atmospheric and solar

amplitudes. Let us first discuss the appearance channel, α 6= β. The S matrix elements in

Eq. (3.1) can be rewritten as

Sαβ = Uα3U
∗
β3

(
e−i∆31x − 1

)
+ Uα2U

∗
β2

(
e−i∆21x − 1

)
(3.3)

due to unitarity, Uα1U
∗
β1 + Uα2U

∗
β2 + Uα3U

∗
β3 = 0. Then, we claim that

Satm
αβ ≡ Uα3U

∗
β3

(
e−i∆31x − 1

)
(3.4)

is the atmospheric amplitude, and

Ssol
αβ ≡ Uα2U

∗
β2

(
e−i∆21x − 1

)
(3.5)

is the solar amplitude. The atmospheric amplitude, by definition, describes neutrino oscilla-

tion due to non-vanishing ∆m2
31, and the solar amplitude describes the one caused by ∆m2

21.

Therefore, the obtained expressions in Eqs. (3.4) and (3.5) for them are entirely natural ones.
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In disappearance channels, due to a difference in unitarity, Uα1U
∗
α1 + Uα2U

∗
α2 + Uα3U

∗
α3 = 1,

the S matrix has a slightly different expression when it is written in terms of the atmospheric

and the solar amplitudes,

Sαα = 1 + |Uα3|2
(
e−i∆31x − 1

)
+ |Uα2|2

(
e−i∆21x − 1

)
= 1 + Satm

αα + Ssol
αα (3.6)

where Satm
αα and Ssol

αα are defined by extending the definition in Eqs. (3.4) and (3.5), by setting

β = α. They, of course, satisfy the conditions Satm
αα → 0 when ∆31 → 0, and Ssol

αα → 0 when

∆21 → 0, respectively.

Now, we try to elevate the heuristic definitions into the general definition of Satm
αβ and Ssol

αβ.

For a given S matrix element Sαβ, we require the following conditions to be satisfied:

1. The atmospheric and the solar amplitudes are defined, respectively, as

Satm
αβ = lim

∆m2
21→0

Sαβ, Ssol
αβ = lim

∆m2
31→0

Sαβ. (3.7)

2. We demand the completeness condition

Sαβ = δαβ + Satm
αβ + Ssol

αβ , (3.8)

where δαβ denotes the Kronecker delta function.

Consistency requires the so obtained amplitudes to satisfy

lim
∆m2

31→0
Satm
αβ = lim

∆m2
21→0

Ssol
αβ = 0 . (3.9)
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The second condition, the completeness condition, demands that decomposition of the oscil-

lation amplitude into the atmospheric and solar amplitudes is complete. We only have three

neutrino states and, therefore, two independent ∆m2: the atmospheric ∆m2
31 and the solar

∆m2
21. So, there should be two independent amplitudes, not more, not less.

νµ → νe and νe → νe channels

To obtain a sense of what the atmospheric and solar amplitudes are, we write down their

explicit forms in the νµ → νe and νe → νe channels by using the flavor mixing matrix

using the Particle Data Group (PDG) convention [13]. We leave the discussions of the other

channels to [69].

The atmospheric and solar amplitudes, as defined in Eqs. (3.4) and (3.5), respectively, can

be written in the νµ → νe channel as

Satm
eµ = 2is23c13s13e

−iδe−i
∆31x

2 sin
∆31x

2
, (3.10)

Ssol
eµ = 2is12c13e

−i∆21x
2

(
c12c23 − s12s23s13e

−iδ) sin
∆21x

2
.

The oscillation probability consists of two terms, each amplitude squared and summed and

the interference term:

P (νµ → νe) = |Satm
eµ + Ssol

eµ |2 ≡ P non-int-fer
µe + P int-fer

µe , (3.11)

where

P non-int-fer
µe ≡ |Satm

eµ |2 + |Ssol
eµ |2

= s2
23 sin2 2θ13 sin2 ∆31x

2
+ sin2 ∆21x

2
×
[
c2

23c
2
13 sin2 2θ12 + s2

23s
4
12 sin2 2θ13 − 8s2

12Jr cos δ

]
,
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and

P int-fer
µe ≡ 2Re

[(
Satm
eµ

)∗
Ssol
eµ

]
= 8

[
Jr cos

(
δ +

∆32x

2

)
− s2

23c
2
13s

2
13s

2
12 cos

(
∆32x

2

)]
× sin

∆21x

2
sin

∆31x

2
. (3.12)

We note that the interference term, Eq. (3.12), displays the key feature of the problem. That

is, it consists of two terms: one that depends on δ and another that does not. Therefore,

observing effect of δ is due to the quantum interference between the atmospheric and the

solar amplitudes, but only a part of the total effect. A claim of observation of the quantum

interference between the atmospheric and the solar amplitudes requires the observation of

both terms in Eq. (3.12) with the correct magnitudes; i.e. a measurement of δ is not the

same as a measurement of the interference effect.

Now, we discuss the νe → νe channel, which is identical to the ν̄e → ν̄e channel due to

CPT -invariance. The atmospheric and solar amplitudes are written as

Satm
ee = 2s2

13e
−iπ

2 e−i
∆31x

2 sin
∆31x

2
,

Ssol
ee = 2s2

12c
2
13e
−iπ

2 e−i
∆21x

2 sin
∆21x

2
. (3.13)

Due to un-oscillated “1” in Eq. (3.6), the νe survival probability P (νe → νe) takes a slightly

complicated form, but can be written in a similar form as in the appearance channel,

P (νe → νe) = P non-int-fer
ee + P int-fer

ee , (3.14)
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where

P non-int-fer
ee ≡1 +

∣∣Satm
ee

∣∣2 +
∣∣Ssol

ee

∣∣2 + 2Re
[
Satm
ee + Ssol

ee

]
=1− sin2 2θ13 sin2 ∆31x

2
− 4s2

12c
2
13

(
1− s2

12c
2
13

)
sin2 ∆21x

2
, (3.15)

and

P int-fer
ee ≡ 2Re

[(
Satm
ee

)∗
Ssol
ee

]
= 2 sin2 2θ13s

2
12 sin

∆31x

2
cos

∆32x

2
sin

∆21x

2
. (3.16)

How to observe the quantum interference effect

We briefly discuss how to pin down the quantum interference effect between the atmospheric

and solar amplitudes. Once we obtain the expression of the oscillation probability as

P (νβ → να) = P non-int-fer
βα + P int-fer

βα , (3.17)

we can define a “test oscillation probability” by introducing the q parameter as

P (νβ → να) = P non-int-fer
βα + qP int-fer

βα . (3.18)

By fitting the data with the test oscillation probability in Eq. (3.18), we would obtain 1-

dimensional χ2 (1 DOF) for the q parameter. We note that, in the case of appearance

experiments, we marginalize over δ as well as the other mixing parameters in the experimen-

tally allowed ranges.

Though our discussion in this paper covers both the appearance and the disappearance ex-

periments in vacuum, the analysis of the appearance channel in accelerator LBL experiments

requires treatment of the matter effect [69], which is beyond the scope of this paper.
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The experimental setting of JUNO [30] is uniquely suited for our purpose of observing the

interference effect between the atmospheric and solar oscillations. In JUNO, the solar and

atmospheric oscillation effects coexist with their full magnitudes at the same detector. Both

oscillations are fully developed and have left the linear regime of sin ∆k1x
2

. Even though

the atmospheric oscillation may be small wiggles over the long-wavelength solar oscillation,

the very good energy resolution of the JUNO detector aims at its precision measurement.

Therefore, JUNO is an ideal experiment for the purpose of detecting the atmospheric - solar

interference effect. It is very likely the best choice among all possible experiments, ongoing

or planned, in vacuum and in matter.

Here, we describe in detail the procedure of our statistical analysis. Using GLoBES [70, 71],

we set up an experiment with two detectors: a JUNO-like far detector with a fiducial mass

of 20 kt and an energy resolution of 3%/
√
E at a distance of 53 km from a nuclear reactor

source with a total power of 36 GWth, and a TAO-like [72] near detector with a fiducial mass

of 1 ton and an energy resolution of 1.7%/
√
E at a distance of 30 m from a 4.6 GWth nuclear

reactor core; we assume a total data taking time of 6 years. For each detector, we use a

model for non-linear effects in the reconstruction of the positron energy like that described

in [73] up to cubic terms. To account for the uncertainties in the reactor antineutrino flux

prediction, we conservatively introduce a nuisance parameter to each of our 100 energy

bins with the spectrum computed before applying the energy resolution function. This is

equivalent to the assumption of no prior knowledge of fluxes, as in [73]. For the purposes

of producing simulated data, we assume the normal ordering to be the true mass ordering

and the relevant oscillation parameters to be ∆m2
21 = 7.54 × 10−5 eV2,∆m2

31 = 2.43 ×

10−3 eV2, θ12 = 33.6◦, and θ13 = 8.9◦. For the analysis of the resulting data, we fit the data

obtained from the oscillation probability in Eq. (3.16) with that obtained using the oscillation

probability modified with the parameter q, as in Eq. (3.18), by minimizing the following χ2
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function for various values of q while allowing all nuisance and standard oscillation parameters

to vary:

χ2 =
∑
i,I

(
φItrue,i − φIfit,i

)2

φItrue,i

+ pull terms , (3.19)

where φItrue,i and φIfit,i are the simulated rate and modified rate, respectively, in the ith energy

bin for the detector specified by I = Near,Far. The “pull terms,” defined in Eq. (3.20),

provide a penalty for θ13 with an uncertainty of σθ13 = 10% and the nuisance parameters nk

for which uncertainties are σk:

pull terms =
(θ13,true − θ13,fit)

2

σ2
θ13

+
∑
k

n2
k

σ2
k

. (3.20)

The nuisance parameters included in the “pull terms” encode the uncertainties for energy

calibration (only linear terms), fiducial mass of each detector, and flux, as described in detail

in [73].

3.2.4 Results

The resulting χ2 curve is shown as the thick black line in Fig. 3.1. At q = 0, the value of

χ2 is 16.7, so the interference effect would be able to be seen in JUNO with a significance of

more than 4σ.

The same analysis procedure is repeated except assuming that the energy calibration error

for each detector is linear (blue solid line), and then without a near detector while assuming

perfect knowledge of detector and source systematics (gray dashed line).



3.2. Interference between the Atmospheric and Solar Oscillation
Amplitudes 41

GLoBES 2019

No Sys

Linear+Near

All Sys+Near

0.0 0.5 1.0 1.5 2.0
0

10

20

30

40

q

χ
2

Figure 3.1: χ2 as a function of the q parameter introduced in Eq. (3.18) for various systematic
uncertainty and detector scenarios. The thick solid line includes all systematics with a near
detector, whereas the blue line assumes the energy scale errors are linear. The gray dashed
line is computed without any systematics and with the assumption of a perfect knowledge
of the initial neutrino flux and no near detector.
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Note that there is a potential model-dependence, in that we assume that atmospheric oscil-

lation experiments observe ∆m2
31. If, instead, we assume that they measure ∆m2

32, the value

of χ2 at q = 0 for the scenario with a near detector and most conservative systematics is still

16.7.

Interference effect and Mass ordering

It is a natural question to ask how the sensitivity to the interference effect depends on

the neutrino mass ordering, and conversely, whether the capability to determine the mass

ordering is due to the interference between the atmospheric and solar waves. Hereafter, we

use the abbreviation “NO” and “IO” for the normal and the inverted orderings, respectively.

We start by recalling that the interference term, the second term in Eq. (3.16), must be the

origin of sensitivity to the mass ordering because it is the only term which is odd under

the inversion NO ↔ IO. This seems to support the notion, expressed in [32, 67], that the

mass ordering resolution is due to the interference between the atmospheric - solar waves.

However, we will show that the reality is a little more complicated.3

The mass ordering dependence of χ2(q) is examined in Fig. 3.2 using the most conservative

systematics and including a near detector, as in the previous section. If we use the NO (IO)

for both the true mass ordering and the test probability for fitting, the black solid (blue

dotted) curve results. These two curves indicate that sensitivity to the interference does not

depend on the mass ordering.

The behavior of χ2(q) drastically changes if the JUNO data is fit with the wrong mass

ordering. In Fig. 3.2, the black dotted (blue solid) curve is the case of true NO (IO) fit with

the IO (NO) hypothesis. The large value of χ2(q) ≈ 25 at q = 1 tells us that JUNO can

3 Note also, that the interference term defined in [32, 67] is different from ours.
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Figure 3.2: χ2 as a function of the q parameter defined in Eq. (3.18) with all the systematics
and with a near detector, considering various mass ordering scenarios. The solid lines are for
the case that the true mass ordering is normal, which are fit with the hypotheses of the NO
(black line) or IO (blue line). The dotted lines are for the case of true IO, which are fit with
the NO (black line) or IO (blue line) hypotheses. The black solid curve is identical with the
one in Fig. 3.1.
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refute the wrong mass ordering at a confidence level around 5σ in both cases of the true

mass orderings. This result is consistent with the one in [73]. The precise value depends on

the details of the systematics implementation (see also [30] and the references cited therein)

but is not germane.

3.2.5 Discussion

One might naively expect that detection of the interference term [Eq. (3.16)] would be

trivial for JUNO, as it is large (∼ sin2 2θ13 ' 0.1). However, this sensitivity is being reduced

by a combination of not knowing the values of the oscillation parameters precisely enough

to start with and cancellation occurring due to the energy bins. In fact, one can show

analytically that an integration over a 1
4

period of the atmospheric-scale oscillation of P int-fer
ee

in Eq. (3.16) cancels the contribution from the adjacent 1
4

period under the approximation

sin ∆21x ∼ ∆21x. Then, it can be translated into the cancellation among different energy

bins in integration over 1/E, which leads to an imperfect but efficient cancellation in energy

space. It is conceivable that such cancellation contributes substantially to the behavior of

χ2(q) in the right and wrong mass-ordering fits.

Another key feature of the question is the minimum of χ2(q) at q ' 2 in the wrong mass-

ordering fit. It is produced by allowing both θ12 and ∆m2
31 to float freely in the fit. If we

instead kept all the oscillation parameters fixed, we would find that all of the curves become

parabolic with their minimum at q ' 1, albeit with the wrong mass-ordering fit curves having

a much larger value at the minimum. The minimum around q = 2 arises as a combined effect

of shifting ∆m2
31 by about 1% from its input value and sin2 θ12 by about 3%, respectively.

The occurrence of this minimum is independent of systematics and energy resolution, which
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can be demonstrated by using a pseudo-χ2, χ̂2, defined as

χ̂2(q) =

∫
dE [PNO(E, q = 1)− PIO(E, q)]2 . (3.21)

Apart from an overall scale factor, χ̂2 reproduces the q-dependence shown Fig. 3.2 if θ12 and

∆m2
31 are allowed to float. Moreover, we find that the value of q for which the IO minimum

occurs scales like sin−2 θ12. We conclude that this second minimum is due to a complete

cancellation at the probability level by accident, i.e. the values of oscillation parameters it

occurs at do not represent an intrinsic symmetry of the oscillation probability. This rather

striking behavior also demonstrates that a determination of the mass ordering, which entirely

takes place at q = 1, is not equivalent to study the question of whether the q-term (i.e., the

interference term) is present at all.

The origin of the local deep minimum of χ2(q) at q ∼ 2 can also be understood by following

the analysis technique outlined in [68], which is using the Fourier transform of the event

spectrum or probability as a function of L/E.4 In the Fourier spectrum, one observes a main

peak at ∆m2
31 with a shoulder at ∆m2

31±∆m2
21 and the mass hierarchy is determined by the

relative position of shoulder and main peak. Note that the absolute positions of the peaks

are only known within the uncertainty of ∆m2
31, which is much larger than their separation.

Varying q changes the relative amplitudes of the peaks and can thus lead to a confusion of

mass ordering. If we use χ̂2 in Eq. (3.21) with the true NO, which has a local minimum

at q ' 2, the relative positions of the higher and lower peaks exchange positions when q is

increased from q = 1 and q ' 2.

Conceptually, it is possible to imagine a world in which ∆m2
31 is determined with superb

4Note, that the Fourier approach, while conceptually very clear, is not well suited to a full study including
systematic effects on the energy scale and thus, is not used for actual sensitivity estimates, see for example
[30].
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accuracy (� ∆m2
21). In this case, one can show numerically that the degeneracy indeed

goes away, and hence, there is no confusion, since now the position of the peaks, instead of

their relative heights, can be used to determine the mass hierarchy. Thus, in that case, the

sensitivity to mass ordering exists in a robust way independent of the potential strength of

the interference term.

To summarize, we failed to see evidence for the intimate, direct connection between sensitivity

to the mass ordering and the atmospheric - solar interference effect.

Summary

In this paper, we have shown that, in vacuum, a natural and general way of decomposing

the oscillation amplitudes into solar and atmospheric parts is possible for appearance and

disappearance channels. This decomposition is exact and relying neither on the hierarchical

values of the two ∆m2 nor on the actual values of observed oscillation parameters. With this

amplitude decomposition, it becomes possible to define the effect of interference between

the two partial amplitudes. For appearance channels, the interference term contains the

CP -phase δ, but also terms independent of it.

In the ν̄e (νe) disappearance channel, the oscillation amplitude does not depend on δ, and

hence, the interference effect we saw has nothing to do with the CP -phase. The nature of

the interference phenomena indicated by these features is a dynamical, quantum mechanical

interference inside the three family of neutrinos, not particularly related to the CP -violating

phase. We show, by detailed numerical calculation, that JUNO can observe this interference

effect with more than 4σ significance.

We have also discussed the relationship between the interference effect and sensitivity to

the mass ordering resolution. We argued that though the latter comes from the interference
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term in Eq. (3.16), we see no supporting evidence for the hypothesis of the mass ordering

resolution being equivalent to the atmospheric - solar wave interference effect.
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Chapter 4

CP Violation in Standard Neutrino

Oscillations

4.1 Preface

One parameter in neutrino oscillations that JUNO is not able to measure is often referred

to as the CP -violating phase (δ), and it is the oscillation parameter in standard neutrino

oscillations that we know the least about. The experiments that are most sensitive to δ are

long-baseline experiments using muon (anti)neutrinos from accelerators, such as the Deep

Underground Neutrino Experiment (DUNE) and Tokai to Hyper-KamiokaNDE (T2HK), to

which NuMI Off-axis νe Appearance (NOνA) and Tokai to KamiokaNDE (T2K), discussed

in Chapter 5, are predecessors. All of these experiments detect both electron and muon

(anti)neutrinos via both CC and NC interactions and have methods for discriminating be-

tween events in these different channels. It is the comparison between the neutrino and

antineutrino channels that give the best sensitivity to δ. As we measure oscillation param-

eters more precisely and the focus shifts toward the parameter for which we know the least

48
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about its value, we need to be careful to understand what we are actually measuring. Since

δ arises from a scheme of parameterizing the neutrino mixing matrix, we will investigate, in

this chapter, how it changes with slightly changing the parameterization scheme and what

that means for interpreting data.

4.1.1 Attributions

Section 4.2 is a reproduction, with slight modifications, of a paper to which I contributed:

Peter B. Denton and Rebekah Pestes. The Impact of Different Parameterizations on the

Interpretation of CP Violation in Neutrino Oscillations. arXiv:2006.09384.

A substantially expanded version of this paper was recently published as

Peter B. Denton and Rebekah Pestes. The impact of different parameterizations on the

interpretation of CP violation in neutrino oscillations. JHEP 2021, 139 (2021).

https://doi.org/10.1007/JHEP05(2021)139.

Using the parameterization schemes Peter Denton chose, I did all the calculations needed to

create the tables and figures in this paper and created all the figures. Peter Denton took my

results and applied them to T2K’s data.
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4.2 The Impact of Different Parameterizations on the

Interpretation of CP Violation in Neutrino Oscil-

lations

4.2.1 Abstract

CP violation in the lepton mass matrix will be probed with good precision in upcoming

experiments. The amount of CP violation present in oscillations can be quantified in nu-

merous ways and is typically parameterized by the complex phase δPDG in the standard PDG

definition of the lepton mixing matrix. There are additional parameterizations of the lepton

mixing matrix as well. Through various examples, we explore how, given the current data,

different parameterizations can lead to different conclusions when working with parameter-

ization dependent variables, such as δ. We demonstrate how the smallness of |Ue3| governs

the scale of these results. We then demonstrate how δ can be misleading and argue that the

Jarlskog is the cleanest means of presenting the amount of CP violation in the lepton sector.

We also confirm that, among the different parameterizations considered, the standard PDG

parameterization has a number of convenient features.

4.2.2 Introduction

While the fact that CP violation (CPV) is needed to explain the matter-antimatter asym-

metry in the universe [75] is a frequently used motivation for searching for sources of CPV,

identifying sources of CPV is interesting in its own right. Not only does it play an important

part of the ongoing goal of measuring the parameters of the Standard Model, but also for

understanding when CP is and is not violated. In the quark sector, the Cabibo-Kobayashi-
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Maskawa (CKM) matrix [54, 76] provides a small amount of CPV [13]. For leptons, three

phases relating to how neutrinos and anti-neutrinos behave differently appear in the lepton

mixing matrix U [14, 15], one of which (δ) is analogous to the KM phase in the CKM matrix

while the other two are physical if and only if neutrinos have a Majorana contribution to their

mass. U , like the CKM matrix for quarks, describes the mismatch of lepton flavor eigenstates

(|να〉 for α = e, µ, τ) and mass eigenstates (|νi〉 for i = 1, 2, 3) via |να〉 =
∑

i U
∗
αi |νi〉. While

all three phases contribute to leptonic CPV, the complex phase δ contributes to neutrino

oscillation while the two Majorana phases, though important for neutrinoless double beta

decay, do not. The complex phase δ, however, is convention dependent and thus not a fun-

damental quantity. The most useful fundamental quantity to describe the amount of CPV

in a mass matrix is the Jarlskog invariant [77]:

J ≡ Im[Ue1U
∗
e2U

∗
µ1Uµ2] . (4.1)

The choice of the 2 × 2 submatrix in Eq. (4.1) is arbitrary; we chose the (3,τ) submatrix

resulting from deleting the third column and the τ row in Eq. (4.1) for concreteness. Any

row and any column can be removed.

There are many different ways of parameterizing the lepton mixing matrix, all of which must

have at least one complex phase. Depending on the details of the parameterization, the

constraint on the complex phase can be quite different. This means that interpreting results

and goals of experiments in terms of the complex phase of one parameterization is not a

fundamental description of our understanding of CPV.

In addition, new physics scenarios, if they exist in reality, can fundamentally complicate

the extraction of CP violation independent of how the mixing matrix is parameterized. For

example, the addition of non-standard neutrino interactions (with or without additional CP -
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violating phases), sterile neutrinos (also with or without additional CP -violating phases),

or unitary violation can all lead to confusion related to the extraction of the standard CP -

violating three-flavor phase [78–102]. Some of these degeneracies can be differentiated by

combining measurements from different experiments. These scenarios are different from

those discussed in this paper in that in the presence of new physics, extracting information

about CP violation would suffer from various partial degeneracies independent of the choice

of parameterization. The optimal choice of parameterization of the 3× 3 (or 4× 4 or larger

matrix in the presence of additional neutrinos) mixing matrix in the presence of various

new physics scenarios is beyond the scope of this article and we will focus on the standard

three-flavor oscillation picture with no new interactions.

In this paper, we will demonstrate exactly how the complex phase of the lepton mixing

matrix is not the optimal parameter for understanding CPV in neutrino oscillations and

when it can be misleading. We will show how different, perfectly valid, representations of

the mixing matrix with one complex phase can lead to rather different conclusions when the

complex phase is used as the primary indicator of CPV in oscillations. In section 4.2.3, we

will define the parameterizations we are going to consider in this paper. Next, we will show

how these different parameterizations affect their respective δ′ and the key role that Ue3 plays

in section 4.2.3. Finally, we will discuss our results in the context of T2K’s measurements in

section 4.2.5 and we will draw several interesting conclusions in section 4.2.5.

4.2.3 Methods

Mixing Matrix Parameterizations

We anticipate that the lepton mixing matrix, U , should be unitary up to any corrections from

sterile neutrinos, which we ignore. Thus, the matrix can be parameterized as three rotation
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matrices, containing a total of three Euler mixing angles (θ12, θ13, θ23) and six complex phases.

However, all rows and columns can be individually rephased if neutrinos are Dirac, or if we

restrict ourselves to relativistic neutrinos, as is the case for neutrino oscillations. Rephasing

is the fact that any column or row can be multiplied by an arbitrary phase. While this

appears to remove all six phases present in an arbitrary 3 × 3 unitary matrix, one of these

six rephasings is dependent on the other five, which leaves one complex phase remaining for

describing neutrino oscillations and is usually labeled as δ. Rephasing invariance also allows

us to constrain each mixing angle to a quadrant of our choice, since changing the quadrant of

a mixing angle is equivalent to specific combinations of rephasing and shifting δ by a constant.

We choose to constrain all of the mixing angles to the first quadrant (θ12, θ13, θ23 ∈ [0, 90◦)).

The three rotation matrices can be in any order, and the complex phase δ can be put into

any of the rotation matrices.

When we make various parameterizations of U for neutrino oscillations, the magnitudes of

the matrix elements remain the same, as does the Jarlskog, but the four parameters change;

this is the crux of our paper. Changing the order of the rotation matrices changes the values

of the mixing angles and δ (see Table 4.2), but changing which rotation δ is on does not

(other than trivial redefinitions, such as δ → −δ), so we will only consider having δ in the

rotation matrix containing θ13. Thus, the rotation matrices are defined as follows:

U1 ≡


1 0 0

0 c23 s23

0 −s23 c23

 , U2 ≡


c13 0 s13e

−iδ

0 1 0

−s13e
iδ 0 c13

 , and U3 ≡


c12 s12 0

−s12 c12 0

0 0 1

 ,

(4.2)

where cij ≡ cos(θij) and sij ≡ sin(θij). In this paper, we are only considering parameteriza-

tions of the form Uijk ≡ UiUjUk for i, j, k = 1, 2, 3 in which i, j, and k are all different. Other

parameterizations exist [103, 104] including those using the same rotation axis twice (Uiji)



54 Chapter 4. CP Violation in Standard Neutrino Oscillations

[105], three of the Gell-Mann matrices parameterizing the generators of SU(3) [106–109],

four complex phases [110], the exponential of a complex matrix [111], or five rotations and a

complex phase [112]1. If one wanted to include the Majorana phases in the parameterization

for U , the symmetric parameterization [113, 114] is advantageous over the PDG method of

including the Majorana phases, and it simplifies to the PDG parameterization in the context

neutrino oscillations. In this article, we focus on parameterizations containing three rota-

tions and one complex phase although we anticipate that our conclusions qualitatively apply

to other scenarios as well.

The parameterization of U used by the Particle Data Group (PDG) [13] without the Majo-

rana phases is

UPDG = U123 =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 , (4.3)

and the Jarlskog in this parameterization is

J = c12s12c
2
13s13c23s23 sin(δPDG) . (4.4)

The mixing matrix and Jarlskog in the other five parameterizations considered are shown in

Table 4.1, see also ref. [115] for a related discussion for the quark mixing matrix.

1The primary parameterization presented in [112] has the same complex phase as in the U132 parameter-
ization below.
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We note some important features of the PDG parameterization. The most important of

which is the difference between “simple” elements and “complicated” elements. We define a

simple element to be one that is only a product of trigonometric functions and e±iδ terms

while complicated functions can also be the sum or difference of such terms. Thus in U123,

we see that the first row and third column are composed entirely of simple elements. In

general, using the definitions in Eq. (4.2), Uijk has simple elements along the ith row and the

kth column.

In the PDG convention, the complex phase δ is set such that arg(Ue3) = −δ. Within the

PDG convention, this phase can be shifted with no effect on any of the oscillation physics.

For example, one could multiply the third column by eiδ and then the second and third rows

by e−iδ so that the first row and third column were all real.

In the PDG parameterization, experiments have measured all of the mixing angles (though

the measurements of θ23 are the least precise), but δ remains largely unconstrained. Plans

have been made to measure δ with good precision in future experiments [116–118], and this

paper aims at discussing the meaning of the precision claimed by these measurements. In the

rest of this paper, the complex phase in UPDG will be called δPDG while the complex phase in

other parameterizations will be called δ′. Recently, T2K has placed some constraints on δPDG

[58, 119]2; for now, we will consider δPDG to be completely unconstrained and then, in section

4.2.5, discuss the interplay between the T2K measurements and different parameterizations

of the mixing matrix.

δ Comparison

In order to compare the values of δ between the various parameterizations of U , we use the

best fit values for the mixing angles from [120] (θ12 = 33.8◦, θ13 = 8.61◦, and θ23 = 49.7◦)

2While NOvA also has sensitivity to δPDG, its data is currently not constraining [59].
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in UPDG, which gives us the following for the magnitudes of the elements in the neutrino

mixing matrix:

|U | =


0.822 0.550 0.150√

0.138 + 0.068 cos(δPDG)
√

0.293− 0.068 cos(δPDG) 0.754√
0.186− 0.068 cos(δPDG)

√
0.405 + 0.068 cos(δPDG) 0.640

 . (4.5)

The preferred value of the Jarlskog for this parameterization as a function of the complex

phase is

J = 0.0334 sin(δPDG) . (4.6)

In Table 4.2, we show how to calculate the four parameters (θ′12, θ′13, θ′23, and δ′) in six

different parameterizations of U in terms of the magnitudes of the elements of the matrix

and the Jarlksog. Using the expressions in this table combined with Eqs. (4.5) and (4.6), we

then plot the relationship between δ′ vs δPDG (as well as sin(δ) and cos(δ)).

4.2.4 Results

The plotted results are shown in Fig. 4.1. Fig. 4.1 also shows that the effect of varying

the mixing angles within their 3 σ allowed values has a marginal impact on the values of δ′

in other parameterizations. Varying the mixing angles significantly outside of these ranges,

however, can have a dramatic effect on this figure.

We note that there are loops in the sin(δ) plot but not in the cos(δ) plot. That is, cos(δPDG)

uniquely determines cos(δ′), but sin(δPDG) does not uniquely determine sin(δ′). This is

because cos(δ′) comes from the norm of the elements of the matrix, and thus only depends

on cos(δPDG), while sin(δ′) comes from the Jarlskog, so it depends on sin(δPDG) and cos(δPDG)

through the mixing angles.
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Figure 4.1: Comparison of the CP -violating phase of UPDG (δPDG) and that of other param-
eterizations of the neutrino mixing matrix (δ′). The shaded regions on the left plot show the
range of variations of the curves over the 3 σ range of mixing angles from [120].

An interesting feature of this plot is that for some of the alternative parameterizations of U ,

namely U231, U312, and U321, δ′ is restricted to a small domain just by our constraint of the

three PDG mixing angles. The parameterizations for which δ′ is bounded and whether it is

bounded about δ′ = 0 or δ′ = 180◦ are dependent on the mixing angles. Based on current

measurements, the restriction is driven by the size of θ13 in the PDG parameterization or,

alternatively, the relative smallness of |Ue3|. One can see this by looking at |Ue3| in each

parameterization, which is s13 in UPDG (see Table 4.3). In each of the parameterizations for

which δ′ is unbounded in Fig. 4.1, |Ue3| is simple, whereas in each of the parameterizations

for which δ′ is bounded, |Ue3| is complicated. Thus, in order to get the comparatively small

value of |Ue3| in those parameterizations for which |Ue3| =
√
A+B cos(δ′) with A and B

comparatively large, we must have cos(δ′) ∼ −1. We can approximate the effect of small

|Ue3| on the allowed range of δ′ in terms of PDG parameters by leveraging the smallness of

s13 to find

max
δPDG

[cos(δ′)] ≈ 1

2
d2
ijk − 1 , (4.7)
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with

d231 ≈ s13
1− s2

12c
2
23

s12c12s23c23

= 0.57 , d312 ≈ s13
1− c2

12s
2
23

s12c12s23c23

= 0.39 ,

and d321 ≈ s13
1− s2

12s
2
23

s12c12s23c23

= 0.54 (4.8)

for the three parameterizations with complicated |Ue3|. We then see that sin(δ′) is approxi-

mately contained within ±dijk. In fact,

sin(δ′) ≈ dijk sin(δPDG) , (4.9)

provides a simple approximation for the expressions shown in Fig. 4.1 and is accurate at the

. 10% level (Eq. (4.7) is accurate to < 2%). From Eq. (4.8), we can easily see how the three

different parameterizations behave. For example, we see that U213 and U321 should be quite

similar since they differ only by c2
23 ↔ s2

23, which are quite similar. Thus, swapping U231 and

U321 is the same (up to higher order corrections) as changing the octant. Meanwhile, we see

that the slope of sin(δ′) as a function of sin(δPDG) is the smallest for U312 (and thus δ′ is the

most constrained), since it has a factor c2
12 instead of the factor of s2

12. This is all consistent

with the top right panel in Fig. 4.1.
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Figure 4.2: Mixing angles in each parameterization as a function of δPDG. The shaded regions
show the range of variations of the curves over the 3 σ range of mixing angles from [120]
while the dashed (dotted) gray lines are best fit values (maxima and minima of 3 σ ranges)
in the standard parameterization.

We show the values of the three mixing angles in the different parameterizations in Fig. 4.2,

along with bands representing the region covered by these curves when the mixing angles in

UPDG are allowed to vary independently within their 3 σ ranges. We note that θ′12 is only

independent of δPDG in U132 while θ′23 is only independent of δPDG in U213. On the other

hand, θ′13 is independent of δPDG in both U132 and U213. We can also see how the precision

on the different oscillation parameters changes in different parameterizations3. Notably θ′13

is quite a bit less precise in other parameterizations, in particular those with complicated

Ue3 elements.

We also show the reduced Jarlskog in different parameterizations as a function of δPDG in

Fig. 4.3. The reduced Jarlskog is defined by,

J ′r ≡
J ′

sin(δ′)
. (4.10)

(See Table 4.1 for explicit expressions in each of the parameterizations considered.) This

3In the U123 parameterization, there is some dependence on the constraints from δPDG; these correlations
are ignored here for simplicity.
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Figure 4.3: The “reduced Jarlskog” J ′r ≡ J
sin(δ′)

for each parameterization as a function of
δPDG. The shaded regions show the range of variations of the curves over the 3 σ range
of mixing angles from [120]. The dashed gray line is Jr for UPDG using the best fit mixing
angles from [120] and the dotted gray lines are the maximum and minimum of Jr for UPDG

when allowing the mixing angles to vary over their 3 σ ranges. The sharp features are due
to switching the preferred octant of θ23.

quantity represents the contribution to the Jarlskog from the mixing angles in a given pa-

rameterization. We can see that in the parameterizations with complicated expressions for

Ue3 (U231, U312, and U321), the reduced Jarlskog is notably much larger than it is in the pa-

rameterizations with simple expressions for Ue3 (U123, U132, and U213). This provides another

means of showing why sin(δ′) in some parameterizations is restricted in its allowed range, as

shown in Fig. 4.1 and Eqs. (4.7)-(4.9).

To further understand the impact of |Ue3| on the tightly constrained nature of cos(δ′) in other

parameterizations, we plotted the allowed range (assuming δPDG is unconstrained) of δ′ for

various different parameterizations as a function of θ13 in the PDG definition in Fig. 4.4, with

all the other mixing angles fixed. In the U132 parameterization, δ′ is always unconstrained

for any value of θ13 up to 45◦. For U213, δ′ is unconstrained until θ13 > 35◦ past which point
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Figure 4.4: The allowed range of δ′ in various parameterizations of the neutrino mixing
matrix as a function of θ13 in the PDG parameterization. We have fixed the other mixing
angles to their best fit values while δPDG is unconstrained.

cos(δ′) is constrained to be near 1. In the three remaining parameterizations, we see that

cos(δ′) is constrained to be near −1 and that the allowed region increases as θ13 increases

roughly linearly with θ13 for smaller values of θ13, which is consistent with dijk ∝ s13 (see

Eq. (4.8)).

Next generation long-baseline accelerator experiments are aiming to not only detect CPV,

but measure it with some precision. Various targets on the precision on δPDG have been

presented based on theoretical concerns motivated by discrinimating among different flavor

symmetries. The 2013 Snowmass report stressed ∆δPDG = 15◦ as an important goal [121]

and a more recent theory overview emphasized ∆δPDG = 10◦ [122] as a useful target. We take

as a benchmark number ∆δPDG = 15◦ and plot the corresponding ∆δ′ (with fixed mixing
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Figure 4.5: Uncertainty of the CP -violating phase of alternate parameterizations of the
neutrino mixing matrix (δ′) as a function of δPDG, given an uncertainty on δPDG of 15◦.

angles) in the other parameterizations for various values of δPDG (see Fig. 4.5). We find that

in different parameterizations of the lepton mixing matrix, a precision on δPDG of 15◦ will

lead to extremely different precision in different parameterizations, in particular in the three

parameterizations with complicated expressions for Ue3. In Fig. 4.5, we see that while U132

and U213 aren’t too different from the PDG parameterization (as seen before), in the other

three parameterizations, a measurement of δPDG to within 15◦ precision could result in ∼ 1◦

precision on δ′, depending on the parameterization and the value of δPDG. In addition, since

the Jarlskog (and thus the precision on the Jarlskog) is the same in each parameterization,

Fig. 4.5 indicates that the precision on the mixing angles, in particular Jr ≡ c12s12c
2
13s13c23s23,

is comparable in U132 and U213 as in the PDG parameterization. Meanwhile, since δ′ (and

thus sin δ′) becomes more precise in U231, U312, and U321, the mixing angles must become

less precise in those parameterizations to compensate, as confirmed in Fig. 4.3. This is due

to the fact that U231, U312, and U321 have complicated Ue3 elements while the others all have

simple Ue3 elements.
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4.2.5 Discussion

As we have seen in Fig. 4.1, in some parameterizations, in particular U213, U312, and U321,

cos(δ′) is restricted to be . −0.8, and correspondingly, | sin(δ′)| . 0.6. That is, if the lepton

mixing matrix was parameterized differently, we would already know that 150◦ . δ′ . 210◦

(and, given T2K’s preference for 170◦ . δPDG . 360◦, this implies that 170◦ . δ′ . 210◦).

This highlights the fact that δPDG = ±90◦ by itself is not maximal in any fundamental

way; it does lead to the largest amount of CPV allowed given the other measured oscillation

parameters.

In much of the previous discussion and figures, we have assumed that we have measured

the three oscillation parameters perfectly and have no information on δPDG. In reality, of

course, each of the four parameters are somewhat constrained, although δPDG is largely

unconstrained at the moment except via T2K appearance data. We have verified, however,

that even over the allowed 3 σ range of 40◦ . θ23 . 50◦ (and even quite a bit beyond

this), cos(δ′) is restricted in 3 of the parameterizations to a region near −1, and there is a

corresponding constraint on sin(δ′), as shown by the shaded regions in Fig. 4.1.

The strongest constraint on CPV currently comes from T2K [58]. T2K has measured a high

amount of neutrino appearance and a low amount of anti-neutrino appearance, implying that

J < 0 at close to 3 σ. In addition, they seem to see slightly more neutrino events and fewer

anti-neutrino events than allowed by δPDG = 270◦ given other constraints, although this

tension is at low significance. Nonetheless, T2K has interpreted this as a constraint on θ13,

which (very weakly) suggests a larger value than that from precise medium baseline reactor

experiments [123–125]. In this analysis, however, they assume priors on solar parameters. If,

instead, a prior on θ13 from reactors was used since it is extremely well measured, one would

find that this slight tension could be more somewhat more easily accommodated in terms of



4.2. The Impact of Different Parameterizations on the Interpretation of
CP Violation in Neutrino Oscillations 67

a constraint on solar parameters.

We now take this slight tension seriously and consider the implications if it persists with

additional data. If it is confirmed at high precision, then we would look to the constraint on

the other oscillation parameters, since the measurement depends on c2
13s13c12s12c23s23

∆m2
21

∆m2
31

up to matter effects. Based on the best fit value for θ13 from T2K, this results in a 14%

excess in this quantity. The 1 σ allowed regions for c2
13s13, c12s12, ∆m2

31, and ∆m2
21 are 1.4%,

1.1%, 1.3%, and 2.8%. This suggests that the best place to understand any tension in the

T2K data with the rest of the oscillation data is in terms of the solar mass splitting4. We

note that the matter effect only slightly modifies the situation at T2K, as the corrections to

the Jarlskog can be determined in a straightforward fashion [126], as can the corrections to

the ∆m2
ij’s [127, 128].

In addition, T2K’s constraint on δPDG is that it is constrained to within [165◦, 358◦] at 3 σ,

which is about half the allowed space using a uniform prior on δPDG
5. However, we find that

if the lepton mixing matrix was parameterized as U312, the allowed range on the complex

phase is only [173◦, 208◦] including the 3 σ uncertainty on the oscillation parameters. This

is only 7.5% of the total δ′ space, compared with 53.6% of the total δPDG space. Similarly,

small regions exist for the U231 and U321 parameterizations. Note that this means that in the

U312 parameterization, the uncertainty is already down to ∆δ′ = 18◦ at 3 σ CL, accounting

for the uncertainty in the oscillation parameters.

Thus, we propose that a more useful metric for quantifying CP violation is amount of allowed

Jarlskog space. Extracting the Jarlskog only requires (up to matter effects) knowing the ratio

of ∆m2’s (and really just ∆m2
21, as T2K measures ∆m2

31) as opposed to sin(δPDG), which also

4While it is interesting to note that there was a slight tension in the solar mass splitting data, it goes in
the wrong direction to explain the T2K tension.

5The Haar measure applied to lepton mass mixing indicates that the correct prior on the complex phase
is uniform in δ under the assumption of anarchy, instead of sin(δ) or other possible choices [129].



68 Chapter 4. CP Violation in Standard Neutrino Oscillations

requires knowing θ13, θ12, and θ23. The Jarlskog is always within the range J ∈ [− 1
6
√

3
, 1

6
√

3
],

which numerically is [−0.096, 0.096]. These maximum (minimum) values of J occur when

θ12 = θ23 = 45◦, θ13 = atan
(
1/
√

2
)

= 35.3◦, and sin(δPDG) = +1 (sin(δPDG) = −1). From

nu-fit v4.0, it is found that the allowed range is reduced to [−0.033, 0.033] without including

any sin(δPDG) information. This represents 35% of the total allowed space, and it mostly

comes from the fact that θ13 = 8.6◦ is small compared to the value for maximal CPV, 35.3◦.

A subleading contribution comes from the fact that θ12 = 34◦, compared to 45◦, which results

in a reduction in the allowed space to 93%. Thus given T2K’s measurement, the allowed

space of the Jarlskog is about 22%, which is a parameterization independent statement.

We also note that certain parameterizations are very similar. In particular, we see in Fig. 4.1

that U123 (the PDG parameterization) is quite similar to U132. In addition, U231 is quite

similar to U321. Thus, we can conclude that U2 and U3 roughly commute within the context

of the discussion of CPV. That is, the effect of δ′ in the different parameterizations doesn’t

change much when commuting U2 and U3. This makes sense since the associated angles in

the PDG parameterization, θ13 and θ12 are the two smallest angles, so while rotations are

not commutative in general, the correction scales with the size of the rotations.

Before concluding this section, we make one comment on the usefulness of δ in a given param-

eterization (or δPDG in the usual parameterization). While we have extensively demonstrated

the shortcomings of δ in general and as a proxy for understanding CP violation, as well as

the benefit of using the Jarlskog to quantify the amount of CP violation in the leptonic mass

matrix, there is still some value in the δ quantity. In particular, it comes from the goal of

physics to measure everything. That is, measuring the Jarlskog with arbitrary precision, as

well as three rotation angles, leaves one sign undetermined: the sign of cos δ. While the sign

of cos δ does not affect CP violation, it is still a fundamental parameter in the Standard

Model and is physical, and thus it must be measured. Thus we do not advocate entirely
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ignoring measurements of δ as measuring parameters in the Standard Model is the primary

goal of particle physics, but we do encourage experimentalists and theorists to focus on the

Jarlskog when discussing CP violation.

Conclusion

Three of the four degrees of freedom in the lepton mixing matrix have been measured rea-

sonably well. In the standard PDG parameterization, these parameters are labeled θ12, θ13,

and θ23. The final parameter, δPDG, is related to the amount of CP violation (CPV) in the

lepton sector affecting neutrino oscillations. While it is certainly the case that sin(δPDG) = 0

implies no CPV in neutrino oscillations and sin(δPDG) 6= 0 is proof of CPV (given that all

three mixing angles are non-zero), δPDG and CPV in neutrino oscillations are not exactly

equivalent concepts. One clear way to see this is that in different parameterizations with one

complex phase, the allowed range of the new phase δ′ may be already severely constrained,

as shown in Fig. 4.1, without even considering any constraint on δPDG coming from T2K

or other experiments. This also highlights the fact that the precision with which δPDG is

measured is not truly fundamental (see Fig. 4.5), so the precision on the Jarlskog should

be considered instead. The cause of the surprisingly strong constraint on δ′ in certain other

parameterizations without any information on δPDG is the smallness of |Ue3|, which requires

a fairly strong cancellation, which only happens for cos(δ′) near −1.

We use this time to revisit the topic of optimality with regards to the choice of parame-

terization for the leptonic mixing matrix in the context of neutrino oscillations, giving the

presently known data6. While this is of course a matter of taste, we here list some desirable

features of a matrix:

6There are other potentially interesting criteria such as computational efficiency, for which SU(N) gen-
erators may be more efficient than rotations [130].
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• Since |Ue3| is small, it is favorable to have a simple element there; this picks out

parameterizations U123, U132, or U213.

• It is useful to be able to write approximate two-flavor oscillations as a simple function

of a single mixing angle for the various experimental probes that are available to us.

By looking at solar (Ue2), medium-baseline reactor (Ue3), and long-baseline acceler-

ator/atmospheric disappearance (Uµ3), we find that the preferred parameterizations

from Table 4.2 (i.e. parameterizations in which the element concerned is simple) are:

U123 U132 U213 U231 U312 U321

|Ue2| 3 3 7 7 3 7

|Ue3| 3 3 3 7 7 7

|Uµ3| 3 7 3 3 7 7

The only parameterization that satisfies all of these conditions is U123, which is the same as

the PDG parameterization (without the Majorana phases). The only remaining choice is the

location of the oscillation phase on one of the three rotations: U1, U2, or U3. As this does not

lead to any redefinition of the phase other than possibly a sign, its location is less important

than the order of rotations. Nonetheless, there are some theoretical benefits to putting the

phase on U1 (the θ23 rotation) instead of the more conventional U2 (the θ13 rotation) when

discussing the matter effect, see e.g. [127, 131]. For consistency, however, we recommend

that in most applications, the conventional PDG parameterization, including associating the

phase with the θ13 rotation, should be used; see Eq. (4.3).

In addition, one could examine the impact the choice of parameterization has on a given

symmetry structure such tribimaximal, trimaximal, golden ratio, and others along with their

modifications [132–137]. Since these are typically written in the PDG parameterization,

the statements in this article apply in a straightforward fashion to each model. That is,
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if a given model predicts a certain range for δPDG, then in a different parameterization,

that range would be given by Fig. 4.1. Nonetheless, one could investigate whether or not

the sum rules connected with various models exhibited any useful simplifications in certain

parameterizations; this is, however, beyond the scope of the present article.

Finally, as neutrino oscillation measurements improve and the values of the lepton mixing

matrix fall into sharp relief, we hope that when quantifying the amount of CPV present, the

Jarlskog is used, which depends on all four parameters in any parameterization, instead of

just δPDG.
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Chapter 5

Neutrino Non-Standard Interactions

in Oscillation Experiments

5.1 Preface

The long distances neutrinos travel through the earth in long-baseline experiments make

these experiments much more sensitive to the matter effect. So, if there are any interactions

between neutrinos and ordinary matter in addition to the ones in the standard model, these

neutrino Non-Standard Interactions (NSIs) would modify the matter effect, and the effects

could be seen as inconsistencies when comparing data from a long-baseline experiment with

data from an experiment with a significantly different baseline. We need to be careful to

rule out such possibilities before interpreting the data as telling us about the parameters in

the standard oscillation picture.

In the last data sets released by T2K and NOνA, there is a tension between the results of

their analyses. Since T2K and NOνA have significantly different baselines, NSIs could have

72
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a role in this discrepancy. In this chapter, we investigate this possibility in as general of a

way as we can.

5.1.1 Attributions

Section 5.2 is a reproduction, with slight modifications, of a paper to which I contributed

that was published in Physical Review Letters:

Peter B. Denton, Julia Gehrlein, and Rebekah Pestes. CP-Violating Neutrino Nonstandard

Interactions in Long-Baseline-Accelerator Data. Phys. Rev. Lett. 126, 051801

(2021). doi:10.1103/PhysRevLett.126.051801. arXiv:2008.01110.

Julia Gehrlein and I both gathered the needed data from plots by T2K and NOνA and found

the parameters needed to give the best fit of Eq. (5.4) to the data gathered. Peter Denton

took our results and used them in his code to make Figs. 5.1, 5.2, 5.3, and 5.4, as well as

Table 5.1. The approximations were calculated by Peter Denton and Julia Gehrlein.

5.2 CP -Violating Neutrino Non-Standard Interactions

in Long-Baseline-Accelerator Data

5.2.1 Abstract

Neutrino oscillations in matter provide a unique probe of new physics. Leveraging the advent

of neutrino appearance data from NOvA and T2K in recent years, we investigate the presence

of CP -violating neutrino non-standard interactions in the oscillation data. We first show how

to very simply approximate the expected NSI parameters to resolve differences between two
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long-baseline appearance experiments analytically. Then, by combining recent NOvA and

T2K data, we find a tantalizing hint of CP -violating NSI preferring a new complex phase

that is close to maximal: φeµ or φeτ ≈ 3π/2 with |εeµ| or |εeτ | ∼ 0.2. We then compare the

results from long-baseline data to constraints from IceCube and COHERENT.

5.2.2 Introduction

Neutrino oscillations have provided the only particle physics evidence for new physics beyond

the standard model (BSM) to date [22, 64], making it an excellent place to probe new

physics scenarios. The phenomenology of neutrino oscillations is fairly unique, as it provides

an opportunity to observe the accumulation of a relative phase over macroscopic distances,

making neutrino oscillations one of the purest probes of quantum mechanics available. During

propagation, the environment may also modify the phases due to an interaction. Such an

interaction exists in the standard model (SM) and is called the Wolfenstein matter effect

[16], wherein a neutrino in the electron state of the flavor basis experiences a potential with

the background electrons via a charged-current (CC) interaction.

In the same paper that pointed out the SM matter effect, Wolfenstein also suggested the

possibility of a new interaction that provides a matter effect, so-called neutrino non-standard

interactions (NSI) [16, 138, 139]. Since then, there has been an explosion of interest to probe

these new interactions. Numerous UV-complete models have been developed [140–147]1 and

the phenomenology has been generalized beyond vector currents [148–151]. In addition,

several NSI parameters introduce various interesting degeneracies in oscillation or scattering

experiments [78–80, 82–87, 90–95, 98, 99, 138, 152–161], which demonstrates the importance

of complementary measurements of the NSI parameters.

1These models allow for sizable NSI via various mechanisms such as constraining the direct coupling of
the NSI mediator to the heavier generations or to sterile neutrinos that mix with the active ones.
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One of the most complete ways to probe neutrino oscillations is through long-baseline ac-

celerator experiments with electron (anti)neutrino appearance. While these measurements

are extremely challenging experimentally, they provide a wealth of information, as they are

sensitive to many oscillation parameters, including those that are the least constrained, like

the CP-violating phase δ from the leptonic mass mixing matrix. In addition, appearance

measurements provide a crucial probe of certain NSI parameters.

The two state-of-the-art long-baseline neutrino experiments are NOvA and T2K [162, 163].

Both are off-axis; therefore, each detects a flux of neutrinos with a relatively narrow energy

distribution. The latest results from both experiments [164, 165] show a slight tension at the

∼ 2σ level, depending on how exactly it is quantified. Both experiments prefer the normal

mass ordering, but T2K prefers δ ∼ 3π/2 while NOvA does not have much preference and is

generally around δ ∼ π. While this is not yet significant, it provides an interesting test case

for new physics should it persist, as both experiments plan to accumulate additional data.

The parameters for this tension are particularly interesting. Since a new physics explanation

probably has to depend on the matter effect and since T2K with less matter effect sees some

evidence of CPV, this means that CPV is present not only in the mass matrix but also in

the new physics sector. Thus we are presenting evidence of two cases of relatively “large”

CPV in the neutrino sector. Given the complex picture of CP with some parts of physics

violating it maximally and others seeming to conserve it, these hints for extra CPV play a

crucial role in our larger understanding of CP symmetry in physics.

In this paper, we review NSI and show how to approximate the NSI parameters that describe

the NOvA and T2K data. We then describe our treatment of the NOvA and T2K data. Then,

we show that the NOvA and T2K data can be resolved by the inclusion of NSI with complex

CPV phases with a preference for CPV values over CP-conserving values. Finally, we discuss

our results in a broader picture of other neutrino measurements and present some possible
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plans to improve these results, and we conclude.2 All the relevant data files are available at

peterdenton.github.io/Data/NOvA+T2K NSI/index.html.

5.2.3 Methods

NSI Overview

NSI in oscillations provides an additional contribution to the matter potential of the neutrino

oscillation Hamiltonian in the weak basis

H =
1

2E

U †M2U + a


1 + εee εeµ εeτ

ε∗eµ εµµ εµτ

ε∗eτ ε∗µτ εττ


 , (5.1)

where E is the neutrino energy, U ≡ R23(θ23)U13(θ13, δ)R12(θ12) is the PMNS mixing matrix

[14, 15] that is parameterized in the usual way [13], M2 ≡ diag(0,∆m2
21,∆m

2
31) is the

diagonal mass-squared matrix, a ≡ 2
√

2GFNeE parameterizes the matter effect, and Ne

is the electron density. The εαβ terms parameterize the size of the new interaction relative

to the weak interaction and typically arise from effective Lagrangians of the form

LNSI = −2
√

2GF

∑
α,β,f

εfαβ(ν̄αγ
µνβ)(f̄γµf) . (5.2)

For simplicity, we only consider NSI with vector mediators. The Lagrangian level NSI param-

eters in Eq. (5.2) are related to the Hamiltonian level terms in Eq. (5.1) by εαβ =
∑

f
Nf
Ne
εfαβ,

where Nf is the number density of fermion f . In the context of oscillations, it isn’t possible

to identify which matter particles (electrons, up quarks, or down quarks) the new physics is

2We also provide supplemental material for a derivation of some of our analytic results, our results in the
standard oscillation picture, and some additional NSI results which includes [61, 77, 123, 166–176].

https://peterdenton.github.io/Data/NOvA+T2K_NSI/index.html
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coupled to without comparing neutrino trajectories through materials with different neutron

fractions, such as the Earth and the sun. Within the context of long-baseline trajectories

through the crust, the neutron fraction is close to one. While the NSI parameters are of-

ten taken to be real for simplicity, we consider complex NSI, where εαβ = |εαβ|eiφαβ for

α 6= β, which violate CP [78, 177, 178], see ref. [179] for more on complex NSI. Diagonal

non-universal NSI [180] does not lead to CPV assuming CPT invariance and will not be

considered here.

One can analytically estimate the magnitude of the NSI parameter that would resolve dif-

ferent measurements of δ in experiments experiencing distinct matter potentials. We find

that if two experiments at two different matter potentials measure two disparate values of

δ due to εeβ NSI for β ∈ {µ, τ}, the magnitude of the NSI in the normal ordering (NO) is

approximately given by

|εeβ| ≈
s12c12c23π∆m2

21

2s23wβ

∣∣∣∣sin δT2K − sin δNOvA

aNOvA − aT2K

∣∣∣∣ (5.3)

≈


0.22 for β = µ

0.24 for β = τ

,

where wβ = s23 or c23 for β = µ or τ respectively3, see the supplemental material for a

derivation. The preferred value of εeτ is larger than that for εeµ since T2K prefers the upper

octant and T2K is less affected by NSI than NOvA. The difference between εeµ and εeτ

makes sense since long-baseline oscillations are dominated by ν3, which contains more νµ in

the upper octant, and thus not as much NSI affecting νµ is required to produce a given effect.

We also note that the approximations presented here are quite consistent with our numerical

results discussed below and shown in Fig. 5.1 and Table 5.1. In addition, in some regions of

3We use the standard cij = cos θij , sij = sin θij shorthand.
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parameter space, it may be possible to connect δ and the NSI phases via a technique known

as phase reduction [153, 181].

Analysis Details

The appearance channels at NOvA and T2K can be approximated by counting experiments,

while for the disappearance channels, the energy distribution of the events is important.

This approximation ignores several potentially problematic issues: the energy distributions

aren’t exactly delta distributions, there are correlated systematics between the different

channels, and the cross section systematics may well be related even between the different

experiments. Nonetheless, we find an acceptable reproduction of the results with the simple

treatment described below.

NOvA measures neutrinos with E ∼ 1.9 GeV after traveling 810 km through the Earth with

density ρ = 2.84 g/cc, while T2K measures neutrinos with E = 0.6 GeV after traveling

295 km through the Earth with average density ρ = 2.6 g/cc. For the appearance channels,

we find that the number of events can be expressed as a constant normalization term and

a constant factor which multiplies the oscillation probability in matter (see also [182] for a

similar approach). These constant factors can be derived from the provided bi-event plots

in [164, 165, 183]. As wrong sign leptons contribute to the flux, especially in antineutrino

mode, we parameterize the predicted numbers of events as

n(νe) = xP (νµ → νe) + yP (ν̄µ → ν̄e) + z , (5.4)

and similarly for the antineutrino channel, where x, y, z are real numbers which roughly

translate to the weighted neutrino (antineutrino) flux times cross-section for this particular



5.2. CP -Violating Neutrino Non-Standard Interactions in
Long-Baseline-Accelerator Data 79

energy, and the background rate in this channel4. For NOvA, a good fit is obtained for the

neutrino channel without including the wrong sign leptons,

n(νe)
NOvA = 31.15 + 1149.7× P (νµ → νe) , (5.5)

n(ν̄e)
NOvA = 13.97 + 472.60× P (ν̄µ → ν̄e)

+ 22.96× P (νµ → νe) , (5.6)

while for T2K, we find

n(νe)
T2K = 19.71 + 1284.16× P (νµ → νe)

+ 36.90× P (ν̄µ → ν̄e) , (5.7)

n(ν̄e)
T2K = 5.84 + 231.32× P (ν̄µ → ν̄e)

+ 49.51× P (νµ → νe) . (5.8)

At leading order, the oscillation probability for neutrinos and antineutrinos is the same for

the disappearance channel. However, this changes in the presence of NSI. In the following,

we will assume that the results in the disappearance channel are dominated by the neutrino

sample, which provides higher statistics than the antineutrino sample. We adapt the results

from [182] for the disappearance channel at NOvA, where they found as best fit |∆m2
32| =

(2.41± 0.07)× 10−3 eV2 and 4|Uµ3|2(1− |Uµ3|2) = 0.99± 0.02. For T2K, we obtain the test

statistic for θ23 and ∆m2
32 from the 1D distributions of the test statistics provided by the

experiment [164]5.

For the appearance channel, incorporating the effect of NSIs as described in Eq. (5.1) is

4Unlike other recent analyses of NOvA and T2K data, we include the wrong sign lepton contribution as
it considerably improves our description of the experiment.

5While these distributions do include information from the appearance mode, we assume that they are
dominated by the high statistics measurements made in disappearance mode.
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straightforward. For the disappearance channels, we calculate the effective vacuum mixing

parameters by solving

U †M2U + A+N = Ũ †M̃2Ũ + A , (5.9)

where A ≡ diag(a, 0, 0) and the N matrix contains the ε’s and is proportional to the matter

potential a. Then, by diagonalizing U †M2U + N , one finds the vacuum parameters that a

long-baseline accelerator experiment would extract in the presence of NSI at a given energy.

Various approximate techniques for the diagonalization of matrices in the context of neutrino

oscillations in matter have been explored in [127, 128, 184–189]. The approach presented

in Eq. (5.9) is exact in the case of constant matter density; it does not apply to solar or

atmospheric neutrinos, and additional care is necessary there. Finally, one can compare the

effective vacuum mixing parameters extracted from M̃2 and Ũ to the measured oscillation

parameters.

To analyze the data, we construct a test statistic using a log likelihood ratio with Poisson

statistics for the appearance data and simple χ2 pulls for the disappearance constraints. We

show the results in the standard oscillation picture in the supplemental material, which show

the preference for the IO when the two experiments are combined without NSI.

In the next section, we find that, in the presence of NSI however, the long-baseline data is

better described by the NO than the IO, so we assume the true mass ordering is normal,

unless otherwise specified. This is crucial as the mass ordering affects many other experiments

including end point, neutrinoless-double-beta decay, and cosmological measurements. The

MO can be confirmed independently of the presence of NSI via JUNO [190].
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Figure 5.1: The preferred parameter regions for εeµ using the newest appearance and disap-
pearance data from NOvA and T2K and assuming the NO. The gray region is disfavored
compared to the SM, and the dark gray region is ruled out by NOvA and T2K data at
∆χ2 ≤ −4.61. The blue star shows the best fit point. Each of the orange contours are drawn
at integer values of ∆χ2. See Table 5.1 for the best parameters. IceCube disfavors the region
to the right of the black dotted curve at 90% [191].

Table 5.1: Best fit values and corresponding ∆χ2 = χ2
SM − χ2

NSI for a fixed MO, considering
one complex NSI parameter at a time. (For the SM, χ2

NO − χ2
IO = 2.3 .)

MO NSI |εαβ| φαβ/π δ/π ∆χ2

NO
εeµ 0.19 1.50 1.46 4.44
εeτ 0.28 1.60 1.46 3.65
εµτ 0.35 0.60 1.83 0.90

IO
εeµ 0.04 1.50 1.52 0.23
εeτ 0.15 1.46 1.59 0.69
εµτ 0.17 0.14 1.51 1.03
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5.2.4 Results

We analyze one complex NSI parameter at a time, using the appearance and disappearance

data from NOvA and T2K and assuming the NO. In Fig. 5.1, we present the allowed pa-

rameter regions in the |εαβ|-φαβ plane for εeµ. The results for εeτ and εµτ can be found in the

supplemental material. For simplicity, we fix θ13, θ12, and ∆m2
21 to the best fit values from

Daya Bay and KamLAND as described above, as these experiments are not affected by NSI6,

and marginalize over ∆m2
31, δ, and θ23, including the pull on ∆m2

31 from Daya Bay. We have

verified that including the pulls associated with θ13, θ12, and ∆m2
21 do not significantly affect

our results. The best fit values for the parameters for each case of εeµ, εeτ , and εµτ in both

MOs are given in Table 5.1. Note that while the combination of both experiments raises the

χ2 by about 5.5 as mentioned in the supplemental material, that can be nearly completely

alleviated with the addition of εeµ which provides an improvement in the test statistic of

4.44 (compare this to switching to the IO which only improves the test statistic by 2.3 and

is in tension with SK data). In the presence of NSI, we still find that the upper octant is

preferred with sin2 θ23 = 0.56 for all three NSI parameters and both MOs.

Consistent with our analytic estimates, we find moderate evidence for CP-violating NSI.

The best solution is with the εeµ parameter with maximal CP-violating phases for both the

standard CP phase and the new NSI CP phase.

Other oscillation probes of NSI come from atmospheric and solar experiments. As atmo-

spheric constraints are expected to be stronger than those from solar, we focus on those.

The constraints on complex NSI parameters from IceCube [191] slightly disfavor the pre-

ferred region for εeµ, although it is possible to get an improved fit to the NOvA and T2K

data while not being in too strong of tension with the IceCube data. In fact, the best fit

6The slight discrepancy between the determination of the solar mass splitting by KamLAND and SuperK
could be resolved by NSI in the Sun [192].
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point to the IceCube data for εeµ is at |εeµ| = 0.07 and φeµ/π = 1.91, close to the relevant

numbers for NOvA and T2K. It is also interesting to note that IceCube slightly disfavors

|εeµ| = 0 at just over 1σ.

We show the constraints from IceCube on complex NSI from [191] on Fig. 5.1 and in the

supplemental material, which only slightly disfavors this NSI explanation of long-baseline

data with εeµ. The IceCube constraints are comparable to other constraints in the literature

on real NSI from oscillation experiments [138, 157, 193]. Constraints on complex off-diagonal

NSI from solar measurements are expected to be weak [152].

COHERENT’s measurement of the coherent elastic neutrino nucleus scattering (CEvNS)

process [194] provides constraints [149, 157, 159, 195–201] on the NSI parameter space that

is also an explanation of the NOvA and T2K data. Further constraints come from elastic

neutrino electron scattering [202]. While the parameters relevant for NOvA and T2K are

not strongly ruled out by scattering experiments yet [197, 203], they can be probed by

COHERENT in coming years. It should be noted, however, that the NSI constraint derived

from COHERENT only applies to NSI governed by mediators heavier than ∼ 10 MeV

[157, 204]. Constraints for lower mediator masses down to ∼ 1 MeV can by placed with

upcoming low-threshold CEvNS experiments at nuclear reactors. Meanwhile, early universe

measurements constrain mediators lighter than ∼ 5 MeV [205, 206]. Thus we anticipate

that COHERENT or future reactor CEvNS experiments should be able to probe the NSI

parameters that could explain the NOvA and T2K data in coming years.

5.2.5 Discussion

Measuring and understanding CP violation is of the utmost importance in particle physics.

Somewhat confusingly, the weak interaction violates CP while the strong interaction seems
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to conserve CP. Meanwhile, the quark mass mixing matrix has relatively small CP violation.

To better understand the important role that CPV plays in particle physics, we must measure

it and understand it in the leptonic sector.

In this manuscript, we have analyzed a new physics explanation for the slight tension in the

recent NOvA and T2K data. We performed a fit to the data and showed that this tension

can be resolved when introducing complex CP-violating NSI parameters. As an example,

we analyzed non-zero εeµ, εeτ , εµτ one at a time and found that the best fit points for the

new complex phases of εαβ prefers not only maximal CPV in the new interaction around

3π/2 for α = e, but also large CPV in the leptonic mass matrix. These NSI parameters are

best constrained (not counting long-baseline experiments) by atmospheric oscillation mea-

surements by Super-KamiokaNDE and IceCube. These measurements rule out the favored

parameter region for εµτ , whereas the atmospheric constraints only partially disfavor the

preferred regions of εeµ and εeτ . We anticipate that improvements from Super-KamiokaNDE

and IceCube can further test this hypothesis in the future7. Furthermore, experiments that

probe coherent elastic neutrino nucleus scattering will provide strong constraints on NSI

parameters of a similar order of magnitude, though they currently only apply to mediators

heavier than the ∼ 10 MeV scale.

The connections between combining experiments, the mass ordering, and NSI lead to this

narrative:

1. Without new physics, NOvA and T2K each individually prefer the NO.

2. Their combination, without new physics, slightly prefers the IO over NO, despite #1

above.

7Future long-baseline experiments also have improvedsensitivity to the range of NSI parameters considered
here [86, 192].
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3. When allowing for CPV NSI, the preference is for the new physics in the NO over the

standard oscillation picture.

We also point out that JUNO’s measurement of the MO, which has almost no dependence

on the matter effect, will determine the MO independent of NSI.

We can see clearly from e.g. Eq. (5.9) that in order to measure NSI with long-baseline

neutrinos, one needs to either compare two different experiments or use a broad band beam

such as that which DUNE will have [62]. If this hint for CPV NSI persists, T2HK will find

a similar value for δ as T2K has, while DUNE should be able to see some evidence for NSI

directly.

To summarize, we have shown that the tension of the recent NOvA and T2K data can be

resolved in a BSM scenario with the introduction of CP-violating NSI parameters, which can

be further probed with near-future experiments. It would be interesting to see if other new

physics models could also explain the discrepancy, such as the presence of sterile neutrinos,

decoherence, or neutrino decay.
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5.2.6 Supplemental Material

Analytic Derivation

Since the inclusion of NSI allows one, in principle, to exactly map one set of vacuum param-

eters onto another (see Eq. 9 in the main text), we can write down a system of equations of

the form

P (ε = 0, δmeas) = P (ε, δtrue) , (5.10)

P̄ (ε = 0, δmeas) = P̄ (ε, δtrue) , (5.11)

where we require both neutrino and antineutrino modes are equal for a given experiment.

For simplicity, we assume that the effect of NSI is completely absorbed in the CP phase;

in principle, the other parameters are also altered by NSI, specifically θ23 and ∆m2
31, but

we assume that the impact of NSI on those parameters is small, as will be justified by

comparing our analytic and numerical results. Here, δmeas is the value of δ extracted by the

experiment when assuming the standard oscillation picture. That is, the LHS represents the

probabilities as a function of the parameters extracted, assuming no new physics, while the

RHS represents the probabilities in terms of the “true” parameters.

We can use approximate expressions for NSI in long-baseline experiments to determine the

relationship among the measured values of δ, the true value of δ, and the magnitude and

phase of the NSI. From refs. [153, 166] after some manipulation, we find, for neutrinos and
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antineutrinos respectively,

−s12c12c23
π

2
∆m2

21 sin δ + aNOvA|εeβ|
[
wβs23 cos(δ + φeβ)− vβc23

π

2
sin(δ + φeβ)

]
≈ −s12c12c23

π

2
∆m2

21 sin δNOvA , (5.12)

s12c12c23
π

2
∆m2

21 sin δ − aNOvA|εeβ|
[
wβs23 cos(δ + φeβ) + vβc23

π

2
sin(δ + φeβ)

]
≈ s12c12c23

π

2
∆m2

21 sin δNOvA , (5.13)

where wβ = s23 (c23), vβ = c23 (−s23) for β = µ (τ), and we have assumed that the NO is

correct and that both experiments measure the NO. A similar expressions exists for T2K, as

well. The fact that the only true phase that appears in these approximations is δ + φeβ is

connected to the concept of phase reduction [153].

From the requirement that the probabilities in the neutrino and antineutrino channel should

both be satisfied with the same parameters, one immediately finds that sin(δ + φeβ) = 0.

This means δ + φeβ = 0 or π and that either cos(δ + φeβ) = 1 or cos(δ + φeβ) = −1,

respectively. Plugging this in and subtracting the NOvA and T2K equations, we find

|εeβ| ≈
s12c12c23π∆m2

21(sin δT2K − sin δNOvA)

2s23wβ(aNOvA − aT2K) cos(δ + φeβ)
. (5.14)

Given that aNOvA > aT2K and that the data suggests that sin δT2K < sin δNOvA, we find that

cos(δ + φeβ) = −1, and thus, δ+ φeβ = π. In any case, we can write down the general result

using absolute values, as shown in Eq. 3 in the main text. We obtain,

|εeβ| ≈
s12c12c23π∆m2

21

2s23wβ

∣∣∣∣sin δT2K − sin δNOvA

aNOvA − aT2K

∣∣∣∣ ≈


0.22 for β = µ

0.24 for β = τ

, (5.15)

where we plugged in the numbers for the last part which result in NSI values generally
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consistent with those from the exact numerical searches.

We can instead divide the NOvA and T2K equations to find

sin δ ≈ sin δNOvAaT2K − sin δT2KaNOvA

aT2K − aNOvA

. (5.16)

Plugging in the numbers, we find that the true value of δ one would expect is sin δ = −1.7

(the unphysicality of this is due to our θ23 approximation, but it does not mischaracterize

the general features of these approximations). This means that for an NSI explanation of

NOvA and T2K, we would expect sin δ = −1, and T2K would infer sin δT2K slightly larger

than −1. In addition, the effect of Eq. (5.16) in our situation of sin δT2K ∼ −1 is somewhat

alleviated by changes in θ23 due to NSI which we have not accounted for. Given that we

have cos(δ + φeβ) = −1 in our scenario, in the limit where aT2K → 0, we see from Eq. (5.16)

that sin δ ≈ sin δT2K as expected and that δT2K + φeβ = π, and thus φeβ = 3π/2, consistent

with our numerical results.

All of these results are derived assuming the approximate expressions from ref. [166], that

the experiments are at the first oscillation maximum, and that the matter potentials are

small relative to ∆m2
31 (for NOvA (T2K) we have a/∆m2

31 ≈ 1/6 (1/20)).

Standard Oscillation Results

In addition to addressing new physics in the neutrino sector, we also show the preferred

regions in the standard oscillation picture in Fig. 5.2. Contours are drawn relative to the

best fit point at ∆χ2 = χ2−χ2
bf = 4.61. Note that combining the data sets within the normal

mass ordering (NO) raises the minimum χ2 by ∼ 5.5 over either experiment individually;

this tension can be somewhat alleviated by switching the mass ordering [167, 182]. We show

the preferred regions of θ23 and the Jarlskog invariant where J = s12c12s13c
2
13s23c23 sin δ is the
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Jarlskog [77], which is a parameterization-independent quantification of CPV in the leptonic

mass matrix [168]. Note that the maximum value of the Jarlskog is 1/6
√

3 ≈ 0.096; we are

already quite far from maximal CPV in the leptonic sector due primarily to the fact that θ13

is fairly small.

For Fig. 5.2 we include a minimization over the four other standard oscillation parameters and

the sign of cos δ for the Jarlskog panel. We include priors from KamLAND [169] tan2 θ12 =

0.436+0.029
−0.025 and ∆m2

21 = (7.53± 0.18)× 10−5 eV2 as well as from Daya Bay [123] sin2 2θ13 =

0.0856± 0.0029 and ∆m2
32 = (2.471+0.068

−0.070)× 10−3 eV2. We find that the best fit parameters

are at J = −0.0120, δ/π = 1.21, and sin2 θ23 = 0.556 in the NO. In the inverted mass

ordering (IO) the best fit parameters are J = −0.0328, δ/π = 1.54, and sin2 θ23 = 0.560.

These are compatible at the < 1σ level with the latest global fit to all oscillation experiments

[167].

We see that in the NO, while T2K has some significance to disfavor J = 0, the inclusion of

NOvA data weakens this, making CPV in the standard oscillation picture an important goal

for NOvA and T2K [170, 171] in coming years, as well as upcoming long-baseline accelerator

neutrino experiments such as DUNE and T2HK [61, 62]. This weakening of the significance

in the NO when the experiments are combined emphasizes the slight tension between the

experiments.

Similarly to refs. [167, 182], we also find that while NOvA and T2K both individually prefer

the NO, the combination shows a slight preference for the IO at χ2
NO − χ2

IO = 2.3. When

combined with Super-KamiokaNDE (SK) atmospheric data [172, 173], the best fit mass

ordering (MO) remains normal [167, 182]8. This MO question is of crucial significance beyond

just measuring parameters in the SM. It may provide guidance about the structure of neutrino

8SK preferred the NO at χ2
IO − χ2

NO > 5, but with their latest data release, the significance dropped to
∼ 3.2, although it is still enough to prefer the NO in total.
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Figure 5.2: The preferred regions in sin2 θ23-J space for the NO (left) and IO (right) for
NOvA data, T2K data, or their combination at ∆χ2 = 4.61 within the standard oscillation
picture. This includes a marginalization over ∆m2

21, ∆m2
31, θ13, θ12, and the sign of cos δ

with pulls from KamLAND and Daya Bay.

mass [174] and is a key input for many experimental measurements of neutrinos, including

cosmological measurements of neutrino properties, kinematic measurements of neutrinos,

and neutrinoless-double-beta decay measurements should neutrinos have a Majorana mass

term, see e.g. [175].

We see that in the NO the allowed region for both experiments is larger than that for T2K

which highlights the tension between the experiments in the NO. On the other hand, in the

IO the allowed region for both experiments is smaller than that for either experiment which

shows that both experiments find slightly better agreement in the IO than in the NO.

Results for εeτ and εµτ

We found that εeµ explain the data well. We also see in Fig. 5.3 that εeτ explains the data

fairly well and is comparably allowable by other constraints.

It is expected that εµτ will not easily address the NOvA and T2K tension. Moreover, there
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Figure 5.3: The preferred parameter regions for εeτ using the newest appearance and disap-
pearance data from NOvA and T2K and assuming the NO. The gray region is disfavored
compared to the SM, and the dark gray region is ruled out by NOvA and T2K data at
∆χ2 ≤ −4.61. The blue star shows the best fit point. Each of the orange contours are drawn
at integer values of ∆χ2. See the table in the main text (Table 5.1) for the best parameters.
IceCube disfavors the region to the right of the black dotted curve at 90% [191].

are very strong constraints on εµτ from atmospheric data [176, 191, 193]. While these were

generally derived under the assumption of real NSI, the relaxation to complex NSI should not

significantly weaken the constraints. Nonetheless, we show the preferred region in Fig. 5.4

for NOvA and T2K data while marginalizing over θ23, ∆m2
31 (including a pull from Daya

Bay), and δ while the other three standard oscillation parameters were set to their best fit

values from Daya Bay and KamLAND. SK has a bound on εµτ that is slightly stronger than

IceCube’s at φµτ = 0, π [176], since this bound is only valid for CP conserving NSI, and since

IceCube thoroughly rules out the regions of parameter space preferred by NOvA and T2K

we do not show it on Fig. 5.4.
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Figure 5.4: The preferred parameter region for εµτ using the newest appearance and disap-
pearance data from NOvA and T2K and assuming the NO (left) or the IO (right). The gray
region is disfavored compared to the SM and the blue star shows the best fit point. The
orange contours are drawn at integer values of ∆χ2. See the table in the main text (Table
5.1) for the best parameters. IceCube disfavors the region to the right of the black dotted
curve at 90% [191].
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Conclusions

As the lightest and least known particle of the Standard Model fermions, yet one of the most

plentiful fermions in the universe, neutrinos are fascinating to study. In the age of “precision

measurements”of neutrinos, neutrino oscillation experiments can be a great probe for testing

the foundations of quantum mechanics, for example by observing quantum interference (as

shown in Chapter 3), and also for testing Beyond the Standard Model physics scenarios,

such as neutrino Non-Standard Interactions (NSIs) (as shown in Chapter 5). If our solution

to the T2K-NOνA tension is correct, the NSI would be another source of CP violation in

particle physics. As the last of the standard oscillation parameters are measured, informing

us of how much neutrinos violate CP via oscillation, let us not confuse the value of the

parameterization-dependent CP -violating phase δ with the amount of CP violation that ex-

ists in neutrino oscillations, which is better measured by the Jarlskog invariant (as discussed

in Chapter 4). Various unresolved anomalies that have arisen in neutrino physics underscore

our need of being extra careful with analyzing all the uncertainties involved in experiments

and predictions, including spectral fine structure for neutrinos produced from a nuclear re-

actor (as discussed in Chapter 2). We showed that this spectral fine structure uncertainty

93
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was particularly important for JUNO, and that the spectrum needs to be determined with

an energy resolution that is at least as good as JUNO’s, which is now being addressed by the

JUNO-TAO proposal [52]. We look forward to discovering the reasons behind the neutrino

anomalies and to figuring out what else neutrinos can tell us about physics.
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Appendix A

Oscillation Probability in Matter

In this appendix, we consider the case of neutrinos traveling through the crust of the Earth,

and use perturbation theory to calculate the oscillation probabilities from the matter Hamil-

tonian Hmat, which is shown in matrix form in the mass basis in Eq. (1.16):

Hm
mat =

1

2E


0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

+
√

2GFNeU
†


1 0 0

0 0 0

0 0 0

U +

(
m2

1

2E
+ VNC

)
I3 .

Note that the matrix form of the Hamiltonian in a particular basis is actually related to the

Hamiltonian H by Hψ
ab = 〈ψa|H |ψb〉, where |ψi〉 are the eigenstates of the basis and Hψ

ab is

the (a, b)th component of the Hamiltonian matrix in the ψ basis.

The parameterization of the neutrino mixing matrix U used in this appendix is the same as

in Eq. (1.9), which assumes unitarity with only three flavors of neutrinos that mix with each

110
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other:

UPDG =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13



c12 s12 0

−s12 c12 0

0 0 1

 ≡ U1U2U3

=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 ≡

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

 .

A.1 Perturbation Set-Up

To set up the perturbation, we need to identify a Hamiltonian H0 with a known solution

that is part of the neutrino matter Hamiltonian Hmat and that can be safely assumed to be

larger than the rest of Hmat. First, we will find assumptions we can safely make, and then

we will identify the H0 we will use.

A.1.1 Assumptions

From experimental measurements, we know that ∆m2
21 = (7.4±0.2)×10−5 eV2 and |∆m2

31| =

(2.51± 0.03)× 10−3 eV2 [167]. So, for the perturbation, we can assume that the ratio of the

small to large mass-squared differences is small, or in other words,

εm ≡
∣∣∣∣∆m2

21

∆m2
31

∣∣∣∣ = 2.9× 10−2 � 1 . (A.1)

As mentioned in Section 1.2.3, VCC =
√

2GFNe ≡ a
2E

is the Wolfenstein matter potential,

where E is the energy of the neutrino traveling through the matter. The electron number
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density for ordinary matter can be written as

Ne =

(
Ye
0.5

)(
ρ

2.83 g/cm3

)(
1.66× 10−22 g

mn

)
8.52× 1023 e− cm−3 ,

where Ye is the ratio of electrons to nucleons in the matter, ρ is the density of the matter,

and mn is the average mass per nucleon in the matter. For the crust of the Earth, Ye can be

approximated as 0.5 and the density is 2.83 g/cm3. Thus, the Wolfenstein matter potential in

the crust of the Earth is VCC ≈
√

2(8.96× 10−38 eV cm3)(8.52× 1023 cm−3) = 1.08×10−13 eV.

So, for our assumption of a small matter potential, we will use

εa ≡
2EVCC
∆m2

31

=
E

1.16× 1010 eV
� 1 . (A.2)

This means that for this appendix, the neutrino energy needs to satisfy E � 12 GeV.

A.1.2 The Hamiltonian

The Hamiltonian Hmat (from Eq. (1.16)) in the flavor basis is

Hf
mat = ∆31

U


0 0 0

0 εm 0

0 0 1

U † + εa


1 0 0

0 0 0

0 0 0


 ,

where ∆ij ≡ ∆m2
ij

2E
. By rearranging and plugging in UPDG for U , we find

Hf
mat = ∆31U1U2




0 0 0

0 0 0

0 0 1

+ εmU3


0 0 0

0 1 0

0 0 0

U †3 + εaU
†
2


1 0 0

0 0 0

0 0 0

U2

U †2U †1 .
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The Hat Basis

For simplicity, we want to find a basis for which the large term in this equation is a diagonal

matrix. So, we will define that basis, which we will call the hat basis, as follows:

|ν̂i〉 ≡ (U1U2)αi |να〉 (A.3)

for α = e, µ, τ and i = 1, 2, 3. In that basis, the Hamiltonian becomes

Ĥmat =U †2U
†
1H

f
matU1U2

=∆31




0 0 0

0 0 0

0 0 1

+ εmU3


0 0 0

0 1 0

0 0 0

U †3 + εaU
†
2


1 0 0

0 0 0

0 0 0

U2

 . (A.4)

Thus, we will choose the unperturbed Hamiltonian to be

Ĥ0 ≡


0 0 0

0 0 0

0 0 ∆31

 , (A.5)

which leaves

Ĥ1 ≡U3


0 0 0

0 ∆21 0

0 0 0

U †3 + U †2


VCC 0 0

0 0 0

0 0 0

U2

=


s2

12 s12c12 0

s12c12 c2
12 0

0 0 0

∆21 +


c2

13 0 s13c13e
−iδ

0 0 0

s13c13e
iδ 0 s2

13

VCC (A.6)
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as the perturbation Hamiltonian.

A.2 S Matrix Calculation

The S matrix, also called the oscillation amplitude, is defined to be the matrix such that the

probability of the oscillation να → νβ occurring is P (να → νβ) = |Sβα|2.

Properties of S

Let |ν̃i〉 = Aαi |να〉 (i = 1, 2, 3) for a unitary matrix A and S̃ji be defined such that P (ν̃i →

ν̃j) = |Sji|2. Then,

S̃ji = 〈ν̃j|ν̃i(t)〉 = A∗βjAαi 〈νβ|να(t)〉 = (A†SA)βα . (A.7)

This relation holds between any two S matrices for bases related by a unitary matrix.

Now, the eigenstates of the Hamiltonian Hmat (which we will call |νmi 〉 for i = 1, 2, 3) prop-

agate as plane waves, so |νmi (t)〉 = e−iHmatt |νmi 〉 = e−iE
m
i t |νmi 〉 (assuming a constant matter

density), where Em
i for i = 1, 2, 3 are the eigenvalues of the Hamiltonian Hmat. Let D be the

matrix that diagonalizes Hf
mat, so that

D†Hf
matD =


Em

1 0 0

0 Em
2 0

0 0 Em
3

 ≡ Hd
mat ,

and let Sdkj ≡
〈
νmk
∣∣νmj (t)

〉
. Then, Sdkj = 〈νmk | e−iEjt

∣∣νmj 〉 , ⇒ Sd = e−iH
d
matt. Thus, for a
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constant matter density,

S̃ = B†SdB = B†e−iH
d
mattB = e−iB

†Hd
matBt = e−iH̃t , (A.8)

where B ≡ D†A and H̃ is the Hamiltonian in the |ν̃i〉 basis. Since A was arbitrary, this is

true for any basis. Another way to see this is via the evolution equation for S:

∂

∂t
S̃mn = 〈ν̃m|

∂

∂t
e−iHmatt |ν̃n〉

=− i 〈ν̃m|Hmat |ν̃l〉 〈ν̃l| e−iHmatt |ν̃n〉 = −iH̃mlS̃ln ,

⇒ i
∂

∂t
S̃ = H̃S̃ . (A.9)

The solution to the above equation is S̃ = e−iH̃t.

A.2.1 In the Hat Basis

Let Ŝ be the oscillation amplitude for the hat basis. Then,

Ŝ(t) = e−iĤt = e−i(Ĥ0+Ĥ1)t . (A.10)

Expanding this exponential into an infinite series will not easily yield a series in which each

successive term is an order higher in Ĥ1, so let us use a different function to help us out:

Ω(t) ≡ eiĤ0tŜ(t). Then, using the evolution equation for Ŝ(t) (as found in Eq. (A.9)), we

find

∂

∂t
Ω =iĤ0Ω− ieiĤ0t

(
Ĥ0 + Ĥ1

)
Ŝ

=− ieiĤ0tĤ1Ŝ .
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So, the evolution equation for Ω(t) is

eiĤ0tĤ1e
−iĤ0tΩ = i

d

dt
Ω ≡ HΩΩ . (A.11)

The solution to this equation is

Ω(t) =I + (−i)
∫ t

0

dt′HΩ(t′) +
(−i)2

2!

∫ t

0

dt′HΩ(t′)

∫ t′

0

dt′′HΩ(t′′) + . . .

≡Ω(t)(0) + Ω(t)(1) + Ω(t)(2) + . . . , (A.12)

so the S matrix in the hat basis is

Ŝ(t) =
∞∑
n=0

e−iĤ0tΩ(t)(n) ≡
∞∑
n=0

Ŝ(n)(t) . (A.13)

Now,

(
Ĥ0

)0

=I3 ,

(
Ĥ0

)1

=


0 0 0

0 0 0

0 0 ∆31

 ,
(
Ĥ0

)2

=


0 0 0

0 0 0

0 0 ∆2
31

 , . . . ,
(
Ĥ0

)n
=


0 0 0

0 0 0

0 0 ∆n
31

 .

So,

e−iĤ0t =
∞∑
n=0

(−it)n
n!

Ĥn
0 =


1 0 0

0 1 0

0 0 e−i∆31t

 .
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Plugging this equation into Eq. (A.11) yields

HΩ ≡eiĤ0tĤ1e
−iĤ0t

=


s2

12 s12c12 0

s12c12 c2
12 0

0 0 0

∆21 +


c2

13 0 s13c13e
−i(δ+∆31t)

0 0 0

s13c13e
i(δ+∆31t) 0 s2

13

VCC , (A.14)

which, as desired, is on the order of Ĥ1. So, the series expansion of Ω(t) in Eq.A.12 is a

quickly converging one with Ω(t)(n) ∼ O
((
Ĥ1

)n)
, ⇒ Ŝ(n) ∼ O

((
Ĥ1

)n)
. Therefore, Ŝ to

first order in εa and εm is Ŝ = Ŝ(0) + Ŝ(1). Now, we plug Eq. (A.14) into Eq. (A.12) to find

Ω(t)(1) =− i


s2

12 s12c12 0

s12c12 c2
12 0

0 0 0

∆21t−


ic213∆31t

1−e−i∆31t
0 s13c13e

−iδ

0 0 0

s13c13e
iδei∆31t 0

is213∆31t

1−e−i∆31t

(1− e−i∆31t
)
εa ,

which, combined with Eq. (A.13), gives us

Ŝ(1) =− i


s2

12 s12c12 0

s12c12 c2
12 0

0 0 0

∆21t−


ic213∆31t

1−e−i∆31t
0 s13c13e

−iδ

0 0 0

s13c13e
iδ 0

is213∆31t

ei∆31t−1

(1− e−i∆31t
)
εa . (A.15)

A.2.2 In the Flavor Basis

The relation between S and Ŝ is given by S = U1U2ŜU
†
2U
†
1 . So, let S(n)(t) ≡ U1U2Ŝ

(n)(t)U †2U
†
1

for all non-negative integer values of n. Then,

S(t) =
∞∑
n=0

S(n)(t) ,
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where the first two S(n)(t)’s are

S(0) =U1U2e
−iĤ0tU †2U

†
1

=


c13 0 s13e

−iδ

−s13s23e
iδ c23 c13s23

−s13c23e
iδ −s23 c13c23




1 0 0

0 1 0

0 0 e−i∆31t



c13 −s13s23e

−iδ −s13c23e
−iδ

0 c23 −s23

s13e
iδ c13s23 c13c23



=I3 −
(
1− e−i∆31t

)


s2
13 s13c13s23e

−iδ s13c13c23e
−iδ

s13c13s23e
iδ c2

13s
2
23 c2

13s23c23

s13c13c23e
iδ c2

13s23c23 c2
13c

2
23

 (A.16)

and

S(1) =U1U2Ŝ
(1)U †2U

†
1

=i


−s2

12c13 −s12c12c13 0

s2
12s13s23e

iδ − s12c12c23 s12c12s13s23e
iδ − c2

12c23 0

s2
12s13c23e

iδ + s12c12s23 s12c12s13c23e
iδ + c2

12s23 0



·


c13 −s13s23e

−iδ −s13c23e
−iδ

0 c23 −s23

s13e
iδ c13s23 c13c23

∆21t

+


−c13

(
ic213∆31t

1−e−i∆31t
+ s2

13

)
0 −s13

(
c2

13 +
is213∆31t

ei∆31t−1

)
e−iδ

s13c
2
13s23

(
i∆31t

1−e−i∆31t
− 1
)
eiδ 0 s2

13c13s23

(
1− i∆31t

ei∆31t−1

)
s13c

2
13c23

(
i∆31t

1−e−i∆31t
− 1
)
eiδ 0 s2

13c13c23

(
1− i∆31t

ei∆31t−1

)


·


c13 −s13s23e

−iδ −s13c23e
−iδ

0 c23 −s23

s13e
iδ c13s23 c13c23

(1− e−i∆31t
)
εa . (A.17)
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νµ → νe Channel

From Eq. (A.16),

S(0)
eµ = −s13c13s23e

−iδ(1− e−i∆31t
)

.

From Eq. (A.17),

S(1)
eµ =is12c13∆21t

(
s12s13s23e

−iδ − c12c23

)
+ s13c13s23e

−iδ[i(c2
13 − s2

13e
−i∆31t

)
∆31t+

(
s2

13 − c2
13

)(
1− e−i∆31t

)]
εa .

So, to first order,

Seµ =S(0)
eµ + S(1)

eµ

=
1

2
sin(2θ13)s23e

−iδ[i∆31εat
(
c2

13 − s2
13e
−i∆31t

)
− (1 + cos(2θ13)εa)

(
1− e−i∆31t

)]
+ is12c13∆21t

(
s12s13s23e

−iδ − c12c23

)
.

νµ → νµ Channel

From Eq. (A.16),

S(0)
µµ = 1− c2

13s
2
23

(
1− e−i∆31t

)
.

From Eq. (A.17),

S(1)
µµ =− i∆21t

[
s2

12s
2
13s

2
23 + c2

12c
2
23 −

1

2
sin(2θ12)s13 sin(2θ23) cos(δ)

]
+ s2

13c
2
13s

2
23

[
2
(
1− e−i∆31t

)
− i∆31t

(
1 + e−i∆31t

)]
εa .
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So, to first order,

Sµµ = S(0)
µµ + S(1)

µµ =1− c2
13s

2
23

[(
1− 2s2

13εa
)(

1− e−i∆31t
)

+ is2
13∆31εat

(
1 + e−i∆31t

)]
− i∆21t

[
s2

12s
2
13s

2
23 + c2

12c
2
23 −

1

2
sin(2θ12)s13 sin(2θ23) cos(δ)

]
.

A.3 Oscillation Probability

For UPDG, we define Jr ≡ s12c12s13c
2
13s23c23 and Jrr ≡ s12c12s13s23c23.

A.3.1 νµ → νe Channel

To first order in εa and εm, the oscillation probability for νµ → νe is given by

P (νµ → νe) = |Seµ|2

≈ 2s2
13c

2
13s

2
23

[
2(1 + 2 cos(2θ13)εa) sin2

(
∆31

2
t

)
−
(
cos(2θ13)εa + s2

12εm
)
∆31t sin(∆31t)

]
+ 2Jr∆21t

(
cos(δ) sin(∆31t)− 2 sin(δ) sin2

(
∆31

2
t

))
.

A.3.2 νµ → νµ Channel

To first order in εa and εm, the oscillation probability for νµ → νµ is given by

P (νµ → νµ) = |Sµµ|2

≈ 1− 4c2
13s

2
23

[
1− c2

13s
2
23 + 2s2

13

(
2c2

13s
2
23 − 1

)
εa
]

sin2

(
∆31

2
t

)
+ 2c2

13s
2
23

[
s2

13

(
2c2

13s
2
23 − 1

)
εa +

(
s2

12s
2
13s

2
23 + c2

12c
2
23 − 2Jrr cos(δ)

)
εm
]
∆31t sin(∆31t) .



Appendix B

Neutrino Energy Spectrum from a

Beam of Pions

B.1 Off-axis Neutrino Beam Kinematics

(following arXiv:1005.0574v2)

For π → µ+ νµ decays in the pion’s center of mass frame (variables in this frame are labeled

with an asterisk),

E∗µ + E∗ν = mπ , and p∗µ + p∗ν = 0 ,

where Eµ and Eν are the energies of the muon and muon neutrino, respectively, mπ is

the mass of the pion, and pµ and pν are the momenta of the muon and muon neutrino,

respectively. In the approximation of a massless neutrino (mν = 0),

p∗ν = E∗ν = −p∗µ .

121
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From relativity, we know that E2 = m2 + p2. So, using conservation of energy, we find

E∗ν = mπ − E∗µ = mπ −
√

(E∗ν)
2 +m2

µ ,

=> E∗ν =

(
m2
π −m2

µ

)
(2mπ)

= 29.8 MeV , (B.1)

where mµ is the mass of the muon.

Let the polar axis be the direction of the pion’s velocity in the lab frame, and let θ∗ be the

angle between the polar axis and the neutrino’s velocity in the pion’s center of mass frame.

Then, the neutrino’s momentum in the pion’s rest frame is

~p∗ν = E∗ν cos(θ∗)ẑ + E∗ν sin(θ∗)ρ̂ .

Now, the Lorenz transformation equations for energy and momentum are

E = γ
(
E∗ + βp∗‖

)
, p‖ = γ

(
p∗‖ + βE∗

)
, and p⊥ = p∗⊥ ,

where β ≡ pπ
Eπ

=

√
E2
π−m2

π

Eπ
and γ ≡ 1√

1−β2
= Eπ√

E2
π−p2

π

= Eπ
mπ

. So, the neutrino’s energy and

momentum in the lab frame are

~pν = γE∗ν(cos(θ∗) + β)ẑ + E∗ν sin(θ∗)ρ̂ ≡ Eν cos(θ)ẑ + Eν sin(θ)ρ̂ , (B.2)

and

Eν = γE∗ν(1 + β cos(θ∗)) . (B.3)
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B.2 Relationship Between Eν, Eπ, and θ for a Single

Pion Decay

Let ξπ ≡ mπ
Eπ

= 1
γ

=
√

1− β2. From Eqs. (B.2) and (B.3), we find sin(θ∗) = Eν
E∗ν

sin(θ), and

β + cos(θ∗) = (1 + β cos(θ∗)) cos(θ) ,

⇒ cos(θ) =
β + cos(θ∗)

1 + β cos(θ∗)
and cos(θ∗) =

cos(θ)− β
1− β cos(θ)

(B.4)

=
Eπ cos(θ∗) +

√
E2
π −m2

π

Eπ + cos(θ∗)
√
E2
π −m2

π

=
cos(θ)−

√
1− ξ2

π

1− cos(θ)
√

1− ξ2
π

.

Plugging the second expression in Eq. (B.4) into Eq. (B.3) yields

Eν =
E∗ν
ξπ

(
1 +

cos(θ)−
√

1− ξ2
π

1− cos(θ)
√

1− ξ2
π

√
1− ξ2

π

)

=
E∗νξπ

1− cos(θ)
√

1− ξ2
π

=
E∗νmπ

Eπ − cos(θ)
√
E2
π −m2

π

. (B.5)

The plot of this function is shown in Fig. B.1 for various values of cos(θ). Notice that the

neutrino energy is only greater than E∗ν if cos(θ) > 0, and only in that case (while Eν ≥ E∗ν ,

except for θ = 0) are there multiple (2 to be exact) values of Eπ for each value of Eν .

Rearranging equation B.5, we find

EνEπ − Eν cos(θ)
√
E2
π −m2

π) = E∗νmπ

⇒


Eπ =

mπ(ξ2
ν+1)

2ξν
for cos(θ) = ±1∣∣∣Eπ − mπξν

sin2(θ)

∣∣∣ =
mπ |cos(θ)|

√
ξ2
ν−sin2(θ)

sin2(θ)
otherwise

,
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Figure B.1: Neutrino energy versus pion energy for a neutrino from a pion beam. The
neutrino is assumed to be traveling 1) in the same direction as the pion (left) or 2) with
different angles from the direction in which the pion is traveling (right; curves labeled with
cosine of those angles).

where ξν ≡ E∗ν
Eν

. Now, from equation B.5,

Eπ −
mπξν

sin2(θ)
=
−Eπ cos2(θ) + cos(θ)

√
E2
π −m2

π

sin2(θ)

So, for −1 < cos(θ) ≤ 0, Eπ − mπξν
sin2(θ)

≤ 0, and for 0 < cos(θ) < 1,

Eν < E∗ν ⇒ ξν > 1⇒Eπ − cos(θ)
√
E2
π −m2

π > mπ

⇒
∣∣∣∣Eπ − mπ

sin2(θ)

∣∣∣∣ >
√
m2
π

(
1− sin2(θ)(1 + cos2(θ))

)
sin4(θ)

=
mπ cos2(θ)

sin2(θ)
.

So, since Eπ ≥ mπ, the above inequality implies

Eπ >
mπ(1 + cos2(θ))

sin2(θ)
.
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Also for 0 < cos(θ) < 1,

Eπ −
mπξν

sin2(θ)
≤ 0⇒− Eπ cos(θ) +

√
E2
π −m2

π ≤ 0

⇒Eπ ≤
mπ

sin(θ)
=
mπ sin(θ)

sin2(θ)
<
mπ(1 + cos2(θ))

sin2(θ)
.

So, Eπ − mπξν
sin2(θ)

> 0 for ξν > 1 when 0 < cos(θ) < 1. Thus,

Eπ −
mπξν

sin2(θ)
=



mπ |cos(θ)|
√
ξ2
ν−sin2(θ)

sin2(θ)
for ξν > 1 and 0 < cos(θ) < 1

−mπ |cos(θ)|
√
ξ2
ν−sin2(θ)

sin2(θ)
for − 1 < cos(θ) ≤ 0

±mπ |cos(θ)|
√
ξ2
ν−sin2(θ)

sin2(θ)
for ξν ≤ 1 and 0 < cos(θ) < 1

,

⇒ Eπ =



mπ(ξ2
ν+1)

2ξν
for cos(θ) = ±1

mπ
(
ξν±cos(θ)

√
ξ2
ν−sin2(θ)

)
sin2(θ)

for ξν ≤ 1 and 0 < cos(θ) < 1

mπ
(
ξν+cos(θ)

√
ξ2
ν−sin2(θ)

)
sin2(θ)

otherwise

.

So,

β =

√
1−

(
mπ

Eπ

)2

=



cos(θ)(1−ξ2
ν)

ξ2
ν+1

for cos(θ) = ±1

ξν cos(θ)±
√
ξ2
ν−sin2(θ)

ξν±cos(θ)
√
ξ2
ν−sin2(θ)

for ξν ≤ 1 and 0 < cos(θ) < 1

ξν cos(θ)+
√
ξ2
ν−sin2(θ)

ξν+cos(θ)
√
ξ2
ν−sin2(θ)

otherwise

,

⇒ cos(θ∗) =
cos(θ)− β

1− β cos(θ)
=


cos(θ) for cos(θ) = ±1

∓1
E∗ν

√
(E∗ν)

2 − E2
ν sin2(θ) for ξν ≤ 1 and 0 < cos(θ) < 1

−1
E∗ν

√
(E∗ν)

2 − E2
ν sin2(θ) otherwise

.
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B.3 Joint Probability Density Function of Eν and θ

Given a Gaussian Eπ Distribution

In the pion center of mass frame, there is a uniform probability that the decay products from

a single pion decay would go in any direction in three dimensions, so the probability density

of cos(θ∗) is

fθ∗(cos(θ∗)) =
1

2
for − 1 ≤ cos(θ∗) ≤ 1 .

Assuming the distribution of Eπ is a gaussian (i.e. the probability density function for Eπ is

fπ(Eπ) =
1√

2πσ2
π

e
− (Eπ−Ēπ)2

2σ2
π ,

where Ēπ and σπ are the mean and standard deviation of the energy of the pions in the

beam, respectively),the probability of a neutrino from the pion beam source being detected

at an off-axis angle θ0 with an energy Eν0 (i.e. ξν = ξν0 ≡ E∗ν
Eν0

) in the lab frame is

P (Eν = Eν0 ∩ cos(θ) = cos(θ0))

=
∑

Eπ0,cos(θ∗0)
corresponding
to Eν0,cos(θ0)

P (Eπ = Eπ0)P (cos(θ∗) = cos(θ∗0))

=



P

(
Eπ =

mπ(ξ2
ν0+1)

2ξν0

)
P (cos(θ∗) = ±1) for cos(θ) = ±1

∑
k=±1

P

(
Eπ
mπ

=
ξν0+k cos(θ0)

√
ξ2
ν0−sin2(θ0)

sin2(θ0)

)
P

(
cos(θ∗) =

−k
√

(E∗ν )2−E2
ν0 sin2(θ0)

E∗ν

)
for

sin(θ)<ξν≤1
and

0<cos(θ)<1

P

(
Eπ =

mπ
(
ξν0+cos(θ0)

√
ξ2
ν0−sin2(θ0)

)
sin2(θ0)

)
P

(
cos(θ∗) =

−
√

(E∗ν )2−E2
ν0 sin2(θ0)

E∗ν

)
otherwise

≡ fν,θ(Eν0, cos(θ0)) dEν d(cos(θ))
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Now,

P (Eπ = αE)P (cos(θ∗) = αc) =fπ(αE)fθ∗(αc) dEπ d(cos(θ∗))

=
1

σπ
√

8π
e
− (αE−Ēπ)2

2σ2
π

∣∣∣∣∣∣∣
∂Eπ
∂Eν

∂Eπ
∂ cos(θ)

∂ cos(θ∗)
∂Eν

∂ cos(θ∗)
∂ cos(θ)

∣∣∣∣∣∣∣
Eπ=αE ,θ∗=αθ

dEν d cos(θ) ,

where

∣∣∣∣∣∣∣
∂Eπ
∂Eν

∂Eπ
∂ cos(θ)

∂ cos(θ∗)
∂Eν

∂ cos(θ∗)
∂ cos(θ)

∣∣∣∣∣∣∣ is the Jacobian for this transformation of variables (absolute value

of the determinate of this matrix). Also,

∂Eπ
∂Eν

=
∂Eπ
∂ξν

∂ξν
∂Eν

=
−ξ2

ν

E∗ν



mπ(ξ2
ν−1)

2ξ2
ν

for cos(θ) = ±1

±mπ
(
ξν cos(θ)±

√
ξ2
ν−sin2(θ)

)
sin2(θ)

√
ξ2
ν−sin2(θ)

for ξν ≤ 1 and 0 < cos(θ) < 1

mπ
(
ξν cos(θ)+

√
ξ2
ν−sin2(θ)

)
sin2(θ)

√
ξ2
ν−sin2(θ)

otherwise

,

∂Eπ
∂ cos(θ)

=mπ



− cos(θ)(1−ξ2
ν)

2

4ξ3
ν

for cos(θ) = ±1

±
(
ξν cos(θ)±

√
ξ2
ν−sin2(θ)

)2

sin4(θ)
√
ξ2
ν−sin2(θ)

for ξν≤1 and
0<cos(θ)<1(

ξν cos(θ)+
√
ξ2
ν−sin2(θ)

)2

sin4(θ)
√
ξ2
ν−sin2(θ)

otherwise

,

∂ cos(θ∗)

∂Eν
=



0 for cos(θ) = ±1

± sin2(θ))

E∗ν

√
ξ2
ν−sin2(θ)

for ξν ≤ 1 and 0 < cos(θ) < 1

sin2(θ)

E∗ν

√
ξ2
ν−sin2(θ)

otherwise

,
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and

∂ cos(θ∗)

∂ cos(θ)
=



1
ξ2
ν

for cos(θ) = ±1

∓ cos(θ)

ξν
√
ξ2
ν−sin2(θ)

for ξν ≤ 1 and 0 < cos(θ) < 1

− cos(θ)

ξν
√
ξ2
ν−sin2(θ)

otherwise

.

So,

det

 ∂Eπ
∂Eν

∂Eπ
∂ cos(θ)

∂ cos(θ∗)
∂Eν

∂ cos(θ∗)
∂ cos(θ)



=
−ξ2

νmπ

E∗ν



(ξ2
ν−1)
2ξ2
ν

(
1
ξ2
ν

)
for cos(θ) = ±1

±
(
ξν cos(θ)±

√
ξ2
ν−sin2(θ)

)
sin2(θ)

√
ξ2
ν−sin2(θ)

(
∓ cos(θ)

ξν
√
ξ2
ν−sin2(θ)

)
for ξν≤1 and

0<cos(θ)<1(
ξν cos(θ)+

√
ξ2
ν−sin2(θ)

)
sin2(θ)

√
ξ2
ν−sin2(θ)

(
− cos(θ)

ξν
√
ξ2
ν−sin2(θ)

)
otherwise

−mπ



0 for cos(θ) = ±1

±
(
ξν cos(θ)±

√
ξ2
ν−sin2(θ)

)2

sin4(θ)
√
ξ2
ν−sin2(θ)

(
± sin2(θ)

E∗ν

√
ξ2
ν−sin2(θ)

)
for ξν≤1 and

0<cos(θ)<1(
ξν cos(θ)+

√
ξ2
ν−sin2(θ)

)2

sin4(θ)
√
ξ2
ν−sin2(θ)

(
sin2(θ)

E∗ν

√
ξ2
ν−sin2(θ)

)
otherwise

,

⇒

∣∣∣∣∣∣∣
∂Eπ
∂Eν

∂Eπ
∂ cos(θ)

∂ cos(θ∗)
∂Eν

∂ cos(θ∗)
∂ cos(θ)

∣∣∣∣∣∣∣ =
mπ

E∗ν



cos(θ)(1−ξ2
ν)

2ξ2
ν

for cos(θ) = ±1

ξν cos(θ)±
√
ξ2
ν−sin2(θ)

sin2(θ)
√
ξ2
ν−sin2(θ)

for ξν≤1 and
0<cos(θ)<1

ξν cos(θ)+
√
ξ2
ν−sin2(θ)

sin2(θ)
√
ξ2
ν−sin2(θ)

otherwise

.
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Thus, the joint probability density function for neutrino energy Eν and off-axis angle θ is

fν,θ(Eν , θ) =
1

sπk



cos(θ)(η2
ν−1)

2
e
−

(1+η2
ν−2γ̄ην)

2

8η2
νs

2
π for cos(θ) = ±1

cos(θ)+

√
1−η2

ν sin2(θ)

sin2(θ)

√
1−η2

ν sin2(θ)

e
−

(
1+cos(θ)

√
1−η2

ν sin2(θ)−γ̄ην sin2(θ)

)2

2η2
νs

2
π sin4(θ)

+
cos(θ)−

√
1−η2

ν sin2(θ)

sin2(θ)

√
1−η2

ν sin2(θ)

e
−

(
1−cos(θ)

√
1−η2

ν sin2(θ)−γ̄ην sin2(θ)

)2

2η2
νs

2
π sin4(θ)

for ην≥1 and
0<cos(θ)<1

cos(θ)+
√

1−η2
ν sin2(θ)

sin2(θ)
√

1−η2
ν sin2(θ)

e
−

(
1+cos(θ)

√
1−η2

ν sin2(θ)−γ̄ην sin2(θ)

)2

2η2
νs

2
π sin4(θ) otherwise

,

(B.6)

where ην ≡ Eν
E∗ν

= 1
ξν

, sπ ≡ σπ
mπ

, γ̄ ≡ Ēπ
mπ

, and k ≡ E∗ν
√

8π = 149 MeV. This result (once

integrated according to equation B.7) is consistent with a Monte Carlo simulation done for

106 pion decays, as shown in Fig. B.2.

B.4 Gaussian Approximation for Neutrino Energy Dis-

tribution

The energy distribution (fE(Eν , θ0)) for the fraction of neutrinos from a pion beam that are

in line to go to a detector centered at a given off-axis angle θ0, spanning φ(θ)
2π

of the space

of azimuthal angles (at each value of θ covered by the detector) and ∆θ1+∆θ2
π

of the off-axis

angles, is given by

Φi(θ0)

Φtotal

=
1

2π

∫ Ei+∆Eν

Ei−∆Eν

dEν

∫ θ0+∆θ2

θ0−∆θ1

dθ φ(θ)fν,θ(Eν , θ) ≡
∫ Ei+∆Eν

Ei−∆Eν

dEν fE(Eν , θ0) , (B.7)

where Φi(θ0) is the number of neutrinos detected in the ith energy bin (centered on neutrino

energy Ei and with width 2∆Eν) and Φtotal is the total number of neutrinos produced by the

pion beam. To approximate fE(Eν , θ0) as a gaussian distribution, we need to find the mean



130 Appendix B. Neutrino Energy Spectrum from a Beam of Pions

0 1000 2000 3000 4000
0.0000

0.0005

0.0010

0.0015

0.0020

Neutrino Energy (MeV)

F
ra
c
ti
o
n
a
l
F
lu
x

θ=0.3°

0 1000 2000 3000 4000
0.0000

0.0005

0.0010

0.0015

0.0020

Neutrino Energy (MeV)

F
ra
c
ti
o
n
a
l
F
lu
x

θ=0.9°

0 1000 2000 3000 4000
0.0000

0.0005

0.0010

0.0015

0.0020

Neutrino Energy (MeV)

F
ra
c
ti
o
n
a
l
F
lu
x

θ=2.1°

0 1000 2000 3000 4000
0.0000

0.0005

0.0010

0.0015

0.0020

Neutrino Energy (MeV)

F
ra
c
ti
o
n
a
l
F
lu
x

θ=5.1°

Figure B.2: Fraction of neutrinos from a pion beam having an energy contained in each
100 MeV wide energy bin and that are in line to go to a detector centered at the off-axis

angles listed above each plot. The detector spans φ(θ)
2π

= 1
π

sin−1
(

1
200 sin(θ)

)
of the space of

azimuthal angles (at each value of θ covered by the detector) and 2∆θ
π

= 0.6
180

of the off-
axis angles. The histogram is obtained from a simulation, and the curve is obtained using
Eqs. (B.6) and (B.7).
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(Ēν) and standard deviation (σν) of Eν , using fE(Eν , θ0) as the probability density function,

as follows:

Ēν = 〈Eν〉 =
1

A

∫ ∞
0

dEν EνfE(Eν , θ0) ,

and

σν =

√
〈E2

ν〉 − 〈Eν〉2 =

√
1

A

∫ ∞
0

dEν E2
νfE(Eν , θ0)− Ē2

ν ,

where A is the fraction of neutrinos produced by the pion beam that are in line to go to the

detector, which is given by

A =

∫ ∞
0

dEν fE(Eν , θ0) .

Then, the neutrino energy distribution would be approximated as

fE(Eν , θ0) ≈ A√
2πσ2

ν

e
− (Eν−Ēν)2

2σ2
ν . (B.8)

Thus, the number of neutrinos we would expect in the ith energy bin, as long as the energy

bins are sufficiently narrow, is approximated by

Φi(θ0) ≈ ΦtotalfE(Ei, θ0)(2∆Eν) . (B.9)

The results of using this approximation for various off-axis angles is shown in Fig. B.3 as the

dotted lines.
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Figure B.3: Approximations of the fraction of neutrinos from a pion beam having an energy
contained in each 100 MeV wide energy bin and that are in line to go to a detector centered at
various off-axis angles. The detector spans φ(θ)

2π
of the space of azimuthal angles (at each value

of θ covered by the detector) and 2∆θ
π

= 0.6
180

of the off-axis angles. The colors corresponding
to the various off-axis angles are as follows: blue⇒ θ0 = 0.3◦, orange⇒ θ0 = 0.9◦, green⇒
θ0 = 2.1◦, and red⇒ θ0 = 5.1◦. The solid lines are obtained using equations B.6 and B.7 and
the dotted black lines are obtained using equations B.8 and B.9.



Appendix C

Minimizing χ2 for JUNO Simulation

In GLoBES, the energy response (RI
β(Eν , E) from Eq. (1.18)) is implemented as a matrix

called the smearing matrix [18]. Assuming the post-smearing efficiencies are approximately

constant over each bin of reconstructed energy, we can take a sample of points throughout the

relevant values of Eν that are close enough together that RI
β (as well as the flux, oscillation

probability, and interaction cross section) is approximately constant on intervals surrounding

each sampling point, and define the smearing matrix for channel c (corresponding to a

neutrino of flavor β interacting with the detector via an I interaction) by

M c
in ≡

∫ Ei+1

Ei

dE RI
β(Eν,n, E) , (C.1)

where the ith energy bin is given by Ei ≤ E ≤ Ei+1 and Eν,n is the neutrino energy of the

nth sampling point. In GLoBES, the energy response is assumed to be a Gaussian of the

form

RI
β(Eν , E) =

1

σc(E)
√

2π
e
− (Eν−E)2

2(σc(E))2 , (C.2)
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where σc(E) is the detector’s energy resolution for channel c. We can determine the number

of events detected in energy bin i for channel c (from Eq. (1.17); also called the post-smearing

channel rates) with the following equation:

N c
i ≈

∑
n

M c
inφ

c
n , (C.3)

where φcn ≈ fΦα(Eν,n)Pα→β(Eν,n)σIβ(Eν,n) is the pre-smearing number of channel c events

for sampling point n.

In the case of JUNO, only electron antineutrinos are produced by the source, and the energy

range being considered is below the threshold for being able to produce muons, so the

only interactions being observed in the detector are electron antineutrino charged current

interactions. Thus, there will be only be two event rate vectors: one for each detector.

C.1 Spectral Nuisance Parameters

To add in the nuisance parameters corresponding to the uncertainty in the fine structure of

the neutrino flux spectrum, we need to have a parameter multiplying the flux in each bin.

As seen in the definition of φcn, Φα(Eν,n) → ξnΦα(Eν,n) ⇒ φcn → ξnφ
c
n , where ξn are the

spectral nuisance parameters. So, let φDn be the pre-smearing event rate for sample point n

in detector D without modifying the flux, and let MD be the smearing matrix for detector

D. Then, the modified post-smearing number of events in energy bin i in detector D is given

by

ND
i =

∑
n

MD
inξnφ

D
n . (C.4)

We will use ND,0
i for the unmodified post-smearing event vector (i.e. same as the above

equation, except with all the ξn set to 1). In GLoBES, we use these ξn as the pre-smearing
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efficiencies. NOTE: All nuisance parameters are used in calculating the “fit” rates, not the

“true” rates.

C.2 Formula for χ2

The test statistic we will be using to determine how well our model fits the data is

χ2 =
∑
i,D

(
ND

true,i −ND
fit,i

)2

ND
true,i

+ pull terms , (C.5)

where the “pull terms” inflict penalties on our test statistic when the oscillation parameters

or nuisance parameters stray outside the boundaries of our prior knowledge of their values, as

talked about in Section 1.2.4. We do not use any pulls on the spectral nuisance parameters,

so ξn does not appear in any of the pull terms, thus enabling us to neglect them when

minimizing χ2 with respect to ξn.

C.3 Minimizing χ2

To find the values of ξn that minimize χ2 (while neglecting all other modifications to the fit

rates), let us take the derivative of χ2 with respect to ξn and set it equal to 0. Now,

dND
fit,i

dξm
=

d

dξm

[∑
n

MD
inξnφ

D
fit,n

]
= MD

imφ
D
fit,m .

So, the values of ξn that minimize χ2 are given by

dχ2

dξm
=
∑
i,D

2
(
ND

true,i −ND
fit,i

)
ND

true,i

dND
fit,i

dξm
= 0 ,
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⇒
∑
n

[∑
i,D

MD
imM

D
inφ

D
fit,mφ

D
fit,n

ND
true,i

]
ξn =

∑
i,D

ND
true,iM

D
imφ

D
fit,m

ND
true,i

. (C.6)

Thus, we can use the matrix equation
∑

nKmnξn = am, where Kmn =
∑

i,D

MD
imM

D
inφ

D
fit,mφ

D
fit,n

ND
true,i

and am =
∑

i,D

ND
true,iM

D
imφ

D
fit,m

ND
true,i

, to solve for the ξn. This has to be solved every time the

nuisance or oscillation parameters change (i.e. every time χ2 is calculated).


