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I. INTRODUCTION

In many investigations, an experimenter is interested
in comparing the effects of a number of experimental treat-
ments, such as yields of several new agriculture varieties,
results of several different production procedures, or ef-
fects of various raw materials on a final product. In this
type of investigation, an F test of the mean square for
treatments is often used to test the hypothesis that all
treatment means are homogeneous. Given that this hypothesis
can be rejected, the experimenter would like to make de-
cisions about the significances of individual differences
among treatment means considered a pair at a time.

The Multiple Comparisons Test was developed by Duncan
(1951) to provide a basis for decisions of the type men-
tioned above. This test was constructed for experimental
designs in which treatment means are independent and have
constant variances. Thus, application of this technique
has been limited to the more elementary designs such as
randomized blocks and Latin squares.

At present, a large number of investigations are being
conducted with incomplete block designs. As the treatment
means are not independent in these designs, the Multiple
Comparisons Test, as originally developed, can not be ap-

plied. The object of this thesis and a companion thesis by




Sanders (1953) is to determine what modifications of the
Multiple Comparisons Test are necessary to apply this pro-
cedure to comparisons of treatment means in various incon-
plete block designs. This thesis is concerned with the de-
velopment of test procedures for simple, triple, and balanced
lattices, whereas, Sander's thesis develops test procedures
for rectangular lattices.
In showing that a significant difference exists between

two independent means (eee, Xi, eos, Xis vees) in a set of n
treatment means by the Multiple Comparisons Test, & series (1)
of F tests is required for the variances of all treatment
combinations enveloping‘z) X; and Xj. These tests are made
to ensure that the two means do not belong to any group or
gubgroup of homogenecus treatment means. These F tests em~
ploy ratios of the type, F = sg / 3% whers:

s§ is the mean square for the p means involved and

s is the mean square of a treatment mean based on

the whole experiment.

(1) In the actual application of the Multiple Comparisonus
test, grocedures have been developed wnich simplify
and eliminate the need for testing all enveloping
treatment combinations individually.

(2) The terminology 'enveloping X;i and ig', signifies means
which includes both Xi and X4j. For example, if the
series (a,b,c,d) represents four means, then (a, b, c);
(a, ¢); (a, c, d)3 and (a, b, ¢, d) are all enveloping
combinations of treatments a and c.
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The mean aquare, aﬁ. is calculated from the formula,

121 (x; - §)3/(p_1), where X is the mean of the p treat-

ments in question. F ratios using sg in the numerator are
valid only when the treatment means are independent. When
treatment means are correlated, as they are in lattice de-
signs, these ratios must be modified in some manner before
they can be used in the Multiple Comparisons Test.

The end result of this thesis is to show that the
Multiple Comparisons Test may be applied directly to cor-
related means in simple, triple, and balanced lattice de-
signs, provided the mean square for a treatment mean, a%, is
replaced by one half of the average variance, Vh, of a dif-
ference between two treatment means. This result is demon-
strated by showing that ratios of the form a;/ﬁvd can be
treated as F ratios. In doing this, two forms of approxi-
mations are involved.

The first approximation results from the assumption
that covariances between adjusted treatment means are con-
stant. The second approximation is that of using estimated
variances instead of the true variances in calculating the
weighting factors required to obtain adjusted treatment
means. These weighting factors are also needed in the re-
covery of interblock information.

The first approximation is not necessary in a com-

pletely balanced design, as the covariances between treatment
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means are equal. Even in unbalanced designs, however, where
both approximations have to be made, the effect of these ap-
proximations should not be very serious. In any event,
there are good pracedents(3’ for accepting these approxi-
mations. The second approximation is always made in incom-
plete block designs employing recovery of interblock infor-
mation.

To summarise, the same rules developed in applying the
Multiple Comparisons Test to a set of independent means may
be used in testing differences between adjusted means in
lattice designs with one modification. This modification
is the replacement of the variance of a treatment mean, a;
by half the average variance of a difference between two
means, 3V4. This result corresponds to that obtained by
Sanders (1953) in his investigation of the Multiple Compari-

sons Test applied to rectangular lattice arrangements.

(3) i. The first assumption is implicitly accepted when-
ever an average variance of a treatment difference
is computed as suggested by Cochran and Cox (1950),
chapter 10 or by Kempthorne (1952), p. 460.

ii. The use of estimated variances in computing
weighting factors is discussed in Kempthorne (1952),
section 22.2.1.



II. LATTICE DESIGNS

2,1 Introduction

An experimenter is often faced with the necessity of
comparing a large number of treatments within the confines
of & limited amount of homogeneous testing material. For
example, he may wish to compare a large number of varieties
on & limited area of homogeneous land or the number of treat-
ments may be limited by the production capacity of a machine,
by the supply of homogeneous raw materials, or by the length
of time available in a working period. In such cases, the
experimenter may often use experimental arrangements known
as incomplete block designs.

Incomplete block designs are a series of arrangements
in which the number of treatments in a block or group is
less than the total number of treatments being investigated.
For instance, it might be necessary to test the quality of
forty-nine types of experimental enamels on an endurance
machine which cannot test forty-nine specimens within one
uniform testing area. If at least seven specimens can be
placed within the largest uniform area of exposure, then one
possible arrangement would be to test the enamels in incom-
plete blocks or groups of seven panels each. Such an ar-
rangement would constitute an incomplete block design. With
proper allocation of treatments in each of the incomplete

blocks, a design of this type will give better precision for



comparisons of the treatments, especially among those treat-
ments occurring together in the same block, than will cor-
responding complete block arrangements. The precision
gained by reducing the block size through the use of incom-
plete block designs is improved greatly when a method known
a8 recovery of inter-block information is used.

Lattices are a large group of incomplete block designs
which are developed from methods previously derived for
factorial experiments. By establishing a correspondence
between a lattice design and a factorial experiment,
methods for reducing the block size and subsequent analysis
of the lattice become much clearer. This correspondence
also aids in developing the variances and covariances of
treatment estimates. These variances and covariances are
needed in the problem of modifying the Multiple Comparisons
Test to assess the significance of differsnces among treat-
ment means. Because of the correspondence between lattices
and factorial designs, treatments in a lattice are often

termed pseudo-factorial treatment combinations.

2.2 Pseudo-Factorial Combinations for a Four-Treatment
EeaIgn

To illustrate the principles involved in arranging

treatments in incomplete blocks a hypothetical experiment
of four treatments is considered. Suppose that the four

treatments under study are four temperatures at which

glycerin is being nitrated and only two samples can be
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nitrated in an eight-hour shift. An acceptable arrangement
would be to nitrate two samples on each of two shifts. 1In
this study, each shift may be considered as an experimental
block. A correspondence may be established between the
four treatments under investigation and a set of pseudo-
factorial treatment combinations in a 22 factorial experi-
mentj that is, an experiment with two factors each at two
levels.

The four treatments may be related to factorial treat-
ment combinations as shown in Table 2.1,

Table 2.1

Bquivalence Between Treatments and

Pgeudo-Factorial Combinations

Tl‘ TOO T33 TOl

T2t Tio LA

In factorial notation, Tij indicates the combination of
factor a at its ith level with factor b at its jth level.
Thus, Tp; is the application of factor a at its lower level
with factor b at its higher level.

Letting yjj represent the result of applying treat-

ment T; 4, the main effects of factors a and b are denoted

by
A=%{r; -v0 * 10 - Yoo |
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and
B =3 [yll - ¥10 * Yo1 - Y0o) -

The interaction of factors a and b is dencted by

18 = 3 (33 - v10 * voo - yo1)

A summary of these relationships together with the relation-

ship for the mean, , is given in Table 2.2.
Table 2.2

The Mean, Main Effects, and Interaction in

Terms of Treatment Combinations

Results for Treatment Combinations
Effect Yoo 710 Yo1 Y11
Ly + + + +
24 - + - +
2B - - + +
2AB + - - +

2.3 Arrangement of Treatments in Incomplete Blocks

Through the techniques of confounding effects and
interactions, the original treatments may be arranged in
blocks of two treatments each. This may be accomplished
by confounding the main effects, A and B, and the inter-

action, AB, in three replicates, as shown in Table 2.3.
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Table 2.3
A 22 pPseudo-Factorial Experiment with A, B, and
AB Partially Confounded

Replicate I Replicate II Replicate III
(1) Too Toy (3) Toe Tyo (5)  Tgo 13
(2) Ty Ty3 (4)  Toy Ty (6)  Tyo To1

A Effect B Effect AB Interaction

Confounded Confounded Confounded

{ ) Bloek or Shift Numbers.

A full set_of replicates with a different effect con-
founded in each replicate is called a basic repetition.
For example, a complete design might consist of several
repetitions of replicates I, II, and III in Table 2.3.

The concept of a basic repetition affords a basis for
classifying the lattices into simple, triple, and so forth,
up to balanced designs. In the simple lattice, only two
effects are confounded and a basic repetition consists of
two replicates., If replicates I and II from Table 2.3 are
repeated one or more times, then the design so obtained
would be classed as a simple lattice. When the basic
repetition contains three replicates, i.e., confounding

three different effects, the design is classed as a triple
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lattice. Similarly, in larger experiments with k > 2 (k
being the number of units per block), it is possible to
design four, five, or up to (k + 1l)-tuple lattices by con-
founding four, five, or up to (k + 1) effects in each
repetition. When all possible (k + 1) effects are con-
founded the design is called a balanced lattice and in
these designs every pair of treatments occurs together
once in the same incomplete block.

If all three replicates in Table 2.3 are used as a
basic repetition, the design may be classed as a triple
lattice. Also, in this particular case, the design is
balanced, since the basic repetition contains all possible
(k + 1) confoundings (since k = 2).

2.4 The Model for lLattice Designs
In these designs, the yield of a particular treatment

is assumed to be made up of the added effects of the
general mean, replicate, treatment, block, and experimental
unit which is associated with the particular yield. This
assumption is given by

(2.1)  yeg(ig) = w * Pe * Brg * M(1g) * €rg(iy)

wheres

¥R treat-

(i) Yrg(ij) 1s the yield of the (13
ment in block g of replicate f,

(11) n is the expected mean for the ex-

periment,
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(1i1)  pyg is the effect for replicate f,
(iv) Brg is the effect for the g®B bloeck
in replicate f,

(v) m(135) is the effect for the (ij)th

‘ treatment, and
(vi) ﬁfg(ij) is the error of the (1j)th treat-
ment in block g of replicate f.
The quantities y, p, and n are fixed unknown parameters,
whereas, both B and ¢ are assumed to be independent and
normally distributed variates with means of gero and

variances a% and d:, respectively.

2.5 The Variances of Estimates of Pseudo-Factorial Effects

The treatment estimates in a lattice may be expressed
a8 linear functions of independent pseudo-factorial effects.
Once the variances of these effects are known, the vari-
ances of the treatment estimates may be determined with
little additional difficulty from the linear relationships.
For this reason, the varlances of the estimated factorial
effects are obtained in this section.

In a lattice design, each pseudo-factorial effect has
two types of estimates. One estimate may be obtained from
replicates in which the effect is not confounded and the
other type of estimate from replicates in which the esti-
mate is confounded. The A effect estimated from replicates

I1 or III is of the first type.
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Let KII denote the estimate of the A effect from repli-
cate II, that is,
(2.2)  App =2 1[-yo0 * v10 - Yo * ¥11 1+
Now, keeping in mind the arrangement of the treatments in
replicate II (see Table 2,3) and the model (2.1), A;; is
equal to the true A effect, A = 3[mgy + mp - mo; + mMy3l,
plus an error of

¥ [-83-83(00)*P3*€3(10)~B4-€4(01) *BY ey (11)]
= 3 [-£3(00)*43(10)%4(01)*&4(11) ] »

The variance, V(A1y), for Ay is therefore,
(2.3) V(ﬁII) = % [cg + ag + cg + ag ] = og .
Similarly, the variance, V(KIII), of the estimate of A from
replicate III is also equal to o2,
| The second type of estimate for the A effect may ve
obtained from replicate I and in this replicate, the A ef-
fect is estimated from interblock comparisons. From
equations (2,1) and (2.,2) and a knowledge of the treatment
arrangement in replicate I (found in Table 2.3), an eéti-
mate, KI, of the A effect from replicate 1 is equal to the

true A effect plus an error of
3 [-B1-€1(00)-P1-€1(01)*B2+€2(10)*B2+62(11)]

(2.4)
~ & [-281+285-€) (00)-%1 (01)*€2(10) *€2(11) 1 »

Thus,
(2.5) V() = T Chofrhofrbod] = 20f + 0
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Now, if weights W and W' are defined to be

(2.6)
W=
o%+20% '
e b
then the best estimate of the A effect combining information

from all three replicates is the weighted mean

2. A
(2.7) (W + 2 W)
The variance of ﬁ is

@) - (W)2v (A1) + (W)2V(Arg) + (W)2v(hy7q) _

(W + 2 W)? ' (Wreaw) *
If V(A) is calculated from r repetitions, then

(2.8)  V(k) = et T

i W Ry v wldyp e Wiy
|

In a similar manner using ﬁI! ﬁII’ and éIII to represent
estimates of the B effect from replicates I, II, and III
and KBI, &blls and XEIII estimates of the interaction from

these replicates, the variances of the various effects are

~ A
V(By) = g V(ABy) = dg

A A
V(Bry) = 0% + 2 of V(ABr1) = of

n A ‘
V(Byrr)= o3 V(AByyp)= of + 2 of . ‘

Weighted means B and K%, similar to ﬁ, are

p_WhB +w Bry + W By;

and

(W + 2w)
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Az\ w A,\BI + W AABII + W A’\BIII
B W' + 2W)

*

Variances of these estimates obtained from r replicates are
also given by

1 .
rlwi + iw,

The variance, V(j), of an estimate, %, of the general
mean may be found much the same way as the variances of the

factorial effects. The estimate of 1 in any replicate is

- 1l
Rp = i (Yoo +¥01 +Y10 * Y111 £ =1, 11, II1

and thus, ji{is squal to the true mean, 1, plus an error of

1
i, [P1*&1(00)*P1*€1(01)*B2*e2(10)*P2*€2(11) ]
(2.9)
= % [2B1+2B2+€1 (00)*&1(01)*£2(10) €2(11) ] -
Therefore,

8.) = & [ LoR+loR+LoR | = L [ 20%+g%
Vi) 1z [4op+hoy+hoQ 7 [20g+ag]

Thence, the variance of i for an experiment with r repe-

1 2a§ + g

2
titions is equal to Z[ 8 _jor in terms of W',
r

VR) = e

The covariances of the estimatea 3, ﬁ, Ah, and f are
readily found to be gzero. For example, the covariance of

R and §, Cov (ﬁlﬁl), from replicate I may be found by multi-
plying the coefficients in the expressions, (2.5) and (2.9),
of the error in KI and fiy. Thus,

Cov (A7 fi7) = % x % [ -4of + 4of - o: + a: - og + ogj

= O .
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If the same type of expressions are obtained for ths co-
variances of the remaining pairs of factorial effects, they
will also have a yalue of gero. From individual results
like these, 1t follows that the covariances of pairs of
factorial effects estimated from all the replicates in an

experiment are also zero.

2.6 Treatment Variances and Covariances in a Balanced
attice

At this peint, the main advantage in the pseudo-

factorial approach to lattice designs becomes evident.
Since the treatment estimates, tij» may be expressed as a
linear funetion of the pseudo-factorial effects and since
estimates of the effects are independent and their vari-
ances are known, it is fairly simple to obtain variances
and covariances of the treatment estimates from these ex-
pressions.

Treatment estimates may be expressed in terms of
pseudo-factorial effects by recalling the correspondence
between treatments and factorial combinations (Table 2.1)

and inverting the relations in Table 2.2. The results of

this inversion are shown in Tabls 2.4.
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Table 2 olk

Treatment Estimates Expressed in Terms of Estimates of
Pseudo-Factorial Effects and Interaction

Factorial Effects and Interaction
Treatments n A B AB
ty + -4 -% +4
ty + +3 -4 -4
ty + -3 +% -3
t), + +3 +% +%

Thelv&fiance, Kl, of any treatment estimate is easily

obtained from Table 2.4, since

By = V(n) + i V(A) + 5 Y(B) + T V(AB) .

Then, by inserting the variancéé of the estimates, ?Tﬁgtfﬁf
1

for the variance of an effect and VR for Vin),

K1 becomes

Ky

S U .
12 r W' Lr(Wr+2w)
In a like manner, the covariance, K5, of ¢t and t3 is

» - l‘ ).: H - 3:
Kg = Vis) - 3 V(A) + i V(3) i V(AB)
thence,
- 1 - 1
K2 12 r W Lr(wt+2w) °

Since each effect and interaction has the same expected
variance in a balanced design, the covariance of any two
treatments is also given by Kj.

In conclusion, variances and covariances for the four
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treatments in this example ars as presented in Table 2.4.
Table 2.4

The Variance - Covariance Matrix of Treatment Estimates

in a Balanced Lattice of Four Treatments

tl tz t3 tb
t1 K ) Ko Ky
ta Ky K, K,
t3 K K2

III. DEVELOPMENT OF VARIANCES AND COVARIANCES OF TREATMENT
ESTIMATES IN MORE COMPLEX LATTICE DESIGHNS

3.1 Introduction

In the previous section, a simple design of four treat-
ments was chosen to illustrate the gemeral method for
deriving the variances and covariances of treatment esti-
mates. The method consisted of expressing the treatments
as linear functions of independent pseudo-factorial ef-
fects and obtaining variances and covariances of the treat-
ment estimates from these linear functions.

In this section, variances and covariances of treat-

ment estimates from a design more complex than the

previous example will be investigated, that is, one for
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which the corresponding factorial experiment would contain
factors at more than two levels. A lattice of nine treat-
ments is treated in this discussion. This lattice is the
simplest arrangement in which the general techniques for
developing variances and covariances of treatment estimates
from factorial relationships can be exhibited.

3.2 Factorial Correspondence For A Lattice of Nine
Treatments

As in section 11, a correspondence may be established
between the treatments and a hypothetical factorial experi-
ment. The nine treatments correspond to a factorial ex-
periment conducted with two factors, each at three levels
and this correspondence is shown in Table 3.l.

| Table 3.1
Pgeudo-Factorial Combinations for a

Lattice of Nine Treatments

Ty ¢ To Ts ¢ T Tg 3 T12

As before, the coordinates in the subacripts of Tij signify
the combination of the ith level of factor a with the jth

level of factor b,

The main effect of factor a (the A effect) may be
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represented by comparisons among the means of the three
rows in Table 3.1, that is, comparisons among those points
for which i = 0,: 1,2 2. Thus, the A effect is based on

comparisons of the three means?
yoo *+ yo1 * vo2!

(r30 * 711 * ¥2?

1,

>
"
Wik W Wi

2 [yao * ¥21 * V22
when Vij is the yield of treatment Tij‘ In a similar manner,
the main effect of factor b (the B effect) may be obtained
by comparisons among the points for which j =0, ¢ 1, ¢ 2
or by comparisons among the means of the three columns .n

Table 3.1. These means are given by
Bg =3 Boo * ¥10 * 20
By = % oy + y1y * vy

B ]

2% Uop *yyp *Ypy
The interaction between the two factors a and b will

be comprised of comparisons within two groups of means.

The first group consists of elements of the form ABP, which

defines means of points for uhich(l) i+ j=pmod 3.

(1) p mod 3 is an abbreviation for p modulo 3 and defines
any number, which, when divided by 3, leaves a remainder
of p. For example, 5 = 2 mod 3, since 5 divided by 3
leaves a remainder of 2.
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These are
1
ABg = 3 [ypo * v12 * V21!
ABy '.§ {710 * Yo1 * V22!
ABz = § [yop * v20 + v11) -

A second group of means for the AB interaction is defined

by ABS, denoting means of the points for which i+2j=p mod 3.
These are

ABS = 3 ygg * ¥py * Vao!

182 = 3 Iyyo * ¥op * Yoy

Apg = % Y20 * Vo1 * V120 °

The means given above are linear functions of treat-
ment combinations chossn so that the variation among these
means is & measure of the pseudo-factorial effects. 4
summary of the foregoing linear relations together with the
relation for p is presented in Table 3.2.

The psseudo-factorial-effect-means as defined by
Kempthorne (1952) differ slightly from the definitions
adopted here. Kempthorne defines effect-means as devia-
tions from p. If the effect-means as defined by Kempthorne

are indicated by (Ap), (Bp} etc., then the relation between

our notation and Kempthorne's is
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Table 3.2

Pseudo-Factorial Effects Expressed in Treatment Yields
{Lattice, Nine Treatments)

Pseudo-~ Treatment Yields

Factorial

Effects Yoo Yor Yoz Yio Yi1 Yiz Y20 Ya1 Y22
3 AO + + +
3 11; + + +
3 A, + + +
3 By + ) + +
3B + + +
382 + + +
3 ABg * . R
3 ABl + + +
3 AB, + + .
3ABS + + +

3 AB% + + +

3”3; + + *

9 n + + + + + + + + +
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(AP) = AP - P
(Bp) =B -,

(3.1)
(ABP) = ABP - p, and

ABz = ABa - [ ]
{ p) p = W
From the relationships in Table 3.2 and the ex-

pression given in (3.1), the estimate of a treatment in

terms of the effects and interactions is

A

- A A A 2 _
(3.2) tij Li + Bi + ABi"‘J + &1*23 3"1,
where all subscripts are reduced modulo 3. As an example,
the estimate of treatment (1,2) is given by
- A B (] 2 _
typ, = Ay + By + ABg + KBZ - %,
Table 3.3 is a summary of the treatment estimates ex-

pressed in terms of pseudo-factorial-effect-means and is

obtained from (3.2).
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Table 3.3

The Relationship of Treatment Estimates to Estimates of

Pgeudo-Factorial Effects for a Lattice of Nine Treatments

Pseudo-~-Factorial Effects
Treatments 30 ﬁl 32 @O ﬁl %2 ﬁéo Kﬁl ﬂhz Kﬁé Kﬁf A%g o
tOO + + + + -3
t01 + + + + =3
to2 + + + + -3
th + + + + -3
tll + + + + -3
tlZ + + + + -3
tZO +  + + + -3
tZl + + + + -3
t22 + + + + -3

3.3 Arrangement of a Lattice of Nine Treatments in Blocks

of Three

In a 32 pseudo-factorial experiment four confoundings
P

are possible and these confoundings, which are indicated

by Table 3.2, yield the replicates shown in Table 3.4.
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Table 2.4

Four Confoundings in a 32 Factorial Experimenél)

Replicate 1 Replicate II

(1) Too Toy Toz Ao (4) Too Tyo T20 Bo

(2) Tio i1 Tz & (5) Toy Ti1 Ty By

(3) Tpo Ty T2z 42 (6) Toa Typ To2 Ba
A Effect Confounded B Effect Confounded
Replicate III Replicate IV

(7) Too Ty2 Tp1 ABg (10) Tpo T11 T22 A88

(8) Tgy Typ Tpp ABy (11) Top Tyg Tpy ABE

2
AB Effect Confounded AB? Effect Confounded

(1) Numbers in parentheses denote block number.
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3.4 Yariances and Covariances for Treatment Estimates in

a Balanced Lattice .

In section II, the variances and covariances of treat-
ment estimates were very simply derived from independent
factorial effects. Unfortunately, the pseudo-factorial-
effect-means in expression (3.2), are not independent.
However, the effect-means can be defined in terms of in-
dependent effect-comparisons. Thus, if A-effect-comparisons,
A* and A'', are defined as,

AY = Ag - Ay,

(3.3)
Ar? "AO +A1 - 2A2

then, the treatments may be expressed in terms of inde-
pendent pseudo-effect-comparisons. This may be accom-
plished from the inversion of the definitions (3.3) to-
gether with the definition of the mean, n = %[A0+A1+A2].
The A-effect-means may be written in terms of effect-
comparisons as shown below?

1 1
"‘A' ""E A"
AO.}:‘ +

(3010) Al =0 -

L 51 o V]

t o+ 4 At
At + 4 A
boen -

Similarly, the remaining effect-means may be ex-

pressed in terms of effect-comparisons from the following!




B' =By - B
By ‘BO “"Bl - 252

AB' = ABO - AB].

(3.5) .

2'. 2_ 2
AB ABO ABl

ABRt t= ABg + AB{ - 2AB§
Table 3.5 summarizes the expressions for effect-means in
terms of effect-comparisons.

The treatment estimates, tij’ may now be obtained
in terms of estimates of independent pseudo-factorial-
effect-comparisons., If A, By, Aﬁ', ﬁéa', X", ﬁ",

AB'', and AB2t' denote estimates of effect-comparisons

At, B', ABt, ABRt, Avt, Bttt  ABtt, and AB2't, respectively,

then the expression for tgg,

%[ﬂo + BY + AB' + ABR'] «+ %[Xn + Bre + ABveY + ABRte] + 4,

is obtained by substituting estimates of the effect-
comparisons for estimates of the effect-means in ex-
pression 3.2. (The relations between effect-means and
effect-comparisons are given in Table 3.5.) The remain-
ing expreasions for the treatment estimates in terms of

estimates of effect-comparisons are found in the same

manner and a summary of these expressions is in Table

3.6,




o

Table 3.5

Effect-Means and Effect-Comparisons for a 3%

Pseudo-Factorial Experiment

1 At Aty Bt Bttt AB' ABt' ABRt+  AB20¢
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Table 306

Relationship of Treatment Estimates to Estimates of

Pseudo-Factorial-Effeet-Comparisons in a

Lattice of Nine Treatments

Treatment Pseudo-Factorial-Effect-Comparison Estimates
Estimates |} Av Be ABr ABRr Arr Bre fprr  fB2re
. + 1 1 1 1 1 1 1 1
00 2 2 2 2 6 & & 6

i 1 1 i 1 1 2

o |* 332 3 % 3 & 3 “§

1 -1 1 2 _2 1

b2 |* 3z 9 0 -5 % € & ¢

+ Y S T A | )8 1 1 1

*10 2 2 2z 2 6 6 6 6
I R 1 1

SO A L T S S SR -

it 1 1 2 1 2

12 |* 3 ° 3z ° % & & “%

1 2 1 2 2

b0 |* % 3 ° 0 -3 7 &z 3

i 1 1 =2 1 1 1

taa |t © 3 3 -3 6 6 6 5

1 1 2 2 1 1

o o - + 2 2 1 1

b2 |* 2 2 6 6 & 6

The variances for estimates of effect-comparisons are
found in much the same way as were the variances for

pseudo-factorial effects in the 22 factorial experiment.

For instance, an estimate of the A' effect-comparison
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from replicate I, ﬁ;, within which the A effect is con-
founded (Table 3.5), is equal to the true A' comparison

plus an error of

1 1
30381%41 (00)*41(01) *€1(02)3 "5 [ 3B2*82(10)*82(11)*¢2(12)]
and therefore,

Aty . 2 2 27 2
V(AI) 3 [30’0 + Ge] -3-&:; )

where

Defining ﬁ}, ﬁﬁ%, ﬂﬁg', ﬁ}', ﬁ}', ﬂ%}’, and ﬁﬁ%"
as estimates from replicate f of the effect-comparisons
BY, ABY, AB2v, Avr, BeY, AB'', and AB2t', respectively,
then the variances of these estimates are found in the
same manner as the variance for ii and are presented in
Table 3.7.

Table 3.7

The Variances of Estimates of Effect-Comparisons

In Replicates in which the Comparison
Effect~Comparison is Confounded is Unconfounded
NI CLAVC-T-L 2 2
AgsBpsABr,ABS Tav £
N ~ A A
AR AN AN L 2 2

Working along the same lines, the variance of ﬁf, an




33

estimate from replicate f of pn, is

Vifip) = §%7 ’
Combining the sstimates of A' from all four repli-
cates shown in Tabls 3.5, the weighted estimate for A?

takes the form of

Ae R T B

2(w* + 3W) —

W' AI+WAI*WAIII+WAIV
(W + 3W)

and, the variance of A inr repetitions is

2
V(kt) = ST

If §’, Eﬁ', sz', ﬁ", @", ﬁ%", and £B2rs are defined in

the same way as ﬁ', then their variances arse as follows!?
A A
a. the V(%'), V(AB?), and V(AB2') are squal to

2 and
3r(wW' + 3W)

b. the V{Art), V(B"), (AJ"), and V(Aﬂz") are equal

2
 4+] r(W' +3W) .

The variance of fi for this design is

AY w1 .
) 36 r W

Covariances of pairs of the estimated effect-

comparisons can be shown to be zero by a method similar
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to the one used to show zero covariances for the estimated
effects in section 2.5. For example, the covariance of
ﬁi and ﬁi is obtained by first expressing the effect-
comparisons in terms of yields
A7 = 40300 * Yoy * Yoz - Y10 - Y11 - Y1z * 0 + 0 + 0]
By = 4lyo0 - Yo * O * Y10 - Y11 *+ O + yz0 - vz1 + Ol.
Then, remembering the treatment arrangement given Table
3.4 and the model (2.1), ﬁi is equal to the true Ai,
AT = 3lmop + moy * Mgz - Mo - ™y - mp),
plus an error of
3By * &1(00) * B1 * &1(01) * B1 * &1(02) - B2 - S2(10)
- B2 - €2(11) - B2 - &2(12)7
= 4038 * &1(00) * S1(01) * €1(02) - 3B2 - €2(10)
- &2(11) T f2012))°
A similar expression may be found for ﬁi, thus, %i is
equal to the true Bi plus an error of
[€1(00) - €1(01) * €2(10) - €2(11) * €3(20) - &3(21)
The covariance of ﬁi and ﬁi is therefore,
Cov (A% B{) - %[ 02 - 02 - o2 + o2 ]1=0.
From this and similar results the covariance of A' and B
from the complete design is Cov (ﬁ' ﬁ') = O,
Working from Table 3.6, showing the linear expression

of treatment estimates in terms of estimates of effect-
comparisons, the variance of a treatment eatimate, say tgg,
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for r replicates is
Vitgo) = FIV(RN)+v(Br)+v(KBr)+v(AB21)] + IV(Arr)

+V(B1Y)+V(ABY ) +V(AB211)] + V(i)

1 2 Lo 2 + 1
*§ {"[irlw'*f?W]} %{h[rm”ﬁ)]} 36 r W
- !

An examination of the remaining variances for treatment
estimates reveals that each tij nhas the same variance

which may be denoted by

VT T
The covariance of pairs of treatment estimates may
also be found with the aid of Table 3.6. Thus, the co-
variance of tgp and t22 is

Cov (tog tzz) = V(R) - F VUABY) + F V(AB2r) - Zrv(krr)

+ V(Brr)] + gg[v(jbv') + V(AB21¢ ]]

= 1 _ 1 .
36 r W Or (W' +3W)
In a similar way, the covariance of any pair of treatment

estimates is found to be

1 1
C = %_Tr T + —T——WMI’ W T ’
since all pssudo-factorial-effect-means are equally con-
founded.

In summary, the variance-covariance matrix for



treatment estimates in this design is as presented in
Table 3 . 8 .
| Table 3.8

Variance-Covariance Matrix for Treatment Estimates

in a Balanced Lattice of Nine Treatments

Yoo toi tO2 ti0 tii ti2 too tai 22

C

C
C
to2 v C
'

< O Q O O
< QO O € O
Q O o 0 o O
=< ©© O OO ¢ o o o
a O G o o o a O

ct
™
X

S

Note., V or [kw' + w;;;iﬂ

- L 11
¢ % W T wew

3.5 Variances and Covariances for Treatments in a Simple
attice

Continuing the previous example of nine treatments,

a 3aimple latticse would contain replicates I and II (see

Table 3.4 and again in Table 3.9 below) in each basic




repetition.

Table 3.9

Arrangement of Nine Treatments in a Simple Lattice

Replicaté I

(1) Too Tox Toz 4o

(2) Tyo T3 Ti2 A

(3) Tao Tz;y Ta2 Az
A Effect Confounded

Replicate II

(4) Togo Ti0 Tz0 Bo

(5) Toy T3 T2y By

(6) Tga Ty Ta2 B
B Effect Confounded

In this design only two pseudo-factorial-effects, A and
B, are confounded. Using the variances of the effect-
comparisons developed in the last subsection, the weighted
mean for A' is
t Qe Ay
2"W AI"WAL

W' + W ’
and thence,

oA

V(At) = §TW$%WTF for r repetitions.

3ince B! is also confounded, ﬁ' also has variance of

2 . Similarly, the variances of A'' and B'' can be
W 7

shown to be ;Ti%:wy o

The variances of the unconfounded pseudo-factorial-

A A
effect-comparisons AB' and AB2' are Elw and the variances
r
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, in2e 1 A
of AB'' and AB2'' are = The variance of p is8 found to

be W -

The variances and covariances for treatment estimates
may now be found withthe aid of the linear relations in
Table 3.6. As in the balanced design, the simple lattice

has only one variance form and this variance is

Vo m gl turw TR
Upon investigating the covariances of the treatment esti-
mates, two covariance forms become evident. These co-
variance forms are?

i. For estimates of treatment pairs appearing to-
gether once in the same block, the covariance
form is C5 1 = 65[45%7 + W%%W ~~% l. This form
is obtained from pairs of treatment estimates,

tij tmq' whore eithsr 1 = mor j = q.

ii. For estimates of treatment pairs not appearing
together in the same block, the covariance form
is 02,2 = 51:"[5%7 - W"%W + fl? ] and developes from
pairs of estimates b4 4 tmq' where either
i+ J=m+qori+2j=m+ 2q.

The variance - covariance matrix for the treatment

estimates in this simple lattice is shown in Table
3010.
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Table 3,10
The Vgrignge - Covariance Matrix for Treatment Estimates

in a Simple Lattice of Nine Treatments
‘oo o1 %oz %10 t11 b1zt t;  ty

oo V2 C1 C2,1 C2,1 Ca,2 Cp2 C2,1 ©Cz,2 C2,2

to1 2. G G2 C1 C2 Cp2 Cp,3 G
to2 V2. C2,2 C,2 G20 Cpp Cp 2 Cp
%10 V2 CG,1 G210 Co1 Cp,2Cop
t11 V2 C,1 G2 Cp,1 G2
%12 V2. C2,1 Cp,2 Cay
t20 V2. Cp,1 Ca,1
t21 V2. 21
t22 2

woue V2 =il w82 200 Sk ¢ whw - 1

3.6 Yariances and Covariances for Treatment Estimates in
a Iriple Lattice

In triple lattice designs, threes pseudo-factorial-
effects are confounded and replicates I, II, and III (Table
3.4) are included in each repetition. In replicates of

these types, the effect-means in A, B, and AB are confounded

and since replicate IV is not included in this design, the
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effect-means in AB2are not confounded.
By proceeding as in the previous subsection, the

variance of a treatment estimate is found to be

FRE1S LA AL BE
In the triple lattice, as in the simple lattice, two
covariance forms exist:
i. For treatment pairs, tij tmqs occurring once in the
same block, that is, for pairs of treatments for
which i = m, j=gq, or i + j = m + q, the covariance

is given by

- 1 1 _ 14,
®3,1 = g5 I3 — 571
ii. For estimates of treatment pairs not appearing in
the same block, that is, for treatment pairs

tiJ tmq Where i + 2j = m + 2q, the covariance is

= & 1 2 1,
®3,2 = gz 3w ~ witmw * W)
The variances and covariances for treatment estimates

in a triple lattice are presented in Table 3.1ll.



41

Table 3.11

The Variance - Covariance Matrix for Treatment Estimates

in a Triple Lattice of Nine Treatments

Yoo o1 to2 Y10 P11 tiz tap bty ta2

oo V3 3,1 C3,1 C3,1 C3,2 C3,1 C3,7 C3,7 C3,2

Yoy V3 03,1 C3,1 3,1 C3,2 C3,2 C3,1 C3,1
t02 V3 3,2 C3,1 C3,1 C3,1 C3,2 €3,
t10 V3 C3,1 3,1 C3,1 3,2 O3
11 V3 %31 %,1 C3,1 C3,2
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IV. AN F TEST FOR DIFFERENCE3S AMONG
CORRELATED TRSATMENT MEANS
It can readily be shown (see Sanders, 1953) that if
correlated means have equal variances and constant co-
variancesj that is, if the variance-covariance matrix, Z¢s
for the treatment estimates is in the form

vV ¢ . « « € C
V « +« +« € ¢

[ ] [ ] [ ] ® »
2 = » then the ratio

C c L] * ® v c
c ¢ « « o« C ¥

b -
E (ty - t)% 2 has a chi-square distribution with (p-1)
181 / 3 o3

degrees of freedom, where:

P -
i§1 (¢, - t)® is the corrected sum of squares of the
f p means involved and

cg is the expected variance of a treatment difference.

Thence, if an estimate V3 of 0§ exists, such that, V4 is in-

dependent of %1, t2, <+sy tp and Eggé is distributed as
4

chi~square with né degrees of freedom, the ratio

P -
F%T i3 (6 - B2 y, bae an F distribution with (p-1)

and np degrees of freedom.
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In effect, proper allowance is made for the correla-
tion between treatment means by substituting évd for the
estimated variance, s% s of a treatment mean which is used
in the F ratio §%I igl (x; - %)’/Si » when the means are
independent. Thus, it follows that modified F ratios in
the Multiple Comparisons Test provide a valid test for cor-

related means, if two assumptions are met!

n

2'd 314 distributed as chi-square with

2
%4

n, degrees of freedom and is independent

assumption (i)

of the treatment estimates and
assumption (ii) the treatment estimates have constant
variancas and constant covariances.

V. APPLTCATION OF THE MULTIPLE COMPARISONS
TEST TO BALANCED, SIMPLE, and TRIPLE LATTICES

In the previous section a modification of the F ratios
in the Multiple Comparisons Test was proposed which extends
these procedures to comparisons of correlated means. Wnen
this modification is applied to correlated treatment means
in a lattice design one or two approximations have to be

accspted.

Orz approximation arises from the fact that the weights

W and W*, from which V4 is computed, must be estimated from

the analysis of variance. This estimation offends assump-
tion (i) above. However, the substitution of estimates for




Ly
the true weights has been accepted in all analyses of in-
complete block designs whenever the usual procedures for
the recovery of interblock information are utiligzed and F
and t tests have been used. The inaccuracies introduced
by using estimates for W and W' (see Kempthorne, 1952,
section 23.6 or Cochran and Cox, 1950, section 9.32) are
not considered appreciable and in most lattice designs the
degrees of freedom for estimating the weights are large
enough for the resulting inaccuracy in estimation to be
neglected.

A second approximation is necessary when the co-
variances for pairs of treatment estimates are not constant,
as in simple (Table 3.10) or triple (Table 3.11) lattices.
Since the variances and covariances of the treatment esti-
mates are both constant in a balanced lattice (see Tables
2.4 and 3.8) and the variance-covariance matrix is in the
required form, only the first approximation is necessary
when the modified Multiple Comparisons Test procedures are
used on treatments in this case. However, in the unbalanced
designs, the variance-covariance matrices for the treatment
estimates are not in the form required for the application
of the modified F ratios and these matrices have to be
altered to the required form with constant covariances.

One approach te this problem is to replace the co-

variances for the individual pairs of treatment estimates

by an average covariance, which would convert the matrices




into the required form

vV § . . . T T
¢t v . + . © T
é é o : ; é and the modified
E 6 o L J o E v

Multiple Comparisons Test could then be applied. The use
of an average covariance in thig way is implicitly sug-
gested by Kempthorne (1952, p. 460), Cochran and Cox (1950,
chapter 10), and others when they use an average esti-
mated variance, ?d’ of treatment differences, rather than
estimated variances of individual treatment differences.
Thus in applying the test to treatments in an unbalanced
design, the proposed modification is to use Vg?; in place
of the standard error, sy , of & treatment mean.

In getting the average covariance for an unbalanced
design, the relative frequencies of occurrence of individual
covariances are first obtained, and the different values of
the covariances are weighted with these frequencies. The
average covariance for the simple lattice in section 3.5 is

found to be

elo2 o1l _1j,

e SweeS———— o S——

2 * Tar i ~Wiew 2w

whereas, the average covariance for the triple lattice in



gsection 3.6 is

shesbe - e

The average variance, 33, of a difference between two

treatments, t; - td, may then be found from the following

relationship
2 = 2q2 - 20
(5.1) ©% = 20% - 2¢ .

For a balanced lattice of nine treatments, the average

variance of treatment differences is

%4 ~ { [E‘“" W"‘v+3w 9:-[wv wv+3w]}
) 2
r(Ww+w) °

For a simple lattice of nine treatments,

= 2 1

%G { B R R SR e wuw"i’i]}
~=lyew * W) -

For a triple lattice of nine treatments,

o} = 2{k (b + wimw + 7 ) 35 L — o W)

Eowdnd -

The general expressions for the average variances of treat-

ment differences for lattices of k? treatments in r repe-

titions are!

(a) balanced lattice
(5.2)

r(wr+k W)
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(v) =imple lattice

(5:3) srdry Cwew + 554 ]

(¢) triple lattice

(544) FrTy [widew + 551

In the actual analysis,the weights W and W' are replaced by
their estimated valuas w and w', When this is done the
estimate Vj is obtained in place of'ﬁg and the degrees of
fresdonm, ny, are assumed to be equal to the degraes of
freedom for intravlock error.

The degree of approximation involved in using Vg4, de-
pends on the heterogsneity of the varicus covariance values.
When these values vary a great deal two other approaches to
this problem are possible. &Zach procedure reduces the ds-
gree of approximation involved but involves more complex
computations. The first solution is to calculate an average
variance of a difference among the actual treatmsnts in-

volved in the numerator of each individual F ratio
A o(s-%)2
p-1 i=1 évh

+ This would entail the compuvation of an
average variance of a treatment difference for a large num-
ber of combinations and would involve a fair amount of work.
A second solution, one that would be exact and would not in-
volve the approximation (ii) at all, would be to invert the
variance-covariance matrix for each combination of treatments

involved. Then, exact F tests (begging assumption (i) )
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could be obtained from quadratic forms based on these
matrices. The number of matrix inversions alone would
make this method prohibitive. .

1f V;?Z is used in place of the standard error of a
mean in all the component F tests, the approximations in-
volved would be no greater than those impliecitly accepted
in the usual uses of V4 and in most cases this procedure

can be recommended.

VI. AN EXAMPLE OF THE MULTIPLE COMPARISONS
TEST APPLIED TO A TRIPLE LATTICE

The actual application of the Multiple Comparisons
test to a lattice design will be illustrated using data
from an experiment presented by Cochran and Cox (1950,
chapter 10). The original plan of the experiment was a
balanced lattice designed to investigate the effects of
nine feeding treatments on the growth rates of pigs. How-
ever, for the present purposes, the experiment has been
abridged to form a triple lattice by omitting replicate I.

The results, weight gains (pounds per day) for a total
of two pigs, the analysis of variance table, and the treat-
ment means adjusted for differences among litters (blocks)
are shown in Tables 6.1, 6.<, and 6.3, respectively. In
Table 6.1, the blocks consist of sets of litter-mates.

The treatment means in Table 6.3 have been ranked in as-

cending order for convenience in applying the multiple




ccmparisons procedurs.

Teble 6.1

Gains in Weights (pounds per day) for a

Total of 2 Pigs

Replicate II

Blocks Totals
(1) (&) (7)
A l1.19 1.20 1.15 3.54
(2) (5) (8)
5 2.26 1,07 1l.i45 L.78

N

Replicate III

Blocks Totals
(1) (5) (9)
7 1.8 1l.16 1l.11 4,08
(2) (6) (7)
8 1.76 2.16 1.80 572
9 1.71 1.57 1l.13 &l
21

Replicate IV
Blocks Totals
(1) (6) (8)
16 1.77 157 Lle43 Le77

(2) &) _(9)
11 1,50 1.60 1.42 ke52

12 200 o 1M 75
[ [ [ ] 11*': l’

The numbers in parentheses indicate treatments.

) (&) (8) ‘

-




50

Table 6 o2
Analysis of Variance for Total Growth Rate

of 2 Pigs in a Triple Lattice Design

Source of Degrees of Sum of Mean

Variation Freedom Squares Square
Replicates 2 0.0016
Treatments 8 2.1395
(unadjusted)
Blocks 6 1.0312 0.1719 B
(adjusted)
Intrablock error 10 0.3936 0.03936 E

Total 26 3.5659
Table 6.3
Adjusted Mean Gain in Weight (pounds per day)
for a Total of 2 Pigs

t5 tg b9 t7 ta t1 t2 tg t3 |
0.955 1.320 1.335 1.646 1.660 1,733 1.741 1.814 1.913

Before the variance of a treatment difference can be com-
puted, the two weighting factors, w and w', must be esti-
mated. These weighting factors may be computed from
formulas given in (6.1).

(6.1) w = % and w' = %ﬁ%lﬁ, where E and B are obtained

from Table 6.2. Thus,

W = D’"O%‘?B‘S = 25,3807 and
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3 -1 N
w' = 3T5.1719) - 0,03936 ~ 41990 .

From equation (5.4), the average variance of & treat-

ment difference in a triple lattice is

2 | 3 k-2
Vg = k+1‘_2w+w' Y 3w
where k is the number of treatments included within a
block. In this example, the average variance of a treat-

ment difference is

Vo = B [zrmsweor = * 85|
= 0.03395 .

Thence, the effective standard error of a treatment mean
for use in the Multiple Comparisons Test is s-V§§;-0.1304.
The Multiple Comparisons Test can now be applied
to the adjusted treatment means using the rules given by

Duncan (1951). Following his procedure the tests are
conducted in two stages.
Stage 1

Step 13

The first step is to establish the least significant
ranges, Rp,nz,a' These ranges are computed by multi-
plying 8 = 0.1304 by the significant ranges, R;,nz,a’
tabulated by Duncan (1951). The factors, R;,ng,a' depend

onil




level will be employed for this illustration),
n,, the degrees of freedom connected with the intra-
block error (np = 10, see Table 6.2), and
p, the number of means in a combination for which
R! is the range.

52
¢, the desired significance level (a five-per cent
P
The significant ranges, R;,IO,s' and corresponding least
. ]
significant ranges, Rp,10,5 = g Rp,10,5' are listed in
Table 6.4

Table 6.4

Combination Sigze
P 2 3 L 5 6 7 8 9

' Significant Ranges
Rp 3.151  3.44L4 3.691 3.908 4.101 4eR8 Lobh Le58

Least Significant Ranges
Rp 0.4109 0.4491 0.4813 0.5096 0.5348 0.558 0.579 0.597

Step 21

The range of the most extreme means, tg - tj, is
tested against R9 (since t5 - t3 is the range of nine
treatments). As tg - t3 = 0.955 is greater than Rg
(=0.597), the difference is significant at the five-per-
cent level and the procedure is continued by testing the
range, t3 - tg (=0.613), of the largest and the second
smallest means against Rg (=0.579). In this case, a
significant difference exists and the testing is con-

tinued. The range between t3 and sach successively in-
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creasing mean is tested in turn, until, a range is fouand

which is not greater than Rp. In the present set of

tests, this difference is t3 - t7 (=0.207), whick is not
greater than Rg (=0.5348). At this point, any decisions

about treatments included bestween t3 and t7 are deferrsd

to stage Z.

Similar procedures are empleyed to comparisons with
each decreasing mean and with one exception, each dif-
ference is significant if it exceeds Rp; otherwise, the
decision is deferred to stage 2. The exception to this
rule is that no difference can be declared significant if
the two means concerned are both contained in a subset
of means with a non-significant range. Following this
rule, the next step 1s testing the ranges between! the
second largest and the smallest means, the second largest
and the second smallest means, etc., until either & non-
significant range is found or the range is contained
within a larger subset (t3 to t;) which has a non-signifi-
cant range. Each decreasing mean is tested in a similar
way until the last possible comparison is made under the
rules given above. A complete summary of stage 1 tests
is presented below:

1. t3 -t = 0.958 > Rg = 0.597, significant
t3 - tg = 0,613 > Rg = 0.579, significant
ty - tg = 0.578 > R~ 0.558, significant
ty = tn = 0,267 > Rg = 0.5348, deferred to stage 2



2. t.

6]
tg
3. t,
t2
be tq
t
5. t,
ty
60 t?
Ly
7- tg

Sk

ts = 0,850 > Ry = 04579, significant
te = 0049# } R7

0.558, deferred to stage 2

t5 - 00786 > R7 = 0.558’ Significant
tg, no test, contained within tg and tg (see 2

above)

ty = 0.778 > Rg = 0.5348, asignificant
tg, no test, contained within tg and tg (see 2

above)

t5 = 00705 > RS - 005096’ aignificant
tg, no test, contained within tg and tg (see 2

above)

ts = 00691 > Rb - 0.&813’ aignific‘nt
tg, no test, contained within t4 and tg (see 2

above)

ts = 0,380 b Ry = 0.4491, deferred to stage 2.

At this point all stage one testing cecases, since the re-

maining treatment comparisons eare contained in a larger

subset having a non-significant range.

If a common bracket is placed beneath treatment

means having a non-significant range in stage one testing,

then the foregoing steps may be presented in a simple

table.
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Table 6.5

Significance Established between lMeans in Stage 1

t5 tg t9 t7 th tl tz té t3
Po955 Il.320 1-335||1-6h6 1.660 1.733 1.741 1'8%&j 1..913

Stage 2
In this stage, each of the subgroups left bracketed

together at the end of stage one is examined further. A
complete discussion of this portion of the Multiple Com-
parisons Test is presented by Duncan (1950, pp. 182-185).
These procedures will be briefly illustrated with sub-
group tgtgtot,titatg (see Table 6.5) which has exhibited
a non-significant range in stage one.

The main purpose of the stage two tests is to see
whether the range of the subgroup under consideration,
in this case tg - tg, is significant. For tg - tg to be
significant, the sum of squares of each subset of means
enveloping tg and tg must exceed a corresponding least
significant sum of squares, Sp = ﬁRg. Table 6.6 shows
the least significant sum of squares for the present ex-
ample, which are calculated from the least significant
ranges in Table 6.4. A least significant sum of squares
for a subset of p = 2 means is not needed, since an
identical test can be made more simply in terms of the

range.,




Least Significant Sum of 3Sgquares (Sp)

P 3 b 5 € 7
S 0,1003 0.1158 0.1298 0.1430 0.1557

Stage two testing starts by computing the sum of
squares for the entire subgroup. For group 38t9t7tbtlt2t6'
the sum of squares equals SS = 18.3145 - (11.249)2 = 0.2374.
This is greater than 3y (=0.1557) aud the tesZ san’ proceed.
For convenience, the sum of squares of the smallest subset,
tgtgs i8 tested next. This is done by calculating the
range tg - tg = 0.494, which exceeds R, (=0.4109). Thus,
the sum of squares for tp and tg is significant and the
test is continued.

Since tg - tg also exceeds R, (=0.4813), the sums of
squares of all subsets enveloping tg and t§ which contain
four means or less may be concluded to be significant.

The next step is to find the subset or five means en-
veloping tg and tg which has the smallest sum of squares.
This subset is tgtst,titg, for which the sum of squares
is SSgnpL16 = 0.1416 exceeding S5 (=0.,1298). Thus, all
subsets containing five means and enveloping tg and t6
are significant. The last step in teating this subgroup

is to examine subsets containing six means which envelope

tg and t6’ The subset of 8ix means having the smallest




sum of squares is tgtot b bivg and its sun of squares is

S8g7,216 = 0-1510 exceeding 3 (=0.1430). Therefors, all
enveloplng subsets containing six means have significant
sum of squares. These tests ensure that all enveloping
subsets of vy and vy have significant sums of squares and
hence, tg - tg is significant. The bracket is now re-
moved from under t6t9t7tbt2tlt6 and new brackets are
placed under tgtgtot,tity and tgtopt,tatitg. These latter
groups are now eligible for further testing under stage
one.

The same stage two procedure is applied to all sub-
groups left bracketed together at the end of stage one.
After all subgroups have been completely tested, the two
stages of testing may be summarized as in Table 6.7,
which shows the final results for this example.

Table 6.7
Significance Established between lMeans at End of Stage 2

ts ts tg t7 ta tl tg 36 t3
IO.955110320|1.335|]l-6k6 1,660 1.733 1.741,1.814,1.913,

If desired a stage three procedure (Duncan, 1950,
p. 186) could be applied to group tgtgtyt,titp, which has
a significant sum of squares but does not have a signifi-
cant range since the three means tgtptz do not have a

significant sum of squares. The stage three procedure
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will not be presented here, sincc the above discussion
of stage ons and stage two will serve the purposc of this

gsection.



59
VII. ACKNOWLEDGMENTS

The auther would like to acknewledge his sincere ap-
preciation fer the guidance se generously given by Pro-
fessor D. B. Duncan. Without his suggestions and ideas,
this paper would not have been possible. Appreciation
is also given to Professors Beyd Harshbarger, R. A. Bradley,
and Paul N. Somerville for their helpful suggestions and
eriticisms.

The author also wishes te thank

who typed the manuscript.




1.

2.

3.

b

5.

60

VIII. BIBLIOGRAPHY

Cochran, W. G. and Cox, G. M., Experimental Designs,
John Wiley and Sons, Inc., New York, 1950.

Duncan, D. B., "A Significance Test for Differences
between Ranked Treatment Means in an Analysis of
Variance,™ Virginia Journal of Science 2:171-189,
1951.

Duncan, D. B., "On the Properties of the Multiple Com-
parisons Test," Virginia Journgl of Science 3:49-67,
1952,

Kempthorne, O., The Design and Analysis of Experiments,
John Wiley and Sons Inc¢., New York, 1952.

Kemptherne, O. and Federer, W. T., "The General Theory
of Prime-Power Lattice Designs,®™ Biometrics, Vol. 4,
Ne. 1, pp. 54=79, 1948.



The vita has been removed from
the scanned document



