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Detecting and Mitigating Rumors in Social Media

Mohammad Raihanul Islam

(ABSTRACT)

The penetration of social media today enables the rapid spread of breaking news and other
developments to millions of people across the globe within hours. However, such pervasive
use of social media by the general masses to receive and consume news is not without its at-
tendant negative consequences as it also opens opportunities for nefarious elements to spread
rumors or misinformation. A rumor generally refers to an interesting piece of information
that is widely disseminated through a social network and whose credibility cannot be easily
substantiated. A rumor can later turn out to be true or false or remain unverified. The
spread of misinformation and fake news can lead to deleterious effects on users and society.
The objective of the proposed research is to develop a range of machine learning methods
that will effectively detect and characterize rumor veracity in social media. Since users are
the primary protagonists on social media, analyzing the characteristics of information spread
w.r.t. users can be effective for our purpose. For our first problem, we propose a method of
computing user embeddings from underlying social networks. For our second problem, we
propose a long short-term memory (LSTM) based model that can classify whether a story
discussed in a thread can be categorized as a false, true, or unverified rumor. We demon-
strate the utility of user features computed from the first problem to address the second
problem. For our third problem, we propose a method that uses user profile information to
detect rumor veracity. This method has the advantage of not requiring the underlying social
network, which can be tedious to compute. For the last problem, we investigate a rumor
mitigation technique that recommends fact-checking URLs to rumor debunkers, i.e., social
network users who are very passionate about disseminating true news. Here, we incorporate
the influence of other users on rumor debunkers in addition to their previous URL sharing
history to recommend relevant fact-checking URLs.
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Mohammad Raihanul Islam

(GENERAL AUDIENCE ABSTRACT)

A rumor is generally defined as an interesting piece of a story that cannot be authenticated
easily. On social networks, a user can generally find an interesting piece of news or story
and may share (retweet) it. A story that initially appears plausible can later turn out to
be false or remain unverified. The propagation of false rumors on social networks has a
deteriorating effect on user experience. Therefore, rumor veracity detection is important,
and drawing interest in social network research. In this thesis, we develop various machine
learning models that detect rumor veracity. For this purpose, we exploit different types
of information regarding users, such as profile details and connectivity with other users etc.
Moreover, we propose a rumor mitigation technique that recommends fact-checking URLs to
social network users who are passionate about debunking rumors. Here, we leverage similar
techniques used in e-commerce sites for recommending products to solve this problem.
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trustingness (s) =
X

8t2 out (s)

wst

1 + trustworthiness (t)
�U�k�X�R���V

trustworthiness (s) =
X

8t2 in (s)

wts

1 + trustingness (t)
�U�k�X�R�#�V
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�i�r�Q �r���v�b �i�Q �T�`�Q�+�2�2�/ �7�`�Q�K �M�Q�/�2vi �i�Qvl �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �B�bvi ; vj ; vk ; vl �- �r�?�B�+�? �2�b�i�B�K���i�2�b ��
�M�2�i �T�Q�b�B�i�B�p�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�Mvi ���M�/vl �X ���b �� �`�2�b�m�H�ivl �r�B�H�H �#�2 ���/�/�2�/ �i�Q� +

i �X �>�Q�r�2�p�2�` �7�Q�` �M�Q�/�2
vm �i�?�2�`�2 ���`�2 �i�r�Q �b�?�Q�`�i�2�b�i �T���i�?�b �7�`�Q�Kvi �- �r�B�i�? �i�?�2 �T���i�?vi ; vp; vo; vn ; vm �?���p�B�M�; �K�Q�`�2 �T�Q�b�B�i�B�p�2
�2�/�;�2�b �#�m�i �r�B�i�? �� �M�2�i �M�2�;���i�B�p�2 �`�2�H���i�B�Q�M�- �b�Qvm �r�B�H�H �#�2 ���/�/�2�/ �i�Q� �

i �B�M �+���b�2 �Q�7 ���+�Q�M�7�H�B�+�i�X

���M�/ �i�?�2 �M�2�;���i�B�p�2 �2�t���K�T�H�2 �+���+�?�2� �
i �+�Q�M�i���B�M�b �M�Q�/�2�b �r�?�B�+�? �b�?�Q�m�H�/ �?���p�2 �M�2�;���i�B�p�2 �`�2�H���i�B�Q�M�b�?�B�T

�r�B�i�?vi �- ���+�+�Q�`�/�B�M�; �i�Q �b�i�`�m�+�i�m�`���H �#���H���M�+�2 �i�?�2�Q�`�v�X �h�Q �+�Q�M�b�i�`�m�+�i �i�?�2�b�2 �+���+�?�2�b �7�Q�` �2���+�? �M�Q�/�2vi �-
�r�2 ���T�T�H�v �`���M�/�Q�K �r���H�F�b �Q�7 �H�2�M�;�i�?l �b�i���`�i�B�M�; �r�B�i�?vi �i�Q �Q�#�i���B�M �� �b�2�[�m�2�M�+�2 �Q�7 �M�Q�/�2�b�X �a�m�T�T�Q�b�2
�i�?�2 �b�2�[�m�2�M�+�2 �B�b
 = < v i ; vn0 ; � � � ; vn l � 1 > �X �L�Q�r �r�2 ���/�/ �2���+�? �M�Q�/�2vnp �i�Q �2�B�i�?�2�`� +

i �Q��̀ �
i �#�v

�Q�#�b�2�`�p�B�M�; �i�?�2 �2�b�i�B�K���i�2�/ �b�B�;�M �#�2�i�r�2�2�Mvi ���M�/vnp �X �h�?�2 �2�b�i�B�K���i�2�/ �b�B�;�M �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2
�7�Q�H�H�Q�r�B�M�; �`�2�+�m�`�b�B�p�2 �7�Q�`�K�m�H���,

~sin p = ~sin p� 1 � snp� 1np �U�k�X�3�V

�>�2�`�2~sin p� 1 �B�b �i�?�2 �2�b�i�B�K���i�2�/ �b�B�;�M �#�2�i�r�2�2�M �M�Q�/�2vi ���M�/ �M�Q�/�2vnp� 1 �- �r�?�B�+�? �+���M �#�2 �+�Q�K�T�m�i�2�/
�`�2�+�m�`�b�B�p�2�H�v �U�A�M �i�?�2 �`���`�2 �B�M�b�i���M�+�2�b �r�?�2�`�2 �i�?�2 �b�B�;�M �U�B�X�2�X �r�2�B�;�?�i�V �#�2�i�r�2�2�M �i�r�Q �M�Q�/�2�b �B�b �x�2�`�Q�- �r�2
�+�Q�M�b�B�/�2�` �i�?�2�K ���b �M�2�;���i�B�p�2�V�X �h�?�2 �#���b�2 �+���b�2 �7�Q�` �i�?�B�b �7�Q�`�K�m�H�� �B�b~sin 1 = sin 0 � sn0n1 �X �A�7 �M�Q�/�2vnp

�B�b �M�Q�i �� �M�2�B�;�?�#�Q�` �Q�7 �M�Q�/�2vi ���M�/~sin p �B�b �T�Q�b�B�i�B�p�2 �i�?�2�M �r�2 ���/�/vnp �i�Q� +
i �X �P�M �i�?�2 �Q�i�?�2�` �?���M�/

�B�7~sin p �B�b �M�2�;���i�B�p�2 ���M�/vnp �B�b �M�Q�i �� �M�2�B�;�?�#�Q�` �Q�7vi �i�?�2�M �r�2 ���/�/ �B�i �i�Q� �
i �X �6�Q�` �2�t���K�T�H�2 �7�Q�` �i�?�2

�;�`���T�? �b�?�Q�r�M �B�M �6�B�;�X�k�X�9�U���V�- �b�m�T�T�Q�b�2 �� �`���M�/�Q�K �r���H�F �b�i���`�i�B�M�; �r�B�i�? �M�Q�/�2vi �B�b< v i ; vj ; vk ; vz > �X
�>�2�`�2 �M�Q�/�2vk �r�B�H�H �#�2 ���/�/�2�/ �i�Q� +

i �#�2�+���m�b�2~sik = sij � sjk > 0 �U�#���b�2 �+���b�2�V ���M�/vk �B�b �M�Q�i ��
�M�2�B�;�?�#�Q�` �Q�7vi �X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�-vz �r�B�H�H �#�2 ���/�/�2�/ �i�Q �M�Q�/�2� �

i �b�B�M�+�2~siz = ~sik � skz < = 0
���M�/vz �B�b �M�Q�i �� �M�2�B�;�?�#�Q�` �Q�7vi �X

�h�?�2 �Q�M�2 �T�`�Q�#�H�2�K �r�B�i�? �i�?�B�b ���T�T�`�Q���+�? �B�b �i�?���i �� �M�Q�/�2vj �K���v �#�2 ���/�/�2�/ �i�Q �#�Q�i�?� +
i ���M�/� �

i �X
�q�2 �/�2�M�Q�i�2 �i�?�B�b �T�?�2�M�Q�K�2�M�� ���b�+�Q�M�7�H�B�+�i���M�/ �/�2�7�B�M�2 �i�?�2 �`�2���b�Q�M �7�Q�` �i�?�B�b�+�Q�M�7�H�B�+�i�B�M �h�?�2�Q�`�2�K�k�X�j�X
�q�2 �`�2�b�Q�H�p�2 �i�?�B�b �b�B�i�m���i�B�Q�M �#�v �+�Q�K�T�m�i�B�M�; �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �#�2�i�r�2�2�Mvi ���M�/vj ���M�/ �+�Q�K�T�m�i�2~sij

�#�2�i�r�2�2�M �i�?�2�K �m�b�B�M�; �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?�- �i�?�2�M ���/�/ �i�Q �2�B�i�?�2�`� +
i �Q��̀ �

i �#���b�2�/ �Q�M~sij �X �h�Q �+�Q�K�T�m�i�2
�i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �r�2 �?���p�2 �i�Q �+�Q�M�b�B�/�2�` �i�?�2 �M�2�i�r�Q�`�F ���b �m�M�b�B�;�M�2�/ �b�B�M�+�2 �M�2�;���i�B�p�2 �r�2�B�;�?�i �?���b ��



�R�3
�*�?���T�i�2�` �k�X �:�2�M�2�`���i�B�M�; �l�b�2�` �6�2���i�m�`�2�b �a�m�B�i���#�H�2 �7�Q�` �_�m�K�Q�` �A�/�2�M�i�B�7�B�+���i�B�Q�M �#�v �1�t�T�H�Q�B�i�B�M�; �i�?�2

�L�2�i�r�Q�`�F �a�i�`�m�+�i�m�`�2 �Q�7 �a�Q�+�B���H �J�2�/�B��

�/�B�7�7�2�`�2�M�i �B�M�i�2�`�T�`�2�i���i�B�Q�M �7�Q�` �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K�b�X �A�M �+���b�2 �Q�7 �K�m�H�i�B�T�H�2 �b�?�Q�`�i�2�b�i �T���i�? �r�2
�T�B�+�F �i�?�2 �Q�M�2 �r�B�i�? �?�B�;�?�2�b�i �M�m�K�#�2�` �T�Q�b�B�i�B�p�2 �2�/�;�2�b�X �� �b�+�2�M���`�B�Q �B�b �b�?�Q�r�M �B�M �6�B�;�X�k�X�9�U�#�V�X

�h�?�2�Q�`�2�K �k�X�j�X�L�Q�/�2vj �r�B�H�H �#�2 ���/�/�2�/ �i�Q �#�Q�i�?� +
i ���M�/� �

i �U�+�Q�M�7�H�B�+�i�V �B�7 �i�?�2� �̀2 ��� �̀2 �K�m�H�i�B�T�H�2 �T���i�?�b
�7� �̀Q�Kvi �i�Qvj ���M�/ �i�?�2 �m�M�B�Q�M �Q�7 �i�?�2�b�2 �T���i�?�b �?���b ���i �H�2���b�i �Q�M�2 �m�M�#���H���M�+�2�/ �+�v�+�H�2�X

�S� �̀Q�Q�7�X�U�"�v �+�Q�M�i�`���/�B�+�i�B�Q�M�X�V �a�m�T�T�Q�b�2 �i�?�2�`�2 �B�b ���+�Q�M�7�H�B�+�i�7�Q�` �M�Q�/�2vi �r�?�2�`�2� +
i ���M�/� �

i �#�Q�i�?
�+�Q�M�i���B�M �M�Q�/�2vj �X �a�B�M�+�2 �i�?�2�`�2 ���`�2 ���i �H�2���b�i �i�r�Q �/�B�b�i�B�M�+�ivi �@vj �T���i�?�b �#�2�+���m�b�2 �Q�7 �i�?�2 �+�Q�M�7�H�B�+�i�- �i�?�2
�M�2�i�r�Q�`�F �+�Q�M�i���B�M�b �� �+�v�+�H�2c �U�B�;�M�Q�`�B�M�; �i�?�2 �/�B�`�2�+�i�B�Q�M �7�Q�` �/�B�`�2�+�i�2�/ �M�2�i�r�Q�`�F�b�V�X �L�Q�r �B�i �B�b �2�p�B�/�2�M�i
�i�?���i �i�?�2 �+�Q�K�K�Q�M �2�/�;�2�b �Q�7 �#�Q�i�? �T���i�?�b ���`�2 �M�Q�i �`�2�b�T�Q�M�b�B�#�H�2 �7�Q�` �i�?�2 �+�Q�M�7�H�B�+�i �b�B�M�+�2 �i�?�2�v �Q�+�+�m�`
�B�M �#�Q�i�? �T���i�?�b�X �L�Q�r �B�7 �+�v�+�H�2c �B�b �#���H���M�+�2�/ �i�?�2�`�2 �r�B�H�H �#�2 ���M �2�p�2�M �M�m�K�#�2�` �Q�7 �M�2�;���i�B�p�2 �2�/�;�2�b
�r�?�B�+�? �r�B�H�H �#�2 �/�B�b�i�`�B�#�m�i�2�/ �#�2�i�r�2�2�M �i�?�2 �/�B�b�i�B�M�+�ivx �@vy �T���i�?�b �B�Mc�X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �+���M �Q�+�+�m�` �B�M
�i�r�Q �r���v�b�, �2�B�i�?�2�` �#�Q�i�? �T���i�?�b �r�B�H�H �?���p�2 ���M �Q�/�/ �M�m�K�#�2�` �Q�7 �M�2�;���i�B�p�2 �2�/�;�2�b �Q�` ���M �2�p�2�M �M�m�K�#�2�`
�Q�7 �M�2�;���i�B�p�2 �2�/�;�2�b�X �A�M �#�Q�i�? �+���b�2�b �i�?�2 �2�b�i�B�K���i�2�/ �b�B�;�M �#�2�i�r�2�2�M �i�?�2vx �@vy �T���i�?�b �r�B�H�H �#�2 �i�?�2
�b���K�2�X �>�Q�r�2�p�2�`�- �i�?�B�b �B�b �� �+�Q�M�i�`���/�B�+�i�B�Q�M �#�2�+���m�b�2 �i�?�2 �7�B�M���H �2�b�i�B�K���i�2�/ �b�B�;�M �Q�7 �i�r�Qvi �@vj �T���i�?�b
���`�2 �/�B�7�7�2�`�2�M�i ���M�/ �i�?�2 �b�B�;�M�b �#�2�i�r�2�2�M �i�?�2 �+�Q�K�K�Q�M �T���i�? ���`�2 �b���K�2�- �b�Q �i�?�2 �b�B�;�M�b �#�2�i�r�2�2�M �i�?�2
vx �@vy �T���i�?�b �K�m�b�i �#�2 �/�B�7�7�2�`�2�M�i�X �h�?�2�`�2�7�Q�`�2�- �+�v�+�H�2c �+���M�M�Q�i �#�2 �#���H���M�+�2�/ ���M�/ �?�2�M�+�2 �+�Q�M�i���B�M�b ���M
�Q�/�/ �M�m�K�#�2�` �Q�7 �M�2�;���i�B�p�2 �2�/�;�2�b�X �h�?�m�b �r�2 �?���p�2 �B�/�2�M�i�B�7�B�2�/ ���i �H�2���b�i �Q�M�2 �m�M�#���H���M�+�2�/ �+�v�+�H�2�X

�h���`�;�2�i�2�/ �2�/�;�2 �b���K�T�H�B�M�; �/�m�`�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M

�L�Q�r ���7�i�2�` �+�Q�M�b�i�`�m�+�i�B�M�; �i�?�2 �+���+�?�2� i = � +
i

S
� �

i �7�Q�` �2���+�? �M�Q�/�2vi �- �r�2 �+���M ���T�T�H�v �i�?�2 �i���`�;�2�i�2�/
�b���K�T�H�B�M�; ���T�T�`�Q���+�? �7�Q�` �2���+�? �M�Q�/�2�X �>�2�`�2 �Q�m�` �;�Q���H �B�b �i�Q �2�t�i�2�M�/ �i�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �M�2�;���i�B�p�2
�b���K�T�H�B�M�; �7�`�Q�K �+�H���b�b�B�+���H �r�Q�`�/�k�p�2�+ ���T�T�`�Q���+�?�2�b �(�8�k�)�X �A�M �i�`���/�B�i�B�Q�M���H �M�2�;���i�B�p�2 �b���K�T�H�B�M�;�- �� �`���M�/�Q�K
�r�Q�`�/�@�+�Q�M�i�2�t�i �T���B�` �B�b �M�2�;���i�B�p�2�H�v �b���K�T�H�2�/ �7�Q�` �2���+�? �Q�#�b�2�`�p�2�/ �r�Q�`�/�@�+�Q�M�i�2�t�i �T���B�`�X �A�M �� �b�B�;�M�2�/
�M�2�i�r�Q�`�F �#�Q�i�? �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �2�/�;�2�b ���`�2 �T�`�2�b�2�M�i�- ���M�/ �i�?�m�b �r�2 ���B�K �i�Q �+�Q�M�/�m�+�i �#�Q�i�? �i�v�T�2�b
�Q�7 �b���K�T�H�B�M�; �r�?�B�H�2 �b���K�T�H�B�M�; ���M �2�/�;�2 �Q�#�b�2�`�p�B�M�; �B�i�b �b�B�;�M�X �h�?�2�`�2�7�Q�`�2 �r�?�2�M �b���K�T�H�B�M�; �� �T�Q�b�B�i�B�p�2
�2�/�;�2eij �- �r�2 ���B�K �i�Q �b���K�T�H�2 �K�m�H�i�B�T�H�2 �M�2�;���i�B�p�2 �M�Q�/�2�b �7�`�Q�K� �

i ���M�/ �r�?�B�H�2 �b���K�T�H�B�M�; �� �M�2�;���i�B�p�2
�2�/�;�2eik �r�2 ���B�K �i�Q �b���K�T�H�2 �K�m�H�i�B�T�H�2 �T�Q�b�B�i�B�p�2 �M�Q�/�2�b �7�`�Q�K� +

i �X �h�?�2�`�2�7�Q�`�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M
�7�Q�` �2���+�? �2�/�;�2 �#�2�+�Q�K�2�b�,

Oij = �H�Q�;[� (sij (�vT
j � �t i ))] +

NX

c=1

Evn � � (sij ) �H�Q�;[� (~sin (�vT
n � �t i ))] �U�k�X�N�V

�>�2�`�2� �B�b �� �7�m�M�+�i�B�Q�M �r�?�B�+�? �b�2�H�2�+�i�b �7�`�Q�K� +
i �Q��̀ �

i �#���b�2�/ �Q�M �i�?�2 �b�B�;�Msij �X� �b�2�H�2�+�i�b �7�`�Q�K� +
i �B�7

sij < = 0 �Q�` �`�2�i�m�`�M�b� �
i �B�7sij > 0�X

�h�?�2 �#�2�M�2�7�B�i �Q�7 �i���`�;�2�i�2�/ �M�Q�/�2 �b���K�T�H�B�M�; �B�M �i�2�`�K�b �Q�7 �;�H�Q�#���H �#���H���M�+�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���+�`�Q�b�b �i�?�2
�2�M�i�B�`�2 �M�2�i�r�Q�`�F �B�b �b�?�Q�r�M �B�M �6�B�;�X�k�X�8�X �>�2�`�2 �r�2 �+�Q�K�T���`�2 �?�Q�r �Q�m�` �T�`�Q�T�Q�b�2�/ ���T�T�`�Q���+�? �a�A�:�L�2�i ���M�/
�a�B�L�1 �(�d�R�) �K���B�M�i���B�M �b�i�`�m�+�i�m�`���H �#���H���M�+�2�X �6�Q�` �b�B�K�T�H�B�+�B�i�v �b�m�T�T�Q�b�2 �Q�M�H�v �2�/�;�2eij �?���b �� �M�2�;���i�B�p�2
�b�B�;�M�X �L�Q�r �a�B�L�1 �Q�M�H�v �Q�T�i�B�K�B�x�2�b �r�X�`�X�i�X �T���B�`�b �Q�7 �2�/�;�2�b �B�M2�@�?�Q�T �T���i�?�b �2���+�? �?���p�B�M�; �/�B�7�7�2�`�2�M�i
�b�B�;�M�b�X �h�?�2�`�2�7�Q�`�2 �Q�T�i�B�K�B�x�B�M�; �i�?�2 �2�/�;�2eij �B�M�p�Q�H�p�2�b �Q�M�H�v �i�?�2 �B�K�K�2�/�B���i�2 �M�2�B�;�?�#�Q�`�b �Q�7 �M�Q�/�2vi ���M�/



�k�X�9�X �.�B�b�i�`�B�#�m�i�2�/ �_�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �a�B�;�M�2�/ �L�2�i�r�Q�`�F�b �U�a�A�:�L�2�i�V�R�N

�U���V �a�B�L�1 �U�#�V �a�A�:�L�2�i

�6�B�;�m�`�2 �k�X�8�, �� �+�Q�K�T���`���i�B�p�2 �b�+�2�M���`�B�Q �/�2�T�B�+�i�B�M�; �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�+�2�b�b �B�M�?�2�`�2�M�i �B�M �#�Q�i�? �a�B�L�1
�U���V ���M�/ �a�A�:�L�2�i �U�#�V�X �h�?�2 �b�?���/�2�/ �p�2�`�i�B�+�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �M�Q�/�2�b �#�Q�i�? �K�2�i�?�Q�/�b �r�B�H�H �+�Q�M�b�B�/�2�`
�r�?�B�H�2 �Q�T�i�B�K�B�x�B�M�; �i�?�2 �2�/�;�2eij �X �q�2 �+���M �b�2�2 �i�?�2 �a�B�L�1 �Q�M�H�v �+�Q�M�b�B�/�2�`�b �i�?�2 �B�K�K�2�/�B���i�2 �M�2�B�;�?�#�Q�`�b
�#�2�+���m�b�2 �B�i �Q�T�i�B�K�B�x�2�b �2�/�;�2�b �B�M2�@�?�Q�T �T���i�?�b �?���p�B�M�; �Q�T�T�Q�b�B�i�2 �b�B�;�M�b�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �a�A�:�L�2�i
�+�Q�M�b�B�/�2�`�b �?�B�;�?�2�` �Q�`�/�2�` �M�2�B�;�?�#�Q�`�b �Uva; vb; vc; vx ; vy; vz�V �7�Q�` �i���`�;�2�i�2�/ �M�Q�/�2 �b���K�T�H�B�M�;�X

vj �- �B�X�2�Xvl ; vm ; vn ; vo �U�6�B�;�X�k�X�8�U���V�V�X �>�Q�r�2�p�2�` �a�A�:�L�2�i �b�F�B�T�b �i�?�2 �B�K�K�2�/�B���i�2 �M�2�B�;�?�#�Q�`�b �r�?�B�H�2
�B�i �m�b�2�b �?�B�;�?�2�` �Q�`�/�2�` �M�2�B�;�?�#�Q�`�b �U�B�X�2�X�-va; vb; vc; vx ; vy; vz�V�X �L�Q�i�2 �i�?���i �a�A�:�L�2�i ���+�i�m���H�H�v �m�b�2�b
�B�K�K�2�/�B���i�2 �M�2�B�;�?�#�Q�`�b ���b �b�2�T���`���i�2 �2�t���K�T�H�2�b �U�B�X�2 �2�/�;�2eil ; eim �2�i�+�X�V�X �A�M �i�?�B�b �K���M�M�2�` �a�A�:�L�2�i
�+�Q�p�2�`�b �K�Q�`�2 �M�Q�/�2�b �i�Q �Q�T�i�B�K�B�x�2 �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �i�?���M �a�B�L�1�X
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�P�T�i�B�K�B�x���i�B�Q�M�,�q�2 ���/�Q�T�i �i�?�2 ���b�v�M�+�?�`�Q�M�Q�m�b �b�i�Q�+�?���b�i�B�+ �;�`���/�B�2�M�i �K�2�i�?�Q�/ �U���a�:�.�V �(�e�y�) �i�Q
�Q�T�i�B�K�B�x�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�MOij �7�Q�` �2���+�? �2�/�;�2eij �X �h�?�2 ���a�:�. �K�2�i�?�Q�/ �`���M�/�Q�K�H�v �b�2�H�2�+�i�b
�� �K�B�M�B �#���i�+�? �Q�7 �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �2�/�;�2�b ���M�/ �m�T�/���i�2 �2�K�2�#�2�/�/�B�M�;�b ���i �2���+�? �b�i�2�T�X �L�Q�r �7�Q�`
�2���+�? �2�/�;�2eij �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �r�B�H�H �?���p�2 �� �+�Q�M�b�i���M�i �+�Q�2�7�7�B�+�B�2�M�ir ij �U�B�X�2�X
jwij j�V �X �L�Q�r �B�7 �i�?�2 ���#�b�Q�H�m�i�2 �r�2�B�;�?�i�b �Q�7 �i�?�2 �2�/�;�2�b �?���p�2 �� �?�B�;�? �p���`�B���M�+�2�- �B�i �B�b �?���`�/ �i�Q �7�B�M�/
�� �;�Q�Q�/ �H�2���`�M�B�M�; �`���i�2�X �6�Q�` �2�t���K�T�H�2 �B�7 �r�2 �b�2�i �i�?�2 �H�2���`�M�B�M�; �`���i�2 �p�2�`�v �b�K���H�H �B�i �r�Q�m�H�/ �r�Q�`�F
�r�2�H�H �7�Q�` �H���`�;�2 �r�2�B�;�?�i�2�/ �2�/�;�2 �#�m�i �7�Q�` �b�K���H�H �r�2�B�;�?�i�2�/ �2�/�;�2 �i�?�2 �Q�p�2�`���H�H �H�2���`�M�B�M�; �r�B�H�H �#�2 �p�2�`�v
�B�M���/�2�[�m���i�2 �`�2�b�m�H�i�B�M�; �B�M �T�Q�Q�` �T�2�`�7�Q�`�K���M�+�2�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �� �H���`�;�2 �H�2���`�M�B�M�; �`���i�2 �r�B�H�H �r�Q�`�F
�r�2�H�H �7�Q�` �2�/�;�2�b �r�B�i�? �b�K���H�H�2�` �r�2�B�;�?�i�b �#�m�i �7�Q�` �2�/�;�2�b �r�B�i�? �H���`�;�2 �r�2�B�;�?�i �i�?�2 �;�`���/�B�2�M�i �r�B�H�H �#�2 �Q�m�i
�Q�7 �H�B�K�B�i�b�X �h�Q �`�2�K�2�/�v �i�?�B�b �r�2 ���/�Q�T�i �i�?�2�2�/�;�2 �b���K�T�H�B�M�;�m�b�2�/ �B�M �(�e�e�)�X �A�M �2�/�;�2 �b���K�T�H�B�M�; ���H�H
�i�?�2 �r�2�B�;�?�i�2�/ �2�/�;�2�b �i�`�2���i�2�/ ���b �#�B�M���`�v �2�/�;�2�b �r�B�i�? �M�Q�M�@�M�2�;���i�B�p�2 �r�2�B�;�?�i�b �U�B�X�2�X ���#�b�Q�H�m�i�2 �p���H�m�2
�Q�7 �2�/�;�2�br ij �V�X �L�Q�r �i�?�2 �2�/�;�2�b ���`�2 �b���K�T�H�2�/ �/�m�`�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �K�m�H�i�B�M�Q�K�B���H
�/�B�b�i�`�B�#�m�i�B�Q�M �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �i�?�2 ���#�b�Q�H�m�i�2 �p���H�m�2 �Q�7 �i�?�2 �2�/�;�2 �r�2�B�;�?�i�b�X �6�Q�` �2�t���K�T�H�2 �b�m�T�T�Q�b�2
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�*�?���T�i�2�` �k�X �:�2�M�2�`���i�B�M�; �l�b�2�` �6�2���i�m�`�2�b �a�m�B�i���#�H�2 �7�Q�` �_�m�K�Q�` �A�/�2�M�i�B�7�B�+���i�B�Q�M �#�v �1�t�T�H�Q�B�i�B�M�; �i�?�2

�L�2�i�r�Q�`�F �a�i�`�m�+�i�m�`�2 �Q�7 �a�Q�+�B���H �J�2�/�B��

���H�;�Q�`�B�i�?�K �R�h�?�2 �a�A�:�L�2�i ���H�;�Q�`�B�i�?�K

�_�2�[�m�B�`�2�,�U�:�`���T�?G = ( V; E)�- �2�K�#�2�/�/�B�M�; �b�B�x�2K �- �r���H�F�b �T�2�` �M�Q�/�2r �- �r���H�F �H�2�M�;�i�?l �- �i�Q�i���H
�M�m�K�#�2�` �Q�7 �b���K�T�H�2�bs�- �B�M�B�i�B���H �H�2���`�M�B�M�; �`���i�2
 �V

�1�M�b�m�`�2�,�/k 2 RK ; 8vk 2 V
�R�,�7�Q�` ���H�Hvn 2 V �/�Q
�k�, �7�Q�`i = 1 �i�Qr �/�Q
�j�, ! ni = RandomWalk(G; vn ; l)
�9�,�7�Q�` ���H�Hvn 2 V �/�Q
�8�, �7�Q�`i = 1 �i�Qr �/�Q
�e�, �7�Q�`�2���+�?vk 2 ! ni �/�Q
�d�, �1�b�i�B�K���i�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�Mvk ���M�/vn �m�b�B�M�; �1�[�M�X�k�X�3
�3�, ���/�/ vk �i�Q �2�B�i�?�2�`� +

n �Q��̀ �
n �#���b�2�/ �Q�M �i�?�2 �`�2�H���i�B�Q�M

�N�, �`�2�b�Q�H�p�2�+�Q�M�7�H�B�+�i�7�Q�` �M�Q�/�2vn

�R�y�,�`�2�T�2���i
�R�R�, �7�Q�`�2���+�? �K�B�M�B�@�#���i�+�? �Q�7 �2�/�;�2�b�/�Q
�R�k�, �a���K�T�H�2 ���M �2�/�;�2 �m�b�B�M�; �2�/�;�2 �b���K�T�H�B�M�; �K�2�i�?�Q�/
�R�j�, �P�T�i�B�K�B�x�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�M �1�[�M�X�k�X�N�X
�R�9�, �l�T�/���i�2 �H�2���`�M�B�M�; �`���i�2

�R�8�,�m�M�i�B�H�B�M �i�Q�i���Hs �b���K�T�H�2�b ���`�2 �T�`�Q�+�2�b�b�2�/

���H�H �i�?�2 ���#�b�Q�H�m�i�2 �p���H�m�2�b �Q�7 �i�?�2 �2�/�;�2�b ���`�2 �b�i�Q�`�2�/ �B�M �i�?�2 �b�2�iR = f r1; r2; � � � r jE jg�X �L�Q�r �/�m�`�B�M�;
�i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �2���+�? �2�/�;�2 �B�b �b���K�T�H�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �K�m�H�i�B�M�Q�K�B���H �/�B�b�i�`�B�#�m�i�B�Q�M �+�Q�M�b�i�`�m�+�i�2�/
�7�`�Q�KR�X �>�Q�r�2�p�2�`�- �2���+�? �b���K�T�H�B�M�; �7�`�Q�KR �r�Q�m�H�/ �i���F�2O(E) �i�B�K�2�- �r�?�B�+�? �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v
�2�t�T�2�M�b�B�p�2 �7�Q�` �H���`�;�2 �M�2�i�r�Q�`�F�X �h�Q �`�2�K�2�/�v �i�?�B�b �r�2 �m�b�2 �i�?�2 ���H�B���b �i���#�H�2 ���T�T�`�Q���+�? �T�`�Q�T�Q�b�2�/ �B�M �(�9�e�)�X
���M ���H�B���b �i���#�H�2 �i���F�2�bO(1) �i�B�K�2 �r�?�B�H�2 �+�Q�M�i�B�M�m�Q�m�b�H�v �/�`���r�B�M�; �b���K�T�H�2�b �7�`�Q�K �� �+�Q�M�b�i���M�i �/�B�b�+�`�2�i�2
�K�m�H�i�B�M�Q�K�B���H �/�B�b�i�`�B�#�m�i�B�Q�M�X

�h�?�`�2�b�?�Q�H�/ �p���H�m�2 �7�Q�`� i �, �h�?�2�Q�`�2�i�B�+���H�H�v �i�?�2�`�2 �b�?�Q�m�H�/ �M�Q�i �#�2 ���M�v �#�Q�m�M�/ �Q�M �i�?�2 �b�B�x�2 �Q�7� +
i

���M�/� �
i �X �>�Q�r�2�p�2�` �2�K�T�B�`�B�+���H ���M���H�v�b�B�b �b�?�Q�r�b �H�B�K�B�i�B�M�; �i�?�2 �b�B�x�2 �Q�7� +

i ���M�/� �
i �i�Q �p�2�`�v �b�K���H�H �p���H�m�2�b

�U�B�X�25 � 7�V ���+�i�m���H�H�v �;�B�p�2�b �#�2�i�i�2�` �`�2�b�m�H�i�b�X

� i �7�Q�` �H�Q�r �/�2�;�`�2�2 �M�Q�/�2�b�,�L�Q�/�2�b �r�B�i�? �� �H�Q�r �/�2�;�`�2�2 �K���v �M�Q�i �?���p�2 ���M ���/�2�[�m���i�2 �M�m�K�#�2�` �Q�7
�b���K�T�H�2�b �7�Q�`� +

i ���M�/� �
i �7�`�Q�K �i�?�2 �`���M�/�Q�K �r���H�F�b�X �h�?�B�b �B�b �r�?�v �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �2�t�+�?���M�;�2 �i�?�2

�M�Q�/�2�b �r�B�i�?�B�M� +
i ���M�/� �

i �X �6�Q�` �2�t���K�T�H�2 �B�7 �M�Q�/�2vx 2 � +
i �- �Q�M�2 �+���M ���/�/ �M�Q�/�2vi �i�Q� +

x �X �h�?�2
�b���K�2 ���T�T�`�Q���+�? �+���M �#�2 �2�t�T�H�Q�`�2�/ �7�Q�`vi ���M�/vy 2 � �

i �B�M �+���b�2 �i�?�2�`�2 �B�b ���M �B�M���/�2�[�m���i�2 �M�m�K�#�2�` �Q�7
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�/�2�+�B�b�B�Q�M�V �+�Q�M�b�B�b�i�b �Q�7 �/�B�b�b�2�M�i�B�M�; �Q�T�B�M�B�Q�M�b �+�Q�M�i���B�M�B�M�; ���`�;�m�K�2�M�i�b �Q�T�T�Q�b�B�M�; �i�?�2 �/�2�+�B�b�B�Q�M �Q�7 �i�?�2
�K���D�Q�`�B�i�v �Q�T�B�M�B�Q�M�X �A�M �Q�m�` �K�Q�/�2�H�B�M�;�- �M�Q�/�2�b �/�2�M�Q�i�2 �+���b�2�b �U�M�Q�i �Q�T�B�M�B�Q�M�b�V�X �h�?�2 �+�B�i���i�B�Q�M �Q�7 �Q�M�2
�+���b�2�ö�b �K���D�Q�`�B�i�v �Q�T�B�M�B�Q�M �i�Q ���M�Q�i�?�2�` �+���b�2 �r�B�H�H �7�Q�`�K �� �T�Q�b�B�i�B�p�2 �`�2�H���i�B�Q�M�b�?�B�T�- ���M�/ �+�B�i���i�B�Q�M�b �7�`�Q�K
�/�B�b�b�2�M�i�B�M�; �Q�T�B�M�B�Q�M�b �r�B�H�H �7�Q�`�K �� �M�2�;���i�B�p�2 �`�2�H���i�B�Q�M�b�?�B�T�X �q�2 �+�Q�H�H�2�+�i�2�/ ���H�H �r�`�B�i�i�2�M �Q�T�i�B�Q�M�b �7�`�Q�K
�i�?�2 �B�M�+�2�T�i�B�Q�M �Q�7 �a�*�P�h�l�a �i�Q �+�Q�M�b�i�`�m�+�i �i�?�2 �+�B�i���i�B�Q�M �M�2�i�r�Q�`�F�X �J�Q�`�2�Q�p�2�`�- �r�2 ���H�b�Q �+�Q�H�H�2�+�i�2�/
�i�?�2 �/�2�+�B�b�B�Q�M �/�B�`�2�+�i�B�Q�M �Q�7 �b�m�T�`�2�K�2 �+�Q�m�`�i �+���b�2�b �7�`�Q�K �h�?�2 �a�m�T�`�2�K�2 �*�Q�m�`�i �.���i���#���b�2�j �X �h�?�B�b
�/�2�+�B�b�B�Q�M �/�B�`�2�+�i�B�Q�M �/�2�M�Q�i�2�b �r�?�2�i�?�2�` �i�?�2 �/�2�+�B�b�B�Q�M �B�b �+�Q�M�b�2�`�p���i�B�p�2 �Q�` �H�B�#�2�`���H�- �B�M�7�Q�`�K���i�B�Q�M �i�?���i
�r�2 �r�B�H�H �m�b�2 �7�Q�` �p���H�B�/���i�B�Q�M�X �q�2 ���H�b�Q �m�b�2 �j �b�v�M�i�?�2�i�B�+ �/���i���b�2�i�b �B�M �b�2�+�i�B�Q�M�k�X�8�X�8�- �/�2�i���B�H�b ���`�2 �B�M
�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�2�+�i�B�Q�M�X

�l�M�H�2�b�b �Q�i�?�2�`�r�B�b�2 �b�i���i�2�/�- �r�2 �b�2�i �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7�t i ���M�/�vi �i�Q20 �7�Q�` �#�Q�i�? �a�A�:�L�2�i�@�L�a ���M�/
�a�A�:�L�2�i�X �h�?�2�`�2�7�Q�`�2 �i�?�2 �7�B�M���H �2�K�#�2�/�/�B�M�; �7�Q�` �2���+�? �M�Q�/�2 �#�2�+�Q�K�2�b40�X �6�Q�` �� �7���B�` �+�Q�K�T���`�B�b�Q�M�-
�i�?�2 �2�K�#�2�/�/�B�M�; �/�B�K�2�M�b�B�Q�M �7�Q�` �M�Q�/�2�k�p�2�+ ���M�/ �a�B�L�1 �B�b �b�2�i �i�Q40�X �q�2 ���H�H �b�2�i �i�?�2 �i�Q�i���H �M�m�K�#�2�`
�Q�7 �b���K�T�H�2�b �U�2�t���K�T�H�2�b�V �i�Q �R�y�y �K�B�H�H�B�Q�M ���M�/N = 5 �7�Q�` �a�A�:�L�2�i�@�L�a ���M�/ �a�A�:�L�2�i�X �J�Q�`�2�Q�p�2�`�- �r�2

�R�?�i�i�T�,�f�f�b�M���T�X�b�i���M�7�Q�`�/�X�2�/�m�f
�k�?�i�i�T�,�f�f�b�2�M�i�B�r�Q�`�/�M�2�i�X�B�b�i�B�X�+�M�`�X�B�i�f
�j �?�i�i�T�,�f�f�b�+�/�#�X�r�m�b�i�H�X�2�/�m�f



�k�X�8�X �1�t�T�2�`�B�K�2�M�i�b �k�j

�h���#�H�2 �k�X�R�, �a�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �/���i���b�2�i�b �m�b�2�/ �7�Q�` �T�2�`�7�Q�`�K���M�+�2 �2�p���H�m���i�B�Q�M�X �A�M �b�Q�+�B���H �M�2�i�r�Q�`�F
�/���i���b�2�i�b �M�2�;���i�B�p�2 �2�/�;�2�b ���`�2 �m�M�/�2�`�`�2�T�`�2�b�2�M�i�2�/�- �?�Q�r�2�p�2�` �B�M ���.�C�L�2�i ���M�/ �a�*�P�h�l�a �i�?�2�v ���`�2
�r�2�H�H �`�2�T�`�2�b�2�M�i�2�/�X ���.�C�L�2�i ���M�/ �a�*�P�h�l�a ���H�b�Q �+�Q�M�i���B�M �#�B�M���`�v �H���#�2�H�b�X

�a�i���i�B�b�i�B�+�b �1�T�B�M�B�Q�M�b�a�H���b�?�/�Q�i�q�B�F�B ���.�C�L�2�i �a�*�P�h�l�a

�i�Q�i���H �M�Q�/�2�b �R�j�R�3�k�3 �3�k�R�9�9 �d�k�k�y �9�8�d�N �k�3�j�y�8
�T�Q�b�B�i�B�p�2 �2�/�;�2�b�d�R�d�e�e�d �9�k�8�y�d�k �3�j�d�R�d �R�y�d�y�3 �9�j�d�3�R
�M�2�;���i�B�p�2 �2�/�;�2�b�R�k�j�d�y�8 �R�k�9�R�j�y �k�3�9�k�k �d�y�9�9 �9�k�R�y�k
�i�Q�i���H �2�/�;�2�b �3�9�R�j�d�k �8�9�N�k�y�k �R�R�k�R�j�N�R�d�d�8�k �3�8�3�3�j
�W �M�2�;���i�B�p�2 �2�/�;�2�b�R�9�X�d�y�j �k�k�X�e�y�k �k�8�X�j�9�8 �j�N�X�e�3�y �9�N�X�y�k�j

�b�2�il = 50 ���M�/r = 1 �7�Q�` �a�A�:�L�2�i�X �6�Q�` ���H�H �i�?�2 �Q�i�?�2�` �T���`���K�2�i�2�`�b �7�Q�` �M�Q�/�2�k�p�2�+ ���M�/ �a�B�L�1 �r�2
�m�b�2 �i�?�2 �b�2�i�i�B�M�;�b �`�2�+�Q�K�K�2�M�/�2�/ �B�M �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �T���T�2�`�b�X

�k�X�8�X�k ���`�2 �1�K�#�2�/�/�B�M�;�b �A�M�i�2�`�T�`�2�i���#�H�2�\

�6�Q�` �p�B�b�m���H �/�2�T�B�+�i�B�Q�M �Q�7 �2�K�#�2�/�/�B�M�;�b�- �r�2 �7�B�`�b�i �m�i�B�H�B�x�2 �� �b�K���H�H �/���i���b�2�i �/�2�M�Q�i�B�M�; �`�2�H���i�B�Q�M�b �#�2�i�r�2�2�M
�b�B�t�i�2�2�M �i�`�B�#�2�b �B�M �*�2�M�i�`���H �>�B�;�?�H���M�/�b �Q�7 �L�2�r �:�m�B�M�2�� �(�8�N�)�X �h�?�B�b �B�b �� �b�B�;�M�2�/ �M�2�i�r�Q�`�F �b�?�Q�r�B�M�;
�i�?�2 ���H�H�B���M�+�2 ���M�/ �?�Q�b�i�B�H�B�i�v �#�2�i�r�2�2�M �i�?�2 �i�`�B�#�2�b�X �q�2 �H�2���`�M�2�/ �i�?�2 �2�K�#�2�/�/�B�M�;�b �B�M �i�r�Q �/�B�K�2�M�b�B�Q�M���H
�b�T���+�2 ���b ���M �m�M�/�B�`�2�+�i�2�/ �M�2�i�r�Q�`�F ���b �b�?�Q�r�M �B�M �6�B�;�X�k�X�e�X �q�2 �+���M �b�2�2 �i�?���i �B�M �;�2�M�2�`���H �b�Q�H�B�/ �#�H�m�2
�2�/�;�2�b �U���H�H�B���M�+�2�V ���`�2 �b�?�Q�`�i�2�` �i�?���M �i�?�2 �/���b�?�2�/ �`�2�/ �2�/�;�2�b �U�?�Q�b�i�B�H�B�i�v�V �+�Q�M�7�B�`�K�B�M�; �i�?���i ���H�H�B�2�/ �i�`�B�#�2�b
���`�2 �+�H�Q�b�2�` �i�?���M �i�?�2 �?�Q�b�i�B�H�2 �i�`�B�#�2�b�X �P�M�2 �M�Q�i���#�H�2 �T�Q�B�M�i �B�b �i�`�B�#�2�J���a�A�G�?���b �M�Q �2�M�2�K�B�2�b ���M�/
�Q�7�i�2�M �r�Q�`�F�b ���b �� �T�2���+�2 �M�2�;�Q�i�B���i�Q�` �#�2�i�r�2�2�M �i�?�2 �i�`�B�#�2�b�X �q�2 �+���M �b�2�2 �i�?���i�J���a�A�G�T�Q�b�B�i�B�Q�M�b
�M�B�+�2�H�v �#�2�i�r�2�2�M �i�r�Q �;�`�Q�m�T�b �Q�7 �i�`�B�#�2�b �&�P�o�1�- �:���>�l�E�- ���a���_�P�- �l�E�l�.�w�- ���G�A�E���- �:�1�>���J�'
���M�/ �&�l�>�1�h�P�- �a�1�l�o�1�- �L���:���J�- �E�P�>�A�E�- �L�P�h�P�>�'�X �h�?�2 �i�`�B�#�2�b �r�B�i�?�B�M �i�?�2�b�2 �i�r�Q �;�`�Q�m�T�b
���`�2 �Q�M�H�v ���H�H�B�2�/ �i�Q �2���+�? �Q�i�?�2�` ���M�/�J���a�A�G�#�m�i �i�?�2�v ���`�2 �?�Q�b�i�B�H�2 �i�Q �Q�i�?�2�` �i�`�B�#�2�b �#�2�H�Q�M�;�B�M�; �i�Q
�/�B�7�7�2�`�2�M�i �;�`�Q�m�T�b�X �h�?�B�b ���+�i�m���H�H�v �D�m�b�i�B�7�B�2�b �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7�J���a�A�G�X ���b �`�2�T�Q�`�i�2�/ �B�M �(�k�j�) �i�?�2�`�2
�B�b ���M�Q�i�?�2�` �b�m�+�? �;�`�Q�m�T �r�?�B�+�? �+�Q�M�b�B�b�i�b �Q�7 �i�?�2 �i�`�B�#�2�b�L���:���.�- �E�P�h�l�L�- �:���J���- �:���o�1�o �c
�M�Q�i�B�+�2 �i�?���i �i�?�2�v �T�Q�b�B�i�B�Q�M �i�?�2�K�b�2�H�p�2�b �B�M �i�?�2 �H�Q�r�2�` �H�2�7�i �+�Q�`�M�2�` �7���` ���r���v �7�`�Q�K �Q�i�?�2�` �i�r�Q �;�`�Q�m�T�b�X
�h�?�2�`�2�7�Q�`�2 �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �H�2���`�M�2�/ �#�v �a�A�:�L�2�i �+�H�2���`�H�v �/�2�T�B�+�i�b ���H�H�B���M�+�2�b ���M�/ �`�2�H���i�B�Q�M�b�?�B�T�b
���K�Q�M�; �i�?�2 �i�`�B�#�2�b�X

�k�X�8�X�j ���M���H�v�x�B�M�; �i�?�2 �1�K�#�2�/�/�B�M�; �a�T���+�2

�>�2�`�2 �r�2 �T�`�2�b�2�M�i �Q�m�` ���M���H�v�b�B�b �Q�M �r�?�2�i�?�2�` �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �H�2���`�M�2�/ �#�v �a�A�:�L�2�i �7�Q�H�H�Q�r�b
�i�?�2 �T�`�B�M�+�B�T�H�2�b �Q�7 �b�i�`�m�+�i�m�`���H �#���H���M�+�2 �i�?�2�Q�`�v�X �q�2 �+���H�+�m�H���i�2 �i�?�2 �K�2���M �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�@
�i�r�2�2�M �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �M�Q�/�2�b �+�Q�M�M�2�+�i�2�/ �#�v �T�Q�b�B�i�B�p�2 �p�2�`�b�m�b �M�2�;���i�B�p�2 �2�/�;�2�b�- ���b �r�2�H�H ���b �i�?�2�B�`
�b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�b �U�b�2�2 �h���#�H�2�k�X�k�V�X �h�?�2 �H�Q�r�2�` �p���H�m�2 �Q�7 �T�Q�b�B�i�B�p�2 �2�/�;�2�b �b�m�;�;�2�b�i�b �T�Q�b�B�i�B�p�2�H�v
�+�Q�M�M�2�+�i�2�/ �M�Q�/�2�b �b�i���v �+�H�Q�b�2�` �i�Q�;�2�i�?�2�` �i�?���M �i�?�2 �M�2�;���i�B�p�2�H�v �+�Q�M�M�2�+�i�2�/ �M�Q�/�2�b �B�M�/�B�+���i�B�M�; �i�?���i
�a�A�:�L�2�i �?���b �b�m�+�+�2�b�b�7�m�H�H�v �H�2���`�M�2�/ �i�?�2 �2�K�#�2�/�/�B�M�; �m�b�B�M�; �i�?�2 �T�`�B�M�+�B�T�H�2�b �Q�7 �b�i�`�m�+�i�m�`���H �#���H���M�+�2
�i�?�2�Q�`�v�X �J�Q�`�2�Q�p�2�`�- �i�?�2 �`���i�B�Q �Q�7 ���p�2�`���;�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �2�/�;�2�b �B�b ���i



�k�9
�*�?���T�i�2�` �k�X �:�2�M�2�`���i�B�M�; �l�b�2�` �6�2���i�m�`�2�b �a�m�B�i���#�H�2 �7�Q�` �_�m�K�Q�` �A�/�2�M�i�B�7�B�+���i�B�Q�M �#�v �1�t�T�H�Q�B�i�B�M�; �i�?�2

�L�2�i�r�Q�`�F �a�i�`�m�+�i�m�`�2 �Q�7 �a�Q�+�B���H �J�2�/�B��

�6�B�;�m�`�2 �k�X�e�, �h�r�Q �/�B�K�2�M�b�B�Q�M���H �2�K�#�2�/�/�B�M�; �Q�7 ���H�H�B���M�+�2�b ���K�Q�M�; �b�B�t�i�2�2�M �i�`�B�#�2�b �Q�7 �L�2�r �:�m�B�M�2���X
���H�H�B���M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�`�B�#�2�b �B�b �b�?�Q�r�M �B�M �b�Q�H�B�/ �#�H�m�2 �2�/�;�2�b ���M�/ �� �?�Q�b�i�B�H�2 �`�2�H���i�B�Q�M �B�b �b�?�Q�r�M �B�M
�/���b�?�2�/ �`�2�/ �2�/�;�2�b�X �q�2 �+���M �b�2�2 �i�?���i �2�/�;�2�b �`�2�T�`�2�b�2�M�i�B�M�; ���H�H�B���M�+�2 ���`�2 �+�Q�K�T���`���i�B�p�2�H�v �b�?�Q�`�i�2�`
�i�?���M �i�?�2 �2�/�;�2�b �`�2�T�`�2�b�2�M�i�b �?�Q�b�i�B�H�B�i�v�X

�h���#�H�2 �k�X�k�, ���p�2�`���;�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �M�Q�/�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �+�Q�M�M�2�+�i�2�/ �#�v �T�Q�b�B�i�B�p�2
�2�/�;�2�b �p�2�`�b�m�b �M�2�;���i�B�p�2 �2�/�;�2�b �r�B�i�? �b�i�/�X �/�2�p�B���i�B�Q�M�X �q�2 �+���M �b�2�2 �i�?���i �i�?�2 ���p�;�X �/�B�b�i���M�+�2 �#�2�i�r�2�2�M
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�b�?�Q�r�b �a�A�:�L�2�i �B�b �p�2�`�v �b�+���H���#�H�2 �7�Q�` �`�2���H �r�Q�`�H�/ �M�2�i�r�Q�`�F�b�X �a�B�M�+�2 �a�A�:�L�2�i �m�b�2�b ���M ���b�v�M�+�?�`�Q�M�Q�m�b
�b�i�Q�+�?���b�i�B�+ �;�`���/�B�2�M�i ���T�T�`�Q���+�?�- �B�i �B�b �i�`�B�p�B���H�H�v �T���`���H�H�2�H�B�x���#�H�2 ���M�/ ���b �6�B�;�X�k�X�R�y�U�#�V �b�?�Q�r�b�- �r�2 �+���M
�Q�#�i���B�M ��3:5 �7�Q�H�/ �B�K�T�`�Q�p�2�K�2�M�i �r�B�i�? �D�m�b�i �8 �i�?�`�2���/�b�- �r�B�i�? �/�B�K�B�M�B�b�?�B�M�; �`�2�i�m�`�M�b �#�2�v�Q�M�/ �i�?���i
�T�Q�B�M�i�X

�k�X�8�X�3 �S���`���K�2�i�2�` �a�2�M�b�B�i�B�p�B�i�v

�6�B�;�X�k�X�R�R�U���V ���M�/ �U�#�V �b�?�Q�r �i�?���i �r�?�B�H�2 �r�2 �b�2�2 �B�K�T�`�Q�p�2�K�2�M�i�b �B�M �K���+�`�Q �6�R �b�+�Q�`�2 �7�Q�` �M�Q�/�2 �H���#�2�H
�T�`�2�/�B�+�i�B�Q�M �m�T�i�Q �R�y�y �K�B�H�H�B�Q�M �b���K�T�H�2�b�- �7�m�`�i�?�2�` �Q�T�i�B�K�B�x���i�B�Q�M �#�2�v�Q�M�/ �i�?���i �T�Q�B�M�i �B�b �M�Q�i �M�2�+�2�b�b���`�v
���b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �;�2�i�b �b���i�m�`���i�2�/�X �� �b�B�K�B�H���` �#�2�?���p�B�Q�` �B�b �b�2�2�M �r�B�i�? �b�B�x�2 �Q�7 �i�?�2 �2�K�#�2�/�/�B�M�;
�/�B�K�2�M�b�B�Q�M �B�M �6�B�;�X�k�X�R�R�U�+�V ���M�/ �U�/�V �U�b���i�m�`���i�B�Q�M ���7�i�2�`1000�V�X �6�Q�` �Q�i�?�2�` �T���`���K�2�i�2�`�b �H�B�F�2 �r���H�F
�H�2�M�;�i�?l ���M�/ �b�B�x�2 �Q�7 �M�Q�/�2 �b���K�T�H�B�M�;N �?�B�;�?�2�` �p���H�m�2�b �H�2���/ �i�Q �M�2�;�H�B�;�B�#�H�2 �B�M�+�`�2���b�2�b �B�MF 1 �b�+�Q�`�2�X

�U���V �U�#�V

�6�B�;�m�`�2 �k�X�R�y�, �a�+���H���#�B�H�B�i�v �Q�7 �a�A�:�L�2�i �Q�M �1�`�/�Q�b�@�_�2�M�v�B �`���M�/�Q�K �;�`���T�?�b�X �U���V �2�t�2�+�m�i�B�Q�M �i�B�K�2 �Q�7
�a�A�:�L�2�i �p���`�v�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �M�Q�/�2�b�c �U�#�V �2�t�2�+�m�i�B�Q�M �i�B�K�2 �Q�7 �a�A�:�L�2�i �p���`�v�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7
�i�?�`�2���/�b�X



�j�k
�*�?���T�i�2�` �k�X �:�2�M�2�`���i�B�M�; �l�b�2�` �6�2���i�m�`�2�b �a�m�B�i���#�H�2 �7�Q�` �_�m�K�Q�` �A�/�2�M�i�B�7�B�+���i�B�Q�M �#�v �1�t�T�H�Q�B�i�B�M�; �i�?�2

�L�2�i�r�Q�`�F �a�i�`�m�+�i�m�`�2 �Q�7 �a�Q�+�B���H �J�2�/�B��

�U���V �a�*�P�h�l�a �U�#�V ���.�C�L�2�i

�U�+�V �a�*�P�h�l�a �U�/�V ���.�C�L�2�i

�6�B�;�m�`�2 �k�X�R�R�, �S�2�`�7�Q�`�K���M�+�2 �2�p���H�m���i�B�Q�M �Q�M ���.�C�L�2�i ���M�/ �a�*�P�h�l�a �/���i���b�2�i �p���`�v�B�M�; �/�B�7�7�2�`�2�M�i
�T���`���K�2�i�2�`�b �7�Q�` �M�Q�/�2 �H���#�2�H �T�`�2�/�B�+�i�B�Q�M�X �h�Q�T �i�r�Q �7�B�;�m�`�2�b �b�?�Q�r �K���+�`�Q �6�R �b�+�Q�`�2 �p���`�v�B�M�; �i�Q�i���H
�M�m�K�#�2�` �Q�7 �b���K�T�H�2�b�X �"�Q�i�i�Q�K �7�B�;�m�`�2�b �b�?�Q�r �K���+�`�Q �6�R �b�+�Q�`�2 �p���`�v�B�M�; �i�?�2 �/�B�K�2�M�b�B�Q�M �b�B�x�2 �Q�7
�2�K�#�2�/�/�B�M�;K �X

�k�X�e �.�B�b�+�m�b�b�B�Q�M

�q�2 �?���p�2 �T�`�2�b�2�M�i�2�/ �� �b�+���H���#�H�2 �7�2���i�m�`�2 �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F �b�m�B�i���#�H�2 �7�Q�` �b�B�;�M�2�/ �M�2�i�r�Q�`�F�b�X �l�b�B�M�;
�� �i���`�;�2�i�2�/ �M�Q�/�2 �b���K�T�H�B�M�; �7�Q�` �`���M�/�Q�K �r���H�F�b�- ���M�/ �H�2�p�2�`���;�B�M�; �b�i�`�m�+�i�m�`���H �#���H���M�+�2 �i�?�2�Q�`�v�- �r�2 �?���p�2
�b�?�Q�r�M �?�Q�r �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �H�2���`�M�2�/ �#�v �a�A�:�L�2�i �v�B�2�H�/�b �B�M�i�2�`�T�`�2�i���#�H�2 ���b �r�2�H�H ���b �2�7�7�2�+�i�B�p�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M�b�X �A�M �i�?�2 �M�2�t�i �+�?���T�i�2�`�- �r�2 �r�B�H�H �/�2�K�Q�M�b�i�`���i�2 �?�Q�r �i�?�2 �m�b�2�` �2�K�#�2�/�/�B�M�; �+�Q�K�T�m�i�2�/
�7�`�Q�K �a�A�:�L�2�i �+���M �#�2 �m�b�2�/ �B�M �� �M�2�m�`���H �M�2�i�r�Q�`�F �7�`���K�2�r�Q�`�F �i�Q �+�H���b�b�B�7�v �`�m�K�Q�` �p�2�`���+�B�i�v�X



�*�?���T�i�2�` �j

�A�M�i�2�;�`���i�B�M�; �*�Q�K�T�m�i�2�/ �l�b�2�` �6�2���i�m�`�2
�A�M�i�Q �� �*���b�+���/�2 �S�`�2�/�B�+�i�B�Q�M �J�Q�/�2�H �i�Q
�A�/�2�M�i�B�7�v �i�?�2 �o�2�`���+�B�i�v �Q�7 �_�m�K�Q�`
�h�?�`�2���/�b

�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�A�M �i�?�B�b �+�?���T�i�2�` �r�2 �/�2�b�+�`�B�#�2 �� �r���v �i�Q �B�M�+�Q�`�T�Q�`���i�2 �i�?�2 �m�b�2�` �i�`�m�b�i �2�K�#�2�/�/�B�M�; �B�M�i�Q �`�m�K�Q�` �p�2�`���+�@
�B�i�v �/�2�i�2�+�i�B�Q�M �K�2�i�?�Q�/�b�X �G�2�p�2�`���;�B�M�; �Q�M�H�v �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�Q�+�B���H �M�2�i�r�Q�`�F �b�i�`�m�+�i�m�`�2 ���M�/ �m�b�2�`�b�ö
�T�Q�b�i�B�M�; �i�B�K�2 ���M�/ �b�i���M�+�2 �B�M �/�B�b�+�m�b�b�B�M�; �� �T���`�i�B�+�m�H���` �b�i�Q�`�v �r�2 ���B�K �i�Q �B�/�2�M�i�B�7�v �r�?�2�i�?�2�` �i�?�2 �b�i�Q�`�v
�m�M�/�2�` �/�B�b�+�m�b�b�B�Q�M �B�b �i�`�m�2�- �7���H�b�2�- �Q�` �m�M�p�2�`�B�7�B�2�/�X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�- �r�2 �m�b�2 �i�?�2 �7�2���i�m�`�2 �`�2�T�`�2�b�2�M�i���@
�i�B�Q�M �7�`�Q�K �T�`�Q�#�H�2�K �R���`�2�7�2�`�`�2�/ �i�Q ���b �� �m�b�2�` �i�`�m�b�i �2�K�#�2�/�/�B�M�;���i�Q �;���m�;�2 �i�?�2 �H�2�p�2�H �Q�7 �i�`�m�b�i ���M�/
�/�B�b�i�`�m�b�i ���K�Q�M�; �m�b�2�`�b�X ���M �G�a�h�J�@�#���b�2�/ �/�2�2�T �H�2���`�M�B�M�; ���T�T�`�Q���+�?���/���G�a�h�J�B�b �i�?�2�M �/�2�p�2�H�Q�T�2�/
�i�Q ���b�b�2�b�b �i�?�2 �p�2�`���+�B�i�v �Q�7 �i�?�2 �b�i�Q�`�v�X���/���G�a�h�J�+���M �K�B�i�B�;���i�2 �i�r�Q �+�`�B�i�B�+���H �B�b�b�m�2�b �Q�7 �G�a�h�J �r�?�B�H�2
���M���H�v�x�B�M�; �� �+���b�+���/�2�X �A�i �+���M ���M���H�v�x�2 �� �b�K���H�H �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �i�?�`�2���/ ���i �� �i�B�K�2 �i�?�m�b �2�M���#�H�B�M�;
�B�i �i�Q �`�2�/�m�+�2 �+�Q�K�T�m�i���i�B�Q�M���H �Q�p�2�`�?�2���/�X ���/�/�B�i�B�Q�M���H�H�v�- �B�i �+���M ���H�b�Q �`�2�p�B�b�B�i ���M �2���`�H�B�2�` �T���`�i �Q�7 �i�?�2
�i�?�`�2���/ �B�7 �`�2�[�m�B�`�2�/ �T�`�Q�p�B�/�B�M�; �K�Q�`�2 �7�H�2�t�B�#�B�H�B�i�v�X �q�2 �T�`�2�b�2�M�i �2�K�T�B�`�B�+���H �`�2�b�m�H�i�b �Q�M �i�r�Q �/���i���b�2�i�b
�+�Q�M�i���B�M�B�M�; �T�m�#�H�B�+ �/�B�b�+�m�b�b�B�Q�M�b �Q�7 �b�2�p�2�`���H �#�`�2���F�B�M�; �M�2�r�b �2�p�2�M�i�b �Q�M �h�r�B�i�i�2�` �r�B�i�? ���M �m�M�/�2�`�H�v�B�M�;
�K���b�b�B�p�2 �M�2�i�r�Q�`�F �Q�7 �Q�p�2�` �k�k ���M�/ �R�N �K�B�H�H�B�Q�M �m�b�2�`�b�X

�j�X�k �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�*�Q�M�b�B�/�2�` �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �+�Q�M�p�2�`�b���i�B�Q�M���H �i�?�`�2���/�b �Q�M �� �b�Q�+�B���H �K�2�/�B�� �T�H���i�7�Q�`�K �U�2�X�;�X �h�r�B�i�i�2�`�V
C = f C1; C2; : : : ; CjC jg�X �1���+�? �i�?�`�2���/Ci �#�2�;�B�M�b �r�B�i�? �� �b�Q�m�`�+�2 �i�r�2�2�i �K�2�M�i�B�Q�M�B�M�; �Q�` �H�B�M�F�B�M�; �i�Q
�� �b�i�Q�`�v ���M�/ �i�?�2 �`�2�b�i �Q�7 �i�?�2 �i�?�`�2���/ �7�2���i�m�`�2�b �T�2�Q�T�H�2 �/�B�b�+�m�b�b�B�M�; �U�2�X�;�X �+�Q�K�K�2�M�i�B�M�; ���#�Q�m�i�V �B�i�X
�1���+�? �2�M�i�`�vcij �B�MCi �`�2�T�`�2�b�2�M�i�b ���M �B�M�i�2�`���+�i�B�Q�M �Q�7 �� �m�b�2�`uij �X �1���+�? �i�?�`�2���/ �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�?
�� �H���#�2�Hyi �- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �r�?�2�i�?�2�` �i�?�2 �b�i�Q�`�v �#�2�B�M�; �/�B�b�+�m�b�b�2�/ �B�b�i�`�m�2�- �7���H�b�2�Q��̀m�M�p�2�`�B�7�B�2�/�X
�"�2�b�B�/�2�b�- �i�?�2 �m�M�/�2�`�H�v�B�M�; �M�2�i�r�Q�`�F �b�i�`�m�+�i�m�`�2 �Q�7 �m�b�2�`�bG �B�b ���H�b�Q �;�B�p�2�M�X �a�m�+�? �� �M�2�i�r�Q�`�FG �+���M �#�2
�+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�; �� �`���M�;�2 �B�M�i�2�`���+�i�B�Q�M�b �b�m�+�? ���b �7�Q�H�H�Q�r�2�`�@�7�Q�H�H�Q�r�2�2�- �`�2�i�r�2�2�i �Q�` �`�2�b�?���`�2�- �K�2�M�i�B�Q�M�b
�Q�` �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2�K�X �a�m�T�T�Q�b�2G = ( V; E) �� �/�B�`�2�+�i�2�/ �M�2�i�r�Q�`�F�- �r�?�2�`�2V �B�b �i�?�2 �b�2�i

�j�j



�j�9
�*�?���T�i�2�` �j�X �A�M�i�2�;�`���i�B�M�; �*�Q�K�T�m�i�2�/ �l�b�2�` �6�2���i�m�`�2 �A�M�i�Q �� �*���b�+���/�2 �S�`�2�/�B�+�i�B�Q�M �J�Q�/�2�H �i�Q

�A�/�2�M�i�B�7�v �i�?�2 �o�2�`���+�B�i�v �Q�7 �_�m�K�Q�` �h�?�`�2���/�b

�Q�7 �p�2�`�i�B�+�2�b ���M�/E �B�b �i�?�2 �b�2�i �Q�7 �2�/�;�2�b�X �P�m�` �;�Q���H �B�b �i�Q �T�`�2�/�B�+�i �i�?�2 �H���#�2�H�b �Q�7 �� �b�2�i �Q�7 �i�2�b�i
�+�Q�M�p�2�`�b���i�B�Q�M���H �i�?�`�2���/�bCtest �X

�6�B�;�m�`�2 �j�X�R�, ���M �Q�p�2�`�p�B�2�r �Q�7 �?�Q�r �`�m�K�Q�` �T�`�Q�T���;���i�2�b �B�M �b�Q�+�B���H �K�2�/�B���X ���M �Q�i�?�2�`�r�B�b�2 �B�M�M�Q�+�m�Q�m�b
�2�p�2�M�i �Q�` �/�2�p�2�H�Q�T�K�2�M�i �U�2�X�;�X�- �_�m�b�b�B���M �S�`�2�b�B�/�2�M�i �S�m�i�B�M �M�Q�i �b�?�Q�r�B�M�; �m�T �B�M �T�m�#�H�B�+ �7�Q�` �R�y �/���v�b�9�V
�+���m�b�2�b �T�2�Q�T�H�2 �i�Q �b�T�2�+�m�H���i�2 ���M�/ �B�M�B�i�B���i�2 �M�2�r �H�B�M�2�b �Q�7 �/�B�b�+�m�b�b�B�Q�M�X �q�2 �2�t�T�H�Q�B�i �i�?�2 �m�M�/�2�`�H�v�B�M�;
�b�Q�+�B���H �b�i�`�m�+�i�m�`�2 ���M�/ �+�Q�M�p�2�`�b���i�B�Q�M���H �i�?�`�2���/ �i�Q �B�/�2�M�i�B�7�v �r�?�2�i�?�2�` �i�?�2 �b�i�Q�`�v �B�b �i�`�m�2 �U�M�Q�M�@�`�m�K�Q�`�V�-
�� �`�m�K�Q�`�- �Q�` �m�M�p�2�`�B�7�B�2�/ �U�#�2�b�i �p�B�2�r�2�/ �B�M �+�Q�H�Q�`�V�X

�j�X�j �A�M�i�`�Q�/�m�+�B�M�;���/���G�a�h�J
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�H���i�2�M�i �2�K�#�2�/�/�B�M�; �Q�7 �i�?�2 ���m�i�Q�2�M�+�Q�/�2�` �+���M �#�2 �m�b�2�/ �B�M �i�?�2 �i���b�F �b�T�2�+�B�7�B�+ �H���v�2�`�b �B�M �+�Q�M�D�m�M�+�i�B�Q�M
�r�B�i�? �i�?�2 �?�B�/�/�2�M �b�i���i�2 �Q�7 ���M �G�a�h�J �K�Q�/�2�H �7�Q�` �b�m�T�2�`�p�B�b�2�/ �+�H���b�b�B�7�B�+���i�B�Q�M�X �6�Q�` �i�?�2 �+�?�Q�B�+�2 �Q�7
���m�i�Q�2�M�+�Q�/�2�` �r�2 �m�b�2 �� �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �U�o���1�V �(�j�d�)�X

�� �o���1 �B�b �� �M�Q�M�@�H�B�M�2���` �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H �#���b�2�/ �Q�M �p���`�B���i�B�Q�M���H �T�`�B�M�+�B�T�H�2�b�X �:�B�p�2�M �� �b�2�i



�9�X�k�X �S�`�Q�T�Q�b�2�/ �J�Q�/�2�H �9�8

�Q�7 �m�b�2�` �7�2���i�m�`�2�bF �- ���M�v �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���bp(f; z ) = p(f jz)p(z)�-
�r�?�2�`�2f 2 F ���M�/z 2 RK �X �h�?�2 �T�`�B�Q�` �Q�7 �i�?�2 �H���i�2�M�i �p���`�B���#�H�2 �B�b �+�?�Q�b�2�M �i�Q �#�2 �� �b�i���M�/���`�/
�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �B�X�2N (0; 1)�X �h�?�2 �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mp(f jz) �B�b �B�K�T�H�2�K�2�M�i�2�/ �#�v ��
�M�2�m�`���H �M�2�i�r�Q�`�F �r�?�B�+�? �B�b ���H�b�Q �i�?�2 �/�2�+�Q�/�2�` �Q�7 �i�?�2 �K�Q�/�2�H�X �>�Q�r�2�p�2�`�- �K���T�T�B�M�; �7�`�Q�Kf �i�Qz �B�b �#�B�i
�i�`�B�+�F�v ���b �B�i �`�2�[�m�B�`�2�b �m�b �i�Q �+�Q�K�T�m�i�2p(f ) =

R
p(f jz)p(z)dz�- �r�?�B�+�? �B�b �B�M�i�`���+�i���#�H�2 �B�M �;�2�M�2�`���H�X ��

�o���1 �m�b�2�b �� �p���`�B���i�B�Q�M���H ���T�T�`�Q�t�B�K���i�B�Q�Mq(zjf ) �7�Q�` �i�?�B�b �T�m�`�T�Q�b�2 �r�?�2�`�2q(zjf ) �B�b �/�2�`�B�p�2�/ �7�`�Q�K ��
�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�MN (�; � 2)�c �?�2�`�2�-� ���M�/� �B�b �2�b�i�B�K���i�2�/ �i�?�`�Q�m�;�? ���M�Q�i�?�2�` �M�2�m�`���H �M�2�i�r�Q�`�F�-
�B�X�2�X�- �i�?�2 �2�M�+�Q�/�2�`�X �L�Q�r ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �p���`�B���i�B�Q�M���H �"���v�2�b �7�Q�`�K�m�H���i�B�Q�M�- �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2
�#�2�i�r�2�2�Mp(zjf ) ���M�/q(zjf ) �b�?�Q�m�H�/ �#�2 �K�B�M�B�K�B�x�2�/�X �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �K�B�M�B�K�B�x�B�M�; �i�?�B�b �E�G
�/�B�p�2�`�;�2�M�+�2 �B�b �2�[�m�B�p���H�2�M�i �i�Q �K���t�B�K�B�x�B�M�; �i�?�2 �1�p�B�/�2�M�+�2 �G�Q�r�2�` �"�Q�m�M�/ �U�1�G�"�P�V�4E[�H�Q�;p(f jz)] �
DKL [q(zjf )jjp(z)�X �h�?�2�`�2�7�Q�`�2 �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �Q�7 �o���1 �+���M �#�2 �+���b�i ���b�-

Ov = � E[�H�Q�;(p(f jz))] + DKL [q(zjf )jjp(z)] �U�9�X�R�V

�>�2�`�2� E[�H�Q�;(p(f jz))] �B�b �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �H�Q�b�b �Q�` �i�?�2 �M�2�;���i�B�p�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/�X �h�?�2 �b�2�+�Q�M�/
�i�2�`�K �`�2�T�`�2�b�2�M�i�b �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �2�M�+�Q�/�2�`�b �/�B�b�i�`�B�#�m�i�B�Q�Mq(zjf ) ���M�/ �i�?�2 �/�B�b�i�`�B�@
�#�m�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �p���`�B���#�H�2z�X �A�i �B�b �M�2�+�2�b�b���`�v �i�Q �7�Q�` �i�?�2 �K�Q�/�2�H �i�Q ���H�H�Q�r �7�Q�` �/�2�i�2�`�K�B�M�B�b�i�B�+
�+���H�+�m�H���i�B�Q�M �Q�7 �;�`���/�B�2�M�i�b �r�X�`�X�i �i�Q �i�?�2 �T���`���K�2�i�2�`�b �Q�7q(zjf ) �B�X�2�X�-� ���M�/� �- �7�Q�` �#���+�F�T�`�Q�T���;���i�B�Q�M�X
�h�?�m�b �B�i �B�b �+�Q�K�K�Q�M �i�Q �`�2�@�T���`���K�2�i�2�`�B�x�2 �i�?�2 �K�Q�/�2�H �i�Q ���p�Q�B�/ �b�i�Q�+�?���b�i�B�+ �b���K�T�H�B�M�; �Q�7z �#�v �K�Q�p�B�M�;
�i�Q �� �/�2�i�2�`�K�B�M�B�b�i�B�+ �7�Q�`�K ��z = � + � � � �r�?�2�`�2� 2 N (0; 1)�X �"�2�b�B�/�2�b�- �7�Q�` �2�7�7�B�+�B�2�M�i �B�M�7�Q�`�K���i�B�Q�M
�7�H�Q�r �B�M �i�?�2 �#���+�F�T�`�Q�T���;���i�B�Q�M�- �B�i �B�b �2�b�b�2�M�i�B���H �7�Q�` ���H�H �7�m�M�+�i�B�Q�M�b �i�Q �#�2 �/�B�7�7�2�`�2�M�i�B���#�H�2�X �h�?�2 �2�`�`�Q�`
�+���M�M�Q�i �#�2 �2���b�B�H�v �#���+�F�T�`�Q�T���;���i�2�/ �#�2�+���m�b�2 �Q�7 �i�?�2 �b�i�Q�+�?���b�i�B�+ �b���K�T�H�B�M�; �B�M�p�Q�H�p�2�/ �U�b���K�T�H�2 �7�`�Q�K
�[�U�x�%�7�V�V�X �h�?�m�b �B�M �o���1�- �B�i �B�b �+�Q�K�K�Q�M �i�Q �`�2�T���`���K�2�i�2�`�B�x�2 �i�?�2 �b���K�T�H�B�M�; �b�i�2�T �i�Q �x�4 �m �Y �b�B�;�K�� � 
�`���M�/�Q�K �K���F�B�M�; �B�i �/�B�7�7�2�`�2�M�i�B���#�H�2 ���M�/ ���H�H�Q�r�B�M�; �+���H�+�m�H���i�B�Q�M �Q�7 �;�`���/�B�2�M�i�b �r�X�`�X�i �i�Q �m ���M�/ �b�B�;�K���X

�q�2 �m�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �m�b�2�` �7�2���i�m�`�2�b �B�M �Q�m�` �K�Q�/�2�H�, �M�m�K�#�2�` �Q�7 �7�`�B�2�M�/�b�- �7�Q�H�H�Q�r�2�`�b�- �b�i���i�m�b�2�b�- �T�m�#�H�B�+
�H�B�b�i�b �i�?�2 �m�b�2�` �#�2�H�Q�M�; �i�Q ���M�/ �#�Q�Q�H�2���M �B�M�/�B�+���i�Q�`�b �i�?���i �`�2�T�`�2�b�2�M�i�b �r�?�2�i�?�2�` �i�?�2 �T�`�Q�7�B�H�2 �B�b �p�2�`�B�7�B�2�/�-
�r�?�2�i�?�2�` �B�i �?���b �� �l�_�G ���M�/ �B�7 �i�?�2 �T�`�Q�7�B�H�2 �?���b �� �i�2�t�i�m���H �/�2�b�+�`�B�T�i�B�Q�M�X �h�?�2 �K�Q�/�2�H ���`�+�?�B�i�2�+�i�m�`�2 �B�b
�b�?�Q�r�M �B�M �6�B�;�X�9�X�k�X

�_�m�K�Q�` �a�T�2�+�B�7�B�+ �G�a�h�J �G���v�2�`�,�P�m�` �`�m�K�Q�` �/�2�i�2�+�i�B�Q�M �H���v�2�` �B�b ���M �G�a�h�J �M�2�i�r�Q�`�F �r�?�B�+�?
�i���F�2�b �� �b�2�[�m�2�M�+�2 �Q�7 �m�b�2�` �7�2���i�m�`�2�b �+�Q�K�T�m�i�2�/ �7�`�Q�K �o���1 ���b �B�M�T�m�i�X �q�2 �m�b�2 �i�?�2 �b���K�2 �G�a�h�J
�7�`���K�2�r�Q�`�F �/�2�p�2�H�Q�T�2�/ �B�M �S�`�Q�#�H�2�K �k�X �_�2�+���H�H �i�?���i �� �+�Q�M�p�2�`�b���i�B�Q�M���H �i�?�`�2���/T �B�b �� �b�2�[�m�2�M�+�2 �Q�7
�m�b�2�` �B�M�i�2�`���+�i�B�Q�M�X �a�m�T�T�Q�b�2n �`�2�7�2�`�b �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �m�b�2�`�b �B�M�i�2�`���+�i�2�/ �B�M �i�?�2 �i�?�`�2���/�X �6�B�`�b�i �r�2
�+�Q�K�T�m�i�2 �i�?�2 �m�b�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�`�Q�K �o���1�X �L�Q�r �i�?�2 �m�b�2�` �2�K�#�2�/�/�B�M�;�b ���`�2 �7�2�/ �i�Q �i�?�2 �G�a�h�J
�K�Q�/�2�H�X

�a�B�M�+�2 �i�?�2 �`�m�K�Q�` �p�2�`���+�B�i�v �B�b �/�2�i�2�+�i�2�/ �7�Q�` �2���+�? �+�Q�M�p�2�`�b���i�B�Q�M���H �i�?�`�2���/�- �r�2 �+���M �i�`�2���i �B�i ���b ��
�b�2�[�m�2�M�+�2 �+�H���b�b�B�7�B�+���i�B�Q�M �T�`�Q�#�H�2�K�X �6�Q�` �i�?�2 �+�H���b�b�B�7�B�+���i�B�Q�M �Q�7 �`�m�K�Q�` �p�2�`���+�B�i�v �r�2 �i���F�2 �i�?�2 �H���b�i
�?�B�/�/�2�M �b�i���i�2 �Q�7 �i�?�2 �G�a�h�J �H���v�2�`hR

n 2 RK ���b �i�?�2 �7�2���i�m�`�2�X �h�?�2�M �r�2 ���T�T�H�v �� �7�m�H�H�v �+�Q�M�M�2�+�i�2�/
�b�Q�7�i�K���t �H���v�2�` �i�Q �Q�#�i���B�M �i�?�2 �`�m�K�Q�` �+�H���b�b �T�`�Q�#���#�B�H�B�i�B�2�b�X
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�.�2�i�2�+�i �i�?�2 �o�2�`���+�B�i�v �Q�7 �_�m�K�Q�`�b

�6�B�;�m�`�2 �9�X�k�, �J�Q�/�2�H ���`�+�?�B�i�2�+�i�m�`�2 �Q�7�_�m�K�Q�`�a�H�2�m�i�?�X �h�?�B�b �K�Q�/�2�H �2�t���+�i�H�v �`�2�b�2�K�#�H�2�b �i�?�2���/���G�a�h�J
�7�`�Q�K �T�`�Q�#�H�2�K �k �r�B�i�? �Q�M�2 �/�B�7�7�2�`�2�M�+�2�X �>�2�`�2 �r�2 �?���p�2 �� �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �i�Q �Q�#�i���B�M �i�?�2
�H���i�2�M�i �m�b�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �m�b�2�`�b ���M�/ �i�?�B�b �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �7�2�2�/ �i�Q �i�?�2 �G�a�h�J �M�2�i�r�Q�`�F�X



�9�X�j�X �1�t�T�2�`�B�K�2�M�i�b �9�d

wrl = Vrl
~hR

n + brl

pl j~hR
n

=
�2�t�T(wrl )P

k2 L �2�t�T(wrk )
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�>�2�`�2� a ���M�/� r ���`�2 �i�?�2 �T���`���K�2�i�2�`�b �7�`�Q�K �i�?�2 �b�?���`�2�/ �H���v�2�` ���M�/ �`�m�K�Q�` �b�T�2�+�B�7�B�+ �H���v�2�` �`�2�+�2�T�i�B�p�2�H�v�X

�h�?�2 �7�B�M���H �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �i�?�2 �b�m�K�K���i�B�Q�M �Q�7 ���H�H �i�?�`�2�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�b�- �B�X�2�X�-

O(�) = Or + Ov �U�9�X�j�V

�r�?�2�`�2� �B�b �i�?�2 �b�2�i �Q�7 ���H�H �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b�X �q�2 �m�b�2 ���/���K �Q�T�i�B�K�B�x�2�` �i�Q �K�B�M�B�K�B�x�2 �i�?�2
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�a�T���+�2 �*�Q�K�T�H�2�t�B�i�v�,�G�2�i �m�b ���b�b�m�K�2 �i�?�2 �H���i�2�M�i �m�b�2�` �7�2���i�m�`�2 �b�B�x�2 ���M�/ �i�?�2 �Q�`�B�;�B�M���H �m�b�2�` �7�2���i�m�`�2
�b�B�x�2 ���`�2F ���M�/K �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�M �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �i�`���B�M���#�H�2 �p���`�B���#�H�2 �Q�7 �o���1 �B�b3HK +2FH �-
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