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I. INTRODUCTION

In parametric statistical inference it often is assumed that
observations are independent and Gaussian. The Gaussian assumption
sometimes is justified on appeal to central limit theory of on the
grounds that certain normal-theory procedures are robust. The inde-
pendence assumption, usually unjustified, routinely facilitates the
derivation of needed distribution theory.

In many situations it is known that the data are non-Gaussian.
In economics, for example, price change data are known to have distri-
butions with heavier tails than the Gaussian law [cf. Mandelbrot
(1963)]. 1In other circumstances it is known that observations are
dependent; for example, randomizations often used in designed experi-
ments induce dependencies among the observations.

In this thesis, we consider tests for hypotheses pertaining to
a class of distributions in which the observations are not necessarily
either Gaussian or independent. These distributions are the spheri-
cally symmetric vector laws, with natural extemsions of these to laws
of random matrices. A random vector x of order (nxl) is said to have

a spherically symmetric distribution if and only if the distribution

of X is the same as that of Px for all (nxn) orthogonal matrices P.
Such distributions have been proposed for use in several areas of
application. Some models in communications systems can be represented
in terms of independent spherically symmetric vectors [cf. Goldman
(1976)]. 1In bombing problems the probability of a hit inside a circle

centered at the origin is of some interest. Gilliland (1968) discusses



spherically symmetric impact distributions for these problems. Other
distributions have been modeled as scale mixtures of spherical Gaussian
laws; Zellner (1976) discusses a stock market model in this context.

Further motivation for considering spherically symmetric laws
stems from central limit theory. The limiting distributioﬁ of.a
normalized sum of independent random vectors, if it.exists, is a multi-
variate stable law [cf. Butzer and Hahn (1978), for example]. Results
established for spherically symmetric laws thus apply approximately in
large samples to all distributions attracted to the spherically
symmetric stable laws, this being a much larger class than those
attracted to spherical Gaussian distributions under finite second
moments.

In this thesis, we investigate various tests for scale parameters
in the case of spherically symmetric vector and matrix distributions.
Known tests for location parameters are discussed in the literature
review. By combining the natural symmetries of the testing problems
together with the symmetries of the underlying distributions, we are
able to characterize all invariant tests for all distributions
belonging to these classes. In contrast to some other methods of
data reduction, the principle of invariance here obviates the need
for an individual treatment of each distribution in a class and,
instead, requires only that membership in the class be asserted.

The class of spherically symmetric distributions contains such
heavy~tailed distributions as the spherical Cauchy law. As such laws
need not have moments, the emphasis here is on tests for scale param-

eters which, if second-order moments exist, may be interpreted as



tests for dispersion parameters.

A synopsis of this thesis follows. Chapter II contains a review
of the literature, while Chapter III discusses elliptically‘symmetric
distributions for both random vectoré and random matrices. In Chapter
IV we review the principle of invariance as it applies to certain
hypothesis testing problems. In Chapters V through IX many standard
normal-theory testing problems are revisited within the larger class
of distributions. These problems include tests for the equality of
k scale parameters, tests for the equality of k scale matrices, tests
for sphericity, tests for block diagonal structure, tests for the
uncorrelatedness of two variables within a set of m variables, and
tests for the hypothesis of equi-correlatedness.

In all cases except the last three the null and non-null distri-
butions of certain invariant test statistics are shown to be unique
for all elliptically symmetric laws. Normal-theory procedures usually
associated with these specific testing problems thus are exactly robust,
and many known properties of these procedures extend directly to the
larger class of distributions.

In the last three cases, the null distributions of certain
invariant statistics are unique but the non-null distributions may
depend on the underlying elliptically symmetric law. In tests for
block diagonal structure, in the case of two blocks, we establish
a monotone power property for the subclass of all elliptically symmetric

unimodal distributions.



II. LITERATURE REVIEW

Three of the earliest papers pertaining to spherically symmetric
distributions are those of Maxwell (1860), Bartlett (1934) and Hartman
and Wintner (1940). They all give the following characterization of
the Gaussian law. Let x' = (xl, cees xn) be a sample of n independently
and identically distributed random variables. Then X has a spherically
symmetric distribution if and only if x has a Gaussian law. More
recently this characterization is noted by Kelker (1970), Thomas (1970),
and Nash and Klamkin (1976).

~ One of the early modern papers is that of Lord (1954). He
derives the characteristic function, ¢X (t), when x has a spherically
symmetric distribution. He also discﬁ;;es the conyolution of two
independent spherically symmetric vectors and derives the probability
density function (pdf) of (515)%.

Kelker (1970) gives an extensive discussion of spherically
symmetric distributions with pdf's of the form £(x) = y(x'x). He also
extends his discussion to include elliptically symmetric distributions
with pdf's of the type f(x) = IEJ_% Y[ (x-8)'z-1(x-8)]. He gives a
condition for the existence of a probability density function, derives
marginal distributions, shows that the conditional means have the same
linear structure for all elliptically symmetric distributions, and
gives several characterizations of the Gaussian distribution. Ile also
proves that, if 6 = 0, £ = I and the vector X is partitioned into
[zi(anl), gé(lxnz)], then the distribution of (§i§1[§é§2)(n2/nl) has

the usual F distribution derived under Gaussian assumptions. This



fact, that certain statistics have uncﬁanged null distributions under
a wider class of distributions, is also noted earlier by Bennett (1961)
and Efron (1969).

Benneft (1961) examines the following distribution as an alter-
native to the Gaussian distributionin tests of significancé in multi-
variate analysis. Let x(px1l) have density f£(x, 8, A) =
K[1 +-nl-Q(§, 9, A)]‘l”(“p) with Q(x, 6, A) = (x-9)"A(x-8). This is
a multivariate generalization of Student's t distributionm because,
if p = 1, we get the univariate Student's t distribution with n degrees
of freedom. When 6 = 0 and A = I, Bennett notes that x'x/(1 + x'x)
has a Beta distribution with parameters p/2 and n/2.

Efron (1969) uses Fisher's (1925) essentially geometric deriva-
tion of Student's t distribution to show that this distribution remains
unchanged if we assume an underlying spherically symmetric distribution
rather than a Gaussian distribution.

This uniqueness of certain distributions under the weaker assump-
tion of spherical symmetry is also noted by Ghosh and Pollack (1975)
and Thomas (1970).

Ghosh and Pollack (1975) prove that if x o X are random

1’
variables with unbounded support and with joint density spherically
symmetric, then the joint distribution of y; = xi/Xn’ l<ig<n-~-1,
is a multivariate Cauchy distribution.

Thomas (1970) looks at the univariate general linear model
Yy = XB + £ when € has a spherically symmetric distribution. He shows

that the usual t and F test statistics used for tests on B have

unchanged null distributions for this wider class of spherically



symmetric laws. He also gives expressions for the non-null distribu-
tions for these two cases and for the statistic x'x. These distribu-
tions are not independent of the underlying distribution. Laurent
(1974), under less stringent conditions than Thomas, gives several
other expressions for the non-central distribution of x'x.

Thomas' (1970) unpublished work apparently is overlooked within
the statistical community. A case in point is Zellmer's (1976) con-
sideration of the linear model y = XB + £ for £ distributed as a
multivariate t. This is a specific example of a spherically symmetric
distribution. Zellner shows that B = (X'X)"!X'y is the maximum like-
lihood estimate for B and, furthermore, that E_is a maximum likelihood
estimate for B for all likelihood functions which are monotonically
decreasing functions of (y-XB)'(y-XB). He further adds that if second
moments exist then E_is a minimum variance unbiased estimator. All
this is noted by Thomas in his thesis. Zellner does not duplicate
Thomas entirely, as he also considers problems of inference within
a Bayesian framework.

Thomas, however, is not the first to use a spherically symmetric
distribution instead of a Gaussian distribution in the analysis of
linear models. His work was anticipated to some extent by Box (1952,
1953).

Box (1952) notes that the usual F statistics have the same null
distribution for all f(x) = Y(x'x). Box (1953) makes the statement,
in an abstract, that those tests which are uniformly most powerful
(UMP) under Gaussian assumptions are also UMP for any spherical dis-

tribution in which ¢ is a decreasing function. However, there is no



published verification of these assertions, the validity of which
accordingly remains an open question. Kariya and Eaton (1977) and
Kariya (1977) also investigate power properties for several testing
situations.

Kariya and Eaton (1977) assume that £(x) = Y[(x-ul)'(x-ul)] for
1' = (1,1,...,1) and that ¥ is a non-increasing function. The test
for H: u = 0 versus Kl: u > 0 or KZ: 4 < 0 is UMP and the null
distribution is the ordinary Student's t distribution. They also show
that the test for H: u = 0 versus K: p # 0 is uniformly most powerful
unbiased (UMPU) when ¢ is also convex.

Kariya and Eaton (1977) and Kariya (1977) éonsider tests for
serial correlation. Let the (nxl) vector x have an elliptically
symmetric distribution wi;h f(x) = w[g'[ygﬁk)]‘lgj, Y ? 0 and
Eﬁl)-l = ln + XA for A a known (n*n) matrix. They test H: X = 0
versus Kl: A > 0 and KZ: A # 0. TFor these two tests the null distri-
butions are identical to those derived under a Gaussian assumption.

The one-sided test is UMP if we assume that ¢ is non-increasing. The
two-sided test is UMPU if we assume also that ) is convex.

So far we have cited research pertaining only to vector distribu-
tions. Very little has been done for matrices X(n*m) with spherically
symmetric distributions.

Hsu (1940) finds the pdf of S = X'X when X(n*m) has a pdf of
the form £(X) = ¢(X'X). Ahmad (1972) investigates the multivariate
general linear model Y = 5”9 + E with the assumption that{g(nxm) con-

tains n independent and identically distributed spherically symmetric

m vectors. He then finds the distribution of E'E. Unfortunately he



seems to be unaware of Hsu's work. Furthermore, in his proof for the
distribution of E'E he assumes that f(E) = Y(E'E). Therefore, his
proof reduces to a proof for the Wishart distribution because indepen-
dence together with spherical symmetry imply that £(E) is a Gaussian
distribution.

We have discussed the role of spherically symmetric distributions
in distribution theory and statistical inference. These distributions,
however, are employed in several other areas such as minimax estimation,
stochastic processes, fiducial inference, and probability inequalities.
We discuss each of these areas in turn and give a brief summary of

results.

Minimax Estimation

Strawderman (1974) finds families of minimax estimators for the

location parameters of a p-variate (p 2 3) distribution of the form

fo 25;353575'8Xp[' 557 (x-8)" (x-8)1dG(0)

where G(*) is a cumulative distribution function on (0, «) and the loss
is sum of squared errors.
Berger (1975) extends this by considering a density of the form

- ||

f(x) = J exp[- %2- (x-0) "2l (x-0) 146 (o)

0 nP/? 4P

and develops families of minimax estimators for 6 under a known

quadratic loss.



Brandwein and Strawderman,(l978).find families of minimax esti-
mators for the location parameters of a p-variate (p 2 3) spherically
symmetric unimodal distribution with respect to general quadratic loss.
They use the following definition of multivariate unimodality. A (px1)
random vector x is said to have a spherically symmetric unimodal dis-
tribution about 6 if the pdf of X with respect to Lebesgue measure is

a non-increasing function of (x-6)'(x-6).

Stochastic Processes

Vershik (1964) defines a spherically invariant random process
and shows that certain well-known results for the Gaussian process
extend to this larger class, for example, closure under linear
operators and the property of linear conditional expectations. McGraw
and Wagner (1968) investigate bivariate elliptically symmetric dis-
tributions. They use these distributions to describe the second order
moments of the transformation of a random signal by an instantaneous
non~-linear device.

Blake and Thomas (1968) derive characteristic functions and
discuss the relationship of spherically invariant processes to linear
estimation theory and Gaussian processes. Picinbono (1970) compares
the class of spherically invariant processes with a particular class
of Gaussian compound processes.

Yao (1973) considers various basic statistical properties of
multivariate characteristic functions and probability density functions
associated with spherically invariant random processes. He then applies

this to estimation and detection problems in communication theory.
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Chu (1973) shows that elliptically symmetric distributions some-

times can be expressed as integrals of a set of Gaussian densities,

that is,
p(x) = J w(t) N (t~lg)de
X, 0 X L
-1 - -n/2 I | . .
where Nx(t C) = (2m) exp[—<§_§ (t=*C)x]. The function w(t) is
defined to be (Zﬂ)n/zlgjl/z t_n/2 L™![£(s)] where L(-) is the Laplace

transform operator, L‘l(') is the inverse operator, and f(s) =
f(%-zfgflz). Using this representation he derives marginal and con-
ditional distributions. He then considers problems of computing
optimal estimation, filtering, stochastic control, and team decisions
in various linear systems.

Gualtierotti (1974) studies the equivalence properties of
spherically invariant measures on a real and separable Hilbert space.
He then uses this to give a likelihood ratio formula for equivalent
spherically invariant measures [cf. Gualtierotti (1976)].

Goldman (1976) finds the pdf of x + n when the random vector x
has an elliptically symmetric distribution and n has a Gaussian dis-
tribution with x and n independent. He uses this to examine the
problems of detecting a known signal vector in the presence of X + n,

for x spherically symmetric.
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Fiducial Inference

All references cited here are for the multivariate strgctural
model Y(nxm) = Xg + E I'. Fraser and Haq (1969) derive error and
structural distributions for this model. As a special case, they
assume E has a spherically symmetric distribution with £(E) = Y(E'E).

Fraser and Haq (1970) derive the conditional distribution for
the error given the response observations. Again, a special case
considered is for E spherically symmetric.

Dawid (1977) considers inferences about B, hypothesis testing
and confidence interval estimation, under the assumption that E has
a spherically symmetric distribution. Using studentization he gets
a test statistic which has a matric t distribution. The null distri-
bution of this test statistic is identical to the one derived under

a Gaussian assumption.

Probability Inequalities

Das Gupta et al (1971) discuss inequalities for probabilities

of the type

|z

h
[T v e

and

¥4
J_ 2] 72yl ax

oo

where h' = (h,, ..., hn), L' = (Kl, cen, En) are constant vectors,

1,
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h, > 0, i=1,...,n, and £ is positive definite. Their main result is
i z

the following. Let

[ Iy I
—Z_ £
X c
L—Zl pp_j
be a (pxp) positive definite matrix with Ell: (p-1)x(p-1) and let
x' = (xl, cees xp) be a random vector with density function szl'l/z X

v(x'Z,"1x), where

If C is a convex symmetric set in the Euclidean space Rp-l, then
PA{(XI""’xp—l) e C, IXPI < h} is non-decreasing in X. Using this
result they show that certain normal theory simultaneous confidence
bounds extend to the class of elliptically symmetric distributions.

Wynn (1977) considers a spherically symmetric bivariate prob-
ability distribution centered at zero. He gives an inequality comparing
the probability content of two different polygons circumscribing the
same fixed circle with center at zero. These results can be used to
compare the widths of certain simultaneous confidence intervals.

We now summarize a few papers on spherically symmetric distribu-
tions which do not fit into any designated category. These citings

complete the review.
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Kingman (1963) considers the problem of random walks with
spherical symmetry. Higgins (1975) shows that f£(x) = y(x'x) has a
functional form which is uniquely determined by the distribution of
x'x. Using this characterization he gives a geometrical method for
constructing multivariate distributions which is based upoﬁ surface
integral techniques. | |

Devlin, Gnanadesikan, and Kettenring (1976) give a summary of
distributional results associated with elliptically symmetric distri-
butions. As the correlation matrices for all elliptically symmetric
distributions having a given matrix I are identical, they discuss
using a subclass of these distributions, the variance mixtures of
Gaussian distributions, for simulating non-Gaussian alternatives in
studies of measures of correlation,

In contrast, Johnson and Ramberg (1977) actually derive computer
algorithms for generating elliptically symmetric distributions. Con-
.venient algorithms are given for generating bivariate elliptically
symmetric variates.

Smith (1977) gives a non-parametric test for bivariate spherical
symmetry using the empirical cumulative distribution function. He
finds an asymptotic expansion for the null and non-null distributions
under simple alternatives.

Box and Hunter (1957) derive moments of a rotatable design of
order d. These are also the moments up to order 2d of a spherical
distribution.

This concludes the literature review. To summarize we note that

elliptically symmetric distributions have been employed in a wide range
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of settings for a wide range of purposes. However, very little research

pertaining to the scale parameters of such distributions has been done.
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III. SPHERICALLY SYMMETRIC DISTRIBUTIONS

Section 3.1 Introduction

We introduce spherically symmetric distributions for-a (nx1)
random vector x and for a random matrix X of order (nxm). Some prop-

erties of these distributions are cited as needed for a discussion of

hypothesis tests.

Section 3.2 Vector Distributions

We first define a spherically symmetric distribution for the

(nx1) random vector x.

Definition 3.2.1: Let x(nxl) be a random vector with distribution

L(x). Then x is said to have a spherically symmetric distribution if,
for each P belonging to the orthogonal group O(n), L(x) = L(Ex). We

write

L(x) e s_[0,I ]

with O the vector of location parameters and ln the matrix of scale
parameters.

If L(x) does not have an atom of weight at the origin, then x
has a pdf with respect to lLcbesgue measure [cf. Kelker (1970)]. The
pdf takes the form f(x) = ¥(x'x) for some function ¥. For all
hypothesis testing problems considered in later chapters, we assume

that a pdf exists.
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Lord (1954) shows that, as the pdf is a function of x'x, the

characteristic function ¢x(g) is a function of t't, i.e.

(3.2.1) o (B = 8(t'D)

for some function §.

Kelker (1970) extends the definition of a spherically symmetric
distribution by including a location vector Y and a matrix I of scale
parameters. This extension follows from the transformation x - Ax + u
where £ = AA' and the rank of I is n. We now write L(x) € Sn[EJEJ

with pdf

2|7

(3.2.2) £(x) = P (x=1) "2 (x-1) ]

and characteristic function

(3.2.3) ¢ (£) = exp(it'y) 8(t'ze) .

X =

Suppose L(x) has k moments. If k = 1, the mean is uy and if k = 2
the covariance matrix is aX for o € (0,»). 1If L= ln then o is the
variance of any univariate marginal distribution [cf. Kelker (1970)].
If x has a Gaussian distribution then a = 1 and the covariance matrix
equals the matrix I of scale parameters.

We discuss tests for various hypotheses concerning I in later
chapters when the underlying distribution of X(nxm) is elliptically
symmetric as defined in Section 3.5. The moment results imply that
these are tests for scale and not necessarily for variances and/or

covariances. Therefore, the underlying distribution can be one for
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which second moments do not exist, e.g. the multivariate Cauchy distri-
bution. In such situations we might still be interested in testing

hypotheses regarding the scale parameters.

Section 3.3 Representation in Polar Coordinates

We can represent f£(x) = ¢(x'x) in a system (r,8) of polar co-
ordinates because f(x) is a function of x'x. There is no unique
transformation from x to (r,6) and we give one commonly used in the

literature. Define

X, = r cosf

1 1
X, =1 sinel c0562
(3.3.1)
X _1°° sinel sin62 .o cosen_l
x = r sinel Sin82 . sinen_l

for 0 < ei <m, i=1,...,n~2 and 0 < en < 2r. Then £(x) can be

-1
expressed as the product of two pdf's [cf. Thomas (1970)], i.e.

(3.3.2) £(x) = g(x)h(®)
where

n/2
(3.3.3) 8(0) = 7y T W?)

is the pdf of the radius and where

is the pdf of the angles.
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Section 3.4 Some Examples of Spherical Vector Distributions

This section gives examples of distributions which are members of
Sn[g,czln]. Examples (i)-(v) are discussed in Johnson and Ramberg (1977)

while example (vi) is discussed by Kelker (1970) and Chu (1973).

(1) Gaussian pdf

-1n
(3.4.1) £(x) = W exp [~ (x-1) ' (x-1) /202]
2m
(ii) Cauchy pdf
-n_ 1
o P[TZ-(H-H')] 2]-%(n+1)

(3.4.2) f(x) = ) [1+(x-w) "(x-w) /o
m

(iii) Student's t pdf

o T [%(nﬂ) ]
(3.4.3) £(x) =

1 [1+ () * () /02 ]2 (V)
ORI *

For Y =1, (3.4.3) becomes (3.4.2).

(iv) Pearson Type II pdf

o_nl‘(w-%) 1
(3.4.4) f(x) = NEY R [1-(5_—5)'(&-3)/02]Y ,» Y > 1
Tyt
(v) Pearson Type VII pdf
a T (r)

(3.4.5) £ = —73 [1+Gew) " =) /0217, v > /2
m T'(y-n/2)
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For v = 2= , (3.4.5) becomes (3.4.2).
(vi) Variance mixtures of Gaussian distributions

-n/2 -n/2

(3.4.6) f(x) = J (2m) (£02) ™% expl-(x-u) ' (x-p) /2t02] + dW(t)

with W(t) a distribution function on (0,~). This subclass contains the
multivariate Gaussian law, the contaminated Gaussian law, the multi-
variate Student's t distributions, the multivariate Cauchy law, and

the symmetric stable laws [cf. Kelker (1970) and Chu (1973)].

Section 3.5 Matrix Distributions

We now define a spherically symmetric distribution for the (n*m)

random matrix X.

Definition 3.5.1: Let X(n*m) be a random matrix with distribution L(X).

Then L(X) is said to be left spherically invariant if, for each
P e 0(n), LX) = L(EX).

If X has a pdf with respect to Lebesgue measure then f(X) =
P(X'X). In this thesis we further restrict our class of demsities by
assuming that L(X) is both left and right invariant. If a pdf exists

we assume it takes the form
(3.5.1) £(X) = p(tr X'X)

and we write L(X) € snm[g, ln 3] ;m] where ¢ is a zero matrix and

En 8 lm is the Kronecker product of two identity matrices. This
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dependence on the trace facilitates tﬁe study of distributions of test
statistics in later chapters.

One reason for assuming a Kronecker product structure for the
scale matrix is to achieve an extension of the multivariate Gaussian
distribution. However, there is a more important reason. bLet g(nxm)

be imbedded in R'", that is write X(nxm) as

5 %

(3.5.2) X = . - . = x(nmx1) .
x! X
“n “n

Thomas (1970) shows that, under the assumption of left invariance,
the (nmxnm) scale matrix for X must take the form I ® L. This
structure assumes a central role in later chapters.

Since the class of pdf's given in (3.5.1) is a subclass of the
pdf's of the form £(X) = P(X'X), we assume the Kronecker product
structure for this subclass.

As in the vector case we can let X - XA + M for A(mxm) of full
rank and extend the class of spherically symmetric distributions to
the class of elliptically symmetric distributions snm[y5;n g Il

with characteristic function

(3.5.3) 6, (D) = exp[i tr T'M) 6(tr T'TI) -

. . . . . . . mn
Next, we express our matrix distribution by imbedding X in R .

Let

-n/2

£(X) = |z p(tr X'z 1)
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with
-Ei
X(nxm) = | .
<!
x
Then
n
tr X'x2t = tr 270 I x.x!
j=1 973
n
= ¢ x}Ilx,
j=1 9 i
= <1 ® 1
x (En L) ‘x
with x(nmx1l) a random vector and
(3.5.4) £ =1 0 2™ uxa e Dk .

. . . nm | .
This representation of X in R is useful in later chapters where we

consider the distributional properties of various test statistics.

Section 3.6 Singular Distributions

In later chapters we deal with spherically symmetric distribu-
tions which are singular. In anticipation of this we discuss singular
distributions within the framework of elliptically symmetric distri-
butions and prove a lemma regarding the characteristic functions of

such distributions.
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A singular distribution in Euclidean p space is a distribution
which is concentrated on a set of lower dimension. That is, with unit
probability the random element is concentrated on a r-dimensional
subspace for r < p.

We now identify the subspace on which the singular measure is

concentrated.

r
Lemma 3.6.1: Let ¢X(E) = exp(i t'p)+8(t'It) with £ = I Aj ﬂjgé'
- x j=1

Then {gl,...,gr} forms a basis for the r-dimensional subspace on which
the measu?e is concentrated and {ﬂr+l;°"’ﬂp} spans the space,
complementary to the above r-dimensional subspace, with all mass

concentrated at a point.

Proof: Since the rank of I is r there exists a Q € O(p) such that

I = QEQ' = Diag(yl,...,yr, 0,...,0). Let

y =9

and

Then

¢z(£) = exp(i £'9) 8(t'Tt).

Partition t, 6, and T as follows:

T
I

[£] (xx), £ (1x(p=r))]

[}
-
|

= [0, 8]
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with
_]:_l = Diag(le A ’Yr)

Then (3.6.1) becomes

(3.6.2) ¢x(9 = exp(i t;8,) 8(g I t.) - exp(d £)8,)

This is the product of a characteristic function for a nondegenerate
elliptically symmetric distribution on R~ and the characteristic

. . . . -r .
function of a distribution on RP degenerate at_@z. This completes

the proof.

In later chapters we prove that certain distributions are scale
invariant. These distributions will be singular with u = 0 and hence
EQ = 0. The lemma assures that we need prove only the scale invariance

. . T
for the nondegenerate distribution defined on R'.



IV. INVARIANCE AND HYPOTHESIS TESTING

Section 4.1 Introduction

The principle of invariance states that if a problem is invariant
with respect to a group of transformations then the solution should be
invariant with respect to the same group of transformations. In
statistical inference the use of this principle is motivated by the
fact that certain testing problems exhibit symmetries which place
natural restrictions on these problems. In the present study there
are three concomitant reasons for performing an invariant reduction
for the hypothesis tests considered.

First, as the entire class possesses the required symmetries,
we do not need to specify an underlying distribution in order to do
an invariant reduction. Second, each invariant reduction produces a
class of test statistics all of which are functions of the maximal
invariants. We develop properties of the joint distributions of these
maximal invariants which carry over to the distributions of certain
functions of the maximal invariants. These functions serve as test
statistics. Third, and most important, using the invariance structure
of the underlying class of elliptically symmetric distributions, we
prove distributional properties for a class of test statistics which
apply to all underlying elliptically symmetric laws.

This is in contrast to other principles of data reduction.
Likelihood ratio test procedures often require that we specify the

underlying distribution. For a further study of individual cases,

24
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this method may be preferable. However, in this thesis we invoke the
principle of invariance to characterize all invariant tests for all

members of an underlying class of distributions.

Section 4.2 Invariant Procedures

We review invariant procedures as they apply to hypothesis tests.
All the material in this section is from Lehmann (1959).

Let (X,B) be a measurable space and let the random element X,
with values in X, have the probability distribution Pe, for 6 an element
of a parameter space . Then (X,B,Pe) is a probability space.

Let G be a collection of one~to-one transformations of the sample
space X onto itself such that gX denotes the random element which takes

on the value gx for X = x and g € G, Suppose that when L(X) = Pe,

9 € @, then L(gX) = Pe,, 6' € Q. We denote 6' by g6 with

(4.2.1) P, {gXeB} = Pée{XEB}

and say that the transformation g on X induces a transformation g on
§2.

The parameter space { is said to be preserved by G if
(4.2.2) g 9= 40
for each g ¢ G.

Theorem 4.2.1: Let g, g' be two transformations preserving . Then

the transformations g'g and g‘l defined by
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(g'g)x = g'(gx)
and
g(g™lx) = x

for all x € X also preserve  and satisfy

(4.2.3) g'g =g g and (g 1) = (71 .

Consider now the problem of testing H: 60 ¢ QH versus K: 6 ¢ QK’

where QH and QK are disjoint subsets of 2. We say that the testing

problem remains invariant under g € G if in addition to (4.2.2)

(4.2.4) g0, =0

also holds.
Let G be a class of transformations satisfying (4.2.2) and (4.2.4).
Also, let G be the smallest class of transformations containing G such

1

that g, g' € G implies thatg'g € G and g=* ¢ G. Then G is a group of

transformations. By Theorem 4.2.1 G preserves both  and From

0
(4.2.3) we also have that the class of induced transformations g

forms a group G. Because any class G of transformations leaving the
problem invariant can be extended to a group G, in all applications we
consider G to be a group of transformations.

The principle of invariance restricts our attention to tests,

¢(x), which are also invariant, that is

d(x) = ¢(gx), xeX, geG .
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Definition 4.2.1: A function T(x) defined on X is maximal invariant

under G if (i) T(x) = T(gx), for each x € X and g € G, and (ii)

T(xl) = T(xz), X15X, € X implies that there is some g ¢ G such that
Xy = 8Xy-

Theorem 4.2.2: A test ¢(X) is invariant under G if and only if there

exists a function h such that ¢(x) = h(T(x)).

The theorem states that an invariant test statistic will be a
function of the sample maximal invariants produced by the group G.
The induced group G produces corresponding maximal invariants on the

parameter set Q.

Theorem 4.2.3: The distribution of T(x) depends on & only through a

maximal invariant function of the parameters.
It follows that an invariant reduction reduces both the sample

space and the parameter space.

Section 4.3 The Polar Representation of a Test Statistic

Let L(x) € Sn[gﬁln]' We discuss a method useful for showing that
certain test statistics T(x) have unique distributions. This method
is extended to the case where the matrix X has a distribution belonging

tos [¢,I © I

1.
. 3 P, 1. 1/2 . . .
Define Bp = {x eR |(§_§) =1} and let U have a uniform distribu-
tion on Bp' Then L(U) is the unique probability distribution on Bp
which is invariant under O0(p) [ecf. Kariya and Eaton (1977)]. We now

have the following theorem from Kariya and Eaton (1977).
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Theorem 4.3.1: If L =N _[0,I nd L e S_[0,I then
eor 62 P[_ —p] a (x) p[—- -—p]

L/ 0 = L/ & = Lw.

Upon taking £(x) = y(x'x), we have the following corollary.

Corollary 4.3.1: Let a test statistic have the form T(x) =

h(§/(§{§)l/2) for some function h. Then T(x) has a unique distribution

for all L e S [0,I ].
(x) p[_ _p]

The corollary states that if T(x) depends only on the angles in
the polar representation given by (3.3.1), then T(x) has a unique
distribution. Therefore, to check whether a test statistic T(x) has
a unique distribution for every L(x) € Sp[g’zp]’ we take x - (r,0);
we then transform T(x) into T(r,8); and finally we examine whether
T(r,0) = T(8) . |

This discussion treats only vector distributions thus far, but
the method works equally well for L(X) € snm[g,;n ® Em].

Let X(nxm) be represented in R"™ as in (3.5.2). Transform to

(r,8), then re-express the transformed variables (r,6) in matrix form,

i.e.
(4.3.1) X+x> (r,0) + (r,0) .

The (nXm) matrix @ contains the angular variables. Since 8'6 = 1 if
and only if tr 0'6 =1, (r,0) is a polar transformation of X
with 2 = tr X'X.

To check whether a test statistic T(X) is a function of angular
variables only, we transform T(X) into T[(r, ©)].. If T[{(r, 9)] =
T(9), then we conclude that T(X) has a unique distribution for all

£(X) = v(tr X'X).
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Suppose the null distribution of a test statistic is not dependent
on the radius and that the non-null distribution is related to the null
distribution by a simple change of scale. Then the non-null distribu-
tion of the test statistic also will not be a function of the radius

and hence its distribution will be unique.



V. TESTING EQUALITY OF k SCALE PARAMETERS

Section 5.1 Introduction

For testing the equality of k scale parameters it often is assumed
that (i) each sample scale statistic, si, is calculated from a random
sample, XiqoeeesXy of n, observations, (ii) each xij’ j=l,...,ni, has
a Gaussian distribution with mean uy and variance ci, and (iii) the
sample statistics, s%, i=1l,...,k, are mutually independent.

In this chapter we develop invariant tests when the observations
are not necessarily either Gaussian or independent. Before we present
this theory we give an example for which an underlying joint spherical
distribution might be appropriate. The example involves directional
data, that is, angular data measured on a sphere of unit radius as
discussed from a different viewpoint by Mardia (1972).

The example is a study of the navigational patterns of homing
pigeons. Two groups of birds are released from a point and the bearings
of their flight, called vanishing angles, are recorded just as they
vanish in the distance. One group is a control while members of the
other group have had their internal biological clocks altered. The
random variable of interest is the location determined by vanishing
angle and the distance traversed by each pigeon. Schmidt-Koenig (1965,
pp. 243-246) offers empirical evidence which suggests that, under certain
conditions, random patterns exist in the initial orientation of homeward-
directed pigeons. For these situations, a spherical distribution seems

to be appropriate for each pigeon. We further conjecture that the 0y

30
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birds in the control group and the n, birds in the experimental group
all have dependent flights governed by a joint spherical distribution.
Under this assumption we then might test whether the two grdups differ
in terms of the variability of points determined by vanishing angles

and distances traveled.

Section 5.2 Statement of the Problem

Let L(x) € Sn[g_,g] with

I

x' (1xn) [zgi(l#nl) serenx’y (Ixn )]

u'(lxn) = [pg,...n’y ]
(5.2.1)

u(m,) = Dugseeesn;]

L

Diag[o?I ,...,021 ]
l—nl kr-nk

n = n1 + n2 + ...+ nk

and consider testing

. 62 = - a2 = 2

H: 0] = «ee =0 =0 (say)
(5.2.2) versus

. g2 2

K.ci#oj

for at least ome pair (i,j), 1 # j.

The unrestricted and restricted parameter spaces are respectively

Q: R?l X we. X R;‘k xRE
and

. ph1 np 1
Qi Ry: X oo XREXRY
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,oi) € RE , and 02 ¢ Rl . In our notation,

n.
. i
w1th_gi e R , (o2 n

1 'ERRE
n. . . . -
a e Rll denotes a vector in Euclidean ni—dlmen31onal space with all
X k . .
components equal, while b ¢ R+ denotes a vector in Euclidean k space
with all components positive.

The problem remains invariant under the group G acting on the

sample space as

1 1 ] ] 1
(5.2.3) g[zi,...,gk] [c(x +c. )P ...,c(xk+ck)Pk]
ny 1
where Pi € O(ni),_gi € Rl , i=1,...,k, and ¢ ¢ R+ .

Maximal invariant functions on the sample space and the parameter

space are gigi/gégj, i,i=1,...,k, i#j and o%/o?, i,3=1,...,k, i#j,

respectively with
= [l y=x) e (2 =%

and

Theorem 5.2.1: For all L(x) described in (5.2.1) the statistic

T(z) = {gigi[gggj, i,j=1,...,k, i#j} has a unique null and a unique

non-null joint distribution.

Proof: (i) Null case

If H is true then L(x) € S [u ] and L(z) e Snﬂg,o%él for

A = Dlag(Al,.. AL A n,

-éi is symmetric and idempotent of rank n, - 1 there exists an orthogonal

o2
A) and A, = T - ﬁLﬂl.l' with 1' = (1,...,1). Since
i
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Qi such that_giéigi = Diag(l,l,...,l,d). The problem remains invariant
-1

under pre-multiplication by_gi so choose gi gi. Upon setting ¢ = ¢

we may assume that

To-ie &

¢ 9

e

(5.2.4) L(z) € Sn[g,

However, L(z) is singular and concentrated on a n - k dimensional
subspace of R" with unit probability. As we are interested in proving
a property of T(z) we need only examine the subspace on which the unit
mass is nondegenerate. Therefore, from (3.6.1) we assume that
L(z) € SN[Q’EN] with N = n - k and Ni =n; - 1.

Next, we note that T(z) = {gigi/gégj, i,j=1,...,k, i#i} is a

/ /2 . [Ei,---,gl'(]/(g'g')l/z
/2

function of_g/(gfg)l 2 because_g'/(gfg)l and

1 ' = 1 v o 1/2 ' e
-Eiéi/gjfﬁ [z}z,/(z'2) ]/[gjgj/(g_g) ]1. Therefore, from Corollary

4.3.1 the distribution of T(z) is unique for all L(z).
(ii) Non-null case

The non-null distribution is related to the null distribution by

a change of scale. Let L(z) ¢ SN[Q’EN] and define

Then z'z./z'z. is transformed into
e e S

- 02
_J ' 1
(5.2.5) (0%) gigilg.gj
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and part (i) of the proof assures that (5.2.5) has a unique distribu-

tion for all L(z) and hence for all L(x).
The proof is complete because the method used here is equivalent
to finding the distribution of {Eiéiléézj’ i,j=1,...,k, i#j} when

y e 02I )],

I
Ny Ny

If we let si =<£i£i/Ni’ then we have the following corollary.

. 2
L(z) € SN[Q,Dlag(Ul

Corollary 5.2.1: The usual normal theory test statistics have unique

null and non-null distributions for the class of spherically symmetric

laws.

Some examples of normal theory test statistics are (a) Hartley's
(1950) maximum F test, (b) Cochran's (1941) test, and (c) Bartlett's

modified likelihood ratio test [cf. Glaser (1976)] given respectively

by
max{s%}
(5.2.6) Tl = m—?
max{si}
(5.2.7) T2 = %
T s2
-1 1
and -~
k Y/
I (si)
(5.2.8) p oA=L
3 k
1 2
y BV
T =1
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Section 5.3 Extensions of Normal Theory Results

Because the statistics (5.2.6) through (5.2.8) have unique null
and non-null distributions for spherically symmetric laws L(x), we can
choose a particular member of the class to (i) derive exact distribu-
tions of test statistics, (ii) show unbiasedness, and (iii) derive
power properties. We choose the Gaussian distribution because so many
results are available. The literature contains the following normal
theory results which now are seen to hold when the underlying distribu-
tion is spherically symmetric.

Glaser (1976) tabulates exact critical values for the modified
likelihood ratio test when the sample sizes are equal, while Chao
and Glaser (1978) give an expression for computing exact critical
values when the sample sizes are unequal. Carter and Srivastava (1977)
show that the power of the modified likelihood ratio test dis a mono-
tone increasing function of 61 = 0§/0i+1, i=1,...,k-1, with

2 . s _ = <272
0] 2+« 2 0, when the remaining k ~ 2 parameters, 6j Oj/0j+l’

2
1 2
j=1l,...,k-1, j#i, are held fixed.

Ramachandran (1956b) proves that Hartley's maximum F test is
unbiased while Hartley (1950), David (1952), and Hartmann (1969) tabulate
critical values. Cochran (1941) gives a brief table of critical values
for his test.

To summarize, we first showed that Bartlett's modified likelihood
ratio test, Hartley's maximum F test, and Cochran's test are invariant

tests. Then we proved that these test statistics have unique null and

non-null distributions for all underlying spherically symmetric laws.
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Section 5.4 Comparison of k-1 Scale Parameters to a Control

We make the same assumptions as in (5.2.1) except we now wish to

test simultaneously the collection of hypotheses

=‘ b 2 = 2 i= -
(5.4.1) H {Hi‘ of = 0, i=1,....k 1}.

It is not clear that this problem is amenable to reduction through
invariance. Therefore, we proceed by considering each hypothesis in
(5.4.1) individually. ©Next, we apply the union—intérsection principle.
Gnanadesikan (1959) uses this approach when L(§) has a Gaussian distri-
bution.

Invariance considerations applied marginally give the test ratios

' ' . - ) . . .
Eiéi/gkék’ i=1l,...,k=1 . Using Theorem 5.2.1 we have that the statistics
zi2, /Ny
T,(2z) = ¥, N,=n_-1, i=1,...,k
i Ekgk/Nk i

have unique null and non-null joint distributions. Therefore, the test

using Ti(g) has acceptance region

(5.4.2) F.p s Ti(g) <F,

with L(Ti(g)) a central F distribution having Ni and Nk degrees of
freedon.
Next, we accept H if all the individual hypotheses, Hi’ are
accepted. That is, H can be expressed as
k-1

H: n H, .
i=1
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By the union-intersection principle [cf. Roy (1953)], the simultaneous

test has acceptance region
(.4.3) Ty ST (@) S Fppee Py ST @ S Fegy

Known normal theory results for this problem automatically extend
to the class of spherically symmetric distributions. We now give some
of these results from the literature.

Ramachandran (1956a) gives an expression for evaluating one-sided

probability statements when they are in the form
(5.4.4) P[Ti(g) < ag, i=1,...,k-1] =1 - a.

A simplified expression emerges for the special case of Ni = N,
i=1,...,k-1. This case has P[u = max gigi[gigk <bl=1-awithu
called the studentized largest chi-squared statistic. Ramachandran
(1956a) derives the pdf of u and gives upper 5% points for different
values of N and Nk for the case k = 2.

More extensive tables are available for this case. Gupta (1963)
obtains critical values for o = .25; .10; .05; .01, N = 2(2)50, and
k = 2(1)11 under the additional assumption that N = Nk' Armitage and
Krishnaiah (1964) obtain critical values for o« = .10; .05; .025; .01,
N = 1(1)19, k = 2(1)13, and N, = 5(1)45.

Krishnaiah (1965) shows that the power of the test associated
with (5.4.4) is a monotonme increasing function of each 6ik = Oi/ci.

So far we have discussed only upper tail alternatives. Tables

also exist for the studentized smallest chi-square [cf. Gupta and

Sobel (1962}, Ramachandran (1958), and Krishnaiah and Armitage (1964)].
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Results for the two sided case are not available. However, we can
k-1 k-1

apply Boole's inequality, P( v Ei) < I P(Ei), to obtain a conserva-
i=1 i=1

tive simultaneous testing procedure having all the properties under

spherical laws which are enjoyed under Gaussian assumptions. From

(5.4.3) we have that E, = F._. < T.(z) < F. i=1l,...,k-1.
i i i i



VI. TESTING THE EQUALITY OF k SCALE MATRICES

Section 6.1 Statement of the Problem

We undertake an extension of the testing problem considered in

the preceding chapter. Instead of testing for the equality of k scale

2

parameters, ci,...,ok,

we test for the equality of k scale matrices,
21,...,§k.
Suppose L(X) € Snm[glél with

M' (mxn)

= M (mxn.),...,M (mxn, )]
(6.1.1) 1l A
) R 1 T
Mi - [_Ei,""l‘l_i]
A =Diag[I ® ZI.,...,1 ©®Z ]
—ng 1 - k

Ei(me), i=1l,...,k

n=n, + ... +n

1 k

n, > m, i=1,...,k.
We wish to test

(6.1.2) H: ) =2Z,=...=1 = Lz (say)

agains the general alternative K: {I, # Ej, for at least one i#j}.
Let D;(k) denote the group of positive definite block diagonal
+
matrices such that, if A € Dm(k) then A = Diag(é_,...,ék) with

A(mkxmk) and éi(mxm), i=1,...,k.

39
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The unrestricted and restricted parameter spaces for the problem

are
1 1 +
Q anm X .. X Fnka X Dm(k)
and
1 1 +
QH Fanm x - X nka X Sm

+ . . . 1
where S € Sm indicates that S(mxm) is positive definite and F, ¢ Fn “m
i

indicates that Ei(nixm) has n, equal row vectors each of dimension m.
The problem remains invariant under the group G such that, for

g € G,

' 1] = p! ' ' ' 11en< ' v
(6.1.3) glX ,...,Xk] E_[zifg ""’zkfgk] Dlag(gl,...,gk)

1

o xm® i=l,...,k, and B € GL(m), with GL(m) the
i

where P, ¢ O(n.), C. ¢ F
=i i’ =
group of all non-singular (mxm) matrices.
The sample maximal invariants under the action of the group G,

and the parametric maximal invariants under the induced group G, are

given in the next theorem.

Theorem 6.1.1: The respective maximal invariants for the sample and

parameter spacesare the roots of

(6.1.4) |z!z -aziz | =0

and
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with

N
I

[Ge % )5 eees (xy —x..)]

_i —1 .
1

i
X,
14

W~ B

1
=i n, .
1]

Proof: Let G1 and G2 be two groups such that

gl[g(_‘ .o .,51‘{] [xX+C!, ... ,§1'<+_gl'(]-Diag(£]'_, «.esP0),

=1 =1 k
g&_e Fn_xm’ Ei £ O(ni)
and
g,X =X 3B, B e GL(m).
)
Maximal invariant statistics under G1 are gizl,...,gkgk [ef. Lehmann

(1959), p. 296]. Theorem 4.2.1 now assures us that we need only show,

under G2, that (6.1.4) is maximal invariant within the space of

Z_]'.Els see ’E{Q_Z.k'
Under G,, Z'Z, - B'2'Z.B, i=1,...,k. The roots of lz 2,-42z | = o0,
2’ == = =i —-—j

i,j=l,...,k, i#j are invariant. We show these roots are maximal

invariant by assuming that there are matrices Qi’ Hj such that

|2'z.-dz'z.| = 0 = |U'U.-dU'U,
=i =5 I S

Lehmann (1959, p. 278) proves that there is some B which transforms
Z'Z., into U!U. and Z2'Z, into U'U,. Thus (6.1.4) is maximal invariant.
11 11 | —J1J

The proof for the parameter space is similar.
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Let D™ = {d7J,...,d"J} be the roots of |z!'z - 2'2,| = 0 for
1 m —i—1 =3

i,j=1,...,k, i#j. Then we have the following theorem.

Theorem 6.1.2: For both the null and non-null cases the joint distri-

bution of {DlJ, i,j=1,...,k, i#j} does not depend on any particular
underlying elliptically symmetric distribution. That is, the null and

non-null distributions are unique for all L(X) defined in (6.1.1).

Proof: (i) Null Case

If H is true then L(X) € Snm[[gf,...,yi], Diag(Lnl 8 Z,eun,
En ® )] and L(Z2) € Snm[i’ Dlag(gl 3] E""’Ek ® )] with
42& = En - ﬁLﬂl.l'- Using arguments similar to those in the proof of
i i
Theorem 5.2.1 we assume that

(6.1.5) L(2) € s__[¢, 1.

That is, choose gi and B in (6.1.3) so that gigigi = Diag(l,1,...,1,0)
and B'!B =1 .
= — “m

Now (6.1.5) can be expressed as a distribution in R™ with unit

probability concentrated on a r = (n-k)m = Nm-dimensional subspace of

nm
R™. We assume that

(6.1.6) L(2) e 8 [¢,1 8 1]

as we need to concern ourselves only with this subspace. This follows

from Lemma 3.6.1.

. Nm . .
Next, we embed Z in R and change to polar coordinates, i.e.
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(6.1.7) Z >z (x,0)

Now put the extreme right hand side of (6.1.7) back into matrix form,

i.e.
(r,8) -~ (r,0)

where QﬂNxm) is a matrix containing angular variables.

Since 6'6 = 1 if and only if tr 8'0 = 1 we have that (r,8) is a
polar transformation of the matrix Z. Under this transformation,
|2'z -dz'Z.| = O becomes |r20'6 -dr20'e.| = 0 = |0!6.~-d0'0.|, and the
== =i =1 33 e o St et
D™ do not depend on r? = tr Z'Z. Therefore, the null distribution

must be unique for all L(Z) and also for all L(X).

(ii) Non-null case

Suppose L(2Z) € SNm[Q’ Dlag(I,l ® El""’EN 8 Ek)]. Let

k
o -1/2
¥, =44
L -1/2
Ty = Lyl
T -1/2
-Y—k - _Z.kEk .

Then L(Zl,XQ,...,Xk) € SNng, Dlag(LNl 8 I ,...,ENk 8 Em)]. As in

part (i) let

¥Y>ry~>(xr,0) » (r,0)

and note that
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|z'z -dz'z.] =0 -
e o Sl e

1/2 1/2 ..1/2 21/2[ _

D 55 IRt i § JHi =0
-4 —i=i— =i =J=3=3
> IZ%/ZOEG.Z%/Z—dZ%/ZOf@.Z%/zl = .
i —d—i—1 R et

It follows that the non-null distribution of {Dij, i,i=1,...,k, i#j}
does not depend on tr X'X and thus is unique for all L(X).

One example of a test statistic with unique null and non-null
distributions for L(X) defined in (6.1.1) is the normal-theory modified

likelihood ratio statistic

(6.1.7) T, =

with Yi = Ni and v = .Z Yi'
i=1
Another example is a test statistic proposed by Pillai and Young

(1974). Let

max U,
_ Agick
2 min U,
1<ick

(6.1.8) T

where

U, = N, . tr S /

-1 . _
i TN BF Sy 505y i i=1,...,k-1

Ny i

-1
tr $) § S5h /N k > 2

1,1’

N tr S s-l_ /N k = 2

1,1 2,2 -1,1"72,2°
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and

——1. ——l-

=2,i

is calculated after the original sample of n, observations is split

into two sub-samples of ng o and n, observations. The statistic T2
3 3

is called the maximum U-ratio.
We also investigate the special case of testing H: 21 = EQ

versus K: I. # I before we mention extensions of normal-theory results

1 2
to the larger class of distributions. The respective maximal invariant
statistics and parameters are the roots of |lel ~-dZ ZZI = 0 and the

roots of ]Ei-AEQI = 0. Examples of test statistics with unique null

and non-null distributions are:

1
Y1 B
2z 2z,

(6.1.9)

2,2, +252, |

This is the special case of (6.1.7) with k = 2.

(6.1.10) T, = chy[(22,)(2}2,) 1]
(Roy's largest root)
(6.1.11) T = tr(2;2,) (22 )-1
(Lawley-llotelling trace)
(6.1.12) T = tr(2iZ,)(22,+232,)" 1

6

(Pillai trace)
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Section 6.2 Extensions of Normal-Theory Results

Because the usual normal theory tests have unique distributions
with respect to the underlying class of elliptically symmetric laws, we
present some normal theory results which extend to this larger class.
These results pertain mostly to tests for H: L= EQ versus K: 21 # Z,.

Sugiura and Nagao (1968) show that the modified likelihood ratio
test using T3 is unbiased. Das Gupta and Giri (1973) investigate
admissible critical regions for T3 and give conditions for unbiasedness.

Anderson and Das Gupta (1964b) consider tests dependent on the

roots of (Zigl)(gézz)_l and investigate tests for the alternmatives

m
,K1: Ai >1, i=1,...,m, I Ai >m
' i=1
and
m
Kz: Ai <1, i=1,...,m;, I Ai < m
i=1
where {Al 20y 2 een 2 Am} are the ordered roots of Eizél' They show

that the power is a monotonically increasing function of each Ai for a
class of test statistics which includes T4 and TS'

Mikhail (1962) investigates the test statistics T4 and
Chm[(zizl)(gégz)—ll’ where chm(é) denotes the smallest root of the
matrix A. He studies the four alternatives Al > 1, Al <1, Am > 1,
and Am < 1 and shows in all cases that the power is a monotonically
increasing function of each Ai.

Pillai and Jayachandran (1968) compare the power for T3, T4, TS’

and T6. They conclude that none of these four test statistics is
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uniformly best. They also derive the exact null distributions of T3,
T5, and T6 for the case m = 2.
Krishnaiah and Chang (1973)lexpress the exact null distributions

of T, and T, as linear combinations of inverse Laplace transformations

3 4
of the products of certain double integrals, while Giri (1968) shows

that T, is a locally best invariant test with power monotonically

6
increasing in each Ai.

Pillai and Young (1974) give the exact null distribution of the
maximum U ratio for the case k = 2 and m = 2 and tabulate percentage
points for the values o = .05, Nl = 3(2)7, and N2 = 10(5)40; 50; 60;
80; 100.

In summary we note that the joint null and non-null distributions
of the maximal invariant statistics are unique for all underlying
elliptically symmetric distributions. Specifically the usual normal-
theory test statistics have distributions which are exactly robust.

Therefore, all results derived under a Gaussian assumption automatically

extend to this larger class.



VII. TESTS FOR SPHERICITY

Section 7.1 Statement of the Problem
The hypothesis of sphericity and its alternatives are

H: Z = a2y

(7.1.1) versus

K: I # 0%V

with o2 an unknown parameter and V a fixed matrix.

This hypothesis is usually tested under Gaussian assumptions, that
is, we assume L(x) = Nm[—lg] and take a random sample of size n from
this population. If V = En then this is a test for the homoscedasticity
and independence of the components Xqpee s X of x.

We test this hypothesis for the case L(X) € Snm[y’ln ® r] with
M = [y,...,¥] € Fixm and I € Sz. Under this larger class of distribu-
tions (7.1.1) is still the hypothesis of sphericity as we now are
testing that X has a spherical distribution against the alternative

that X has an elliptically symmetric distribution.

We now put the problem in canonical form before undertaking an

-1/2

invariant reduction. Let Y = XV » then
(7.1.2) L) € Snm[g’ln 8 AJ
with

48



49

-1/2 ' 1
U Al L THORRTS I ol
po=y 2yl gt
= - X == m
An equivalent form of (7.1.1) is
H: A = 02T
- -—m
(7.1.3) versus
2
K A#clm

Qs Fl X S+
nxm m
and
1 1
QH. anm X Em X R+ .

The group G for which the testing problem remains invariant is

given in the following lemma.

Lemma 7.1.1: The testing problem is invariant under the group G, such

that for g € G,
(7.1.4) gY = cP(Y+B)Q
with P € O(n), Q € O(m), B ¢ Fl and ¢ ¢ Rl
= ’ > =" “nxm +
Proof: Observe that
g[N,A] = [cP(N+B)Q,c2Q'AQ] € @

and
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= 2 = 2.2
g[N,0°I 1 = [cP(N+B)Q,c“0°L ] € @ .

It is further true that L(g¥) e S_ [cB(I+B)Q,I ® c”Q'AQ] and P, ~ P,

implies that 6' = gb for &' = [cP(N+B)Q,c?Q'AQ]. Therefore, the problem

remains invariant under G.

In the next theorem we give sample and parametric maximal invariants

under the action of the group G and the action of the induced group G.

Theorem 7.1.1: Maximal invariant statistics and parameters are

respectively
d d
1 m
(7.1.5) — boney —
r d L d,
i=1 i=1 *
and
A A
1 m
(7.1.6) Tttt Tm .
z Ai I A
i=1 i=1
Here {d,,...,d } contains the roots of |Z'Z-dI | = 0 and {}_,...,A }
1 m — = “m 1 m
contains the roots of |Afﬁlm‘ = 0 with
' = [(zl—z),-.-,(zn—i)]
and
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Proof: Let G1 and G2 be two groups such that

g,Y = P(¥+B)Q, B € 0(n), Q ¢ O(m), B e Fr
and

1
goY =cY, ce R+r.

We can show that the maximal invariant statistics under G1 are the
roots of |§fgfd1m[ = 0 by using an argument similar to the proof of
Theorem 6.1.1. Theorem 4.2.1 shows that we need only consider the

action of G, on the space of eigenvalues {dl,...,dm} in order to

prove maximal invariance. Suppose {dl,...,dm} and {el,...,em} are

such that
m m
d./x d, =e,/ I e,, j=1,...,m.
Jg=1 + Ji=y 7 T
It follows that
m m
e, =d T e./ I di = cd
S ES R ] J

and thus (7.1.5) is maximal invariant. A similar proof holds for the

action of G on the parameter space.

Now if H is true then L(Y) € S [N,I ® 02I ] and L(Z) ¢
= nm- ’—n -n =

s _[¢,F 8 02I ] with ¥ =1 - 1-l 1'. As before, we assume that
nm -+’ — ~m = n-—=

1
(7.1.7) L(2) e 8. [9,T 8 1]

with N =n - 1.
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All invariant tests necessarilyldepend on the maximal invariant
statistics. Therefore, we conclude that an invariant test statistic
must be scale invariant, i.e. it cannot depend on the tr Y'Y. This
implies that all invariant test statistics have unique null distribu-
tions for L(Z) defined in (7.1.7).

The main result pertaining to invariant tests for sphericity in

the class st[g. ® Z] is the following invariance property of the

I
=N

non-null distribution.

Theorem 7.1.2: All invariant statistics for testing the sphericity

hypothesis have unique non-null distributions for L(Z) ¢ SNm[Q’EN 8 z].

Proof: Let W = g_zfl/z

. Nm
. Then L(W) ¢ SNm[Q’EN 8 Em]. Imbed W in R
and change to polar coordinates. Then (r,0), where @ is of order (Nxm),

is a polar transformation of W. Under this transformation

d -
(7.1.8) lg'_@—géli =0 .
dl dm
From (7.1.8) we see that o st o is not a function of
X di )X di
i=1 i=1
r? = tr Z'Z and the proof is complete.

Some examples of invariant test statistics follow. The first is
the modified likelihood ratio statistic under normal theory. The other

three examples have been discussed briefly in the literature. We discuss
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all four examples in more detail in Section 7.3.

| l/m‘ >N
(7.1.9) _ (i) Tl = 12;2;———

]
~
-+
H
N
|~
N

(7.1.10) (ii) ‘ 5 =

(7.1.11) (1i1) T, =

ch (2'2)

(7.1.12) (iv) T4 = m—

Before we conclude, we stress the significance of the scale
invariance in (7.1.4). This invariance gives the property of scale
invariance for the maximal invariant statistics, and, in turn, implies
that all invariant test statistics have unique null and non-null
distributions for L(X) € Snm[y’lﬂ ® Z]. The importance of this scale
invariance is demonstrated further in the next section when we consider
a hypothesis similar to sphericity, but involving test statistics

which are not invariant under the group of scale changes.

Section 7.2 The case ¢2 =1

We assume the model (7.1.2) and we wish to test



(7.2.1) versus

and

The testing problem remains invariant under the group G such that, for

geG,
(7.2.2) gY = P(¥+B)Q

. 1
with P ¢ O(n), Q ¢ O(m), and B ¢ FnXm.
Section 7.1 shows that the maximal invariant statistics and
parameters are the roots of LE(&T@EHJ = 0 and the roots of lﬁfAEmI = 0,

respectively.

Some examples of invariant test statistics are

(7.2.3) T, = ch; (2'D)

(7.2.4) T, = tr Z'Z

and

(7.2.5) T, = 2'2]™ expler 3 2'D)1.
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Other examples of invariant test statistics for this case are given by

T T3, and T, from the preceding section. However, TS’ T6, and

1> T2 4
T7 do not have null and non-null distributions independent of a
specific underlying elliptically symmetric law.

To show this, let Z + (r, ©). Then

|r?0'0 - dr | =0

and the null and non-null distributions of the makimal invariant
statistics are seen to depend on r and thus on the underlying
elliptically symmetric law. Since TS’ T6, and T7 depend directly
on these maximal invariant statistics, they also have non-unique null
and non-null distributions.

By completely specifying 02 we eliminate a restriction on the
sample and parameter spaces. This produces a larger group of in-
variant test statistics, some of which do not have distributions

independent of the underlying elliptically symmetric law.

Section 7.3 Extensions of Normal-Theory Results

The test statistics Tl’ T2’ T3, and T4 in Section 7.1 have unique
null and non-null distributions. Therefore, the following normal-
theory results extend immediately to theAclass of elliptically

symmetric distributions.
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John (1971) shows that the test‘based upon T2 is a locally best
invariant test. He later obtains the exact null distribution of ‘I‘2
for m > 2 [cf. John (1972)]. Finally, John (1976) tabulates critical
values of V = (1—m"1)"1(T2—m‘1) for the cases N = 3(1)16; 18(2)24;
180, o = .1; .05; .01; .001, and m = 3. He also gives a téble for
a = .05, m = 4(1)10, and the N values given previously.

Gleser (1966) and Das Gupta (1969) show that lg}g}/tr (g}g)m is
an unbiased test statistic while Nagarsenker and Pillai (1973) find
the exact null distribution in series form of |Zf§J/tr (ng/m)m and
calculate percentage points for the cases m = 4(1)10, o = .01; .05,
and for the values n = 5(1)20; 22(2)30; 34(8)50; 60(20)100; 140; 200;
300.

Schuurmann, Krishnaiah, and Chattopadhyay (1973) derive the
exact null distributions of T3 and T4. They tabulate critical values
for m = 3(1)16, r = (N-m~-1)/2 = 0(1)16; 18(2)22; 25, and for o = .05;
.Ol(T3), and o = .95; .99(T4).

In summary, we have extended the test for sphericity by extending
to a class of elliptically symmetric distributions. Furthermore, under
the assumption that o2 is unspecified in H: A = 02£m9 the joint null
and non-null distributions of the maximal invariant statistics are
unique. In fact all invariant tests are exactly robust. If o2 is
completely specified then the null and non-null distributions of the
maximal invariant statistics do depend on the underlying elliptically

symmetric distribution.



VIII. TESTS FOR BLOCK DIAGONAL STRUCTURE

Section 8.1 Introduction

1 +
Let LX) ¢ S [M,I ® ] withM e F and I ¢ S . We investigate
— nm —-n = — - nxm — m
properties of invariant tests for two cases.
We first test the hypothesis H: I = Diag(cll,...,cmm). If second
moments exist this is a test for the mutual uncorrelatedness of the

m variables x cesX . This becomes a test for the mutual independence

1’

of x PresX if L(X) is Gaussian.

l’
To define the second testing situation partition I into
)X
-11 =12

L1 Ly

i X X = \I . =
Wlth_ﬁll(p P, EQZ(q q), and p + q = m. We then test H: 212 0. For
this case we prove that the power functions associated with certain
invariant tests are monotonically increasing functions of each non-
centrality parameter for the subclass of elliptically symmetric

unimodal distributions.

o)

Section 8.2 Testing L = Dlag(cll,..., .

Given that L(X) ¢ S [M,I_ & x] we wish to test
= nm—’=n ~ =

57
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H: I = Diag(o )

1l,ovr,0m
(8.2.1) versus
K: L # Diag(cll,...,omm)

with M ¢ Fl and I € S+.
= nxm = f}

The unrestricted and restricted parameter spaces for the problem

are
Qs Fl x S+
nxm m
and
1 +
QH. anm x D (m)

where D € D+(m) implies D = D:’Lag(dl ,d ) with dii > 0. The problem

120

remains invariant under the group G such that, for g € G,
(8.2.2) gX = P(X+B)D

. 1 -+
with P e O(n), B ¢ FnXm, and D € D (m).

Theorem 8.2.1: Write the sample matrix S = [Sij]’ where

%)
i
[T I =

j=1

X-X'(X-X) =2'2

n
. -_1 . . . .
with x =4 L X.. Then the sample and parametric maximal invariants

j=1
are R and R with



(8.2.3) R=[r,]
and
R = [pij]
where r,, = s /% 5 ST%/Z and p,, = o M2 5 T2,
i ii i3 733 ij ii ij " jj

Proof: Let G; and G, be two groups such that g.X = P(X+B) and

g,X = X D with P, B, and D defined in (8.2.2). The action of G, sives
S and I as maximal invariants. We need to prove that (8.2.3) is maximal

invariant within the space of the matrix S. The group G, takes S into

%1% o 9%t
v = . .
D'S D d 5 4

dmmsmldll Tt Tm mm mm

Now, R = [ri,] = [sf%/z s s_l/z] and R is clearly invariant. To- show

] ii 13 33
: . . 1 =7’ = nt—l -1 =
maximal invariance let 21§'21 222”22. Then T D, 21§_2192

D'S D for D ¢ U+(m) and (8.2.3) is maximal invariant. A similar proof

holds for the parameter space.

Definition 8.2.1: If second moments are defined for L(X), then R is

the sample correlation matrix and £ is the population correlation matrix.

The next theorem characterizes the joint null distribution of the

components of R.

Theorem 8.2.2: The joint null distribution of T = {r,. = ST%/Z s,. ST%/Z
ij ii ij 73]

i,j=1,...,m, i#j} is unique for all elliptically symmetric L(X).

Proof: If H is true then L(X) ¢ S _[M,I_® Diag(oc )] and
—_— == nm-—’=n

117 *%m
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1. 0y o o '
L(Z) € Snm[g_,(‘]_l_n = 11') 8 Dlag(oll,...,omm)]. Premultiplication by

an appropriate P ¢ 0(n) and post-multiplication by an appropriate

De D+(m) gives

T S

—n~1
(8.2.5) L(Z) € Snng, 8

¢ 9

1.

I
—m

This is a singular distribution with unit probability concentrated on a

. . nm
(n-1)m-dimensional subspace of R . So we assume

L(2) & Sy [¢,I ® L]

for N=n - 1.
Next, let Z »~ z + (r,8) > (r,0). Then S -~ 2'Z » r?0'0. Write

©'0 in the same manner as S, i.e.

T )
818 - &by
0'0 = . .
6'6 6'6
—m—1 —mrm

2g1t -4 2a 0 201 -
(201007 " (x2018.) (+2030.)

= (887" (818.) (8107
1 - L



61

Therefore, the joint distribution of the rij is not a function of
r2 = tr Z'Z and is unique for all L(Z) and also for all L(X) € Snm

(M, En ® Diag(o cens Gmm)].

11’
The non-null distribution is not related to the null distribution
by a simple change of scale. Therefore, the techanique used thus far to
show uniqueness of the non-null distribution is no longer applicable.
We accordingly leave open the question as to whether or not the non-null
distribution depends on the underlying elliptically symmetric law.
Since power properties for an underlying Gaussian distribution are still
unsolved, we make no statement about non-null distributions and power
properties for this larger class of distributions.
The modified likelihood ratio test under normal theory gives an

example of an invariant test statistic with a unique null distribution.

This test statistic is given by -

]§|N/2
(8.2.6) Tl = W .

I s,.

j=1 3]

. 2/N . ..

Anderson (1958) gives moments of Tl and derives an explicit form of
its pdf.
Section 8.3 Tests for H: Z., = 0

12

Assume L(X) ¢ S [M, I © I] with
2:9 mts = 0 &
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X(nxm) ='[§1(nxP),§2(an)J

1
MeFon |
(8.3.1)
% 3
sy = | X 12 g
- 5 5 n
L21  £22

Z:(*p),s Z,,(a%q), p+ g =m, p < q.
We wish to test

—12
versus

2, %0 .

Let D+(m(2)) denote the group of block diagonal positive definite

matrices such that, if A € D+(m(2)), then A(mxm) = Diag(A

11°899) with

éll(pxp) and ézz(qxq) both symmetric positive definite. Let D(m(2))
denote the group of block diagonal non-singular matrices. Then the

unrestricted and restricted parameter spaces for the problem are

Q: Fl x ST
nxm m
and
1 +
QH: anm x D (m(2))

The problem also remains invariant under the group G such that, for

g € G, we have

(8.3.2) gX = P(X+B)A
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o 1 '
where P ¢ (0(n), B ¢ FnXm’ and A € D(m(2)).
The next theorem gives the sample and parametric maximal invariants
under the action of the group G. The proof of this theorem is given in

Eaton (1972, pp. 10.21-10.22).

Theorem 8.3.1: Maximal invariants for the sample and parameter spaces

are {vi,...,vp} and {pl,...,p } where {v ,...,vp} contains the square

. 1 1 = }
roots of the eigenvalues of lsll S12 822 5,17V I | 0 and {pl,...,ppf

=1 2
contains the square roots of the eigenvalues of |le Lo 22 Z,q7P Ip

0.

Definition 8.3.1: The sample canonical statistics are-ﬁﬁa...avbzo}

where the V. 's are the singular values of Sli/z §12.§£%/2. The popula-

tion canonical parameters are {plz...szZO} where the pi's are the

-1/2 -1/2
singular values of le §12 222 .
We next characterize the joint null distribution of {vi,...,v?}.

Theorem 8.3.2: Let L(Z) ¢ SNm[¢’IN 8 ;m] for N=n - 1, and partition

§=2'2 as

511 310
551 Sy

Then the joint null distribution of T = {v

1""’Vf} is unique for all

L(Z).
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Proof: Let Z + z » (x,8) -+ (r,0). Then the matrices Sll’ EPPY and

§22 can be expressed in polar form as

= 20
831 = 99,
_ 2
S1p = 7999,
— 20
Spp = T80, -
It follows that
-1/2 -1/2 1/2 1/2
811 Syp Spp' v (€187 1T (970,)(850,)"

and thus T does not depend on r? = tr 2'Z. The distribution of T

therefore is unique for all L(Z).

Corollary 8.3.1: The following invariant test statistics have unique

null distributions.

(8.3.3) Ty =17 |
27 15511155,
_ 1
(8.3.4) Ty = chy [S7] 815 553 Sy
_ 1
(8.3.5) T, = tr [817 8), 555 Sy

As the joint pdf of {vl,...,vp} is unique for all L(Z), the results
of Krishnaiah and Waikar (1971) extend to the larger class. They give
the joint pdf of {Vl,...,VP} and then derive the following pdf's:

(i) the joint pdf of vi/v§+l, i=1,...,p-1, (ii) the joint pdf of
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P
vZ/vZ, i=1,...,p-1, and (iii) the joint pdf of v2/ £ v2
1 p 1 j=1 J

, 1=1,...,p-1.

Section 8.4 Power Properties for H: §12 =0

Let T(zj be an invariant test statistic depending on the maximal

invariant statistics {Vi""

on the maximal invariant parameters {pl,...,pp}. We show that the power

’Vb}' Then its non-null distribution depends

is a monotonically increasing function of each oq for the subclass of
elliptically symmetric unimodal distributions.

There are several different definitions of unimodality for multi-
variate distributions. We use the one given by Anderson (1955). For
extensions of Anderson's definition, definitions of other types of
unimodality, and comparisons of the different types see Sherman (1955),
Mudholkar (1966), Olshen and Savage (1970), Fefferman, Jodeit, and
Perlman (1972), Ghosh (1974), Wolfe (1975), Das Gupta (1976),
Dharmadhikari and Jogdeo (1976), and Wells (1978). We now give

Anderson's definition of unimodality.

Definition 8.4.1: Let x(nxl) be a random vector with pdf f(x). Then

f(x) is said to have a unimodal distribution if {x|f(x)>u} is convex

for all u (O<u<w).

We use this definition together with the results of Anderson and
Das Gupta (1964a) for the Gaussian distribution to prove that the power
is a monotonically increasing function of each Py Fundamental to the

proof is the following theorem by Anderson (1955).
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. n . : -
Theorem 8.4.1: Let E be a convex set in R, symmetric about the origin.

For x(nx1), let f£(x) 2 O be a function such that
(1) £(x) = £(-x)

(ii) {x|f(x)2u} = K, is convex

for all u (O<u<w).

(iii) j £(x)dx < @ .
E

Then

[ f(x+ky)dx 2 J f(x+y)dx
E E

for each fixed y and for 0 < k < 1.

Anderson and Das Gupta's (1964a) proof for the monotonicity of
the power function uses several conditiomnal distributions which, in
the Gaussian case, are just the marginal distributions. The marginal
distribution is a Gaussian distribution and also unimodal. We apply
the method of Anderson and Das Gupta (1964a) to the subclass of
unimodal elliptical distributions. Because the conditional distri-
bution is no longer the marginal distribution and no longer clearly
unimodal we must prove that the conditional distribution is unimodal.

We first give a result for all marginal distributions.

Theorem 8.4.2: For x(nx1l), let £(x) > O be unimodal and symmetric

about zero. Partition X € R" as [zitgé]'with X € Rp, X, € Rq, and

p + q=n. Then
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q

is a symmetric unimodal function in RP.

Proof: See Eaton and Perlman (1975).

In the next theorem we prove that conditional distributions are

unimodal when a pdf f(x) is unimodal and symmetric about zero.

Theorem 8.4.3: For x(nx1l), let the pdf f(x) be unimodal and symmetric

about zero. Partition x e R™ as [gi,gé]' with x, € RP, X, € RY, and

p+ q =n. Then

£(xp[x,) = £(xy,%2,)) /£(x))

is a symmetric unimodal pdf in RP for each fixed X, -
Proof: By assumption

(8.4.1) {(xy,2)) [£(x;,x,) 2 ul

is convex for all 0 < u < ». Fix X, = §§. Then the convex set in

(8.4.1) is intersected by a hyperplame, the intersection being a convex

set in RP. Therefore,

(8.4.2) Gy >x5) | £(x,,x%) 2 ul

is convex for all 0 < u < » and for each 55.

For the conditional distribution to be unimodal
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(8.4.3) {(§1s§§)|f(§1l§§) > v}

must be convex for all 0 < v < « and for each §§. Rewrite (8.4.3) as

G [0 x5) 2 vEGE

= {(_}El,_)f':z) ]f(l{‘l’é;é) > u}

for u = vf(§§). This expression is convex by (8.4.2). Therefore, the
conditional distribution is unimodal.

We have now presented all the preliminary definitions and theorems
needed to prove that the power functions associated with invariant tests
are monotonically increasing functions of each Py

Let £(Y) = [A|-n/2 Yltr Y'Y A~!] be unimodal, where

A
A = .
Del' I

We need only consider the pdf in this form because the problem is
invariant under the group G defined in (8.3.2). Here Y = P(X+B)A

and [ngj is a (pxq) matrix with
Qp(pxP) = Dlag(pl,--.,op)

and ¢ (p*(q-p)) a zero matrix.
Next partition Y(nxm) into [U(nxp), V(nxq)] for p + q = m and
P £ q. Using standard multivariate techniques (cf. Anderson (1958),

P. 23) we have that
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-n/2
(8.4.4) FY) = (A,

. : - —1 ! - —1 —1
w{tr [(E y_ﬁzzl\_z_l) (E EZZAZJ_)A].].'Z

with

_ _ -1
Ajpog = A8y 08050,

A = L
Ayp = Ly
Ayp = [D 2]

After substituting into (8.4.4) we have

(8.4.5) £QU,V) = -n/2

i

N =g

2
. (l—pi)

. - T\ ? = ] -1
p {tr [T K[QDQ] ) ' (T E[ng_] )gl_pz
+ V'V]}

-1 - . _n2 —~n2y1"1
where Dl—p2 [Diag(1 pl,...,l pp)] .
We next condition on V = V*. We know from Theorem 8.4.3 that the
conditional distribution is unimodal. The conditional distribution is

given by
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£, V*)

(8.4.6) £(U|y=v*) = £ (V%)

where £(V) = Jf(g,y)dg = \Ul(tr _\[’_V:) for some function wl.

We temporarily set f£(V*) aside because it is a fixed positive
quantity and consider only f(U,V*)., Eventually we will want to consider
the unconditional distribution, at which time we bring f(z) back into

the discussion. Now,

(8.4.7) £(U,V*) = ili (l—pi)"’“/2
+ pler [U-V¥[D ¢1") ' (U-V*[D ¢1")D! 5
+ VE'VE]}
Define
8;, = (WX (V* ') TH (VA 'D)

S
e

U'U - (U'VF) (vx'vR)TL(vrD) .

If vi is the ith largest root of (U'U)~!(U'V*) (V*'v¥)~1(V*'U) then
v%/(l— %) is the ith largest root of_§h_§;1. Since all invariant
tests depend only on the vi's, the class of test procedures based on
the roots of (U'D)~1(U'V*)(V*'V¥)“1(V*'U) is the same as the class of
test procedures based on the roots of §h §;1.

We next define



W(axp) = E U D)3
(8.4.8)
2(m-0%p) = 6 U2 .

The matrices F(g*n) and G((n-q)*n) satisfy
F'F = V*(Vx'y%)"lyx?
G'G = I = Vk(Vk'yx)lyx?
LA A A A & Y

and the roots of S _§;1 are identical to the roots of (W'W)(Z'Z) L.

n/2 -

b p

I (l—pi)nlz.
i=1

The matrices F and G can be found [cf. Roy (1957), pp. 84-86] so that

The Jacobian of the transformation is I21-92|

(8.4.9) £(W,2,V%) = [tr (2'Z+V*'V¥)

with Ej a vector having as its ith element

1, i=j
ij .
J 0, i#j
and where Ti > he. 2 T; are the characteristic roots of

[D,]¥*'V*[D 01'D}! -
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We now give the main theorem of this section,

Theorem 8.4.4: TLet f(W,Z | V=V*) be unimodal and consider an invariant

test for which the acceptance region is convex and symmetric in each
row vector of W for each set of fixed Z and the other rows of W. Then .
this test has a power function which is monotonically increasing in

each Py

Proof: Still working with f(W,Z2,V*) we condition on Z and the last
q - 1 row vectors of W. This conditional distribution is unimodal
because f(H)gJVéY?) is unimodal. Therefore, we can apply Theorem

8.4.1 to this conditional distribution. Observe that

and consider £(W,Z,V*) for EQ""’Eq and Z fixed. Then from Theorem

8.4.1,

JE £ (El 3_W_* P ,Ezi ’z* ,E*)dy_l
(8.4.10) = J V[er (E:'r '_z_:‘:-[-y_:': 'z*)

E
P
£ T (whete) (whete))
j=2 4 J J 173
q

+ I wh'w¥
j=p+1 1



73

+ (w

- '
1718 '

177180 vy

< J yler (Zﬁ'zg+y#'yg)
E

p
+ % (wEk-T.e.) ' (wh-T.e,
= ( J_j) (_j _ﬂ)

=2 ’
q

+ I wk'wk

j=p+1 1

— ' —
oy kT eg) TGy ke ) ldwy

for 0 < k <1 and for E a set, in the space of W and Z, which is convex
and symmetric in w; given the other Eﬁ’s and Z.

The inequality in (8.4.10) is not changed if we multiply both
sides by the marginal density f(EZ,...,yq,g). Therefore, for V = V*
the conditional probability of the acceptance region monotonically

decreases in each Tj.

2 2 % V% 1 = v
The Tiseee,Ty are the roots of V y;[gpgj Qi_pz[gpgj T T'T.
The (gxq) non-singular matrix T is defined such that T T' = V*'V* and

L = [D¢]'D;l 2[D 9]

D, ¢
¢ ¢

Py
with 29 = Dlag(el’-°',ep)’ ei l_pZ *
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Anderson and Das Gupta (1964a) show that for 9? > ei,'i=1,...,p

chl(z T*T) > ch (r'r ), i=1,...,p

where chi(ég denotes the it! largest characteristic root of the matrix

A,

So, for any given V = V*, the conditional probability of the
acceptance region monotonically decreases in each ei and hence each Py
Our final step is to multiply by the marginal distribution £(V). This
does not change the conditional probability inequality and the theorem

is proved.

Results of Anderson and Das Gupta (1964a), for specific invariant

tests, extend to the subclass of elliptically symmetric unimodal dis-

tributions.
v2
> e, > v 1 ‘1. - 1 .
Let e 2 2 e, be the roots of (W'W)(Z'Z) Then e, l—v%
The relation vi S c is equivalent to the relation ey < lic = c*, We

then have the following corollary.

. . . - g-1 1
Corollary 8.4.1: The test statistic T ch1 [S 11812822821] has a power

function which is monotonically increasing in each Pie

Let fi =1+ e i=l,...,p, and let Wk be the sum of all different

products of £ .,fp taken k at a time, k=1,...,p. In particular

10

p
[T (1-v®)]171 .
1t i=1 *

=
11
=

i

We now have the following theorem and corollary.
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P
Theorem 8.4.5: A test having acceptance region I aka < c, ay 2 0
=1
has a power function which is monotonically increasing in each Py-

Proof: See Anderson and Das Gupta (1964a).

S
Corollary 8.4.2: The test statistic T = ]_J has a power function
5111185, |

which is monotonically increasing in each py-

We have seen that the null distributions of certain test statistics
are unique, while leaving open the possibility that non-null distributions
may depend on the underlying elliptically symmetric law; The main result
of this chapter is the extension of a normal-theory power property for
H: 212 = 0 when the underlying distribution is an elliptically symmetric

unimodal distribution.



IX. OTHER INVARIANT TESTS

Section 9.1 Introduction

The purpose here is to apply the principle of invariance to two
nonstandard multivariate testing problems not usually treated in text-
books even in the Gaussian case, The first problem considered is a
test for the uncorrelatedness of two variables within a set of m
variables. In the second problem we test that the m variables are
equi-correlated.

In the first instance we show how the principle of invariance
reduces the problem in terms of the simple correlation coefficient;
in the second instance connections are made with likelihood ratio
tests as given in the literature.

We continue to use the term "correlated" with the understanding
that elliptical laws need not have moments of any order. In the latter
case the testing problems are to be interpreted in terms of the struc-

ture of the matrix I of scale parameters.
Section 9.2 Tests for the Uncorrelatedness of Two Variables
Within a Set of m Variables

. . 1 + _
Given L(X) € Snm[M*Ln ® L] with M ¢ FnXm’ %€ Sm, and m = 3, we

wish to test

76
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- .
°21 %12 Y13
(9.2.1) Hi 2= |0, Oy 0 = I
| %1 0 %33 ]
versus
K: I # EO .

We consider the problem for m = 3 but later note that these developments
can be extended for an arbitrary m.

The unrestricted and restricted parameter spaces are

: L% ST
and
o Fo o x T
Uy v, U
where U € T; implies U = Uy Uso 0 and U is positive definite.

ugp O ug3
The testing problem is invariant under a group G such that, for

each g € G, we have

(9.2.2) gX = P(X+BA

with P ¢ O(n), B € FiXm’ and A € A, where A € A implies that A has the

form
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- -
aj; 0 0
A=l3y 3y 0 |-
(331 0 333

The next theorem gives the sample and parametric maximal invariants under

the group G.

Theorem 9.2.1: The respective sample and parametric maximal invariants

under G are V and T with

1 o o0 |
(9.2.3) Vv=1|0 I 1y,

I 0 T3, 1 ]
and

1 0o o~
(9.2.4) T = 0 1 Pysg

] (¢

where t = 23 _ = 23 _ and
237 172 1/2° P23 172 172 n
22 533 22 933

n — —

5= I (x-xE-x'
j=1 ]

(sll S12 513

=1 %21 S22 S23
131 32 ®33
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Proof: Let Gl and G2 be two groups such that g1§_= P(X+B) and
g,X = XA with P, B, and A as defined in (9.2.2). The sample matrix

S is maximal invariant under the action of Gl. We examine the action

on S to show that (9.2.3) is maximal invariant,

of G2
Under G2 we have S -+ A'S A. To show that V is invariant choose
_ ~L/2 _ ~1/2
8yp = Son s agg = 333 , and ajps a5 a31 such that the (1,1) element

of A'S A is one and the (2,1) and (3,1) elements are zero. Each a;qs
i=1,2,3 will be a function of the Sij’ i,j=1,2,3. Next, suppose

' = Al = A!'"la1 -1 -1
AlS A} = AT Ay, Aj, Ay e A. Then T AyTTAIS AJADT. But AjATC € A

and V is maximal invariant.

We now have the following corollary to Theorem 8.4.2.

Corollary 9.2.1: The test statistic T = has a unique null distri-

23
bution for all L(X) ¢ S (M,I ® I). with M ¢ Fl .
= mm ' —=n = = = nxm

The problem can be extended to I(mxm) and

(9.2.5) versus

a

in the first column,
ml

The A matrix in (9.2.2) would have ayqseers
2 (m-1) (m-1) and a in the (m-1,m-1) and (m,m) positions respectively,

and zeros elsewhere.

We have another extension if we partition I(mxm) as
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- -

Lip Ly Iy

Iy Lyy  Ipg

31 I3y I3z |

I

with Z.,(>*p), Z,,(q9%q), I44(r¥r), and m = p + q + r. The hypothesis

to be tested is

Plp3 T

versus
P 223

The A matrix in (9.2.2) becomes

A, 6

Ay By, 9

B31 ¢ Agy

_ -1/2 _ -1/2
Let Ay =85)3 » £33 = S35’ and choose Ay, Ay, Ay

the (1,1) element of A'S A is lp and the (2,1) and (3,1) elements are

such that

zero matrices. Then

Ip ¢ ¢
Ve e I Ipgdd
o [pgel" I
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is maximal invariant. The (gxr) matrix [ngj has Qd = Diag(dl,...,dq)

and ¢(qx(r-q)) with the di's the positive square roots of the eigenvalues
1 -d2 =0.
of |85387583383,-4Ly| =0

We have the following corollary to Theorem 8.4.2.

Corollary 9.2.2: The joint null distribution of T ='{di, i=1,...,q}

. 1
is unique for all L(X) € snm(y);n 8 I) with M € FHXm.

As in Section 8.4, examples of some invariant test statistics are

)

il

(a) Ty = chy (85387583383,

(b) T, = tr (8,58,383383))
and
(C) T =__£_|___
3 |822] (333
with
555 53
_S_:
S32 B33 | -

The power properties demonstrated in Chapter VIII for the subclass
of elliptically symmetric unimodal distributions can be applied to
the test statistics in Corollaries 9.2.1 and 9.2.2. Therefore, in
Corollary 9.2.1 the power is a monotonically increasing function of
023 and in Corollary 9.2.2 the power is a monotonically increasing

2

function of each oy when L(X) is unimodal. The p; are the square
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. -1 -1 - 02 =
roots of the eigenvalues of |§22§23§33§32 P lq[ 0.

Section 9.3 Tests for Equi-Correlatedness

- . 1 +
Given that L(X) ¢ S IM,I ® Z] with M ¢ Fap @nd Z €S, we

wish to test

. = — '
H: ¢ [(1-p)I +pl 1']
(9.3.1) versus

K: 2 # [(1-p)I_+o1 1'].

We put the problem in canonical form before undertaking a reduc-
tion through invariance. There is an orthogonal Q with first column

n 2 1 such that Q'Z Q = A where

A = Diag(o?(1-p)+o2pm, 02(1-p),...,02(1-p))

Diag (A shys .- e51y)

with A, = 02[(1-p)+pm] and A, = 02(1-p).

1 2
We now assume that L(Y) € S__ [N,I_ 8 A] with Y = XQ,
— nm'=’=n = — =

N=M) ¢ Fixm’ and A = Q'ZQ € S;. The hypothesis we test is

H: A = Diag(hshyseenshy)
(9.3.2) versus

K: A # Diag(Al,Az,...,Az)

with unrestricted and restricted parameter spaces
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1 -+
£ anm 8 Sm
and
1
Q anm x D(2)
where D € D(2) implies D = Diag(dl,dz,...,dz).
The problem remains invariant under the group G, such that for
g e G,
(9.3.3) gY = P(Y+B)D

with P € O(n), B € FiXm, and D € D(2). The actions of G on the sample

space and of G on the parameter space give the following theorem.

Theorem 9.3.1: The respective sample and parametric maximal invariants

are
-1/2 , T -1/2
vlj Vi1 ('Z Vii) , j=2,...,m
i=2
(9.3.4) o l
v,, (z v,) %, i,i=2,...,m
ij "jop, it
and
-1/2 @ -1/2
Ayt CE AL , §=2,....m
i=2
(9.3.5)
m
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(zjii)(zj*ij' and A = [Aij]'

[ e I =]

for V = [vij] =

i=1

Il
<
]

Proof: Let Gy and G, be two groups such that glz_= P(Y+B) and gzz YD
with P, B, and D defined in (9.3.3). The action of G, sgives V and A as

maximal invariants. The action of G, on V gives

2
dl 11 d d2v12 ce dldzvlm
2 2
s dydyv,,  ddv,, cer ddv,
2 2
d1dovin 49V 45Vim

and (9.3.4) is clearly invariant. To show maximal invariance, let

- -1 1 -
D1V1Dl D2V2D2 Then YQ 2 DlVl]_)_lD2 . But DlDZ e D(2). Therefore,

V, = DV,D and (9.3.4) is maximal invariant. The proof for the parameter

space is similar.

-1/2 , % -1/2
Theorem 9.3.2: The joint null distribution of T = {v,. v (Zwv,.) s
n 1j "11 jop 11
3j=2,...,m; Vv, (122v11) "1,i,3=2,...,m}is unique for all L(Y) € Snm(M’I ® ).

Proof: nIf H is true, then L(Z) ¢ SNm[Q’EN 2] Em] with N =n - 1 and

Z'2 = I (z_jz)(z -y)' = V. Next, transform Z into (r,0). Then
j=1

v~ r2g’ 9, where

| 1 PR 1
810 819, ols_
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Therefore,
-1/2 2 -1/2
Y15 Y11 -(122 Vig) -
1/2 m 1/2
2 1 21 - 2 1 -
r (Eiﬁj)(r 2121)} (r iiz'gigi)
and
m
1
Vi3 (iiz vigd 7

m
21 2 ' ~1
(rPoje)(? 3 0107t

i=2

The null distribution of T is unique for all L(Z) and hence for all

L(Y) since the maximal invariants do not depend on 2 = tr Z2'Z.

Corollary 9.3.2: The invariant test statistic

(9.3.6) T, = — ’

which is the likelihood ratio statistic under normal theory [Gleser

and Olkin (1969)], has a unique null distribution for all L(Y).

Wilks (1946) expresses T, in terms of the original sample X. In

1
this sample space we have
(9.3.7) T, = El
U 1 ; mom 1 m ;] mom nel
q; I =z si.)[aji'( Is;imp 201 si.)]
i=1 j=1 *J i=1 i=1 j=1
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We next show that (9.3.6) and (9.3.7) are equivalent. Let

n
S= I (x.-¥)(x.-X)'. Then
j=1 3 3
V=205
m m
vll =1 z L s,,
M i=1 j=1
m m 1 m m
I v,.= % s, .- Is_
i=2 Mg M i=1 j=1

and the two expressions are equivalent.

They hypothesis given in (9.3.2) can be regarded as a hypoth-
esis of no relationship among Vs ovvs Yo From the discussion in
Section 8.2 we know that power properties for the Gaussian distribu-
tion are still unsolved. We therefore make no statements here about
power properties for this larger class.

Finally, we note that Kariya and Eaton (1977) and Kariya (1977)
examine a testing problem similar to the one defined in (9.3.1).
However, they are working with a (nx1) random vector and are testing

for serial correlation among the n components.



X. SUMMARY

We have characterized all invariant tests for various hypotheses
about scale parameters when the underlying distribution belongs to the
class of elliptically symmetric laws. The only member of this class

for which the sample observations are independent is the Gaussian

distribution. Accordingly, we essentially have weakened the usual
;;;;gptiéﬁs to include not only non-Gaussian laws, but also dependent
observations.

Under the assumption of an underlying elliptically symmetric
law we have shown that all normal-theory tests considered here are
exactly robust and that non-null distributions often are exact as
well. For one case in which it is not known whether the non-null
distribution is exact, we have proved a monotone power property in
the subclass of elliptically symmetric unimodal distributions.

We also have shown that the principle of invariance may be
applied effectively to other than the standard hypothesis testing
problems. In the context of this study, the clear advantage of
this principle is that one need not specify a particular underlying
distribution belonging to the standard class in order to derive

properties of test procedures which hold for all members of the

class.

.

In practice it is understood that normal-theory procedures
are approximate procedures for distributions attracted to Gaussian
laws. We have shown that various normal-theory tests for scale

parameters are exact in the class of a-1 elliptical laws. As this
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class contains the elliptical stable laws, one practical consequence
of this study is to extend the use of normal-theory procedures, as
large-sample approximate procedures, to all distributions in the
domains of attraction of the elliptically symmetric stable laws.
Finally, we note that the results in this thesis extend beyond
a study of robustness and approximation theory since they apply
directly to fields in which problems often exhibit an inherent
elliptical symmetry. Examples of problems exhibiting spherical
symmetry can be found in models for communications systems [cf.
Goldman (1975)], bombing problems [cf. Gilliland (1968)], stock
market models [cf. Zellner (1976)], and in problems involving

angular data [cf. Mardia (1972)].
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INVARIANT TESTS FdR SCALE PARAMETERS
UNDER ELLIPTICAL SYMMETRY
by
Margaret A, Chmielewski

(ABSTRACT)

In the parametric development of statistical inference it often is
assumed that observations are independent and Gaussian. The Gaussian
assumption sometimes is justified on appeal to central limit theory or
on the grounds that certain normal theory procedures are robust. The
independence assumption, usually unjustified, routinely facilitates the
derivation of needed distribution theory.

In this thesis a variety of standard tests for scale parameters is
considered when the observations are not necessarily either Gaussian or
independent. The distributions considered are the spherically symmetric
vector laws, i.e. laws for which x(nx1l) and Px have the same distribution
for every (nxn) orthogonal matrix P, and natural extensions of these to
laws of random matrices. If x has a spherical law, then the distribution
of Ax + b is said to be elliptically symmetric.

The class of spherically symmetric laws contains such heavy-tailed
distributions as the spherical Cauchy law and‘other symmetric stable
distributions. As such laws need not have moments, the emphasis here is
on tests for scaleparameters which become tests regarding dispersion

parameters whenever second-order moments are defined.



Using the principle of invariance it is possible to characterize
the invariant tests for certain hypotheses for all elliptically
symmetric distributions. The particular problems treated are tests for
the equality of k scale parameters, tests for the equality of k scale
matrices, tests for sphericity, tests for block diagonal sfructure,
tests for the uncorrelatedness of two variables within a set of m
variables, and tests for the hypothesis of equi-correlatedness. 1In
all cases except the last three the null and non-null distributions
of invariant statistics are shown to be unique for all elliptically
symmetric laws. The usual normal-theory procedures associated with
these particular testing problems thus are exactly robust, and many
of their known properties extend directly to this larger class.

In the last three cases, the null distributions of certain
invariant statistics are unique but the non-null distributions depend
on the underlying elliptically symmetric law. In testing for block
diagonal structure in the case of gwo blocks, a moﬁotone power property
is established for the subclass of all elliptically symmetric unimodal

distributions.



