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I. SYMBOLS 

a. vector distance from P to vortex element (see fig. 1), feet. 

A l(x cos v + y sin ;tr) • 
R 

B l(z cos 'X. - x sin X). 
R 

c 1("· cos 1lr - x sin <!r}cos X - z sin X sin'''• R J r 'l' 

f(v) Fourier sine-cosine series (normalized with respect to the con-

stant term) describing the azimuthwise variation of vortici·ty 

in the outer wake. The negative derivative of f(W') describes 

the corresponding vorticity in the inner wake. 

r,J,k unit vectors along x, y, and z axes, 1·espectively. 

L distance a.long wake, measured from tip-path plane, 

(see fig. lL feet. 

P arbitrary point in space. 

q vector ind.uced velocity at P, feet per sec. 

r radius of vortex element, measured parallel to tip-pa.th plane 

from wake axis (see fig. l), feet. 

R rotor radius, feet. 

Re distance between P and edge of rotor disk at w 
(see fig. 1), feet, 

distance from P to center of rotor, feet, 9 f') lj l--·--··--------\!:x.;.· + yt:. + zc. 

8 vector length of vortex element, feet. 

x,y,z coordinates of P (see fig. 1)) feet. 

u,v,w induced-velocity components a.long x, y, and z a:;-tes, 

respectively, feet per sec. 
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U velocity of blade element, feet per sec . 

V forward speed of rotor, feet per sec. 

wo normal component of induced velocity at center of Synh~etric, 

uniformly loaded rotor, positive upward, feet per sec. 

a. angle of attack of rotor tip-path plane, radians. 

r circulation, sq~e feet per sec. 

rotor inflow ratioj V Sin a. + WO 
GR 

rotor tip-speed .... ra,t;i.o, V cos~ 
OR 

p me.as density of air, sluge per cubic toot . 

to the a.xis of rotor wake (see fig. 1), degrees. 

'llt azimuth angle, mea.sureo. in direction of rotation from doi4ll1'1Tind. 

position, radians or degrees. 

rotor rotational. speed, ra.diW1S per see. 

Primes indicate nondimensionalization with respect to R. 



- 7 -

II. INTRODUCTION 

The widespread use o:r the helicopter today is a result primarily of 

its hovering and vertical flight capabilities. The penalty for vertical 

flight capability is high, since the relatively low speed of the retreating 

blade requires high angles of attack resulttng in blade stall which 

severely limits the ma.ximum forward speed. of the heli.eopter. Attempts to 

achieve a more reasonable combination of hovering and forward-flight char-

acteristics have led to a staggering number ~nd variety of designs, 

ranging from 11un1oaded-rotor 11 convertiplanes to VTOL fighters. Excluding 

jet-powered VTQL designs, these hybrid aircra.f't usually have at least one 

important fea,ture in conmon - that is, ;the presence of a wing operating in 

the wake of' lifting rotors. 'The :performance and sta.bili.ty of the entire 

aircraft is therefore intimately related to ·bhe mutual interfeI'ence 

between the wing and the rotors. 

The flow-field in the vicinity of a conventional wing has been 

studied extensively fol" years e..nd a great deal of information is readily 

available. Unfortune..tely, the counterpart does not exist for a lifting 

rotor. This is partially the result of the mathematical complexity of 

rotor .. wake calculations. However, the ma.:tn reason is that even the sim-

plest estimate of the induced flow distribution yields adequate results 

when computing only the overa.11 performance of an isolated rotor. (See, 

for exanrple, references 1 and 2, where a unif'orm induced-velocity dis ... 

tr:i.bution is shown to yield almost the same reeml ts as a 1i11early varying 

induced velocity.) 
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The advent of the :practical helicopt.er :focused. considerable atten-

tion on the high rotor-blade vi-bration levels eucc·un·i;;ered during certain 

flight conditions. An attempt to explain these vibrations led. Coleman, 

Feingold, and Stempin (ref. }) to investigate the distribution of 

induced velocity ;tn the plane of the rotor. This pioneer ena.lysis was _ 

based upon a concept of the rotor wake originally proposed years before 

by Glauert (ref. 4), and which still f'orms the basis of almost a.ll rotor 

induced.-flovr theory.. The investigation of.' refei"enee } succeeded in 

establishing the general nature of the variation of induced Velocity 

aJ.ong the longitudinal center line of a Ul'l.if or:mly loaded roto1~. 

A few ;years later Drees (ref. 5) examined the flow at several points 

in the rotor disk. The most notable result of -this investigation was an 

estimate oi' the lateral asy.mmetr-.;r o:f' the i;o.duced velocities which was 

obtained by e, means of a crude e.;pproxima.tion to the wake. This is the 

only available paper which :has considerad. lateral a.sy.annetr-y of the vortex 

wake. The method, howeveI', can not be extended to an arbitrary :point in 

space. 

At a.bout the same time, Mangler and Squire (ref. 6) published the 

results of their own investigation which was unique in that it considered 

the rotor flow problem from the viewpoint of circular wing theory. This 

investigation showed clearly the large effect on the flow which i .. esults 

from nonunif'ormi ty of los.diug. Unfortunately, this result was generally 

overlooked due to the laclt of reJJ.able exper:i.mente.l verification. 

More :recently, Castles and Il;Leeuw (ref. 7) succeeded in obtaining 

the induced velocities throughout the longitudinal plane of symmetry of 
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a rotor with unifoI'm disk loading by numerically integrating the effects 

of' the series of' vortex rings comprising the we.ke. This investigation 

provided, for the first timey induced velocities at loca.tio~ of interest 

for interference problems and formed a bas:;ts for many aucc~eding investi .. 

gations. (See, also, :r.-ei's. 8 a.nd 9 where Castles e,nd others have extended 

this work to other locations by means of automa/i;ic digital computers and 

a 11l[;l,gnetic analog.) 

The usefulness of' the preceding papers was severely limited by an 

almost total lack of reliable experimental information. This was due in 

large part t.o the very practical a.ifficulties of measuring the flo"W" 

angles a.no. velocities either in :flight or in small-scale wind .... tunnels. 

The need f'or such information led to an extensive flovr .. aurvey program in 

the NAC.A.'s Langley full-see.le tunnel. Reference 10 presents a. few pre-

liminary results from this investigation, and the bulk oi:"' the work was 

presented later in reference 11. The se,lient point of this investigation 

was that, in the f'onm,rd regions of the flow which a.re not materially 

affected by the roll-up of the rotor wake, the theoretically calculated 

flows we:re in reasonable agreement with the :measured flail, provided. tha.t 

the disk-load distribution assumec1 wa.a reasonably close to that which 

actually exists on the rotor. In addition, a method of superposition was 

given, by which it is possible to e.djust the available uniformly loaded 

rotor calculations to correspond to any arbi trs,:cy axisymmetric load 

distribution. 

One feature obaervecl. during the courlile of the investigation of 

references 10 and 11 was a :pronou..~ced as~1llllletry of flow as a, function of 
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tip-speed ratio. Such a.n asyrnmetrJ would be e:.itpected becs..uee the 

a.dvancl.ng and retreating blad.es of' the rotor operate at very different 

velocities and aligl~s of attack, However, existing theory is not capa-

ble of computing this ef:rect since the wake . is generally a.ssurned to be 

s;yrametrical. This shortcoming of theory could be serious since the 

side-to-Gide differences :i.n flmt may result in ehe.nges in the rotor-lring 

interference causing large rolling moments on single rotor converti-

pla11es or even large performance changes on cert.a.in twin .. roto:r machines. 

The present investigation studies the effect of tip·-s;peed-ra:tio and 

the associated wake asymmetry on the induced velocities near a lifting 

rotor.. The analysis is baised on an assumed wake which is a logical 

extension of that used in previous investige.tions. Equations are 

de·veloped for all three induced-velocity components in terms of ~n 

arbitrary a.zimuthwise variation of blade circulation. .An automatic 

digital computer was used to integrate the equation for the norma.1 com-

ponent of induced veloeity in the lateral plane of' a rotor having a 

sinusoidal variation of circulation. The numerical results are pre-

sentect in both tabular and cha.rt f o:rm. Comparisons are made both with 

the limited results of· Drees (ref. 5) e,nd with the measurements of 

reference 11. 
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III. THEORY 

Assum.eel wake.- Rotary wing induced flows are generally calculated 

in the same manner as the flows of wings, that is, by integrating the 

effect of all the vortices shed behind the lifting surface. The present 

analysis assumes the wake to be essentially the same as that of' refer .. 

ences 3·5 and 7-11. 

The major characteristics of the assumed wake and the aS6Uir!Ptions 

made are as follows: 

l. The blade circulation is uniform along the radius but varies 

with azimuth angle in some predetermined fashion. 

2. The tip vortices are carried dmmwa.rd at a uniform rate of AQR, 

and rea.rward. at a. uniform rate of µ.QR, and thus lie as helices upon the 

surface of an elliptic cylinder which is skewed back from the tip-path-

plane axis at an angle 1 .. µ X. = tan- -. 
. 7' 

(See fig. l(a).) 

3. The vortex spacing along the wake is sufficiently close the.t 

the vorticity may be considered unifoJ:"!llly distributed along the surface 

of the skewed cylinder • 

.4. The effects of the axial component of vorticity in the wake and 

of the bound vortices on the blades are negligibly small. 

The effect of these ass'Ulliptions s.hould not greatly limit the use-

fulness of the results. The first assumption is not a severe handicap 

since reference 11 shows that these results may be converted by super-

position to correspond with other loadings. The second assumption 

requires that the vortices be carried off at the mean flow rate rather 
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than w:t th the loeeJ. flow, e.nd thtt'9 incurs considerable error at. very low 

speeds where only the ind.uceCl. 1relocities are present ($ee re:f. 11). At 

higher speeds, this means that the roll-up of the wake is neglected. 

However, this affects only the rearwa.rd portion of' the flow (ref. 11). The 

thi:::<t e.s$u.mpt.ion re$tricts the analysis to time-averaged mea.n velocities 

rather than the instantaneous induced velocitief.l responsible for the 

loading variations Shown in references 12 and 13. This facet of the prop.,. 

lem will be el"..amined at greater length in a subsequent portion of this 

thesis. Finally, such eX)?eri:menta.1 resul ta e.s a.re ~vaila.ble give no 

evidence that the axial vort:tcity is im:porta.11t, e,nd the major portion of 

tb.e bound-vortex e.ffects have been s.hown in ref'erences 5 and 10 to be 

swall when t:T.:me-avera.ged. 

In ·the present ca.se, the essential modi:t'ication to the wake of' pre-

vious analyses ie tlw:t the strength o±' the vorticity is allowed to ve:ry 

with azirfluth poaition. This cylindrical W&,ke with varying vorticity will 

be referred to in the remainder of this thesis ~S. the "out&r wake." (See 

f.ig. l(e.).) 

No~r if the vorticity in the outer wake varies with azimuth angle, the 

theorem that vortic:!. ty cannot end in space requires the presence of a..ddi-

tionel i"S.d.ia.l vorticity inside the outer w·ake. ThU$ an 11 inner wake, 11 a 

eo1:U:1 skewed cylinder of radial vorticity (f'ig. l(b)), is formed. The 

strength of this vorticity is equal to the negative of the rate of change 

of the vorticity of' the outer wake. 

In the auceeeo.ing sections, the ind.uced.-veloci ty contributions of' 

the inner a..r.id outer wakee are developed sepa,rately as a matter of 
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convenience. The total induced velocity is, of course, the sum of' both 

contributions. 

Induced velocities of outer wake.- The induced. velocities may be 

found by integrating the Biot-Savart law over the wake. The Biot-Savart 

law is 

- i ard.ixa · dq = - -- --.::-- dL' 
h1C dL lal' 

where the following ma.y be determined from figure l(a) by inspection: 

s = i(R cos V + L sin X) + j(R sin W) + k(-L cos X) 

ds = [i(-R sin'~) + 'J(R cos '11') + OkJd~r 

i = i(n cos "If + L sin X - x) + J(:R sin l!f - y) + k(-L cos X - z). 

Substitution of these values in equation (1) and :i.ntegra.ting yields 

I k 

-sill\lf cost 0 

R cos'lt+L s·i:nX-x R sinilt-Y -L cosX-z id.L d~/ 
' ' ' ~' 

ER cos~+L sinX.-x)2+ (R sin1!f-y)2+ (-L cosX-z)2J 2 

from which the normal, or k, component of induced velocity is 

(1) 

(2} 



w = ~ J~rr: ('"' a.r x cos 1)r + y sin 1)r - R - L sin X ·cos 1)r dL diV. 

4rr: 0 J 0 dL I. :-~-
LR2 + x2 + y2 + z2 - 2R(x cos 1)r + y sin iV) + 2L(z cos X - x sin X + R sin X cos 1)r) + L2j 2 

(3) 

The integration with respect to L may be accomplished with the aid of items 162 and 170 of refer-

ence 14, or 

_ R ;"2n .dJ' (x cos\jr+y sin\jr-R)(J:n.z cosX-x sinX+R sinX cos\jr)+sinX cos\jr ITz cosX-x sinX+R sinX cos1jr)J:n.R2+x2+y2+z 2 -2R(x cos\jr+y sin\jrn I"' d· 
W-l+nJ dL ..... 4f. 

0 ~R2+x2+y2+z2-2R(x cos\jr+y sin\jr)-(z cosX-x sinX+R sinX cos1jr) 2]JR2+x2+y2+z 2-2R(x cos\jr+y sin1jr)+2L(z cosX-x sinX+R sinX cos1jr)+L2 0 

(4) 

After substituting limits and combining terms, equation (4) reduces to 

- R r2l( dI' Ux cos "' + y sin "' - R) - sin x cos "'JR2 + x2 + y 2 + z2 - 2R(x c·~;-;1;;-*)j d\jr 
W - ~ I ~ --------~--~-~----~-----~----~-----~---~--~~ 

4l! Jo dL QR2 + x2 + y2 + z2 - 2R(x cos \jr + y sin \jr) + z cos X - x sin X + R sin X cos~ jR2 + x2 + y2 + z2 - 2_R_(_x_c_o_s_\jr_+--y-si_n_\jr_) 

()) 

Introducing nondimensional coordinates and noting that /R2+ x2+ y2+ z2+ 2R(x cos 'ijr+ y ~in-.;)= Re 

results in 

w 1 
4n L~ 

dI' 1 - (x' cos <Ir+ y' sin <V) +Re' sin 
d.L ~c' +(cos <Ir - x')sin X + z' cos 

x cos <Ir 

X Re~ 
d'ijr. 

(6) 

I-' 
+ 



At the center of the rotor, x' y' z' O, so that equation (6) reduces to 

w l'2n 
1 dI' - -d\jr. 4n 0 d.L 

(7) 

Specifying now that dI' may be expressed as 
d.L ( dI') f ( \jr), where 

dL o 
(dr' 
\dL)o 

is the constant part of 

the vorticity and f(\jr) is a Fourier series in \)I, normalized with respect to the constant term, it 

is evident that the only term which can produce a normal induced velocity at the center of the rotor 

is the constant term. The induced velocity at the center will be 

WQ l(Dr\ - 2 DL)o' 

so that, finally, 

w _ 1 121{ ( ) [1 - (x' cos \jr + y' sin \)r) + Re' sin X cos t J d\jr 
- - - ft 
WO 2n 0 [Re'+ (cost·_ x')sin x + z' cos x]Rc' 

The longitudinal, or i, component of the induced velocity is, from equation (2) 

r21( "oo u = -R 1 i dJ' (z + L cos X)cos 1jr dL dijr 
41( Lio lio dL 3 

[R2+x2+y2+z2-2R(x cos ijr+y sinijr)+2L(z cos X-x sin X+R sin X cos ijr)+L2J 2 

(8) 

(9) 

(10) 

I-' 
\)l 



The integration follows in exactly the same manner as for the nonnal component. The final 

expression is found to be 

JL 
WO 

1:''2:rr (z' + R ' cos X)cos ..L f(ijr) c 
2:rr Jo [Re'+ z' cos X +(cos 1jr -

From equation (2), the lateral, or J, component is 

1jr dljr 

x ' ) sin xj Re ' · 
(11) 

i'12:n: [co v = -R J ar (z+ L cos X)sin 1jr dL dijr • (l2 ) 
4:n: 0 lQ dL 3 

[R2+ x2+ y2+ z2 - 2R(x cos 1jr + y sin 1jr) + 2L(z cos X- x sin X+ R sin X cos 1jr) + L2J2 

It is apparent that equation (12) differs from equation (10) only by a factor tan 1jr which does 

not enter into the integration with respect to L. Thus, the final expression for the lateral com-

ponent of induced velocity may be written immediately, on comparison with equation (11), as 

:; = _ l {12:rr f(ijr) (z' +Re' cos X)sin 1jr dljr _____ • 
0 2:rr Jo [Re I + z I cos x + (cos 1jr - x' )sin x]Rc I 

CL3) 

Induced velocities of inner wake.- The induced velocities of the inner wake are found, as before, 

by integrating the Biot-Savart law, where now, from figure l(b), 

r-' 
()\ 



s = i(r cos \jr + 1 sin X) + J(r sin \jr) + k(-L cos X) 

ds = I(cos \jr) + J(sin ijr) + k(o)ldr 

a= i(r cos \jr + 1 sin X - x) + }(r sin \jr - y) + k(-1 cos X - z). 

Substituting these expressions into equation (1) and integrating yields 

i j k 

cos \jr sin \jr 0 

q = 
_1 jr21t ('R ['00 -a_f(~) J (r cos \jr + 1 sin X - x) (r sin \jr - y) (-1 cos X - z) I dL dr d\jr 

41( 0 J 0 lJ 0 3 ' 
~r cos \jr +1 sin X-x)2+ (r sin·\jr-y)2+ ( .. 1 cos X-z)2J 2 

(14) 

from which the normal, or k, component of induced velocity is 

l r2rtlR /"" d~ (~) [x sin 1jr - y cos 1jr - L sin X sin ~ dL dr dijr 
w = - . • (15) 

4rt Jo o Jo 3 r -
~2+x2+y2+ z2-2r(x cos ijr+y sin ijr)+2L(z cos X-x sin X+r sin X cos ijr)+ 12] 2 

t-' 
-..J 



The integration of equation (14) with respect to L may be accomplished with the aid of 

items 162 and 170 of reference 14, thus 

1 l2'! rR~a.r) (x sirnjr-y cosjr) (Ltz cosX-x sinl<n-r sinX cosv )+ gz cosX-x sinX+r sinX cosjr )'Ltr2+x2+y2+z2-2r(x cosjr+y sinjr J] sinX siID!r ( ( lloo w = - - dr dljr. 16) i ~2+x2+y2+z2-2r(x cosit+y sillljr )-(z cosX-x sinX+r sinX cosv )~ Jr2+x2+y2+z2-2r(x cosjr+y sinjr )+2L(z cosX-x sinXtr sinX cosjr )+12 0 
4JC o Jo av d.L ---~-

Upon substituting limits, equation 16 reduces to 

1 L21(Jr'R d (di') f x sirnjr-y cosljr-sinX sinljr Jr2+x2+y2+z2-2r (x cosljr+y sinljr) 1 
41( 0 0 dljr dL ------· w = - - -1 'dr dljr. 

lJr2+x2+y2+z2-2r(x cosljr+y sinljr )+z cosX-x sinX+r sinX cosljr jr2+x2+y2+z2-2r(x cosljr+y sinljr) j (17) 

The integration of equation (17) with respect to r is somewhat involved, and is carried out 

in general terms in the appendix. Substituting into equations (A3) and (Al2), and noting the 

identity 

-2(sin X cost - l)(x cost+ y sin t)(z cos X - x sin X) - (x2 + y2 + z2)(sin2 X cos2 t - 1) 

- -(x cos t + y sin t) - (z cos X - x sin x)] 2 ~y cost - x sin ijr)cos X - z sin X sin t] 2, (18) 

I-' co 



yields 

J'21( 
1 • 

w = 41( 0 
d I dI')J 2 cosX 

dijr \dL ll-sin2x cos21Jr 
tan-1 ~1-sinX cosiJr)(J~:~y2:;:"~2r(x cosijr+y sinijr)-r)+(x cosijr+y sinijr)+(z cosX-x l (y cosijr-x sinijr)cosX-z sinX sinijr 

sin2X sinijr cosijr \Cf 2 2 2 I + 2 2, .ln 1r-+x +y +z -2r(x cosijr+y sinijr )+ (z cosX-x sinX)+r sinX cosijr 
1-sin X cos Ir 

R 

+ sinX sirnjr ln 2 \r-(x cosijr+y sinijr) - ,,'r2+x2+y2+z2-2r(x cosijr+y sinijr )l\J 
l-sin2X cos21Jr 

IO 

dijr. 

Upon substituting limits, this becomes 

w = _1_ 1'21( -9:....(dI')l 2 cosX tan-1 lcl-sinX cosijr )( f~~2+z2-2R(x cosijr+y sinijr )-R)+ (x cosijr+y 
41t o dijr dL 1~-sin2X cos21Jr r (y cosijr-x sinijr )cosX-z sinX sinijr 

sinijr)+(z cosX-x 

2 cosX tan-1Rl-sinX cosijr)~x~(x cosijr+y sinijr)+(z cosX-x sinx)l 
l-sin2x cos21Jr [ (y cosijr-x sinijr )cosX-z sinX sinijr -J 

+ sin2~ ~inijr cosijr ln I JR2+x2+y2+z2-2R(~--~~~si~iV)+ (z cosX-x sinX)+R sinX cosijr 

1-sin X cos21Jr ~x2+y2+z2+(z cosX-x sinX) 

+ sinX sirujr ln I (x cosijr+y sinijr )+ /R2+x2+y2+z2-2R(~ cosijr+y 

l-sin2X cos21Jr I {x2+y2+z2+(x cosijr+y sinijr) 
''"' )-R I)"' 

,1nx)] 

(19) 

sinX)l 

_J 

(20) 

I-' 
\0 



which becomes, upon nondimensionalizing, 

..!!... = 
WO 

-1 f 2te df'(ir) {{ 2 cosX lan-1[(1-sinX cosv)(Rc'-l)+A+B]-tan-l~l-sinX cos"ljr)R0 1+A+Bl} 
21( Jo dv i-sin2x cos2v f L c L c J 

+ ln + ln ~. sin2x sin"ljr cos"ljr IRc'+B+sinX cos"ljrl sinX sin"ljr Rc'+A-11}} 
l-sin2x cos2v Ro'+B l-sin2x cos2v Ro'+A 

(21) 

In general, it will be found convenient to combine the two inverse tangent terms of equation (21) 

by means of item 648 of reference 14, yielding 

( 

w -1 /21( df'(1j1) I 2 cos x -lr C(Rc' - Re' - 1)(1 - sin x cos \jl) l 
wo = 21! Jo ~ !1 - sin2 x cos21jl tan l~o'(Rc' - 1)(1 - sin X cos ¥) 2 + (A+ B)(Rc' +Ro' -1)(1 - sin X cos w) + (A+ B)2 + c2j 

\ 

sin2 X sin 1jr cos 1jr I Re' + B + sin X cos 1jl I sin X sin 1jr \Re' + A - 11] + ln + ln d\jl. 
l-sin2 Xcos 2 t Ro'+B l-sin2Xcos2\jl Rc'+A 

(22) 

In certain cases, the argument of the inverse tangent term becomes indeterminate. The limiting 

value, however, may be found by the repeated application of L'Hospital's rule. Limiting values for a 

few of the more important cases are given in table I. 

The longitudinal, or i, component of induced velocity is, from equation (14), 

f\) 
0 



u 
-l l2rclR r00 cft-(~)(z+ L cos X)sin 1jr dL dr dijl 

4rc o o Jo ~ 
~2+x2+y2+z2-2r(x cos ijl+y sin ij1)+2L(z cos X-x sin X+r sin X cost)+ L~ 2 

(23) 

Equation (23) may be integrated with respect to L to yield 

u 0 4! (''LR ' <M :if) ~in " ~Hoo x/,2 + x2 + '" '2 - '" (xouq + y Mn 'J dr "" --· --

v ~r2+ x2+ y2+ z2- 2r(x cos \jr+ y sin 1jr) + z cos X- x sin X+ r cos 1)r sin xj}r2+x2+ y2+ z2- 2r(x cos \jr+ y sin 1jr) 
(24) 

Integrating with respect to r, by means of equations (A3) and (A12) of the appendix, results in 

u = -1 r2rc ~(dl')J? sinX sin2ir tan-11(1-sinX cosw)(Jr2+x2+y2+z2-2r(x cos'f+y sin'f)-rJ+(x cos'f+y sin'f)+(z cosX-x sinXJ 
4rc Jo d'f dL ll-sin2x cos~ [ (y cos'f-x sin'f)cosX-z sinX sin'f -J 

_ sinX cosX sin'f cos'f 1n1Jr2+x2+y2+z2-2r(x cos'f+y sin'f)+(z cosX-x sinX)+r sinX cos'fl 
l-sin2x cos2'f 

_ cosX sin'f ln 2 !r-(x cos'f+y sin'f )-jr2+x2+y2+z2-2r(x cos'f+y 
l-sin2X cos2'¥ 

1 IR 
sin'f) Ir d'f. 

) IO 

Equation (25), after substituting limits and nondimensionalizing becomes 

(25) 
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t--' 



u 1 fn 
wo = 2n Jo 

df(t) f{J2 sinX sin2o/ lan-l~(l-sinX cosif)(Rc'-l)+A+B]_tan_1 CTl-sinX cos1jr)Ro'+A+BJ1 

dJlr tl-sin2x cos2o/ lu L C J L C JJ 

sinX cosX sin1jr cos1jr \Re '+BtsinX cost I cosX sin1jr \Re '+A-111} - ln - ln J d1jr, 
l-sin2x cos2o/ Ro'+B l-sin2x cos2o/ Ro'+A 

or when the inverse tangent terms are combined as before 

u _ 1 2Jr df'(ijr) 2 sinX sin2,,v _1 C(Rc'-Ro'-1)(1-sinX cosijr) 1 
, 

w o - "' L ~ 1-sin"x cos'\; tan ~O' (Re ' -1)(1-s inX cos;) 2+ (A+ B) (R,, '+Ro ' -1)(1-s inX cost )+(A+ B) 2+c~ 
_ sinX cosX sinijr cosijr ln I Rc '+Bt-sinX cosijr 

l-sin2x cos2,,v Ro'+B 
cosX sinijr ln 

l-sin2X cos2v 
Rc'+A-11} 

Ro '+A dljr • 

From equation (14), the lateral, or j, component of induced velocity is 

v = _!_ /2Jrj'R f"° ~(~)(cos ijr){z+ L cos X)dL dr dljr 

4Jr Jo o Jo 2 · 
f2+ x2+ y2+ z2- 2r(x cos ijr+ y sin ijr) + 2L(z cos X -x sin X+ r sin X cos ijr) + L2] 2 

(26) 

(27) 

(28) 
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Noting that equation (28) differs from equation (23) only by a factor of -cot ijr, which does not 

enter into the first two integrations, the expressions for the lateral component of velocity ratio 

can be written immediately from equations (26) and (27) as 

; = -1 Jr21{ df(ijr) {{2 sinX sinijr cosijr tan-1 ~1-sinX cosijr) (Re' -l)+A+~ -tan-l ~1-sinX cosijr )Ro '+A+~l 
0 21C o dijr l-sin2x cos2,v L C J L C -JJ 

- ln - ln dijr sinX cosX cos2v I Re '+B+sinX cosijr I cosX cosijr !Re '+A-1 ~} 
l-sin2X cos~ Ro '+B l-sin2x cos2,v , Ro '+A ' 

or 

v -1 rac df(ijr) f 2 sinX sinijr cosijr -1~ C(Rc I -Ro I -1) (1-sinX cosijr) l 
wo = 21( 1Jo ~11-sin2x cos~ tan L~o'(Rc'-1)(1-sinX cosijr)2+(A+B)(Rc'+R0 1 -l)(l-sinX cosijr)+(A+B)2+c~j 

sinX cosX cos~ 1n I Re '+Bt-sinX cosijr I cosX cosijr \Re '+A-1 11 - - ln r dijr. 
1-sin2x cos~ Ro'+B 1-sin2x cos~ Ro'+A 

(29) 

(:~o) 
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Ntunerir;al calculations. - 'l'he preceding section.s of this thesis have 

presented express:i.ons for the induced velocities :i.n terms of integrals. 

Unfortune,tely, these integrals a.re not, in general J expressi-ble in terms 

of elementary functions (ref. :'.)). Therefore, numerical integ.l'.'a.tion is 

necessary to obta:i.n usable :cesul-Gs. The courplexity of these expressions 

(eq_s. (9L (11): (13), u~2L (27), and (30)) m3.kes manual co.mputatiox-1 

imeconomical; therefore 7 the equations were coded f'o:c integration on 

the IBM 701~ e,u.torna.tic digital computer loce.ted at the Iangley Laboratory 

of the MACA. 

Trial calculs.tions were macte first in order to c{etermine the 

accuracy of the computing program.. The location of the point P was 

confined to the le.:~ teral axiJs within the rotor disk, e..nd a, unit vortex 

density wa.s chosen. For this cases Ka;tzoff (ref. 11) has shmm that 

the induced-velocity ratio ir-1 e,lwa.ys uni t;:r. Simpson's rule with an 

interval of' three degrees, when usecl with eight significant:. figures 

(floating decimal system), :i:·eprod.ucecl this value ·within 0 .. 0002 except 

when the point was less than three percent of' the radius from the 

edge o:f the rotor o.isk. This procecl..u:ce was selected for the snsuing 

calculations on the assumption that it would yield reasonable e.ccuracy 

at other loce;cions and for other vorticl ty distributions. 

In order to hold the machine timz to a reasonable total, only the 

normal component of induceo. velocity was computed. 1rhis should not be 

a severe restriction sii1ce the norr:aal component is; in general, the 

conrponent of major interest. 
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Three skew angles, X = tan-l 2, tan'"'1 4, and ta.n-1 10, were 

selected. This range of skew angles encompasses virtua.lJ.y all forward-

flight conditions for the helicopter, and a large portion of the tra.nsi-

tion speed range for convertiplanes. 

The capacity of the conwuting machine was such that calculations 

could be ma.de simultaneously for two different vorticity distributions. 

These were chosen as f('1r) = l and f('l!r) = sin 'ljr. It will be shown in 

a succeeding section that these two vorticity distributions are slif'fi-

cient for a reasonable representation of the rotor. 
-Certain loca.tions in the vicinity of the rotor present more 

interesting fields of research than others. One of these is the longi-

tund.inal plane where the fuselage and tail a.re located.. Sy.mmetry (ref. 5) 

shows, hmtever, that possible tip-speed ratio effects are small in tbis 

plane so that available calculations (refs. 8 and 11) should be adequate 

for most purposes. EX,perimentally (ref'. 11), the lateral rotor pla.ne 

has been shown to experience large side-to-side asymmetries due to 

forward speed. Since, in general, thia will be the location of the 

wings on a convertiplane, a knowledge of the flow in this region is of 

interest for performance calculations. The calculations were therefore 

confined to the lateral plane. 

Since there appeared to be some possibility that the induced 

velocity of the inner wake might be of small magnitude, the first cal-

culations were programmed to print out the individual contribution of 

each part of the wake. ~b.e results of these calculations are presented 

in figure 2, where it is evident tha.t the induced velocity contributions 

of both parts of the wake are of the same order of magnitude. For the 
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remainder of' the calculations only the sum., the total induced velocity, 

was printeCJ. out. 

'l"he final com:puting program was such that the total induced 

velocity for both vorticity distributions was calculated at a rate of 

; to 4 seconds per point in space. 

The calculated velocitiea for the. sin 1V component of vorticity 

are presented in tables II to DI, and also in the form of contour charts 

in figures 3 and 4. 'l'he calculated velocities for the constant vorticity 

cE;tse check almost exactly those given in reference 8, and consequently 

are not presented herein. 

Vorticit;y distribution o:f' the .rotor. - The remaining task ir:i to 

relate the circulaM.on in the wake and on the rotor bls.des to the thrust 

of the rotor. Consider a helicopter rotor in forward flight. The 

velocity of' any blade element is (ref. 2) 

(;l) 

The lift due to the "blao.e element will then be 

(32) 

where it is understood that r is a function both of ra.diel position 

and o:f' ~zimuth a.ngle and the entire thrust is cons:i.dered to be concen-

trated on a single representative blade. The rotor thrust iill found by 

integrating equation (-'2) along the ·bla.de a.nd averaging with respect to 

azimuth angle to give 
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In order to a.ccC4r1plish the integrations of equation (33) i·c is 

neeeseary· to know r as a function of r and \~. If the loading is 

relatively constant t-r:t.th a.z~muth position, it ia evident that 'the circu .. 

lat1on mua·c have a l~rge sinusoidal component. Furtnermo1"e, since the 

loeiling mu.et be zero at the cen.t~rr of thE! rotor, the circulation should 

a.l~o be zero at the center. For the ;present purpose, ·che circulation 

is t$.ken 0$ 

(~4) 

whe:re r0 end n a.re constanta. The assumption that ·the sin:usoiclal 

portion of the circula.tion. varies ra.d.ia.ll.y &a 1/r times the constant 

part of the circulation :ls purely arbitrary. However, it will be shown 

now that thi$ a.aaumption does meet additional :requireinants and. that it 

also entails certain simplif'ications :tn the analysis. 

Substituting aq.uation {34) into equation (32) yields 

.. . . f:(r)n+l . µ2(r)n-l µ2{r)l1-1. . 211 .. dL = p<rnr0 1( - .. ;,; . - + 7 - cos a.r. 
~ R, ,_ R, 2 \R ~ 

(35) 

Thus the blade-element loading will have no ~irat harmonic compo-

n.en.t. if the circulation is as assumed herein. Furthei".lnore 1 the thrust 

moment. of the blade abolllt the happing pin vd.ll also have no first 

harmonic. This result i3 in agreement with blade-element theory (:f'or 
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example, ref, 15) which indicat.;;s that the first h~.rxooni.c thrust 

moment. :ts inde0d smu.11. '11'.b.c 3<:?Cond han:o.cmic component of' the blaC!.e-

element thrust s.s glvcn by equ&;tJon {35) has been c:hccli:ed rn.nne:rically 

for seve:::-al fl:i.ght conditions and fa appJ'.'eciably smaller than that ind:f..,. 

ca.ted by bla.c1c~0lem::mt thc~o:-:-y. rl'hus tht~ rotor of the present ana.J.ysis 

may l:;'e consi.d:;:ired as having n$2.2~ly constant q.iirauthwise load:i.ng. 

Now su'bstitufo equat:ton (31~) into eq_ustion (3:3) anc1 integrate to 

where n is ne:i ther O nor -.:2. 

Substitute for I'o from ey_uation (36) in eq_uation (34) ·,:;o d·2tGr-

mine the value of th':: circula;tion over the :cot.01"' disk 1 11hieh is 

(-,.)n·-1 ~ µ R - sir1 •¥J . (37) 

Bqu.ations (36) a.nd {37) a.1~e suLficient. to r·elate the -thrust te tht'.: 

wa.l~e vo:r·t.ici ty for ~n arbi t:cary radial d:t$tribu.tion of load_.. The analysis 

is, however, much simpl<::~r if restricted to a. tr:tangule.:r. lo&d.il'lg (n " 1). 

m.etrie loading greatly restrict the maximum accuracy of the o.nalyidl:l, 

and silwe th•a aetual roto:z· loci,ding 1$ not at present c11.l. 0:::ulable (~ref. 16) 3 

the aasum:ption of tr:ta:rigula:1· loading is :r:rr··.-ibal:l1.y sC).tisfactor-y. For this 

ca.se ectue.tiona (36) ilnl'1. (57) become 
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<a 

T = pnroR~(l - ~ .. 2 )· 3 2 ' 
(38) 

(:59) 

Consider first the portion of' the circulation wb.tch ia constant 

with respect to azimuth position. This part represents an axiayJ;n~ 

n:ietric loading in the sense of reference 11. For the triangul~rly 

10$,ded rotor case of reference 11, whex·e µ 0, 

(40) 

Thus the induced veloc:l:lJies coutributerl "tiy ;tne constant part of 

the vorticity may be ob-t.ained. from the results oi' i'eference ll merely 

by multiplying the induced velocities given therein by 1 
~ ~ ·2.2· 

2"" 

In 

order to facilitate the work, charts simile.r to these of reference 11 

have been computed for the la;teral :plane from the result$ of refer-

ence 8. These char·cs are presen~ed in f'igure 5. 

'I'he sinusoidal component of' equ.ation (39) is unif'orm a.long the 

radius and its value for unit strength my be read directly f'rbm :f'ig-

ures ; and !1. of this thesis. Since the loau.:.t.ng ie e.esumed triangular, 

the constant of 5/2 :f'r0.m reft:;rence 11 mv..st be inserted in this portion 

o:f' the calculation as well. The values fra.m figures 3 and 4 must 
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therefore be multiplied by '.l'he total induced velocity at P 

is then 

w :::: _.J:...__ 
vt -0 1 ... .2µ2 

2 

(41) 

It will be noted that figures 2 to 5 present induced v'eloci ty 

contours for only the advanciri..g side of the rotor. These values may 

'be inserted directly into equation (41) vthen dealing with the advancing 

side of the rotor. The flow·-f'ield possesses. certain symmetries which 

a.re noted on the :f:'igures • Thue ·t.he :flow over the retreating ba.l:f of' the 

disk is identical t.o that of the a.dva.ncing half when the vorticity is 

constant with respect to azin1uth angle. The sinusoidal vorticity, 

how·ever, results in an antisymmetric velocity fielcJ., a.nd consequently, 

the induced. velocity ratios of figures 2 to 4 must be multiplied by -1 

w'hen used for the retreating side of the disk. 
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IV. DISCUSSION OF C.ALCU!.ATED RESULTS 

The most striking feature of the calcuJ.e.ted flow (figs. 3 and 4) is 

the ex.tent to which the effect ot sinusoidal vorticity is concentrated 

near the tips of the z·otor. Thia is in miarked contrast to the :flow 

generated by a uniform vorticity (ref. 8) where the induced velocity 

gradient aeross the walte is relatively mild. This ~e$ult might h~ve 

been anticipated since in the present ce.se the. ~1ortici ty is not only 

greateert :near the rotor t:i.ps, but it also cli..ange13 Sign :from one side of' 

the rotor to the other. 

It is also evident that the effect; of sinusoidal vorticity d:ieei out 

rapidly with dii3te.nce :f'rom the rotor. The i'?eas.on for thiS is 8..P"pe.I'ent 

from figure 2 vrhieh indicates t:b8.t the ettects .of the inner and outer 

wakes counteract each other at locations greater than one radius from 

the cer .. ter, whe;;-eas they tend to a.dd at locations near the rotor. 

The only previous attelfi9t to cOirrpute tbe 8$ymmetry of :flow due to 

f'orward speed is that of Drees (ref. 5) • He a.sr;1umed. ·chat the sinusoida.1 

por"'cion of the vortex system could be represented. by tvro smaller cylin-

d.rical vortex sheets simila.r to, but disposi':d laterally within, the 

original cylindrical sheet representing the outei" wake. The induced 

velocity contribution at the three-quart.er radius point of the lateral 
w 3 .. axis was fom'ld by numerical integraJcion to be WO <:;: ... W' (based, however, 

on a w0 which a.lrea~.y includes the - 1 factor found in the 
3 2 l - ~·iJ. 2 

preV'ious section). It has since become evi<lent from Ka.tzoff's symmetry 
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theorems (ref. 11) that this system produces a uniform induced velocity 

e.cl·oas each side of' the rotor,; however, a.t that time it was SUt~gested th.at 

this result indicated a linear lateral distribution of induced velocity 

vrlth a slope of ~2µ. 

Figure 6 co:nwa.rea the present results with those of reference 5. 

Surprlsi1i.gly enough, "'Ghe results are closely similar a.t the three•quarte:r 

radius ov~r a large range of tip-speed ratios (fig. 6{a.)). When the 

induced veJ.oci ty distribution is considered, hmrever, the resul ti? "fl.JAY be 

J.ess satisfa.ctory •. T'Clis is shown for a tip-speed ratio of 0.30 in fig-

ure 6(b). '11h.e di:f'fere11ce. is even greater it the actual induced velocity 

of. the vortex system of" reference 5 is eonstdered.. 
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Although the induced.velocity eque,tions were derived With no 

restrict.ions as to location in space, a com:parison wit.h experime11t is 

restricted to the le.teral plane of the rotor by the l:l..mi ted e~tent of 

the numerical calcu.latioue. 1I'b.e only extensive ex.perimente.l investiga.• 

tion of this region is that o:f reference lL Before a,ctu.ally comparing 

the calculated e.nd measured induced velocities, cer·t;a.i.n shortcomings of 

i;,he investig,s.tion of l"e:ference 11, and of the present thesis, shouJ..d be 

noted and borne in mind. li'irst the accuracy of the flow· surveys ranged 

from 10 to 25 percent of the raeart induced vBloCit;y depenc1ing upon the 

particular flight. condition. Furtb~n::·more, the :measurementa in.dica.te 

that the flow in the lateral plane is p~rtic:ularly sensitive to the 

actual detailed rotor loa.d distribution. The present analysis~ as 

previously noted, has assumed a v~ry nearly symmetric triangular 

loading, which :ls not actually the case as bae bee:n shown by ref'erenee 16. 

Theref'ore, some discrepancy~ particu.larly a.'t the edges of the rotot·, would 

be expected in the :following comparison, 

Figure '"((a.) compares ca.:.1..culated and measured induced veloc::U:.tes for 

a low-speed level-.flight {µ :: 0.095) helicopter condition. Since the 

fo:i:•ward speed is so low, there should ·be li"ctle difference from side to 

side on the rotor. 'I'his is verified. both l>y the theory and by the 

expe:riraente.l measurements. In general, however, the correct trend is 

indicated by the theory. (See particularly z 1 = ... o.cq.) The error is 

fairly large near the outer part of the wake below th.e ro·tor ( z ' = .. o. ll~ 
and ~o. 20) • This discrepancy is partially due to differences 'between 
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the assumed and actual disk loadings (see fig. 10 of rei'. 16). However, 

the error is probably more directly chargeable to the rapid roll-up of' 

the lower part of the wake, which haS a.lreat'ty been carried. be.ck a full 

radius from the leading edge of the rotor disk. 

Figure 7(b) presents a similar comparison at a tip-apeed ratio of 

0. lli-0 ifnich t'epreaent$ a. cruising flight condi t.1.on for a. helicopt.er. In 

general, the new theory represents e.n improvement in accuracy over the 

ola.er syimnetrica.l vorticity ca1cu1.a.tione. The effect of ve.riances from 

the assumed triangular load distribu·tion is shown at the vertical loca .. 

tions closest to the rotor. Tbe effects of weke roll~up are less in 

this case be ca.use of ·t.he lower lift ooet:t'icient, and coneequently the 

aalcul.ateo. induced velocities a.re much closer to the measured veloci tie~ 

even near the lower edge of the wake. 

A noticeable departure from the trend o±' reasonable a.g:ree1nent is 

sh01m outside the retrea·cing ti:p of the rotor. llc:re the new ·cheery 

imlicates a considerably inereased upwa.sh over that predicted by the 

older theory. Thia is i10t borne out by the measureIOOnts, which ind.icate 

tli.,e ea.me, or even 1.es$, u~sh here tha.n on the advancing side of the 

rotor. ~'he reasons for this variance are not understood at present, but 

ms;y be a matter of some concern. References 10 and 17 indicate that the 

mean induced veloc:l. ties may be used :tn estimating the interference 

between rotors of multirotor configure.tions. Since this is so, it would 

be ex-pected theoretically that the :perforir..a.nce of a side-by-side rotor 

.system would be gre.a.test when the blades retreat on the adjacent sides 

of the rotors. The experimental flov1 measurements, however, indica:ce 
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that the differences due to direct.ion o:t rotation should be minor, and 

perha:'ps even in the opposite sense from ·that inCJ.icate:d by the theor.:r. 

Ef':fects such as these :provide a :fertile :field for further investigation, 

both theoretical and experimental. 

Figure 7(c) compares theory and e~;:periment for a fairly high-speed 

flight condition(µ= 0.232). This :particular set or measurements has 

the least accuracy of those given in reference 11. On the ot-her he,nd., 

hoviever, the effects of asymmetry are a.lso the greatest here. 1l'he 

degree of im:grovement offered by the new theory is evident as well as 

is the aho:;..~tcoming of' the theory- at locations outside the reh~eating 

tip. 

Figure 8 compares the theoretical velocities with the extrapolated 

de:(;a. of :reference 11 in the planc:i of the rotor itself. This fig1.ma 

summ~rizes most of the Pl"eVious discussion of figure 7. It also vividly 

demonr3trates the extent to which the load distribution on the rotor 

changes with tip-speed :ratio. Ii' the actus..l :i.natanta.neous induced. 

velocities were known it would, of course_, be possible to obtain the 

loe.Cl.ing on the rotor. Un:fortunatel;y, ~P.resent rotor blade -element-theo1"y 

does not yield e,dequate results when used to as,lcnlate the blade load 

distribution (ref. 16). Its failUl"e in this rege.rd is :pr:1.ma1~11y i!;I.. 

result of assuming that the inflow is uniform over the entire rotor. 

Other sources of error, such as the usual small angle aasum:pt.ions and 

sliar:ply eu.t-off tip losses, are a:i;ipe.rent but are probably of a. smaller 

11".agnitude. It might be thought, at first glance, that the insertion 

of the local values of the me~n il1duced velocities in the e,ppropr:ta:te 
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pls.ces in bls,c10-element-theory would greatly impro~te the accuracy of' the 

~.11alysis;. In this rega:r.d it is well to conside1~ some of the resi.ilta of 

referer.;ce 15. 

Heferenee 13 is a.n e1q:.ierim.errta1 inv-estiga~tion of the induced veioe-

i ties in the ~plane of ~~ rotc>r. The induced velocities were obtained by 

r!iea.0uring the instantaneous pressure disti"fbut:lon on a '.!'.'otor bl~.de by 

means o:i:"' preasure cells, and ·then worl~in,g backward tbr·ough the ble.de-" 

element theor-,y to obtain the induced veloc.:ity required. t.o produce the meas-

ured. loading. 'Th.e result.e:, of course, includ.a all the errors inherent in 

the theOl"Y.? but a.t least, it may be said that these induced veloci:ties are 

the ~re loci ties \'thich will g:i.ve the observed loading. 

'I'l:le data points shown on figure 9 correspond to one flight condit.ion 

of reference 15. 'l".o.e solid curve represent$ thG! mean induced velocity 

ct;.lculateo. on t.he be..ais of our prc;sen·t knowledge. It is imrnediately 

evident that there is no cor:relation ::;;t all bet.w'een the measured and 

calcule:~ect results. Even the t:rencls of the curves ate completely 

:reversed. over the front l'i..alf of the longi tudi11a.l centerline. Similar 

1"esul ts may be obt@,ined f'rm:n the loadings o"f reference 16 where the pres-

sure gages) having much faster response, may be considered more accurate. 

Figure 9 is in direct. contrast to 'the reasonable agreement shovm 

previously in figures '"( and 8, a..Tld may be explained as follows : 'l'he 

actual wake vortices are approximately sltewed. s:pi:rals emanating from 'Gbe 

rotor blade. Thus their location in apace~ and consequently the veloc-

ities induced 'by them, will be dist,inct i'un.ctio11a of the blade azimuth 

position. This relationship betv1een blade azimuth :position a.no. induced 
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velocity i:-ra.e lost when the wake vorticity was a.ssu.rned to be uni:.formly 

dis"l:;ributed. 'l'he nonunifol."I!U. ty of' vorticity has little or no effect on 

the "'i.;it"..e-a.veraged. reading of a survey :p1 .. obe (such as that of ref'. ll) 

fi~ced at a poiut in space, however, t.lle rote, ting blade, being tied, so 

to speak, to the vortex system, sees some induced velocity other than 

t.he :mean value. 'l"l1us, the induced velocities given by the present 

report shoula. not be used for detailed ble.cle loading studies. 

'I\.m recent paper$ (references l8 and 19) ha.ve inCl.icatecl that the 

bl<!!.de loe.o.ing problem is actua.J.ly !1..llS;logous to the f'lutter problem of 

fixed-wing aircraft. Using flu:tter theory~ but moc1.ifying the wake 

vortex pattern to mo;:ce nearly correspond with that of a rotor1 these 

investigations have shown that the u.nsteady aeroa;yr.e.rn:Lcs of the bla.de 

plays a large part in determining the loading. It would seem likely, 

therefore, that t.h:i,s approach is more appi~oprie.te "bo the ble.de load 

p:rol>lem t;han are attempts to combine the present reaulte with blade-

elemeut theory. 



VI. CONCLlJSIQUS 

Tbs follOl'ting results have been obte.ined from this theoret!cal 

study of the effect of tip-speed ratio and the a;ssociated. asynunetry of' 

tlorr on the induced velocities in the vtcinity of a lifting rotor:: 

L Equations, suitable :f'or ntmierical :i:ntegration, have been 

developed for the three components of induced velocity. 

2. Numerical resul. ts, in the. f vrm of charts and tables, have been 

presented for tne normal induced velocity in the lateral plane of a 

rotor having a sin v vorticity distribl.l,tion. 

3. Charts of the :normal induced velocity in the lateral plane of a. 

rotor having a symm.et.rica.l triangular vorticity distribution have been 

presented. 

4. When compared With previously made w:Lnd ... tunnel flclW"·measurements, 

the present results appear to be more accurate than :pi'"eviously available 

theoretica.1 re$ults. 

5, When compared with the induced velocities obtained by previous 

rotor .. blade :pressure .. dist:dbution measurements, the present :results 

appear to be inapplicable to the calculation of rotor blade load.S. 
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VII. SUMMARY 

A theoretical investigation of the asymmetry of induced flow in the 

vicinity of a lifti.rig rotor in forward. flight hae been conducted. The 

&'l.a.ly~i& is based. upon ~ asymmetric wake which is a logical extension 

of' that used for preVioue i?lVestigia.tions. Equations for the induced 

velocities at an arbitrary :point in space are presented in a form suit-

able f'or numerica.1 integration. Numerical results :f'or the norma.1 

induced velocity in the l~teral plane of "the rotor are presented in the 

fol'"m of tables and cbarta. Comparison with previously available mea.s-

v.rements indicates an improvement in accuracy over older theories. T"ne 

reeults. should be useful in estimating the interference between wing 

and rotor of compound helicopters e.nd convertipla.nes. In addition the 

resulte. should be applicable to the problem of mutual interference 

between rotors of multi-rotor helicopters. 
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XI. APPENDIX 

EVALUATION OF CERTAIN INT.E:GRl\LS 

OCCURRnm n~ THE l!JfALYSIS 

The atialySis of the inner wake involves integralS or the forms: 

f; . dx 
'{ + {cX + d)/X 

A f dx JAilu. ·~ 

./X+ex+d 

where X = a + bx + x2. 

Both ;forms may 'be evaluated by use of the substitution (item 235J; 

ref. 14) 

The .first form is the aim.pler of the two and will be evaluaited 

first. Th.e indicated substitution reduces this form to 

f; . 41* ,.. = C .... _£du.. (Al) 
X + (ex + d)fX J(e ... l.)u2 + ('b - f::d.)u + (db - a ... ,..c) 

The right 1$d side ot equation (Al) may be inte~e.ted. by item 67 

of' re:f'erence 14 to yield 

Ix; c:+ li)/X -* tan·lr<· .. n;t b • 2'\} (A2) 

where q • 4db(c .. l) + 4.a(l - c2) .. (b .. 2d)2. 

The .fill&l expres.sion is obte.ined by returning equation (A.2) to the. 

origin$.l variable,. . x. 
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where q is as given above. 

Evalu.atton of the second f'orm is a more lengthy task,, but p:roceeda 

in the same :manner. Ma.k:i.ng the sattl.€! subs ti tu.t:i.on as before. yields 

Now separa;te the right ha."fld side of equation (A4) into partial 

:fractions to obtain 

J.. dx . . = 1 . f'2 du 
[i + ex + d l + c J b - 2u 

(A5) 

The f'irs·t term may be integrated by :l.nspection7 and tlle second term 

may be :tntegrated by item 72 of reference 14 to give 
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(1\6) 

'l'.he remaining integral r.tJ,..'1.J' be evaluated by :n1eans oi' item 67 of 

reference 14 to yield 

(A7) 

where q_ has thfc> srune mear.dng as in equat:i.ons (A2) and (,";.3). 

Now retUl~n equation (A7) t.o the 01·iginal v~xriable x, :_•(;sulting in 

Note that 

(Jx .. x)2(c "' 1) + (jx· - ;;c)(b - 2d) + (db ~ i:i -· ac) 

,.,, (b + 2:;; - ;:,JX)(/x- + ex + uL 

(A8) 

so that the loga:dtlnnie terms of equation (AS) may be combined to yield 



'l,he :presence of the logar:i.thrnic terms in equa.tion (A9) occasions 

imaginar-,y- values for the integral if either ( /X + ·'.!X + d) o::c 

(b + ~~x - 2 {X) is negative , Pl?ovided 'the. t these te:-cms are mo11oto11ically 

negative. thfa :cesul t may be avoiC!..ed tt:3 follows: 

n 
i dY: 
J -·-"-·-~-·--'--,} ./X + cx + d 

(AlO) 

Integration, as before,. of the first. two terms re::mltfi in 

n 
; ___ .._,,,,_..;.~~0..4•'-';'.c,-· ::.: 

J X + ex+ d 
_;!; ___ ln(2u - b) 
1 + (: 
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Comparison of equations (A6) and (All) indicates tha.t the only dif-

ference is a reversal in sigh of the arguments of the logarithntl.c te:rms. 

Therefore, as long as t®se arguments a.re monotonically either pos:ttive 

or negative, the final expression ma;y be written as 

JJ dx . c . I rv:- . I l I rvf . · . = ---- ln ~X + ex + d + .•. ·-- ln b + 2x - 2y:x JX + ex + d e2 - 1 c2 - 1 

_ 'b~ - 2d g_ tan-1 ~(c .. JHfK:~.&. + b "' 24.l, (Al2) 
c - 1 _fq L fi j 

where, a.gain, q "" 4db(c ... 1) + J.i.a(l - c2) - (b .. 2d)2 • 



TABLE I 

LIMITING VALUES OF ARC TANGENT IN EQUATION 22 

Azimuth angle, '1r Arc tangent 
Location of p 

degrees radians 

0 ± 1!. 
y = z = 0 2 

18o 0 
-·-- -

90 x - 1!. 
x = z = 0 2 

270 0 



Y' 

0 
.1 
.2 
.3 
.4 
.5 

.6 

.7 

.8 

.85 

.9 

.95 
1.0 

1.05 
1.1 
1.15 
1.2 
1.3 
1.4 
1.6 
1.8 
2.0 

2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.o 

TABLE II. 

CALCULATED VALUES OF INDUCED~VELOCITY RATIO, w/wo, IN THE LATERAL PLANE 
OF A ROTOR WITH UNIT SINE f VORI'ICITY, X • TAN-l 2 = 63.43°. 

Values of w/w0 for z• of -

0 0.1 0.2 0.3 o.4 0.5 o.6 0.7 0.8 0.85 0.9 0.95 1.0 1.05 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.2711 .3027 .1732 .1131 .0781 .0552 .0394 .0281 .0201 .0169 .0142 .0119 .0100 .0083 
.3651 .4522 .3014 .2079 .1467 .1047 .0750 .0537 .0383 .0322 .0271 .0227 .0190 .0158 
.4747 .3856 .2778 .2002 .1442 .1037 .0743 .0530 .0446 .0375 .0313 .0261 .0217 
.5688 .5146 .4390 .3237 .2361 .1711 .1233 .0884 .0629 .0529 .0443 .0370 .0308 .0254 
.6634 .5556 .4691 .3474 .2538 .1838 .1323 .0946 .0672 . 0564 .o471 . .0392 .0325 .0267 

.7319 .5956 .4765 .3483 .2520 .1814 .1300 .0927 .0655 .0547 .0456 .0377 .0310 .0252 

.7929 .6078 .4552 .3226 .2293 .1635 .1165 .0826 .0579 .0481 .0397 .0326 .0264 .0210 

.8594 .5953 .3899 .2643 .1845 .1307 .0929 .0654 .0452 .0372 .0302 .0242 .0191 .0146 

.8900 .5421 .3329 .2216 .1544 .1097 .0779 .0547 .0374 .0304 .0244 .0191 .0146 .0106 

.9172 .4453 .2557 .1704 .1203 .0863 .0615 .0429 .0288 .0230 .0179 .0135 .0096 .oo63 

.9409 .2760 .1598 .1131 .0835 .0614 .0441 .0304 .0196 .0151 .0110 .0075 .Oo44 .0016 
.0324 .0548 .0540 .o46o .0361 .0264 .0176 .0101 .0068 .0039 .0012 -.0011 -.0032 

-.1855 -.0428 -.0023 .0098 .0113 .0088 .0047 .0005 -.0015 -.0034 -.0052 -.0068 -.0082 
-.7436 -.2990 -.1190 -.0513 -.0234 -.0120 -.0082 -.0078 -.0090 -.0098 -.0107 -.0116 -.0125 -.0133 
-.6183 -.3374 -.1703 -.0907 -.0522 -.0333 -.0240 -.0198 -.0182 -.0179 -.0178 -.0179 -.0181 -.0183 
-.5298 -.3407 -.2oo6 -.1203 -.0762 -.0519 -.0384 -.0310 -.0269 -.0257 -.0247 -.0241 -.0236 -.0232 
-.4130 -.3138 -.2221 -.1548 -.1099 -.0810 -.o624 -.0504 -.0426 -.0398 -.0374 -.0355 -.0339 -.0326 
-.3392 -.2797 -.2189 -.1675 -.1283 -.0999 -.0798 -.0656 -.0556 -.0517 -.0483 -.0455 -.o431 -.0410 
-.2513 -.2239 -.1938 -.1645 -.1384 -.1165 -.0986 -.0844 -.0731 -.0684 -.0642 -.o605 -.0572 -.0542 
-.2008 -.1854 -.1682 -.1504 -.1334 -.1177 -.1038 -.0919 -.0817 -.0772 -.0731 -.0693 -.0658 -.0627 
-.:i,679 -.1582 -.1472 -.1357 -.1241 -.1129 -.1025 -.0930 -.0845 -.o8o6 -.0769 -.0735 -.0703 -.0673 

-.12o4 -.1162 -.1116 -.1065 -.1013 -.0959 -.0906 -.0854 -.08o3 -.0779 -.0755 -.0732 -.0710 -.0688 
-.0947 -:0924 -.0899 -.0871 -.0842 -.0812 -.0781 -.0750 -.0720 -.0704 -.o689 -.0674 -.0659 -.0645 
-.0784 -.0770 -.0754 -.0737 -.0719 -.0700 -.o68o -.0660 -.0640 -.0630 -.0619 -.o609 -.0599 -.0589 
-.0671 -.0661 -.0650 -.0639 -.0626 -.o613 -.0600 -.0586 -.0572 -.0565 -.0557 -.0550 -.0543 -.0536 
-.0588 -.058o -.0572 -.0564 -.0555 -.0545 -.0536 -.0526 -.0515 -.0510 -.0505 -.0499 -.0494 -.0489 
-.0523 -.0518 -.0511 -.0505 -.0498 -.0491 -.0484 -.0476 -.0468 -.o464 -.0460 -.0456 -.0452 -.0448 
-.0472 -.0467 -.0463 -.0457 -.0452 -.0447 -.0441 -.0435 -.0429 -.0425 -.0422 -.0419 -.0416 -.0413 
-.0430 -.0426 -.0422 -.0418 -.0414 -.0409 -.0405 -.0400 -.0395 -.0393 -.0390 -.0387 -.0385 -.0382 

1.1 

0 
.0069 
.0130 
.0179 
.0209 
.0217 

.0202 

.0165 

.0107 

.0072 

.0033 
-.0008 
-.0051 

-.0096 
-.0141 
-.0186 
-.0230 
-.0315 
-.0391 
-.0515 
-.0597 
-.0645 

-.0667 
-.0630 
-.0579 
-.0529 
-.o483 
-.0444 
-.0409 
-.038o 

V1 
t--' 



Y' 1.6 1.15 1.2 1.3 1.4 

0 0 0 0 0 0 
.1 .0056 .0046 .0029 .0017 .0002 
.2 .0107 .0087 .0055 .0032 .0003 
.3 .0146 .0118 .0074 .0042 0 
.4 .0170 .0136 .0083 .0044 -.0006 
.5 .0174 .0138 .oo8o .0037 -.0016 

.6 .0160 .Ol23 .0065 .0022 -.0032 

.7 .0125 .0091 .0037 -.0003 -.0053 

.8 .0073 .oo44 -.0002 -.0036 -.0079 

.85 .0042 .0016 -.0025 -.0056 -.0094 

.9 .0008 -.0014 -.0050 -.0077 -.0110 

.95 -.0029 -.Oo47 -.0077 -.0099 -.Ol26 
l.O -.0067 -.0082 -.0105 -.0122 -.0143 

l.05 -.0107 -.0117 -.0134 -.0146 -.0160 
l.l -.0147 -.0154 -.0164 -.0171 -.0178 
l.15 -.0188 -.0190 -.0194 -.0196 -.0196 
1.2 -.0228 -.0226 -.0224 -.0221 -.0215 
l.3 -.0305 -.0296 -.0282 -.0271 -.0251 
l.4 -.0375 -.0361 -.0337 -.0318 -.0286 
1.6 -.0491 -.o469 -.0431 -.o401 -.0351 
l.8 -.0571 -.0546 -.0502 -.0465 -.0404 
2.0 -.0618 -.0594 -.0549 -.0510 -.0445 

2.5 -.0647 -.o628 -.0591 -.0557 -.o497 
3.0 -.0616 -.o602 -.0575 -.0549 -.0501 
3.5 -.0569 -.0559 -.0539 -.0520 -.o484 
4.o -.0521 -.0514 -.0500 -.o485 -.0457 
4.5 -.o478 -.0472 -.0461 -.0451 -.0429 
5.0 -.o439 -.0435 -.0427 -.o418 -.0401 
5.5 -.o4o6 -.0403 -.0396 -.0389 -.0375 
6.o -.0377 -.0374 -.0369 -.0363 -.0352 

TABLE II. 

CONTINUED. 

Values of w/w0 for z• of -

1.8 2.0 2.5 3.0 3.5 

0 0 0 0 0 
-.0006 -.0010 -.0012 -.0011 -.0010 
-.0013 -.0020 - .0025. -.0023 -.0019 
-.0021 -.0032 -.0038 -.0034 -.0029 
-.0031 -.0044 -.0051 -.0046 -.0039 
-.0044 -.0058 -.0064 -.0057 -.0049 

-.0060 -.0074 -.0078 -.0069 -.0058 
-.0079 -.0091 -.0092 -.0080 -.0068 
-.0101 -.0110 -.0106 -.0092 -.0077 
-.0113 -.0120 -.0114 -.0098 -.0082 
-.0125 -.0130 -.Ol2l -.0104 -.0087 
-.0138 -.0140 -.Ol29 -.0110 -.0091 
-.0151 -.Ol5l -.0136 -.0115 -.0096 

-.0164 -.0162 -.0144 -.Ol2l -.0101 
-.0178 -.0173 -.0151 -.0127 -.0105 
-.0192 -.0184 -.0159 -.0133 -.0110 
-.0206 -.0196 -.0166 -.0138 -.0114 
-.0234 -.0218 -.0181 -.0149 -.0123 
-.0262 -.0240 -.0196 -.0160 -.0132 
-.0313 -.0282 -.0224 -.0182 -.0149 
-.0357 -.0320 -.0250 -.0201 -.0165 
-.0393 -.0351 -.0273 -.0219 -.Ol8o 

-.o445 -.o401 -.0317 -.0256 -.0211 
-.0458 -.0420 -.0340 -.028o -.0234 
-.0450 -.o4l8 -.0349 -.0293 -.0248 
-.0430 -.0405 -.0347 -.0298 -.0256 
-.0408 -.0387 -.0339 -.0296 -.0259 
-.0384 -.0368 -.0328 -.0291 -.0258 
-.0362 -.0348 -.0315 -.0283 -.0255 
-.0341 -.0329 -.0301 -.0274 -.0249 

4.o 4.5 5.0 

0 0 0 
-.0008 -.0007 -.0006 
-.0016 -.0014 -.0012 
-.0024 -.0021 -.0017 
-.0033 -.0027 -.0023 
-.Oo4l -.0034 -.0029 

-.0049 -.Oo41 -.0035 
-.0057 -.0048 -.0040 
-.0065 -.0054 -.0046 
-.0068 -.0057 -.0049 
-.0072 -.Oo61 -.0051 
-.0076 -.0064 -.0054 
-.008o -.0067 -.0057 

-.0084 -.0070 -.0060 
-.0088 -.0074 -.0062 
-.0091 -.0077 -.0065 
-.0095 -.008o -.0068 
-.0103 -.0086 -.0073 
-.0110 -.0092 -.0078 
-.0124 -.0104 -.0088 
-.0137 -.0115 -.0098 
-.0149 -.0126 -.0107 

-.0176 -.0149 -.0128 
-.0197 -.0168 -.0145 
-.0212 -.0183 -.0159 
-.0222 -.0193 -.0170 
-.0227 -.0200 -.0177 
-.0229 -.0204 -.0182 
-.0229 -.0205 -.0185 
-.0226 -.0205 -.0186 

5.5 

0 
-.0005 
-.0010 
-.0015 
-.0020 
-.0025 

-.0029 
-.0034 
-.0039 
-.0041 
-.0044 
-.oo46 
-.0049 

-.0051 
-.0053 
-.0055 
-.0058 
-.0062 
-.0067 
-.0075 
-.0084 
-.0092 

-.0110 
-.0126 
-.0139 
-.0149 
-.0157 
-.0163 
-.0167 
-.0169 

6.o 

0 
-.0004 
-.0009 
-.0013 
-.0017 
-.0021 

-.0025 
-.0030 
-.0034 
-.0036 
-.0038 
-.0040 
-.0042 

-.0044 
-.oo46 
-.0048 
-.0050 
-.0054 
-.0058 
-.0065 
-.0073 
-.008o 

-.0096 
-.0110 
-.0122 
-.0132 

\Jl ro 



TABLE II. 

CONTINUED. 

Values of w/w0 for z• of -

yr 
-0.l -0.2 -0.3 -0.4 -0.5 -0.6 -0.7 -0.8 -0.85 -0.9 -0.95 -1.0 -1.05 -1.1 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.1 .2515 .2682 .3024 .3817 .4065 .1022 .0729 .0520 .0438 .0368 .0309 .0258 .0215 .0178 
.2 .4007 .4744 .5196 .6756 . 5734 .1881 .1346 .0960 .. 0809 .o679 .0569 .0475 .039lf .0325 
.3 .5289 .6446 .7508 .8489 .6103 .2456 .1761 .1255 .1055 .0885 .0739 .0615 .0508 .0417 
.4 .68o8 .7792 .8936 .9731 .5436 .2674 .1914 .1358 .1139 .0951 .0791 .0654 .0536 .0436 
.5 . 7749 .8878 1.0095 1.1237 .4726 .2497 .1775 .1249 .1042 .0864 .0712 .0581 .0469 .0372 

.6 .8856 1.0345 i.1631 .7722 .3263 .1927 .1355 .0937 .0772 .0630 .0507 .0401 .0309 .0230 

.7 .9900 1.1719 1.2995 .3081 .1461 .1022 .0703 .0461 .0363 .02'(6 .0200 .0133 .0074 .0022 

.8 1.1419 1.3475 .9592 -.0214 -.0127 -.0080 -.0083 -.0112 -.0131 -.0151 -.0172 -.0192 -.0211 -.0229 

.85 1.2471 1.4613 -.2529 -.1488 -.0936 -.0641 -.0486 -.0409 -.0388 -.0375 -.0367 -.0364 -.0362 -.0363 

.9 l.3918 1.4277 -.4302 -.2602 -.1685 -.1170 -.0873 -.0699 -.0641 -.0596 -.0562 -.0535 -.0514 -.0498 

.95 1.5736 -1.0695 -.5666 -.3502 -.2327 -.1643 -.1229 -.0972 -.0881 -.o8o8 -.0749 -.0702 -.0663 -.0631 
1.0 -1. 7285 -1.0493 -.6372 -.4131 -.2833 -.2043 -.1544 -.1220 -.1102 -.1006 -.0926 -.0860 -.0805 -.0759 

\j1 
·'\--~f\) 

1.05 -1.3487 -.9712 -.6536 -.4489 -.3194 -.2359 -.18o9 -.1439 -.1300 -.1185 -.1088 -.1007 -.0938 -.0880 
1.1 -1.0108 -.8528 -.6331 -.4618 -.3417 -.2592 -.2022 -.1624 -.1471 -.1342 -.1233 -.1140 -.lo60 -.0991 
1.15 -.7951 -.7368 -.5932 -.4579 -.3523 -.2746 -.2183 -.1775 -.1615 -.1477 -.1359 -.1257 -.1169 -.1092 
1.2 -.6528 -.6375 -.5463 -.4431 --3539 -.2834 -.2297 -.1893 -.1730 -.1588 -.1465 -.1358 -.1264 -.1182 
1.3 -.48o7 -.4914 -.4558 -.3990 -.3394 -.2856 -.2404 -.2038 -.1883 -.1744 -.1621 -.1511 -.1413 -.1325 
1.4 -.3815 -.3954 -.3824 -.3519 -.3138 -.2752 -.2397 -.2086 -.1949 -.1824 -.1709 -.1604 -.1509 -.1423 
1.6 -.2719 -.2827 -.2831 -.2744 -.2594 -.2407 -.2207 -.2010 -.1915 -.1824 -.1737 -.1655 -.1577 -.1504 
1.8 -.2128 -.2203 -.2230 -.2211 -.2151 -.2062 -.1954 -.1836 -.1776 -.1715 -.1656 -.1597 -.1539 -.1484 
,2.0 -.1757 -.1811 -.1840 -.1842 -.1820 -.1777 -.1719 -.1649 -.1611 -.1573 -.1533 -.1493 -.1452 -.1412 

2.5 -.1239 -.1267 -.1287 -.1299 -.1302 -.1297 -.1284 -.1266 -.1254 -.1241 -.1227 -.1212 -.1196 -.118o 
3.0 -.0967 -.0984 -.0998 -.1007 -.1013 -.1016 -.1015 -.1010 -.1007 -.1002 -.0997 -.0992 -.0985 -.0979 
3.5 -.0797 -.08o9 -.0818 -.0826 -.0832 -.0836 -.0837 -.0837 -.0837 -.0835 -.0834 -.o832 -.0829 -.0826 
4.0 -.068o -.0689 -.0696 -.0702 -.0707 -.0711 -.0713 -.0715 -.0715 -.0715 -.0715 -.0714 -.0713 -.0712 
4.5 -.0595 -.0601 -.o6o6 -.0611 -.0615 -.0619 -.0621 -.0623 -.o624 -.0624 -.0625 -.0625 -.0625 -.0624 
5.0 -.0529 -.0534 -.0538 -.0542 -.0545 -.0548 -.0551 -.0553 -.0553 -.0554 -.0555 -.0555 -.0555 -.0555 
5.5 -.0476 -.048o -.0484 -.0487 -.0490 -.0493 -.0495 -.0497 -.0497 -.0498 -.0499 -.0499 -.0500 -.0500 
6.o -.0434 -.0437 -.0440 -.0443 -.0445 -.0447 -.0449 -.0451 - . 0452 -.0453 -.0453 -.0454 -.0454 -.0455 



Y' 
-1.15 -1.2 -1.3 -1.4 -1.6 

0 0 0 0 0 0 
.l .0146 .0119 .0076 .0045 .0005 
.2 .0266 .0216 .0136 .0078 .0004 
.3 .0339 .0273 .0167 .0089 -.0009 
.4 .0349 .0275 .0158 .0071 -.0038 
.5 .0289 .0218 .0104 .0021 -.0085 

.6 .0162 .0103 .0008 -.0062 -.0151 

.7 -.0023 -.0062 -.0126 -.0173 -.0232 

.8 -.0246 -.0261 -.0286 -.0304 -.0326 

.85 -.0365 -.0367 -.0372 -.0375 -.0376 

.9 -.0485 -.0475 -.0459 -.0447 -.0427 

.95 -.o6o4 -.0582 -.0547 -.0520 -.0479 
1.0 -.0720 -.0687 -.0633 -.0592 -.0531 

1.05 -.0830 -.0787 -.0716 -.0662 -.0582 
1.1 -.0932 -.0881 -.0796 -.0729 -.0632 
1.15 -.1026 -.0967 -.0870 -.0793 -.068o 
1.2 -.ll09 -.1046 -.0939 -.0853 -.0726 
l.3 -.1247 -.ll76 -.1056 -.0958 -.0810 
l.4 -.1343 -.1272 -.ll47 -.1043 -.0881 
1.6 -.1435 -.1371 -.1254 -.1152 -.0985 
l.8 -.1430 -.1378 -.1281 -.u92 -.1039 
2.0 -.1372 -.1333 -.1257 -.1185 -.1054 

2.5 -.ll62 -.1145 -.l.108 -.1070 -.0994 
3.0 -.0971 -.0963 -.0946 -.0927 -.088 
3.5 -.0823 -.0820 -.0811 -.0802 -.078o 
4.0 -.07ll -.0709 -.0705 -.0700 -.0688 
4.5 -.0624 -.0623 -.0622 -.0619 - 0613 
5.0 -.0555 -.0555 -.0555 -.0554 -.0550 
5.5 -.0500 -.0500 -.0500 -.0500 -.0498 
6.o -.0455 -.0455 -.0456 -.0456 -.0455 

TABLE II. 

CONCLUDED. 

Val.ues of w/w0 for z • of -

-1.8 -2.0 -2.5 -3.0 -3-5 

0 0 0 0 0 
-.0016 -.0026 -.0033 -.0030 -.0025 
-.0035 -.0054 -.0066 -.0060 -.0051 
-.Oo6l -.0086 -.0100 -.0090 
-.0095 -.0123 -.0135 -.0120 -.0102 
-.0140 -.0165 -.0171 -.0150 -.0127 

-.0195 -.0213 -.0209 -.0181 -.0152 
-.0259 -.0267 -.0247 -.0211 -.0177 
-.0331 -.0325 -.0287 -.0242 -.0201 
-.0368 -.0355 -.0307 -.0257 -.0213 
-.0407 -.0385 -.0327 -.0272 -.0225 
-.0446 -.0416 -.0347 -.0287 -.0237 
-.0485 -.0447 -.0367 -.0302 -.0249 

-.0524 -.0478 -.0387 -.0316 -.0260 
-.0562 -.0508 -.0406 -.0331 -.0272 
-.o6oo -.0538 -.0426 -.0345 -.0283 
-.0636 -.0567 -.0444 -.0359 -.0294 
-.0703 -.0622 -.0481 -.0386 -.0316 
-.0763 -.0672 -.0515 -.0412 -.0336 
-.0856 -.0754 -.0576 -.0459 -.0375 
-.0914 -.0811 -.0625 -.0499 -.0408 
-.0941 -.0845 -.066o -.0531 -.0437 

-.0920 -.0851 -.0700 -.0581 -.0488 
-.0842 -.0797 -.0689 -.0592 -.0510 
-.0754 -.0726 -.0652 -.0579 -.0512 
-.0673 -.0656 -.06o6 -.0553 -.0500 
-.o604 -.0593 -.0560 -.0521 -.0480 
-.0545 -.0538 -.0516 -.0488 -.0457 
-.0495 -.0491 -.0476 -.0456 -,0432 
-.0453 -.0451 -.0441 -.0426 -.0408 

-4.o -4.5 -5.0 

0 0 0 
-.0021 -.0018 -.0015 
-.0043 -.0036 -.0030 
-.0064 -.0054 -.0045 
-.0085 -.0071 -.0060 
-.0106 -.0089 -.0075 

-.0127 -.0106 -.0090 
-.0147 -.0124 -.0105 
-.0168 -.0141 -.0119 
-.0177 -.0149 -.0126 
-.0187 -.0157 -.0133 
-.0197 -.0165 -.0140 
-.0207 -.0173 -.0147 

-.0216 -.0181 -.0154 
-.0226 -.0189 -.0160 
-.0235 -.0197 -.0167 
-.0244 -.0205 -.0174 
-.0262 -.0220 -.0186 
-.0279 -.0234 -.0199 
-.03ll -.0262 -.0223 
-.0340 -.0287 -.0245 
-.0366 -.0310 -.0265 

-.0414 -.0355 -.03017 
-.0442 -.0385 -.0337 
-.0452 -.0400 -.0355 
-.0450 -.0405 -.0364 
-.0440 -.0402 -.0366 
-.0425 -.0393 •. 0362 
-.0407 -.0381 -.0355 
-.0388 -.0366 -.0345 

-5-5 

0 
-.0013 
-.0026 
-.0039 
-.0052 
-.0064 

-.0077 
-.0089 
-.0102 
-.0108 
-.Oll4 
-.0120 
-.0126 

-.0131 
-.0137 
-.0143 
-.0149 
-.0160 
-.0171 
-.0191 
-.02ll 
-.0229 

-.0268 
-.0297 
-.0316 
-.0328 
-.0334 
-.0334 
-.0330 
-.0324 

-6.o 

0 
-.0011 
-.0022 
-.0033 
-.0044 
-.0055 

-.0066 
-.0077 
-.0088 
-.0093 
-.0098 
-.0103 
-.0108 

-.Oll3 
-.Oll8 
-.0123 
-.0128 
-.0138 
-.0148 
-.0166 
-.0183 
-.0199 

-.0235 
-.0263 
-.0283 
-.0296 
-.0304 
-.0307 
-.03o6 
-.0303 

\ • .'1 .r,:-



y• 

0 
.1 
.2 
.3 
.4 
.5 

.6 

.7 

.8 

.85 

.9 

.95 
1.0 

1.05 
1.1 
1.15 
1.2 
1.3 
1.4 
1.6 
1.8 
2.0 

2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.o 

TABLE III. 

CALCULATED VALUES OF INDUCED-VELOCITY RATIO, w/wo, IN THE LATERAL PLANE 
OF A ROTOR WITH UNIT SINE Y VORI'ICITY, X • T~l 4 • 75.97°. 

Values of w/w0 for z• of -

0 0.05 0.1 0.15 0.2 0.25 0.3 o.4 0.5 o.6 0.7 o.8 0.85 0.9 0.95 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.2747 .2913 .3486 .2587 .2009 .1609 .1314 .0908 .0642 .0458 .0327 .0234 .0196 .0166 .0139 
.4589 .4203 .4029 .4213 .3470 :2879 .2404 .1699 .1214 .0870 .0622 .0443 .0374 .0314 .0263 
.5932 .5335 .4866 .4657 .4407 .3752 .3190 .2305 .1661 .ll95 .0857 .06ll .0514 .0432 .0361 
.6955 .6305 .5746 .5192 .4984 .4297 .3689 .2696 .1955 .1409 .1010 .0719 .0604 .0506 .0423 
.7780 .7029 .6197 .5571 .5286 .4564 .3921 .2865 .2075 .1493 .1068 .0758 .o636 .0531 .0441 

.8482 .756o .6599 .5907 .5317 .4548 .3876 .2799 .20ll .1440 .1026 .0723 .0604 .0502 .0415 

.9216 .7932 .6769 .5772 .4986 .4177 .3502 .2475 .1935 .1251 .0885 .o619 .0513 .0423 .0344 

.9788 .7930 .6281 .5109 .4087 .3313 .2720 .1883 .1330 .0943 .o662 .0455 .0372 .0300 .0238 
1.0054 .7546 .56o2 .4283 .3320 .2649 .2159 .1495 .1060 .0752 .0526 .0355 .0286 .0225 .0173 
1.0330 .6648 .4336 .3037 .2910 .1825 .1499 .1062 .0766 .0547 .0378 .-e248 .0193 .0145 .0102 
1.0600 .4015 .1966 .1315 .1041 .0886 .0777 .0604 .0459 .0333 .0225 .0134 .0095 .0060 .0028 

-.2800 -.1340 -.0659 -.0289 -.0076 .o046 .0146 .0151 .Oll7 .0068 .0018 -.0006 -.0027 -.0048 

-J..5380 -.7640 -.3987 -.2334 -.1456 -.0942 -.0622 -.0284 -.0144 -.0094 -.0087 -.0098 -.0106 -.ou6 -.0125 
-1.0631 -.7591 -.4999 -.3331 -.2289 -.162o -.1077 -.o666 -.0416 -.0293 -.0235 -.0210 -.0204 -.0202 -.0203 
-.8191 -.6663 -.5044 -.3731 -.2770 -.2084 -.1594 -.0986 -.0657 -.0476 -.0374 -.0318 -.0300 -.0287 -.0277 
-.6683 -.5788 -.4747 -.3782 -.2984 -.2359 -.1880 -.1237 -.0861 -.0637 -.0501 -.0419 -.0390 -.0367 -.0349 
-.4905 -.4008 -.2981 -.2149 -.1559 -.ll61 -.0895 -.0717 -.0596 -.0550 -.0512 -.0480 
-.3886 -.3388 -.2763 -.2176 -.1697 -.1335 -.1069 -.0876 -.0735 -.0680 -.0632 -.0592 
-.2761 -.2554 -.2278 -.1979 -.1692 -.1439 -.1226 -.1052 -.0910 -.0850 -.0797 -.0749 
-.2154 -.2045 -.1899 -.1730 -.1557 -.1390 -.1236 -.1099 -.0980 -.0926 -.0877 -.0831 
-.1774 -.1708 -.1620 -.1516 -.14o6 -.1293 -.ll80 -.1081 -.0986 -.0942 -.0901 -.0862 

-.1246 -.1219 -.ll85 -.ll44 -.1099 -.1050 -.0999 -.0949 -.0898 -.0873 -.0849 -.0825 
-.0969 -.0955 -.0938 -.0917 -.0893 -.0868 -.0841 -.0813 -.0784 -.0770 -.0755 -.0740 
-.0798 -.0789 -.0778 -.0766 -.0752 -.0737 -.0720 -.0704 -.0686 -.0676 -.0667 -.0658 
-.0680 -.0674 -.0667 -.0659 -.o649 -.0640 -.0629 -.0618 -.06o5 -.0599 -.0594 -.0586 
-.0593 -.0590 -.0584 -.0579 -.0573 -.0565 -.0557 -.0550 -.0541 -.0536 -.0532 -.0527 
-.0527 -.0524 -.0520 -.0516 -.05ll -.0506 -.0501 -.0494 -.0488 -.0485 -.0482 -.0478 
-.0475 -.0472 -.0470 -.0467 -.0463 -.0459 -.0454 -.0450 -.0445 -.0443 -.0440 -.0437 
-.0432 -.0430 -.0428 -.0426 -.0423 -.0420 -.0416 -.0412 -.0409 -.0406 -.0405 -.0403 

1.00 

0 
.Oll6 
.0220 
.0301 
.0352 
.0365 

.0340 

.0278 

.0183 

.0127 

.0065 

.0001 
-.0067 

-.0135 
-.0203 
-.0270 
-.0335 
-.0453 
-.0556 
-.07o6 
-.0790 
-.0824 

-.0801 
-.0726 
.-.0648 
-.0580 
-.0523 
-.0475 
-.0435 
-.0401 

\J1 
\Jl 



Y' 
1.05 1.1 1.15 1.2 1.3 1.4 1.6 

0 0 0 0 0 0 0 0 
.1 .0096 .ooao .oo65 .0054 .0034 .0020 .0003 
.2 .0182 .0151 .0123 .0100 .0064 .0038 .0003 
.3 .0250 .02o6 .0168 .0136 .0085 .0047 0 
.4 .0290 .0238 .0193 .0155 .0094 .0049 -.0008 
.5· .0299 .0243 .0195 .0154 .0088 .0039 -.0021 

.6 .0276 .0220 .0173 .0132 .0067 .0019 -.0041 

.7 .0220 .0170 .0127 .0091 .0032 -.0012 -.0067 

.8 .0137 .0096 .0061 .0031 -.0017 -.0053 -.0099 

.85 .0087 .0052 .0022 -.0004 -.oo47 -.0077 -.ou6 

.9 .0033 .0004 -.0020 -.0042 -.0078 -.0104 -.0136 

.95 -.0024 -.0046 -.oo66 -.0083 -.OUO -.0131 -.0155 
1.0 -.0083 -.0100 -.Oll3 -.0125 -.0144 -.0159 -.0176 

1.05 -.0145 -.0153 -.0161 -.0168 -.0179 -.0188 -.0197 
1.1 -.0204 -.0207 -.0209 -.0212 -.0216 -.0217 -.0218 
1.15 -.0265 -.0261 -.0258 -.0273 -.0252 -.0247 -.0240 
1.2 -.0323 -.0313 -.0304 -.0298 -.0287 -.0277 -.0262 
1.3 -.0431 -.04ll -.0394 -.038o -.0355 -.0336 -.0304 
1.4 -.0525 -.0498 -.0474 -.0454 -.0418 -.0390 -.0345 
1.6 -.0668 -.0632 -.0601 -.0573 -.0524 -.0483 -.0419 
1.8 -.0751 -.0715 -.0682 -.o653 -.0599 -.0552 -.0477 
2.0 -.0790 -.0757 -.0726 -.0697 -.0644 -.0598 -.0520 

2.5 -.0778 -.0756 -.0734 -.0712 -.0673 -.0635 -.0568 
3.0 -.07u -.0696 -.0681 -.0668 -.0640 -.0614 -.0563 
3.5 -.0639 -.0629 -.0619 -.0609 -.0590 -.0572 -.0534 
4.0 -.0574 -.0567 -.056o -.0554 -.0540 -.0527 -.0499 
4.5 -.0519 -.0513 -.0509 -.0504 -.0494 -.0484 -.0463 
5.0 -.0472 -.0468 -.0465 -.0461 -.0453 -.0445 -.0430 
5.5 -.0432 -.0429 -.0426 -.0424 -.0418 -.0412 -.0400 
6.o -.0398 -.0396 -.0394 -.0392 -.0387 -.0383 -.0372 

TABLE III. 

CONTINUED. 

values of w/w0 for z• of -

1.8 2.0 2.5 3.0 3.5 

0 0 0 0 0 
-.0007 -.0012 -.0014 -.0013 -.OOU 
-.0015 -.0024 -.0029 -.0027 -.0023 
-.0025 -.0037 -.0044 -.0040 -.0034 
-.0037 -.0052 -.0060 -.0053 -.0045 
-.0053 -.0068 -.0075 -.0067 -.0057 

-.0072 -.0087 -.0092 -.0081 -.0068 
-.0095 -.0107 -.0107 -.0093 -.0079 
-.0121 -.0130 -.0124 -.0108 -.0090 
-.0135 -.0141 -.0133 -.OU4 -.0096 
-.0150 -.0154 -.0142 -.0121 -.0101 
-.0165 -.0166 -.0150 -.0127 -.0106 
-.0181 -.0179 -.0159 -.0134 -.0112 

-.0197 -.0191 -.0168 -.0141 -.Oll7 
-.0213 -.0205 -.0176 -.0148 -.0123 
-.0230 -.0218 -.0186 -.0154 -.0128 
-.0247 -.0232 -.0195 -.0161 -.0134 
-.0280 -.0258 -.0212 -.0174 -.0143 
-.03u -.0284 -.0229 -.0187 -.0154 
-.0371 -.0332 -.0262 -.0211 -.0173 
-.0420 -.0374 -.0291 -.0233 -.0191 
-.0458 -.0409 -.0316 -.0254 -.0208 

-.0510 -.0460 -.0364 -.0295 -.0243 
-.0516 -.0474 -.0387 -.0319 -.0268 
-.0499 -.0466 -.0392 -.0332 -.0282 
-.0472 -.o446 -.0386 -.0334 -.0289 
-.0443 -.0423 -.0374 -.0330 -.0290 
-.0414 -.0398 -.0358 -.0321 -.0287 
-.0387 -.0374 -.0343 -.0311 -.0282 
-.0362 -.0352 -.0326 -.0299 -.0274 

'-
4.o 4.5 5.0 

0 0 0 
-.0010 -.0008 -.0007 
-.0019 -.0016 -.0013 
-.0028 -.0024 -.0020 
-.0038 -.0032 -.0027 
-.0047 -:0039 -.0033 

-.0057 -.0048 -.0040 
-.0066 -.0056 -.0047 
-.0075 -.oo63 -.0054 
-.008o -.0067 -.0057 
-.0084 -.0071 -.0059 
-.0089 -.0074 -.0063 
-.0094 -.0078 -.0066 

-.0097 -.0082 -.0069 
-.0102 -.0085 -.0072 
-.0106 -.0089 -.0075 
-.QUO -.0093 -.0079 
-.0120 -.0100 -.0084 
-.0127 -.0107 -.0091 
-.0144 -.0121 -.0102 
-.0158 -.0133 -.0113 
-.0173 -.0146 -.0124 

-.0203 -.0172 -.0148 
-.0226 -.0194 -.0167 
-.0242 -.0209 -.0182 
-.0251 -.0220 -.0194 
-.0256 -.0227 -.0201 
-.0257 -.0230 -.0205 
-.0254 -.0230 -.0208 
-.0250 -.0228 -.0208 

5.5 

0 
-.0005 
-.0012 
-.0017 
-.0023 
-.0028 

-.0034 
-.0039 
-.0045 
-.0048 
-.0051 
-.0054 
-.0057 

-.0059 
-.0062 
-.0065 
-.0067 
-.0072 
-.0078 
-.0088 
-.0098 
-.0107 

-.0128 
-.0145 
-.016o 
-.0171 
-.0179 
-.0185 
-.0188 
-.0190 

6.o 

0 
-.0005 
-.0010 
-.0014 
-.0020 
-.0024 

-.0030 
-.0035 
-.0039 
-.0042 
-.0043 
-.0046 
-.0049 

-.0051 
-.0054 
-.0055 
-.0058 
-.oo63 
-.0067 
-.0075 
-.0084 
-.0092 

-.Olli 
-.0127 
-.0141 
-.0151 
-.0160 
-.0167 
-.0170 
-.0173 

I 
\JI 
Ci\ 



TABLE III. 

CONTINUED. 

Y' 
values of w/w0 for z• of -

-0.05 -0.1 -0.15 -0.2 -0.25 -0.3 -0.4 -0.5 -0.6 

0 0 0 0 0 0 0 0 0 0 
.1 .3032 .4088 .4586 .5710 .7267 .2146 .1479 .1047 .0748 
.2 .5508 .5639 .6566 .8047 .8264 .5946 .2720 .1949 .1398 
.3 .6703 .7669 .8535 .9236 .8172 .6390 .3591 .2599 .1873 
.4 .7722 .8625 .9464 1.0157 .8039 .6673 .3999 .2942 .2122 
.5 .8618 .9544 1.0419 1.1084 .7665 .6438 .4119 .2872 .2115 

.6 .9557 1.0589 1.1625 .8702 .6923 .5732 .3649 .2596 .1786 

.7 1.0436 1.1683 1. 3131 . 7462 .5305 .4317 .2707 .1893 .1334 

.8 i.1674 1. 3361 1.3000 .3442 .2622 .1909 .1274 .0896 .0633 

.85 1.2591 1.4304 -.0074 .1277 .0816 .0577 .0323 .0332 .0242 

.9 1.4326 1.1604 -.1726 -.1512 -.1162 -.0847 -.0439 -.0241 -.0154 

.95 1.7651 -1.0764 -.6186 -.4226 -.3005 -.2199 -.1262 -.0787 -.0539 
1.0 -2.8807 -1.4741 -.9132 -.6201 -.4446 -.3307 -.1977 -.1283 -.0896 

1.05 -1. 7850 -1. 3575 -.9702 -.7063 -.5285 -.4055 -.2539 -.1703 -.1214 
1.1 -1.1933 -1.0820 -.8852 -.7022 -.556o -.4440 -.2933 -.2036 -.1484 
1.15 -.8938 -.8639 -.7678 -.6530 -.5454 -.4534 -.3169 -.2281 -.1702 
1.2 -.7160 -.7099 -.6612 -.5907 -.5152 -.4441 -.3274 -.2444 -.1869 
1.3 -.5186 -.4764 -.4003 -.3228 -.2576 -.2067 
1.4 -.4075 -.3910 -.3505 -.3013 -.2538 -.2127 
1.6 -.2861 -.2836 -.2704 -.2501 -.2263 -.2022 
1.8 -.2214 -.2217 -.2168 -.2076 -.1954 -.1817 
2.0 -.1813 -.1823 -.1804 -.1759 -.1693 -.1612 

2.5 -.1263 -.1273 -.1273 -.1264 -.1247 -.1222 
3.0 -.0979 -.0986 -.0989 -.0987 -.0982 -.0973 
3.5 -.0805 -.0809 -.0812 -.0813 -.0811 -.0808 
4.0 -.0684 -.0689 -.0691 -.0692 -.0692 -.0691 
4.5 -.0597 -.0600 -.0603 -.0603 -.0604 -.0604 
5.0 -.0530 -.0532 -.0535 -.0536 -.0536 -.0537 
5.5 -.0477 -.0479 -.0480 -.0482 -.0483 -.0483 
6.0 -.0434 -.0435 -.0437 -.0438 -.0439 -.0439 

-0.7 -0.8 -0.85 

0 0 0 
.0534 .0381 .0321 
.1001 .0714 .0601 
.1343 .0957 .o8o6 
.1520 .1080 .0907 
.1509 .1066 .0892 

.1308 .0915 .0760 

.0882 .0641 .0523 

.0431 .0229 .0208 

.0153 .0070 -.0009 
-.0131 -.0139 -.0148 
-.01110 -.0346 -.0329 
-.0676 -.0'.)117 -.05o4 

-.0918 -.0735 -.0671 
-.1134 -.0907 -.0825 
-.1319 -.1060 -.0963 
-.1470 -.1192 -.1085 
-.1681 -.1392 -.1277 
-.1788 -.1515 -.1402 
-.1794 -.1590 -.1498 
-.1675 -.1535 -.1468 
-.1524 -.1431 -.1384 

-.1192 -.1155 -.1137 
-.0961 -.0946 -.0938 
-.0802 -.0795 -.0791 
-.0688 -.0685 -.0682 
-.0602 -.0600 -.0599 
-.0536 -.0535 -.0535 
-.0483 -.0483 -.0482 
-.0439 -.0439 -.0439 

-0.9 -0.95 

0 0 
.0269 .0227 
.0505 .0423 
.0676 .0565 
.0759 .0632 
.0743 .0615 

.0627 .0513 

.0421 .0329 

.0149 .0097 
-.0003 -.0035 
-.0198 -.0173 
-.0317 -.0347 
-.0472 -.0447 

-.0619 -.0577 
-.0757 -.0701 
-.0882 -.0815 
-.0994 -.0915 
-.1175 -.1089 
-.1300 -.1211 
-.1412 -.1333 
-.1404 -.1341 
-.1338 -.1291 

-.1117 -.1097 
-.0928 -.0919 
-.0787 -.0782 
-.0680 -.0677 
-.0598 -.0597 
-.0533 -.0533 
-.0482 -.0481 
-.0439 -.0439 

-1.0 

0 
.0189 
.0353 
.0470 
.0524 
.0506 

.0414 

.0258 

.0051 
-.0065 
-.0185 
-.0307 
-.0461 

-.0543 
-.0655 
-.0758 
-.0852 
-.1012 
-.1130 
-.1260 
-.1283 
-.1248 

-.1076 
-.0908 
-.0777 
-.0674 
-.0595 
-.0532 
-.o481 
-.0438 

\_)1 
·-~J 



Y' 
-1.05 -1.1 - 1.15 -1.2 -1.3 -1.4 

0 0 0 0 0 0 0 
.1 .0158 .0130 .0107 .oo87 .0056 .0032 
.2 .0293 .0242 .0198 .0162 .0102 .0059 
.3 .0390 .0320 .0261 .0211 .0130 .0072 
.4 .o431 .0353 .0284 .0226 .0134 .0065 
.5 .0412 .0331 .0263 .0203 .0108 .0038 

.6 .0330 .0257 .0194 .0140 .0054 -.0010 

.7 .0192 .0134 .0084 .0042 -.0027 -.0078 

.8 .0010 -.0026 -.0057 -.0085 -.0129 -.0163 

.85 -.0091 -.0115 -.0137 -.0156 -.0187 -.0210 

.9 -.0198 -.0209 -.0220 -.0230 -.0247 -.0260 
• 95 -.0305 . -.0304 -.0396 -.0306 -.0309 -.0310 

1.0 -.0412 -.0400 -.0390 -.0383 -.0372 -.0362 

1.05 -.0549 -.0493 -.0475 -.0459 -.0434 -.0414 
1.1 -.0616 -.0615 -.0556 -.0533 -.0495 -.0466 
1.15 -.0710 -.0669 -.0664 -.0603 -.0554 -.0515 
1.2 -.0796 -.0748 -.0706 -.0700 -.0610 -.0564 
1.3 -.0946 -.0887 -.0835 -.0790 -.0741 -.0653 
1.4 -.1059 -.0996 -.0940 -.0888 -.08o2 -.0756 
1.6 -.1192 -.1130 -.1073 -.1020 -.0927 -.0848 
1.8 -.1227 -.1174 -.1124 -.1077 -.0991 -.0915 
2.0 -.12o4 -.1162 -.1122 -.1082 -.1009 -.0942 

2.5 -.10'.l5 -.1033 -.1012 -.0991 -.0948 -.0905 
3.0 -.0898 -.0887 -.0876 -.0864 -.0841 -.0816 
3.5 -.0771 -.0764 -.0758 -.0752 -.0738 -.0724 
4.0 -.0671 -.0667 -.o665 -.0660 -.0653 -.0644 
4.5 -.0593 -.0591 -.0589 -.0587 -.0581 -.0575 
5.0 -.0530 -.0529 -.0528 -.0526 -.0523 -.0520 
5.5 -.o48o -.0479 -.o479 -.o477 -.o475 -.0473 
6.0 -:0438 -.o438 -.o437 -.o436 -.o435 -.o4~'5 

TABLE III. 

CONCLUDED. 

Values o:f w/w0 :for z' o:f -

-1.6 -1.8 -2.0 -2.5 -3.0 

0 0 0 0 0 
.0004 -.0011 -.0019 -.0024 -.0021 
.0004 -.0025 -.0040 -.Oo48 -.0044 

-.0004 -.0043 -.0062 -.0073 -.0066 
-.0021 -.0065 -.0088 -.0096 -.0088 
-.0049 -.0095 -.0116 -.0124 -.0110 

-.0090 -.0131 -.0149 -.0151 -.0132 
-.0142 -.0174 -.0186 -.0179 -.0154 
-.0204 -.0222 -.0225 -.0208 -.0176 
-.0238 -.0248 -.0247 -.0222 -.0187 
-.0273 -.0275 -.0269 -.0236 -.0199 
-.0309 -.0302 -.0291 -.0251 -.0209 
-.0346 -.0330 -.0312 -.0265 -.0221 

-.0384 -.0359 -.0335 -.0280 -.0232 
-.0421 -.0387 -.0357 -.0294 -.0242 
-.0457 -.0415 -.038o -.0308 -.0253 
-.0494 -.0442 -.0402 -.0323 -.0263 
-.0561 -.0495 -.0444 -.0351 -.0284 
-.o623 -.0545 -.o485 -.0377 -.0304 
-.0743 -.0628 -.0555 -.0427 -.0341 
-.0790 -.0708 -.0611 -.o469 -.0374 
-.0826 -.0729 -.0667 -.0503 -.0403 

-.0826 -.0753 -.0688 -.0567 -.0452 
-.0766 -.0717 -.0670 -.0563 -.0486 
-.0693 -.0661 -.0628 -.0548 -.0476 
-.0624 -.0602 -.058o -.0522 -.0465 
-.0563 -.0548 -.0532 -.o490 -.0446 
-.0511 -.0501 -.0489 -.o459 -.0425 
-.0466 -.0460 -.0451 -.0429 -.o401 
-.0429 -.0423 -.0418 -.0400 -.038o 

-3.5 -4.0 -4.5 

0 0 0 
-.0019 -.0016 -.0013 
-.0037 -.0031 -.0026 
-.0055 -.0046 -.0039 
-.0074 -.oo63 -.0052 
-.0093 -.0077 -.0065 

-.0111 -.0093 -.0078 
-.0129 -.0108 -.0090 
-.0147 -.0122 -.0103 
-.0156 -.0130 -.0109 
-.0165 -.0137 -.0115 
-.0174 -.0145 -.0121 
-.0183 -.0152 -.0127 

-.0191 -.0159 -.0134 
-.0199 -.0166 -.0139 
-.0208 -.0173 -.0145 
-.0217 -.Ol8o -.0151 
-.0232 -.0193 -.0162 
-.0248 -.0206 -.0173 
-.0279 -.0231 -.0195 
-.0305 -.0254 -.0214 
-.0330 -.0275 -.0232 

-.0377 -.0318 -.0270 
-.0403 -.0345 -.0298 
-.0424 -.0360 -.0315 
-.0412 -.0374 -.0325 
-.0403 -.0363 -.0335 
-.0390 -.0357 -.0325 
-.0374 -.0346 -.0319 
-.0358 -.0334 -.0311 

-5.0 -5.5 

0 0 
-.0011 -.0009 
-.0022 -.0018 
-.0033 -.0029 
-.0044 -.0038 
-'.0055 -.0047 

-.0066 -.0057 
-.0076 -.0066 
-.0087 -.0074 
-.0091 -.0078 
-.0098 -.0083 
-.0103 -.0088 
-.0108 -.0092 

-.0113 -.0097 
-.0118 -.0101 
-.0123 -.0105 
-.0128 -.0109 
-.0137 -.0118 
-.0147 -.0126 
-.0165 -.0142 
-.0182 -.0156 
-.0198 -.0171 

-.0233 -.0201 
-.0259 -.0226 
-.0278 -.0245 
-.0289 -.0258 
-.0295 -.0266 
-.0302 -.0270 
-.0294 -.0276 
-.0289 -.0268 

-6.o 

0 
-.0008 
-.0016 
-.0025 
-.0033 
-.Oo41 

-.0048 
-.0056 
-.0064 
-.0068 
-.0072 
-.0076 
-.008o 

-.0084 
-.0087 
-.0091 
-.0095 
-.0102 
-.0109 
-.0122 
-.0135 
-.0148 

-.0176 
-.0200 
-.0217 
-.0231 
-.0240 
-.0246 
-.0249 
-.0253 

\]1 
(0 



Y' 
0 

0 0 
.1 .4928 
.2 .6388 
.3 .76o5 
.4 .8455 
.5 .9205 

.6 .98o2 

.7 1.0348 

.8 1.0897 

.85 1.1152 

.9 1.1403 

.95 1.1725 
1.0 

1.05 -1.996 
1.1 -1.2458 
1.15 -.9243 
1.2 -.7323 
1.3 -.5233 
1.4 -.4085 
1.6 -.2856 
1.8 -.2208 
2.0 -.18o9 

2.5 -.1260 
3.0 -.0977 
3.5 -.08o2 
h.O -.0683 
4.5 -.0596 
5.0 -.0529 
5.5 -.0476 
6.o -.Oh33 

TABLE IV. 

CALCULATED VALUES OF INDUCED~VELOCITY RATIO, w/wo, IN THE LATERAL PLANE 

OF A ROTOR WITH UNIT SINE f VORTICITY, X = TAN-l 10 = 84.29°. 

vtlues of w/w0 for z• of -

0.02 0.04 0.06 0.08 0.1 0.2 0.3 0.4 0.5 o.6 0.7 o.8 0.85 0.9 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.3919 .4005 .3539 .3342 .3253 .2263 .1484 .1025 .0725 .0517 .0369 .0264 .0222 .0186 
.6148 .5601 .5517 .5023 .4723 .3880 .2699 .1911 .1366 .0978 .0701 .0499 .0421 .03)4 
.7326 .6895 .6471 .6297 .5899 .116113 .3560 .2577 .1860 .1338 .0960 .0684 .0576 .0484 
.8144 .7744 . 7350 .6964 .6728 .5277 .4089 .2993 .2171 .1565 .1153 .0799 .0671 .0562 
.8788 .8374 . 7964 .7561 .7263 .5587 .4307 .3147 .2279 .1640 .1172 .0831 .0697 .0581 

.9320 .8845 .8377 .7985 . 7540 .5634 .4199 .3024 .2170 .1552 .1104 .0778 .0649 .0539 

.9782 .9177 .8585 .8ol2 .7485 .5251 .3699 .2598 .1842 .1307 .0923 .0644 .0533 .0437 

.9974 .9083 .8221 . 7419 .6714 .4151 .2707 .1859 .1309 .0926 .061+8 .0442 .0359 .0297 

.9886 .8661 .7552 .6562 .5732 .3168 .2011 .1385 .0983 .0697 .0484 .0321 .0255 .0197 

.9365 .7510 .5989 .48o2 .3919 .1869 .1204 .0864 .0632 .0452 .0309 .0193 .0144 .0101 

.7050 .3877 .2131 .1233 .0764 .0315 .0335 .0321 .0274 .0200 .0128 .0060 .0030 .0001 
-1.246 -.8oo6 --5779 -.4402 -. 3459 -.1268 -.0516 -.0208 -.0087 -.0050 -.0054 -.0074 -.0087 -.0101 

-1.674 -1. 303 -1.006 -.7885 -.6307 -.2563 -.1263 -.0693 -.0422 -.0290 -.0230 -.0207 -.0202 -.0202 
-1.164 -1.048 -.9204 -. 7972 -.6869 -.338o -.1849 -.1108 -.0722 -.0513 -.0397 -.0335 -.0316 -.0301 
-.8848 - .8342 -.7731 -. 7072 -.6411 -. 3754 -.2256 -.1441 -.0980 -.0712 -.0552 -.0455 -.0422 -.0397 
-.7137 -.6866 -.6529 -.6149 -.5743 -.3827 -.2502 -.1688 -.1191 -.0885 -.0691 -.0568 -.0522 -.0487 

-.4574 -.3570 -.2656 -.1968 -.1483 -.1148 -.0918 -.0758 -.0697 -.0644 
-.3744 -.3175 -.2572 -.2045 -.1629 -.1312 -.1077 -.0903 -.0833 -.0772 
-.2726 -.2h98 -.2218 -.1930 -.1662 -.1428 -.1230 -.1068 -.0998 -.0936 
-.2144 -.2030 -.1884 -.1720 -.1554 -.1394 -.1247 -.1117 -.1058 -.1003 
-.1771 -.1707 -.1621 -.1521 -.1414 -.13o6 -.1200 -.1101 -.1055 -.1011 

-.1246 -.1223 -.1193 -.1156 -.1113 -.1067 -.1019 -.0970 -.09h6 -.0921 
-.0970 -.0958 -.0944 -.0926 -.0905 -.0883 -.0857 -.0831 -.0817 -.0804 
-.0797 -.0791 -.0783 -.077h -.0762 -.0748 -.0734 -.0718 -.0710 -.0701 
-.068o -.0675 -.0671 -.0664 -.0657 -.0649 -.0639 -.0629 -.o62h -.o619 
-.0594 -.0591 -.0587 -.0583 -.0578 -. 0572 -.0566 -.0559 -.0556 -.0551 
-.0528 -.0525 -.0523 -.0520 -.0516 -.0512 -.0508 - .0503 -.0500 -.0498 
-.Oh75 -.0473 -.0471 -.Oh69 -.0466 -.0463 -.0460 -.Oh56 -.0455 -.0452 
-.0432 -.0432 -.0430 -.0428 -.oh26 -.0424 -.0421 -.0418 -.0416 -.0415 

0.95 

0 
.0156 
.0296 
.0404 
.0469 
.0483 

.0445 

.0355 

.0224 

.0146 

.0062 
-.0024 
-.0114 

-.0203 
-.0292 
-.0376 
-.Ol157 
-.o601 
-.0720 
-.0879 
-.0952 
-.0967 

-.0896 
-.0789 
-.0693 
-.0613 
-.0548 
-.0495 
-.0450 
-.0413 

1.00 

0 
.0131 
.0248 
.0336 
.0389 
.0399 

.0364 

.0284 

.0170 

.0101 

.0028 
-.0048 
-.0127 

-.0206 
-.0284 
-.0360 
-.0432 
-.0563 
-.0674 
-.0828 
-.0905 
-.0927 

-.0873 
-.0776 
-.0684 
-.0608 
-.0544 
-.0492 
-.0449 
-.0411 

\Jl 
\.0 



TABLE IV•' 

CONTINUED. 

Y' 
Values of w/w0 for z• of -

1.05 1.1 1.15 1.2 1.3 1.4 1.6 1.8 2.0 2.) 3.0 3.5 4.0 4.5 5.0 5.5 6.0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.1 .0109 .0090 .0074 .0061 .0038 .0023 .0002 -.0008 -.0013 -.0016 -.0015 -.0013 -.OOll -.0009 -.0008 - . 0007 -.0006 
.2 .0206 .0169 .0139 .Oll3 .0072 .0042 .0003 -.0016 -.0027 -.0033 -.0030 -.0026 -.0021 -.0018 -. 0015 -.0013 -.OOll 
.3 .0279 .0231 .0188 .0152 .0094 .0053 .0000 -.0028 -.0042 -.0050 -.0045 -.0039 -.0032 -.0027 -.0023 -.0020 -.0017 
.4 .0321 .0264 .0213 .0171 .0103 .0053 -.0010 -.0042 -.0058 -.0067 -.0060 -.0051 -.ooh3 -.0036 -.0030 -.0026 -.0022 
.5 .0327 .0265 .0213 .0167 .0094 .0041 -.0026 -.Oo61 -.0078 -.0085 -.0075 -.0064 -.0053 -.0045 -.0038 -.0032 -.0028 

.6 .0293 .0233 .0182 .0138 .0068 .0016 -.0050 -.0083 -.0099 -.0103 -.0091 -.0077 -.0064 -.00'.)11 -.0046 -.0039 -.0034 

.7 .0223 .0171 .0126 .0087 .0024 -.0023 -.0081 -.0110 -.0123 -.0122 -.0106 -.0089 -.0075 -.0062 -.0053 -.0046 -.0039 

.8 .0123 .0081 .0046 .0015 -.0035 -.0072 -.0118 -.0140 -.0149 -.0141 -.0121 -.0102 -.0085 -.0071 -.0061 -.0052 -. 0045 

.85 .0063 .0029 -.0001 -.0028 -.0069 -.0100 -.0139 -.0156 -.0162 -.0151 -.0129 -.0108 -.0090 -.0076 -.0063 -.0054 -.0047 

.9 -.0002 -.0028 -.0052 -.0073 -.0106 -.0130 -.0161 -.0174 -.0176 -.0161 -.0136 -.Oll4 -.0095 -.008o -.0067 -.0058 -.0050 

.95 -.0070 -.0089 -.0106 -.0120 -.01114 -.0163 -.0183 -.0192 -.0190 -.0171 -.01115 -.0120 -.0100 -.0084 -.0071 -.0061 - .0053 
1.0 -.0139 -.0150 -.0160 -.0169 -.0185 -.0196 -.0208 -.0210 -.0205 - .0181 -.0151 -.0127 -.0105 -.0088 -.0074 -.0064 -.0055 

Ci\ ( ., . 

1.05 -.0209 -.0213 -.0216 -.0220 -.0225 -.0229 -.0232 -.0228 -.0220 -.0191 -.0159 -.0132 -.0110 -.0092 -.0078 -.0067 -.0058 
1.1 -.0278 -.0275 -.0272 -.0270 -.0266 -.0264 -.0257 -.0247 -.0235 -.0201 -.0167 -.0138 -.0115 -.0096 -.0081 -.0070 -.0060 
1.15 -.034 7 -.0336 -.0327 -.0320 -.0308 -.0298 -.0282 -.0266 -.0250 -.0210 -.01711 -.0145 -.0120 -.0101 -.0085 -.0073 -.oo63 
1.2 -.0412 -.0395 -.038o -.0368 -.0348 -.0331 -.0306 -.0285 -.0265 -.0221 -.0182 -.0150 -.0125 -.0105 -.0088 -.0075 -.0065 
1.3 -.0532 -.0504 -.0480 -.0459 -.0425 -.0398 -.0355 -.0322 -.0295 -.02110 -.0197 -.0162 -.0134 -.0113 -.0096 -.0082 -.0071 
1.4 - .0634 -.0599 -.0568 -.0541 -.0495 -.0458 -.0401 -.0358 -.0324 -.0259 -.0210 -.0173 -.0144 -.0121 -.0103 -.0088 -.0075 
1.6 -.0782 -.0740 -.0703 -.0668 -.06()'.) -.0560 -.0482 -.0424 -.0378 -.0296 -.0238 -.0195 -.0162 -.0136 -.0115 -.0098 -.0085 
1.8 -.086o -.0820 -.0782 -.0747 -.0685 -.0631 -.0544 - .0477 -.0423 -.0328 -.0263 -.0215 -.0179 -.0150 -.0127 -.0109 -.0095 
2.0 -.0889 -.0853 -.0819 -.0787 -.0728 -.0675 -.0587 -.0517 -.0460 -.0356 -.0285 -.0234 -.0195 -.0164 -.0139 -.0119 -.0103 

2.5 -.0850 -.0827 -.08o4 -.0782 -.07111 -.0701 -.0629 -.0566 -.05ll -.0405 -.0328 -.0271 -.0228 -.0192 -.0165 -.0143 -.0124 
3.0 -.0762 -.0747 -.0733 -.0720 -.0692 -.0665 -.0612 -.0565 -.0521 -.0427 -.0354 -.0297 -.0252 -.0215 -.0187 -.0162 -.0143 
3.5 -.0676 -.0667 -.0658 -.0648 -.0630 -.06ll -.0575 -.0'.)110 -.0505 -.0429 -.0365 -.0312 -.0268 -.0232 -.0203 -.0178 -.0157 
4.0 -.0602 -.0595 -.0590 -.0583 -.0654 -.0558 -.0532 -.0504 -.0480 -.0419 -.0364 -.0318 -.0277 -.02113 -.0214 -.0190 -.0169 
4.5 -.0540 -.0535 -.0532 -.0527 -.0518 -.0509 -.0490 -.0471 -.0451 -.0403 -.0358 -.0316 -.0281 -.0249 -.0222 -.0198 -.0177 
5.0 -.0489 -.0486 -.0482 -.0480 -.0473 -.0467 -.0452 - .0437 -.0422 -. 0384 -.0346 -.0312 -.028o -.0251 -.0226 -.0204 -.0184 
5.5 -.0447 -.01143 -.0441 -.0439 -.0434 -.0429 -.0419 -.0407 -.0395 -.0364 -.0334 -.0304 -.0276 -.0251 -.0228 -.0207 -.0188 
6.o -.0410 -.0408 -.0407 -.0404 -.Ol10l -.0397 -.0388 -.0379 -.0370 - . 031+5 -.0320 -.0295 -.0271 -.0248 -.0227 -.0208 -.0191 



TABLE IV. 

CONTINUED. 

Values of w/w0 for z• of -
Y' 

-0.02 -0.04 -0.06 -0.08 -0.1 -0.2 -0.3 -0.4 -0.5 -0.6 -0.7 -0.8 -0.85 -0.9 -0.95 -1.0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
.1 .5100 .6013 .6780 . 7411 .7979 .2744 .1804 .1248 .0883 .0630 .01151 .0321 .0270 .0227 .0191 .0159 
.2 .6948 . 7489 .7993 .8491 .9056 .5417 .3254 .2311 .1653 .1185 .0849 .0605 .0510 .0429 .0359 .0300 
.3 .8o4o .8463 .8863 .9365 .961,8 .6544 .11204 .3083 .2229 .1605 .1151 .0820 .o690 .0579 .0485 .0404 
.4 .8855 .9243 .9613 1.040 .9945 .6973 .5021 .3451 .2563 .1848 .1325 .0942 .0791 .0663 .0552 .0459 
.5 .9566 .9980 1.036 1.095 .9305 . 7084 .5172 .3638 .2569 .1892 .1351 .0956 .0801 .06611 .0554 .0457 

.6 1.030 1.086 1.132 .9111 .94411 .6819 .4821 .3381 .2417 .1673 .1224 .0860 .0716 .0593 .01187 .0396 

.7 1.098 1.177 1.571 .9181 .5943 .3929 .2725 .1919 .1357 .0911 .0660 .0544 .0444 .0356 .0281 

.8 1.177 1.242 1.509 .7768 .7112 .4039 .2464 .1666 .1169 .0826 .0573 .0343 .03o4 .0235 .0175 .0123 

.85 1.223 1.112 .2184 .6097 .5429 .2492 .1472 .l014 .0727 .0517 .0353 .0220 .0129 .0115 .0071 .0032 

.9 1.299 .3990 .3223 .2249 .0541 .0361 .0318 .0265 .0196 .0122 .0052 .0020 -.0044 -.0039 -.00611 

.95 1.620 -.3094 -.3282 -.3133 -.1621 -.0775 -.0377 -.0196 -.0125 -.0109 -.0119 -.0129 -.0139 -.0184 -.0163 
l.O -4.264 -2.290 -l. 545 -l.144 -.8914 -.3578 -.1810 -.1023 -.0633 -.0435 -.0335 -.0288 -.0275 -.0268 -.0264 -.0293 

(j°\ 
;~-.' 

l.05 -2.055 -1.8516 -l. 562 -l.294 -l.0748 -.4872 -.2629 -.1575 - .1025 -.0721 -.0550 -.0451 -.0419 -.0395 -.0375 -.0362 
1.1 -l.273 -l.243 -l.169 -l.071 -.96112 -.5401 -.3179 -.2011 - .1358 -.0977 -.0746 -.06o4 -.0555 -.0515 -.0483 -.01157 
l.15 -.9341 -.9276 -.9019 -.8613 -.8109 -.5390 -. 3477 -.2323 -.1627 -.1194 -.0922 - .0745 -.o68o -.0627 -.0584 -.0549 
l.2 -. 7413 -.7401 -.7292 -.7099 -.6837 -.5110 -.3579 -.2522 -.1829 -.1374 -.1073 -.0870 -.0794 -.0731 -.0677 -.0633 
l.3 -.5108 -.4354 -. 34116 -.2633 -.2061 -.1621 -.1303 -.1074 -.0983 -.0906 -.0839 -.0782 
l.4 -.4050 -.3676 -.3141 -.2598 -.2126 -.1744 -.1445 -.1215 -.1120 -.1038 -.0966 -.0901 
1.6 -.2859 -.2739 -.2529 -.2272 -.2006 -.1757 -.1534 -.1344 -.1260 -.1184 -.1113 -.1049 
1.8 -.2216 -.2167 -.2070 -.1939 -.1790 -.1636 -.1485 -.1345 -.1279 -.1218 -.1159 -.1104 
2.0 -.1816 -.1793 -.1742 -.1670 -.1582 -.1484 -.1384 -.1284 -.1236 -.1190 -.1143 -.1100 

2.5 -.1265 -.1261 -.1246 -.1225 -.1195 -.1159 -.1120 -.1077 -.1054 -.1032 -.1009 -.0986 
3.0 -.098o -.0979 -.0974 -.0966 -.0953 -.0937 -.0919 -.0898 -.0887 -.0876 -.0863 -.0851 
3.5 -.0804 -.08o4 -.08o2 -.0798 -.0792 -.0785 -.0774 -.070. -.0757 -.0751 -.0744 -.0737 
4.0 -.0685 -.0685 -.0684 -.0682 -.0679 -.0675 -.0669 -.0662 -.0659 -.0654 -.0651 -.0646 
4.5 -.0597 -.0598 -.0597 -.0596 -.0594 -.0592 -.0588 -.0584 -.0581 -.0579 -.0576 -.0574 
5.0 -.0531 -.0530 -.0530 -.0530 -.0528 -.0527 -.0524 -.0522 -.0520 -.0519 -.0517 -.0515 
5.5 -.0478 -.0477 -.0477 -.0478 -.0477 -.0476 -.0474 -.0472 -.0471 -.0470 -.0468 -.01167 
6.0 -.0434 -.0434 -.0434 -.0434 -.0434 -.0433 -.01132 -.0430 -.0430 -.0430 -.0428 -.0427 



TABLE IV. 

CONCLUDED. 

Values of w/w0 for z• of -
Y' 

-1.05 -1.1 -1.15 -1.2 -1.3 -1.4 -1.6 -1.8 -2.0 -2.5 

0 0 0 0 0 0 0 0 0 0 0 
.1 .0133 .OllO .0090 .0074 .0048 .0028 .0003 -.0009 -.0016 -.0020 
.2 .0248 .0205 .0169 .0137 .0087 .0050 .0003 -.0021 -.0033 -.0040 
.3 .0334 .0275 .0225 .0181 .0112 .0062 -.0001 -.003) -.0051 -.0060 
.4 .0378 .0309 .0250 .0200 .0119 .oo6o -.0015 -.0053 -.0072 -.0082 
.5 .0373 .0295 .0240 .0187 .0103 .001+2 -.0036 -.0077 -.0096 -.0104 

.6 .0318 .0251 .0193 .0144 .0064 .0006 -.0068 -.01o6 -.0123 -.0126 

.7 .0217 .0160 .0112 .0070 .0003 -.0047 -.0109 -.0140 -.0154 -.0150 

.8 .0077 .0038 .0003 - .002'( -.0073 -.0114 -.0159 -.0179 -.0186 -.0173 

.85 -.0002 -.0033 -.0060 -.0084 -.0122 -.0150 -.0185 -.0200 -.0203 -.0185 
,9 -.0087 -.0108 -.0126 -.0143 -.0170 -.0189 -.0214 -.0222 -.0221 -.0197 
,95 -.0174 -.0186 -.0196 -.0204 -.0220 -.0231 -.0243 -.0244 -.0239 -.0210 

1.0 -.0263 -.0264 -.0265 -.0268 -.0270 -.027lf -.0273 -.0267 -.0257 -.0222 

1.05 -.038o -.0342 -.0336 -.0330 -.0323 -.0316 -.030lf -.0291 -.0275 -.0234 
1.1 -.0437 -.Olf47 -.0405 -.0393 -.0374 -.0359 -.0337 -.0314 -.0294 - .0246 
1.15 -.0518 -. 0493 -.0498 -.0454 -.0425 -.0401 -.0366 -.0338 -.0313 -.0259 
1.2 -.0596 -.0564 -.0536 -.0537 -.Olf73 -.Olf42 -.0396 -.0361 -.0331 -.0270 
1.3 -.0733 -.0690 -.0653 -.0620 -.0588 -.0520 -.Olf55 -.04o6 -.0367 -.0295 
1.4 -.0845 -.0795 -.0751 -.0712 -.0646 -.o612 -.0509 -.0449 -.0403 -.0317 
1.6 -.0991 -.0939 -.0890 -.0845 -.0768 -.070lf -.0620 -.0525 -.0465 -.0361 
1.8 -.1053 -.1005 -.0960 -.0917 -.0842 -.0776 -.0667 -.0601 -.0516 -.0398 
2.0 -.1058 -.1018 -.0979 -.0942 -.0874 -.0813 -.0709 -.0625 -.0571 -.0430 

2.5 -.0963 -.09l+1 -.0918 -.0895 -.0852 -.08ll --0733 -.0663 -.0602 -.0492 
3.0 -.0839 -.0826 -.0813 -.08oO -.0774 -.0748 -.0695 -.0646 -.0599 -.0497 
3.5 -.0730 -.0723 -.0715 -.0707 -.0690 -.0674 -.0639 -.0605 -.0571 -.0492 
4.0 -.0642 -.0637 -.0632 -.0628 -.0617 -.0606 -.0583 -.0559 -.0534 -.0474 
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(a) Outer wake. 

Figure 1.- Rotor wake system. 
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(b) Inner wake. 
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Figure 3.- Contours of induced-velocity ratio, w/w0 , in the lateral 
plane in the immediate vicinity of a rotor having a radially uniform 
unit sin t vorticity distribution. Flow field is antisymmetric 
about y' = 0. Broken line represents edge of wake. 
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Figure 3.- Continued. 
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Figure 3.- Concluded. 
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Fig~e 4.- Contours of induced-velocity ratio, w/w0 , outside the wake 
in the lateral plane of a rotor with a radially uniform unit sin ~ 
vorticity distribution. Flow field is antisymmetric about y 1 = 0. 
Broken line represents edge of wake. 
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Figure 4.- Continued. 
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