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Non-equilibrium dynamics in three-dimensional magnetic spin
models and molecular motor-inspired one-dimensional

exclusion processes
Riya Nandi

(ABSTRACT)

We investigate the relaxation dynamics of two distinct non-equilibrium processes:
relaxation of three dimensional antiferromagnetic lattice spin models with Heisen-
berg interaction following a critical quench, and a one-dimensional exclusion process

inspired by the gear-like motion of molecular motors.

In a system of three-dimensional Heisenberg antiferromagnets the non-conserved
staggered magnetization components couple non-trivially to the conserved magne-
tization densities inducing fully reversible terms that enter the Langevin dynamic
equation. We simulate the exact microscopic dynamics of such a system of antifer-
romagnets by employing a hybrid simulation algorithm that combines the reversible
spin precession implemented by the fourth order Runge-Kutta integration method
with the standard relaxational dynamics at finite temperatures using Monte Carlo
updates. We characterize the dynamic universality class of this system by probing the
early temporal window where the system exhibits aging scaling properties. We also
verify an earlier renormalization group prediction that the temporal decay exponent
in the two-time spin autocorrelation function exhibits non-universality, specifically

it depends on the width of the initial spin orientation distribution. We employ a



similar numerical technique to study the critical dynamics of an anisotropic Heisen-
berg antiferromagnet in the presence of an external field. The phase diagram of this
system exhibits two critical lines that meet at a bicritical point. We study the aging
scaling dynamics for the model C critical line, probe the model F critical line by
investigating the system size dependence of the characteristic spin wave frequencies
near criticality, and measure the dynamic critical exponents for the order parameter

including its aging scaling at the bicritical point.

We introduce a one-dimensional non-equilibrium lattice gas model representing the
processive motion of dynein molecular motors over the microtubule. We study both
dynamical and stationary state properties for the model consisting of hardcore parti-
cles hopping on the lattice with variable step sizes. We find that the stationary state
gap-distribution exhibits striking peaks around gap sizes that are multiples of the
maximum step size, for both open and periodic boundary conditions, and verify this
using a mean-field calculation. For open boundary conditions, we observe intrigu-
ing damped oscillator-like distribution of particles over the lattice with a periodicity
equal to the maximum step size. To characterize transient dynamics, we measure
the mean square displacement that shows weak superdiffusive growth with exponent
v &~ 1.34 for periodic boundary and ballistic growth (v ~ 2) for open boundary
conditions at early times. We also study the effect of Langmuir dynamics on the

density profile.



Non-equilibrium dynamics in three-dimensional magnetic spin
models and molecular motor-inspired one-dimensional

exclusion processes
Riya Nandi

(GENERAL AUDIENCE ABSTRACT)

Most systems found in nature are out of equilibrium. In this dissertation we inves-
tigate the relaxation dynamics of two such non-equilibrium systems:

1. We investigate a three-dimensional antiferromagnetic system relaxing towards
equilibrium from an initial state that is driven far away from equilibrium at the point
in the parameter space where the system undergoes a second-order phase transition.
We devise a novel simulation method that captures emerging dynamic universal fea-
tures, and scaling features at these points of continuous phase transition in the early
times of relaxation when the system is still far away from equilibrium.

2. Cytoplasmic dyneins are one of three kinds of motor proteins that move on tubu-
lar structures called microtubules carrying and transporting cellular cargo inside the
cells. Unlike the other molecular motors that move forward with fixed step sizes,
the dyneins have been experimentally observed to vary their step size depending on
the amount of cargo they are carrying. We model an exclusion process in a one-
dimensional lattice inspired by the motion of the dynein molecular motors where the
motors can hop from one to four steps depending on their internal states. We study
the effect of this variable step size on the dynamics of a collection of dyneins. We

observe intriguing oscillating density profiles and discrete peaks in the distribution of



empty sites. Our results suggest self-organization among the motors and the empty

sites.
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Chapter 1

Introduction

Thermodynamic equilibrium is a state of a system which is perfectly at balance with
its surrounding, i.e, there is no net flow of matter or energy either between the system
and its surrounding or within the system. From the second law of thermodynamics,
it is well-known that the equilibrium state of a system corresponds to the one that
has the highest amount of unpredictability or the highest number of microstates €2.
In other words, the equilibrium state maximizes the entropy of the system, where

entropy is defined as,
S = k;B In Q2.

Thus, the probability of finding a system in equilibrium manifestly depends on the
number of microstates: P.(E) o Q. Utilizing thermodynamic relations between en-
ergy, entropy, and temperature, one arrives at the stationary Boltzmann probability
distribution for equilibrium states:

1
P(E) =  expl(~0E) (1.1)
where 5 = w is related to the inverse of temperature in a canonical ensemble

with the system surrounded by a heat bath, E is the total energy of the system’s
state, and Z is the partition function. Most physical and biological systems prevalent
in nature are, however, out-of-equilibrium, i.e, they are evolving, either relaxing
towards the state of equilibrium or are driven out of equilibrium at all times via
a steady influx of energy and/or matter from their surrounding environment. As
stated by Erwin Schrodinger in his book What is Life? [1], all living beings remain
alive precisely by staying out of equilibrium: “How does the living organism avoid
decay? The obvious answer is: By eating, drinking, breathing, and (in the case of
plants) assimilating.” The dynamics of living cells where organelles and proteins are
exchanged between the cell and the surrounding environment continually through
the membranes; chemical reaction kinetics; spread of epidemics; financial models
of the stock market, and flocking dynamics of insects and animals are some of the
paradigmatic examples of non-equilibrium processes.



CHAPTER 1. INTRODUCTION

While equilibrium thermodynamics is characterized by time-independent state vari-
ables such as temperature, pressure, or chemical potential, non-equilibrium ther-
modynamics can describe the continuous-time evolution of systems subject to net
non-zero forces. The dynamic properties of a non-equilibrium process are charac-
terized by transport coefficients and relaxation rates. Another essential distinction
between the two processes is through the manifestation of detailed balance [2]: Let
us consider a discrete set of states of a system 7,5 = 1,2, ..., P[i] be the probability
of finding the system in state ¢, and the transition rate from state i to j denoted by
ki;. The condition of detailed balance necessary for equilibrium requires

flux from i to j = Pl[i|k;; = P[j]kj; = flux from j to i

for every pair of states 7,j. The constant input of matter and energy from the sur-
roundings ensures that this condition is violated in non-equilibrium processes. Thus,
non-equilibrium processes are characterized by non-zero probability currents flow-
ing through the system. However, certain non-equilibrium systems evolve towards
time-invariant stationary states called non-equilibrium steady states (NESS) which
satisfy
net flow into i = Z Pljlkj; = Z Pli]k;; = net flow out of i.
i i#j

In this dissertation, we study two different types of non-equilibrium phenomena:
One is the theory of critical phase transition dynamics in a three-dimensional system
of magnetic spins where the system is driven far from equilibrium and we study
the dynamics of its relaxation towards equilibrium; the other is a one-dimensional
asymmetric exclusion model inspired by the motion of dynein motor proteins that
perform hydrolysis-driven hops, which after an initial transient dynamics period
settles into a non-equilibrium steady state.

The dissertation is organized into two parts: In the first part, we discuss the non-
equilibrium dynamics in three-dimensional antiferromagnets starting with a brief
literature review of critical dynamics. In the second part, we introduce the asym-
metric simple exclusion processes (ASEP) in the context of biological transport and
discuss our model and its stationary state and transient dynamics results in the
subsequent chapter.



Chapter 2

Dynamic critical phenomena

Physical systems near a continuous phase transition point develop long-range corre-
lations that extend much beyond the microscopic length and time scales. Such points
in the parameter space, known as critical points, exhibit rich and interesting physical
properties (for overviews, see, e.g, Refs. [3, 4, 5, 6, 7, 8, 9, 10, 11]). Critical points
are often associated with symmetry breaking as they separate an ordered phase from
a disordered one, and the quantity that gains a finite non-zero value as one crosses
the point is known as the order parameter. The order parameter dynamics at this
point of transition is dominated by large fluctuations, which in turn results in corre-
lations that extend to the size of the system, and thus the order parameter relaxes
slowly towards its equilibrium value. Singularities originating due to the diverging
correlation length & are expressed in terms of power-law decays as a function of the
distance from the critical point,

gw |7_|_V7 T:T—Tc ) (21)

where T, is the critical temperature and v is a universal critical exponent. Thus,
the growing spatio-temporal correlations among the interacting individual particles
in the system leads to the emergence of universal features that are independent of
the microscopic details of the system as one approaches the asymptotic limit. As
a consequence of the growing correlations, the system exhibits scale-invariance, i.e,
they behave similarly at all length and time scales. This is the fundamental essence
of universality wherein systems with diverse microscopic properties can be grouped
under the same universality class if their order parameter correlation divergences
can be characterized by the same asymptotic exponents. The scale-invariant limit
of systems near a critical point is the basis upon which renormalization group (RG)
theory is used as the standard mathematical approach to investigate the theory of
critical dynamics. In the RG treatment, one approaches the “fixed points” where
the system becomes invariant under scale transformations which is equivalent to
approaching the singularities near a critical point described by universal exponents.



CHAPTER 2. DYNAMIC CRITICAL PHENOMENA

2.1 Landau’s phenomenological theory

To formulate a general framework for second-order phase transitions, Landau devel-
oped a phenomenological approach by proposing the expansion of the free energy of
the system in powers of the mean-field order parameter ¢ (since close to the critical
point ¢ << 1) while respecting the symmetries of the Hamiltonian [11, 12, 13]. Thus,
for a Hamiltonian with (¢ <> —¢) symmetry, one can write,

f(@) =r(r)¢* +ug* + ... (2.2)
where 7 = T;CTC << 1 and r(7) (x 7) is a temperature dependent prefactor. One
can then minimize f(¢) to obtain the equilibrium value of ¢,

~0)
2u

f(@)=0=9¢=0,+

Thus, for r(7) > 0 or temperatures T" > T,, there is only one real solution ¢ = 0.
Critical phase transition is determined by the condition r(7) < 0 which spontaneously
breaks the symmetry in the system and forces the order parameter value to settle
in one of the two minimas +r/2u or —r/2u. One can now obtain the mean-field
critical exponents characterizing the power laws for static quantities such as the
order parameter and the specific heat near critical point:

¢ o |77, B=1/2 (2.3)
(1 0*f 7|7, 7<0, a=1
Oy = —(ﬁ) x {O’ T (2.4)

Adding the lowest-order symmetry-breaking field term H.,; to the free energy and
ignoring higher order terms one obtains,

f(¢) = T(T)sz + U¢4 - Hea:tqb
The equilibrium value of ¢ is now given by the equation

2r¢ + dug® = Heogy.



2.2. ScaLING HYPOTHESTS

Hence, the order parameter susceptibility diverges as,

- OH e\t — .
xr=(55") w kT =1 (2:)

Finally, setting 7 = 0 one obtains the critical isotherm,

oo HYl, — 6=3. (2.6)
In the context of the mean-field treatment, another important relation is the fluctuation-
response theorem that relates the order parameter correlation function to the local
response,

1
kT
where C;; = (0;0;) — (0;)(0;) is the two-point spin correlation function for a magnetic
system and x;; becomes the thermodynamic susceptibility xr when integrated over
the entire system in the continuum limit.

Xij Cij (2.7)

2.2 Scaling Hypothesis

Landau’s phenomenological theory demonstrates the striking fact that quite distinct
continuous phase transitions driven by entirely different microscopic mechanisms
are characterized by identical static critical exponents «, 5,7, and 6. Thus, systems
may be classified into static universality classes described by the same critical expo-
nents, that, for short-range microscopic interactions, depend only on the underlying
symmetry of the order parameter and the system’s dimensionality. The scaling hy-
pothesis emerged as a generalization to the Landau theory where one assumes that
in the vicinity of the phase transition, the free energy and the order parameter cor-
relations become generalized homogeneous functions of the distance from the critical
point [11, 14]. The scaling ansatz for the free energy states,

F(7, Hewt) = 177 fi(Hew/|71%) (2.8)

where fi(x) are the scaling functions above and below the critical point, and « and
A are the scaling exponents. From Eqn. (2.8), relations between the different critical
exponents are obtained and it appears that only two independent critical exponents
are sufficient to describe the transition.



CHAPTER 2. DYNAMIC CRITICAL PHENOMENA

In a similar spirit, one writes down the scaling ansatz for the order parameter corre-
lation function in momentum space,

C(1.q) = |q|7*7"CL(q€) (2.9)

with correlation length & diverging at T, as,

€ o ||
A non-zero value of Fisher exponent n denotes the fractal nature of the spatial
correlations near T,.

As larger regions of the system become correlated, the relevant time scales of dy-
namic processes also increase. This leads to the generalization of the static scaling
hypothesis to dynamic scaling. The characteristic relaxation time scale diverges as
a function of the correlation length,

te~ E ~ 7|7, (2.10)

where z is the dynamic critical exponent that gives the measure of the critical slowing
down near T,.. The dynamic correlation function thus takes the form,

O(r,qw) = %f(wc(iq)>0(ﬂq),

= a0 (a8, ) (2.11)

C

and the characteristic frequency scales as w, ~ |q|*w+(q§).

2.3 Langevin Description

The presence of these singularities described in the previous section indicate that
the order parameter dynamics is driven by large fluctuations which the mean-field
treatment of Landau theory completely ignores. Yet beyond the upper critical di-
mension d.., the d dependence disappears, and the critical exponents may be obtained
by employing straightforward mean-field approximations; for d < d.., critical fluctua-
tions dominate and cause marked deviations from mean-field predictions. A correct
formulation, thus, must include these critical fluctuations and the associated spatial
correlations. Consequently, one can write down the Landau-Ginzburg-Wilson Hamil-
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tonian that expresses the free energy as a functional of the coarse-grained spatially
inhomogeneous order parameter density:

Hiot)) = [ dla(ro0? + uolx)* + o( Vo)) - hx)o(x)) (212)

One can then obtain the correct fixed points and the static exponents for the given
model by applying RG techniques. However, physical systems that in thermal equi-
librium fall into the same static universality class may still display distinct dynamical
critical scaling behavior owing to different dynamics of relaxation times: Crucial dif-
ferences arise if the order parameter is conserved under the dynamics or not; and if it
is coupled statically or dynamically to other conserved slow modes [4, 6, 7, 8, 9, 11].
A classification of the different dynamic universality classes describing the equilib-
rium transitions named models A-J was given by Halperin and Hohenberg in their
paradigmatic 1977 review article [4].

For the simple case of a non-conserved order parameter, the critical dynamics is
described by a stochastic Langevin equation,

00(x,1) __ FH(0)

— = +n(x,t 2.13
p S ) (213)
where D denotes a constant relaxation rate and 7 is a Gaussian stochastic force. In
order to ensure that at long times the system relaxes to the equilibrium distribution
with the appropriate Boltzmann weights Py (¢) = e~ *@)/*5T  the Einstein relation
must be satisfied:

(n(x,t)) = 0; (n(x,t)n(x',t")) = 2DkpTdé(x — x')d(t — ') (2.14)

This describes the critical dynamics of model A. However, if the order parameter is a
conserved quantity, the order parameter density must satisfy a continuity equation.
Hence the diffusion coefficient D is replaced by the operator DV? in both Eqn. 2.13
and 2.14. This constitutes model B. If the order parameter density couples non-
linearly to a conserved mode, one must also include reversible mode-coupling terms
in the above dynamical equations [4, 9, 15]. The following chapters will be focused
on examples of this later scenario.
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2.4 Aging scaling

When a stochastic system is prepared in a random initial state of very small correla-
tions and then quenched suddenly to its critical parameters, the system is driven far
away from equilibrium and the order parameter is forced to relax to equilibrium with
slow dynamics dominated by critical fluctuations. In the very early stages of such
relaxation, at microscopic times t ~ t,,;., the dynamics is governed by microscopic
details of the system and is thus, non-universal. On the other hand, the critical scal-
ing behavior introduced in the previous sections implicitly assumed the long-time
asymptotic limit where the system was not affected by its initial state of prepara-
tion. However, an intermediate timescale was observed and reported by Janssen,
Schaub, and Schmittmann in 1969 that sets in after the microscopic time scale and
eventually crosses over to the long-time behavior [16]. This new regime, named the
“critical initial slip”, also exhibits universal features characterized by a new critical
exponent that may or may not be independent of the long-time exponents. The
time-scale of this relaxation regime is set by the initial values of the order parameter
and the correlations at which the system was prepared. Thus, during this stage of
the non-equilibrium relaxation, the system retains the memory of its initial state of
preparation for a time scale s,t that extends beyond the microscopic time scales t,,;.
to the range of its relaxation time scale t,.: tn.e << s,t < t.. This causes the
system to break time-translational invariance, and any two-time observable, such as
the two-time order parameter correlation function, depends on both the waiting and
observation times s and t, respectively. For purely diffusive relaxation of model A,
one can write down the two-time correlation function at 7' =T, as,

Clg.t.5) = la () Cutae (215)

and the order parameter can be written as,

Here @' =60 + (2 — z — v) and @ is known as the initial slip exponent and

fur(z) = {1’ w (2.17)

1)z, v — o0
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In situations where the relaxation of the system is governed by only one time-
dependent length scale, such as in the critical dynamics of magnetic systems, one
can write down a general expression for the autocorrelation functions [17],

C(s,t) =s"f(t/s) . (2.18)

For long times (¢t >> s), the scaling function follows a simple power-law f(t/s) o
(t/s)~**. Such a system exhibiting slow algebraic relaxation, broken time-translational
invariance, and satisfying dynamic scaling is said to be undergoing physical aging [17].
Thus, from the early time scaling of the autocorrelation function and the order pa-
rameter, Eqns. (2.15) and (2.16), the dynamic exponent z governing the long-time
stationary scaling behavior becomes accessible much earlier in the relaxation pro-
cess, and one can easily avoid the hindrance caused by the critical slowing-down.
This renders the aging-scaling relaxation with critical parameters an efficient way to
numerically characterize the dynamic universal properties of such systems [15]. In
the following chapters, we employ this method for our study of different dynamic
universality classes.

2.5 Structure of part 1

The following chapters are structured as follows: In chapter 3, we investigate the
non-universal critical relaxation dynamics of three-dimensional isotropic antiferro-
magnets using a novel hybrid algorithm combining the deterministic fourth-order
Runge-Kutta integration scheme and stochastic Monte Carlo updates. In chapter 4,
using similar computational tools, we characterize the two critical lines and a bi-
critical point present in the phase space of a three-dimensional anisotropic anti-
ferromagnet in the presence of an external field. A comprehensive conclusion to
the dissertation is provided in chapter 7, which includes a summary of the above-
mentioned chapters on the critical dynamics and provides an outlook to the possible
future directions to this research.



Chapter 3

Non-universal critical aging-scaling
of isotropic antiferromagnet

This chapter is adapted with minor changes from our publication [18]

Riya Nandi and Uwe C. Tdauber, “Nonuniversal critical aging scaling in three-
dimensional Heisenberg antiferromagnets”, Phys. Rev. B (2019) 99, 064417, “Copy-
right (2019) by the American Physical Society.”

My contributions to this publication include developing the simulation algorithm for
exploring the aging-scaling dynamics in three-dimensional antiferromagnets, analysing
the obtained data, and preparing the first draft of the manuscript including the figures.

3.1 Introduction

Physical systems near the critical point display characteristic singularities in their
thermodynamic properties as well as transport coefficients that originate from the
systems’ diverging correlation length. As the governing collective length and time
scales diverge at the critical point, systems with infinitely many degrees of freedom
acquire scale invariance as an emergent new symmetry, which is reflected in non-
trivial scaling laws for physical observables that mathematically assume the form
of generalized homogeneous functions. Yet in a finite system, say with sufficiently
large linear extension L, the characteristic relaxation time should follow the finite-
size scaling law t.(7, L) = £(7)* £(¢/L), with #(0) = const., while the scaling function
at large arguments f(y > 1) ~ y~# in order to eliminate the 7 dependence as 7 — 0,
implying ¢.(0, L) ~ L?, the dynamic exponent z defining the dynamic universality
class of the system.

Despite the split of static into varied dynamic universality classes, quite distinct phys-
ical systems may be described by the same dynamical critical exponent; e.g., this is

10
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the case for planar ferromagnets (model E in Hohenberg and Halperin’s classification
scheme [4]), superfluid Helium 4 (model F), and isotropic antiferromagnets (model
G), for which z = d/2 in d < d. = 4 spatial dimensions [19, 20, 21]. Indeed, these
systems may be subsumed into one O(n)-symmetric dynamical universality class in
which an n-component non-conserved order parameter (n = 2 for models E and F,
n = 3 for model G) is reversibly coupled to n(n — 1)/2 non-critical conserved fields
(i.e., a scalar for model E, a three-component vector field for model G) [22, 23, 24].

A thorough theoretical understanding and a systematic classification of dynamical
systems near criticality have been gained through extensive numerical simulations
[25, 26], and by means of the dynamic renormalization group approach which cru-
cially exploits the emerging scale invariance [3, 4], especially its field-theoretic vari-
ant [5, 7, 8,9, 10, 11]. This extends beyond the steady-state kinetics to the critical
non-equilibrium relaxation regime; here, the system is initially prepared in a disor-
dered configuration with prescribed (usually Gaussian) probability distribution, and
is subsequently quenched to the critical point, i.e., forced to evolve under critical
parameter values. Hence it can only relax to stationarity algebraically slowly and
retains memory to the initial state, resulting in the breaking of time translation in-
variance and associated characteristic aging scaling behavior for the spatial two-time
order parameter correlation function

C(t,s,r,7) =r~ @20 (1/)0=1 C(r /&, t)€7) (3.1)

in the limit ¢ > s, with the standard static Fisher exponent 7 and the initial-slip
exponent 6 [11, 16, 17, 27, 28]. For the autocorrelations (r = 0) at criticality (7 = 0),
this turns into a simple aging scaling form

C(t,s) ~ s (t)s)? (3.2)

with the aging collapse exponent b = (d —2+17)/z and the autocorrelation exponent
A=d—2+n+ z(1 —0). Importantly, therefore, the dynamic exponent z can be
directly inferred from the early-time relaxation scaling; one thus need not necessarily
contend with the long relaxation times to reach the quasi-stationary regime.

For O(n)-symmetric systems with conserved order parameter, A = d+ 2 exactly [29],
implying the exact scaling relation § = 1— (4 —mn)/z. For purely irreversible diffusive
relaxation (model B) with z = 4 — 7, consequently § = 0 [16]; and similarly for
isotropic ferromagnets (model J) whose dynamics entails a reversible spin precession
term, z = (d+ 2 —n)/2 for d < 6, whence § = —(6 —d—1n)/(d+2—1n) <0
[30]. In contrast, if the order parameter is not conserved, ¢ in general represents

11
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an independent critical exponent. It assumes a universal value for purely dissipative
relaxational kinetics (model A) that can for instance be computed perturbationally
in a dimensional € = d, — d expansion; to first order § = (n + 2) ¢/4(n + 8) + O(?)
for d < d.=4[16, 27].

Yet in their one-loop renormalization group analysis for the critical dynamics of
a non-conserved order parameter that is subject to reversible mode coupling to a
non-critical conserved field, based on a continuum description in terms of coupled
non-linear Langevin equations [11, 23, 24|, Oerding and Janssen found in 1993 that
the initial-slip exponent 6 explicitly depends on the Gaussian distribution width
¢o for the magnitudes of the initial values of the conserved mode; quite surprisingly
therefore, they predicted non-universal critical aging scaling for this universality class
[30]. Indeed, in their analysis, 20 = —vy\ — 19/2 is determined by the anomalous
scaling dimension of the order parameter relaxation rate v, = ¢/2 (which holds to all
orders at the strong dynamic scaling fixed point) and of the fields on the initial-time
surface 7y = (3co/2 — 16/11) € + O(€?) (for n = 3), which increases linearly with the
width ¢g. To our knowledge, this striking prediction had not yet been tested either
numerically or experimentally before.

In this chapter, we provide numerical evidence, gathered through a hybrid simu-
lation algorithm for the critical dynamics of isotropic antiferromagnets on a three-
dimensional lattice which combines reversible spin precession with relaxational Kawa-
saki spin exchange processes, that lends support to this remarkable assertion: We
demonstrate that the spin autocorrelation exponent A\ depends on the width of the
initial spin orientation distribution, whereas we measure a universal value b for the
aging scaling exponent.

3.2 Model and simulation algorithm

We consider the isotropic Heisenberg model (in the absence of an external field) with
the Hamiltonian

H=-JY 55 (3.3)

<ij>

governing the nearest-neighbor exchange interactions of three-component vector spin
variables S; on a three-dimensional simple cubic lattice of linear size L (with L up to
70 lattice sites) with with periodic boundary conditions. For both ferro- (J > 0) and
antiferromagnetic (J < 0) exchange couplings, a continuous transition from a disor-
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dered high-temperature paramagnetic state to the ordered phase occurs for L — oo
at kgT2>° ~ 1.446 |.J| in three dimensions, which belongs to the static universality
class of the O(3)-symmetric Ginzburg-Landau—Wilson vector model with Fisher ex-
ponent 1 ~ 0.0355 [31]. For classical Heisenberg magnets, this has been confirmed
extensively through high-resolution Monte Carlo simulations [32, 33]. Sophisticated
methods such as single-cluster updates and histogram reweighing, optimization tech-
niques, and finite-size scaling have provided very accurate estimates of the static
critical exponents [33, 34].

In the absence of an external field, the Hamiltonian (3.3) is rotationally symmetric
in spin space, and hence the components of the total magnetization M = ) . S¢
(v = x,y,2) are conserved under the dynamics: {H, M*} = 0; here we employ a
classical notation in terms of Poisson brackets, following the standard correspondence
with quantum-mechanical commutators. For an antiferromagnet (J < 0), the order
parameter is however represented by the components of the non-conserved staggered
magnetization vector ¢%, with alternating +1 signs affixed to adjacent lattice sites.

3.2.1 Mesoscopic Langevin Dynamics

Upon coarse-graining, the microscopic quantum spin variables S§* are substituted
by classical mesoscopic fields S*(Z) and the Hamiltonian by an effective free energy
functional H[S]. The reversible dynamics at 7' = 0 is fully determined by the Poisson
brackets Q° (%, ') = {S%(7), S (¥")} = DN €7 SV(%) 6(7 — ') with a dimension-
ful mode-coupling constant ¢ that originates from taking the continuum limit. At
finite temperatures, a hydrodynamic analysis [35] or the Mori-Zwanzig projector
formalism (see, e.g., Ref. [36]) leads to Langevin-type stochastic partial differential
equations

Sz, t) o .
8<t ) - FTGV[S] (QJ, t> rel[S] (‘777 t) + C ($> t) (3.4)
for the fields S(&) with the general reversible forcing
IHI[S] 508
Fo - _ d ./ aff o T .
rev[S] /d X Zﬂ: |:Q 55[3(5,) kB —555<f’) , (3 5)

which satisfies the general equilibrium condition that the associated probability cur-
rent be divergence-free in the dynamical variable space [11, 37]. The stochastic
forcing may be taken to be Gaussian white noise (* with vanishing mean ((*) = 0

13
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and correlator

(Co(@,1) (@, 1)) = 2\ kT (iV)* 8(T — &)6(t — )5 | (3.6)

whose strength obeys Einstein’s relation with the corresponding relaxation constant
A; here a = 0 for dissipative, non-conserved fields, whereas a = 2 for diffusive
conserved fields, such that the irreversible relaxation term towards a minimum of
the free energy H[S]| becomes

SH[S]
F© a .
55

rel

[5] = =A (V)

(3.7)

For the O(3)-symmetric Heisenberg spin system, the second, finite-temperature term
in F2 [S] vanishes. For isotropic ferromagnets (J > 0) with conserved magnetization

rev

order parameter, one then immediately obtains the model J Langevin equation [4,
35, 37]
05@,1) _ (T,1) x OHIS] | ) g2 OHIS]
ot 6S(7,t) 65(7, 1)
For isotropic antiferromagnets (J < 0), one must consider the Poisson brackets
between the components of the non-conserved staggered magnetization order pa-
rameter ¢¢ and the non-critcal conserved magnetization fields S®. Yet it turns
out that the mode-coupling constant § in the Poisson bracket {¢*(%),¢” ()} =
g, €87 SV(Z) (7 — 7) is irrelevant in the renormalization group sense. With
{¢2(%),SP(T)} = ¢ >, €7 ¢7(F) §(¥ — @), one thus arrives at the coupled model G
Langevin equations [4, 19, 20, 21, 35]

Uy

+{(71) . (3.8)

de(T,t) o SH[o, 5] SH[, 5] -
= =~ - )‘ = ) y .
T go(Z,t) x 53(Z.0) 53,0 + Co(T, 1) (3.9)
aS(zt) 4. 0H[S. S - SH[p, 5]
2 57{[57 g] agy
+DV 35G 0 + (s(7,t) . (3.10)

One way to numerically characterize the critical dynamics of the system is to solve
these coarse-grained non-linear stochastic PDEs in time and space. A more precise
alternative would be to simulate the exact microscopic model of the system incorpo-
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rating both the reversible and relaxational dynamics.

3.2.2 Microscopic Dynamics

At zero temperature, the microscopic spin variables at each lattice site 7 obey the cou-
pled Heisenberg equations of motion dS¢(t)/dt = {H,S>(t)}, where the spin vector
components satisfy the standard angular momentum Poisson brackets {S%, Sjﬁ } =
Zv €7 57 6;; with the fully antisymmetric unit tensor €*#7 = +1 for (o, 3,7) =
(z,y,2) and (z,y,x), respectively, and cyclic permutations of these coordinate in-
dices. Hence one obtains 3L3 coupled deterministic equations of motion representing
the spin vectors precessing in their local effective fields [37],

aSi(t) = OH
T S;(t) x

0Si(t)

(3.11)

Numerically, these reversible equations of motion for individual spins are readily inte-
grated simultaneously [25, 26], e.g., using fourth-order predictor-corrector methods.

At non-zero temperature, one must supplement this dynamics with an appropriate
relaxational kinetics that however preserves the total magnetization. One efficient
means is to employ Kawasaki Monte Carlo kinetics, wherein the lattice configura-
tion is stochastically updated by exchanging neighboring spins subject to standard
Metropolis rules [38]. Yet the conservation law for the total magnetization is satis-
fied only within truncation error bounds set by the numerical integration scheme; in
addition, one needs to adequately balance the integration time steps with a suitable
number of concurrent Kawasaki spin exchange processes. We determined the inte-
gration time increment At = 0.01/J to be optimal, with each numerical integration
step separated by ten Monte Carlo sweeps over the entire lattice; we shall refer to
this combination as one simulation time step (STS).

3.3 Numerical results

3.3.1 Dynamical critical exponent

The dynamical critical exponent for isotropic Heisenberg ferromagnets z ~ 2.48
[26, 39] and antiferromagnets z = 1.5 [40, 41] in three dimensions were numerically
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Figure 3.1: Double-logarithmic plot of the relaxation time ¢.(L) vs. linear system
sizes L = 20 ...38. The data points approach the exact asymptotic value z = 1.5 only
for large L. The best fit for the last four data points (L > 32) yields z = 1.392(10).

(Statistical error bars are smaller than the symbol sizes.)

confirmed by means of such hybrid algorithms with remarkable accuracy, despite
the major challenges imposed by the inevitable critical slowing-down, i.e., rapidly in-
creasing relaxation time upon approaching criticality. In these studies, the temporal
evolutions of the spins were determined by integrating the coupled equations of mo-
tion, but observations were made only on equilibrium configurations. Alternatively,
one may probe dynamical critical behavior effectively in the earlier non-equilibrium
relaxation regime following an instantaneous temperature quench from T > T, to
the critical point [11, 16, 17, 27, 28].

In finite systems near 77>°, the behavior of the stationary autocorrelation function can
be approximated by an exponential decay C(t) ~ e~*/*(!) [42], where the relaxation
time t.(L) ~ L* diverges with system size with the dynamic critical exponent z. We
extracted the relaxation time from our C(t) data for different linear system sizes L
(Fig. 3.1), and found z = 1.392(10) for L > 32 which is close to the exact asymptotic
value z = 1.5 for model G.
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Figure 3.2: (a) Aging scaling plots for the two-time spin autocorrelation function
C(t,s) following a quench to the critical temperature 7>° on a cubic lattice with
703 sites. The data for each graph were averaged over 700 independent realizations.
Double-logarithmic rescaled plots for C(t,s) at different waiting times s collapse
with the aging exponent b = 0.75 4 0.04; the corresponding decay exponent for a
uniform initial distribution is A\/z = 1.0840.05. Inset: unscaled spin autocorrelations
as function of ¢t — s for various s, demonstrating broken time translation invariance.
Statistical errors are indicated (inset: graph for s = 30, main plot: graph for s = 100)
and are of similar size for all reported spin autocorrelations. (b) Double-logarithmic
plot of C(t,s) as function of the ratio t/s for various waiting times s for a smaller
simulation domain with L = 40.

3.3.2 Critical aging scaling

In our simulations, we used truncated Gaussian distributions of varying widths o for
the orientations (on the three-dimensional unit sphere) of the initial spin configura-
tions, and observed the decay of the two-time spin autocorrelation function

Clt,5) = L7 3 [(Si(t) Sil9) = (S)°] 5 (312)

note that this quantity measures the autocorrelations for both the staggered mag-
netization order parameter and the conserved magnetization. We performed critical
quenches from a disordered high-temperature initial configuration to kg7>°/J =
1.446 on a lattice of 70% spins. We observed an aging scaling time window for wait-
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ing times s = 30...100 STS, which allowed us to extract the aging scaling exponents
b and A\/z by collapsing the tails of the non-equilibrium relaxation data for C(t, s)
according to Eq. (3.2). A flat orientation distribution with large o pertains to the
setup in the renormalization group analysis of Ref. [30], which instead assumed a
Gaussian distribution of width ¢y for the magnitudes of the magnetization vector
field. We note that while our Heisenberg spin model simulations were performed at
fixed 5;2 = 1, coarse-graining over sufficiently many spins with randomized orienta-
tions over a finite lattice volume would also induce a non-zero width ¢y > 0 for the
magnitude distribution of the resulting continuous local magnetization density.

For a uniform initial orientation distribution, we obtain a collapse exponent b =
0.7540.04 for the two longest waiting times in our simulation as shown in Fig. 3.2a,
while the data for shorter waiting times s start collapsing at this value near the large
t/s tail of the graph. It is arguable from the data that if both longer waiting and
observation times were accessible to us, we would have observed a clearer scaling
collapse. This is evident from the aging scaling data for smaller linear system size
L = 40 displayed in Fig. 3.2b, where one discerns a much better data collapse already
at smaller /s ratio.

While the asymptotic aging exponent should be b = 0.69, for our system with L = 70
we observe a larger value from which we infer z = (1+7)/b ~ 1.38 in good agreement
with the corresponding dynamic exponent extracted from the simulation data in
Fig. 3.1. To perform a more systematic finite system size analysis, we plot the
exponent b(L) for four different simulation samples with linear sizes L = 40, 60, 70,
and 100 vs. 1/L and linearly extrapolate the graph to estimate the asymptotic by
in the thermodynamic limit (L — 00), as displayed in Fig. 3.3a. Thus we obtain
bso = 0.689 £ 0.02 which is in excellent agreement with the theoretical prediction.
We have carried out a similar extrapolation in Fig. 3.3b for the autocorrelation decay
exponent \/z to estimate its asymptotic value 1.205 4 0.03.

For narrow distributions (¢ < 0.4), we observe transient oscillations and very slow
decay (Fig. 3.4a inset). We attribute these features to the formation of metastable
locally ordered domains; a small range of initial orientations stabilizes the domains
in a finite system and prevents large-scale relaxation processes. But for broader
distributions, we clearly detect non-universal relaxation as characterized by varying
exponents A\(o) and hence 0(c) (Fig. 3.4a, main panel); as listed in Table I, we observe
A(o) to decrease and 6(o) to increase with growing width. In contrast, within our
systematic and statistical errors we find identical values for the aging collapse scaling
exponent b ~ 0.75 for all implemented orientation distribution widths; Fig. 3.4b
exemplifies this for o = 0.55.
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Figure 3.3: Finite-size (a) aging scaling exponents b and (b) autocorrelation decay
exponents \/z plotted as functions of 1/L for linear system sizes L = 40, 60, 70, 100.
The asymptotic values in the thermodynamic limit L — oo resulting from linear
extrapolation are by, = 0.689 £ 0.02 and (\/2)s = 1.205 % 0.03.

As is evident from the above table, the asymptotic value of exponents A(o)/z for
the narrower spin orientation distributions is much higher than the asymptotic value
for this exponent for uniform distributions. Hence we confirm that this observation
indeed clearly indicates non-universal behavior and does not result from finite-size
effects.

Table 3.1: The critical aging collapse, decay, and initial-slip exponents b, A\/z, and
measured in numerical simulations using Gaussian initial spin orientation distribu-
tions with varying width o.

o b Az 0
05 | 0.73(3) | 1.503(70) | 0.663
0.52 | 0.75(5) | 1.334(30) | 0.785
055 [0.77(2) | 1.16(7) | 0.910

uniform | 0.75(4) | 1.08(5) | 0.955
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Figure 3.4: Double-logarithmic plots of C(t,s) as function of the ratio t/s for (a)
different initial distribution widths o at fixed waiting time s, demonstrating that the
algebraic long-time decay is non-universal. Inset: time evolution of the two-time spin
autocorrelation function C(t, s) vs. t—s for different widths o of the initial truncated
Gaussian spin orientation distribution. The data for narrow o show distinct temporal
oscillations. (b) for initial orientation distribution width ¢ = 0.55, yielding a collapse
exponent b = 0.774+0.02 and decay exponent A(c)/z = 1.16+0.07. Statistical errors
are indicated in the graph for s = 70.

3.4 Concluding remarks

In summary, we have employed a hybrid numerical algorithm that combines re-
versible spin precession with relaxational kinetics implemented through Kawasaki
spin exchange processes to study the critical dynamics of isotropic Heisenberg anti-
ferromagnets on a three-dimensional simple cubic lattice. Within systematic errors,
our data for the characteristic spin autocorrelation relaxation time are in agreement
with the dynamic critical exponent z = 3/2 for the model G universality class, where
a non-conserved three-component order parameter (here, the staggered magnetiza-
tion) is dynamically coupled to a conserved non-critical vector field (the magnetiza-
tion). Furthermore, we have investigated the non-equilibrium relaxation kinetics of
isotropic antiferromagnets following a critical quench. We obtain a universal value
b =~ 0.75 for the critical aging scaling collapse exponent, which within the errors of
our simulation as reflected in the measurement of z conforms with the asymptotic
value b ~ 0.69. We have also performed a finite-size extrapolation analysis with
four different linear system sizes, which yielded the correct asymptotic value of the
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critical aging scaling exponent b ~ 0.689.

Additionally, we have demonstrated that for isotropic antiferromagnets, the auto-
correlation decay A/z and hence the initial-slip exponent 6 intriguingly depend on
the width o of the Gaussian distribution for the initial spin orientations, and hence
represent non-universal critical scaling exponents. This remarkable and quite un-
usual feature was predicted by Oerding and Janssen [30]; in a one-loop perturbative
dynamical renormalization group analysis, they found an explicit dependence of the
critical initial-slip exponent 6 on the width of the initial Gaussian distribution ¢ for
the magnitude of the magnetization vector. Our present numerical study that uti-
lized different initial Gaussian distributions for the spin vector orientations thus vali-
dates this intriguing and unusual prediction; in accord with Ref. [30], we furthermore
obtain universal values for A and € in the limit of sufficiently wide orientation distri-
butions. It would be interesting to characterize this striking non-universal behavior
further by utilizing non-Gaussian initial spin distributions. The efficient numerical
simulation technique described above can also be used to explore critical short-time
dynamics of more complex anisotropic antiferromagnets subject to external fields,
which exhibit several distinct phase transition lines and hence allow for the presence
of multi-critical points [43].

In closing we note that we have performed similar dynamical simulations for isotropic
Heisenberg ferromagnets on a three-dimensional lattice. However, probably owing
to the much slower critical relaxation with dynamic exponent z = (5 —7)/2 ~ 2.48,
we were not able to access a sufficiently large aging time window before finite-size
effects began to dominate and cut off the expected universal power laws with the
universal model J scaling exponents b = 2(1 +7)/(5 —n) ~ 0.42, A = 5, and
0=—(3-mn)/(5—n)~ —0.60 in three dimensions.

3.5 Appendix

3.5.1 Microscopic Equations of Motion

The Hamiltonian of a three-dimensional isotropic antiferromagnet with Heisenberg
interaction is given by,

H=-J> 55 (3.13)
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where < 45 > are the nearest neighbor spins. The microscopic equations of motion
governing each spin vector at zero temperature are,
dsS;
dt

= {3, H} . (3.14)

Thus for each component of spin vector, using the standard Poisson bracket relation
among the spin angular momentum components {S¢, Sjﬁ } = 0,;€*P7S7, one obtains,

{Se, MY = —J{8¢,) (S08e +87S) + 57S7)}

<15>

_ Hsa 85}255 {53,53}25]7}
J
— (e Y s eSS
J J

= PGIVIH — e SIVIH
= (Six ﬁ%)a (3.15)

Therefore, we arrive at the equations of motion for the microscopic spin vectors
that ensure their precession around a local field produced by their nearest neighbors
implied by the spatial derivative of the Hamiltonian,

S sz =
— =SxVH. 3.16
= (3.16)
For the ease of computation we work with the spherical polar coordinates where
the Cartesian components of the spin vector are related to the azimuthal and polar
angles via (S*,SY, S%) = (sin 1 cos @, sin ¥ sin @, cos ¥) and the magnitude of each spin
vector is fixed to unity, (S7)%+(S5Y)?+ (S7)? = 1. Thus, solving for the z-component
of the spin vector we get,
as; d dv;

el cos¥; = smﬁi% (3.17)




3.5. APPENDIX 23

From Eqn. 3.15,

450 _ J(sr> s sy sy

dt 1 A J 1 A J
j j

= Jsinv; ( sin ; Z sin v cos ¢; — cos ; Z sin 1, sin g0j>
J J

Equating the above two equations gives the equation of motion for the azimuthal
angle,
dv;
dt

= —JZsmﬁ sin g; cos p; — cos p; sin ;) = —JZSHM? sin(g; — ¢;)(3.18)

Similarly, solving for the z-component we get,

el sin ¥; cos ; = cosv; cos p;—— o — sin ¥; sin p; — 7

From Eqn. 3.15,

d:;f = J(SfZS?—SfZSﬁ = J(cosz?iZsinﬁj sin ¢, —sin ¥; singoiZcosﬁj>
J 7 j

J

(3.19)

Therefore, from the above two equations,

dp;
sin ¥; sin ; c;i = —Jcost;cos goiZsinﬁj sin(g; — ¢;)

J

— J(cos Y, Z sin 1, sin ; — sin ¥; sin ¢; Z CoS ﬁj)
J

J
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Rearranging the left and right hand sides,

dp; i :
c;i = JZcosﬁ — Jcot ¥; Zsmﬁ (Ziii zi?:i [smgol-cosgoj—coscpismgpj])

= J;COS?% — J cot ¥ ;sinﬁj (cos ©; cos p; + (1 — cos? %)211111?)

= J Z cosv; — J cot ¥, Z sin v, (cos ;i €COS p; + sin ; sin g0j>
J J

Thus, the equations of motion for the polar angle is given by,

dep;
pn JZCosﬁ — J cot ¥; Zsmﬁ cos(p; — ¥;) (3.20)

J

3.5.2 Hybrid Simulation Method

The hybrid simulation algorithm employed in order to equilibriate the system of
antiferromagents as described in sections 3.2.2 is outlined below.

e In order to relax the system towards equilibrium at the temperature of the
quench, perform the Monte Carlo update algorithm:

— Select a spin variable at a random lattice site denoted by ¢, j, and k.

— If the total magnetization is conserved by the microscopic Hamiltonian
as in section 3.2.2, employ the Kawasaki spin exchange method [38] to
update the spins:

1. In a simple cubic lattice with periodic boundary conditions, each
spin has six neighboring spins. Select a random neighboring spin
with probability 1/6.

2. Calculate the energy difference AFE if the position of the two spins
are exchanged in the lattice.

3. Define the probability of exchange as W = exp(—AE/kgT), where T
is the temperature at which the system equilibriates after long times.

4. Generate a random number r from a uniform distribution between 0
and 1.

5. If r < W, exchange the two spins.
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e In order to simulate the precession of the spin variables which result in re-
versible dynamics, integrate the equations of motion of the azimuthal and
polar angles of the spins, Eqns. 3.18 and 3.20 respectively at each lattice site.

« Update the lattice configuration with 10 sweeps of the Monte Carlo algorithm
and then parallelly integrate all the spins by implementing 4th order Runge-
Kutta algorithm. This combination is defined as one simulation time step

(STS).

The ratio between the Monte Carlo update and the integration update is represented
by the ratio of the coupling constant ¢ and the diffusivity D in the mesoscopic
eqn. 3.10. Renormalization group analysis leads to this ratio being irrelevant at the
fixed point, or at the critical parameters. However, our simulations are performed on
finite length and time scales. Hence, choosing the right ratio is imperative to obtain
the correct dynamics. Our simulation data is insensitive to the variation of this ratio
by less than an order of magnitude. Increasing the number of integration steps per
simulation step by an order of magnitude leads to a faster relaxation process where
the dynamics is washed out and the system starts to observe finite-size effects very
early. Increasing the number of Monte Carlo updates makes the dynamics much
slower.
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Chapter 4

Critical Dynamics of Anisotropic

Antiferromagnets in an External
Field

This chapter is adapted from our publication [44],
Riya Nandi and Uwe C. Tduber, “Critical Dynamics of Anisotropic Antiferromagnets
in an External Field”, Phys. Rev. E (2020) 102, 052114, Copyright (2020) by the

American Physical Society.

My contributions to this publication include developing the simulation algorithm,
analysing the obtained data, and preparing the first draft of the manuscript including
the figures.

4.1 Introduction

(Classical anisotropic antiferromagnets governed by Heisenberg spin exchange in an
external magnetic field exhibit a rich phase diagram with multiple thermodynamic
ground states separated by continuous and discontinuous transition lines that meet
at a multicritical point [45, 46]. This paradigmatic model system describes vari-
ous magnetic compounds including MnF, [47], GdAlO3 [48], NiCl, - 6H,O [49], and
thus has been extensively investigated theoretically as well as experimentally. Early
renormalization group [50], Monte Carlo simulation [43], and high-temperature ex-
pansion [51] studies have systematically explored its complex phase diagram and
characterized the properties of the different ordered phases and determined the uni-
versality classes for its critical transition lines.

The anisotropy term along one of the crystal axes breaks the rotational symmetry
of the Heisenberg antiferromagnet enforcing an antiparallel spin ordering along that
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Figure 4.1: Schematic H-T phase diagram of an anisotropic antiferromagnet in the
presence of an external field showing two ordered phases separated by a first-order
transition line. The antiferromagnetic and spin-flopped ordered phases are separated
from the disordered paramagnetic phase by lines of continuous phase transitions that
meet at a bicritical point.

axis in the low-temperature, low-field ground state, i.e., the Ising antiferromagnetic
phase (AF), c.f. Fig. 4.1. As the external field strength is tuned up while keeping the
temperature low, the ground state switches, via a discontinuous (first-order) transi-
tion, to a spin-flop phase (SF). At higher values of either temperature or magnetic
field, the system becomes paramagnetic (PM). The phase transitions between the
PM and the AF and SF states are both continuous (second-order). While the associ-
ated static critical properties of the system are characterized solely by the symmetry
and the dimensionality of the anisotropic Heisenberg Hamiltonian, the dynamics in
the vicinity of the phase transitions driving it from the disordered phase to the or-
dered AF and SF phases, respectively, are distinctly different and crucially depend
on the microscopic, reversible dynamical couplings between the corresponding order
parameters and the conserved magnetization components.

Indeed, the transition from the antiferromagnetic to the paramagnetic phase is de-
scribed by the dynamic critical behavior of model C, while the spin-flop to para-
magnetic phase transition belongs to the dynamical universality class of model F;
here we invoke the classification introduced by Halperin and Hohenberg in 1977 in
their comprehensive early review of dynamic critical phenomena [4]. The presence
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of a non-ordering field shifts the non-universal parameters of the system such as the
critical temperature, but it does not change the nature of the critical point, i.e, the
universal scaling exponents characterizing the critical power law divergences remain
unaltered. Yet an intriguing distinct physical scenario results in the vicinity of the
multicritical point, where both critical lines as well as the discontinuous phase tran-
sition meet. At the multicritical point, all three different phases compete for the
lowest free energy configuration; thus the system’s symmetry at this special point is
higher than in the adjacent parameter space. Hence, the dynamical properties in the
vicinity of such a point are expected to be characterized by new exponents which are
distinct from those of the conjoining critical lines.

The nature of the multicritical point for anisotropic antiferromagnets subject to an
external magnetic field (oriented along the z direction) has been somewhat contro-
versial. This special point in parameter space is characterized by two coupled order
parameter fields with O(n )@ O(n|) symmetry; it displays long-range order both
along the magnetic field z axis and in the perpendicular zy plane. A series of papers
by Folk, Holovatch, and Moser employed the renormalization group to investigate
the static and dynamic critical behavior and the stability of the associated fixed
points of the system [52, 53, 54, 55]. They predicted the emergence of either bicrit-
ical behavior associated with a Heisenberg fixed point or tetracritical behavior, in
turn associated with a biconical or a decoupled renormalization group fixed point.
An analysis to higher order resulted in the tetracritical point with a biconical phase
to represent the stable fixed point [56]. Subsequently, a full renormalization group
study of the flow equations at the multicritical point taking into account the re-
versible terms concluded that in two-loop order the biconical fixed point becomes
stable, whereas the Heisenberg fixed remains stable in a one-loop calculation [55].
In contrast, a series of detailed Monte Carlo simulations analyzing order parameter
susceptibilities, the Binder cumulant, and associated probability distributions pro-
vided concrete evidence that the nature of the multicritical point is in fact bicritical
with Heisenberg symmetry [57, 58].

While the static critical behavior and stationary critical dynamics of this system
has been investigated comprehensively in the literature, we are not aware of pre-
vious computational work addressing the non-equilibrium critical relaxation of the
anisotropic Heisenberg antiferromagnet in an external magnetic field near either con-
tinuous phase transition line, nor at the multicritical point. To this end, the system
is initially prepared in at a disordered configuration and then quenched precisely
to its critical point such that the dynamics algebraically slowly evolves towards the
asymptotic stationary state. During this early non-equilibrium relaxation time win-
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dow, the system retains the memory of its initial state, and thus manifests broken
time translation invariance. By studying the ensuing aging scaling behavior of two-
time quantities at these early times, one may fully characterize the dynamics near
the distinct critical points and the corresponding universality classes [11, 17].

In this work, we utilize a hybrid simulation method combining relaxational Monte
Carlo kinetics and reversible spin precession processes [18] to explore the aging scaling
behavior of the AF-to-PM model C critical line, and in the vicinity of the multicrit-
ical point. We measure the critical aging scaling, autocorrelation decay, and initial
slip exponents for the model C universality class, and determine the associated dy-
namic critical exponent. We also investigate the non-equilibrium dynamics of the
conserved magnetization component. Furthermore, we utilize Fourier spectral anal-
ysis for the spin wave excitations in the xy plane in the spin-flop ordered phase to
verify the dynamic critical exponent for the SF-to-PM model F critical line. Finally,
we investigate the critical order parameter dynamics at the bicritical point.

4.2 Model and Simulation Method

The Hamiltonian of a three-dimensional antiferromagnet with anisotropic Heisenberg
exchange interactions in an external magnetic field is given by

N N
H=TY [AGSFS]+S!S)) +575]] = Het y_ S7 (4.1)
(i5) i=0

where S?, S;, S? represent the components of the three-dimensional spin vector S
at the ith site of a simple cubic lattice of linear extension L with total spin number
N = L?. The magnitude of the spins are fixed to unit magnitude, S+ 5>+ S = 1.
J > 0 denotes the antiferromagnetic exchange interaction along the z axis between
nearest-neighbor spin pairs (ij); we set J = +1, i.e., measure temperature in units
of J/kp and the external field in units of J. The uniaxial anisotropy 0 < A < 1
imposes an “easy” z axis such that the spins would order anti-parallel along this
direction in the absence of an external field [57]; we choose A = 0.8. The presence of
this anisotropy explicitly breaks the O(3) rotational symmetry of the Hamiltonian in
spin space and splits it into two subspaces of dimensions n = 1 and n; = 2. Thus
its static critical properties are governed by the universality class with O(1) €@ O(2)
symmetry with associated Fisher exponent n ~ 0.04 [52].
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Applying an external magnetic field He # 0 along the z axis forces the uniaxially
aligned spins to flop over into the zy plane beyond some critical field strength H¢,.

Thus, at low temperature T' and external field H., i.e. in the AF phase, the z
component of the staggered magnetization

L

o= (=1)"Si; (4.2)

i,5,k=0

represents the non-conserved order parameter for the system; here the indices (i, j, k)
denote the three spatial directions, and p = ¢ 4+ j + k ensures that the sum extends
over the differences between every alternate spin in the lattice. Upon increasing Heyq,
the value of ¢ is diminished, and instead the staggered magnetization components
in the xy plane perpendicular to the applied field become appreciable. Thus in the
SF phase, an appropriate, also non-conserved, order parameter is a two-component
vector ¢, = (¢, ¢y) With magnitude

b = ( i (_1)psgfj’k)2 + (i (-1)p5§{j’k>2 . (4.3)

i’j’k:O

It is important to note that the Hamiltonian (4.1) conserves the z component of the
total magnetization

N
M. = Y Si, (4.4)

1,7,k=0

under the dynamics, {#, M.} = 0; here the Poisson bracket constitutes the classi-
cal counterpart of the quantum-mechanical commutation relation between the spin
angular momentum and the Hamiltonian. The dynamical mode couplings between
conserved magnetization fluctuations and the order parameter components decisively
influence the antiferromagnet’s critical dynamics [4, 9, 11, 21]. Indeed, in addi-
tion to the irreversible, relaxational terms arising from the static couplings in the
Hamiltonian, one must account for the reversible kinetics caused by the underlying
microscopic dynamics between the order parameter and any conserved modes. At
zero temperature, the microscopic equations of motion obeyed by each spin variable
are dSP(t)/dt = {H, S{(t)}, where the spin vector components satisfy the standard
angular momentum Poisson brackets {S%, Sjﬁ F=2, €7 57 6;; with the fully anti-

symmetric unit tensor e*? = +1.
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In the ny = 1 subspace {M.,¢|} = 0; thus there is no reversible coupling term.

However, in the n; = 2 subspace, the non-conserved vector order parameter ¢, (=
¢z, ¢y) couples reversibly to the conserved magnetization (4.4)

{MZ7 ¢o¢} = EaﬁszB (45)

where a, f € {x,y}. This non-vanishing mode coupling gives rise to the following
deterministic equations of motion of the microscopic spin components at 7' = 0 [21,
37]

dSi(t)
dt

, oH
= Si(t) x E0 (4.6)

which describe precession of the unit spin vector in the local effective field.

To simulate the dynamics of this system at finite temperature, one needs to imple-
ment relaxation terms as well as the reversible microscopic equations of motion. For
convenience, we work with the two angular degrees of freedom ¥ and ¢ that are
related to the unit vector spin components through

(Sz, Sy, S2) = (sind cos ¢, sin ¥ sin p, cos V) .

To respect the underlying conservation property, the azimuthal angles 9 are updated
by means of Kawasaki Monte Carlo kinetics where two randomly picked neighbor-
ing spins exchange their ¢ values following the standard Metropolis rules [38]. In
contrast, the polar angles ¢ are evolved using Glauber dynamics where the spin
component at the selected lattice site is subjected to a finite rotation with again
Metropolis updates [59]. These Monte Carlo update steps of the spin configurations
are alternated with a fourth-order Runge-Kutta integration of the equations of mo-
tion (4.6) [18]. For our simulation, the integration was performed in parallel on all
spins over discrete time increments At = 0.01/.J with each integration step separated
by 10 Monte Carlo sweeps over the entire lattice. We determined this combination to
be optimal in maintaining the conservation laws within the truncation error bounds
of the numerical integration scheme.

4.3 Model C dynamical scaling

The dynamical universality class conventionally labeled as model C describes the
pure relaxation dynamics of a non-conserved n-component critical order parameter
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field, coupled to a conserved density [4, 9, 11, 60]. In the present study, the low-
temperature, low-field ground state is an Ising antiferromagnet; hence n = 1 with the
z-component of the magnetization density constituting the conserved scalar field m.
A two-loop renormalization group calculation demonstrated that the scalar model C
(n = 1) is governed by a strong-scaling fixed point with both the order parameter
relaxation and the conserved density diffusion scaling with the same anomalous ex-
ponent a/v [61]. This results in the dynamic critical exponent z, = z, =2+ o /v ~
2.185; here v ~ 0.72 [62, 63] describes the algebraic divergence of the correlation
length & ~ |7|7" (1 ~ T'—1T,), and « is the specific heat critical exponent, C' ~ |7]|~¢,
which can be obtained from the hyperscaling relation a = 2 — dv in d dimensions.
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Figure 4.2: (a) Aging scaling plots for the two-time spin autocorrelation function

Su(t,s) of the Ising antiferromagnetic order parameter on a simple cubic lattice
of linear system size L = 40 with periodic boundary conditions. The system is
quenched from an initially disordered configuration to the critical point at T, = 1.5,
H¢ . = 3.0. Double-logarithmic rescaled graphs for different waiting times s collapse
with the scaling exponent b = 0.6. The inset shows the autocorrelation plots as a
function of t — s (in simulation time steps), demonstrating broken time translation
invariance. Statistical errors are indicated in the graph for the shortest waiting time
s = 40. (b) Finite-size extrapolation analysis for the aging exponent b(L) plotted vs.
1/L for six different system sizes L = 16...40. A linear extrapolation to the infinite

system size limit L — oo yields b, = 0.482 £ 0.02.

The non-equilibrium relaxation of model C was investigated by Oerding and Janssen
using the dynamic renormalization group approach [64]. Following a critical quench,



4.3. MopEL C DYNAMICAL SCALING

the two-time order parameter correlation function relating two space-time points at
distance r and times s < t satisfies the scaling law

C(t,s,r,7) = r @20 (£ /)01 C(r/€,t/€7), (4.7)

where 6 is the initial slip exponent representing a new independent universal expo-
nent for purely dissipative systems with non-conserved order parameter [16]. It also
describes the power law growth of the order parameter in the early-time universal
regime which sets in right after the microscopic time during the non-equilibrium
relaxation process. At the critical temperature T' = T, (7 = 0), the two-time auto-
correlation function (r = 0) assumes the simple-aging scaling form [17],

C(t,s) ~ s (t)s) ™M, (4.8)
with the static and dynamic exponents related to the scaling collapse exponent b via
b=(d—2+n)/z, (4.9)

and to the autocorrelation exponent A according to
A=d—-24n+z1-0)=2(14+0b-10). (4.10)

For model C with n = 1, a second-order perturbative renormalization calculation
predicts 6 = 0.27 in three dimensions, if one boldly extrapolates the dimensional
expansion in € =4 — e to e = 1 [64].

To numerically study the critical relaxation and the aging scaling regime we initial-
ized the system in a disordered spin orientation configuration corresponding to a very
high temperature, and subsequently performed critical quenches to a point (7, = 1.5,
H¢,, = 3.0) on the model C critical line. As shown in Fig. 4.2(a), we obtain an aging
scaling window for waiting times s = 120...200 simulation time steps. The inset
demonstrates that time translation invariance is broken, as the two-time correlation
function for the order parameter C§,,(t, s) (where the subscript SM denotes the stag-
gered magnetization) is not simply a function of the time difference ¢ — s as it would
be in the stationary limit, but evolves differently for the distinct waiting times s in
this temporal window. By collapsing the data of C§,,(¢, s) for several waiting times
s plotted as a function of the time ratio ¢/s in accordance with Eq. (4.8), one can
obtain the collapse exponent b for which we find b ~ 0.6 for linear system extension
L = 40. The data collapse is noticeably improved for both later waiting times s and
larger observation times ¢. This is expected since the simple-aging scaling form (4.8)
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is supposed to hold only for sufficiently large t > s and s.
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Figure 4.3: Double-logarithmic plots of the two-time staggered magnetization au-
tocorrelation function vs. t/s for different linear system sizes L taken at an early
waiting time s = 40 exhibit power law decays in the long-time limit ¢ > s. The mean
value of the autocorrelation exponent is determined to be (A/z,) = 1.342 + 0.06.

However, in our finite simulation domain, data for large times are inevitably hin-
dered by finite-size effects. Thus, in order to better estimate the asymptotic collapse
exponent, we perform a systematic finite-size extrapolation analysis by plotting b vs.
1/L for system sizes L = 16,20, 24, 30, 36,40, c.f. Fig. 4.2(b). Linear extrapolation
to infinite system size L — oo leads to b, = 0.482 4+ 0.02. We then obtain from
Eq. (4.9) the dynamic exponent for the order parameter in model C in d = 3 dimen-
sions, z, = (14 17)/b = 2.158 & 0.09. This result agrees well within our errors with
the theoretically predicted value z, &~ 2.185. The autocorrelation exponent \/z, can
be extracted from the power law tails of C§y,(¢,s), apparent in double-logarithmic
plots vs. t/s for times ¢t > s. Fig. 4.3 displays the data for five different system
sizes, from which we obtain the mean value (A\/z,) = 1.342 +0.06. Using Eq. (4.10),
one may obtain the initial slip exponent # = 0.14 + 0.08. This value shows a similar
trend as the theoretical prediction, but unsurprisingly, differs in magnitude by about
a factor 2 from the naive extrapolation of the second-order results of the perturbative
€ expansion about the mean-field value 6 = 0.
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Figure 4.4: (a) Double-logarithmic plots of the autocorrelation function for the con-
served magnetization component M, vs. time ¢ for different linear system sizes L dis-
play an intermediate regime governed by algebraic decay. The system was quenched
to the critical point at T, = 1.5, HS,, = 3.0. (b) Finite-size extrapolation analysis

for the decay exponent plotted vs. 1/L for six different system sizes L = 16. . . 40.
A linear extrapolation to the infinite system size limit L — oo yields 1/z,, = 0.381.

We further explore the non-equilibrium dynamics of the conserved magnetization
component M, which is reversibly coupled to the ordered parameter. This non-
critical conserved field undergoes diffusive relaxation with correlations C,,(q,w) ~
¢ 2C(w/q?) or equivalently C,,(7,t) ~ r~(@=2C(r/t*). The asymptotic long-time
scaling form for the temporal magnetization correlation function at the critical tem-
perature thus becomes

Crn(t) ~ t=2/%, (4.11)

In the data depicted in Fig. 4.4(a), we discern an intermediate power law region in
the decay of the spin autocorrelation function before the graphs fall off exponentially
due to finite-size effects. As expected, this algebraic regime becomes more prominent
upon increasing the linear system size L. We again perform a systematic finite-
size extrapolation to obtain the asymptotic value of the decay exponent and find
(1/zm)e =~ 0.381, and thus infer z,, ~ 2.62 £ 0.01. This value however differs from
the order parameter dynamic exponent z, ~ 2.148 4 0.1, indicating that likely the
time-scale ratio between the staggered magnetization relaxation and magnetization
diffusion still has not reached its asymptotic fixed point, and the strong dynamic
scaling hypothesis cannot be validated. In this context, we direct the readers towards

35



36 CHAPTER 4. CriTiICAL DYNAMICS OF ANISOTROPIC ANTIFERROMAGNETS IN AN EXTERNAL FIELD

previous work by Koch and Dohm discussing the effect of finite system size on the
relaxation and diffusion time scales of model C [65].
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Figure 4.5: Aging scaling plots for two-time autocorrelation function C,,(t, s) of the
conserved magnetization for linear system size L = 40. Double-logarithmic rescaled
plots for different waiting times s collapses with exponent b,, ~ —0.3 and decay
exponent ~~ 0.239 + 0.1. The inset shows the autocorrelation plots as a function of
t — s demonstrating broken time translation invariance.

One can also obtain the aging scaling data from the two-time autocorrelation function
for the conserved magnetization, c.f. Fig. 4.5. We note though that for large waiting
times we observe another power-law region at later times which is distinctly different
from the previously obtained algebraic decay in the intermediate relaxation regime
of the single-time autocorrelation function. It is at these later times that the rescaled
plots for different waiting times collapse with an exponent b,, ~ —0.3 and a decay
exponent equal to 0.239 4 0.01. Earlier analyses of conserved spin systems have
predicted two regimes with different power laws, with a new length scale governing
the crossover between both algebraic regimes [29, 66]. Ultimately in the long-time
limit, however, the decay of the autocorrelations is determined by only one length
scale, independent of the waiting time s. In a similar vein, the non-critical conserved
magnetization here displays the signature of two distinct scaling regimes. Yet unlike
in the conserved spin systems, we observe an early relaxation regime with a faster
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power law decay, prominent in the single-time autocorrelation plots in Fig. 4.4, which
subsequently crosses over to a slower algebraic decay until ultimately finite-size effects
dominate. Moreover, the negative value of the exponent b,, suggests the presence
of long-lived metastable states. The precise nature of the crossover scaling for the
conserved magnetization in our system thus remains open for future investigation.

4.4 Model F dynamical scaling

The continuous phase transition between the spin flop and the paramagnetic phases
is described by the dynamic universality class model F [4, 9]. Also known as the
“asymmetric planar spin model” [19], this universality class describes the critical
dynamics of a two-component vector order parameter coupled reversibly to a con-
served scalar density in the presence of an external Z; symmetry-breaking field.
The only other known and prominent physical system described by model F is the
normal- to superfluid transition in *He [67]. In anisotropic antiferromagnets, the
non-conserved components of the planar staggered magnetization ¢, and ¢, couple
reversibly through the non-vanishing Poisson brackets to the conserved magneti-
zation component M,, resulting in the precession motion (4.5) of the spin vectors
around a local field produced by their exchange interaction with their nearest neigh-
bors and the external field.

One may view the conserved magnetization components acting as the infinitesimal
rotation generators for the order parameter components, resulting in propagating
spin waves in the ordered phase [11, 68]. The spin wave damping I'. decreases as the
critical temperature is approached, with the associated relaxation time 7, = 1/T,
diverging at T.. Hence procuring the aging scaling data by probing the conventional
two-time correlations turns out not to be a viable approach at the model F critical
line. Moreover, owing to the reversible mode couplings between the conserved magne-
tization and the non-conserved order parameter components, the initial slip exponent
f and hence the autocorrelation exponent A are expected to be non-universal in this
case; specifically, these exponents should depend on the initial distribution of the
magnitudes of the conserved modes [18, 30].

However, one can extract the dynamic exponent from the temporal evolution of
the stationary correlation function in the vicinity of the critical parameters in the
ordered phase. Near the critical temperature, the spin wave oscillations have an
exponentially decreasing amplitude ~ e~ 't ~ e/l In a finite system near T}, the
stationary relaxation time diverges with linear system size with the dynamic critical
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Figure 4.6: (a) Fourier spectrum of the staggered magnetization correlation function
in the xy plane for different linear system sizes L = 20, 24,30 for a non-zero wave
vector ¢ vs. frequency w. The inset shows propagating spin waves in the spin-spin
correlation function with spatial separation 7" as a function of time. (b) Double-
logarithmic plot of the relaxation time 7, vs. linear system sizes L = 16...32.
Fitting the data for large L > 20 yields the dynamic critical exponent z = 1.46+0.15.

exponent z characterizing its critical slowing down: T, ~ L?. We have obtained
the relaxation time via measuring the half-peak width I', of the Fourier transform of
the spin-spin correlation function [69], C5y; (7, w) = [ Cayy (7, t)e™'dt, see Fig. 4.6(a).
The asymptotic value of the dynamic exponent for model F is known exactly from
the dynamic renormalization group, 2., = d/2 in d < 4 dimensions [19, 20]. From our
relaxation time data as function linear system size, we find that for the five largest
L the best fit line gives z;, ~ 1.46, within our error bars in agreement with the
theoretical predition 1.5, c.f. Fig. 4.6(b). As one would expect, with larger system
sizes zgy tends towards the asymptotic value.

4.5 Bicritical dynamical scaling

The two continuous phase transition lines described by models C and F meet at
a bicritical point which is described by a different dynamical universality class. In
their field-theoretical analysis, Folk, Holovatch, and Moser found that irrespective of
whether the static behavior of the system is described by the Heisenberg or biconical
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renormalization group fixed point, the parallel and perpendicular order parameter
components scale similarly in time with dynamic critical exponents z, ~ 2z, ~ 2.003
and z,, ~ 1.542 in the asymptotic limit [55]. However, strong non-asymptotic effects
originating from the mode coupling terms in the vicinity of the bicritical point lead to
very different crossover dynamical exponents which exhibit weak dynamical scaling.
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Figure 4.7: (a) Aging scaling plots for two-time spin autocorrelation function
Cé\(t, s) of the Ising antiferromagnetic order parameter on a simple cubic lattice of
linear system size L = 30 with periodic boundary conditions. The system is quenched
from an initially disordered configuration to the bicritical point at 7. = 1.025,
H¢, = 3.825. Double-logarithmic rescaled graphs for different waiting times s col-
lapse with the scaling exponent b ~ 0.75. The inset shows the autocorrelation plots
as a function of ¢ — s, demonstrating broken time translation invariance. (b) Finite-
size extrapolation analysis for the aging exponent b plotted vs. 1/L for five different
linear system sizes L = 16...36. A linear extrapolation using the data from the four

largest systems to the infinite system size limit L — oo yields by, = 0.53 4+ 0.03.

Similar to the model C analysis, we obtain a dynamic aging scaling window for
waiting times s = 80...200 for the easy-axis scalar order parameter at the bicritical
point. Figure 4.7 depicts the scaling collapse of the two-time autocorrelation plots
for different waiting times for a system with linear size L = 30 with aging exponent
b~ 0.75. A subsequent system size extrapolation yields the asymptotic value b,, =
0.53 4+ 0.03. Using Eq. (4.9), one can then infer the dynamic critical exponent z, =
1.962 4 0.15 which is in agreement with the theoretical prediction within our error
bars. From the mean value of (\/z,) = 1.265 £ 0.03 over five different system sizes
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(c.f. Fig. 4.8), we also obtain the bicritical initial slip exponent 6 = 0.265 + 0.05 for
the staggered magnetization along the z axis.
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Figure 4.8: Double-logarithmic plots of the two-time staggered magnetization au-
tocorrelation function vs. t/s for different linear system sizes L taken at an early
waiting time s = 40 exhibit power law decays in the long-time limit ¢ > s. The mean
value of the autocorrelation exponent is determined to be (A/z,) = 1.265 &+ 0.03.

4.6 Conclusion

We have utilized a hybrid numerical method that incorporates reversible spin preces-
sion dynamics through a deterministic integration scheme with relaxational Monte
Carlo kinetics to investigate the both the stationary critical dynamics and the non-
equilibrium critical relaxation in three-dimensional anisotropic antiferromagnets in
an external magnetic field. From the aging scaling data of the order parameter spin
autocorrelation function at the model C critical line, we obtained the aging and auto-
correlation exponents. A systematic finite-size extrapolation analysis allowed for the
extraction of the asymptotic value of the aging collapse exponent b ~ 0.482, which
leads to the dynamic exponent z, ~ 2.148. This is in very good agreement with
the theoretical prediction. Further, we report the value of the initial slip exponent
0 ~ 0.14. Additionally, we extract the dynamic exponent for the conserved magne-
tization z,, ~ 2.62 and observe two distinct time scales in the decay of its two-time
spin autocorrelation function.
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In the vicinity of the model F critical line, the presence of spin waves hindered
the aging scaling analysis. However, from the Fourier transform analysis of the
spin waves we obtained the critical relaxation times that increase algebraically with
system size, with the dynamic critical exponent z,, ~ 1.46, which agrees with the
theoretical value z,, = 3/2 within our systematic and statistical errors. Finally,
we performed an aging scaling analysis for the scalar order parameter component
along the direction of the external field at the bicritical point. We thus verified that
the dynamic exponent at this point z, &~ 1.962 is different from the corresponding
values at both the model C and model F critical lines, contrasting the nature of the
dynamical universality class at the bicritical point.

4.7 Appendix

4.7.1 Equations of Motion for the Spin Vectors

The Hamiltonian of a three-dimensional antiferromagnet with anisotropic Heisenberg
exchange interactions (with J > 0) in an external magnetic field is given by

N N
H=JY [A(SFS]+S/S)) + S7S;] = Hoxi Y S (4.12)
(i) i=0

Using eqn. 3.14 one can write for the z-component,
(558 s)
J J

In terms of the variables ¥ and ¢,

dv;

— sind;
S1n di

=JA [sin ¥ sin ; Z sin 9, cos ¢; — sinJ; cos ; Z sin 1, sin goj]
; ,

J

Thus we obtain,
dv;

dt

=—-JA Z sind; sin(y; — ;) - (4.13)
J
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For the polar angle ¢ we solve the equation of motion for the z-component,

ds:
dt

dipi
dt

= cos U; cos gpid—ti — sinJ; sin ;

Also, from eqn 3.14,
{SiH} = JASFY SY—JS!> S+ HeSY
j j

= JAcosd; Z sinv; sin ¢; — J sin ¥; sin @; Z cos 0 + H .y sinv; sin @;

J J

Equating the above two equations,

de

— sin ¢; sin %d_ti = JA cosv; cos p; Z sind; sin(yp; — ¢;) + JA cos U,
J
Z sin¥; sin ¢; — J sin ¥; sin @; Z cos 0 + Hep sinv; sing; .
J J
do,
- Cz = JZcosﬁj—Hemt — JA cot 192-<cot i Zsinﬁj sin(g; — ¢;)
J J

1 : .
+sin - ; sin 1, sin gpj>

= JZcosﬂj — H p — JAcotﬁiZsinﬁj
J J

sinw,;  cosy;

( ARk 4

sinp;  sin p;

[sin p; COS (j — COS P; SIN ©; ])

:J;COS ¥V — Hegy — JA cot v; Zsin 1%(2?12 + €O (p; COS ; — COS” %2?:)

J

:JZ cosV; — Heye — JA cot v, Z sin 19]-((308 i COS p; + sin ; sin gpj>
r .

J
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—

dp; .
pr J; cosVj — Heyy — JA cot ¥, Z sind; cos(p; — ¢;) (4.14)

J

4.7.2 Hybrid Simulation Steps

In order to equilibriate the system at the temperature and the external field of the
quench, the following steps are performed during simulation:

» Since only the z-component of the magnetization is conserved by the Hamilto-
nian as in section 4.2:

1.

Exchange the azimuthal angle ¥ with one of the six neighboring spins
with probability 1/6.

Rotate the polar angle ¢ with a random angle between 0 and 27 picked
from a uniform distribution.

Calculate the energy difference AFE resulting from this update. Define
the probability of update according to Glauber kinetics [59],

1
W = .
1+ exp(AE/kgT)

Generate a random number r from a uniform distribution between 0 and
1.

If » < W, carry out the update. If not, restore the spins to previous
configuration.

e In order to simulate the precession of the spin variables which result in re-
versible dynamics, integrate the equations of motion of the azimuthal and
polar angles of the spins, Eqns. (4.13), (4.14) respectively at each lattice site.

o Update the lattice configuration with 10 sweeps of the Monte Carlo algorithm
and then parallelly integrate all the spins by implementing 4th order Runge-
Kutta algorithm. This combination is defined as one simulation time step

(STS).
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Chapter 5

Biological transport

Biological transport phenomena are of paramount importance for understanding the
intricacies of how living organisms work. From the diffusion of molecules and nu-
trients across the cell and tissue membranes, the transfer of heat or mass along
capillaries, the transport of organelles and vesicles by molecular motors inside the
cells, the systematic functioning of all life is ensured by efficient transport mecha-
nisms. These processes are fundamentally out of equilibrium as they either include
active transport driven by external energy sources such as the hydrolysis of an ATP,
or passive transport driven by concentration gradients.

In 1968, a very simple one-dimensional toy model, the totally asymmetric simple
exclusion process (TASEP), was used for the first time to model the collective move-
ment of ribosomes on a messenger RNA track [70]. Later, the asymmetric simple
exclusion process (ASEP), a lattice-based model for a system of interacting particles,
was introduced by Spitzer in 1970 [71], and since then has become a paradigmatic
model for studying stochastic models of transport phenomena. In its most simple
construct, the model consists of N particles hopping with probability p to the left
and probability ¢ = (1—p) to the right on discrete lattice sites provided that the sites
are empty. TASEP is a special case of the more general ASEP model, in which the
probability p with which a particle moves to the left is one. The model also captures
particle exclusion, where two particles are effectively considered hard spheres that
cannot occupy the same sites. Due to its rich exhibition of multiple non-equilibrium
stationary states that can be exactly obtained through rigorous mathematical anal-
yses, the ASEP is an extensively studied non-equilibrium statistical model. Given
that one can also add many realistic components to the simple model such as par-
ticle deposition and evaporation, multiple transport lanes, complex non-exponential
wait times, and so on, the ASEP is still a very adequate framework for investigating
transport phenomena.
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5.1 Structure of part II

In the following chapter 6, we investigate the dynamics of a collection of molecular
motors known as cytoplasmic dyneins by modeling them on a one-dimensional lattice
as a variant of the TASEP model. We report the motor distributions, the density
profile, and the stationary mean-field current after the system has reached its non-
equilibrium stationary state (NESS). We also study the early time-dependent growth
of the ensemble averaged mean square displacement that reveals the scale-invariant
features of the model. A summary of this work is included in chapter 7 along with
a brief outlook to the ongoing avenues that we are exploring in this research.

45



Chapter 6

Dynein-inspired one-dimensional
exclusion process

This chapter is adapted from our publication, Riya Nandi and Priyanka,“One-
dimensional exclusion process with dynein inspired hops: simulation and mean field
analysis”, first published in J. Stat. Phys. 182, 29 (2021) by Springer Nature.
Reproduced with permission from Springer Nature.

My contributions to this manuscript include developing the lattice simulation algo-
rithm for the exclusion process, analysing the data, and preparing the first draft of
the manuscript including the figures.

6.1 Introduction

Biological molecular motors are protein molecules that transport molecular cargo
within the living cells by moving progressively along actin filaments and microtubules
[72, 73]. The term “motor” is motivated by the fact that molecular motors utilize
the chemical energy produced by the hydrolysis of ATP (Adenosine triphosphate) to
ADP (Adenosine diphosphate) to perform mechanical work. This progressive move-
ment of motors is often considered as analogous to the traffic in a city, where the
cytoskeletal filaments act as the path along which the molecular motors travel in a
directed fashion [74]. The efficient transport of molecular motors is critical for the
healthy functioning of a cell as they play crucial roles in many biological processes
such as cell division, transfer of genetic information, etc. Therefore, understanding
the motor dynamics constitutes an important and relevant research area. Among the
three known motor families, kinesins and dyneins move along a microtubule, whereas
myosins move on an actin filament [75]. Unlike the other two, cytoplasmic dynein
mediates retrograde transport shuttling organelles, vesicles, etc. from the edge to
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the body of the cell. Owing to several experiments and theoretical modeling of the
dynamics of motors in the last few years, we have a reasonably good understand-
ing of the mechanism of processive backward/forward motion of kinesin and myosin.
However, the functioning of cytoplasmic dynein is much less understood. Advance-
ment in probing techniques in recent years has shed some light on the structural
complexity and motility of dynein motors. Moreover, experimental studies of dynein
have shown that they exhibit an unusual gear-like mechanism taking variable step
sizes of 8, 16, 24, and 32 nm depending on the concentration of ATPs available and
external loads [76, 77].

Motivated by this jump strategy with variable step-size, in this work, we intro-
duce a simple one-dimensional stochastic model, with the goal to understand the
effect of this motility mechanism on the collective dynein dynamics. Both analyt-
ical and numerical stochastic modeling of statistical physics is predominantly used
to understand wide varieties of biological phenomena ranging from transport to cell
division [78, 79, 80, 81]. For such studies, particle-based modeling [71] constitutes
a simplified, idealized but powerful approach where one ignores the structural com-
plexity of individual biological motors and considers them as hardcore particles that
jump (move) across lattice sites (linear microtubule tracks). The process of hydrol-
ysis is a constant source of energy to the motors, which can be represented in the
model as a constant driving force for the particles. Such a driving force prevents
the system from ever relaxing to thermal equilibrium. Thus, after an initial tran-
sient period of non-equilibrium dynamics, the system asymptotically evolves to a
non-equilibrium stationary state [78]. Variants of the TASEP were introduced to
study molecular motors [79]; however, very few of the earlier studies are based on
dynein motors [82, 83, 84, 85]. An earlier study used a stochastic cellular automata
model to represent the collective behavior of dynein motors [82]. However, this study
did not incorporate the effect of load and hindrance together. To understand the
dependence of the collective behavior of dynein motors on both load and blockage
due to traffic, we formulate a TASEP variant. We specifically ask how dyneins op-
timize step sizes depending on parameters such as load and the presence of other
motors [84, 86]. In this approximate model of dynein transport, which incorporates
the essential load-dependent hopping mechanism, we investigate their long-time as
well as the transient time behavior. Although open boundary conditions represent a
more realistic model for a system of biological motors, we decide to study the system
with periodic boundary conditions first since the bulk properties of the system are
not affected by this choice. Later we look at the boundary effects by simulating our
model with open boundary conditions. We find that the stationary-state gap distri-
bution in front of the motors exhibits intriguing peaks at multiples of the maximum
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jump size, with the amplitude of these peaks decaying exponentially as a function
of the gap size. For open boundary conditions, we observe a damped oscillatory
density profile starting from the entry sites. Depending on the influx and escape
rates and the rates of attachment /detachment, these oscillations decay as one moves
further into the bulk leading to a flat density profile. We also analyze the superdif-
fusive growth of the mean square displacement during the transient time followed by
standard diffusive behavior.

Further, some experimental observations have revealed that under the effect of forces
in the direction opposing the motion of the motors, they unbind from the tracks, thus
decreasing their processivity [87, 88]. Inspired by the phenomena of “finite proces-
sivity”, we perform simulations for the open boundary conditions with Langmuir
kinetics [89]. In-vivo studies of dyneins, in particular, show that for low load, the
probability of unbinding increases with load. However, at higher load, the dyneins
exhibit catch-bond type behavior [90] which results in the probability of unbinding
decreasing with increasing load. Here we want to emphasize that our goal is not
to mimic the exact functional form of the load-dependence but to probe the effect
of adding a non-zero probability of evaporation and deposition of particles on the
steady-state distributions of our exclusion process as a mere exercise.

This paper is structured as follows: In the following section, we describe our stochas-
tic model and review the known gear-like jump mechanism of dynein motors. We
then discuss the results for the static and dynamics of the model for periodic bound-
ary conditions in Section 6.3.1. Section 6.3.2 is devoted to the discussion of the
properties of the model for open boundary conditions. Following that, we discuss
the effects of adding Langmuir kinetics on the open boundary steady-state properties
in Section 6.3.3. We conclude with a summary of our results and open questions in
Sec. 6.4.

6.2 Model and Simulation Method

In this section, we briefly review the structure and the mechanism of motion of
dynein motors; we refer the reader to Ref. [76] for a detailed description. Cyto-
plasmic dyneins perform unidirectional discrete jumps on the microtubule. A single
microtubule consists of approximately 13 protofilaments, and it has been assumed
that dynein uses more than one protofilament to walk due to its large structure
(91, 92]. Structurally, a dynein motor has two heads; each head contains 6 AAA
(ATPases Associated with diverse cellular Activities) domains, four of which are po-
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Figure 6.1: Schematic of a single head of dynein attached to the microtubule. Each
head has six ATP binding sites (AAA1-6).

tentially ATP binding sites, as shown in Fig. 6.1. Earlier studies of dynein motors
show that the hydrolysis (conversion of ATP to ADP) occurs on all ATP binding
sites; however, only the hydrolysis at the primary site AAA1 is compulsory for the
movement of the motors, so the motors do not hop until the primary site hydrolyzes.
The attached ATP units on the secondary sites act as an external load for the mo-
tors, which determine the step size over the microtubule and also influence other
molecular functions [77, 84]. In our study, we simplified the system by consider-
ing that dyneins with stacked head walk on a single protofilament, which has been
also observed previously in certain in-vitro experiments [93] where they demonstrate
that multiple rows of parallel protofilaments are not essential for the motility of the
dyneins. In their Monte-Carlo studies, Mallik et al. [77], have also previously argued
that considering the dynein as a single-headed structure is a reasonable assumption.

In our study, we introduce a variant of the totally asymmetric exclusion process to
model the dynamics of dynein motors. We consider L discrete lattice sites with
N hardcore particles which we refer to as N-motor system. A lattice site can be
occupied by at most one particle, and each particle jumps in the forward direction
with varying step sizes of 1, 2, 3 or 4 depending on the number of ATP units
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attached to the secondary sites (loads) of the particle. Each particle carries a flag for
the occupancy of one primary and three secondary ATP binding sites. Additionally,
we also assume that there is an infinite source of ATP units available for binding.
We employ random sequential Monte-Carlo update where, at each time step of the
simulation, a motor is chosen randomly from an occupied lattice site. The hopping
probability with varying step size is determined by three distinct processes:

ATP attachment- One unit of ATP attaches to the empty primary site with a
constant probability P,, or to any of the available secondary sites, with a constant
probability S,,.

ATP detachment- One unit of ATP detaches either from the primary or one of
the three secondary sites with constant probabilities F,rs and S,¢¢, respectively.
ATP hydrolysis- A filled primary binding site hydrolyzes and converts ATP to
ADP. This chemical reaction leads to energy production, which propels the motor
forward. The number of steps the motor moves depends on the number of ATP units
bound to the secondary sites and the number of available empty lattice sites in front
of the motor. If the secondary ATP binding sites are unoccupied, the motor attempts
to hop to the maximum step size of four. If s number of secondary sites hold ATP (s
can be 1, 2, or 3), given the primary binding site is occupied, the motor attempts to
hop (4 —s) steps. The motor can only take a step forward as long as there is no other
motor blocking its path. If n is the attempted hopping size and m is the number of
empty lattice sites in front of the motor, it takes min(m, n) steps. In actual biological
motors, even the secondary sites hydrolyze ATP to ADP, but this does not result in
forward-propulsion of the motor. In our N-motor system, secondary site hydrolysis
is not considered. However, one can argue that the detachment rate of AAA(2-4)
takes care of the hydrolysis of ATP from secondary sites.

The stochastic probabilities of attachment and detachment P,,, Son, Porf, Soff
are in general considered to be functions of the stall force, the temperature of the
cellular environment and concentration of available ATP [77]. However, for this
study, we choose constant probabilities. Based on some of the in-vitro experimental
observations [94, 95] where the attachment rate of ATP to the primary site is large
in comparison to the ATP attachment rate to secondary sites, we will present most
of our results for high attachment rates to AAA1, specifically for the case when,
Son =1 —= Py, Poyg =1 — P,y,, Sofr = Pon. All simulation results are obtained for
lattice size L = 10? for periodic boundary conditions and L = 500 for open boundary
conditions. Ensemble averaging of 10* different realizations have been performed for
all final results.

For the maximal step size mg, the rate of hopping n steps with m empty sites in
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front of a particle is given by,

ms—1

up(m) = Z On,ilV2i—10m.i + v2;0(m — (i + 1))] + vam,—10(m — mg)0pm, (6.1)
i=1

where the rates v; are the constant rate of hopping which depend on the number of
ATP molecules attached to the binding sites. vs,, denote the rate of jumping n steps
if m > n empty sites are in front of the particle and vy,_; is the rate of jumping n
steps if exactly n empty sites is in front of the particle. Also 6(x) is a discontinuous
function whose value is zero for x < 0 and one for x > 0. The terms within the
summation give the hopping rates for jump lengths smaller than m,, and the last
term denotes the hopping rate for maximum jump length, m.

In our model of dynein motors, where a motor can take maximum four steps (ms = 4),

up(m) = [0 + v2f(m — 2)]0n1 + [V30m2 + v40(m — 3)]0n2
+[v50m.3 + v60(m — 4)]0p.3 + V70, 40(m — 4) | (6.2)

For m, = 4, approximated functional form v; in term of the attachment and detach-
ment rate of ATPs’ to the binding sites are given as,

3

v & Pon(1 = Pogs) | Y (SonSors) (1= Son)*™|
1=0
V6 = Pon(1 = Posf)Son(1 = Sor)[(SonSors)* + (1 = Son)? + (1 = Son) SonSors]
Vs = U7p+ Vg,
Vs & Pop(1 = Posg) S5, (1= Sors)*[(1 = Son) + SonSoss]
vy R (1)7 + 2)6),0+ V4
vy & Pou(1 = Posp)[Son(1 = Sorf)’]
v R (V74 vs+va)p+ v

We have also written down the exact form of all the rates for my, = 2 in the Ap-
pendix equation (6.31). Here, we aim to understand the effect of various rates of
attachment /detachment, and of the motor density on the fluctuations and station-
ary state properties of the system. We have studied the system for both periodic
and open boundary conditions shown in Fig. 6.2. For open boundary conditions,
the same dynamical rules of hopping apply in the bulk as for the periodic boundary
case. Moreover, the open ends of the lattice are attached to a reservoir through
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Figure 6.2: Transport of dynein motors on a lattice with periodic boundary con-
ditions (left) and with open boundary conditions (right). For open boundary con-
ditions, motors enter and exit the lattice with influx and escape rates o and £,
respectively. Motors hop forward (clockwise) n steps with probability v, and m
(m > n) empty sites in front of them.

which a motor can enter and exit with the rates o and § from the first and last site,
respectively.

6.3 Results

6.3.1 Periodic Boundary Conditions
Steady-state properties:

The system reaches its stationary state when the particle current does not change
with time, which implies % = 0. we numerically calculate the time scale after which
the particle current as well as the density profile become constant. In our model the
steady-state is achieved by evolving the system for approximately L? Monte-Carlo
steps. The stationary state current across the bond ¢ — 1 and ¢ is the sum of all the
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possible jumps and is given by
Jp) = (vini—1(L = ni)nipa +vani—1 (1 — 1) (L — nig )iz + o +

(%) l
U277i71(1 - Ui)(l - 77i+1) Z Niri+2 H 1 - 77z+1+k > ) (6-3)
= k=1

where 7); is occupancy of site j. We have also solved for the stationary state prop-

erties of the system in the mean-field approximation where we ignored all higher-
order correlations, and for the two-point correlation, considered the factorization
(nin;) = (ni)(n;) = p*. This approximation manifests in two contexts the current
work; one is to calculate the particle current and the other to calculate the mean-field
gap distribution where we consider that the empty spaces are uncorrelated. One can
define the mean-field particle current as

p) = pi [ai z_i:(l - p)l} : (6.4)

where, a; is the probability of a particle to jump ¢ steps and its value ranges between
0 and 1. For my, =4, a1 = v1 + v9, ay = v3 + vy, a3 = v5 + vg and ay = v;. Further
for the limiting case of P,, = Syff =1, Son = P,yy = 0, where the particles can take
only four steps, the above expression for the current simplifies to,

p)=vip ) (1=p)". (6.5)

We then calculate the maxima of the current by setting dj(p)/dp = 0. For the limiting
case, when v; = 1, the maximum current is obtained at density p,qa. = 0.3312. This
is verified by our simulation result where the current profile for P,, = 1 indeed peaks
at a p ~ 0.33 as can be seen from Fig. 6.3(a). We also observe that for all our chosen
rates, the current reaches peak value at densities below p = 0.5. This shift of the
peak below half-density signifies the absence of particle-hole symmetry. Simply put,
in this system a particle moving four steps from site i to 7 + 4, is not equivalent
to a hole moving from site ¢ + 4 to ¢. This shift of maximum density below half
also suggests the self-assembly of particles and holes to optimize the jump efficiency.
To validate this claim, we investigate the flux due to “load” or ATP carried by the
secondary sites, L(p). For P,, = 0.8, L(p) attains maximum value at p ~ 0.4 which
is only slightly different from the density where density peak for the same choice
of the rates, see inset of Fig. 6.3(a). Setting S,, equal to zero, and mg to one, we
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Figure 6.3: (a) Current profile j(p) as a function of density for four different rates of
attachment and detachment. The numerically obtained data points (red points) are
compared with the mean-field Eq. 6.4 (black line) for P,, = 1, the maximum current
is obtained at p = 0.33. The inset shows the flux due to “load” (ATP units carried
by the secondary sites) L(p), reaches maxima at density p ~ 0.4 for P,, = 0.8. (b)
The distribution of the hop sizes performed by the motors in the stationary state
peaks at hop size four for all densities. Attachment and detachment rates used in
the simulation are P,, = Syrr = 0.8, Porr = Son = 0.2

recover the well-known TASEP results [71].

In order to further investigate this self-organization of the particles, we probe into
the distribution of particle clusters as well as the distribution of empty spaces in
front of the particles referred to as gap distribution, P(m). In the stationary state,
the particle cluster is an exponentially decaying function for all choices of rates at
all densities, as shown in Fig. 6.4(a). The characteristic size of the cluster depends
not only on the density but also on the chosen rates of attachment and detachment.
One can also extract the correlation length from the slopes for the log-linear plot
of cluster distribution. The calculated correlation length is a measure of the size of
the particles’ clusters that are distributed over the entire lattice and we find that
these clusters grow exponentially with density owing to the absence of long-range
correlations. Moreover, the gap distribution shows a very striking feature for our
specific choice of P,,, Son, Porf, and S,¢s: The distribution peaks at multiples of the
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maximum possible step size my, and the amplitude of the peaks decay exponentially,
for all densities as can be seen in the inset of Fig. 6.4(b). The exponential decay of the
distribution of the gaps with density is just complementary to the exponential growth
of the correlation length. We inspected this further by simulating the gap distribution
for various my, and the characteristic features of the peaks observed are consistent.
These peaks signify that the motors assemble themselves in such a way that they
optimize the utilization of energy by covering the maximum possible steps during
each jump. The amplitude of these peaks at exact gap sizes which are multiples
of my is reduced with an increase in S,, which increases load and consequently the
probability of the motors jumping by smaller step sizes. Thus, these peaks can be
attributed to the smaller attachment rate of secondary sites which favors the large
step-size of m,. This is also verified in figure 6.10 for various choices of probabilities.
This observation is supported by the step-size distribution plot 6.3(b) as well, where
one can see the particles indeed prefer to hop by the maximum length of four steps
rather than taking shorter steps of one, two or three for all range of densities. We
also notice that the step size distribution of four steps peaks at the density p ~ 0.3.

60

0.1
i

|

R

0.08

COOCo00)
AT
SO0
NeloelaplsNb] ol oy
S

0.02 A

16 20

Figure 6.4: (a)Particle cluster distribution C'(z) as a function of cluster size x for
different densities show exponetial decay. Inset shows exponential growth of cor-
relation length as a function of density. (b) The stationary-state gap distribution
P(m) shows peaks at multiples of four gap sizes for various densities. Inset shows
the exponential decay of the distribution of the peaks P(m') (here m’ = 4m) for
all densities. The rates of attachment and detachment here are P,, = Sor = 0.8,
Pt = Son = 0.2

In order to analytically calculate the gap distribution, we assume that the system
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has mean-field geometry where all the motors are connected to each other. In this
limit, all the higher order correlations are ignored and the joint gap distribution
P(my, ma, mg,...my) of n particles having my, msy,..m, holes in front of them can
be factorized i.e., P(my,ma,....,m,) = [[; P(m;). We write down the evolution
equation for the probability of finding a gap of size m for a totally biased walk in
the mean-field approximation as [82, 96, 97]:

J

_dP((Z“ H__ [ welm) + 32 PGS wli)] Pl 1) + Z P(m + k, tyux(m + k)

k=1 J=1 k=1 k=1
+ > Pm—k )Y PGOWG)  (m=1), (6.6)
k=1 j=k
é%%ﬁ:—PmﬁEZH%ﬂ w()+ 3 PGS wl) (6.7)
7=l k=1 j=1 k=1

The above equations must satisfy the following conservation rules,

ZP(mat) =1, (6.8)

m>0
1
> mP(m,t)=--1, (6.9)
m>1 p

where p = N/L is the density of motors present in the system. The conservation
rules imply that we have a closed system with no global particle number fluctua-
tions. To handle the infinite set of equations (6.7), we rewrite it into a single dif-
ferential equation using the generating function technique where we multiply both
sides of Eq. (6.7) by z™, sum over all m > 1, and define the generating function
G(z,t) = Z 2™ P(m,t). For the case of my; = 4, the further calculation becomes
m>1

cumbersome. Hence we carry out the analysis for a smaller step size m, = 2 and ar-
rive at the simplified form of the master equation in the stationary state. The detailed
calculation and comparison of results with Monte Carlo simulations for maximum
step size m, = 2 are presented in Appendix 6.5. For any arbitrary jump size, the
steady-state gap distribution has a polynomial solution and takes the following form
for rate Eq. (6.1) [97]

Plm) =3 ol (6.10)
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We can also define the current in terms of the gap distribution as

) =03 PU)S (k) (6.11)

In addition to the static steady-state quantities, we also study the stationary state
dynamical behavior by determining the mean square displacement of a tagged parti-
cle in this modified TASEP-like model. Earlier studies have shown that the variants
of TASEP in one dimension fall in KPZ universality class, where dynamic exponent
z = 3/2 (98, 99]. We calculate the stationary state mean square displacement of
tagged particles defined as (60%(t)) = (d*) — (d)? , where d is the average displace-
ment traveled by the tagged particle and the angular bracket is an average over
the different realizations starting from the same initial conditions for this N-motors
system. Our simulation results show the same characteristic features as observed in
the case of 1D TASEP [98]. We see the initial KPZ growth with an exponent 2/3
which is a signature of the TASEP universality class, followed by diffusion. The stan-
dard finite-size scaling form shows perfect scaling collapse with dynamical exponent
zs = 3/2, as shown in Fig. 6.5(a).

Transient behavior:

Next, we investigate the dynamics of the system starting with random initial config-
urations and calculate the mean square displacement of the motors in time,

(or*(t)) = (r*) — (r)* (6.12)

N
1
where 7(t) = N Zx(t) is the average displacement of the motors over the entire
i=1

lattice and the anéular bracket represents ensemble averaging.

We measure the mean square displacement for various densities as well as for different
attachment and detachment rates. They all display power-law behavior with time
(072(t)) ~ t7 as shown in Fig. 6.5(b). After a small initial time window #,,;. ~ 100
time steps, the intermediate time growth of mean square displacement shows anoma-
lous diffusion, which means faster than diffusive behavior. The best fit of the tran-
sient regime gives growth exponent v ~ 1.338 + 0.01 before it crosses over to a
standard diffusive regime at later times where v is one. We also observe that the
crossover time depends on the density of the motors present in the system. This
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Figure 6.5: (a) Growth of the mean square displacement for a tagged particle with
time in the stationary state. (b) Superdiffusive growth of the mean square displace-
ment with time starting from a random initial condition at early times. Inset shows
system size scaling with exponent z = 3/2. Rates of attachment and detachment
chosen here are, P,, = So5r = 0.8, Porf = Son = 0.2.

kind of super-diffusive behavior has been observed experimentally in the dynamical
regime of molecular motors and other active cellular matter [100, 101, 102]. In most
biological systems, short-range fluctuations are responsible for the diffusive prop-
agation, whereas long-range fluctuations arising from directed transport driven by
chemical energy cause super-diffusive dynamics [103, 104]. One can interpret the
crossover from super-diffusive to diffusive behavior in our simulations with a similar
argument. At early times, the motion is primarily dictated by individual hops re-
sulting from ATP hydrolysis and uncorrelated collective dynamics. This weak super-
diffusive power-law could perhaps also be attributed to logarithmic correction. After
the transient period, the dominant stochastic collisions between the particles slow
down the growth of mean square displacement, which results in standard diffusive
behavior in the long-time regime. We also evaluate the dynamic scaling exponent
using the finite-size scaling relation,

(612(8)) o Lﬁf(%).

(6.13)

The best data collapse gives the exponents £ = 1 and z = 3/2, as shown in the inset

of Fig. 6.5(b)).
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6.3.2 Open Boundary Conditions

In this section, we discuss the results and analysis of the collective behavior of an N-
motor system with open boundary conditions. The open boundary lattice is a more
realistic depiction of the biological system as microtubules are open-ended tracks on
which a motor can enter and exit from the left end (head) and the right end (tail),
respectively. A motor enters with probability « provided that the first site is empty
and exits from last lattice site with probability 5. The rules of hopping in bulk are
the same as in the periodic boundary case. However, if the particle reaches the last
lattice site while hopping with the ATP dependent jump probability, then it exits
the lattice. We perform simulations with three different rates of influx and escape:
a =20, a=p,and « = [3/2, starting with different initial densities. For arbitrary
m,, one can write the per-site occupancy dynamics for density at the k' site p as

d
% =a(l = p1) —vpr(1 = p2) (6.14)
d ~
% = ['Uﬂkq + 0pr—2(1 — pr—1)O(k — 1) | (1 = pr) prsa+
min(k—1,ms) 7j—1
Z UjPrk—j H(l = Pi-i) = spr(1 = prsa) l<k<L (6.15)
j=1 1=0
dp ms .771
d_tL = Zvij_j H(l —pr—i) — BpL (6.16)
j=1 i=0

where v, = 27:1 Vj, U = Vg + U3 + V4, U = U3 + vy, and «, 3 are the entry and exit
rates, respectively.

Steady state properties:

We first analyze the stationary state density profile over the lattice. Interestingly, as
can be seen in Fig. 6.6, we observe oscillatory behavior near the boundary, where the
particles enter the system. The average density peaks at those lattice sites which are
multiples of the maximum jump size m,, with the amplitude of the peaks decaying
exponentially as one moves further into the bulk. The characteristic decay length
depends on the influx rate; the larger «, the faster the decay. The depth of these
oscillations into the bulk of the system also decreases with the increasing influx rates,
see 6.6(a). Significantly high influx rate causes crowding near the entry site forcing
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Figure 6.6: (a) Stationary state density profile across the lattice sites for different
influx and escape rates a and 3, for P,, = S,y = 0.8, Poyy = Son = 0.2. The
inset shows oscillations with periodicity of ms = 4 in the density profile near the
boundary through which the motors enter the system. (b) The density profile for
different rates of attachment/detachment for @ = 24 = 2/3 shows similar periodic
behavior near the entrance boundary.

the motors to take smaller steps. The depth of oscillations into the bulk also decreases
upon lowering P,,, as shown in Fig. 6.6(b). Reducing P,, implies an increase in the
attachment rate S,, of secondary ATP binding sites, which consequently increases
the probability of taking smaller step sizes. Thus the amplitude of these oscillations
decays and vanishes faster displaying a TASEP-like tangent profile [105]. From our
simulation results, we conclude that the mean density in bulk never exceeds p = 0.5,
even for significantly high influx rates. For large P,, and small S,, values, the bulk
density profile is almost flat. The gap distribution shows similar peaks at multiples
of the maximum step-size with exponentially decaying amplitudes as discussed for
the case of periodic boundary conditions, see Fig. 6.7(a).

Transient behavior:

To understand the dynamics of the system, we furthermore analyze the mean square
displacement (672(¢)) during the transient regime, as was done for periodic boundary
conditions in sec. 6.3.1. During the growth of the mean square displacement, we
observe three different growth regimes; the initial time dynamic exhibits a combi-
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Figure 6.7: (a)The stationary state gap distribution P(m) shows peaks at multiples
of 4 for different rates o and 3, and the inset shows the exponential decay of these
peaks with gap size m. (b) Growth of fluctuations for different starting densities,
for the case a = 28 = 2/3. The inset shows the finite size scaling collapse of mean
square displacement with the dynamical exponent, z = 1.

nation of super-diffusive and ballistic growth ((6r%(t)) ~ T't'? 4+ I"t?, where T and
[V are fitting parameters), followed by the complete ballistic growth ((672(t)) ~ t?)
in the intermediate regime. The long-time behavior of the system is predominantly
diffusive. This ballistic growth preceding the diffusive stationary state can be ex-
plained by the accelerated motion of the particles in the intermediate regime as there
is enough empty space present in front of them. We also probe the effect of different
starting densities on the growth of fluctuations. As shown in Fig. 6.7(b), for zero
initial density one observes a more prolonged ballistic regime; with the increase in
initial density, the pure ballistic regime becomes negligible. For finite initial den-
sity, we observe prolonged mixed ballistic and diffusive dynamics. However, in the
long-time regime, the dynamic behavior is independent of the initial densities, and
the effect of stochastic forces start to become evident, forcing the motors to undergo
diffusion [106, 107]. Furthermore, plots for different system sizes collapse according
to the finite-size scaling relation (6.13) with exponents £ = 1 and z = 1, as shown in
the inset of Fig. 6.7(b)). The dynamical exponent z = 1 is the resultant of ballistic
growth of fluctuations.

100 1000 10000 100000
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6.3.3 Effect of Langmuir Kinetics

Hitherto our analysis was based on the assumption that dynein motors do not unbind
from the microtubule track; in other words, they exhibit “infinite processivity”. But
experiments have shown that molecular motors often unbind from the tracks with a
load-dependent probability [87, 88]. Loose motors can also bind to the microtubule
with a constant probability. The unbinding of motors from the filaments under
load has been explored via various theoretical frameworks [108, 109]. In the present
study, we analyze the effect of unbinding on the collective dynamics of the dyneins by
introducing a load-dependent probability of evaporation P.,. Since in our model the
load is represented by the number of ATP molecules attached to the secondary sites,
we model the probability of evaporation to be an exponential function P,, = %
where s = (0, 1,2, 3) represents the number of ATPs bound to the secondary site [110]
and L is the lattice size, a prefactor chosen to maintain the evaporation at a low
threshold. We choose the constant probablhty of deposition such that it is equal to
the lowest evaporation probability, Py, = <
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Figure 6.8: (a) Open boundary stationary state density profile for different rates of
attachment /detachment. The solid lines represent data with Langmuir kinetics and
the discrete points represent the corresponding data without Langmuir kinetics. The
inset shows oscillations with periodicity four near the entrance boundary. The chosen
probabilities of influx and escape are a = § = 0.5. (b) Density profile for different
probabilities of influx and escape for the probability of attachment /detachment P,,, =
Soff = 0.8, Son = Popp = 0.2.

Comparing Fig. 6.8 to Fig. 6.6, we notice that the damped oscillatory behavior at
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the entrance boundary remains unaffected by the addition of the Langmuir kinetics.
From Fig. 6.8(a), it is important to note that the data corresponding to high load
(P,, = 0.2) without Langmuir dynamics behaves almost like TASEP and hence the
system is in the maximal current phase saturating at half density. Interestingly,
adding Langmuir dynamics shifts the phase curve towards low density and it sat-
urates at a much lower value of ~ 0.05. For low load conditions, P,, = 0.8, the
effect of deposition of particles dominate near the rear boundary of the lattice, lead-
ing to a positive slope in the density profile. This slight positive slope in the bulk
density is consistently observed for all the three cases of influx and escape rates, see
Fig. 6.8(b). For the case with a = 20 = 2/3, we observe that the density forms a
cusp halfway through the lattice. We believe that this is an artifact of the compe-
tition between Langmuir dynamics and influx/escape dynamics. Even without the
Langmuir dynamics, for lower escape rates (3, the particle spends longer time on the
lattice and hence they accumulate near the right boundary as seen in Fig 6.6(b).
Further, we hypothesize that adding evaporation balances this accumulation on the
right boundary leading to the cusp formation. However, a detailed analytical study
is required to understand this behavior which is beyond the scope of the current
work. Analogous to the results in the previous section without Langmuir kinetics,
the gap distribution loses its multiple peak structure for high load, P,, = 0.5 and 0.2
as a result of both higher load forcing the particles to take smaller steps and random
deposition of particles destroying the gaps of four as can be seen from Fig. 6.9(a).
The gap distribution remains effectively unchanged for the various rates of influx «
and escape 8 with the addition of deposition and evaporation, see Fig. 6.9(b).

6.4 Conclusion and Outlook

Our stochastic modeling of dynein motor transport on a lattice with the incorporation
of varying hop sizes manifested many exciting results which include the oscillatory
behavior of the “gap distribution” as well as the average density for the open bound-
ary conditions, and superdiffusive growth of the fluctuations. Before probing into the
combined effect of obstruction due to the presence of other motors and the impact
of loads, we verified the experimental data for a single dynein motor given in the
paper by Rai et al. [86] in our model. We found that without the traffic obstruction,
a single dynein motor takes maximum jumps of step size = 4. We also verified that
the motor increasingly takes smaller steps and the velocity exponentially decreases
with increasing load. Moreover, including the crowded track along with the load in
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Figure 6.9: (a) Gap distribution for different rates of attachment/detachment with
evaporation and deposition. The gaps peak at multiples of 4 for P,, = 0.8 which
corresponds to low load. For high-load conditions the curve decays smoothly. Inset
shows exponentially decaying amplitudes of the peaks. The chosen probabilities of
influx and escape are « = = 0.5. (b) Gap distribution for different rates of
influx and escape remain unaffected with the addition of deposition and evaporation.
Chosen rates of attachment/detachment are P, = Sorr = 0.8, Py = S, = 0.2.

our model, we observe the distribution of step sizes. For low load attachment case,
the effect of the hindrance due to the presence of other motors is not that prominent,
and motors still on average prefer to jump four steps. Further, the stationary state
current shows a breakdown of particle-hole symmetry and in the system exhibits free
flow motion for densities smaller than ~ 0.33, depending on the choice of attachment
and detachment probabilities. The intuitive features of the gap distribution allowed
us to obtain a better insight into the collective behavior and self-organizing nature of
the dyneins for both open and periodic boundary conditions. The gap distribution
peaks at gap sizes, which are multiples of the maximum step size, signifying that the
motors organize themselves so they can jump by the maximum step size possible.
We also carried out a mean-field calculation for the gap distribution.

For the more realistic scenario of open boundary conditions, our simulations cap-
ture a damped oscillating behavior of the density profile. The decay length highly
depends on the attachment and detachment probabilities, as well as the influx and
escape rates of the motors. Similar oscillations, albeit undamped unlike in our model,
have been observed in earlier studies of dynein motors [82] using cellular automata;
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here, we would like to emphasize the fact that different modeling approaches lead to
very different results. The exact cause of this difference is an open question. For the
simulations with Langmuir kinetics, the damped oscillations in the density profile
and the discrete peaks in the gap distribution remained intact for low-load condi-
tions. However, for high load, the distributions became smoother and imitated the
results of TASEP. For the mean square displacement, we observe two regimes, an
early time of fast growth followed by diffusive growth as the system approaches the
stationary state. In the initial transient period, open and periodic boundary condi-
tions show ballistic and superdiffusive growth with exponents 2 and 1.3, respectively.

In the future, we would like to expand our minimalistic model by adding complexities
that depict more experimentally relevant and realistic scenarios. A few possible
adaptations can be limiting the amount of available ATP, probing the dynamics of
walking on multiple protofilaments, etc. It would also be interesting to test these
results in an in-vitro experimental set-up of an assembly of dynein motors. Although
one of the major challenges for such an experimental study is controlling the number
of motors and maintaining the composition of the motor assemblies, experiments
using biosynthetic methods on DNA scaffolds [111, 112, 113] have been conducted
to investigate collective transport of motors. Our theoretical results illustrate how a
group of dynein motors might be distributed on a single track depending on the load
they carry, what would be the optimal density for them to most efficiently transport
cargo and avoid over-crowding and thus, provide a significant point of reference for
experiments on the collective motion of dyneins.

6.5 Appendix : Mean-field analysis of gap distri-
bution

We analytically solve for the gap distribution P(m) for the case when a motor can
hop to maximally 2 empty sites in front of it. The rate of hopping n steps with m
empty spaces in front of the motor is,

am(n) = (U15m71 + Ug)éml + U35n72 + 9(m — 2)(’025”71 + Ug(sn,g) . (617)
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The master equations for the time dependent gap distribution P(m,t) are,

dP(0,1) - -
o = —P(O,t) _Ulp(l,t) + (UQ + U3)mz::2p(m7t):|
—FUlP(l,t) +U3P(2,t) s (618)
dpc(;’t) = P[0+ PL1) + (02 + v3) Z2P m.t)| +0aP(2,1)
+u3P(3,t) + v P(1,1)P(0, 1) +v22 (6.19)
dP(m, ) N
= P, 0)(vs+v5) = Pm,0)[or (L) + (vz 4 v3) Y P(m, 1)

m=2

+va(m +1,8) + v3P(m +2,t) + P(m — 1,8)[v, P(1, 1)

—l—vgzpmt]—l—UgP —2) met (6.20)

m=2

Since the total probability is conserved, Z P(m,t) = 1, defining Z P(m,t) = Sk
m=0 m=k

and using the conservation law P(0,t) + >~ P(m,t) = 1, we have
PO,t)=1-25, . (6.21)

Similarly, P(1,t) can be represented as S; — Sy. Using these substitutions, we arrive
at the simplified form of the evolution equation,

dr gz D _ _po. [0 P(L, 1) + (02 + )8 ] + 01 P(L) + 1P (2, 1) , (6.22)
W = —P(1,1) [vl(l + 51— S2) + (v2 + vz)Sz}

FupP(2,) + 03 P(3, 1) + [m(sl ~ S+ Uzsz] PO,1),  (6.23)
—dP(dT? ) = —P(m,t) [(% +v3)(1+ Ss) + v1(S1 — 52)] + v P(m+1,t)

+usP(m + 2,t) + v352 P(m — 2,t)
+P(m — 1)[’(}1(51 — Sg) —+ /UQSQ} m Z 2. (624)
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[e.9]

Defining the generating function, G = Z 2™ P(m,t), we can write the evolution

. m=1
equation as,

dG d &
D DL
[ S2)(v2 4 v3) 4+ v1(S1 — Sa)] + wez ™' 4 w3z

+[v1(S1 — S2) + we S22z + wgngQ] G+ z(vy +v3 —vy)P(1,¢)
+0aP(1,t) — w3z ' P(1,t) — v3P(2,1)
+[U1(Sl — SQ) + U)QSQ]ZP(O, t) . (625)

In the stationary state, the probabilities are time independent. Hence, setting dP(O Y

equal to zero, one can obtain,
v3P(2) = —v1 P(1) + P(m)[v1 P(1) + (vg 4 v3)55] . (6.26)

To solve for stationary state, we set < = 0, and plug Eq. (6.26) in Eq. (6.25) which
gives us the following polynomial equation,

|: — Z4U352 — 23[1)1(51 - SQ) + ’UQSQ] + 22[(1 -+ SQ)(UQ + Ug) + U1<Sl — SQ)]
— Voz — 1)3:| G = 2*0355(1 — S1) + 2° | (vy + v — v151)(S1 — S2)v255(1 — Ss)

_ 2 [[vl(Sl — S+ (vn +03)8a](1 — S1) + (1 — v)(S1 — Sa) — v3(Sh — Sa)z
(6.27)

Simplifying the above equation by taking out the common factor of (z — 1), we get
[ = 20382 — 2[(02 + 1)S; + 01 (S1 — S2)] + 2(va + vs) + 13| G =
237]352(1 — Sl) + 2’2[("02 + Ug)Sl(l — SQ) — 21151(51 — Sg)] + Z?Jg(Sl — SQ) . (628)

Further, we expand G, equate all coefficients for 2™ from both sides of (6.28), and
obtain the recursion relation for P(m) which is also calculated in [97]. In case of
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Figure 6.10: The gap size distribution for ms; = 2 for various probabilities of at-
tachment and detachment. The analytical result (6.30) represented by dashed lines
matches very well with our simulation results (line-point).

ms = 2, the recurrence relation for P(m) is given as

P(m)vs + P(m — 1)(vg 4+ v3)—P(m — 2)(S1v; — Sa(va + v3 — v1))

Assuming a polynomial solution, P(m) 2™ and using in (6.29), we get a third order
polynomial in x,

1)3113'3 + (’Ug + Ug)xz — (SQ(’UQ + vy — Ul) + Slvl)x — S =0. (630)

Solution of above equation has three roots 1, x9, r3 and hence P(m) = ciz7" +coxh' +
c3xy'. Using conservation laws Egs. (6.8) and (6.9), we consider that the coefficients
c3 = 0 and ¢y, ¢o values depend on the rates. We solve two consecutive equations for
specifying the values of the transition rates, vy, v, v3 and the density the p and solved
for all the unknowns. We have shown the comparison of the solution with Monte-
Carlo simulation of N-motor system in Fig. 6.10. v; depends on the attachment and
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detachment rates as,

Uy = Pon(l - POff)Son(l - SOff) )
U3 = Pon<1 - Poff)((l - Son) + SonSoff ’

V] = U3p + U2 .

(6.31)
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Chapter 7

Summary and Outlook

In this dissertation, I studied two distinct non-equilibrium processes: critical aging
scaling relaxation of three-dimensional antiferromagnets and dynein-inspired non-
equilibrium transport phenomena in one-dimensional exclusion processes.

In chapter 2, I introduced the theoretical constructs of dynamical critical phenom-
ena, reviewing the existing literature. I briefly reviewed Landau’s phenomenological
theory that leads to the derivation of the mean-free critical exponents. This theory
sets the foundations on which the concept of universality and scaling hypothesis is
based and we presented the equations describing the static and dynamic scaling of
the variables that exhibit singularity at the critical point. Following this, I moved on
to the next logical step in this formulation that includes the effects of the stochas-
tic spatial fluctuations, the Landau-Ginzburg-Wilson Hamiltonian. I then discussed
the Langevin equations characterizing the different dynamic universality classes. Fi-
nally, I introduced the theory of aging scaling, a non-equilibrium relaxation regime
observed in the early times after a system is suddenly quenched from an initially
disordered state to an ordered state or to its critical parameters.

In chapter 3, we provided the theoretical steps leading to the origin of the determin-
istic reversible terms in the Langevin equation for the three-dimensional isotropic
Heisenberg antiferromagnets. To implement the complete dynamics, we devised
a novel simulation method that uses a combination of reversible spin precession
and relaxation kinetics by alternating between integrating deterministic equations of
motion and stochastic Monte Carlo updates over the lattice. We used this hybrid
method to characterize the dynamic universality class of three-dimensional isotropic
antiferromagnets, model G. We first validated the simulation method by checking the
known dynamic exponent z = 3/2 for this model. This was achieved by probing the
relaxation time of the stationary autocorrelation function that diverges with increas-
ing system size with a power law given by the dynamic exponent. Next, we obtained
the aging scaling and the autocorrelation exponent by measuring the two-time spin-
spin autocorrelation function of the order parameter following a critical quench. The
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asymptotic value of the aging scaling exponent agreed with theoretical prediction.
We also verified and recorded the non-universal initial slip exponent which is unique
to the class of systems with a non-trivial coupling between a conserved density and
a non-conserved order parameter. Using Gaussian distributions of different width
as the initial spin configurations, we found that the autocorrelation decay exponent
and consequently the initial slip exponent depends on the width of these distribu-
tions. Moreover, for sufficiently narrow distributions, the transient oscillations and
very slow decay is observed indicating the formation of locally ordered metastable
domains that prevents the system from relaxing to its equilibrium.

In chapter 4, we employed the hybrid simulation method to study the critical lines
and the bicritical point present in the phase space of three-dimensional anisotropic
antiferromagnets in an external field. The dynamic and aging scaling exponents of
the model C universality class were obtained from the easy-axis order parameter re-
laxation. Furthermore, we observed that the conserved density exhibits aging scaling,
yet it scales with a negative exponent which is a signature of the system becoming
stuck in meta-stable states. Near the model F critical line, the non-vanishing Poisson
brackets between the conserved magnetization density and the non-conserved com-
ponents of the XY-plane staggered magnetization generates propagating spin waves
in the ordered phase. Thus aging scaling analysis of the order parameter correla-
tion is not possible. Hence, the dynamic exponent of the model F critical line was
determined by analyzing the propagating spin-wave modes in the Fourier space and
extracting the characteristic relaxation times. We also verified the dynamic exponent
at the bicritical point with existing theoretical predictions and showed that it was
indeed different from those of the adjacent critical lines, hence indicating a different
universality class at this point.

We hope that the preceding comprehensive characterization of the non-equilibrium
aging scaling dynamics in three-dimensional antiferromagnets will aid future theo-
retical and experimental research in the field of magnetism.

One of the possible extensions of this research is to investigate whether the appli-
cation of local spatial or temporal control strategies can drive the system from the
vicinity one of its critical lines to the other critical line without changing the global
parameters. The idea is to essentially utilize the long-range correlations formed near
a critical point to drive any local perturbations across the entire system. We are
currently performing preliminary studies in this direction by simulating the system
near one of the critical lines and then quenching a part of the system with control
parameter values of the other critical line. Our early results indicate the spreading
of the propagating spin waves from one part of the system to the entire system after
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the quench.

The next part of this thesis examines a non-equilibrium model of biological trans-
port phenomena. In chapter 6, we used a variant of the one-dimensional TASEP
model to study the internal state-dependent variable step size hopping in a crowded
environment of dynein motors. Our data for the average stationary state current in
the system indicated the absence of particle-hole symmetry. Next, we investigated
the stationary state distributions and observed discrete peaks in the distribution of
empty spaces in front of the motors, at gap sizes which are multiples of the max-
imum step size. Our simulation result was supported by a mean-field analysis of
the gap distribution which indicated similar peaks. We also observed interesting
damped oscillatory density profiles near the entrance site of the particles for the
open boundary case with peaks at sites that are multiples of the maximum step
size. We additionally looked at the transient dynamics, specifically the growth of
fluctuations or mean square displacement in the system, and found that while for pe-
riodic boundary conditions the fluctuations initially grow with superdiffusive power
law settling into a diffusive growth later, the open boundary conditions display an
initial ballistic growth. Finally, we reported the effects of particle deposition and
evaporation randomly from all lattice sites on the stationary state density profile
and gap distribution. From a theoretical perspective, we hope that the interesting
results that we observe in this study may provide excellent reference points for future
studies of transport phenomena and traffic models. It will also be interesting to see
whether these results can be reproduced in future in-vitro experiments.

A natural extension of this work is to investigate the motion of the particles on mul-
tiple parallel lanes. This can be achieved using an effectively two-dimensional version
of the current model. We are currently pursuing this study with the number of lanes
the y-direction much lesser than the number of lattice sites in the x-direction, such
that we obtain single-file dynamics [114]. Our objective is to obtain a phase dia-
gram by studying the current and the density profiles as a function of various influx
and escape rates, various number of lanes, and different attachment and detachment
probabilities. Our preliminary results indicate an absence of maximal current phase
in this system resulting from the absence of particle-hole symmetry.
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