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I. INTRODUCTION

As the title of this thesis suggests, & finite strain
theory is going to be proposed; the validity of the pro-
posed theory will be checked by several examples for an
elastomeric nmateriazl. Finite strain is defined by Preder-
ick and Chang(l).to be: "...the strain that occura in the
mediws when no restrictions are placed on the magnitude of
displacements or derivatives of the displacement with res-
pect to position. The latter are called displacement
gradients.”

A series of fundamental papers pertinent to the res-
ponse of "rubber-like" material was published by Riv-
lin(z)’ 2 (h)' In his first paper, Hivlin(z) developed
the general theory of large elaastic¢ deformations in the
classical manner (after Love(S)) without utilizing any
specific stress-~strain relationahip; He then considers

& neo-Hookean®*®material and demonstrates ita agreement with

# The numbers in parentheses refer to the list of cited
literature contained in the Biblioereaphy.

88 3 neo-Hookean materisl is a materiesl where the elastic
potential function can be developed as a function of the
gtrein invariants.
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statistical studies. Two technigues are used in the devel-
opuent of the equations of motion and the formulation of
the boundary conditicns i.e.: the stress-strain relations
and the stored elastic energy for a given state of strain.
(In other words, to specify the elastic properties of a
material, one may either state an explicit potential func-~
tion or state a stress-strain relationship.) Hivlin(z)
thenr demonstrates that the results of these two technlgues
are equivalent. In his second paper, Rivlin(3} assuned
that pure, homogeneous deformation ylelds the only possible
equilidbrium state for the body. The equilibrium states of
2 cubold of incompressible, neo-Hookean material are
studied under the action of uniform normal loads applied

to the faces of the cuboid. The results of this paper
indicated that 1f the stresses or loads are specified; s
stadle, unique equilidrium state exists for the dody in
question. Under other specified load conditions eight
equilibrium states are possidle. PFive of these eight are
unstable, with three being stable but not necessarily uni-
que. Thie, in general, indicated that the equilidriun
state of & body depends upon the order in which specified
loads are applied., In the third paper, Rivlin(b) trans-
formed the equations of motion and the boundary conditions

from the Cartesian coordinates used in the first two papers
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(Rivlin(z)’ (3)) into cylindrical coordinates. Assuming an
incompressible, neo-Hookean material, Rivlin(.) studied the
special cases of a simple torsion and a simple torsion
gcoupled with a simple extension applied to a right circular
cylinder and a right circular cylindrical tube,

In view of Rivlin's‘z) first paper, the proposed theory
will be formulated by assuming a specific stress-strain
relationship. It is believed that it is easier to formu-
late the problem by specifying a stress-strain relationship
than by developing an elastic potential function.

Several authors solve finite strain problems using the
method of the elastic potential funection. Grc;n and

(1) (8)

Zana(s), Murnaghan » and Carmichael and

Holdaway(g)’ (10) all attack the finite strain problem in

, Mooney

the manner discussed by Rivlin(z’ or in a very similar man-
ner. Murnaghan(7) develops the large deformation theory
by means of matrices and defines the elastic potential
funetion in a manner similar to Rivlin(z). The work of
nooney(a) and Carmichael and Holdnwny(g)’ (10) is very
similar to the work of Rivlin(z), the primary difference
being in the form of the elastic potential function.

The examples that will be used to evaluate the valid-
ity of the proposed theory will bDe:

1. uniexial compression
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1i. uniaxial tension
113. shear
iv. a specific problem involving a combined system
of compression, tension and shear.

The specific problem of case iv. adove will be the res-
ponse of a c¢lamped, hubbed, ocircular, elastomeric plate
which is subjected to a finite, axi-symmetric rotation of
the hub.

In the process of formulating and solving the specific
problem of the response of the clamped, hubbed, circular
plate to finite, axi-symmetric rotation of the hub; the
equations deseribing the nonlinear response to finite strain
uniaxial compression, uniaxial tension, and shear will also
be developed.

The solution of a finite, eircular plate subject to
infinitesimal, axi-synmetric torsional deformation is

well known. Timoshenko and coodier(ll)

present the solu-
tion as an 1illustrative example. The method of solution
used by Timoshenko and Goodicr(ll) is quite elenentary,
utilizing only the Equilibrium Equations. Consequently,
their solution is in terms of stresses only. Prezcott(lz)
mentions the problem in passing, as an illustration of a
solution yielded by a particular, assumed stress function

(E¢ = - $H log (rei')). Preoeott(lz) obtains the same
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sclution as Timoshenko and Goodior(lo). The problem pro-

posed dy Timoshenko and Goodiar(lg)

congerns a souple
applied to a disc which 1s dalanced by & couple applied to
the center of the dise. Proaeott‘ll) defines his solution
as yielding the "stresses that would be produced by tighten-
ing up a nut on a bolt passing through the plate if the
plate resisted the applied couple.”

A similar problem, the problem of the rotation of a hud
in a stretched infinite menmbrane, is attacked dby 3tein and

Hcdgopeth(13)

« The assumptions involved in their analysis
are: “"The membrane considered is elastic, isotropic, has
no bending stiffness, and cannot carry compressive stress."”
In addition to this, they assume small average strains, uni-
form pre-stress and radial symmetry. Their method of attack
is straightforward, utilising the conventional elasticity
approach. They obtain the solutions for the radial and
transverse streasé:. and then using Hooke's Law and the
strain-displacement equations, they develop the solutions
for the displacements.

The work of Stein and Eeégop&th(13) was extended by
xikulaa(lh) who sclved the problem of the behavior of a
finite, stretched memdrene subdjected to the assumptions

used by Stein and Hedgepeth(13). mixulas(® ontatnea

closed form solutions for several bdboundary conditions and
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presented his results as torque-rotation plots.

Gubkin(IS) investigated the problem of an annular,
c¢ircular plate with a central hudb which iz loaded by the
rotation of the hub as an illustrative problem in the
determination of optical anisotrophy in terms of viscous
flow. In the proceas of his discussion, Gubkin(IS) makes
the following statements which are of interest:

1. "For any isotropic material in the presence of
simple shear the maximums of the shearing
stresses appeared to be concentric circles."

11. "The trajectories of the principal stresses
form two families of logarithmic spirals."”
111. "In view of this, the principal stresses are
equal in value but opposite in sign."
However, these statements are made with respect to an infi-
nitesimal, linear, elasticity analysis of the problem.
A related problem, the behavior of a right circular
cylinder subjected to torsion is used as an illustrative

(%) (6) and Murnaghan(T).

example by Rivlin , Green and Zerna
Murnaghan(7) discusses the problem quite thoroughly for
the finite deformation case.

On the basis of the discussion given by Murnaghan(7)
on the solution of the torsion of a right circular c¢ylinder,

the possibility of solving the problem of the clamped,
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hubbed, elastomeric circular plate subjected to finite rota-
tions of the hub by means of the elastic potential funection
using the methods of superposition was considered. However,
in view of the results of Rivlin's(3) second paper (concern-
ing superposition); it was decided that a superposition
solution was not feasible.

As is obvious, a search of the literature did not yield
any direct reference to the problem of the analysis of the
behavior of a clamped, hubbed, elastomeric, circular plate
subjected to finite rotation of the hub. Consequently,
this problem will not be attempted. The analysis of the
problem, which follows, will be attempted utilizing the
proposed finite strain theory.



II. LIST OF SYMBOLS

Ay, A,
By, By, Bz, By
con cl: Ca, Cg, **ey C;

Dy, D2, Dy, ***, Dy

c = (b/a)?
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plate parameters assocliated with
the second approximation solution

plate parameters associated with
the second approximation solution

plate parameters associated with
the third approximation aolution

plate parameters associated with
the third approximation solution

components of the Eulerian, non-
linear strain tensor

the infinitesimal shearing modulus
of slasticity

components of the metric tensor
in the deformed body

& base vector along the - coordi-
nate axis of a set of ccordinate
axes erected in the deformed body

the torque applied to the central
hub of the circular plate

the inside radius of the c¢ircular
plate

the outside radius of the circular
plate

the ratio of the outside radius
to the inside radius of the cir-
cular plate squared

a unit vector along the - axis of
an orthogonal polar eoordinate
system erected in the deformed
body

componenta of the metric tensor
in the undeformed body
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P

P2

P3

Qe
q

q:
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a oovariant base vector along the
-~ goordinate axis of a set of
coordlinate axes located in the
undeformed body

the plate thickness

a material constant

the dimensionless “radial” dis-
placement

2 hud rotation parameter

the first approximation dimension-
less “radial" displacement

the second approximation dimension-
less “radial” displacement

the third approximation dimension-
less "radial” displacement

the dimensionless "tranaverse”
displacenment

2 hub rotation parameter

the first approximation dimension-
leas "transverse" displacement

the second approximation dimen-
sionless “transverse" displacement

the third approximation dimension-
less "transverse” displacement

the radial space ccordinate
the "radial” displacement

the "transverse" displacement
the displacement vector

the longitudinal displacement

a space transformation variable
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a dummy space variable

the longitudinal space coordi-
nate

the component of an infinitesi-
mal line element along the 61
coordinate axis of a coordinate
system located in the deformed
body

the length of the preceding compo~-
nent of an infinitesimal line ele-
nent before deformation

the angle between two coordinate
axes before deformation

the angle between the above two
coordineste axes after deformation

the components of the physical
normal strain 1f 1 = J and the
components of the physical shear-
ing strain 1f 4 #

the polar angle in a polar two
space or a c¢ylindrical three space

the - ococordinate axis
Poisson's ratio

the components of the stress
tensor

the plate loading parameter
the angular rotation of the rigid,

central hub of the elastomeric,
circular plate
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IJI. THE INVESTIGATION
A.) OBJECT:

The object of the inveatigation is to propose and
verify a rational method of attack upon a specific problem
that can be classified as a finite strain problem. The
method of attack will bdbe developed in accordance with the
conventional methods of linear Elasticity with two excep-
tions. The two exceptions will be that the strain displace-~
ment relations will de nonlinear, and will be expressed in
the Eulerian form, ané¢ that a more general stress-strain
relationship will be used insteal of the conventional

Hookean form.
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B.) THE DEVELOPMENT OF THE GOVERNING EQUATIONS POR THE

SPECIPIC PROBLEM, AND THE STATEMENT OF THE PINITE STRAIN

THEORY: |

As was stated in the introduction, the specific prob-
lem that will be solved is the analyseis of the behavior of
a olamped, hubbed, e¢ircular, elastomeric plete when the hud
18 subjected to a finite rotation. Figure 1l shows & photo-
graph of the plate.

The problem will be attacked &as & generalized plene
stress problem. Recall that the generalized plane stress
problem 1s defined in the theory of linear Elssticity as »
problem involving & body whose thickness is sxall; the body
is lcoaded parallel to its faces; and, in addition, there are
no deflections in the direstion of the thickness. Five
‘ components of the stress tensor, namely, ogg, 93¢, Syg> Ogx
and ogy (x in the direction of the thickness) are assumed to
be zero or the unloaded faces of the body. Note that this
does not imply that these stresses are zero throughout the
body. Lowever, if the thickness of the body 1is small, these
stresses can be considered to be very small within the body;
consequently, these stresses are considered to be zerc at all
points of the body. Moreover, the assumption that ogy 1s
sero does not imply that ecgg, the strain in the direction of

the thickness, is gzero. As & matter of fact, cgg is not
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FIGURE 1 THE PLATE.
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gero as it represents the deformation in the direction of
the thickness that is caused by the stresses oxx and 9yy
which act in the planes normal to the thickness. The defor-
mation caused by cgg will be very small due to the small
thickness of the body.

The specific problem to be solved is axi-symmetric for
small rotations of the rigid, central hudb., However, a ques-
tion arose concerning the axi-symmetry when the rotation of
the rigid, central hub became "large"”. It was thought that
the plate might become unstable; and, consequently, suffer
out-of-plane bending. (This, of course, would violate the
generaligzed plane stress assumption.) To answer these ques-
tions, a polyurethane plate with an aluminum central hub was
fabricated. The rigid central hud was then rotated about
thirty degrees. The plate was checked photoelastically for
symmetry of stress, and for all practical purposes the axi-
synmetry property of the plate response was preserved for
"large" angular rotations of the hub (see Figure 2). No
out-of-plane response was noted. Consequently, no viola-
tions of the generalized plane stress assumptions are
apparent.

The equations of equilibrium for an arbitrary element
of a ¢ylindrical body are easily developed, and are given in

most standard texts in cylindrical coordinates. The equa-
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