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Abstract
The evolution of physical systems are often modeled by simple Markovian pro-
cesses. When settled into stationary states, the probability distributions of such
systems are time independent, by definition. However, they do not necessarily
fall within the framework of equilibrium statistical mechanics. Instead, they
may be non-equilibrium steady states (NESS). One distinguishing feature of
NESS is the presence of time reversal asymmetry (TRA) and persistent prob-
ability current loops. These loops lead naturally to the notion of probability
angular momenta, which play a role on the same footing as the noise covari-
ance in stochastic processes. Illustrating with simulations of simple models
and physical data, we present ways to detect these signals of TRA, from the
subtle to the prominent.

Keywords: nonequilibrium steady state, detailed balance violation,
time reversal asymmetry

1. Introduction

To formulate a theory of equilibrium statistical mechanics, the principle of detailed balance
(DB) played a foundational role for both Boltzmann and Maxwell. Based on the laws of clas-
sical physics, it embodies the notion of time reversal invariance. The key theme is that, once it
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‘settled down into a stationary state1,’ the evolution of an isolated system is (statistically) the
same whether time is reversed or not. A favorite way to put this notion in layman’s terms is
the following: If you are shown a movie of a system in thermal equilibrium, you cannot tell
if the movie is run forwards or backwards. A more sophisticated way to describe this state is
that its entropy has reached its maximum and cannot increase further.

If a system is not in isolation, but in contact with multiple reservoirs which are not in equi-
librium, then the dynamics of these reservoirs may lead to a flow of energy (or matter, or
information, or. . .) through our system. Good examples include all forms of life on Earth as
well as our entire ecosystem. All living organisms take in nutrients and discard waste, while our
ecosystem is sustained by a balance between incoming solar and outgoing infrared radiation.
If the spatio-temporal scales associated with these reservoirs are much larger than our system,
then it is conceivable for the latter to settle into a ‘quasi-stationary state’2. Clearly, it is prohib-
itively challenging to describe such a system as well as its ‘environment’—the large, slowly
varying reservoirs. An approximate description is to focus on our system alone and model its
evolution with a stochastic dynamics that is not time-reversal invariant, i.e. with DB violating
rules3. When such a system settles down, it will be in a non-equilibrium steady state (NESS),
while a movie of it run forwards should be distinguishable from one run backwards. What are
the signals of such time-reversal asymmetry (TRA)? A standard answer is entropy produc-
tion4 in the form of the violation of fluctuation-dissipation relations [1] (and DB). However,
to observe entropy production in a movie of a system in NESS and discerning TRA is not
a simple task. Measuring entropy production quantitatively is even more subtle. Following
the advances in the study of non-equilibrium fluctuations and stochastic thermodynamics [2],
much attention has been focused such issues [3].

Here, we will present an alternative approach to finding signals of TRA in a NESS, one that
is, we believe, much simpler. Based on the second and third moments of the distribution of
probability currents (K∗), it can be applied readily to the time series of any data set. We will
present both generally applicable results, as well as specific examples which range from the
readily solvable to the most challenging.

To discuss stochastic processes in general is beyond the scope of this article. Instead, we
limit ourselves here to noisy systems that can be modeled by Markovian dynamics. Starting
with the conceptually easy Langevin approach for a single particle, as well as the equival-
ent Fokker–Planck description, we will move on to arbitrary systems with finite and discrete
configurations (Ci; i = 1, . . . ,N) evolving stochastically in discrete time steps (τ ) with time

1 Note that the definition of a stationary state involves time translational invariance. Time reversal is a different
symmetry.
2 All natural systems are bound by finite times, which motivates the term ‘quasi-stationary.’ In reality, we need sys-
tems with a clear separation of time scales so that the one being studied can be observed over periods which are short
compared to the changes in the environment, yet long compared to the ‘microscopic’ time scales characterizing evol-
ution towards quasi-stationarity. The overall state of our ecosystem in the recent 104 years is an acceptable example,
as it is much shorter than the 109 years associated with its environment (the Sun and outer space) and much longer
than a year or less—the typical scales of biological processes.
3 Indeed, may stochastic models of natural phenomena are of this type, e.g. predator-prey, birds flocking, epidemic
spreading, vehicular traffic, the stock market, etc.
4 We should emphasize that the entropy of our NESS is stationary and that the increasing quantity is the entropy
associated with its environment, which drives our system out of thermal equilibrium. Note further that, by focusing
only on our system and its interactions with the environment, we can compute only a part of the entropy production
associated with the latter, namely, the component due to its coupling with our NESS. For example, by focusing on
the properties of the ecosystem of the earth, we can obtain only a minuscule part of the total entropy produced in the
Solar System.
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independent rates R(i|j). There, the focus will be on the distribution P(i, τ)—the probability
to find our system in Ci at time τ—given an initial condition P(k,0). By limiting ourselves
this way, the full evolution can be specified by a Master equation for P, based on a given set
R’s. The next section will be devoted to these different set ups5. As a linear equation for a
finite number of variables, the Master equation is, in principle, solvable. The remainder of this
article consists of expanding on the notion of DB, the existence of non-trivial probability cur-
rents, and TRA in NESS. Generalities will be presented in in section 3, with the main focus on
probability angular momenta. Its relationship with ordinary angular momenta and, remarkably,
the covariance of the noise, will be highlighted in section 3.1.1. Though most of this article
will focus on probability angular momenta, a short digression will be introduced (section 3.2)
to discuss ‘one dimensional’ systems, which do not ordinarily support angular momenta. In
section 4, we present a number of illustrations, from simple simulation to physical data. They
show a range of systems which display signals of DB violation and TRA, from the ‘subtle’
to the ‘manifest.’ Beyond, we emphasize that DB violation can also lead to NESS with aston-
ishingly unexpected phenomena, such as all living organisms. This level of ‘extraordinary’
behaviour will be illustrated in a simple example—one recently studied [4, 5] in the context
of driven diffusive systems. Several appendices contain much of the mathematical details of
our discussions. We end with a brief summary and outlook.

2. Equations for stochastic processes and stationary distributions P∗

There are several equivalent ways to describe a stochastic process. Conceptually, arguably the
simplest is the Langevin approach [6], where noise is incorporated into equations of evolution
for the degrees of freedom of interest. In the example of a single particle moving in ordinary
space-time (⃗x, t), the Langevin equation reads6 m∂2

t x⃗= F⃗+ η⃗. Here η⃗ is a random force, often
chosen as Gaussian distributed, with zero mean and constant variance, uncorrelated from one
time to another. The histories, x⃗(t)’s, resulting from different realizations of η⃗ form ‘spaghetti
plots’ (as often seen in hurricane forecasts), which provide a rough sense of P(⃗x, t), the prob-
ability of finding it at x⃗ at time t. An alternative is the deterministic Fokker–Planck equation
[7] for P, while standard methods link one description to the other7. The simplest version of
the former (representing the over-damped, m→ 0 limit of F⃗= ma⃗) is8

∂t⃗x= µ⃗+ η⃗;
〈
η⃗η⃗T

〉
∝ 2D. (1)

It is equivalent to drift with diffusion in the latter:

∂tP=−∇⃗ ·
[
µ⃗P−D∇⃗P

]
. (2)

In these approaches, the particle is allowed to take only infinitesimal steps in both x⃗ and t.
Obviously, these equations can be generalized to many variables (to be denoted by ξα below)
evolving in continuous t.

5 With pedagogy in mind, this section is written mainly for students unfamiliar with the various approaches.
6 For simplicity, we restrict ourselves specifically to additive noise in the Ito formulation. Generalizations are clearly
possible.
7 The derivation from one to the other can be found in standard references, such as those listed in https://en.wikipedia.
org/wiki/Fokker%E2%80%93Planck_equation.
8 Vectors in continuous spaces (with a metric) are denoted in the usual fashion, e.g. x⃗ for position in ordinary 3D
space. Components will carry a Greek index, e.g. xα. Matrices will be denoted by blackboard bold font, e.g. M. In
this setup, the noise correlation reads

⟨
ηα (t)ηβ (t ′)

⟩
= 2Dαβδ (t− t ′) in component form, or written compactly as⟨

η⃗η⃗T
⟩
∝ 2D.
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The Master equation is a generalization, in that all type of stochastic processes can be
modeled, beyond the bounds of infinitesimal steps in continuous space-time. For example,
we may consider the dollar value of a stock from one trading session to the next, the number
of individuals infected with COVID-19 from week to week, or the state of Ld spins of an Ising
model in a d-dimensional cubic lattice, flipping in a Monte-Carlo simulation.

To keep the presentation here simple and to relate directly to simulation studies, let us con-
sider systems with discrete configurations Ci evolving in discrete time steps (of unit ε). For
short, we will use i and τ = 0,ε,2ε, . . . (in lieu of continuous x⃗, t). The stochastic evolution
of the distribution P(i, τ) is completely specified by an initial P(k,0) and the set of ‘rates’
R(i|j)⩾ 0 for i ̸= j. In general, these R’s are time dependent. But, to keep our problem man-
ageable, we will restrict ourselves to t-independent ones here. The Master equation specifies
the change in P from one τ to the next:

∆τP(i, τ)≡ P(i, τ + ε)−P(i, τ) (3)

=
∑
j̸=i

[R(i|j)P(j, τ)−R(j|i)P(i, τ)] . (4)

It is clear that the two terms in equation (4) represent the ‘flow of probability into Ci’ and
‘out from Ci,’ respectively. Obviously, R(i|j) can be regarded as the conditional probability for
finding i given j, while R(i|j)P(j, τ) is just the joint probability P (i, τ + ε∩ j, τ) for finding
the system in configuration Cj at τ and in Ci at τ + ε. Note that, in this formulation, there is
no mention of a metric in C space, and there is no restriction on how ‘close’ Ci and Cj must
be. Unlike the Fokker–Planck equation, the Master equation can describe a system that may
‘jump’ from any C to any other one in the system. By introducing some notion of distance in C
space (e.g. ordinary space x⃗) and allowing only ‘infinitesimally close moves’ in infinitesimal
time steps, we can recover a Fokker–Planck equation from the Master equation by taking
appropriate continuum limits.

Next, we turn to the problem of ‘solving’ these equations. Being a stochastic differential
equation, the solution to the Langevin equation, x⃗(t), will be different for each realization of
the noise η⃗ (t). In principle, statistical analysis, using a given distribution for the noise, needs
to be performed to obtain averages and correlations like ⟨⃗x(t)⟩ and ⟨⃗x(t) x⃗(t ′)⟩. The Fokker–
Planck equation forP is deterministic and linear (like the Schrödinger Equation forΨ(⃗x, t)) and
finding P(⃗x, t) in general is as difficult as solving for Ψ(⃗x, t) in quantum mechanics. Formally,
the approach in non-relativistic quantum mechanics can be followed, by writing the right hand
side of equation (2) as an operator—the Liouvillian L—on P. Then the solution P(t), given
some initial distribution, P(0), is just exp [Lt]P(0). The same strategy can be applied to the
Master equation (4). Regarding P(i, τ) as a ket |Pτ ⟩, we can write the equation in a compact
form9:

∆τ |P⟩= L |P⟩ =⇒ |Pτ+ε⟩= (I+L) |Pτ ⟩
where I is the identity matrix. Here, the off-diagonal elements of L are the R’s, while the
ith diagonal element is the sum [−

∑
j̸=iR(j|i)]. Given some initial distribution |Pini⟩, the full

solution is just

|Pτ ⟩= (I+L)
τ |Pini⟩ .

9 ‘Vectors’ in C space, which may not have a metric, will be denoted by bras and kets, with ith component of |P⟩ being
P(i). Matrices acting on them will be denoted by Fraktur type, e.g. L.
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Of course, this expression is somewhat formal and a practical solution will require finding all
the eigenvalues and eigenvectors (both right- and left-eigenvectors, or kets and bras) of L:

L |uA⟩= λA |uA⟩ ; ⟨wA|L= λA ⟨wA|

so that |Pτ ⟩=
∑

A |uA⟩(1+λA)
τ ⟨wA| Pini⟩.

In general, such a task would be prohibitively difficult. However, asL describes a stochastic
process for probabilities, it has special properties: First, since probability is conserved,
∆τ

∑
i |P⟩ ≡ 0, so that ⟨w0|= (1,1,1, . . . ,1) must be a bra with λ0 ≡ 0. Associated with this

is a ket |u0⟩, which is readily recognized as a steady state, as it does not change from one τ
to the next. Denoting |u0⟩ by |P∗⟩, it is naturally normalized by 1= ⟨w0| P∗⟩. The issue of
other zero eigenvalues and uniqueness of the pair, ⟨w0| and |u0⟩, is related to ergodicity. It is
not trivial and will not be addressed in this short article. Instead, we will restrict ourselves to
systems in which |P∗⟩ is unique. Next, thanks to Perron–Frobenius [8], all λ’s besides λ0 have
real parts in [−1,0), so that |P⟩ will reach |P∗⟩ as t→∞. Much of the rest of this article will
focus on this steady state |P∗⟩ and its properties.

For ∆τ |P∗⟩= 0, it is sufficient (but not necessary) if each term within [. . .] of equation (4)
vanishes:

R(i|j)P∗ (j) = R(j|i)P∗ (i) (5)

a condition often referred to as detailed balance (DB). Note that, in terms of P∗, the joint
probability in the steady state, this condition takes the form

P∗ (i, τ + ε∩ j, τ) = P∗ (j, τ + ε∩ i, τ) . (6)

The DB condition allows us to exploit computer simulations and generate a set of config-
urations that approximate the relative probabilities of a system in thermal equilibrium (e.g.
P∗ (i)∝ exp{−H (Ci)}, where H is an energy functional). In particular, it suffices to employ
any set of R’s that obeys (5). However, if we are only given a set of R’s which specifies a
Markovian process, then we typically do not have P∗ (i) a priori, and checking if the R’s sat-
isfy DB or not requires more effort. Not being the focus here, we will just list some references
for the interested reader [9–11].

The crux of the issue here is that individual terms on the right of equation (4) need not
vanish, only their sum (at each i) must do so. Indeed, since probability is conserved, each
term in the sum is recognized as the net probability current [11], from Cj to Ci: K(i|j, τ)≡
R(i|j)P(j, τ)−R(j|i)P(i, τ). When the system settles in the steady state, there is no constraint
that the time-independent currents

K∗ (i|j)≡ R(i|j)P∗ (j)−R(j|i)P∗ (i) (7)

= P∗ (i,ε∩ j,0)−P∗ (j,ε∩ i,0) (8)

must vanish. Instead, since ∆τ |P∗⟩= 0, these persistent K∗’s sum to zero at each i and so,
they must form closed loops, referred to elsewhere [12] as ‘rotational probability fluxes.’ Such
states are analogous to those in magnetostatics. In this electromagnetic analog, we distinguish
time-independent states by referring those with K∗ ≡ 0 (à la electrostatics) as ‘equilibrium
steady states’ and those with K∗ ̸= 0 as ‘non-equilibrium steady states’—NESS. While the
former can be achieved by being totally isolated (the micro-canonical ensemble) or being in
equilibrium with one or more, much larger, reservoirs (e.g. energy reservoir and the canonical
ensemble, or particle reservoir and the grand ensemble), the latter are open systems, typically
coupled to multiple reservoirs in such a way as to allow a steady flux of energy (or matter, or. . .)
through them. Such throughput prevents our system from ever reaching thermal equilibrium

5
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and sets up non-trivial, persistent K∗’s in NESSs. Note that K∗ (i|j) is defined on a directed
link (from i to j) and can be regarded as a ‘distribution of probability currents’ on a directed
network on a discrete configuration space {Ci}.

In the Fokker–Planck formulation, these considerations take a slightly different form.
Conserving probability, equation (2) is just a continuity Equation, e.g. ∂tρ=−∇⃗ · J⃗. Thus,
the probability currents10 here are ‘vector fields’: J⃗FP = µ⃗P−D∇⃗P, with zero divergence
in a NESS: ∇⃗ · J⃗∗FP = 0. Analogous to the usual relation J⃗= ρ⃗v, we may regard J⃗FP/P=

µ⃗−D∇⃗ lnP as the ‘probability velocity field’. However, J⃗FP is not the same asK, as the former
requires the notion of metric on the space of configurations (e.g. ordinary x⃗ or the more general
ξα) and transitions to be infinitesimally ‘close’ (for v⃗ to be well defined). If we discretize x⃗
and write an approximate version of equation (2) in matrix form, the presence of ∇ and ∇2

implies that its R(i|j)’s would be zero for i, j being further than nearest neighbor pairs, say. In
this sense, we regard the Master equation as more general, with no restrictions on R. Though
J⃗FP and K are different, the DB condition still takes the form J⃗∗FP = 0, and is a property of µ⃗
and D. Clearly, J⃗∗FP ̸= 0 in a NESS but must be ‘a curl,’ i.e. divergence of an anti-symmetric
tensor field. Thus, we have the concept of current loops here, much like in magnetostatics.

To summarize, systems evolving with DB respecting R’s will settled into equilibrium sta-
tionary states withK∗ ≡ 0 and a readily obtainableP∗, while systems subjected to DB violating
R’s will settle into NE steady states. Generally, given DB violating R’s, the distribution P∗ is
unknown (though a formal solution exists [11, 13]), while some non-trivial, persistent current
loops will be present. Exploring the consequences of these K∗’s were initiated sometime ago
[11]. The remainder of this article will be devoted to more recent efforts: detecting various sig-
nals of DB violation in NESS, specifically, those associated with the simplest moments of the
non-trivialK∗ distribution. These signals range from being quite subtle and clearly self-evident
to ones that display extraordinary, unexpected phenomena.

3. DB violation and time reversal asymmetry in NESS

In a stochastic process, P(i, τ) may seem abstract and unmanageable. Instead, we may focus
on expectation values of observables. Denoting the observables as O (i)—functionals of the
configurations Ci, the expectations at time τ are

⟨O⟩τ ≡
∑
i

O (i)P(i, τ) .

By definition, a system in steady state is invariant under time translation, i.e. ⟨O⟩τ = ⟨O⟩τ+υ

for any υ and are denoted by

⟨O⟩ ≡
∑
i

OP∗ (i) .

Note that, in the rest of this article, averages in the stationary state will be denoted by the simple
brackets here, while those in evolving states will carry a time subscript, e.g. ⟨•⟩τ . Thanks to
this invariance, simulation studies of steady states often replace ensemble averages, ⟨•⟩, by
time averages, •, over a single long run (or very few runs). In examples of simulation results
presented below, we consider only the latter.

10 To be precise, J⃗FP’s are probability current densities, just as J⃗ are current densities. Such currents are well-known
in non-relativistic quantum mechanics (https://en.wikipedia.org/wiki/Probability_current) and quantum field theory.
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It is clear that, to detect time reversal asymmetry in steady states, we must start with expect-
ations of observables at different times, e.g.

⟨O ′O⟩τ ′,τ ≡
∑
i,i ′

O ′(i ′)O (i)P (i ′, τ ′ ∩ i, τ) . (9)

Due to translational invariance, the joint probability, P∗ (i ′, τ ′ ∩ i, τ), depends only on the
difference υ ≡ τ ′−τ and we can write

⟨O ′O⟩(υ) ≡
∑
i′,i

O ′(i ′)O (i)P(i ′,υ|i,0)P∗ (i)

where the subscript (υ) denotes a time difference (in the steady state). Assuming υ> 0, the
conditional probability, P(i ′,υ|i,0), is simply the operator (I+L)

υ. In particular, if the time
difference is just a single step, we can exploit P(j,ε|i,0) = R(j|i) and write

⟨O ′O⟩(ε) ≡
∑
j,i

O ′(j)O (i)R(j|i)P∗ (i) .

In this setup, time reversal asymmetry (TRA) is present if

⟨O ′O⟩τ ′,τ −⟨O ′O⟩τ,τ ′ ̸= 0. (10)

Clearly, a necessary condition is that the two observables are distinct: O ̸=O ′. In the steady
state, we see that this quantity

A(υ)≡ ⟨O ′O⟩(υ) −⟨O ′O⟩(−υ)

is anti-symmetric in υ. If we focus on a single time step difference (υ = ε), then

A(ε) =
∑
i,j

[O ′ (j)O (i)−O ′ (i)O (j)]R(j|i)P∗ (i)

which is, on the one hand,

A(ε) =
∑
i,j

O ′ (j)O (i) [R(j|i)P∗ (i)−R(i|j)P∗ (j)] =
∑
i,j

O ′ (j)O (i)K∗ (j|i) . (11)

In this form, it is recognizable as some moment(s)11 of the distribution K∗.
On the other hand, we may define

∆O ′(i)≡

∑
j

O ′ (j)R(j|i)

−O ′(i) (12)

(and similarly, ∆O (i)) and see that A is also

A(ε) =
∑
i

[∆O ′ (i)O (i)−O ′ (i)∆O (i)]P∗ (i)

since the extra term in the ∆O’s cancel. Note that ∆O is recognizable as the average change
in the observable O over one step (associated with each configuration Ci) as a result of the

11 Simplest are the lowest moments: second and third, as in equations (14) and (25) below. By contrast, entropy
production, a standard measure of DB violation and TRA, is a much more involved quantity, in which O ′(j)O (i) is
ln [R(j|i)P∗(i)] (i.e. log of the stationary joint probability P∗ (j, ε∩ i,0) = R(j|i)P∗(i)).

7
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dynamics specified by R’s. With the definition (12), we have incorporated time differences (in
a single step) into what appears to be an equal time correlation:

A(ε) = ⟨O∆O ′ −O ′∆O⟩ (13)

which does not depend explicitly on time τ or the difference υ (in the steady state).
To summarize, for any observableO (i) which is a functional of the system’s configuration

(Ci or i), we can associate another:∆O. Given by equation (12),∆O encodes the change inO
over a single time step, averaged over the conditional probabilities specified by the dynamics
(P(j,ε|i,0) = R(j|i)). With this definition, there are two equivalent ways to represent A(ε),
a simple measure of TRA associated with two distinct observables O and O ′. Equation (11)
shows its connection to the persistent probability current K∗, while equation (13) displays
its relationship to an anti-symmetric combination of the observables and their changes in a
single step ε. The latter will provide a clear motivation for studying the ‘probability angular
momentum’12 in the next subsection.

3.1. Probability angular momentum Lαβ

For most physical systems, the associated configuration space is sufficiently rich that it is
described by many variables: {ξα},α= 1,2, . . . In this setting, let us denote ξα by ξ⃗ and
write P(ξ⃗, τ) in lieu of the abstract notation P(j, τ). For convenience, we will assume they
are continuous, though our discussion can be readily generalized to discrete ones. Also,
‘observables’ of configurations Ci would be just functions of ξ⃗. Thus, the simplest ‘observ-
able’ O is just ξα, with its expectation known as the mean ⟨ξ α⟩τ ≡

´
ξ αP(ξ⃗, τ)dξ⃗. More

generally, we have higher correlations of different O’s at unequal times, e.g. ⟨ξ αξ
′
β⟩τ,τ ′ ≡´

ξ αξ
′
βP(ξ⃗, τ ∩ ξ⃗ ′, τ ′)dξ⃗dξ⃗ ′, where P is the joint probability to find the system at (ξ⃗, τ) and

(ξ⃗ ′, τ ′). In this formulation, the simplest example for A(ε)—the TRA for the steady state in
a single step (τ − τ ′ = ε)—is

⟨Mαβ⟩ ≡
ˆ

ξαξ
′
βK

∗
(
ξ⃗|ξ⃗ ′

)
dξ⃗dξ⃗ ′. (14)

We emphasize again that, in this form, ⟨M⟩ is recognizable as the second moment of the
distributionK∗. Note that this is the lowest moment ofK we can probe, asK∗ is anti-symmetric
in its arguments, by definition.

3.1.1. Formal definition of L and contrasts with ordinary angular momenta. To expressMαβ

as an expectation of a single variable/time, we can exploit equation (12) in the form of
equation (13):

⟨Mαβ⟩ ≡
ˆ

[ξα∆ξ β − ξ β∆ξ α]P
∗
(
ξ⃗
)
dξ⃗. (15)

Since it is natural to use ‘velocity’ as a label for

vα ≡ ∆ξ α

ε
(16)

let us coin the term average ‘probability angular momentum’ for

⟨Lαβ⟩ ≡ ⟨Mαβ⟩/ε (17)

12 This concept was introduced in [14].
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= ⟨ξ αvβ − ξ βvα⟩ . (18)

The rationale for this term is partly the analogy with the total angular momentum of a fluid.
Associated with a fluid of mass density ρ (⃗x, t), the current density would be J⃗= ρ⃗v. If current
loops and vortices are present, we may consider the total angular momentum L⃗=

´
x⃗× v⃗ρ d⃗x.

The analog for NESSwould be a systemwith a time independent ρ as well as a non-vanishing J⃗
(e.g. a bucket of water under gravity and rotating about its axis with constant angular velocity).
In this case, both ∇⃗ · J⃗ and

´
J⃗ vanish, so that the value of L⃗ does not depend on the choice of

the origin (of coordinates, x⃗). In our case, equation (18) is clearly the generalization of L⃗ in the
setting of a multi-dimensional {ξ α}.

Since our loops are associated with the flow of probability density, we believe it is natural
to refer to L as the probability angular momenta. L turns out to be much more general than
L⃗ in elementary physics, apart from having typically more than 3 components. In particular,
the units of L⃗ are always13 [mass] [x]2 [t]−1. Here, since

´
P= 1 is unitless, the first factor is

unnecessary. However, as equation (18) involves ξα and ξβ , we see that

[Lαβ ] = [ξα] [ξβ ] [t]
−1

. (19)

But, in general, the ξ’s may have different units for a complex system—e.g. temperature,
pressure, humidity, etc for studying the global climate. Thus, we arrive at the units in (19).
(Note that [P(ξα)] = Πα [ξα]

−1, as
´
PΠαdξα = 1; unlike ρ (⃗x) of an ordinary fluid with

[ρ] = [mass] [x]−3).
Remarkably, another central quantity in stochastic processes—the diffusion coefficients

Dαβ , i.e. the covariance matrix of the noise—also have the same units as Lαβ! Indeed, from
thewayD appears in say, the Fokker–Planck equation ∂tP=Σαβ∂

α∂βDαβP+ · · · , we see that
[Dαβ ] = [ξ α] [ξ β ] [t]

−1. As will be shown (in appendix A), [Dαβ ] = [Lαβ ] is not a coincidence,
as they are the symmetric and anti-symmetric parts14 of ⟨ξ α∂tξ β⟩ . Interestingly, it is possible
to associate, intuitively, the notion of an ‘area’ in the ξα–ξβ plane with both D and L. For
convenience, let us choose the origin to be (0,0) by letting ξ⃗ → ξ⃗−⟨ξ⃗⟩. Then in the NESS,
our system can be thought of as a point wandering around (0,0) in this plane (with the other
variables projected out). In analog with Kepler’s laws, L controls the ‘area’ swept out per
unit time by this point, on the average. Note that there is a sign associated with the sweeping
movements, ‘clockwise’ being different from ‘anti-clockwise’ , so that cancellation may lead
to ⟨L⟩= 0. If that occurs, we would label our system to be in thermal equilibrium rather than
a NESS. On the other hand, if there are no deterministic forces and the system is driven by
noise alone, its (ξ α, ξ β)will perform a random walk in the plane. Starting from (0,0), say, the
ensemble of wanderings (the ‘bundle of spaghetti’) will appear to cover an ellipse, the area of
which increases proportional to t, with a rate encoded in D. In this sense, both D and L can be
associated with ‘an area per unit time’ and carry units of [ξ α] [ξ β ] [t]

−1.

3.1.2. Distribution ofL. While in theory a non-zero value of ⟨L⟩ signals the presence of TRA,
no practical measurements of ⟨L⟩ is likely to be exactly zero, even for systems in equilibrium.
To decide if such an average is statistically consistent with zero or not, a typical means is
to compare it to the standard deviation, σL ≡ [⟨L2⟩− ⟨L⟩2]1/2. Unfortunately, since we are

13 Here, [X] denotes the units of the variable X. L has the units of L⃗/m, also known as the specific relative angular
momentum in celestial mechanics.
14 Presented in a different form, this decomposition appeared in Tomita and Tomita [12].
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considering general stochastic processes, the noise typically contribute significantly to σL.
Indeed, as will be shown below, there are many explicit, solvable examples of NESS with
⟨L⟩ ≪ σL. Thus, demanding ⟨L⟩≳ σL is too severe a criterion to distinguish a NESS from
equilibrium stationary states. Instead, we discover that a better guide is to study15 Q(L), the
full distribution of L.

To provide another motivation for studying Q, note that, if a single stochastic system is
observed in a stationary state (to estimate ⟨L⟩ by computing the time average L̄), L would
typically assume both positive and negative values. To determine if our system is evolving
under detailed balance or not, we would need to check if a positive value of L appears as often
as a negative one. In other words, we can build a histogram from the observed values of L and
check if it is symmetric or not. Specifically, we can see if the frequency for L to be seen in
any interval (e.g. a bin) [−ℓ,−ℓ ′] is statistically the same as in [ℓ ′, ℓ]. In the next subsection,
we will propose a specific criterion along these lines.

To study Q theoretically, we define (for a specific pair α,β)

Q(L)≡ ⟨δ [L− (ξ αvβ − ξ βvα)]⟩ (20)

so that ⟨Lαβ⟩=
´
LQ(L)dL. Naturally, we can expect computing Q(L) to be challenging in

general. However, its Fourier transform

Q̃(z)≡
ˆ

eizLQ(L)dL=⟨expiz(ξ αvβ − ξβvα)⟩ (21)

may be more accessible. In particular, a closed form for Q̃ can be obtained for ‘linear Gaussian
models,’ as will be shown in section 4.1.3 below. Analyzing its singularities (in complex z) will
provide some insight into the asymmetry:Q(L) vs. Q(−L), especially for largeL. In all cases,
since Q can also be represented by

´
δ[L− (ξ αξ

′
β − ξ βξ

′
α)]R(ξ⃗

′|ξ⃗)P∗(ξ⃗), we readily verify

that Q(L) = Q(−L) when DB is satisfied, i.e. when R(ξ⃗ ′|ξ⃗)P∗(ξ⃗) = R(ξ⃗|ξ⃗ ′)P∗(ξ⃗ ′).

3.1.3. Measuring L from a time series. The results presented above may appear theoretical
and formal. Let us turn to ways they can be implemented in practice. First, predictions for ⟨L⟩
are based on averages over stationary statistical ensembles (e.g. P∗), which are never available
in reality16. Instead, data are collected as one or more time series, on which statistical analyses
are performed. To distinguish the theoretical L from a similar quantity in practice, we denote
the latter by ℓ. In the end, we will be comparing, e.g. ⟨L⟩ with time averages of ℓ.

Generally, observations of a system (physical or in computer simulations) consist of the
time series of a number of variables. In principle, to find averages using P(ξ⃗, τ), we need time
series from an ensemble of ‘identical’ systems (ideally, an infinite number of them). In practice,
a rough estimate of P are often made from the history of a few systems (spaghetti plots).
However, if we focus on steady states, we can take a single, very long series and (assuming the
system is sufficiently ergodic over the span of the observations17) replace ensemble averages
⟨•⟩ by time averages, •. See (22) below as an example.

15 In this article, we will restrict our attention for Q only to that in a steady state. To be consistent with notation, we
should use Q∗, as Q, like P, should denote a time dependent quantity. However, for simplicity, we will drop the ∗ and
all references to Q or its Fourier transform Q̃ will mean distributions in stationary states.
16 In physical reality, two aspects of P∗ are unattainable. One is that an infinite number of copies of a system is needed
to represent an ‘ensemble.’ The other is that, for a system to reach its true stationary state from an arbitrary initial one,
an infinitely long waiting time is required.
17 This assumption is highly non-trivial in many ways. See the end of this subsection for a brief discussion.
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Proceeding along these lines, let us denote a long time series of the variables of interest by
ξγ (τ) ; τ = 0,ε,2ε, . . . ,Mε. To detect TRA in the form of probability angular momenta, we
can take any pair of variables (or two different linear combinations of ξ’s) and form a third
time series18:

ℓαβ (τ) =
1
ε
[ξα (τ)ξβ (τ + ε)− ξβ (τ)ξα (τ + ε)] .

Clearly, it is not significant that this series has one less element than in the original set.
Averaging ℓ over the run provides us with a quantity

ℓαβ ≡ 1
M

M−1∑
τ=0

ℓαβ (τ)

which we can identify with the average probability angular momentum (15)–(18):

ℓαβ → ⟨Lαβ⟩ . (22)

Before ending this subsection, let us discuss several notable issues associated with practical
measurements.

First, there are N(N− 1)/2 independent such ℓ̄’s, given α= 1, . . . ,N. By constructing lin-
ear combinations of ξ’s (e.g. via orthogonal transformations in ξ-space), we study various
combinations of these ℓ̄’s. Thus, it is possible for some combinations to vanish, even if all of
the N(N− 1)/2 specific ℓ̄’s are non-zero. Meanwhile, if any (combination) is non-zero, we
may conclude that the system is in a NESS rather than in thermal equilibrium. On the other
hand, a necessary condition that our system is in thermal equilibrium is that all ℓ̄’s vanish19.
In this approach, detecting TRA using microscopic variables (ξα) is not significantly different
from using coarse-grain variables (which are typically formed from linear combinations of the
ξ’s). Indeed, by choosing two such combinations judiciously, we could maximize the mag-
nitude of the resultant ℓ̄ and so, the signal of TRA. By contrast, the issue of coarse-graining
is non-trivial in the study of entropy production [3]. Of course, a major difference is that the
latter is a quantitative measure of DB violation, whereas here, we focus only on some signals
of its presence.

Next, we comment on concerns over comparing a mathematical quantity such as ⟨L⟩ to
a physically measured one like ℓ̄. The former involves an ensemble of (infinitely many, in
principle) identical systems in stationarity (i.e. evolved for infinitely long times, in principle).
Further, they may consist of continuous variables (as regularly presented). By contrast, phys-
ical measurements—especially a time series—necessarily consist of a finite number discrete
values, taken from a finite system over finite times. This difference can lead to serious dis-
agreements, especially if there are long living, ‘quasi-stable states’ in our system (so that a
run initiated in/near such a state may be too short to reach the true stable state). In case of
major differences between ℓ̄ and ⟨L⟩, one possible resolution is to attempt a formulation of a
theoretical treatment of the quasi-stable state. Alternatively, clever experiments or computer
algorithms can be designed to overcome the presence of long time-scales in the system. So far,

18 Note that this ℓ is identical to, but slightly simpler than, the version with ξ (τ) and v(τ) = ∆ξ (τ + ε)/ε=
[ξ (τ + ε)− ξ (τ)]/ε.
19 This predicament is similar to that for checking if a force field is conservative or not. To be certain that it is not,
finding a single point where its curl fails to vanish is sufficient. Yet, to be sure it is conservative, we must be certain
that the curl vanishes at all points. The issue here is more complex, as a NESS can be set up so that all such ℓ̄’s vanish,
without higher moments of K∗ being so.
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there appears to be no successful single solution to all situations, while specific solutions are
typically sought in a case-by-case basis.

Finally, we turn to the issue of statistical uncertainties which accompany all measurement
processes. Specifically, it is not straightforward to check if ℓ̄ vanishes or not, from a set of
observations. Even when we are working with a system that satisfies DB (and so, theoretically
TR symmetric), any particular result for ℓ̄ is unlikely to be identically zero. One gauge for
whether the average of some quantity can be considered ‘statistically zero’ is to compare it
to the standard deviation σℓ ≡ [ℓ2 − ℓ̄2]1/2. However, as noted earlier and illustrated below,
there are many systems which displays ℓ̄≪ σℓ despite being driven by a known, DB violating,
dynamics. The issue here is that although DB is either satisfied or not, the signals of DB
violation can be arbitrarily small. In other words, a system can be ‘infinitesimally near’ thermal
equilibrium (or alternatively, ‘very far from equilibrium’). For this reason, we use the label
‘subtle’ to describe a NESS for which the signal of TRA are so small that ℓ̄≪ σℓ.

Detecting such weak signals would require a more sensitive criterion than ℓ̄ ̸= 0. As pro-
posed for Q above, we turn to the asymmetry of the full distribution of ℓ. Specifically, let us
use bins of widthw centered symmetrically around ℓ= 0: at ℓ±b =±(b− 1/2)w, b= 1,2, . . . .
Denoting the frequency of occurrence in each bin as H±b, we can check for systematic differ-
ence between Hb and H−b. Then, estimating statistical fluctuations by the square roots of the
absolute numbers within the bins (e.g. [Hb+H−b]

1/2), we can get a better sense of whether
TRA is present or not. Thus, we propose to study

Υb ≡
Hb−H−b

[Hb+H−b]
1/2

(23)

and check if it lies systematically higher than +1, or lower than −1. Below, we will illus-
trate this process with times series from simulation results based on the linear Gaussian model
(LGM, used extensively in climate modeling [14, 15], and suitable for coupled simple har-
monic oscillators in contact with two thermal baths). Since LGMs are solvable analytically,
those results can be used as a guide for how well these methods work.

3.2. Asymmetries for the time series of a single variable

The previous subsection may give the (wrong) impression that persistent current loops are
absent from systems in ‘one dimension.’ After all, in elementary physics, there can be no
angular momentum for motion in 1D! The correct statement is the following: If the rates
R(i|j) are non-trivial only for a open chain of configurations, C1, . . . ,CN (i.e. R(i|j)≡ 0 for
all i> j± 1), then K∗ must be identically zero. Note that, in the limit of continuous C space
(say, x), the Master equation for such systems becomes a Fokker–Planck equation in 1D:
∂tP(x, t) = D∂2

xP− ∂x (µP) on an open interval. Thus, ∂tP∗ = 0 implies that the steady state
probability current, µP∗ −D∂xP∗, must vanish20. As soon as we allow jumps further than
‘nearest neighboring C’s,’ it is possible to have DB violation and steady current loops, even in
1D. Then, TRA can be detected.

To phrase these considerations another way, if we are provided with the time series of a
single stochastic variable—denoted by ζ (τ) (may be continuous or discrete)—in a stationary
state, it is still possible to determine if there is any statistical asymmetry between a forwards

20 Indeed, for any µ(x) on an open interval, we can integrate it to V(x), specifically µ=−∂xV. Then we easily obtain
P∗ (x)∝ exp{−V(x)/D} and J∗FP = 0.
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version of that ‘movie’ (time series) and a backwards one. This line of inquiry was motivated
by a recent work of Mori et al [16]. To detect NESS, these authors exploited the location of an
extremal value of a single variable—within a finite interval in the time series. Our interpretation
of this approach is the following. What enters effectively is a three-point correlation function
(3pf), with two of the times being the ends of the interval and the third time being at the
extremal event. In this context, a simpler observable can be used, e.g.Θ below21. Further, in a
certain limit, such a 3pf becomes the correlation of two different observables (functions of ζ)
at just two times, a principle which underlies equations (9) and (10).

We begin with the conceptually simpler, generic 3pf in a stationary state:

Θ(τ,υ)≡ ⟨ζ (0)ζ (τ)ζ (τ + υ)⟩ . (24)

Here, we have exploited time translation invariance in the NESS to set the argument of the first
time to be 0. To be precise, this 3pf is, using the notation of joint probabilities at three times:ˆ

ξ ηζP∗ (ξ ,τ + υ ∩ η,τ ∩ ζ,0)dξ dηdζ.

More explicitly, it is given byˆ
ξ ηζP(ξ ,υ|η,0)P(η,τ |ζ,0)P∗ (ζ)dξ dηdζ

where τ,υ > 0 and P(ζ,τ |η,0) is the conditional probability discussed above. Since ζ is
a single (commuting) variable, there is no loss of generality to focus on just the first
quadrant: τ,υ > 0. For example, Θ(−1,−2) = Θ(2,1), because time translation means
⟨ζ (0)ζ (−1)ζ (−3)⟩= ⟨ζ (3)ζ (2)ζ (0)⟩, which is the same as ⟨ζ (0)ζ (2)ζ (3)⟩.

In this setting, TRA would manifest as

Θ(τ,υ) ̸=Θ(υ,τ) .

Note that this inequality cannot occur if υ = τ , a case corresponding to the correlation of
three points symmetrically distributed in time (e.g. ⟨ζ (0)ζ (1)ζ (2)⟩= ⟨ζ (−1)ζ (0)ζ (1)⟩).
Conversely, if the three ζ’s are asymmetrically located (υ ̸= τ ), then Θ(τ,υ)−Θ(υ,τ) does
not necessarily vanish.

From the above discussion, there is no other restriction on υ,τ . In particular, it is possible
to consider the limit of one or the other being zero. Then, we are faced with, say, Θ(0,υ):

Γ(υ)≡
〈
ζ2 (0)ζ (υ)

〉
=

ˆ
ηζ2P(η,υ|ζ,0)P∗ (ζ)

and a measure for TRA in the system is Γ(υ)−Γ(−υ), i.e.

Γ̃ (υ)≡
〈
ζ2 (0)ζ (υ)

〉
−
〈
ζ (0)ζ2 (υ)

〉
=

ˆ
ηζ (ζ − η)P(η,υ|ζ,0)P∗ (ζ) . (25)

Since we fully expect decorrelation at large υ (most likely exponentially decaying, so that
Γ(υ)→ ⟨ζ⟩

〈
ζ2
〉
), we may consider summing over all υ to define the total asymmetry

21 Like Q above, Θ should also have a superscript ∗, but we will drop that here. Similarly, we will drop ∗ when we
write Γ and Γ̃ below.
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Γ̃tot ≡
∑

υ>0 Γ̃ (υ). If the asymmetry does not oscillate with τ , this quantity should provide
a sizable signal for TRA. To be brief here, we will postpone this line of inquiry to a future
study.

As in the previous subsection, we will next assume that ensemble averages can be replaced
by time averages. Consequently, given the time series of a single variable in a steady state,
ζ (τ), we can construct the following (average over τ ) for measuring Γ̃ (υ) when a time series
is given:

ζ (τ)ζ (τ + υ) [ζ (τ + υ)− ζ (τ)] .

An example of Γ̃ (υ) in a simple system will be provided below. Also analogous to extending
our study of ⟨L⟩ to Q(L), we can consider distributions of Γ̃, a line of research which may
be pursued in the future. Here, let us end with a simpler means to gauge if a given value of Γ̃
can be regarded as significant or not. To set a scale for this, we can introduce a dimensionless
ratio:

Γ̃/σ3
ζ

where σζ ≡
[〈
ζ2
〉
−⟨ζ⟩2

]1/2
is the standard deviation in ζ. Such a measure is consistent with

the standard used for skewness, (also a three point correlation).
To recapitulate, we have provided in this section a general framework for detecting DB viol-

ation in non-equilibrium steady states. The unifying, underlying theme is persistent probability
currents (K∗ or J⃗∗FP) and loops. Though this may seem to be an abstract concept, the currents do
manifest themselves in concrete, ‘observable’ quantities. In particular, the main consequence
of DB violation and non-trivialK∗ is time reversal asymmetry. To highlight these, we proposed
several simple ways. For systems with many variables, probability angular momenta (and their
distributions) represent the simplest possibilities, as they involve just two-point correlations at
unequal times (i.e. second moments of K∗ orP∗). For systems with a single variable, however,
the simplest possibility involves three-point functions or correlations of higher powers at two
times (i.e. third moments). In the rest of this article, many examples of these asymmetries will
be presented, from exactly solvable ‘toy models’ to complex physical phenomena.

4. Examples of time reversal asymmetry: subtle, manifest, and extraordinary

In the previous section, generalities were provided. The following subsections will be devoted
to specific examples, illustrating how we can detect various signals of DB violation and TRA
in NESS, from the well hidden and the manifestly obvious to the completely unexpected.
Specifically, much of our studies will involve probability angular momenta, as they are the
most direct consequences of persistent probability current loops. In general, given a set of DB
violating R’s, the stationary distribution P∗ is not explicitly known (unlike the well known
Boltzmann factor for systems in thermal equilibrium). Therefore, we believe it is helpful to
begin with some simple and exactly solvable models (i.e. those with exactly known P∗), so
that the concepts introduced above can be illustrated in some detail. In a final subsection, we
turn to some recent discoveries in a simple driven diffusive lattice gas, which displays vari-
ous surprising behaviours—inconceivable for systems in thermal equilibrium with maximal
entropy.
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4.1. Simple, exactly solvable systems

In this subsection, we present four very simple systems, all being exactly solvable. These
should provide readers unfamiliar with these ideas an easy introduction into the workings
of DB violation, TRA, current loops and probability angular momenta in NESS. The first toy
model, with just three configurations, cannot be simpler. The second system is motivated more
by physics: coupled simple harmonic oscillators in contact with two thermal baths. The third
is a generalization to arbitrary numbers of degrees of freedom, driven linearly and subjected
to additive white noise. Finally, we consider a biased random walker on a half-line, with reset
to the origin, so that its configuration space is one-dimensional.

4.1.1. Simple three-configuration system coupled to two thermal reservoirs. If a system has
just two configurations (i.e. micro-states), then there can be no transition loops. The simplest
one which can support loops is a 3-configuration system, in which there is a single loop. Not
surprisingly, such a system is easily solvable and can serve to illustrate the ideas outlined in
the sections above.

Let us label the three configurations by i (= 1,2,3), which we may imagine to be levels
with energy (i− 1)E. The most general set of transition rates would involve six quantities, but
let us focus on a very simple NESS, by coupling the system to two reservoirs, at temperatures
T and T ′. To further simplify matters, using discrete time (τ ), we couple these reservoirs to
the transitions which change energy by E,2E and exploit Metropolis rates: min{1,φ} and
min{1, φ̃}, where φ≡ e−E/kBT and φ̃≡ e−2E/kBT

′
. Obviously, DB is retrieved if φ̃= φ2 and

the system will settle into thermal equilibrium at temperature T.
With this setup, the Master equation for |P⟩ (i.e. P(i, τ), the probability for finding the

system in i and evolving in τ ) is ∆τ |P⟩= L |P⟩. Deferring details (of L and its eigenvalues)
to appendix B, we display only the steady state distribution here:

|P∗⟩= 1
Z

 2+φ
2φ+ φ̃

φ2 + φ̃φ+ φ̃


where Z= (2+φ)(1+φ+ φ̃). Note that, when T= T ′, and DB is satisfied, we have φ̃= φ2

and retrieve the usual Boltzmann factors of thermal equilibrium:
(
1,φ,φ2

)
/
(
1+φ+φ2

)
. In

a NESS, the net current from i= 1 to 2 is22

K∗ (2|1) = 1
3
[φP∗ (1)−P∗ (2)] =

φ2 − φ̃

3Z
which vanishes if T= T ′, as expected. With three states, there is just a single loop and we
can verify that the other two net currents also assume this value. Note that sign of the current
loop (1→ 2→ 3→ 1) is indicative of the relative ‘push’ from the two reservoirs. If T> T ′,
then we expect the former to ‘drive’ the system and so, the transitions 1→ 2→ 3 will be more
prevalent than 1→ 3. The extreme case of T ′ = 0 is interesting, as such a reservoir only drains
energy (from 3→ 1) and would ordinarily prevent level 3 from being occupied. By coupling
the system to two reservoirs, this level can maintain a non-trivial occupation, provided T > 0.
As for angular momentum, it is rather pointless (though possible) to assign a 2D space to 3
states and compute a single value, since the single value of K∗ carries all the information about
this NESS.

22 The overall factor of 1/3 here is from a proper definition of L. See appendix B for details.
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4.1.2. Coupled simple harmonic oscillators (SHO) in contact with two heat baths. Another
exactly solvable system evolving with DB violating dynamics is the ‘two-temperature simple
harmonic oscillators’ (TTSHO). Here, we consider the simplest case, with just two SHOs (each
in 1D with displacements x1 and x2, denoted as x⃗) coupled to thermal baths at temperatures T1

and T2. Physically, this system is the massless limit of F⃗= ma⃗, in which the force consists of
a deterministic part (−∇⃗V(x1,x2)) and terms associated with the thermal reservoirs: damping
(−λ∂t⃗x) and noise (η⃗). Specifically, we use the usual quadratic potential (with spring constants
k and k×)

V (⃗x) =
1
2

{
k⃗x2 + k× (x1 − x2)

2
}

so that the Langevin equation can be written as ∂t⃗x=−∇⃗V+ η⃗ ≡−F⃗x+ η⃗. (after absorb-

ing λ into t). The additive Gaussian noise obeys ⟨η⃗⟩= 0 and correlation
〈
η⃗ (t) η⃗ (t ′)T

〉
=

2Dδ (t− t ′). Here, D and F are matrices:

D=

(
T1 0
0 T2

)
, F=

(
k+ k× −k×
−k× k+ k×

)
with k,k× > 0. The associated Fokker–Planck equation is ∂tP= ∇⃗ ·

{
D∇⃗P+ F⃗xP

}
. The

physics of F is elementary: a slow restoring force associated with the oscillators moving in
phase, and a fast mode moving 180◦ out of phase. If the noise on both are the same (i.e. T1 =
T2 = T), then the system will settle into the standard Boltzmann stationary P∗ (∝ exp(−V/T)
with kB ≡ 1). Otherwise, if k× is absent, P∗ will be the product of two Boltzmann factors, one
for each xα and Tα.

However, if neither k× nor T1 −T2 vanishes, then DB is violated, but P∗ will still be
a Gaussian [11, 17–19]. Indeed, we can easily show that P∗ ∝ exp

(
−x⃗ ·C−1⃗x/2

)
satisfies

∂tP∗ = 0, with C being the solution to the linear equation [19]

FC+CFT = 2D. (26)

The proof relies on casting (the Fokker–Planck version of) the probability current

J⃗∗FP =−
[
D∇⃗+ F⃗x

]
P∗ = (−D+FC)∇⃗P∗

as J⃗∗FP = A∇⃗P∗ with

A=
1
2

[
FC−CFT

]
.

Since A is anti-symmetric, we have −∂tP∗ = ∇⃗ · J⃗∗FP = ∇⃗ ·A∇⃗P∗ = 0.
As a 2× 2 matrix, the only independent component of A is [18]

A12 =
1
2

k×
k+ k×

(T1 −T2) . (27)

Next, we readily find the probability angular momentum (from
´
x⃗× J⃗∗FP) to be

⟨L12⟩=
ˆ

[x1A21∂1 − x2A12∂2]P
∗d⃗x= 2A12.

Note that, as expected, it vanishes if T1 = T2 or k× = 0.
To illustrate the TTSHO, we simulate the Langevin equation by Euler’s method of evol-

ution, discretizing t by steps of ε≪ 1: x⃗(t+ ε) = x⃗(t)+ ε{−F⃗x(t)+ η⃗ (t)}, with Gaussian
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Figure 1. Simulation of coupled SHO’s in contact with two thermal baths. (a) A section
of the time series (blue/red in contact with colder/hotter bath). (b) Histogram of ℓ (Hb).
Blue diamonds are frequencies for bins with ℓ < 0, showing systematically higher val-
ues. (c) table of center of bins (value of ℓ) and frequencies H±b, as well as the ratio Υb

(see text for details).

noise of co-variance23 2Dδ (t, t ′)/ε. Figure 1 shows a section of the time trace of this system
in a stationary state—with (k,k×,T1,T2) = (2,1,1,7) and ε= 0.001. From this trace, it is far
from clear that TRA is present and the state is a NESS. When plotted in the x1 − x2 plane, the
trajectory also does not display obvious sense of rotation, clockwise or anticlockwise. A better
test is by measuring the probability angular momentum (averaged over 100K steps of the run)
ℓ̄, which is ≃−1.923. Though it is acceptably close to the theoretical −2.0, the issue is: If
we had only the time series and not the theory, would we be able to conclude that this ℓ̄ is not
‘statistically zero’ ? If we naively compare it to the observed standard deviation (σℓ ≃ 107.62),
we find σℓ to be larger than ℓ̄ by about 50! To be more confident, we consider Hb, the histo-
gram associated with ℓ. The observed ℓ values24 range as far as±800. Illustrating with 20 bins
(w= 80, centered at ℓ±b = ±40,±120, . . .) in figure 1(b), we see that the counts for the ℓ < 0
bins are systematically larger than those in the ℓ > 0 ones. In figure 1(c), we show the bin cen-
ters ℓ±b and the frequencies H±b. More crucially, we see that every Υb (from equation (23))

23 Here, δ (t, t ′) denotes the Kronecker delta, as δ (t− t ′) is discretized to δ (t, t ′)/ε.
24 Note that typical x’s are O(1) here (comparable to F). But, the typical velocities (∂x’s) are O(100) (controlled by
η ∼

√
D/ε), so that many ℓ’s are also O(100).
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Figure 2. (a) Histogram of ℓ (Hb) for a simulation of coupled SHO’s in contact with
a single thermal bath. Blue diamonds are frequencies for bins with ℓ < 0, showing no
systematic asymmetry. (b) Table of center of bins (value of ℓ) and frequencies H±b, as
well as the ratios Υb (being consistent with having no systematic asymmetry).

is fairly negative (apart from two cases with |Υb|< 1, both associated with low counts). Such
plots provide us with confidence that, despite ℓ̄ being∼ σℓ/50, TRA is indeed present and this
system is definitely in a NESS (as expected from the DB violating rules used to simulate the
stationary state)25.

As a contrast, we performed simulations for the same system coupled to a single thermal
bath at T = 1. Here, ℓ̄≃−0.0155 is consistent with being zero, especially when compared
to σℓ ≃ 38.4. More crucially, figure 2 clearly shows there is no systematic asymmetry in the
histogram. In addition to the signs of Υ being evenly distributed around zero, 70% of the
|Υ|’s are less than unity. We believe these two cases illustrate the import role played by the
distribution of probability angularmomentum for distinguishingwhether a system is in aNESS
or in thermal equilibrium (or so close that TRA is imperceptible).

4.1.3. Linear Gaussian models. This subsection is devoted to a general class of systems, in
which the TTSHO is a special case. Instead of just two variables, we consider any number
of them (ξα; α= 1, . . . ,N), subjected to linearly restoring deterministic forces and additive
Gaussian white noise (ηα). Using a terminology common in climate science, we refer to these
as ‘linear Gaussianmodels’ (LGMs). Let uswrite26 the Langevin and Fokker–Planck equations
as, respectively,

∂tξα =−Fβ
αξβ + ηα; ⟨ηα (t)ηβ (t ′)⟩= 2Dαβδ (t− t ′) (28)

25 The astute reader may ask how ℓ̄ and σℓ depend on ε. The issue of how limits behave in discretized evolution is
non-trivial. A serious answer would require the machinery of, say, Ito calculus and is beyond the scope of this article.
An abridged answer is that ℓ̄ does not involve the noise correlations explicitly and so, is independent of ε. By contrast,⟨
ηαηβ

⟩
enters into σ2

ℓ through
⟨
vαvβ

⟩
and so, σℓ depends on ε. Some comments may be found in [14]. A better

formulation is yet to be developed so that a ‘purely DB violating’ part of σ2
ℓ can be extracted.

26 We use the Einstein summation convention for repeated indices here (super- and sub-script pairs, e.g. Fβαξβ ≡∑
β F

β
αξβ ). In case of the contrary, the reader will be alerted explicitly. The co- and contra-variant notation is just for

convenience.
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and

∂tP= ∂α
[
Dαβ∂

βP+Fβ
αξβP

]
=−∂α (JFP)α . (29)

Of course, both Dαβ and Fβ
α are real and D is symmetric, while the eigenvalues of both have

positive real parts27. Note that DB is satisfied if and only if the Fokker–Planck current, JFP,

vanishes, i.e. iff
(
D−1

)αγ
Fβ
γ is symmetric and positive definite (i.e.

(
C−1

)αβ
below). Here,

our focus is on general D’s and F’s which lead to DB violation.
Whether DB is violated or not, the stationary distribution is still a Gaussian [11, 17, 19]:

P∗ ∝ exp

{
−1

2
ξ α

(
C−1

)αβ
ξ β

}
. (30)

Here,
(
C−1

)αβ
is the inverse of the covariance matrix ⟨ξ αξ β⟩ and can be obtained from D,F

either by solving [19] a general version of equation (26):

Fγ
βCγα +Fγ

αCγβ = 2Dαβ

or summing over the eigenvectors of F [11]. Using the formalism developed (equations (12)–
(18)), we see that the generalization of (27),

⟨Lαβ⟩=
〈
−ξαF

γ
βξ γ + ξ βF

γ
αξ γ

〉
= Fγ

αCγβ −Fγ
βCγα (31)

is an anti-symmetric tensor (with N(N− 1)/2 independent components). As above, we verify
that (J∗FP)α = 1

2 ⟨Lαβ⟩∂βP∗ so that ∂tP∗ indeed vanishes.
Next, let us turn to a study of the distribution Q(L). Deferring most details to appendix C,

we show only some key results here (focusing on a single specific pair α-β). First, its Fourier
transform, given by

Q̃(z) =
ˆ

[expiz(ξ α∂tξ β − ξ β∂tξ α)]P(η⃗)P
∗
(
ξ⃗
)
dη⃗dξ⃗

can be computed exactly, as the integrand is Gaussian. Using the notation of D,F, etc we
find Q̃= [detC−1/detG]1/2 where G= C−1 + 2izXF+(2z2/ε)XDXT and X is an anti-
symmetric matrix with element28 Xµν

(αβ) = δµαδ
v
β − δναδ

µ
β . Thus,

Q̃(z) =
{
det

[
I+ 2izCXF+

(
2z2/ε

)
CXDXT

]}−1/2
. (32)

But det [I+M] = 1+TrM+ · · ·+ detM, so that the first two terms of the Taylor series
(around z= 0) for Q̃ are

Q̃(z) = 1− izTrCXF+ · · · .
The first is normalization ofQ(L), while the second is the first moment, i.e.−i∂zQ̃(0) =

´
LQ.

Verifying TrCXF=−⟨Lαβ⟩, we are confident that equation (32) is correct. Proceeding, we
find that the det in equation (32) is a quartic polynomial (since X is rank 2), real in iz. The
location of its zeros can be extracted and the inverse transform to Q can be analyzed. The
conclusion is that the decays of Q for L→±∞ are dominated by exponentials:

lnQ(L)∝−|L| .

27 In contrast to much of the literature, we write this forces as −Fξ⃗ for convenience. With the minus sign, positivity
of F indicates ξ⃗ = 0⃗ is stable.
28 We emphasize that the subscript (αβ) should be regarded as a label which identifies theL of our focus. The attentive
student will recognize that X(αβ) is the infinitesimal generator of a rotation in the α-β plane.
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Figure 3. Simulation of an LGMwith two degrees of freedom (ξ1,2), driven by restoring
linear forces with a spiral and subjected to additive white noise (which models a single
thermal reservoir). (a) A section of the time series, showing no visually detectable signs
of time reversal asymmetry. (b) Histogram of ℓ (Hb). Blue diamonds are frequencies for
bins with ℓ < 0, showing systematically lower values. (c) Table of center of bins (value
of ℓ) and frequencies H±b, as well as the ratio Υb (see text for details).

More crucially, the two slopes are different and accounts for both ⟨L⟩ ̸= 0 andQ(L)−Q(−L)
being consistently of one sign.

To end this subsection on LGMs, we present an illustration that contrasts with the TTSHO
in significant ways. In particular, amongst the different ways to violate DB (by specifying F
and D so that FD ̸=DFT), the TTSHO involves a real-symmetric F that does not commute
with D. Another class involves asymmetric F’s with complex eigenvalues (with positive real
parts). Without noise, such an Fwill bring the system to a stable focus, i.e. a spiral stable fixed
point.With additive white noise, this condition is sufficient, but not necessary, for the stochastic
system to settle into a NESS (details in appendix D). Furthermore, unlike the TTSHO case, it
is possible to reach highly asymmetric distributions with this class of LGMs.

To illustrate these statements, we present here results from simulations of equation (28),
using methods detailed above, in a run of 200K steps with ε= 0.001 for a N= 2 system.
Highlighting the non-trivial role played by F here, we choose

F=

(
2 1
−1 2

)
, D=

(
1 0
0 1

)
.

In other words, this linearly driven system can be interpreted as one being coupled to a single
thermal bath (at some unit T). Figure 3(a) shows a section of the time trace of this system in
a stationary state, from which it is again unclear if TRA is present. Similarly, the trajectory
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in the ξ1–ξ2 plane also displays no perceptible rotation around the origin, as the noise masks
the inward spiral due to F. For this run, ℓ̄ ≃ 0.935, which is also quite small compared to
σℓ ≃ 43.9. However, when we plot the histogram Hb, as shown in figure 3(b), we see that the
counts for the −ℓ bins are systematically lower than those in the +ℓ ones. In figure 3(c), we
show the bin centers ℓ±b, the frequenciesH±b, andΥb. Again, we see that everyΥb is positive
and sizable (apart from one with |Υb|< 1, associated with a low count). On the theory front,
we verify that C= I/2, so that anti-symmetric part of FC gives us A12 = 0.5 and so, ⟨L⟩= 1,
a value comparable to the observed ℓ̄. Exploiting the techniques detailed in appendix C, the
asymptotic slopes of lnQ(L) can also be computed and they are consistent with the decay in
H±b shown in figure 3(c). Thus, we conclude that there is good agreement between simulation
data and theoretical predictions.

4.1.4. Example in one dimension: a biased random walker with reset. In this subsection, we
focus on a NESS for a system with a one-dimensional variable, so as to illustrate the TRA
signals discussed in section 3.2. As in the previous cases, we will show results for both an
equilibrium system and a NESS, so that some comparisons can be made. The model here is
possibly the simplest version of a randomwalker with reset—a class of problems which gained
considerable attention in recent years [20].

Our walker moves on non-negative integer sites along a line: i = 0,1, . . . in discrete time
steps. At each step, it moves either one site higher (with probability p) or ‘resets’ to the origin:

R(i+ 1|i) = p; R(0|i) = 1− p

It is trivial to see that, at large times, the system settles into the stationary distribution P∗ (i) =
pi (1− p). Note that this is identical to the P∗ for a particle in thermal equilibrium, hopping in
a ‘gravitational field’ with a impenetrable floor at 0−. All we need to arrive at that equilibrium
state is to impose DB satisfying rates, i.e. the ratio for hopping ‘up one rung’ to hopping ‘down
a rung’, R(i→ i+ 1)/R(i→ i− 1), to be p.

Meanwhile, DB violation in our NESS is clear, as the persistent net currents are

K∗ (i+ 1|i) = pi+1/(1− p) ; K∗ (0|i) = pi

and satisfy K∗ (i+ 1|i) = K∗ (0|i)+K∗ (i|i− 1) for i> 0 and K∗ (1|0) =
∑

i>0K
∗ (0|i). There

are many non-trivial current loops, of course, all of the form 0→ 1→ ·· · → m→ 0. with
m> 1. The TRA generated can be detected by studying Γ̃ introduced in equation (25). Here, ζ
is the set of non-negative integers, i, and the simplest illustration for Γ̃ is the single time step
case: υ= 1. Then, P(j,1|i,0)P∗ (i) reduces to

R(j|i)P∗ (i) = [pδ ( j, i+ 1)+ (1− p)δ ( j,0)]P∗ (i)

= [pδ ( j, i+ 1)+ (1− p)δ ( j,0)]pi (1− p)

while the integral reduces to the sum∑
i,j

ji(j− i)P(j,1|i,0)P∗ (i) =
∑
i=1

(i+ 1) ipi+1 (1− p) .

The result is readily obtained:

Γ̃ (1) = 2

(
p

1− p

)2

.
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Figure 4. The time series for (a) a random walker with reset (p= 1/3) in the steady
state. Over the 500 steps shown, it is discernibly asymmetric under time reversal. See
text for the values of themean position, its variance, the asymmetry Γ̃, and the ratio Γ̃/σ3

ζ

(over this run of 50K steps). By contrast, (b) shows a walker stepping up and down with
probability 1

4 and 3
4 , respectively, in a time symmetric equilibrium state. Note that both

walkers have the same P∗, as hinted by these traces.

Meanwhile, the standard deviation is σζ =
√
p/(1− p), so that the dimensionless measure is

Γ̃/σ3
ζ = 2

√
p(1− p)

the maximum of which occurs at p= 1/3.
Simple simulations of this process provides excellent agreement with these predictions. For

example, figure 4(a) illustrates a part of the time trace, i(τ), in a run with just 50K steps with
p= 1/3. For this run, the comparison between data and theoretical predictions for various
quantities (mean ζ̄, SD σζ , asymmetry Γ̃, and ratio Γ̃/σ3

ζ) are shown:

ζ̄ σζ Γ̃ Γ̃/σ3
ζ

Simulations 0.5002 0.8658 0.4996 0.7698
Theory 0.5000 0.8660 0.5000 0.7698

So we conclude that the agreement is excellent and TRA is clear. As a contrast, in a sim-
ilar run with DB satisfying rates (figure 4(b), with specifically R(i→ i+ 1) = p/(1+ p) and
R(i→ i− 1) = 1/(1+ p)), the asymmetry is found to be zero, while the average and vari-
ance are entirely consistent with theoretical values. To emphasize, the stationary P∗ (i) for the
two systems are identical. There are non-trivial current loops in the NESS, as measured by Γ̃,
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but none in the equilibrium system. Visually, it is possible to discern the difference (in TRA)
between these two time traces. Of course, the NESS in this example is quite extreme. If a
combination of these two dynamics were introduced (i.e. with a fraction of the updates being
DB violating), then it may be quite difficult to distinguish a system ‘slightly perturbed from
equilibrium’ than one truly in equilibrium.

4.2. From the subtle to the manifest

All of the examples studied above are solvable exactly. In this sense, they may be regarded as
‘toy models’ rather than realistic ones designed for systems in nature, where non-linearities
abound. In general, the latter are not analytically accessible, so that information about how they
display TRA is typically gleaned from simulations. Of course, we can also study data collected
from physical systems directly, such as those under controlled environments in laboratories or
observed in complex natural settings (from micro to global, in e.g. biological and climate
sciences [14, 21]). In nearly all such systems, it is the exception that the underlying dynamics
obey DB and the steady states fall within equilibrium statistical mechanics. While some of
these NESS are ‘close’ to equilibrium and display subtle signals of TRA, others are clearly
‘far from’ equilibrium and TRA is manifest. In this subsection, we illustrate this wide spectrum
of possibilities with examples from both physical data and numerical simulations.

4.2.1. Illustrations from two climate systems. Let us begin with two illustrations of TRA pub-
lished recently [14], based on data from our climate. Both display somewhat ‘subtle’ asym-
metry under time reversal, in that one shows ℓ̄ < σℓ while the other, ℓ̄≃ σℓ. The former is
associated with the well-known phenomenon of El-Niño and the latter, with the Madden–
Julien Oscillation. Both are considerably further from equilibrium than the simple examples
shown above (where ℓ̄≪ σℓ).

El-Niño is generally associated with the warming of the tropical Pacific Ocean. A less well-
known feature is the variations of the depth of the thermocline29. While there are many ways
to characterize ‘warming’ and ‘depth,’ we focus on two common measures of these features:

• NINO3, the sea surface temperature averaged over a certain region in the eastern Pacific (in
units of ◦C)

• d20, the depth of the 20◦C isotherm in the tropical Pacific (in units of cm).

Details of these measures and the data sets chosen may be found in [14]. The time series of
these quantities consist of monthly averages of observations from 1960 to 2016. Setting the
means of these series to zero, weworkwith the ‘anomalies’ of NINO3 and d20.When the entire
trajectory is plotted in the NINO3-d20 plane, there is no obvious systematic rotation around
the origin. In figure 5(b), we illustrate with a small section, which may give an impression of
a tendency to rotate clockwise. When we compute ℓ̄ and σℓ, we find −205.0 and 432.4 (in
units of ◦C·cm/month), respectively. Since ℓ̄ is just half of σℓ, we compile the histogram of
ℓ’s and display it (colored as blue columns) in figure 5(a). There is a clear asymmetry in favor
of negative ℓ̄ bins. Similarly, in figures 5(c) and (d), we show the distribution and a sample
trajectory for the two dominant amplitudes associated with the Madden–Julien Oscillation.

29 Thermocline is a region below the ocean surface where temperatures change rapidly. See, e.g. https://en.wikipedia.
org/wiki/Thermocline.

23

https://en.wikipedia.org/wiki/Thermocline
https://en.wikipedia.org/wiki/Thermocline


J. Phys. A: Math. Theor. 57 (2024) 285003 R K P Zia

Figure 5. Histograms/distributions of ℓ and trajectories for a pair of quantities asso-
ciated with El-Niño (a), (b) and Madden–Julien Oscillations (c), (d). In (a), (c), blue
bars represent data, orange ones represent theory, and grey is for regions of overlapping
blue/orange. See text for details. Figures reproduced from [14], with permission from
Springer Nature.

Here, the asymmetry is much more prominent in both representations, a result consistent with
ℓ̄ being comparable to σℓ, namely, 0.201 and 0.263, respectively (in units of amplitude2 d−1).

On the theory front, parameters for LGMs were chosen to fit the time-series. (See
appendix E for further details.) In turn, these models predict values for ℓ̄ and σℓ and, cor-
responding to the above cases, they are−205.7, 350.7, 0.199, and 0.250. All predictions are in
acceptable agreement with data. The distributions Q can be computed by inverting Q̃ numer-
ically. The resultant are plotted as orange columns in the histogram figures (Hb). Meanwhile,
the grey regions in the columns represent the overlap of theory and data. From these, we con-
clude that the LGMs have captured the essentials of the asymmetry inHb (andQ(L)), and they
provide good approximants for the non-equilibrium quasi-stationary states in nature. Finally,
let us highlight the fact that the LGMs for both systems belong to the class of F’s with stable
focus. Unlike the model system presented in section 4.1.3, the twists (i.e. antisymmetric parts
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ofF) are progressively stronger (fromEl-Niño toMJO). The underlying physics here is entirely
consistent with the increase in both the ratio ℓ̄/σℓ and the prominence of the asymmetry in the
Hb plots.

4.2.2. Hopf bifurcation and transition from subtle to manifest display of TRA. While the cli-
mate data we presented represent a significant increase of the TRA signal from that in the
TTSHO, say, we may still regard them as borderline cases in the ‘subtle-manifest’ spectrum.
The next level of asymmetry is so prominent that it deserves the term ‘manifest,’ namely, when
the system undergoes a Hopf bifurcation [22] and displays limit cycles which are unquestion-
ably irreversible in time. In nature, such phenomena are abundant (typically in quasi-stationary
cyclic states, rather than truly stationary ones), from predator-prey systems to chemical reac-
tions. To explore bona-fide stationary stochastics processes, we turn to model systems inspired
by various natural phenomena. In this subsection, we follow this route, in order to illustrate
the effects of such a transition on ⟨L⟩ and its distribution. Naturally, we must go beyond the
LGM and so, few exact analytic results are known and simulations offer the best progress for
most model systems. By exploiting a sufficiently simple model30 for a stochastic (supercrit-
ical) Hopf bifurcation, we can present some exact results (i.e. stationary distribution P∗ and
current J⃗∗FP = µ⃗P∗ −D∇⃗P∗) as well as some visually appealing simulation data.

Here again, our model consists of two variables (ξ 1,2), forced by a conservative part (−∇⃗V)
plus a twist (F⃗ω ∝ ω), and subjected to a trivial η⃗ (D= TI). Defining r2 ≡ ξ 2

1 + ξ 2
2, we choose

a standard potential

V(ξ 1, ξ 2) =
ρ

2
r2 +

u
4
r4

which allows a Hopf bifurcation, at ρ= 0. Without the twist, the system settles into thermal
equilibrium of course (with P∗ ∝ e−V/T; kB = 1) and is often used to model31, say, a system
of classical O(2) spins. For ρ> 0, it is ‘above the critical temperature’ where the rotational
symmetry is unbroken. When ρ turns negative, we have spontaneous symmetry breaking, with
the minimum energy state given by r=

√
−ρ/u. If a twist

F⃗ω =

(
0 ω
−ω 0

)
ξ⃗

is added, then the stochastic system, specified by the Langevin equation,

∂tξ⃗ =−∇⃗V− F⃗ω + η⃗

will tend to fluctuate near the origin ξ⃗ = 0⃗ in case ρ> 0 (similar to the example shown in
figure 3). But, for ρ< 0 (especially with large −ρ/u and small T), the trajectories will be
mostly circular with small deviations. We may refer to such cases as limit cycles with low
noise. Near the transition, i.e. small −ρ/u,ω and moderate T, TRA signals from the system
will undoubtedly be ‘subtle’ . Deep into the broken-symmetry and twist-driven region, i.e. large
−ρ/u,ω and small T, the signal should be ‘manifest’ . In this toy model, it is straightforward
to show that, for the Fokker–Planck equation

∂tP=−∇⃗ · J⃗FP = ∇⃗ ·
[(

∇⃗V+ F⃗ω

)
P+T∇⃗P

]

30 Perhaps the simplest model available, the deterministic part of this system is known as the normal form of a Hopf
bifurcation.
31 The Landau model.
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Figure 6. Simulation of a system with two degrees of freedom (ξ 1,2), driven into a limit
cycle by deterministic forces and subjected to additive white noise (which models a
single thermal reservoir). (a) A section of the time series, displaying prominent signs of
time reversal asymmetry. (b) Histogram of ℓ (Hb). The asymmetry between positive and
negative bins is quite clear. In the inset is a log plot, showing the distribution is closer
to Gaussian rather than (double) exponential. (For clarity, the abscissa here is 100 times
ℓ.) (c) A section of the trajectory in the ξ 1–ξ 2 plane, with the green arrow indicating the
direction of time evolution.

the stationary distribution is simply P∗ ∝ e−V/T (since both ∇⃗ · F⃗ω and F⃗ω · ∇⃗V vanish), with
J⃗∗FP =−F⃗ωP∗. From here, quantities such as ⟨L⟩ ,σL,Q∗ (L) can be computed numerically, as
none of the integrands are simple Gaussians.

Our main interest here is to illustrate the qualitative features of this stochastic process and
how they differ from those in the LGMs. Thus, we will present only a figure of a simula-
tion of the above system and highlight the differences, while avoiding technical details. As
in previous simulations, we carried out a run of 200 K steps with ε= 0.001 and (ρ,u,ω,T) =
(−1,1,1,0.1). With these parameters, P∗ is quite distinct from the LGM case above. Instead
of a single peaked Gaussian, (e.g. e−r2/2), it resembles a volcano, with a dip at the center and
a rim (circular in this simple model, at r= 1, as P∗ ∝ exp 1

4

(
2r2 − r4

)
).

Figure 6(a) shows a section of the time trace of this system in a stationary state, from which
it is quite clear that TRA is present. For example, it is qualitatively similar to a predator-prey
system, in which a rise of the predator population (ξ2, red trace) soon follows a rise in the
prey numbers (ξ1, blue trace). Similarly, the trajectory in the ξ1–ξ2 plane displays an obvious
direction of motion, as indicated by the green arrow. Despite the clear sense of rotation in this
run, the presence of angular momentum is not prominent, as its typical values are dominated
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by the noise in ∂tξ⃗. As a result, ℓ̄ here (≃ 1.00) is relatively small compared to σℓ (≃14.3).
While the histogram Hb in figure 6(b) is certainly biased in favor of ℓ > 0, the asymmetry is
overwhelmed by the width of the distribution 32. More interesting is the inset figure, showing
that Hb is no longer exponential at large ℓ. Instead, it is essentially Gaussian, while its com-
ponents can be readily identified, i.e. a Gaussian dominated by noise and displaced by a small
positive mean (ℓ̄ > 0).

To summarize this subsection, we presented a scenario in which dissipative, noisy systems
in steady states display a variety of time reversal asymmetric behaviour, from the ‘subtle’ to
the ‘manifest.’ In the absence of noise, all dissipative systems will settle into only one type of
stationary state, namely, all its variables remain constant (which is trivially symmetric under
time reversal). With non-linear forces, they may settle into stable limit cycles, which are time-
dependent states, though they clearly display TRA.When subjected to (additive, uncorrelated,
white) noise, both of these types of systems settle into stochastic stationary states, described
by time-independent distributions. In a typical run, the variables of the former appear random
in time, fluctuation around a fixed point. Casual observations of the time series typically do not
reveal TRA. Instead, a detailed study of ℓ̄ and its statistics is needed to expose the DB violating
nature of its dynamics. By contrast, dissipative systems that settle into limit cycles violate time
reversal, whether masked by the noise or not. Thus, it is apt to use the label ‘manifest’ here, as
casual glances of a time series should already suggest TRA (unless the noise is too severe). Let
us emphasize that the terms subtle and manifest are introduced to convey a qualitative sense
of TRA, rather than to define precise, distinctive classes of dynamics (such as linear vs. non-
linear). In particular, they are not associated exclusively with linear or non-linear deterministic
forces. Instead, DB violation and TRA are the result of the interplay33 between the noisy and
the deterministic parts of the forces.

4.3. Astonishingly complex behaviour in minimal models driven into nonequilibrium steady
states

The simple solvable examples above should not give the reader the impression that NESS is
well understood. On the contrary, a casual glance around us provides an astounding array of
phenomena which we cannot predict from their microscopic constituents (and interactions),
e.g. all forms of life. Even much simpler systems, such as point particles diffusing on a lattice
under DB violating rules, can pose serious challenges. Known as driven diffusive systems, they
have been the focus of research since the 1980s [23]. Arguably the simplest of these is the well-
established Ising lattice gas [24] driven far from equilibrium [25]. It displays many intriguing
properties34, some of which are yet to be understood. Here, we present another ‘minimal’
system—the lattice gas version [26] of the Widom–Rowlinson model [27]—easily understood
if subjected to equilibrium conditions. However, when driven uniformly out of equilibrium
(e.g. biased diffusion in one direction, say), the system displays remarkably surprising and
complex behaviour [4, 5]. In this subsection, we present only a brief summary, so as to illustrate

32 Since σℓ is controlled mostly by the noise, it will be lower if T is smaller. For example, if T is reduced by 100, then
we’d have σℓ ≃ 1.41 instead. On the other hand, ℓ̄ originates from the deterministic part here, so that it is insensitive
to noise and remains at ≃ 1. In this sense, we can easily produce systems with ℓ̄ > σℓ and beyond.
33 This interplay is aptly reflected in the name ‘fluctuation-dissipation’ relation.
34 These include DB violation of course. But TRA is so ‘obvious’ (as particles drift around periodic lattices in one
direction only) that it was never studied quantitatively.
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Figure 7. Typical configurations for the Widom–Rowlinson lattice gas (left panel) and
the driven version (right panel, with particles biased 3× more to move to the right than
to the left). Blue and orange sites are occupied by equal numbers of the two species
of particles. Vacancies are shown as white. Both systems are 400× 400 with ¯̄ρ= 0.7.
Reprinted (figure) with permission from [5], Copyright (2021) by the American Physical
Society.

how seemingly trivial changes of the dynamics (from DB satisfying to violating) can lead to
profound changes in the collective behaviour of a statistical system.

Introduced in 1995, the Widom–Rowlinson lattice gas (WRLG) [26] consists of two spe-
cies of particle (say, A and B) placed singly on a square lattice (or other lattices, in other
dimensions), diffusing freely via nearest neighbor particle-hole exchange. Configurations are
specified by {s (⃗x)} ;s=±1,0 representing site x⃗ being occupied by A,B, or vacant. The only
other constraint is that AB nearest neighbor pairs are excluded. With no energy functional,
temperature is irrelevant. The only control parameters are the densities of the two species.
In other words, entropy is the sole key for this equilibrium system (i.e. the micro-canonical
ensemble withP∗ (C)∝ 1 for any allowed C). Since the NN-exclusion acts as an entropic force,
we may expect an effective attraction between AA and BB pairs, as in a standard Ising lattice
gas. This picture is mainly confirmed in simulation studies, most of which have equal num-
bers of A and B, with the overall density (ρ̄) as a tunable parameter. As expected, the system
is homogeneous for small ρ̄, with a transition to a phase separated state (two regions: A-rich
or B-rich, e.g. left panel in figure 7) when the density exceeds a critical value: ρ̄c ≃ 0.617(1).
Near ρ̄c the critical behaviour is in the Ising universality class [26]. Our interest here is when a
bias is introduced into the particle-hole exchange so that DB is violated and the system settles
into a NESS instead.

Unlike earlier studies of biased diffusion of two species, in which interesting phases were
discovered when A and B are driven in opposite directions [28], both species are driven in
the same direction in this system35. Intuitively, it appears that a drive that does not distinguish
the species should have little effect. Yet, completely unexpected properties were discovered
through simulations, even when the system is in the disordered phase. We summarize some of
these findings here.

35 For example, in the maximal drive case, a NN or NNN particle-hole pair is allowed to exchange only when xhole =
xparticle + 1 (provided the constraint is satisfied), regardless of whether the particle is A or B.
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If the single species, non-interacting Ising lattice gas is driven, the stationary distribution
remains uninteresting (P∗ ∝ 1).36 For the driven WRLG in one dimension, it is clear that the
same mechanism leads to P∗ ∝ 1. However, simulations in two dimensions (e.g. on square lat-
tices of L×L sites, with toroidal BCs) show that P∗ is far from simple. Generically, in addition
to displaying long range correlations (as in the KLS model [25]), the drive induces a preferred
length [4, 5]. In particular, even for ρ̄≪ 1, the steady state structure factor (i.e. the Fourier
transform of the two point equal-time correlation (⟨s (⃗x)s (⃗x ′)⟩) in this homogeneous state does
not assume the standard Ornstein–Zernike form. Instead, it peaks at a preferred, non-trivial
wave-vector, q⃗, parallel to the drive direction. Correspondingly, ⟨s (⃗x)s (⃗x ′)⟩ does not decay
exponentially for large |⃗x− x⃗ ′|, but oscillates much like a damped spring, with wavelength
Λ≡ 2π/ |⃗q|, within a power law envelope. For ρ̄= 0.5, |⃗q| rises more or less linearly with the
strength of the drive [5]. For fixed drive and increasing ρ̄, q⃗ also increases, but only slightly.
Meanwhile, the value at the peak rises substantially with higher ρ̄, until a critical ρ̄c is reached.
Beyond ρ̄c, the peak height scales with system size rather than being intensive—a character-
istic of long range order and phase separation. Unlike the undriven case, where the system
always ordered into two particle-rich regions (similar to the Ising case, i.e. Λ = L), the driven
WRLG displays lamellae normal to the drive, with a fixed width—an L -independent Λ/2. To
illustrate, we show two typical configurations with ρ̄= 0.7 in figure 7, one in equilibrium and
the other, a driven system.

Further, Λ varies in a very perplexing manner. To emphasize, this lamellae structure is
present even in the homogeneous phase with a small drive (though difficult to discern). For
maximal drive, 10≲ Λ≲ 12 (lattice spacings, deduced from the correlation function) deep
within this phase (ρ̄∼ 0.4). Around ρ̄c ∼ 0.77, ordering emerges and the lamellae appear as
‘visible strips’ (in square lattices). As ρ̄ increases further, Λ rises by minute amounts and
remains L independent. In other words, in these regime, Λ appears to be a characteristic of the
microscopic parameters, so that the number of strips is essentially L/Λ. As ρ̄c closes on unity,
this number decreases rapidly, via a series of ‘strip-merging’ transitions. The boundary of
this regime, ρ̄sm, is likely to depend on L in a complicated manner. Eventually (ρ̄≲ 1− 2/L,
clearly), the system ends in a completely phase segregated state: Λ = L, with one strip of
each species, separated by thin (∼ lattice spacing) strips of holes. In simulations involving
L⩽ 400, strip-merging appears for ρ̄ > ρ̄sm ∼ 0.9. For other values of the bias, the behaviour
of Λ, ρ̄c, ρ̄sm on ρ̄ is highly non-trivial [4, 5] and remains to be explored in detail. In all cases,
Λ rises to O(L) at both extremes of ρ̄.

At a superficial level, the DWRLG can be regarded as a system that offers an example of
the transition from ‘subtle’ to ‘manifest’ displays of TRA—as ρ̄ is varied. For small dens-
ities, a casual glance of the system appears to be no different from the undriven case: Both
being homogeneous, the local (coarse-grained) densities of either species would appear sim-
ilar, fluctuating randomly around ρ̄/2. While the effects of DB violation on the NESS have
been measured in other ways [4, 5], direct detection of TRA using the methods presented here
has yet to be explored. Choosing the appropriate pair of variables in order to find a non-trivial
ℓ̄ should be possible, if perhaps challenging. Meanwhile at high densities, the A- and B-rich
stripes drift by, creating a striking visual effect. Running the movie in reverse would be ‘mani-
festly’ different! If the density at a fixed location is recorded in time, it would execute a noisy
limit cycle in the A-B plane (as the stripes move past the chosen location).

36 This follows from ‘pairwise DB.’ Though R(i|j) ̸= R(j|i) in general, we can identify unique pairs of transitions
with equal rates: R(i|j) = R(k|i). Thus, P∗ = 1 satisfies ∆tP∗ = 0.
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More importantly, the driven WRLG provides a good example of a stationary state which
is clearly far from having the maximal entropy (disorder). No one could have predicted that
lamellae structures can arise from the simple transition rates (translation invariant in both space
and time) in this minimal system. Although TRA has not been explored fully here, its presence
is abundantly clear. What needs to be emphasized is that the DWRLG steady state displays
phenomena which are far from being consistent with maximal entropy, a key characteristic of
thermal equilibrium. In many ways, the surprises here are in the same class as those found in,
say, Conway’s game of life [29], in which complex patterns emerge fromminimal constituents
evolving under DB violating dynamics.We believe that, beyond simple signals of time reversal
asymmetry, this aspect of non-equilibrium statistical mechanics—the astonishing phenomena
of ‘emergence’37—will be a rewarding and exciting frontier for future investigations into the
mysteries of cooperative behaviour.

5. Summary and outlook

When a statistical system settles into its stationary state, time translational invariance holds, by
definition. However, this state may or may not be symmetric under time reversal, depending
on whether the system is in thermal equilibrium or a non-equilibrium steady state. In layman’s
terms, snap shots of a movie at different times—of either steady states—will appear statistic-
ally the same, but there may be a difference when the movies are run forwards vs. backwards.
The origin of the difference lies in whether the rules for evolution of the system obeys DB or
not. This article is devoted to simple ways to detect asymmetries under time reversal.

In general, to observe time dependence phenomena, we need correlations at unequal times.
Here, we presented the simplest of such functions to detect TRA, relying on the most ele-
mentary of observables and the minimal separation of just two times. In elementary physics,
these observables can be positions of particles (⃗x) while ‘minimal time separation’ can be δt.
Meanwhile, the velocity v⃗= δ⃗x/δt is the simplest quantity odd under time reversal. To study
the statistical properties of systems in steady states, we turn to averages (means and correla-
tions), denoted by ⟨. . .⟩. But38 ⟨⃗x⟩= ⟨⃗v⟩ ≡ 0, and to detect time reversal asymmetry, nothing is
simpler than the averages of their product. Of course, ⟨⃗x · v⃗⟩= 1

2

〈
∂tx2

〉
≡ 0, and we are natur-

ally led to consider ⟨⃗x× v⃗⟩ (or ⟨ξα∆ξ β − ξ β∆ξ α⟩ in general). Recognizing x⃗× p⃗ is angular
momentum in elementary physics, we coin the term probability angular momentum (L) for
the correlation function introduced. If configuration space consists of just one dimension, then
x⃗× p⃗≡ 0 and a different quantity (involving third moments) was proposed for detecting TRA.

Relating these abstract concepts to data (from simulations, experiments, or observations),
we are aware that averages from finite data sets are almost never identically zero, so that using
⟨L⟩ ̸= 0 as a test for TRA is too idealistic. Further, we find that comparing its magnitude to its
standard deviation (σL) rarely provides a reliable gauge. In particular, many model systems
with built in DB violating dynamics display ⟨L⟩ ≪ σL. This issue motivated us to consider
Q(L), the full distribution of L. For many system, it is broadly spread around L= 0, while
TRA manifests as an asymmetry: Q(L) ̸= Q(−L). In practice, time series of observables can
be used to build histograms associatedwithL, while we proposed ameasure (Υ) which appears

37 Specifically, how does complex behaviour emerge from simple constituents evolving by simple rules. A good
example is: How does a stable, biodiverse community (e.g. the one in Yellowstone National Park) arise from a col-
lection of interacting atoms, driven far from equilibrium by sunlight?
38 Restricting ourselves to finite systems, we can always choose its origin so that ⟨⃗x⟩∗ vanishes. Meanwhile, it is rare
for steady states to have ⟨⃗v⟩∗ ̸= 0.
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to be quite reliable for deciding if a system displays TRA or not. We refer to systems with
such signals of TRA as ‘subtle,’ since there are no overt signs of time reversal imbalance.
Let us emphasize another well-hidden aspect of such NESS’s. From the time series of a few
measurements, we can only construct a finite number of ⟨L⟩’s or Γ̃’s—typically far fewer
than all possible ones. If any of these quantities does not vanish, we can conclude that our
system is in a NESS. However, even if all of them are consistent with being zero, we still
cannot definitely conclude otherwise. Instead, for systems in thermal equilibrium, all quantities
that are asymmetric under TR must vanish. For our approach, this limitation may appear as
a weakness. Yet it is comparable to the standard condition for DB: To be certain that DB is
not violated, the Wegscheider–Kolmogorov criterion [9, 10] must be satisfied for all loops in
configuration space.

Unlike ‘subtle’ displays of TRA, many steady (or quasi-stationary) state systems in nature
are ‘manifestly’ irreversible, e.g. those with unambiguous limit cycles. At the far end of this
subtle-manifest continuum are stochastic processes which display phenomena well beyond our
knowledge or expectations. For example, discoveries of new species of life forms continue to
astonish us. Even seemingly trivial constituents evolving with simple rules can lead to unpre-
dictably complex behaviour, e.g. Conway’s game of life. Driven diffusive systems [23] provide
another good example, as we learn that collective phenomena in stochastic processes evolving
with DB violating dynamics can be extremely rich and surprising. To illustrate these ideas, a
number of examples were presented, from simple solvable systems to complex physical ones.

The limited study here should be regarded as a small glimpse into the wide vistas of NESS.
Specifically, our explorations naturally raised many more questions. In addition to the ones
noted in the text, we list a few other examples here. (i) The simplest of observables for detecting
TRA is considered here, as L is a two point correlation at ‘one time step’ apart, though Q(L)
effectively involve all its higher moments. One generalization we did not study is correlations
involving larger separations of times, e.g.Aαβ (τ)≡ ⟨ξ α (τ)ξ β (0)− ξ β (τ)ξ α (0)⟩ with any
τ . Since most correlations decay with time, we expect each term of A to vanish for large
τ . Yet, there are situations where it may increase with τ up to some maximum at τ̂ , before
decaying [30]. Not only would Aαβ (τ̂) provide a more prominent signal of TRA than L, it
points to the presence of a characteristic time scale. The implications of τ̂ for systems with
‘subtle’ signals are clearly worthy of pursuit. (ii) We noted that Q(L) undergoes a transition
from an asymmetric Laplacian-like distribution (with exponential decays) to an approximate
Gaussian (with non-zero mean) as the system makes a Hopf bifurcation. How does the linear
behaviour in lnQ crossover to the quadratic? via anomalous exponents or at some crossover
value ℓ×? If the latter, how does it vary with critical control parameter(s)? For simplicity,
we presented cases with just two variables. Would a ‘many-body’ system provide us with
further, unexpected collective behaviour? (iii) We showed that L (and Γ̃ for more restrictive
systems) serves as an effective measure for detecting TRA in simple model systems. Beyond
these immediate questions, does this line of inquiry lead to any new insights for other NESS
in complex systems in nature, such as those in chemical reactions, biological sciences, socio-
economic arenas, global ecology/climate, and stellar interiors? Most crucially, our hope is that
it provides an inroad into formulating an overarching framework for statistical mechanics of
non-equilibrium steady states.
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Appendix A. Decomposition of ⟨ξαvβ⟩

In the steady state, ⟨ξ αξβ⟩ at one time is the same as at an infinitesimal time later (when each
ξ changes by ε∂tξ = εv). Let us write this statement as

⟨ξ αξ β⟩= ⟨(ξ α + εvα)(ξ β + εvβ)⟩ . (A1)

Using the Langevin representation, we have

vα = µα + ηα

where

⟨ηα⟩= 0; ⟨ηαηβ⟩= 2Dαβ (1/ε)

with 1/ε representing δ in ⟨ηαηβ⟩ ∝ δ (t− t ′). In the the limit of ε→ 0, we find from (A1)

⟨ξ αvβ + vαξ β⟩=−ε⟨ηαηβ⟩ .=−2Dαβ

Here, we verify that the units of both sides are indeed [ξ α] [ξ β ] [t]
−1. Meanwhile, by definition,

we have

⟨ξ αvβ − vαξ β⟩= Lαβ .

Defining

Aαβ ≡ Lαβ/2

we see that it is precisely the rate of ‘area’ (in theα-β plane) being swept out. Then, ⟨ξ αvβ⟩can
be decomposed to a symmetric part (−D) and an anti-symmetric one (A):

⟨ξ αvβ⟩=−Dαβ +Aαβ .

In this sense, we regard the probability angular momentum to be on the same footing as the
diffusion coefficients. Finally, since ⟨η⟩= 0, we can also write the decomposition as ⟨ξαµβ⟩=
−Dαβ +Aαβ . For LGMs, µβ =−Fγ

βξ γ , so that we end up with Fγ
βCγα = Dαβ −Aαβ , where

Cγα = ⟨ξ αξ γ⟩. Since D is symmetric, we can summarize neatly

Fγ
αCγβ = Dαβ +Aαβ . (A2)
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Appendix B. A Simple 3-state system in NESS

Here we include some details of the system with i = 1,2,3 configurations (‘micro-states’)
presented in section 4.1.1. Writing the probabilities to find the system in i at discrete time τ as
a column vector,

|P⟩ ≡

 P(1, τ)
P(2, τ)
P(3, τ)


the Master equation reads

∆τ |P⟩= L |P⟩

where

L=
1
3

 −φ− φ̃ 1 1
φ −1−φ 1
φ̃ φ −2


(The overall factor represents the fraction of time each of the three possible transitions are
chosen to be updated. It also ensures that none of the eigenvalues of the evolution operator,
I+L, are negative.) Conservation of probability is

∑
iP(i, τ) = 1, consistent with ⟨w0| ≡(

1 1 1
)
being a left eigenvector of L with zero eigenvalue: ω0 = 0. The associated right

eigenvector is the stationary distribution:

|P∗⟩ ≡ |u0⟩=
1
Z

 2+φ
2φ+ φ̃

φ2 + φ̃φ+ φ̃


where Z= (2+φ)(1+φ+ φ̃). The other two (n= 1,2) left and right (not normalized) eigen-
vectors are

⟨wn|=
(
φ + φ̃ −1 −1

)
,
(
φ̃−φ 2 2φ −φφ̃− φ̃ φ + φ̃− 2

)
|un⟩=

 φ̃− 1
−(1+φ)
φ − φ̃

 ,

 0
1
−1


associated with the eigenvalues:

ωn =−(1+φ + φ̃)/3, −(2+φ)/3.

As a result, for such a simple system, we can provide the full, time dependent, solution to our
system:

|P⟩= (I+L)
τ/ε |Pini⟩

=
2∑

n=0

(1+ωn)
t/τ ⟨wn| Pini⟩

⟨wn| un⟩
|un⟩

= |P∗⟩+
2∑

n=1

(1+ωn)
t/τ ⟨wn| Pini⟩

⟨wn| un⟩
|un⟩

where |Pini⟩ is the initial distribution and I is the identity matrix.
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Appendix C. Analysis of Q̃

A few details of the derivation of the behaviour of Q(L) are provided here.
From equations (20) and (21), we find its Fourier transform, associated with αβ component

of the probability angular momentum, is given by

Q̃(z) =
ˆ

[expiz(ξα∂tξβ − ξβ∂tξα)]P(η⃗)P
∗
(
ξ⃗
)
dη⃗dξ⃗.

Since the integrand is Gaussian (in ξ⃗, η⃗) with exponent

iz
(
−ξαF

γ
βξγ + ξβF

γ
αξγ

)
+ iz(ξαηβ − ξβηα)− ηµ (4Dµν/ε)

−1
ην − ξµ (2Cµν)

−1
ξν

the integrals can be performed. To integrate over η⃗, we defined X(αβ), an anti-symmetric
matrix with elements

Xµν
(αβ) = δµαδ

v
β − δναδ

µ
β .

The subscript (αβ) should be regarded as a label rather than indices. Then the part of the expo-

nent linear in η⃗ is just ξµ
(
izXµλ

(αβ)

)
ηλ, so that the result is proportional to exp [−ξµGµνξν/2],

where

Gµν = (Cµν)
−1

+ 2izXµλ
(αβ)F

ν
λ + z2Xµλ

(αβ) (2Dλσ/ε)X
νσ
(αβ).

Using the notation of D,F, etc we find the ξ⃗ integration leading to Q̃=
[
detC−1/detG

]1/2
(with detC−1 coming from the normalization of P∗), i.e.

Q̃(z) =
{
det

[
I+ 2izCXF+

(
2z2/ε

)
CXDXT

]}−1/2
. (C1)

Here, the elements of CXF are

CµσX
σλ
(αβ)F

ν
λ = CµαF

ν
β −CµβF

ν
α.

Thus, its trace is

TrCXF= Fγ
βCγα −Fγ

αCγβ =−⟨Lαβ⟩

so that the first two terms of the Taylor series for Q̃ are correct: Q̃(0) = 1 and ∂zQ̃(0) =
i⟨Lαβ⟩.

To obtain the fullQ(L), we must perform the inverse Fourier transform,
´
Q̃(z)e−izLdz, by

exploiting the singularities of Q̃(z). Since X is rank 2, the matrices in equation (C1) are also
effectively 2× 2 matrices. Thus, we have exactly

det(I+M) = 1+TrM+ detM

and all we need are the two eigenvalues of M. In our case, the matrix elements are real and
quadratic in iz, so that 1/Q̃2 is a quartic polynomial, real in iz. Thus, it is proportional to
(iz−χ+)

(
iz−χ∗

+

)
(iz−χ−)

(
iz−χ∗

−
)
and the singularities of Q̃ are branch points at iz= χ±

and χ∗
±. Typically, Reχ+ and Reχ− are of opposite signs and, iff DB is obeyed, Reχ+ =

−Reχ−. (For convenience, let us choose Reχ+ > 0.) As a result, these points lie in the four
different quadrants of the complex z plane. For

´
dz, we can choose two branch cuts joining

the two c.c. pairs (in iz), i.e. from z=− Imχα − iReχα to z=+ Imχα − iReχα (α=±).
As an example, χ+ = (31.1+ 0.984i)× 10−3 and χ− = (−32.1+ 1.02i)× 10−3 in the case
associated with figure 3. By choosing the cuts this way, the contour can be closed in either
the upper or the lower half plane, depending on the sign of L. Deforming these contours to
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wrap around the cut(s), we find that Reχα will control the large L behaviour of Q. If the signs
of the Reχα’s are opposite, the distribution Q(L) will be dominated by exponential decays
as L→±∞ with coefficient

∣∣Reχ±

∣∣. (If the signs of the Reχα’s were the same, then Q(L)
would vanish identically for LReχα < 0.) Typically, the rest of the contour integral around
the cut contributes to more slowly varying aspects of Q(L). In the example quoted above,
the dominant parts of lnQ are predicted to be −0.0311L for L> 0 and 0.0321L for L< 0.
Comparing with the simulation results shown in figures 3(b) and (c), we find that the drops in
lnQ are indeed almost linear (with slightly different slopes). All the quantitative aspects are
entirely consistent with the theoretical predictions.

Appendix D. Linear Gaussian models with stable focus

Here, we show that, in LGMs, DB is always violated if the deterministic force takes the system
to a stable focus. In the main text, we noted that DB is satisfied iff

(
D−1

)
αβ
Fβ
γ is symmetric

and positive definite. So, we just need show this product is not symmetric if any eigenvalue
of Fβ

γ is complex (with positive real part). We are not aware if this question was answered for
arbitrary N. Here, we provide an explicit result for N= 2 matrices, for which we exploit the
representation in terms of Pauli matrices, σ.

Since D is real symmetric and positive definite, let us write

D= d0σ0 + d1σ1 + d3σ3

with real d’s and

d0 >
√
d21 + d23

as well as

D−1 =
d0σ0 − d1σ1 − d3σ3

detD
.

Meanwhile, F is real but not symmetric in general, so that

F= f0σ0 + f1σ1 + f3σ3 + f2σ2

with real f0,1,3 and if2. To generate a stable focus, its eigenvalues must be complex conjugate
pairs with positive real parts, i.e.

f0 > 0; |f2|2 > f 21 + f 23.

Thus, the anti-symmetric part of D−1F (the coefficient of iσ2) is

d0 [if2] + [d1f3 − d3f1] (D1)

But,

[d1f3 − d3f1]
2
<
(
d21 + d23

)(
f 21 + f 23

)
< d20 |f2|

2
.

In other words, in expression (D1), the magnitude of the first term is always greater than that of
the second. As a result, D−1F will always have a non-vanishing anti-symmetric part, a signal
of DB violation.

Appendix E. LGMs from ENSO and MJO data

Here, we provide the numerical values for the D and F matrices for the LGMs which best
fitted to the time series of (a) NINO3-d20 in El Niño and (b) the amplitudes of the principal
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components of two empirical orthogonal functions of filtered outgoing long-wave radiation
associated with the Madden–Jullien Oscillations. For details of how these data are collected
and analyzed, as well as where they can be found, see [14]. For convenience, we quote only
three significant figures here.

• El Niño:

D=

(
0.0484 8.09
8.09 1.90× 104

)
, 103F=

(
61.1 −0.194
125 27.2

)
The units of NINO3 and d20 are ◦C and cm, while the time step (ε) is month. Thus, the
units of (D11,D12,D22) are

(◦C2,◦C · cm,cm2
)
month−1 , while all elements of F have unit

month−1. Note that the numerical values of D appear to be quite disparate. However, if
we used m instead of cm for d20, then 8.09 would be 0.0809, while D22 would be 1.90.
Obviously, we can choose units so that the diagonal elements of D appear as 1. Then the
values of the off diagonal elements will provide a better sense of how strongly the two sets
of noise are correlated.

• MJO:

103D=

(
5.97 0.225
0.225 6.71

)
, 103F=

(
8.32 102
−124 5.70

)
The units of both variables here are the amplitudes of the two principal components while
the time step (ε) is day. Thus, the units of D and F are, respectively, amplitude2 d−1 and
d−1. Note that the eigenvalues of F have large imaginary parts. Together with D being quite
distinct from I, this system embodies both aspects of DB violation discussed in the main
text.
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