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Representation Theory of the Diagram A,

Over the Ring k{(x1]1

by
Stephen P. Corwin
(ABSTRACT)

Fix R = K[Ix1]. Let Qn be the category whose objects
are ((Mi,...,Mn),(4l,...,fn_l)} where each Mi is a free
R-module and fisMi-—aMi+l for each i = {,...,n-1, and in
which the morphisms are the obvious ones. Let Bn be the
full subcategory of Qn in which each map f, is a
monomorphism whose cokernel is a torsion module. It is

shown that there is a full dense functor Qn——aBn. I X is
an object of Bn, we say that X diagonalizes if X is
isomorphic to a direct sum of cbjects
((Ml""’nn)’(fl""’fn-l)} in which each "i is of rank one.
We establish an algorithm which diagonalizes any
diagonalizable object X of B , and which fails only in case

X is not diagonalizable.

Let A be an artin algebra of finite type. We prove
that for a fixed C in mod(A) there are only finitely many
modules A in mod(A> (up to isomorphism) for which a short
exact sequence of the form 0—A—4B——C—0 is

indecomposable.
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Chapter 1. Introduction.

Let R be a commutative ring with 1, and let An be the
diagram i e b - An object in the category of
representations of An by R-modules and R-module maps is an
ordered n-tuple (Ml""’Hn> of R-modules together with an
ordered (n-{)-tuple (fl,...,fn_l) of R-module maps such that
fizMi——-oM“_1 for i=1,2,...,4n-1, 0f course we think of

putting the modules in at the vertices of An and the maps in

1.2 fhg
for the arrows to obtain the picture Ml——dﬂz—_¢-..___—4Mn.

i fn-1 T oy
1€ X-MI_'MZ_"' . --———-an and X’-Ml—sz—o- o — Mn are
objects in this category, than a morphism q from X to X’ is

an n-tuple na(nl,...,nn) of R-module maps making the

diagram
3 f $
M, -2, My -2, ... -} M,
") "z| ™|
L4 ’ rd
Ml — M2 —r e ey Mn
y f2 n-1
commute.

An object X decomposes in this category if XzXIQX2
where neither Xl nor X2 is zero. For now and for this

entire thesis, R will denote the ring KI[[x]] of formal power

series in one variable over a field k, and Qn will denote



the category of representations of An by finitely generated

free R-modules and R-module maps; the problem of this thesis

is to study certain questions about the category Qn. The

impetus for this study comes mainly from two directions.
The first is the following result, which is just a
re-statement of the invariant factor theorem.

Propogition 1.1. Let Fo and F1 be finitely generated free

f
R-modules, and let X=F‘-—-0F0 be in 92. Then X decomposes as

a direct sum of representations of the types 0—R, R—i0,

.
and R—l+R, where fito.

I¥ the cokernel of a map g between free R-modules is a
torsion module, we will call g & full map. If the map f in

proposition 1.1 is a full monomorphism, then rank(Fl) =
rank(Fo), and only maps of the type {izR——aR can occur, Any

map from R to R is just multiplication by an element of R,
s0 in this case we can interpret the result as saying that

there exist bases for Fl and F0 50 that the matrix of f with

respect to these bases ies diagonal. Unfortunately even for

f
Ag not every representation X = F2——+F1—24F0 in which £ and
9 are full monomorphisms can be diagonalized, i.e. there do

not always exist bases for F2, Fl’ and Fo with respect to

which the matrices of f and g are simul taneocusly diagonal.
The main result of Chapter Il is a partial remedy for this;

it establishes an algorithm which determines whether a given



representation of An by finitely generated free R-modules

and full monomorphisms is diagonalizable, and if it is,
diagonalizes it.

Our second reason to study representations of An by

free R-modules is that it is a natural generalization of the

representations of An by K-vector spaces and K-linear maps.

Because of its intimate connection with categories of
modules over artin rings, this latter class has been
extensively studied and is well-understood; indeed the
category of such objects is Known to be of finite
e esentation type, i.e. there are only finitely many

non-isomorphic indecomposable representations (see Gabriel’s

paper [G72); one consequence of this work is that if X =

8

5 _ ,
kh D 1:kn per sk is a representation of An over K

then X diagonalizes). We see at once that the categorr Q

cannot be of finite type, as even 92 is not; if we let "

, y
denote multiplication by x', then (R—IR|i=0,1,...3 is an

infinite family of non-isomorphic indecomposable

representations of Az. Yet because R is so "close" to a

field, it was hoped that at least the category Q might be

amenable to some "nice" description, say a description of
all non-isomorphic indecomposable representations in terms
of one-parameter families of these (such a category is of

tame representation type; see [DR741); this is in fact what



proposition 1.1 does for Q2. Unfortunately, this is not the
case in general; as we shall show in Chapter III, 93 is

already of wild (i.e., not tame) representation type.

We mention one more area with which our problem makes
contact, although we have not studied it from this point of
view. Let K be the quotient field of R, and let S be a

subring of Mn(K), the ring of nxn matrices with entries from

K. An R-order in S is a subring A of S such that K&AaxS
(orders can be defined much more generally; for a definition
and full discussion see [CR]I). A (left) R-lattice over the
R-order A is an A-module which is finitely generated and
‘proJective as an R-modute. Orders and lattices arise
naturally in the study of group representations Ccf. [CR1)>;
the orders A arising there are called clagsical because K&A
is a semisimple ring.

If we let S=T (K), the ring of lower-triangular nxn
matrices with entries from K, then Tn(R> is an R-order in S.

The lattices over Tn(R) are most easily pictured as columns

E

Lo- ?-l of finitely generated free R-modules together with

Fo

maps fi:Fi——-»Fl_l for i=1,2,...,n-1. The action of Tn(R) on

Zp-1

Fo-1

n
z.
FO 0

Lo and r = (r; ;) ¢ T_(R); then the t'M entry of rz is

J
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The functor which sends the object X =
+ f

Fn_ln—-l-an_z—-»---—loFo in @ to L is an equivalence of

categories connecting the problem of representations of An
with questions of R-lattices over Tn(R). The order Tn(R) is
the natural next step away from classical, as K@Tn(R) is
heredi tary (i.e. every ideal is projective). Our results

show that the category of R-lattices of Tn(R) is of wild

representation type for n)3, and provide some information

about the decomposition of certain special lattices over

T, (R

In Chapter Il we confine our attention to the #full

subcategory Bn of Qn whose objects are those representations

- f
Fo-1 n I,Fn_z—o...—l—oFo of A, in which each map f, is a

full monomorphism. If we choose bases for the modules Fi
and write the maps as matrices, then Bn containsg the

representations in which each 'Fi is a square matrix with
non-zero determinant. In this category we can discuse the
problem of simultaneous diagonalization of the matrices,
i.e. the problem of finding isomorphisms L SO S TERRRLY
such that o:._lf.oc. is a diagonal matrix for each

i=1,2,...4,n=1. The algorithm developed solvese this problem



whenever it can be sclved.
Our strategy in proving that the algorithm works as

claimed is as follows. We first show that any object of Bn

can be written as a direct sum of an object of & special,
easily diagonalized type and an object from a certain full

subcategory cn. We then exhibit a functor X from Cn to a

category of (n=-2)~-tuples of short exact sequences of torsion
R-modules (satisfying some conditions>, and prove that X is
in fact a representation equivalence. This means that an

object X in cn decomposes iff the corresponding object XX

decomposes. Of course any sequence of torsion R-modules is

t)-modules for some t, so we are able

a sequence of KkKixl/(x
to use techniques +from the theory of artin algebras to
obtain information about the decomposition of AX. We then
1ift this information, via X, to information about the
decomposition of X. Although the devices of non-commutative
ring theory enter into the proof in an apparently essential

way, the algorithm itself makes no reference to them; it

operates only on matrices in Mn(R).

From the viewpoint of representation theory, an

important property of Bn is that decompositions of objects
in Bn are unique up to isomorphism. This is easily seen

from the following considerations. The category Cn is, as

we have said, representation equivalent to a category Tn-2

of special (n-2)-tuples of short exact sequences of torsion



R-modules. This latter category is itself naturally

equivalent, in a way to be explained in Chapter 11, to the
category Un-2 whose objects are sequences

%p-2 “n-3 bt :
Y=Mn_2————+Mn_3————+---——4M0 of torsion R-modules and
monomorphisms, In the same way that an object of Qn is a
module over Tn(R), an object of Un-2 is a module over the

ring An-l,t of lower—-triangular (n~1)x{(n-1) matrices with

entries from k[x]/(xt) for some t. The ring An-l,t is

artinian, so m°d(Ah-l,t) is a Krull-Schmidt category; so
decomposi tions of An_l’t-modulos are unique up to

isomorphism. The correspondebce be tween decompositions in

this category and decompositions in cn allows us to conclude

that the latter are also unique up to isomorphism,
Chapter 111 -is devoted to some examples of the

correspondence which 2 sets up between objects in 03 and

short exact sequences of torsion R-modules. We show for a
few classes of sequences what Kinds of representations
correspond to them, and what Kind of information about the

representations can be obtained from Knowledge of the

f 9
sequences., As an example, we show that if X=RP— R —R" is

such that gf:xtl for some t (where ! is the nxn identity
matrix), then X must diagonalize.

Chapter IV is entirely concerned with the construction



of a full dense functor from Qn to Bn’

Chapter V deals with a slightly different topic than do
the earlier sections. Its main result is a theorem about
the indecomposability of short exact sequences of A-modules,
where A is an artin ring of finite representation type.
Thie theorem says, in effect, that the exact sequence
0—A—+B—C—0 can be indecomposable only if A is not
"too big" compared to C, where the sizes involved are
related to the 1lengths of the socles of A and C. The
section ends with an application of this theorem to objects

in c3, an interesting consequence of which is the following.

f 9
1+ X=R"—R"—R" is in 03 and the degree of the determinant

of f is less than n, then X must decompose.

We mention that although we have, in this thesis,
restricted our attention to the category mod(R)>, most of our
techniques, and hence results, are good whenever R is a

local PID.



Chapter 11. Diagonalization.

As was stated in the introduction, the purpose of this
chapter is to develop an algorithm which generalizes the
invariant factor theorem. Thus the question of this chapter
is: when does a representation in Bn decompose as a direct

sum of representations Fn-l‘*Fn-z-*""*FO in which each Fi

has rank one? If the fi are written as matrices, this is
equivalent to asking when there are bases for Fn_l',---,F0

with respect to which each 4i is diagonal; therefore if a

representation does decompose in this way we say that it
diaqonalizes. We are able to supply an answer to this
question in the form of an algorithm for diagonalizing an

object in Bn which fails only in case the object does not

diagonalize.

$1. Statement of the problem. The functor ).
The first step in the development of the algorithm is
Lemma I1.1.1; but first we need a few definitions.

ition. Let C  be the full subcategory of Bn consisting
of those objects of B, for which (fjo-:-o0 fr-1d(Fo_42S xFg.
(Because R is local, this condition ensures that
Fo—*coker(flo---ofn_l) is a projective cover.)

inition. If in the diagram
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Mn %n Mn—l ®n-1 A %2 Ml

[  Tn-1]]%n-1 T[]e

N—— N _ — +o0 — N,
Pn Pn-1 P2

we have T,¢; = lNi, «;0;, = 0,_(B;> and BT = Ti1%; for

i=m2,3,...,n, then we say that the o, are consistentiy split
by the T; (or vice versal. 1¢ (an,...,al), (pn,...,pl) are
morphisms in Qn then we say that (“n""'“I) is consistently

split by (pn...,pl) and that the bottom row is a summand of

the top.

‘n-l *n-2 fy
Lemma I11.1.1. Let X = Fn_i————-an_2 $e o0 :Fo inB, . If
flo---ofn_l(Fn_l) ¢ xFo, then X has a summand of the form

Re=— R —— s+v+:——= R (n copies).

Proof. The hypothesis implies that there is an

injection R—E-ol-'n_1 such that flo---Of ox(R)aR. Because R

n-1

is projective there is a splitting p of fpoeerof ocx, Set

n-1

Opn-y™%s O ;=f,

JHo---ofn_locc for 0&Jj<n-1, and set To=F»

Tjapoflo---ofj for 1{j¢n-1. Then in the diagram

Frey *—"‘—‘-. Frmo fo-2, |, f2, Fy f1, Fo
®n-1 ]1*:1-1 °n-2u*n-2 °1]1*1 %M"o
R poum—— R prmss—— R R
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(°n-1""’°0) is a monomorphism consistently split by the
epimorphism (Tn_l,..-,To), 80 the bottom row is a summand of
the top. =B

Lemma II.1.1 sars that an object in B is a direct sum

of an object in cn and a representation of the form R —

Rd — O Rd, €0 we can concentrate on cn. Essential for

the analysis of objects in cn is the construction of a

functor X from Cn to a certain category of torsion R-modules

and monomorphisms. This allows the introduction of artin
algebra techniques into the problem.

Define the category Tn whose objects are ordered
n-tuples (tl,...,cn) of short exact sequences

a; b.
ti-0—4Ai—l4Bi-l+Ci-40 of torsion R-modules with the property

that Bi=Ai_1 for 2§i¢n. A morphism in Tn from (el,...,e )

n
to (t;,...,(;) is an ordered n-tuple of ordered triples of

R-module maps ((xyq, 4o, X{3), 000, (xpgs o5 X))

satisfring: (i) “izaai-l,l for 2{igny Cii)> the diagram

-
]
o
L 4
>
L g
w
L g
0
L J
o

~
H
o
L J
D
<+
(1]
-
0
<+
o

commutes for i=1,2, ..., N.
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We now define the functor }.:cn—oTn_z (n>2>. Let

f f
X=Fn_1-"—-1—an_2—o---—loFo be in C.. In the commutative
diagram
Faet —— Fpog
f20ro¥noy ] [fror%nmy
0 — Fl T. FO 4 Cl s+ O
1P fPo
0 — A — B » C + 0
i &y 1 Dy 1

Po is a projective cover. The bottom row of this diagram is

the short exact sequence €. To construct €0 form the

diagram
Fn-l Fn-l
Froneeof 11 1420...0.; -1
0 — F2 —;—2——0 F1 » Co + O
[Pz I°: I
0 —— AZ___a'Z_'Bz 55 :02 + 03

then € is the bottom row. Clearly 82 = Al as required.
Continuing in this way we certainly get an object AX of

Th-23 the last step is the diagram
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Famt =™ Fnog

n-
fn-ll 1*n-2°fn-l

0 ' Fn-2 *n 2' Fn-S ’ cn-2 » 0

lpn-2 lpn-S ||
0 — An_z T—z. Bn_z -—5-‘:4 Cn_z — 0.
’ ':_l 4 *':_2 'f’ y)
Suppose that X’ = F__, —=F_ _, pras *Fos and

that p-(pn_l,...,po)sx—+X' in Cn. We get a morphism
AB2X—2X’ in Tn-2 in the following way. We need to fill in

the diagram

fo=ei..
0 —
’
v s v o, b‘i ’
0 ';;A‘j a' .7‘Bj vﬂCJ 1]
s 3 /
J //‘(n yZ «, //"(Lr
” v s G
0 — AJ aj BJ --—B-J—————-b CJ — 0

wi th ®j1y Xjor Xj3e But the left—hand "wall*® induces g

as its columns are exac*; the middle wall induces ;23 and
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®jg can be gotten from either the middle or the bottom

"floor". We will prove that the square

a.

A, — B,
J J commutes; the proof that the right-hand
. o .
i}, 1542
J

half of the bottom floor commutes is the same. From the
diagram we have that ajpl-pzfj, s0 ajzajp1=ajzpzfj. Then
ajzajpl=¢J2p24J=pépJ_lfjspéfjﬁjaajajIpl; as Py is an
epimorphism, this gives “32‘J=‘;“j1 as was wanted.

Because of the way in which the maps (“JI’QJZ’“JS) are
induced, it is clear that ((“11'“12’“13)’ ey
(“n-Z’“n-Z’“n-z,S)) is & morphism from AX to AX’ in T _,.

That X is an additive functor is not hard to verifyr.
We want more than this, though; we want to show that A is a
representation equivalence, i.e. that 2 is full and dense,
and that it reflects i somorphisms and preserves
indecomposables. To prove that ) has these properties we
need the <following <(non-functorial) construction, which

provides a sort of inverse for .

P
Let Y=Ce ,...,€,_5) be in T _,, and let Fo—24B, be the

projective cover of B1 in mod(R) (so FO is a finitely
generated free R-module). Construct an object

| f f b,p
Froy—tF;—4F, as follows: let 0—F —oF;—L8c,—0 be
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s BT :
:Bl :Cl %0). Then the diagram

exact (where t1=0-—4él

0 ’ F1 f‘ + F0 blpoz C1 —_— 0
TR
1] » Al al: B1 bl: C1 — 0

commutes, where Py is just the induced map. By the Snake
Lemma Py is an epimorphism and kerpl &~ kerpo; let

nlen_l——4F1 be the kernel of Pye Then the diagram

F

Fn-l

n—t
|™ [f1™
(1] + F1 i » Fo — Cl — 0
1] [Po I
0 » Ay Y By B Cg —— 0

commutes. The next step is to repeat this construction with

Py in place of Pgs we get a commutative diagram

n—-1{ n—-1
1“2 |f2"2
o ’ F2 ;2 - F0 ’ 02 ey 0
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fn-l *n-2 f
After n-2 steps we get an object Fn-l :Fn_2 peos :FO
in T,y which we will call @Y,

We will first use & to show that X is full. Suppose
that ¥ = (tl,...,tn_z), Y'-((l,...,(n_z) in Tn-2’ x:Y—Y’ in

Tn-2' and that

oY = F :ﬂ:l4p :2:24...:l__4p and oY’ =
n-1 n-2 1
£ £;
’ n-1 ....1 =7
Fn-l v 'Fol

Then we claim that there must be maps Bn-1 B+ By to make

F F’
rn-l N n-l
Fn-o’ II
/, / A~
Fa-1 Fa-1
FA"‘“' '
{A'""’ "t J, ‘t 1,
L T4 1 Jr,’ﬁ’ s
0 — F; —p—— Fg ———— ] -“-4 0
4, ' P
0~ A, — Bl » C1 +» 0
/(‘,‘ t'/“"1:\ /‘,

commute. Both Fo——-’B1 and Fa -—»B; are projective covers,

80 we can lift o to a map pO=FO——»F6; then Bn-1 is also

induced. Similarly because the rows of the middlie floor are

exact, L is defined. It is easy to check that the whole
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diagram commutes. Note that because Fo——4B and Fa——qB’ are
projective covers, Po is an isomorphism if %a is; and so if
the other gy are isomorphisms, so are Bn-1 and By-

The next step is to find B2 to make the diagram

’ ’
F _F
-1 n-1
/| £/
Fr-1 - Fa-1
[
.F‘.....&_‘ >, ¥, ' ’
0-—01’!:2 _f’—_—. Fo p » C2 » O
0 ¥ i ;/.' ’ c;/‘|| » 0
2 ts 0 T2 T
a4 \LI 4
04— Ay ————— B2 -+ 02 » O
\?A‘ w/d’a' ” .("‘
(1} » A2 4 82 > 02 » 0

commute; but Bo is induced in this diagram exactly as By was

induced in the last, and again the whole diagram commutes.

Again, note that if « is an isomorphism then because Y must
be an isomorphism from the first diagram, £o must also be an
isomorphism, Continuing this process gives a morphism
pS(pn_l,...,po):OY——40Y’ in cn. g it certainly not unique,

but it is clear from the construction that Ap=«, so that >
is full. Because g must be an isomorphism when o« is one, we

get 8AXxX for X in Cn (take o« to be the identity on AX).

Thus if AXaaX’, then 8XX28AX’, so XXy so X reflects

isomorphisms. Finally if Y is in Tn then clearly A8YxY, so
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that 2 is dense.
Because ) is additive, AX decomposes if X does; we want

to show that the converse is also true. Suppose XX

decomposes as Y®Y’, where Y-(tl,...,cn_z) and
Y'-(t;,...,c;_z). We will be done if we can show that 83X
decomposes, as €&iXxX, We think of Y®Y’ as the object

(c;,...,e;_z), where

0 a;
¢, =0—n . 0, ——'4 B,0B 4C,9C, »0.
The projective cover of BIOB; is the sum

0
a
’ 0 p ’
FOOFO——--————Q-091081 of the projective covers. The Kernel of

bypg O ’ .
P :FOOFO -———»CIOCI is just the sum of the Kernels,

0 bipg

f 1] ’ ’
namely [01 4,]=F10Fl ————4F00F0. In the diagram
1



Sy (1}

we can take o to be diagonal, ¢ = [0
c

2]; then its kernel

is also diagonal, i.e. a map Z =
fzontcofn_l 0 p) ’
P . 'Fn-IOFn-l ———-»FIOFI. Then the
0 f o.-co‘ .
2 n-1t
diagram
Y4 ’,
Fae1 @ Fhoy —= Fpny @ Fry

& |

0 — F, ® F, ——+Fn ® Fo ———— 4 C, ®C, — 0
1 L TE o o 0 1 1

c , P

L ol | |

0 — A, €A, ———+ B, 8B, —— 4 C, ®C, — 0
1 1 To o3 B ' T o { 1

1 1 ]

,

r'4
(1] al 0 b1

commutes. The only crucial part of this construction was
that the map p could be taken to be diagonal; as the map o

takes the role of p in the diagram for €2 this process can

continue. Thus XX is decomposable.



We need to mention one more property of A, and that is

that if X=Fn_1 —¢Fn_2 poos :Fo with each Fi of rank

1, and zx=(el,...,cn_2), then each €; is of the form

0——4Ui-—»Ui+J——»UJ-—+0, where Ui iec the Iindecomposable
R-module of length i and the maps are the obvious inclusion
and surjection. (Henceforth we will write sequences of this

sort without referring to the maps; we will always mean the

cbvious inclusion and surjection. Also, we will let Uo be
the zero module.) If an object Y in Tn decomposes as a

direct sum of objects of this type, we call Y
diagonalizable; by the foregoing, an object X in Cn is

diagonalizable in cn iff AX is diagonalizable in Tn-2'

I+ (el,...,cn) is in Tn’ we get an object in Un’ the

category of sequences of torsion R-modules and

monomorphisms, by taking the sequence
3n n-1 2.4 , , ,

An"*An-l_'-_*'"—_*At“_*Bl' By doing the obvious thing on

morphisms we get a functor which is clearly an equivalence
of categories. We will denote the composition of 2 with

this equivalence by 2’3 thus if x:cn then 32X is in Tn-2 and

A’X is in Uy _»o.

§2, The case of A3.

Our approach to developing the promised algorithm taKes
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us through the cases of A3 and A, before getting to the

general case. At each step we will need the results
obtained at the previous step. We first establish some
preliminary lemmas.

Lemma 11.2,{. There is an algorithm to find a basis for the
Kernel of an epimorphism 1:R"—R™,

Proof. Let (e,,...,e ) be a basis for R". Abstractly
we Know that there must be a subset of m ‘vectors’ of the
set ('"i""’"'n} which forms a basis for Rm, as suppose

('nil,..., Te, } is a subset of minimum cardinality which
s

still spans R™. Then if s>m, this set is linearly dependent

as a set of vectors in K"', where K is the quotient field of

m
Ry say Z“i‘"i"" Clearing denominators, we get a
i=1
dependence relation with coefficients in R, so s=m.
Re-order so that Te s:0ey Te, are the basgsis elements; then
. . m
if J>m, Te; = izirji-r(ei) for some r;i € Ry, =0 e, -
m
‘ztrji.i ¢ Kert. There are exactly n-m of these, and theyr
=

span a summand of R" of rank n-m ((el,..., 'm} spans & free

complement to it) which is inside Kert. As KerT is itcelf a

m
summand of R" of rank n-m, (ej-_zlrjiei J=m+il,...,nk is a
I=

basis for Kert. B
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f 9
Proposition 11.2,2. Suppose F2——4F1-—4F0 is in 83. I for

some fixed bases for F2, Fl’ and Fo the matrix of f is

'Fl 0 hl 0
and the matrix of gf is , where the blocks
0 f 0 h

are the same size, then the matrix of g with respect to
these bases is also block diagonal with blocks of the same
size.

Proof. The map f is a monomorphism‘and hence has a

non-zero determinant. Thus in Mn(K) s ¥ has an inverse,
o {f11 o hy 0 Y(f;' o0
which is f '= R Then g= -1} which
0 *2 0 h 0 fa

is block-diagonal. @

For the rest of this section we will let

f a
)(=I-'2-—-0F1—g-oF‘J sy and IX=0—A——sB—siC—0. When we write
Vo=V we always mean that the map between these

indecomposable modules is the inclusion if r¢s, and the
surjection if rds.

a
A — B
Suppose the diagram commutes, where
1|11 T2|1°2 ’

Vo —— U,
Gys Cp are monomorphisms which are consistently split by the

A
epimorphisms Tys Tas Then we can lift Gis Ty to maps G



Qi, o;, 1; to make the diagram

2
A /|
ﬂ/‘" 7/
R — R
2 L F
. /1 Fo
T
Jr N
R ————— R
4 L 4
f —

\tﬁ\,”
o
IS,)

commute; of course-c;-cé and 7;-¢é. Take bases as follows:
for F2, take c;(l) together with a basis for korwz; for Fl’
take 31(1) together with a basis for Ker;l; for FO’ take
32(1) together with a basis for ker;z. Then f clearly has

x"p 10 «+: 0 x .
the form 0 I and gf the form 0 '
o

l »
where p, p’ are units; by the proposition just proved, ¢

x3"Ty*1 0 .- 0
must have the form 0 for some unit p".

This together with Lemma 11.2.1 implies that if we specify a

*

set of monomorphisms (ci} with consistent splittings {wi} to



makKe an object Y a summand of an object 32X in Tn (or X’X in

Un), then we have in principle specified an algorithm for

splitting off the corresponding summand of X in cn.

In what follows we will often write a representation

f . _ s £ £ ¢ f_ +
Fn_‘—ﬁ—laFn_l—ﬂ—3+---—14F° as _2_14_2_2,..._14, or an object

4

«__ «_ _ « : @ _, & _
Pt NV, LSl AVIRY STIEY g e . Y

n-1
maps between free modules will be written and treated as
matrices without explicit mention of the bases with respect
to which they are so written. In those cases in which the
matrix takes a special form, it will usually be obvious that

such bases exist; if there is no indication to the contrary,

the standard basis for R" will be assumed.

Propogition 11.2.3. Fix i, 0Li¢n=1. The diagram
‘n-l > ‘n-g > . ae fl

2 2 2
d s e d

On-1 On-2 91

of free modules and matrices commutes iff the diagram
obtained <from it by replacing fi,gi by xtfi,xtgi,

respectively, commutes.
Proof. This is obvious. B

The consequence of thies proposition that we need is

fa-1 fn-2 y
that & representation X=———I9. ==y diagonalizes iff

the representation obtained from X by factoring powers of x
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out of each f, diagonalizes.

For an object X in C our approach to finding a

n’
diagonalization of X is to detect summands of X which are of

the form Fn-l‘—*Fn-z—_*"'—_*Fo where each F, has rank 1.

£ 9
In 03, if X=F2——+Fl——+Fo, we factor powers of x out of f and
@ until a unit entry appeare in eachy if the result is

fl '
X'-Fz———+Fl—2—+F0, we check to see whether 9 f/ (F0C xFg.

If not, we can split off a summand of the form R — R — R

by Lemma 11.1.1. We would obtain an isomorphism

‘I gl

«{] e |l

$ Fo

F2 f-: F1 e

where both " and @" are block-diagonal with a 1x1 block in

the upper left-hand corner. If $’=x"%¢ and g’ax-tg, then

the diagram

9
F, — F, — F,

«1  [le|[lr

_ -
F2 x%¢* F1 x%g* Fo
commutes by the proposition just established, so we have

split off & summand of X of the form » » for some
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unit p. What can we do if g'f’(Fz)g xFO? We will want the

notation s(M) for the length of the socle of a module M in
mod(R> .
Let XX’ '=0cp’ B’ =—apC’'——0, Because g’ has a unit

entry while g’f’(Fz)S xFo, s(coker(g’)> < s(cokKer(g’f’)).
Thie means that if X’ diagonalizes, it must have a summand

of the form O—Nr— u'.-—-.o—oo for some indecomposable

module V which corresponds to a summand of X of the form

r’

Xr v

—) —p for some unit v. Our next few lemmas have to do

with detecting such a summand.

.
Suppose that ¢=0—A——B—IC—0 is exact and that for

some indecomposable module A’ the sequence O0—A —

A’ ——p0—0 is a summand of ¢. Let A-J],Ua_o A" be any
i

decomposition of A in which each U‘. is isomorphic to A’ and
i

A* has no summand isomorphic to A‘, and for each i let

ciwa‘—-m be the induced inclusion. Then the diagram

a
A ——B

Ici Iaci commutes.
V. =V
a; a;
Lemma 11.2.4. With the notation of the last paragraph, for

some i there exist epimorphisms p:A—»Va' and T:B—V_
i i
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which consistently split G;s ac,;.
Proof. Let 1A:A——»A’ and 18:8——Mﬁ’ be the consistently

splittable epimorphisms we Know exist. By the proof of the

Krull-Schmidt theorem ({R?31, p.803, one of the compositions
TAG; must be an isomorphism; then f-(iAci)-lie and p=Ta

consistently split ac;, ¢,. H

The advantage that Lemma 11.2.4 gives us is that it
allows us to test conditions for the existence of a summand

of ¢ for any fixed decomposition of Ai; if we fail to find a

summand using the given decomposition, then there is no
summand. Of course there is one decomposition of A which is
always easily found, namely the one induced by the
diagonalization of f.

For our next step we need the special short exact
sequences called the almost split or Auslander-Reiten

sequences ([AR?5)). One defining property of these is this:

P A
0—A—E——C—0 is an almost split sequence if A and C are
indecomposable and, given a map c:A——»M, then there is a map

¢ to make the diagram

Me
(%) ’I “\q\ commute iff o is not a splittable
A —E—————? E

monomorphism.

Propogition 11.2.95. In the category of torsion R-modules

the almost split sequences are the sequences
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« p
00— . —V @V o, — —0,
where « = [ ?:2{] and p=l-incl surjl.
Proof. Certainly these sequences have both ends

indecomposable. Supbose that c:Ur——aM; clearly it suffices

to consider the case in which M is an indecomposable module

Us‘ 1{f c is a splittable monomorphism in this case, then it
is an isomorphism, and so if a map cp:E——-Ns existed to make

the diagram (%) commute, then « would be splittable. This
is obviously impossible, 80 if o is a splittable
monomorphism then no such map ¢ exists. Suppose that ¢ is

not a splittable monomorphism. Then writing elements of UJ

as a0+--+aJ_1x‘i-1 we see that o must have the form

c(ao+...+a x"")aaoxt+...+at+s_lxs-i for some t30. There

r=1
are two cases (the case s=r, t=0 is the case of ¢ a
splittable monomorphism so we leaué it outy.

Case 1. If s<r, we define 9 by

s-1

r-z.bo*---+brxr)-aoxt+---+at*s_lx .

¢(ao+---+ar_2x

Case 2. 1€ s)r then t>0, and we set

s-1

t-l+"'+bt+sx . In

Q( ao+ e .*al‘-zxr-z’bO*. . '*brxr)-box
either case ¢ maKes the diagram (%) commute, and so the
sequences given are almost split sequences. The work of

Auslander and Reiten cited implies that almost split

sequences are unique up to isomorphism, so the sequences
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given are, up to isomorphism, all of the almost split

sequences. N

Henceforth we will write 0——4UP——+EP-—aUP——»O for the
unique almost split sequence corresponding to Vr' The

property used in defining the almost split sequence has as a

consequence the fact that there is a map ¢ to make

a
0 -+ A » B » C » O
Ic I¢ (11.2.8)
0 — Ur : Er » Ur + 0

commute iff ac is not a splittable monomorphism, i.e. if the
top row has no summands of the form 0—V —— V.—0—0.

lf.}XSY, or if A'X=Y, let us say that X lies ogver Y.

X X
It is an easy calculation that (#1) R—ygR—IR lies over the

almost split sequence for Ul' and that (*2)
a_ -1
b ) 7 Y
0 x 0 x
R + R2 *» R lies over the almost split

sequence for V_ , a_>1.
a. r

f 9
Let X-Fz-_*Fl—_*FO'A We can without loss of generality

assume that f is diagonal, say f = . with each
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n
B a unit and al"2<"'€an' We write .ﬂan_ for the induced
i= i

decomposition of A, and o¢_:V —A for the specific

inclusions associated with this decomposition. Then if «

and p are mape such that

f
F2 ’ F1 -+ A -+ 0
e fe fe.
2 . p2 R R
R (1 5 j R » Ur » O
0 x.r

commutes, i.e. x and p induce the inclusion ¢ then we want

r’
to find conditions on g which imply that there is no map 7

such that («x,p,r) is a map from (#2) to X in 03. (We also

want to do this for maps of (¥1) into X.) If no such map
Cxy,B,7r) exists, then there is no map ¢ to make the diagram

11.2.6 commute, so

0——40. —_— Va —tp0—0 must be a summand of AX, which means
r r

3.

x
that R—R—R is a summand of X for some unit v. A simple
condition which implies that a map ¥ does exist is that no

th

entry in the r column of g be & unit, as then the diagram
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¢ ,__a ¢ 2 ° 2
«I Ip 17 commutes with o={’ ; s p={ ' d
" ) e e r
a -1 0o o0 .
[xo](x" -1) 0
a
6 x ") \o x
-1
th OXQIPur‘
(the 1 and K. appear in the r row) and 7= : . for
-1
0 x "9,nkpn
£ R 9 R
&r)li for aral the diagram T o’ Ip' T?' commutes

L 4

X X
with «’,8’, and ¥’ the second columns of the «, B, and 7
Just given.

We may suppose that either ar<ap+1 or that r=n; if not,

Just shift rows and columns to get it that way. Suppose «,

f
Fp — Fy ‘
g are maps makKing Ia Tp commute and inducing the
R

2 R2

)

X

o
inclusion Ua_-ﬁah as before. If (x,B,7> is to be a map of
r

(%#2) into X, then the following diagram must commute:
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xalu1 0
0 ) x‘"un
» » varo M— 0
“‘ I’ Icr
R2 b RE ——— v, — 0

1€ ¢ ,e, are the usual basis elements for Rz, then p must

send e, into im(f) and e, to something that goes to 1; so if
d

. a

« |» then d must be a unit, x | must divide c, for
d

all i, and x must divide di for iar,

A further condition on (x,B,y) is that the diagram

—_—
s t
P v ot TS
I"?T=T"'*‘ commute. Let 7 = [_ . §3 then
r -
(x l) s,
0 x
a.-1 t
$,X -8, +x
€y 94 1 DR 1 N AL 1 1.7
gl (] . = a . = : : .
- g .t [0 x] a_ -1
c s r -
n n n n SnX satxt,
a -1
<y sx "
The equation for the first column is g-|. = . s
. a -1
c s x ©



so
t-a
Sy {-a €y t dy+cyx
e ] =x Fu.ge]e |; s0 we get x+f. | = g- L from
] [] ™ -a
. r
. ch tn dn+cnx
the equation for the second column. Expanding the
right—-hand side of this gives
1-a, 1-a,
t Qll(dl*clx )+"'*glr(dp+cpx ))
1 . .
X : = [] [}
'] * 1"ar ‘ 1-‘|‘
t, Qng ¢d oy x dteretg,  (d +c x )
(11.2.7)
1-a 1-a
91 ,r+1 9+ Cra1x Fyeeeesg, (d tc x D
+ : . .
) 1-a, ) 1-a,
On,r+1¢9rs1*CnegX Y4eootgpptdptenx )

The second term contains no units, as dr+J is divisible by

a
X

. =-3
r*d T and ¢

. s ‘r+j .
prej 18 divisible by x for each j>r; thus

there is a solution to the mapping problem iff there are no
units in the first term on the right-hand side.

For aral we get a similar condition. Suppose «’ and

d

1

g’={' | make the diagram
d

n
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xalul 0
- .
0 x n"n proj
» » Y, M — 0
‘« Ip Iincl
» — U1 » O
(6 2ar) pro,j

&
commute; then as before we must have x ! dividing di if i=r

L ¢,
and d. a unit. Thus if Ip Iv commutes, where v = | & |,
—— L]
X t
n

.3 d
we get (I1.2.8) x-f- = ge|* |. Again there are no
t d

n n
solutions to this iff there is a unit on the right-hand
side; again these could occur only in the first r terms of

each entry.

Definition. If reR, r can be written raxpu for some unit p;
we write lirll = g,

Lemma 11.2.92. (i) For a. =1, there is no solution to the

th

mapping problem above iff (a) some entry of the r column

th column of

of g is a unity (b)) for some unit 9¢p in the r
g, either gts=0 or Ngtsﬂ+as>0 (i.e. x divides gtsds) for

each s with t1{s{r-1.

Cii)d For ar>1, there is no solution to the mapping
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th

problem above iff (a’) some entry of the r column of g is

th

a unit; (b’) for some unit 9%¢r in the r column of g,

either gtsto or ugt’ﬂ) max(l,ar-as} for each s with

1{s¢r~-1.,
Progf. We have alreadr seen the necessity of (a) and
(a’). Suppose that (ad holds but that (b)) fails for some s.

Then g ies a unit, and the following is a soclution: set
ts

di-O for izs,r; set dr=1, and set ds-—gtrg:;. Now suppose

that ¢(a’) holds but that (b’) fails for some s. Then the

following is a solution: set c,=0 for i*s and d;=0 for izr;

ar-p-l

set dr-l, and C ==X p-igtr, where gts-x’u with p a

unit. Thus if no map ¢ exists, (a)> and <(b> or (a’) and (b“)

must hold. On the other hand if (a)> and (b)) or (a’) and

(b’) hold then it is easy to see that the th entry on the
right-hand side of 11.2.8, or 11.2.7 respectively, is a unit
while this cannot be 80 on the left; so there is no
solution, hence no map ¢. 8

Lemma 11.2.9 shows how to detect a summand of X of the

r

X v
form ——+—; what we need now is a way to split off these
summands once their presence has been detected, i.e. to find

bases for FZ’ Fl’ and F0 s0 that ¥ and g become

block-diagonal with 1x1 blocks in their upper left-hand
corners., The conditione just obtained for X to have a

summand of this type give a way to do this; we illustrate
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2.

x
for a summand ——. We assume that f is already diagonal.

We can use elementary row operations on g to get gtr'l’
gjr-o for j*t without affecting . 1If gt’r_lso, there is no
need to do anything here. If gt,r-l'o’ the next step is to

th

multiply the r column of g by -gt,r-l and add the result

to the (r-l)'t column of g. In order to end up with a
representation isomorphic to X, we are then forced to

)st

multiply the (r-i row of f by Qt,r-1 and add the result

th

to the r row of f; then the new (r,r-1) entry of f is

L .
9t . r=1X r l"r-l‘ But the conditions given in Lemma I11.2.9
’

r

an-
imply that llgy ._;x lu._y#ya. (whether a_=1 or a_>1), and

$C wWe can use an elementary column operation on f <(which
doesn’t affect g)> to get £ back to diagonal form. Continue

this with 9t,r-2' etc.

a
XPV

Thus this algorithm actually says that —— is a
summand of X iff we can find bases in which it appears as
1x]1 blocks in the most naive possible way. We now have the

algorithm complete. Explicitly:

f 9
Theorem 11.2.10. Let X = Fz'—*Fl_—*FO be in 83. The
following algorithm diagonalizes X if X can be

diagonalized.
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Step 1. Use Lemma Il.1.1 to write X as a direct sum of a
diagonalized representation Y and 2 representation
’ " ’ 9 re
0 0 .
xo-Fz_.Fl_"Fo In C3l

Step 2. Diagonalize f5. That is, obtain a representation

L A

A , 'F ’ Q ’ A
Ro=F ;—LoF  —C4F , isomorphic to Xy, in which fy is a

a

X lul 0
diagonal matrix, say $0= . .
+ a
n
] I

Step 3. Factor powers of x out of $, and a until a unit
0 0

. P - )
entry appears in each; call the result X’st :Fl :Fa.

Check to see whether g’f’(F;)S xFa. If so, proceed to step
4, 1¥ not, use Lemma 1I.1.1 to split off any summands of

the form R — R — R that may occur. Multiply the
appropriate powers of x back into these to get the actual

summands; the result is a sum X" @ Y" of representations in

which Y" is diagonal. If X"=0, we’re done; if not, set

ﬁo-X' and repeat step 3.

Step 4. Using Lemma 11.2.9 check for summands of the type

[ )
XPV

——t—p, ¥ a unit., X’ must have at least one of these if it
diagonalizes, so if it hasn’‘t, stop; X does not diagonalize.

(This may necessitate shifting rows and columns to get the
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condition: a <a_ , or r=n, needed for Lemma 11.2.9.) Again

multiply the appropriate powers of x back in to obtain the

actual summands; again the result will be a sum X" & Y" with

Y* diagonal; again if X"20 set §0=X' and repeat step 3. 8

This algorithm says to diagonalize _f 9 as follows.

Diagonalize £, and split off any summands of_ the form

R— R —— R. Then, after factoring powers of x out of g,
use the criteria of Lemma 11.2.9 (and then elementary row

and column operations) to get a i1x1 block in g; repeat, If

at any stage this cannot be done, then f 9 docee not

diagonalize. We note that, as we mentioned in the
introduction, this algorithm makes no reference to the

apparatus of its proof, but operates only on matrices.

§3. The general case.

Before we can settle the general case we must first
: f 9
manage the case of A,. To this end set X'Fa“*Fz"*Fx‘-*Fo

in 04. As in the previous section we can factor powers of x

out of each of f,9, and h until each contains a unit entry,
80 wWe WwWill assume that this has been done. We will use the
notation <((x)) +for the module cokKer(x) and work in the

category U2 unless otherwise stated. In U, the image of X

« P
is A'X = ({(£))=—p({gf))——(Chgf)).

Now assume that X diagonalizes. We first want to show
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that A’X must have a summand of the form Ur-t'—’vr_ Ur.

Consider the shor t exact sequence

Dt ((gFI))—(ChgfI))—a((h))—0, which corresponds to

§f h
io—» under 2. As X diagonalizes, this must diagonalize;

because h has a unit entry, s({(C(h?)) < $((Chgf))}, so this
sequence must have a summand of the form 0—-Nr,—
UP—OO——OO. This implies that 2“X has a summand of the form
Ur-t'—Nr— V. as claimed,

Examine the commutative diagram

0 0

! |

[» 4
0—((f))———p((Qf) ) ———tp ((Q) ) ——0

! le

((hg$)) ——a—— ((hgf)) (11.3.1)

l l

0—((@))=——((hQ) ) —————((h) ) s

| l

0 0

This diagram is completely determined by « and g, so it

x P
is not hard to see that if —p— has a summand of the form

Ur-t—"vr—_’ Ur' this diagram is forced to have a summand of

the form
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Viog —— Yo —— U,
| I
v, =/ v, (I1.3.2)
l l

<
-

Our strategy is to use the techniques developed for A5 to

find summands of the top row of [11.3.1 which "extend" to
summands of the type 11.3.2. I¥f none of t.his sort exist,
then by the observations just made X cannot diagonalize. If

they do exist, we must exhibit an algorithmic way to split
them off, i.e. a consistently split inclusion of Ur-t"""’ur

Ur into A’X,

Suppose V is an indecomposable summand of ((gf)) for

which 0—W —— U—e—p0—+0 is a summand of the right-hand
column of 11.3.1, j.e. of the sequence
0 ((Q¥) )—p(ChQFfI )= ((h))—0. Then by Lemma 11.2.4
there must be, in the specific decomposition of ((gf))

obtained in diagonalizing the top row of 11.3.1, a summand

Urw for which O—NP— ur—-.o-—»o is a summand of the

«
((F))—((gf))

right-hand column of I1.3.1. That is i 1|1 21|72
Ur-t_'_"""’ur
commutes where (61,62) is a monomorphism consistently split

by ('ri,‘r;), then there must exist a monomorphism Cq and a
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consistent splitting (1;,13) of (62,035 to make the diagram

B
((gf))=—————a(Chgf))

02117é 631173 commute. Then if in the diagram
Ur-_____—_—_— Vr
((f))-———:i———o((gi))-———li——+(<hgf))
0‘1111 621172 031173
Vr-t W Ve

we define To = TP, we get a consi;tont splitting (71,72,73)
of the monomorphism (61,62,63). Thus if a summand of the

right sort can be found, it can be algorithmically split
off.

We have proved the following theorem, which really
states that the algorithm of theorem 11.2.10 can continue to

the case of A4.

f g h
Theorem :3. Let X=F3——»F2——»Fl-—4Fo be in By. If X can

be diagonalized, the following algorithm diagonalizes X.

Step 1. Use Lemma Il.1.1 to write X as & direct sum of a
diagonalized representation Y and a representation

I‘ ' Ih ’
xo-Fa-l.Fzg—".Fl—"—.Fo in Cq.

Step 2. Factor powers of x out of fo, 8g and ho until a

unit entry appears in each; call the result

/'F,/g'zh'f ’ ’
X’-Fs——»Fa——aFl——4Fo. Check to see whether h’g’f (F3)C xF4.

1f so, proceed to step 3. If not, split off such summands
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of the form R R R R as may occur., Multiply the
appropriate powers of x back into these to get the actual
summands; the result is a sum X* @ Y®" with Y" diagonal. If

X*"=0, stop; if not set X0=X‘ and repeat step 2.

,‘I gl
Step 3. Diagonalize ——p—, 1¥f this is not possible,

stop; X does not diagonalize. If it is possible, use the

techniques developed for Ae to determine whether there ics

any summand V_ of ((g°F7)) for which 0—W —— V —0——0 is

a summand of the right-hand column of 11.3.1. [If there are

none, then by the observations above, X cannot diagonalize.
If there is one, we have found a summand Up_f——A%FZ: V.of
A%,

Step 4. Split off the summand found in Step 3 in the manner
indicated above. Multiply the appropriate powers of x back

in as before; the result will be, as before, a sum X" & Y"

with YY" diagonal. 1§ X* = 0, we’re done; if not, set X°=X'
and go back to Step 2. B

For the general case we prove, by induction on n, that
this algorithm can continue. Let

£
X=Fn_l-2—14Fn_2——+--- 1 F0 and assume that each fi has a

unit entry but that flo---ofn_l(Fn_l)Q xFo; as before we can
easily reduce to this case. For each i let Ci denote the

module coker(fi), and let ci,J denote the module
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COKOI‘(‘in"'O'FJ)- Th@n A’X =
« o, _ « ) )
Cn-l_l’cn-z,n-l n-z,... 2°c1,n-1' Arguing in the same

way as for A4 we can show that 2’X must have a summand of

the form Ur _’Ur "—""_Nr_ v it X is to
n-1 n-2 2 F2

diagonalize. Just as in the previous case, this forces the

di agram
1] 0
¢3°||-°un_
0 — Chy * C2,n-1 ™ C2,p-2— 0
! |2
(:1’“_1 t:1 n-1 (11.3.4)
0 0
to have a summand of the form
v —p ) ————ep )
Mn-1 ra t
rz ra
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Now suppose X diagonalizes. QOur induction hypothesis
is that we can diagonalize, algorithmically, any

diagonalizable object in C s0 by this hypothesis we can

n-1?
fa-t fn-2 f2
diagonalize Fn-l——_’ n_z——b"'——bFl. This gives a

diagonalization of the top row of 11.3.4; just as in the
case of Aq, there must be an indecomposable summand V of
sz_l such that 0—V—— VU—0—0 is a summand of the

right-hand cotumn of 11.3.4. Again by Lemma 11.2.4, there

must then be, in the specific decomposition of t:z,ﬁ__1

f

obtained in diagonalizing Fn_ln—-lan_z—o---—zoFl, a

summand Vr A for which 0_"Ur —_—y 00 is a summand
2 2 r2
of the right-hand column of 11.3.4. Thus if (o _;...,05) is

the monomorphism with consistent splitting (fn_l,...,'rs,'r;),

o f §
found by diagonalizing Fn-ln_l’Fn-z—’""_z'Fl’ which

maKes the diagram

o o «
n—1 n—-2 te e
cn-l ’ cn-2,n-1 v - C2,n-l
Cn-1 N"n-l °n-2”"n—2 62“75
Vv —_— poee » Y
Pn=1 Fh-2 F2

commute, then there must exigst a monomorphism oy and a
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consistent splitting (7;,11) of (62,61) to make the diagram

[ 4
C2,n-1t =™ €4 n-1

02111; 611171 commute. Then if in the diagram

F2 F2

& _ «_ _ o« o

€y == € n-2,n-1 — 2.3 C2,n-1 —= Ci,n-1

%n—- 1]1 n-1 -2]1* -2 °211*2 °1Il*1
——) —p o oo " Ul" :Ur

Pa-1 n=-2 2 z

we define ToRT oy we get a consistent splitting
(1n_1,..;,11) of the monomorphism (Cpagsree30y).

We have proved the following theorem.

fn-l *n-2 fy
in Bn diagonalizes, then the following algorithm

diagonalizes X.

Step §. Use Lemma II.1.1 to write X as a direct summand of

a diagonal representation Y and a representation

£
Xo=F - ——LalyF 2—:—. —I-gFo in ¢,

Step 2. Factor powers of x out of each f, ,0 until each

contains a unit entry; call the result
f;' l {’-2 f; s
X'aF l_’F -2 poo e :Fo. Check to see whe ther

f;o---of;_l(F;_l)g xFa. 1§ so, proceed to step 3. If not,

split off any summands of the form R — R —/] ... T/ R
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that may occur. Multiply the appropriate powers of x back
into these to get the actual summands; the result is a sum
X* @ Y* with Y* diagonal. [If X"=0, stop; if not, set X,=X"

and repeat step 2.

X4 4
£y o fo .

Step 3. Diagonalize F,_ —D=Lir ... ZyF (. 1f this not

possible, then X does not diagonalize. I§ it is possible,

use the techniques described above to determine whether

there is any summand U'z of cé,n-l = ((f;o---of;_l)) for

which 0-—4UP2——— urz-»o——»o is a summand of the right-hand

column of 11.3.4. I¥f there are none, then X does not
diagonalize, I¥f there is one, we have found a summand

V., =W, ——eee—

— of A’X.
Ta=-1 Ph-2 re

2
Step 4. Split off the summand found in step 3 in the manner
indicated above. Multiply the appropriate powers of x back
in as before; the result will again be a sum X" & Y" with Y"

diagonal. I+ X"=0, we’re donej; if not, set X0=X' and go

back to step 2. =
Theorem 11.3.5 says that the method of diagonalization
established in theorems 11.2.10 and 11.3.3 for the cases of

AS and A4, respectively, can continue indefinitely. We

remarked after 11.2.10 that the method established there

operated only on matrices; as the general algorithm is just

a repetition of that method, it too operates only on



matrices.
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Chapter 111, Examples in c3.

In this chapter we exhibit some examples of the

correspondence between objects in Cj and short exact

sequences, and of how considerations of the latter can be
made to yield information about the former. We end the

chapter by sketching a proof that 03 (and hence Qe) is of

wild representation type. For this chapter we will let ¢ be

the short exact sequence

a b
0—A—B—+C—0.
Example 1, One term zero and split sequences.

(a) @m0, Then ¢ is the sequence 0—0—sB—C—0,

f 9
and it is easy to see that if 6¢ is8 ——p—p then f must be an

9
i somorphism. Conversely if X=—s—s in Cgy with f an

isomorphism then 2AX plainly has the form 0——0—B—C—s0.

Clearly such an object diagonalizes.

(b C=0. This time € takes the form

0——A——B—s0—0, and so if Oc-ibio then g must be an
isomorphism. Once again the converse holds, and once again
every such object diagonalizes.

(c) € split. Then ¢ is isomorphic to a direct sum of
sequences of the types found in <(a) and (b)), and so

o o) [0 ]

corresponds to an object of the form - » in c3,

48



49

where either (i) fl and 9, are isomorphisms or (iil 42 and
gy are isomorphisms. Again it is clear that any object of

this sort diagonalizes.

Example 2. One term projective.

By ‘one term projective’ we mean that there is an

integer t such that ¢ is a short exact sequence of

k[xl/(xt)-modules and that one of A, B, or C is projective

t

in mod <KX, exty>. 1+ A is projective in this category

then it is also injective, so ¢ splits. If C is projective

then of course ¢ also splits, so the only interesting case

t
is when B alone is projective, Suppose Bx uvp. Then if

=
fe=—p— then it must be that gf is isomorphic to xPI,

f 9
where 1 is the txt identity matrix; conversely if XSe—mp—iy

with gf «~ xpl, then AX has its middle term projective. The

surprise is that these always decompose.
a b
Proposition J1I11.1. 1¥f ¢=0—A—B—9C—0 is exact with Bx
t
npp, then ¢ diagonalizes.

m o4
Proof. Suppose s(C)=m, and let nyp—+c be the

projective cover. By projectivity of B we et the map g in

the diagram
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a b
0— A —d B — C— 0

|

m
00— K —54 nvp —;4 C— 0

in which o is just the induced map. g is an epimorphism

m
(¢p=b, and ¢ is essential), so there is a map T: ﬂVp——+B te

split it. Because p is an epimorphism the Snake Lemma tells
us that « is also an epimorphism; a diagram chase saye that

1

we can define o=a 'Ta to get a splitting of « for which

aoc=1q. Thus the bottom row is a summand of the top, and so

¢ decomposes into the direct sum of the (already diagonal)d

m
sequence o-+K-+nvp-*c-—»o and a sequence of the form

0—A’—B’—0—0; sO ¢ must diagonalize. N

Example 3. Both ends indecomposable.

a b
t t
Let 6t = 0"*Ui"*ui+J-t ® Ut __4uj__¢o,

where BEtSminCi i), a,Cagte--ta;_;x' 1) =

It eeiisay_x D,

J-l * o0
(aox + ta; g x

i+i-t-1 t-1,

and bt(a0+"'*ai+.i_t_lx bo*"'*bt_lx

Jj—=t-1

e v e - J-t tee = J—l-

[x'-t -1] [xJ xJ‘*]
t
then 84, = 0 X 0 1 1. (e used the special case

'Y
4

2 4

of the almost-split sequence (i=j,t=i~1) in Chapter I11.) We

want to sketch a proof that these are, up to isomorphism,
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all the short exact sequences with left-hand end vi and

right-hand end UJ.

a b
First, if ¢-0——+U‘——4B——»UJ-—»0 is exact, then
Bavi+J_t0 Ves as 3(B>¢2. Note that t¢ minci,j>, as

otherwise both indecomposable summands of B have length less

than Jj. If t=i or t=j then ¢ splits, as set r=max(i,j);
Kix] . . - . .
then over /(xr), either Ui is injective or UJ is

projective. Suppose then that t<{ min(i,jd>. Then & must map

Ui monomorphically into vi*j_t, s0 the isomorphism Bzyi+i-t°

Ut extends to an isomorphism of sequences, i.e. we may work

a
with the sequence o‘—*Ui__*Ui+j-t° ut-—»uj-—ao. Then up to

multiplication by units,

‘ . (4 i
a(ao+---+ai_lx' 1)-(aoxJ t+---+ai_lx' J l,
aoxp+-..+at_p_1xt—l). The cokernel map is forced to be

LI B - J-t-p LI B - J.-l
ag+ +(aj-t-p bo)x + +(aJ-_1 bt+p-1)x .

Unless p=0, this is not an R-map, so p=0 and hence ezét.

A result of M. Loupias [L75] on representations of

partially ordered sets implies that C; is of infinite
representation type; to conclude this chapter we sKetch a
proof that C5 is in fact of wild type. Let s, =KX, ty,

and let Az,t be the ring of lower—-triangular 2x2 matrices
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with entries from St. We will exhibit a functor ¢ which

of representations of the diagram

d...

’ » ’ ’ P eme
1 n+1 n+m+1

embeds the category ln,m

into M°d(A2,n+m+l)' This will prove our claim, as it is

Known that for n,m>3 the category In.@ is of wild type

([DR741).

Suppose Z =

Me—etMy = 0y M — M — ¢ ¢ » M
lm1 &y « n+i 7, n+2 7 n+m

n+m+i n+m+i

is in 1 . Let M=l & I M. and N= ]| M

. Then M ie an
n,m imn+2 ! im}

i
Snemsy Module with x acting like p on W and like v, on M__ .,
1{igm, and N is an Sn+m+l-module with x acting like «; on
Mi for 1£i¢n and like 7; on Mi for n+1fign+m. Finally if we
let $:M—N be the map sending W to Mn+1 by B and sending
"n+i to Mn+i by the identity for 2£i{m+3, then o2 = (M,N,¥f)

is a Az’n+m*l-module.

lf (q,pl,---,pn+m+1)=z—02' is amot‘phism in In,m, i-.o

it the diagram (*)
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W’
’ ’ ’ ’ ’ ’ ’
’ “1 P 82 “n kl 71 ’ 72 ?’m ’
M ———f M —) 0 & Mn*l ——) Mn+2 ——— 00 comwd Mn+m+l

1
4 W o Pae Promrs
Pa s 1 Pa >~ /

MMz — ror — Masg = Mpaz — 0 — Mo
1 2 n 7y Y2 Tm

commutes, we set pMs(q,pn+2,...,pn+m+l):M——4M’ and
M-f4nN
PN=CPyseeesPrsmey? IN—N’.  Then the diagram le le

Mt N

commutes, soO °(q’pl""’pn,m+l)' (pM,pN)z(M,N,f>—+(M',N',f’)
in mod (Az,n+m+l)‘ It is easy to see that o is a functor.

I 2 and 2/ are in ln,m and o2 = (M,N,f>,

cZ’=(M’ ,N’,¥’)>, then if (pg1)icZ—c2’ then as M,M’ and NN’
are sums of the vector spaces W,W’, Mi,M; in 2 and 27, the

maps p and T are sums of vector space maps between these.
Because of the commutativity condition f‘p=r1f, these maps
makKe a diagram like (%) commute, and so give a morphism
8:2—2’ for which cé=(p,1>). Thus o is full, If (p,T) is an
isomorphism, then each of the vector space mapes will be an
isomorphism, so ¢ reflects isomorphisms. c is clearly

faithful, so we’re done: ¢ embeds In, into M°d(A2,n+m+l)'



Chapter IV. Reduction.

In this chapter we show that there .fs- a full dense

functor from the category Qn of all representations of An by
free R-modules to the category Bn in which the results of
chapter Il were obtained. Perhaps the best way to explain
our strategy is to sKetch it for an object of Q,.

Let X=F2—i4Fl—9»Fo be in Q5. Our first step will be to

prove that we can split off the kernel F’ of f and the free
part F" of the cokernel of g to write X as the direct sum of
representations F'—0—F" and X'-F;—i;+F;—9L+Fa, where now

f/ is a monomorphism and g’ is full.

We next want to go to a representation in which the

maps are both monomorphisms. Let H;akerg' and Hé=ker(g’f’);

H; and Hé are summands of FI, Fé respectively, because
im(g’> and im(g’f’) are free. The first part of the
reduction is to set pX‘= Fz/Hé—ii+ FI/H; 2, Fy, where ¥~

s

is the map given by z+H, — $7(2)+H;, and g’(z+Hd)=g"(2).

Clearly uX’ is a representation in which both ¥’ and g’ are

monomorphisms.

f 9
Now let Y=F2——+F1——+F0 be such that f and g are both

monomorphisms and g is full; this is the type of object that

is in the image of p. We need to go next to an object with

54
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the first map full also; this will be an object in 83. 14
we let Fr be the unique smallest summand of F1 such that

f(Fz)s Fr, and F: be the unique smallest summand of F0 wi th

~

* * f %9 _» A .
g(Fl)s Fg» then vY=F2——»F1——¢F0, where g is g restricted to

F:, is the desired object in Bg.

In order to do this in general we need to define two
categories intermediate between Qn and Bn.

,

Definitions. Let Q. be the full subcategory of Q

fn- fa-2 iy
consisting of those objects X-Fn_l———$Fn_2————+----——»FO in

which fn-l is a monomorphism and 41 is full. Let Qn be the

full subcategory of Q; comprising those objects for which
each fi is also a monomorphism.

Recall that Bn is the full subcategory of an in which
‘each f, is also full.

We first want to show that every object in Qn can be

written as the direct sum of an object in Q; and one of the

form F’—30—pe ¢ tcpQ—sF"* (where either F’ or F" or both
fn- fl
may be zero). Let X=Fn_l———1Fn_2——*---———+F0 be in Qn' I+

ker(fn_l)sF; is not zero, it is a summand, as imCF _4) s

free; choose a free complement ?x to F;. Then the diagram
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$ Y
Fr-1 fn-t F oo n-2 pooe 1 g
1

I N3] N[
ax Fn-2 FO

® ’y @ boos ' @

£ [‘n—1 B o] 0 [‘n-z °] [“1 0] 0

1o X 0 o 0 0 o
commutes.

Now suppose that {l is not full; then coker(fl)zF T,

where T is the torsion submodule of coker(fl). 1¢

41 : 4 P | *
Fl—-——aFo——wF ® T—0 is exact, let Tx=i (T>; then Tx is

the unique s=mallest summand of F0 that contains im(fl).

Choose a free complement F; for T: in FO; then the diagram

P, —tnot g bous F 1Lk
n-1{ n-2 i M | v 10
1 i 1

N [ 3 I
F —eed  F pooe » F » TX

n—-1 n-2 1 X

® [“n-z 0] @ [‘2 °] ® [*1 0] 3

0 o o0 o of © o o] Fx
commutes. We can now write X as the direct <sum of

A * 4 "
Fx—an_ —p » ® -——oFl—oTx and Fx—-ho—»- . -——-00——be.

Given any summand of a free R-module F, it is not hard

to show that we can pick a free complement to it in F which
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has as a basis some subset of the set (el,...,en} of

standard basis vectors for R". 1¢ ?x and F; are always

chosen this way (where if either one of €, ¢ is a possible

J
choice, we choose °min(i,J))’ passage from Qn to Q; becomes

functorial, Call this functor ¢; o6 is clearly full and

dense.
We next describe a functor p from Q; to an.

finiti Let xuF =t ... F1 .
Definition. Le Nt —F o —LF,

7 ’
‘ n-1 .- ‘l ’ ; ’
and X/'mF @ coepF et e F be in Q. ., and for each
n-{ n-2 0 n

i=1,2,...n-1 set Hi = kor(flo---o+i). The object uX in Q,

is the representation

;n-l F ;2 F ;l 3
n-1/ — =2/ — by’ 1/ —F, where the .
H__ H__ H 0 i
n-1 n-2 1
are the induced maps z#Hi-——afi(z)+Hi_1. Hi is a summand

for each i, so puX is a representation of A, by free
R-modules; as ?lo---o?i is a monomorphism for each i, each

;i is a monomorphism, so this representation is in an. I€

L4
a=(«n_l,...,u0)=x-—+X' in @, then uus(aﬁ_l,...,a%):pX——+pX’

is given by a%(z+Hi)=ui<z>+H; for 1gi¢n-1, and ah=eq. It is

tedious but routine to check that this actually does give a
morphism from pX to pX’. Another tedious but routine chore

is to check that g preserves compositions; as ul=1 is
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obvious, p is a functor.

Qn is contained in Q;, and pX=X for X in On, SO0 P is

dense. p is clearly not faithful, but it is full as the

following shows. ., Suppose pt(pn_l,...,po>=ux-—»uX' in Q,,

and write F.=Fi/, @ H,, etc., for each i (we take Hj = 0).
1 .

Then if we choose «, = [zi g] for each i, then pex = p, so

is full.,

We now want to describe a functor v from an to Bn. 14
fi1F—F’ is a map of free R-modules, let £¢F>® be the unique

smallest summand of F’ that contains £C(F). 1+

xep  in=tie o H e g xemE ié:l+F' ——»--'i;+F’
n-1 n-2 0 n-1 n-2 0

. * *, *
are in Q. , let f _ (F =6 _,, £ _oCF _(F_ %6 _o,

etc. Then vX is the object
fa-1 #o-2 £ , A

Fn_l————»Gn_z————asn_S——+---————»Go, where fi is the

restriction of fi to Gi' vX is certainly in Bn. 1+

amCe, g5 %) IX—eX’  in Q then define «7 to be the

n’

restriction of o, to Gi; then it is clear that

vom(x, (s &) oy eees)) is a morphism from vX to ¥X’ in B_.
Again it is routine to check that v is a functor.

As before, B  is contained in Q, and vX=X for X in B,
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so v is dense. We will show that v is full, i.e. that given

pa(pn_l,...,po):vx——»vX’ in Bn we can find a map

«-(an_l,...,uo)sx-—»X’ in an for which voa=p. We must have

% 1™Pn-1" For 0gign-2, let Qi be a free complement for Gi’

, g. O
and define « :16, & @, — G; ® Q, by ai=[0' ], where
P

(Pr—gser-3Pg? is any morphism from

£ § r

n=-2 n-3 1
Q2540 -0 . —2 30, to
a’ ‘“—‘zm' coo—1 407 in a It is then clear that
n—-2 n-3 0 n*

veemg, Also clear from this is that v cannot be faithful.

The composition vucs is the promised full dense functor

from Qn to Bn.



Chapter V. A result on indecomposability of short exact

sequences.

For this chapter we will let A be an artin algebra of
finite representation type, and mod(A) the category of
finitely generated (left) A-modules. Our result says that
if Cis in mod(A), then there are only finitely many modules
A in mod(A)> for which there is a short exact sequence
0—A——pB—syC—0 which is indecomposable. To p;oue it we
need the following version of a result of M. Auslander, in
which Tr and D are the usual artin algebra transpose and
dual (see Auslander [A748])), and in which we write (X,C) for

HomA(X,C). The submodule P(X,C>» of (X,C) consists of those

maps f:X—C for which there exists a factorization

f
X =— C
\\\P///” with P projective.
&« B
Iheorem A. Let C be mod(A). Let A;,...,A, be a complete

list of all non-injective indecomposable modules in mod(A)

; X.,C) .
and let XiaTrDAi. For each i, i? /P(Xi,C) is an

(End Xi)op-module of finite length. Let Sit""’si be a

d;

complete set of non-isomorphic simple (End Xi)°p-modules,
and for each (End Xi)°p-submodule H of (X,,C) containing

P¢X,,0) let nl(Ai,H),...,ndi(Ai,H) be the uniquely

60



61

determined non-neqgative integers s0 that the (End

d.

i n.(A. H

Xi)°p-socle of (xi’C)/H is isomorphic to to .nls.f P
J= tJ

Finally let n(Ai)=max{nJ(Ai,H)} as J runs through
1,2,...,di and 45 H runs through all <(End Xi)°p-submodules
of (Xi,C) containing P(Xi,C). Then

(a) n(Ai) is finite; and

(bY if k > n(Ai) and 0-—4A§ g:B——-oC +0 is exact, then

K=n(A.)

A'i‘ contains a submodule A’ (isomorphic to Ai ') such

that g(A’) is a summand of B.
Using the notation of theorem A we have

Theorem VY.1. Fix C in mod(A). Then there are only a finite
9
number of modules A in mod(A) such that 0—A—B—IC—0 is

indecomposable as a short exact sequence. In fact, if

m p,
Az.ulA.', then if p,>n(A;> for some i, the sequence
=y i

decomposes.
Proof. We first mention that if A has an injective
summand then the sequence decomposes, so we have lost

nothing by not including these in the list of Ai’s. Suppose

p>n(A.)>, and form the pushout diagram
i
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1] » A 3 » B + C — 0
s 1]
0 s A + D » C + 0.
i h’

p.
Because pi>n(Ai), Ai' has a submodule A’ for which h’¢A’) is

p.
a summand of D (so A’ is actually a summand of A ') by
]

theorem A, Let A", A’’’ be such that A’ & A=A, A’ @

p.
A’”-A_'. Then we have a commutative diagram
i

9
06 —mm A’ —m———) B8 » C + 0

1 0 ]
{fo #] {[4s) I
0 ——— 0 A’’’ = x{A’)®B’ s C s 0
|O hl

in which «!h’lﬁ,is an isomorphism and h=h’ INZZE Then

9
A’IA'—Q g(A’> is a monomorphism which is split by

-1
«
B—Lx—-m(A')—-———oA’, s0 Q(A’) is a summand of B. Thus

0——A—3B——C—0 decomposes as a short exact sequence. W

Remark . In mod{(R) it is easy to calculate that n(UJ-,C)

=ng(C) for each UJ. Let s(C)=t, and let p>0 be an integer.

Then theorem V.1 implies that there are no more than

2 t _ 1eptt!

1+p+p“+e-a4p = non—isomorphic indecomposable short

exact sequences 0—iA—4IB—C—0 of torsion R-modules in



63

which the length of the longest indecomposable summand of A

fs at most p. In chapter Il1l we exhibited min(r,p)+!
non-isomorphic indecomposable short exact sequences
0——409-—4vr+p_t0 Ut——avr——aO; if r=p, then

2
min(r,p)+l=1+p=lﬁ%r, 80 this bound is the best possible.

n f n9 n
Corollary V.Z2. Let X=R —R —R be in 03 and let
AX=(epA——B——C—0 (s0O f,gtMn(R)). Suppose a diagonal

a
x 1u1 o
form of £ is . where each B is a unit. Then
1] X nun

if any exponent &; appears more than s¢(C> times, X must

decompose, In particular if we set d(f)=max(ai i=,...4n2

then if d(f):8(CX<n then X must decompose.

Proof. 1¢ &, appears more than s(C) times than the

module A has more than s(C) summands Ua.‘ B
]

Certainly deg(det<f3)3d(f>, so this corollary implies

that if deg(det(f)>)> -8(C><{n then X decomposes. If g is an
. . S .
i somorphism then —— certainly decomposes. If g is not

, f
an isomorphism then s(C))1, so if degi(det(f))<{n then ——+—24

decomposes.
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