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I. INTRODUCTION

In recent years a great deal of literature has been devoted to
the metal-insulator transition. The problem of why many solids with
narrow partially filled conduction bands are insulating rather than
metallic was first studied by Mottl’z. The system he investigated was
a periodic lattice consisting of atoms with partially filled non-
degenerate outer shells (e.g. the 1ls shell of hydrogen). Investigation
of the electronic properties of such a system usually involves single-
electron states in the calculation and electron-electron interactions
are taken into account in some self-consistent mean-field manner. In
this scheme intra-atomic correlation effects are treated perturbatively.
This is the format of band theory calculations. In the context of band
theory, the system studied by Mott is a metal. It is easy to see that
this description is incomplete as the system remains a metal for any
value of the lattice constant. For large enough separations such that
each site may be treated as independent, the system ceases to be metallic.
It is for intermediate values of the lattice constant that the metal-
insulator or "Mott" transition is thought to occur. At this point
experimental evidence is still inconclusive. Mott concluded that the
failure of band theory was caused by its inadequate treatment of correla-
tion effects. He realized that the correlations between the conduction
electrons needed to be considered and that the one-electron approximation

of band theory was not valid for a treatment of these effects.
In a series of papers3’4’5 (for convenience we will refer to these

as Hubbard I, II and III respectively) Hubbard has considered the



simplest model for‘dealing with the problem of electron correlation in
narrow band metals. The model is most often used in describing transi-
tion metals and their compounds (i.e. oxides and sulfides). The
correlation effects appear in the form of an intra-site Coulomb
repulsion between electrons. Hence what is essentially an infinite
range force has been localized; that is the inter-site Coulomb force

is completely screened. The Hubbard Hamiltonian in second-quantized
notation is given by

. . . C.
. i,07j,0 j,oi,o

H=) 5,0 M0 T U; n, m,, +t g Lo

z (c+ c + c* ) (1.1)
i

where & 5 is the atomic energy gotten in some self-consistent manner,
b

U is the intra-site Coulomb repulsion, and t is an overlap integral

which is a measure of electron hopping between nearest neighbors

(denoted on the summation by <ij>). «c, (c+

) is the second-
i,o 1,0

quantized operator which annihilates (creates) a Wannier electron on the
site i with spin o, and n, = cT c, counts the number of electrons.
i,o i,oci,o
In Hubbard I an equation-of-motion scheme for calculating the
single-particle Green function was employed. Following the method of

6 . . . . .
Zubarev an approximate solution of the correlation problem is derived.

The single-particle thermal Green function may be defined by
= _i t
<<ci’0(t), cj’o.(0)>> =-i G(t)<{ci,o(t), cj,o.(O)}> (1.2)

where 0(t) is the unit step function, <...> implies a thermal average,

and {A,B} = AB + BA. Thus Green functions of this type obey the



following equation of motion

. d . _ t
IEE'<<C1’0(t), cj,o'(0)>> = 6(t)<{ci,o(t)’cj,o.(0)}>

+<<[ci’c(t),H]; cj’o'(0)>> (1.3)

It is often convenient to define the fourier transform

Co

<<A;B>>w = <<A(t); B(0)>> eiwt dt (1.4)

-
where the energy w(fi=l) is taken to be real. In this way all

. equations generated for the Green function will be algebraic. Hubbard
then proceeded fo investigate both the zero-bandwidth and finite-
bandwidth problems. His solution to the finite-bandwidth problem has
the property that it reduces to the exact atomic solution. Using the

approximations proposed by Zubarav,

.«f.

<s<n, ¢ sy C, >> = <n, > <¢ sy . >> 1.5a
i,o k,0’ “j,0 w i,~-o k,0’ "j,0 Tw ( )
<<cT c c. 3 cT >> = <c c ><<¢c, _3c, >> (1.5b)
i,-ok,-0 i,0 J,0 w i,-ck,-0o i,o’7j,0
.f-
<<c+ T >> = T ><< >> (1.5¢)

k,-01,-0%1,0° €j,07 0 = “%k,-0%1,-0"" " 1,0° %j,0 w
Hubbard was able to de-ccuple the hierarchy of equations generated by
the equation - of - motion method. He found that the pseudo-particle

density of states split into two subbands for any finite value of the

Coulomb term U. Each subband will contain exactly N states if omne



chooses the unperturbed density of states to be symmetric about the
center of the band. For the case where the ratio of the number of
electrons to the number of sites is unity the lower subband will be
completely full in the ground state and the system will be insulating.
Hubbard realized the incorrectness of this result and in paper III

he proposed a theory more consistent with the physical understanding
of the problem. By introducing a critical value of the parameter

U/A8, where & = width of the single-electron energy band, he was able
to show that splitting of the pseudo-particle density of states occurs
only for those values of U/A greater than the critical value.

Another difficulty which was evident in paper I and which
Hubbard correctéd in paper III was that it predicted infinite
pseudo-particle lifetimes. 1In paper I the basic assumption behind
the Zubarev decoupling scheme was that the Green functions used
described the motion of an electron iay with spin + as it was
perturbed by the (assumed fixed) electrons with spin +. This system
is then seen to be one where the electron motion is randomly modulated.
In paper III, Hubbard modifies his theory to include the damping due
both to disorder scattering and to the motions of the spin ¢ electrons.
These corrections he refers to respectively as the scattering cor-
rection and the resonance broadening correction. Velicky et al?
showed Hubbard's scattering corrections to be identical to those
obtained in the coherent potential approximation.8

Since the appearance of the pioneering work by Hubbard a great
deal of literature has been devoted to systems described by the

Hamiltonian given by equation (1). The model defined by this



Hamiltonian is used to study not only the metal-insulator transition,
but also certain features of magnetic behavior in transition metals.
The Hubbard model is essentially a two-parameter theory: the intra-
site Coulomb repulsion U and the hopping energy t. Most work has been
done for very large values of |U/t| (localized moments)9 and very
small values of |U/t| (itinerant model)lo. Transition metals are
probably best characterized by an intermediate value of IU/tlll.

For the Hamiltonian given by equation (1.1) it has been proven
that, for the half-filled band, the chemical potential is independent
of the temperaturelz. As a result of this simplifying feature, most
of the work on the Hubbard model has been devoted to the half-filled
band. In particular, Lieb and Wul3 have solved exactly tﬁe one-
dimensional half-filled Hubbard model for zero temperature. They found
the ground state to be anti-ferromagnetic with no Mott transition for
finite values of the intrasite Coulomb energy U. The fact that very
few exact results exist for the Hubbard model attests to the degree
of difficulty of the problem. Hence any exact calculations are welcome
regardless of the simplicity of the system.

In this study, we calculate the single-particle Green function
exactly for the one-dimensional Hubbard dimer (2-sites) for arbitrary
temperature and chemical potential. Other exact solutions to this
problem also exist. Most recently Mei and Lee,14 using a cluster
variational approach, have solved the 2-site and 3-site eigenvalue

problem for an extended Hubbard Hamiltonian exactly. They investigate

the specific heat and magnetic susceptibility for arbitrary electron



density. Although not as comprehensive as the work of Mei and Lee

we believe that the work presented here has far greater calculational
potential in extensions to the linear chain and to higher dimensions.
We use the two-site Hubbard model as a testing ground for the
introduction of a new calculational method. The purpose of this study
is to develop the method on a model which has already been solved (in
part) and to compare with known results. The results which have the
greatest overlap with our present work were obtained by Ho and Barry,l
who looked at the half-filled dimer at high temperature, and with Chen
and Cheng16 who looked at the thermodynamics of the extended Hubbard
dimer (inter-site electron interactions included) for arbitrary
electron density. Ho and Barry employed a cluster variation technique
which has its roots in the variational principle of statistical
mechanics. Essentially what is done is that a variational function F

related to the free energy F of the N-particle system in equilibrium by
F = min F (1.6)

is considered to be a function of certain unknown correlation functions
of the system. Upon minimization with respect to these correlation
functions and the imposition of various normalization conditions, a
set of equations is generated for these correlation functions. Our
interest in this work derives from the fact that we too arrive at a
closed set of relations for the correlation functions of the system.

The work presented in this manuscript is more general in that we do not



put any restrictions either on the electron density or on the
temperature. As a consequence of our being so general most of the
results appearing here are new. The work of Chen and Cheng is also
quite general and bears some discussion. Their approach was to
solve the eigenvalue equation for the two-site extended Hubbard

Hamiltonian

n,

g0 TV Z n.n, (1.7)

-i-
H=t ] lec +0) ng, N
i <ij>

3> o i,0%j,0
where t, U, Ci,o’ and CI’U and ni,c are defined as before and the
nearest-neighbor Coulomb term in V is included. Hence the range of
the electron correlation is extended to include nearest neighbor
interactions. Once the eigenvalues are known the partition function
may be written down and the magnetic susceptibility can be calculated.
While this procedure is rigorous for a finite number of sites, the
calculation of the eigenvalues for a linear chain at present remains
an impossible task.

We wish to emphasize that the one-dimensional Hubbard dimer does
not simulate the real world, although it does seem to be an ap-
propriate model for certain dimerized salts.l7_22 Our motivation for
studying the Hubbard dimer is that it lends itself very well to the
application of a new calculational method and that there exist other
results for comparison.

The work in this study has been partitioned in the following

manner. Chapter IT is dedicated to laying down the basic foundations

of the method. Here certain new concepts are introduced and related



to standard Green-function theory. Chapter III is an application of
the method to the single-site Hubbard model. It is through this

simple example that a number of skills are developed which prove to

be of great importance in considering both the dimer and the linear
chain. In chapter IV we study the Hubbard dimer in detail. It is in
this example that the power of the method is fully manifested. The
final chapter is a summary of our conclusions. We also cite our future

expectations for using the method established in these pages.



II. METHOD

It is in this section that we focus our attention on the computa-
tional method for calculating the single-particle Green function. As
is well known, Green functions are convenient tools in the study of
interacting fields. Many properties of the system may be calculated
once the Green functions are known. By system we are referring to a
physical system describable by a given Hamiltonian formulated in
second-quantized notation.

In practice the computation of Green functions for a non-trivial
system must involve some sort of approximation scheme. At present
there are three most standard methods of calculating Green functions:
a decoupling scheme for their equations of motion, a diagrammatic per-
turbation expansion carried out in the interaction representation, and
a moment expansion of the spectral weight function. As Bowen23 has
noted, contained in each of these approximation schemes are certain
drawbacks.

The main criticism of the decoupling scheme as proposed by Zubarev24
points to the ambiguity involved in the factorization of the higher-
order correlation functions which appear in the Green-function
equations of motion. The fact that a good approximation is obtained
only if fluctuations of the factorized variables are very small is well
known. Unfortunately, for factorizations of many higher-order correla-

tion functions this requirement is known to fail.25 To date there do

not exist any appropriate higher-order factorizations which are
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sufficiently motivated by physical argument to be compelling.

In the diagrammatic method the theorem of Wick is used to evaluate
the Green function by a perturbation expansion involving completely
contracted field operators in the interaction representation. Using
the fact that these contractions are just the free-field Green functions
one may express the exact Green function in a series containing these
free-field Green functions and also the interaction. This perturbative
expansion may be expressed in a diagrammatic format so that various
classes of diagrams can be grouped. This allows for many simplifications
which would otherwise have been hidden by the complicated mathematical
structure of the perturbation expansion. It is with regard to the very
nature of this perturbation expansion that criticism arises. The
validity and convergence properties of expanding the exact Green
function in terms of the non-interacting Green function becomes
questionable in highly correlated systems. Also, by expanding in powers
of the interaction convergence of the series is not guaranteed and methods
of renormalization are needed. Another difficulty in dealing with the
diagrammatic perturbation expansion is that, if one tries to account
for correlation effects by including electronic correlation terms as
part of the unperturbed Hamiltonian, Wick's theorem no longer holdszs,
because the perturbation expansion for the Green function (Matsubara27)
then contains commutators which are no longer c-numbers. Approximation
schemes for this problem have been worked out by Robert et al.and more

recently by Anda28 for hybridised electronic bands. Each of these

schemes contains some sort of mean-field type of approximation.
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The third method of calculation of the Green function was proposed
by Lonke29’30. This method investigates the first 2N moments of the
single particle spectral weight function and is based on the mathematical
theory of the classical moment problem. The NEh moment of the spectral

weight function can be shown to be related to the NEE operation of the

Liouville operator, L, defined by
L =[6,H] (2.1)

for any operator 6 where H is the Hamiltonian of the system. Calculation
of the entire spectrum of moments is an impossible task. This means that
the dynamical properties as well as the statistical mechanics of the
system must be calculated from an incomplete set of quantities, namely a
finite number of moments of the spectral weight function. Problems also
arise in finding a consistent approximation when one looks at the thermo-
dynamic limit.

The method we use in this manuscript has its roots in the moment
technique of Lonke. The Fourier transform of the single-particle fermion
Green function may be expressed as a moment expansion. This can be seen
by looking at the Heisenberg equation of motion for this single-particle

Green function:

i ﬁ—f =1 ;—t <<e(t); ¢ (0)>>=8(t) <fe(t), e'(0)} > + << [c,H]; ¢'>>.

(2.2)
We may express the last term on the right hand side in terms of the

Liouville operator via

LA = [A,H] (2.3)
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Upon taking the Fourier transform of both sides of (2.2) we arrive at
w << c;cT >, = é{c,c+}> + << Lc;c+ >, " (2.4)

By making the replécement ¢ + Lc in equation (2.4) and noting that

12c =[[c,H],H] |, (2.5)
we have
w << Lc;c+ >>w = <{Lc,c+}> + << L2c;c1- >>w . (2.6)

Now placing equation (2.6) into the right hand side of equation (2.4)

we see that

+ 1 t 1 +
<< ¢jc >>w = a-<{c,c }> +-;5 <{Lc,c }>
(2.7)
+ L« L2c;c+ >>
w2 w

‘We may repeat the procedure by replacing c with Lc in equation (2.7),
thus producing a term proportional to L3c. It is then seen that a

moment expansion is being generated:

+ E | n_ t
G(w) = << cjc >> =n£0 ;;;i-<{L c,c > . (2.8)

We next introduce the concept of a normalizable manifold of linear
operators. This manifold is a Hilbert space with a basis chosen to be
second-quantized operators of a particular ("fermion") type. Crawford31
was the first to deal with this operator space, which he chose to call

the associated Hilbert space. The elements of this space are linear
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combinations of products of an odd numbers of fermion creation and/or
annihilation operators. Crawford attempted to use this operator space
as a means of quantizing fields in an alternate manner. It is our aim to
exploit the properties of this space for different purposes. We call
this Hilbert space of linear second-quantized operators a (fermion)
superspace, and we refer to operators on superspace elements (or vectors)
as superoperators32. These superoperators play the same role as
operators (matrices) do in ordinary Hilbert space. As a first example
we note that the Liouville operator L is a superoperator in our super-
space; it can be shown to be hermitian in this superspace if H is
hermitian and commutes with the density operator33. In mathematical
language the operation of these superoperators on superspace vectors
effect the mapping of operators on operators. As a reminder we mention
the mappings with which physicists are most familiar: the mappings of
objects on objects which are referred to as operators, the mappings of
objects on numbers which are called functionals, and mappings of

numbers on numbers called functions. As in the formulation of standard
second-quantized field theory only those superoperators which preserve .
the linearity of the superspace will play a fundamental role in our
theory.

At this point we wish to stress the fact that, although our super-
space is completely analogous to the "ordinary" Hilbert space of quantum
mechanics, there exist a couple of novel features which we now delineate.
The first concerns the definition of a scalar product of two (fermion)

superspace vectors A and B. This is defined to be the thermal average,
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taken in the grand canonical ensemble, of the anti-commutator of the

two ""vectors" (linear operators):
((4,8)) = <{B, aA'}> . (2.9)

It can be seen then that the norm of a vector in the superspace will
usually contain thermal averages and therefore depend on temperature
aﬁd chemical potential.

For a given orthonorm§l basis in Hilbert space, it is possible
to equate matrix elements of the resolvent operator taken with respect

to this basis, to a formal moment expansion as follows:

1

0y,
7 <kl@%k"> . (2.10)

<k| (w-0) Yk'> = )
n=o w

This is a consequence of the binomial theorem

©

+x)™ = §
p=o

m(m-1)...(m-p+1)

o (2.11)

where it is required that LX|<1. As can be seen from equations (2.8),
(2.9) and (2.10) the Fourier time-transform of the single-particle
Green function may be written as a superspace matrix element of the

resolvent of the Liouville operator34:
+ -1
G(w) = << c3ec >>, = ((c, (w-L) c)) . (2.12)

We propose to study the single-particle Green function in this form.
We note that the problem of evaluation of the Green function has been

re-cast into a matrix inversion problem in superspace.
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The reason for calculating the Green function in this manner is
motiﬁated by a theorem by MassonBS. This theorem states that for any
Hamiltonian operator, bounded or unbounded, the matrix elements of its
N-dimensional resolvents converge, as N+« , to the matrix elements of
the exact resolvent for any complex value of w which is not contained
in the spectrum of the Hamiltonian. Unlike the case for perturbation
expansions, this theorem guarantees convergence regardless of the
nature of the interactions, i.e. for any Hamiltonian.

We now consider the evaluation of the single-particle Green

function,
ew) = (e, (L)t o) (2.13)

where the matrix element refers to the superspace. Evaluation of this
matrix element involves finding the eigenvalues of the Liouville

operator L:
Loy =DV H] = 4 9y

where the operators wi are linear combinations of operators ¢a which
are products of an odd number of fermion operators like ¢ and c+.
Assuming this to be done, at least for finite systems, we can expand
the single—-particle operator c by
c=)b, ¥y, > (2.14)
i
i

where the c-number coefficients bi contain certain thermal averages

which arise from normalization of the ¢i's in the superspace. Judd36
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introduced a clever representation for fermion superspace elements like
the operators ¢a’ which he called shift operators. It is in this
representation, to be discussed later, that our method derives its
strength and henceforth we refer to such operators as Judd operators.
Judd no;ed that these operators ¢a are elements of a semi-simple Lie
algebra37. A property of these semi-simple Lie algebras is that they
regenerate themselves under commutation operations. These commutation
relations are most easily expressed in terms of a Euclidean space RZ
which contains a pésitive metric. The complete group theoretical
nature of this Lie algebra necessarily leads one into discussions of
root vectors and root spacesBB. Those root vectors which are
independent may be shown to span the Euclidean space Rﬁ' An iso-
morphism exists between semi-simple algebras of rank £ and sets of
roots in an {£-dimensional space RK' This isomorphism is accomplished

by means of the canonical commutation relations

[hy,h 1 =0 (2.15a)

[h,6,] =a ¢, (2.15b)
+ > >

[¢,,9,] = ah (2.15¢)

(042051 = Ny 5 %04 (2.15d)

>
where ¢a are the Judd operators, o are the root vectors, the hi are
orthogonal projection operators which constitute a Cartan sub-algebra

and Na are the remaining non-zero structure constants for the group.

s B
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It is in the expansion of the single-particle operators c in
terms of the Judd operators that our method takes its initiative. We
now examine the explicit structure of these operators. In the context
of a given atomic shell, one may express a given state iw> in Fock
space as a product of second-quantized creation operators in some given

canonical ordering, acting on a well defined '"vacuum" state |0>;

o> = af o> = e ol Jos (2.16)

This defines the operator A;. The subscripts here refer to different
electron states in a given shell. Thus in a filled s-shell N=2, in a
filled p-shell N=6, in a filled d-shell N=10, and so forth. Similarly

we may define the operator AN as follows:

AN =Cy Cno1tctt S22 9 (2.17)

where we note the sequence of second-quantized destruction operators
is taken in reversed canonical order. We now construct the Judd

operator

6 = A; I, AL > (2.18)

where the idempotent operator Ie is known as the invariant of the

shell and is given by
.1-
I, =A A . (2.19)

The operators Ae and Ag are, respectively, products of annihilation and

creation operators in the canonical ordering for the filled shell. The
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operator I, is a projection operator for the '"vacuum" in ordinary

0
Fock space. ‘The advantages of expressing the Judd operators in

this manner are manifested in the simplicity obtained when calculating
scalar products in superspace and also because it automatically gives
the canonical commutation relations for the Lie algebra. By looking

at the structure of the operators ¢ as we have constructed them in
equation (2.18), we can see that they have the form of a stepping (or
shift) operator if M # N. This stepping operator destroys a given

conf iguration Aﬂ in the shell, then proceeds to create a new configura-
tion A;. In the context of condensed-matter physics one would say that
these Judd operators are many-particle stepping operators which allow
one to step between many-particle states differing by M-N electrons.
The structure of these Judd stepping operators is such that they may be

characterized as having a net spin S. We define the net spin to be the

spin difference between initial and final configurations:

S = Sﬁ - SN (2.20)

The greater the spin degeneracy for the M-electron and N-electron
configurations, the larger the number of possible transitions differing
by N-M electrons. Hence we can see that the inclusion of spin greatly
increases the number of Judd operators to be considered.

We use the Judd stepping-operator formalism to calculate the
single-particle Green function for the two-site Hubbard model. By ex-
panding the single-particle operators c in terms of the Judd operators
which are eigenfunctions of the Liouville operator, we are able to

solve for the single-particle Green function of the Hubbard dimer
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exactly. By working with the Judd operators we are explicitly solving
exactly a simple many-body problem. From the very structure of these
operators we see that one can easily surpass any type of mean-field
approximation. The fact that the equations of motion for these step-
ping operators is investigated necessarily requires that the detailed
structure of the ''shell" becomes important. A point that needs to be
stressed is that all possible configuration fluctuations of the "shell"
are contained in the set of Judd operators. It is the primary purpose
of this study to determine those operators, for both the single-site
Hubbard model and the Hubbard dimer, which are physically the most
relevant. In this way it is planned that some type of systematic
approximation to the linear chain may be obtained.

Reqall the expression for the Fourier transform of the single-

particle Green function:
G = ((e, (L) ")) (2.21)

where the matrix element of the resolvent operator refers to the super-
space. The calculation proceeds by expressing the single-particle

operator c in terms of the eigenstates wi of the Liouville operator:
c = Z by vy oo (2.22)
where

Lob, = A b, . (2.23)
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The eigenstates are in turn expressed as linear combinations of Judd
operators ¢ which step between Fock-space states with N and N-1 fermions.
It is through these Judd operators, which recall are stepping operators
between many-particle states, that properties of the correlated system
are manifested. By solving the eigenvalue problem for the Liouville
operator, L, we are simultaneously diagonalizing its resolvent matrix.
The difficulty of this task is reduced appreciably when one takes
advantage of both the symmetries of the Hamiltonian and (to a lesser
extent) the Lie group structure of the Judd operators. Having solved

the eigenvalue equation one may express the single-particle Green

function by

|2

b,
1
w=2A

Gw) = ] (s ¥9)) (2.24)
i

i

where the eigenfunctions are of course orthogonal:
(Ggy v =0 , 143 . (2.25)

From the definition of a scalar product on the superspace we see that
the Green function is expressed as a sum of thermal averages of

various correlation functions.

We then make use of the dispersion relation

o

dw

v =] LW m Gy, wienTy), (2.26)

- 00

where fo(w) is the fermi function defined by
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£ (w) = QO+ Plu=1)y-1 (2.27)

and B = (kT)-l with T = absolute temperature, 1 = chemical potential

and k being Boltzmann's constant. Equation (2.26) simplifies to

.1.
<Yy be> o= £ ) ((Wy,9,)) (2.28)
for Ly, = XA, ¥, -« (2.29)

‘By using the set of coupled linear inhomogeneous equations given by
equation (2.28) one can solve for the individual correlation functions
in terms of the fermi functions fo(li). In practice, the algebraic
decoupling is somewhat tedious and the computer is used to study the
thermal properties.

We see then that the Green function may be calculated exactly for
selected systems, using this technique. The advantages are in the
systematics of the method, and in the fact that the treatment of highly
correlated systems appears to be natural. It is the purpose of this
study to illustrate the method by applying it to both the single-site
Hubbard model and to the Hubbard dimer. Exact results are obtained and
comparisons are made with previous exact results and with various

approximation schemes.



III. SINGLE SITE

We now carry out the task of solving a relatively trivial example in
order to illustrate the various new concepts introduced in the previous
chapter. We analyze the single-site s-band Hubbard model with the
obvious intention of gaining insight into the more difficult problem of
the Hubbard dimer. Also, any solution for the dimer must reduce, in the
atomic limit, to the single-site solution.

As a first step, we wish to write the invariant, I_, for the single-

e)
site s-shell. To do this we choose the canonical ordering for the
annihilation operators to be c, Sy where the subscripts refer to spin-

down and spin-up electrons, respectively. Then the invariant Ie is

I.=c¢, ¢c,.c, ¢

+ ot
p &y = U A-my)

Once the invariant is written down we need to establish the set of Judd
operators which are relevant. We are interested in calculating the
single-particle Green function which is written with respect to the

single-particle annihilation operator c,t

G (@) = (e, Ll e)) - (3.1)

The single particle annihilation operator ¢, is in turn expanded in

+
terms of single-particle Judd operators only. Hence only those Judd

stepping operators having the form

= af '
p=A ;I A (3.2)

will contribute to the spectrum of the single-particle Green function.

22
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Note that the Lie algebra structure also allows Judd operators of

the form

¢ = AT I, A'

n,s 0 n+l,sx3/2 ° (3.3)

i.e. the particle number changes by one while the net spin changes by
more than 1/2. The fact that the Hubbard Hamiltonian does not involve
interactions which flip spin permits one to ignore operators of this
type. The physics of this reasoning manifests itself in the expansion
of the single-particle creation and annihilation operators in terms of
Judd operators of the form given in equation (3.2).

The Hamiltonian for the single-site s-band Hubbard model is given

in second-quantized notation by

H = e(n+ + n+) + U n, o, o, (3.4)

where n, = Cy Cys etc. We see then that the single site can accommodate

four states:

Number of electrons Spin Energy
0 0 0
1 4 €
1 A €
2 ¥ 2e+U

where U is the (repulsive)Coulomb interation. The Judd operators
that we need to consider then are those which represent transitions from
the two-electron state to one of the single-electron states, and from

one of the single-electron states to the state of no electrons. For
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the purpose of illustration we will work through the complete U(4) Lie
algebra for the single site.

Recall the canonical commutation relations for semi-simple Lie

algebras:
[hi’ Ea] = o Ea (3.5a)
[E, E] =ah (3.5c)
a’ Eg = q .5¢c
[Ea’ EB] = Na,B Eu+B (3.54d)

where the hi are the orthogonal projection operators, the Ea are the

. >
stepping operators associated with the root vector o and the Na 8 are
’

(39)

the structure constants of the group. Following Bowen we may write

the one-particle stepping operators for the single-site:

- . _
0 = 4)+ = Ie cy (3.6a)
E,=¢ ) =1 ¢ (3.6b)
a' ¥ e ¥ :
_ ) _t
EB = ¢+ =c, Ie Ae (3.6c)
o) T
EB = ¢+ c, Ie Ae (3.6c¢)
where Ae =c,ch. The two particle steppin} operator is given by
EY = ¢2 = Ie Ae (3.7)

and the spin-flip operator which leaves the number of particles unchanged
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is
Eg=¢5=c, I c . (3.8)

We now need to write down the orthogonal projection operators, hi’ which
comprise the Cartan sub-algebra. Note that the structure of these
projection operators is such that the single-particle operators appear-

ing to the left of the invariant I, are just the hermitian conjugates

8

of those operators appearing on the right of the invariant;

- _ t ot _ +
ho = Ie =c e c e, = Ae Ae (3.9a)
h,o=c I.c ' (3.9b)
R .
h,=c I ¢ (3.9¢)
2 ¥y 6 ¢

_ ot _ Lt
h3 =c,c, Ie c, ¢ = Ae Ie A9 . (3.9d)

We now make the following observation. We see that, for the single-site
s-band Hubbard model, choosing the appropriate stepping operators and
orthogonal projection operators was a relatively simple matter. The
reason for this was that our choice was motivated by the physics of
our system, which, in this case, was very transparent. However, for
non-trivial systems, such as mixed-valence compounds, choosing the
physically important operators requires further insight. This point
will be discussed in greater detail in the las; chapter of this study.
Once the stepping operators and the projection operators are known,

one may calculate the root vectors from

[hi’ Ed] =, Ea (3.10a)
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[hi’ E,] =a'E, (3.10b)
where s a; are the four-tuples

3= (ao, ars Ons a3) (3.11a)

eV

) . ] ] \] L
= (ao, ars G, a3) . _ (3.11b)

>
As an illustration we calculate the root vector a explicitly:

[ho, E'a'] = (+1) E, =a E, (3.12a)
[h), E] = (-1) E =0 E, (3.12b)
[h2’ Ea] = (0) Ea =a, Ea (3.12¢)
[hy, EJ] = (0) E =ay E . (3.124)
Similarly we find

>

a' = (1, 0, -1, 0) (3.14)
' = (0, 1, 0, -1) (3.15)
B'= (0, 0, 1, -1) (3.16)
>

y= (1, 0, 0, -1) (3.17)
$ =0, 1, -1, 0) (3.18)

Having written down the Lie algebra structure of the single-site

we now proceed to calculate the single-particle Green function
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G W = (e )™ e )

where o =

+,

Ye

(3.19)

The single-particle annihilation operators Cys Cy» can be expanded in

terms of the stepping operators:

=¢+

(

-)

+ ¢£+)

NS

We will look at G+(w)

= E +Eg,

= + .
E,v + Eg

only, hence expansion (3.20a) will be used.

the definition of Ea and EB’ we may write

E =
¢}

Normalizing E0 and Ec' we have, respectively,

Ie cy = (l—n+)(l—n+)c+ = (l-n+)c+

[

(l-n+)

e S
(1-<n >)?

= ci(l—n*)(l—n

+ +
n_ ¢ =2c¢
o o o
c+ n =0 .
o g

AT

=n

¥

[od

+

9

(3.20a)

(3.20b)

From

(3.21a)

(3.21b)

(3.22a)

(3.22b)

(3.23a)

(3.23b)
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Now operating with the Liouville operator gives

(£) _ [ () _ &) @),
Lo " =[e™", H]=c¢ 3, (3.24)
() 1 1 ()
where € =¢e + §-U * E-U. Recall that the Judd operators ®+ are an

orthonormal basis of eigenfunctions of the Liouville operator which

contain a product of an odd number of fermion single-particle operators.

We may now write the single-particle Green function 33(40)
<N§r)>
G+(w) = Z T (3.25)
r w-e¢
where r = *1 and Nir) is equal to n, for r = +1 and (1-n+) for r = -1.

In this notation, the one-electron operator may be expressed as

fr)>% ¢§r)

c, = z <N . (3.26)
r

It is a straightforward matter to calculate the thermal average <n*> =

<ci cy> using the dispersion relation

<al B> = %? £ (w) Im ((B, (w-i6-1)"T 4)) , (3.27)

-0

which simplifies to

<AT B> = ((B, A)) £ (E) (3.28)

for LA = E_A with fo(Ea) = (eB(Ea‘p) + 1)'l .

We have

<cI c,> = <n.> = (1 - <n+>)f(;) + <n,> f(+) ’ (3.29)
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f(i) = (eB(E"U) + 1)'1 = <¢(i)+ ¢(i)> . (3.30)

In the absence of a magnetic field <n> = <n > = <n> and we may solve

(3.29) for <n>:

<n> = (1 - <n>) £ 4 <n> f(+) or
<n> = ¢ (3.31)
1+ £ 2 g™
In order to solve for the correlation function <n+ n+> we look at
t . (+) . .
<c+ ®+ > and use equation (3.28). We arrive at
<n, n,6 >
<®(+)+ c,> = ——i—ri— = ((c,, ¢(+))) f(+) or (3.32a)
4 4 I R
<n+>
<n, n >
i
i 1+ = <n+>2 f(+) . (3.32b)
<n+>'5

Once again, since we assume no magnetic field, <n,> = <n,> = <n>, then

4 ¥
equation (3.32b) simplifies to
<n+ n+> = <n> f(+) . (3.33)
From equation (3.31) this becomes
- +
<n+ n+>= f((i)f( )(+) . (3.34)
1+ £ - f

We therefore have an exact result for the single-site which agrees with

that of Hubbard I.



IV. HUBBARD DIMER

It is the purpose of this chapter to solve the Hubbard dimer
problem exactly using the Judd operator formalism. First we will sum-
marize our approach and reiterate our method.

The Fourier transform of the single-particle Green function may be
written as a matrix element of the resolvent operator (w-L)-l, where L

is the Liouville operator:
-1
G(w) = ((c, (w=L) " ¢)) .

This matrix element is defined in a Hilbert space (called superspace)
where elements are products of odd numbers of second-quantized fermion
operators. In this format we may express the single-particle operators

¢ in terms of orthogonal basis elements ¢y of the superspace:
c=Zibi v, o (4.1)

In this work the b; are taken to be eigenvectors of the Liouville operator
and are linear combinations of operators ¢ which are products of an odd
number of fermion operators such as c¢ and c+.

In order to evaluate the resolvent matrix elements for the Hubbard
(s-band) dimer we must first solve the eigenvalue equation for the

Liouville operator using the Hamiltonian

30
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This task is facilitated by exploiting certain symmetries of the
Hamiltonian. As will be seen, these symmetries include site-exchange in-
variance and spin-flip invariance. We construct eigenvectors §y of the
Liouville operator which are expressed in terms of the ¢ operators in a
manner which takes full advantage of the symmetries of the Hamiltonian.
Recall that the ¢ operators in question are single-particle stepping
operators in the superspace. That is to say they step from many-particle
states having N+1 electrons with net spin§, to many-particle states
containing N particles with net spin S#)s. We then expand the single-
particle annihilation operator c in terms of the Y 's and proceed to
calculate the single-particle Green function. The Green function is there-
fore expressed as a linear combination of thermal averages of correlation
functions. Recall that these thermal averages arise naturally in the
definition of scalar product and vector norm in the superspace. These

thermal averages are, in turn, determined by the dispersion relation

(o]

<ATB> = iﬂ“i £ (w) Im ((B, (u-16-1) T A)) . (4.3)

-0

Upon diagonalization of the Liouville operator in the space of appropriate

single-particle stepping operators:

Ly, =[vg, Hl= X v, , (4.4)

the dispersion relation relations for the <¢1 wi> simplify to take the

form

Wl v = (g, v £0p 4.5)
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We must therefore solve a set of inhomogeneous linear equations
typically in the form of equations (4.5) for the correlation functionms.
Once these correlation functions are known the Green function is also
known and hence thermodynamic quantities may be calculated. Now that
we have sketched our format, we proceed to solve the Hubbard s-band
dimer problem (the Hubbard model for two sites) exactly.

As was stated previously the first step in solving a problem in
this formalism is to write down a canonical ordering of operators and
stick to it. We do this by writing the invariant for the s-band

Hubbard dimer as
I ==¢ c c c c+ c* c+ c+
6 24y 724 Tl 14 T14 T1v 24 24
(4.6)
= (l—nl$)(l—n1+)(l—n2+)(l—n2+)

Once the canonical ordering has been chosen, we may write down the

expansion of the single-particle operator c in terms of the Judd

14
operators ¢i given by
b - A1 A . (4.7)
i i 81 ‘

To obtain this expansion we are guided by the analogy of the single
site. For the dimer we simply sum the atom-like operators for each

site. Thus the expansion will contain eight Judd operators,
1y = ¢l + ¢2 + ¢3 + ¢4 +ég * g+ ¢7 + ég (4.8)

where the Judd operators ¢, are given by
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oy = Iy cqp = Ay D A0y ) (Any,) gy

b = ey Ig gy ©q4 = Ay Uy ) gy ey
¢, = C+ I, c,, ¢;, = (1-n, )(1-n,. ) n,, c
3 24 786 T24 T14 1+ 2y 24 14
P, = c* I.¢c,, ¢, = (1-n,,)(1-n,,) n,, c
4 2y 78 T2y 14 14 24 2y 14
o, = c+ cT I, c¢,, ¢c., ¢, = (l-n,,) n,, n,, c
5 1y 724 76 T24 "1y 14 24 24 1V 14
¢, = c+ c+ I.c¢,, ¢, ¢q, = (1-n,,) n,, n,, ¢
6 1y 72 78 T2 1y 14 24 2y 1vy T4
= o T I = (1~ ) n,, n
97 = cp C9y Tg Coy Cop 34 nyy) By, Poy C14

by = c+ c+ c* I, c c c c =n,, n n c
8 1y 724 724 6 T2¥ 724 1Y T14 24 724 T1v 714

It is important to note the structure of these operators: ¢1 is a
stepping operator from a state having one particle to the empty state,
¢2, ¢3 and ¢4 are stepping operators from states having two particles
to single-particle states, ¢5, ¢6 and ¢7 are the stepping operators
from states having three particles to two-particle states, and ¢8 is a
stepping operator from the state having four particles to a three-
particle state. We see that the ¢ operators involved in the expansion
of the single-particle operator cq4 are also single-particle operators.
By this we mean that the set of ¢'s step between states having N+1
particles and states having N particles. This group of single-particle
stepping operators constitutes a subset of the Lie algebra for the
group U(16). (The complete Lie algebra contains two-particle stepping

operators involving transitions of the type 2-Q, 3+1 and 4>2; three-
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particle stepping operators involving transitions of the type 3¢, 4-1;
and the four particle stepping operators involving the transition of
the type 4+0. The complete Lie algebra structure for the Hubbard s-band
dimer is given in appendix (A).) It is the purpose here to focus our
attention only on those single-particle operators which are relevant to
the calculation of the single-particle Green function.

At this point it becomes necessary to introduce the site-exchange

operator P. This operator has the following properties:

2 _ 1 -1 -1 _
P"=1,P =P, Pcl, P c2,c’ Pcz,c P = Cl,o (4.9a)

_1 .
PHP =H , i.e. [P, H] =0 (4.9b)
Po, P L = ) (4.9¢)
ip «JC

Using equation (4.9c) we can write the site-exchanged operators

$1p = To Cop = (Immg)(mmy ) (mmy) ey
¢ SEPLE T = (I-n, )(1-n. ) n,, ¢
2p = S2¢ To S24 24 147 70yy) Py oy
-1 = (1-n, ) (1-n,)
O35 7 €14 To C14 G4 T Uy ) Ummy ) myy ey
1.

0

Yip = C1v To Sy Spp T () Ammgy) myy oy

L
0

14 G2y Gy = (Immpy) my, npycoy

0

14 Coy g4 = (Immp) my, mg, coy
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tt

$7p = €14 Sy g C1y C14 Sop = (myy) By Byy Sy
¢ = c+ c+ c+ I, ¢ c c c =n n,, n c
8p 2¢ “14 “1v Te T1v 14 2v 24 2¢ 14 1+ 24

We will exploit the site-exchange symmetry of the Hamiltonian by
constructing eigenvectors of L from site-exchanged pairs of ¢'s.

It will also be useful to introduce the following single-particle

operators:

v T

-i.
by =cyy Tg €1y C14 = (Immpp) oy €y €y

R o ¥
2 - C1v o C2y S2p T ¢ 140 C1 24 C24
-t

¢, = ¢y I

~ +
= (1-ny,) ¢y, ¢y g4

6 “2¢ €14
~ +

¢4p = ¢y Ig ¢y ¢y = -(mn

) cf e e
147 C24 ©24 S1y
J)‘—'C-l- C-'-IC = -

5 1+ 24 o “24 C24 C14 o4 C1¢ €14

+ ot +

V5o T 2 1t To S S14 24 T P1p S 24 1

5 t

$7 = Cyp gy I

o 24 1+ S14 T TPap C24 C1y 14

" tt

¢7p =C1p G 1

_ +
6 S1+ S2¢ C24 T TM14 C14 C24 C24

The introduction of these operators is necessitated by the fact that

the set of initial Judd operators ¢i and ¢ip (i=1, 2,...,8) is not
closed under the operation of the hopping part of the Liouville operator.
This becomes evident as we look at the eigenvalue equation for the

Liouville operator L, where, for any operator 6,
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LB = Loe + LhB =[B,HJ +-[B,Hh] (4.10a)
Ho = z e1,6 i,0‘+ LZ ni,c ﬁi,—c’ (4.10b)
i,o i

+

.1.
Hh tg (Cl,o °2,o*’°2,o cl,c

) (5.10c)

where € is the electron "band" energy, U is the Coulomb energy between
two electrons on the same atomic site, and t is the hopping energy

between the two sites. We note that

L(ABC) = AB(LC) + A(LB)C + (LA)BC

and in particular

L c = g, c, Un,
o i,o i,o "i,o0 i,-oc "i,0
+ +
L c. = —-¢ cf - Un c.
o 1i,o i,o 1,0 ic 1,0
L, c. = tc,
h7i,o c1tl,c
c = ~tc,
Lh i,o i*l,o
L n, =0
oi,o
Lhn. = t(c, Copq-_ = cT c. ) .
i,o i,oc "i*l,c i*l,oc "i,0
We make the assumption that €l o= %5 = & which is a statement of
b b

translational invariance. We also have €& = € for no external magnetic
fields. Note further that LI _ =L I, =0 .
o b h™6

The next step in our calculation is to write out explicitly the

operation of the Liouville operator on the set of twenty-four single-



particle Judd operators which we have amassed:

Lo¢1

Lo¢2

Lo¢3

[o]

LO@S

Lde

Lot(b7

Lo§)8

Lo¢2

~

L ¢4

L3, :

€ ¢l
(e + U) ¢2
€ ¢3
£ ¢4
(e + 1) ¢5
€ ¢7
(e + 1) ¢8
(e + 1) %2
€ ¢4
(c+W b,
e &7
E %

-~

t @BP

£y + &) = 9,)
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Lod)lp

Lo¢2p

Lo¢3p

Lo¢4p

Lo¢5p

Lo¢6p

Lo¢7p

Lybgp
Lo?ap
Loup
Lotsp
Lo
Ly
Lybos
Lyésy

Lh¢4p

t d)l
t ¢3
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Lyds = £ (=g + 650 + ¢ Lpbsy = t (g + 050 = d5)
¢, =t ¢ -

L% 6p Lydg, = € 9

Lé,=t (—57 + &5 + ¢5p) Lh¢7p =t (¢5 + 55p - ¢7p)

Lyég = t 9g, Lidgp = t %

th;z =t (;41) + ¢4 - ¢2) Lh‘;Zp =t (;;4 + ¢4 - ¢2P)

Lybs = t (6, = b5+ 6;) Lybsy = € (by) = 45+ 6)

Using these twenty-four Judd states, we wish to construct the cor-
responding twenty-four eigenstates of the Liouville operator. Taking
advantage of the site-exchange symmetry of the Hamiltonian we may im-

mediately write down sixteen of the eigenstates:

Vip = 4pp = T (ogy * ey

Vo, = 0, F & = (c+ ¥ c+ ) I, (c,, €, = Ch, Cn,)
2+ 2+ + 9ot 14 247 T8 ‘T1¢ T14 2¢ “24

Yo, = ¢,, =(c,, F c+ ) I, ¢c,, C
3+ 3+ 2+ F C147 o 24 C1p

b, =6, F ; = (c+ T ) I, (c,, c,, = c,, c.,)
4t 4t 4 1+t %247 te Y1y 24 2+ "1+

_ o+t oot -
Uy = $5s F 05, = (eqy cop = cpy ) Ig (egpeqy eqp F 0y oy €gy)

= c c+ I. (c,, Co, Cq, T Chq, Cns Cq.)
2y T8 CT2¢ T1¢ 14t T2y 24 iy
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SR AL _
9. = (o4 Cpy =14 01, Tg (e, epp ey F oy €y ©1y)

-
~
+

+1

T I T
Yge = gy = (Cqy Cop Coy = Cpy Sy Cpy

) Ig 9y Cop C1y C14p

¥ 9. . These sixteen eigenstates obey the

where we define ¢it = &i bip

following eigenvalue equations:

Wy = (et t) by,
Lb,, = (e + T *t) Y,
Ws, = (2 8) 4y,
Ly, = (e £ €) ¥,
Lys, = (e +U £ £} v,
Lbg, = (e + U £ t) ¥,

Lw7i = (e £ t) w7t
Lw8t =(e+Uxt) VY

The remaining eight eigenstates may be constructed by taking appropriate
linear combinations of site-exchanged pairs. Then by diagonalizing four
2 x 2 matrices by standard techniques, we obtain expressions for the

remaining eight eigenstates of L:

WD

|
Q
’—l
Py
o
N
+
1+
S
N
I+
N~
1+
[Nl
=
~
e
S
+
1+
o
~
I+
~



Yor' = % (99, = ¢
_ ot +

= (eqy, T epy)

1) N

Vsy = o (45, 10

~ +o ot

=lay (eq, ¢

(epy 24 €

(2) ~

bse = oy (45, T 9

~ + ot

=8, (g4 ¢

(eoy o4 &

The corresponding

L -

(2) _

Liyy = Ay, ¥

L¢§1)

Ma Vse

(2)

Wsy™ = Ay ¥

where we define

22 E8y (0 T 4)

Tg [ay (o, gy ¥ egy g + 8y (o) Cpp + ey O
s T8y (0 T o)

y ¥ °;+ 1+) + 8y (e I+ I+ + °;+ 2+)] Iy x

T Cp C1y O14)

59 8y (0 T 0

v T °;+ °;+) - (°2+ I+ + I+ 2+)] g x

» Ty qy Cpp)

eigenvalue equations are

(1)

Ma V3

(2)
2+

(l)

(2)
5+

2 Dy

1]

b

2t/D2

1 1
uu? + 16t2) %1%

L1
+ u? + 16t%) %] 7

)]
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a.B, = -0,B, = =2t
171 272 (Uz + 16t2)%
_ - 1.2 2.4
. Ali =g + %U + t - (4U + 4t7)
_ 1. - 1.2 2.5
121—€+'§U+t+(zU + 4t7)

We have now constructed a complete set of orthogonal eigenstates of
the Liouville operator for the Hubbard s-band dimer. The use of the word
complete warrants some discussion. Our efforts to this point have been

directed towards the calculation of the single-particle Green function

- -1
Gpp(w) = (Cegps (L) " ;) (4.11)

DUsing site exchange invariance, we see that this is equivalent to the

calculation of
6, (W) = ((cq,s (L)L e )
247 U240 24 °

The region of superspace spanned in these two calculations is therefore
the same. Hence the twenty-four Judd operators which we have been
dealing with comprise a subspace of the Hubbard s-band dimer single-
particle superspace. This single-particle superspace is in turn a
subspace of the entire Hubbard s-band dimer fermion superspace
involving three-particle operators as well as one-particle operators.
From the Lie algebra analysis we also know that ;he superspace contains
operators which keep the number of particles constant while stepping

between different spin states.
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'Had we chosen at the outset to investigate the single-particle

Green function
G, () = ((cq,, (L) c )
1+ 14 ) 1+
or equivalently
G, = ((c,,, LT e )
2y 24 24 ’

we would have had to introduce the spin-flipped set of twenty-four Judd
operators. The entire single-particle Hubbard s-band dimer fermion
superspace must therefore contain at least forty-eight elements. In
Appendix (A) we show that there are four remaining site-exchanged pairs
of single-particle operators: These "anomalous" single-particle
operators step between states which differ in spin by 3/2. That is,
although there is a single particle being destroyed as required, there
is at the same time a different particle which is flipping spin. These
operators do not play a role in our model on the physical basis that
there are no spin-flip terms in our Hamiltonian and there are no
externally applied magnetic fields. We see therefore that the complete
single~particle fermion superspace for the Hubbard dimer contains
fifty-six elements, twenty-four of which we use in the calculation of

the Green function
G, (W) = ((cqy,, (wL)"T e ))
147 142 : 1+ e

It is clear that the size of the subspace needed for calculation

.depends on the nature of the Hamiltonian. For example, adding a
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magnetic interaction and a spin-flip interaction to our Hamiltonian
would increase the number of single-particle operators to the full
fifty-six, thus eliminating much of the degeneracy of the states. In
summary then, the size of the superspace needed depends on the physics
of the problem, i.e., on the Hamiltonian.

Having completed the construction of the single-particle eigenstates

of the Liouville operator,

we wish to re-express the operator 14 in terms of these eigenstates.

This- is accomplished by using the relations

=1 =1 -
¢i: = 2(¢i+ + ¢i_) = 2(‘,’1"‘ + Wi_), i= 1’ 3’ 6’ 8

1 @ , () W, . W

a _ (D

(2)
et Vk-

1 (1)
¢£ = ZIQ’Z_!_ + ll{e__ + 0‘2(‘1’ ) - al(‘l)k_,_ = lpk_ )]

where k = 2,5 and £ = k + 2. A straightforward substitution in

equation (4.8) yields the explicit result ~
S O A . T UV S, + Y
14 271+ 1- 3+ 3- 6+ 6- 8+ 8-

1
LT L P T T T

P02 o2 0 D D)

e @ L DL @, (D
By(gy” + ¥,0 + 0, + ve))

SO
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The single-particle Green function is then given by
Gy, @ = ((cy,, @I)7F e ))
1+ 142 1+
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+
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In appendix (B) we solve for the inner products ((wi+, wi+)) in terms of

the correlation functions:

X1
X2
X3
X4
X5
X6

X7
X8

X9
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+ _ + _ ¥ _
X10 = <y, mg, Cop €% T SOy Dy Coy Cop> = STy Doy €94 Sy
<n T >

24 P24 €14 14

_ + R ¥

X1 = <cj, €y €y Cop” = <Cyy €y o4 C1y°
R T R ¥

X12 = <cj, €y, Cop C14> T <Cpy €3y C14 Cpp>

This set of correlation functions is solved for by using the dispersion

relations

b b=y, b)) £, Q)

b

where Ly, = X; ¥, and fb(Ai) = (eB(*i'“) + 1)'1.

It should be pointed out that the set of twenty-four dispersion rela-

tions obtained by evaluating the diagonal single-particle Green function

is not sufficient to solve for the twelve correlation functions. Additional
independent equations were obtained from an orthogonality relation and

from the dispersion relation arising from the of f-diagonal Green-function:

_ -1
Gip, 20 = (Cegps (L) T ey )
We list the set of equations obtained in appendix C. Included in this

set is the dispersion relation obtained from <n., > = <ct c, >
i,o i,oc i,o

.



V. RESULTS AND CONCLUSIONS

In the preceding chapters we have introduced a new method of
calculation whereby the eigenvalue equation of the Liouville operator,
L, as opposed to the Hamiltonian operator, H, was used. It should be
pointed out that the two schemes are not unrelated. The eigenvalues of
the Liouville operator correspond to differences in eigenvalues of the
Hamiltonian operator.41 A proof of this statement is the following. A

typical eigenvalue equation for the Liouville operator is given by

Grm) _ , (rm) , (om)
Wy = A Vi
. (nom) | . .
where wi is a vector in the superspace and a stepping operator

between n- and m-particle states in Fock space. We now take this
operator equation and operate on an n-particle energy eigenstate in

Fock space given by l€n> (in Dirac bra-ket notation):

Lwi(M)|€n> - N’i(M) . H] |€n> - )\i(M) wi(M)Ief (5.2a)
sn‘pi('m”e{ _ Hwi(M) |€n> - Ai(n—rm) wi(nm)|€n> . (5.2b)

We define the m-particle Fock space state

les = (m

le > .

m i n

Equation (5.2b) becomes
c i.gf> _ ngi> =2 (M)l‘El)
n'*m m i m

which upon rearrangement gives

47
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i, oo -,y 5.3
HlE > = (e, - Ay ye> . (5.3)
It then follows (when !§i>#0) that

|§;> = Iem,i> ’

i.e. the state l§i> is an m-particle eigenstate of the Hamiltonian and
also’li(n+m) =€ - e;’i. That is, an eigenvalue of the Liouville
operator for an eigenstate which is an (n»m)-particle stepping operator
may be expressed as a difference of n- and m-particle eigenvalues of
the Hamiltonian operator.

We can see therefore that solving a problem by diagonalizing the
Liouville operator is equivalent to working with a diagonalized
Hamiltonian operator. This equivalence is further illustrated in the

structure of the eigenfunctions of L. As has been noted previously the

(n+n—l), are

relevant eigenfunctions of the Liouville operator, wi

single-particle stepping operators in the superspace. It may also be

shown42 that each wi(n+n-l) must have the Judd structure wi(n+n-1) =
1. 1 T . . .
Ai,n—l I Ai,n’ where Ai,n destroys an n-particle energy eigenstate in

Fock space and A: n-1 creates an (n-1)-particle energy eigenstate in
b

(n»>n-1)

Fock space. Thus by grouping the eigenfunctions wi stepping to

the known (n-1)-particle ground state and picking out the one with the
. 4 (rmn-1) . .

smallest eigenvalue Ai , we are simultaneously choosing that

eigenfunction of L which corresponds to a transition between ground-

state to ground-state eigenfunctions of the Hamiltonian. For the 10

transition wl— has the lowest eigenvalue, e-t, with wl— given by
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Yo = Iy (eqymeyy) -

This ¥ steps to the known zero-particle (zero-energy) ground state
| 00> | 00>
in the notation InM nl+>|n2+ n,,> where 1, 2 refer to the sites in the
dimer and +, ¥ refers:to the spin. Thus, the single-particle ground
state is-;%— (|10>|00>—|00>|10>). By similiar reasoning the two-
2

particle, three-particle and four-particle ground-state eigenfunctions of

(1) (2)
Yoy

the Hamiltonian are obtained from wz_ ,

and w8+ respectively (see
Ref. 14 for comparison).
In Chapter IV we obtained the solution for the Hubbard dimer. That

is, the single-particle Green function
Gy, (@) = ((eq,s (w171 )
14 142 1+

was evaluated exactly as was a set of twelve correlation functions,
using the Judd operator formalism. It is the purpose of this chapter to
investigate the calculated results for these correlation functions for
various rations of t/U, where t is the hopping energy and U is the intra-
site Coulomb energy, and for different values of the chemical potential.
In the following analysis we have chosen € = 0 and U = 1 eV. Therefore,
the three parameters we have elected‘to vary are the hopping energy t,
the chemical potential u, and the temperature T.

In Figure 1 we plot the correlation function X1 as a function of
chemical potential. Prior to our Judd operator calculations this plot

had not been presented elsewhere. The reason for this is that most
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calculations on the Hubbard model have been for the half-filled band
where the chemical potential has the value u = ¢ + U/2, i.e. u is in-
dependent of temperature.43 In general the chemical potential is a
complicated function of the temperature. The Judd operator formalism
has provided us with a calculational scheme whereby each of the twelve
correlation functions may be investigated as a function of chemical
potential. Figure 1 displays the low temperature behavior for X1 which
is expected. As the chemical potential increases in value X1 should also
increase. For a small enough value of T a certain amount of structure
begins to reveal itself. Each of the four horizontal planes correspond
respectively (in the direction of increasing chemical potential) to the
dimer undergoing a change in particle number of 0+1, 1+2, 23, and 34.
The value of the chemical potential at which each of these transitions
occurs agrees with the zero-temperature analysis of the partition function.
The correlation functions X2, X3, X5, and X6 take on values generally
less than their high-temperature limits as the temperature decreases,
while X4 generally increases from its high temperature limit regardless
of the value of the chemical potential. These’results agree with calculations

44, 45, 46 It is well known that

which were done on the half-filled band.
the ground state of the half-filled band is anti—ferromagnetic.47 This
fact is supported by Figure 11 which shows the correlation function

X4 = <n > generally increasing with decreasing temperature for the

14 "2y
near-half-filled band. The interesting data, however, is provided by
Figures 10 and 12. Here X4 is plotted for values of the chemical potential

which describe systems with non-half-filled bands. To make any predictions

on the possible anti-ferromagnetic behavior of X4 for very low values of T
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for a non-half-filled band would, at this point, encompass a considerable
amount of guesswork on our part, but it is clear that qualitative departures
from half-filled-band behavior are large. Work is currently being carried
out on the Hubbard chain where it is hoped that the Judd operator formalism
will help to clarify this point.

We now focus our attention on the remaining correlation functions X7,
X8, X9, X10, X11 and X12. Each of these correlation functions is comprised
of some combination of the fermion single-particle operators c and c+ with
n's. Analysis of these functions becomes quite involved as one varies t,
v, and T. However, a fey comments concerning particle-hole symmetry can
be made. Recall that for all of our calculations we have chosen € = 0 and
U = 1.0 eV, Hence, as was mentioned previously (see reference 12) the
value of the chemical potential for the half-filled band is given (in-
dependent of temperature) by u = e + U/2 = 0.5 eV. Note that all of our
plots involve values of the chemical potential either near the half-filled
value, at 0.489, or for values symmetric about 0.5 eV, i.e. 0.3 and 0.7 eV.
Naively one might expect some sort of symmetry about u = 0.5 eV to be
present, allowing for particle-hole symmetry. A brief glimpse of the
accompanying figures reveals that in general there is no such symmetry.
However, we do note a definite symmetry pattern about w = 0.5 eV for those
plots involving either X1 or X7. In fact X1-0.5 is precisely anti-symmetric
about p = 0.5 eV while X7 is symmetric. That this is required can be shown
mathematically in a straightforward manner using particle-hole symmetry.

The point to be made is that both X1 and X7 are single-particle correlation
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functions, so the symmetry involved with respect to the chemical potential
is to be expected since the chemical potential is manifestly a single-
particle quantity. Similarly, the lack of any sort of symmetry about the
half-filled band value of u for the ten remaining correlation functions
is also to be expected since all of these are two-and three-particle
correlation functions. We would like to point out also that there exists
certain discrepancies between our work and that of Chen45 and Chen and
Huang.46 The most pronounced differences occur for the correlation func-
tions X8 and X10 for values of u near the half-filled band value.
Considerations of appropriate high-temperature limits (in the context of
our analysis) support the results presented in Figures 23 and 29.

For approximately the past quarter of a century the field of many-
body physics has been monopolized by certain standard methods of calculation.
In these pages we have laid down principal elements of the foundations of
a new method of calculation while also applying it to the Hubbard dimer.
The hope is that the Judd operator formalism will become a part of the
standard repertoire of the many-body theorist. The full calculational
potential of the method is as yet untested although current investigation
is underway on the problems of the Hubbard chain, the periodic Anderson
model, 'and other models for mixed-valence compounds. The utility of a
method involving many-particle stepping operators seems manifest for
mixed-valence compounds where d and f electron numbers are fluctuating.
However, until applications of the method are carried out on non-trivial

models such as those just mentioned, the Judd operator formalism will
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remain an attractive but unproven alternative calculational scheme in

many-body physics.
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Appendix A

We list the complete set of stepping operators and orthogonal pro-

jection operators for the Hubbard dimer.

Single-particle operators:

+
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ey
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~)

e
= CnIeCme‘ 1= Mg, CToCu\Cw

=-cT - -(\-
23p C‘24~Ie,cz¢cm‘ (' ”w)C&Cwa

-©-2

_at T i +
2y - C’m 'Lec‘ucw - <"ﬁ21\ Cia C’ch‘w

- - ==(,. +
qu‘ C‘a'r ec‘z\bC'Nf <' nH‘) CZ?CZWC’W

R OS2

Three-particle. operators:

) - _
¢, = Ie szc‘wcn N ? 'nzw)cmcwcm

» _ )
¢, Ie CotCanlin® l-ﬂ,‘,) CesCarCin

'p

G) _ -
%) ) Iscu.cw Cia® %‘”n CosCruCim
‘bzp " Le Gy Car Gy T "”n) CosCanCuy

e 2} -2y

© _ 4 ]

¢(|) “ ‘;:pI c CmCWCM“ -Nn_C CMCW
4

Py = Cz‘rle CosCanCryCim ™ "My G40\ L

@  FT

¢z = Cwleczwce»rcu,c-w = nN/ C‘Z&CM'C'M\
®_ ]

¢, =C, L. C n

2p 2y © ch'r chn

[]]

zwcwcwcm
Orthogonal projection operators for the group U(16):

ho, Ie

+
h, = C‘nle Cia
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h,- . 1.e,

h - <k Lc.,

hy- et e,

h,< ¢ Wc:f;lec C.,
o o

>
[
\

CanCaytaCoyCon

h=c C,'{'_LCC

17 S eata e
h$= " Z}I Conliy
hgy= € TT LIecuc
o - Sy LI C2uCu
h, = ¢C T*++Ie CarCiyC i

ot ot
h = <:QJ_$cc:c:w

12 IT‘ 2N T2y 2y 21

+ .—
\qt; |1‘ ‘SC':& eCz‘LC C
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h ‘c;Tc*c*I cC C.C

" 29 2y 21 1Y

h = J**Icccc

s 1‘!# M 2 e Tey 24

In order to operate with the Liouville operator on the Judd states

we use the following relationms:
H=H+H,

H=2¢e¢ n +UZn n 1= 1,2
i\ e & i ¥

i,-0
o= 1V

H, = tE(q C,. +c+ C

e |, 0
L'oe :[er Ho] ) Lhe =[e' Hh] ) L= L°+ Lh
L(ABC)=(LA>»3C +A(LB)C + AB(LC)

- +
Loc,'a-' e;c,-c‘ia- uni-a'cia'

]

Lc. -‘€ Q Un et



L.,CT,““L il e
Lorg = t(ef e, el e ), e
oratton: &= ¢ % b
L, =(e U+ t)d,,
Lo, =@E+U-t)d,
6,.=(€*t)e,,
ECHS THRICELS CHRE
L@+ 8, ) =(e5 58,,78, )-28(8,.8,.)
L4+ @qu) e+ U i), + 3.,
(4, ,:-213,91) -(e+U+ £X¢,ﬁ -%) -Ef@..: $Zot>
L(3,.49,.)=(+U)s,.5 8, )
L(8,.2 &)= +Ustf8,.2 8, )r2t(,.-8,.)
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L(*8,0)= (et £p,+ 8.
(s -8 )=(est)s,-b ) 2t(b.0,,)
L4, ,=(est)d_,
L % (e ti)s,,
$ ,=(erUzt)d,
BRI ELLW
boe=(erDd,,
= (et £)¢>w
Lo —(3e+u %
L4 - GerU-t) oY
Lé = (se+U-£)4,,
L4 = (erU-t)s)
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()

Ld’f:) = (36 '*'ZU" t) ¢r+
Lo = (ze+al-+)6"
L6 -Ge+eU-t)s,

2+

Lo -(er2U-4)¢7



Appendix B

We solve here for the inner products ((‘I/ L}'f)) . Since the eigen-
1

functions q’ are expressed in terms of the stepping operators (b , a

preliminary step to the calculation of ((L}‘ "IJ » will be to calculate

the non-vanishing (d) ¢ \)

From the definition of the scalar product on the superspace and

from the structure of the invariant I we have:
e

(6,,0) = <[e;, 4T
=CAT T A A’*IA+A+IAA+J_ A'd=0

it 1#5

Using site—-exchange invariance i.e.

< S 21,> < on e& S
N« 24«> < v 21‘n >

and spin-exchange invariance

+
<nm Nr 2& < MCMCa >
M a+> <M a¢.>
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(6,.0,)= (Pl 6, 17"y =(5,.4,)
(4,.6)=(4,.4,)

;. ) =(5,.9.)
((Cb;,tb;» <<i’ .>>
(6, 4)=(%.9)

We then have the non-vanishing expressions:

(4.8 = (8,.0,) =¢0-0, )0 Yi-n, )
(4,.4)=(,, .4, =<<'-rv”><v—n )0
(6. =(45,6,) =(G-n, )=, )n,..)
(6,80 =(2,,.8,) =(C-n, Yo-m, )0, )

2

i

~o-2



(4,.4)=(s, 8,) =((-n)rn)
(8 =(e,,.4,) = (G- nyn,)
(6,,8) =(8.,,8,,) = (G0 )ny 0,0
(8,3 =6, 20) = {0,700,

(4,,8,) =(0-n,Yi-n) che,) = (4,,.4)
(,8,)=(-nJi-n) che,) = (8, 8)
©..4.) - <nNM c,,y =(4,.6.)
(4.8,) == (run, hie ,> <<¢>gp 4>>>
(6,436, 4) (6, hew
CRNECSENE \c*c“c,m
(6,,3)- (8, 8.) = (3. 8) 6.8 -Cn rn)dle

(6,3, -(3,.6,) (e
CRD) ((‘b%» ((lnnnc >
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(4..6,) =0 )n che, )

(¢,.4,)-(,.4,) =(n)n. e

(4,.8,)= ~dran, cte N>

(6,,8)= e, c

(s,.9,)- <

(4,.8,) = {f,cte %}

(4,.4,)=(3,.3,) = (4, 5,)
=(%,.8) = (5,,.%,,)
""\( .Q% i e¢>

We may now calculate che (%;,%;) .

AR SN ENCAECNEN cm e1>

(M‘m <<!n - 1-N
1y X z¢>—< WX 2y, M 21\/
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(4, ¢.) =44- -n, Y ;nzbnw+(:-nlx n, )che-ccfe c
%t.%;%e&—n,x' e (00 0) TSy

(2 40)= 4, Yon o, 3 Yin ) e mchiche e
(U, )= 4y n0n,, E 00, e mdichie e )

(41020, £ muche, )

L 2l 2 1 T Z

(-m%t)) L’<<' ”w>”g¢,r7n+ L MCTJ, 2y .,';C"t o z1~>

=2( = t
(q‘u ) Lrg:) Nav ne¢ nu, M n?Jr nw CM‘ Ca'r>

(<?*’ ?-*-) = <("”z1~ a ( *x > N ea« zfr e&cu '7
48, <(l-n”X "oz +<'”+Y "2t che&+cxfczccbc?‘r>

+8°‘ B<< nw)nzw 112 7 20) 1o Cia 21~>
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O RN ENLIE G G ﬂcicwc>
#4 B0, -0, )0 2y+(van NEACES +d o wca>
189, B chen (. )n, e,

(:'l)‘-f')i) 4°‘<l-nw)n n ¥n,0 szT¢~Ceq\+chz.yCZ-¢ w>
+4 B, <(1 n)n,,n “'”«,”ucj;ce? SN 2¢>
-3¢, B, dn,*1,,- ”w”u) " 21~>

(42 42)=4e ‘(0 )nn, 7 che e o,chen
+#f (-0 Yo n, T 0, che ree, e,

“%Okzﬁe«n,fnw—&)w 2&) T? 21



Appendix C

Using the dispersion relation

<L{’:" (‘Vl.>= gér_;l ‘?Q(w)lm (q’; ,(coﬂJ-L)-' ‘P;)
which for LLPI = ai q’.‘ simplifies to

<LP:+ qu> =(ql3 1LP})> 'go(h,)
with 'g'o(ﬂi) = <é,8(1;;4)+ D-l

we have the following relations:

4 =Con Yoo e n, o, 5 c et MY+
(o, Yin, Yo 10,20, 2 o, 1)

GEG Dot (o0, ) e Yin )b, ~che et Viferted
=4{Cn Do (-0 )n, ~cle e

2t w2y I 2P

G 0= oo Yon oo, (ke recte S 622)

3t 3t 12t 1t 2a 2 I

=2 <Cn-n,)(' -, )N, ﬂef>
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<L}‘+ e > ne -n, Bn (:-n?b +(1-n \L! -n Scn . wca’yc'z n>-§o(eit>

_.LJ<(, -n, )ﬂ (!" )n‘p C Co E¢Ct1~>
<Q+ (-P » L{\(‘ :)nz& o 0, NQ-‘,;CZ;CL':WC&OMC«” (Q“’uf£>

- t >
Lf({ !Jr)nz&nz«r By nwnzvcifc‘z'r

(Q q' > <n¥n2~b§2 nn 24~ wCZ:'C Cn\g>g‘(é‘4u+£)

=<ﬂ,¢,nzvg(n,q~+ﬂz+‘an n, i(c'1~ z’b Z”"Q”}%>
i)

<qlt LP—:) q« ﬂ,)ﬂuﬂu— W 2v Cin e'r-cwc'aw 4
"’-{<(\ > z& 21~ wtnwnzvcw z1~>

o)<l e e HEL
_olnyn, 00
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> iqd <(‘ n\n ( 11) ( X‘ ?.& CH‘ 2‘} Nl 2& ;t‘ 2¢>
'H{'B <("” )n ( ) ( \( 24) Cnlpt w 2y jf T
+3o B <(n +n, ~2n, zw\) 2Con % §°<?\,:>

2 + +
=4 <Q-nw>”u,<"nm 0,7 Cly ©2u G Ca

{41y

2+ 2t

+4)82 <(«—n)n ' 20/ e chw .:r S
+
+3%,8,(n, +n,,721, 1)) C,,Cz&

@)oo el dins) ?1%&%}
#4 B0 ), (o0,,) ¢ ng( 0 e oSS,
138 {(n,+n,; Zn&nw e, %g <Aat)

LEUEN T ERRELICA

e N
‘*"138 <' ”,4, (” 24) w z& z'rcw/

e\
+%0k~l3\<ﬂw N,020,0%,) G U‘/
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‘+ ! 2/ +
(qsi ‘L) ’%4"‘,\(“% nwnwcmc;‘,_;cwc&o‘21 »>

.o cfe N
+L'l’8 <<' zw z'r« nwnzwcwcz'r ClJr Zdr " 21/

‘%d;\&("‘;ﬁ ISP C’l? 24‘>% ; ( '*>
_ +
= q‘)(,z <(1-ﬂw\)ﬂuﬂn n*n, LY Ql')‘ C'~2‘l‘>
+ LI’B <<' al )”zwna N ¥ 0, .'1; Cor

<q'2*(+' > 2404 <" > N, e ey TfCa +CZJ'CLC”>

CT .l.

2/
C
+L}»Bz\<"n: N, s ¥ 1,0t ¢ Gl Cin Con

-3t B <(n tn, -én N ,p) 0 2¢>7§ : <a2i
=4 d: <<“”,¢> 0 ¥ Oy Moy CT?‘ C2’>

2 o e
+q582<<1-n,>nwnwn +nW 2y ’1\ M
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The dispersion relation arising from the off-diagonal Green

function is given by:

<C'n~ z> (2 3<ﬁ”> <qwn2+ <C‘u. 2& M >< u 2,;. —% 7y

Ca z+> ”wthzQ*'Q’wC‘m z

<2 3<ﬂw\7 <no¢ zq> <Q c‘zwcm e4\> <Cu, 20 24\ H>
n C

-<C/¢Qza~ M 2¢>+<nwc”‘ce¢ >'§-—
+<<n,1> <n,1\ 3¢> <chz,;c‘-vl;c'2‘|\ ( ;};CZ&Q‘I‘) 1
<CM 21> +<nMCM~ 24\> +<”NC‘HQZ1‘>> ;.,.

<0” +<0M e«> <CMCZ¢C+$C2¢> <'* ) ?’I‘Q”‘>
~"<C'*C'2"> LAY 24‘>+<”zw "“C”>>§'

n
<nn < " 2? WC_NCMC_M> <Qw zdr 24~ w

Cip z4> <nwcn 21‘ T nu« 14 ?1~>Xa‘ §l++q ga)

<<nm> <nw 2¢>*<Cw 2& w21 <CN‘ 4 E‘P '1>
<C‘r{; z1‘> *(nu,c'm 21>+<ﬂ21« !‘P>C21‘>X S. §2—>

here L1+ text), T <é+u+£>
%,gé(m} ) gu’ §<7\2t>



112

. = +C.
Similarly, the dispersion relation arising fromQ\;’a_> <ci,a- iﬂ>

is given by:

-L'<n,¢ (2 3<”s+> <n,¢nzq~ <C-w Cav MQ24> <C‘ Cal C‘4>

AN
<C.WC_”>+<N,&C_” 2¢> "<ﬂu 14 21\>> i+

"(2 3<ﬂm>+<r7w 24> <chu ,4 > Cw Y 2« \

<Q 24\> <nwcmcz1~> ” chz'r«

<<nw>*<nwn2¢> Cw avcn 4 > < C+ C

N/ v _A T
’<°T¢Qz¢>* ”ucm ap +o, *C"“C"‘»‘g*
_‘_<<nw> “'<”m~”2¢> <ch€2 J’C'f;( > <ch-uzcz¢ )>
+<chz¢>"<nucﬂ 21‘> <nuc,¢ 2¢>> -
ool oy e

IV 2y A

chz¢> <‘°w ) ?*> <n?* i< >> .
[z (28]

“‘<<ﬂ,¢> <Y7,4\02,,> <C IJ'Cz,yCMC 4> <C'w CaC z'r n>
CWCM>+ N, C w z¢> <ﬂz4, M 24~>>

(2o * (e, ]
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'
From the orthogonality condit:ion(('i"at )L”z*)-‘- O , an additional

relation is obtained:

*an <<nwnw>'_<ﬁw 2~v‘>*< 2wc‘wc"<’r> <'* Cat 22N l>>
*(c* -°‘X<”wc‘m~ 2’!‘> <nz¢cm zq>

- T
2<nwnz¢c’m~ 2

= < MG 'T*C'z/r\> <nz¢ CinC 2fr>
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JUDD OPERATOR METHODS IN SUPERSPACE: APPLICATION TO THE THERMAL SINGLE-

PARTICLE GREEN FUNCTION FOR THE HUBBARD DIMER

by
Jay D. Mancini

(ABSTRACT)

The Fourier transforms of the thermal two-time single-particle
Green functions may be expressed as matrix elements of the resolvent
of the Liouville operator, in an abstract Hilbert space. This abstract
Hilbert space (the "superspace') contains elements f, g, etc. which are
products of an odd number of fermion creation and/or annihilation
operators. These operators may also be expressed as linear combina-
tions of a set of stepping operators ¢ = flg, where I is the projection
operator for the vacuum in the ordinary Fock space. The Judd operators
are stepping operators which step between many-particle states which
usually differ in particle number. In the calculation of the single-
particle Green function, only those single-particle Judd operators
which step between states differing by one electron are relevant. The
Judd operators obey a Lie algebra analogous to the angular momentum
stepping operators L_. The single-site and two-site Hubbard model for
arvitrary electron density are solved exactly using the Judd operator
formalism. The correlation functions are evaluated as functions of
chemical potential, temperature and t/U, where t is the hopping energy

and U is the intasite Coulomb energy.
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