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DIFFUSION TENSOR IMAGING: EVALUATION OF

TRACTOGRAPHY ALGORITHM PERFORMANCE USING

GROUND TRUTH PHANTOMS

Alexander J. Taylor

(Abstract)

Diffusion Tensor Magnetic Resonance Imaging (DT-MRI), also known as Diffu-

sion Tensor Imaging (DTI), is a unique medical imaging modality that provides non-

invasive estimates of White Matter (WM) connectivity based on local principal direc-

tions of anisotropic water diffusion. DTI tractography estimates are a macroscopically

sampled description of underlying microscopic structure, and are therefore of limited

validity. The under-sampling of underlying white matter structure in DTI data gives

rise to Intra-Voxel Orientational Heterogeneity (IVOH), a condition in which white

matter structures of multiple different orientations are averaged into a single DTI

voxel sample, causing a loss of validity in the diffusion tensor model. Fast March-

ing Tractography (FMT) algorithms based on fast marching level set methods have

been proposed to better handle the presence of IVOH in DTI data when compared

to older Streamline Tractography (SLT) methods. However, the actual performance

advantage of any tractography algorithm over another cannot be conclusively stated

until a ground truth standard of comparison is developed.

This work develops an optimized version of the FMT algorithm that is dubbed

the Front Propagation Tractography (FPT) algorithm. The FPT algorithm includes

unique approaches to the speed function, connectivity estimation, and likelihood esti-

mation components of the FMT framework. The performance of the FPT algorithm

is compared against the SLT algorithm using ground truth software phantom data

and human brain data. Software phantom ground truth experiments compare the

performance of each algorithm in single tract and crossing tract structures for vary-



ing levels of diffusion tensor field perturbation. Human brain estimates in the corpus

callosum yield qualitative comparisons from inspection of 3D visualizations. A final

area of exploration is the construction and analysis of a ground truth physical DTI

phantom manifesting IVOH.
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Chapter 1

Introduction and Background

1.1 Introduction

Diffusion Tensor Magnetic Resonance Imaging (DT-MRI), also known as Diffusion

Tensor Imaging (DTI), has shown promise as a non-invasive tool for estimating the

orientation and quantity of White Matter (WM) tracts in vivo. The process of using

DTI data to estimate white matter structures is commonly known as tractography.

DTI tractography is a unique imaging modality in that it offers the only clinically

applicable means of non-invasively imaging the myelinated axonal structure of the

human brain.

The ability of DTI to quantitatively describe white matter connectivity in the

human brain has a variety of clinical applications. The correlation between white

matter structural asymmetries and schizophrenia is currently being investigated in

group studies [23]. Similar group studies are being conducted to gain an understand-

ing of the progression of white matter tract damage in neuro-degenerative diseases

such as Alzheimer’s disease [31]. Changes in the diffusion directional dependence,

known as diffusion anisotropy, have been illustrated to have promise in detecting and

characterizing brain tumors [40]. DTI has been used to characterize reductions in

diffusion anisotropy in regions of severe brain trauma trauma that are theorized to

result from from tissue swelling [17]. It is hoped that DTI will provide insights into

the progression of tissue damage in cases of severe injury, and that these insights

could provide strategies to limit the spread of tissue damage [17].

Current hardware limitations in MRI scanners limit the minimum spatial voxel

resolution in DTI data to the order of a millimeter. DTI tractography is therefore

1
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a macroscopic model of a microscopic structure and is prone to erroneous estimates

when tracts of two or more distinct orientations are present in the same voxel. This

condition of having two or more fiber bundles of different directions in the same voxel

is known as Intra-Voxel Orientational Heterogeneity (IVOH) [35]. The existence fiber

crossings and branches in human neural anatomy creates an issue as to the range of

applicability of DTI tractography estimates based on macroscopically sampled data.

Given the scale of DTI data, it is reasonable to apply tractography estimation to

clinical applications that call for a gross estimation of connection densities in two

different regions of the brain, as is done in clinical group studies. The accuracy of

white matter anatomical maps obtained by DTI is more unclear due to the general in-

ability of the diffusion tensor model to describe multiple orientational maxima within

a single voxel.

The central objective of this thesis is to investigate how tractography algorithms

react to the presence of tract crossings and noise perturbations in DTI data. Toward

this goal, the performance of two different tractography algorithms are compared. A

streamline algorithm is implemented based on the algorithmic framework developed

by Basser et al. [2]. The streamline method represents a baseline in the progression of

DTI algorithms, allowing for a reference of comparison to modern front propagation

techniques. A front propagation algorithm dubbed the Front Propagation Tractogra-

phy (FPT) algorithm is developed based on the Front Marching Tractography (FMT)

algorithm proposed by [27]. Significant contributions are proposed in the FPT algo-

rithm including the definition of a speed function based on an Orientation Density

Function (ODF), a discrete greedy search method of connectivity estimation, and a

new definition for a tract likelihood estimate.

Two different types of ground truth DTI data are investigated in this research

for cases of IVOH. A unique methodology of creating simulated linear tensor field

crossing phantoms is proposed. The software phantom crossing takes into account

current evidence as to the planar geometry and orientational ambiguity of diffusion
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tensor fields in regions of IVOH [35]. A non-biological physical ground truth phantom

containing tract crossings is also attempted. Published physical phantom results have

been limited to this point to single tract biological tissue studies [13].

The study of noise effects on tractography estimates is undertaken from the level of

the diffusion tensor. Perturbations are added to diffusion tensor elements for purposes

of simulating the impact of noise in diffusion weighted measurements on diffusion ten-

sor fields. The effect of noise perturbations on single tract software simulations of

linear and helical geometry is investigated. A comprehensive simulation of tractog-

raphy algorithm performance for tract crossings of various intersection angles and

diffusion tensor perturbation levels is also conducted in which no a-priori knowledge

is assumed as to the curvature of underlying white matter structure.

This thesis is organized as follows. First, chapter one discusses necessary back-

ground and pertinent literature related to diffusion tensor imaging. Next, chapter two

provides a discussion of experimental methods. Two different tractography algorithms

are developed in chapter two: a standard streamline approach, and a modification of

the Fast Marching Tractography (FMT) algorithm proposed in [27] that will be re-

ferred to as the Front Propagation Tractography (FPT) algorithm. Chapter two also

describes the implementation of software and physical DTI ground truth phantoms.

Finally, chapter three presents a detailed comparison of the SLT and FPT tractog-

raphy algorithms. Quantitative comparisons of performance in both algorithms are

made using results from software phantom ground truth experiments. Qualitative

comparisons are made using human brain data in the corpus callosum region of the

brain. The final portion of chapter three provides a conclusion and a discussion of

future work.
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1.2 Theoretical background

1.2.1 Diffusion physics

Diffusion is a microscopic phenomenon arising from thermal motion in which molecules

migrate randomly. Molecular diffusion motion is also referred to as Brownian motion.

Einstein’s relation develops a time distance relationship for a particle undergoing

Brownian motion in free space [34],

D =
1

6τ
r2 , (1.1)

where D is a scalar known as the diffusion coefficient, τ is the period of time during

which a particle undergoes Brownian motion, and r is net displacement. The diffusion

coefficient D relates time to the square displacement, and is therefore not a diffusion

velocity [5].

In the case of a restrictively bounded environment, particles undergoing Brownian

motion are displaced with greater magnitudes in directions parallel to boundaries, and

smaller magnitudes in directions which oppose boundaries [34]. Thus, directionally

dependent Brownian motion reflects the underlying structure of a bounded environ-

ment [34]. Diffusion is said to be anisotropic when displacement due to Brownian

motion is directionally dependent. In cases of anisotropic diffusion, Einstein’s rela-

tion must be generalized to allow for directional dependence [34],

D =
1

6τ
< r̂r̂t > , (1.2)

where D is a second order tensor, and r̂ is a displacement vector indicating both the

magnitude and direction of Brownian motion. The tensor D in the generalized form

of Einstein’s relation is known as a diffusion tensor.

In general, the diffusion tensor D depends on particle mass, the structure of the

medium, and temperature [5]. In DTI, the particle mass of water molecules and

the temperature at which measurements are conducted is assumed constant. This
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assumption allows for the spatial fluctuation of the diffusion tensor in DTI to be

interpreted solely in terms of local anatomical structure.

The process of diffusion may also be viewed at a macroscopic level in terms of a

group of moving particles. Fick’s first equation describes the effect of diffusion on the

motion of nonuniform distributions of particles [5],

Ĵ = −D∇C(r) , (1.3)

where Ĵ is a vector representing the magnitude and direction of particle flux, D is the

coefficient of diffusion in the Ĵ direction, and C(r) is a scalar valued function that de-

scribes the concentration of particles at a given position r. Fick’s first equation states

that the flux of particles in a system is proportional to the gradient of the particle

concentration. Therefore, Equation 1.3 predicts an equilibrium of zero particle flux

for systems with an even spatial distribution of particles where C(r) is constant. The

negative constant of proportionality next to the gradient of C(r) on the right hand

side of Equation 1.3 is the basis for the understanding of diffusion as the tendency

of particles in a system to move from areas of greater concentration to areas of lesser

concentration.

1.2.2 The anatomy of neural white matter and diffusion ten-

sor imaging

Neurons are the physical structures in the nervous system that transmit information

in the form of nerve impulses from one part of the body to another. Neurons are

composed of three basic parts: the cell body, the axon, and dendrites [33]. Dendrites

are attached to the neuron cell body, and receive impulses from other neurons at

synapses [33]. Axons are long cable-like structures that transmit impulses away from

dendrites and the cell body. Axons are wrapped by a thin layer of connective tissue

known as the endoneurium [16]. Groups of wrapped axons are bundled together into

tracts, or fascicles, by a thin boundary known as the perineurium [16].
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Figure 1.1: Illustration of myelinated fiber tract

The portion of the fascicles in the human brain that contain white fatty myelinated

Schwann cells form the white matter of the brain [33]. The mobility of water to

diffuse across tracts with myelinated boundaries is restricted, causing water to diffuse

anisotropically in greater amounts in directions parallel to fiber tracts and lesser

amounts of diffusion in directions to boundaries [38] [10] [11]. This physical situation

of increased water diffusion in directions parallel to myelinated fascicles is what is

measured by diffusion weighted imaging to construct diffusion tensors and resulting

tractography estimates.

1.2.3 Diffusion weighted imaging and the diffusion tensor

Diffusion weighted images use diffusion gradient pulses to estimate a relative amount

of water diffusion in a measurement direction ĝ (Figure 1.2). Diffusion weighted im-

ages are the raw data source used to calculate the diffusion tensor. Diffusion weighted

images are measured using the Stejskal-Tanner imaging sequence. A Stejskal-Tanner

imaging sequence may be implemented by adding diffusion gradient pulses to stan-

dard anatomical MRI pulse sequences. In the most simple example, a Stejskal-Tanner

pulse sequence may implemented using a spin-echo MRI imaging sequence with the
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Figure 1.2: (a) Spin-echo Stejskal-Tanner imaging pulse sequence (b) Illustration of

directional sampling of diffusion gradient pulse in direction ĝi.

addition of two diffusion-encoding gradients [38]. Figure 1.2 (a) is an illustration of

a spin-echo Stejskal-Tanner pulse sequence.

The addition of two gradient pulses g symmetrically positioned about the 180

degree phase correction RF pulse allows for measurement of spin drift in a given

direction ĝ. Spins not undergoing motion in the ĝ direction are refocused completely

by application of the 180 degree phase refocusing pulse followed by a repetition of

the gradient pulse g. Spins undergoing Brownian motion during the time between

gradient pulses, τd, do not phase refocus completely following the application of the

second gradient pulse, resulting in signal loss.

In practice, diffusion-weighted images are often acquired using faster Echo-Planar

Imaging (EPI) sequences to reduce acquisition time [20]. EPI sequences are the

fastest type of MRI imaging sequence [36]. EPI sequences obtain the complete set of

planar k-space measurements used to construct a planar DWI image using only one
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RF excitation, compared to the several RF/phase selection repetitions required to

traverse k-space using a spin-echo sequence. Although EPI sequences offer improved

acquisition times and reduce motion artifacts, EPI sequences are subject to distortions

due to the eddy currents introduced by the large diffusion gradients used in DWI

measurements. A body of research has focused on eddy-current distortion correction

in DWI images. As an example, work by [20] has proposed a mutual information based

registration method to correct eddy current distortions by registering each planar

DWI image with a non-diffusion weighted T-2 image. The preprocessing-processing

tools and tractography algorithms developed for use in this work assume that some

manner of eddy-current correction has been implemented on DWI measurements prior

to computation of the diffusion tensor.

The relationship between loss of phase coherence in the transverse spin RF signal

and the gradient pulse g is given by the Stejskal-Tanner equation [38],

Si = S0e
−bĝi

T Dĝi , (1.4)

where b is the diffusion weighting factor [38] given by

b = γ2δ2[∆− (δ/3)]|g|2 . (1.5)

In Equation 1.5, γ is the Lamor constant, δ is the gradient pulse width, ∆ is the time

between gradient pulses, |g| is the strength of the diffusion gradient pulses, S0 is the

RF signal received for a measurement without diffusion gradient pulses, and S is the

signal received with diffusion gradient pulses.

Using the three-dimensional Gaussian Stejskal-Tanner model, the six unique el-

ements of the diffusion tensor D may be solved by acquiring at least six diffusion

weighted measurements in non-collinear measurement directions ĝi along with a non-

diffusion-weighted measurement S0. Taking more than six diffusion weighted mea-

surements creates an over constrained system of equations which may be solved using

least square methods or the use of M-estimators [20] [21]. The advantage of over-

constraining the solution for D is a reduction in the amount of noise propagating
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from diffusion weighted measurements Si into the calculated diffusion tensor. The

linear system of n ≥ 6 diffusion weighted measurements constraining the diffusion
tensor D may be represented in matrix form [21].
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In the linear system of equationsAd = s of Equation 1.6, A is the encoding matrix

containing the n ≥ 6 unit normalized gradient measurement directions, d is a vector
specifying the 6 unique elements of the diffusion tensorD, and s is a vector containing

natural logarithmic scaled RF signal loss resulting from the Brownian motion of spins.

A least squares approach was used to solve Equation 1.6 for D. Least squares

problems may be solved by using the pseudo-inverse A† via the Singular Value De-

composition (SVD) of A [18]

A† =< VS−1UT > , (1.7)

where U and V are orthogonal matrices, and S is a diagonalized matrix containing

the singular values of A. The least squares estimate for the diffusion tensor D is given

by

d ∼=< A†s > . (1.8)
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1.2.4 Tensor analysis and the diffusion tensor

A tensor of order n is a mathematical construct whose specification in any given

three dimensional coordinate system requires 3n numbers, called the components of

the tensor [7]. Therefore, a scalar is a tensor of order zero and a vector is a tensor

of order one. The term tensor is used to describe what is more specifically a second

order tensor. For the sake of brevity, this convention of using the term tensor to refer

to a second order tensor will be adopted when referring to the second order diffusion

tensor D.

A second order tensor may be represented as a 3 x 3 matrix.

B =



















B11 B12 B13

B21 B22 B23

B31 B32 B33



















(1.9)

Using this matrix form, a tensor may be interpreted as a function f(â), f : R3 → R3,

that maps an input vector â to an output vector of different orientation and magnitude

[7].

f(â) =< âB > (1.10)

The Diffusion TensorD is a real, symmetric second order tensor, represented in matrix

form as a real, symmetric 3x3 matrix.

D =



















D11 D12 D13

D12 D22 D23

D13 D23 D33



















(1.11)

Diagonalization of the diffusion tensor results in a set of three eigenvectors v̂1, v̂2, v̂3

with associated eigenvalues λ1, λ2, λ3 listed in decreasing order. The eigensystem of

the diffusion tensor may be interpreted graphically as an ellipsoidal surface with semi-

major axis oriented in the v̂1 direction and semi-minor axis oriented in the v̂2 and v̂3
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(a) (b)

Figure 1.3: Graphical interpretation of a symmetric tensor in terms of an ellipsoid. (a)

Eigensystem of symmetric tensor as relates to ellipsoid orientation and axis lengths.

(b) Wire mesh view of ellipsoid.

directions. The lengths of the axis in this ellipsoidal interpretation are given by the

corresponding eigenvalues of each eigenvector, with semi-major axis length λ1 and

semi-minor axis lengths λ2 and λ3. In order for the analogy between the symmetric

real tensor and the ellipsoid to be physically realizable, the eigenvalues of D must be

non-negative. The analogy between the diffusion tensor and an ellipsoidal surface is

most intuitive when viewed graphically as in Figure 1.3.

The axis lengths of the diffusion ellipsoid defined by the eigenvalues of the diffu-

sion tensor represent magnitudes of diffusion at a global position r = (x, y, z) in the

local coordinate system v̂1, v̂2, v̂3. Because the eigenvectors of the diffusion tensor are

composed of global x̂, ŷ, ẑ components, the eigensystem of the diffusion tensor repre-

sented by the diffusion ellipsoid provides orientation invariant estimates of diffusion

in the global orthonormal coordinate system [9]. In cases of purely isotropic diffusion,

the diffusion ellipsoid takes on a spherical shape, as λ1 = λ2 = λ3. There are two

extreme cases of physically realizable anisotropic diffusion in which the ellipsoidal

description of Figure 1.3 degenerates. For purely linear anisotropic diffusion, λ1 = c
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and λ2 = λ3 = 0, the diffusion ellipsoid degenerates into a line pointing in the v1

direction. In the case of purely planar anisotropic diffusion, the diffusion ellipsoid

becomes oblate, meaning that λ1 = λ2, λ3 = 0

The degree of anisotropy in the diffusion tensor is commonly represented by the

Fractional Anisotropy (FA) scalar metric.

FA =

√

(λ1 − λ2)2 + (λ2 − λ3)2 + (λ1 − λ3)2
√

2(λ2
1 + λ2

2 + λ2
3)

(1.12)

For physically realizable diffusion tensors with non-negative eigenvalues, the FA of a

diffusion tensor is normalized between zero and one. In an extreme case, a FA value

of one denotes a diffusion tensor in which λ1 = c and λ2 = λ3 = 0 and diffusion

is completely anisotropic in the direction of v1. The fractional anisotropy metric

evaluates to zero in the opposite extreme of a completely isotropic diffusion tensor.

In general, higher values of FA occur for diffusion tensors in which local diffusion has

a higher degree of anisotropy.

It should be noted that a relatively small amount of non-physically realizable, non-

positive-semi-definite diffusion tensors D arise in computed diffusion tensor fields due

the effect of outlying DWI measurements on regression estimates of D [20]. In non-

physical regression estimates for D, both the ellipsoidal geometry assumed in the

diffusion tensor model and the zero to one normalization assumed in the FA metric

no longer hold. Although not commonly mentioned in DTI literature, the existence

of non-physically realizable diffusion tensors must sometimes be accounted for as a

special case in tractography algorithms.

1.3 Literature review of DTI tractography

Diffusion tensor imaging is limited in its ability to accurately describe local tract ori-

entation in cases of branching or crossing structure. Because the ellipsoidal geometry

associated with the Gaussian tensor model has only one orientational maximum, the
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tensor model is inadequate when multiple tract orientations exist within a single voxel

[27]. This limiting case of DTI tractography in which multiple distinct fiber orienta-

tions are captured within a single voxel sample is known as Intra-Voxel Orientational

Heterogeneity (IVOH) [35]. In cases of IVOH, the best a tractography algorithm us-

ing a single Gaussian diffusion tensor model can hope to accomplish is to accurately

estimate crossing or branching tracts up to a point of intersection, and then infer the

existence of the intersection.

Current DTI tractography research focuses on the use of multi-tensor mixture

models [35] and higher order tensor models [25] that allow for multiple orientational

maxima of diffusion. The multi-tensor model proposed in [35] additively mixes Gaus-

sian diffusion tensors until a set of N tensors is found that best explains observed

diffusion weighted measurements. In practice, it was shown that the multi-tensor

mixture method yields stable results for up to N=2 tensors, allowing for the detec-

tion of up to two tract orientations within a single voxel. An 8th order generalized

diffusion tensor model was demonstrated in [25] to accurately describe diffusion dis-

placement probabilities for tract crossings of up to three distinct orientations. The

angular resolution required for the construction of more advanced diffusion tensor

models increases with model complexity. For a generalized diffusion tensor model of

order L, a minimum of N ≥ (L+ 1)(L+ 2)/2 DWI measurements must be obtained
[25]. In the case of a bi-exponential model, a minimum of N ≥ 13 DWI measurements
are required for a constrained solution. The improved orientational information pro-

vided by higher angular resolution models is only meaningful if spatial resolution is

also increased to reduce voxel sizes to a scale closer to the µm scale of WM tracts. In

[25], diffusion weighted measurements used to construct 8th order tensors were sam-

pled at 150µm x 150µm x 300µm, which is significantly higher spatial resolution than

the mm scale resolution available on low to mid field clinical 1.5-3 T MRI scanners.

The focus of this research was restricted to the use of standard clinical MRI equip-

ment and therefore the greater complexity associated with more advanced diffusion
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tensor models was not worthwhile. The remainder of the document will focus entirely

on single Gaussian diffusion tensor tractography.

Current research indicates that cases of crossing and diverging white matter do

in fact occur, making IVOH a legitimate hurdle in DTI tractography. On a macro-

scopic scale, tract divergence can be noted in relatively large neural structures such

as the corona radiata [27]. It is reasonable to assume that crossing and diverging

tract structure continues to occur at and below the resolution at which DTI data is

collected. It is theorized that IVOH in DTI data gives rise to oblate (planar) diffusion

tensors, and the presence of regions of planar tensors has been noted in human DTI

data, suggesting that IVOH occurs at a microscopic scale [35].

Hardware constraints currently limit spatial resolution of DWI measurements to

the macroscopic mm level. Neural tract structures vary in diameter in different

regions of the brain with diameters ranging on the scale of 1-50 µm. DTI tractography

results within a voxel are therefore a macroscopic estimate of underlying microscopic

structure, making the probability of IVOH reasonably high. In the event tracts do

not cross within a single voxel sample, DTI tractography results are still subject to

partial volume effects. Take for example the case where a group of tracts splays

within a single sample. In this case, it is likely that DTI tractography describes the

average orientation of the splaying tracts along the axis of symmetry. Unless tracts

are bundled within large groups of homogeneous orientation, the validity of DTI

anatomical maps is questionable due to the effects of partial voluming and IVOH.

The presence of noise during DWI measurements causes perturbations in the ge-

ometry and orientation of resulting diffusion tensors [1]. Noise perturbations in D

cause directional dispersion in tract estimates [19]. The angular resolution over which

diffusion weighted measurements are taken affects the upper limit of noise propaga-

tion in DTI data. The upper limit of noise propagation in computed diffusion tensors

is given by the condition number of the encoding matrix, κ(A) [4],

κ(A) = ||A||||A−1|| ≥ ErrorDrel

Errorsrel

, (1.13)
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where A is the encoding matrix of Equation 1.6 and
ErrorDrel

Errorsrel

is a ratio of error in

the constructed diffusion tensor D relative to the error in diffusion weighted measure-

ments s. The noise propagation upper bound described by the condition number of

the encoding matrix is impacted by both the number of directions in which a ADC

data is acquired and the choice of sampling directions. The lower limit of the con-

dition number is bounded by κ(A) ≈ 1.5811 in the limit where the number of DWI
measurements tends to infinity [4]. For isotropic angular resolution, the condition

number monotonically decreases as the number of diffusion weighted measurements

constraining the diffusion tensor increases.

A large area of tractography research is regularization of the diffusion tensor field.

Regularization methods attempt to smooth the diffusion tensor field without remov-

ing orientational or anisotropy information corresponding to tract structures. In [28],

an anatomical assumption is made that there is a-priori knowledge of low curvature

within a local neighborhood of the principal eigenvector. This leads to the application

of Markov random field theory to curvature limit the principal eigenvector field V via

the minimization of an energy function E(V). Continuous partial differential equa-

tion based techniques have also been applied to regularize the diffusion tensor field

in terms of an energy minimization/curvature minimization concept [12], promising

faster processing capabilities when compared to [28]. The scalar concept of deformable

registration has also been applied to the regularization of diffusion tensor fields [39].

In [39], volume neighborhoods are iteratively defined and repositioned according to

a spatial transformation and the orientation and geometry within neighborhoods of

diffusion tensors remains constant.

In this work, the diffusion tensor field D is not regularized previous to perform-

ing tractography estimates. Because diffusion tensor regularization methods place

a-priori constraints on the diffusion tensor field during re-alignment of the field, cross-

ing tracts may be unfairly removed by regularization due to high local curvature in

underlying WM structure. Because a goal of this research was to compare algorithm
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performance in the presence ground truth structures manifesting IVOH, no a-priori

knowledge of local tract curvature is assumed prior to tract estimation. Although

no analysis of IVOH effects are preformed during estimation of the corpus callosum

in the human brain, it will be shown that the homogeneous nature of the diffusion

tensor field in the corpus callosum allows for tract estimation without regularization.

Streamline Tractography (SLT) is the original method of DTI tract estimation

and has become a reference of comparison for newer tractography algorithms. As

such, the following paragraph will focus entirely on the basic Euler’s method SLT

algorithm [2] [3] [11]. Streamline tractography uses the orientational maximum of

the diffusion tensor described by the eigenvector v̂1 with the largest corresponding

eigenvalue λ1, also known as the Principal Eigenvector (PEV), as an estimate of local

tract orientation. In regions of large tract bundles on the order of voxel size or larger

with homogeneous orientation, it has been verified that the principal eigenvector of

the diffusion tensor accurately approximates local tract direction [19] [37]. SLT uses

the principal eigenvector orientation to compute a Euler’s method approximation to

the parameterized tract r(s).

r(s1) = r(s0) + αt̂(s) ≈ r(s0) + αv̂1(s) (1.14)

In Equation 1.14, tracts are computed using piecewise linear steps of size α in the

direction of the principal eigenvector. Because the principal eigenvector approximates

the true local tangent to the tract curve, tract propagation occurs in both collinear

tangent directions approximated by ±v̂1(s). Tract propagation is subject to stopping

criteria which include but are not limited to curvature,torsion, and local anisotropy

metrics such as fractional anisotropy.

A notable variation of SLT known is the Tensor Deflection (TEND) algorithm

[19]. The basis for the TEND algorithm is the use of the vector functional view of the

entire diffusion tensor in Equation 1.10 to deflect the last streamline step direction

v̂1[n− 1] to an updated step direction v̂1[n]. The motivation for TEND argued that a

full tensor deflection approach to streamline tractography offered reduced directional
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dispersion as a function of noise when compared to methods that follow the principal

eigenvector. The TEND algorithm is also suggested to have greater ability to cross

regions of planar diffusion tensors caused by intra-voxel orientational heterogeneity.

SLT based techniques suffer from an inability to infer crossing or branching tract

structures. SLT techniques are unable to branch or join at tract crossings because

of the implicit assumption that there is always one to one connectivity between a

current point si and a next point si+1 [27]. The work of [32] attempted to extend SLT

to allow for branching and crossing by establishing propagation rules based on multi-

voxel continuity metrics in forward mode until termination, then re-attempting tract

traversal in reverse mode. Another extension of SLT that is capable of describing tract

branching and crossing is the k-nearest neighbor approach [14]. The nearest neighbor

method defines connectivity metrics according to distance between tensors, tensor

shape, and tensor orientation, thereby inferring crossing and diverging connections

within certain thresholds of crossing angles and voxel distances.

Current algorithm development in the area of DTI tractography has focused on

the application of front propagation algorithms to the DTI tractography problem.

Front-based tractography methods offer two advantages over SLT based methods.

First, front propagation algorithms are capable of estimating branching and crossing

tract structures in a more straightforward and computationally efficient manner than

modified SLT techniques. Second, unlike SLT, front propagation algorithms estimate

the likelihood of white matter connectivity between any two voxels.

For purposes of establishing necessary background, an outline of the the Fast

Marching Tractography (FMT) algorithm developed by Parker et al. [27] will be

provided. FMT is based on a fast marching level set method in which a front interface

propagates in directions normal to itself with a non-negative speed function [24]. A

time of arrival map is created for every point in a gridded space by recording the

time at which the front passes each grid point. The relationship between time, T,
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and speed, F, during front propagation is given by the Eikonal equation [30].

|∇T |F = 1 (1.15)

The FMT algorithm begins at the seed point with the consideration of the near-

est neighbors around the seed point. In the 3-D case, the 6 nearest neighbors are

defined as being in the Up, Down, North, South, East, and West Directions. A po-

tential time of front arrival is assigned to each of the neighboring candidate points

p1, p2, p3, p4, p5, p6 using Equation 1.16,

T (r) = T (r′) +
|r− r′|
F (r)

, (1.16)

where r is a position vector specifying the grid location of a candidate point. The

position vector r’ describes the grid location of the closest point to r along the normal

direction to the front, −n̂(r), that has already been passed by the front. The normal

to the front may be calculated with 26 neighbor connectivity using Equations 1.17,

1.18, and 1.19.

n̂(r) =
∇f(r)

|∇f(r)| (1.17)

∇fx(r) ≈
i=1
∑

i=−1

j=1
∑

j=−1

k=1
∑

k=−1

Ci(rx − i, ry − j, rz − z) (1.18)

Ci,j,k(rx − i, ry − j, rz − k) =











i, j, k : (rx − i, ry − j, rz − k) ∈ S(p)

0 : (rx − i, ry − j, rz − k) 3 S(p)
(1.19)

In Equation 1.17, ∇f(r) is a concentration gradient of past band points that have

already been passed by the front, f , as seen from a local candidate band position

r. The concentration gradient ∇f(r) is a vector composed of three Cartesian com-

ponents: ∇fx(r),∇fy(r), and ∇fz(r). Equation 1.19 discretely approximates ∇f(r)

using the concentration differences in the set of past band points, S(p), that have

already passed by the front.
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n(r)

Figure 1.4: Two dimensional illustration of front propagation of FPT algorithm with

four neighbor connectivity after two iterations. Points in past, candidate, and future

bands are shown in black, gray, and white, respectively. The dashed line represents

the propagation front. N(r) is normal to front from point r

.

The seed point is considered to have already been passed by the front before the

first iteration of the front propagation tractography algorithm. The speed function

F(r) determines the speed of propagation from r’ to a candidate position r. The

candidate point with the fastest time of arrival, T(r), is selected as the next point of

front arrival. The newest point is assigned a fixed time of arrival value T(r), and a

fixed speed of arrival value F(r). The newest point of arrival at r is removed from

the candidate band and is never considered again during propagation. Propagation

continues as new times of arrival are calculated for points within the 6 point neigh-

borhood of r that have yet to be reached by the front. Times of arrival for unselected

candidate points are modified if the time of arrival for the current iteration is less than

the time of previous iterations. Propagation continues until every point on the grid is

assigned a time of arrival value. An illustration of the front propagation tractography

algorithm described thus far is shown in Figure 1.4.

The FMT algorithm derives efficiency from the use of a min-heap data structure

to locate the minimum time of arrival in the candidate band. An outline of the

min-heap data structure as it is presented in [6] will now be provided along with the
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Figure 1.5: Illustration of min-heap data structure with nine elements.

modifications required for use in front propagation. A min-heap is a complete binary

tree for which the value at any given parent node is less than or equal to the values

of its children. It is most efficient to represent a heap data structure sequentially

in memory as an array where a parent at location k has children defined at 2k and

2k + 1. An illustration of a min-heap is provided in Figure 1.5.

The FMT algorithm requires three different operations on the min-heap: insertion,

modification, and removal. Both insertion and removal and standard heap operations,

while element modification is a special functionality of the heap required for front

propagation. This discussion of the min-heap will cover all three heap operations.

Each time a new element is added to the candidate band, an insert into the min-

heap must take place. Inserted elements are placed at the bottom of the heap and

compared with the parent node. If the inserted element is smaller than its parent, the

parent and the inserted element are swapped. The inserted element continues climbing

the heap continues until the min-heap parent/child structure has been re-established.

If there are M elements in the heap, an insertion requires log2(M) comparisons in the

worst case.

A non-standard operation on the min-heap structure that is required for front
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propagation is the modification of a point already in the candidate band of the front

with a smaller trial time of arrival. Location of an existing element in the candidate

band requires one operation assuming that each grid point has a back-pointer to the

min-heap structure, otherwise O(M) comparisons would be required to search for the

modified candidate grid point in the heap. Once the trial time of a grid point is

located and modified in the heap, the newly modified point must be allowed to climb

the heap from its prior position K (K ≤ M), requiring log2(K) comparisons in the

worst case. Note that an updated point may only move up the min-heap because

updates are only performed to assign lower times of front arrival to candidate points.

During front propagation, heap removal occurs when the fastest trial time is chosen

from the candidate band. A removal begins by copying the current element at the

top of the heap to a different location, taking the last element M at the bottom

of the heap and placing it at the top of the heap. The smallest of the children at

locations k=2 and k=3 are compared with the newly placed element at the top of

the heap, and element swapping occurs if the element at the top of the heap is larger

than its children. The element formerly at location M continues to descend the heap

until the min-heap parent/child structure has been re-established, requiring log2(M)

comparisons in the worst case.

The construction of past, candidate, and future bands made efficient by the use

of the min-heap means that only points in the candidate band must be investigated

during each iteration of front propagation. Ultimately, FPT requires MN log2M op-

erations to assign time arrival values to all points on a N dimensional grid with M

elements in each dimension [30].

The FMT algorithm uses the orientation and shape the diffusion tensor D to

define the speed function F. The premise of FMT is that front propagation speed is

controlled using D such that the front propagates fastest within white matter tracts.

An example of a FMT speed function developed by Parker et al. [27] is included as
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Equation 1.20,

F (r) = min(F (r′), |v̂1(r
′) · n̂(r)|) , (1.20)

where the term min(F (r′)) refers to the overall minimum historical speed of propaga-

tion to the point of the current iteration. The quantity |v̂1(r
′) · n̂(r)| is the absolute

value of the scalar product between the principal eigenvector at the latest point ac-

cepted into the past band and the unit normal vector to the front from a candidate

point at position r. The term |v̂1(r
′) · n̂(r)| causes the front to propagate fastest in

the direction of the principal eigenvector field. The use of a historical minimum speed

is used to establish connectivity between the start point and all successive points of

propagation.

In FMT, the time of arrival map from the seed point to other points in the DTI

volume is used to construct minimum cost paths between the seed point and other

points on the grid. Because diffusion tensor orientation is embedded in the time of

arrival map, maximum speed paths from an end point to the seed point in a DTI

volumes are estimates of white matter tract connectivity between the two points.

Diverging tract structures may be inferred using FPT by constructing maximum

speed tracts to the seed point using each point on the grid as a potential tract end

point. In the process of traversing maximum speed tracts back to the seed point,

some tracts will converge or cross, indicating the presence of crossing and diverging

structure [27].

The likelihood metric capability of FMT allows for confidence estimates of white

matter connectivity between any two points in a volume of DTI data [27]. Equation

1.21 is an example of a FMT likelihood function [27],

L(γ) = min(F (γ(s))) , (1.21)

where γ(s) is a minimum cost tract between an end point and the seed point param-

eterized by s. Because the front propagates fastest inside regions of homogeneous

diffusion tensor orientation, larger speeds over the extent of a tract indicate that a

supposed tract is more likely to be a legitimate anatomical structure than an artifact.
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The need to establish a gold standard of comparison by which to quantitatively

compare tractography algorithms has been stressed in literature [10] [27]. To this

point, published DTI phantom results have been limited to single tract experiments in

which DTI data was obtained from co-registered diffusion weighted and T-2 images of

manganese-enhanced rat optic tracts [13]. Quantitative comparisons were then made

according to the angular deviation between planar tracts described in each image.



Chapter 2

Methods

2.1 Development and implementation of a streamline trac-

tography algorithm

A basic streamline algorithm was implemented as a baseline measure with which to

compare to the front propagation algorithm developed in Section 2.2. The framework

of the streamline algorithm developed generally follows the Euler’s method approach

developed by Basser et al. [2]. The streamline discussion to follow provides specific

implementation and thresholding design decisions within that framework.

The streamline approach to DTI tractography is based on the principle of creat-

ing a continuous approximation to a discretely sampled tensor field via interpolation.

The continuous tensor field is then collapsed into a vector field based on the principal

eigenvector direction v̂1 of the diffusion tensor D. Streamline tractography approx-

imates local tract orientation with the eigenvector, v̂1, associated with the largest

eigenvalue of the diffusion tensor D starting from a seed point, r0 [2].

dr(s)

ds
= t̂(s) (2.1)

t̂(s) ≈ v̂1(s)

r(0) = r0

T (r) = r(s0) + αv̂1(s)

Tract propagation continues until one of the stopping criteria is met. These stopping

criteria include anisotropy, curvature, eigensystem swap error, and grid boundary

24
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T(r)
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r(s)1v1(r )

v1(r0)

0

t(s0)

Figure 2.1: Illustration of streamline method. Tract approximation T(r) is based

on taking linear steps of size α in direction of principal eigenvector v̂1. Streamline

method is Euler’s method approximation to curve where the principal eigenvector is

assumed to approximate the tangent vector to the true tract curve r(s).

conditions. An illustration of the streamline method is included as Figure 2.1

2.1.1 Interpolation of the diffusion tensor field

Given a discrete scalar field in a two dimensional space, a first order approximation to

the scalar value at a continuous x, y location may be obtained through bilinear inter-

polation [29]. Bilinear interpolation of scalar value, val(x, y), is simply the weighted

average of the scalar values at known grid locations with values val[xi, yi] based on the

Euclidean distance from x, y to each of the known points. An illustration of bilinear

interpolation is provided in Figure 2.2.

The concept of linear interpolation extends to a three dimensional space with six

nearest known grid values val[xi, yi, zi] and an unknown value val(x, y, z) at contin-

uous location x,y,z. Equation 2.2 defines three-dimensional linear interpolation, or

trilinear interpolation.

a = (x− x1) (2.2)
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val[x1,y2] val[x2,y2]

val[x2,y1]val[x1,y1]

val(x,y)

Xdist

Ydist

Figure 2.2: Bilinear interpolation. Value at a continuous location val(x, y) is weighted

average of known discrete grid values val[xi, yi]. Weight of each val[xi, yi] is Euclidean

distance to desired (x, y) point. The grid value val[x1, y1] contributes to val(x, y) with

a weight determined by w =
√
Xdist2 + Y dist2, defined as the Euclidean distance

between (x, y) and [xi, yi]

b = (y − y1)

c = (z − z1)

val(x, y, z) =

(1− a)(1− b)(1− c)val[i, j, k] + (a)(1− b)(1− c)val[i+ 1, j, k] +

(a)(b)(1− c)val[i+ 1, j + 1, k] + (1− a)(b)(1− c)val[i, j + 1, k] +

(1− a)(1− b)(c)val[i, j, k + 1] + (a)(1− b)(c)val[i+ 1, j, k + 1] +

(a)(b)(c)val[i+ 1, j + 1, k + 1] + (1− a)(b)(c)val[i, j + 1, k + 1]

The continuous eigensystem information required for the streamline method was

obtained using trilinear interpolation of the diffusion tensor field. Each of the six

unique elements, Di of the diffusion tensor D were interpolated separately. Because

differential equations were not used for streamline tract estimation, the first order

accuracy in D estimates provided by trilinear interpolation was sufficient. Smoother

tract estimates would result from the use of second order spline interpolations of D,
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but tract smoothness would not be based on any more measured information.

In general, the continuous eigensystem information required during streamline

propagation may also be obtained from DWI interpolation or eigensystem interpola-

tion. Starting from the level of DWI data requires the interpolation of each diffusion

weighted measurement Si where i ≥ 6, followed by a regression estimate of D using

the Stejskal-Tanner equation, followed by diagonalization to find the eigensystem in-

formation of interest. It should be noted that because the Stejskal-Tanner equation

is non-linear, interpolation estimates obtained from DWI and DTI data are are not

equivalent, although it has been experimentally shown that DWI and DTI interpola-

tion yield similar tractography estimates [15]. A complete eigensystem interpolation

requires the interpolation of the 12 eigenvector/eigenvalue elements, although only

6 eigensystem elements are required (PEV and three eigenvalues) if no torsion con-

straints are desired during SLT propagation. Although eigensystem interpolation is

possible, it is complicated by the lack of correspondence between neighboring eigen-

systems [15]. DTI interpolation was adopted to avoid the computational burden

associated with DWI interpolation, and to avoid the greater complexity associated

with eigensystem interpolation.

2.1.2 Streamline propagation and stopping criteria

Estimation of white matter structure was accomplished using the Euler’s method

streamline approach starting at a seed point and following the principal eigenvector

v̂1 of the diffusion tensor in step sizes 0 ≤ α ≤ 1. Following the recommendation of
[3], the choice of α was left as a functional input to the streamline algorithm in order

to allow for a value of α to be found such that tract estimation converged to a stable

and reproducible result. In [3], step sizes α < 0.05d were proposed as being sufficient

for most streamline applications, with d equal to an isotropic voxel dimension. In the

tractography experiments conducted in this research, a larger Euler’s method step

size of α ≤ 0.1 was usually sufficient to obtain tract estimate convergence.
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Because the streamline algorithm developed in this research used a discrete integer

coordinate system: X ∈ [0,M ], Y ∈ [O,N ], Z ∈ [0, P ], with M, N and P integer
and greater than zero, different step sizes had to be enforced in the case of non-

isotropic spatial sampling. Take for example a clinically realistic case in which DWI

measurements are taken at a resolution of 1 mm x 1 mm x 3 mm within a cubic field

of view. In this case, using the same step size in and out of plane would result in steps

3 times as large in plane as out of plane in physical space. In order to ensure steps

of uniform physical length, an out of plane step size one-third that of the in-plane

step size would be required. Using the reasoning of the previous example, a step size

correction was implemented such that the step length in each of the three principal

directions, x̂, ŷ, ẑ, was normalized according to the dimension of poorest resolution.

Because the principal eigenvector of the diffusion tensor D defines two co-linear

step directions ±v̂1, tract propagation must start from the seed point in both forward

and backward directions. Forward tract propagation must consistently follow +v̂1

step directions, and backward tract propagation must consistently follow the −v̂1.

Enforcing a consist signage on the step direction defined by the principal eigenvector

direction prevents tract propagation from bouncing back and forth along the same

tract region T (ri).

The first of the stopping criteria used to halt the propagation of streamline tracts

was maximum tract curvature. The curvature threshold enforced a tract continu-

ity constraint based on a biological argument that white matter tracts do not bend

sharply within the mm distance of DWI imaging voxels [32]. A maximum curvature

threshold was computed using the angular deviation between successive step direc-

tions v̂1(ri−1) and v̂1(ri), where ri is the position of the current tract point that was

reached by stepping in direction v̂1(ri−1) from the previous tract point ri−1. The

angular deviation between step directions was computed using the definition of the

dot product.
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Figure 2.3: Illustration of angular deviation metric between successive steps of stream-

line tract propagation

θdev = |cos−1(v̂1(ri−1) · v̂1(ri))| (2.3)

In Equation 2.3, the hat notation of the principal eigenvector directions v̂1 reflects

that v̂1 vectors are unit vectors. An illustration of the angular deviation curvature

metric described in Equation 2.3 is shown as Figure 2.3.

Using the absolute value of local angular direction between the previous step

direction and the current candidate step direction, the curvature threshold was im-

plemented by comparing the angular deviation resulting from the current candidate

Euler’s method step to a threshold value. If θdev exceeded Kthreshold, propagation of

the current tract ceased and a step in direction v̂1(ri) was not taken. Because the

underlying structure of the tracts being estimated in tractography is unknown, there

is no ground truth by which to set a maximum tract curvature threshold. Therefore,

a Kthreshold value was selected in a trial and error visual inspection process by varying

Kthreshold until heterogeneously oriented tracts of large curvature were eliminated. A

curvature threshold of 45 degrees generally produced anatomically reasonable results

in human data sets. The widely accepted range of Kthreshold values in literature is

somewhere in the neighborhood from 90 to 45 degrees.

The second stopping criteria used to halt propagation of streamline tracts was an

eigensystem sorting error condition. As mentioned in Chapter 2, streamline methods

are subject to sorting errors in which noise perturbs the eigenvalues of D such that a

principal eigenvector direction v̂1 is selected, when in reality one of the eigenvectors
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v̂2,v̂3 with lesser eigenvalues λ2, λ3 is a more accurate estimate of local tract orienta-

tion [2]. Sorting errors were detected using the angular deviation metric of the form

described in Equation 2.3 with the previous accepted step direction v̂1(ri−1). At each

iteration of streamline propagation, angular deviations were computed between the

previous principal eigenvector direction v̂1(ri−1) and each of the eigenvectors of D

at the current location. If the angular deviation between either of the non principal

eigenvectors at the current location v̂2(ri), v̂3(ri) and the eigenvector at the last ac-

cepted tract point v̂1(ri−1) was less than the angular deviation between v̂1(ri) and

v̂1(ri−1), an eigensystem sorting error flag was set and propagation ceased.

The third stopping criteria used to halt propagation of streamline tracts was in-

sufficient diffusion tensor anisotropy. In regions of homogeneous, highly anisotropic

white matter, the principal eigenvector direction followed by the streamline method is

a good approximation of local tract structure. Because tractography algorithms have

no knowledge of local tract orientational homogeneity, validity of orientational maxi-

mum described by the tensor model can only be inferred through tensor anisotropy.

A common metric of tensor anisotropy is fractional anisotropy, shown in Chapter 1

as Equation 1.12. For FA values greater below some threshold, it was assumed that

streamline tract estimates were not based on a sufficient level of confidence in the

tract orientation approximation given by the principal eigenvector of D, and tract

propagation ceased. As in the case of curvature thresholding, there are no biologi-

cally verified FA limits at which the principal eigenvector of D ceases to accurately

describe local tract structure. Selection of proper FAthreshold values was accomplished

by trial and error by varying FAthreshold values until tracts of excessive length and

curvature were eliminated in benchmark sections of the brain such as the corpus cal-

losum. Within the data sets explored, FAthreshold values in the range 0.1-0.4 provided

anatomically reasonable results.

The FA threshold also enforced the final stopping criteria used in the streamline

algorithm: the grid boundary. Because DWI data collected outside the volume of
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interest is meaningless, the streamline algorithm received a data mask as input that

limited tractography consideration to the region within the volume interest. Although

automated brain extraction algorithms could have been implemented, masks were ob-

tained in practice by manually tracing around the skull of each non-diffusion weighted

axial slice of a DWI volume. Points outside the binary mask were assigned diffusion

tensors with all zero elements, resulting in FA values of zero. Because the volume of

interest always lied within the grid boundary, the FA threshold provided a means of

ensuring tractography results stayed within the physically meaningful section of the

grid boundary.

2.2 Development and implementation of the front propaga-

tion tractography algorithm

Following the framework of the Fast Marching Tractography (FMT) algorithm de-

veloped by Parker et al. [27], the Front Propagation Tractography (FPT) algorithm

consists of three functional components: Front propagation from a seed point, connec-

tivity estimation within a time of arrival map, and likelihood estimation of potential

tracts. Front propagation is a mechanism for embedding white matter connectivity

information in a diffusion tensor field into a scalar time of arrival field. Once con-

nectivity information is encoded into the form of a scalar field, a discrete network

approach is applied to provide tract connectivity estimates. Finally, the likelihood

of a tract is determined based on the concept that propagation speed is related to

confidence in the tensor model. A high level view of front propagation tractography

is shown as Figure 2.4.

2.2.1 Front propagation

The forward propagation scheme used the standard FMT min-heap/grid approach

described in Chapter 1. Interconnectivity between the min-heap and the grid was
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Figure 2.4: High level view of front propagation tractography algorithm (a) Outward

propagation and time of arrival assignment (b) Network connectivity between end

points ni and seed point. Closed contours represent time isobars in which A < B < C.

Li is likelihood of tract between seed point and end point ni. T [ni] is time of arrival

assigned to each network node during outward propagation of (a).

established via storage of the grid index corresponding to each narrow-band point in

the heap, and likewise the storage of corresponding heap indexes in each element of

the grid. The Grid was created as an array of Grid Elements. Grid Elements were

defined as three element structures containing arrival time, arrival speed, and heap

index information. The heap index of a grid element described the location of that

grid element in the heap. The Min-heap was implemented using a single dimensional

array of Heap Elements. Heap Elements contained X,Y,Z Cartesian points referencing

the location of the Heap Element in the Grid. A graphical description of the data

structures described in this paragraph appear in Figure 2.5.

In order to verify the construction the forward propagating front, a constant speed

function of F=1.0 was used to radiate a front away from a source point. The result

of this verification step is shown graphically in Figure A.1. Viewing Figure A.1, it

can be noted that a roughly circular wavefront advances away from the source point

in a monotonically increasing fashion. An interesting feature of the time isobars of

A.1 is the octagonal geometry of what should ideally be circular propagation. The
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Figure 2.5: Data structures (a) Min-Heap (b) Grid

octagonal geometry of radiation is an artifact of the eight point connectivity used

during forward propagation. The octagonal geometry of propagation can be noted in

the intensity plot as a star-like artifact in which the front propagation is faster along

directions of connectivity. The connectivity artifact seen in this example also occurs

during FPT propagation with non-constant speed functions, the effect of which will

be discussed in subsequent sections of this thesis.

2.2.2 Defining the front propagation speed function

This thesis explored a new definition for a speed function F for use in FPT front

propagation. The speed function was defined using the concept of an average value

normalized orientation density function ODF(r,û) [8]. The orientation density func-
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tion ODF (r, û) provides weighted estimates of the likelihood of diffusion in a unit

vector direction û at a particular location in a DTI volume given by the position

vector r. The ODF developed to govern propagation speed is listed as Equation 2.4,

ODF (r, û) =
ûTDû

< ODF (r, û) >
, (2.4)

where the quantity ûTDû is the directionally dependent portion of the signal loss

exponent in the Stejskal-Tanner model used to construct the diffusion tensor, which

was shown previously in Equation 1.4. In the Stejskal-Tanner model, a series of

DWI measurements taken in a finite number of measurement directions ûi is used to

calculate a regression estimate of a diffusion tensor D that models the magnitude and

direction of diffusion over a continuous angular space in any unit vector direction û.

Once the diffusion tensor is estimated using the Stejskal-Tanner model, an estimate

of the probability of diffusion in any direction û may be obtained by re-applying the

Stejskal-Tanner model with a knowledge of D. Thus, the ODF defined in Equation

2.4 is a regression estimate of the likelihood of diffusion in a direction û based on the

diffusion tensor model.

The quantity < ODF (r, û) > in Equation 2.4 is the average value of the ODF

at a location r calculated over the infinite set of unit vector directions. In practice,

< ODF > was approximated using an isotropically sampled set of directions ûN ,

where N = 26 was selected to match the connectivity between r and r′ imposed

during outward propagation. Normalizing the ODF estimate of diffusion in a direction

û by the average value of the ODF creates an anisotropy boundary at ODF (û) = 1.

In the case of isotropic diffusion, the normalized ODF takes on a value of 1 in any

measurement direction, since diffusion is equally probable in all directions. In a region

of anisotropic diffusion, likelihood of diffusion given by the ODF is less than average

in directions misaligned with the orientational maximum of the diffusion ellipsoid,

and greater than average in directions aligned orientational maximum of the diffusion

ellipsoid.
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As diffusion becomes more highly anisotropic, the disparity between ODF values

for directions orthogonal and parallel to the orientational maximum of the diffusion

ellipsoid becomes higher, narrowing the band of directions for which the ODF has a

value greater than one, and increasing the values output by the ODF for directions

aligned with the orientational maximum. The set of directions ûi for which ODF (ûi)

attains a value greater than one represents a solid angular band within which there

is a better than average probability of diffusion in the direction ûi.

The speed function F (r, n̂(r)) used in the FPT algorithm to propagate the front

was defined in terms of two piecewise intervals using the normalized ODF of Equation

2.4.

F (r, n̂(r)) =











ODF (r′, n̂(r)) : ODF (r′, n̂(r)) > 1

0 : ODF (r′, n̂(r)) ≤ 1
(2.5)

The speed function F was defined in terms of a normalized orientation density

function for two purposes. First, front evolution ought to be directionally limited

to reflect the anisotropy of the diffusion tensor field. As discussed in the literature

review, it has been experimentally verified that in this case of isotropically oriented

highly anisotropic white matter, the orientational maximum of the diffusion tensor

given by the principal eigenvector is a good estimate of local tract orientation. When

the tensor model is an accurate estimate of white matter orientation, it is desirable to

evolve the front interface such that the front evolves in the direction indicated by the

orientational maximum of diffusion tensors in the past band. Because a high degree

of confidence exists that the orientational maximum of a point in the past band at

r′ reflects the orientation of a white matter tract, only points in the direction of the

orientational maximum at r′ ought to be considered for front arrival.

Looking at the definition of Equation 2.5, propagation is restricted to the band of

directions for which F (r, n̂(r)) is greater than one. Higher degrees of anisotropy in the

tensor at r′ decrease the set of candidate points for which F(r) will evaluate to non-
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zero values, thereby focusing the candidate band to a small set of points well aligned

with the higher confidence orientation estimate provided by the diffusion tensor. In

Figure A.2, the orientation density function ODF (r′, n̂(r)) was projected onto a unit

sphere for the case of a highly anisotropic diffusion tensor at r′. Figure A.2 illustrates

the point that in regions of homogeneously oriented, anisotropic tensors, propagation

is restricted to a narrow band of angular directions that are aligned with the local

tensor orientation. The angular band of allowed propagation directions is represented

by unit vector directions from the origin to the surface of the unit sphere for which

the surface intensity is non-zero.

The ODF construction used to formulate the speed function in this research is

similar in nature to the example speed function proposed by Parker et al. listed as

Equation 1.20. As in Equation 2.5, speeds in the formulation of Equation 1.20 are

weighted based on the alignment with the candidate points and the diffusion tensor

orientation in the past band. The advantage of the ODF construction is that in

the case of propagation within a highly organized, anisotropic white matter tract,

points adjacent to the current tract are never assigned time of arrival values. This

focused propagation is appropriate since the orientational maximum of the diffusion

tensor is a valid estimate of local white matter orientation. Reducing the window

of evolution of the front reduces the computational burden of adding points to the

candidate band for which there is no evidence of connectivity to the current tract.

As an aside, it can be noted that in the limit as D degenerates into a line with

complete anisotropy, the propagation windowing of the speed function of Equation 2.5

effectively reduces the front propagation tractography algorithm to a basic streamline

tractography algorithm.

In regions where the tensor model begins to break down due to intra-voxel orien-

tational heterogeneity, which is indicated by a reduction in anisotropy of the diffusion

tensor, it is desirable to propagate the front in a large range of directions in order to

allow the TA map to evolve in a diverging manner. Divergence in the TA map cre-
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ates the possibility for crossing and diverging tracts to be detected during a backward

search of the time of arrival map. The ODF construction of the speed function also

provides confidence based front propagation behavior. Another unit sphere projec-

tion of the ODF function is included in Figure A.3 to illustrate the broadening of the

propagation focus imposed by the speed function in cases of lower anisotropy. Look-

ing at the Figure A.3, it is apparent that the angular window of allowed propagation

directions has widened compared to Figure A.2.

A second advantage of the speed function of Equation 2.5 is that the range of

possible propagation speeds reflects confidence in the validity of the tensor model

as suggested by the anisotropy of D. Weighting propagation speed based on tensor

anisotropy supports the use of speed governed tract likelihood functions. In the

speed function of Equation 2.5, tensors with a higher degree of anisotropy yield a

higher upper limit of front propagation speeds than those of lower anisotropy. Thus,

propagation is defined in terms of the complete set of tensor information: orientation

and geometry. In cases of highly anisotropic tensors, propagation only occurs in the

direction of the orientational maximum and it occurs at a relatively high rate of speed.

In the case of more isotropic diffusion tensors, propagation slows as the window of

propagation directions is widened. The speed dependence on anisotropy described in

this paragraph is reflected in Figures A.2 and A.3. The color-bars of the spherical

projections of the ODF indicate that higher propagation speeds result from tensors

with higher levels of anisotropy.

The performance of the speed function of Equation 2.5 stands in comparison to the

speed function of Equation 1.20, in which propagation speeds are restricted between

the same zero to one range regardless of the degree of confidence in the tensor model

reflected by anisotropy. This failure to directly include anisotropy information within

the speed function can lead to sorting bias in cases when the principal eigenvector

is only slightly bigger than the second biggest eigenvector/eigenvalue pair. In this

case, there is little confidence as to where propagation should occur plane defined by
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v̂1, v̂2, yet Equation 1.20 allows propagation to occur only in the v̂1 direction despite a

low degree of confidence in the orientational information given by the diffusion tensor

model. The approach of 1.20 could be improved by adding FA to the list of minimum

worst case decisions, however, this approach would still be inferior to that of Equation

2.5 due to the loss of connection between anisotropy and orientation information that

is inherent in diagonalization of the diffusion tensor.

2.2.3 Connectivity estimates

In the FMT algorithm developed by Parker et al. [27], connectivity estimation was

obtained through gradient descent on a continuous interpolated scalar field. In the

proposed FPT algorithm, a discrete network approach is used to construct tract

connection estimates. Each of the points in the time of arrival map are viewed as

network nodes, n, with node costs, c. The maximum likelihood estimate of connection

between any two points is then the minimum cost path within the discrete connectivity

of the time of arrival map.

T (r) = minγC(γ[ni]) (2.6)

Equation 2.6 states that the tract T(r) between two points M and N is the tract for

which the cost function C is minimized with respect to all possible paths γ containing

i nodes ni. The cost function C is determined by the sum of node costs c accrued

along path γ.

C(γ[ni]) =
k=i
∑

k=1

ck (2.7)

A simplifying observation in constructing connectivity estimates within the time

of arrival grid is that the time of arrival grid is a monotonically increasing function

with respect to distance from the seed point M. The monotonic nature of the time of

arrival grid TA means that from an end point N, a path between M and N can be found

by repeatedly taking discrete steps in the direction for which the TA gives the lowest
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time of arrival value. This approach of blindly following a local minimum/maximum

is known as a greedy search. Because the greedy search only looks within a limited

neighborhood of local connectivity to determine a minimum cost estimate within a

network, it is a local estimate of minimum cost, and is therefore only an approximation

to the global maximization phrasing of Equations 2.6 and 2.7.

Because speed, not time, is the indicator of connectivity likelihood in the front

propagation formalism, construction of minimum cost tract estimates was achieved

by weighting nodes within the time of arrival network such that node costs cj reflected

propagation speed. From a point i in the time of arrival map, costs were assigned to

all neighboring points j according to Equation 2.8,

cj = TA[j] · |j − i| , (2.8)

where TA[j] is the time of arrival at neighboring location j and |j−i| is a speed weight
given the Euclidean distance between j and i. The weighting term |j−i| imposes higher
costs on time points further from the present location i, thereby creating a network in

which greedy cost paths reflect greedy maximum speed paths between any two points

j and i. The greedy search described in Equation 2.8 was limited to a 26-neighbor

region of connectivity in order to match the connectivity used during outward front

propagation. A pseudo-coded description of the greedy search algorithm described in

this section is included as Algorithm 1.

2.2.4 Likelihood estimates

As discussed in the front propagation section, the ODF construction of the speed

function embeds confidence information in terms of speed during propagation of the

front interface. Higher speeds of arrival in points ri of a FPT tract estimate T [ri] re-

flect regions of higher anisotropy and higher orientational homogeneity, and therefore

higher confidence in the tensor model used to obtain connectivity estimates. There-

fore, higher likelihood estimates should be given to tracts for which front propagation
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Algorithm 1 Greedy Search

Initialize current point to end point

Initialize weight(i) to all distances in i point connectivity

Initialize stepDirections(i) to all neighbor directions in i point connectivity

while current point 6= seed point do

minCost=Cost(currentPoint)

for i=1:numNeighbors do

nextPoint=currentPoint+stepDirection(i)

currentCost=weight(i) · TA(currentPoint+stepDirection(i))
if currentCost < minCost then

nextPoint=currentPoint+stepDirection(i)

timeMin = TA(nextPoint)

end if

end for

Store nextPoint into TRACT

currentPoint=nextPoint

end while
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occurred relatively fast, and lower likelihood estimates should be given to tracts in

which front propagation occurred at a relatively slow rate [27].

A second consideration in the selection of a likelihood estimate is the effect of

the likelihood estimate on the ability of the FPT algorithm to estimate diverging

tract structure. The ODF based speed function used to advance the front reduces

propagation speed in regions of low anisotropy. Because fiber crossings reduce the

anisotropy of the tensor model, small regions of low anisotropy may reflect crossings.

Overly penalizing tracts built from points with the occasional low speed of arrival

therefore limits the ability of FPT to detect fiber crossings.

The likelihood function used in the FPT algorithm of this research was the arith-

metic mean of the individual speeds of front arrival, SA, at each point along a potential

tract, ri.

L(T (r)) =

∑i=n
i=1 SA[ri]

n
(2.9)

The likelihood function of Equation 2.9 provides the average speed of propaga-

tion along a n point tract between an end point N and a seed point M . Potential

tracts with higher average speeds receive a greater estimate of likelihood than those

with lower average speeds. The arithmetic average of propagation speeds does not

over-penalize likelihood estimates for tracts composed of points with infrequent low

speed of arrival values, as in the worst case minimum speed of propagation definition

proposed by Parker et al. in Equation 1.21. The likelihood function of Equation 2.9

trades increased ability to detect fiber crossings with increased likelihood of false pos-

itive tract estimates compared to Equation 1.21. Because the basis for using more

advanced front propagation tractography methods over streamline methods is to allow

for the detection of crossing and diverging structure, it seemed reasonable to trade

increased ability to resolve IVOH for increased false positive tract artifacts.

Once likelihood estimates were computed for all connections within a volume of in-

terest, an Nth percentile threshold was used to select tracts within an N percent level
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of confidence, as was done in the FPT algorithm developed in [27]. Because potential

tracts between different seed and end points may be composed of the same sample

points r, the likelihood estimates of different tracts are not statistically independent

samples. Therefore, the central limit theorem does not apply and a Gaussian distri-

bution can not be assumed for a large number of L values within a volume. Without

the central limit theorem or any a-priori information regarding underlying statistical

distribution of L, the threshold between invalid and valid FPT tract estimates must

be made without assuming any form of the distribution of L. Using a Nth percent

threshold based on L values of potential tracts is a reasonable means of separating

valid and invalid tract estimates since Nth percent thresholding does not assume any

form for the distribution of L.

2.3 Generation of a software DTI phantom

2.3.1 Parameterization of desired tracts

Two types of synthetic tract geometries were generated for use in this research. Lin-

ear tracts were created in the interest of studying the performance of tractography

algorithms in cases of low curvature. The second tract geometry synthesized for use

in this study was a helix. A helical geometry was selected in the interest of examining

the performance of DTI tractography algorithms in tracts with both in plane and out

of plane curvature. Both the position and tangent equations for a line and helix are

easily parameterized. The parameterized position and tangent equations for a line

are shown in Equations 2.10 and 2.11

rx(t) = x0 + At (2.10)

ry(t) = y0 +Bt

rz(t) = z0 + Ct
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vx(t) = A (2.11)

vy(t) = B

vz(t) = C

The position and tangent equations for a helix are shown in Equations 2.12 and

2.13.

rx(t) = k1cos(t) (2.12)

ry(t) = k1sin(t)

rz(t) = k2t

vx(t) = −k1sin(t) (2.13)

vy(t) = k1cos(t)

vz(t) = k2

From basic calculus, the tangent equations in Equations 2.11 and 2.13 may be

obtained from the position equations by taking the derivative with respect to t of

the parameterized position equations. The constants A, B, and C in Equation 2.10

represent the slope of the line in the x, y, and z directions. In Equation 2.12, the

constant k1 determines the radial size of the helix. The constant k2 controls the z

rate of change of the helix.

2.3.2 Steering the diffusion tensor orientation

The creation of software phantoms required the ability to construct diffusion tensors

with eigensystems pointing principally in the direction of desired structure. Specifi-

cation of tensors with desired v̂1 eigenvector orientations was accomplished using an
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eigenvector/eigenvalue decomposition, as shown in Equation 2.14.

D = λ1v̂1v̂1
t + λ2v̂2v̂2

t + λ3v̂3v̂3
t (2.14)

In order to obtain symmetric tensors, it was necessary to specify two other eigenvec-

tors, v̂2 and v̂3, that defined an orthonormal basis along with the principal eigenvector.

Since no torsion constraints were placed on either the streamline or the fast march-

ing algorithms of Chapters 2 and 3, v̂2 and v̂3 directions normal to both each other

and the principal eigenvector direction were selected arbitrarily from the infinite set

of possible solutions. Given a desired principal direction of diffusion direction v̂1,

Equation 2.15 was chosen to constrain v̂2 such that v̂1 · v̂2 = 0.

v̂2 =
1

v1x

î− 2

v1y

ĵ +
1

v1z

k̂ (2.15)

A system of three independent linear equations Ad=s in three unknowns was then

built and solved to constrain v̂3 to an orthonormal basis given v̂1 and the v2 selected

by Equation 2.15. The linear system constraining v̂3 was built from the conditions:

v̂1 · v̂3 = 0, v̂2 · v̂3 = 0, v̂1 x v̂3 = v̂2.
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(2.16)

Because the choice of v̂2 in Equation 2.15 is undefined for v̂1 components of zero,

two cases for which v̂1 components came within a threshold t = 0.001 of zero where

treated as special cases. In the event two of the components of v̂1 fell inside t, v̂2 and v̂3

were each assigned a value of one of the directions following within the threshold. The

following process was used in the case that one component of v1 was near zero, where

for discussion purposes assume the near zero component is v1x. In this case, v̂2 was

assigned by normalizing v̂2 = 0̂i−v1z ĵ+v1yk̂ and v̂3 was assigned to v̂3 = 1̂i+0ĵ+0k̂.

The method just described follows for the case of near zero y or z components.
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The next step in using the Eigenvalue decomposition of Equation 2.14 was the

selection of Eigenvalues. Eigenvalue weights λ1, λ2, and λ3 were assigned such that

the eigenvalues of the synthetic data were similar in scale to the values noted in white

matter tracts of real human brain DTI data. Values for λ1, λ2, and λ3 were fixed

at 0.001, 0.0003, and 0.0003, respectively. The chosen eigenvalue weights correspond

to a FA metric of, which is also typical of FA encountered in human data in highly

anisotropic regions such as the corpus callosum.

2.3.3 Defining a diffusion tensor field

The first task in defining a diffusion tensor field was defining the tract boundary. In

the synthetic data sets, tracts were assumed to have a circular cylindrical geometry

with radius r. From basic geometry, the intersection of a right circular cylinder at

an angle to a plane forms an ellipse. Thus, linear tracts formed elliptical areas when

they intersected an axial plane. The area formed by the intersection of helical tracts

passing through each axial slice was also modeled as an ellipse. This first order

approximation to the axial plane intersection area of the ellipse ignored the effect of

curvature during intersection. The position of the center of the tract intersection at

each axial plane was given by the parameterized position equation of the desired tract

geometry. The orientation of the semi major axis of the intersection ellipse was given

by the orientation of the x and y components of the parameterized tangent equation

of interest. The size of the semi minor axis of the intersection area was set equal to

the radius of the tract cylinder. The formula governing the size of the semi-major

axis of the intersection ellipse at an angle θ from the normal to the axial plane is

given in Equation 2.17.

r1 =
r

cos(θ)
(2.17)

Once the boundary of the tract was established in each slice, the formation of a

coherently organized fiber tract was straight forward. For each axial slice, all points

within the elliptical area of tract intersection were assigned a diffusion tensor oriented



46

in the tangent direction to the helix at that slice. The linear and helical tensor fields

resulting from the process described to this point are represented in terms of diffusion

Ellipsoids in Figure A.4. Points outside tract boundaries were assigned homogeneous

tensors of uniformly random orientation and FA values of zero. The presence of

uniformly oriented homogeneous tensors outside tract boundaries is not represented

in the ellipsoidal view of Figure A.4 for clarity. Setting the FA of points outside

tracts to zero insured tract propagation would cease if tractography estimates strayed

outside tract boundaries.

2.3.4 Simulating tract crossings

This thesis compared the performance of streamline tractography and front propaga-

tion tractography in the case of a simulated fiber crossing between two linear tracts

of the form shown in Figure A.4 (a). Fiber crossings were simulated by defining two

linear paths of diffusion tensors with strong orientational maxima in each respective

tract direction. The area of intersection between each linear tract was assigned planar

diffusion tensors based on the hypothesis that regions of intravoxel orientational het-

erogeniety give rise to oblate diffusion tensors [35]. Oblate tensors were defined with

eigenvalue weights λ2 = λ1−10−6 and λ3 = λ1/10. This eigenvalue weighting created

tensors in which the direction of diffusion was ambiguous within the plane defined

by the eigenvectors v̂1 and v̂2. An ellipsoidal view of the fiber crossing simulation

described in this paragraph is shown in Figure A.5

As can be seen in Figure 2.6, the tensor field in oblate regions of tensor crossings

was defined with an erroneous orientation halfway between each of the incoming

tracts. Because planar diffusion tensors represent a breakdown in Gaussian form

assumed in the Stejskal-Tanner equation [35], there is no reason to assume that the

principal eigenvector of an oblate diffusion tensor approximates an orientation of

underlying white matter structure. Therefore, in regions of planar diffusion tensors,

the term principal eigenvector is slightly misleading, as v̂1 and v̂2 are weighted with
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Figure 2.6: Principal eigenvector field for synthetic tract crossing with 90 deg angle

of intersection. Oblate diffusion tensors in region of tract intersection are assigned

principal eigenvector direction half way between tract orientations.

nearly identical eigenvalues, defining a plane. However, because streamline methods

are based solely on following the principal eigenvector, it was important to define

v1 fairly so as to not bias comparisons of SLT and FPT performance. A principal

eigenvector direction halfway between each incoming tract was adopted in the interest

of allowing SLT estimates a chance to navigate tract crossings without exiting the

FA > 0 boundary of the entire crossing structure.

2.3.5 Perturbing a diffusion tensor field

The diffusion weighted measurements used to construct the diffusion tensor contain

thermal noise due to the random molecular motion of air within the scanner and RF

noise due to the presence of electrical devices near the scanning area. Assuming the

individual diffusion weighted measurements Si used in the Stejskal-Tanner relation-

ship of Equation 1.6 are random variables of a known distribution, it is possible to

solve for the underlying statistical distribution of resulting diffusion tensor elements

in closed form if statistical independence is assumed in the set of diffusion weighted

measurements at a particular (x,y,z) voxel location. Accepting the premise of statis-

tical independence, three random variable transformations would be required to solve
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the Stejskal-Tanner system for diffusion tensor element random variable: division,

natural logarithm, and addition. In reality, diffusion weighted measurements in a

given voxel location are not statistically independent, since neighboring directional

measurements certainly have related mean values. A closed form solution for the

statistical distribution of diffusion tensor elements was not investigated further due

to the statistical dependence of diffusion weighted measurements.

Because the focus of this research is a study of tractography algorithm perfor-

mance, the central point of interest was how noise in DWI measurements effects tract

estimation. A diffusion tensor has two descriptive properties: anisotropy and orien-

tation. Noise in diffusion weighted measurements gives rise to changes in both the

anisotropy and orientation of each diffusion tensor within a diffusion tensor field.

These changes in diffusion tensor anisotropy and orientation give rise to angular de-

viations and tract termination conditions in DTI tractography estimates. This thesis

explored the impact of noise in diffusion tensor fields by adding random perturbations

to synthetic tracts that altered both the anisotropy and orientation of the simulated

diffusion tensor fields.

In this study, perturbations were added to the synthetic diffusion tensor fields

described in Sections 2.3.3 and 2.3.4 by adding a zero mean Gaussian random value

to each of the six unique elements of the diffusion tensor. In general, any random

perturbations would have provided the desired changes in diffusion tensor anisotropy

and orientation. Gaussian perturbations were chosen for the sake of mathematical

simplicity.

The standard deviation of the additive Gaussian perturbation was varied for pur-

poses of studying the effects of greater amounts of diffusion tensor perturbation on

tractography error. In each element Di of each diffusion tensor in the D field, the

standard deviation of the Gaussian perturbation was defined as a weighted ratio of

the diffusion tensor element being perturbed. An equation describing the process

used to weight the standard deviation of additive Gaussian perturbation appears as
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Equation 2.18,

σi = w ·Di, 1 ≤ i ≤ 6 , (2.18)

where w is the weighting metric used to vary the amount of perturbation in each

tensor element. The w perturbation weight has no physical interpretation and was

simply used to compare tractography performance as a function of relative diffusion

tensor perturbation.

This thesis explored the ability of both streamline and front propagation tractog-

raphy algorithms to resolve known synthetic tract structures in the presence of noise

perturbations in the diffusion tensor field. Trial studies were conducted in which

both the streamline and front propagation algorithms attempted to traverse a noisy

helical tract of weight w over the course of multiple random Gaussian perturbation

trials. In each trial, each algorithm was assigned a pass or fail value based on whether

a complete traversal of the helical tract was completed. A success probability was

then defined as the number of successes in traversing a given synthetic tract divided

by the total number of trial attempts. Success probabilities were calculated using

data collected from 50 Gaussian perturbation trials at each noise weight. The binary

success/failure nature of perturbation trial results yielded discrete measurements of

an underlying Binomial distribution. The DeMoivre-Laplace theorem states that for

a sufficiently large sample set n, a Binomial distribution with a probability success,

p, and probability of failure, 1 − p, may be approximated by a continuous Gaussian

distribution N(µ, σ2) of mean np and variance npq. [26].

n!

(n− k)!k!
pkqn−k ≈ N(np, npq) (2.19)

The 50 repetition trial size used in this research provided consistent results when

compared with slightly lesser trial sizes, and was therefore deemed acceptably large for

use with Equation 2.19. Equation 2.19 was used in chapter three to report synthetic

data perturbation results in terms of an observed normalized mean success rate p and

a normalized standard deviation error-bar size pq.
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In the interest of making trials unbiased, each algorithm was seeded to provide the

best chance of detecting the helical tract. Thus, each trial represented error/success

rates to the best ability of each algorithm. For each trial, the streamline algorithm

was seeded on a whole pixel basis over the entire cross sectional diameter of the first

axial slice of the helical tract. If a complete traversal was accomplished for any of

the seed points from the first slice plane, the current trial was assigned a pass value.

Front propagation of the FPT algorithm was seeded in the exact same manner as

in the streamline algorithm. A greedy search from every point in the cross sectional

diameter of the last axial slice of the helical tract was attempted for each seed point.

If the FPT algorithm was able to completely traverse the helix from any end point

to any seed point, the current trial was assigned a pass value.

2.4 Constructing a physical DTI phantom

A physical phantom was constructed in the interest of comparing tractography results

to a ground truth model scanned in a clinical DTI environment. The tissue phantom

was constructed using microbore PTFE tubing with dimensions: 0.305 mm ID, 0.702

mm OD. The micro-capillary tubing was cut into 10 mm lengths and positioned

parallel to one another. Ten micro-capillaries were used in each sheet. The micro-

capillaries were secured into sheets using packing tape. The micro-capillaries were

then each filled with water using a 32 gauage micro-syringe. Once sheets of water

filled micro-capillaries were built, the sheets were stacked in alternating perpendicular

orientations and secured to one another using a thin amount of superglue. Because

the PTFE tubing came in a spool, each micro-capillary retained memory of the spool

curvature that could not be corrected. As such, a reasonably consistent amount of

curvature was present in each of the micro-capillary sheets used to construct the tissue

phantom.

A housing was constructed for the crossing microtubing structure using a thin

plastic container and gelatin. Gelatin was used to remove air from the volume sur-
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rounding the micro-capillary sheets, thereby reducing susceptibility artifacts. The

plastic container/gelatin housing was created by poring an initial layer of gelatin and

allowing it to set. The micro-capillary structure was then placed on top of the gelatin

base. A second layer of gelatin was then pored into the container, creating an air free

housing which surrounded the micro-capillary structure.

Figure 2.7: Photograph of components of attempted physical DTI phantom. Cross-

ing structure is composed of sheets of 10 micro-capillary tubes of dimension: 0.305

mm ID, 0.762 mm OD. Five tubing sheets were stacked in alternating perpendicu-

lar orientations. Crossing was immersed in gelatin to reduce susceptibility artifacts.

Phantom was housed in a thin plastic container. Quarter is shown to provide scale

information.



Chapter 3

Results and Conclusions

This chapter presents results from a variety of experiments in which the per-

formance of streamline tractography is compared to that of front propagation trac-

tography. Tractography algorithm performance was compared using both software

phantom data and real human brain data. Because of the existence of a ground truth

in software phantom experiments, quantitative comparisons are presented between

streamline and fast marching tractography algorithms. To the best knowledge of the

author, this thesis is the first tractography research to quantitatively compare fast

marching and streamline tractography algorithms using a software phantom ground

truth.

Human brain data was also used to qualitatively compare SLT and FPT tractog-

raphy performance. In human brain data, there is no ground truth with which to

compare the output of tractography performance. DT-MRI tractography literature

traditionally compares algorithm performance on a qualitative basis based on graph-

ical comparisons of connectivity in output tractography visualizations. The highly

oriented highly anisotropic region of the corpus callosum will be the focus of human

brain tractography analysis. Because the author does not have a sufficient background

in neural physiology to make comparative neural connectivity arguments, algorithm

performance will be judged according to general agreement with corpus callosum

visualizations found in DTI tractography literature.

A final section of results is presented for the physical DTI phantom constructed

and scanned in this research. The results obtained from the physical phantom allow

for a ground truth discussion of issues in DTI image resolution including signal to

52
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noise ratio and spatial resolution. The effects of IVOH as reflected by planar FA

images are also presented.

3.1 Software phantom results

3.1.1 Verification

The first study conducted in this research was a verification experiment in which

each tractography algorithm operated on unperturbed, highly anisotropic, linear and

helical tracts. Software phantom verification was an ideal means of tractography algo-

rithm testing, since the ground truth of the input data was known down to the level of

the diffusion tenor field. Output plots of helical and linear tracts for both algorithms

are shown in Figure 3.1. Both algorithms provided accurate connectivity estimates in

synthetic linear and helical tracts, supporting the ability of each algorithm to traverse

both linear and curved tracts in three dimensions.

In Figure 3.1, front propagation tract estimates appear to be rougher than corre-

sponding streamline tract estimates. This apparent roughness in FPT tractography

estimates is due primarily to the usage of discrete voxel by voxel network approach

used to draw connectivity estimates in the FPT algorithm. In both streamline and

front propagation tract estimates, a linear point to point connection was used to visu-

alize the connectivity described by the output tract point sets. Because the streamline

algorithm traverses an interpolated three dimensional space in fractional voxel steps,

the linear point to point visualizations of streamline tracts appear smoother. Addi-

tional roughness in FPT tracts results from speed biasing in directions of outward

propagation connectivity, as noted in Chapter 2, Section 2.2.1. The discrete voxelized

output FPT tracts could be visualized with greater smoothness through the usage of

spline curve fitting. Further smoothness in FPT tract estimates could be realized

through an increased neighborhood of connectivity during outward propagation. Be-

cause the purpose of this research was to explore the performance of tractography
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Figure 3.1: Verification of tractography algorithms using unperturbed software phan-

tom tracts. (a) Streamline, linear tract (b) Front propagation, linear tract. (c)

Streamline, helical tract. (d) Front propagation, helical tract. Streamline method

tracts appear smoother than FPT tracts because streamline tract points are based on

defined within an interpolated continuous space, and front propagation tract points

are defined discretely.

algorithms in generating accurate connectivity estimates, and not to perform three

dimensional visualizations, the roughness FPT tract estimates was deemed accept-

able.
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3.1.2 Diffusion tensor perturbations in single tract software

phantoms

A comparative study was conducted on the ability of streamline and front propagation

tractography algorithms to traverse noisy diffusion tensor fields in the case of single

tract software phantoms. The impact of diffusion tensor perturbations arising from

the presence of noise during diffusion weighted measurements was investigated using

the perturbed synthetic helical tracts described in Chapter 2, Section 2.3. A helical

tract was defined within an isotropically sampled synthetic data set with a 128 x 128

x 128 acquisition matrix. The helical tract was defined as a tube with an axial cross

sectional diameter of four voxel widths. Each algorithm was seeded to provide the

best chance of traversing the entire helix structure. For both algorithms, seed points

were selected from every whole voxel included within the boundary of the first axial

slice of the helical tract. Subvoxel seed locations were not explored in the streamline

algorithm in the interest of reducing computation time and providing a consistent

reference of comparison with the front propagation algorithm. End points were se-

lected for the front propagation algorithm from the set of all whole voxel locations

inside the last axial slice of the helical phantom tract. Each perturbation trial was

deemed a success or failure based on whether or not a complete path of connection

could be obtained between any of the seed point pixels in the bottom of the helical

structure and the end point pixels in the top of the helical structure. The backward

search capability of the front propagation algorithm allowed for a much greater num-

ber of connectivity investigations than the streamline algorithm in each trial. Given

a set of M seed points and N potential end points, the front propagation algorithm

explored MN per trial compared to the N connectivities explored by the streamline

algorithm. Figure 3.2 provides tract estimation probability plots for streamline and

front propagation tractography algorithms for varying levels of perturbation in the

diffusion tensor D.

Figure 3.2 exhibits the expected behavior of steadily decreasing tract estimation
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Figure 3.2: Bar plot comparing single tract performance in streamline and front

propagation algorithms. As expected, both algorithms have increasingly poor success

probabilities as perturbations in diffusion tensor field lead to erroneous angular de-

viations and propagation stoppage. The error bars indicate one standard deviation

from the observed mean success rate, p. Within the error bar thresholds, there is

no statistically significant difference in streamline performance vs. front propagation

performance in the case of single tract software phantoms.

accuracy with increasing levels of diffusion tensor field perturbation. The included

error bars indicate that there is not a statistically significant performance difference

in either tractography algorithm for the perturbed single tract helix. This result

of statistically equivalent connectivity accuracy is interesting given that the front

propagation algorithm examined a greater number of potential connections than the

streamline algorithm for each trial.

The single tract helical study provided insight into the way in which noise diffu-

sion perturbations cause tract estimation failures in each algorithm. At sufficiently

high levels of diffusion tensor perturbations, the FPT algorithm failed to provide

tract estimates due to two reasons. In some cases, the windowed speed function was
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not able to propagate in a sufficiently consistent direction, causing termination of

forward propagation before the front could reach the top of the helix. In other cases,

the monotonicity of the discretized time of arrival map was destroyed by the effect of

perturbations during outward propagation, causing an inability of the greedy search

to back-traverse the time of arrival map. Increases in diffusion tensor perturbation

manipulated the interpolated eigensystem used by the streamline algorithms, causing

maximum curvature and eigenvector sorting error flags to be set in the streamline

algorithm. The observation of increasing maximum curvature detections and eigen-

vector error sorting detections with increasing levels of noise verified the usage of these

propagation stoppage criteria as a means of limiting noise effects in tract estimates.

3.1.3 Phantom tract crossings

The effect of varying intersection angle and diffusion tensor perturbations on stream-

line and front propagation tractography algorithms was also explored. Analysis of

tractography algorithm performance in the presence of crossings began with the study

of unperturbed crossing fields with intersection angles of 30, 60 and 90 degrees. Seed

points were selected from both intersecting tracts, and the same seed points were

used in both SLT and FPT tract estimates. In front propagation estimates, poten-

tial endpoints were explored for symmetric regions in the regions of non-intersection

that did not include seed points, insuring that tract estimates would traverse the

region of intersection. Figure B.1 shows unperturbed tractography results from both

algorithms.

In the streamline estimates of Figure B.1 (a) and (b), there are several features of

interest. First, from any one seed point, the one to one connectivity of the streamline

algorithm insures that a maximum of one branch of the crossing can be traversed.

The branch selected by the streamline algorithm depends entirely on location of in-

vestigated seed points. In Figure B.1, streamline tracts follow the direction of the

principal eigenvector in the region of intersection, even though the principal eigen-
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vector is weighted only 10−6 higher than the second largest eigen-pair. Streamline

tracts follow the principal eigenvector direction of the directionally ambiguous oblate

diffusion tensor field until tract propagation steps within the neighborhood of one of

the anisotropic, homogeneous tract branches. Within the intersection area, interpo-

lation of the diffusion tensor field causes tract estimates to be steered in the direction

of the nearest non-intersecting tract region. Viewing streamline propagation for the

ninety degree case of Figure B.1 (b), two of the six chosen seed points do not traverse

the crossing region. These halted tracts attempted to make large angular deviations

due to the nearby presence of diffusion tensors of orthogonal orientation. The halted

streamline tracts ceased propagation due to detection of an eigenvector sorting er-

ror, as the principal eigenvector direction changed dramatically between successive

steps, causing the second largest eigenvector to be better aligned with the previ-

ous step direction. Had a curvature threshold less than approximately 90 degrees

had been used, propagation would also have ceased due to excessive tract curvature.

The ninety degree crossing case illustrates that eigenvector sorting conditions and

curvature thresholds can limit the ability of streamline algorithms to propagate in

regions of of tract crossings. Because the propagation constraints placed on stream-

line algorithms are motivated out of an anatomical constraint that white matter tract

curvature should not deviate highly in successive sub-voxel steps, removing curvature

constraints from the streamline algorithm in favor of allowing traversal of crossing

regions would allow for erroneous, highly noise-influenced tract estimates.

Similarly, there are a number of interesting features in the FPT tract estimates of

Figure B.1 (c)-(f). A first noteworthy feature of the FPT estimate of (c) is that the

front propagation/backward search process of the FPT algorithm leads to a connec-

tion from each seed point to each of the three other regions of non-intersecting tract

structure at the chosen likelihood threshold of 50%. The 50% likelihood threshold

was selected arbitrarily to limit the number of visible tracts in the FPT estimates of

Figure B.1. The ability of the FPT algorithm to describe the entire crossing structure
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from each of the three seed points is a significant performance benefit over streamline

tract estimates in regions of crossings.

A second feature of note is that the proposed FPT algorithm proposed is biased

toward selecting tracts of low curvature in the case of intersecting tracts. This bias

stems from the use of alignment of future points in the normal direction from the

interface with past band tensor orientations in the speed function of Equation 2.5.

In the highly anisotropic, completely homogeneous phantom tracts of Figure B.1,

at the point where the interface enters the crossing, all past band diffusion tensor

orientations point in the direction of the tract from which propagation started. The

use of past band diffusion tensor orientations to govern speed of propagation to figure

points gives rise to a concept of propagation memory, or momentum, in the outward

propagating front. Once the interface begins to move with relatively high speed in a

homogeneous direction, propagation continues in that direction even if the interface is

slowed and widened in regions of intersection. In plots (c)-(e), the highest tract density

consistently appears in the opposing tract branch oriented along the linear direction

from which forward propagation was seeded. At the chosen likelihood threshold,

the low curvature bias in tract estimates provided by the FPT algorithm caused no

tract estimates to be drawn in (d) between the chosen seed points and the bottom

branch, since propagation into the bottom branch required the greatest curvature.

In the 90 deg crossing case of (e) and (f), the FPT algorithm was able to accurately

estimate connectivity without the curvature thresholding problems encountered by

the streamline algorithm in cases of large intersection angles.

Based on the low curvature tract selection biasing noted in the unbiased linear

crossing FPT experiment, a separate experiment was conducted to study whether or

not there was a minimum intersection angle θ below which a complete linear crossing

structure could not be completely resolved. In the case of a crossing structure of

intersection angle θ, the limiting case of completely resolvable structure occurs when

a tract is seeded inside a homogeneously oriented single tract branch of the crossing
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and the front propagation algorithm attempts to back-traverse from the tract region

oriented at 180 − θ degrees to the original seed region. Figure B.2 shows speed of

arrival maps for intersection angles of 35 deg and 36 deg.

In the case of the 35 degree intersecting structure, the interface did not propagate

into the tract oriented at 145 deg to the seeded tract. Looking at the speed of arrival

intensity, it can be noted that the front interface did slow down and spread out as it

reached the region of intersection. However, the front did not propagate the region

oriented at 145 degrees due to the windowing of the speed function and the high

required curvature of interface propagation relative to the initial seed location. For

the 35 degree intersection of Figure B.2, potential tracts are overlaid over the speed

of arrival image in blue. Because the forward propagating front did not arrive at the

branch oriented at 145 degrees, tract reconstruction is not possible. A similar plot

is shown for a linear tract intersection of 36 degrees in Figure B.2 (b). In this case,

the front was able to forward propagate into the branch oriented at 144 degrees to

the seed tract location, allowing for backward reconstruction of the entire crossing

structure from the initial seed location.

While the completely homogeneous regions of non-intersection and the oblate ten-

sor definitions used in this software phantom experiment are an idealized situation,

this experiment demonstrates that windowing the angular band of allowed propaga-

tion in the speed function creates a minimum angle of tract intersection below which

crossings cannot be fully resolved from a single seed point. The speed function pro-

posed in Equation 2.5 trades a loss in resolvable structure for computational efficiency

and more meaningful likelihood estimates. Windowing of the speed function is more

computationally efficient because it does not give rise to heap insertions and removals

to points to which there is little probability of connectivity described by the local

diffusion tensor field. The likelihood estimates that result from the use of the speed

function of 2.5 are said to be more meaningful because points that lie in low probabil-

ity directions of anisotropic diffusion from a past band point r are not assigned time of
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arrival values, and therefore effectively receive zero likelihood of connection to point

r. Because the speed function of 2.5 limits the allowed range of propagation based

on the probability defined by the ODF, an unavoidable result is a loss in connectivity

to certain regions, including crossings below a minimum angle of intersection. It is

true that the speed function proposed in [35] allows for complete resolution of tract

crossings at any angle of intersection, due to the lack of limits imposed on allowed

front propagation directions. However, the speed function of [35] listed as Equation

1.20 depends on the concept of a principal eigenvector field, which has no meaning in

the regions of planar diffusion tensors encountered in tract crossings.

The next stage of comparison of streamline and front propagation based tractogra-

phy algorithms consisted of an investigation of behavior in the case of noise perturbed

linear tract crossings. Figure B.3 provides an example of tractography performance

in the presence of slight perturbations of the diffusion tensor field in which zero mean

Gaussians of σ = 0.005Di were added to each diffusion tensor element in the crossing

field. In (a) and (b), a number of halted tracts may be noted in the center region of

the tract crossing. All of these halted tracts stopped in the center tract region due

to the detection of an eigenvector sorting error due to noise perturbations changing

the principal eigenvector orientation dramatically in successive steps. Because of the

highly planar nature of the simulated planar tensors in the region of intersection,

where λ1 = λ2 + 10
6, the streamline algorithm was extremely prone to forward prop-

agation failure due to curvature and eigenvector biasing criteria. The points seeded

from the lower right branch show the effects of interpolation within a noisy-oblate

field, as both dashed tracts followed a different path through the crossing structure

compared to the unperturbed case of Figure B.1.

Comparatively, the tract estimates of Figure B.3 (c)-(f) suggest that connectivity

estimates provided by the front propagation algorithm are less effected by noise per-

turbations than streamline estimates. The perturbed front propagation estimates of

Figure B.3 all describe the same general connectivity as the unperturbed estimates
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of Figure B.1. Figures (c), (e), and (f) appear nearly identical to the unperturbed

case. Figure B.3 (d) describes a lower tract density in the linear direction compared

with the unperturbed tract estimates of Figure B.1, however the general connectivity

information in both plots remains the same.

A quantitative perturbation analysis similar to the noisy helix experiment de-

scribed previously was also conducted on simulated crossing linear tracts. The effect

of diffusion tensor perturbations in both algorithms was compared for synthetic lin-

ear tract crossings of 30, 60, and 90 degrees. A series of 50 trials was conducted

for each perturbation level. For each streamline trial, the streamline algorithm was

seeded from a clearly defined tract region in the direction of a crossing. Trials in

which streamline propagation entered one of the three other non-intersecting regions

of the crossing structure were counted as successes. Trials that did not reach the three

opposing non-intersecting regions due to propagation outside the crossing structure,

eigenvector sorting criteria, and curvature criteria were treated as failures. Trials for

the front propagation algorithm were essentially conducted in reverse. Outward front

propagation was seeded from the same location as streamline trials. One point in the

center of each of the three opposing non-intersecting tract regions was selected as a

potential end point from which to attempt greedy searches on the time of arrival map

back to the seed point. If any of the three end points was able to find a greedy-cost

path back to the seed point, the perturbation trial was counted as a success. Fig-

ure B.4 summarizes the results of the linear crossing perturbation trial experiment

described in this paragraph.

Figure B.4 illustrates that the front propagation algorithm has a statistically

meaningful performance advantage over streamline tractography in all of the intersec-

tion angles explored. For the 30 degree intersection case of (a),the front propagation

algorithm was able to estimate at least one out of the three opposing tract connec-

tions to the chosen seed point with greater frequency than the streamline algorithm

for zero mean Gaussian perturbations of up to σ = 0.44Di for each tensor element in
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the diffusion tensor field. Similarly, the FPT algorithm displayed a mean tract esti-

mation success rate superior to that of SLT for Gaussian noise weights of up to 0.44

for 60 degree intersections, and noise weights of up to 0.46 for 90 degree intersections.

The superiority of the FPT algorithm in cases of tract intersections is due to two

principal causes. First, the backward search capability of the front propagation algo-

rithm allowed for the investigation of many more potential connections than the one

to one forward connectivity of the streamline algorithm. Although the connectivity

advantage of FPT over SLT was limited to 3:1 in this experiment to ease computation

time, the FPT algorithm would likely have displayed a greater advantage over the

SLT algorithm for higher diffusion tensor perturbation levels had greater numbers of

greedy cost paths been explored in each trial. A second important advantage of the

FPT algorithm is the forward propagation windowing provided by the ODF construc-

tion of the speed function of Equation 2.5. Because the ODF based speed function

broadens propagation within regions of planar tensors rather than following the erro-

neous direction of the principal eigenvector field of D, backward searches on the time

of arrival map built by the time of arrival map allow for more accurate descriptions of

connectivity between two branching or crossing regions. The high failure rates noted

in the SLT algorithm were a result of the general instability of the eigensystem of

oblate diffusion tensor regions in the presence of noise perturbations. Because the

FPT speed function does not rely on diagonalization of the diffusion tensor, resulting

time of arrival maps are less effected by slight perturbations in diffusion tensor geom-

etry, leading to more accurate tract estimates in cases of perturbed diffusion tensor

fields.

3.2 Human brain results

Human brain data was also explored for qualitative comparison with results presented

in other DTI tractography literature. The human brain data set studied was taken

from the public domain DWI data set included with the SCIRun/BioPSE software
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package developed by the Scientific Computing and Imaging Institute at the Uni-

versity of Utah [19]. The DWI data set was obtained using the 3 Tesla GE Signa

scanner at the Laboratory for Functional Brain Imaging and Behavior at the Uni-

versity of Wisconsin, Madison. The DWI data set was imaged at 1.5mm isotropic

voxel resolution using an EPI sequence with 12 non-collinear DWI measurements and

1 non-diffusion weighted measurement per voxel. Eddy-current distortion correction

was not applied to the DWI images prior to tract estimation.

The highly organized, large bundles of white matter in the corpus callosum of

the human brain have been used in DTI literature as a qualitative benchmark for

tractography algorithm performance [2] [11] [27]. The anatomical structure of the

corpus callosum is well known due to dissection studies in human cadavers [33] and

experimental surgeries in living epileptic patients [22]. The corpus callosum is a large

U shaped fiber bundle located in the lower mid-portion of the cerebrum and serves as

the main bridge of white matter connection between the left and right hemispheres

of the brain [33]. There are three main regions of the corpus callosum as seen from

a sagittal cross section: the splenium, genu, and the body. A sagittal FA cross

section taken between the left/right hemispherical midline is included as Figure B.5.

The splenium and genu are the downward curving portions of the corpus callosum

oriented posteriorly and anteriorly, respectively. The body of the corpus callosum the

large horizontal region between the splenium and the genu.

Seed points for tractography estimation were selected from visual inspection of the

FA images of Figure B.5. Looking at the coronal/axial slice plane view, the general

structure of white matter connections between the cerebrum and the corpus callosum

may be visually inferred, allowing for a selection of appropriate regions of seed points.

Regions of seed points were selected manually by tracing the FA maps of B.7. Regions

of potential tract end points were selected in the same manner for use in greedy path

searches in the FPT algorithm.

A three-dimensional visualization of the diffusion tensor ellipsoids of the corpus
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callosum is provided in Figure B.6. Figure B.6 illustrates the high orientational homo-

geneity of diffusion tensors in the region of the corpus callosum. The low transparency

of the ellipsoids in the visualization indicates strong anisotropy in local water diffu-

sion. The general shape of tract estimates that should result from the corpus callosum

area apparent in this ellipsoidal view, with lateral connections moving between the

left and right hemispheres leading to vertical connections moving upward into the

cerebrum.

A streamline estimate of the corpus callosum structure appears as Figure B.7.

Streamline corpus callosum tract estimates were obtained using a minimum FA crite-

ria of 0.42, a maximum successive step curvature of 90 degrees, and a Euler’s method

step size of 0.1 voxel widths. In Figure B.7, output streamline tract estimates are

shown in a three dimensional visualization with a bottom axial FA slice plane provided

for visual orientation. The corpus callosum structure shown in Figure B.7 is consis-

tent with the structure seen in streamline corpus callosum visualizations presented in

[2]. As expected, large groups of coherently oriented U shaped bundles arch into the

more upper regions of the cerebrum. The general geometry of the U shaped tracts

agrees with the general geometry described in the coronal FA image of Figure B.5

(c). A general symmetry of connections between the left and right hemispheres of the

brain can be noted. The largest density of tract estimates terminated between 7 to 12

slices above the body of the corpus callosum, traversing a vertical distance of between

10.5 mm to about 18 mm. Some connections extended much further into the extreme

upper regions of the cerebrum. A few relatively randomly oriented outlying tract

structures were also be noted in the included streamline visualization, most notably a

tract estimate moving vertically from the center of the body of the corpus callosum.

Such outlying tract estimates may have been removed had more strict propagation

criteria been used. However, because there is no quantitative means of selecting FA

propagation thresholds, adjusting streamline criteria to reduce or increase tracts of a

certain structure is a rather arbitrary process.
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A front propagation estimate of the corpus callosum for three different likelihood

thresholds is shown in Figure B.8. Highest Nth percentage likelihood thresholds of

75, 50, and 25 percent were used in visualizations (a)-(c), respectively. Potential end

points for greedy-cost path searches were defined in the highest axial plane reached by

streamline corpus callosum tract estimation, corresponding to a physical distance of

approximately 30 mm above the base of the corpus callosum. The front propagation

estimates generally describe the same connectivity as the streamline method, with

U shaped connections about the sulci between the left and right hemispheres. As

expected, the density of visible tract estimates is reduced as the Nth percent likelihood

threshold is increased. An interesting feature of Figure B.8 is that at all of the

likelihood thresholds explored, the highest density of connections corresponds to seed

locations around the splenium of the corpus callosum. This result indicates greatest

confidence in tracts around the splenium, suggesting higher combined homogeneity

and anisotropy of diffusion.

Figure B.9 allows for visual comparison between the corpus callosum tract esti-

mates provided by each algorithm, with the most likely 50% of FPT estimates shown

in red, and the streamline estimate of Figure B.7 shown in blue. Figure B.9 illustrates

that there is little difference between the connectivity described by each algorithm

in the case of the well organized white matter structure between the cerebrum and

the corpus callosum. A feature of note is that the longest tracts estimated by the

streamline function occur in the region of the splenium, indicating a correspondence

between tract length in streamline estimates and tract likelihood as defined in the

FPT algorithm. Because the FPT algorithm embeds a combined notion of anisotropy

and homogeneity in terms of speeds of arrival, it follows that tracts of highest speed

should correspond to regions for which the validity of the streamline approximation

to tract orientation is the greatest. The likelihood estimate defined in Equation 2.9

is defined in terms of average propagation speed, and therefore it is not surprising

that tracts for which the streamline estimate are most accurate generally to longer



67

streamline tracts, and more likely front propagation tracts.

As was the case in the synthetic data study, the sub-voxel interpolated tract esti-

mates of the streamline algorithm provide smoother visualizations of the underlying

tract structure, however both algorithms depict the same anatomical structure. The

agreement between streamline and front propagation estimates in the region of the

corpus callosum is not surprising. The principal eigenvector field used by the stream-

line algorithm in the region of the corpus callosum is a valid approximation to local

fiber orientations since the required conditions of high anisotropy and high organiza-

tion are met in the tract connections between the corpus callosum and the cerebrum.

Had regions of lesser orientational homogeneity and anisotropy been explored, the

streamline algorithm and front propagation algorithm would describe different con-

nectivities. Such human brain regions were not explored, due to the lack of a ground

truth by which to weight the different tract estimates provided by each algorithm.

3.3 Physical phantom results

The physical phantom constructed in this project was scanned using a 1.5T GE Signa

scanner at Wake Forest University Baptist Medical Center. DWI data was acquired

using an echo-planar imaging sequence with a spatial resolution of 2mm x 2mm in

plane, and 4mm out of plane. For each voxel, 25 diffusion weighted images were

obtained using isotropic angular sampling. A non-diffusion weighted T-2 image was

also acquired at each voxel location. The 90 degree crossing phantom was positioned

into the scanner such that one of the sets of crossing micro-capillary sheets was

oriented out of plane, and one of the sets of micro-capillary sheets was oriented in

plane. Figure B.10 (a) shows an axial FA slice in which two of the micro-capillary

sheets are completely visible in plane, and the other 3 stacked sheets are visible coming

orthogonally out of the slice plane. The high FA intensity of the water filled micro-

capillary sheets of (a) relative to the background intensity indicates the presence of

anisotropic water diffusion within the tubing structures. Another notable feature of
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the included FA axial image is that within the region of perpendicular tract crossing,

the orientation of the in plane tubing sheets can no longer be visually inferred due

to insufficient spatial resolution. Within the tightly packed region of the tubing

crossing, there was a separation of approximately 0.46mm between the overlapping

tubing structures. Thus, the FA signal from up to four different tubes of orthogonal

orientations may be present within the same voxel sample, giving rise to partial

volume effects and a general loss of validity in the diffusion tensor model as a result

of intra-voxel orientational heterogeneity.

Although the crossing tract structure may be inferred visually from the fractional

anisotropy of diffusion tensors within the physical phantom, neither of the tractogra-

phy algorithms explored were able to draw meaningful connectivity estimates within

the phantom tracts. Figure B.10 (b) is a visualization of the diffusion tensor ellipsoids

within the in plane structure of (a). The color coded diffusion tensor orientations il-

lustrate that there is very little directional coherence in the diffusion tensors within

the tubing structures, although the low transparency of the diffusion tensors indi-

cates high amounts of anisotropic diffusion. Red colored ellipsoids best describe the

expected diffusion tensor orientation of water restricted within the in plane tubing

structure. Viewing (b), there is a noticeable lack of appropriately oriented diffusion

tensors, and the diffusion tensors of highest anisotropy generally point in orthogonal

directions to the restrictive boundaries of the in-plane phantom tracts. The combi-

nation of noticeably elevated fractional anisotropy values within the tubing structure

and anisotropic, yet directionally incoherent diffusion tensors is probably due to an in-

sufficient level of measured diffusion weighted signal in the voxelized DWI data used

to construct DTI data. Because the in-plane structures visible in (a) only occupy

roughly 1/6 of an in-plane voxel width, and 1/12 of an out of plane voxel width, there

was very little restricted water present within any one voxel sample. It is likely that

while the FA metric is sensitive to the presence of restricted diffusion within a voxel,

greater amounts of diffusion weighted signal are required to accurately construct dif-
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fusion tensors of accurate orientation.

3.4 Conclusion and discussion of further work

3.4.1 Conclusion

This thesis has presented a performance comparison of streamline and front propaga-

tion tractography methods against both ground truth and human brain DTI data. In

comparing streamline and front propagation methods, two general themes emerged.

First, both streamline methods and more complex front propagation techniques pro-

vide similar tract estimates when the underlying fiber structure in a region is ori-

entationally homogeneous and sufficiently anisotropic. Perturbed single tract helical

trial experiments suggest that if underlying white matter structure is structurally

homogeneous on or above the scale of a voxel size, both streamline and fast march-

ing methods will provide similar results given noise perturbed diffusion tensor data.

Human brain corpus callosum results also illustrate the similarity of streamline and

fast marching methods in the presence of large, homogeneous, anisotropic structure.

The speed function and likelihood estimates proposed for use within the general

framework of the FMT algorithm developed by Parker [27] have been shown to pro-

vide tract estimates consistent with the known anatomy of the corpus callosum and

with known geometry of ground truth software phantoms. The windowed ODF based

speed function listed as Equation 2.5 was shown to allow for an estimation of com-

plete linear crossing structures from a single seed point down to a minimum angle of

intersection θt. While the windowing of the speed function creates a limit as to the

range of resolvable tract intersections, the interface propagation defined by windowed

propagation was shown to more accurately reflect the anisotropy and geometry of the

local diffusion tensor field than propagation rules based upon diagonalization of the

diffusion tensor. Because of the connection between propagation speed and likelihood

estimates in front propagation algorithms, windowing the speed function assigns zero
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likelihood connections between regions of low anisotropy and/or poor alignment with

the local diffusion tensor field.

Software simulations containing fiber crossings clearly demonstrate the superior-

ity of front propagation tractography over streamline methods in cases of IVOH. In

unperturbed cases, it verified that the backward search of the time of arrival map al-

lowed by the front propagation construct of FPT allows for 1 to N connectivity from

a seed point, as opposed to the 1 to 1 connectivity assumed by forward propagating

streamline methods. The instability of the eigensystem of the diffusion tensor field in

cases of noise perturbed oblate tensor regions was reflected by the comparatively poor

performance noted in streamline algorithm. The instability of noisy oblate diffusion

tensor fields suggests that ODF based FPT speed functions have greater stability

than speed functions based upon diagonalization.

Although the constructed physical phantom did not result in meaningful tractog-

raphy estimates, a number of important trends in measured DTI data were noted.

It was demonstrated that water filled micro-capillaries do provide a sufficiently small

and restrictive boundary of diffusion to give rise to visually discernible structure in

fractional anisotropy images. The concept of partial volume effects in DTI data was

illustrated by the blending of tracts of multiple orientations into a single dark region

on the axial FA map of Figure B.10.

3.4.2 Further work

The FPT algorithm proposes several variations of the FMT algorithm developed in

[27], and therefore a performance comparison should be made between each algorithm.

Component by component comparisons of the different speed function, connectivity

methods, and likelihood estimates of the different front-based tractography algorithms

are needed. Such a comparison was not attempted due to the disconnect between the

discrete greedy connectivity method used in the FPT algorithm and the interpolated

gradient descent method used in FMT. One common aspect of front-based tractog-
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raphy algorithms to this point that requires improvement is the arbitrary nature of

Nth percentile thresholding of tract estimates. The clinical application of likelihood

estimates would benefit greatly from an automated means of selecting a pass and fail

band of tracts described by front propagation algorithms.

Comparison of any two DTI tractography algorithms requires a gold standard of

reference. The creation of phantom DTI tract systems on the scale and complexity of

human neural anatomy is required before meaningful comparisons between different

approaches to the tractography problem can be made. The materials and approach

used in the phantom created in this research provided reasonable quality DTI images

without notable susceptibility artifacts or distortions. The use of smaller microbore

tubing bundled at the scale of a voxel sample would likely give rise to useful DTI

phantom data sets. A specific phantom investigation should be made as to the impact

of fiber crossings and branches on DTI tractography.
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(a)
T=50

T=40

T=30

T=20

T=10

(b)

Figure A.1: Demonstration of outward propagation with constant speed function.

Octagonal biasing of what should be spherical propagation is artifact of connectivity

used to propagate the front. (a) Intensity image with brighter intensities correspond-

ing to larger times (b) Isobars of propagation speed.
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(a)

(b)

(c)

Figure A.2: F (û) projected onto unit sphere. v̂1 oriented in x̂ direction. FA ≈ 0.63.
Brighter intensity represents faster propagation speed F (û) in a unit vector direction

û from the origin of the unit sphere. Boundary between black and lighter intensities

is boundary of allowed propagation directions û. Propagation is fastest in direction

of orientational maximum of diffusion tensor and is limited to a narrow band of

directions and is limited to a relatively narrow band of directions due to high tensor

anisotropy. (a) Y-Z View (b) X-Z View (c) X-Y View



75

(a)

(b)

(c)

Figure A.3: F (û) projected onto unit sphere. v̂1 oriented in X direction. FA ≈ 0.20.
Orientational maximum in x̂ direction. In comparison to the ODF of Figure A.2,

more isotropic ODF has broader range of propagation directions shown by non-black

regions. Smaller, more uniform intensity values appear on surface, yielding similar

propagation speeds in all allowed propagation directions û. (a) Y-Z View (b) X-Z

View (c) X-Y View
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(a)

(b)

Figure A.4: View of diffusion tensor ellipsoids within software phantoms. Axes have

no physical meaning and are provided simply for better 3-D perspective of structures.

Color of ellipsoids reflects tensor orientation. Plots obtained using spm2 Diffusion

toolbox. (a) Diffusion ellipsoids within linear tract. (b) Diffusison ellipsoids within

single turn helical tract
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Figure A.5: Tensor field of tract crossing software phantom. Intersection angle is 45

degrees. Planar (oblate) tensors can be noted in region of tract intersection. Shading

of ellipsoids reflects principal eigenvector orientation. In this figure, oblate tensors

have principal eigenvector in direction of tract with matching ellipsoid shading.
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(a) (b)

(c) (d)

(e) (f)

Figure B.1: Comparison of tract estimation in unperturbed, homogeneous crossing

tensor fields. Seed points denoted by * symbols. Dashing on streamline tracts is

provided to allow for visual separation between tracts seeded from different regions.

(a) SLT, 45 deg crossing. (b) SLT, 90 deg crossing. (c) and (d) FPT, 45 deg crossing.

(e) and (f) FPT, 90 deg crossing.
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(a)

(b)

Figure B.2: Speed of arrival maps and resulting greedy cost paths from synthetic

data crossing. Oblate tensors in area of tract intersection cause reduced propagation

speed. There is some angular threshold θt below which tract oriented at 180 − θt

degrees to seeded tract is not explored during outward propagation, causing tract

crossings to be incorrectly resolved as tract branchings. For the synthetic tracts and

front propagation algorithm of this research, the limit of resolvable intersection angle,

θt, was approximately 35 degrees. (a) 35 degree intersection (b) 36 degree intersection
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(a) (b)

(c) (d)

(e) (f)

Figure B.3: Comparison of tract estimation in slightly perturbed crossing tensor fields.

Gaussian perturbation of σ=0.005Di added to each tensor element of each diffusion

tensor in field. (a) SLT, 45 deg crossing. (b) SLT, 90 deg crossing. (c) and (d) FPT,

45 deg crossing. (e) and (f) FPT, 90 deg crossing.
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Figure B.4: Perturbation study of tractography algorithm performance in linear cross-

ing software phantom as a function of intersection angle and Gaussian perturbation

level. (a) 30 degree intersection (b) 60 degree intersection (c) 90 degree intersection
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Genu 
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Body 

(a)
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(b)
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(c)

Figure B.5: Sample FA images used to determine seed points for corpus callosum

estimates. Darker regions of FA maps have greater amounts of anisotropic diffusion,

indicating presence of fiber bundles. Corpus callosum region denoted by abbreviation

CC. (a) Sagittal view through left/right midline. Splenium, genu, and body regions of

CC are labeled. (b) Axial view through body of CC. (c) Coronal view taken through

splenium
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Figure B.6: Visualization of diffusion tensor ellipsoids in corpus callosum region of

brain. Coloring of axis/ellipsoids reflects orientation of ellipsoidal structures. Trans-

parency of ellipsoids reflects diffusion tensor anisotropy. A high degree of orientational

coherence in the diffusion tensors within the corpus callosum is evident, with a large

amount of red colored tensors running horizontally between the left and right regions

of the brain within the body of the corpus callosum. Blue tensors toward outside of

corpus callosum body describe tract orientations that move upward higher regions of

the cerebrum. Green tensors are generally oriented above corpus callosum body and

are not related to generally U shaped fiber tracts of corpus callosum
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Figure B.7: Streamline tractography estimates in corpus callosum region of brain.

Slice plane is FA image in plane used to seed streamline tracts
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(a)

(b)

(c)

Figure B.8: Front propagation tractography results seeded in corpus callosum region

of brain. Slice plane is FA image in plane used to seed FPT tracts (a) Highest 75%

likelihood tracts (b) Highest 50% likelihood tracts (c) Highest 25% likelihood tracts
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Figure B.9: Comparison of corpus callosum tract estimates of streamline and front

propagation tractography algorithms. Streamline shown in blue, FPT shown in red.

Streamline tracts appear smoother than FPT due to sub-voxel interpolation used to

define streamline tracts. Both algorithms define same connectivity between corpus

callosum and cerebrum.
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Figure B.10: Results from attempted physical phantom. (a) FA image in which

both crossing directions are visible, one in plane, one coming out of the image near

the center of the in plane structure. FA metric indicates directionally dependent

diffusion occurred within micro-capillary tubes. (b) Visualization of diffusion tensor

ellipsoids in FA same plane as FA image of (a). Red,green, and blue colors reflect

principal eigenvector orientations of tensors. Diffusion tensors oriented in direction

of in plane tract should be red. Green and blue diffusion tensor orientations are

generally orthogonal to tract direction. Orientational maximum of diffusion tensors

in tissue phantom was extremely scattered and directionally inconsistent with actual

tract orientation.
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