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(ABSTRACT)

The- Least Squares Mixture Decomposition Estimator (LSMDE) is a new
nonparametric density estimation technique developed by modifying the ordinary kernel
density estimators. While the ordinary kernel density estimator assumes equal weight
(1/n) for each data point, LSMDE assigns the optimized weight to each data point via the
quadratic programming under the Mean Integrated Squared Error (MISE) criterion. As
results, we find out that the optimized weights for a given data set are far different from
1/n for a reasonable smoothing parameter and, furthermore, many data points are
assigned to zero weights after the optimization. This implies that LSMDE decomposes
the underlying density function to a finite mixture distribution of p (< n) kernel
functions. LSMDE turns out to be more informative, especially in multi-dimensional
cases when the visualization of the density function is difficult, than the ordinary kernel

density estimator by suggesting the underlying structure of a given data set.
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Chapter 1

Introduction

1.1 Review of density estimation

One of the fundamental characteristics describing the behavior of a random
variable X is its probability density function. Specifying the probability density function,

we can compute the probability of X over a certain region 4,

P(X cA4)= Lf(x)dx

where f(x) is the probability density function of X. Knowledge of the density function
provides a way of understanding of underlying random variables. In most cases, the
probability density function of a random variable is unknown. Instead, statisticians are
given a set of observations. From now on, we suppose we have n independent,
identically distributed observations { X,}, i=1,...,n from an unknown probability density
function, f(x). Let us begin with a brief review of different approaches to density

estimation.

1.1.1 Parametric approach

One approach that can be considered as classical statistics is parametric statistical
inference. The parametric approach is based on fairly specific assumptions regarding the

nature of the underlying distribution. Its form and parameters have to be specified at the
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beginning of the analysis. Under these assumptions, the parametric approach is easy to
interpret and theoretically well understood.

The observations are assumed to be drawn from one of known parametric
families of distributions which is believed to describe an underlying density function
fairly well. Then, by estimating and testing the unknown parameters of the parametric
family, we have a complete density estimate for the underlying distribution. However,
the results from the parametric approach are valid only as long as all assumptions are
reasonable. In many cases, the underlying assumptions may be too stringent and its
application may be misleading when the assumptions fail. They may not be robust to the
presence of slight perturbations in data sets; and, for some cases, we might not even find

a suitable parametric family of distributions for our observations.

1.1.2 Nonparametric approach

Another class of methods, the nonparametric approach, does not restrict the
possible form of the density function. While the parametric approach concentrates on
obtaining the best estimator of unknown parameters, the nonparametric approach focuses
on obtaining a good estimate of the entire density function. The main idea behind it is to
reconstruct the underlying density function with as few assumptions as possible.
Nonparametric methods reduce the need for stringent, and sometimes implausible,
assumptions that we have to make in parametric estimation. Due to the lesser need for
assumptions, the nonparametric approach is suitable when little information about the

form and the family of the true density is available.



The histogram is one of the oldest and the most widely used nonparametric
techniques for estimating an unknown density function. The disadvantages of the
histogram are its discontinuity and its origin dependency [Silverman (1986)]. There have
been various approaches to estimating the unknown density functions to overcome the
drawbacks of the histogram. Some examples include extensions of the histogram such as
frequency polygons, the average shifted histogram, the nearest neighbor methods, the
orthogonal series methods, the maximum penalized likelihood estimators, and the kernel

density estimates.

Among these approaches, the kernel estimate is widely applicable and its
properties are best understood. Many researchers have analyied the behavior and the
performance of the kemel density estimates and have modified the ordinary kernel
density estimates in several directions for better performance. In section 1.2, we will
review some basic properties of the kernel density estimate which will be needed in later

chapters.

1.1.3 Finite mixture distribution approach

This approach has received increasing attention in the statistical literature recently
because of its applicability in many areas. Finite mixture distributions play an important
role in modeling heterogeneous data with the focus on applications in the field of cluster
analysis. Most standard densities do not have multiple bumps; and the presence of more
than one bump in a density is indicative of a mixture [Silverman (1986), p. 137, Good

and Gaskins (1980, p. 42)].



Suppose we have a random variable X, which takes values in a sample space Q,

and that its distribution can be represented by a probability density function of the form

f(X)=Zn;ﬁ(x) (LD

k
where nt, >0,i=1, ,k; ZTC- =1, and f,(x) is a probability density function for i

™
=1,k

In such a case, X is defined to have a finite mixture distribution with finite
mixture density function f(x) in (1.1). The parameters {x,}, i = 1,..,k are called the
mixing weights and fl.(x),A i = 1,k the component densities of the mixture
[Titterington, Smith and Makov (1985) p. 1]. The component densities are usually
assumed to be from the same distribution with different parameters for all i = 1,.. k. The
goal of the finite mixture distribution is the estimation of the parameters of the mixture
distribution such as mixing weights or the number of mixing component densities. Finite
mixture distribution techniques, however, can also be used to approximate an unknown
density function and are closely related to fhe kernel density estimates [Titterington,
Smith, and Makov (1985) p. 28, Everitt and Hand (1981) Sec 5.3]. This will be

illustrated while we explain the motivation of our new density estimator.



1.2 Kernel density estimator
1.2.1 Definition of kernel density estimators

The kernel density estimate of f(x) is defined by

oy Ly ey =% _15 _
f(y)—nth( ) nl_Zleh(y X;) (1.2)

1 t .
where K, (1) = ;K (;), known as the kernel function and the smoothing parameter 4. In

general, kernel functions are assumed to be both positive, symmetric about zero, and
have integral 1. For these reasons, symmetric probability density functions are one of the
popular choices for kernel functions. This assures the kernel density estimate to be a
density function itself. We may relax these conditions, especially the positivity condition
of kernel functions. If the kernel estimate is allowed to be negative for part of its range,
significant improvement can be achieved [Scott (1992) p. 133]. Since we want to
estimate underlying density functions using a finite mixture of probability density
functions, we restrict kernel functions to be probability density functions.

The kernel density estimator is indeed a density function and can be interpreted
as a mixture density of n equally weighted kernels each centered at a data point
[Titterington, Smith, and Makov (1985) p. 28]. Provided that K(u) is a probability
density function, the kernel density estimate has 7 mixing components with equal mixing
weights of 1/n.

The kernel density estimator is determined by the kernel function K (), and the
smoothing parameter, A. The kernel function determines the shape of the bumps while
the smoothing parameter 4 determines their width. The property of smoothness and

5



differentiability of kernel functions is inherited by f (¥). Therefore, if K(u) is n times
continuously differentiable, f" (y) is n times continuously differentiable.

As h—> 0, f (y) gets rough. As h— o, f (y) gets smoother. There is a well-
known trade-off relationship between the bias and the variance of the resulting density
estimates. Since the choice of certain kernel function is not so critical to f" (y) in the
asymptotic sense, we usually select the kernel based on the degree of differentiability or
computational efficiency [Silverman (1987) p. 43]. On the other hand, the appropriate
choice of the smoothing parameter # has been of crucial importance. Most current
research has concentrated on how to determine the desirable smoothing parameter in

systematic ways according to certain criteria.

1.2.2 Statistics of kernel density estimators

This section will be a review of some criteria that have been developed to
measure the discrepancy of the density estimator f (¥). Let us begin with pointwise

analysis of the kernel estimates. The mean square error of f" at x = y is defined as

MSE(F(») = E,[F(»)~ f())F = Bias’ [ f ()] + Var[ f(»)]. (1.3)

For a symmetric non-negative kernel, the bias and the variance of ka( V) are given as

Bias(f ()= %Gihzf "(y)+ O,

Var (e =5 10)RE) - L2 0 2) (14

n

6



where R(f)=[f*(y)dy and o3 = [y K(y)dy [Scott (1992) p. 130].

fK(y) is asymptotically unbiased as #— 0, and is consistent in MSE if #— 0,
and nh— ©. We observe a trade-off problem in the bias and the variance from (1.4).
The variance is proportional to 1/(nh), suggesting that the larger 4# becomes, the smaller
the variance. However, choosing / larger makes the bias of j?K( y) inflated. Therefore,
the smoothing parameter 4 plays a role of compromising the bias and the variance of the
resulting estimate.

Since we are most interested in the behavior of the estimate over the whole
possible range, we need global criteria so that we can take into account the entire

density surface in order to compare different density estimators. Some of them are based
on norms, the L, norm ,(sup | /(y)~F(»)), the Z, nom ([| f(»)~ f(»)ldy), or the

L, norm (J.[ f '( y)- f" (¥)I’dy). Because of the tractability of the L, norm, integrated
squared error (ISE) = J[ fy)- f (»)I’dy is the most widely used criterion for the global

accuracy of f‘ (). For most cases, it is sufficient to examine the average of ISE or the

mean integrated squared error (MISE) defined by

MISE(f) = E{[[f(y)~ f(»)Fd} (1.5)
It is known that the asymptotic MISE (AMISE) of the kernel density estimator with a

non-negative kernel density estimator is

B 4 Lot R(") (1.6)

AMISE =
where  R( f):J’ /3 (y)dy and o} = [y?K(y)dy [Scott (1992) p. 131]. The optimal

smoothing parameter 4°, which minimizes the AMISE is



R T s
' “[@R(f")] " a7

with

4/5

AMISE® = %[GKR(K)] R(f""*n™"® (1.8)

[Scott (1992), (6.16)].

In practice, the underlying density function is unknown and hence we are unable
to obtain4 the optimal smoothing parameter #°. Assuming the true density function is
normal, we often use a normal reference rule for smoothing parameter using a normal
kernel with 2 =1.066 n*” [Scott (1992) p. 131].

There have been two different approaches to improving the kernel estimation, one
in the choice of a kernel function, and the other in the choice of a smoothing parameter.
Even though it is well known that the choice of a specific kernel function affects a
density estimate in a minor way, significant improvement in the rate of convergence of
the estimate can be achieved by so called higher-order kernels if we allow K(u) to take
on negative values. It is known that, if K(#) is chosen so that its first p —1 moments
vanish (known as a kernel of order p), and if f(x) has p continuous derivatives , then the
rate of convergence of kernel estimate is O(n?*#*) [Scott (1992) p.133]. This
improvement is done by reducing the contribution of the bias to the MISE. An alternative
method of reducing bias is proposed by Terrell and Scott (1980).

A lot of research in density estimation focused on data-driven selection methods
of the optimal bandwidth. Cross-validation (leave-one-out method) is one of popular
methods to choose the optimal bandwidth. Cross-validation methods have several

different versions according to the choice of criterion.

1. Maximum likelihood cross-validation maximizing I_[ f_,.(x,.:h)

=1



where f_ ;(x,:h) is the leave-one-out estimate.
2. Least squares cross-validation minimizing an unbiased estimate of MISE
[Rudemo (1982), Bowman (1984)].
3. Biased cross-validation based on a slightly biased but less variable estimator of
MISE [Scott and Terrell (1987)].
A split-sample procedure was proposed for the choice of the smoothing parameter in the
maximum penalized likelihood mgthod by Good and Holtzman (1989).
Finally, we comment on two different ideas based on the maximum likelihood
methods and unequal weights on the kernel estimate. Geman and Hwang (1982) suggest
the maximization of likelihood function in the sequence of collections of densities called

a sieve. They give an estimate of the form, for the normal convolution sieve,

ﬂ(y)=§pi%1<(y—fh—yi) (1.9)
for some probability vector (p“ Dase- o p,) and some real numbers ( VirVareeny,) all
strictly contained in the range ot: data set. They found out that the ordinary kernel
estimate is in the sieve, but not among the optimal solutions [Devroye and Gyorfi
(1985)]. Also Scott (1976) proposed the optimal weights, {a,};, that solve the following

constrained optimization problem:

. . ” ~ n n l - R
maximize [T/0=11 Za,.ZK(yhx‘)
i=1 =1 =1

subject to a 20,foralli=1...n

a=1 . (1.10)

i
i=1

b



He established the existence and uniqueness of the solution of optimization problem

(1.10) and reported that most of the optimized weights are set equal to zero.
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Chapter 2

The Least Squares Mixture Decomposition Estimator

In this chapter, we present the least squares mixture decomposition estimator
(LSMDE) as a new density estimator, which is a generalization of ordinary kernel
density estimators with the connection to the theory of finite mixture distributions. From
the link between these two methods, the LSMDE provides more interpretable explanation -
about underlying distributions than the kernel estimator and can be easily applied to the

mixture problem or discriminant analysis.

2.1 Definition of the LSMDE
2.1.1 Motivation

While most researches on the kernel density estimate have been focusing on the
determination of a desirable smoothing parameter A, researchers have always assumed
that each data point receives the equal weight, 1/n. By definition, the kernel estimator is

the arithmetic mean of » independent and identically distributed random variables,

K.(y- X)-—K(y hX)

11



By inspecting the definition, we can interpret the kernel density estimates for a random
sample { X}, i=1,..,n, as equally weighted mixture densities. We can readily connect
the kernel estimates with the theory of mixture distributions by replacing the weights

from 1/n with general weights {a,}, i=1,...,n. Therefore, (1.2) can be rewritten as
~ 1 n n
f(Y):;ZKh(}"_xi):ZaiKh(.V_xi) 2.1
i=1 i=1

where a, = l , forall i=1,...n
n

The question is whether, for fixed A, and under some criterion, we can have a

better estimate in the form of

Fo)r=5 3 ak (==Y ak,(y-x) 2.2)

where

D> a,=landa; >0 foralli (2.3)

i=1
The two constraints (2.3) on the weights guarantee that the new estimator
becomes a probability density function itself. The first constraint assures that the
estimate integrates to 1. The second constraint guarantees that the estimate is always
positive over (—w,0). We restrict ourselves to the one with the weight condition (2.3),
since the relaxation of the weight condition no longer permits the interpretation of new
estimator as a mixture estimator. As we have mentioned, Scott (1976) and Geman and

Hwang (1980) propose the possibility of unequal weights of the kernel estimate.

12



2.1.2 Objective function

We wish to obtain the weights {a,}, i=1,..,n under some criterion that will assure
a good density estimate. We choose the ISE as our discrepancy criterion and we want to
have density function estimates of the form (2.2) subject to (2.3), which minimizes an
objective function reflecting ISE based on the observations we have.

Given any density estimator f" (y) of a density f(), the ISE can be written as

ISELf )= [0 - FTFay = [ £ -2 ff+Jf
= [ +0lf ] - @.5)
As the first term, J. f? in (2.5) is unknown but fixed and does not depend on f (),
minimization of the ISE depends on the last two terms or ([ f (»)]. Minimization of

ol f ()], however, still depends on the unknown density f(y). We replace the middle
term j f f = E[f] by its unbiased estimator £[f]= lz F(X,) so that we can have an
n°g

objective function directly accessible from the observations. The objective function we

wish to minimize becomes an estimator of ([ f (M1,

OLf (1= ——Zf(X)+jf (V) (2.6)
Note that J‘ f2(y)dy depends only on the data, K(u), and the smoothing parameter A,
since

[F(ay = jtzzaaK(y x)K,(y - x,)ldy

i=l j=1

13



= iiaiajJ.Kh(y—xf)Kh(y—xj)dy

i=1 j=1

=iiaiajK;(xj - x,)

i=1 j=1

2.7)

where K;(xj —x;) is the convolution of K, (y —x;) and K, (y - x,).

As a result, (2.6) depends only on the random sample and the kernel function. Hence it
can be explicitly calculated and minimized subject to the constraint (2.3) from the data
set. Q[ f (¥)] 1s, in fact, a modification of the least squares cross validation function used
for automatic smoothing parameter selection, developed independently by Rudemo

(1982) and Bowman (1984).

2.1.3 Definition and conjectures

We define the least squares mixture decomposition estimator (LSMDE) of f(y)

according to the objective function (2.6) and the constraint set (2.3).

Definition : LSMDE of f(y)
f” () is defined as the least squares mixture decomposition estimator of f(y)
if given an i.i.d random sample of size n, { X;} i=1,.,n, the kernel function K(u), and

the fixed smoothing parameter / ,

)= aK,(y-x) 2.8)

i=l

where {a,}, i=1,..,n minimize the objective function,

14



O N=-23 700+ [ PPy

subjectto D a;=1 and @, 20 foralli. (2.9)

=1

The behavior of f (y) depends on which a,'s are strictly positive after the
minimization of Q[ f ()] subject to the constraint. If all a,'s are positive and close to 1/n,
the LSMDE must be similar to the ordinary kernel density estimate. If that is not the
case, the set of nonzero weights controls the characteristics of the LSMDE. Suppose

{m,}, j=1,.,k is the set of positive weights among {a,}, i=1,..n after optimization.

Then the LSMDE (2.8) reduces to

J») =27 K (y-x)) (2.10)

where {7}, j=1, .k is the set of positive weights after optimization.
Note that (2.10) can be interpreted as the density estimate of finite mixture distribution

with {& ;1, the mixing weights estimates, £, the estimated number of mixing components

and K,(y - x;), component density [Titterington, Smith and Makov (1985) p. 1]. In
other words, the LSMDE becomes an estimate of the underlying probability density
function as a finite mixture density, if the optimized weights are not 1/n for each

observation.
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2.2 Estimation of the LSMDE

In the section 2.1, we discussed the criterion for choosing the optimized weights
under an ISE-based objective function. Here we present how we actually compute the
weights {a,}, by the minimization of the objective function, Q[ ; ()] subject to the
constraints. This optimization turns out to be a typical quadratic programming problem

from optimization theory.

2.2.1 Quadratic programming for the LSMDE

The optimized weight, {a,}, i=1,..,n in the LSMDE (2.8) can be obtained by

solving the following constrained optimization problem.

min O(fs0)=-23 Fx)+ [ 7 (e
s.t. iaizl | “and aiZO‘foralli. (2.11)

This optimization is categorized as a quadratic programming problem in operations
research. Let us translate (2.11) into matrix notation as follows to demonstrate the
quadratic programming setup.

The first part of the objective function (linear term) becomes

o g .
—;Zf(x,-)=-;ZZath("i"‘f)“‘l d (2.12)

i1 i=1 j=1
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2 n n n r
where Q=—;(2Kh(xl—xj), DK (x,-x), -, ZKh(xn—xj)J . (2.13)
j=1 J=1 j=l

The second part of the objective function (quadratic term) becomes

[P0y =[S aa K=K -x)d=1a’Ca @14
K;(O) K;(x]_x2) K;(xx—xn)
where C =2 K"(xf'xl) K’“:(O) o K| (2.15)
Ki(x,=x) Ki(x,-x,) - K;(0)
and K;(xj-_-xi): IKh(y'xi)Kh(y_xj)@ = J.Kh(Z)Kh(z _(xj - Xx,;))dz (2.16)

The linear equality constraint is 1"a = 1 and the linear inequality (the positivity
condition of the weights) can be rewritten as / a > 0 in matrix notation.
Therefore, the constrained optimization problem (2.11) can be expressed as a

typical quadratic programming problem [Fletcher (1987)]:

s.t. 'a = 1 (2.17)

The objective function is quadratic and the constraint set is linear. While the
minimization of Q[ j (y)] without the constraint set leads to the systems of linear
equations, Ca=d which can be easily solved for a, linearly constrained quadratic

programming problems are much more difficult to deal with than the unconstrained case.
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Algorithms developed for the constrained least squares linear regression can be applied to
solve (2.17) provided that C is positive definite. This relationship between the quadratic
programming and the constrained least square estimation is summarized in the Appendix
A.2. Hager, Jorst and Padalos (1993) gives a survey of recent developments relating to
quadratic programming algorithms. Basic properties of the quadratic programming will

be presented in the next section while we prove the properties of the LSMDE.

2.2.2. Existence and uniqueness of the LSMDE

We establish the existence of the solution for (2.17) from optimization theory as
follows. The quadratic programming problem belongs to convex programming provided
that the Hessian matrix of the objective function, C, is positive semi-definite. Since the
convex quadratic programming problem has a global solution if C is positive semi-
definite and the solution is unique if C is positive definite [Fletcher (1987) p. 229], we
need to prove that C is positive semi-definite for the existence and that C is positive
definite for the uniqueness of the LSMDE for a given data set. We will show that C is
positive definite even in the presence of duplicate data points.

First, we examine how to deal with duplicates in the data set before we show
that C is at least positive semi-definite. Suppose there are m distinct data points among 7
data points such that (X,,..., X|| X,,..., X,|---- | X,,,--.X,), where r, denotes the number

m
of repetitions of X , so that n= er. Then the Hessian matrix becomes
j=1
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