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Conical Intersections and Avoided Crossings of Electronic Energy Levels

Stephanie Nicole Gamble

ABSTRACT

We study the unique phenomena which occur in certain systems characterized by the cross-
ing or avoided crossing of two electronic eigenvalues. First, an example problem will be
investigated for a given Hamiltonian resulting in a codimension 1 crossing by implement-
ing results by Hagedorn from 1994. Then we perturb the Hamiltonian to study the system
for the corresponding avoided crossing by implementing results by Hagedorn and Joye from
1998. The results from these demonstrate the behavior which occurs at a codimension 1
crossing and avoided crossing and illustrates the differences. These solutions may also be

used in further studies with Herman-Kluk propagation and more.

Secondly, we study codimension 2 crossings by considering a more general type of wave
packet. We focus on the case of Schrodinger equation but our methods are general enough
to be adapted to other systems with the geometric conditions therein. The motivation comes
from the construction of surface hopping algorithms giving an approximation of the solution
of a system of Schrodinger equations coupled by a potential admitting a conical intersection,
in the spirit of Herman-Kluk approximation (in close relation with frozen/thawed approxi-

mations). Our main Theorem gives explicit transition formulas for the profiles when passing



through a conical crossing point, including precise computation of the transformation of the

phase and its proof is based on a normal form approach.

Supported in part by National Science Foundation grant DMS-1907435.



Conical Intersections and Avoided Crossings of Electronic Energy Levels

Stephanie Nicole Gamble

GENERAL AUDIENCE ABSTRACT

We study energies of molecular systems in which special circumstances occur. In particular,
when these energies intersect, or come close to intersecting. These phenomena give rise to
unique physics which allows special reactions to occur and are thus of interest to study. We
study one example of a more specific type of energy level crossing and avoided crossing, and
then consider another type of crossing in a more general setting. We find solutions for these

systems to draw our results from.
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Chapter 1

Introduction

Let us begin by considering the time-dependent Schrodinger equation
oy = H@)w
ot '

Consider a molecular system consisting of K nuclei and N — K electrons, z € R™ where

x; € R! denotes the position of the 7" particle, the Hamiltonian has the form

R Yoo
H(z) =, —Q—Mijj - Z %ij + Z‘/ij(%‘ — ;)
j=1 j=K+1 1<J
where M;, for 1 < 7 < K is the mass of the 5" nucleus, and m; for K +1 < 7 < N is

the mass of the j electron. Vj; are the potential energies. This can be extended to more

generalized systems as well, including other particles and other forms of potentials.

This equation is often difficult to solve, and it is common practice to use a standard Born-
Oppenheimer approximation which separates the electronic and nuclear parts of the Hamil-

tonian. It implements a parameter €, where €* is the ratio of the mass of an electron to the
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average mass of the nuclei. (Note, sometimes ¢ = ¢* is used instead.) After scaling of the

variables, we write the Schrodinger equation as

e At h
i€ 5 [—5 =+ (3:)] ).

Here, h(x) is called the electronic Hamiltonian. The energies of the system are given by the

eigenvalues of H(z).

We wish to study the interesting phenomena which occur in certain systems which are
characterized by the crossing or avoided crossing of two electronic eigenvalues. The solutions
given by the standard Born-Oppenheimer approximation depend on the assumption that
the electronic eigenvalues are isolated away from each other, and thus breaks down at the

crossings. This allows for unique physics to occur in these systems.

In the first part of this dissertation, given in Chapter 3, we will consider an example of
a certain type of crossing. The crossings are classified in part based on the dimension of
the crossing in the space. In particular, we study a particular codimension 1, Type C
crossing. The main results are obtained by implementing results given in [34] to construct
the solutions for the crossing system, in terms of Gaussian wave packets, or Hagedorn wave
packets [28] 29, [54] 35]. Recently, results on codimension 1 crossings in relatively general
situations have been obtained [21], [22]. For the avoided crossing case of the same type
of system, we implement the results of [39] to obtain solutions in terms of the same wave

packets.

With the solutions to both of these system, we demonstrate how one uses the theorems of



[34, 39], and are able to investigate the differences between the solutions of these two cases,
and the difference in the probability of an electronic energy level transition. A motivation
for obtaining these results is so it may be possible that the solutions for other general
systems with codimension 1 crossing or avoided crossing may be found from these or by
using a perturbation or variation. It is also motivating that one could develop a Herman
Kluk algorithm for both the crossing and avoided crossing [22]. This has been considered

previously for the scalar case [47].

In the second part of the dissertation, given in Chapter 4, we consider any general codimen-
sion 2 crossing and analyze the propagation of a wave packet through the intersection. This
question has been addressed for Gaussian wave packets in [34] and we consider here more
general ones. We focus on the case of Schrodinger equation but our methods are general
enough to be adapted to other systems as those of [13, 4] with the geometric conditions

therein.

The motivation comes from the construction of algorithms giving an approximation of the
solution of a system of Schrodinger equations coupled by a potential admitting a conical
intersection, in the spirit of [55], 57, 47] and generalizing [19 20]. Our main Theorem gives
explicit transition formulas for the profile when passing through a conical crossing point,
including precise computation of the transformation of the phase and its proof is based on a

normal form approach.



Chapter 2

Background

2.1 Semiclassical Wave Packets

2.1.1 Hagedorn Wave Packets

Before we consider solving the approximate solutions for the system, let us introduce the
structure of the semiclassical wave packets which will be used to construct our solutions. We
will use these to study the approximation for the nuclear motion. First we will identify some
of the notation that will be used. We let n be the dimension of the nuclear configuration
space. Let the multi-index [ = (Iy, ls, ..., [,,) be an ordered n-tuple of non-negative integers.
We define the order of [ as || = z”: l;, and define the factorial of [ as I! = (I3!)(lo!)...(1,!). Let

J=1

olll
D! denote the differential operator D! = . Let 2! be the monomial

(021)1 (D3 2. (D)l




z! = 2'2B . aln. The notation f( indicates the gradient of the function f and f® is the

matrix of second partial derivatives of f. Considering R as a subset of C, we denote the

it" standard basis vector in R” or C" by e;. The inner product on R” or C" is denoted by

n

<U7 w> - Zv_jwj'

J=1

The wave packets use complex Gaussian functions and Hermite polynomials. For z € C,

these are defined by

Ho(l’) =1
7‘[1(ZB) =2
Ho(x) = da* — 2

and in general, for integer k,

2 dk 2
Hi(z) = (—1)Fe” —e".

dxk

In the more general setting where z € C", the Hermite polynomials are given by
ﬁo(l’) =1

ﬁl(x) =2(v, x)

where v is an arbitrary non-zero vector in C". Then for any integer £ > 2, the Hermite

polynomials are defined recursively by

Hi(v1, va, oy Uk ) = 2(Vk, T)Hp1(v1, V2, -y Vpo1; T)



k1
—QZ@%, Vi) He—2(V1, -y Vic1, Vigl, - Vk—1; T)

i=1

These functions do not depend on the order of the vectors vy, vs, ..., vp. Actually if n =1
and we let vy, va, ..., v, = 1 € C!, then the generalized Hermite polynomials are equal to
the usual ones, i.e. ﬁk(vl, Vo, ooy Vg X) = Hyp(x).

For a complex n x n matrix A, we define |A| by |A| = [AA*]'/2) where A* is the adjoint of
A. There is a unique unitary matrix Uy such that we can decompose A = |A|U4. For a

multi-index [, we define the polynomial

Hi(A; z) :’;qm(\UAel, oy Uner, Uneg, .., Uney, ..., Unen, ..., Uney; )

TV TV TV
11 entries lo entries ln entries

Now we can define the semiclassical wave packets ¢;(A, B, h, a,n, z). Note that in the Born-

Oppenheimer approximation we replace i by €.

Definition [28]: ”For n x n matrices A and B satisfying

A and B are invertible, (2.1)
BA™! is symmetric ([real symmetric] +i[real symmetric]), (2.2)
Re(BA™") = %[(BAl) + (BA™1)*] is strictly positive definite, (2.3)
[Re(BA Y] ™' = AA*, (2.4)

and let a € R", n € R, and h > 0, then for each multi-index [, we define the wave packet

d1(A, B, Bya,n,x) = 2712107V 2p /A4 det A2

Hi(A 7 P|A (2~ a))



o { L0 BAw =) | n (o= Y

The choice of [det A]'/? here depends on the context of the problem and is determined by

the initial conditions and continuity in time.

There are some things to note when using this definition. First, these wave packets are only
used when the conditions ([2.1))-(2.4) are satisfied for the matrices A and B. We can also

notice that condition 4 is equivalent to
A*B+ B*A = 21

where [ is the nxn identity matrix. Given A, B, h, a, and 7, the functions ¢;(A, B, h,a,n, x)

are an orthonormal basis of L*(R").

U, and Upg are complex unitary matrices, and A and B are Hermitian matrices. In the case
where all of these are real matrices, the functions ¢;(A, B, h,a,n,x) are just rotated and

dilated eignenfunctions of the harmonic oscillator in n dimensions.

¢1(A, B, h,a,n,x) are very useful due to their behavior under Fourier transforms. For the

scaled Fourier transform defined as

FU)(E) = (20h) "2 / W) D g,

n
we have

[Fui(A, B, hoa,n,)|(€) = (=i)lle /gy (B, A h,n, —a,¢).

The functions ¢,(A, B, h,a,n,x) also separate the uncertainties of position and momentum.
For a given [, the uncertainty of the position only depends on |A|, and the uncertainty

7



of the momentum only depends on |B|. In one dimension, n = 1, the uncertainties of

(1)

for the uncertainty of position, and

¢1(A, B, h,a,n, x) are given by

for the uncertainty of momentum.

Note that B only appears in the exponent of ¢;(A, B, h,a,n,z). A only appears in the
exponent of the Fourier Transform of ¢;(A, B, h,a,n,z). These are important for some of

the properties discussed above.

Under reasonable assumptions (such as V' € C® and bounded), the Schodinger equation

has the approximated solution
U t) = SO (A(t), B(t), h,alt),n(t),x) + O(h'/?)

where in this setting, O(h'/?) means the error of the approximation has a norm bounded by

an [-dependent constant times & for t € [T, T] for a fixed number 7.

The vectors a(t) and n(t), the classical position and momentum, satisfy

W0ty = ot (2.5)

n

5 ~VW(a(t)). (2.6)



S(t), the classical action integral associated with the classical path, satisfies

S(t) = / t ((”(;))2 —V(a(s))> ds. (2.7)

-
The matrices A(t) and B(t) satisfy

0A

S = iB() (2.8)

S5 = VP a)A(). (2.9)

If A(=T) and B(—T) satisfy the conditions (2.1)-(2.4)), then so do A(t) and B(t) for all
t € [-T,T]. The solutions A(t) and B(t) to the differential equations above can be obtained
from the derivative of the classical phase flow variable, with respect to the phase space

variables,

_ Oat) . ;
AD = Bay M o)
Blt) = s B-T) 5o AT

Ja(t)

B(=T)

Using the wave packets ¢;(A, B, h,a,n,x). we can study higher order semiclassical approx-
imations. The Schrédinger equation can be solved up to errors of order O(h™/?) for any m

in terms of finite linear combinations of ¢;(A, B, h,a,n, x).

2.1.2 Raising and Lowering Operators

In this section we will discuss a more natural way of constructing the Hagedorn wave packets.

Proof of the theorems and lemmas from this section can be found in [35]. Starting with



just one-dimension, we will go through the construction of the wave packets, asymptotic
expansions of the solutions to the time-dependent Schrodinger equation,

G
i = —5 M+ V().

We will then continue to the general n-dimension case, as we are interested in a two-

dimensional problem.

Weleta e R, neR, h>0, A€ C,and B € C. We also assume the normalizing condition

— — 0

AB 4+ BA = 2. The momentum operator, p, is given by p = —iha—. Then we can define
x

the raising and lowering operators A* and A, operators from the Schwartz space S to itself.

Note, a Schwartz space is the space of functions f € C*(R") such that f and all derivatives

of f decay to 0 faster than any inverse power of z as |z| — co.

A(A, B, h,a,n)* —\/_r:v—a —iA(p — 77)]

and

A(A, B, B an) - ¢L2_h B(x — a) + iA(p — )]

The normalizing condition implies the following.
A(A7 B? h? a’ n)A(A7 B7 h? a? n)* - A(A7 B7 h? a? 77>*A(A7 B? h? CL? 77) = '[

By solving A(A, B, h,a,n)¢o(A, B, h,a,n,) = 0, we see that 0 is a non-degenerate eigen-
value of A(A, B, h,a,n). We will fix the phase, modulo a plus or minus sign depending on

the context, and normalize the eigenvector ¢o(A, B, ki, a,n,-) by

_ -1 o 2 . .
¢o(A, B, h,a,n,z) = 7r_1/4h—1/4A—1/2eXp{ BA 2%77 a) +ZTI(:Uh a)}'

10



Recursively, we then define ¢y(A, B, h,a,n, ) by

1

¢k+1(AaB>h7 aaﬁ?') = \/k—‘i‘l

A(A> Ba ha a, n)*¢k<A7 B> h? a, 1, )

r—a

From this formula, we note ¢x(A, B,h,a,n,z) is a kth degree polynomial in T times

¢o(A, B, h,a,n,z). Then for k =0,1,2..., we find the following.

Theorem 2.1.1. [Theorem 2.3 of [35]] " The functions ¢(A, B, h,a,n,-) form an orthonor-

mal basis of L*(R) and satisfy the following.
A(A, B, h,a,n)ow(A, B, hya,n,-) = Vkér (A, B, han,-),
A(A, B,h,a,n)*¢x(A, B, h,a,n,-) = Vk+1¢k1(A, B,ha,n, ),
A(A, B, h,a,n)*A(A, B,h,a,n)¢r(A, B,h,a,n,) = kop(A, B, h,ya,n,-),

A(A7 Ba ha a, W)A(A» B: ha a, n)*¢k(Aa 37 ha a, 1, ) = (k + 1)¢k‘(A7 B’ h? a, 1, ')'”

This allows us to diagonalize any quantum Hamiltonian of the form

H = = (ap® + Blap + px) + 72?)

DO | —

where w? = (ay — %) > 0. This allows us to write H as

H = %(A"‘A%—AA*) (2.10)
for the chosen values of a = 0, n = 0, A = \/2¢? and B = /Ze " where 0 =
%sirf1 (%)

The eigenvalues and corresponding eigenvectors of H are (k + $)hw and ¢(A, B, h,a,1, ")

for k=0,1,2....

11



The wave functions can be transformed from position space to momentum space with a

Fourier Transform.
FO) = @) [ vla)e = d
R

This gives us the following,
FrA(A, B, hya,n)F, = iA(B, A, h,n,—a)
and
Fi "A(A, B, ha,n)F, = —iA(B, A k,n, —a)".
Then we can show that
(FRA(A, B, i a,n,)(€) = —e""¢o(B, A, 1, —a,§),
and then

(fh¢k(A7 B> h? a, 1, ))(é) = (_i>keimn/h¢k(B> A? hu n,—a, f)

The wave packets ¢r(A, B, h,a,n,-) are convenient for studying the propagation of a wave
function generated by time-dependent Hamiltonians which is quadratic in position and mo-

mentum.
Let a(), B(-), v(-), 6(-), €(-), and ((-) be continuous, real valued functions. We consider

the classical Hamiltonian given by

Hr.p.1) = Sa(tp? + B(0)p+ st +5(0)p+ e(t)e + ().

Given the initial conditions, (A(0), B(0),a(0),7n(0),S(0)), there is a unique solution

12



(A(t), B(t),a(t),n(t), S(t)) to the system

a(t) = pt)a(t) + alt)n(t) +6(t)
N(t) = —y(talt) — Bt)n(t) — €(t)
Alt) = BE)A() + ia(t)B(1)

Assuming that A(0) and B(0) satisfy the normalization condition, AB + AB = 2, then so
will A(t) and B(t). We can write A(t) and B(t) in terms of derivatives of the phase space
flow associated with a(t) and n(t).

da(t) alt)

Al = GrgA0) +ig e BO)
Blt) = GHAB0) - ik A©

These are true since each side of the equations satisfy the differential equations in the system

and same initial conditions.

Theorem 2.1.2. [Theorem 2.5 of [35]] ”For every k,

w(hv t) = eis(t)/hgbk(A(t)v B(t)v h, a(t)7 n(t)v )

satisfies the time-dependent Schrédinger equation

G
i, = H(th

for the time-dependent quantum Hamiltonian

H(t) = _a(z;)hz a@; — zﬁ%)h (x% + (%m) + @952 - ih&(t)(% +e(t)z + ¢(t)."

13



Corollary 2.1.3. [Corollary 2.6 of [35]] "There is a unique unitary propagator Uy(t,s) for

the time-dependent quantum Hamiltonian satisfying
Ut,s) : S—= S

and

Uh(t,s)eis(s)/%k(A(s),B(s),h,a(s),n(s),-) = eis(t)/h¢k(A(t),B(t),h,a(t),n(t),-),

for all k and all solutions (A(t), B(t),a(t),n(t),S(t)) to solve the system.”

Note that on S, we can write

r—a = \/g (AA(Aa B’ hu a, 7])* + ZA(A7 B’ h’ a, 7]>>
and
h —
p—n = iyfh (BAB, b i)~ BAAB.ha.n).

Using these and equations from Theorem ([2.1.1]), we can calculate the following norms,

1/2
||(I_a)¢k(AaB’hva777")|| = (g) |A|V2k’+1

h
[(z — a)*¢n(A, B, h,a,n,-)|| = (5) |A|*V/6k2 + 6k + 3

B 32
[[(x — a)’¢n(A, B, h,a,n,-)|| = (§> |APPV/20k3 + 30k2 + 40k + 15

For a general m,

m/2
(o~ oA Bhan )l == (5)  1A"V@0

14



where @), is an mth degree polynomial with integer coefficients. Specifically,

min{m,k} m k
Qum(k) = 1-3-5---2m—1) » 2
=0 p p
Also,
B 172
0= oA, B.an ol = (5) 1BIVETT
2 h 2 2
1(p = m)70x(A, B, hoa,n)ll = | 5 | BIFV6k? + 6k +3
Y\ 3/2
0= 06 Bl = (3) 1BV T 5087+ 0% 1 15
and

R\
0= 0o, Ban ol ==(3) 1BV,

We can then extend these results for quadratic Hamiltonians to more general Hamiltonians.
The construction of these wave packets is indeed equivalent to the following more recognized

formula, for £ =0,1,2,...

¢k(A7 B7 FL, a,n, XL') _ 2—k/2(k!)—1/2,/T—1/4h—1/4A—(k+1)/2(Z)k/Q

X H, (h’1/2]A|’1(x — a)) exrp { —BAT @ —a) + in(x —a) }

2h h

where H;, is the kth Hermite polynomial. The choice of the sign of the square roots of A

and A depends on the context.

Now we will consider the multi-dimensional case. We will now let a € R*, n € R, and A > 0.

Let A and B be n x n complex matrices which satisfy the following

A'B—B'A=0

15



A*B+ B*A =2I.

This implies that A and B are invertible, also that BA™! is symmetric ([real symmetric+:

real symmetric]). Furthermore, (ReBA™')™! = AAx, and ReBA™" must be strictly positive

definite.

The momentum operator p is defined by p = —iAV,. For any v € C", we define the raising

and lowering operators by

1 oA
A(A7 B7h7 6%777”)* - \/_2_h [<BE7 (I - CL)) - 1<AU7 (p - T])>]
L i?»v(m—a-)—l—iiz-v <—ihi— )
V2h o 3k Uk T Ay — 7.k Uk Oz, 1;
and
1 L
A(A7Ba haaanvv) - % [(va (:E - (l)) - Z<AU7 (p - 77)”
B L Uy I I
= \/ﬁ < gk Vk\ Ly J ~ J,kVk 833]- Tj .

From this we can see the following properties.

"A(A, B,h,a,n,v)A(A, B, h,a,n,w) — A(A, B,h,a,n,w)A(A, B, h,a,n,v) =0

-A(A> Ba h7 a, 1, U)*A(Aa B7 ha a, 1, U)>* - A<A7 Bv h? a, 1, ’IU)*A(A, Ba hv a, 1, U)* =0

A(A, B, h,a,n,v)A(A, B, h,a,n,w)" — A(A, B, h,a,n,w)*A(A, B, h,a,n,v) = (v, w)”

We will choose to use the standard orthonormal basis, e;, of R". Define

"Aj(A, B, h,a,n)" = A(A, B, h,a,n,¢e;)"

AJ<A, B, ﬁ,a,r]) == A(A7B7 h7a7777€j)‘”
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Then A(A, B, h,a,n)* and A(A, B, ki, a,n) are the vectors whose components are the n raising

and lowering operators, specifically,

AAB.hva.n) = —= (B (e =) = iA"(p =)
A(A, B, h,a,n) = L[Bt(x —a) +iA'(p —n)].

V2h

It will be convenient for us to use a multi-index k = (ky, k2, ..., k,), an n-tuple of non-
negative integers. The order of k will be defined as |k| = Z k;, and the factorial of k as
j=1

k|
(021)F1 (D)2, (D, )

k _ ki, .k k
,and % = xi' x5 ..

k! = (ky!)(ka!)...(kyn!). We also define DF =
We can solve the equation
A(Aa B7 ha a, 77)¢0(A7 Ba ha a, 1, ) = 0.

In n dimensions, this gives us that the intersection of the kernels of the lowering operators
A; is a one-dimensional subspace. We can fix the phase, modulo a plus or minus sign, and

normalize the solution.

¢0(A7 Ba h7 a, 1, ZU) =

7 AR (det(4)) 2 exp {— =) AT )] | () }

2h h

Then we can define for any multi-index k,

¢k(AaB7h7avn7'> =
1
A4 B.h.a, 1)) (As(A, B, ha,n)) . (An(A, BBy a,n)*) ¢o(A, B, hya,n,-)
From this we can see that ¢(A, B,h,a,n,z) is a |k|™" degree polynomial in =4 times

¢0(A7 BJ ha a, 1, l’)
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Theorem 2.1.4. [Theorem 3.3 of [35]] " The functions ¢i(A, B, h,a,n,-) form an orthonor-

mal basis of L>(R™) and satisfy the following properties,
A;(A, B ha,n)éi(A, B ha,n, ) = /kiow(A, B, R a,n,),
where k' = (k1, ko, ..., kj—1, kj— 1, kjya, oy k),
Aj(A, B, h,a,n) ék(A, B, h,a,n,-) = \/kj + 1w (A, B, h,a,n, ),
where k" = (k1, ko, ..., kj—1, k;j +1, kjv1, -y kn),
A;j(A, B, h,a,n)" Aj(A, B, hya,n)¢r(A, B ha,n, ) = kide(A B, hya,m, ),
A;(A, B hya,n)A;(A, B, hya,n) éx(A, B, hya,n,-) = (k; +1)¢k(A, B, h,a,n,-).

Using the scaled Fourier transform

(Fu)(€) = (2mh)~? Rn?/f(x)e_ig”"/ﬁ da,

each A; and A} satisfy analogous properties to those of the one-dimensional case. Specifically,

for any multi-index k,

(Fﬁ¢k(A7 Bv ha a, 1, ))(5) = (_i)|k|€_i<am>/h¢k(3’ A7 h? 1, —a, g)”

Continuing the analogous results for the time-dependent quadratic Hamiltonian, we consider

the classical Hamiltonian



where we suppose a(-), B(-) and y(-) are continuous, real, n x n matrix-valued functions. d(-)
and €(-) are continuous R"-valued functions, and ((-) is a continuous real valued function.

Assume a(t) and (t) are symmetric for any ¢, and 8%(t) is the transpose of §(¢).
Given the initial conditions (A(0), B(0),a(0),n(0), S(0)), there is a unique solution
(A(t), B(t),a(t),n(t), S(t)) to the system

alt) = Bl)a(t) + a(t)n(t) + (1)

n(t) = —y(ta(t) = B (En(t) — €(t)

As in the one-dimensional case, we can write A and B in terms of the derivative of the phase
space flow associated with a and 7. Specifically,

da(t) da(t)

Alt) = G AD) +ig B
B(t) = SZ—%))B(O)—igZ((?)A(O)

Theorem 2.1.5. [Theorem 3.4 of [35]] "For the system of equations (2.5)-(2.9), for every
k,

G(h,t) = eSO (A(t), B(t), b,a(t),n(t),)
satisfies the Schrodinger equation

Z_aw
ot
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for the time-dependent quantum Hamiltonian

h? 0? ih 0 0
H) = =52 il a5~ 5 2 (‘Ca—+a—)

(] 1,J

(2

1 0
+3 z]: iy (1) 5, — mz Gilt) g, + S etz + C().

Since BA™! is symmetric and (ReBA™')™t = AA*, it follows that AA* is a real symmetric

matrix. Hence,

AA* = (AA") = AAY
Also recalling that A'B — B'A =0 and A*B + B*A = 21,

AB* + ABt = 2I.

Similarly,
BB* = (BB*)! = BB'
and

BA! + BA* 21.

Therefore, as operators on S,
h R
m - a = \/;(A‘A(A7 B? h? 0/7 77) +AA(A7 B? h? a/7 7]))7

and

p—n = i\/é(BA(A,B,h,a,n)*—FA(A,B,h,a,n))-
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We get the result analogous to the one-dimensional case, for any multi-index k,

1/2

A 1/2 n
H(xj_aj)¢k(AaB7ha aaﬁf)” = (5) (Z|A],l‘2*2kl+1)) 5
=1

and for any multi-indices m and k,

||(£L’ - a)m(bk(A’ B, h,a, 7, )|| = O<h|m|/2)

2.1.3 Pseudo-Differential Operators

We introduce semi-classical pseudo-differential operators for use as tools in the analysis
of solutions to Schrodiner operators We consider matrix-valued functions a € C*(R?¢, C??)
which are bounded together with their derivatives. Then, one defines the Weyl semi-classical

pseudo-differential operator of symbol a as

op, (0)f(a) = (27) ¢

» et @), (az Y 5) fy)dyde, Yfe SR C. (2.11)

2 J
The reader may find proofs of the results presented here in [9, 62, 24], for instance. We note

that op, (a) maps S(R) onto itself.

The Calderén-Vaillancourt theorem [3] ensures the existence of a constant C; > 0 such that

for every a € C*°(R%,C??) one has

| op. (@)l £z2(rac2)) < CaNg(a), (2.12)

where

Ni(a) := Z ell sup |07 cal.

dyRd
aeN2d |o|<d+2 RIXR
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The calculus extends to functions a that are polynomial functions in ¢ with coefficients

depending smoothly on x. We assume that there exists NV € N, such that
Va e N 30, |0%(z)| < Co(z)V 1ol
Then, the operator op,(a) maps L +* into BV,

Matrix-valued pseudodifferential operators enjoy a symbolic calculus:

Proposition 2.1.6. Let a,b € C°(RY), then

op. (a) op, (b) =op, (ab) + - Opg ({a,0}) + &RV

with {a,b} = Z;'l:1 0¢;00y;b — Oy, 0¢,b and

[op, (a), op. (b)] =op, ([a,b]) + %(Ops ({a,0})~ op. ({b,a})) +*R,

IRV pr2maceyy < C sup  N5(0202a)N5(9700b), 4 € {1,2},

|l +]B|=2

for some constant C' > 0 independent of a, b and .

Similar results hold for symbols satisfying (A.4]) in the adequate functional spaces.

Remark: The term of order e* above has symmetries so that if [a,b] = 0,

[op. (a),0p. (b)] = = op. ({a,b}) + O(").

(2.13)

Besides it has a particularly simple expression when the function b does not depend on z.

The following hold in £(L*(R%,C?)):

d 2
5 5
op. (b) op. (a) =op. (ba) + 5= > 0. (Iebdusa) + 5 D oP. (P, b0,
j=1 1<t,p<d
B d 52
op, (@) op, (5) =op, (ah) — =3 op, (Dadh) + 5 Y op. (@2,
=1 1<0p<d
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2.2 Electron Energy Level Crossings

2.2.1 Introduction to Energy Level Crossings

When assuming that the electron energy levels are discrete, the standard Born-Oppenheimer
approach is typically used to approximate a solution to the time dependent Schrodinger
equation. Now we minimally break that assumption by instead assuming that there are two
energy levels which intersect. We let E4(X) and Ep(X) be two discrete electronic levels
isolated away from the rest of the electronic spectrum of A(X) for all X in some region
of interest. Let E4(X) # Ep(X) except for X € I' where I' is some proper manifold of
the space of nuclear configurations. To simplify some, we will assume F4(X) and Ep(X)
have the minimal degeneracy allowed by the symmetric group of the electronic Hamilitonian,
and also that the electronic Hamiltonian satisfies a generality condition near the crossing

manifold T".

The codimension of the crossing manifold I" will serve to classify these types of level crossings.
The codimension of the crossing is the number of nuclear configuration parameters which
must be adjusted in order to arrive at the crossing submanifold. Typically I' has codimension
1, 2, 3, or 5, and there are 11 distinct types of crossing for these generic, minimal multiplicity

level crossings. (Seven of the types of crossings have codimension 1.)

Suppose we have a molecular system consisting of K nuclei and N — K electrons. The
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Hamiltonian is given by

K 4 N
€ 1
7j=1 j=K+1 1<J

where X; € R! is the position of the jth particle, M; is the mass of the jth nucleus (particle
1 <j < K), m; is the mass of an electron (mass of particle K +1 < j < N), and Vj; is the

potential between particles i and j.

If welet M; =1for 1 < j < K, set n = (K, and define the nuclear configuration vector

X + (X1, Xo, ..., Xk), we can express the Hamiltonian as

H(e) = —%Ax + h(X) (2.15)

where h(X) is the electronic Hamiltonian which depends parametrically on X.

The eigenvalues of h(X), E(X), are the discrete electron energy levels. We will assume that
h(X) satisfies that (h(X) — i)~ is a C* operator of X for various values of k > 2. This
guarantees that the electron energy levels are C* away from the crossing or absorbed into
the continuous spectrum. (Note that not all electron Hamiltonians with Coulomb potentials
satisfy these assumptions. However, they can be accommodated by using regularization

techniques.)

We want to study the time-dependent Schrodinger equation, given by

0
z‘eQa—f = H(e)y (2.16)

for ¢ in a fixed interval.Here €? indicates the choice of time scaling we have made which gives
the solutions of interest. Using this choice of scaling, all terms have significance at leading
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order. We also note that the limit of the nuclear motion is non-trivial and the average initial

nuclear energy is constant as € goes to 0.

2.2.2 Classifying Eigenvalue Crossings

As given in [34], we classify the normal forms for the types of generic crossings of eigenvalues
of minimal degeneracy for quantum mechanical systems. In each situation, we will assume
the dimension n is sufficiently large so that the crossings do occur. As stated before, we will
assume that h(X) is C* for some k > 2 in the sense that the resolvent (z — h(X))~! is C*
in X for z ¢ R. As in [36] let G be the symmetry group for A(X). Then "G is the group
of all unitary and antiunitary operators which are independent of X in some representation
of the electronic Hilbert space and which commute with h(X) for all X in some open set of
interest. Let H be the subgroup of unitary operators in G. The elements of G which are not

in H are sometimes called time reversing symmetry operators.

The product of two antiunitary operators is unitary, so either G = H or H is a subgroup
of G of index 2.” If G = H, each distinct eigenvalue of h(X) is associated with a unique
representation of GG in standard group representation theory. These are 1-dimensional repre-
sentations due to the assumed minimal multiplicity of eigenvalues. If two simple eigenvalues
EA(X) and Eg(X) cross, then there are two cases, which we will call Type A and Type B.

The definitions of all of the following crossing types are defined as below in [34].
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“Type A Crossings: The two irreducible representations of G that correspond to E4(X) and

Eg(X) are not unitarily equivalent to each other.

Type B Crossings: The two irreducible representations of G that correspond to FE4(X)

and FEg(X) are unitarily equivalent to each other.”

If H is a subgroup of index 2, rather than using standard group representations, we must look
at corepresentations. Corepresentations can be decomposed as a direct some of irreducible
corepresentations, and there are three distinct types of irreducible corepresentations: Types

I, 11, and III.

Note that G = H UK H where K is an arbitrary, fixed, antiunitary operator in G. If U is an
irreducible corepresentation of GG, let Uy be the restriction of U to H. Then we can describe

the three types of irreducible corepresentations in this situation by the following:

“Type I Corepresentations: Uy is an irreducible representation

Type II Corepresentations: Uy decomposes into a direct sum of two equivalent irreducible

D(h) 0 0 —K
representations, Uy = D & D. U(h) = , UK) = , and

0 D(h) K 0
U(Kh) = U(K)U(h), for all h € H and K is an antiunitary operator satisfying K* = —D(K?)

and KD(K'hK)K~' = D(h) for all h € H.
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Type III Corepresentations: Uy decomposes into a sum of two inequivalent irreducible rep-

D(h) 0 0 DK*»)K™!
resentations, Uy = D& C. U(h) = , Ula) = , and

0 C(h) K 0
U(Kh) =U(K)U(h) for all h € H and K : Hp — H¢ is an antiunitary operator satisfying

KD(K~'hK)D~' = C(h) for all h € H.”

Then when G # H, if the eigenvalues are of minimal multiplicity and associated Type I
corepresentations, then they have multiplicity 1. Minimal multiplicity eigenvalues associated
with Type II or III corepresentations have multiplicity 2. In Type Il corepresentations, the
antiunitary operator K map a one dimensional space to itself and K? = 1. Then K is a

conjugation and D(K?) = —1.

From this, we get that there are nine different types of eigenvalue crossings when G # H.

“Type C Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and FEg(X) are both Type I, but are not unitarily equivalent to each other. Hence both

eigenvalues have multiplicity 1 away from the crossing.

Type D Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and Fp(X) are both Type II, but are not unitarily equivalent to each other. Hence both

eigenvalues have multiplicity 2 away from the crossing.
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Type E Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and Ep(X) are both Type III, but are not unitarily equivalent to each other. Hence both

eigenvalues have multiplicity 2 away from the crossing.

Type F Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and Ep(X) are Type I and Type II. Hence the eigenvalue associated with the Type I corep-
resentation has multiplicity 1 away from the crossing, and the eigenvalue associated with the

Type II corepresentation has multiplicity 2.

Type G Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and Eg(X) are Type I and Type III. Hence the eigenvalue associated with the Type I corep-
resentation has multiplicity 1 away from the crossing, and the eigenvalue associated with the

Type II corepresentation has multiplicity 2.

Type H Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and Eg(X) are Type IT and Type III. Hence both eigenvalues have multiplicity 2 away from

the crossing.

Type I Crossings: The two irreducible corepresentations of G that correspond to FE4(X)

and Eg(X) are both Type I, and are unitarily equivalent to each other. Hence both eigen-

28



values have multiplicity 1 away from the crossing.

Type J Crossings: The two irreducible corepresentations of G that correspond to E4(X)
and E(X) are both Type II, and are unitarily equivalent to each other. Hence both eigen-

values have multiplicity 2 away from the crossing.

Type K Crossings: The two irreducible corepresentations of G that correspond to FE4(X)
and Fp(X) are both Type III, and are unitarily equivalent to each other. Hence both eigen-

values have multiplicity 2 away from the crossing.”

Crossings of types A, C, D, E, F, G, and H all generally occur on submanifolds with codi-
mension 1. Type I crossings generally occur on submanifolds with codimension 2. Types
B and K generally occur on codimension 3 submanifolds, and Type J on codimension 5

submanifolds.

2.2.3 Structure of Crossings

We will investigate the structure of the types of crossing which are of interest to us for our

topics. Thus we will focus on Type C crossings and Type I crossings.
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Type A and C Crossings

Types A and C begin with the same structure. Supposing we have a system with two
eigenvalues E4(X) and Eg(X) of a C* electron Hamiltonian h(X). We suppose these two
eigenvalues cross at X = 0 with a crossing of either Type A or C, meaning the crossing is
of codimension 1 and the eigenvalues both have multiplicity 1 away from the crossing. We
label the irreducible representation (for Type A) or corepresentation (for Type C) of G for
all X corresponding to E4(X) as U; and the one corresponding to Ep(X) as U,. Let Py and
P be the orthogonal projection onto the mutually orthogonal carrier subspaces associated
with U; and Us respectively. Since h(X) commutes with the action of G, it also commutes

with Pl and PQ.

For X in a neighborhood of the origin, we write the spectral projection, P(X), for h(X) as

P(X) = % C(z—h(X))—1 dz

where C'is a contour that encloses both eigenvalues, F4(X) and Eg(X) but no other parts

of the spectrum of h(X). Then P(X) is a C*, rank 2 operator valued function of X near

X = 0. It also commutes with P, and P;.

Then we have the projections P4(X) = P, P(X) and Pg(X). Due to U; and U, being inequiv-
alent, these are C*, rank 1 orthogonal projections which project onto mutually orthogonal

subspaces.

For a Type A crossing, we choose ® 4(0) and ®5(0) to be arbitrary unit vectors in the ranges
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of P4(0) and Pg(0) respectively. Then we define

_ Pa(X)®4(0)
A= TR0, P ea0)
and
By(X) = Ps(X)®5(0)

V(@5(0), Ps(X)®5(0))
These are C* unit-vector valued functions near the origin. The vectors ®4(X) and ®5(X)
are in the ranges of P4(X) and Pg(X) respectively, for each X. It follows that ®4(X) and

$(X) are eigenvectors of h(X) which correspond to E4(X) and Eg(X), respectively.

For a Type C crossing, the construction is the same, but with an imposed constraint. Since
we can decompose G = K H, where K is a specially chosen antiunitary element of G. We can
choose the phases of ®4(0) and ®5(0) so that KD 4(0) = P 4(0) and KPz(0) = P(0). By
making these choices, we obtain vectors ® 4(X) and ®x(X) which satisfy P 4(X) = P 4(X)
and KPp(X) = Pp(X). This actually trivializes the adiabatic connections on the vector

bundles of eigenvectors for the two eigenvalues.

Let h*(X) be the restriction of h(X) to the subspace orthonormal to the range of P(X), of
which we use the basis ®4(X) and ®5(X). Then H = C&» C® Ran(1 — P(X)), and we can

locally represent h(X) by the following matrix.

EAX) 0 0
hX) = 0 Es(X) 0
0 0 hH(X)
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Type I Crossings

Now we will investigate the structure of a Type I crossing. Suppose we have a C* electron
Hamiltonian function h(X) which has a Type I crossing of two simple eigenvalues F 4(X)
and Eg(X). Without loss of generality, we can assume this crossing occurs at X = 0.
For X in a neighborhood of the origin, we write the spectral projection P(X) for h(X)
associated with E4(X) and Ep(X) as an integral of the resolvent of h(X). Therefore, P(X)
is is a C* operator valued function with rank 2 near X = 0. Further, E4(X) + Eg(X) =

trace(h(X)P(X)) is also a C* function of X.
1
h(X) = MX) = 5(Ba(X) + Ep(X))
is a C* operator valued function which is traceless when restricted to the range of P(X).

Let {11,152} be "a basis for the range of P(0). We may alter the phases of these vectors
to allow Ky = v¥; and Kty = 109, where KC is the antiunitary operator chosen for the

decomposition G = H U KH. We define

P
) = Py

This is well defined since P(X) is C* and commutes with the action of G. 1 (X) is also C*

in a neighborhood of the origin and satisfies ¢, (X) = K1 (X). Let P;(X) be the projection
onto the subspace spanned by 1 (X), hence a C* operator valued function in a neighborhood

of X that commutes with P(X) and with the action of G. Then define

POO- RN
V(. POO = A(X))2)
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This is also a C* vector valued function with ¢y(X) = K)o(X). Hence {¢1(X),12(X)} is

an orthonormal basis for the range of P(X) for X in a neighborhood of the origin.

In the basis {11 (X), ¥2(X)}, h1(X) restricted to the range of P(X) is represented by a real
symmetric, traceless, 2 X 2 matrix valued function M;(X) whose entries are C* functions

which all vanish at X = 0.

where 3 and 7 are real valued C* functions.” E4(X) and Ez(X) cross at the points in X
where B(X) = y(X) = 0. Generally this defines a codimension 2 manifold I' for a Type

I crossing. Also, the difference between E4(X) and Ep(X) is the same as the difference

between the eigenvalues of M;(X). The eigenvalues of M;(X) are £+/8(X)2 + v(X)2. These

are continuous, but not differentiable near I". The eigenvectors are not continuous near I'.

Using Taylor series, M;(X) can be written as M;(X) = N(X) + O(||X]|?), where

b- X ¢ X
N(X) =
c- X —-b-X

for some vectors b and ¢, which are generally linearly independent. We may rotate the

coordinate system so that only the first two components of b and ¢ are non-zero.

For a generic nuclear momentum vector 7(0), we can rotate the first two coordinate axis
so that the projection of 7(0) onto the two dimensional subspace spanned by b and c lies
along the positive X; axis. From here, the X; coordinates, j > 2, do not play any role in the
structure of N(X). Also, the form of N(X) is not changed by any X-independent orthogonal
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transformations of the two dimensional space spanned by the basic electronic wave functions

(X)) and 15(X). We can make the following replacements.

1 (X) = cos(0)1(X) + sin(0) 42 (X)

Yo (X) = —sin(0)1(X) + cos(0)12(X)

We can choose 6 so that the X; component of ¢ is 0. Then we can ensure the X; component
of b and the X5 component of ¢ are both positive by doing any necessary interchanging of

(X)) and 15(X) and multiplication by -1. Then we can assume N(X) can be written as

lel + bQXQ CZXQ
N(X) =
CQXQ _lel — CQXQ

Identifying H = C & C& Ran(1 — P(X)), we can locally approximate hy(X) by

hm(X) = [ yx) —-gx) o |,
0 0 hi(X)
where 3(X) = b1 X1 + 0o Xy + O(X?) and v(X) = X5 + O(X?) with by > 0, ¢ > 0, and

by # 0.

2.2.4 Adiabatic Electronic States

In a molecular system, electrons move much more quickly than the nuclei due to the large
difference in the masses. This allows us to approximate the solutions, to the leading order
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in €, of the electronic wave functions at each instance of time as though the nuclei were
stationary. The electrons adjust their motion based on the positions of the nuclei rapidly
compared to nuclear motion. This is the basis of what is called the adiabatic approximation
for the electrons. If the electrons are in an initial state where there is an isolated quantum
energy level, then we can apply this approximation as the electrons remain in that state as
the nuclei move. However, this approximation breaks down at an energy level crossing since

the level is no longer isolated.

The phase of electronic eigenstates must be determined for each time and nuclear position.
The proper choice of eigenstate must also be made in any cases of degeneracy, which are de-
termined by the adiabatic connection on the vector bundle of eigenfunctions of the particular

energy level.

For an adiabatic electron state of multiplicity 1, the following proposition applies.

Proposition 2.2.1. [Proposition 3.1 [7]|]] "Suppose h(-) is a C* electron Hamiltonian op-
erator on some open set U € R". Assume either that h(X) has a discrete, multiplicity one
eigenvalue E(X) for all X € U that depends continuously on X, or that E(X) has a generic
crossing of type A, C, F, or G with some other eigenvalue of h(X) in U. Suppose a(t) and

n(t) are solutions to the classical motion equations,

201 = )

on 1
E(t) = —V()(Cb(t)),

with V(X) = E(X), such that a(t) € U fort € [=T,t]. Choose 6 > 0, such that Us(t) =
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{x : |z —a(t)| <20} C U forallt € [-T,T]. Then, for any C* choice of initial normalized
electron eigenfunction ®(X,—=T) corresponding to E(X) for X € Uy(=T), there erists a
unique C* function ®(X,t) on the set {(X,t) : X € Uy(t), t € [-T,T]}, such that ®(X,t)

is a normalized eigenfunction corresponding to E(X) and

(B(X,0), 0+ in(t) - Tx)B(X, 1)) = 0,

for all X € Us(t) and t € [=T,T]|. Moreover, if the symmetry group of h(X) contains an
antiunitary operator K, and if a(t) remains in a simply connected subset of U, then for
appropriate initial conditions, a special choice can be made. There exist time independent
choices ®(X,t), unique up to a factor of £1, that satisfy K®(X,t) = ®(X,t); any such

choice automatically satisfies the condition given by the equation above.”

The following lemma provides error estimates for the approximations discussed. Formal
calculations should be done to produce a candidate v for an approximate solution. After
substituting ¢ into each side of the Schrodinger equation, we take the resulting expression
from each side and subtract the expressions to obtain an error term (. The lemma states
that ¢ provides bounds on how much ¢ differs from the exact solution ¥ to the Schrédinger

equation. Here, the variable r is a scaled time r = e~ with b > 0 and a = 2 — b.

Lemma 2.2.2. [Lemma 3.3 of [3])]] (The Magic Lemma) ”Suppose H (¢€) is a family of self-
adjoint operators for € > 0. Suppose (r,€) belongs to the domain of H(e), is continuously

differentiable in r, and approximately solves the Schrodinger equation in the sense that

’L'Eag—lf(’l“, 6) - H(€)¢(7"a 6)+C(7“,€),

36



where ((r, €) satisfies
I¢(r el < plr.e)
for Ti(e) < r < Ty(e). Suppose ®(r,€) is the exact solution to the equation

i
or

a

i€ T, €)

with initial condition V(rg,€) = 1(ro,€) with Ti(e) < ro < Ty(€). Then, for Ti(e) < t <
T(¢€), the following estimate holds:

T>(€)

[9(r,€) — p(r,e)]] < e / u(r,€) dr”

T1(e)

2.2.5 Born-Oppenheimer Propagation Away From Crossings

We wish to study the time-dependent Born-Oppenheimer approximation to the solution to
the Schrodinger equation when the nuclei are localized away from the electron eigenvalue
crossing. We will restrict to the zeroth and first order approximations for a crossing with
multiplicity 1. Higher order approximations are not necessary for understanding the general

behavior in the system we wish to study.

The Multiplicity 1 Case

We suppose that the hypothesis of Proposition are satisfied. Explicitly, suppose h(+)
is a C* electron Hamiltonian and that there exists an open set U € R™ such that h(X) has

a discrete, multiplicity one eigenvalue E(X) for X € U that depends continuously on X.
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Assume a(t) and n(t) satisfy the equations of classical motion with V(X)) = E(X). Assume
that a(t) € U for t € [-T,T]. Then we can choose § > 0 such that {z : |[zr—a(t)]| <20} CU
forallt € [-T,T]. We define Uy (t) ={z : |[zr—a(t) <0} and Us(t) = {z : |z —a(t)| < 25}.
Now we choose a C* function F' : R* — [0,1], such that F(X) = 0 for |X| > 20 and

F(X)=1for X <.

Let ®(X,—T) be a C* choice of initial normalized electron eigenfunction corresponding to
E(X) for X € Uy(—T), and let ®(X, ) be the corresponding normalized adiabatic electronic

eigenfunction constructed as in Proposition for all X € Uy(t) and t € [T, 7).

We will use this to construct formal approximate solutions to the Schrédinger equation

00 1
ZEQE = —%AX\Iquh(m)\If

with approximate solutions of the form
J
(X, t) = Y dU(X,1).
5=0
We will apply the method of multiple scales to calculate W;(X,t). The electronic wave
function is sensitive to X, the nuclear configuration, on a length scale of order 1. The

quantum mechanical fluctuations of the nuclei around the classical configuration a(t) are

on a length scale order of €. As e approaches 0, from above, the two quantities which are

physcially important are x = X and y = X_—“(t), which approximately behave independently.

€

-~

Then we will actually solve for the functions V;(z,y,t) which we can find ¥;(X,¢) by the
relation

—.1). (2.17)



X—a(t)

However, since r = X and y = =—

determine \/I\fj (x,y,t). Therefore to determine \/I\fj (x,y,t), we choose

J
U(z,yt) =) U (,y,t)
=0

to satisfy

o 1 3
il — = [— %Aw -V, -V, — %Ay

~

+ien(t) -V, + E(a(t) — ey) + h(z) — E(x) |V

are not actually independent, this does not completely

(2.18)

(2.19)

We obtain this by replacing equation (2.17)) above into the Schrodinger equation and adding

E(a(t) + ey) — E(z) which is 0 when z = X and y = X_T“(t) Solutions to above provide a

solution (X, t) = \TJ(X , X_ea(t) ,t) to the Schrédinger equation.

To construct our approximate solutions, we make the ansatz that they are of the form

U(w,y,t) = eSOCMOVE( —a(t)) x (Yo(w,y,t) + et (2, 9,) + ..).

Plugging this solution into equation (2.19)), many terms cancel, including all terms containing

derivatives of F', which is supported within distance 6 of a(t). v; are exponentially small

in this region, so these terms to not contribute to the expansion in €. Thus, we can neglect

these terms. From this we find that if we consider

X(xa yat) = Wo(ﬂ?a y>t) + 61#1(% y?t) + )7

it must satisfy



+ [B(a(t) — ey) = B(a(t)) — eEW(a(t) - y)] + [h(x) — B(2)]| x.

Substituting the equation for x(z,y, t) into this and then expanding F(a(t)+e€y) in its Taylor
series in €, we obtain a set of equations by equating the powers of € from each side. The zero

order equation we have to solve is

Flz —a(t))[h(z) - E(z)lo = 0.
Then for x € Us(t), we need
¢0(x7yvt> = go(x,y,t)@(x,t)

where gy is a complex valued function that will need to be determined. For x ¢ Us(t), we

can just choose ¢y(x,y,t) = 0. In fact, for any ¢;, if © ¢ Us(t), we can let ¢;(x,y,t) = 0.

The first order equation to be solved is
F(z —a(t))[h(z) — E(z)]¢y = 0
so as before, for x € Us(t),

¢l(x7 Y, t) = 91(37, Y, t)q)(.iE, t)
where g; is another complex valued function that needs to be determined.

The second order equation is

y2

(e — a®))dy = Flx — a(t) [~ 3200 + B (a(t) Lo
(2.20)

— in(t) - Vatho + [h(z) — E(x)]¢2],
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where 9 denotes the time derivative, and E(Q)(a(t))% is shorthand notation

E@(a "J_ _ Z
2 Z 8y18yj ))yibs

To solve the equation for the second order terms, equation ([2.20), we can separate the
equation into two parts. The first part contains all terms that are x, y, and t dependent

scalar multiples of ®(xz,t). For these, we can use the condition

O i) - V)®(X.0) = 0

(®(X, ), (i,

to cancel some terms.

1 v
190 = §Aygo + E(Q)(a(t))ggo — () Vago

The second part contains all components that are orthogonal to ®(xz,t) in H.

[h(x) = E@)]s = igo[n(t) - Vo®(z,t) + (z,1)]

To solve the first part, it is beneficial to make the change of variables w = x —a(t) and define
fo(w,5,) = golw + a(t), y,t) = golw, ). Then fy satisfies

o1 (2) Y
ifo = _§Ayf0+E (a@))?fo-

We can solve this in y and ¢ for a fixed w where |w| < 2d. Then this is just the Schrodinger
equation for a harmonic oscillator with time varying spring strength. The wave packets ¢,
solve this equation. Since we can superimpose the solutions obtained, we choose a multi-
index [ and obtain

folw,y,t) = e "Py(A(t), B(t),1,0,0,y).
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We do not actually need to make the solution dependent on w, which reflects the non-
uniqueness of the solutions found using multiple scales techniques. Then the solution to the

first part of the separated equation is

gO(xu Y, t) = Ein/Z(bl(A(t)u B(t)a 17 07 07 y)
This is defined everywhere on the domain of F(xz — a(t)).

Now we need to solve the second part. First, we note that [h(x) — E(x)] has a bounded
inverse when restricted to the orthogonal complement of multiples of ®(x,t) in H;. We will

call this inverse r(z). Also, ¥ = ¥ + 1, where

Uy (2,,1) = igo(,y, O)r(2)[n(t) - Vo (x,t) + & (x,1)]

and
Ny, t) = golz,y, t)®(x, 1)

and gy is some complex valued function which again needs to be determined. If only the first
order terms are needed for the Born-Oppenheimer expansion, we can stop here and use the

approximate solution

U(z,y,t) = /DR (z — aft))

X (¢0($,y,t) + 621/};_($,y,t)) :

We can use this solution to find W(X,t), and to analyze the error,

ov

C(Xv t) = i€2§(

X, t) — H(e)U(X, ).
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After canceling terms and bounding remaining terms by Taylor series expansions, we find

3. Applying the Magic Lemma,

that the norm of ((-,¢) is bounded by a constant times ¢
Lemma (2.2.2), for a = 2, Ti(e) = =T, and Ty(e) = T, we see that this provides an

approximate solution with error of O(e). If a first order approximation is required, then we

must continue calculations to the third order equation,

F(@ — o)y = F(x - at)[ ~ 2,00+ EO(at) Ly + EO(af) vy

—in(t) - Vahy — V- Vo + [h(z) — E(x)|ts)|.

This again uses the same shorthand notation as before. As we did with the second order
equation, we can split this equation into two parts as well. The terms which are multiples

of ®(z,t) produce the equation

P — L @ (g Y CIMNA
(@) = — 2 A+ B a(0) Db+ B a(t) S

— By (@)n(t) - Vb = Py(@) Ve - Vit

where Pj(x) is the projection onto x, y, and ¢ dependent scalar multiples of ®(z,t). The

terms orthogonal to ®(x,t) produce the second part of the equation
[(z) = E(x)]s = iPy(x)r +iPL(2)n(t) - Vatn — PL(x)V, - Vytho

where P)(z) is the projection onto the orthogonal complement of the scalar multiples of
O (z,t) in He. We follow the same process as we did with the second order terms, and let

w=x—a(t) and fi(w,y,t) = go(z,y,t). We find that f; must satisfy

o 1 ) v 3) v
ifi = 2Ayf1+E (a(t))2f1+E (a(t))6f0
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- Vw . Vyf() - (Vyfo) ’ <CI>(w + a(t)’ t)? VCI)(IU + a(t)at)>7-l

el’

Since fo does not depend on w, the V,, - V, fy is dropped. The nonhomogeneous terms can
be expressed as functions of w and t times a linear combination of a finite number of wave
packets, ¢, with |m| < |l|4 3. Then for a fixed w, following methods from [30], 33] to obtain

the solution for gy,

gi(zy.t) = > dn(z—a(t),t)e?¢u(A(t), B(t),1,0,0,y)
[m|<[]+3

where d,,(w,t) are determined by solving an initial value problem for a system of ordinary

differential equations. Details of this can be found in [30, [33].
We define 13 = 13 + wQ where

v = (@) (i [(t) - Va®(e,t) + (o, 8)] + PL() (Va0 (1))
and
U3 = gale,y. (1)

and g3 is a function to be determined later by terms further in the expansion.

At this point, we have done all of the calculations need for the first order approximation.
Uz, y,t) = SO/CmOvlep — q(t))

(Vo(z,y,t) + e (2, y,t) + €Yy (z,y,t) + €95 (2, y,1))

J

,t) and V(X t) = Zej\llj(X, t) to obtain the
§=0

approximate solution to the Schrodinger equation. The Magic Lemma (2.2.2) shows that

X —af(t)

Again, we use W, (X, 1) = ¥ (X,
€

this solution has error with norm of O(€?).
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2.2.6 Codimension 1 Crossings

For crossings which occur on a submanifold with codimension 1 (Type A, C, D, E, F, G,
and H), we study the approximate solutions to the Schrédinger equation which agree up to
order ¢ with the exact solution. Error for the approximate solutions should be O(e*) for
some « > 1. The zeroth order terms of the solution are not affected by the presence of the

crossing.

We will consider a system which has two eigenvalues E4(X) and Ep(X) which are each of
multiplicity 1 away from the crossing, i.e. a type A or C crossing. The following theorem

from [34] provides the approximate solution to the Schrodinger equation.

Theorem 2.2.3. [Theorem 5.1 of [34]] "If h(X) has a crossing type A or C, then there is
an approximate solution W (e, X, t) to the Schrodinger equation that satisfies
(e, X,t) = da(X, 75)61'5““(0/62ei??*‘(t)-(%cf“(t))/€2
x (@(A2(0), BAW), &, (1), (1), X)

+e Y. dm(X—|—aA(t),t)¢m(AA(t),BA(t),62,aA(t),nA(t),X)>

Im|<|l[+3
+ O(é?)
fort € [=T,—=T1], for any fized Ty > 0. Fort € [T}, T], the solution satisfies
U(e, X, t) = Pu(X, t)eiS““(t)/62einA(?5)~(90—a““(t))/62
x ((A2(0), BAW), &, a* (1), (1), X)

te Y dm(X+aA(t),t)¢m(AA(t),BA(t),e2,aA(t),nA(t),X))

Im|<|]+3
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— et ((ED - B, o))
< (®5(0,0). ((% 1 A0)- vx> @A) (0,0)).,
« Dp(X, t)eiSB(t)/eQeinB(t)'(x—aB(t))/€2¢l(AA(t), BE(t), €%, d5(t),n"(t), X)

+ O(e”)

for some a > 1. The coefficients d,,, € C are found by solving a system of ordinary differential

equations, described below. Note that if ((ES) - Eg)), n(0)) is positive, then we take the

2

positive square root, and if it is negative, we take the positive imaginary square root.

Lemma 2.2.4. [Lemma 5.2 of [34]] "Under the hypothesis of the previous theorem, the
approzimate solution of the theorem agrees with an exact solution of the Schrodinger equation

up to errors whose norms are of order €= for t € [=T, —¢] for any € € (0,1).”

Lemma 2.2.5. [Lemma 5.3 of [3])]] ”Under the hypothesis of Theorem , the approx-
imate solution agrees with an exact solution of the Schrodinger equation up to errors whose

norms are of order €' fort € [—€', €] for any & € (3,1).”

The lemma above is possible due to Lemma (2.2.2)).

2.2.7 Codimension 2 Crossings

Similarly to the previous section, will discuss Born-Oppenheimer propagation through an

electron eigenvalue crossing, but now considering a crossing with codimension 2. This means
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the crossing is assumed to be Type I. We wish to approximate the solutions to the Schrodiner

equations which agree with the exact solutions up to errors of order O(e*) for some a > 0.

For a crossing of this type, the zeroth order approximation of the wave function splits into two
components as it passes through the crossing. Assuming that the system is initially in a state
associated with the 4 and passes through the crossing, the final state is a superposition
of of an O(1) component associated with E 4 and another O(1) component associated with
Ei. Hence, this type of crossing strongly couples the electronic states associated with the

two levels E 4 and Ej.

Without loss of generality, assume the coordinate system is shifted so the origin is some
point of the crossing set I' = {X : E4(X) = Ep(X)}. Then let ®4(X) and ®5(X) be the

corresponding eigenvectors of the electronic Hamiltonian h(X).

The details of the proofs for all lemmas and theorems from this section can be found in [34].

Lemma 2.2.6. [Lemma 6.1 of [3}]] "Assume V is any of the potentials E4, Eg, orV =
%(EA + Eg). Assume that a momentum vector ng # 0 is given that is not tangent to ' at

the origin, and let Sy be arbitrary. Then for each choice of V', there exists a unique solution
to the equations (2.5)-(2.9) that satisfies a(0) = 0, n(0) = no, and S(0) = Sp.

In particular, if V.=V, then

2

a(t) = not — Vf/(o)% + O(t%)
n(t) = — VV(0)t +O(t?)
S(t) = Sy + %gt —V(0)t —no - V(0)t2 + O(t?),
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IfV=FEjgandt <0 orif V=FEgandt >0, then

2

at) = not — VV(O)% — gtz +O(t%)
n(t) =no — VV(0)t — bt + O(t?)

2 ~ ~
S(t) = So+ %Ot —V(0)t — 10 - V(0)E2 — bipgt? + O(£%).

IfV=FEgandt <0 orif V=E4 andt >0, then

SN A )
a(t) = not — VV(O)E + 5152 + O(t?)

n(t) = ny— VV(0)t 4 bt + O(t?)

2 =~ ~
S(t) = So+ %Ot —V(0)t — 1 - V(0)£2 + bt + O(t%).”

Lemma 2.2.7. [Lemma 6.2 of [3])]] "Restrict t to be either positive or negative, and suppose

V=FEjsorV=EFEg Ift<0andV =FE4 4 ort>0 andV = Eg, then let M be the matriz

0 0 0 0
C2
0 ;% 0 0
My=Mg=1o 0 0 - 0f:
0 0 0 0
where 1 is the first component of no, i€ no = (Mo, Mo.25 s Nom)"-
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Ift<0andV = Eg ort >0 and V = E4, then let M be the matrix

o 0 O 0
C2

0 b 0

Mi=Mg=|o 0 0 - 0

0 0 0 0
A(t)

Suppose that is any solution to (2.§)-(2.9) for t € (0,ty) ort € (—to,0) which

B(t)

satisfies conditions - . Then there exist matrices Ay and Dy that satisfy (2.1)-(2.4)

such that

A(t) = Ao+ O(tInt])

B(t) = Do+ iMAgln|t| + O(tlnt]).

and a sufficiently small positive

Conversely, given any Ag and Dy which satisfy (2.1)-(2.4
A(t)
to, there exists a unique solution to

2.8)-(2.9
B(1)

satisfy - and have asymptotics given as above.”

fort € (0,ty) and t € (—to,0) that

Suppose we have chosen to have a wave function associated with the lower level E 4 for t < 0,
and given some A(;"* and D64’7 satisfying —. For the lower surface and positive times
we choose A4(e, t) and BA(e,t) to be solutions to (2.8)-(2.9) such that Ay and Dy are given
by

AV = AT
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and

D =D = =l bl

+ i In(20,79) ML Agt — 2i(lne) M AT
For the upper surface Eg and positive times, we similarly find Ag and Dq given by

A = (1 )

and

D = (D3~ () leel) A8
17o

It is easily checked that these choices for Ay and Dy satisfy the conditions ({2.1))-(2.4), and

thus implies that A(t) and B(t) satisfy those conditions as well.

We constructed a basis {11(X),1¥2(X)} of the spectral subspace corresponding to E4(X)

and Eg(X). Then the eigenvectors corresponding to E4(X) and Eg(X) are given by
(X)) = —sin(0(X)/2)e1(X) + cos((X)/2)1p2(X)
(X)) = cos(0(X)/2)1(X) + sin(0(X)/2)v2(X),

where tan(0(X)) = ~v(X)/6(X). These eigenvectors are not smooth near the origin, but
we choose 0(X) such that —7/2 < 6(X) < 37/2 with the discontinuity supported on the

hypersurface where v(X) is negative.

Then we can obtain the solutions we desired for a codimension 2 crossing, or Type I crossing.
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Theorem 2.2.8. [Theorem 6.3 of [3])]] 7If h(X) has a crossing of Type I, then there is an

approximate solution (e, X,t) to the Schridinger equation that satisfies

U(e, X, t) = B y4(X)eS" 0/ i O (e=at (@) /e
X (AN (1), BA(1).€, 0 (1), (t), X)

+ O(e)
fort € [-T,=T], for any Ty > 0. Fort € [T1,T], the solution satisfies

U(e, X, t) = ®4(X)eS™ T O/ (@) (=at(®)/e

X ST dAG (AN (1), BAH (1), &, A (1), A (1), X)

4 D(X)S O/ Gin® (@) (a—aB 1)/

xS0 dB (AR (1), BEF (), 2,08 (), (1), X)

Im|<[l[+3

+ O(e%),

for some o > 0.7

2.3 Avoided Energy Level Crossings

2.3.1 Introduction to avoided crossings

(2.21)

(2.22)

We suppose that we are again interested in solving the time-dependent Schrodinger equation

for a molecular system, with the same assumptions on the system as previously. In particular,
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we use the standard Born-Oppenheimer approximation and letting €* be the ratio of the mass

of an electron to the average masses of the nuclei.

iez% = H(e)y

4

H(e) = —%Ax+h(x)

where h(z) is the electronic Hamiltonian. Now we would like to study electronic transitions
which are not associated with level crossings. We consider h(x) which has two eigenvalues
which approach each other with a minimal gap. The gap size then is of the appropriate
order of magnitude as the specific value of e. Following the method of [39], we assume the
electronic Hamiltonian may be ¢ dependent so that there is a crossing when € = 0. Thus we
study a Hamiltonian of the form

4

H(e) = —%Az—i-h(x,e)

assuming h(z, €) has an avoided crossing, given the following definition of [39].

Definition: ”Suppose h(z,¢€) is a family of self-adjoint operators with a fixed domain D in a
Hilbert space H, for z € Q and € € [0, «), where  is an open subset of R™. Suppose that the
resolvent of h(x, €) has two eigenvalues F4(x,€) and Fg(z,€) that depend continuously on x
and € and are isolated from the rest of the spectrum of h(z,€). Assume I' = {z : E4(z,0) =
Eg(z,0)} is a single point or non-empty connected proper submanifold of T, but that for all
x €, Fa(x,€e) # Eg(x,€) when € > 0. Then we say h(z,€) has an avoided crossing on

F'”
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2.3.2 Classification of Avoided Crossings

As given by [36], we can classify and study the local structure of “avoided crossings” of
discrete eigenvalues of Hamiltonian operators. This refers to when two discrete eigenvalues
Ea(x) and Eg(z) of h(x) come very close to each other, but remain a small positive distance

apart.

These types of system are of interest because avoided crossings significantly affect the physics
of the situation. For the time-dependent Born-Oppenheimer approximation, the adiabatic
approximation for the electrons can fail at an avoided crossing. This is a mechanism which

allows certain chemical reactions to occur.

We will assume the Hamiltonian depends on the nuclear parameters € R™ and a “detuning”

parameter €, such that h(z,0) has a crossing but h(z,€) does not, for small € > 0.

In the definition of an avoided crossing, it is possible that I' is a manifold, which may arise
in application due to symmetries in the system. For example, in the absence of external
fields, electronic Hamiltonians for molecular systems undergo similarity transformations as
nuclear configurations are translated or rotated. The eigenvalues are invariant under these

transformations thus allowing these crossings to occur on a manifold of positive dimension.

To study the molecular propagation through the avoided crossing, we choose a direction of
propagation of the nuclei. This direction in the nuclear configuration space has a non-trivial
component in the hyperplane perpendicular to I' at any particular point. Let us choose

the x; coordinate direction to be aligned with that component. The normal forms of the
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solutions we find will depend on this.

We wish to classify the different types of avoided crossings, and it will depend on the codi-
mension of I' and symmetries of h(z,€). The codimension of I' C R"™ is n — m where m is
the dimension of I'. In other words, the codimension is the minimum number of parameters
that must be altered to move a generic point of R™ near I" onto I'. As discussed earlier in
the section on crossings, each Hamiltonian h(z,€) has a symmetry group G, the set of all

(x, €)-independent unitary and anti-unitary operators that commute with h(x,€).

For our purposes, we will only consider avoided crossings of two energy levels E4(x,¢€) and
Eg(z,€) which are generic and have minimal multiplicity allowed by the symmetry group.
Using definitions from [39], n the case that G has no anti-unitary operators, ”each energy level
of h(z,€) is associated with an irreducible representation of GG, and the minimal multiplicity

allowed is 1.

If G does contain anti-unitary operators, then each discrete energy level of h(z, €) is associated
with an irreducible corepresentation of G' [60, 47]. In this case, the unitary elements of G

form a subgroup H of index 2. Each irreducible corepresentation belongs to one of three

types.

A corepresentation U of G is of Type 1 if its restriction Uy to H is an irreducible rep-

resentation of H. In this case, the energy levels of h(x,e¢) also have minimal multiplicity

1.

A corepresentation U of GG is of Type 2 if its restriction Uy to H is a direct sum of two equiv-
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alent irreducible representations of H. This means Uy = D & D. Also, for any antiunitary

KC € G, the corepresentation U can be expressed in the form

D(h) 0 0 —K
U(h) = , UK) = , and U(Kh) =U(K)U(h),
0 D(h) K 0
for all h € H. Here K is an anti-unitary operator which satisfies K? = —D(K) and

KD(K'hK)K™' = D(h) for all h € H. For this case, the energy levels of h(z,¢) have

minimal multiplicity 2.

A corepresentation U of G is of Type III if its restriction Uy to H is a direct sum of two
inequivalent irreducible representations of H. This means Uy = D & C. Also, for any

antiunitary IC € GG, the corepresentation U can be expressed in the form

D(h) 0 0 K
U(h) = , UK) = , and U(Kh) =U(K)U(h),
0 D=C(h) DK)EK- 0
for all h € H. Here K : Hp — Hc is an anti-unitary operator which satisfies K? = —D(K)
and KD(K'hIC)K~! = D(h) for all h € H. For this case, the energy levels of h(z, ) have

minimal multiplicity 2.

Let us assume that two energy levels E4(z,0) and Eg(z,0) have a crossing and are associated
with inequivalent representations or corepresentations. Without loss of generality, we can

assume this crossing occurs at x = 0. As discussed earlier while classifying the crossings,
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E4(z,0) and Eg(z,0) do not satisfy any special conditions, therefore V| e)=(0,0)(Ea(x,€) —
Eg(z,€)) is non-zero under generic conditions. Restricting = to any line £ through the
origin that is not perpendicular to this gradient, with the Implicit Function Theorem, we

can conclude that for small €, there is a unique x(J) near the origin on £ which satisfies

Ea(z(e),e) — Eg(x(e),e) = 0.

Therefore, for small €, the perturbed energy levels E4(z,¢€) and Eg(z,€) still cross and an
avoided crossing cannot occur.” From here, we will only consider situations where E 4(x,¢)

and Eg(x,€) correspond to equivalent representations and corepresentations.

“Type 1 Avoided Crossings: I' has codimension 1 and E4(z,€) and Eg(z,€) both have mul-

tiplicity 1, and the corepresentations are Type 1.

Type 2 Avoided Crossings: I' has codimension 1 and E4(z,€) and Eg(x,€) both have mul-

tiplicity 2, and the corepresentations are either Type II or Type III.

Type 3 Avoided Crossings: I' has codimension 2 and E4(z,€) and Eg(x,€) both have mul-

tiplicity 1, and the corepresentations are Type 1.

Type 4 Avoided Crossings: I' has codimension 2 and E4(z,€) and Eg(x,€) both have mul-
tiplicity 2, and the corepresentations are either Type II or Type III.
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Type 5 Avoided Crossings: I" has codimension 3 and E4(z,¢) and Eg(z,€) both have mul-

tiplicity 2, and the corepresentations are Type I1.

Type 6 Avoided Crossings: I' has codimension 4 and E4(z,€) and Eg(x,€) both have mul-

tiplicity 2, and the corepresentations are Type 11.”

Note that when codim(I') > 3, generic avoided crossings cannot arise unless G contains
anti-unitary operators and the corepresentaition for the eigenvalues is of Type II. Therefore
in these cases, we can only have an avoided crossing if the eighenvalues have minimal mul-
tiplicity 2. Avoided crossings cannot occur on any system where codim(I') > 5. Hence we

have classified all possible avoided crossings.

Type 1 Avoided Crossings

Consider the Schrodinger equation

4

.50 G
i€ Egb(:c,t) = —EAw(q:,t) + h(x, €)(z,t). (2.23)

Type 1 avoided crossings are the simplest type of avoided crossings. Since the two levels
are isolated from the rest of the spectrum, we can write the rank 2 spectral projection onto

the spectral subspace corresponding to the two eigenvalues with contour integration of the
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resolvent of h(z,e).

where 7y is a path surrounding the two eigenvalues.

Without loss of generality, we can assume 0 € I' C R™. The resolvent of h(z,¢) is C? T
has a well defined tangent plane at x = 0. We choose a coordinate system such that the

o, T3, ..., T, axes are tangent to I' at x = 0 and z; is perpendicular to I' at z = 0.

Next we choose {11, 12} to be an orthonormal basis of the range of P(0,0). Let

P(I‘, 6)%

0@ = 1B, gl

and let P;(z, €) be the orthogonal projection onto 1 (z, €). Note that the projections P(x,¢)

and Pj(x,€) commute. Then, as in [39], let

(1 - Pl(ZL‘,E))P(I, E)'l/)Q

) = T R, )P, Ol

Then {¢1(x,€), 1s(s,€)} is an orthonormal basis for the range of P(z,€) for small ||z|| and

small e.

The range of P(x,¢€) is an invariant subspace for h(x,€). In the basis of {¢1(z,€), 1a(s,€)},
the restriction of h(z,€) to the range of P(x,¢) is given by a 2x2 matrix hy(z,€). Let us
define

ho(z,€) = hi(x,€) — é(EA(x, €) + Eg(x,€))l,

where [ is the 2x2 identity matrix. hs(z, €) is a self-adjoint 2x2 matrix valued function with
0 trace. Since E4(0,0) = Ep(0,0), ha(0,0) = Ogxa.
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Since the resolvent of h(x,€) is C?%, we know hy(z, €) is also C? in z and ¢ for small ||z|| and

e. Hence for small ||z|| and €, with a first order Taylor series, we have

ho(z,€) = Bz + Ce+ O(2? + €2)

where B and C' are 2x2 traceless self-adjoint matrices.” We can make a change of basis
independent of x and e by the spectral theorem so that B is diagonal. Let us call the new
basis {¢1(x,€), ¢a(x,€)}. For a generic avoided crossing, we will assume B is not 0. In the

new basis, ha(x,€) can be written in the form

bl 0 bg Co + ’idg
hs(z,e) = z1 + e+ O(2® + €2).
0 —bl Co — 'ld2 _b2

If we replace ¢o(x, €) with €@y (x, €) for the appropriate 6, we can arrange the terms so that

in this final basis, ho(z, €) is represented by

blxl + b2€ CNQE
hy(x,€) = + O(2* + €2).

C~2€ —bll'l — b2€

From this we find the following.

Ex(z,€) — Eg(z,€) = 24/ (bixy + bye)? + (Ga€)2 + O(2? + €2),

and hy(z,€) — str(hi(z, €)) is unitarily equivalent to the normal form of hy(z,€).

Note that the normal forms of the matrices are written as simply as possible. We cannot
eliminate any other parameters by adjusting the bases. b; is the minimum eigenvalue gap

divided by €. by is the scaling factor for the leading order dependence on € of the location in
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x of closest approach of the eigenvalues. ¢; is a scaling factor for the x; dependence of the

eigenvalues.

For the purposes of our problem of interest, we will consider the case that the energy levels
of the avoided crossing are of minimal mutliplicity and I' has codimension 1. Without loss of
generality, we may assume the crossing is at x = 0. We make the following decomposition,

following the method of [39].
h(z,e) = hy(z,€) + hi(z,e€)

where

hy(z,e) = h(z,e)P(x,¢)
and
hy(z,e) = h(xz,e)(I — P(x,¢))
for P(x,€) a spectral projector of h(z,¢€) associated with E4(x,€) and Eg(x,€). For a Type
1 avoided crossing where both eigenvalues have multiplicity 1, there is an orthonormal basis
{th1(x,€), a(x,€)} of P(x,e)H, which is regular in (z,€) around the crossing set (0,0). In

this basis, hy(z, €) is written in the form

hy(z,e) = hi(z,e) +V(x,e) (2.24)
B(z,€) v(x,€) + id(x,€) _
= + V(z,e).
v(z, €) + id(z, €) —B(x,€)

V(z,€) =trace(h(z,€)P(x,¢€)) is a regular function of (z,¢) around the origin and

ﬁ(l’,G) = b11'1+b2€+0(2)
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n m/2
where by > 0, ¢; > 0, by € R, and O(m) = O (Z x?) with o = €.
§=0

It is convenient to make a change of variables to avoid the e-dependence in the leading order

of B(x,€). Let us define the new variables 2/, €, and t' as follows.

bQE
0
2 = b+
0
6/ = (g€
bt
t/ - —Qt
€

Also let
o(z', 1) = (a2, €), ().

The Schrodinger equation in terms of these new variables becomes

a 6/4 C4
i? o2, t) = ——A¢(a,t') + —gh(x(x',6'),6(6'))¢($’,t')
ot’ 2 b?
in the limit ¢ — 0, and
ry € ~
hH(ac(x/, ), e(e)) = +O012) + V(z(d,€),e(€))
¢ —a



where V(z(a',€), €(¢') is also regular in (2, ¢') around the origin and O(2) refers to ’ and
4
c

¢. We define the fixed parameter r = —= > 0. From here we will drop the prime notation

bi
for the new variables. Then h(z, €) has the same form as previously, but with
Bz, e) = rzy+ O(2) (2.25)

Y(z,€) = re+ O(2)

2.3.3 Semiclassical Mechanics

We will use semiclassical wave packets as we did when studying the conical intersections.
First, let us study the classical mechanics, classical action, and matricies A and B describing
the uncertainties of position and momentum of the wave packets. We will study the small e

asymptotics of these quantities. The proofs of all of the lemmas and theorems can be found

in [39]. Define

VAB(z,€) = V(w, €) £/ B2(xz,€) +12(x,€) + 62(z, €).

Let a®(t) and n°(t) be the solutions to the classical equations of motion for C = A, B.

Sty = () (2.26)
Sty = ~IV(n), (227)
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with initial conditions

n°(t) = 7o(e)

with 79(€) = o + O(e) and 71, > 0. Note that the O(e) term depends on whether C = A
ine — 8 <«
or B. Also note that |5(x,¢€)|, |v(z,€)|, and |d(z,€)| are O(0), and using T S 1 we

have

IVVE(z, )l = 0(0).

Therefore the solutions for the classical motion equations, —, exist and are unique.
Due to two different time scales, we implement matched asymptotic expansions. For |t| > ¢,
we use a formal perturbation expansion for which the unperturbed problem is the classical
equations associated with V¢(z,0). This provides the “incoming outer solution” for t < 0
and the “outgoing outer solution” for ¢ > 0. The outer solutions are only valid for times ¢

when [t| > e.

When [t| < €%/3, we use a different expansion to find the “inner solutions” using a rescaled

time s = t/e.

For these approximations to be valid, there must be a region where the inner solutions and
outer solutions agree to the appropriate order of €. Specifically, this matching region is where

€< |t < €23
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Inner Solutions

We will begin with studying the behavior of the solutions to (2.26)-(2.27)) when |¢| and € are

small.

Lemma 2.3.1. [Lemma 2.1 of [39]] "Let a®(t) and 11°(t) be the solutions to (2.26)-(2.27).

If € and |t| are small enough, we have

at(t) = no(e)t + O(t?)

n°(t) = mo(e) + O(t)

as t — 0, uniformly in e.”

If we replace VC(z, €) with V(x, €), we can find higher order terms in the asymptotics.

Lemma 2.3.2. [Lemma 2.2 of [39]] "Let a®(t) and n°(t) be the solutions to (2.26))-(2.27)

with VC(z,€) = V(x,€). If € and |t| are small enough, we have

a(t) = mole)t +VV(0,6)5 +O(t?)
n°(t) = no(e) + VV(0,€)t + O(?)

as t — 0, uniformly in e.”

To solve the inner solutions, we use rescaled variables s and 2°(s),
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With these new variables, the classical motion equations from ([2.26))-(12.27)) become

d2

@zc(s) = —eVV9ez(s),€) (2.28)
d . _
29(0) = 0. (2.30)
We make the ansatz that z2€(s) = 2§(s) + ez§(s) + €225(s) + .... For the order of accuracy

desired, it is sufficient to use just the first two terms. Then we have a®(t) = ez§(t/e) +

€22§(t/e) as the inner solution.

Proposition 2.3.3. [Proposition 2.1 [39]] "Let 2°(s) be the solution of (2.28)- . We

have the following asymptotic behaviors for small values of € and es®:

2£(s) = 25(0) 4 e25(s) + O(?s?)

d d d 2.2
Liels) = Leg(s) + e +0(),
where
25(s) = fo(e)s
AB — _UV(0.¢ 63_2 P 0(€)s)?
) = VP0G & = TR
1
0
st (s + V@) ||
0
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Corollary 2.3.4. [Corollary 2.1 of [39]] ”Further expanding we get in the same regime in

the limit |s| — oo

1
AB(s) = io(e) Vf/(())s2jE r 0
Z7(s) = 1nole)s — €)e— £+ ——es
o 5 770(6)

0

1

2 ] In(27 0

F rsign(s) [e— + ¢ 112|S| ~€2 € n(~201(6))
2 201 (€) 4107 (€) 2107 (€)
0

+ O(e/s%) + O(e*s%)

The asymptotics for %zc(s) in the same regime are obtained by termwise differentiation of

the above formulae up to errors O(e/s) + O(e*s?).”

So that the remainder terms tend to zero, we consider the inner solutions only when s < ¢7¢,

with 0 < ¢ < 1/3.
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Outer Solutions

We now want to consider times when |¢| is large compared to € to determine the outer

solutions. We make the assumption that the solutions have expansions of the form
a“(t) = ag(t) + gi(e)as(t) + ga(e)ag(t) + ...

The form e dependence of g;(¢) is determined by the computations of matching the inner
solutions in the matching region. We must consider the cases of ¢ < 0 and ¢ > 0 separately.
The constants of integration are determined by the matching conditions. In order to obtain

the desired order of accuracy, we may truncate the expansions after terms of order €2.

Proposition 2.3.5. [Proposition 2.2 of [39]] "Let a°(t) be the solution of (2.28)- . In

the regime € — 0, t — 0, |t]/e — oo, and t3/e* — 0, we have the asymptotics

1
AB ~ 2 r 0
() = V0.5 + (O
0
1
o) [ + g T 2RO g |
0

+O(t*) + O(e*/1?)
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The asymptotics for n°(t) in the same regime is obtained by termwise differentiation of the

above formulae up to errors O(t?) + O(e/t3).”

Classical Action Integrals

We will need to calculate the small |¢| asymptotics of the classical action integrals associated
with the outer solutions in order to obtain the quantum mechanical wave functions used in

the solutions to the Schrodinger equation.

t [ C2 (!
SC(t) = / (”T(t) —Vc(ac(t’),e)> dt’
0
t 2 ~9 t
_ / W) — A (e) 5~ VO (0), o)
0
and let S(t) be the same for VC(z,€) = V(z, €).
Lemma 2.3.6. [Lemma 2.3 of [39]] "Ast — 0,

S(t) = %2(6)% — V0, )t — () VV (0, ) + O(#)

uniformly in €.”

From the previous proposition and VA2(0,€) = V(0, €) & er + O(e?), we have the following.

Lemma 2.3.7. [Lemma 2.4 of [39]] "In the regime ¢ — 0, t — 0, |t|/e — oo, and t3 /e — 0,

we have the asymptotics

~

SAB() = S8 (e, sign(t)) — V (0, )t + %2(6)5 — To(€)VV)0, €)t? + tet

F sign(t) <7"7%1(e)t2 + %;(e) e 1n ]t\) + Ot + O(e*/1*) + O(* Int).”
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Initial Momenta

To be used later, we will assume that the solution of a(t) in (2.26))-(2.27) with V¢(z,€) =

V(z,€) is subject to the initial conditions

n°(0) = o(e) = 1lo + O(c)
We must include the O(e) term in the calculations because when the electrons transition

from one energy level surface to another, the nuclei compensate by adjusting their kinetic

energy so that the total energy of the system is conserved. We get the following corollaries.

Corollary 2.3.8. [Corollary 2.2 of [39]] "When ¢ — 0, t — 0, t3/€*, and |t|/e — oo, we

have

() (a(t) — atB(t)) = Fret — (fo(e) — o)o(e)t
, r1o1(€) r 2 2 ~ 1 2
+ t) | ———t"+ = (e"In|t In(2 —)—e€l
sign(t) 5 + e (€ In [t| 4+ € (In(270, (€)) + 2) e Ine)
+ O(t*) + O(*/1?) + O(te* Ine).”
Corollary 2.3.9. [Corollary 2.3 of [39]] "When ¢ — 0, t — 0, 3/€%, and |t|/e — oo, we
have

SAB(1) = S35 (e, sign(t) + S(1) £ ret — (*(e) — )5
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F sign(t) (7’77021(6) t* + %T(E)GZ In |t|)
1

+ O(t*) + O(e*/t*) + O(e* Int).”

Uncertainty Matrices

We also need the formulas for matrices A¢(t) and B€(t) for the semiclassical wave packets

that will be used. Let A€(t) and BC(t) be the n x n matrix solutions to the following system.

d .
EAC(t) = iB°(t) (2.31)

d (2
B0 = V(1) 0 A%)

subject to initial conditions

AC (O) == AO

B°(0) = By

where a®(t) is the solution to (2.26)-(2.27) discussed previously.

We will determine the leading order behavior of V(2 (a€(t), ¢) for small |¢| and e.

Ve, - (VErEre) — SN 00)

(ﬁ2 + ,‘)/2 + 52)3/2

Explicitly,

(VPG a2+ #wa) - e a : g(%))g/ 2
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where

1 0 0
0 0 - 0
P =

When we replace z with a®(t) = ny(e)t + O(t?), the error terms O(3) become O((|t| + €)3).

Using |a®(t)| > c|t|, we have
(@) + e +0B3)* = (1 (e)t) + )2 (1+ O(Jt] + ).

Thus the leading order behavior of V) (aC(t),¢) as € — 0 and t — 0 is

@ (G AB() ¢) — re O 440y
V09 = S et O

Therefore, A(t) and BC(t) are regular as t — 0 for any positive e.

Proposition 2.3.10. [Proposition 2.3 of [39]] "Let AC(t) and BC(t) be the solutions to
. Fort and € small enough, we have
AMB(t) = Ay+O(t)

BAB(t) = By +irPA, +O(t)

t
V(701 (€))? + €

uniformly in €.”
Corollary 2.3.11. [Corollary 2.4 of [39]] "In the regime e — 0, t — 0, and |t|/e — oo, we

have

BAB() — By sz’gn(t)ﬁoi—ze)PAo 1 O(t) + O(&/8)

= BB (sign(t)) + O(t) + O(?/t?).
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2.3.4 Type 1 Avoided Crossings

We will use the same semiclassical wave packets as previously defined for the solutions to

the Schrodinger equation as € — 0.

G1(A, B, hya,n,x) =27 W20 2g—n/Ap=/4 et A]Y/?

H(ARTPAI T (@~ a))

op 20BN 0) oo

or alternatively,

1
vVE+1

¢k+1(A7 B7 ha a,nn, ) - A(A7 BJ h7 a, n)*¢k<A7 B7 h? a, 1, )

with

— -1 . 2 . .
¢o(A, B, h,a,n,v) = 7r1/4h1/4A1/26Xp{ BA™ (z —a) +Z77(x a)}.

2h h

See section [2.1] for details on these formulea.

Lemma 2.3.12. [Lemma 5.1 of [39]] ”We have, in the L*(R™) sense,

gbl(Aa B7 627 a, 07 l‘) - le(AO, BOu 627 ao, 07 ZE)

+O([|A = Aol[ + |1B = Boll + lla = aol|/€).”

2.3.5 Choice of Eigenvectors

Now we will describe the process of choosing the electronic eigenvectors and their phases. The
electronic Hamiltonian is time dependent, but to use specific time dependent eigenvectors,
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we will consider the time-dependent Schrodinger equation. The electrons react to the motion
of the nuclei in an adiabatic manner, so the appropriate instantaneous electronic eigenvectors
must satisfy a parallel transport condition. The classical trajectories become singular as the
corresponding eigenvalues are degenerate (or almost degenerate) thus we will define them
for ¢ in the outer regime. We define the eigenvectors by ®3(x,t,¢), where C = A, B and +

refers tot > 0 and ¢ < 0.

Let 7¢(t) be the solutions to the classical momentum equations found in the previous section.

The normalized eigenvectors are the solutions of
(@F (2,1,0) (00t + 1 ())V)OE(z.1,6)) = 0. (2.3

The eigenvalues F 4(x,€) and Eg(x,€) are non-degenerate for any time ¢ small enough, there-

fore these eigenvectors exist and are unique up to a phase factor.

Let us define the angles ¢(x,€) and 6(z,€) by

Bz, €) = /B2(x,€) +V2(x,€) + 02(x, €) cos(B(x, €))

Y(z,€) = /B2(x,€) + 72w, €) + 62(x, €) sin(A(w, €)) cos(p(z, €))

6(z,€) = B2z, €) +72(x,€) + 62(x, €) sin(f(z, €)) sin(p(z, €)).

Then the static eigenvectors of hy(z,€) for 7/2 < 6(z,€) < m are given by

D (r,6) = @ cos(0(x,€)/2)1(x, €) + sin(0(x, €)/2)1bs(, €)

Qu(x,€) = e~ (@e) cos(0(x,€)/2)1ha(x, €) + sin(0(x, €)/2)1) (x, €).
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For 0 < 6(z,€) < m/2, the eigenvectors are given by
(2, €) = cos(B(x,€)/2)w(x,€) + e 5 sin(f(x, €) /2)1ha(, €)
(2, €) = cos(B(x,€)/2)s(x, €) — @) sin(f(x, €) /2)1 (, €).
Therefore, the solutions to are of the form
OF(z,t,€) = OF(w, e)ei)‘ci(z’t’e)
where A} (7,1, €) is a real valued function which satisfies

Lemma 2.3.13. [Lemma 5.2 of [39]] "Let n°(t) be the momentum solution of the classical

equations of motion. There exist eigenvectors @g(x,t, €), C=A,B, such that
(®Z (,t,6)|(0/0t + 1 (1) V)®F (x,1,€)) = 0.
If |z]| = O(e®), x1 2 0, with 2/3 < k < 1,

|5 (z,t,€) — DF (z,€)| = O(t/e ).

In the semiclassical regime, the nuclear wave function is localized around the classical tra-
jectory. Since 19, > 0, during the times of the outer regime, the major part of the nuclear
wave function is supported away from the crossing set. Hence we define a cutoff function
which does not significantly alter the solution and will force the support of the wave function

away from the crossing set. Let F' be a C* cutoff function

F:R" >R
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such that
Fry=1 0<r<1

F(ry=0 r>2

In the outer regime, we will multiply the wave functions by F(||z—aC(t)||/e' =) where ¢’ < €.

If £ <2/3 <k <1=¢, the correction terms in Lemma, tend to zero and the set
|z]| = O(¢") includes the set ||z — aC(t)|| = O(¢"~?"). On the support of F,

x = Mo(e)t + O™ + %)
and since 1o, (€) = 19, + O(€), where 179, > 0, we know that |x;| > c|t| uniformly in €. Using
this, we have the following.

Lemma 2.3.14. [Lemma 3.3 of [39]] ”For x in the support of F(||x—a€(t)||/e'~%), C = A, B,

we have for t < 0,
Oy(x,€) = Ya(w,€) + O(e/t'1?)
Op(a,€) = —i(z,€) +O0(e/t"?),
and for t >0,
Oh(z,€) = di(z,€) + O(e/t')?)

Of(x,e) = oz, €) + O(e/tl/z).”

2.3.6 The Incoming Outgoing Solution

Let us assume that at our initial time, —7', the wave function is given by

Y(x,-T) = eisB(_T)/ezngl(AB(—T),BB(—T),62,aB(—T),nB(—T),x)QDB(x,e).
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The associated classical quantities have the following initial conditions.

ab(0) = 0 (2.33)
n°(0) = 1 (2.34)
AB(0) = A (2.35)
B5(0) = B, (2.36)
S5(0) = 0 (2.37)

and we assume that Ay and By satisfy the requirements in the definition of the wave packets
¢;. The standard time-dependent Born-Oppenheimer wave packets approximate the solution
to the Schrodinger equation to an acceptable error when far from the avoided crossing of the
electronic levels. However, these fail to sufficiently approximate the solution when close to
the avoided crossing. The following lemma describes explicitly how close to the crossing the

standard wave packets are an acceptable approximation.

Lemma 2.3.15. [Lemma 3.4 of [39]] "In the incoming outer time regime, —T <t < —e'™¢,
there is an approximation Vro(x,t) of a solution of the Schridinger equation ¥ (x,t) of the

form

B
Gro(w,t) = F(lo —a(t)]|/e ") exp (Z'Sf) i )
xdi(AB(t), BE(t), €%, aB(t),0,2)05(z, t, €)

such that

W(x,t) = Yro(x,t) + R(x,t,€)
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where
R(z,t,e) = O(c)

in the L*(R™) sense, as € — 0.”

2.3.7 The Inner Solutions

For the inner time regime, we construct the solution using the classical quantities associated

with the potential V(x,€). The initial conditions for these quantities are

a(0) = 0
n(0) = 1o
S(0) = 0

We will use rescaled variable y and s defined by
y = (x—alt)/e

s=t/e

In these variables, the Schrodinger equation is given by

26%1/1 —ten(es)Vyp = —62—2Ay¢ + h(a(es) + ey, €)1.

We want to find solutions of the form

Pl exp (1250 42 3y,

with

X(ya S, 6) = {f(:% S, 6)¢1(a(€8) + €y, 6) + g(y7 S, €)¢2(a(€5) + €y, 6) + ¢L<a(€8) + €y, 6)}7

7



where ¢, (x,€) € (I — P(z,€))H, and f, g are scalar functions. Inserting this form into the

Schrodinger equation, we have

.0 . 0 o0 - .
Zﬁgf + ZE%%Q + ZE&@”L + (V(a) +eyV.V(a))(fr + go + 1)
+ i€ fVathr + i€ gnVaths + iV L
= - 64Am¢L/2 - €4fA$7,D1/2 - €4gA11/12/2 - €3Vyfvm¢1
- €3vygvx¢2 — €2¢1Ayf - €2¢2Ay9 + ha(fir + g12)

+ Vi(a+ ey)(fo1 + go +¥1).

We assume the functions have the following expansions.

f(y787€> = Zyj(e)fj(y,3>,
g(ya S, 6) = Z l/j(E)Qj(?J, S)?
l/JL(.’E,t,G) = Zyj(e)ij(x7t)7

i
o

where the e dependence of v;(e) depends on the matching conditions. With these expansions,

the Schrodinger equation, after dropping higher order terms, becomes

(€)ool )0 (a(es) + e, €) + devn(e) g0y, Sala(es) + e, )
= hy(a(es) + ey, €)Y, (ales) + ey, €)

+ evp(€)h1(y, s)(foly, s)vi(ales) + ey, €) + go(y, s)Ya(ales) + ey, €))
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on the support of F'. Here hy;(y, s) is the operator on the span of {11 (a(es)+ey, €), o(a(es)+

ey, €)} whose matrix values in this basis are given by

M015 + 41 1
r
1 _%15 — Y

In order to match the incoming outer solution, we have

vi(e)h (a(es) + ey, €)1 ;(a(es) + ey,e) = 0

if v;(e) < erp(e), for 7 =0,1,2,...,m — 1. Since the spectrum of h, (x,€) is bounded away

from 0 in a neighborhood of (0,0), we must have
Yii(x,t) =0, 7=0,1,2,...,m—1.
For the remaining order, with evy = v,,,

, 0 . 0
zeyo(e)afo% + Z€V0(6)£90¢2

= Um(€)h ¥y + evo(€)hii(forbr + gotb2)

becomes

iﬁl/o(@%fo% + i€V0(6)290¢2 = evp(€)hi1(forr + goba).

0s

By projection with P(z,€) and (I — P(x,¢)),

Vm<€)hj_wlm = 07

which implies ¥, = 0.
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(2.38) is equivalently,

9 | foly,s) M015 + Y1 1 fo(y, s)

71— =r
0s -
90(3/, 3) 1 —No1S — Y1 90(%5)

The solution of these equations can be found in terms of parabolic cylinder functions D, ()

with methods from [27].

Mo P (140 s+ )
= 01y

0l D (140 s + )

D (—(1 +z‘)\/%(ﬁblsy1))

+ Cy(y) o
0 ED e (~0 i s )

We define the approximation of the inner solution by

Dy, s) = F(llylle”) exp (i5<628> +Zn(e:)y)

X [vo(€) fo(y, s)1(ales) + ey, €) + vo(€)go(y, s)a(ales) + ey, €)].
To begin with a vector along the B level for t < 0, we need go(y,s) — 0 as s - —o0.

We note that ||y||/s = O(e£7%") — 0. With the cutoff function,

Do (=10 [T s+m)) = X095 00065+ Iyl

2101 "’]01
as s — —oo, for A(y,s) € R. Thus Cy(y) = 0.
Further,

. T, -
D (~0iy/ s m)
101 Toq
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wo, ~ ~
= oxp { = () + 2 + 32 + Inls| + n(2rin) 2}
01

x €200, (1 + O(llyll/s) + O(1/5))

D (<00 s m)) = 01/Gs+ )

and

as s — —0oQ.

In the matching region where t = es, s = —e ¢, y = O(¢™, 2 = O(¢") with 0 < ¢’ < € <
1/3, 2/3 <k <1 —¢&, we match ¢ (y, s) with ¥0(z,t).

We consider the incoming outer solution ;0 (x,t) as t,e — 0 and write the results in terms
of the scaled variables (y,s). Noting that (a®(t) — a(t))/e = O(t?/€) = O(es), we find the

following.

F(ly8le) = Flylle” +0e+7's)) = Fllyle”) + 0 *s)

Then applying Proposition (2.3.10)) and it’s Corollary (2.3.11)), and Lemma (2.3.12), in the

L?*(R?) sense, we have
ou(AB (1)), BE(t), €*,aB(t),0,2) = € "2¢y(Ao, BF(—),1,0,0,y) + Oles) + O(1/s%).  (2.39)

By using Corollary ([2.3.9)),
B Bl _
exp {ZS (268)} — exp {ZS(ZS) + iSO (627 ) —irs —1i <7“770182 + NLIH<€|SD>}
n

€ € € 01

x (14 O0(es®) + O(1/5%) + O(eIn(e|s|))).

We also use Proposition ([2.3.5) and Corollary (2.3.8)) to approximate
x — aP(es) }

exp {inB(es) =
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a(es) — ab(es) }

= exp {in(es)% —+ i(nlg(es) — 77(68))% + inB(ES) €2

exp {in(es)% — iy (r/M0; + 7“3)}

0 1
X exp § irs + AL i;(ln(e|s|) +In(279;) + = — Ine)
2 2170, 2

x (1+0(es®) + O(1/5%) + O(llylles®) + O([lyll/5) + OlesIne))

as s — —oQ.

Lastly, using Lemma (2.3.13) and Lemma ([2.3.14]),
Dy (x,€e5,€) = hi(x,€) + O(e"/? /%) + O(s€™).

Now we can perform the matching, assuming vy(€) = 1 and

i

Caly) = —E_nm¢ﬂf%735(—>JL070406£m>@q)(§ﬁf%y%“29ﬂ)
01

S5 (e, — ' -
X exp (z O<€2’ ) + 7 (1—1—31n(27701)—|—1nr—41ne)) :
€ 4o,

Since ¢;(AB(t), BB(t), €%, a?(t),0, ) is normalized, we see that in the L?(R™) sense
bro(a(es) + ey es) = Yi(y,s) + O()
for some positive number p.

To check the validity of the inner solution approximation, we return to the original variables

(x,t) and set

r—alt) t
m@wzw( “ﬁ)
€ €
Let us define {(x,t) by the following.
.50 et
i€ gqf[(ilf,t) = —EA‘IJ](l', t) + h(z,e)¥ (x,t) + ((x,¢€)
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and obtain the follow results.

Proposition 2.3.16. [Proposition 3.1 of [39]] "In the L*(R™) norm,

el=¢

1 IC(z, t)||dt = O(e%).
3

2
€ el

Thus we obtain the following lemma.

Lemma 2.3.17. [Lemma 3.5 of [39]] "The function V((z,t) is an approzimation of a so-
lution (x,t) of the Schridinger equation for —e'=¢ < t < €'7¢, such that in the L*(R3)
sense,

U(x,t) — Uiz, t) = O ™) =0,

ase— 0.7

2.3.8 The Outgoing Outer Solution

For times in the outer regime, we consider the classical quantities associated with the A level

and satisfy the following initial conditions.

a’(0) = 0
1
70 - g |
Tlo1
0
AA(0) = A
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The reason for the difference in the initial condition for the classical momentum from the B
level is due to the corresponding loss in kinetic energy equaling the gain in potential energy,
to the leading order. In the time region where the outer solution is valid, e\ < t < T,
we wish to obtain an outgoing outer solution ©¥oo(x,t) which is a linear combination of
standard Born-Oppenheimer wave packets. The first wave packet is associated with the A
level and initial conditions above, and the other is associated with the B level with the initial
conditions —. We must require that the outgoing outer solution matches the inner

solutions on a matching region. Specifically,
t=es, s=+e S y=0("), z=0().

with 0 < ¢’ < ¢ < 1/3 and 2/3 < k < 1 — £ as before. Proceeding as we did previously, we

have
NS
D_QiT'r (_(1 + 7/) N_(TIOIS + y1)>
101 Moy
i - - ~
= exp { = () + 2 + 92 + Inls| + n(2rin) 2}
0
_ 3rm
x e o1 (14 O(|lyll/s)) + O(1/s)
and

. o, -
D_ & (—(1 + Z)\ [ = (1015 + yl))
2101 To1
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wo, ~ ~
= oxp { G (05) + 2gs 432 + sl + In2riy)/2) |
00
V2T
X ——————
M+ .2

2101

e Fo1 (14 O(1/s)) + O(1/s)

as s — oo and ||y||/s = O(¢£7%) — 0. The equation below is also satisfied for level A.
F(lly*le”) = F(lylle” + O(e*s)) = F(llylle”) + O(e"*s)
and since BE(—) = Bi'(+),
¢1(Ao, B (—),1,0,0,9) = ¢y(Ao, B5'(+),1,0,0,y).
We can also say

(bl(A(h B(l)g<_)7 17 07 07 y)

BoAy ! (y|rP
—hmmma@nm{_w<)om_gm~m}
2 27701

= $1(Ag, BE(+),1,0,0,y)e wir/mor,

Equation ([2.39) also holds for level A for s — +oo, with the same error terms. For the

phases,

B

exp {iS (268)}
€
B
= exp {25(628) + z'SO <62’ +) —irs +i(rio, s> + ; ln(es))}
€ € o1
x (14 0(es®) + O(1/5*) + O(eIn(es)))

and
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A
= exp {ZS(ZS) + iSO <€2’ ) _ irs — i(rio, s + L ln(e|s|))}
€ € To1

% (1+ O(es®) + O(1/5%) + O(eln(e|s)))).

We also have

€2

exp {2'776(68)—:6 — a¥(ec) }

= exp{in(es) — iy(— — rs)
p{ (€s) 4 }

€ Mo

. Ty 5 . T ~ 1
— —1—(1 In(2 ——1
X exp {zrs I8 227701( n(es) + In(27y;) + 5 ne)}

x (1+ O(es®) + O(1/s*) + O(||lylles*) + O(||y|l/s) + O(esIne))

and
exp {inA(GS)%:(&)}
= e {inte)? — (2 - 1)
X exp {irs + iTZbl s% + i27%1 (In(es) + In(270,) + % —In e)}
% (14 0(es®) + O(1/52) + O((lylles?) + O(llyll/5) + Olesn )
as r — +00.

And lastly, by Lemma and Lemma ,
h (2, es,€) = Pi(w,€) + O("/251/%) 4 O(s€™)
Df(z,es,€) = o(z,€) + 0(61/281/2) + O(s€™)
In the domain of the match region, t = es, s = +¢ ¢, y = O(¢™%), and x = O(e*), we must

match the inner solution and outgoing outer solution. Up to terms of order O(eP), in the

86



L*(R™) sense, we find

/20 7 (isAé‘)HnA(t)(z;aA(t)))
Yoolr,t) = —e ™2 p(||z — aA(B)]|/é e\ - e

x ¢ (AA(L), BA®L), €, a™(t),0, )07 (z, t, €)

iA(e
X 677”4/2%1 r (& (©
g ir
V 7jor D(1+ 52-)
;5B) +i"8<t>(ﬁ;“8(”))

mex—fuMkP%41*

X ¢I(A6(t)’ BB(t)’ 627 a8<t)7 0, I)q’g(% t, 6)7

where

™

Ae) = 4+

Al _
& (Z, ) + ——(1+3In(27f,) + In7 — 4Ine). (2.40)
€ 210,

Thus we find the following result.
Lemma 2.3.18. [Lemma 5.6 of [39]] "For any ¢'=¢ <t < T, the function Voo(x,t) is an
approzimation of a solution of the Schridinger equation ¥ (x,t), such that
P(x,t) = Yoolx,t) + R(x,t,€)
with
R(z,te) = O()

in the L?(R") sense, as € — 0.”

Note that in the formulae in Lemmas (2.3.15)), (2.3.17)), and (2.3.18)), the cutoff functions F

can be dropped without altering the results. It is redundant when multiplied by the Gaussian

functions which decay exponentially.

We can now gather all the results for the following theorem.
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Theorem 2.3.19. [Theorem 3.1 of [39]] "Let h(x,€) be a hamiltonian such that hy(z,e)

is characterized by and ([2.25), and let ¢(z,t) be a solution of the corresponding

Schrodinger equation such that

€

B B B
e(is (1) 25T e <—T>>)

¢($’ _T) =

x ¢ (AP (=T), B5(~T), e a®(~T),0,2)5(z, —T,¢) + O(9)

for some positive q, in the L*(R™) sense. Then for any 0 < & < 1/3, there exists a positive

p such that in the limit € — 0 we have for =T <t < —e!=¢:

B B B
iS50 280G (t)))

%Z’(x»t) = 6(
x ¢i(AB(t), BE(t), €%,a"(t),0,2)Pg(z,t,€) + O()

and for —e' ¢ <t < €76

ECILICIEIGI))

Wi, t) = T (fu(y, 8)dn(, €) + goly, )l €))

where fo and go are defined by (2.38), with y = (x — a(t))/e, s = t/e, and finally for

e <t<T:

A @) -nA(t)<z—aA<t>>)
_ A (e e o
piet) = — el

x ¢i(AA(t), BA(Y), €, a(t),0, 7)1 (z, ¢, €)

+ 6*7”“/4%1 gL(f)
V 70, D(1 + )

B B B
(isEQm 220G e (t)))
X e

x ¢i(AP(t), BE(t), €%,a"(t),0,2)®f (z,t,€) + O(e)

where A(€) is given in ([2.40).”
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We can also compute the transition probability Ps_, 4 from level B at t = —T to level A at

t = +T'. For the limit ¢ — 0,
Ppoa = € /P14 O().

This coincides with the solution provided by the Landau-Zener formula where the gap is

given by €. Then the probability of remaining on the B level is

r

ioa |01+ 527)|

2101

Pz = e~ r/2M01 5+ O(e)

=1 — e/ 4 O(eb).
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Chapter 3

A codimension 1 conical intersection

and avoided crossing

To study the behavior of a system as the energy levels approach a crossing or conical in-
tersection, we will first investigate the case where we force the system to pass through the
intersection. In this chapter we consider and example to apply some results obtained in [34]
and [39], of which we discuss the proofs in a special case. Thus, we will study the solutions

to the Schrédinger equation
ie“— = H(x)y (3.1)

under general Born-Oppenheimer and adiabatic assumptions, for Hamiltonians which result

in a codimension 1 crossing system or avoided crossing system.

Recently, results on codimension 1 crossings in relatively general situations have been ob-
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tained [21], [22].

3.1 Through the crossing

We will study the particular Hamiltonian operator H(z) given below,

el cos’(z)  cos(z)sin(x)
H(z) = _EA_JU (3.2)
cos(z) sin(x) sin?(x)
where z € R.
Then h(z) = —a cos®(x) cos(x) sin(x)
cos(z) sin(z) sin?(7)

To find the eigenvalues of h(x), we write it in terms of the Pauli spin matrices.

he) = —o %]2+ cos®(x) — cos(x) sin(x)

1
2

cos(z) sin(z) —(cos*(z) — 3)

. GJQ + (cos(z) — %)az + cos(z) sin(x)az>

This is in the form h(x) = qly 4+ 7+ & where ¢ = o, |- Hence

cos(x) sin(x)



Then the spectrum of h(zx) is given by

oh)=q+|rl=—z % + \/COSQ(ZE) sin?(x) + (0082(x) — 1) )

=—z (% + \/COSQ<£L') sin?(z) + cos?(z) — cos?(x) + %)

L (% b oost) + cos(o) () 1) + i)

R & UV U DS U A
e Var) T et T T
To find the eigenvectors for each of these eigenvalues, we solve (h(z) — o(h))v = 0.

First we find the eigenvector for o(h) = 0.

. cos?(x)  cos(z)sin(z) vy _ 0
cos(z) sin(x) sin?(z) Uy 0
. cos?(x)vy + cos(z) sin(z)vy _ 0
cos(z) sin(x)vy + sin®(z)vy 0
. cos(x)(cos(z)vy + sin(x)vy) _ 0
sin(z)(cos(z)vy + sin(x)vy) 0

— sin(x)
Then we get the normalized eigenvector

cos(x)

jv™| = \/sin®(z) + cos?(x) = 1.
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Next we find the eigenvector for o(h) = —uz.

. cos?(x) —1  cos(z)sin(x) vy _ 0
cos(z)sin(z) sin?(z) — 1 vy 0
. sin?(z) cos(x) sin(z) vy _ 0
cos(z)sin(z)  —cos*(z) vy 0
N sin®(z)vy” + cos(z) sin(x)vy |0
cos(x) sin(x)vy — cos?(z)vy 0
. sin(x)(— sin(x)v] + cos(z)vy) _ 0
cos(z)(sin(z)v] — cos(x)vy) 0
cos(x)

Then we get the normalized eigenvector

sin(z)

[vF| = \/cos2(z) +sin’(z) = 1.

V(z) is given by eigenvalues of h(x). We will use the following notation for the spectrum

and eigenfunctions of h(z).

EA(ZL’) =0
o 4(z) — — sin(x)
cos(x)

Eg(z) = —=x
Sule) cos(x)
sin(z)
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Figure 3.1: E4(x) and Eg(z)

These values coincide on a submanifold I'; which in this case is a single point. In nuclear

space for this system, I' has codimension 1.

Let G be the symmetry group of h(z), i.e. the group of all unitary and antiunitary operators
that are independent of x in some representation of the electronic Hilbert space, and also

commute with h(x), for z in an open set of interest.

The irreducible corepresentations of GG that correspond to these two eigenvalues are both
Type I, and are not unitarily equivalent to each other. Both eigenvalues have multiplicity 1

away from the crossing, therefore this is either a Type A or Type C crossing, as classified in
[34].

We may decompose G = KH with I being a special antiunitary element of G. Then
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we can choose the phases of the vectors ®4(0) and ®5(0) so that KP4(0) = ®4(0) and

K®5(0) = ®5(0). This choice then gives us KP4(x) = P 4(x) and KPp(z) = Pg(z).

For our problem, choosing K to be the complex conjugation operator satisfies these con-
ditions. (Le. Kz = z.) For any z, ®4(z) and Pg(z) are real, so KP4(z) = P4(z) and
K®g(x) = ®p(x). Also K? = Id, and for any 21, 29 € C", (Kz1,Kz) = (21, 22). Therefore

we know this choice of K is an antiunitary operator which preserves the eigenvectors.
This determines that the crossing of E4(z) and Ep(x) is a Type C crossing.

To begin considering the solutions for this system, let us first define some important com-
ponents which will allow us to find the solutions to the Schrodinger equation. Our solutions
will be built of semi-classical wave packets in the sense that they depend on classical quanti-
ties. The relevant quantities are the classical position a(t), the classical momentum 7(t), the
classical action integral S(t), and the uncertainty matrices for the classical position and mo-

mentum, A(¢) and B(t) respectively. They are given by the unique solutions to the following

system.
206 = o) 3.3
M) = —vOan) (3.4)
P = gule? ~ Vialt), (3.5)
L = B (3:6)
Pt = VO (alt) A1) (3.7
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with initial conditions

a(0) = 0 (3.8)
n(0) = 7o (3.9)
S(0) = S (3.10)
A(0) = A (3.11)
B(0) = Dy. (3.12)

Here V() is the potential, given by the eigenvalues of h(z), E_(z) and E, (z), or the average
potential V(z) = H(E_(z) + E4(2)). VW (z) denotes the first derivative of V with respect
to o, and V®(z) denotes the second derivative. We assume Ay and Dy satisfy the four
conditions (2.1)-(2.4). If A(0) = Ay and B(0) = D, satisfy these conditions, then A(t) and

B(t) satisfy them for all ¢.
For one dimension, we only need the normalization condition that AB + BA = 21.

Let us define the semiclassical Hagedorn wave packets, ¢; for the multi-index [, which give

us the base of our solutions, [28] 29, [35].

—BA Yz —a)®>  in(x—
®o(A, B, hya,n,x) = 7r1/4h1/4A1/2eXp{ 2(hx @) +Z77(13h a)} (3.13)

Recursively, we then define ¢y (A, B, h,a,n, ) by

1

A7B7h7 1y t) —
¢k+1( a,mn ) \/k?——i-l

A(A7B7h7aan)*¢k<"47 37 h7a’7nv ) (314)

We can now express an approximate solution W(e, x,t), to the Schrodinger equation by
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implementing the following theorem from [34].
Theorem 3.1.1. [Theorem 5.1 of [34|]] ”If h(X) has a crossing of Type A or C, then there
is an approximate solutions (e, X, t) to the Schridinger equation that satisfies
Ve, z,t) = g[)A(:C’,5)61'5“‘(t)/62ein““(t)-(rr:fa““(t))/e2
x (@(AA(t), BA), &, a(t), n (1), )

€ D0 dule— (1), )0n (A1), BAW), & 0t (1) (1), 1))

Im|<|i|+3
+0(e)
fort € [T, =T1] for some fized Ty > 0. Fort € [11,T], this solution satisfies
U(e,z,t) = (I)A(I’,5)61‘5*‘@)/62eirz*‘(z‘/)-(scfa*‘(t))/62
< (@A (0), BA®), &, at(t), (1))
e D0 dnlr— a0 Den (AN, BAW), E a0, (1), 7))

Im|<|1]+3

—-1/2

— 1+ ((EY - BY), m(0)))
x (®5(0,0), <(gt + 7 (0)V, ) <I>A) (0,0))2.,

X ®p(x, 1) O/ O @=atO)/E g (AB(1) BB(1), €2, aP(t), 1P (1), z)

+ O(e%),

for some a > 1. In this equation, if <(ES) — El(gl)), n(0)) is positive, we can just take the
positive square root. If <(E,(41) — Eg)), n(0)) is negative, we take the positive imaginary
square root. The coefficients d,(w,t) are found by solving the initial value problem for a

system of ordinary differential equations.”
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Applying the solutions found above, we start with an initial incoming wave packet of the
form

o (AN=T), BA(=T), €, a(=T), 71 (=T), x)P4(x)

where

—BA Yz —a)? _
¢o(A, B, h,a,n,z) = 7r‘1/4h‘1/4A—1/2eXP{ 2&; “ +in(xh a)}7

and defined recursively,

1
Vi+1

¢l+1(Au B7 ha a,n, ) = ﬂ(/h Bv ha a, n)*¢l(Av B7 h’ a, 1, )

Where o7 (A, B, h,a,n)* is the raising operator given by the following definition from [35].

Define raising and lowering operators by

1 — _
(A, B, h,a,n)* = —[B(x —a) —iA(p —n)],
( W = ZlBle =)~ iAp )
and
1
(A, B, h,a,m) = ——|B(x —a) +iA(p —n)],
( n) \/ﬁ[ (z —a) +1A(p —n)]
where p = —ieza% is the momentum operator.

The following lemma allows us to define the value of 7T} in the theorem which allows us to

maintain an acceptable order of error as we approach the crossing at ¢t = 0.

Lemma 3.1.2. [Lemma 5.2 of [3]|]] "Under the hypothesis of the previous theorem, the
approximate solution of the theorem agrees with an exact solution of the Schrodinger equation
up to errors whose norms are of order €2=¢ for t € [T, —¢€*] for any & € (0,1).”
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For times close to the crossing at ¢t = 0, the solutions from Theorem break down due
to a boundary layer in the solutions around this point. We must separately consider the
solutions when t € [—¢f', ¢¢'], which we call the inner solutions. (For || > €, the solutions
described in the Theorem are referred to as the outer solutions.) We rescale the following

variables in the inner regime.

Let s =t/e, ya = (x —a’(t)) /e, and yp = (v — a®(t))/e = ya + (aB(t) — a*(t))/e. Then the

inner solutions are given by the following lemma.

Lemma 3.1.3. [Lemma 5.3 of [34]] "Under the hypothesis of the previous theorem, the
approrimate solution given below agrees with an exact solution of the Schrodinger equation

up to errors whose norms are of order €% fort € [—€¢, €] for any &' € (5. 1).

S (e)/€ gin(es)ya/ee=n/2@ , (qA(es) + eya, €5)

x ((1 — ies (—%AM + Ef?(a““)%)) &1(A(0), BA(0),1,0,0, y4)

te S duleya,0)e 26, (A(0), BA(0),1,0,0,y.)

Im|<|1[+3
+ eeiSP(es)/e ei"B(es)'yB/egl (ys, S)(I)B(CLB(GS) + eyg, €5)

+ €2€iS‘A(€S)/€2 einA(es)-yA/ewj_

where %L is perpendicular to both ® 4(z,t) and ®p(x,t), and

0
&gl(ylﬁ 8) -

. : 0
i85S i ys =ity (g, <§ T VX> ®4) (e7%¢o(A0, D', 1,0,0,0)) .
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By implementing these results for our system of interest, we obtain the following main results,

which will be proved over the course of this section.

Corollary 3.1.4. For the system given by the Hamiltonian operator , the approximate
solution to the Schrodinger equation fort < 0, for any & € (%, 1), up to order epsilon is given
by

—sinx

U(z,te) = eiSA(t)/Engﬁo(AA(t), BA(t),e2,aA(t),nA(t),x) (3.15)

COS T

v ) a0, B0 A0 0.0

fort > 0, the solution is given by

U(x,te) = o eSHO/E G0 (AA (L), BA(L), €2, a(t), n(t), x) (3.16)

COS ™

A A 2 qA A T
<\/_A0) qbl(A ()>B (t)v ) (t)777 (t)v )

. Cos < (1 — i)r/25, 1/2) iS50/ 4 (AB(t), BB(t), &, %), n°(t), z)

where a®(t), n°(t), S€(t), AC(t), and BC(t), for C = {A, B}, is given by equations (3.17)-

5.26) of Lemma (3.1.5).

3.1.1 Classical Quantities

The functions which will be used to construct the solutions of the Schrodinger equation will
be semiclassical in the sense that they depend on classical quantities. The classical quantities
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relevant to the solutions are given by the unique solutions to the system (3.3))-(3.7), with
the initial conditions (3.8)-(3.12). We also assume that the nuclear momentum vector 74(0)
is not tangent to I', which in this case is satisfied for any initial condition 79. We should

assume that 774(0) has a positive component in the x direction.

Lemma 3.1.5. For the system with the Hamiltonian operator given by , the relevant

classical quantities, which are the solutions to equations — for each level E4(x) =0

and Eg(x) = —x, are
at(t) = o, (3.17)
' (t) = 7o, (3.18)
SA(t) = So+%77§t, (3.19)
AA(t) = Ag+itDg, (3.20)
BA(t) = Dj. (3.21)
and
t2
aB(t) = Tt + 7, (3.22)
no(t) = o+t (3.23)
SE(t) = So+%77§t—ﬁot2—§, (3.24)
AB(t) = Ay +itDf, (3.25)
BE(t) = DB. (3.26)

for all times t. These solutions are exact.
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Proof. V(x) is given by the eigenvalues of h(z). For the incoming wave packet we use

V(z) = E4(z) = 0.

dE ()
Vi(z) Iz 0
d>E 4(7)
@) (p) = LAY
V& (z) T2 0

Then the system we need to solve for the incoming wave packet, ¢t <0, is

oa
on
) =
) = o,
08 | U
0A .
5 1) = iB(),
0B
E(t) = 0.
with the initial conditions
a’(0) = 0,
UA(O) = 1o,
SA(0) = Sp,
AA(0) = Ay
This gives us the solutions
a*(t) = Tot,
77A(75) = 1o,
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SA(t) - So—f-—?]%t,
AA) = Ap +itDy,

BA(t) = D

for t <0.
Dyt is the matrix such that A4(—T) and B#(—T) satisfy conditions (2.1)-(2.4).

For the outgoing wave packet, let a(t), n(t), SA(t), AA(t), and BA(t) be the unique

solutions to the system of equations (i3.3))-(3.7)).

V(z) = Eg(z) = x for the outgoing wave packet, ¢t > 0.

1 dEB(LE)
Vi )(x) =g = -1
2 d*Eg(x)
V(@) = —5= =0
20t = (o),
an B
Pty = (07— alt),
20 = B,
0B
E(t) =0
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We require the same initial conditions so that

AB(0) = A4(0) = Ap.

(5 (0) = EL O (5’ (0) = ELO) ya
((E5(0) = EL(0)), 14(0))

B5(0) = B34(0) + i

1
Tlo

Let us call B5(0) = D¢t —i4e = DE.
70

The unique solutions to this system are

t2
ab(t) = ot + —,
2
ﬂB(t) = ﬁ0+t’
B 1"’2 ~ 42 t3
S7(t) = So+§77075—770t -3

AB(t) = Ay +itD§,

B5(t) = DB,
for ¢t > 0.

Below is a plot of the solutions of a(¢) and a®(t).
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a’qand aB

/ |

Figure 3.2: a(t) and a®(t)

3.1.2 Wave packets

We are most interested in the wave packet when [ = 0. For [ = 0, ¢; is a Gaussian function
which are convenient functions to work with and are of particular interest to chemists and

physicists.

For the solution to a(t), n(t), A(t), B(t), and S(t) previously found, for ¢ < ¢,

¢0(AA(t)’BA<t)7 627 aA(t)v UA(t)> $)

= 7T_1/4€_1/2(A0A + itD64)_1/2

—(DM(AA + itDA Yz — mot)2 1o — ot
p{ (D)4 +1D8) " a = ) +Z.770($62770)}'

For t > 0,

do(AB(t),B5(t), %, d®(t), P (), z)

= 7T_1/4€_1/2(AOB + ith)_l/Q
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—(DB)(AF +itDE) (& — ot — 5)% (o +t)(z — 7ot — &)
X exp 262 +1 62 ) .

The plot for|@g!| is shown below in Figure for t € (—30¢, 30¢).

Figure 3.3: |¢3']

Also, we should look at |¢64| at t = 0, and notice that it is a Gaussian in x at ¢ = 0, shown

in Figure

Similarly, Firgure shows |¢5], but for ¢ > 0 only, and Figure shows at |¢5| at ¢ = 0.

3.1.3 Incoming Outer Solutions

We must calculate the coefficients d,,,(w,t), seen in the solutions given by Theorem (3.1.1]),
for the system of interest. Following the same methods of [34], we make the ansatz that far

from the crossing, the solutions are of the form

A
oty = 00 (22040
€

) (wg(a:,yA,t) + ey (2, y A, 1) + ) ,



Figure 3.5: |¢f]| for t > 0

where y* = (z — a(t)) /e since y* and z behave as though they were independent. Note
that for this secion we will drop the A notation as everything will be in relation to this level.
For our solutions, this corresponds to the outer solutions when ¢t € [T, —¢%]. F is a cut off
function where the derivatives of F' are supported away from a(t). We may cut the solutions

after the € order term, as we only require our approximation to be accurate up to errors of
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Figure 3.6: |¢f| for t =0

order O(€?). Let

x — a(t)

x%%OZF( y%@%w+wmww>

These are the terms which contribute to the error of the approximation,

C(z,y,t) = {z’eQ% + %Aw - h(a:)]

or to include an expansion for the energy, we add E(z) — E(a(t) + ey),

((z,y,t) = lieZ% + %Am — E(a(t) — ey) — h(x) + E(x)} )

Then y must satisfy,

50 et €2 ,
C(;E,y,t) :%28_)15( - |:_ EAm - €3V:Jc ' vy - EAy - Z€2n<t> : V)(E

+ (B(alt) + ey) — B(a(t)) — eEW(a(t)) - y) + [h(z) — E(SE‘)]] X

We must satisfy this for each order of epsilon. The terms of order €° are

P o) - Bl =0,

€

108



In the domain of F', this means

¢0(I, Y, t) = g()(x? Y, t)(I)(ZE)

Recall that for a Type C crossing, the eigenvectors can be chosen to be independent of ¢.

Similarly, the second order terms are

F (=) o) - B = o,

€

and therefore
wl(xayvt) = gl(x7y7t)(b($)

The second order terms are

2

- <q: —Ea(t)) %2/10 _ <a: —Ea(t)) [—%Ay% n E(2)(a(t))%¢0 — in(t) - Vo

To solve for go(x,y,t), we project this into two parts, the part parallel to ®(x) and the part

perpendicular. Therefore we find the parallel and perpendicular parts are, respectively,
igo = —§Ay90 + B (a(t))EQO —in(t) - Vago

and
0 =1go (n(t) - Vo2 ().

If we replace x with w = x — a(t) and define fo(w,y,t) = go(w + a(t),y,t) = go(x,y,t), then

fo satisfies
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This is the Schrodinger equation for a harmonic oscillator with time varying spring strength.
Thus, utilizing the Hagedorn wave packets ¢; which were designed to solve these equations,
we use the solution

folw,y,t) = e "Pyy(A(t), B(t),1,0,0,y).
However, for our system of interest, £ 4(z) = 0, so E®(a(t)) = 0, which helps to simplify
this. Also note n =1 for our problem.

1

0
ZEfo = _§Ayf0

There is no need for any w dependence. We have chosen [ = 0 for our solutions which are of

the most interest to us. Then we obtain
Jo = 6_1/2¢0(A(t)7 B(t)v 17 07 07 y) - ¢0(A(t)7 B(t), 627 CL(t)? 07 ‘T)

The terms of order € in ¢ are

- (x — a(t)) %% _p (x —ea(t)> [_ %Aywl . E(Q)(a(t))y;

€

3
+ E<3><a<t>>¢1%¢o —in(t) - Vot — Vs, - Vil

Splitting this into the components parallel and perpendicular to ® 4(z), we obtain the two

equations
2 3
Py () S = 2 Ay + B a(t) L+ EO (a(t)) S
- ZF)H(‘T)n(t) : V:pwl - F)H(x)vm : Vywo
and

0= iPJ_(iL‘)%Q/)l + P (z)n(t) - Vuoy — PL(2)V, - V.
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Let us make a change of variables w = x — a(t), and replace fi(w,y,t) = ¢1(x,y,t).

2 3
o= g+ BO )L+ BV a(0)

— V- vyf() - (Vyf(J) : <<I)(w + CL(t)?t)? V((I)<w + a(t)v t>>H5l
and
0= wal - vx ' Vny-

We search for solutions of the form

glzyt) = ) dulz—a(t),t)e 2o, (A1), B(1),1,0,0,y).

[m|<|T|+3

For x + a(t) = w, we just have

flwyt) = > da(w t)e ¢, (A1), B(t),1,0,0,y).

Im|<[l]+3

Then using the quantities from our problem, we can simplify these. Again, E®(a(t)) = 0

and E®(a(t)) = 0. Also, we can note that we chose fy(w,y,t) not to be dependent on w,

so that eliminates the term with V,,. Lastly, using ®4(z,t) = ~sinfz) ,
cos(x)
—sin(w + a(t)) —cos(w + a(t))
(O(w+a(t),t), V(O(w+alt),t))n, = < : > = 0.
cos(w + a(t)) —sin(w + a(t))

We are just left with
ZZ <8t ) dm(A, B,1,0,0,y) = mZ<3(Vgcdm(w,t))¢m(A,B,1,o,o,y)

and

Z dm(w> t)¢m(A> Ba L 07 07 y) = _BA_1y¢O(A7 Bv 1a 07 07 y)

m<3
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We focus first on the perpendicular part.

Refer to Appendix @ for the calcuations of ¢,,(A, B, €, a,0,z) for m = 0,1,2,3. The only
terms matching the order of epsilon on the right hand side results in

1
V2
= - BA_ly¢0<A7B7 1707 07y)

dy(w,t)p1(A, B,1,0,0,y) =di(w,t) ( (B + ZBAI)]y> $o(A, B,1,0,0,7)

Then we find

—v2BA!

hlw. D) = =g

Since the dimension of our system is n = 1, these quantities all commute, so we can simplify

this to

e

dl(w,t) = m

Assuming the initial conditions Ay and D' are chosen to be real, this is

—1
dl(w,t) = \/§A .
0

Then we consider the parallel part, which is satisfied for dy = 0, d; = dy = 0, and

i
V240’
ds = 0.

These coefficients satisfy that all the remainder terms in ((z,y,t) are of order O(e*) and
above. Then applying the following lemma from [34], with a = 2, we can see that this results

in an approximate solution ¥(x,y,t) which is accurate up to errors of order O(¢?) as desired.

Lemma 3.1.6 (Lemma 3.3 of [34]). (The Magic Lemma) ”Suppose H(€) is a family of self-
adjoint operators for € > 0. Suppose V(r,€) belongs to the domain of H(e), is continuously
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differentiable in r, and approximately solves the Schrodinger equation in the sense that

ie“g—@f(r, €) = H(e)y(r,e) +((re),

where ((r, €) satisfies
IS(r, ol < plr.e)
for Ti(e) < r < Ty(e). Suppose ®(r,¢€) is the exact solution to the equation

ie“aa—\f(r, €)

with initial condition V(rg,€) = ¥(ro,€) with Ti(e) < rog < Ty(e). Then, for Ti(e) <t <
Ty(e), the following estimate holds:

T>(€)

19(r,€) — p(r,e)|| < e / u(re) dr”

Ty (6)

3.1.4 Inner Solutions

For the situation we considered, i.e. we begin with a state following the lower energy level,
E4(z), and propagate through the crossing, we can take T to be as large as we wish, and
take Ty = ¢, by Lemma (3.1.2)), for any & € (0,1). Thus, the solution for the outer regime,

t < €, given by (3.15) are accurate up to terms of order e.

Since we were able to find uniform solutions to the classical quantities a(t), n(t), S(t), A(t),
and B(t) exactly for all ¢, we do not have any further restrictions on the value of £ required

to have the desired order of accuracy for our solutions.
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Now using the results of Lemma (3.1.3)), we can find the solutions for t € [—€', €], for any

¢ € (1,1), accurate up to errors of order €.

For the inner solution, we will make the following replacements.

T aA(t)

We make the ansatz that the inner solution is of the form

(ya, s) =S G vALe £y ) YD 4 (at (es) + eya, €s)
+ eiSB(es/EQeinB(es)yB/eg(yB,ES)Q)B(QB<65) + €ys, ES)

+ eiSA(es)/62einA(es)‘yA/eqﬁL(a'A<€3) —+ €YA, 68)7

where 1(a?(es) + ey, es) is orthogonal to both @ 4(a(es) + ey4) and Pp(a®(es) + eyg).
However, we note
— sin(x) cos(x)
O y(z) = and ®p(z) = :
cos(x) sin(x)

which span the whole space. Therefore, 1) (a"(es) + ey, es) = 0. We assume f and g have

asymptotic expansions of the forms

yAa ZV] fj Ya, S
7=0
and

9(ys,s) = Z vi(€)g;(ys, s)-
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After plugging these into the Schrodinger equation and simplifying, we will investigate solu-

tions by orders of epsilon. The terms of order v;(e) such that v;(e) = ev;(e) are
1154 (es)/€ inA(es)yafe 00
Os

, . 0
+ ie’sB(ES)/EQ6”78(58)'%/5%@B(alg(es) + €yp)

(Y4, 5)Pa(a(€s) + €ya, €5)

= 0.

The two terms are orthogonal in the electronic Hilbert space, so we must have

dfo B

83 (yAa S) - O
and

dgo o

83 (y87 S) - 0

In order for the inner solutions to match the outer solutions, we choose vy(€) = 1. Then we

can let v4(€) = €, and the solutions for these order terms are

fO(yA75) = 6_1/2¢0(AA(0)7BA(0)717070ayA)

and

90<y37 S) = 0.

Next we look at terms whose order is v(€) = €2.

) ) 0
,L’elSA(es)/EQGznA(es)-yA/e%<yA’ s)@A(aA(Gs) + €Y 4, ES)
S

9
%@B(alg(es) + eys)

. . 0
+ Z'ezSA(es)/€2€177A(es)~yA/e (a + 77./4 X Vx) (D.A

4 eiSE(e)/€ ines)ys e
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_ piSA(es) /€ GZUA(€5)?/A/€ (A Jo)®u

iSA(es) /€2 _inA(es)- € y
+ iS4 (es)/€2 i (es)-ya/ Ef)(aA)TAfoq)A

After separating the orthogonal directions, we have F

o 1 2 A\ Y
ige = —5Aufo+ EQ @)y
and
I _ _ei(SB*SA)/gei(ﬂB'yB*TIA‘yA)/e<(I)B 9 + 0V, | ) fo.
s »\ ot ‘

First we will solve f;. We integrate and match to the outer solutions to obtain

1

fi(ya,s) = —is (_EAyAfO + Ef)(aA)%fo)

+ Y di(eya, 00 ?0,,(A4(0), BA(0), 1,0,0,y4).

|m|<3

Now, we can use the following.

EQ(z)=0
Ay fo=€ 2 ([=BA™'’y* + BA™") ¢o(A*(0), BA(0),1,0,0,y.)

Thus we are looking for solutions of the form

filyas) = is (/% ([BATy* = BA™) 60(47(0), B4(0),1,0,0, m)

+ Y din(eya, 0)e 20, (A4(0), BA(0), 1,0,0,.4).

|m|<3

which solves

% = 1/2é[B-AA_A 1] ¢ (AA(O),BA(O), 17070,3/,4)
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Next we move on to g;(yg, s) which is found by solving the complicated oscillatory integral

91(yB,8) = 91(y4,0)

_ /S ei(SB*S““)/ezeinB-nynA-yA)/e<q>8, (% + 77A . VX) B 4) fods'
0

with

(1 +i)r'/?

g1(ys,0) = _WQ(O’ O>€iw(c(e,y8),ey,4)/ezf0<0’ 0).

The functions b, ¢, and €2 will be defined later. We can also note that

(@, (%JFHA_VX) 2.0 :< cos(z) | — cos() >: .

sin(x) — sin(x)

Since fy for our problem does not depend on s, or t. Thus we need to solve the integral

S
; ’ 2
/ 6’“‘)(63 76y3)/5 dsl
0

where we define

wit,eys) = (S°(t) = S4(H)) +e(n®(t) - ys — (1) - ya)
= (S5(t) = SA®) + 07 (t) - (@B (t) — a (1)) + (°(t) — (1)) - s

Moo 1
= — 22— 23 —t(eyg).
2 3 ()

Then we use a Taylor expansion to solve this integral up to acceptable errors.

: e 1
b — 1 2 (%ﬂ - §t3 - t(é?/B)) + ...
~ 2
1
=1—1 (E +6—32+3y3) + ...
S 3

=1—isys + O(s?)
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Then

05 5) = 01(ys.0) + / 1~ isys + O((s)))ds' fi

1
= ¢1(ys,0) + s — i§s2y3 + 0(53).

Then we solve for the initial condition for ¢, (yz, ),

(14 4)7t/?

gl (y87 O) — ——Q(O’ O)67""‘)(0(671/5)’6245)/62f’O(O7 O)
26(0)1/2

where the function c(eyp) satisfies

(EY(0) — E5(0)) - eys

ED©) B 7y |

cleys) =

and

02w
bleys) = @(C(Eys% €yB)

Then we have

(EY(0) — BS(0)) - eys]®
2(EY(0) — E5(0)) - o

w(c(eys), eys) = — +0(ys”)

We use

) = (2(0.0), (7 ~ 1. ) £40.0)(0,0) + Ofelye)

For our problem, these function needed for g;(yz, s) are

€Yn
c(eys) = = + O(’|ys/*)
Mo
62?/123 2 3
w(c(eys), eys) = o + O(e”|ys|”)
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b(eys) = mo + Olelysl)

Qeys, 0) = 1 (£) £o(0,0) + O(elys|) = foe 74451 + O(elys)).

Therefore, we set

141 .
G1(ys,0) = —( ~+1/22) 6721451@”3’%/2”0
210

and

(1+Z) _ _ —i 2 ot 1
gl(y875) = _W‘S ZAO 16 Y5/ 210 +3_Z§32y8~

Hence we obtain the inner solutions

eiSA(es)/62ein(es)-yA/6671/2(I)‘A(a.A(GS) + 63/,4,65)
1
X 1+ —ies ([BA(es) A (es) 1 ?y% + BA(es) A% (es)™h) | ¢o(A2(0), BA(0),1,0,0,y.4
9 A

Y (%[B%s)#(es)lf)) do(A4(0), B4(0),1,0,0, w)

~1/2

. . 1+ o o 1
+ eeiS0(es)/€ gin®(es)ys/e <_(2 i 2)6_214616_29%/2770 +5— 2582?#3) Dp(a®(es) + eyp, es).
"o

3.1.5 Outgoing Outer solutions

Using the results from Theorem (3.1.1]), the approximate solutions to the Schrodinger equa-

tion

is given by

Ule,z,t) = O y(m, 1) O/ it (0 (emat®)/e
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x (¢Z<A<t>73<t>,e2,n<t>,x>
€ D0 dule— (1), 0040, B, & 0t (1), (1), 2))

ml|<]i|+3
+ O(€)
for t € [T, —T1], for any fixed T} > 0. Then for ¢t € [T}, T],
U(e, x,t) = (I)A<x7t)eiSA(t)/GzeinA(t)~(x—aA(t))/e2
x (A1), B(1), (1), 2)
1
AA(t), BA(), €, a(t), 0 (1),
re (o ) oo, B0 a0 01.0)
—e(1+ i) ((EY - B, n(0)))

x (B 4(0,0), <(§t+n (0) - Vm> <I>A) (0,0))7.,

—-1/2

x Dp(x, 1) O/ OO 6y (AB(1), BE(t), ¢, aB(1), 1 (1), )
+0(e"),
for some o > 0. Note that if <(E X E(I)) n(0)) is positive, we take the positive square

root in the equation above, and if it is negative, we take the positive imaginary square root.

Below are the calculations needed to find the solution:

(O = D) YR = i)

Note that there is no ¢ dependence in ® 4(z) and ®z(x), so in the equation below, we only

need to consider evaluating these at x = 0.

@s0.0) (4740 7.) 04) 0.0,
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cos(0) | —cos(0) N N
= < » | Mo >'H = 770< ) >7‘[ = —To
sin(0) — sin(0) “ 0 0 :

To find the solutions given by (3.15) and (3.16), we implement the main theorems and
lemmas together: Theorem (3.1.1), Lemma (3.1.2]), and Lemma (3.1.3). Thus proves the

main results given by Corollary (3.1.4)).

3.1.6 Numerical Example

With the solutions given by Corollary (3.1.4]), we can find the solutions to any problem with

a potential of this form. As an example, we will show the results for a system, with an initial

wave packet at t = —T associated with the electronic energy level E4(x), the lower level for
t <0.
We can choose our starting time t = —T', with 1" being any arbitrary number as we do

not need to worry about avoiding any other eigenvalue crossings or avoided crossing for this
system in the case where we begin with a wave packet on the E 4(z) level with positive initial

momentum. For this example I will choose T" = 30e.

We will specify the value of €, our Born-Oppenheimer averaged nuclear mass, using the mass

of a C'? carbon nucleus. € ~ .1.

We let the classical initial conditions be given by

at(0) = ap = 0
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We can see the results graphed below in Figure (3.7]).

A level B level

t=0

t=3

T 3k

1F 1F

F L . M i
5 a 2 4 8 8

Figure 3.7: Propagation of a Gaussian wave packet through a codimension 1 crossing
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3.2 Higher dimensions

To demonstrate that for this type of crossing it is sufficient to consider just one dimension,
x, we will now consider X € R™. Using the same Hamiltonian H(z) as before, but in n

dimensional space. We make the following adjustments to the equations to be solved.

H(z) — H(X) = —SA - X, cos”(X1) cos(Xy) sin(X)

cos(X7) sin(X7) sin?(X1)

So we change h(z) to h(X;). The choice of the first coordinate is arbitrary.

= () = 7(t), (3.27)



Wy = —vOaw) (325)
Py = gt i) — V@), (3:29)
0A .

S (1) = iB(), (3.30)
OB o

Pty = v am)A) (331)

We assume A4(—T) and BA(—T) satisfy the four conditions (2.1)-(2.4). We also assume
that the nuclear momentum vector 74(0) is not tangent to I, which in this case is satisfied
for any initial condition 7jy. We should assume that 7*4(0) has a positive component in the

X, direction.

V(X) is given by the eigenvalues of h(X). For the incoming wave packet we use V(X) =

EA(X) =0.
dEA(X)
dX,
VO(X) = =0
dE 4(X)
dx,
PEAX) | d*Eu(X)
VE(X) = S = 0]
d’E A (X) d’EA(X)
dXn,dX, dx2

Then the system we need to solve for the incoming wave packet, ¢t <0, is

oa .
a(t) = 1(t),
on =
E(t) = 0,
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with the initial conditions

We require that 7y, > 0, but to keep generality, we will not restrict the other values for the
initial momentum in other directions. We will find this will only affect our solutions for S(t),

thus only changing the phases compared to the previous case x € R.

This gives us the solutions

at(t) = o,
ﬁA(t) = ﬁ()?
A 1
SA(t) = 50+§770'770t,

AA(t) = Ap +itDy,

BA(t) = Dj.

for t <0.
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Dyt is the matrix such that A4(—T) and BA(—T) satisfy conditions (2.1))-(2.4).

For the outgoing wave packet, let @A(t), 7A(t), SA(t), AA(t), and B4(t) be the unique
solutions to the system of equations ([3.3))-(3.7)).

V(X) = Ep(X) = X, for the outgoing wave packet, ¢ > 0.

-1
dEp(X)
dX,
0
V(X)) = =
dEp(X)
ax,
0
PEs(X) | dBEp(X)
V(Z)(X) = : : = [0]nxn
’Ep(X) . d*Bp(X)
dXndX, dxz
Then the system we need to solve for t > 0 is
oa
—(t) = qlt
(1) = (),
1
.
ot ’
0
S 1
() = =qt) - i) —at
(1) = i) ) - alo)
0A
—(t) = 1B(t
(1) = iB(),
0B
(1) = [l



We require the same initial conditions so that

J(EG(0) — E'V(0) (B (0) —

(O>> ’ AA(O)

BB(0) = B&(0) + i 1 1
(0) (0) (ES(0) = EL(0)), 74(0))

1 0
A 1 .
= DO + 1= 0o . : Ao
Tlo1
0
1 0
Let us call B2(0) = Dg' + z% 0 Ay = DE.
0

The unique solutions to this system are

Bt) = So+ =



for t > 0.

We can see that the first components of each solution have remained the same, with the
exception of S(t). If we projected this problem back into one dimension, the dimension of
interest, X, we would see the same solutions as we found previously when considering just
X alone. The only difference is that S(¢) depends on the positive constant chosen for the
initial condition 79. This sufficiently shows that studying the behavior of system in just one

space dimension is sufficient for studying the behavior in higher dimensions.

3.3 Avoiding the crossing

Let us begin by considering the time dependent Schrodinger equation

4

.5 0 o«
i€ aw(x,t) = —EAg/)(x,t) + h(z, €)Y(z,t) (3.32)

with the Hamiltonian operator H(x) below, which results in a gapped system.

H(e) = —%A . —x cos?(x) —x cos(z) sin(z) + ie (3.3
—x cos(x) sin(x) — ie —z sin®(x)

where z € R.
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—x cos?(x) —x cos(x) sin(x) + i€

Then h(z,€) =
—x cos(x) sin(z) — ie —xsin?(x)
T —x(cos’(z) —3)  —wcos(z)sin(x) + ie
= —512 +
—zcos(z)sin(z) —ie  —z(cos?(z) — 3)

We wish to find the spectrum of H(z), so we write h(z, €) in terms of the Pauli spin matrices.

1
h(z,€e) = —gh + [—x (COSQ(x) — 5) o, — x cos(z) sin(x)o, + €0y,

Og

This is in the form h(x,e) = qly + 7+ & where & = o, |- Hence, for this system,

—x cos(x) sin(x)

=
I

—z(cos?(z) — 3)

Then the spectrum of h(z,€) is given by

olh)=q+|r] = —g + \/3:2(0082(1') - %)2 + 22 cos?(x) sin?(z) + €2

<a:j:\/m>

DO | —

The eigenvalues of h(z,€) are
1
E_(z,e) = —5 <:L' + Va2 + 4e2>

and
1
Ei(z,e) = ~5 (x —Va?+ 462)
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To determine the eigenvectors of h(z,€), we take each of the eigenvalues E_(z,¢) and
E.(z,¢€), and solve

[h(z,e) — E;j(z,e)l]v; =0

for 7 = {+,—}, to find the corresponding eigenvectors v_ and v,. From this we find the

following non-normalized eigenvectors.

Tz + V2% + 4e2 — wsin®(x)

i€ + x cos(x) sin(z)

1r— 2Va? + 4€2 — wsin®(x)

i€ + x cos(z) sin(x)

The normalized eigenvectors are

1
2-() = o
and
1
(I)+($) - |V+([E)|V+(x)

For small epsilon, away from the gap, the system behaves like the previous case, where
E (z,e) ~ E4(x) =0and E,(r,¢) = Eg(x) = —z for x < 0. Similarly, F_(x,¢) ~ Eg(x) =

—z and E, (z,¢) = E4(x) =0 for x > 0.

First let us define some important components which will allow us to find the solutions to the

Schrodinger equation. Our solutions will be built of semi-classical wave packets in the sense
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Figure 3.9: E_(x,¢) and FE(x,€)

that they depend on classical quantities. The relevant quantities are the classical position
a(t), the classical momentum n(t), the classical action integral S(¢), and the uncertainty
matrices for the classical position and momentum, A(t) and B(t) respectively. They are

given by the unique solutions to the following system.

Oa

¢ (1) = n(t), (3.34)
on 1

Sty = VO (a(r), (335)
%—f(t) = %n(tf—v(a(t))a (3.36)
0A .

57 (1) = iB), (3.37)
0B (2

20 = VO a)Aw), (3.39)

with initial conditions
a(0) = 0



S(0) = S,
B(0) = Dy

Here V(z) is the potential, given by the eigenvalues of h(x,¢€), E_(z,€) and E,(z,¢€), or the

(E_(z,€) + Ey(z,¢)). VI (x) denotes the first derivative of V

average potential V(z) = 3

with respect to o, and V) (z) denotes the second derivative. We assume Ay and Dy satisfy

the conditions ([2.1))-(2.4]).

If A(0) = Ap and B(0) = D, satisfy the conditions above, then A(t) and B(t) satisfy them

for all ¢.

For one dimension, we only need the normalization condition that AB + BA = 2I from

above.

Let us define the semiclassical Hagedorn wave packets, ¢; for the multi-index [, which give

us the base of our solutions.

—BA Y = a)? ] —
do(A, B, hya,n,z) = n VARTVAATY 2 exp { 2(7133' @) + m(xh %) } (3.39)
Recursively, we then define ¢y(A, B, h,a,n, ) by
1
¢k+1(AaB>ha a,n, ) - A(A>th>aan)*¢k(Aa B> FL,CL,?], ) (340)

vVE+1

The eigenvectors @4 (x,t,€) become singular as (z,¢) — (0,0), therefore we must use some
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adjusted eigenvectors when we become close to the avoided crossing. We will define 1) (x,¢€)

and 1, (z, €) for the eigenvectors of the inner solutions.

Let P(z,€) be a spectral projector of h(x,¢).

P(z,e) = = (z — h(z,€)) tdz

2 /.,
for a path 7 which encloses both eigenvalues F_(x,¢) and E, (z,€). Define the functions
1 (z, €) and Yy(x, €) such that they form an orthonormal basis of P(x,€e)H which is regular
in (z,€) around (0,0). To construct, we choose ¢, and 15 to be an orthonormal basis of the

range of P(0,0).

_ P(I7 e)d)l
) = R g 4
Let P;(z,€) be the orthogonal projection onto 1 (z,€). Then
dol,e) = L T@ )P s (3.42)

- Q=P e)P(a, o)
The following lemma simplifies these for us some.
Lemma 3.3.1. [Lemma 3.3 of [39]] "For x in the support of F(||z—aC(t)||/e'~%), C = A, B,
we have fort <0,

Oy(x,€) = Wa(,€) + O(e/t')?)

Op(z.€) = —vi(z,€) +O(e/t?),
and fort > 0,

Oh(w, ) = va(z,e) + O(e/t"?)

O (z,€) = tn(z,€) + Oe/t'?).”
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Let us assume that we are on the surface E_(z, €) for all at some initial time —7" far from the
avoided crossing. At some time #* we reach the point of minimal gap from the crossing set
I' = 2z = 0. Without loss of generality, let us choose t* = 0. The following theorem provides

solutions to the Schrodinger equation accurate up to errors of order €, for some positive p.

Theorem 3.3.2. [Theorem 3.1 of [39]] ”Let h(z',€') be a Hamiltonian such that
h(z,e) = hy(x,e) +hi(z,e)
with
hy(z,e) = h(x,e)P(x,¢€)
and
hi(x7€) = h(C(],E)(] - P(ZL’, 6))
for P(x,€) a spectral projector of h(x,€) associated with E_(x,€) and E,(x,¢€), with

Bz, €) (x,€) +i0(x,¢€) _
h”(JZ,G) = ! + V(z,e).

v(z,€) —id(z,€) —B(z,€)

Let (2, t") be a solution of the corresponding Schrédinger equation such that

- - B
P s WL G G <—T’)))

P, =T = e(
x (A~ (=T"), B~ (~=T"),€? a'~ (=T"),0,2) (2, =T", ') + O(")

for some positive q, in the L*(R™) sense. Then for any 0 < & < 1/3, there exists a positive

p such that in the limit € — 0 we have for =T' < t' < —¢17¢:

Z-s’—(t’>+in/—<t/><z’—a’—(t’>>>

sty = L5
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x ¢ (A (), B~ ('), é? a~(t),0,2)®" (2, ¥, €) + O(e")

and for —e'7¢ <t/ < €17E;

I ol ~ (2 —a! ™ (!
(540 i Dt )

W) = e ) (fol, V(@ &) + 9ol (e, €)

where fo and go are defined in (3.49), with y' = (2/ — d'(t')) /€, s =t'/€, and finally for
<Y < T

ey !V (@ —al
() 4« )(962a ()

P! t) = _e—ﬂ/Q%’le(l 2 o )

% ¢Z(A,+(t/),B/+(t/), 6/2,a/+(t,)70,I/)@i(lj,t/,él)
@A) (is’*/gs’)H#*(t’)@’/;’*(t’)))

~ = ©
oy D(1 + 527)

+ 6—7”“/4%/1
X (A= (), B=(t), % a~(¢),0,2)0 (', ', €) + O(e?)

where A(€') is given by

T Sye,—) r

Ae) = —+ + (1+3In(2107) +Inr —41n€).”
4 27]01

Remark: The variables z and ¢ in Theorem (3.3.2) are scaled from the variables in our
problem. I have notated this with the prime notation, where 2’ and t’ are the variables as
stated in the theorem in [39], and = and ¢ are the original variable that I will use for my

problem. Thus we will make the following replacements:

1
.%'/ = bll' + b2€ = 533 (343)

€ =ce=c (3.44)

135



b? 1
t =Ly ="t A4
3 4 (3.45)
4
1
1
d'(t') = bra(t) + boe = Za(t) (3.47)
b
n'(t) = C—é = 2(t) (3.48)
2

Also note that 7y} is also scaled. 7] = 275. We do not need to specify the first compo-
nent of 7y as our problem is only one-dimensional. S’(t') must be scaled for each problem

individually, as well as A'(t') and B'(t).

In the theorem, the functions fy(y', s’) and go(v/', '), where ¢ = (2’ —d/(t')) /€', and ' = t' /€,

satisfy
. 0 .y 0 /
1€ —,f(ﬂ/Jl + 1€ —/9077D2 = € hu(fol/)l -+ go¢2). (349)
O0s 0s
or equivalently,
o | folys) 018"+ vi 1 foly',s)
1— =7
88/ /! ~/ ./ / /!
90(y',s") 1 —(mo1s" +91) | \ 9o/, s")

From this we obtain our main results as a corollary to the previous theorem and will be

proved over the course of this section.

Corollary 3.3.3. For the Hamultonian given by , and assuming an initial wave packet

of the form

- - B
(is (2T 4" Tz e (—T)))

(x,=T) =e ‘
X (bO(Ai(_T)?Bi<_T)7€27ai(_T)>Ovx)q)*(xv 6)7
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for any large T > 0, the solutions to the Schridinger equation for t < —e'=¢ are given by

i Hn*m(i;a*(t»)

1/)(:L’,t) = 6(
X Go(A~ (1), B~ (1), 2, a~(£),0,2)d_(z, ) + O(c")

and for t € [—e'7¢ € 7¢],

bat) = e(isg(t)‘”n (t)(aiz—a (t)))CQ (];—a (t))

€

x <Dﬁ% (—(1 +z‘)\/2:71% (@ + x%“w(t))) Y1(z,€)
: _

with

~ - ~ Lo ~
02<y ) = —€ 1/2¢0(A07B071a0707y )6 10 exp (E(y 2_4y ))
0
S ’ _
X exp (Ze_; + QL%(l + 31In(4n0) + In4 — 4lne)> .

and for t > '€,

st -n+(t)(z—a+(t)))
—nlig \tT a2t 2
U(x,t) = —e ”/"Oe(

x (AT (), BY(t),€%,a™(t),0,7)P (z,¢)

5T Mo e(ﬁ:;“+i"_<t><i;“_“”>

no D'(1 + 771—0)

+ e /%m0

x (A7 (t), B~(t), €%, a"(t),0,)®_(x, ) + O(e®)

with

S 1 _
Ae) = % + 6—5 + 77—01(1 +3In(4m9) + In4 — 41ne).
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3.3.1 Classical Quantities

To construct the solutions to the Schrodinger equation for this system, we must investi-
gate the solutions to the classical quantities given by the system of equations (3.34!)-(3.38]),

supposing we are on the surface E_(x,¢).

The quantities that are needed are the classical position a(t), the classical momentum 7(t),
the classical action integral S(¢), and the uncertainty matrices for the position and momen-

tum A(t) and B(t) respectively.
Lemma 3.3.4. Part A:

The classical quantities associated with the solutions of the Schrodinger equation and
associated with the lower energy level E_(x,€), to each appropriate order of accuracy in

epsilon, are given by

_ - 1
a (t) = ot +e=1,
o

_ - 1
n <t> = To +e=,
Mo

1
S_<t> = S() + énozt + et

) 1 t t 1 1
ot 200 20 7o 210

A=(t) = itDy + Ay,

fort < —el=¢,
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a (s) = ens,

_ 1 os)2+4 1
n(s) = no+e<§S+L—r>,

2770 Mo
€ _ o 1 —
S7(s) = Sp+ 57}028 + ¢ <%82 + 55 (M0s)? + 4> ,

A (s) = Ap+iesDy,

B (s) = Dy,

fores =1t e [—e'7¢ 7], and

1 - 1
a (t) = §t2 + 1ot + E%t,

_ - 1
n (t) = t+n+e=,
Mo

1 _ 1_ 1
S™(t) = So+ gt?’ + not® + 5770275 +e <t + %tg)

Lt 2 3 3,
€ ~—2+71nt+72tlnt+73t Int
" o 210 4no

3 - 3 - 2 ~
210 41 o

A=(t) = itDy + Ay,

fort > e'7¢,

Part B:
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The classical quantities associated with the upper energy level E, (z,€), to each appropriate

order of accuracy, are given by

1 1
2 ~
a"(t) = =t°+net + e=t,
(t) 9 Mo -

- 1
nr(t) = t+mn+e=,

"o
+ 1,
ST(t) = So+§770t+€t
1 t t 1 1
+€2 (—W+TQ__~_Tln’t|+_~tln|t‘)7
't 2000 210 Mo 210

AT(t) = itDF + Ay,
fort € [=2my, —¢%],

a*(s) = eips,

~ 1 (mos)?+4 1
+S = +e|l=S——— = + = 5
re = (2 270 o

- o 1 —
St(s) = Sp+ ET]OQS v (g2 (M0s)?+4 |,
2 2 2

At(s) = Ay +iesDf,

B*(s) = Dy,

fores =t € [—¢*, €], and

- 1
a™(t) = Mot +e=t,
o
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- 1
77+(t) = 770‘1“67»
Mo

1 1 1
ST = Sp+ =t% + nt? + =Nyt t+ —t2
(t) o+3 + 1o +2no +e€ +2n0

L[t 2 3 3,
m° "o 210 4o

3 - 3 - 2 -
———tIn(2n +1t) — Tgtz In(2n9 +t) — = In(2n + t)) ,
2n0 4o 7o

AT (t) = itDf + Ay,

fort > €.
Part C:

The classical quantities associated with average energy level, ‘7(95) = %(E, (x,€) + Ey(z,€)),

for all t are given, exactly, by

a~(t) = %tﬁt?,
() =
S™(t) == %5%
Proof.
Btt) = (o),
) = VO (1) %(H a—?;>gt)+4€2>’
P50 = g (P =V (0) = gu (1 + 5 (a(0) + Va 07 +42),



0A~ e
5 (1) = iB7(1),

0B~
W@)

with initial conditions

a=(0) = 0
n-(0) = o
S7(0) = So
A(0) = A
B7(0) = Dy

where a > 0 is of order 1, 79 > 0, and Ay and Dy satisfy conditions ([2.1))-(2.4]).

V(l)(l') _ 8E_a(x,€)
x
_ 1 ( N L)
N Nz
OPE_(z,¢)
V(Q)(x) — T
—2¢?

- (x2 +4€2)3/2

Unfortunately, V(a(t)), V¥ (a(t)), and V) (a(t)) are not easily integrated. Even using
mathematical software, the integrals do not have nice forms. Instead, we will use Taylor
series of each of these, expanded in powers of €, centered at 0.
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Since we will not be finding the exact solutions to this system of equations, we must consider
that there is a boundary layer in the solution around ¢ = 0. We will first consider ¢ close

to 0, so we will let ¢ = es, where |s| < €17, T will solve the system (3.34)-(3.38)) for this
boundary layer, which I will call the Inner Solution. For ¢t away from the avoided crossing,
the solutions will be called the Outer Solution. In order for this method to be valid, there

must be a region where both of these solutions are valid, called the Matching Region.

Inner Solution

The system 1)1’ becomes the following for the variable s, since % =€,

%) = en (o)

on~ .-
W (s) = v (s),

0S~
0s

0A~
0s

0B~
ds

(5) = egm ()~ V(a (s))

(s) = ieB~(s),

(s) = ieV@(a(s))A(s).

Applying our setting to this system,

X s) = en (o),

o™, _ € a(s)
§(8> -2 <1+ a(s)2+462)7

P 5) = egn (9 + 5 (als) + VaGy + 42)
0A~ Do
P (s) = ieB™(s),
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0B~ ) 2¢2 B
B (a(s)?+ 462)3/2A (5).

In order for our solution W(e, z,t) to be correct up to terms of order ¢, we must make sure
it has the level of accuracy desired when ¢ is near 0, i.e. close to the avoided crossing, was

well as when far away from the crossing.

From here, I will drop the notation a~(¢) to just a(t), but still we are considering just the
lower surface without loss of generality.
To solve these equations to each appropriate order of accuracy, we expand the solutions in

orders of epsilon.

a(s) = ag(s) + eai(s) + 2ay(s) + ...

and similarly for n(s), A(s), B(s), and S(s).

%(s) = en(s) +€m(s) + O(€),
oy~ L. cao(s) + €ar(s) é
2" = 3 ( " \/(ao(S)+6a1(8)+-~)2+4€2> s
(?9;:(8) = %<€770(3)2 +2¢"n0(s)n1(s))
+ 3 (can(s) + an(s) + e/ faolo) + ean(s) + )7 + 462) + O(E),
g_f(s) = ieBy(s) +ie*Byi(s) + O(e*),
OB . 2¢" Y = ¢
g(s) = _Z((ao(s) T ear(s) + )2+ 452)3/2‘40(5) +O0(€") =0+ O(e”).

We solve by each order of epsilon.
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First, the system for terms of order €’

M) =0,
sy = 0
) = o
%00 = 0,
%(s) — 0.

To satisfy the initial conditions, the solutions for order € are

a(s) = 0
m(s) = 1o
So(s) = So
Ao(s) = Ao
Bo(s) = Dy

Since ag(s) = 0, we will adjust the differential equations for 7(s) and S(s) to the following:

o, _ € ai(s) e as(s)
%(S) ) <1+_a1(8)2+4> + 2 ( a1(3)2+4>

%(s) = %(6770(8)2 + 2€%n0(8)m1(s)) + % (62a1(3) + 2\/a1(s)? + 4)
= e (Gn?) + & (mme) + jal) + 5 Vatr ).
Order €' terms:
day _



om _ 1 ai1(s)
E(S) = 3 <1+—a1(3>2+4>,

051 1

Oo1 v _ 2 2 _ Lo
R
0A : e

8_51(8) = iBy(s) =iDy,

0By, |

55 &) = 0

The initial conditions for the overall system are met by the terms of order €°, so for all
further orders, we will use the initial conditions that a;(0) = 0, 7;(0) = 0, and so on, for

1 > 1. We integrate to obtain the solutions for the first order terms.

al(s) = %87
1 (ms)?+4 1
=T TR
1,
Sl(s) = 5770 S,
Ai(s) = isDy,
Bl(S) =0

For the relevant times, we only need to know A(-) and B(-) up to O(e°) errors, so we do not
need to continue computations for further order terms for A(:) or B(:). We need to know
a(+) and n(-) to O(e) errors, and S(-) to O(e?) errors. These error estimates must hold even

in the matching region, where s = €*! is large and t = €” is small.

Order €? terms:

3@2 B . 1 -
g(s) =mn(s) = 23+ =,



3772() _ 1 as(s)
Os 2 (02 +4)
C2) = mlhm(s) + 5 () + VP +)
= 1o <ls+—(%822+4 —i) +%ﬁas+\/(%s)ﬁ

2 210 Mo

= oS+ (m0s)? +4 — 1.

Solutions for this order are

1

as(s) = ZS + —5\/ (m0s)? +4 + —arcsmh (7708) — =5,

70
1

1 8 — 1 ~ N\ 2
M(s) = ———= §2 4 M0S /— + ——5 arcsinh (%) — F arcsinh (%) - =
)

165" 16 mo® Mo 0

1 — 2 0
So(s) = 20 s* + 38 (Mos)? +4 + = arcsinh (%) -5
0

Since these solutions are valid for t close to 0, we will use the Taylor expansions of the

arcsin(-) terms at s = 0.

1, 1 1
~ - — 4— —s,
as(s) 25 +47708 (M0s)? + 5 03
1, 8—1ios — 1 1
Mm(s) ~ ——=s"+——5V(Ms)?> +4— —55— =3,
8o 167j0” 810 M’
Sa(s) =~ %32 + 38 (Mos)? + 4

We do not need to know further orders of a(-) or n(-), however, we do need to find the third

order terms for S(-) for an error estimate.

Order € terms:

0Ss 1

5, 8) = §<2770(8)772(8)+771<S)2)
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~ 1 8 —ns = 1 1 1(1 os)?+4 1
= 770(——~52+ 172 (nos)2+4—725—~—3)+— —5+M—r
8o 1610 8o 70 2\2 2mo Mo

5 1, 3  ,——
8n08+88 + 167705 (M0s)? +

Solutions for this order are

5 1

1
S3(s) = ——=s+ —5°+ 0s)? +4)7" — —
We can note the following observations:
1. as(s) grows like s?, so we want €2¢!%) < e. If we take k < 3, we can drop the

as(s) term from our inner solutions.

2 1

, as well, so taking k < 35 allows us to also drop m,(s) from our

2. 1n9(s) grows like s 5

inner solutions.

(1=r)

3. Ss(s) grows like s®, so we want €33 < e If we take K < 2, we can drop the

Ss3(s) term from our inner solutions.

From this we determine that the inner solutions are valid for |s| < ™" for 0 < k < %

After dropping unnecessary higher order terms, we take our Inner Solutions to be

ar(s) = €os,
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_ ~ 1 (mos)?+4 1
s) =ntelzst+t—F——= |,
771() ’ (2 210 o

- o 1 =
5709 = S0 i+ (Dot 4 pov/TRoP ).
Al (s) = Ag+iesDy,

B (s) = Dy.

Matching Region

Now that we have Inner Solutions for when ¢ is close to 0, we need to ensure there is a region
where both the Inner Solutions and Outer Solutions are valid. This will be for ¢ € [e, —€"].
We will find Matching Conditions to ensure these match in this region. We do so by taking
s to be large in the Inner Solutions, dropping lower order terms, and replacing s = t/e. We

need to include some of the higher order terms of a;(s), n;(s), and Sy(s).

The Matching Conditions we obtain are

ay(t) = not,

_ - 1

T}M(t) = 7]0+t—€ = ],
772

Su(t) = So+ ot + it

Ay (t) = Ag+itDy,

By, (t) = Dy.
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Outer Solutions

For the Outer Solutions, which are valid for large ¢, we return to the system of differential
equations —. We will again expand the solutions in orders of epsilon. However,
we may note that now for the Outer Solutions, we will not find ag(¢) = 0, which can be
seen just from the Matching Conditions. Thus cannot drop that term where it appears in
the denominator in these equations. To find the solutions to the appropriate orders, we will

approximate the system by the following.

246 = mo(t) + em () + nplt) + O(),
o = 1 et ) o
— 5 (s sim(an(n) - ey o)
P 0 = SOml0) + 2em0(t)m(0) + Em(t)? + 20 (1 ()
+ % (ao(t) + €ay(t) + as(t)) + /(ao(t) + ear(t) + 2as(t))? + 4€2> + O(e%)
= M0 + (L sign(an(®)an(t) + ¢ (m(Om(0) + 501+ senaa(®)ant) )
& (P + (0 + jaa(o) +signlao(t) s ) + O
%(t} = iBy(t) +ieB(t) + O(€?),
%—lj(t) = i%/lo(t) +O0(e%) = 0+ O(€?).

We will use the Matching Conditions as the initial conditions for the system of differential
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equations for each order of epsilon.

Order €° terms, to leading order:

8@0

5 (1) = m(t),

%(t) = %(1 + sign(ao(t))) ,

%(t) = %(no(t)2 + (1 + sign(ao()))ao(t)),
20t) = iBolr).

Doy -0

Let us first focus on the solutions for 7y(s) and ay(s). The solutions for the order € terms

are

ao(t) = — (14 sign(ao(t))) t* + 7ot

N — | =

no(t) = = (1+sign(ao(t)))t + 10

In fact, we can note the following for the signs.

t2 + ot if ag(t) >0
ao(t) =

We can note that if ag(t) > 0, we must have ¢ > 0. Requiring continuous solutions, for ¢ < 0,

we have that if ag(t) < 0, then we let ¢ < 0. Thus we can replace sign(ag(t)) with sign(¢).

1 N
i (1 + sign(t)) t* + ot

Mot ift <0
s+t ift>0
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1 -
no(t) = 5 (1 +sign(t))t + o
ift<o0

t+io ift>0

For the action,

N[ =

a%() Mo ift <0

=2 =

ot _ _ ’
Lt +m)?+ (32 +mot) ift>0

and we get the solutions

So + 2ip’t ift <0
So(t) = )
So+ 3t + ot + Lot ift >0

For the other quantities, we have, for all ,

Order ¢! terms, to leading order:

M) = mo),

) - o

Pty = moltym () + 31+ sign())an (1),
L) = iBu(),

%(t} -0
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The solutions for the order €' terms are

aq(t = Tt,
1(f) o
1
t - =,
m(t) o
Al (t) - 07
For the action,
08, 1 ift<0
W(t) = ;
2 .
10
and we get the solutions
t ift <0
Si(t) =

t+ =t* ift>0
0
Note that we do not need any further higher order information about A(t) and B(t). We

also have solved a(t) and 7(¢) to the desired order, but we need to calculate S(t) to order €2

and thus will need to calculate higher order for all to find these.

Order €? terms, to leading order:

aag
“2(t) = ot
at ( ) 772( )a
12 sign(t) wp <0
TRy = 22N ,
ot CL(](t) 1 .
(%752"‘—%”2 lft > O
S 1 | 1
5 (1) = (O +m(Om(D) + sign(ta) + sign(t)
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The solutions for the order €2 terms are

(

_%LQ}nM ift<0
&Q(t) = s
\ %%lnt—{—%%tlnt—%%ln@%—{—t)—%%tln(Q%ﬂLt) ift>0
(
_%’t ift<0
772(t) = " )
1 1 1 1 ~ :
\m‘i‘m‘i‘%_alnt_%_alH@nO‘i‘t) ift>0
(
1 t t 1 1 :
—m—kﬁ—%—%ln]ﬂ—i—%tln]ﬂ if ¢t <0
= t 2 3 3 42 3 ~
—gast? In(200 + ) — 2 In(20y +1) ift >0

Thus, we have obtained the Outer Solutions, for the lower level {—}, below.

;

B %t—l—en%t ift<0
CLO(t) - )
\ st?+ ot +ext ift>0
(
- %—Feﬁ% ift <0
nO(t) = )
t4+ 10 +ex= ift>0
\ 7o
)
So + Lt + et
2 1 t t 1 1 :
+€ <—m+ﬁ—%—%lnw+%tln|t|) ift<0
So(t) = So+§t3+%t2+§%2t+e(t+n%t2)
2 t 2 3 3 42
€ (%—2+ﬁ—olnt+ﬁtlnt+wt Int
— 332t (270 + 1) — 7252 (270 + £) — 2 In(2 + t)) it>0

\

Ag(t) = itDy + Ay,

B,(t) =Dy .
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Solutions for upper level

Once we have reached the crossing point at time # = 0, we will find a piece of the wave
function follows a trajectory along the upper level {4}, thus we must also consider the
solutions for the classical quantities for the level E, (z,¢). We will only need the solutions

for t > 0 for the case that we are considering.

For the upper level,

V(l)(ﬂf) _ 8EB(;77 6)
_ 1 (1 _ L)
2 Va2 + 4e?
O?E_(z,€)
V(Q)(x) =~
2¢2

(22 + 4e2)3)2

We solve the following system exactly as we did for the lower level before.

Oa™

M0 = .
LM —v<1><a+<t>>:%<1_ 1) )

ot at(t)? + 4e
%(t) B %n*(t)Q = V(™ (®) = %77+(t)2 + % (cﬁ(t) — Va2 + 462) ,
DA* .
5 () = iB(@),
0B™* 9¢?

-5 1) = VO (at () AT (t) =i

with initial conditions
at(0) = 0
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=Dy +1(0)Ay = Dy

We find the inner solutions are given by
ag(s) = eios,
N ~ 1
n(s) = m+e 35~

2

Sf(s) = So+ E%Qs + € (—s

Af(s) = Ag+iesDy,

The matching conditions are

(0s)? + 4

210

Mo o

ot

2

0
~ 2

So+ Ty

2

)
T] )

%+6<7

1

— =5

2

Ay +itDy,

Dy
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Lastly, the outer solutions are

/

142 ~ 1 :
st + ot +e=t ift <0
at) = ¢ " ,
\ 770t+€n70t ift>0
(
t+n+ex ift<0
i
n(t) = i :
o+ e if t >0
)
So + 2i’t + et
2 1 t t 1 1 :
+e€ <—m+ﬁ—%—%ln\tl+%tln|t|> ift<0
So(t) = So+§t3—|—%t2+%ﬁg2t—i—e<t+ﬁt2> :
2 t 2 3 3 42
€ (%—2+ﬁ—olnt+ﬁtlnt+mt Int
— 332t (270 + £) — 72582 (270 + £) — 2 (2 + t)) it>0

\

AL(t) = itDg + Ao,

BS(t) = Dy

Remark: For the upper {4} level in the case we are considering (i.e. beginning on the lower
level and going through the crossing at t = 0 with momentum 7, > 0), the solutions for
t < 0 are only valid for t € (—21,0). There is no solution for these for ¢ < —27. This is
due to the |ag(t)| terms in the differential equations, just as in the equations for the lower

{—} level. The solutions for ag (t) are

2 4ot ifaf(t) <0

ot if ag (t) >0
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Uniform Solutions

As a Corollary to Lemma (3.3.4]), we may combine these and the matching conditions to find
the uniform solutions to the classical quantities, given by the inner solutions plus the outer

solutions minus the matching conditions.

Corollary 3.3.5. The uniform solutions for the classical quantities associated with the so-

lutions of the Schrodinger equation for the lower level E_(x,€) are given by

;

B Mot + -t ift <0
aunz’f(t> = )
\ st* + ot + et ift >0
A/ (Mot)2+4e2 .
B %—%H%ﬂ% ift <0
77un7,f<t> = COEE )
| ottt teg Wt>0
>
So — iot? + 5t/ (10t)? + 4€® + 2"t + et
+e? <—$+ﬁ—ﬁ—n—%ln|t|+ﬁtln|t|> ift <0
Sunis®) = So+ 3ty/TlP + 4 + 388 + Lipt? + 3"t + ¢ (¢ + ) :
2 t 2 3 3 42
€ (%—2+ﬁ—01nt+2%2tlnt+wt Int
— gt (2 + 1) — ;25 (2 + 1) — 2 (27 + t)) ift>0

\

Ani(t) = itDy + Ao,

(t) =Dy
For the upper level E(z,€),
142 4 & A1y
o W24 it ekt ift <0

Mot + et ift >0
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) = o+ 3t — YIS el ift <o |

o+ it - VBN Lol it >0

’ So + 3702 + St/ (Mot)2 + 4€% + 1i°t + et

+€2 (—%—FQ%Q—ﬁ——ln|t!+—tln|t|) ift <0
Sanir®) = 9 Sy + Lt\/(ot)? + 42 + L2 + 3ot +%ﬁo2t+e<t+ﬁt2> ,

62<%% 21nt—i— 2tlnt—i— 3t21nt

\ —%%tln@ﬁ{) +t) — 477%# In(27o +t) — = In(27 + t)) ift >0

() = itDf + Ay,

(1) = Dg.

Average Level

We must also find the solutions for the classical quantities corresponding to the potential

given by V(z) = V(x).

~ 1 1 1 1
V(r) = §(E_(x,e) + By (z,€) = 3 (—§$ — 3V x? 4 4€? — —x + = \/962 +462>
~ 1
(1) _Z
V() =0

The system ((3.34 - - for this potential is then

oa”™ N
W(t) = n~(t),
on™ 1
W(t) 2

Y
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P50 = g — a0,

but for this region, we use the following initial conditions

a~(0) = 0,
n~(0) = no,
S¥(0) = 0

Note that the inner solutions of the Schrodinger equation do not depend on matrices A(t)

and B(t).

This system can be solved exactly by simple integration, so there is no need for the expansions
that were necessary for V(z) = E_(z,¢€) and V(x) = E,(z,€) before. Thus we obtain the

solutions

- 1
a~(t) = not+ =1,

4
N - 1
n (t) = 770+§ta
1
S™ () = = —ny’t.
() 2770

3.3.2 Eigenvectors

Consider the eigenvectors that we found previously,

%[E + %\/xQ + 4€2 — zsin?(z)

v_(z,e) =

i€ + x cos(x) sin(z)
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%m — %\/xQ + 4e2 — msin2(m)
vi(z,€e) =

i€ + x cos(x) sin(z)

and normalized eigenvectors

1

= Jv_(z, )

O _(x,¢)

v_(z,€)

1 txcos(2x) + $V/a? + 4€
(322 + Lz cos(22)v/a? + 4€? + izesin(2x))!/?

i€ + Sz sin(2x)

and
b6 = (o)
T, €) = vi(z,e
I ‘V+(f1?,€)| I
1 swcos(2x) — $V/a? + 4€
Tl 1 2 245 ; 1/2
(502 — 5w cos(2z)Va? + 4€% + izesin(2z)) ie + Lo sin(2z)
Note as € — 0, v_ = (3(1 + sign(z)) — sin®(z), cos(z) sin(z)), vy = (3(1 — sign(z)) —

sin®(z), cos(z) sin(x)). For large negative z, or t — —o00, ®_ ~ (—sinz,cosx), and &, ~
(cos z,sinz), but for large positive x, or t — +o00, ¢_ ~ (cosz,sinx), and ¢, ~ (—sinz, cosx).
These are ® 4(x), and Pp(z) from the crossing Hamiltonian.

Using the change of variables for the eigenvectors ®_ and ®,, x — 2’ = %x, t = it, and

/

€ =,

o _(o,€) = 1 7' cos(4a’) + /a2 + €2
o (227 + 22/ cos(da’)Va' + €2 + 2ix’€ sin(4a))1/? i€’ 4+ o’ sin(4a”)

and

D, (') = 1 ! cos(dx') — /TP T @

(2272 — 2/ cos(4a') V2 + €% + 2iz'esin(4a’))!/? i€ + 2’ sin(4a’)
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First I will construct static eigenvectors. Define the angles ¢(x,€) and 6(z, €) by

Bz €)= /B!, )2+~ (a!, )2 + & (2!, )2 cos(0(z, €))

V(@' €)= VB (@ €)? + 7 (,€) + 8 (2!, €)sin(0(2', €)) cos(p (', €)

82 ) = /Ba!, )2+~ (2, )2 + 0 (!, €)2sin(0(2, €')) sin(p(2, €))

Let cos(f) = o' /v/x? + €2, sin(0) = €' //a"? + €.
V(2 €) =€ /v a? + €? = sin(f) cos(p), so we let cos(p) = 1, and p(2’,€) = 0.
Then sin(0(z,€)) = -=== in terms of our original variables, and ¢(z,€) = 0.
Define the static eigenvectors of hy(x,€). For 7/2 < 0(x,€) < m,

DT (z,€) = €% cos(0/2)1(z, €) + sin(0/2) s (z, €)

O™ (x,€) = e cos(0/2)1hy(x, €) — sin(0/2)1)y (x, €)
and for 0 < f(z,¢e) < 7/2,

DL (1, €) = cos(0/2)Y(x, €) + e ¥ sin(0/2)1a(z, €)

D (7, €) = cos(8/2)vy(x, €) — e sin(6/2)y (, €).

Use ®_ and ®, found above, but replace x = 2z’. Solving these for 1)1, 15, note that for

¢(x,€) = 0, therefore no need to differentiate {m, p}.

Pr(x,€) = cos(0/2)P,(x,€) —sin(0/2)D_(x,€)
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o(x, €) = sin(0/2)Py (x,€) + cos(0/2)D_(x, €)

Since 0 < (z,¢) <7, 0 < 6/2 < 7/2, hence cos(f/2) > 0 and sin(#/2) > 0 and

cos(0/2) — ,/HCTOS(Q), sin(6/2) ,/“CTOS@

1—|-cos 1—cos

(7,€) =/ @+xe \| ————P_(z,¢)
1—cos 1—|—Cos

(x,€) =1/ <P+:r;e \|————P_(z,¢)

Find normalized eigenvectors ®Z (z,t, €) which are the solutions of
(DL (x,t,€)|[(0/0t + n* () V)DL (2, 1,€)) = 0

PP (,1,€) = DLz, )L

where {m,p} now refers to t < 0 (m) and ¢t > 0 (p). A"’(z,t,¢€) is a real valued function
satisfying

9,
ia)\z’p(x,t, €) +inT()VALP (2,1, €) + (Py(z,€)|nT () VPi(z,€)) =0

From Lemma (3.3.4), we use the outer solutions for n*(¢),

- 1
7]7:1 t) = Ul +677
() ° Mo

_ ~ 1
np(t) =t+n +e=,

Mo
n - 1
Mn(t) = t+n+e=,
Mo
n - 1
np (t) = n0+€77
Mo
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where m refers to t < 0 and p refers to ¢ > 0.

First, for the lower energy level, calculate

(@_(z,6)ln” ()VP_(z,€)) =

1 twcos(2x) + $vV/a? + 4€

(322 + Lz cos(22)V/2? + 4€ + ixesin(2z))!/2 i€ + Sz sin(2x) |

n‘(t)<

1 —2x Sin(2$) + COS(Qx) + l‘(l’2 + 462)71/2
(322 + 1z cos(22)V/z? + 4€? + izesin(2x))!/?

2z cos(2z) + sin(2z)
N —2x + (2w sin(27) — cos(27)) Va2 + 4e? — 1% cos(2z) (2% + 4€?) 712 — 2jesin(2z) — 4ize cos(z)
2(32 + 3w cos(2z)Va? + 4€® + izesin(2x))3/?
1z cos(2z) + Va2 + 4€

. )

i + s sin(x)

() 27 + (2zsin(2x) — cos(22)) Va2 + 42 — 22 cos(2z) (x% + 4€2) T — 2ie(sin(2z) + 2z cos(2z))
7 2(3x + Jxcos(22)Va? + 4€® + izesin(2z))
L2 + 2% cos(2z) (2? + 4627 + (—zsin(2z) + 1 cos(2x))va? + 4€? + (2z cos(2z) + sin(2x))ie>

(32 + Sz cos(2x)Va? + 4€® + izesin(2z))

Everything cancels in the equations above and we find
(P_(z,6)|n~ (t)VP_(z,€)) = 0.

We find the same is true for the upper energy level as well,
(D4 (z, €)™ () VO (2,€)) = 0.
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Now we solve for \['"?(z,t, €) by solving

PN (21, 6) i (VXL (2, 1, 6) = 0.

but this is solved by just letting A" (xz,¢,€) = 0. This satisfies the definition that our time
dependent eigenvectors solve (®7F(x,t,€)[(0/0t + n*(t)V)P[P(x,t,€)) = 0. Therefore we

may drop the ¢ dependence and use the static eigenvectors @ (z, €) and $.(x,¢€).

3.3.3 Incoming Outer Solutions

From the first part of Theorem (3.3.2), we should look for solutions to the Schrodinger

equation of the form

(is’e—lém+in’—(t’><i’/;a’—<t’>>)

(' t) =e

X (A=), B=(¥), €% a~(¢),0,2")0= (2, ', ) + O(e?)

during the time t' € [T, €'*7¢], given we start with a wavepacket of the form

<5T’>Hn’*(—T’)(z’—a’B(—T’)))

(==
¢($/, _T/) —e ¢/ €2

x (A~ (=T"), B~ (~=T"),€? a~ (=T"),0,2)®_(a', =T, ¢)
at time ¢t = —T".

We are most interested in the wave packet when [ = 0. For [ = 0, ¢; is a Gaussian function
which are convenient functions to work with and are of particular interest to chemists and
physicists. We must adjust for the change of variables that was made for the theorem, as
mentioned previously. We make the replacements as given in —.
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We make the assumption instead that our initial wave packet is of the form

]

w(% _T) = 6( ‘ -

S CT) +in*<—T><z—aB<—T>>)
X ¢O(A_(_T)7 B_(_T)7 627 a_(_T)v 0, ZL‘)(I)_(I, =T, 6) + O(Eq)‘

Therefore, we will not need to worry with the change of variables for S(t), A(t), and B(¢)

for our solutions.

T is chosen far from the avoided crossing, but small enough to stay away from any other
crossings or avoided crossing of the eigenvalues of h(x,€). Hence for this problem, we may

take T — o0.

In this region, these solutions are accurate up to errors of order O(§) as € — 0. So that we

may use the outer solutions of the classical quantities found previously, we let £ = x € (0, %)

Hence with the definition of the wave packet ¢g, (3.39)), and the solutions of the classical
quantities given in Lemma (3.3.4), we have obtained the outer solutions for the incoming

wave packet (i.e. for t < —e!=¢), up to error of order €.

) +i”5(”(t;“5“”>

wjo(l’,t) 26( ¢

x b0(Ap (1), Bo (1), €, ap (1), 0,2)®_(x,t,¢) + O(c)

3.3.4 Inner Solutions

Now we consider the inner time regime, when t = es € [—el7% ¢!7¢]. Let s = t/e and
y~ = (x —a™~(t))/e. From the second part of Theorem ({3.3.2)), we let the solutions be of the
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form

(i EdCOWRT il CATEA e C0)

(' 1) = e < >(fo(y’,8')¢1($'7€') + 90y, a2, €))
where v (2/, €') is given by (3.41)), ¥o(2’, €') is given by (3.42)), and f, and gy satisfy (3.49).

Adjusting for our change of variables, we will use the inner solutions

iSNt i"Nt z—a™ (¢ [y iad 1 - iad 1
Hant) = (i i Ot <f0 (ZEQ;Z(Q’EQ D@, €) + go <x2;ae(t)’ﬁt) ¢2(x7€)> ’

After scaling the variables, we make the ansatz that the Inner Solutions to the Schrodinger

equation are of the form

Pl exp (2554 0 (o untates) +

+9(, 5", )alales) + ey),€) + vu(ales) + ey, )}
where F(r) is a C* cutoff function such that
F(ry=1 for0<r<1
F(r)y=0 forr>2

First, we may note that ¢, (z,€) = 0 since {1;(x,€),1s(z,€)} spans all of R?.

For the functions fo(y/, s’) and go(v/, s'), the solutions to (3.49)) can be found exactly in terms
Yy gol\y

of parabolic cylinder functions. See [27] for details on these parabolic cylinder functions D, .

1—i - ) —
W) o |V E P (=140 F s + )
— ly

90ly>#) D ((—1 ), [ oh s + ya>)
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D, (~0+i) )
+ Ca(y) B
_ (149 _ DL (ha s o
B ,7~0/1D 2:};,1_1( (1+1) ol (1015 +y1))

For Type 1 crossings, as is our problem, we can find

Ci(y) =0
Co(y) = — "2 (Ay, Dy’ 1 e St TP —2
2(y) = — " a(Ay, Dy, 1,0,0, 9 )e "0r exp 277/(?;1 vh)
01
So ~ /
X exp z—+ N,( +31In(270;) + Inr —41n¢€')
410

Writing this for our problem, and adjusting for the scaling, we have

hos) D (=1 +0)y/ 25 os + )

do(y, 5) 1+@V7_D . ( 1+Dvg%Wﬁ+y0

with

e ;
Coy) = — e Y2po(Ag, Dy),1,0,0,y)e” ™0 exp (477 (y? —4y))
0

(14 3In(470) + In4 — 4lne)) .

X e Z'SO +
X —
P e 2

Putting all of this together, we have obtained the inner solutions to the Schrodinger equation,
accurate up to errors of order O(e!=3%) — 0 as € — 0.

3.3.5 Outgoing Outer Solutions

Following the last part of (3.3.2)), when e!=¢ < ¢t < T, the outgoing outer solutions are given

by

"t (¢! ~n’+<t/)<z’—a’+<t/)))
_ VA W i 72
P t) = —e ’”“/2”016< ’ ’
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x g (AT (), B (), €%, dt (t),0,2) L (2!, ¢, €)

. / I— ! !— ! ’ ’— !
— A i G CE (t)))

+ 6—7””/4%/1 — —ire
nor I'(1 + 2%/1)

< G (A (), B ('), €2, a~(t),0,2") 0 (', 1, ) + O(P)

where \(€’) is given by

Ae) = E—FSO(E’_)-F i,

1+ 31n(270, Inr —4In¢).
L g (1B +lnr —41nd)

In this time regime the outgoing outer solutions agrees with the exact solution to the

Schrédinger equation up to error terms of order O(e%) as € — 0.

Adjusting for the change of variables, and using the outer solutions for the classical quantities,

the outgoing outer solutions for the Schrodinger equation are given by

sh) +ing<t>(x;ag<t>>)

¢oo($,t) — _6—7r/%€(Z 2

x ¢o(AL(t), BA(1), €%, ab(t),0,2)®, (2, €)

iA(e) Z.Si(t) ini(t)(zfﬂi(t))
p— /277r e e( oV 470 %0 )
To F(l"‘n%)

X Go(Ap (1), By (1), & ap (1), 0,2)8_ (2, 1,¢) + O(c)

with

S, 1 _
Ae) = %-i- 6—; + 777(1 +3In(4m9) + In4 — 41ne).
1

Hence we have found the results given by Corollary (3.3.3]).
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3.3.6 Transition Probabilities

Corollary 3.3.6. Given an initial wave packet on the E_(x,€) level, the probability of tran-

sitioning to the upper electronic level, Ey(x,€), is
P, = e /M L O(f).
The probability of remaining on the lower electronic level is

P, = 1—e 2P 4 Of).

Proof.

P(t) = / (e, 1) 2de

o0

where I is the projector on the the eigenspace corresponding to @ (x,€) or ®_(z,¢€) re-
spectively.
The result can be seen from the coefficients on the wave packets in the outgoing outer

solutions since the wave packets ¢; are normalized. Also noting that

e~/ —QW = 1—e ¥/m0,

w1+ )

3.3.7 Numerical Example

As with the crossing example, we will provide a similar example for the avoided crossing.
With the solutions given by Corollary (3.3.3)), we can find the solutions to any problem with
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Figure 3.10: Transition Probabilities

a potential of this form. As an example, we will show the results for a system, with an initial

wave packet at t = —T associated with the electronic energy level E_(z), the lower level for
t <0.
We can choose our starting time ¢t = —7', with 7" being any arbitrary number as we do

not need to worry about avoiding any other eigenvalue crossings or avoided crossing for this
system in the case where we begin with a wave packet on the E_(z) level with positive initial

momentum. For this example I will choose T" = 30e.

We will specify the value of €, our Born-Oppenheimer averaged nuclear mass, using the mass

of a C'2 carbon nucleus. € &~ .1.

We let the classical initial conditions be given by
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We can see the results graphed below in Figure (3.11]).

- level + level

=]
(¥

=0 {
AN\

t=3

02}
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F ) ) . . . N . ) —r e
2 3 4
> " e 8 2 2

Figure 3.11: Propagation of a Gaussian wave packet through an avoided crossing
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Chapter 4

Propagation of coherent states

through conical intersections

4.1 Introduction

We consider a system of two Schrédinger equations coupled by a matrix-valued potential

2
iedabt = —%Aw V(@) Wi, = U (4.1)

where 95 is a bounded family in L2(R¢,C?), and V € C®(R% C%?) is a self-adjoint matrix
that we assume to be bounded with bounded derivatives. These assumptions guarantee the
existence of solutions to equation (4.1) in L?(R%,C?) or, more generally, in the functional

spaces ¥F := Y¥(R9, C?) defined for k € N by

SERY C?) = {f € LA(RY,C?), Vo, B € N, |a| +|B] < k, 2%(¢8,)" f € L* (R, C?)}
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and endowed with the norm

I fllss = sup |lz®(20,)" fl| 2.

|a|+[81<k
For simplicity, we denote by X¥ the sets ¥ corresponding to ¢ = 1. The Schwartz space
S(R?) then satisfies NpenX* = S(RY). We are interested in initial data that belong to these
functional spaces as we shall see below, after describing the assumptions that we make on

the eigenmodes of the potential.

We write

V(z) = v(x)ld + o) wal)

wy(x) —wq(x)

and denote by A_ and A, the eigenvalues of V with A\_ < A,. We have

Ai(@) = v(z) £ w(@)], [w@)] = Vwi(@)? + ws(z)?

and we associate with these eigenvalues the scalar Hamiltonians

[

hi<2’) 9

+ Ai(z), z=(x,§).

Since V' is smooth, its eigenvalues are smooth outside the set T of crossing points
T={z=(2,6) €R* h,(2)=h_(2)} ={w=0}

Following [34], we work in the case of conical crossing points.

Assumption 4.1.1. 1. The crossing on Y is a conical crossing of codimension 2: Y 1is
a manifold and
V¢’ € T, Rankdw(q’) = 2.
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2. The conical crossing point 2° = (qb,pb) 15 non-degenerate:

E(2) == (p" - Vwi(¢'),p" - Vwa(q’)) = dw(q’)p’ # Oge

In the notations above, we denote by dw(q) the 2 x d matrix

dw(q) = (0g;wi)1<i<2, 1<j<ds

meaning that, when applied to a vector p € R?, one gets a vector dw(q)p € R%. A crossing
point satisfying (1) of Assumption is said to be conical because the eigenvalues A, and
A_ develop a conical singularity at that point. This singularity induces special behaviors of

the solution of the equation (4.1)) that has been already studied in the literature (see [34] [13]

for example).
We also assume that the eigenvalues A\, and A_ satisfy a polynomial gap condition at infinity,
in the sense that there exist constants cg, ng, o > 0 such that

[As(2) = A_(2)] = co(x)™" when [w(z)] = 7o, (4.2)

where we denote (r) = (1 + |z|>)%/2. This gap condition at infinity (£.2)) ensures, that the
derivatives of the eigenprojectors Il (z) grow at most polynomially, in the sense that for all

B € N? there exists a constant Cs > 0 such that

107 T ()| < Ca ()17 when Jw()| = ro, (4.3)
see [4, Lemma B.2] for a proof of this estimate.
We are interested in initial data that are coherent states as studied in [§]. This kind of

initial data are highly localized in position and impulsion and are somehow more general
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that the Gaussian wave packets treated in [34], with whom they share lots of properties.
Wave packets are associated with a profile ¢ € S(RY) and a point z = (¢, p) € R?? of the

phase space according to

WPEQO(:C) = 8*d/4 eép-(wa)g0<~’0_\;g‘1> _ (4.4)

Such families are uniformly bounded in all the spaces ¥ for any & € N. With these notations,

we shall make the following set of assumption on the initial data.
Assumption 4.1.2. The initial data of the system (4.1)) is given by
vi(w) = Vo WP (),

where p € S(R?), 2y = (qo, po) € R* is chosen far from the crossing set, and Vo e R? is a

normalized eigenvector of the matriz V in qy for the minus mode:

V(Qo)vo = )\—(QO)VO-

Note that since V, is assumed to be a real-valued normalized eigenvector of V(qo) with

w(go) # 0 and one can replace the pair (Vp, ) by (=Vi, —¢).

Wave packets satisfy localization properties that are recalled in Appendix [B] In particular,

considering a function Vy € C*(R?, R2) such that Vy(zo) = V,, we have

Ui(x) = Vo(2)WPZ o(x) + Op(Ve) (4.5)

in ¥F for all k € N. We can additionally assume without loss of generality that %(x) is an
eigenvector of V(x) for A_(z) for all z in a neighborhood € of ¢y. From now on, we shall
make this assumption.
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It is well-known (and we recall these elements more in details below) that, outside the
crossing set, such a wave packet propagates along the classical trajectories associated with
the mode A_(z) (see [34] for Gaussian wave packets and [2I] for a result for more general
wave packets). Our aim here is to describe precisely what happens when a wave packet
reaches the crossing set, and passes through it. We describe a picture similar to the one
described for Gaussian wave packets in [34]: as long as the gap remains large enough on
the trajectory, the solution can be approximated by a wave packet with a time dependent

profile, an action S_(¢,tg, z9) and a time dependent eigenvector of V_(t)
VE(t) = V. (#)e =0 WPE o (u_ (1)) + o(1)

in ¥¥; besides, when the gap shrinks, there happens transitions on the other mode that we
carefully describe, leading to the birth of a quite similar wave packet on the other mode. We

use the following ingredients:

1. The existence of generalized trajectories that exist despite the conical singularity

(see [34] (T3], 14]).
2. The definition of time-dependent eigenvectors by parallel transport as in [34], 21].

3. The introduction of a profile equation along a trajectory and the proof that when the
trajectory reaches a crossing point, and precise estimates on its behavior close to the

crossing time. This is done in Section and uses ideas from [34, [16].

4. The definition of a thin layer close to the crossing point of the trajectory and the
reduction to a model problem in this thin layer.
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In the next Section |4.1.1} we introduce the main objects (classical trajectories, actions, time-
dependent eigenvectors and profiles) that characterize the approximate solution and we state

our result in Section [4.1.2]

We point out that this transfer has been precisely described in terms of Wigner measures
by the results of [I4] when one single wave packet reaches a crossing point. If two wave
packets arrive simultaneously, the Wigner measure information is not enough and a phase
information to describe the outgoing wave packets. One of our aim here is to get this phase
information and get a more precise description than the one given by the analysis of Wigner

measures in the special case of wave packets.

Even though our results are inspired by those of [34] for Gaussian wave packets, they differ
on several aspects. First, the method we use here is different and easier to generalize to
other Hamiltonians. Secondly, the results that we obtain are more general in terms of the
data that are considered. Thirdly, the method we develop also allow to treat data that pass
close to the crossing set and not exactly through it, as we will emphasize in the second part

of this work [I5], both situations being treated in a unified manner.

This latter point opens the way to develop and prove the convergence of numerical methods
which mixed surface hopping approaches as in [17, [I8, 19, 20, 48] and thawed or frozen
Gaussian algorithms (also called Herman-Kluk approximation) as introduced in chemical
literature in [41l [42], 43] and studied from mathematical point of view in [55, 57]. It is also

possible to adapt the method to models issued from modeling of Graphene with Dirac points,
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with additional nonlinearity (work in progress [16]).

4.1.1 The parameters of the approximate solution

Our main result consists in a precise description of how one can approximate solutions of

equation (4.1)) in the frame of Assumptions 4.1.2/ and 4.1.1l This result is presented in the

next section and we begin here by introducing the parameters of the wave packets that
are involved in the process. We describe their centers, profiles and phase factor, which are

e-independent and related with classical quantities.

Classical trajectories and actions

For (tg,2) € R x (R* \ T) we consider the classical trajectory (qi(t),p=(t)) issued from

20 = (qo, po) at time tq, and defined by the ordinary differential equation

q+(t) = p+(t), px(t) = =VAsL(q=(t)).

The associated flow map is then denoted by ®5° () = (q+(t), p+(t)) and we have

005" = JV, hy o @0, DY = 1pa, (4.6)
where
0 1Rd
J = . (4.7)
_1Rd 0
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It will be convenient in the following to denote by {f, g} the Poisson bracket of two smooth

functions f, g € C*°(R??), that might be scalar-, vector- or matrix-valued,

d
{fo9}y:=IVf-Vg=2 (00,9 — 0, [09) -
j=1
Of course, if w(qy) # 0, the existence of these Hamiltonian trajectories is guaranteed
by Cauchy-Lipschitz theorem. Moreover, due to the genericity assumption performed on
dw(q’) (point (2) of Assumption [4.1.1), one can prove that there exist trajectories passing
through 2* = (¢’,p°) € T that are piecewise smooth, as soon as Assumptions hold

in (¢’,p’). We point out that we will make the convenient abuse of notation of saying

indistinctly that z = (¢,p) € T or ¢ € T.

Proposition 4.1.3. [[1]], Proposition 1] Let 2> € Y satisfying Assumptions the no-
tations of which we use. Let us write E(2°) = rw with v > 0 and w € S?. Then, there exist

two continuous maps
r Py (Z ) (qzt( )ap:l:( ))

defined in a neighborhood of t* and which satisfy (&.6)) fort # ¢ with @’i’tb (2°) = 2°. Besides,

we have

w(gs(t)) = (t = )rw + O((t — £)?). (4.8)

We shall call generalized trajectories these continuous maps passing through points 2 € T

satisfying Assumptions We associate with ®%5°(z9) = (q+(t), p+(t)) the action integral

Se(t,to, 20) = / (p<(5) - gx(s) — hx(2(s))) ds. (4.9)

to
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We analyze in Section the behavior of these trajectories and of their actions close to a

crossing point.

Time-dependent eigenvectors and parallel transport

Following [34], Bl 21], we associate with a given eigenvector associated with one of the +-
modes a family of time-dependent eigenvectors constructed along the classical trajectories.
We set

B (2,€) = £14(2)¢ - V,IL (2) (), (4.10)

where £ -V, =), <j<d §jOr;. These matrices are related by the relations

and we also have the useful relation
Bi(2,€) = FILs(1)¢ - V11 (2) e (a).

The time-dependent families of eigenvectors that we shall use depend on these matrices as

stated below.

Proposition 4.1.4. Let us consider a vector-valued function %,i(x) defined on R?, smooth
and compactly supported in some open set U' C R\ Y and such that on an open set U C U’,

‘70,1 1s an eigenvector for the mode +

L (0) V(@) = Vou (@), [Vosla)lles =1, Va € U.
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We assume that there exists to,t° € R, 7,6 > 0 such that
' (U x RY)  {|w(x)| > 6}, Vt e [zfo,tb —T].

Then, there exists a smooth map (t,z) — Vi(t, 2) defined on [t,t” — 7] x R* such that for

all t € [to,t — 7] and z = (z,£) € DY(U x RY),
I (2)Vi(t,z) = Vi(t, 2), |[Valt,2)||cz =1,
and such that Vi(t, z) satisfies the equation
OV + {he(@,€). Ve | = 0V +€- VoVe = VAs(a) - Ve = Bule, Vs (4.11)

subject to the initial condition Vi (ty,x, &) = 171)7i(x).

The proof of this proposition mimics the proofs of [34], B, 21] and relies on the analysis, for

fixed z € R2, of the function Vi (¢, %" (z)) which solves an ODE (see [21]).

We shall assume that Assumption is satisfied in any of the points ®»(z) that are in
T for z € U and t > ty3. Note that it is enough to guarantee this for some 2y € U provided

U and U’ are small enough. We shall then say that the pair (U, U’) is generic.

Proposition 4.1.5. Assume the pair (U,U’) is generic as stated above, and consider the
notations and assumptions of Proposition[{.1.4] Then, for k € N*, there exists Cy > 0 such

that for all t € [tg,t* — 7] and z € U’,

ok (Vi(t, @?O(z)) HC < O kL (4.12)
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Note that the first order derivative is bounded, which implies that, for z € R?? fixed, the

map t — Vi (t, ®(z)) has a limit on T that can be computed.

Proposition 4.1.6. Assume the pair (U,U’) is generic as stated above and consider the

notations and assumptions of Proposition . There exists (Vw, VWL) a direct orthogonal

Wy W2

basis of normalized eigenvectors of for the eigenvalue (+1,—1) respectively,
Wy —W1
such that we have
Vo(t,®"(2)) — Vi, Vi(t,®"(z)) — V. (4.13)
t—(tP)— t—(tP)—

Besides, there exists n > 0 such that one can define a map t — Vi(t, D (2)) on [*,1 + 1]

satisfying (4.11) and such that

—

V(1 @0 (20)) — Vi, Vi(t, () — Vi,
t—(t")+ t—(t")+

and the maps

t s Ve(t, " (20)) fort € [to, ],

t s Vi(t, @4 (2)) fort € [t + 1),

are continuous.
Note that we are left with families of time-dependent eigenvectors that pass continuously

through the crossing, while changing of eigenspace.

Profile equations

The profiles of the approximate solutions are linked with the scalar Hamiltonians h. asso-
ciated to the eigenvalues AL and the trajectories. We consider a trajectory @’fo(zo) that
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does not meet T on some time interval I containing ¢, and associate with it the Schrodinger

equations with time dependent harmonic potential

1 1
10y = —§Aui + §Hess A (B4 (20))y - yu®, ut(t) = ax € S(RY). (4.14)

In view of [51], these equations have a solution in X¥(R?) on the time interval I for nay
k € N*. Moreover, we have the following proposition for the generalized trajectories of the

preceding section.

Proposition 4.1.7. Let (to,z) € R**! be such that the trajectory ®5'° reaches Y at

time t* > to and point 2 = @i’to(zo) satisfying Assumption |4.1.1. Then, there exists a

solution u(t) of ([.14)) on [to,t’) and for any t € [to,t’), ||ux(t)||2 = ||ax|/z2. Moreover, if

k€ N*, uy(t) € X* and there exists a constant Cj, > 0 such that

sup |Ju(t)||sx < Cillog [t — #°]). (4.15)
tE[to,t?)

The result of Proposition [4.1.7] implies that the time derivatives of the profile functions u
and u_ are integrable, up to a phase. With the notations of Assumptions we consider

the d x d matrix I'y defined by
Ty = r ' dw(¢)(Idge — w ® w)dw(q’) (4.16)

where w ® w is the 2 by 2 matrix (w;w;);; and dw is the 2 x d matrix (J,,w;); ;. Note that

Idg: — w ® w is the orthogonal projector on Rw™.
Corollary 4.1.8. Under the assumptions of Proposz'tz'on there exists ul € S(R?) such
that

Exp(:FiFOy sy Inft = Dus(t) — ull (4.17)
2 t—(t?)~
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Moreover, once given uS™ € S(RY), there exists a unique pair uL(t) fort >t satisfying (&.14)
and

Exp(j:%Foy cyInft— O )us(t) — u, (4.18)

t—(t?)+

Let us consider an initial data as in (4.5)) and assume that ®"*(z,) passes through Y at time
> in a point 2° that satisfies Assumption m, then one can associate a profile u_(t) with
the ingoing trajectory ®"* for t € [ty,*). This generates an ingoing profile v € S(RY). We

shall see in the next section how to associate with ™ in an adequate manner two out-going

t out

and ug™,

profiles, u°" which generate when ¢ > t* two profiles, one for each mode, and an

approximate solution of the system (4.1]).

4.1.2 Main results

Let us consider an initial data at time ¢, satisfying and assume that the trajectory
®""(2y) does not reach YT on the interval [ty,ty + T] because ®"(z) € {|w(z)| > d} for
some ¢ > 0. Then, there is adiabatic propagation of the wave packet in the sense that the
solution remains at leading order in the same eigenspace and can be approximated by a wave
packet the parameters of which are determined by the classical quantities associated with
the related eigenvalue. This type of results are already present in the literature, see [2] for
the case of wave packets and [50), 58] for more general results. Our contribution here is to
emphasize the dependence of the approximation from the parameter ¢ which encodes the

minimum gap along the trajectory, which is in a crucial ingredient of the proof of our next
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result.

Theorem 4.1.9. Let k € N. Assume ¢ is chosen as in Assumption and that the
trajectory ®"°(z) does not reach Y. Let § > 0 such that ®"°(z) € {|w(z)| > §} for all

t € [to,to+ T). Then, there ezists Cy > 0 independent of 0 such that

i

Of course, this result easily extends to the case of data which have components on both

3/2

< Cy|In g (2—4 + \/E) .

—

VH() = V(6,9 () e O IWP o ()

nE

modes with wave-packets structure. Theorem [4.1.9| only gives information when the gap

along the trajectory is large enough.

Let us assume now that the trajectory ®“*(z) pass close to Y at time " > to + T, T > 0.
The description of Theorem holds as long as the quantity |w(®(2))| remains much
larger than 0, = /. We will now consider a trajectory which passes exactly through the
crossing, and we postpone to the second part of this analysis (see [15]) the analysis of a
trajectory for which the minimal value of |w(®""(z))| is § < v/e. We now focus on the cas

where this minimum is 0 and uses the classicla quantities introduced before.

e We consider the trajectories ®“"°(z) and assume z° = @tj’to(zo) e fort’ >ty+T,

T > 0. We assume that Assumption is satisfied in 2° and consider the trajectory

b
®%" (") constructed in Proposition |4.1.3]

o We consider the time dependent eigenvectors V_(t) associated with Vy(zq) by Proposi-
tion for t € [ty,t’], and the time-dependent eigenvectors that we still denote by
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V_(t) on [t", to + T] with data at time ¢

together with the time-dependent eigenvectors V, (t) defined on [t°, to + T by Propo-

sition m with data at time ¢

—

Vo, 2) =V,

e We consider the profiles u_(t) constructed for ¢ € [to,?’) thanks to Proposition [4.1.7
Define v by Corollary |4.1.8| and associate with ™ the outgoing limiting profiles u°*

and u%" given by the relations

ustt a(n2) —c %< p(1pp) 0
I . (4.19)
u2 e~ 0=(Mp(n,) a(n-) e Sy
where, S = S_(#",ty, 20) and, with the notations of Assumption m,
n= dw(q")y = (n1,m2), (4.20)
3 21 o5 o EANE ™3
= b(ny) = ———27"/2e7mR/A (] 442 h (=2 4.21
a(n) =e 2, b(n) NG e +1 5 ) sin 5 ) ( )
1 r 1
0.(n) = —n21 (_> S 4.22
() =5 mn(Z)+ (4.22)

Here we use the Gamma function and hyperbolic sine function given by

1 1 z—1 e P
[(z) = / (hl —) dt = / t*te7tdt, sinh(z) = c-°
0 t 0 2

We then have the following result.
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Theorem 4.1.10. Assume ¢§ is chosen as in Assumption and that the trajectory
CIJt,’tO(zO) reaches Y at some time t° and some point 2° satisfying Assumption . Then,
as € goes to 0 , the solution of equation (A1) with initial data 1§ satisfies in L*(R?): if

t € [to, ")
VE(t) = esS-(blo0) /(4 @Eto(zo))WPq>t_,to(ZO)u_(t) +O(|lne|etr)
and if t € (£t + T,

() = Vo (1, @8 () o500 IWP yi=(t) (4.23)

s (t) + O(|lne| 1),

The result extends by superposition to the case where two wave packets interact at a crossing
point 2> = q)i’to(z07i) with incoming profiles ™ and «'f on the modes — and + respectively.

and incoming actions SbjE = S.(,to, 2o +) respectively. Then, setting

wt ) atm) b | [ el (4.24)
uout e~ <(n,)  alnp) o=y

The outgoing wave packet (i.e. for t > #°) then is

U(E) = V(8 @1 ()P OIWR (1)

V(@Y ()t DWP o (1) + O(|ne| 1)

+ (Zb)

in L?(R%). We point out the special attention that has to be paid to the treatment of the

action.
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4.1.3 Ideas of the proof and organization of the paper

An important part of the proof consists in the construction of the approximate solutions and,
in particular, in the resolution of equation and the analysis of the properties of its
solutions. This is done in Section together with results on the classical quantities. Then
the proof proceeds in two steps. We first show that the approximate solution fits outside T,
which corresponds to times t ¢ (t* — 6,> + ) for some § that will be chosen small. In this
region which can be qualified as adiabatic, the solutions of decouples on each of the
modes. Using techniques arising from [2| 58] for example, as spelled out in [21], we analyze
carefully the order of the approximation (which involves negative powers of 0 combined with
powers of ¢) in Section . Then, in (> — 6,#* + §), we reduce to a local model of Landau-
Zener’s type and exhibit in Section the transitions relations which allow to fix the

ansatz for times t > t* + 0.

4.2 Analysis of classical quantities and construction of

the approximate solution

In this section, we first focus on the properties of the classical trajectories and actions in
the neighborhood of the crossing set. Then, in two next subsections, we construct the time-
dependent eigenvectors satisfying (4.11) and the solutions of the profile equation (4.14)),

together with a careful analysis of their properties.
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4.2.1 The classical trajectories and actions

It is interesting to compare a generalized classical trajectory ®5"(z,) reaching the crossing
b

set T at time ¢ and point z° with the trajectory ®f' (2°) associated with the (smooth)

Hamiltonian

2
ho(z) = % +v(x). (4.25)

A simple Taylor expansion close to t = ¢’ gives the next lemma.

Lemma 4.2.1. With the assumptions of Proposition we have

q=(t) = qolt) F gsen(t —£)(t — )* 'dw(q’)w + O((t — )°),

pi(t) = po(t) F |t — )t dw()w + O((t — t°)?).

The next lemma compare the action Si(,t,2”) = Sy (t, to, z0) — S+ (’, to, 20) associated with
a generalized trajectory ®5"(zy) with the action

t

So(t,t°,2") = /ﬁ (Po(s) - Go(s) — v(z0(s)))ds (4.26)

associated with the trajectory <I>6’tb(zb).

Lemma 4.2.2. With the notations of Proposition[4.1.3 we have the following asymptotics
Se(t,t,2") = So(t, 1", 2°) F sen(t — ' )r(t —')* + O((t — ')*),

and

So(t, t°,2") = (t — 1) (%!prQ—v(qb)> —p - Vo(@)(t =)+ O((t = ')?).
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Proof of Lemma[{.2.9. We use that hy(z4(t)) is conserved along the trajectory and we write
Se(t,to, 20) = p=(1) - 4 (t) = ha(2') = [p= ()] — hi(2).
Lemma gives
Syt ty, z0) = |P°|? — 20" - Vo(@)(t — ) F 2dw(’)p” - wlt — ] — ha(2”) + O((t — 1°)?).
Integrating between ¢ and ¢’ and using |p’|> — he(2”) = L[p’|> — v(¢’), we obtain

Sy(t,to, 20) = S" + (t — ) @WP - U(qb)> — 0" V() (t — 1)

F sgu(t — )dw(q")p - w(t =) + O((t —1')?)

and we identify the terms (¢t —¢*) (1[p’|> — v(¢’)) —p’ - Vu(¢’)(t — *)? with the beginning of

the Taylor expansion of Sy(t,t’, 2”) close to #°. ]

4.2.2 Parallel transport

We prove here Propositions [4.1.4], [4.1.5| and [4.1.6, These results crucially rely on the ob-

servation that for all (x,€) € (RY\ T) x RY, the matrix £ - VII, (z) is off diagonal, that
is
Iy ()¢ - VIL (2)(z) = 0

and that for o € N?, there exists constants C, > 0, n, € N such that

10211 (2) ez < Calw(a)]™¥(z)™, (4.27)
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which is obtained by combining the estimate (4.3) at infinity and the analysis of the sin-
gularity close to T. The proof Proposition [£.1.4] which states the existence of the function

V() is done in Proposition 3.1 of [21]: one considers for z € R
Yi(t,2) = Va(t, 94" (2)),
which solves the equation
OYi(t,z) = BL(PL(2))Yi(t, 2). (4.28)

It is then enough to check (as done in [21]) that for z € U, TI+(®4°(2))Y4(¢,2) = 0 and

|Yi(t, Z)’CN =1.

We point out that Vi (¢, z) is not in the range of I, () for all z = (z,€) € U’ and t € [to, t").
Indeed, the construction described above requires to avoid the crossing set T where some
of the involved quantities cease to exist. However, Vi (t,z) is in the range of Il () above
the points z = ®5%(z) of a trajectory starting from z, € U € U’. This is enough for our

purpose. We now prove the properties of the functions Vi(t, z) stated in Proposition m

and 4.1.6]

Proof of Proposition |].1.5 and|/.1.60. We keep the notations of Propositions Let us

first focus on the estimates on the times derivatives of Y (¢, z9) = Vi (¢, " (29)) for 2o € U.

The key observations are the following:

(B (2) — Vo ® Ve, I(P(z)) — VEgV., (4.29)
t=(")F t—(t")F

I (P45 (2)) — Vo ® Ve, H_(B"(z)) — ViV, (4.30)
t—(t)* tsn)E w
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Vt € [to, 1), (& VIL)(D4°(2)) = O(1). (4.31)

Let us first postpone the proof of these claims and see their consequences. We first deduce
from (£.31)) the boundedness of 8,Y.(t,z) for ¢ € [to, "), which yields the existence of a

limit for Y (¢, z9) when ¢ goes to (). Moreover, by construction, this limit is a normalized

eigenvector of V(@i’to(zo)). In view of (4.29) and (4.30]), we obtain equation (4.13)).

Let us now consider higher time derivatives. For k£ € N, the Faa di Bruno formula gives that

8{“)@ (t,z0) is a linear combination of terms of the form
(0} @Y (20))™ - -+ (FF DL (20))™ 02 B (B (20)) O Y (1, 20)
with
my+2my+3mg+---+nm, =n, laj=mi+me+---+m,, n+p=k—1
We observe that for [t—t°| > 7, then if j € N\{0}, &/ ®%"°(2) = O(77"1) and 02 BL (95" (%)) =
O(7~le). We perform the recursive assumption
Y (t,20) = O~ ) for 1<l <k—1.

Let us firs analyze the case corresponding to p = 0. Then n = k£ — 1 and the corresponding

term is of order O(7=#) with
B=lal+Y m(ljl-1)=n=Fk-1
j=1
These terms are the worst ones since, those for which p > 1 are of order O(7?) with
y=p—1+a|+> m(ljl-1)=p+n—-1=k-2
j=1
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Therefore, the recursive assumption implies
OFYL(t, ) = 067+,

which concludes the proof.

It remains to prove the claims (4.29), (4.30) and (4.31). We perform the proofs for the

+mode; the arguments are similar for the other mode. We recall

wy(z)  wa(z)
I () = 5 [ 1+ fulo)]

wy(x) —wq(z)

We use equation (4.8)) setting w = (w1, wq)". We obtain

0 1 AN b
I (P5(20)) = 5 Id 4 sgn(t — t’) +O(t—1).
Wy —ws
Then
1 wp W2 _
M (D40 (0) —> 5 | Td— =VieV,,
t—()~ 2
Wy —Wq
t 1 Wi W2 _
I (P (2)) — = |Id+ =V, eV,
t—(tr)t 2
Wy —Wwi

and we have proved all the relations about I, (®%"(z)) stated in (4.29), (4.30).

We now consider the limit of By (®%"°(z)) as t goes to #°, as stated in ([@.31). Using

Lemma we obtain

B+<$,§)
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We now specify this relation to (z,£) = ®4°(2). By definition
pilt) - Vowlgs (8)) = rw + O(t — ),

and, using (4.8)), we obtain

¢ Vw(x) ANw(zx)
2Jw(x)[?

—0(1)

(,6)=27"0(20)

and the singularity in |t —¢°|~" disappears in the expression of B (®}"(z)). We obtain that

B (94" (2)) is uniformly bounded in a neighborhood of #*, whence (#.31)).

Finally, the fact that Bi(q)itb(z))Yi(t) is bounded for t € [t*, " + 7], n > 0, implies that one
can solve the equation (4.28)) with initial data at time ¢’ by a fixed point argument on the

map Y + O, (Y) (resp. ©_(Y)) defined on C*([t*,# + n])

Ot = Vit [ Bu(@¥ ()Y (5)ds

t

(resp. ©_(Y) =V + [I B (9> (2))Y (s)ds). O

4.2.3 Resolution of the profile equations

In this section, we discuss the properties of the solutions of equation (4.14)) and prove Propo-
sition and Corollary [4.1.8. A crucial element of the proof is a good understanding of the
singularity of the Hessian of the function Ay along the trajectories. We start by a technical

Lemma that we shall use later.
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Lemma 4.2.3. There exist smooth matrices M (t) defined on [ty, "] (resp. [, 1* 4+ 7]) such

that when t tends to t* with t <t* (resp. t > 1°),
Hess Ay (qs (1)) = My(t) + |t — £°| 7T (4.33)

with Tg given by (4.16)).

Proof. We have Hess A. = Hessv + Hess(Jw|) and

w  Opw- 0w (Opw - w)(Op,w - w)

O, (J0]) = OF w0 =+ -

o T w |w jw]?
We deduce from (4.8)) that
1
Hess A+ (q+(t)) = imFo + sgn(t — £")d*w(2")w + Hessv(¢’) + O(t — 1)

with

I'y = T_l(ﬁxiw . 8$J.w — (dujw W) (Op,w - w))1<4j<ds

whence (4.16)) O

Proof of Proposition[f.1.7. Let us consider the operator

1

Q(t) = —§Ay + %Hess Ar(g=(D)y - y. (4.34)

This operator has a classical symbol (y,&) — 3¢ + A\(®5°(20))y - y that satisfies sub-
quadratic estimates in the interval [to,tb[, which guarantees the existence of the solution
(see [51]): the solution u_(t) exists for all ¢ € [to,#’[ and is in all the spaces X* for k € N.

Since we know that the L?-norms is conserved, we focus on |[u_(t)||s» for k > 1. We set

U1 = t(yui, Dyui) = t?ui
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and our aim is to prove that the norms ||U; ||y are bounded for all k£ € N. Using

Q(t), Dy] = iHess AL (q+(t))y and [Q(t),y] = -V, = —iD,, (4.35)

we obtain

[Q(t), "(y, Dy)Jus = (—iDyu, iHess As (¢ (t))yu)
0 —1d

=1 “(yusx, Dyug )U;.
Hess A1 (qe(t)) O

We deduce the equation

10, U — Q) U, = — [Q(1), U

Hess AL(q+(t)) O

This system is closed and the difficulty comes from the singularities of the matrix Hess A1 (g4 (%))
that is described in Lemma [4.2.3] We work with the plus mode and ¢ < #°, the proofs for

the minus mode or for ¢ > ¢ are similar.
Lemma 4.2.4. Let k € N and U € C?* be a solution of a system of the form
iU —Q)U = (M(t)+i(t—)"'I)U

where t — Q(t) is defined in (£.34), t — M(t) depends smoothly ont fort € [to, "] (meaning
that they have, and their derivatives too, limits when t goes to t* from below) and Ty is a

fized matriz. We assume that there exists a projector P of rank d such that

(1-P)I'=0 and PT" =PI'(1 —P).

197



Then, for all k € N, there exists Cy, > 0 such that for all t € [to, "]

IU@®)llst(ga c2a) < Cil log [t — 2|

Lemma allows to terminate the proof of Proposition Indeed, we observe that

Ui (t) satisfies an equation of the form above with

I' = +sgn(t —t") , P=
I'p 0 0 Id

Proof of Lemma[{.2.]. We begin with the case k = 0. We set V = (1 —P)U and W = PU.

Then, because (1 —P)I' = 0,
iV —Qt)V =1-P)M@t)(V+W)

and

OW — Q)W = (t — )" 'PLV 4+ PM(t)(V + W).

We then introduce the variable
V=W —log|t —t’|PTV
so that V satisfies

0,V — Q()V =PM(t)(V + W) —log|t — t*[PT(8,V)id,V — Q(t)V)

=PMt)(V 4+ W) —log|t — ’|PT(1 — P)M(t)(V + W)
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= (P —log |t — £’|PT)M(t)(V 4+ V +log |t — ’|PTV).

To conclude, V and V satisfy the system

iV -tV = AtV + Bt)V
(4.36)

iV — Q)Y = A@t)V + B(t)V,
with ¢ +— A(t), B(t), A(t), B(t) are integrable. We then conclude by an energy estimate and
using that the functions of ¢ which appear in the right-hand side are integrable. Note that
Gronwall lemma applies of the integrability assumption of the functions involved. The change

of unknown has contributed to improve the integrability of the functions of the right-hand

side of the system. As a consequence, there exists a constant C' > 0 such that
vt € [to, '), V()2 + V(@)1 < C
which implies the existence of C; > 0 such that

Vt € [to,t"), [[U®)||2 < Cy |log |t — ]|

We now want to estimate U;(t) in ¥*, or, equivalently, V' and V in TF. We argue by a
recursive argument and consider successive derivatives and momenta of V and V. We first

examine the case k = 1. In view of the relations (4.35)), for 1 < j < d, the quantities
ij> yjf/> Dij> Dij

satisfy a closed system of equations of the form

i0(y;V) — Q) (y;V) = A(t)(y;V) + B(t)(y;V) +iD,,V,
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i0(y;V) — Q) (y;V) = At)(y;V) + B(t)(y;V) +iD,,V,
i04(Dy, V) = Q(1)(D,,V) = A(t)(Dy, V) + B(t)(D,,V) + C(1) -y V
+ilt — |7 (e; - Toy) V,

i0/(D,, V) — Q(t)(D,, V) = A(D,,V) + B(t)(D,, V) + C(t) - yV"

+ilt —°] 7 (e; - Toy)V

o

with A(t), A(t), B(t), B(t),C(t) and C(t) smooth maps, and denoting by e; the canonical

basis of R?. This system presents again the non-integrable singularity |t —°|~" in the right-
hand side that calls for a change of unknown, as we did previously. We set V; = V € C¢,

Vi =V € C? and consider the derivatives and momenta of Vi and V;. We set
Vo=V, yaVonV, - yaV)
and
Va =((Dy,V +log [t — £|(e; - Toy)V )1<j<a (Dy, V + log [t — £'[(e; - Toy))1<j<a):

We have V5,V € C** and the functions t — Vy(t), Va(t) satisfy a system of the form

0V — Q(t)Va = As(t)Va+ Ba(t)Va + Ss(1)

i0Va — Q()Va = Ap(t)Va+ Ba(t)Va + Sa(t)

with Ay(t), By(t), Ay(t), By(t) are integrable and with source terms Sy (t) and Sy(t) satisfying
HS2(t)HL2(Rd,c2d2) + ”g2(t)HL2(Rd,c2d2) < ¢o|logt — ¢

for some constant co > 0. Arguing as above by use of energy estimate and Gromwall lemma,
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we obtain a control of the L? norm of (Va(t), Va(t)) of the form

V2Ol 2oy + IVa(O)ll oo caey < Co

whence

lU@)ls1 < Gl log [t — 2|

All these considerations motivate to realize a recursive arguments by increasing successively

the size of the momenta. At the (¢ — 1)-th step, we are left with a vector
(Valt), Vi) € €&

satisfying a system of the form
0V, —Q)WVe = Alt)Ve+ Bo(t)Vy + Silt)
0V = Q) = At)V + Bu(t)Ve+ Si(t)

with Ag(t), By(t), Ag(t), By(t) integrable and source terms Sy(t) and Sy(t) such that
Hsé(t)Hm(Rd,c%?) + ||gf<t)||L2(Rd’czd2) < Cg| log |t - tb||

for some constant ¢, > 0. Moreover, the norm of U in 7! is equivalent to the one of (V, f/g)
in L? up to a factor of the form |log |t — #’||, which holds by energy estimate and Gronwall
lemma. We are then interested in the analysis of the derivatives and the momenta of Vj
and V;. This leads to the construction of a vectors of (2d)¢ = d(2d)*~! + d(2d)*~" variables.
Re-organizing the equation in order to suppress the singularity generated by the commutator
[D,, Q(t)]: we set

Vier = (Ve yaVe Vi, -+ waVe)
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and Vi1 = ((Dy,V +log|t — '|(e; - Ty)V )1<j<a,

(Dy, Vi +log |t — *|(e; - Ty) Vo - -+, Dy, Vi)i<j<a

It is then clear that one can proceed as before and that one obtains the boundedness of

(Ve1, ‘7£+1) in L2, whence an estimate of the form
I(Ve, Vo)llsr < coll (Vi Vera)ll 22 < Craa|log |t — 2]

and

|Ullse < Cppallog [t = £

At this stage of the proof, we have a precise information on the behavior of the ¥* norms
of the solutions of the system (4.14]). This allows to characterize their limits on the crossing
set and to solve the equation (4.14]) in terms of this limit instead of some initial data. This

is the subject of Corollary that we prove now.

Proof of Corollary[{.1.8. Let us assume t < ¢’ and set
vy (t) = Exp(Filoy -y In |t — £ )uL(t).
We have

104 (t) = BExp(£iloy -y In |t — )

‘ <:ttT1tbFoy () = 5B (1) + 5 (HessAa(ga(6)y- y)ui@))
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= Exp(£iloy - y In|t — '] ((—%Ay + My(t)y - y)ui(t))

where the matrix M (t) is defined in Lemma and is smooth on [ty, "] (the term (¢ —
)~ Toy -y compensates the singularity of the potential of the operator Q(t) (see (4.34))). We

now use Proposition | Therefore, for all t € [to, "), Qvw(t) € XF for all k € N. Besides,

for each k € N, there exists constants C}, C’k > 0 and N; € N such that

10 (®) s < G [t = £1]™ s (1) |20

<, |log [t — th |2 (o) || syeess-

We deduce that ftt: O (s)ds is well-defined as a function of ¥* and we denote by u! this

function that satisfies (4.17]).

We observe that the function v4(t) defined above solves an equation of the form

00 (1) — (—%Ay + V(t,y)) v (t) (4.37)

where V(t,y) is a quadratic potential V(¢t,y) = a(t)y? + b(t)y + c(t) with coefficients a, b, ¢

that are functions bounded by powers of In [t — #’]. We have the following facts:
1. Tt is equivalent to say that us(t) solves and to say that vy (t) solves ([£.37).
2. There is conservation of the L?-norm and
lllox @22 = [lox(to)llr2 = lJux(to)l| 2.

3. The two parameters propagator U(t, s) associated with the equation (&.37) (see [51])
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is defined for ¢,s € [to,#’) and when t tends to *, U(t, s)ui(to) has a limit u™ with

s (o)]| 12 = ||u|| 2. We denote by U(#, s) the operator mapping u.(t) on u'™.
4. For all f € S(R?), k € N there exists Cj, > 0 such that

Ve SRY), [UE,9)fllse < Cill fllswss.

We claim that for ¢, s € [to, ") we have U(s,t) = U(t, s)*, therefore we define the operator
Ul(s, ") by

Us, 1) = U, s)*.
The claim comes from the definition of U(t, s) as solving

iOU(t,s) = H(OU(t, s), Uls,s)=1d. (4.38)

In one hand, one deduces that

iOU(t,s)* = —U(t, s) H(t), U(s,s)=Id.

On the other hand, differentiating in s the relation (4.38)), we obtain that V (¢, s) = 8sa(t, s)
satisfies

WOV (t,s)=HE)V(t,s), V(s,s)=—0U(s,s)=iH(s).
Therefore, V(t,s) = U(t,s)iH(s) which gives idU(t,s) = —U(t,s)H(s). Exchanging the
roles of ¢ and s we obtain that U(s, t) solves the same equation than (¢, s)* with the same

initial data and thus they are equal.

Therefore, we have proved that we can construct a function u*(t) solving (4.14) for t < ¢,
starting from a data vl with enough regularity, in particular for ' € S(R?).
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Arguing similarly in the zone ¢ > #*, we deduce that there exists a unique solution to (4.14)

satisfying (4.18)) for some given uS™ € S(RY). O

4.3 Adiabatic transport outside the gap region

This section is inspired by [2I] and discussions with Caroline Lasser and Didier Robert. We
focus here on zones that are far enough from the gap region in the sense that |w(z)| > 0 along
the trajectories concerned by the process. In this adiabatic region, we prove the following
result showing that one can approximate the solution of the system by solutions of

scalar type equations.

Proposition 4.3.1. Let k € N and § € (0,1) such that €62 < 1. Consider s;,ss € R,
s1 < 89 and two classical trajectories z4+(t))ic[s, so) that reach the crossing set Y at time £ in
a point where Assumptions are satisfied. We assume [sy, s5] C {|t — t’| > 6} and that

at initial time sq,

vi(s1) = WP, () (us(s1)), us(s1) € SRY), zi(s1) = (qu(s1),p=(51)) € R*,

V(1) = V(o) (51) = V- (510" (s1)|

<OV,

b))

and with T4 (q1(s1))Yi(s1) = Yi(s1). Then, for all k € N, one has

sup
te(s1,s2]

- £3/2 -
M (t) = Vi (t)| < Celme (W . %) |

where the constant Cy, is uniform in § and €, and fort € [sy, S|
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the functions vi(t) are wave packets:

v (t) = eF5=OWPE ) (ui(t)), (4.39)

the trajectory z+(t) is the classical trajectory z+(t) = ®° (2+(s1)) and S (t) = S+(t, 51, 2+(51))

the related action (see (4.9)),

the functions ux(t) satisfy (4.14)) with data uy(s1) at time sy and their norms in spaces

Sk satisfy ([@15),

the vectors Yo (t) are associated with Y (s) by Proposition|4. 1.4 and satisfy Ty (24 (£))Ye(t) =

Yo (1), together with 8,Y.(t) = By (zx(t))Ys(t) with initial data Y (s) at time t = s;.

Note first that, by the results of Section [4.2] all the quantities involved in Proposition 4.3.1
are well defined for ¢ € [sq, s5]. Besides, the solution at time ¢t € [s1, s5] on each mode only
depends on the data on this mode at time s;. It is in the sense that one can say that the

approximation is of “scalar type” as mentioned above.

Note also that the assumptions of Proposition implies that there exists ¢ > 0 such that

Vt € [s1,82], |w(z+(t))] > 0.

In the proof of Theorem [4.1.10, we are going to use Proposition twice: first between
51 =ty and sy = t* — & with u (t) = 0 and u_(ty) = a, secondly, between s; =: t* + § and
sy equal to some final time ¢ with the profiles u (#* + §) arising from the process of passing
through the crossing.
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For proving Proposition [£.3.1] we use the semi-classical formalism of Appendix [A] and the
pseudodifferential operators introduced therein: with a € C®(R*,CN) (N = 1 or 2), we

associate the operator op,(a) defined by (A.1)). We shall also use the matrices P, Pg ), Q and

Qf) of Section

4.3.1 The adiabatic ansatz

For proving Proposition 4.3.1] we first study the properties of the ansatz

VS app(t) = 0. (Vi (8))02. (1), (4.40)

where Vi(t, x) is a time dependent eigenvector constructed according to Proposition m
and satisfying

— —

Vi(s1,2+(s1)) = Ye(s1).

We analyze the equations satisfied by ¥, and use the notations of Section .

Lemma 4.3.2. With the notations of Proposition and equation (4.40), there ezists
do > 0 such that for 6 < o, k € N and t € [s1, s2], we have

82

ieatwj:,app = _EAw:EI:,app + )\i(x)wj:,app te Ops(Q)wi,app + 52 Ope(Qg))wi,app

+ 0 (4257 Ind]) + O (*267* |In )

in XX, where Q) is the self-adjoint matriz

Q=i(B, +B_) =i(Il_¢ VILII, — II,¢ - VILIL ) (4.41)
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__;'. i w(m) 0 1
TSR

and Qf) is given in (C.5)).

We recall that the matrices By are defined in (4.10) and we point out that 2 is self adjoint
because
V' =—i(BL+B")=iBy+B_) =Q.

Moreover, by (4.10) and (4.3)), the operator op.(£2) is a differential operator of order 1 with
matrix-valued coefficients that are growing polynomially at infinity. The different expressions

of the matrix Q are proved in Lemma [C.1.1}

Remark 4.3.3. We shall use § = ¢* with 3/2 —4a > 0, that is a < 3/8. We shall see in the

last section that the analysis requires §°c! < 1, which is possible since one has 1/3 < 3/8.

An optimal choice of § consists in choosing § = £11, leading to £3/26~% = §3c~1 = §u.

Proof. We begin by considering for t € [sq, s9] the family (v5.(t)) defined in (4.39)). It comes

from a computation (see [§] for example) that v°(t) solves in ¥,

2
iedw(t) = —%Avi(t) + A (2)vL(t) + O3 |Juw () || sprsa )
Since the profiles have been assumed to satisfy (4.15]), we have
O(*?[|u[[srs) = O(**| nd]).

We now consider ¢35 . and uses

OVi(t) = —{he, Vit + BiVi(t) = —{hy, Vi} —iQVL(2)
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because of IV (t) = 0. Therefore, in 2,

1205 (1) = £ 0D (—i{ha, Vil + QVL ()05 (1)
2

+ ope(‘?i(t)) (—%A + )\i(.%)) ve(t) + 0(53/2| In d|)

—

- (—%QA + (7)) + c”Opg(Q)) VS app(t) + € [0D2(Q2), 00 (Vi (1)) | V5 (2)

+ 0(£?| Ind)).

We set

70 = (2 [op.@.0n.7(0)] = op.(02) ) 5.

€

Note first that the operators op,(2) and op, (Qf )> is well-defined: it is a differential operator
with coefficients that have singularity on T. When acting on v (t), we use Lemma[B.0.2] (1)
to avoid the singularities. Let x € C*(R) a cut-off function such that y(u) = 0 for |u| <1

and x(u) =1 for |u| > 1, then for § small enough,

770 = (£ [op.0a0):0p. 7l0)] - op. (622 ) 2 0+ O(VES 1)

= op, (—i{xs Va(t)} + 0% ) 03 (1) + O(v/25 | n3]),
where we have used the estimates of Lemma and with xs(z) = x(Jw(z)[6~1). We set
R = x5(=i{Q, Va ()} + 0F)
and, again by Lemma [B.0.2] (1) and Lemma [C.2.1], we have

re(t) = R(zx(t)vi(t) + O(Ved [ Ind]).
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Since by Lemma [C.2.3] R(zx(t)) = O(|t — *|2) = O(572), we are left with

re(t) = O(Ved~*|Ind])

whence
; € e? (2) e
zs@t@/)iapp(t) = —EA + Ae(x) + Q4 eQf zpiapp(t)
+ O(2574 In 8|) + O(*%67 | Ind)).
which terminates the proof. O

4.3.2 Superadiabatic correctors of the projectors

We use ideas issued from [58 2] 52, 53, 50], aiming at ameliorating the projectors Iy (x)
into operators called superadiabatic projectors that are pseudodifferential operators with
symbols that are series in €. For our purpose, we just need the first term of this series. We

set

H(z, &) = % +V(z), hi(z,§) = % + A (),

and consider for x ¢ T, the matrices P, Pg), Q and ng) of Section together with

P(2,6) = oy (1 (06 - VL) = T )¢ - VL () (4.42
—i w 0 1
G

and
I (2, €) = () £ eP(z,€) + 2P (2, €).
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These matrices are smooth outside Y. From Lemma , we have equation (C.1J), i.e.
LbeH = (he + QU + 2 QRLTI + R (0,6

where for (z,£) € R??\ T, for all o, 8 € N? there exists constants C, s, po > 0 such that
020¢ B (2,€)| < Cla ) 191050 o ) 1912,

Besides, equation (4.27)) and Remark give precise estimates on these matrices at infinity
and close toi Y. Because these corrected projectors may grow in the variables x and &, we
shall need to localize them by use of cut-off functions. It will also allow to restrict to the

zone where they are smooth.

Let I be an interval containing [s;,ss]. We construct x%, v € C(I,C5(R??)), compactly

supported in {|w(z)| > 0}, equal to 1 close to the curve (z4(t))ec[s; 0]

5, [P s | _
atXi+ 9 + AL, x5 ¢ =0.

We choose Y% € C°(R?*¥) such that for all t € [s1, s5], we have Y5.(t,z,&) = 1 in a neigh-
borhood of z(t), the classical trajectory that we follow, and we assume that supp Y. C

{\%.(t) = 1} and that for o € N2? 9o¢% = O(5~ o).

Remark 4.3.4. Let s, s9 as in Proposition m The functions . can be taken for t € [sy, s5]

as

—t+s2,0 .
Xi(t>$a£) =Y ((I):I: (l‘,;) 21(82))

where 0 < y < 1 with y = 1 close to 0 and x = 0 far from 0, and Y%, similarly.
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By construction, we have the following Lemma.

Lemma 4.3.5. Let k € N, § € (0,1) such that €62 < 1. Then, in L(L?), we have

op.(X0)op. (ML 1) (-5 8+ V(o))

= 0p.(el0) (=5 8-+ Aa(o) + 20p. () + 20p. (02) ) op. (T 1)

+O(3677).

Remark 4.3.6. Note that if § = ¢® with a € (3,2), as suggested in Remark then

e2575 <« &3/2574,

This lemma emphasizes the interest of these superadiabatic projectors, that allow to diag-
onalize the operator op.(H) up to a correction € op.(£2) which is of lower order in € (recall

that Q = i(B, + B_) is self-adjoint).

Proof. The proof comes from the symbolic calculus of Proposition and Remark [A.0.2]
keeping in mind that we have |w(z)| > ¢ on the support of the cut-off functions. By (C.1)),

we obtain

op. (155 (1))op.(H) = op.(hs + £Q + £20P)op,. (x% ()15
+ &%op.(Rj)

with R5(t) depending linearly on derivatives of 9.x%(t) and satisfying for (z,¢) € R?? and

t e [81, 82],

|83R5<t7 Z, €)| = 0(5—|a|—5).
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The result then comes from the observation that because on the support of ¥2.(¢), the function
9.x°%(t) is identically equal to 0 and thus, so it is for R5(¢) = 0, the symbolic calculus implies
that in X¥

op. (X% (t))op.(R5(1)) = O(eM57Y).

One then concludes by choosing N = 3. O

Proof of Proposition 4.3.1

Proof. Without loss of generality, we can reduce to only one mode; the result then extends
to the other mode and to the general case because of the linearity of the equation. It is also
enough to prove

2 JE
P ) ’

1ML (52) — U5 p(52)]gy < Cel1nd (_ L VE

the same argument being valid for any s* € [sq, s9], as long as the constant C}, depends on
quantities that are continuous functions of z and ¢ in {|w(z)| > ¢}. In the following, we

assume 05 (s1) = 0.

We choose ¢ such that 572 < 1 and consider xJ.(t) and Y’.(t) as in the preceding section

(see Remark |4.3.4). We additionally requires

Ox%(t) = {he, X4(D)}.
Both functions \2 (s2) localize close to the point z_(ss) while for t € [s1, s, x3.(t) localizes

on separated points, ®77(2_(s3)). We set for t € [sq, s5]

w? (£) = op(X2(£)) (0P (X2 (O)TIL )97 (1) — 0> (XL (1Y (1))
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and
w (1) = op. (X% (£))op. (X ()15 )y° (¢),
with
UF app(t, ) = 0D, (V- (£))0° (1),

The crucial point of the proof is to establish the equation satisfied by w ().

Lemma 4.3.7. Let k € N, § € (0,1) with 52 < 1. Fort € [sy, s3], we have in XF,

2
icdws, = —%Awi + Ayws 4+ cop (2 + 5Qf))wi +O0(*67°)

2
icOws = —%Awi F AWl +eop.(Q + QP + 03677
+ O((e72574 4 %2671 In d))

with initial data w(s1) = O(V/e).

Proof of Lemma[4.3.7] Let us begin with w? (). We have

iedyw’, (t) =op. (X% (1))op. (xS ()11 Jop. (H)v=(t)
+i2op, (X5 (1) Jop. (X5 (1 )= (1)
+ o, (Y% (£))op (O (DI )y (1),
Using 9, (t) = {A\+, X% (¢)} and the fact that d,x%(f) = 0 on the support of Y% (t), we

obtain
0. (F(1)op.(O0 (HIT5 )0 (1) = O("6277)
We choose as before N = 3. By Lemma [4.3.5] we are left with
200, 1) = 0p.(XL ()bl -+ <82+ 2 0op. (L (DT ) (1)
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+ig0p (9X (1) Jop: (X} (DIT 1" (1) + O(%07).
We now take advantage of
op. (3. (£)), op.(hy + e + 20| = —icop. ({hy +Q + Q0 . (1)}) + O(%672),
which implies

op. (%, ())op, (hy + e+ 20P) =op_(hy + 0 + QP )op, (.(1))

—icop,({h Xo(B)}) + O(E%5).
We deduce

op. (%, (1))op, (hy + e + 20D )op, (. ()12 )= (t) = op, (hseQ + 20w,

— icop,({hy, () Hop. (. (T )0 (1) + O(3579).
Combining the latter result with 9,Y%(t) = {h, X%.(t)}, we obtain
iedpus (t) =op.(hy + eQ)w () + O(e*57?)).

For w® (t), the computation uses the same steps with the difference that there is an additional
term for which we use Lemma which generates an additional remainder in O((g%/25~4+

3261 Ind)). O

We can now conclude the proof of Proposition [4.3.1] Using Lemma [4.3.7] and by the prop-

erties of the unitary propagator associated with the operator

2

—%A +Ax +eop. () + e”op. (22),
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we obtain the existence of a constant C} such that
lw (s2)llsx + lw? (s2)[[gs < Ci((€¥267* + V&6™h) | Ind]). (4.43)

Equivalently, using x°(s2) = X°(s2)x’(s2) and the localisation properties of ¢S, (see Lemma/|B.0.2)),

the latter relation writes

0P (X (52))¥°(52) = ¥ 4pp(52) + O(07) + O((%6~" + v/20™1) | In )

in ¥*. The argument could have been worked out between s; and any s € [s, s, therefore,
at this stage of the proof, we have obtained that for any ¢ € [sq, s3] and any cut-off function

X supported in {|w(z)| > §}, we have in X,

0P (X°(£))1° (1) = 42 4 (1) + O((€¥267* + /25| Ind]).

We now want to extend this approximation to 1°(t) itself. For this, we consider two cut-off
functions y and # as in Remark (1) with @ = 1 on the support of x. We define x%. and

9° and éft accordingly. We also ask that
supp(62.(t)) < {x°(t) = 1}.
By the analysis performed above, we have in 2F
0 (52) = 0p.(1 = B (1)) (52) + 07 (1) + =0~ + O(E| )

and for t € [sq, $9]

oD (X2 (£))17 (1) = 2 (1) + O((€¥267 1 + v/2071)| In 4]).
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We study
wi(t) = op. (1 — 62 (6))4~(t).
By the hypothesis at time ¢ = s;, we have w®(s;) = O((¢%/26~* 4+ /671)|In ]). Moreover,

for t € [sq, so],
2

ieOw® = —%Awf(t) + V(2)ws () + cop.(q(t))E (1)
with ¢ € C>®°(R**1) supported in {{°(t) = 1} with V,¢q(t) = 0 close to ®"*2(z_(sy)) and
10%q(t,z,&)| < 5~ for all o € N2, We deduce that for ¢ € [sy, s5] and in XF
op.(q(t)¥°(t) = op.(a(t)op. (X (£))¥~(t) + O(67?)

= 0P (4(t)) V(1) + O((€¥267" + V6 1)| In )

= O((e*%67" + 2671)| In o))
Therefore, Duhamel formula gives

W (s9) = w(s1) + O((e%67* + /2671 Ind|)
and we deduce
V¥ (52) = Y7 pp(s2) + O((£¥207" + V/e6 1) In ),

whence Proposition [£.3.1] m

4.4 Passing through the gap region

At this stage of the proof, we have obtained an approximation of the solution as long as it
does not enter in the region {|w(q)| < d}, i.e. in a neighborhood of the crossing set Y. We
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focus now on trajectories that reach their minimal gap inside this region and enter in the

region at time #* — § and leaves it at time ¢ + 6.

The strategy is the following.

1. We first perform a change of time and unknown in order to reduce the system (4.1))

into a Landau-Zener model in the region {|w(q)| < ¢}.

2. We identify the in-going wave-packet in the new coordinates, i.e. the function ¢ (> —0)

that satisfy in L?(RY),

Y —8) = (1" —6) + O((ved ™t + 2674 1In d)).

app

3. We prove that we can use the resolution of the Landau Zener model to calculate the

solution at time t* + 6.

4.4.1 Reduction to a Landau Zener model

For passing through the gap, following ideas of [34], we make a Taylor approximation along

the trajectory @ffb (2°) = (qo(t), po(t)) introduced in Section 4.2.1, We make the time-scaling

t =’ + s/¢ and consider the new unknown u®(s) € L?(R? C?) defined by
P (1) = ez S0 I\Wpe (us(s)), t=1"+sve (4.44)

b
o5 (24)

where the action Sy(t,#", 2°) is associated with hy and (IDf)’tb (2°) as introduced in Lemma .
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Note that when ¢ = t* — 4, then s = —sg := —0/+/¢ and when t = £” 4§, then s = sy = §/\/c.

For w € R?, we introduce the notation

Lemma 4.4.1. Let k € N. The family (u¥) satisfies that for all (s,y) € R?¥+!
1
" =A(sE+ dw(qb)y) u® + /e (iAus + B(s, y)u5u€> (4.45)

where there exists a constant C' > 0 such that for all s € [—sg,s0] and y € R?, the smooth

hermitian matriz valued potential B® satisfies
1B%(s, )] < C((y)* + 5%).

Remark 4.4.2. Recall that £ = rw = dw(q’)p’ and that ¢” has been chosen as a point of

minimal gap of the trajectory, which implies dw(¢’)p’ - w(¢’) = 0.

We shall set in the following 7(y) := dw(q’)y and compare u® with the solution u of the
equation
i0su = A (n(y) + sTw) u.
Actually, the leading part A (n(y) + srw) of the system is close to the well-known Landau-
Zener system (see references |44} [61] and equation below), the analysis of which is well
understood as explained in the next section. We shall use the initial data at times s = —sq
with
s =0/+/z.
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The time —s, corresponds to t = t* — 6, i.e. to the ingoing solution, and we shall deduce the
value of the outgoing solution at time ¢t = > + § or equivalently s = +s,. This will be done

assuming ¢ > /e and thanks to the scattering result of the next section.

Proof. We use the formalism of Section [.2.3] together with the observation of Appendix B}

The first step consists in observing that
2 , .
(z’e@t - %A — 'U(x)) Vo(t, 1) = S P)giro(t)(VEY) (i\/gasuE(S, y) + gAyus(S, y)

~ (v(ao(t) + VEY) — vlan(t) — yvEdvlan(t) w*(t.y))

y:ﬂﬂ*\q/%(t)

= 25 DO (i /20,.0 (s, ) + 5 Ay (s.9) + W () (5,)) |
Yy

_z=q0(t)
Ve

where WE(s, y) is a smooth potential such that [W=(s,y)| < |y|* (we have used Lemma[B.0.2]

(1) and the definition of the action). Moreover,

Alw () (1) = 00 (O VD Aqw(an(1) + Va0 (5.9) )|
y= 0

Therefore, the equation becomes
iVEDsut + %AuE +eWs (s, y)u’(s,y) = Alw(qo(t) + Vey))u®(s,y).
Writing w(qo(t) + v/ey) = w(qo(t)) + vedw(qo(t)y + Olely|?)
iVedau = A (w(go(t” + sv2)) + Vedw(go(t + sv/2))y) u* + O(ey?).
We conclude by performing a Taylor expansion in s, writing

@’ + sve) = ¢ + Vesp’ + O(es?)
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and w(qo(tb + sve)) + \/gdw(ﬁjlo(tb + sve))y

= Vesdw(q)p + Vedw(q)y + O(e(s* + |y|?)).

4.4.2 The Landau-Zener model and the structure of the solutions

The structure of the system (4.45)) suggest to consider the model problem

i0su = A(n + srw)u,
(4.46)
u(0,m) = uo(n) € C?

where n € C? is a parameter. As we shall see below, this problem can be turned by elementary

computations into the Landau-Zener problem

1 s+ 2 29

—Osurz(s,z) = urz(s, z). (4.47)

i

Z9 —S— 21

Therefore, one can deduce the behavior of its solutions from the asymptotics as s — +oo
of the solution of this Landau-Zener problem that are well-known. Besides the historical
references [44], [61], the reader can refer to [I3] where an analysis of the behavior of the
solutions of the Landau Zener model is given with a stationary phase approach or to [34]

where the proof is given in terms of parabolic-cylinder functions. We follow the results of

the Appendix of [I3] which are obtained for 7 taken in a fixed compact, while the analysis
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in terms of the size R of this compact is performed in [Appendix, [I7]]: as s — +o0

uit(22> _7;(s+zl)2
e 2

.22 O
—iZ2 In|st2] +O(R*s™1), (4.48)

0 uy (22)

(2?23
ULZ(S> — o2 +is In |s+21|

with

ul = a(z)u; — 5(,22)16, ug = b(z)uy + a(z2)us

where the coefficients a and b are given by (4.21)). It is then possible to derive the next
Proposition about solutions to (4.46) in which (Vw, VML) is a direct orthogonal basis of R?

consisting of normalized eigenvectors of A(w) that satisfy
Aw)V, =V, and A(w)V}:=-V+

Note that they are uniquely defined up to a phase. The next lemma gives the form of the

asymptotics of u(s,n) when s — £00 in such a basis, together with scattering relations.

Lemma 4.4.3. There exists oy, o, wi,ws € S(R?) such that as s goes to —oco and for
Inl <R,

u(s, n) = ey (V4 e N May (), + O(R?|s| ),
and as s goes to +oo and |n| < R

u(s,n) = ACDw (V4 e MMy (y)V, + O(R?[s| ),
where

1 1
As,m) = g-lw - n+rs” + ol nl* In(v/rls]). (4.49)
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Besides

- S Pwt ) "
with
S(n) = a(n) —b(n) |
b(n) a(n)

where the coefficients a and b are given by (4.21)).

Proof. For proving Lemma [4.4.3] we relate the solution u of the system (4.46) with urz by
use of change of variables and of the rotation matrix

-6
COS 9 Sin )

R(0) = , 0 eR.
sin g coS g
Indeed, one has for n € R2,
. Wwe -1 We AT
R(O)AR(0) = (4.50)

we A1 —we -1
with wy = (cos 6,sin ). Therefore, choosing 6 € R such that wy = —w, we have

n-w-+sr 77~u)L

R(O) A + srw)R(0) = —

We then write

S0.(R(O) ) = RO) " A~ — sr)R(6) (R(0) )
“w + sr wt
_ | ! (R(0) " u)
n-wt  —n-w-—sr



and we deduce that

v(s,n) = R(O) tu(sr 2 r'/y)
solves
n-w-+s n-w

1
;asv(san) = U(5777>7
n- (.UL -nN-w—3S

i.e. the equation (4.47) for z = (- w,n-w') and we can write
u(s,n) = R(O)upy(sri/?, r=22).
Then, we observe
Looap o1y 2 L iy L)2 12 ,.—1/2
A(s,n)zilsr + 77 - w| +§|r n-w| ln‘sr +r n'w|
1 1 .
= _|sr 2 42 w4 Sy wt)? [ln |sr1/2} +1In ’1 L e H
2 2 s
1 1
= 5]37“1/2 +r V2w + §|r_1/277 WP In|srt?| + O(RY|s| )

7 w‘ and used |n| < R. We deduce
,

where we have performed a Taylor expansion of In ‘1 +

that equation (4.48]) yields that as s — 400,

. 1 _ 0
u(s,n) = e’A(S’”)ufR(Q) + e_ZA(S’")ufR(G) + O(R3|s|_1).
0 1
In view of
-1 0
R(0)TA(wW)R(0) =
0 1
we deduce that we can choose
. 0 . 1
V., = R(0) , Vo =R(0)
1 0
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as a basis of eigenvectors of A(w). The result of Lemma m then follows with o;; = u; and

w; =ul, j€{1,2}. O

In the next sections, we will compare u® with a solution u of the Landau Zener model
problem with n = 7(y), and we will use Lemma to deduce the behavior of u®
at time sy = to/+/c from what we know at time —sy = —to/+/c (with so = 0/4/¢). For
that, we we need to identify entering profiles oy and s associated with our entering data
u(—s0) = u*(—s0), so = 0/+/e > 1, what we will do in the next section after proving some

properties of u(s,y). Then, we will deduce the value of u(sg) and deduce the value of u®(sg).

Lemma 4.4.4. Assume u(—sg) € X*(R?), k € N. Then, there exists a constant Cy, > 0 such
that for s € Is, we have

lu(s)llsx < Cils)".

Proof. One uses a recursive argument starting from the conservation of the L?-norm. For
passing from a control of the ¥¥ norm to the control of the ¥**! norm, one observes that
the momenta of length £ + 1 satisfy a closed system with source term which is bounded in
L? by the recursive assumption at order k. Successive integration of an energy inequality

generates the growth in s of the control. O]

4.4.3 The in-going wave packet
We prove here the following proposition.
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Proposition 4.4.5. With the assumptions of Theorem |4.1.10, the solution of (4.1)) satis-

fies (E44) at timet =1 — 6, i.e. s = —s9= —0/\/¢ with
U (—s0,y) = e MMy (- WV, + O((VEd ™ 4 %2674 Ind]) + O(6% 1)

where A(s,n) is defined in ([£.49), n is given by n = dw(¢’)y and we have

l

7
as(n) = Exp (ng_ + p

P + ol ) o), (451

Remark 4.4.6. Additionally to the constraints mentioned in Remark [4.3.3] this result suggests
that ¢ has to be chosen so that 6 < . Note that these constraints are compatible as soon

as €'/?2 <« § <« £'/3 and that they are optimized with § = £2/5.

Proof. We start from the estimate obtained for ¢t < ¢’ — §, namely

Ve (t, @) o d/4gE S (tto,z0)+ I (B)(z—q- ()} (t, D" (2))

X (t, :U—qu(t)) +O((vVE6™! + 32574 n d))

in ¥¥. We fix k£ € N and make the estimates in this set.

We begin by considering the phase. The asymptotics of Lemma and Lemma

implies that when t = ¢ + /25 with s < 0 and x = qo(t) + /2y, we have

éS,(t,tb,zb) = LSo(t, ', 2) — irs® + O(v/es®)

€
and

(po(t) — Ves'dw(q")w + O(es?))
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(2 = qo(t) + 582 Hdw(¢)w + O
2

:épo(t) CyY — 1Sw - dw(qb)y + %s%} . dw(qb)po(t)

+O(Ves|yl) + O(Ves?).

We observe that

w - dw(q)po(t) = w - dw(q)p" + O(sv/e) = r + O(sV/e).

Therefore

ZSe(t 8 2) + Zpa(t) - (2 = (1)) = ZSult, ¢, ) + =y po(t)

: Ve

- %”2 —isw - dw(q’)y + O(Ves’ly|)) + O(Ves®)
We now consider the profile and takes into account Corollary We obtain
V) = Bxp (L0~ VB8 + ()

(4

x V., Exp (——Foy yln|sve| — %rsQ —isw-dw(q)y + 0(53\/5))

[\]

x et 5t (y + O(s*Vz) + O(s|y|v/e))
+ O((ved L + 32571 In 8)) + O(6)

where the O(§) term comes from the approximation of u_(t) by ™ and of V. (t, ®""(2y)) by

V., for t close to t* (|t — £’ ~ ). We deduce

u(—s0,y) = Vet Exp (—%Foy -yIn|sy/e| — %7“82 —isw- dw(qb)y) u™ (y)
+ O((vVed ™ + 32574 Ind|) + O(8) + O(8371).
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Given the definition of A(s,n) in (4.49) with n = dw(q’)y, we observe

1 1
Alsm) = ol rsf? + o P In(v/rls),

and since
w-n = dw(q)p - (dw(q’)y) =w - dw(q)y,
we obtain
A(sm) = 55" + s dul@)y + ool + 5" -l In(7ls).
2 2r 2r
Moreover

Loy-y=r"(Idz2 ~w @ w)dw(qb)y) . (dw(qb)y) = Hdw(q")y - wh)?.

Therefore,
u(=s0,y) = Vi Exp (—iA(s,9))
<50 (182 + Lo w P+ Lo ) )
O((ved™ + 3267 Ind]) + O(8) + 05371,
whence the value of as(n). O

4.4.4 The outgoing solution

We now compare u®(s) with a solution ug(s) of the Landau-Zener model problem. We

consider g € C°(RY) and the data at time s = —sg

ur(—s0) = Moy (n)xo(y/R)V., (4.52)
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where «aq(n) is given by (4.51)), R > 0, n = n(y) and xo is chosen so that |n(y)| < R when

y/R € suppxo.

Lemma 4.4.7. Let ug(s) be the solution of the Landau-Zener model problem (4.46) with

data ug(—so) given by (4.52)), and u®(s) be the solution of (4.45)). Let k € N, then for all

Ny € N and for all s € [—sg, 0], in L*(RY)

uf(s) — ug(s) = O((ved ™t + 32674 Inb|) + O() + O(5% 1) + O(R~No)

Proof. Let us first observe that using that «'® € S(R?) (see Proposition |4.4.5), we deduce

that we have in ¥ and for any Ny € N,
u(—s0) — ur(—s0) = O((v20 ™ 4 32674 Ind]) + O(6) + O(8°c 1) + O(R~™).

Therefore, it is enough to prove that u® can be approximated by the solution u(s) of (4.46))
with data u®(—sg). We set u®(s) —u(s) = v/u5(s) and we observe that u§ satisfies u§(—sg) =

0 and

NG

2

A(s) — A(SE + dule )y — VEB* (s, ) (s) = Lo Au

5 (5) + VB (s, y)u(s).

10su] —
An energy estimate gives

[ui(s)ll2 < CVe [ |lu(s))]lg2ds’ < C6%e,

—s0

where we have used Lemma [4.4.4] O
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4.5 Proof of the main results

4.5.1 Proof of Theorem [4.1.9|

When the trajectory ®"(z) stays in the domain {|w(q)| > §}, the results of Proposi-

tion [4.3.1] apply and implies Theorem [4.1.9]

4.5.2 Proof of Theorem [4.1.10l

Inside the gap region, for t € [t” — §,¢° 4 6], we apply Lemma 4.3 to pass through. Then over
the time [t* + 6, + T we again use Proposition 3.1 to propagate further, with initial data
found from the resulting solution 1¢(#* 4 ) from Lemma 4.3 in the gap region. Then, we

optimize the 0 to get the best approximation in terms of e.

Away from the gap region

Given the initial assumptions of the theorem, we start at time t; far from the crossing
point with initial data v satisfying . We consider the trajectory <Dt_’t°(zo) and the
classical quantities that are associated with it. Applying Proposition 3.1 during the time
[to,t” — 6] with u, (to) = 0 and u_(ty) = a, we propagate the solution up to the gap region:

at t = t* — s9\/e = ” — 6, we have
Ve (t, x) /4ot S (tto,z0)+ I (1) (z—q- (D))} (t, D" (2))
—q_(t
X u_ (t, x—\qf”> +O((VEd™" + 32674 n d)).
5
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Using the minimal gap of the avoided crossing, . > /¢, we are left with error terms o(1).

Passing through the gap region

In this section, we compute an approximation of ¢°(#* + ¢§), thanks to the representation of
¢ as (1.44)) which reduces the analysis to this of function u?(s) satisfying (4.45). Then, by
Lemma [£.4.7 it is possible to use Lemma [£.4.3] for linking u(+so) and u*(—sy). Proposi-
tion allow to identify the entering data at time s = —s, that we use in Lemma ;

a; = 0 and ay satisfying (4.51]). We define (wq,ws) as

wi(n) = =b(r~"*n- wh)as(n) (4.53)

wa(n) = a(r™'n - wh)as(n).

Wi
This follows from the formula giving in Lemma [4.4.3] Besides, we know that when

%)

t=1 4+ =1 + so\/E, ¥°(t) satisfies (4.44]) with

0 (s0,9) = NI )T+ N )T

+ O((V/ed L+ 326N 1In d)) + O(6) + O(8% ).
This implies that for t = " + 6 = > 4 \/es,
VE(t, ) = 5 (8, @) + U8 (¢, ) + O((Ves ™ +&%2574) Ind|) + O(8) + O(5% ™)
with

Yt z) = o So(t,t".2")+ L (z—qo(1))-po(t) (e_iA(SOW(y))wQ(n))l oyt Vi, (4.54)
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/406 (t l‘) = eéSo(t,tb,zb)—&-é(x—qo(t))-po(t) (e+zA(507n(y))w1(n))| z—qg(t) VL (455)
— 9 y= \/Ei w

It remains to see why the functions < (¢, z) can be approximated by wave packets associated
with the curves @ti’tb(z") respectively. For this, we study the asymptotics of the phase and

of the profiles for t > t*, as we did in Section for times ¢ < t°.

Let us begin with the phases. We then observe that the asymptotics of Lemma and

Lemma implies that when t = #* 4+ /g5 with s > 0 and x = ¢y(t) + /ey, we have
i bob i b b - o2 3
gSi(t,t ,2) = gSo(t,t ,27) Firs® + O(ves?)

and

l

—p=(t) - (@ = qx(t) = (po(t) F VEs'dw(q')w + O(es?))

RS

|z —qo(t) = s Ldw(q")w 4+ O(e325%)
2

:%po(t) cy Fisw - dw(g)y + O(VEsly))

()

+ 55w dw(@)po(t) + O(vEs") + Ofes?)

We observe that

w - dw(q)po(t) = w - dw(q)p" + O(sv/e) = r + O(sV/2).

Therefore

l l

2p(t) - (2 = gx(1)) = NG ~po(t) F isw - dw(q')y £ %TSQ +O(Ves[yl)) + O(Ves?).
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Then,

i i
= —So(t, 8, 2") + —y - polt
. o(t, T, 2") + =Y po(t)

\/_
7yt F s duld )y + OWE )+ O(VES)

éSi(t, t,2) + épi(t) (@ = gx(1))

Given the definition of A(s,n), (4.49)),
iM(s7) = w478l + L lw - In(rs?),
and since

w(q’)
NG

w-n=dw()p - ( - dw(qb)y) =w - dw(q)y,

we obtain

iN(s,m) = % (|w ) 4 2rsw - dw(q")y + 7‘252) + 4Z—T|cuL -n|* In(rs?)

= 2—r|w 2 4 isw - dw(q’)y + 57“32 + 4—7a|wL -n|? In(rs?)

Using all of these together, we have
i b by, © i b b
gsi(t,t , 2 ) + gpi(t) : (l’ — qi<t>) = gSﬂ(t,t , R )
+ 2 po(0) F A1) & ol 0l & ot (V)

+O0(Ves’ly)) + O(Ves?)

At this stage of the proof, we are able to see the wave packet structure of the functions

Y5 (£ + ) defined in (£.54) and (4.55)). Let us study precisely ¥< (¢, z), the computation for

the other mode being similar. In view of the relations stated above, we have obtained
(1, 7) = eES- L ) (O b+ el alP )y () L
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+O(Ves?ly|) + O(Ves?).

Here again
L@ n(9)* n(sv) = Ty -y (/) = Toy -y n(sv/2) + (" - n(y))? ().

and we obtain for t = > + 0 = + s9/2

V) =V B (15062 + Lo - 0 (0) -0

(B0 (5o yins ) Bxp (00 1n(r/2) 4 5o ) n ()

r

+O(Ves|y]) + O(Ves?).

Using that wy (22920 = ) (220 1 O(,/zs2) with O(y/£5%) = O(62c~1/2), we identify a
Ve Ve

wave packet

UE (1) = eFS- 00 Wpe (eérowln<s>eﬁ<w-n<y>>21n<r/e>+2%<w-n>2w1 (n)> Vi

b
“ ()

+O(Ves* (1 +yl)) + O(Ves®).

For t € [t* —§,¢° + 8], O(v/zs* (1 + |y|)) + O(y/es®) = O(/ed*(1 + |y|)) + O(/26°). Using the
minimal gap found 6, = /e and y = x_—jg(t) for this region, we are left with the error terms
O(63%™1). In view of ([4.18), this suggests to set

i

u(y) = Exp (E(“’L “n(y))?In(r/e) + %\w - 77|2> wi (1)

= B (0Pl + ol ) B el

A similar computation for the plus mode gives

) = Bxp (= )P /6) = ol )l
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= Bxp (- ) 0/E) = ol nl ) ale sl

In view of (4.51)), we deduce

a(y) = e alr 2w )u(y),

which is equivalent to (4.19).

Leaving the gap region

b(r=Y%n - wh)u (y).

We define u(t,y) for t > > + 6 as the solution of (#.14) satisfying (4.18). Then, we

have (#.23) when ¢t = > + § and the result for [t € > + §,T] comes by applying Proposi-

tion [L.3.1]
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Chapter 5

Conclusion

In conclusion, we have gained important information about the behavior of a system as it
passes through a conical intersection, or an avoided crossing. In the first part, we investigated
a specific codimension 1 problem. For the system passing through the crossing, we found the
approximate solutions to the Schrodinger equation given by Corollary (3.3.3). Then for the
system with the avoided crossing, we found the approximate solutions given by Corollary
. We also found the transition probabilities for each case, thus indicating that it
is more likely to transition from the lower to the upper energy level in the crossing case.
The probability of transitioning to the upper level depends on the momentum at the point
of minimal gap for the avoided crossing. A greater initial momentum provides a higher

probability of transitioning.

In the second part, we constructed a new form of solutions to the Schrédinger equation
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given by Theorem (4.1.10)), for a general codimension 2 crossing. We gave explicit transition
formulas for the profile when passing through a conical crossing point, including precise
computation of the transformation of the phase, which provided solutions that are able to

be adapted to more general types of system that previous results.

There are a few interesting observations we may make from the results found. For both
the codimension 1 crossings and avoided crossing, we see that when we send in a Gaussian
wave packet, we still get a Gaussian wave packet out. Comparing to the codimension 2 case,
we see that is not true, a Gaussian wave packet is not preserved after passing through the
crossing. This can be seen from the results in Chapter 4, as well as [34]. In the solutions
found in Chapter 4, there is a Gamma function which is dependent on the space variable,

and therefore the wave packet is no longer Gaussian after passing through the crossing.

Future work on these topics can also be done. With the solutions found for the codimension
1 systems, since Gaussian functions are preserved when propagating though the crossing
and avoided crossing, we can use these to find Herman-Kluk approximations, or frozen and
thawed Gaussian approximation. We may also continue work on the codimension 2 problem,
where we also consider the corresponding avoided crossing in the same setting. Results for

a codimension 2 avoided crossing are in progress, [15].
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Appendix A

Semi-classical pseudo-differential

calculus

We recall here results about semi-classical pseudo-differential operators. We consider matrix-
valued functions a € C*°(R??, C*?) which are bounded together with their derivatives. Then,
one defines the Weyl semi-classical pseudo-differential operator of symbol a as

ov. (@)f(e) = (2me) ¢ [ e (T2, ) flapdyas, vp e SRACE). (A)

The reader may found proofs of the results presented here in [9} [62] 24], for instance. In the

following, we denote by z = (, &) € R?*® the variable of the functions a € C*°(R?¢,C??).

The Calderén-Vaillancourt theorem [3] ensures the existence of constants Cy,ng > 0 such

that for every a € C*°(R? C%?), bounded with bounded derivatives, one has

| op. (a)|lz(r2rec2)y < Ca Ng(a), (A.2)
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where

Ni(a) :== Z el sup |07 cal.

a€N2 o] <ng

Since we are going to deal with symbols that are singular in x, we shall also use the estimate

lop: (@)l z(r2@ayy < ¢ sup  sup |(1+ |§|)_d_lafa($;§) : (A.3)

BeEN? z,£eR4

for some constant ¢ independent of a and €. The proof of this estimate can be found in [I]

(chapter 2) for example.

The calculus extends to functions a that are polynomial functions in £ with coefficients

depending smoothly on x. We assume that there exists N € N, such that
Vo € N* 30, |0%a(2)] < Culz)V 1ol (A.4)
Then, the operator op,(a) maps L% into BV,

Matrix-valued pseudodifferential operators enjoy a symbolic calculus:

Proposition A.0.1. Let a,b € C°(R?,C*?), then

3

op. (a) o, (b) =op, (ab) + = op, ({a,b}) + AL,

with {a,b} = Z;l:l 0¢;00y,b — 05,0 0¢,b and
€
[op. (a), op. (B)] =op. ([a,b]) + - (op. ({a,b})— op. ({b,a})) + 'R,
1RO |l cramacey < € sup NG(9£97a)NG(907h), j € {1,2},

|l +]B|=2

for some constant C' > 0 independent of a, b and ¢.
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Similar results hold for symbols satisfying (A.4)) in the adequate functional spaces.
Remark A.0.2. The term of order 2 above has symmetries so that if a and b are scalar
valued and [a,b] = 0,

[op. (a),0p. (b)] = = op. ({a,b}) + O(®).

i
Besides it has a particularly simple expression when the function b does not depend on =x.

The following hold in £(L*(R% C?)):

d 2
€ €
OP¢ (b) 0D, (CL) =0D, (b(l) + 2_ Z OP¢ (aﬁjbaﬂ»‘ja) + g Z OP; (aggﬁpbaggmpa) + 0(53)7
vi= 1<t,p<d
d 2
€ €
op, (a) op, (b) =op, (ab) — % Z op, (0r;a 0¢,;b) + 5 Z op, (aiﬂpa @gefpb) + 0(£%).
j=1 1<t,p<d
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Appendix B

Localization of wave packets

The wave packets enjoy localization properties. We use here the notations introduced in
Appendix [A| and we use the notations a@ for denoting (non semiclassical) pseudodifferential

operators, a = op;(a).

Lemma B.0.1. Let 2o = (¢,p) € R*, o € S(R?) and a € C*(R*?) satisfying (A.4) for

some N € N. Then,
op.(a) WP%, () = WP%, (alzo +vE2) ).

Proof. We have

op. () WP, (¢)(a) = (212) =% [ otéig ( . y,g) e (152 dyd
R

We make the changes of variables § = Y4, & = 24, and £ = 5;\/5 and we obtain

op.(a) WPz, (¢)(z)
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= (2m) 4=/ /2d ot GVEtn) (VEi—vED) g (%\/g + q,§~\/5+p> e Ve () didé
R

= (2#)_d€_d/4eﬁp'f/ et @0 <—x ; Y e+ q,g\/§+p) w(7) djdé

R2d
Then we can define the following,

0(5) = 2m)¢ [ o€ (LTI B+ gup 4 VEE) (i) i

R2d

By the definition of pseudos
®(z) = opy(alg + Ver, p + Veg))p(x)
and by the calculus we have performed,
op. (a) WP% (9)(q + V7) = e eV (7).
Doing back the change x = q + /%, we obtain
op.(a) WPZ, () (x) = £~/ eP 0 ((x — g)/ V).

Which means

op.(a) WP (p) = WPZ (®).

This Lemma has several important consequences.

Lemma B.0.2. Let 2o = (¢,p) € R*, o € S(R?) and a € C*(R*?) satisfying (A.4) for

some N € N. Then, we have the following properties:
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1. For all ng, k € N, there exists a constant Cy, such that

no+1

< Cre 2 ||@llgreng
nk+N

op. () WPS, () — WPS, (Pé%\\@)so)

where Péno)(z) is the Taylor polynomial at order ng of a in zy:

1
P")(h) = a(z) + Va(z) - H+ =V3a(z)h-h+ ... +

2. Assume moreover that a(z) = 1 for |z — zo| < 1 and a(z) = 0 if |z — z| > 2.

for any n € N, there exists a constant Cj,,, such that

IWPZ, () — op(a) WPL(¢)lsp < Cre™?|[@l|swen.

Proof. Let us prove Point (1). Applying previous lemma,

—

lop. (@) WP () — WPE (P (2/2) ) |t
= |WPZ, (a(z0 + v/2) ) — WP (P (2/€)9) |2

—

= WP, (a2 + vE2) = P (2v/2)) s
There exists a constant C}, such that for all profiles ¢ € S(R?),
IWPZ, (@) lsx < Cillel s

hence

— —

d™a(zo)[h]™.

Then,

IWPE ((a(z0 + vEz) — P (2v/E)@) s < Chll(alzo + vEz) — P (2v/E) )0l s

We have

no+1

a(zo +Vez) — P (2v/E) = e 2 r(vEz)[]" "
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where 7 € C*°(R??) is a tensor of order n + 1, bounded together with its derivatives.

1 /!
r(z) = —/ d™ (2o + 52)(1 — s)"ds
0

’rl()!

We observe that z — r(y/£2)[z]"0"! satisfies (A.4]), therefore there exists a constant C' > 0

such that

L —

Ir(vVez) 2]+ ollse < Cllllgrrnot,

which concludes the proof.

For Point (2), we just need to observe that since a is identically equal to 1 close to z, all
its Taylor polynomial Pén)(z) are equal to 1 for all n € N. We then apply Point (1) with

ng=n—1.
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Appendix C

Matricial relations

Setting for w = (wy, w,) € R?

we have for w, u € R?

where w A u = wiug — Wouly.
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C.1 The B. matrices

We prove here results about the matrices By introduced in (4.10)). We recall that for £ € R,

¢ - V denotes the (scalar) operator

d
§-V=> &b,
j=1

Lemma C.1.1. For ¢ € R? and w € C*(R4, R?),

& Vu(z) ANw(z)

UJL T wL = (—W2,W71).
Salap A @), Wt = ()

£-VIL, =

Therefore,

& Vuw(z) ANw(z) 0 1
2|w(x)[?

I (z)¢ - VII (z) — I ()¢ - VI (7) =
-1 0

Proof. Since I1 (z) = 1(Id + A (%), a straightforward computation gives

1 w(x) - (§- Vw(x))

1
:W(wgf - Vw; —wy € - Vws) A(ws, —w1)

whence the first formula. Then, we write

()¢ - VIL (x)—1L (2)¢ - VIL, (z)
_ & Vu(z) Aw(z)

2|w(z)]?
_ & Vw(z) A w(x)

2Jw()|*

(M- () A(w™(2)) — Ly (2) A(w™ (2)))

Alw(z))A(w ()

_ & Vuw(z) Aw) | 0 1
2Jw(x)[?

-1 0
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C.2 Superadiabatic projectors

In this section we denote by afi.b the symbol of the operator op.(a) o op.(b) as described in
Appendix [A]

Lemma C.2.1. There exists P(il), IP)(f), Q(il) and Qf) such that if
5 (2,€) = i () + ePL (2, €) + £°PL (2, €)
+\4 + + ) + 1S )y

we have

MefH = (he + e QY + 2 Q)EITS + 2 RE (2, €) (C.1)

where for (x,€) € R*\ T, for all o, B € N%, there exists constants Co 5, po > 0 such that
020 RE (2, )] < Gl ) (9 1#10) ()| ~lol =5,

Moreover, one has the following propertoes

1. One has
PY (2,6) = £P(,6), QV(x,€) = Q(x,€)

where P and Q are the linear functions in & defined respectively in (4.42) and (4.41)).

They are homogeneous functions in w of degree —1 and —2 respectively.

2. The matrices Pf) and Qf) are polynomial functions of order 2 of the variable £ and
for (Ivg) € R* \ T, for all o, € Nd, there exists Ca,,B > 0 such that
0207 (2, )] < Cap(€) () T o ) |11,
02092 (,€)] < Cap(€) ()12 o ) 112,
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Proof. We use the calculus of af.b detailed in Proposition and the observations of

Remark [A.0.2l We have

1 1
M5 4.H =T1.H +e(PVH + o (e, HY) + 2PPH + Q—Z_{PQ, HY +dy) + %,
(hs + Q) + &2 Q)11 = hylly
1
+ €(h:|:IPE|:1) + Z{hi, Hi} + Q?Hi)

1 1
52(@:]1)23) + Z{hi,]P’il)} + Z{Qg)a I} + OPPY + P + dy)

1

where 7! and 72 involves derivatives of order 3 of I, 2 of IP’(il ) and 1 of Pf) and dy comes

from the computations

2 2 2 2 2 c 2
|§2| Hi — |§| H 4+ — 5 {|§’ i} 2di> Hiﬂs|£| %Hi _ 2_Z {%’Hi} +52di-

We deduce that in order to realize equation ((C.1|), we need to equalize the terms of order &
and €2 on both side of the equality (indeed IT.H = h.Il.). we obtain two equations that it
is convenient to put on the form

P, H] — (he — HPY — QUL = i€ - V1L, (C.2)

[PY, H] — (he — HPY — QYT = . (C.3)
where F depends on P®) and Q)
1 1 1
Fy = oo {he PO} + {00 T} + QUPY — (P, H}.

For solving these equations, we multiply them on both sides by I, or II_, which gives four

relations each time.

248



Let us do the computation for the + mode. Multiplying (C.2]) on the right by II, and on

the left successively by 11, and II_ht, we obtain two relations

.0V, =0, M_QPI, =ill_¢- VILIL,.
Using that we want to find Q$’ self adjoint, we deduce that we can choose

QU = iII_¢ - VII I, —ll.¢ - VILII. = Q.
Similarly, for the minus mode

QW = I, ¢ VIL I +4I1_¢ - VILII, = Q.
Multiplying on the left by II, and on the right by II_ gives

(he —h )P = II¢ - VI TI_.

Choosing IPS:) self-adjoint, we obtain

?

- 2Jw(z)]

(H+£ . VH+H_ — H_g . VH+H+) - ]P)

We argue similarly for the mode — and find

?

S
2[w(x)]

(H_f * VH+H+ - H+£ : VH+H_) - ]P)

Let us now determine ]P’f) and Qf). We first decompose Fp as the sum of a self-adjoint

matrix and a skew-symmetric one: Iy = Fl ,, + F}y o with

1

1 *
F+,aa:§<F++F+)a FJr,ss:_Z

(F. — F)
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1 1 1
F; =——{h,,P}+ {11, Q} + QP — —{H, P}.

We have used {M, N}* = —{N, M} for smooth matrix-valued function M and N. We also
obtain

M. F, Iy =0, (C.4)

which is required from ((C.3)) (when multiplied on both side by II1). These relations come

from PQ) = QP,
0 1
Hi Hi = 002727
-1 0
0 1 0 1
A(u) + A(u) =0, Yu € R
-1 0 -1 0

Then,multiplying (C.3)) by I, on the right, we deduce
Q(2)H+ - —F+H+.

One then chooses

OF = —I1, Fy Il — T F, 10, — 1, FII1_. (C.5)

For determining IP’E), we multiply (C.3) by I1_ on the right
(hy — )PP = —F,II_,

and we obtain

1
ol M. F I+ F* 0, +T_F, . I0). C.6
+ 2|w<x>’( +4+ + + + 4+ + +, ) ( )
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The polynomial features of these matrices in the variable £ and their properties as functions
of w come from their explicit formula. This latter aspects determine their behavior at oo

and close to T. O

Remark C.2.2. As already observed in the literature ([2] 50} 52] 53] 58], it is develop to push
these asymptotics at any order by constructing a sequence of matrices (Qg),Pg))jeN that

will satisfy controls of the form
0207 PY) (2,€)] < Cop(€) () 170 |y () |l =21,
|3§‘8§Q¥)(x,§)| < Cl g€V () (TN An0) gy () |l =27+1
As a consequence of the calculations above, we have the following result.

Lemma C.2.3. Let @i’t(zb) be a trajectory reaching the point 2° € Y at time t* with the

conditions of (.1.1)). Then, we have for t close to t°,

QP (@4 !(2) = 0(1), PL(@L() = Ot — ),

b b
O (@1(2) = ot - £?), PP (@) = Ot — £'*).
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Appendix D

Semiclassical wave packets

Here I do the calculations for ¢,,(AA(t), BA(t), €2, a”(t),0,z) for m = 0,1, 2, 3, corresponding

to (3.2]). T drop the A notation in this section as everything here will refer to the A level.

From the definitions given in [35],

-1
do(A, B, €, a,0,z) =1 Ve V2A Y 2 exp {ﬁBA_l(éE — a)2}
€

Using the raising operator o7, given by

‘ -

d*(A, B, €, a,0) = [B(z — a) — iAp]

€

5

where p is the momentum operator, p = —ie%. Also note B = B for our assumption that

Dy is real.
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Note that

%ﬁbo = (—eizBA_l(x - a)) bo

We find

Then to calculate ¢, we note

0 1 —_ A 1 _
%gbl = m[B + ABA™] (1 + (z—a) (—E—QBA Yz — a))) bo
1 1
= (g; e — 6—231471(1' — a)) (bl
Hence,
1 1 — 0
b2 :Em {B(m —a)— 62A8_x} o
:% ([B + ABA Y(z —a) — EQZx i a) b1
1

([B+ABA™'*(z — a)* — €A[B+ ABA™") ¢

2v/2¢

To calculate ¢3, note

g, 1 — o—
%d)g —26 ([B+ABA ]+€ A(;C—a)z

- ([B + ABA Y(z —a) — €4 L ) ( L lBA’l(a: — a)2) >¢1



:2_12 (23 +3ABA! — %[B +ABAT'|BA Y (z - a)2> 1
€ €

1
2v/2¢3

(23 +3ABA™! — 612[3 + ABA™')BA ™ (z — a)2) [B+ ABA™Y(z — a)éy

Hence,

b3 :% {B(az —a) — ezz% $2

1 a1 —112 —a2— 62_ A -1
=575 (B+ABAT (@ — ) 3¢ AB + ABA™Y) oy

1 ABA-3(r — a)® — 324 ABA W (z —a
=75 (B+ABAT (@ — ) =3¢ AB + ABA (- o) b0
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