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Machine Learning and Field Inversion approaches to Data-Driven
Turbulence Modeling

Carlos Alejandro Michelén Ströfer

(ABSTRACT)

There still is a practical need for improved closure models for the Reynolds-averaged Navier–
Stokes (RANS) equations. This dissertation explores two different approaches for using ex-
perimental data to provide improved closure for the Reynolds stress tensor field. The first
approach uses machine learning to learn a general closure model from data. A novel frame-
work is developed to train deep neural networks using experimental velocity and pressure
measurements. The sensitivity of the RANS equations to the Reynolds stress, required for
gradient-based training, is obtained by means of both variational and ensemble methods.
The second approach is to infer the Reynolds stress field for a flow of interest from limited
velocity or pressure measurements of the same flow. Here, this field inversion is done using
a Monte Carlo Bayesian procedure and the focus is on improving the inference by enforcing
known physical constraints on the inferred Reynolds stress field. To this end, a method for
enforcing boundary conditions on the inferred field is presented. The two data-driven ap-
proaches explored and improved upon here demonstrate the potential for improved practical
RANS predictions.



Machine Learning and Field Inversion approaches to Data-Driven
Turbulence Modeling

Carlos Alejandro Michelén Ströfer

(GENERAL AUDIENCE ABSTRACT)

The Reynolds-averaged Navier–Stokes (RANS) equations are widely used to simulate fluid
flows in engineering applications despite their known inaccuracy in many flows of practical
interest. The uncertainty in the RANS equations is known to stem from the Reynolds stress
tensor for which no universally applicable turbulence model exists. The computational cost
of more accurate methods for fluid flow simulation, however, means RANS simulations will
likely continue to be a major tool in engineering applications and there is still a need for
improved RANS turbulence modeling. This dissertation explores two different approaches
to use available experimental data to improve RANS predictions by improving the uncer-
tain Reynolds stress tensor field. The first approach is using machine learning to learn a
data-driven turbulence model from a set of training data. This model can then be applied
to predict new flows in place of traditional turbulence models. To this end, this disser-
tation presents a novel framework for training deep neural networks using experimental
measurements of velocity and pressure. When using velocity and pressure data, gradient-
based training of the neural network requires the sensitivity of the RANS equations to the
learned Reynolds stress. Two different methods, the continuous adjoint and ensemble ap-
proximation, are used to obtain the required sensitivity. The second approach explored in
this dissertation is field inversion, whereby available data for a flow of interest is used to
infer a Reynolds stress field that leads to improved RANS solutions for that same flow.
Here, the field inversion is done via the ensemble Kalman inversion (EKI), a Monte Carlo
Bayesian procedure, and the focus is on improving the inference by enforcing known physical
constraints on the inferred Reynolds stress field. To this end, a method for enforcing bound-
ary conditions on the inferred field is presented. While further development is needed, the
two data-driven approaches explored and improved upon here demonstrate the potential for
improved practical RANS predictions.
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The Reynolds-averaged Navier–Stokes (RANS) equations describe the mean velocity and
pressure fields of fluid flows and are widely used in engineering applications due to their
relatively low computational cost compared to direct numerical simulation (DNS) or large
eddy simulations (LES). The RANS equations, however, are unclosed and require modeling
of the Reynolds stress tensor. There is no known, generally applicable, turbulence model
and the computation of Reynolds stress represents the main source of uncertainty in RANS
simulations [1]. The focus of this dissertation is the use of experimental data to improve
flow predictions from RANS simulations. Two different approaches are investigated. The
first is using machine learning to learn closure models from a set of training data which can
then be applied to predict new flows. The second approach is field inversion whereby sparse
experimental measurements for a given flow are used to improve the RANS predictions for
that flow.

The incompressible steady RANS equations for the mean velocity u and pressure p are a set
of four partial differential equations (PDE) given as

u � ru � �r2u + r � � + rp � f = 0 (1.1a)
∇ · u = 0; (1.1b)

where � is the unclosed Reynolds stress tensor, � is the kinematic viscosity of the fluid, and
f is the external body force (momentum source) driving the flow. In order to solve the
RANS equations the equations must be closed via a turbulence model which maps mean
flow fields to Reynolds stress tensor. The eddy viscosity hypothesis presumes the Reynolds
stress tensor to be a local function of the velocity gradient. That is, the Reynolds stress
is given as � = �(ru; s1; s2; : : : ), where si are turbulence scales with at least two required
based on dimensional grounds [2]. The simplest and most widely used models are linear
eddy viscosity models (LEVM) which further take the Reynolds stress to be proportional to
the strain rate tensor S, the symmetric component of the velocity gradient. Commonly used
two equations LEVM use an additional two PDEs to model the turbulent kinetic energy k
and a turbulent dissipation rate " and give the Reynolds stress � = �(S; k; ") as

� = �2�tS (1.2)

�t = C�
k2

"
; (1.3)

where �t is the eddy viscosity and C� is a model coefficient. Although widely used, LEVM
are inaccurate even in simple flows, including the inability to capture the secondary flow in
non-circular pipes [3]. Higher fidelity non-linear eddy viscosity models (NLEVM), such as
those obtained from algebraic stress models [2, 4], are not widely used due to inconsistent
improvement over LEVM and poor convergence properties [5]. Similarly, models based on
the Reynolds stress transport equations model non-local dynamics not captured by NLEVM
but are not widely used because of the added complexity and poor numerical stability[6].

Recently, there has been a renewed interest in using data to improve RANS predictions [7].
The first approach explored here is using machine learning to learn a NLEVM based on
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data from different flows. Such a model maps from mean velocity gradient and modeled
turbulence scales to Reynolds stress and can be used to predict new flows. The second
approach explored here uses sparse velocity or pressure data for a given flow to infer the
Reynolds stress field using Bayesian inference. The inferred Reynolds stress can then be
plugged into the RANS equations without a need for turbulence modeling. In this approach
the Reynolds stress field predicted by a traditional turbulence model, such as LEVM, is used
as the prior mean in the Bayesian inference. These two approaches are introduced in more
detail in the next sections.

At their core, both approaches are optimization problems and there is a choice as to the
nature of the optimization solution. In this dissertation both variational and ensemble
approaches are used. For the field inversion problem, an iterative Bayesian approach is
used with an ensemble of states used to approximate the distributions. Each state evolves
through the Bayesian update in a gradient-free manner, and the converged ensemble mean
becomes the inferred field. This approach is in contrast to variational methods where an
explicit cost function is minimized, e.g. the maximum a posteriori estimate (MAP) of the
Bayesian problem, and the problem is solved through gradient-based optimization using the
model adjoint for the required sensitivity. For the machine learning approach, the network
is trained with gradient-based optimization, and both variational and ensemble methods
are used to obtain the sensitivity of the RANS equations. The variational method uses
the continuous adjoint, which gives an explicit formulation for the sensitivites of the RANS
equations. This requires deriving and implementing the adjoint equations but only requires
one additional PDE solution to obtain the sensitivity. Alternatively, an ensemble of states
can be used to estimate the sensitivity. This has the advantage of not being intrusive,
treating the RANS equations as a black box, but requires multiple RANS solutions.

The goal of data-driven turbulence modeling is to learn a single-point mapping from modeled
mean field quantities to Reynolds stress. These models have been developed and evolving
over the last decade with some clear trends towards physical consistency. The necessity for
coordinate invariant inputs and outputs was recognized early on. Most early efforts trained
disparate functions from a set of ad-hoc invariant inputs to the components of the eigende-
composition of the Reynolds stress [8, 9, 10, 11]. For instance, Wang et al. [10] trained a
random forest to map from 10 invariant inputs (e.g. Q-criterion) to the turbulence kinetic
energy (magnitude), eigenvalues (shape), and eigenvectors (orientation) of the anisotropic
Reynolds stress. The ad-hoc choice of invariant inputs was replaced in several works by
systematically creating a of invariant inputs, e.g. Ling et al. [9] and Wu et al. [12].
Still, most efforts were based on learning independent scalar functions from invariant inputs
to the invariant components (e.g. eigenvalues) of the Reynolds stress. A major shift towards
physical compatibility happened when Ling et al. [13] replaced these disparate scalar func-
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tions with a single invariant tensor function using an integrity basis [2]. This limited the
scope of data-driven models to learning NLEVM but gave the complete general formulation
for learning such models. This formulation has since been used by several works, includ-
ing efforts using neural networks ([14]), random forests ([15], gene expression programming
([16, 17]), and sparse symbolic regression ([18, 19]).

Another major shift was learning models that could be integrated into an iterative RANS
solver. Earlier efforts, including Ling et al. [13] and Wu et al. [20], trained with RANS inputs
and DNS outputs which limited the learned models to be used as an intermediate step to
map baseline RANS results to corrected Reynolds stress. One approach to address this has
been obtaining, from the high fidelity data, inputs that are consistent with RANS. The
input to the NLEVM is the velocity gradient non-dimensionalized by a modeled turbulence
timescale and the RANS modeled timescales are highly empirical. Consistent high fidelity
turbulent timescales have been obtained by passively solving the RANS turbulence transport
equations using the high fidelity mean velocity [16, 18, 21]. An alternative approach is to
iteratively solve the RANS equations to re-generate the inputs and retrain the model [14].

Currently, there is a shift away from high fidelity Reynolds stress data to velocity and pressure
data that can be obtained experimentally [17, 22]. Such data includes full field data (e.g.
particle image velocimetry), sparse point measurements (e.g. pressure probes), and integral
quantities like lift and drag. The efforts in this dissertation [23, 24] are a part of this shift to
using derived measurable quantities. Specifically this dissertation presents a framework for
training deep neural networks using gradient-based optimization and velocity and pressure
data. The use of velocity and pressure data requires the solution of the RANS equations at
every step as well as the sensitivity of the RANS equations. For the sensitivity two different
approaches are explored, the continuous adjoint method and ensemble methods. Since the
RANS equations must be solved at every step, the neural network inputs can be updated
iteratively and converge together with the neural network’s parameters. The other two
efforts in using measurable quantities to learn turbulence models differ from the approach
here and can be considered parallel efforts. Zhao et al. [17] use gradient-free optimization
and genetic algorithms to learn symbolic expressions for the turbulence closure. Holland et
al. [22] keep a traditional LEVM and learn a scalar corrective field for the production of
turbulence kinetic energy using neural networks, rather than learning the closure itself as
done here and by Zhao et al. [17].

The problem at hand is how to use sparse experimental data for a flow of interest to improve
the RANS predictions for the full flow field. For this we use Bayesian inference where differ-
ent sources of information and their uncertainties are combined to obtain a more accurate
prediction. For a state x we which to infer and a set of data d, Bayes’ theorem can be
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expressed as
P (xjd) / P (x)P (djx); (1.4)

where P (xjd) is the posterior distribution of the state x after accounting for the observed
data, P (x) is the prior distribution or belief prior to seeing the data, and P (djx) is the
likelihood that the data came from the state x. The state to be inferred could be any
field in the RANS equations and the prior distribution can be taken as a Gaussian process
with mean taken as the RANS predicted field and some assumed covariance structure. The
likelihood of the data can similarly be expressed using a normal distribution with mean given
by the measured values and independent standard deviations given by the measurement’s
uncertainties.

The fields of interest are the velocity and pressure and the data consists of measurements
of velocity and pressure. Bayesian inference could be used directly to infer these fields [25],
i.e. with the state x in Equation 1.4 consisting of velocity and pressure. This black box
approach however treats the entire RANS equations as uncertain. It is known however that
the uncertainty in the RANS predictions come from the the Reynolds stress tensor and
one could treat the Reynolds stress as the uncertain field to be inferred. This embedded
discrepancy [26] opens the model and corrects only the term that is known to be uncertain.
This has the advantage of enforcing the known physics, i.e. the predicted velocity and
pressure fields are solutions to the RANS equations which is not the case if one infers them
directly. In this approach the RANS equations are seen as a mapping from Reynolds stress
to velocity and pressure

u; p = F(�); (1.5)

and the goal is to infer the input Reynolds stress from observations of the output velocity and
pressure. For sparse observations however, this inverse problem is ill-posed since different
input fields can result in the same observations. For this reason, the Bayesian formulation
is used to regularize the inverse problem based on the prior solution.

The observation operator is the mapping from state space to observation space. With the
Reynolds stress as the state, the observation operator includes solving the RANS equations
and is therefor not linear. However, as will be shown later, the techniques used for the
case of a linear observation operator can be adapted for non-linear operators and the linear
case is considered first. For a linear observation operator, direct application of Bayes’s
theorem results in the Kalman filter, a common technique in data assimilation. In this case
the Kalman filter would be used once resulting in the posterior distribution. For problems
where the state consists of discretized fields the state vector can be very large and direct
application of the Kalman filter becomes unmanageable. Instead, a Monte Carlo approach
can be used to represent the probability distributions by a finite set of samples. Each prior
sample is updated to a posterior sample and the posterior distribution estimated from the
posterior samples statistics. Direct application of the Kalman filter using an ensemble results
in the ensemble Kalman filter (EnKF) [27], a common ensemble method. Problems with a
nonlinear observation operator can be recast as an artificial dynamics problem with a linear
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observation operator [28] for an augmented state that includes the field in both the state
and observation space. This method, referred to as the ensemble Kalman inversion (EKI),
iteratively applies the ensemble Kalman filter using the same observation data but updating
the state based on the nonlinear model, e.g. the RANS equations.

Xiao et al. [29] used the EKI approach to infer the Reynolds stress field from sparse velocity
measurements. For this they represented the Reynolds stress field based on its eigendecom-
position and inferred scalar fields corresponding to the magnitude (turbulent kinetic energy),
and eigenvalues and eigenvectors of the anisotropic component of Reynolds stress. Xiao et
al. and similar works use DNS data to create synthetic sparse observations which allows
comparison of the inferred Reynolds stress field and resulting velocity field with the full
field truth. The results show significant improvement in velocity prediction over the baseline
RANS, but the inferred Reynolds stress was worst than the original RANS predictions. This
is possible if the flow velocity is not very sensitive to the Reynolds stress field in certain
regions of the flow, e.g. regions with small velocity gradient.

The goal of the field inversion work presented in this dissertation is to get better inference of
the Reynolds stress field not just better predictions of the velocity field. A simpler inversion
problem, using a synthetic LEVM for the truth, is considered where only the scalar eddy
viscosity field is inferred. In previous works the velocity and pressure fields satisfy the physics
in the RANS equations but only a few physical constraints are enforced on the inferred
Reynolds stress fields obtained through Bayesian inference. In Xiao et al. [29] the turbulent
kinetic energy is constrained to be positive by using a lognormal process rather than a
Gaussian process to represent it and the same strategy has been used in this dissertation for
the eddy viscosity field. The main improvement presented in this dissertation is enforcing the
known boundary conditions on the inferred eddy viscosity fields. This is done by modifying
the covariance structure such that any realization of the random field satisfies the boundary
conditions. This was used to enforce the periodic, symmetry, and wall conditions for the
same cases as in Xaio et al. It is also shown that the reason for the inferred field becoming
orders of magnitude larger than the prior and truth was due to an instability caused by using
observations for a lognormal process close to a boundary with zero-value Dirichlet condition,
e.g. walls. Avoiding such measurements and enforcing boundary conditions resulted in
improved posterior fields over the prior, as expected of Bayesian inference, and required
much fewer measurements to obtain the desired improvements to the velocity field.

This research resulted in two additional efforts to improve the inferred field through enforcing
known constraints that are not part of this dissertation but are now summarized briefly. The
Reynolds stress transport equations can be considered an additional source of information
in the form of physical constraint on the inferred fields. A method was developed to enforce
such transport equations by modifying the covariance structure [20]. This results in a covari-
ance structure that clearly reflects the convection and diffusion in the transport equations.
Another effort was the development of a regularized iterative ensemble method [30] that
can enforce arbitrary constraints during the ensemble Kalman inversion(EKI). Unlike the
variational approach, when solving the inverse problem through EKI there is no explicit cost
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function to which to add additional regularization. Instead the EKI optmizes an implicit
cost function through the Kalman update of the samples. Starting from a regularized cost
function, a modified update scheme was derived for the iterative EKI.

The ensemble inversion approach used here is in contrast to variational approach which is
summarized here for completeness. In the variational approach a cost function is explicitly
minimized through gradient-based optimization. The cost function can for instance be the
maximum a posteriori estimate of the Bayesian problem, i.e.

J(�) = kH(�) � dk2
C−1

d
+ k� � �̃k2

C−1
τ̃

(1.6)

where H is the observation operator, �̃ is the prior mean, e.g. obtained from a baseline
RANS solution, and Cd and C�̃ are the covariance matrix associated with the data and the
prior solution. The gradient rJ requires the sensitivity of the nonlinear observation operator
which includes the RANS equations. This is obtained via the adjoint method.

The focus of this dissertation is on the EKI approach for inferring Reynolds stress from
sparse measurements as used by Xiao et al. [29], but there have been other efforts that use
different approaches to incorporate case-specific data to improve RANS predictions using the
embedded discrepancy formulation. Several works, including those by Edeling et al. [31, 32]
and Ray et al. [33, 34, 35], infer model coefficients in existing turbulence models using
Markov Chain Monte Carlo methods. Other works have used the variational approach
to infer embedded fields. Dow and Wang [36] inferred the eddy viscosity from full field
velocity observation, and Singh and Duraisamy [37] used limited data to infer an embedded
multiplicative discrepancy in the production term of the Spalart–Allmaras model. A different
approach taken by Meldi et al. [38, 39] embeds reduced order Kalman filtering techniques
into CFD solvers to do the data assimilation simultaneously with the CFD solution. Direct
application of Kalman filtering to RANS simulations results in a large, intractable problem.
In the approach by Meldi et al. the Kalman filtering technique is not approximated using
an ensemble as in the EKI but simplified by making other assumptions such as a diagonal
covariance matrix for the prior distribution. Yet another approach, used by Edeling et al. [40]
propose new transport equations for the eddy viscosity perturbations and use Bayesian
inference to calibrate the case-specific model constants based on data. All these efforts
use data to correct a source of uncertainty in the model rather than to correct the model
predictions directly.

This dissertation follows the format. The dissertation is divided into two parts.
Part I contains Chapters 2 and 3 and consists of efforts related to learning turbulence closures
using machine learning. Part II contains Chapters 4 and 5 and consists of efforts related
to inferring the Reynolds stress field through field inversion based on sparse measurements.
The content of each chapter is as follows:
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Introduces the problem of using sparse data to improve RANS predictions,
presents an overview and literature review of the two approaches explored in this
dissertation, and summarizes the outline, content, and contributions of the dissertation.

Consists of a paper, entitled “
” and in preparation for submission to the Journal

of Fluid Mechanics Rapids, or similar journal. This paper presents the framework
whereby a neural network turbulence model is trained using velocity or pressure mea-
surements. The continuous adjoint equations are derived and implemented to obtain
the required sensitivity of the RANS equations. The trained neural network is incor-
porated into an iterative RANS solver as a custom turbulence model in OpenFOAM.

Consists of a paper, entitled “
” and in preparation for submission to a peer reviewed journal. This paper

presents ensemble methods as an alternative to the adjoint equations for obtaining the
sensitivity of the RANS equations.

Consists of a peer reviewed paper, entitled “
” and published in Communica-

tions in Computational Physics (reproduced here with permission from Global Science
Press). This paper presents an overview of the theory of ensemble-based field inver-
sion and presents the details of the software developed for the purpose of testing such
methods.

Consists of a peer reviewed paper, entitled “
” and published in Computer Methods in Applied

Mechanics and Engineering (reproduced here with permission from Elsevier). This
paper presents a methodology for enforcing boundary conditions on the inferred field
during field inversion. The paper also identifies the source of the exploding magnitude
of the inferred field seen in previous works as an instability associated with measure-
ments near zero-valued boundaries.

The main contributions of this dissertation towards the goal of learning a predictive turbu-
lence closure from data are the following:
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1. Development of a framework for training deep neural networks representations of the
turbulence closure by using velocity and pressure measurements and implementation
of the trained network into an iterative RANS turbulence model.

2. Derivation and use of both continuous adjoint and ensemble methods for obtaining the
RANS sensitivity required during training.

The main contributions of this dissertation towards the goal of inferring the Reynolds stress
field from sparse observations are the following:

1. The enforcement of boundary conditions on the inferred field during field inversion
problems in a systematic way. Boundary conditions had been often ignored by pre-
vious related works or enforced only in simple cases in an ad-hoc manner. A code
was developed and released to develop and test new field inversion methods including
the method for enforcing boundary conditions presented in this dissertation as well
as methods for enforcing prior physical or empirical knowledge presented in related
collaborative publications.

2. The identification of a singularity–when using a lognormal process to represent the
inferred field and making observations near a boundary with zero-value Dirichlet
condition—as the cause of the exploding magnitude of the inferred field seen in previ-
ous related works. This issue was previously wrongly attributed to the ill-posedness of
the problem.

Articles in preparation related to the machine learning effort:

• and Heng Xiao.
. (In preparation).

• , Xinlei Zhang, and Heng Xiao.
. (In preparation).

Peer-reviewed journal publications related to the field inversion effort:

• , Xinlei Zhang, and Heng Xiao.
. Communications

in Computational Physics, 2021. .

https://doi.org/10.4208/cicp.OA-2020-0178
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• , Xinlei Zhang, Heng Xiao, and Olivier Coutier-Delgosha.
. Computer

Methods in Applied Mechanics and Engineering, 2020.
.

• Xinlei Zhang, , and Heng Xiao.
. Journal of Computational Physics, 2020.

.

• Jinlong Wu, , and Heng Xiao.

. Computers & Fluids, 2019.

Other peer-reviewed journal publications published during my Ph.D. studies:

• , Jinlong Wu, Heng Xiao, and Eric G. Paterson.

. Communications in Computational Physics, 2018.
.

The nature of technical research is collaborative and this is reflected in the number of co-
authored papers produced during my Ph.D. studies. The full list of articles is presented in
Section 1.5, and the present dissertation includes only articles for which I was the major
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The emerging push of the di�erentiable programming paradigm in scienti�c computing
is conducive to training deep learning turbulence models using indirect observations.
This paper demonstrates the viability of this approach and presents a framework for
training deep neural networks to learn eddy viscosity models from observations derived
from the velocity and pressure �elds. For the sensitivities of the measured quantities to
the Reynolds stress �eld we derive the continuous adjoint equations for the Reynolds-
averaged Navier{Stokes (RANS) equations. We demonstrate the ability of this approach
to learn the true underlying turbulence closure when one exists by training models using
synthetic velocity data from linear and nonlinear closures. We also train a linear eddy
viscosity model using synthetic velocity measurements from direct numerical simulations
of the Navier{Stokes equations (DNS) for which no true underlying linear closure exists.
The trained deep neural network turbulence model is then used to predict similar 
ows.

Key words: turbulence modelling, turbulence theory, variational methods

1. Introduction

There still is a practical need for improved closure models for the Reynolds-averaged
Navier{Stokes (RANS) equations. Currently, the most widely used turbulence models are
linear eddy viscosity models (LEVM), which presume the Reynolds stress is proportional
to the mean strain rate. Although widely used, LEVM do not provide accurate predictions
in many 
ows of practical interest, including the inability to predict secondary 
ows
in non-circular ducts (Speziale 1982). Alternatively, non-linear eddy viscosity mod-
els (NLEVM) capture nonlinear relations from both strain and rotation rate tensors.
NLEVM, however, do not result in consistent improvement over LEVM and can su�er
from poor convergence (Gatski & Speziale 1993). Data-driven turbulence models are an
emerging alternative to traditional single-point closures. Data-driven NLEVM use the
integrity basis representation (Pope 1975; Ling et al. 2016) to learn the mapping from
the velocity gradient �eld to the normalized Reynolds stress anisotropy �eld, and retain
the transport equations for turbulence quantities from a traditional model.

It has been natural to train such models using Reynolds stress data (e.g. Ling et al.
2016; Weatheritt & Sandberg 2017). However, Reynolds stress data from high-�delity
simulations, i.e. DNS or LES, is mostly limited to simple geometries and low Reynolds
number. It is therefore desirable to train with indirect observations, such as quantities

y Email address for correspondence: cmich@vt.edu
z Email address for correspondence: hengxiao@vt.edu
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based on the velocity or pressure �elds, for which experimental data is available for a
much wider range of complex 
ows. Such measurements include full �eld data, e.g. from
particle image velocimetry, sparse point measurements such as from pressure probes,
and integral quantities such as lift and drag. Training with indirect observations has
the additional advantage of circumventing the need to extract turbulence scales that are
consistent with the RANS modeled scales from the high �delity data (e.g. Weatheritt &
Sandberg 2017).

Recently, Zhao et al. (2020) learned a zonal turbulence model for the wake-mixing re-
gions in turbomachines in symbolic form (e.g., polynomials and logarithms) from indirect
observation data by using genetic algorithms. However, while symbolic models are easier
to interpret, they may have limited expressive power as compared to, e.g., deep neural
networks (Raghu et al. 2017), which are successive composition of nonlinear functions.
Symbolic models may therefor not be generalizable and be limited to zonal approaches.
More importantly, gradient-free optimization method such as genetic programming may
not be as e�cient as gradient-descent methods, and the latter should be used whenever
available (Audet & Kokkolaras 2016). In particular, deep learning methods (LeCun
et al. 2015) have achieved remarkable success in many �elds and represent a promising
approach for data-driven NLEVM (e.g. Ling et al. 2016).

A major obstacle for gradient-based learning from indirect observations is that a RANS
solver must be involved in the training and its gradient is required to learn the model.
While, such gradients can be obtained by using adjoint equations, which have long
been used in aerodynamic shape optimization (Jameson 1988), these are not generally
rapidly available or straight forward to implement. The emerging interest in di�erentiable
programming is resulting in e�cient methods to develop adjoint accompanying physical
models, including modern programming languages that come with built-in automatic
di�erentiation (Bezanson et al. 2019), or neural-network-based solutions of partial dif-
ferential equations (Raissi et al. 2019). Recently, Holland et al. (2019) used the discrete
adjoint to learn a corrective scalar multiplicative �eld in the production term of the
Spalart{Allmaras transport model. This is based on an alternative approach to data-
driven turbulence modeling (Parish & Duraisamy 2016) in which empirical correction
terms for the turbulence transport equations are learned while retaining a traditional
linear closure (LEVM).

In this work we demonstrate the viability of training deep neural networks to learn
general eddy viscosity closures (NLEVM) using indirect observations. We embed a
neural-network-represented turbulence model into a RANS solver using the integrity
basis representation, and as a proof of concept use the continuous adjoint equations for
the required RANS sensitivities. This leads to an end-to-end di�erentiable framework
that provides the gradient information needed to learn turbulence models from indirect
observations.

2. Di�erentiable framework for learning turbulence models

In this proposed framework a neural network is trained by optimizing an objective
function that depends on quantities derived from the network’s outputs rather than on
those outputs directly. The training framework is illustrated schematically in �gure 1
and consists of two components: the turbulence model and the objective function. Each
of these two components has a forward model that propagates inputs to outputs and
a backwards model that provides the sensitivities of the outputs with respect to the
inputs or parameters. The gradient of the objective function J with respect to the
network’s trainable parameters w is obtained by combining the sensitivities from the
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