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Generating Traveling Waves in Finite Media Using Single-Point Excitation via 

Passive Absorber 

Seyedmostafa Motaharibidgoli 

ABSTRACT 

In the mammalian auditory system, specifically in the cochlea of the inner ear, the Basilar 

Membrane (BM) and hair cells are responsible for transducing incoming acoustic waves 

into electrical signals. These acoustic signals are carried as traveling waves by the BM and 

propagate from the base of the cochlea toward its apex where the helicotrema is located. 

An impressive feature of the mammalian auditory system is to prevent the propagated 

waves from reflecting which allows mammals to hear sounds without any reflection or 

overlap. This extraordinary characteristic of the inner ear is the main inspiration for this 

work. In the present study, the dynamic behavior of a beam structure with one or more 

attached spring-damper (SD) systems as passive absorbers is studied when excited by a 

harmonic force. The location of the spring-damper system divides the beam into two 

dynamic regions: one which exhibits non-reflecting traveling waves and the other with 

standing waves. In this work, the separation of traveling and standing waves is studied 

analytically, numerically, and experimentally. To the best of the authorôs knowledge, this 

is the first time in the literature that traveling and standing wave separation in a beam is 

realized experimentally using a single-point excitation and a spring-damper. Experimental 

results are used to validate the models of the system. Moreover, a parametric study is 

performed to gain a better understanding of the effect of different parameters on the quality 

of the generated waves in the structure. Furthermore, the effect of attaching the second 

spring-damper to the system is presented. Adding the secondary SD system results in 



 

  

increasing the excitation frequency range so that wave separation can be achieved. The 

results of this work can be used in various applications such as vibration suppression, 

energy absorption, particle transportation, and in exploring possible explanations for the 

BM and helicotrema functions in the cochlea. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Generating Traveling Waves in Finite Media Using Single-Point Excitation via 

Passive Absorber 

Seyedmostafa Motaharibidgoli 

GENERAL AUDIENCE ABSTRACT 

In the inner ear of the mammalian auditory system, the sound waves travel inside the 

cochlea where they are converted to electrical signals sent to the brain. A fascinating 

characteristic of the mammalian auditory system is that the sound waves traveling in the 

cochlea do not reflect when they reach its apex where the helicotrema is located. Therefore, 

we are able to hear sounds without any reflection or overlap. This work is inspired by the 

biological behavior of the inner ear and studies the dynamic behavior of a simple structure 

such as a beam with one (or two) attached spring-damper(s). In this work, the attached 

spring-damper system(s) prevents the waves traveling from the source to the beamôs 

boundary from reflecting. This is similar to what happens in the inner ear. The location of 

the spring-damper divides the beam into two dynamic regions, one which exhibits non-

reflecting traveling waves and the other with standing waves. The wave separation and 

parameters affecting the wave quality and its reflective or non-reflective features are 

studied analytically, numerically, and experimentally. To the best of the authorôs 

knowledge, the experiments carried out to generate the aforementioned wave types 

coexisting with each other on the beam are one of a kind. Furthermore, the results of this 

study showed a very good agreement between the experimental and theoretical results. The 

outcomes of this work can potentially be used in exploring possible explanations for the 

function of the cochlea and helicotrema and various applications such as particle 

transportation and suppression of unwanted vibrations. 
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Chapter 1 

1. Introduction 

1.1. Introduction  

This chapter presents an introduction for this dissertation on presenting a passive methodology to 

generate traveling waves (TW) with the coexistence of standing waves (SW) in finite media such 

as beams. In this method, a harmonic force is applied to a beam and a spring-damper (SD) system 

is attached to the beam such that traveling waves are generated in a region of the beam with the 

coexistence of standing waves in the other region. The motivation for this research is the biological 

function of the inner ear which is presented in the next section. Next, some of the applications of 

this work along with a literature review are provided. Later in the chapter, mechanical waves and 

their characteristics including wave envelope and cost function are introduced. Finally, the last 

two sections provide the contributions of this work, a review of the chapter, and an outline for this 

dissertation. 

1.2. Motivation , applications, and literature review 

Mechanical wave generation and suppression in finite structures have been studied for many years 

[1-10]. The occurrence of mechanical waves, specifically traveling waves, in nature has been the 

inspiration for many studies on traveling waves and their various applications. This section 

presents some examples of these occurrences and the inspired studies in the literature. 

Furthermore, the main motivation for the current work is described in this section. 
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1.2.1. Motivation  

One of the most fascinating phenomena in nature, where traveling waves play an important role, 

occurs in the mammalian auditory system. As acoustic pressure waves enter the ear, they actuate 

the tympanic membrane or the eardrum. The waves are then transmitted to the inner ear via the 

middle ear bones [11-15]. The basilar membrane (BM) is one of the prominent structural parts of 

the cochlea of the inner ear which transports acoustic signals received at the oval window to the 

hair cells as structural waves [16-18]. Another characteristic of the BM is its ability to absorb the 

energy of the structural waves at the apex of the cochlea where the helicotrema is located. 

 

Fig. 1.1. Events in the stimulation of auditory receptors in the right ear [19]. Used with permission of 

John Wiley & Sons - Book, from ñG. J. Tortora and B. Derrickson, Principles of anatomy and 

physiology: volume 1, organization, support and movement, and control systems of the human body (no. 

Ed. 13). John Wiley & Sons, 2011.ò 

As a result of this biological mechanism, the acoustic energy does not reflect at the boundary of 

the cochlea and therefore does not resonate back into the BM. This is a key feature of the basilar 

membrane and the helicotrema that enables humans to hear and comprehend a string of continuous 

acoustic signals without any overlap. The present work is inspired by the biological function of 

Copyright © 2011 John Wiley & Sons, Inc. All 
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the BM and helicotrema to develop waves propagating in mechanical structures with such anechoic 

characteristics. The work herein studies the dynamics of a uniform beam connected to a spring-

damper system and excited by a harmonic force, in order to study some of the aforementioned 

inner ear phenomenological behaviors. The location of the spring-damper system divides the beam 

into two dynamic domains: one which exhibits traveling waves and the other with standing waves. 

The various structural parameters of the system can affect the frequency bandwidth of the absorber 

and the portion of the beam with traveling waves. Besides the potential application of this work in 

exploring possible explanations for the functions of the helicotrema in the cochlea, the results of 

this study can lead us to new applications of wave separation, traveling wave generations, and 

linear vibration absorber. There are many nature-derived mechanisms that involve different types 

of waves including traveling waves. For example, the propulsion of birds,  slithering animals, 

aquatic animals, micro-organisms, acoustic waves, ocean waves, and the mammalian auditory 

system, each has traveling waves involved with their different functions or applications. The next 

sections describe some of the applications and incidents of traveling waves. 

1.2.2. Bio-inspir ed applications of traveling waves 

As mentioned earlier, the mammalian auditory system is one of the bio-mechanism where 

mechanical waves can be seen. In addition to the feature which was described in the previous 

section as the main motivation for this work, the cochlear mechanism has been an area of research 

for many years. In some works, researchers showed that the cochlear mechanism is replicable as a 

system with multi-structural-stiffness to engage traveling waves with different frequencies in the 

cochlear fluid [20-26]. Moreover, researchers have done some studies on bio-inspired nonlinear 

control of artificial hair cells, which can be used for an implantable cochlear device or acoustic 
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sensors [27-33]. These sensors can be integrated with structures carrying traveling waves, similar 

to the BM. 

Furthermore, traveling waves can easily be seen in aquatic animals, micro-organisms, slithering 

animals, etc. The oscillatory motion of these bio-mechanisms provides propulsion, therefore 

energy transfers from one location to another [34-42]. Moreover, multiple studies showed that 

some microorganisms such as spermatozoa use vibrations to swim [36-38]. In these bioorganisms, 

a translational thrust develops as a wave from the head toward its tail. In some of these organisms, 

the wave direction and swimming direction are the same and in some, the wave and the overall 

motion have opposing directions [39, 40, 43, 44]. Additionally, many studies have been done on 

the swimming patterns of macro-scale aquatic animals [45-51], the wave identification in aquatic 

animals [52-55], and the prediction of their propulsion [56-63]. In the last few years, some studies 

have been conducted on the replication of the propulsive capabilities of these animals in aquatic 

robots. Smart materials have been used to actuate and mimic the fin and tail features [64-74]. In 

some studies, the undulatory motion of these aquatic robots was achieved by combining and 

syncing the motion of multiple segments with oscillatory motion. Chen, et al. designed and 

modeled a snake robot in traveling wave locomotion [72, 73]. They established the relationship 

between the driving forces with the body shape and joint torques. They also achieved traveling 

wave locomotion in a snake robot and their experiments validated some simulation results. In 

addition to the bio-inspired applications of the traveling waves, there are other areas of research 

such as transportation and vibration suppression which are discussed in the next section. 

1.2.3. Transportation 

The ability to manipulate the direction, speed, and power of the traveling wave can be utilized to 

generate complex motion. This complex motion in a structure can be used for the transportation of 
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a particle or an object. Many studies have been done on distributed manipulation based on the in-

plane vibration of plates. Distributed manipulation usually involves multiple actuators that waste 

a lot of energy [75-78]. Some researchers addressed some of the concerns of such manipulation by 

leveraging the host structure and its continuous nature to develop an inherently distributed 

actuation system [79]. Furthermore, there are many studies available on attempting to utilize the 

standing wave generation on simple finite structures such as beams to provide propulsion [69, 80-

83]. This can be used potentially in particle transportation in fluids [84-86]. Without a 

comprehensive understanding of the parameters that affect the systemôs behavior, it is difficult to 

utilize this method. Therefore, the study herein aims to give more insight into the effect of different 

parameters on wave generation. One of the focuses of the current work is gaining more insight into 

the behavior of traveling waves for various parameters. However, this methodology can be used 

for standing waves as well. There is also a similar approach in acoustics, where acoustic waves are 

used for object levitation [87-90]. In some of these works, acoustic SW are produced using several 

acoustic sources in different directions in order to levitate an object in the air. Hashimoto, et al. 

used flexural traveling waves to transport objects without contact. They described the principle, 

structure, and design of the vibrating plate necessary for the stable transportation of levitated 

objects. They showed that an object can be levitated and transported by using traveling waves. 

This technique can be used to transport objects regardless of their material properties or their size 

[89, 90].  

1.2.4. Vibration suppression 

Researchers have developed an extensive theoretical background on the role of structural 

impedance plays in wave propagation and vibration absorption [5, 91-93]. Various analytical and 

numerical methods are presented in the literature to solve the basic problem of beams with locally 
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attached dampers [94-99]. These studies are used in two major fields: the generation of traveling 

waves and vibration suppression. In some studies on vibration suppression, researchers have used 

piezoelectric actuators to add damping to a structure to prevent wave propagation by utilizing shunt 

circuits to control the vibration of the structure [100-103]. Such studies discuss the applications 

and limitations of different theories (active, passive, and hybrid theories) of vibration [104-106]. 

In some works, researchers have used multiple piezoelectric actuators to study the spatial damping 

of waves [107-109]. Furthermore, traveling waves can be generated by partially suppressing the 

vibration such that the reflection due to impedance changes is dampened and traveling waves can 

be produced [110-112]. In the present study, a spring-damper system is attached to the system to 

add a discontinuity by adding local damping. Using this method, two separate regions in the beam 

structure are obtained, one with standing waves and the other with traveling waves. 

1.3. Literature review on generating traveling waves and wave separation 

Considering the importance of traveling waves and various applications mentioned earlier, 

multiple works have been done on generating traveling waves in different finite structures such as 

strings [113-118], rods [116, 119], beams [79, 120-124], plates [125-129], rings [130], and also in 

a rigid-walled circular acoustic duct [131, 132]. 

In a study on mechanical wave characterization and identification, Bucher [130] demonstrated that 

to be able to propagate waves in a structure, two points should be excited at the same frequency 

with a 90 degrees phase difference. Malladi et al, used the aforementioned method, two-point 

excitation, to produce traveling waves in piezoelectric augmented beams with various boundary 

conditions [120]. Their works, containing both the theoretical and experimental analysis for TW 

generation, showed that for each frequency a corresponding phase can be found having a 

contribution to the wave formation and it is not necessarily 90 degrees. Another study was done 
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on this subject by Chen [99], they analyzed the effect of changing the location of piezos along the 

beam and also the generating traveling waves on membranes. The study showed that by getting 

closer to the excitation point the importance of phased difference will be increased. Additionally, 

a study by Blanchard et al., explored a new mechanism for passive motion restriction in a fixed-

fixed string [113, 114]. They studied the dynamics of a uniform, linear, and undamped string 

forced by harmonic excitation, with an attached spring-dashpot system or a vibration absorber. 

They showed that the mode complexity induced by the local damping of the attachment could lead 

to the coexistence of SW and TW in the string. Therefore, by predicting the parameters of the 

attached spring-dashpot system, it acts as a passive confinement device that causes energy to be 

transmitted through traveling waves to a region with standing waves. Furthermore, Xiao et al., 

used a damped side branch on a rigid-walled circular duct with an acoustic source at one end, and 

a rigid end, to separate traveling and standing waves in the duct [131, 132]. They showed that the 

branch acts as an intermediate impedance discontinuity which could be designed to achieve a 

nearly ideal separation of TW and SW in the duct. This feature allows one to control transferring 

of acoustic energy in the duct. Moreover, Cheng et al., analytically and numerically studied the 

dynamic behavior of a finite Euler-Bernoulli beam with an attached spring-dashpot system under 

a harmonic base excitation [123]. However, studies in this work were limited to numerical studies 

and they did not proof the concept experimentally. Adding local damping to a structure causes 

nonclassical damping which will result in inducing mode complexity. This phenomenon has some 

important applications, such as designing passive energy dissipation devices, designing artificial 

BM or cochlea, acoustic wave guides, etc. In this work, the generation of traveling waves with the 

coexistence of standing waves on a beam with an attached spring-damper system subjected to one-

point harmonic excitation is analytically, numerically, and experimentally investigated. 
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1.4. Mechanical wave generation 

Mechanical waves can be generated when particles in a medium vibrate. These vibrations result in 

wave propagation and therefore momentum and energy exchange among the particles and between 

the medium and the particles. Mechanical waves can be categorized into three different types, 

traveling, standing, and hybrid based on their ability to transfer energy. Traveling waves can 

transmit energy across a distance of medium, while in standing waves, the energy cannot be 

transmitted and remains associated with a certain location. Additionally, if a wave is a combination 

of traveling and standing waves, it is called a hybrid wave. As an example, when a harmonic force 

is applied to the free end of a cantilevered beam waves are generated and then reflected because 

of an impedance change at the clamped end. In this case, the reflected waves at the clamped end 

have the same magnitude as the incident waves, while they travel in the opposite direction of the 

incident waves. Thus, a standing wave forms from the combination of the incident and reflected 

waves. By exciting a structure at two points [120, 130, 133] or adding a discontinuity between the 

force and the boundary [113, 114, 121-124, 131, 132], part of the reflected wave is negated and a 

combination of traveling and standing waves, a hybrid wave, is generated. Theoretically, pure 

traveling waves can be observed in infinite structures without any boundaries. The existence of 

boundaries causes the mechanical impedance change of the structure which results in the reflection 

of waves. Therefore, producing pure traveling waves in finite structures is not practical in the real 

world. However,  It was experimentally shown in some studies that by using two excitations with 

a phase difference depending on the excitation frequency, high-quality traveling waves can be 

produced in a finite medium [79, 115, 125]. 

As mentioned earlier, a different method is used in this work to generate traveling waves in finite 

structures. In this method, a single harmonic force is applied at one point of the structure and a 
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spring-damper system is attached to another point to add a discontinuity. Adopting this method on 

a beam, a nearly pure traveling wave can be generated between the force location and the SD 

location while standing waves exist between the SD location and the other end of the beam [121-

124]. Details of this method are discussed throughout this document. 

To evaluate the proportion of standing and traveling waves in hybrid waves and to classify waves 

accurately, a reliable quantification method is required. There are different approaches for wave 

classifications such as wave envelope and Fourierôs method [110-112, 130, 134]. Another method 

is to analytically calculate the ratio of the reflective wave and incident wave which is discussed in 

the next section. This study adopts the wave envelope and the ratio of reflective and incident waves 

to calculate an important parameter, named the cost function (CF). These terminologies are 

discussed in the next section. 

1.4.1. Wave envelope and cost function 

Different types of waves can be described by their envelope. The wave envelope surrounds the 

area swept by the wave over time. In other words, the envelope of a wave is a curve outlining its 

extremes. In the wave envelope, the existence of nodal points, i.e., points with zero displacements, 

represent a pure standing wave. Moreover, if there is no change in the maximum (or minimum) 

displacement of the points, the wave envelope shows a pure traveling wave. In hybrid waves, 

neither a clear nodal point nor a constant maximum (or minimum) displacement of the points along 

the structure exists. The cost function is a tool to quantify the quality of generated traveling waves 

based on the envelope. Equation (1.1) defines the cost function [120] as, 

#& , (1.1) 

https://en.wikipedia.org/wiki/Smooth_curve
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where, MaxAmp and minAmp stand for the maximum amplitude and minimum amplitude of the 

wave envelope over a prescribed period as shown in Fig. 1.2, respectively. 

 

Fig. 1.2. Cost function definition, (a) pure standing wave (CF = 1), (b) pure traveling wave (CF = 0), and 

(c) hybrid wave (0 < CF < 1). 

As shown in Fig. 1.2 and using the definition in Equation (1.1), the cost function takes on a value 

between π and ρ. It can be observed in Fig. 1.2 that based on the formula for the cost function, for 

a pure TW, the cost function is zero and for a pure SW, CF is one. It should be noted that ὅὊ  π 

is not necessarily possible in finite mediums. A real-world unrealizable example that theoretically 

can have a #&  π is a free-free string with forces at both ends. Thus, by getting closer to a CF 

of zero, a hybrid wave looks more like a TW than a SW. The wave envelope approach to calculate 

the CF is very useful in numerical studies. However, it is impractical and time-consuming for 

analytical investigations. Therefore, another equivalent definition of CF is adopted in this work 

for the analytical studies. In this alternative approach, CF is defined as the ratio of the coefficient 

of the reflective and incident waves. An incident wave is a wave that moves from the generating 

source towards the boundary or discontinuity and a reflective wave is a wave that reflects from the 

discontinuity or the boundary. 
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ὃÅ        )ÎÃÉÄÅÎÔ ×ÁÖÅ ÌÅÆÔÍÏÖÉÎÇ ×ÁÖÅȟ    (1.2) 

ὃÅ      2ÅÆÌÅÃÔÉÖÅ ×ÁÖÅ ÒÉÇÈÔÍÏÖÉÎÇ ×ÁÖÅȟ  (1.3) 

where, ὃ and ὃ  are the coefficients of the incident and reflective waves, respectively. Therefore, 

#&
    

    
.     (1.4) 

The CF can be calculated for different wave combinations and used to quantify the quality of the 

generated waves. The CF is the main tool to evaluate the response of the system for different 

configurations in this study. The next section presents the main contributions of this work.  

1.5. Contributions  

This section summarizes the significant contributions of this work as follows. 

¶ In this work, a comprehensive study on the concept of coexisting traveling and standing 

waves in a beam structure with an attached spring-damper system is presented. Instead of 

using the two-point excitation method that has been widely used in the field of traveling 

waves, a single-point excitation method with a spring damper is used to produce waves. 

The traveling wave generation and wave separation in a beam using a single force and an 

attached spring-damper system are investigated analytically, numerically, and 

experimentally. 

¶ A first-of-its-kind experimental test is performed on a cantilevered beam with an attached 

dashpot serving as a passive absorber to separate traveling and standing wave regions. The 

results of the experiments confirm that traveling waves can be produced using only one 

harmonic force applied to the system when using a PA. This outcome is very promising 

considering it is the first time that a traveling wave is generated using a single-point 
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excitation and an attached SD system in a beam. The experimental results are used to 

validate the models of the system. 

¶ In the current work, the parameters affecting the wave separation and the quality of the 

generating waves are introduced and a thorough parametric study is performed to gain a 

better insight into the concept of traveling wave generation and wave separation in finite 

structures utilizing a passive approach. The comprehensive parametric study shows the 

possible ways to improve the wave separation in the structure and indicates the possible 

limitations of this approach. For example, it can aid in determining conditions for which 

wave separation cannot occur (particular excitations frequencies or locations of the PA). 

Furthermore, this study shows the sensitivity of some of the parameters to variations. The 

results of this study can guide determining the design space and parameter ranges in 

possible applications of this work in particle transportation, artificial BM and helicotrema, 

etc. It can also aid in studies on the basilar membrane and helicotrema function in the ear. 

¶ In this work, the separation of standing and hybrid waves on a beam with two 

discontinuities, i.e. two attached spring-damper systems, is presented. Although 

remarkable traveling and standing waves can be produced using only one SD system, the 

generated waves are sensitive to the excitation frequency and spring-damper parameters. 

This limitation in the operating frequency can limit the use of a single spring-damper for 

different applications such as replicating the behavior of the human auditory system where 

humans can hear a wider range of frequencies (20 Hz ï 20 kHz). Therefore, the multiple 

SD system approach is presented in this work to address some of these limitations. 

¶ To move towards creating a more robust system with PA, the concept of wave separation 

is examined on a piezoelectric beam. Two methods are used for this purpose: using a 
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controller to add stiffness and damping to the system and adopting a shunt circuit. The 

piezoceramic with the feedback controller acts similar to having a torsional spring-damper. 

In the second method, to passively create traveling and standing waves in this system, 

instead of using a spring-damper, a resistor-capacitor (RC) shunt circuit is used to act as a 

PA. Preliminary numerical results using an ideal resistive circuit (without a capacitor) show 

that the system is capable of separating traveling and standing waves. Furthermore, 

piezoelectric shunts with negative capacitance are discussed to improve the wave quality 

for RC circuits. The results of this study can be used as a basis for future studies on 

piezoelectric shunts for wave separation purposes. Although challenging, implementation 

of this system is more practical and it does not require the use of physical springs and 

dampers. Furthermore, this system can be mounted in small spaces for applications such 

as bio-inspired artificial BM. 

1.6. Chapter summary and dissertation outline 

This work is divided into nine main chapters. In this chapter, an introduction to this research, the 

motivation for this work, some of the applications of this study, and the main contributions of this 

research were presented. Moreover, an introduction to mechanical wave generation along with a 

brief literature review on the generation of traveling waves was presented. In Chapter 2, an 

analytical and a FE model of the beam with an attached spring-damper subjected to a harmonic 

excitation are developed. These models are used for the analytical solution of the system and 

numerical simulations which are presented in Chapter 3 and 4, respectively. Moreover, in 4, a 

comparison between the analytical and numerical simulation results is presented.  

Furthermore, Chapter 5 is dedicated to a complementary parametric study and discusses the effect 

of different parameters on the response of the system. Chapter 6 presents the experimental 
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implementation of the system and its results. Additionally, model validation is presented in 

Chapter 6. In Chapter 7, a beam structure with two attached spring-damper systems is modeled 

and used to investigate wave separation for a wide frequency range. Then, Chapter 8 discusses two 

methods for wave separation using piezoceramics instead of a spring-damper system and 

demonstrates some preliminary work on wave separation. Finally, a conclusion of the current work 

along with potential paths for future work is presented in Chapter 9. 
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Chapter 2 

2. Model development of the beam with an 

attached spring-damper system 

2.1. Introduction  

In this chapter, the model development of the system examined in this work is presented. The 

structure is a clamped-free beam with a spring-damper (SD) attached to a location between the 

beam boundaries which acts as a passive absorber (PA). An analytical model of the system will be 

presented. After presenting the analytical model, a finite element (FE) model of this structure will 

be created for different boundary conditions including clamped-free, free-free, and clamped-

clamped. These models will be used for analytical solutions and numerical simulations in chapters 

3 and 4, respectively. The model shown in this chapter will later be used in the parametric study 

performed in this work. Some contexts of this chapter are adapted from the published papers 

available in [122] and [124]. 

2.2. Distributed parameter model of the system with a passive absorber 

This section presents the modeling of a beam with an attached spring-damper system serving as a 

passive absorber. For this purpose, the dynamics of an aluminum beam with dimensions of 158.12 

cm × 1.27 cm × 0.16 cm, with a spring-damper system attached to it at the length of ὒ is modeled. 

Fig. 2.1 shows a cantilever beam and SD under a harmonic force (F) applied to its free end. 
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Fig. 2.1. Schematic of a cantilever beam with an attached spring-damper and applied harmonic force 

The parameters of this structure are tabulated in Table 2.1.  

Table 2.1. Beam parameters  

Length (╛) Width (◌)  Thickness (▐) Density ⱬ Elasticity ╔  

1.5812 m 12.7 mm 1.5875 mm 2700 ὯὫȾά  71 GPa 

Two theories can be utilized for deriving the equation of motion of the beam, Euler-Bernoulli beam 

theory or Timoshenko beam theory. Timoshenko model of the beam takes into account the effects 

of rotary inertia and shear deformation. Euler-Bernoulli model is a special case of Timoshenko 

model which does not consider shear deformation and rotational bending and is more simplified. 

Timoshenko beam assumption is suitable for modeling short thick beams. It is a rule of thumb that 

if the length of the beam (L) is greater than 10 times its thickness ὒȾὬ  ρπ), the beam can be 

modeled as an Euler-Bernoulli beam. In the beam studied in this work, 

ὒ

Ὤ

ρȢυψρς

ρȢυψχυρπ
ωωφḻρπȢ (2.1) 

Therefore, the assumption for Euler-Bernoulli beam theory is valid for this beam. First, the 

homogeneous solution of the beam is presented and next the forced system is studied [10]. 

 

 



 

 17 

 

Fig. 2.2. Schematic of an Euler-Bernoulli cantilever beam (free vibrations) 

Free vibration of an Euler-Bernoulli beam with a constant cross-section and constant moment of 

inertia shown in Fig. 2.2 is governed by Equation (2.2),  

‬ό ὼȟὸ

‬ὸ
ɾ
‬ό ὼȟὸ

‬ὼ
πȟ ɾ

ὉὍ

”ὃ
 ȟ (2.2)  

where, όὼȟὸ is the deflection of the beam in ώ direction, ” is the beamôs density, ὃ is the cross-

sectional area of the beam ὃ  ύ Ὤ, Ὁ is Youngôs modulus, and Ὅ is the area moment of 

inertia. For obtaining natural frequencies and the response of the system shown in Fig. 2.2, the 

separation of variables solution for the Equation (2.2) is assumed as,  

όὼȟὸ ὢὼὝὸȢ  (2.3)  

Substitution of Equation (2.3) into Equation (2.2) yields, 

ɾ
ὢᴂᴂᴂᴂ ὼ

ὢὼ

Ὕὸ

Ὕὸ
‫ ȟ  (2.4)  

where, ‫  is the natural frequency and is constant. From Equation (2.4), the temporal equation is, 

Ὕὸ ‫ Ὕὸ πȢ  (2.5)  

The solution of Equation (2.5) has the following form, 

Ὕὸ ὥÓÉÎ‫ὸ ÁÃÏÓ‫ὸȟ  (2.6) 

where, ὥ and ὥ  are constants and are determined by applying initial conditions after the final 

form of the solution is obtained. The spatial equation is, 
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ὢ ὼ
‫

‎
ὢὼ πȢ  (2.7)  

Coefficient ‍ is defined as, 

‍
‫

ɾ
Ȣ  (2.8)  

The general solution of equation (2.7) is of the following form, 

ὢὼ ὦίὭὲ‍ὼ ὦὧέί‍ὼ ὦίὭὲὬ‍ὼ ὦὧέίὬ‍ὼȢ  (2.9) 

Coefficients ὦ, ὦ, ὦ, and ὦ are constant of integration and will be determined by applying 

boundary conditions. At the clamped end of the beam deflection and slope are zero. At the free 

end, where the harmonic force is applied, the shear force is equal to the external force and the 

bending moment is zero. Therefore, boundary conditions can be written as, 

ὢπ πȟ    ὢ π πȟ   ὢ ὒ πȟ   ὉὍὢ ὒ πȢ  (2.10) 

Applying all the boundary conditions leads to the following equation, 

ụ
Ụ
Ụ
ợ

ρ π ρ π
π ‍ π ‍

‍ ÓÉÎ‍ὒ ‍ ÃÏÓ‍ὒ ‍ ίὭὲὬ‍ὒ ‍ ὧέίὬ‍ὒ

‍ ÃÏÓ‍ὒ ‍ ‍ ὧέίὬ‍ὒ ‍ ίὭὲὬ‍ὒỨ
ủ
ủ
Ủ
ὦ
ὦ
ὦ
ὦ

π
π
π
π

ȟ‍ πȢ   (2.11) 

One of the solutions to the above equation is ὦ  ὦ ὦ ὦ π but this is the trivial solution 

and since ὢὼ cannot be zero for every ὼ, this answer is not acceptable. Therefore, the left-hand 

side matrix is a singular matrix and its determinant is zero as shown in Equation (2.12). Setting 

the determinant of the coefficient matrix equal to zero yields Equation (2.13) with one unknown 

which is ‍.  

ρ π ρ π

π ‍
ὲ

π ‍
ὲ

‍
ὲ
ςÓÉÎ‍

ὲ
ὒ ‍

ὲ
ςÃÏÓ‍

ὲ
ὒ ‍

ὲ
ςίὭὲὬ‍

ὲ
ὒ ‍

ὲ
ςὧέίὬ‍

ὲ
ὒ

‍
ὲ
σÃÏÓ‍

ὲ
ὒ ‍

ὲ
σ ‍

ὲ
σὧέίὬ‍

ὲ
ὒ ‍

ὲ
σίὭὲὬ‍

ὲ
ὒ

π (2.12)  
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ᵼÃÏÓ‍ὒÃÏÓÈ‍ὒ ρ (2.13) 

This equation is satisfied for an infinite number of ‍. Eigenvalues ‍  are calculated by 

substituting values of constants into Equation (2.12). Numerically solving Equation (2.12) for ‍ 

using MATLAB and then using Equatuin (2.8), gives the natural frequencies of the system (beam 

without spring-damper attached). Table 2.2 shows some of these natural frequencies. 

Table 2.2. Natural frequencies of the beam obtained using analytical method 
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) 
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) 
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 #
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. 
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) 
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 #
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re

q
. 
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z
) 
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o

d
e
 #

 

F
re

q
. 

(H
z
) 

M
o

d
e
 #

 

F
re

q
. 

(H
z
) 

1 0.5 8 83 15 310 22 682 29 1199 36 1861 

2 3.3 9 107 16 355 23 747 30 1285 37 1967 

3 9.2 10 133 17 402 24 815 31 1374 38 2077 

4 18.1 11 163 18 452 25 886 32 1465 39 2189 

5 29.9 12 195 19 505 26 960 33 1560 40 2304 

6 44.7 13 231 20 561 27 1037 34 1657 41 2422 

7 62.4 14 269 21 620 28 1117 35 1758 42 2543 

The next step is to add a spring-damper to the system which is shown in Fig. 2.3. In this case, the 

length of the beam (π ὼ ὒ) can be divided into two regions (π ὼ ὒ ὥὲὨ ὒ ὼ ὒ) 

which is called subdomain. These two subdomains are separated with the attached spring-damper; 

one subdomain is from the clamped end ὼ π to the SD location ὼ ὒ  and the second 

subdomain is from the SD location ὼ ὒ  to the free end ὼ ὒ, where a harmonic force is 

applied.  
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Fig. 2.3. Schematic of an Euler-Bernoulli cantilever beam with a spring-damper attached (free vibrations) 

The equation of motion (EoM) can be written for each subdomain of the beam separately as, 

ό ὼȟὸ ‎όᴂᴂᴂᴂὼȟὸ πȟ       π ὼ ὒ (2.14) 

ό ὼȟὸ ‎ό ὼȟὸ πȢ      ὒ ὼ ὒ (2.15) 

A similar approach as described for the beam without spring damper will be used on this system 

for each subdomain. Equations (2.16) and (2.17) represent boundary conditions at ὼ π and ὼ

ὒ, and expressions in equations (2.18) and (2.19) are continuity and equilibrium conditions at ὼ

ὒ, respectively. Therefore, 

ό πȟὸ πȟ όᴂπȟὸ πȟ (2.16) 

όᴂᴂὒȟὸ πȟ     όᴂᴂᴂὒȟὸ πȢ (2.17) 

ό ὒ ό ὒ ȟ   όᴂὒ όᴂὒ ȟ (2.18) 

όᴂᴂὒ ό ὒ ȟ   ὉὍ‍ ό ὒ ό ὒ Ὧ Ὦ‫ὧό ὒ Ȣ (2.19)  

Assuming a steady-state solution for each part as, 

ό ὼȟὸ ὢ ὼὩ ȟ    ό ὼȟὸ ὢ ὼὩ ȟ     (2.20) 

and substituting Equation (2.20) into Equations (2.14) to (2.19) results in the following boundary 

value problem, 

ὢ ὼ ‍ ὢρὼ  πȟὢ ὼ ‍ ὢςὼ  π, 
(2.21)  

ὢ π πȟ    ὢ π πȟ (2.22)  
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ὢ ὒ πȟ    ὉὍὢ ὒ πȟ (2.23)  

ὢ ὒ ὢ ὒ ȟ    ὢ ὒ ὢ ὒ ȟ (2.24)  

ὢ ὒ ὢ ὒ ȟ    ὉὍ‍ ὢ ὒ ὢ ὒ Ὧ Ὦ‫ὧὢ ὒ Ȣ (2.25)  

The steady-state amplitude of the displacement for each subdomain of the beam can be expressed 

as, 

ὢ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ  ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ (2.26)  

ὢ ‌ ÓÉÎ‍ ὒ ὼ  ‌ ÃÏÓ‍ ὒ ὼ ‌ ÓÉÎÈ‍ ὒ ὼ

‌ ÃÏÓÈ‍ ὒ ὼȢ     ὒ ὼ ὒ έὶ π ὼ ὒ ὒ  

(2.27)  

By substituting Equations (2.26) and (2.27) into Equations (2.22) to (2.25), eight equations will be 

obtained. These equations can be written in matrix form as, 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

π ρ π ρ
ρ π ρ π
π π π π
π π π π

ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
ÃÏÓ‍ὒ ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒ
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ

ÃÏÓ‍ὒ ὤÓÉÎ‍ὒ ÓÉÎ‍ὒ ὤÃÏÓ‍ὒ ÃÏÓÈ‍ὒ ὤÓÉÎÈ‍ὒ ÓÉÎÈ‍ὒ ὤÃÏÓÈ‍ὒ

 

π π π π
π π π π
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ίὭὲὬ‍ὒ ὧέίὬ‍ὒ
ÃÏÓ‍ὒ ÓÉÎ‍ὒ ὧέίὬ‍ὒ ίὭὲὬ‍ὒ
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
 ÃÏÓ‍ὒ  ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒ
ÓÉÎ‍ὒ  ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
ÃÏÓ‍ὒ  ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒỨ

ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
‌
‌
‌
‌
‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
π
π
π
π
π
π
π
πỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

, (2.28) 

where, 

ὤ
Ὧ Ὦ‫ὧ

ὉὍ‍
 Ȣ (2.29) 

As mentioned before, One of the solutions to this equation is ‌  π for ὭȟὮ  ρȟςȟσȟτ. However, 

ὢὼ cannot be zero for every ὼ. Thus, the left-hand-side matrix is singular and its determinant is 

zero. Setting the determinant of the coefficient matrix equal to zero yields the following equation, 
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π ρ π ρ

ρ π ρ π

π π π π

π π π π

ÓÉÎ‍
ὲ
ὒπ ÃÏÓ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ

ÃÏÓ‍
ὲ
ὒπ ÓÉÎ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ

ÓÉÎ‍
ὲ
ὒπ ÃÏÓ‍

ὲ
ὒ
π

ÓÉÎÈ‍
ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ

ÃÏÓ‍
ὲ
ὒ
π
ὤÓÉÎ‍

ὲ
ὒπ ÓÉÎ‍

ὲ
ὒπ ὤÃÏÓ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ ὤÓÉÎÈ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ ὤÃÏÓÈ‍

ὲ
ὒέ

 

π π π π

π π π π

ÓÉÎ‍
ὲ
ὒ ÃÏÓ‍

ὲ
ὒ ίὭὲὬ‍

ὲ
ὒ ὧέίὬ‍

ὲ
ὒ

ÃÏÓ‍
ὲ
ὒ ÓÉÎ‍

ὲ
ὒ ὧέίὬ‍

ὲ
ὒ ίὭὲὬ‍

ὲ
ὒ

ÓÉÎ‍
ὲ
ὒπ ÃÏÓ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ

 ÃÏÓ‍
ὲ
ὒπ  ÓÉÎ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ

ÓÉÎ‍
ὲ
ὒπ  ÃÏÓ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ

ÃÏÓ‍
ὲ
ὒπ  ÓÉÎ‍

ὲ
ὒπ ÃÏÓÈ‍

ὲ
ὒπ ÓÉÎÈ‍

ὲ
ὒπ

π. (2.30) 

Infinite number of ‍ can be numerically calculated and then by substituting them into Equation 

(2.8), the natural frequencies of the system can be calculated. It should be considered that the 

natural frequencies, in this case, are functions of the spring-damperôs location, its stiffness, and 

damping coefficient. Some of these natural frequencies for an arbitrary set of spring-damper 

parameters, ὧ  ρυὔίȾάȟὯ  υπ ὯὔȾάȟ and ὒπ  πȢτὒ, are tabulated in Table 2.3. 

Table 2.3. Natural frequencies (‫ ) of the beam with an attached SD obtained analytically 

M
o

d
e
 #

 

F
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q
. 

(H
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M
o

d
e
 #

 

F
re

q
. 

(H
z
) 

M
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d
e
 #

 

F
re

q
. 

(H
z
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22 705 29 1202 36 1861 

23 764 30 1299 37 1974 

24 821 31 1374 38 2081 

25 909 32 1474 39 2190 

26 961 33 1565 40 2311 

27 1051 34 1659 41 2422 

28 1126 35 1767 42 2548 
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The natural frequencies of the system will be used later to determine the excitation frequency. As 

mentioned in Chapter 1, to generate traveling waves in the beam, the excitation frequency should 

be between two natural frequencies such that the two nearest modes contribute to obtaining 

traveling waves. In Chapter 3, this model is used to derive the exact solution of the system. 

Moreover, it will be utilized to calculate the stiffness and damping coefficient of the attached 

spring-damper system, such that there is no reflective wave from the passive absorber location. 

This implies that traveling waves will be generated from the excitation point to the passive 

absorber location and standing waves exist between the PA and the clamped end of the beam. The 

next section presents a finite element model of the described system. The natural frequencies of 

the system calculated from the analytical model will be compared with the finite element model in 

Section 2.3. 

2.2.1. Steady-state solution for the beam with a passive absorber under a harmonic 

excitation 

In this section, the steady-state solution for the beam with an attached passive absorber under a 

harmonic force is presented. Fig. 2.4 shows a schematic of the system. It should be noted that 

another coordinate system (ὼ ώ) is defined for simplification purposes. The direction of ὼ is 

opposite of ὼ and its origin is at ὼ ὒȢ 

 

Fig. 2.4. Schematic of the cantilever beam with an attached spring-damper (forced vibrations) 
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To obtain the steady-state solution for the illustrated system, the same procedure as described 

earlier for the free vibrations of the beam with spring-damper is done. The only difference is that 

the excitation force is not zero anymore and a harmonic force with the excitation frequency of ‫ 

is applied at ὼ ὒ. This modification alters Equations (2.14)-(2.27) presented earlier to describe 

the system. Hence, the deflection of the beam is governed by Equations (2.31) and (2.32) as, 

ό ὼȟὸ ‎όᴂᴂᴂᴂὼȟὸ πȟ       π ὼ ὒ (2.31) 

ό ὼȟὸ ‎ό ὼȟὸ πȟ       ὒ ὼ ὒȟέὶ π ὼ ὒ ὒ (2.32) 

where, Ὂὸ is a harmonic force with the excitation frequency of Moreover,  Equations (2.33) .‫ 

and (2.34) represent boundary conditions (BC) at ὼ  π and ὼ  ὒ ὼ π, respectively. 

Additionally, Equations (2.35) and (2.36) are expressing continuity and equilibrium conditions at 

ὼ  ὒ, respectively. Therefore, 

ό πȟὸ πȟ όᴂπȟὸ πȟ (2.33) 

όᴂᴂὒȟὸ πȟ     ὉὍόᴂᴂᴂὒȟὸ ὊὩ Ȣ (2.34) 

ό ὒ ό ὒ ȟ   όᴂὒ όᴂὒ ȟ (2.35) 

όᴂᴂὒ ό ὒ ȟ   ὉὍ‍ό ὒ ό ὒ Ὧ Ὦ‫ὧό ὒ Ȣ (2.36)  

The steady-state solution for each part is presumed as, 

ό ὼȟὸ ὢ ὼὩ ȟ    ό ὼȟὸ ὢ ὼὩ Ȣ (2.37) 

Substituting Equation (2.37) into Equations (2.33) to (2.36) yields the boundary value problem as, 

ὢ ὼ ‍ὢρὼ  πȟὢ ὼ ‍ὢςὼ  π, 
(2.38)  

ὢ π πȟ    ὢ π πȟ (2.39)  

ὢ ὒ πȟ    ὉὍ‍ὢ ὒ Ὂȟ (2.40)  

ὢ ὒ ὢ ὒ ȟ    ὢ ὒ ὢ ὒ ȟ (2.41)  

ὢ ὒ ὢ ὒ ȟ    ὉὍ‍ ὢ ὒ ὢ ὒ ὤὢ ὒ ȟ ὤ Ὧ Ὦ‫ὧȢ (2.42)  
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The  steady-state amplitude of the displacement for the beam can be assumed as, 

ὢ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ (2.43)  

ὢ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȟ     ὒ ὼ ὒ  έὶ  π ὼ ὒ ὒȢ 

(2.44)  

Substituting Equations (2.43) and (2.44) into Equations (2.38) to (2.42) results in eight equations 

and eight unknowns (‌ ȟὭ  ρȟς ὥὲὨ Ὦ  ρȟςȟσȟτ which can be presented in matrix form as,  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

π ρ π ρ
ρ π ρ π
π π π π
π π π π

ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
ÃÏÓ‍ὒ ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒ
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ

ÃÏÓ‍ὒ ὤÓÉÎ‍ὒ ÓÉÎ‍ὒ ὤÃÏÓ‍ὒ ÃÏÓÈ‍ὒ ὤÓÉÎÈ‍ὒ ÓÉÎÈ‍ὒ ὤÃÏÓÈ‍ὒ

 

π π π π
π π π π
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ίὭὲὬ‍ὒ ὧέίὬ‍ὒ
ÃÏÓ‍ὒ ÓÉÎ‍ὒ ὧέίὬ‍ὒ ίὭὲὬ‍ὒ
ÓÉÎ‍ὒ ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
 ÃÏÓ‍ὒ  ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒ
ÓÉÎ‍ὒ  ÃÏÓ‍ὒ ÓÉÎÈ‍ὒ ÃÏÓÈ‍ὒ
ÃÏÓ‍ὒ  ÓÉÎ‍ὒ ÃÏÓÈ‍ὒ ÓÉÎÈ‍ὒỨ

ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‌
‌
‌
‌
‌
‌
‌
‌ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
π
π
π
π
π
π
π
πỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ (2.45) 

This system of equations can be solved by utilizing a combination of substitution and elimination 

methods for all eight unknowns. Solving the system of equations results in an expression for each 

constant of integration (‌ ȟὭ  ρȟς ὥὲὨ Ὦ  ρȟςȟσȟτ as, 

‌
ὶά ὶά

ὲά ὲά
ȟ ‌ ‌  

(2.46) 
‌

ὲ

ά
‌

ὶ

ά
ȟ     ‌ ‌ Ὂ 

‌ ά ‌ ὲ‌ ὶȟ    ‌ ‌  

‌ ά‌ ὲ‌ ὶȟ    ‌ ‌  

where, 
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ά άὥ άὦ Ὠȟ    ά άὥ άὦ Ὠȟ 

(2.47) 

ά
ὥὨ ὥὨ

ὥὦ ὥὦ
ȟ    ά

ὦὨ ὦὨ

ὥὦ ὥὦ
  

ὲ ὲὥ ὲὦ Ὡȟ    ὲ ὲὥ ὲὦ Ὡȟ 

ὲ
ὥὩ ὥὩ

ὥὦ ὥὦ
ȟ    ὲ

ὦὩ ὦὩ

ὥὦ ὥὦ
 

ὶ ὶὥ ὶὦ Ὢȟ    ὶ ὶὥ ὶὦ Ὢȟ 

ὶ ȟ    ὶ , 

and, 

ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ   ὥ ὦȟ   ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ

ὥ ὤὥ ὦȟ 

(2.48) 

ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ    ὦ ὥȟ    ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ     

ὦ ὤὦ ὥȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 

Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὢ ὊÓÉÎÈ‍ὒ ὒ ȟ    Ὢ ὊÃÏÓÈ‍ὒ ὒ ȟ    Ὢ Ὢȟ    Ὢ Ὢȟ 

Ὂ
Ὂ

ὉὍ‍
ȟ    ὤ

ὤ

ὉὍ‍
ȟ     ὤ Ὧ Ὦ‫ὧȟ      ‍

‫

‎
ȟ      ‎

ὉὍ

”ὃ
 Ȣ 

Equations (2.46), (2.47), and (2.48) indicate that the constants of integration are functions of  

excitation frequency (spring-damper parameters including damping and stiffness coefficient ,(‫ 

(c and k), spring-damper location (ὒ), and beam parameters including its dimensions 

(ὒȟύȟὥὲὨ Ὤ) and its material properties (” ὥὲὨ Ὁ). Assuming a beam with constant parameters, 
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i.e. constant ὒȟύȟὬȟ”ȟ and Ὁ, selecting any value for spring-damper parameters (ὧȟὯȟὥὲὨ ὒ) and 

applying a harmonic force with the frequency of results in the steady-state amplitude of the ,‫ 

beamôs displacement presented in Equations (2.43) and (2.44). Fig. 2.5 shows the area swept by 

the wave over time in blue and the envelope of the beamôs displacement in magenta for various 

sets of beam parameters and excitation frequencies. The location of the SD system is shown by a 

dashed red line. 

 

Fig. 2.5. Changing damping and stiffness coefficient in analytical solution, excitation frequency is 1700 

Hz, (a) ὧ πȟὯ ςπ ὯὔȾά, (b) ὧ  ςπ ὔίȾάȟὯ  ςππ ὯὔȾά, (c) ὧ  ςπ ὔίȾάȟὯ  π, and (d) 

ὧ ςππ ὔίȾάȟὯ  ςπ ὯὔȾά. 

Fig. 2.5 shows various wave qualities generated in the beam. The beam separates into two regions 

at the location of the SD system based on the parameters used in the system. As an example, in 

Fig. 2.5 (c), the stiffness coefficient is zero (k = 0) but a high-quality traveling wave is produced 

between the SD and the free end of the beam. However, Fig. 2.5 (a) shows that by setting the 
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damping coefficient equal to zero (c = 0) traveling wave does not exist in the beam and the wave 

is a pure standing wave.  

As an objective of the current work is generating high-quality traveling waves between the SD and 

the force location, this model is used in Chapter 3 to optimize ὧ ὥὲὨ Ὧ values such that a pure 

traveling wave is generated in one part of the beam while the other part of the beam is oscillating 

as a result of a standing wave. In the next section, a finite element of the described model is created 

that will be used for numerical simulations. 

2.3. Finite element model of the system 

In this section, a finite element model of the beam with and without a spring-damper is created. 

Different boundary conditions such as clamped-free, free-free, and clamped-clamped can be 

studied for this model. Since the procedure for all of these boundary conditions is the same, only 

one of them, the clamped-free beam, is studied in this document. Fig. 2.6 shows the finite element 

model of a cantilevered beam. The number of elements used in this model is n. Parameter ὰ is the 

length of each element, όȟόȟȢȢȟόςὲὒπ ρ
ȟȢȢȢȟόςὲ ρ are linear coordinates, and 

όȟόȟȢȢȟόςὲὒπ
ȟȢȢȢȟόςὲ ς are rotational coordinates. In the finite element model of a beam, each node 

has two degrees of freedom and two coordinates (one linear coordinate and one rotational 

coordinate) which are used to describe its motion. Therefore, four coordinates are used for each 

element. 
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Fig. 2.6. Finite element model of a cantilevered beam with an attached spring-damper 

A finite element model of a one-element beam is illustrated in Fig. 2.7. 

 

Fig. 2.7. Finite element model of a one-element beam. ό and ό are translational coordinates and ό and 

ό are rotational coordinates. 

For approximating the beam by the finite element method, some approximations are made and one 

of them is considering the static solution for the beam. Static displacement of an Euler- Bernoulli 

beam is, 

‬

‬ὼ
ὉὍ 
‬ό ὼȟὸ

‬ὼ
πȟ  (2.49)  

where, όὼȟὸ is the nodal displacement, Ὁ is Youngôs elastic modulus for the beam, and Ὅ is the 

cross-sectional area moment of inertia about the ᾀ axis. Also, boundary conditions are, 

όπȟὸ ό ὸȟ (2.50)  

ό πȟὸ ό ὸȟ (2.51)  

ὧ Ὧ 
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όὰȟὸ ό ὸȟ (2.52)  

ό ὰȟὸ ό ὸȟ (2.53)  

where, όȟόȟόȟ and ό are nodal coordinates illustrated in Fig. 2.7 and ὰ is the length of the 

element. Solving Equation (2.49) for the above boundary conditions yields the approximate 

solution for the displacement of the beam as, 

όὼȟὸ ρ
σὼ

ὰ

ςὼ

ὰ
ό ὸ ὒ

ὼ

ὰ

ςὼ

ὰ

ὼ

ὰ
ό ὸ

σὼ

ὰ

ςὼ

ὰ
ό ὸ

ὼ

ὰ

ὼ

ὰ
ό ὸȢ  

(2.54)  

To use the Lagrange method to obtain the equation of motion for ό ὸ, kinetic Ὕὸ  and strain 

ὠὸ  energies are written as follow, 

Ὕὸ ᷿”ὃόὨὼ Ἵὓ Ἵ, (2.55) 

ὠὸ ᷿ὉὍ
 
Ὠὼ Ἵὑ Ἵ, 

(2.56)  

where, 

Ἵ ό ό ό ό Ȣ (2.57)  

By substituting όὼȟὸ from Equation (2.54) into Equations (2.55) and (2.56) and writing them as 

vector equations, ὓ  and ὑ  matrices can be obtained as, 

ὓ

ρυφςςὰ υτ ρσὰ
ςςὰ τὰ ρσὰ σὰ
υτ ρσὰ ρυφ ςςὰ
ρσὰ σὰ ςςὰ τὰ

, ὑ

ρς φὰ ρς φὰ
φὰ τὰ φὰ ςὰ
ρς φὰ ρς φὰ
φὰ ςὰ φὰ τὰ

Ȣ (2.58)  

The Lagrange energy method is used for determining the equation of motion, 

‬

‬ὸ

‬Ὕ

‬ό

‬Ὕ

‬ό

‬ὠ

‬ό
Ὢὸȟ Ὥ ρȟςȟȣȟςὲ ς  (2.59)  

Where, Ὢ is the external force applied at coordinates ό. 
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 In the system shown in Fig. 2.6, the spring-damper can be replaced by its force, Ὧό

ὧό , applied in the opposite direction from Ὂ(t). Therefore, for this system, Ὢ in Equation 

(2.59) is equal to zero except for the last element, where the harmonic force is applied (Ὢ π) 

and for the element with the spring-damper. The equation of motion for each element is given by, 

ὓ Ἵ ὅἽἭἴ ὑ ἽἭἴ ὦὪὸ, (2.60)  

where, ἽἭἴ is the displacement vector of the beam, ὓ  and ὑ  are mass and stiffness matrices for 

each element, ὅ  is the damping coefficient matrix, Ὢὸ is the force, and ὦ  is the force influence 

matrix. In the beam, each element attaches to four coordinates. Combining mass and stiffness 

matrices written for each element using the superposition of like coordinates yields the global 

equation of motion. The global ὓ and ὑ matrices can be obtained using the elemental matrices. 

The EoM for the beam is obtained as, 

ὓἽ ὅ ὧὄ Ἵ ὑ Ὧὄ Ἵ " Ὂ, (2.61) 

where, Ἵ is the displacement vector of the beam, ὓ and ὑ are global mass and stiffness matrices, 

ὅ is the damping coefficient matrix, ὧ and Ὧ are the damping and stiffness coefficient of the 

attached passive absorber, respectively, Ὂὸ is input force applied to the free end of the beam, ὄ 

is the force influence matrix, and ὄ  is the spring-damper influence matrix. Furthermore, the 

beam can be modeled as a proportionally damped system. Therefore, matrix ὅ is considered as a 

linear combination of the mass and stiffness matrices as, 

ὅ ‌ὓ ‍ὑ, (2.62)  

where, ‌ and ‍ are experimentally determined values. However, it can be assumed that ‌ and ‍ 

are negligible compared to the added stiffness and damping by attaching the passive absorber 

system. Therefore, in this work ὅ π. It is important to note that the terms ὧὄ Ἵ Ὧὄ Ἵ) in 

Equation (2.61) represents the spring-damper force applied to the beam at a particular location 
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mentioned previously. This term was moved from the right-hand side of the EoM to the left-hand 

side and was written in the matrix form (from the vector form) to obtain Equation (2.61).  

Various boundary conditions for the system are examined in this work, such as clamped-free, free-

free, and clamped-clamped. The effects of boundary conditions on the assembled global matrices 

are also applied. For example, for a clamped boundary, rows and columns of ὓ and ὑ matrices 

corresponding to the clamped node are deleted. Matrix ὄ  is calculated based on the location of 

the spring-damper system on the beam. Basically, all of the elements of ὄ  matrix are zero except 

for one matrix element, which represents the node that the spring-damper is attached to. Therefore, 

ὄ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π Ȣ Ȣ Ȣπ
π π Ȣ Ȣ Ȣπ
Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣρ Ȣ Ȣ
Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ
π π Ȣ Ȣ ȢπỨ

ủ
ủ
ủ
ủ
Ủ

       ÏÒ      ὄ ὭȟὮ
ρ Ὥ Ὦ ςὲ ρ

π έὸὬὩὶύὭίὩ
ȟ  (2.63) 

where, ὲ  is the element with an attached spring damper, therefore, ςὲ  ρ refers to the 

translational coordinate of the node with the spring-damper in ὄ  matrix. It should be noted that 

the spring-damper system adds translational stiffness and damping to the system. Therefore, ὄ  

matrix adds ὧ and Ὧ to the element ςὲ ρȟςὲ ρ of the global ὅ and ὑ matrices of the 

beam. 

The eigenvalue problem of ὓ  ὑ  π is solved to determine the natural frequencies of ‫ 

the system. Some of the natural frequencies of the beam are tabulated in Error! Reference source n

ot found.. The damping and stiffness added to the system at ὒ πȢτ ὒ are ὧ  ρυ ὔίȾά and 

Ὧ  υπ ὯὔȾά, respectively.  

 

 

 



 

 33 

Table 2.4. Some of the natural frequencies of the beam with and without spring-damper attachment 

M
o

d
e
 #
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q
. 

(H
z
) 

M
o

d
e
 #

 

F
re

q
. 

(H
z
) 

M
o

d
e
 #

 

F
re

q
. 

(H
z
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22 705 29 1202 36 1861 

23 764 30 1299 37 1974 

24 821 31 1374 38 2081 

25 909 32 1474 39 2190 

26 961 33 1565 40 2311 

27 1051 34 1659 41 2422 

28 1126 35 1767 42 2548 

 

The natural frequencies of the system obtained using the finite element method match the natural 

frequencies obtained analytically in Table 2.3. Therefore, the finite element model of the system 

can be used for numerical simulations in this work. 

In the next step, the EoM is solved for a given duration of time and transitional displacement of 

the beam at various locations along the beam will be computed. The time-domain responses will 

be used to study the waves formed in the structure. The effects of the beam and SD system 

parameters on the response will be studied in the following sections. 

2.4. Conclusion 

In this chapter, a distributed parameter model of the system consisting of an Euler-Bernoulli beam 

with a passive absorber was presented and then a finite element model of the structure was created. 

For both of these models, a spring-damper system functioning as a passive absorber was attached 

to a point between the clamped end and the free end to later investigate the effect of adding stiffness 

and damping to the system. As mentioned in the introduction, the goal of adding stiffness and 

damping to a certain point of the beam is to generate traveling waves in one part of the beam and 
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standing waves in the other part. In the EoM of the system, parameters such as excitation 

frequency, damping and stiffness coefficient, and spring-damper location on the beam appeared. 

These parameters can potentially affect the generation of traveling waves.  In the next two chapters, 

these models will be used to analyze the effect of each parameter on the result. 
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Chapter 3 

3. Analytical solution 

3.1. Introduction  

In the previous chapter, an analytical model for the beam with an attached passive absorber was 

developed. Furthermore, a finite element model of the system was created. This chapter is 

dedicated to the analytical solution for the model presented in the previous chapter. The purpose 

of presenting an analytical solution for this problem is to have a better understanding of the 

response of the system and the parameters affecting the solution. Furthermore, traveling wave 

generation and tuning spring damper parameters resulting in traveling waves in a subdomain of 

the structure can be explained using the analytical solution of the system. This Chapter contains a 

method for calculating the optimal spring-damper damping and stiffness coefficients to obtain 

high-quality traveling waves. Moreover, the entire process, including obtaining a steady-state 

solution for the system and optimization procedure, is performed on a beam with different 

boundary conditions, i.e. free-free, clamped-free, and clamped-clamped beam. The results 

obtained in this chapter will be compared with simulation and experimental results in the next 

chapters. Some contexts of this chapter are adapted from the published papers available in [124]. 

3.2. Analytical solution for a clamped-free beam with an attached passive 

absorber 

In Chapter 2, a schematic of the system with clamped-free boundary condition was shown in Fig. 

2.4 and the  steady-state amplitude of the displacement for the beam was determined as, 
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ὢ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ (3.1)  

ὢ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȟ     ὒ ὼ ὒ  έὶ  π ὼ ὒ ὒ  

(3.2)  

Then, all the constants of integration ‌ ȟὭ  ρȟς ὥὲὨ Ὦ  ρȟςȟσȟτ were calculated as 

functions of spring-damper parameters (ὧȟὯȟὥὲὨ ὒ), beam parameters (ὒȟύȟὬȟ”ȟὥὲὨ Ὁ), and 

excitation frequency (,The final value of these coefficients was shown in Equations (2.46) .(‫ 

(2.47), and (2.48) in Chapter 2, Section 2.2.1. This section is dedicated to obtaining optimal values 

of stiffness and damping coefficients for the SD to generate high-quality traveling waves in a 

subdomain of the modeled clamped-free structure. 

The next step is to optimize the damping and stiffness coefficients such that a theoretical high-

quality traveling wave is generated in one subdomain of the beam ὒ ὼ ὒ, while a standing 

wave is produced in the other subdomain π ὼ ὒ . To address this problem, the coefficient 

of the right moving wave in the steady-state solution, Equation (3.2), needs to be set to zero. In the 

other words, the reflection of the original wave provided by harmonic excitation from the passive 

absorber has to be zero. By the definition, left-moving and right-moving waves are described as, 

ό ὼȟὸ ‌Ὡ      ,ÅÆÔÍÏÖÉÎÇ ×ÁÖÅ  (3.3)  

ό ὼȟὸ ‌Ὡ      ὙὭὫὬὸ άέὺὭὲὫ ύὥὺὩ (3.4)  

where, ὼ ὒ ὼ. To obtain the right-moving and left-moving waves from Equation (3.2), the 

first two expressions of the equation are written in their exponential format as, 

‌ ÓÉÎ‍ὒ ὼ ‌ ÓÉÎ‍ὼ ‌
Ὡ Ὡ

ςὮ
 ȟ (3.5) 

‌ ÃÏÓ‍ὒ ὼ ‌ ÃÏÓ‍ὼ ‌
Ὡ Ὡ

ς
 Ȣ (3.6) 

Summation of Equations (3.5) and (3.6) yields, 
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‌
Ὡ Ὡ

ςὮ
‌
Ὡ Ὡ

ς
  
‌

ςὮ

‌

ς
Ὡ

‌

ςὮ

‌

ς
Ὡ Ȣ (3.7) 

Using the definition in Equation (3.4), the coefficient of the first term in Equation (3.7), 

, should be equal to zero. As the result, 

‌

ςὮ

‌

ς
π ‌ Ὦ‌ π     (3.8) 

Substituting ‌  and ‌  from Equation (2.46) into Equation (3.8) yields, 

‌ Ὦ
ὲ

ά
‌

ὶ

ά
πᵼ‌ ρ Ὦ

ὲ

ά
 Ὦ
ὶ

ά
 

ᵼ 
ὶά ὶά

ὲά ὲά
ρ Ὦ

ὲ

ά
 Ὦ
ὶ

ά
πȢ  

(3.9) 

All the parameters in Equation (3.9) are calculated in Equations (2.47) and (2.48). After the 

substitution of Equations (2.47) and (2.48) into Equation (3.8) and performing some algebraic 

operations and simplifications, Equation (3.8) takes the form of ὖ Ὦὗ π. Setting real part ὖ 

and imaginary part (ὗ  equal to zero results in two equations with two unknowns (ὧ ὥὲὨ Ὧ). 

Solving this system of equations for ὧ ὥὲὨ Ὧ yields, 

Ὧ ὉὍ‍
ὙὋ ὙὌ

Ὃ Ὄ
ȟ 

(3.10) 

ὧ ὉὍ‍
ὙὋ ὙὌ

‫Ὃ Ὄ
ȟ 

where, 

Ὃ ὥὃ ὦὄȟ    Ὄ ὥὃ ὦὄȟ 

(3.11) 

Ὑ ὦὃ ὥὄ Ὀȟ    Ὑ ὦὃ ὥὄ Ὀȟ 

ὃ ὶά ὶάȟ    ὄ ὶά ὶάȟ    Ὀ Ὢά ὶὨȟ 

ὃ ὶὲ ὶὲȟ    ὄ ὶὲ ὶὲȟ    Ὀ Ὢὲ ὶὩȢ 
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All of the parameters in Equation (3.11), such as ὥȟὦȟάȟὩὸὧ, were calculated earlier in Chapter 

2, Equations (2.47) and (2.48). It has to be taken into account that, ὧ ὥὲὨ Ὧ are functions of 

”ȟὉȟύȟὬȟὒȟὒȟὥὲὨ .‫ 

 

Fig. 3.1 illustrates various cases of the wave development in the beam using the optimal c and k 

calculated by Equation (3.10) for different driving frequencies. 
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Fig. 3.1. High-quality traveling waves in a subdomain of the beam generated using optimal ὧ and Ὧ 

values for different driving frequencies, (a) ὧ ψȢωψ  ὔίȾά, Ὧ χρȢπσ  ὯὔȾά, and ‫ ρσππ Ὄᾀ (b) 

ὧ ςσȢψσ ὔίȾά, Ὧ ρψȢπφ ὯὔȾά, and ‫ ρχππ Ὄᾀ (c) ὧ ρφȢρπ ὔίȾά, Ὧ ψσȢψρ ὯὔȾά, and 

‫ ςπππ Ὄᾀ and (d) ὧ ρτȢφτ ὔίȾά, Ὧ ρσρȢωω ὯὔȾάȟÁÎÄ ‫ ςσππ Ὄᾀ . 
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As shown in 

 

Fig. 3.1, calculating optimal ὧ and Ὧ using the analytical solution, produces a high-quality traveling 

wave in the ὒȟὒ subdomain of the beam. This allows the design and customized response of 

these systems for any excitation frequency and any location of the SD system. Some of the results 
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for different cases are tabulated in Table 3.1. Note that only a few of these cases are shown in 

 

Fig. 3.1. 

Table 3.1. Cost function and optimal ὧ and Ὧ for different and different ὒ (clamped-free beam) ‫ 

╕►▄▲Ȣ 
╗◑ 

 ╬      ▓  
╝Ȣ▼

□
  
▓╝

□
 

╛
Ȣ ╛ 

╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ 

 

╬  ςȢρχ πȢφυ υρȢσρ ρυȢφπ ψȢως 
▓  ςςφȢχ ρςωȢψ ρπωȢς ρτȢφυ τρȢχω 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬  στȢςψ χȢυπ ψȢωψ ρπȢυψ ρςȢτυ 
▓  ψπȢρς ψσȢψς χρȢπσ υωȢπσ τχȢππ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ ρυȢωσ ρςȢφρ ςσȢψσ τρȢχρ ςȢχσ 
▓ υωȢσρ ψσȢφφ ρψȢπφ χςȢψψ ςςτȢψ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ ρςȢππ τχȢυψ ρφȢρπ υȢπυ υχȢπτ 
▓ ρςφȢρ ωςςȢχ ψσȢψρ ςστȢτ φωȢψυ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ ψȢψσ ρρȢρω ρτȢφτ ρωȢςψ ςχȢυτ 
▓ ςρχȢχ ρχψȢρ ρσςȢπ ψτȢτς ςωȢςψ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  
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Table 3.1 shows that the cost function value for all the tabulated cases is zero. This means, for 

various settings of and ὒ, ὧ and Ὧ can be calculated so that pure traveling waves can be ‫ 

generated in the beam.  

In the next section, a similar procedure is done for a free-free beam with an attached spring-damper 

system. 

3.3. Analytical solution for a free-free beam with an attached passive 

absorber 

In this section, a free-free beam with an attached passive absorber is studied using the same 

approach utilized for the clamped-free beam. Fig. 3.2 shows a schematic of a free-free beam with 

an attached spring-damper system. Equations of motion can be written for two separate 

subdomains of the beam. The first subdomain is from the free end to the SD location π  ὼ 

 ὒ  and the second subdomain is from the spring-damper location to the other free end ὒ 

 ὼ  ὒ where a harmonic force, Ὂὸ, is applied.  

 

Fig. 3.2. Schematic of the free-free beam with an attached spring-damper 

Equations (3.12) and (3.13) are EoMs of subdomains 1 and 2, respectively. The boundary 

conditions at ὼ π and ὼ ὒ are shown in Equations (3.14) and (3.15). Lastly, expressions in 

Equations (3.16) and (3.17) are continuity and equilibrium conditions at ὼ  ὒ, respectively. 

ό ὼȟὸ ‎ό ὼȟὸ πȟ       π ὼ ὒ (3.12) 
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ό ὼȟὸ ‎ό ὼȟὸ πȟ       ὒ ὼ ὒ (3.13) 

ό πȟὸ πȟ ό πȟὸ πȟ (3.14) 

ό ὒȟὸ πȟ     ὉὍό ὒȟὸ Ὂȟ (3.15) 

ό ὒ ό ὒ ȟ   ό ὒ ό ὒ ȟ (3.16) 

ό ὒ ό ὒ ȟ   ὉὍ‍ ό ὒ ό ὒ Ὧ Ὦ‫ὧό ὒ ȟ (3.17) 

where, ‍ ,‫Ⱦɾ. A steady-state solution for each part is assumed as 

ό ὼȟὸ ὢ ὼὩ ȟ    ό ὼȟὸ ὢ ὼὩ Ȣ  (3.18) 

Substituting Equation (3.18) into Equations (3.12) to (3.17) results in the boundary value problem 

as, 

ὢ ὼ ‍ὢ ὼ  πȟὢ ὼ ‍ὢςὼ  π, (3.19)  

ὢ π πȟ    ὢ π πȟ (3.20)  

ὢ ὒ πȟ    ὉὍ‍ὢ ὒ Ὂȟ (3.21)  

ὢ ὒ ὢ ὒ ȟ    ὢ ὒ ὢ ὒ ȟ (3.22)  

ὢ ὒ ὢ ὒ ȟ    ὉὍ‍ ὢ ὒ ὢ ὒ Ὧ Ὦ‫ὧὢ ὒ Ȣ (3.23)  

The steady-state amplitude of the displacement for each subdomain of the beam can be expressed 

as, 

ὢ ὼ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ (3.24) 

ὢ ὼ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȟ ὒ ὼ ὒ  έὶ  π ὼ ὒ ὒȢ 

(3.25) 

Equations (3.24) and (3.25) have eight unknowns, ‌ ȟὭ  ρȟς ὥὲὨ Ὦ  ρȟςȟσȟτ, thus, eight 

equations are required to find the results. By substituting ὢ ὼ ὥὲὨ ὢ ὼ from Equations (3.24) 

and (3.25), into the boundary value problem, Equations (3.20) to (3.23), eight equations are 

obtained. These eight equations and eight unknowns form a system of equations that can be solved 
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using substitution and elimination methods. Solving the aforementioned system of equations 

yields, 

‌
ὶά ὶά

ὲά ὲά
ȟ ‌ ‌ ȟ 

(3.26) 
‌

ὲ

ά
‌

ὶ

ά
ȟ     ‌ ‌ Ὂȟ 

‌ ά‌ ὲ‌ ὶȟ    ‌ ‌ ȟ 

‌ ά‌ ὲ‌ ὶȟ    ‌ ‌ ȟ 

where, 

ά άὥ άὦ Ὠȟ    ά άὥ άὦ Ὠȟ 

(3.27) 

ά
ὥὨ ὥὨ

ὥὦ ὥὦ
ȟ    ά

ὦὨ ὦὨ

ὥὦ ὥὦ
ȟ 

ὲ ὲὥ ὲὦ Ὡȟ    ὲ ὲὥ ὲὦ Ὡȟ 

ὲ
ὥὩ ὥὩ

ὥὦ ὥὦ
ȟ    ὲ

ὦὩ ὦὩ

ὥὦ ὥὦ
ȟ 

ὶ ὶὥ ὶὦ Ὢȟ    ὶ ὶὥ ὶὦ Ὢȟ 

ὶ
ὥὪ ὥὪ

ὥὦ ὥὦ
ȟ    ὶ

ὦὪ ὦὪ

ὥὦ ὥὦ
ȟ 

and, 

ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ    ὥ ὦȟ    ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ

ὥ ὦ ὤὥȟ 

(3.28) 

ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ    ὦ ὥȟ    ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ

ὦ ὥ ὤὦȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 
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Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὢ ὊÓÉÎÈ‍ὒ ὒ ȟ    Ὢ ὊÃÏÓÈ‍ὒ ὒ ȟ    Ὢ Ὢȟ    Ὢ Ὢȟ 

Ὂ
Ὂ

ὉὍ‍
ȟ    ὤ

Ὧ Ὦ‫ὧ

ὉὍ‍
Ȣ 

As discussed earlier, the calculated constants of integration (‌ ȟὭ  ρȟς ὥὲὨ Ὦ  ρȟςȟσȟτ) are 

functions of  the beam parameters (”ȟὉȟὒȟύȟὥὲὨ Ὤ), spring-damper parameters (ὧȟὯȟὥὲὨ ὒ), 

and the excitation frequency ,Therefore, the steady-state amplitude of the displacement .(‫ 

ὢ ὼ ὥὲὨ ὢ ὼ, can be calculated for any ὧȟὯȟὒȟὥὲὨ ,‫Ȣ Depending on the system parameters 

the response wave (ό ὼȟὸ and ό ὼȟὸ) takes the form of a traveling, standing, or hybrid wave. 

Moreover, the cost function can be calculated to quantify the produced traveling waves for each 

set of parameters. Various cases are tabulated in Table 3.2. 

Table 3.2. Cost function values for various sets of ὒȟ.‫ȟὧ and Ὧ (free-free beam) 

╕►▄▲Ȣ 

╗◑ 
╛ 

╬
╝Ȣ▼

□
ȟ

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ 

 

 πȢωψ πȢφυ πȢφχ πȢχφ 
Ȣ ╛ πȢωχ πȢυψ πȢυφ πȢτπ 
Ȣ ╛ πȢωρ πȢσψ Ȣ  πȢτχ 

 

 πȢωψ πȢφς πȢφρ πȢχσ 
Ȣ ╛ πȢωω πȢτρ Ȣ  πȢτω 
Ȣ ╛ πȢωχ Ȣ  Ȣ  πȢσσ 

 

 πȢωω πȢυψ πȢυυ πȢχπ 

Ȣ ╛ 1.00 Ȣ  Ȣ  Ȣ  
Ȣ ╛ πȢωτ πȢψυ πȢψσ πȢψρ 

 

 πȢωω πȢυφ πȢυς πȢφψ 
Ȣ ╛ πȢωυ Ȣ  Ȣ  Ȣ  
Ȣ ╛ πȢως πȢυω πȢυψ πȢτρ 
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Table 3.2 shows that for the case that ὧ π ὥὲὨ Ὧ υπ , traveling waves can not be generated 

for any of the suggested SD locations and excitation frequencies. However, when the damping 

coefficient is changed from π to ρυ
Ȣ
 and stiffness coefficient is set equal to zero (Ὧ π), the 

cost function values are mostly below πȢφ, which means hybrid waves exist in the beam. This result 

shows the crucial role of adding damping to the system to generate traveling waves. The cost 

function values of some of the high-quality traveling waves are bolded in Table 3.2. Furthermore, 

the plots for a set of spring-damper coefficients (ὧ ςτ
Ȣ
ȟὯ ρψ ) and various excitation 

frequencies and SD locations are shown in Fig. 3.3. The cost function values for these cases are 

shown in blue in Table 3.2. 

 ╛  ╛ Ȣ ╛ ╛ Ȣ ╛ 

ⱷ
 ╗
◑ 

   

ⱷ
 ╗
◑ 

   
ⱷ

 ╗
◑ 

   

Fig. 3.3. Wave development in a free-free beam with an attached SD with constant ὧ and Ὧ for different ‫ 

and ὒ 
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Fig. 3.3 illustrates that if a specific spring-damper is attached to different locations and a harmonic 

force with different frequencies is applied to the system, waves with different qualities can be 

developed. For this specific case (ὧ ςτ
Ȣ
ȟὯ ρψ ), a nearly pure traveling wave is generated 

when is ρχππ Ὄᾀ, and SD is located πȢτὒ away from the free end. The cost function value for ‫ 

this case is 0 (as shown in green in Table 3.2) which is a pure traveling wave. 

It should be reminded that for some spring-damper coefficients, such as ὧ πȟὯ υπ  in Table 

3.2, traveling waves cannot be produced. This indicates the importance of the optimization of 

ὧ ὥὲὨ Ὧ for any excitation frequency and SD location. The following procedure is done to obtain 

the optimal c and k to generate traveling waves in a free-free beam with an attached passive 

absorber. 

As explained in Section 3.2, to avoid getting any reflective waves from the spring-damper system, 

the coefficient of the reflective wave from the SD location (ὼ ὒ  should be set equal to zero. 

To meet this condition, Equations (3.3) to (3.7) are used to find the relationship between ‌  and 

‌  in Equation (3.29), 

‌ Ὦ‌ πȢ (3.29) 

By expanding ‌  and ‌  using Equations (3.26) to (3.28), and separating real and imaginary 

parts, two equations are obtained. These two equations can be solved for ὧ ὥὲὨ Ὧ as functions of 

the other parameters as, 

Ὧ ὉὍ‍
ὙὋ ὙὌ

Ὃ Ὄ
ȟ 

(3.30) 

ὧ ὉὍ‍
ὙὋ ὙὌ

Ὃ ‫ Ὄ
ȟ 

where, 
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Ὃ ὥὃ ὦὄȟ    Ὄ ὥὃ ὦὄȟ 

(3.31) 

Ὑ ὦὃ ὥὄ Ὀȟ    Ὑ ὦὃ ὥὄ Ὀȟ 

ὃ ὶά ὶάȟ    ὄ ὶά ὶάȟ    Ὀ Ὢά ὶὨȟ 

ὃ ὶὲ ὶὲȟ    ὄ ὶὲ ὶὲȟ    Ὀ Ὢὲ ὶὩȢ 

Other parameters are expressed in Equations (3.27) and (3.28) shown previously. Using the 

optimal values for ὧ and Ὧ from Equation (3.32), for any specific ὒ and the  steady-state ,‫ 

amplitude of the displacement (ὢ ὼ ὥὲὨ ὢ ὼ), can be calculated. The plots in Fig. 3.4 

demonstrate some cases of the wave development on the described system using the optimal c and 

k and arbitrary ὒ and .‫  

 ╛  ╛ Ȣ ╛ ╛ Ȣ ╛ 

ⱷ
 ╗
◑ 

   

ⱷ
 ╗
◑ 

   
ⱷ

 ╗
◑ 

   

Fig. 3.4. Optimal ὧ and Ὧ to achieve nearly pure traveling waves on a free-free beam with an attached SD 

for various excitation frequencies and SD locations. 
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Fig. 3.4 demonstrates that by using the optimal c and k, a pure traveling wave can be produced in 

one portion of the beam. Some of the optimal ὧ and Ὧs and their corresponding cost function values 

for different cases are tabulated in Table 3.3. 

Table 3.3. Cost function and optimal ὧ and Ὧ for different and different ὒ (free-free beam) ‫ 

ⱷ 
╗◑ 

 ╬      ▓  
╝Ȣ▼

□
  
▓╝

□
 

╛  ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ 

 

╬  σȢσρ πȢφυ υρȢσρ ρυȢφπ ψȢως 
▓  ςπȢχψ ρςωȢψ ρπωȢς ρτȢφυ τρȢχω 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬  σȢχχ χȢυπ ψȢωψ ρπȢυψ ρςȢτυ 
▓  σπȢψπ ψσȢψς χρȢπσ υωȢπσ τχȢππ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ τȢσρ ρςȢφρ ςσȢψσ τρȢχρ ςȢχσ 
▓ τφȢπφ ψσȢφφ ρψȢπφ χςȢψψ ςςτȢψ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ τȢφψ τχȢυψ ρφȢρπ υȢπυ υχȢπτ 
▓ υψȢχψ ωςςȢχ ψσȢψρ ςστȢτ φωȢψυ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ υȢπς ρρȢρω ρτȢφτ ρωȢςψ ςχȢυτ 
▓ χςȢτω ρχψȢρ ρσςȢπ ψτȢτς ςωȢςψ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

The results in Table 3.3 show that the cost function value for all the cases is zero, which describes 

a pure traveling wave. A comparison between the results displayed in Table 3.1 and Table 3.3 

shows that for each set of ὒ and the same values for ὧ and Ὧ is obtained. It can be hypothesized ,‫ 

that the stiffness and damping coefficients that results in a pure traveling wave is not dependent 

on the boundary conditions. In the next section, a similar method is used on a clamped-clamped 

beam with an attached spring-damper system. 
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3.4. Analytical solution for a clamped-clamped beam with an attached passive 

absorber 

This section presents an analytical solution for a clamped-clamped beam with an attached spring-

damper system. The procedure is similar to the previous sections. Fig. 3.5 shows a schematic of 

the system. The main difference between this case and the previous two cases is that the equations 

of motion should be written for three separate subdomains of the beam instead of two. The first 

subdomain is from the clamped end at ὼ π to the attached SD (π  ὼ  ὒ), the second 

sumdomain is from SD to the point where a harmonic force (Ὂ(t)) is applied (ὒ  ὼ  ὒ), and 

the third subdomain is from the force location to the other clamped end (ὒ  ὼ  ὒ).  

 

Fig. 3.5. Schematic of the clamped-clamped beam with the attached SD 

Equations (3.32), (3.33), and (3.34) are EoMs of each described subdomain. Then, equations for 

boundary conditions at x = 0 and x = L are expressed in Equations (3.35) and (3.36). Moreover, 

expressions in Equations (3.37) and (3.38) are continuity and equilibrium conditions at the SD 

location ὼ  ὒ . Additionally, in this case, Equations (3.39) and (3.40) describe continuity and 

equilibrium conditions at the force location (ὼ  ὒ . The force location is assumed to be close 

to the right-hand side boundary in Fig. 3.5, therefore, ὒ πȢωυὒȢ The equations are, 

ό ὼȟὸ ‎ό ὼȟὸ πȟ       π ὼ ὒ (3.32) 
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ό ὼȟὸ ‎ό ὼȟὸ πȟ       ὒ ὼ ὒ (3.33) 

ό ὼȟὸ ‎ό ὼȟὸ πȟ       ὒ ὼ ὒ (3.34) 

ό πȟὸ πȟ ό πȟὸ πȟ (3.35) 

ό ὒȟὸ πȟ     ό ὒȟὸ πȟ (3.36) 

ό ὒ ό ὒ ȟ   ό ὒ ό ὒ ȟ (3.37) 

ό ὒ ό ὒ ȟ   ὉὍ‍ ό ὒ ό ὒ Ὧ Ὦ‫ὧό ὒ ȟ (3.38) 

ό ὒ ό ὒ ȟ   ό ὒ ό ὒ ȟ (3.39) 

ό ὒ ό ὒ ȟ   ὉὍ‍ ό ὒ ό ὒ ὊȢ (3.40) 

Assuming a steady-state solution for each part as, 

ό ὼȟὸ ὢ ὼὩ ȟ ό ὼȟὸ ὢ ὼὩ ȟ ό ὼȟὸ ὢ ὼὩ ȟ     (3.41) 

and substituting Equation (3.41) into Equations (3.32) to (3.40) yields the following boundary 

value problem, 

ὢ ὼ ‍ὢ ὼ  πȟὢ ὼ ‍ὢςὼ  πȟὢ ὼ ‍ὢ ὼ  πȟ  (3.42) 

ὢ π πȟ    ὢ π πȟ (3.43) 

ὢ ὒ πȟ    ὢ ὒ πȟ (3.44) 

ὢ ὒ ὢ ὒ ȟ    ὢ ὒ ὢ ὒ ȟ (3.45) 

ὢ ὒ ὢ ὒ ȟ    ὉὍ‍ ὢ ὒ ὢ ὒ Ὧ Ὦ‫ὧὢ ὒ ȟ (3.46) 

ὢ ὒ ὢ ὒ ȟ    ὢ ὒ ὢ ὒ ȟ (3.47) 

ὢ ὒ ὢ ὒ ȟ    ὉὍ‍ ὢ ὒ ὢ ὒ ὊȢ (3.48) 

The steady-state amplitude of the displacement for each subdomain of the beam can be expressed 

as, 

ὢ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ (3.49) 
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ὢ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȟ ὒ ὼ ὒ 

(3.50) 

ὢ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȢ  ὒ ὼ ὒ 

(3.51) 

Equations (3.49), (3.50), and (3.51) have 12 constants of integration, ‌ ȟὭ  ρȟςȟσ ὥὲὨ Ὦ 

 ρȟςȟσȟτ which are the unknowns in this problem. To solve this system of equations for all of the 

unknowns, twelve equations are required which can be obtained by substituting Equations (3.49)-

(3.51) into Equations (3.43)-(3.48). The aforementioned system of 12 equations and 12 unknowns 

is solved utilizing substitution and elimination methods. Equation (3.52) shows the calculated 

values of constants of integration (‌ ȟὭ  ρȟςȟσ ὥὲὨ Ὦ  ρȟςȟσȟτ), 

‌
ὶή ὶή

ήὴ ήὴ
ȟ ‌ ‌ ȟ 

(3.52) 
‌ ά‌ ὲ‌ ȟ    Ὥ ρȟςȟσȟτ 

‌ ‌ ὊÃÏÓ‍ὒ ὒ ȟ    ‌ ‌ ȟ 

‌ ‌ ὊÓÉÎ‍ὒ ὒ ȟ    ‌ ‌ ȟ 

where, 

ὴ ά άȟ    ή ὲ ὲȟ    ὶ ὊὩȟ 

(3.53) 

ὴ ά άȟ    ή ὲ ὲȟ    ὶ ὊὩȟ 

ά ÓÉÎ‍ὒÓÉÎ‍ὒ ὒ ÃÏÓ‍ὒ
ὤ

ς
ὥ ÃÏÓ‍ὒ ὒ ȟ 

ά ÓÉÎ‍ὒÃÏÓ‍ὒ ὒ ÃÏÓ‍ὒ
ὤ

ς
ὥ ÓÉÎ‍ὒ ὒ ȟ 

ά ÓÉÎÈ‍ὒÓÉÎÈ‍ὒ ὒ ÃÏÓÈ‍ὒ
ὤ

ς
ὥ ÃÏÓÈ‍ὒ ὒ ȟ 
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ά ÓÉÎÈ‍ὒÃÏÓÈ‍ὒ ὒ ÃÏÓÈ‍ὒ
ὤ

ς
ὥ ÓÉÎÈ‍ὒ ὒ ȟ 

ὲ ÃÏÓ‍ὒÓÉÎ‍ὒ ὒ ÓÉÎ‍ὒ
ὤ

ς
ὦ ÃÏÓ‍ὒ ὒ ȟ 

ὲ ÃÏÓ‍ὒÃÏÓ‍ὒ ὒ ÓÉÎ‍ὒ
ὤ

ς
ὦ ÓÉÎ‍ὒ ὒ ȟ 

ὲ ÃÏÓÈ‍ὒÓÉÎÈ‍ὒ ὒ ÓÉÎÈ‍ὒ
ὤ

ς
ὦ ÃÏÓÈ‍ὒ ὒ ȟ 

ὲ ÃÏÓÈ‍ὒÃÏÓÈ‍ὒ ὒ ÓÉÎÈ‍ὒ
ὤ

ς
ὦ ÓÉÎÈ‍ὒ ὒ ȟ 

and, 

ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ    ὥ ὦȟ    ὥ ÓÉÎ‍ὒ ÓÉÎÈ‍ὒȟ

ὥ ὦ ὤὥȟ 

(3.54) 

ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ    ὦ ὥȟ    ὦ ÃÏÓ‍ὒ ÃÏÓÈ‍ὒȟ

ὦ ὥ ὤὦȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 

Ὠ ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ ȟὨ Ὡȟ 

Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὡ ÃÏÓ‍ὒ ὒ ÃÏÓÈ‍ὒ ὒ ȟὩ Ὠȟ 

Ὂ
Ὂ

ὉὍ‍
ȟ    ὤ

Ὧ Ὦ‫ὧ

ὉὍ‍
Ȣ 

As discussed previously, the calculated constants (‌ ȟὭ  ρȟςȟσ ὥὲὨ Ὦ  ρȟςȟσȟτ) are 

functions of spring-damper parameters (ὧȟὯȟὥὲὨ ὒ) and excitation frequency ,Thus .(‫ 

ὢ ὼȟὢ ὼ, and ὢ ὼ can be calculated for any value of ὧȟὯȟὒȟὥὲὨ ‫Ȣ Furthermore, the cost 

function value of the generated traveling wave on the beam can be determined. Table 3.4 shows 

different cases of ὒȟ.‫ȟὧ and Ὧ  for the clamped-clamped beam  
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Table 3.4. Cost function values for various settings of ὒȟ.‫ȟὧ and Ὧ (clamped-clamped beam) 

╕►▄▲Ȣ 

╗◑ 
╛ 

╬
╝Ȣ▼

□
ȟ

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╬
╝Ȣ▼

□
ȟ 

▓
▓╝

□
 

╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ ╒▫▼◄ ╕◊▪╬◄░▫▪ 

 

Ȣ  πȢωω πȢχψ πȢφψ πȢφσ 
Ȣ ╛ πȢωτ Ȣ  Ȣ  πȢυτ 
Ȣ ╛ πȢωτ πȢτχ πȢττ πȢφσ 

 

Ȣ  1.00 πȢωφ πȢωσ πȢωτ 
Ȣ ╛ πȢωυ πȢυω πȢυφ πȢχπ 
Ȣ ╛ πȢωφ Ȣ  Ȣ  Ȣ  

 

Ȣ  πȢωυ Ȣ  πȢτπ πȢφπ 
Ȣ ╛ πȢωψ πȢτρ Ȣ  Ȣ  
Ȣ ╛ πȢωω Ȣ  Ȣ  Ȣ  

 

Ȣ  πȢωψ Ȣ  Ȣ  Ȣ  
Ȣ ╛ πȢψτ πȢχτ πȢχτ πȢχω 
Ȣ ╛ πȢψω πȢψς πȢψς πȢψχ 

Table 3.4 shows that for the first set of damping and stiffness coefficients, where ὧ π ὥὲὨ Ὧ

υπ , cost function values are close to 1. Based on the definition, when the cost function value 

gets close to 1, the wave type is a standing wave.  However, when damping is added to the system, 

even though the stiffness coefficient is equal to zero (Ὧ π), the cost function values are mostly 

between πȢρ and πȢφ. In other words, hybrid waves, a combination of standing and traveling waves, 

are generated in the beam. Moreover, when stiffness is added to the system besides damping, most 

of the cost function values decrease, which means the quality of generated traveling waves is 

increased. The cost function values of some of the high-quality traveling waves (ὅὊ πȢτ) are 

bolded in Table 3.4. Furthermore, the area swept by the wave over time and the wave envelope 

plots for a set of spring-damper coefficients (ὧ ω
Ȣ
ȟὯ χρ ), various excitation frequencies, 

and different SD locations are shown in Fig. 3.3. The cost function values for these cases are 

highlighted in Table 3.4. 

 ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ 
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ⱷ
 ╗
◑ 

   

ⱷ
 ╗
◑ 

   

ⱷ
 ╗
◑ 

   

Fig. 3.6. Wave development in a clamped-clamped beam with an attached SD with constant ὧ and Ὧ for 

different and ὒ ‫ 

Fig. 3.6 illustrates that for a specific set of damping and stiffness coefficients, ὧ ςτ
Ȣ
 and Ὧ

ρψ , a pure traveling wave is generated only when is ρχππ Ὄᾀ and ὒ is πȢτὒ. The cost ‫ 

function value for this setting is π (as shown in green in Table 3.2) which shows a pure traveling 

wave. For other excitation frequencies and SD locations, hybrid waves with different cost function 

values are generated.  

Based on the results of Table 3.4, for some spring-damper coefficients, such as ὧ πȟὯ υπ
Ȣ
, 

traveling waves cannot be produced. This shows the importance of the optimization of ὧ ὥὲὨ Ὧ for 

various and ὒ. As explained in Section 3.2 to obtain the optimal ὧ and Ὧ, the coefficient of the ‫ 

right-moving wave from the SD location (ὼ ὒ  should be set equal to zero which yields the 
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relationship between ‌  and ‌  (two of the constants of integration from Equations (3.49)-

(3.51)) as, 

‌ Ὦ‌ πȢ     (3.55) 

By expanding ‌  and ‌  using Equations (3.52) to (3.54), and setting the real part and imaginary 

part equal to zero separately, two equations are obtained. These two equations can be solved for 

ὧ ὥὲὨ Ὧ as functions of the other parameters as, 

Ὧ ὉὍ‍
ὙὌ ὙὋ

Ὃ Ὄ
ȟ 

(3.56) 

ὧ ὉὍ‍
ὙὋ ὙὌ

‫Ὃ Ὄ
ȟ 

where, 

Ὑ ὄὫ ὄὫȟ    Ὑ ὄὫ ὄὫȟ 

(3.57) 

ὃ Ὣ Ὤȟ    ὃ Ὣ Ὤȟ    ὃ Ὣ Ὤȟ 

ὄ Ὡὃ Ὡὃȟ    ὄ Ὡὃ Ὡὃȟ     

Ὀ Ὡὦύ Ὡὦύȟ Ὀ Ὡὥύ Ὡὥύȟ 

and, 

Ὣ ÃÏÓ‍ὒÓÉÎ‍ὒ ὒ ÓÉÎ‍ὒÃÏÓ‍ὒ ὒ ȟ  

(3.58) 

Ὣ ÃÏÓ‍ὒÃÏÓ‍ὒ ὒ ÓÉÎ‍ὒÓÉÎ‍ὒ ὒ ȟ  

Ὤ ÃÏÓÈ‍ὒÓÉÎÈ‍ὒ ὒ ÓÉÎÈ‍ὒÃÏÓÈ‍ὒ ὒ ȟ  

Ὤ ÓÉÎÈ‍ὒÓÉÎÈ‍ὒ ὒ ÃÏÓÈ‍ὒÃÏÓÈ‍ὒ ὒ ȟ  

ύ
ÃÏÓÈ‍ὒ ὒ ÃÏÓ‍ὒ ὒ

ς
ȟ    ύ

ÓÉÎ‍ὒ ὒ ÓÉÎÈ‍ὒ ὒ

ς
ȟ 

ύ
ÓÉÎ‍ὒ ὒ

ς
ȟ    ύ

ÃÏÓ‍ὒ ὒ

ς
Ȣ 
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Other required parameters are shown in Equations (3.53) and (3.54). The plots in Fig. 3.7 show 

the wave development for the described system using the optimal c and k with given ὒ and .‫  

 ╛ Ȣ  ╛ Ȣ ╛ ╛ Ȣ ╛ 
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Fig. 3.7. Optimal ὧ and Ὧ to achieve nearly pure traveling waves on a free-free beam with an attached SD 

for various excitation frequencies and SD locations. 

Fig. 3.7 demonstrates that by using the optimal c and k, a nearly pure traveling wave can be 

produced in one portion of the beam. Some of the optimal ὧ and Ὧ values and their corresponding 

cost functions are tabulated in Table 3.5. 

Table 3.5. Cost function and optimal ὧ and Ὧ for different and different ὒ (clamped-clamped beam) ‫ 

ⱷ 
╗◑ 

 ╬      ▓  
╝Ȣ▼

□
  
▓╝

□
 
╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ ╛ Ȣ ╛ 

 

╬  τȢχπ ψȢωω ςσȢχω σȢρυ ψȢπυ 
▓  ρχȢψσ ψȢυυ ρρυȢσ ςφȢρτ ρπȢτψ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 ╬  ςȢψχ ςσȢχτ ωȢψσ σȢσς τπȢχφ 
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▓  τχȢπχ ρωτȢυ ρφȢτσ τφȢπψ ττȢχρ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ ςȢρχ πȢφυ υρȢσρ ρυȢφπ ψȢως 
▓ ςςφȢχ ρςωȢψ ρπωȢς ρτȢφυ τρȢχω 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ στȢςψ χȢυπ ψȢωψ ρπȢυψ ρςȢτυ 
▓ ψȢπρ ψσȢψς χρȢπσ υωȢπσ τφȢωω 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

 

╬ ρχȢωσ ςςȢρρ ρȢωφ ρσȢσυ ρχȢφφ 
▓ τπȢςρ ρωȢωψ ςςσȢρ φχȢυυ φσσȢπ 
╒╕ Ȣ  Ȣ  Ȣ  Ȣ  Ȣ  

The results in Table 3.5 show that the cost function value for all the cases is zero, which describes 

pure traveling wave formation.  

Comparison between the optimal values of ὧ and Ὧ for all boundary conditions presented in this 

chapter shows that the optimum stiffness and damping coefficients match for all the cases. 

Therefore, it can be hypothesized that the optimal values are independent of the boundary 

condition. 

3.5. Conclusion 

In this chapter, the analytical model of Chapter 2 was solved and used to present an optimization 

approach to obtain ὧ and Ὧ values of the spring-damper system in order to achieve pure traveling 

waves in a subdomain of the structure. The optimization process was provided to minimize the 

cost function value of the generated traveling waves on a beam with different boundary conditions. 

The results showed that adding damping to the system has a significant role in generating traveling 

waves on the beam. Additionally, it was shown that for different values of excitation frequency 

and SD location, different sets of ὧ and Ὧ can be calculated to generate traveling waves coexisting 

with standing waves in a beam. Another important outcome of this chapter was the hypothesis that 

the optimal values of ὧ and Ὧ can be calculated regardless of boundary conditions. An explanation 
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for the matching results for different boundary conditions can be that these optimal values are 

functions of spring-damper location (ὒ), excitation frequency (and of course, beam ,(‫ 

parameters (”ȟὉȟὒȟύȟὥὲὨ Ὤ) which were kept constant for the beam presented in this chapter. 

In the next chapter, numerical simulation for this model will be presented and the results will be 

compared with analytical results. 
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Chapter 4 

4. Numerical simulations of a beam with an 

attached spring-damper 

4.1. Introduction  

In the previous chapter, an analytical solution for the systemôs distributed parameter model was 

presented. This chapter is dedicated to presenting numerical simulations for the finite element 

model of the structure created in Chapter 2, Section 2.3. In this chapter, the EoM is solved in 

MATLAB by utilizing the inverse matrix method. This method is used to obtain a solution for 

different boundary conditions (free-free, clamped-clamped, and clamped-free). The simulations 

are used to investigate the effect of changing spring-damper parameters (ὒȟὧȟ and Ὧ) and 

excitation frequency (on the response. Moreover, the CF value is calculated for each set of ὧ (‫ 

and Ὧ  to find the minimum CF value which shows a high-quality traveling wave on a subdomain 

of the beam between the SD system and the forcing location. It should be noted that one of the 

most important aspects of utilizing the FE method over the analytical solution to provide the design 

space, is that the analytical method is more time-consuming. The numerical results of the 

optimization are then compared to the analytical results from Chapter 3. Some contexts of this 

chapter are adapted from the published papers available in [122] and [124]. 
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4.2. Numerical simulations for a free-free beam with an attached SD 

In this section, the numerical simulation of a free-free beam with an attached spring-damper system 

is studied. In this case, a harmonic force (Ὢὸ) is applied to one end of the beam and a spring-

damper system is attached to the beam at ὒ. Fig. 4.1 shows the finite element model of a free-free 

beam with an attached spring-damper system. 

 

Fig. 4.1. Finite element model of a free-free beam with an attached spring-damper system 

The natural frequencies of the beam before attaching the spring-damper are tabulated in Table 4.1. 

Table 4.1. The natural frequencies of the free-free beam before attaching the spring-damper  
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(H
z
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19 452.2 23 682.5 27 960.1 31 1285 35 1657 39 2077 

20 505.3 24 747.5 28 1037 32 1374 36 1758 40 2189 

21 561.5 25 815.4 29 1117 33 1465 37 1861 41 2304 

22 620.5 26 886.3 30 1199 34 1560 38 1967 42 2422 

Based on a previous work by Malladi et al., one of the ways to generate a traveling wave is to 

provide an excitation frequency midway between two consecutive natural frequencies [120]. Using 

Table 4.1, the harmonic excitation frequency is selected between the 31st ρςψυ Ὄᾀ and the 

32nd ρσχτ Ὄᾀ natural frequencies of the structure (‫ ρσππ Ὄᾀ) as the starting point. The next 
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step is to optimize the stiffness and damping coefficients such that a high-quality TW is generated 

on the beam. The optimization process is done to minimize the cost function value of the produced 

traveling waves. After setting the excitation frequency (-equal to 1300 Hz and attach the spring (‫

damper at ὒ π, stiffness and damping coefficients (Ὧ and ὧ) are changed to calculate the cost 

function value for each set of parameters. This results in the cost function contour shown in Fig. 

4.2(a-1).  

 

Fig. 4.2. Free-free beam with a harmonic excitation and attached spring-damper at the boundary at ὼ ὒ, 

(a-1) Cost function contour, (a-2) System schematic, developed wave, and optimal wave envelope for the 

corresponding optimal ὧ and Ὧ from CF contour, (b-1) Cost function contour with higher ὧ and Ὧ 

resolution, and (b-2) area swept by the wave and wave envelope for the optimal values of ὧ and Ὧ. 

The cost function contour displayed in Fig. 4.2(a-1) visualizes the quality of the wave generated 

between the SD system and the excitation location. The dark blue region in the plot corresponds 

to high-quality traveling waves (#&ṂπȢσ, while the light yellow area #&ṃπȢψ indicates 
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parameters that produce nearly standing waves. Using Fig. 4.2(a-1), the minimum CF value (ὅὊ

πȢπς) is found, then the corresponding optimal damping and stiffness coefficients are obtained as 

ὧ τ
Ȣ
 and Ὧ σρ . Fig. 4.2(a-2) illustrates a schematic of the beam, as well as the generated 

waves based on the optimal values of ὧ and Ὧ. However, in the numerical simulations, if the range 

of changing ὧ and Ὧ is narrowed down and the resoulution is improved, higher accuracy values 

can be obtained. Fig. 4.2(b-1) shows the cost function contour with the minimum CF point in red 

with improved resolution of parameter search. Fig. 4.2(b-2) displays the wave envelope for the 

optimal case in Fig. 4.2(b-1). In this case ὧ σȢψ
Ȣ
 and Ὧ σπȢψ  which are slightly different 

from the values obtained using the low-resolution optimization. However, the change has a large 

impact on the cost function value (ὅὊ πȢππτ) which is approximately an order of magnitude 

smaller than ὅὊ πȢπς that was obtained before.  

To study the effect of the SD location (ὒ) on the generated waves on the beam, the absorber is 

attached to multiple locations of the beam, ὒ πȟπȢςὒȟπȢτὒȟπȢφὒȟὥὲὨ πȢψὒ. For all the cases, 

the excitation frequency is the same (‫ ρσππ Ὄᾀ) and the optimization procedure is done to 

calculate the optimal ὧ and Ὧ values. Additionally, the cost function value is calculated for each 

case. Table 4.2 summarizes the results after the optimization. 

Table 4.2. Optimized parameters for the free-free beam 

Absorber location, 

╛ □  

Damping coeff. 

╬ ╝Ȣ▼Ⱦ□  

Stiffness coeff. 

▓ ▓╝Ⱦ□  

Cost function 

at the TW region 

 τ σρ πȢπςπ 

Ȣ ╛ χȢυ ψτ πȢππσ 

Ȣ ╛ ω χρ πȢππς 

Ȣ ╛ ρπȢυ υω πȢππτ 

Ȣ ╛ ρςȢυ τχ πȢππς 
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Fig. 4.3 shows the cost function contours, the schematic of each configuration, and the optimal 

wave envelope corresponding to the minimum cost function value for ‫ ρσππ Ὄᾀ and three 

different SD locations.  

 
 

 
 

 
 

Fig. 4.3. Cost function contours and optimal wave envelope for the free-free beam for three different SD 

locations, (a) ὒ π, (b) ὒ πȢτὒ, and (c) ὒ πȢψὒ. 

a-1 
a-2 

b-1 
b-2 

c-1 c-2 
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As shown in Fig. 4.3, the traveling wave generated for all the cases is nearly pure. It can be 

expected that as the search resolution is increased, higher quality (lower CF) waves can be obtained 

as shown previously in Fig. 4.2. Therefore, CF plots can be used as a tool to optimize stiffness and 

damping coefficients. Furthermore, it shows the sensitivity of the traveling wave quality to changes 

in the SD parameters. 

In the next section, the simulation results for a clamped-clamped beam are discussed. 

4.3. Numerical simulations for a clamped-clamped beam with an attached SD 

In this section, the numerical simulation for a clamped-clamped beam with an attached spring-

damper system is presented. Fig. 4.4 shows a schematic of the finite element model of the system. 

 

Fig. 4.4. Finite element model of a clamped-clamped beam with an attached spring-damper system 

The system is excited by a harmonic force at ὼ πȢωυὒ (close to the right end) with a driving 

frequency between the 29th (1285 Hz) and the 30th (1374 Hz) natural frequencies of the system. 

An absorber system is attached near the opposite boundary as compared to the force. As shown in 

Fig. 4.5, a high-quality traveling wave (ὅὊ  πȢππφ) is generated in this case. The optimized 

coefficients are Ὧ  ψ  and ὧ  στ
Ȣ
. 
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Fig. 4.5. Clamped-clamped beam with a harmonic excitation and attached spring-damper near the right-

hand side boundary, (a) Cost function of the simulated waves for a parameter sweep of damping and 

stiffness of the passive absorber, (b) System schematic and wave envelope for the optimal case. 

Furthermore, the effect of the passive absorber location (ὒ) on the produced TW is studied for the 

clamped-clamped beam. The spring-damper system is attached to multiple locations of the beam, 

ὒ πȢπυὒȟπȢςὒȟπȢτὒȟπȢφὒȟὥὲὨ πȢψὒ. Fig. 4.6 shows the cost functions, the schematic of each 

configuration, and the optimal wave envelope corresponding to the minimum cost function. 

 
 

a-1 
a-2 

(a) 
(b) 
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Fig. 4.6. Cost function contours and optimal wave envelope for the clamped-clamped beam with three 

different SD locations, (a) ὒ πȢπυὒ, (b) ὒ πȢτὒ, and (c) ὒ πȢψὒ. 

Traveling and standing waves can be generated locally in the beam using the presented 

configurations. Table 4.3 shows the optimized parameters for these cases. The cost function is 

tabulated for the optimal traveling wave.  

Table 4.3. Optimized parameters for the clamped-clamped beam. 

Absorber location, 

╛ □  

Damping coeff. 

╬ ╝Ȣ▼Ⱦ□  

 Stiffness coeff. 

▓ ▓╝Ⱦ□  

Cost function 

at the TW region 

Ȣ  στ  ψ πȢππφ 

Ȣ ╛ χȢυ  ψσ πȢππψ 

Ȣ ╛ ω  χπ πȢππψ 

Ȣ ╛ ρπȢυ  υω πȢππυ 

Ȣ ╛ ρςȢυ  τφ πȢππχ 

b-1 
b-2 

c-1 c-2 
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Comparing the optimal values of ὧ and Ὧ for the clamped-clamped system, Table 4.3,  and free-

free system, Table 4.2, shows that the optimal ὧ and Ὧ are not dependent on boundary conditions. 

This is in agreement with the results obtained analytically in Chapter 3. However, as expected the 

cost function values and the wave envelopes change by considering different boundary conditions. 

4.4. Numerical simulations for a clamped-free beam with an attached SD 

The last boundary condition studied in this work is clamped-free as shown in Fig. 4.7. Similar to 

the other two boundary conditions, the spring-damper system is attached to the beam and the goal 

is to optimize its parameters (ὧ and Ὧ) to obtain a high-quality traveling wave on a portion of the 

beam.  

 

Fig. 4.7. Finite element model of a clamped-free beam with an attached spring-damper system. 

To study this parameter design space a few cases are considered. First, a harmonic force with an 

excitation frequency of ρχππ Ὄᾀ, between the 34th (ρφυχ Ὄᾀ) and the 35th (ρχυψ Ὄᾀ) natural 

frequencies of the beam, is applied to the system. A plot of the CF as Ὧ and ὧ is varied is shown in 

Fig. 4.8. Several arbitrary cases are illustrated from this response space.  
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Fig. 4.8. Wave generated in the system for ‫ ρχππ Ὄᾀ and ὒ πȢτὒ, (a) CF contour, wave envelope 

and the area swept by the wave for, (b) ὧ ςτ ὔȢίȾά and Ὧ ρψ ὯὔȾά, (c) ὧ ωπ ὔȢίȾά and Ὧ

φπ ὯὔȾά ὧ, (d) ὧ τυ ὔȢίȾά and Ὧ ψπ ὯὔȾά, and (e) σ ὔȢίȾά and Ὧ τπ ὯὔȾά. 

The cost function contour displayed in Fig. 4.8(a) displays the cost function contour and Fig. 

4.8(b)-(e) show wave envelopes for different values of ὧ and Ὧ selected from different regions in 

the CF contour plot. The CF value for each pair of ὧ and Ὧ is tabulated in Table 4.4. 

Table 4.4. CF values for cases are shown in Fig. 4.8. 

Plot # in Fig. 4.8 ╬ ╝Ȣ▼□ϳ  ▓ ▓╝□ϳ  CF of the TW region 

╫ ςτ ρψ πȢππτ 

╬ σ τπ πȢχψ 

▀ τυ ψπ πȢσς 

▄ ωπ φπ πȢυψ 

As shown in Fig. 4.8 and Table 4.4, the CF value for case (b) is the lowest ὅὊ π and nearly a 

pure traveling wave is obtained on the right-hand side of the beam for ὧ ςτ ὔȢίȾά and Ὧ

ρψ ὯὔȾά when the system is excited at ρχππ Ὄᾀ.  
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Next, the location of the SD, ὒ, is changed to observe its effect on the overall response and the 

optimization of ὧ and Ὧ for a particular excitation frequency. The SD system is attached to three 

different locations of the beam (ὒ πȢπυὒȟπȢτὒȟ and πȢψὒ) and the excitation frequency is chosen 

to be ρσππ Ὄᾀ, between the 30th and 31st natural frequencies. The CF contours and wave envelopes 

corresponding to the minimum CF value (optimal case), indicated by a red dot, for these three 

cases are shown in Fig. 4.9. 

 

Fig. 4.9. Cost function contours and optimal wave envelope for the system excited at ‫ ρσππ Ὄᾀ for, 

(a) ὒ πȢπυὒ, (b) ὒ πȢτὒ, and (c) ὒ πȢψὒ. 
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Fig. 4.9 shows that the CF contours change for the different SD locations and a constant excitation 

frequency. The optimal parameters and their corresponding CF values are tabulated in Table 4.5.  

Table 4.5.  Optimized parameters for the system excited at ‫ ρσππ Ὄᾀ for various SD locations. 

╛ □  ╬ ╝Ȣ▼Ⱦ□  ▓ ▓╝Ⱦ□  CF at the TW region 

Ȣ  στȢυ ψ πȢππτ 

Ȣ ╛ ω χρ πȢππσ 

Ȣ ╛ ρςȢυ τχ πȢππσ 

Table 4.5 shows that by moving the spring-damper system along the beam, the optimal values for 

ὧ and Ὧ changes drastically. Furthermore, Fig. 4.9 displays that if ὧ and Ὧ are kept unchanged, the 

CF value and thus the quality of the traveling change. Comparing the CFs for different cases, it 

can be observed that the dark blue area for the first case, Fig. 4.9(a1), is broader than the other two 

cases. In other words, the traveling wave generation is less sensitive to small changes in stiffness 

and damping coefficients.  

Additionally, the excitation frequency is varied to explore if it affects the quality of the traveling 

wave. For all these cases, the spring-damper is located at ὒ πȢτὒ. The CF plots for three 

different excitation frequencies, ρσππ, ρχππ, and ςπππ Ὄᾀ, are shown in Fig. 4.10(a1), (b1), and 

(c1), respectively. By keeping the damping and stiffness coefficients constant, ὧ ςτ  ὔȢίȾά and 

Ὧ ρψ  ὯὔȾά, the wave envelopes for different excitation frequencies are shown in Fig. 4.10(a2), 

(b2), and (c2). The red dot on each CF contour indicates the aforementioned SD parameters. 
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Fig. 4.10. CF contour and wave envelope corresponding to ὧ ςτ  ὔȢίȾά and Ὧ ρψ  ὯὔȾά for ὒ

πȢτὒ and different excitation frequencies, (a1, a2) ‫ ρσππ Ὄᾀ, (b1, b2) ‫ ρχππ Ὄᾀ, and (c1, c2) 

‫ ςπππ Ὄᾀ. 

Plots (a1), (b1), and (c1) in Fig. 4.10 show that the CF contour changes by varying the excitation 

frequency. The dark blue area in Fig. 4.10(b1), is broader than Fig. 4.10(a1) and (c1) which 

indicates a lower sensitivity to ὧ and Ὧ values. Additionally, Fig. 4.10(a1) shows a relatively 

narrow dark blue region which means that for the excitation frequency of ρσππ Ὄᾀ the quality of 
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traveling waves is more likely to change for different pairs of ὧ and Ὧ. Table 4.6 summarizes the 

parameters for the plots in Fig. 4.10. 

Table 4.6.  The CF values for Fig. 4.10 cases for ὧ ςτ  ὔȢίȾά and Ὧ ρψ  ὯὔȾά, and ὒ πȢτὒ. 

Plot # from 

Fig. 4.10 

Excitation 

frequency (Hz) 

CF for the T 

region 

ἩȟἩ  ρσππ πȢτψχ 

ἪȟἪ  ρχππ πȢππτ 

ἫȟἫ ςπππ πȢςστ 

Fig. 4.10 (a2), (b2), (c2), and Table 4.6 show that for a particular SD location and specific damping 

and stiffness coefficients, the excitation frequency has a considerable impact on the quality of 

traveling waves. In fact, in some cases, it is not possible to generate traveling waves, as observed 

in the CF plots.  

4.5. Comparison between numerical and analytical results 

This section compares the results from the analytical solution to the simulation results. Fig. 4.11 

shows the analytical and simulated wave for a clamped-free beam with ‫ ρχππ Ὄᾀ and ὒ

πȢτὒ. The simulated results corresponds to the minimum CF value obtained from the cost function 

contour and the optimal values of ὧ and Ὧ for the analytical case (Fig. 4.11(a)) are calculated from 

the analytical solution as ὧ ςσȢψψ  and Ὧ  ρψȢπφ . The results show a high agreement 

between the numerical and analytical cases.  
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Fig. 4.11. Comparison between analytical and simulation results for clamped-free case, (a) analytical 

result, (b) cost function using parameter search from simulation, red circle shows an estimation of optimal 

values of c and k, (c) simulation result using optimal values of c and k from the analytical solution. 

A comparison is conducted between the numerical and analytical results for a free-free beam with 

‫ ρυππ Ὄᾀ and ὒ πȢτὒ and the results are shown in Fig. 4.12. Furthermore, Fig. 4.13 

displays the results for a clamped-clamped beam with the same parameters. 

 

Fig. 4.12. Comparison between analytical and simulation results for free-free case, (a) analytical result, 

(b) cost function using parameter search from simulation, red circle shows an estimation of optimal values 

of c and k, (c) simulation result using optimal values of c and k from the analytical solution. 

 

Fig. 4.13. Comparison between analytical and simulation results for clamped-clamped case, (a) analytical 

result, (b) cost function using parameter search from simulation, red circle shows an estimation of optimal 

values of c and k, (c) simulation result using optimal values of c and k from the analytical solution. 

Fig. 4.12 and Fig. 4.13 show that the simulation and analytical results perfectly match. In both of 

these boundary cases, optimal stiffness and damping coefficient are 60.90 ὯὔȾά and 12.99 ὔίȾά. 

This shows the hypothesis that the only parameters affecting the optimal values of c and k are 

excitation frequency, location of the spring-damper, and beam parameters. The boundary condition 
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does not seem to affect the optimal value, however, the cost function values for different boundary 

conditions are different. 

It should be noted that these optimal values will be matched perfectly with the estimated values 

from the cost function plot, red circles shown on the CF contours if the search resolution is high 

enough. Considering the agreement between these results and knowing that the parameter search 

with high resolution is very time-consuming, the optimal value for c and k can be calculated from 

the analytical solution if needed. However, if in some cases, different qualities of traveling waves 

are acceptable, using the cost function from parameter search is practical. The parameter search 

allows finding an area, i.e. a design space, on the cost function plot at which multiple pairs of ὧ 

and Ὧ satisfy the cost function value criterion for traveling waves.  

4.6. Conclusion 

In this chapter, the generation of traveling waves using the single-point excitation method on a 

beam with an attached spring-damper system under a harmonic force with various boundary 

conditions was numerically simulated. The simulation results indicated how different parameters 

affect the wave propagation on the beam. Accordingly, the effect of damping and stiffness 

coefficients of the SD system, the location of the attached SD, and the excitation frequency were 

shown. To investigate the effect of the aforementioned parameters on the response of the system, 

the quality of produced traveling wave was quantified by adopting a cost function which was 

defined based on the waveôs envelope amplitude in Chapter 1. Thus, for three different boundary 

conditions, a parameter search on the SD parameters, ὧ and Ὧ, was done to obtain the best possible 

traveling wave. Furthermore, the numerical results of this chapter were compared to the analytical 

results and an excellent agreement between the results was shown. Moreover, the effect of 

parameter change resolution on the obtained optimal values was discussed. In the next chapter, a 
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detailed parametric study is performed on the system to further investigated the effect of various 

parameters on the generated wave. 
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Chapter 5 

5. Parametric study 

5.1. Introduction  

In this chapter, the behavior of a free-free beam with a passive absorber is analytically and 

numerically studied through a parametric study. The analytical model of the beam created in 

Chapter 3 is used in this chapterôs investigations and the effect of important parameters introduced 

in the previous chapters is studied further. Moreover, the sensitivity of the wave generation to these 

parameters is examined. A thorough parametric study aids in having a better understanding of the 

concept of wave separation in finite structures utilizing a passive approach. A comprehensive 

parametric study can show the possible ways to improve the wave separation in the structure and 

indicate the limitations of this wave generation approach. 

5.2. Parametric study approach 

In this section, system parameters that can affect the generated waves are introduced, and later in 

this chapter, the effect of selected parameters on the results is investigated. According to the 

previous chapters, three main parameters are considered the most effective parameters in the 

systemôs dynamic behavior; excitation frequency, passive absorber parameters (stiffness and 

damping coefficient of the SD), and the location where spring-damper is attached. An aluminum 

beam with ὒ ρȢυψρς άȟύ πȢπρςχ άȟὬ ρȢυψχυ άάȟ” ςχππȟ and Ὁ χρ Ὃὖὥ is 

used as a sample beam throughout this study. This is the same beam adopted in the previous 

chapters. To investigate the effect of each parameter on the system, the cost function is used. The 

CF can be defined based on the envelope of the waves as presented in the previous chapters or 
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based on the coefficients of the incident and reflective waves. The definition introduced earlier in 

this work is very useful in numerical studies. However, it is impractical and time-consuming for 

analytical investigations. Therefore, another equivalent definition of CF is adopted in this chapter. 

CF is defined as the ratio of the coefficient of the reflective and incident waves. To re-iterate from 

Chapter 3, the incident wave is a wave that moves from the generating source toward the boundary 

or discontinuity and a reflective wave is a wave that reflects from the discontinuity or the boundary. 

Fig. 5.1 shows a schematic of the beam used for the parametric study.  

 

Fig. 5.1. Schematic of a free-free beam with an attached spring-damper and an applied harmonic force 

In Fig. 5.1, the two waves are, 

ό ὼȟὸ ‌Å        )ÎÃÉÄÅÎÔ ×ÁÖÅ ÌÅÆÔÍÏÖÉÎÇ ×ÁÖÅȟ 
(5.1) 

ό ὼȟὸ ‌Å      2ÅÆÌÅÃÔÉÖÅ ×ÁÖÅ ÒÉÇÈÔÍÏÖÉÎÇ ×ÁÖÅȢ 

To obtain these waves from Equations for the steady-state amplitude of the displacement for each 

subdomain of the re-written from Chapter 3 as, 

ὢ ὼ ‌ ÓÉÎ‍ὼ ‌ ÃÏÓ‍ὼ ‌ ÓÉÎÈ‍ὼ ‌ ÃÏÓÈ‍ὼȟ    π ὼ ὒ 

(5.2) ὢ ὼ ‌ ÓÉÎ‍ὒ ὼ  ‌ ÃÏÓ‍ὒ ὼ ‌ ÓÉÎÈ‍ὒ ὼ

‌ ÃÏÓÈ‍ὒ ὼȟ ὒ ὼ ὒ  έὶ  π ὼ ὒ ὒȟ 

the first two expressions of the equation are written in their exponential format as, 

‌ ÓÉÎ‍ὒ ὼ ‌ ÓÉÎ‍ὼ ‌
Å Å

ςÊ
 ȟ (5.3) 
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‌ ÃÏÓ‍ὒ ὼ ‌ ÃÏÓ‍ὼ ‌
Å Å

ς
 Ȣ 

Adding Equations (5.2) and (5.3) yields, 

‌
Å Å

ςÊ
‌
Å Å

ς
   

‌

ςÊ

‌

ς
    

Ὡ
‌

ςÊ

‌

ς
    

Ὡ Ȣ  

(5.4) 

Therefore, 

#&
    

    
. (5.5) 

As mentioned before in chapter 3, ‌  and ‌  are functions of ὧ, Ὧ, ὒ, and Thus, for a .‫ 

particular SD location and excitation frequency, the CF can be calculated for any set of ὧ and Ὧ. 

This essentially shows that different parameters (ὧȟὯȟ‫ȟ and ὒ) affect the #& values and the 

response of the system. The parameters that are used in this parametric study are introduced in 

Sections 5.2.1 to 5.2.3. 

5.2.1. Damping and stiffness coefficient of the absorber 

One of the main parameters of the system which has a strong contribution to this work is the 

passive absorber's characteristic, i.e. damping and stiffness coefficients (ὧ and Ὧ) of the attached 

spring damper. The effect of these parameters was shown briefly in the previous chapters. For 

completeness, the effect of these parameters on the CF is shown again in this section. Fig. 5.2 

shows an example of a CF contour for a range of absorber stiffness and damping values for the 

beam subjected to a harmonic force with a constant excitation frequency of ‫ ρσππ Ὄᾀ. The 

cost function is calculated by varying damping and stiffness coefficients and using Equation (5.5). 

The red point in Fig. 5.2(a) indicates the minimum CF resulting in the highest quality traveling 
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wave in the region between the SD and the force. Corresponding stiffness and damping coefficients 

are ὧ ψȢωψ ὔȢίάϳ  and Ὧ χρȢπσ Ὧὔάϳ . 

 

Fig. 5.2. An example of cost function contour and generated waves. 

Fig. 5.2 (b) shows the generated waves in the beam for the values of ὧ and Ὧ in which the CF is 

minimum (red point in the CF contour in Fig. 5.2(a)). 

5.2.2. Frequency band selection 

The excitation frequency is another parameter that affects the response of the system. In order to 

investigate the effect of the excitation frequency on the results, a wide frequency band, υππ

ςυππ Ὄᾀ is selected. For each of these excitation frequencies and a certain location of the spring-

damper system, the passive absorber parameters can be optimized. 

 

(a) (b) 
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Fig. 5.3. The frequency response function of a free-free with a SD attachment at ὒ πȢτὒ with tuned 

parameters for the excitation frequency of ρχππ Ὄᾀ. 

Fig. 5.3 shows the FRF of the beam with an attached SD system with parameters ὧ ςτ ὔȢίάϳ  

and Ὧ ρψ Ὧὔάϳ  attached to ὒ πȢτ ὒ. The frequency band is shown in Fig. 5.3. Excitation 

frequency effect on the response of the system is shown for some cases in Fig. 5.4. 

 

Fig. 5.4. Cost function contour and generated waves for a constant SD location ὒ πȢτὒ, (a1) CF 

contour for ‫ ρσππ Ὄᾀ, (a2) response for optimized ὧ and Ὧ for ‫ ρσππ Ὄᾀ, (b1) CF contour for 

‫ ρχππ Ὄᾀ, (b2) response for the same ὧ and Ὧ values as in (a2) with ‫ ρχππ Ὄᾀ. 

Fig. 5.4 shows the CF contour and area swept by the generated waves for two systems with 

constant ὧȟὯȟὥὲὨ ὒ and two different excitation frequencies, ‫ ρσππ Ὄᾀ and ‫ ρχππ Ὄᾀ. 

The plots in Fig. 5.4 show that for each excitation frequency, the cost function contours (Fig. 5.4 

(a1) and (b1)) and the generated waves for the same SD parameters (for example Fig. 5.4(a2) and 

(b2)), are completely different. For example, the red dot in Fig. 5.4(a1) and the black dot in Fig. 

5.4(b1) show the same ὧ and Ὧ values on the CF plot. However, their corresponding CF values are 

(a1) 

▓  ▓╝Ⱦ□  
╬  ╝Ȣ▼Ⱦ□ 
Ἅἐ  

(a2) 

▓  ▓╝Ⱦ□  
╬  ╝Ȣ▼Ⱦ□ 
Ἅἐ  

▓  ▓╝Ⱦ□  
╬  ╝Ȣ▼Ⱦ□ 
Ἅἐ Ȣ 

(b1) (b2) 
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different. Fig. 5.4(a2) and Fig. 5.4(b2) show the wave corresponding to these two points on the CF 

plots. Moreover, the optimal values of ὧ and Ὧ (red points in Fig. 5.4(a1) and (b1)) to generate a 

nearly pure traveling wave on the beam are different for each Therefore, the effect of excitation .‫ 

frequency on the systemôs response needs to be investigated to fulfi ll the parameter study. 

5.2.3. Location of spring-damper attachment on the beam 

The location of the attached SD ὒ  plays an important role in changing the quality of generated 

traveling and standing waves on the beam. For each location of the spring-damper, a certain set of 

damping and stiffness coefficients can be used for the attached SD system to the beam in order to 

obtain a high-quality traveling wave. Otherwise, by changing the location of the SD system on the 

beam while keeping ὧ and Ὧ constant, the generated waves are not necessarily traveling waves. 

Fig. 5.5 shows the cost function contour and the generated waves for two different spring-damper 

locations and the same excitation frequencies. 

 
 

 
 

(a1) (a2) 

(b1) (b2) 
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Fig. 5.5. Cost function contour and generated waves for a constant excitation frequency ‫ ρσππ Ὄᾀ, 

(a1) CF contour for ὒ πȢτὒ, (a2) response for optimized ὧ and Ὧ for ὒ πȢτὒ, (b1) CF contour for 

ὒ πȢψὒ, (b2) response for optimized ὧ and Ὧ for ὒ πȢψὒ. 

 Fig. 5.5(a1) and (b1) show the difference between the CF contours for each SD location. 

Therefore, to obtain the nearly pure traveling waves shown in Fig. 5.5(a2) and (b2), two different 

sets of spring-dampers are required.  In these examples, the optimized values of SD coefficients 

for ὒ πȢτὒ, are ὧ ψȢωψ ὔȢίάϳ  and Ὧ χρȢπσ Ὧὔάϳ , while for  ὒ πȢψὒ, the SD parameters 

are ὧ ρςȢτυ ὔȢίάϳ  and Ὧ τχ Ὧὔάϳ . Therefore, by manipulating ὒ while keeping other 

parameters (ὧȟὯȟconstant this effect can be investigated. The results of the parametric study for (‫ 

a free-free beam with an attached SD system are presented in the next section. 

5.3. Effects of changing the stiffness and damping coefficients  

In this section, the behavior of the system is investigated by changing the SD parameters, i.e. ὧ 

and Ὧ. As a case study, the cost function contour for ὒ πȢτὒ and ‫ ρχππ Ὄᾀ is presented in 

Fig. 5.6. The optimal values of ὧ and Ὧ (red point in Fig. 5.6) are calculated such that the CF is 

minimized. 

 

Fig. 5.6. Cost function contour for ὒ πȢτὒ and ‫ ρχππ Ὄᾀ. 
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By keeping one of the stiffness or damping coefficients of the SD constant and varying the other 

one, the effect of ὧ and Ὧ on the quality of generated waves can be shown. Each horizontal line on 

the CF contour indicates a SD system with a constant value of the damping coefficient and different 

stiffness coefficients. Similarly, vertical lines on the counter, represent spring-damper systems 

with a constant Ὧ and different ὧ.  

 

Fig. 5.7. The relationship between the CF values and SD parameters for ‫ ρχππ Ὄᾀ and ὒ πȢτὒ, 

(a1) CF vs ὧ for various values of Ὧ, (a2) CF contour and the selected values of Ὧ, (a1) CF vs Ὧ for 

various values of ὧ, and (b2) CF contour and selected values of ὧ. 

Fig. 5.7(a1) shows the effect of changing the damping coefficient for some constant stiffness 

coefficients which are indicated as vertical lines in Fig. 5.7(a2). Moreover, Fig. 5.7(b1) illustrates 

the cases where the value of Ὧ changes while ὧ is constant. The selected values for damping 

coefficients are indicated as horizontal lines in Fig. 5.7(b2). It can be observed in Fig. 5.7(a1) that 

(a1) (a2) 

(b1) (b2) 
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for all cases, i.e. any constant value of Ὧ, the CF value is very sensitive to the changes of ὧ values. 

However, the curves in Fig. 5.7(b1) for most of the cases are nearly straight lines, indicating a very 

low sensitivity of cost function values to the stiffness of the SD system. To confirm this 

implication, the results for another case where ‫ ρσππ Hz and ὒ πȢτὒ are presented in  

Fig. 5.8.  

 

Fig. 5.8. The relationship between the CF values and SD parameters for ‫ ρσππ Ὄᾀ and ὒ πȢτὒ, 

(a1) CF vs ὧ, (a2) CF contour and the selected values of Ὧ, (a1) CF vs Ὧ, and (b2) CF contour and the 

selected values of ὧ. 

The trend seen in this case agrees with the previous results indicating that the cost function value, 

i.e. the quality of the generated waves, is more sensitive to the values of the SDôs damping 

compared to its stiffness. Note that for both cases, the sensitivity of the CF value to the changes in 

(a1) (a2) 

(b1) (b2) 
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SDôs stiffness is higher for the optimal value of the SDôs damping coefficient. The results 

presented in this section showed the effect of SD parameters on the generated wave quality. 

5.3.1. The spring-damper force  

The applied force at the ὒ can be simply calculated by calculating the force in the spring-damper 

as,  

Ὂὒȟὸ Ὧόὒȟὸ ὧόὒȟὸȢ  (5.6) 

Fig. 5.9 demonstrates a comparison between the input force and response force at the spring-

damper location. It can be clearly seen that there is a phase difference ‰  between these two 

forces. Some of the studies in the literature [116, 120, 133] showed that by applying two harmonic 

excitations to a structure, traveling waves can be produced. The presence of this phase difference 

between the harmonic excitation and the force at ὒ shows that the passive absorber attached to 

the beam operates as a secondary source of excitation in a passive manner. The main difference 

between these two approaches is that by applying another force to the system, the energy is actively 

injected into the system. However, utilizing a SD system as a PA prevents applying unnecessary 

energy to the system to generate traveling waves. 
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Fig. 5.9. Comparison between the input force and the force at the SD location (ὒ) for, (a) some arbitrary 

sets of spring-damper attached to the beam and (b) optimized ὧ and Ὧ for ‫ ρχππ Ὄᾀ and ὒ πȢτὒ 

As it is expected, Fig. 5.9(a) shows that various values of ὧ and Ὧ result in different phase 

differences between the forces. The spring damper parameters are selected from the cost function 

contour in Fig. 5.10. 

 

Fig. 5.10. The CF contour for ‫ ρχππ Ὄᾀ and ὒ πȢτὒ. 

(a) 

(b) 

ἡἎ  
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ἡἎ  
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#&ḊπȢφρ 

ἡἎ  
ὯḊωπȢρ  
ὧḊςυȢυ  
#&ḊπȢρτ 

ἡἎ  
ὯḊυπȢυ  
ὧḊτυȢρ  
#&ḊπȢσρ 
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The phase difference, cost function value, and SD parameters are tabulated in Table 5.1. 

Table 5.1. Phase difference and CF for different SDs selected from Fig. 5.10. 

 
▓ ▓╝□ϳ  ╬ ╝Ȣ▼□ϳ  ἍἷἻἼ ἐἽἶἫἼἱἷἶ  ꜚ▀▄▌Ȣ 

ἡἎ  ρπȢω ςυȢυ πȢπτ χσȢω 

ἡἎ  υπȢυ τυȢρ πȢσρ φτȢω 

ἡἎ  ωπȢρ ςυȢυ πȢρτ ψψȢσ 

ἡἎ  υπȢυ υȢω πȢφρ υυȢχ 

ἡἎἼἽἶἭἬ ρψ.0 ςτȢπ π χχȢυ 

To find a relationship between the quality of the generated traveling waves and the phase 

difference between the forces, the phase difference is calculated by varying SD parameters, i.e. 

stiffness and damping coefficient. Moreover, as it was discussed before, the cost function contour 

can demonstrate the traveling wave quality for different pairs of ὧ and Ὧ. Combining the phase 

difference and cost function values in one plot versus spring-damper parameters shows the 

relationship between the phase difference and the quality of the traveling wave. 

 

Fig. 5.11. The phase difference between the input force and the SD force (dashed yellow curves) for 

various ὧ and Ὧ values for ‫ ρχππ Ὄᾀ and ὒ πȢτὒ shown on the cost function contour. 
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Fig. 5.11. shows that for the high-quality traveling waves, i.e. low cost function values (dark blue 

area in the plot), the phase difference between forces is between χπ and ψυ degrees. Note that if 

the phase difference is in this range, it does not necessarily confirm that high-quality traveling 

waves are generated. For instance, following the ‰ ψυЈ curve in Fig. 5.11 shows that for ὧḙ

ρπ ὔȢίȾά and Ὧḙς ὯὔȾά, the cost function is near πȢφ which indicates that the generated hybrid 

waves are closer to standing waves than traveling waves. The same approach is followed for more 

excitation frequencies, χππ Ὄᾀ, ρσππ Ὄᾀ, ρχππ Ὄᾀ, and ςπππ Ὄᾀ at ὒ πȢτὒ and results are 

shown in Fig. 5.12. 

  

 ╗◑ 

 ╗◑ 

 ╗◑ 

 ╗◑ 

(a) (b) 

(c) (d) 
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Fig. 5.12. The phase difference between the input force and the SD force at ὒ πȢτὒ for various ὧ and Ὧ 

values for different excitation frequencies, (a) ‫ χππ Ὄᾀ, (b) ‫ ρσππ Ὄᾀ, (c) ‫ ρχππ Ὄᾀ, and (d) 

‫ ςπππ Ὄᾀ. Dashed yellow curves show phase differences and contours display the cost function. 

Fig. 5.12 shows that the phase difference pattern and values for each excitation frequency are 

different. Since the SD location is unchanged for all cases (ὒ πȢτὒ) and the stiffness and 

damping coefficient axis in the CF contours are the same, i.e., the values of ὧ and Ὧ in the CF 

contours are evenly distributed, the excitation frequency directly affects the phase difference 

between the SD force and the input force. 

5.4. Effects of changing the Excitation frequency 

In this section, the effect of changing the excitation frequency on the response of the system is 

investigated. First, the quality of the generated wave from the force location and the SD location 

(ὒ ὼ ὒ) is examined by calculating the CF in this region. This step is done by keeping the 

stiffness and damping coefficients of the SD system unchanged. In these examples, the constant 

values of SD parameters are tuned for ὒ πȢτὒ and ‫ ρχππ, where ὧ ςτ ὔȢίάϳ  and Ὧ

ρψ Ὧὔάϳ . The selected excitation frequencies are indicated in Fig. 5.13.  
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Fig. 5.13. The frequency response function (FRF) of a free-free beam without spring-damper and with 

optimal SD attachment at ὒ πȢτὒ under the excitation frequency of ρχππ Ὄᾀ. 

Fig. 5.14 displays the response of the system to the excitation frequencies indicated in Fig. 5.13. 

It can be observed that even if the excitation frequency matches one of the natural frequencies of 

the system, traveling waves still can be generated in a portion of the beam. Fig. 5.14(a) shows that 

when the system is excited at ‫ ρπρψ Ὄᾀ which is one of the natural frequencies of the system, 

a relatively high-quality traveling wave is generated. Fig. 5.14(b) and (d) show a hybrid wave 

generation at ρσπω Ὄᾀ and a standing wave at ρψχυ Ὄᾀ, respectively. Note that these frequencies 

are not on the systemôs natural frequency. Note that the spring-damper parameters are tuned for 

‫ ρχππ Ὄᾀ which  results in a pure traveling wave (Fig. 5.14(c)). 

 

Fig. 5.14. Generated waves for constant values of ὒȟὧȟÁÎÄ Ὧ for (a) ρπρψ Ὄᾀ, (b) ρσπω Ὄᾀ, (c) 

ρχππ Ὄᾀ, and (d) ρψχυ Ὄᾀ. 

The cost function as a function of the excitation frequency is plotted in Fig. 5.15. The SD 

parameters for the system are tuned for ‫ ρχππ Ὄᾀ. 

(a) (b) 

(c) (d) 












































































































































