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{ABSTRACT)

Reasoning with uncertainty in real complex problems is expected to be increasingly
difficult as the need for participation by the experts increases. The Eigen Vector Method (EVM)
is a simple technique to quantify personal assessment of uncertain situations. It, however,
provides only point estimates and lacks a direct measure of accuracy. The proposed method
of Confidence Interval Based Uncertainty Evaluation Technique (CIBUET) explores a method

to estimate the variability along with point estimates.

A brief review of uncertainty evaluation techniques, the basics of decision theory as a
framework for analyzing preferences, and the method of EVM to estimate the priorities are
presented. The variance of these point estimates result from the inconsistency in the judge-
ment ratios, which is represented by introducing error factors with each judgement ratio. The
nature of the error factors are discussed, and then modelled as lognormally distributed.
Methods to estimate the parameters oftHe error factors and the variances of the priorities are

developed. These results are corroborated by numerical simulation.

The framework for several applications of the technique is presented. It is illustrated by
analyzing a number of example problems taken from the literature. The methodology to ex-
tend the technique to analyze inconsistent data encountered in the process of power planning
is developed in detail. The application is fully illustrated using the context and data from an

actual power planning study.



Several approaches taken to extend the technique to multi-level hierarchies are pre-

sented. Numerical simulation is utilized to investigate the validity of the approaches and select

the most appropriate model.

Some special features of the technique and the underlying assumptions with the sub-
sequent implications are discussed at the end. Directions for further research to enhance and

extend the technique are identified and some possible approaches for the same are outlined.
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Chapter |

INTRODUCTION

Complete representation and perfect knowledge of real world problems are seldom
possible. Simplifying assumptions almost always accompany them. Some degree of uncer-
tainty is unavoidable in the consequences of any action taken under these conditions of in-
complete information. The ability to somehow account for and deal with these uncertainties
is an important part of both the experts and the models that use their expertise. In fact the
ability to represent and cope with these uncertainties will have a direct bearing on the success
or effectiveness of these models. The problems in Decision Analysis and Artificial
Intelligence/Expert Systems share these similar difﬁculties. And, these disciplines have de-
veloped elaborate methods and techniques for addressing these difficulties of coping with

uncertainty.

One simple technique that has proved convenient under incomplete information to as-
sess a situation is the Eigen Vector Method of estimating the priorities. This technique utilizes
the subjective judgements of an expert to estimate the relative importance (priorities) of the
alternatives being considered. However, it provides only point estimates of these priorities

which, therefore, do not reflect the degree of uncertainty inherent in them.
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The intent of this research is to investigate the likely range of variation of these priori-
ties so that a measure of confidence in the point estimates could be established. This is done
by modelling each expert judgement as imprecise estimate contaminated with an error factor.
Proper characterization of these error factors is utilized to estimate the variability of the re-

sulting priorities.

Chapter 2 establishes the context of the research giving brief accounts of background
literature. First part covers the topics of uncertainty. Brief summaries of the prominent un-
certainty techniques utilized for making inferences specially in Decision Analysis, Artificial
Intelligence and Expert Systems are presented. A brief account of development of these
techniques in line with the demands of problems of increasing sophistication is also pre-
sented. The second part gives a sketch of the basics of Decision Theory, which uses the utility
concepts to analyze the preferences. The last part introduces the Eigen Vector Method in
some detail. When compared to decision analysis, we will find that this method relies heavily
on the subjective judgements of the expert rather than a detailed framework of the problem.
A brief outline of the concepts on Hierarchies is also presented. At the end of this chapter, the

perspective of the proposed technique is outlined.

Chapter 3 consists of the details regarding the representation of imprecision in expert
judgement. Arguments to support the lognormal nature of the error factor is first given. This
is followed by the comparison of performances of lognormal error model against those of
three other prominent non-negative distributions, Weibull, Beta and Gamma error models to

yield the expected results.

The development of the proposed Uncertainty Evaluation Technique is given in Chapter
4. It begins with the approximate analysis of the priorities. Empirical formulae are developed
for the estimation of the parameter of the lognormal error factor and which are corroborated
with results obtained by numerical simulation. Finally the empirical expression for the vari-

ance of the computed priorities is developed. This is also verified by numerical simulation.
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Chapter 5 outlines the procedures for the application of the technique. The possible
scenarios and the appropriate ways to handle the situations are presented. The applicability
of these procedures is illustrated with several example problems taken from the literature.
The later part of chapter 5 is devoted to the development of the methodology to extend the
technique to analyze inconsistent data in power planning. The method is illustrated by con-
sidering the data from an actual power planning study and its validity demonstrated by com-

paring its performance against those of two other techniques presently used for the purpose.

Chapter 6 presents the approaches investigated to extend the technique to problems
with multi-level hierarchies. The approaches are evaluated by numerical simulations. Simu-
lation results for the selected model are reported for hierarchies of up to four levels and up

to six factors in each level.

The last chapter comments on some special features of the technique and attempts to
clarify its position in relation to other techniques of dealing with uncertainty. The assumptions
implicit in the development of the technique and their implications are discussed in some
detail. Some directions to expand and extend the technique are also identified and the possi-

ble approaches are outlined.
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Chapter Il

BACKGROUND LITERATURE

2.1 Uncertainty

Uncertainty in decision making arises mainly due to two reasons - (i) Stochastic nature
of the process and (ii) Lack of complete understanding of the process. Therefore, the uncer-
tainty aspect of decision and inference problems become worse in less structured problems.

One approach widely used to tackie uncertain outcome, termed as Engineering ap-
proach, is to avoid explicit representation of uncertainty, and substitute an uncertain system
with an equivalent certain system. The concept of certainty equivalent in decision analysis,
and model formulations within appropriate assumptions are examples of this approach.

The concepts in explicit representation of uncertainty and some of the prominent tech-

niques used to handle them are briefly discussed below.
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2.1.1 Techniques of Handling Uncertainty

While working in an uncertain environment, new information or evidences, very often,
become increasingly available. Therefore, in addition to a proper representation of uncertainty
for a fixed level of information, an effective calculus to combine or propagate the measure of
uncertainty under a sequential set of available evidences become very important. The follow-

ing are some of the techniques that have gained prominence in dealing with uncertainty.

2.1.1.1 Bayesian Approach

Baye’s theorem [ 1,2.3] provides a method of updating the probability of a hypothesis
on the basis of an evidence. For a hypothesis h and evidence e , the conditional probability

of the hypothesis given the evidence is,

P(h
pin1 o) =000
Similarly, P(e| h)= %Q)e)
Therefore, P(e|h) P(hy = P(h|e) P(e) = P(he)

This gives the Bayes Theorem in the following form.

P(e|h) P(h)

Ple) = —

Where P(h) = prior probability of h
P(e| h) = likelihood of e under h

P(e) = probability of e.
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This gives a straight forward method to revise probabilities in the light of one piece of
evidence. In the presence of multiple hypotheses , say n, the above formulation can be gen-
eralized for each hypbthesis h,i=1...,n

P(e|h) P(h)

n

D Ph) Plelhy

k=1

P(h;le) =

This can be extended to incorporate several pieces of evidence, ¢, i=1,...,m

P | (er o o)) = —miotEm) [ ) P(R)

D Pt PiCey. .. em) 1)
k=1

This procedure has a firm foundation in probability theory. However, two restrictions are
implicitly imposed on it. First, the hypotheses, h, ’s should be mutually exclusive and exhaus-
tive. This means that commitment of certain belief to a hypothesis implies commitment of the
remaining belief to its negation. This is in direct contradiction of the popular opinion that evi-
dence partially in favor of a hypothesis should not be construed as evidence against the same
hypothesis. The second restriction is that the evidences should have conditional independ-
ence to make any practical use of this evidence. This requirement is not satisfied in many
applications. Moreover, this procedure still requires large amount of input which is perceived

as a burden on the experts who furnish them.

2.1.1.2 Fuzzy Analysis

A special form of uncertainty is observed in cases of imprecise or vague specifications

of conditions having fuzzy boundaries [4,5]. If the weather is forecast to be warm there are
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no precise boundaries when the weather ceases to be warm and becomes cold or hot. Such
uncertainty cannot be specified by probability techniques. The concept of possibility is de-
veloped and utilized to quantify such uncertain situations, the possibilities being represented

by numbers generated by membership functions denoted by f: X — [0, 1].

The axioms of possibility theory are developed analogous to probability theory. Some

of the simple rules of fuzzy analysis are :

Union: (fUg)x) = max [f(x),g(x)]
Intersection: (fNg)x) = min [f(x), g()]
Compliment: fxy =1-fx

But, in general (fU f_) (x) # 1

This analysis has a number of shortcomings; for example, the combined results are
solely determined by the maximum in case of union and the minimum in case of intersection,

independent of the strengths of other inputs.

2.1.1.3 Certainty Factor (CF) Approach

This is an ad-hoc approach developed to overcome the short- comings of Bayesian
method to quantify the degree of confirmation of a hypothesis on the basis of sequential evi-
dences [1,6]. The strength of an evidence e to confirm a hypothesis h is represented by the

Certainty Factor (CF), which is defined as,

CF[h,e] = MB[h, e] — MD[h, €]

Where MBJ[h,e] is the measure of increased belief in hypothesis h
based on the evidence e.
MDI[h,e] is the measure of increased disbelief in hypothesis h

based on the evidence e.
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Based on the contention that a single piece of evidence should not both confirm as well
as disconfirm a hypothesis, MB and MD are defined in terms of prior probabilities and likeli-

hoods such that

when MB[h,e] > 0, MD[h,e] =0, and
when MD[h,e] > 0, MB[h,e] = 0.
The range of the Belief Measures are, 0 < MB <1 0<MD<1 , and

—1 < CF < 1. Certainty of a hypothesis will be indicated by unity MB, zero MD and unity
CF while negation of the hypothesis will be indicated by zero MB unity MD and CF = -1. A
complete irrelevance of the evidence with respect the hypothesis wiil be indicated by a zero
value of all the three factors. In general, a positive CF will imply that the evidences confirm

the hypothesis more than disconfirm and vice versa.

In this approach, CF[h,e] # 1— CF[h,e] , which means that if e confirms h with a
strength of CF, it does not confirm h with a strength of 1 - CF. In fact,
CF[h,e] + CF[h,e] = 0, which is very appealing since it states that evidence that confirms
a hypothesis disconfirms the negation of the hypothesis to an equal extent. In the presence
of multiple evidences, combining functions to obtain the resultant MB’s and MD’s is formu-
lated purely on intuitive basis. Though this process is found to give reasonable resuits, there

has been situations where the process yields absurd results.
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2.1.1.4 Dempster-Shafer Theory

This approach maintains the features of CF approach which eliminate the unwanted
implications inherent in Bayesian approach, yet is based on a firm mathematical foundation
[1,6]. The degree of confirmation of a hypothesis is indicated by the measure of belief, which

is sequentially revised based on newly available evidences.

It starts by specifying a frame of discernment 8 which is the collection of mutually ex-
clusive and exhaustive set of hypotheses. Unlike in probability theory, this approach supports
hypotheses which are any subset of 8. Maximum number of possible hypotheses is 27 | in-
cluding the null hypothesis set ¢. The impact of an evidence on a hypothesis is effected by a
function called basic probability assignment (bpa). This assigns a number in the range [0,1]
to each h, which is termed the measure of belief m{(h), such that these numbers sum to 1. m(h)
is the belief committed exclusively to h only and does not include the beliefs committed to any
subsets of h. Any portion of total belief that remains unassigned m(8), is assigned to the
proper set 8. Thus, the remaining belief does not go to the negation of the hypothesis sup-

ported by the evidence.

Belief function Bel(h) is a measure of the total amount of belief in h. This is the sum of
the beliefs m(.) committed exactly to every subset of h. This approach provides a consistent
method of combining the belief functions, so that the belief in any subset h, after considering
all the evidences can be readily obtained. One additional feature of this approach is the Belief
Interval, defined as 1 — Bel(h) — Bel(h) This represents thé balance of belief that is neither
assigned to h nor to its negation h. This can be regarded as the level of uncertainty present

with respect to the hypothesis regardless of the evidence.

One major drawback of this approach is the exponentially increasing number of the

hypotheses with the size of the frame of discernment.
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2.1.2 The Trend of Uncertainty Techniques

Over the years, the theory of probability has gone through subtle differences in the in-
terpretation and application. The frequentist interpretation of the theory forming probabilities
solely on the basis of observed frequencies severely restricted its application. The subjective
interpretation, which views probability as a measure of personal belief, broadened its appli-
cation in areas like decision analysis and operations research. The same axioms hold under
this interpretation and the Bayesian technique of revising the probabilities, - getting posterior
probability from the conditional probability and the priors and vice versa - perfectly suited the
framework of these applications. It is so because Bayes’ Theorem allows us to reverse the

direction of probabilistic inference.

With the advent of automated reasoning in artificial intelligence and expert systems,
some aspects of probability theory became too stringent to be practical. To reduce the number
of probability assessments, two simplifying assumptions, - {i) conditionally independent evi-
dences, and (ii) mutually exclusive and collectively exhaustive set of hypotheses, - became
very popular. Though the systems performed well [7] even under these simplifying assump-
tions, they were not widely accepted. The simplifying assumptions were mistakenly taken as
requirements of such systems. In addition, the intractable quantitative numerical approach of
Bayes’ technique did not match the informal qualitative and symbolic inference sought by Al
The common objections to the method of probability is listed in Henrion [8]. Due to these
perceived inadequacy or inability of probability a number of heuristic approaches, outlined
earlier, were formulated. These are not coherent and uses the probability concepts in a loose

fashion.

The popularity of these approaches can be traced mainly to two factors. The simple if -
then type of production system with a certainty factor proved very convenient in application.

Moreover, modularity, that is the ability to add or remove rules from the knowledge bases
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without modifying other rules, made it very flexible. But these advantages are only the result
of independency assumptions implicit in these systems. As a result, these formulations are
found to be incapable of handling complex systems with imbedded dependencies. Though
these heuristic methods continue to have their niche in the field of expert systems, their in-
adequate representation of uncertainty has once again put emphasis in probability as the only
satisfactory representation of uncertainty capable of handling complex dependencies. A great
deal of attention is focussed at making inferences based on probability. Various inference
networks, Causal trees, Belief Networks, Influence Diagrams, etc. are the topics currently

discussed in the literature [7,8,9].
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2.2 Decision Theory

The essence of decision making is the selection of the best alternative or an optimal
combination of alternatives to satisfy the desired objectives. While ordinal evaluation of the
alternatives seems sufficient for the former purpose, the latter demands a cardinal rating of
the alternatives. The main sources of difficuity in the achieving proper evaluation of the al-

ternatives are:

Multiple attributes : which makes it difficult to establish a common scale of comparison

between alternatives.

Uncertainty : which introduces the difficulty in prediction of the results following any

action.

2.2.1 Multiple Attributes and Concept of Utility

A problem is said to have multiple attributes whenever an alternative produces a col-
lection of desirable characteristics. Further, the goal or the objective itself is, very often, an-
other set of desirable characteristics. Obviously, most real life problems have multiple

attributes to them.

All the outputs of an alternative are not, in general, equally desirable or important in
meeting the desired objective. The desirability of a combination or a set of attributes is
measured in terms of Utility Functions . A Utility Function is defined as U = U(x) where x is a
non-negative n-vector representing the characteristics. This function defines a mapping from

R™ to R'. In simple terms, U converts the various combinations of the atiributes in a common
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numerical scale representing the level of desirability of each combination. The following is a

brief account of decision theory taken from the literature [7,10].

2.2.2 Fundamentals of Decision Theory

Decision theory is composed of the axioms of probability and utility. Where probability
theory provides a framework for coherent assignment of beliefs with incomplete information,
utility theory introduces a set of principles for consistency among preferences and decisions.
A decision is an irrevocable allocation of resources under control of the decision maker.
Preferences describe a decision maker’s relative valuations for possible states of the world,
or outcomes. The valuation of an outcome may be based on the traditional attributes of

money and time as well as on any other dimensions of value.

Utility theory is based on a set of simple axioms or rules concerning choices under un-

certainty. Like the axioms of probability theory, these rules are fairly intuitive.
The first set of axioms concerns preferences for outcomes under certainty.

Orderability: This axiom asserts that all outcomes are comparable, even if described by
many attributes. Thus, for any two outcomes x and y, either one prefers x to y or one

prefers y to x, or one is indifferent between them.

Transitivity: This axiom asserts that these orderings are consistent; that is, if one prefers

X to y and y to z, then one prefers x to z.

These axioms provide a weak preference ordering of all outcomes. This result implies
the existence of a scalar value function V(x), which maps from all outcomes x into a scalar

"value” such that one will always prefer outcomes with a higher “value”.
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The second set of axioms describe preferences under uncertainty. They involve the
notion of a lottery, an uncertain situation with more than one possible outcome. Each outcome

has an assignable probability of occurrence.

Monotonocity: This axiom says that, when comparing two Iotteries, each with the same
two alternative outcomes but different probabilities, a decision maker should prefer the

lottery that has the higher probability of the preferred outcome.

Decomposability: This axiom says that a decision maker should be indifferent between
any two lotteries that have the same set of eventual outcomes each with the same prob-
abilities, even if they are reached by different means, for example, in multistate lotteries.
In other words, a lottery whose outcomes are other iotteries will be decomposed into a

one-stage lottery using the standard rules of probability.

Substitutability: This axiom asserts that if a decision maker is indifferent between a lottery
and some certain outcome (the certainty equivalent), then substituting one for the other
as a possible outcome in some more complex lottery should not affect the preference for

that lottery.

Continuity: This axiom says that if one prefers outcome x to y, and y to x, then there is
some probability p that one is indifferent between getting the intermediate outcome y for
sure and a lottery with a p chance of x (the best outcome) and {1-p) chance of z (the worst

outcome).

It follows from accepting the axioms of utility that there exists a scalar utility function
U(x,d), which assigns a humber on a cardinal scale to each outcome x and decision d, indi-
cating its relative desirability. Further, it follows that when there is uncertainty about x, pre-
ferred decisions d are those that maximize the expepted utility E[U(x,d) | ¢] over the probability

distribution for x.
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