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Friction exists in most mechanical systems and may have a
major influence on the dynamic performance of the system.
The incorporation of friction in dynamic systems has been
a subject of active research for several years owing to its
high non-linearity and its dependence on several parameters.
Consequently, optimization of dynamic systems with friction
becomes a challenging task. Gradient-based optimization of
dynamical systems is a prominent technique for optimal de-
sign and requires the computation of model sensitivities with
respect to the design parameters. The novel contribution of
this paper is the derivation of the analytical methodology for
the computation of direct sensitivities for smooth multibody
systems with joint friction using the Lagrangian index-1 for-
mulation. System dynamics have been computed using two
different friction models; the Brown and McPhee, and the
Gonthier et al. model. The methodology proposed to obtain
model sensitivities has also been validated using the complex
finite difference method. A case study has been conducted on
a spatial multibody system to observe the effect of friction
on the dynamics and model sensitivities, compare sensitivi-
ties with respect to different parameters and demonstrate the
numerical and validation aspects. Since design parameters
can have very different magnitudes and units, the sensitivi-
ties have been scaled with the parameters for comparison.
Finally, a discussion has been presented on the interpreta-
tion of the case study results. Due to incorporation of joint
friction, ‘jumps’ or discontinuities are observed in the model
sensitivities akin to those observed for hybrid dynamical sys-
tems.

∗Address all correspondence to this author.

Nomenclature
nb Number of bodies in the system.
n Number of generalized coordinates. 7nb for reference

point coordinates with Euler parameters.
q ∈ Rn Vector of generalized coordinates.
λλλ ∈ Rm Vector of Lagrange multipliers.
ρρρ ∈ Rp Vector of system parameters [ρ1, ... , ρp]

T.
yx Jacobian formed by partial derivatives ∂y

∂x .

ẋ, ẍ Time derivatives dx
dt and d2x

dt2 respectively.
ΦΦΦ(q,ρρρ) ∈ Rm Vector of m holonomic constraints.
ΦΦΦq ∈ Rm×n The constraint vector Jacobian.
M(q,ρρρ) ∈ Rn×n Mass matrix.
Q(q, q̇,ρρρ) ∈ Rn Vector of external generalized forces and

torques.
QA f (q, q̇,λλλ ,ρρρ) ∈ Rn Vector of generalized frictional

forces.
v Magnitude of relative sliding velocity.
vt Magnitude of transition velocity.
µµµ [µd , µs]

T, where µd and µs are coefficients of dynamic
and static friction respectively.

S(v, vt , µµµ) Brown and McPhee friction coefficient.
Fn(q,λλλ ,ρρρ) Magnitude of normal force of contact.
Ff Magnitude of friction force.
R Residual of constrained equations of motion.
ri ∈ R3 Global position vector for the ith body-fixed refer-

ence frame.
ui Axis of rotation which forms the basis for the Euler pa-

rameters for body i. Any spatial rotation can be repre-
sented as a single rotation about this axis.

χi Angle of rotation about u for body i. Conventionally
considered positive counter-clockwise.



pi ∈R4 Euler parameter vector for ith body-fixed reference
frame given by [e0 eT]T where e0 = cos(χ/2),
and e = sin(χ/2)u.

s′i ∈ R3 Position vector for joint location in the local ith

body-fixed reference frame.
ui j ∈ R3 Relative velocity of sliding between bodies i and

j at joint surface.
Ai ∈ R3×3 Euler parameter rotation matrix representing a

transformation from ith body-fixed coordinate
system to global coordinate system. A(p) =
(e2

0 − eTe)I+2eeT +2e0ẽ.

Bi ∈ R3×4 2
[
(e0I+ ẽ)s′i es′Ti − (e0I+ ẽ) s̃′i

]
.

Ei ∈ R3×4 [−e ẽ+ e0I].
Gi ∈ R3×4 [−e − ẽ+ e0I].
Ci ∈ R3×3 Rotation matrix representing a transformation

from the joint definition frame to the ith body-
fixed reference frame.

h Time step.
ε Convergence error.
i Iteration index.
δ Convergence error tolerance.
ℵ Maximum convergence iterations.
m Mass of block.
g Acceleration due to gravity.
k Spring constant.
σ0 Bristle stiffness.
σ1 Bristle damping.
σ2 Coefficient of viscous friction.
τdw Dwell time-constant.
vε Numerical tolerance in velocity for body at rest.
vs Stribeck effect velocity (equivalent to vt ).

1 Introduction
In recent years, multibody dynamics has evolved into a

crucial tool of synthesis and design of mechanical systems,
having applications in a myriad of fields such as automo-
tive, aerospace, robotics and industrial automation, control,
and parameter estimation. Optimization of such systems re-
quires state-of-the-art gradient based techniques which fun-
damentally require sensitivity analysis with respect to their
design parameters. The techniques deployed most frequently
are the direct sensitivity approach and the adjoint sensitiv-
ity approach. The adjoint sensitivity approach was first pre-
sented by Haug and Arora [1] in 1978 and this approach was
extended towards constrained dynamic systems in 1984 by
Haug et al. [2]. This approach is more suitable if the num-
ber of parameters ‘p’ is relatively large while the number of
objective functions ‘o’ is small. In this approach, the com-
putation of individual sensitivities is not required to compute
the gradient of the objective function, which is where the ef-
ficiency of this approach comes from. The direct sensitivity
approach for constrained dynamic systems was developed by
Krishnaswami and Bhatti [3]. The direct sensitivity analysis
approach is preferred if the number of parameters ‘p’ is rel-
atively small [4] and the number of objective functions ‘o’ is

large. As the number of parameters grows, this methodology
becomes computationally expensive.

Over the years, several sensitivity analysis methodolo-
gies have been developed. Haug [5] developed the method-
ology using index-3 and index-1 formulations. Chang and
Nikravesh [6] added Baumgarte stabilization [7] to dynamic
systems to prevent constraint violation. Pagalday and Avello
[8] performed sensitivity analysis using Augmented La-
grangian Penalty Formulation. Direct and adjoint sensitiv-
ity analysis using Ordinary Differential Equation (ODE) for-
mulation was presented by Dopico et al. [9]. This formu-
lation enables the use of standard well-established integra-
tion schemes, like 4th-order Runge-Kutta as used by Flores
et al. [10], to be used for the solution of dynamics and sensi-
tivities. Zhang and Sandu [11] have developed a library for
computationally efficient integration of ODEs.

In the past few years sensitivity analysis approach has
been developed for hybrid systems, or systems that have
piece-wise continuous velocity trajectories. Corner et al. [12]
developed the direct sensitivity analysis approach for such
systems. These discontinuities might be caused by events
such as impacts which results in a sudden change of con-
straints. Most recently, Corner et al. [13] extended their work
on hybrid systems and presented a methodology for adjoint
sensitivity analysis of hybrid systems. Among other appli-
cations, sensitivity analysis can also be employed for pa-
rameter estimation. Blanchard et al. presented his work on
parameter estimation for mechanical systems with uncertain
parameters using polynomial chaos representation of uncer-
tainty [14–16].

The current state-of-art research in the field of multi-
body dynamics is focused on topics like modeling and sim-
ulation of hybrid dynamic systems, flexible multibody sys-
tems, bio-mechanical systems and rehabilitation, and model-
ing of systems with non-ideal joints. There might be a variety
of reasons that lead to the deviation of the joint performance
from the ideal behavior. These imperfections may include
things such as joint clearances [17, 18], which may be unin-
tentional due to wear or intentional due to backlash or to pro-
vide clearance for lubrication and leads to a deviation from
the ideal joint performance due to viscous drag [10]. The fo-
cus of this article is on modeling and sensitivity analysis of
systems where the joint friction forces cannot be neglected.
Although research on multibody systems with friction is on-
going since quite some time, spatial multibody formulations
with joint friction were developed very recently. There has
been some work on this topic in the late 1980s in the form a
series of papers where the theory of constraint addition and
deletion was presented [19–21]. Over the years, there was
progress made on this topic [22, 23] but efficient and gener-
alized formulations for joint friction were not described. The
recent developments by Pennestri et al. [24] which presents
the formulation for multibody dynamics of planar systems
with Dahl friction and Blumentals et al. [25] have shown a
lot of promise. Other recent works include the papers by
Wojtyra, and Harlecki and Urbaś [26, 27].

This paper studies the sensitivity analysis of multibody
systems with joint friction. Such systems require the compu-



tation of the joint normal forces, which essentially are func-
tions of the Lagrange multipliers. Hence, it is very natu-
ral to model such systems using the Lagrangian DAE for-
mulations. The novel contribution of this work is to de-
velop and validate the analytical methodology for compu-
tation of direct sensitivities of smooth multibody systems
with joint friction. This work builds on the multibody for-
mulation presented by Haug [28] that incorporates joint fric-
tion using the Brown-McPhee friction model [29]. The re-
sults presented in this study not only include the method-
ology for sensitivity analysis using Brown-McPhee friction
model [30] but also incorporates a more versatile dynamic
friction model given by Gonthier et al. [31]. Both of these
models are capable of emulating behaviors of stiction (static
friction), sliding friction, viscous drag, and Stribeck effects.
Additionally, a brief review of the friction models relevant
for dynamical systems has been presented which includes
a discussion on the selection criteria of a model for sen-
sitivity analysis. The Lagrangian index-1 formulation has
been used to develop a tangent space model for computation
of multibody system sensitivities through direct differentia-
tion. For validation of this analytical methodology, sensi-
tivities have also been computed using complex Finite Dif-
ference Method (FDM) and compared against those obtained
through the methodology. Typically, index-1 Lagrangian for-
mulations pose some numerical difficulties during forward
dynamics computation due to the high numerical stiffness of
the formulation. These drawbacks were addressed by Zhu
et al. [32] by using penalty formulation for adjoint sensi-
tivities. Penalty formulations are also well suited for re-
dundant constraints and kinematic bifurcations, which are
common issues in spatial mechanisms. A better option than
the penalty approach is the ALI3-P formulation derived by
Dopico et al. [33]. Another valid option is the ODE for-
mulation [9] which is also suited to redundant constraints.
However, in this study suitable implicit integration schemes
have been implemented to mitigate the stiffness associated
with index-1 Lagrangian formulations. Due to the incorpo-
ration of friction, Lagrange multipliers appear on both sides
of the dynamic equations of motion. To solve such equa-
tions, a fixed-point iteration scheme has been implemented
in the study and its convergence has been demonstrated. All
the numerical results shown in this work have been obtained
through the implementation of the proposed methodology on
a spatial mechanism. The effect of friction on dynamics and
model sensitivities has been studied. An interesting result
of incorporating joint friction is that, although the dynamic
model is continuous, abrupt changes in model sensitivities
can be observed during transition phases of friction (static
to dynamic and vice versa). This is similar to the sensitivity
‘jump’ observed for hybrid dynamical systems [12].

2 A Review of Friction Models for Multibody Systems
Substantial work has been done on the development of

friction models over the last 5 centuries [34], yet not a sin-
gle mathematical model has been developed that can conclu-
sively model this phenomenon [35]. This can be attributed

to its dependence on a large number and variety of parame-
ters. The most significant of these being the magnitude of the
normal force acting between surfaces in contact, surface ir-
regularities or roughness, and the tendency of those surfaces
to adhere to each other. Other parameters such as sliding
speed, surface temperature, humidity and materials also play
key roles. Surface temperature, for example, plays a major
role in braking systems, and is the dominant factor contribut-
ing to the brake fading phenomenon commonly seen in auto-
motive racing. Not only does friction depend on the physical
parameters of the system, but also depends on the nature of
the contact itself. Friction for sliding contacts is very differ-
ent than friction for rolling contacts. Lubrication also plays a
significant part, as it fundamentally alters the nature of fric-
tion between two surfaces.

Berger points out very acutely in his review paper [35]
that the complexity of the friction model being used should
be in accordance with that of the dynamic model of the sys-
tem. These two models cannot be chosen independent of
each other. Choosing a simplistic friction model that is inca-
pable of using most of the dynamic states would eventually
lead inaccurate system models. Broadly speaking, friction
is modeled either as a continuous time phenomenon which
is generally used in mechanics related problems or as a dis-
crete time phenomenon which is typically used in control
related problems. For effective control of mechanical sys-
tems, it becomes necessary to estimate friction in the system
model. Hence, it is required that the friction models used for
control applications be easy to implement within the system
dynamics. Ideally, it is preferred if the friction model is con-
tinuous across the friction regimes (sticking and sliding) and
the model is non-stiff, differentiable and integrable. More-
over, the parameters used in the model should have physical
significance and be easy to measure/estimate. If the friction
model is continuous in time and has Lipschitz continuity in
the systems states, it is possible to implement it within the
system dynamics using the theory of hybrid systems [36].
These criteria are also useful for selecting appropriate fric-
tion model for sensitivity analysis.

For nearly two centuries, friction was modeled using the
formulation proposed by Coulomb in 1785. The model gave
a range of values for zero relative velocity and a constant
value for non-zero relative velocities. The sign of the friction
was decided based on the fact that friction always acts in a
direction so as to resist relative motion. In 1968, Dahl [37],
observed that small amplitude input forces also faced a re-
action by elastic restoring forces. Dahl theorized that the
macroscopic friction we observe in real life is just a man-
ifestation if the microscopic interactions and bonds formed
between two contact surfaces. Unlike the Coulomb friction
model, Dahl thought of friction as a stress-strain like behav-
ior in material deformation tests. This idea was conveyed by
Dahl by proposing a model that assumes two bodies making
contact through elastic bristles, similar to a brush. The tran-
sition from static to kinetic friction is similar to the transition
from elastic to plastic deformation in ductile materials. This
analogy works perfectly, as explained below:



1. The static friction regime can be related to elastic de-
formation of the bonds and hence upon removal of the
applied force, the bonds return to their original state.

2. The transition regime from static to dynamic friction can
be thought of as a plastic deformation, where there is
some hysteresis and the bonds do not return exactly to
their original states.

3. Finally the dynamic friction regime is analogous to frac-
ture of the material, since the bonds that are responsible
for friction have eventually broken as the applied load is
higher than the amount which can be supported by the
bonds. This regime is when there is a constant shearing
of the friction bonds.

There are multibody formulations which have incorporated
the Dahl friction model [24]. Later, improvements were
made to this model by Wit et al. [38] in 1995 as several mod-
els started to emphasize the importance of velocity effects,
especially in systems involving lubricated surfaces. There
were two prominent limitations to the Dahl model namely,
it was a purely displacement based model and it did not
account for the fact that the load required to cause initial
displacement of a body is always higher than that required
to sustain motion. Wit et al. model, which was created
within a research collaboration between the Lund Institute
of Technology (Sweden) and the Laboratoire d’Automatique
de Grenoble (France), incorporated many behaviors of fric-
tion observed in experiments. The friction model, that is
more commonly known as LuGre model is a very versatile
model capable of simulating the velocity and acceleration
dependence of sliding friction, hysterisis effects and pre-slip
displacements. LuGre model also reproduces the Stribeck
effect, which is a non-linear dependence of friction on the
relative velocity of the sliding surfaces. For a finite velocity
regime, the surface friction decreases with an increase in the
sliding velocity. Beyond a certain threshold however, friction
starts increasing if the sliding velocity keeps growing larger.
This accuracy of the LuGre model however, comes at the cost
of the model complexity, as this is a 6 parameter model. De-
spite this drawback, the LuGre model for friction is widely
accepted in the controls community as it is very suitable for
applications requiring accurate macroscopic friction behav-
ior but are not concerned with the finer details of interface re-
sponse. Other models suitable for control of dynamical sys-
tems are the Armstrong-Hélouvry model [39]. This model is
a predecessor of the LuGre model and it introduced tempo-
ral dependency of friction and the Stribeck effect. However,
the pre-sliding displacement phenomenon is described by a
separate equation. Thus, it is required to introduce a mecha-
nism in the simulation to switch between the two equations,
one for sliding and one for stiction. The model is 7 parameter
model, but due to the switching requirement an 8th parameter
might be required. The Bliman-Sorine model [40,41], which
is also based on the Dahl friction model, has subtle differ-
ences when compared to the LuGre model. The Stribeck ef-
fect in Bliman-Sorine model is not the same as that observed
in experimentation. Moreover, the model has an oscillatory
response in the stiction regime. Gonthier et al. [31] made fur-

ther modifications to the LuGre model and presented a new
model in 2004. The authors added a dwell-time dependency
to the LuGre model to account for the difference when the
bodies transition from static friction to dynamic versus when
the transition is from dynamic to static. They also made
changes to the bristle state to make the dynamical model non-
stiff at low relative velocities with a proper choice of model
coefficients. Currently, this model shows promise as the re-
sults predicted by this model match well with experimental
observations. For further review of friction model, the reader
is referred to the paper by Marques on the topic [34]. Re-
cent modeling approaches of hybrid dynamical systems may
provide major breakthroughs in friction modeling, which is
a just a specific case of a hybrid dynamical event. Taylor
presents a MATLAB® based software package for hybrid
dynamical systems and includes the example of stiction as
a hybrid system [42].

The models discussed above fall in the category of dy-
namic friction models and are very versatile and capture the
friction behavior really well. However, they are relatively
difficult to implement due to their dependence on large num-
ber of parameters. Simpler models have been proposed each
having their advantages and disadvantages. Some promi-
nent ones are the smooth Coulomb model [43] which is a
continuous and differentiable variant of the Coulomb fric-
tion model. However, it is incapable of modeling stiction.
Karnopp model [44] is capable of modeling stiction to some
extent and the sliding velocity within a certain dead band
|v| ≤ vd is as considered to be zero. Pennestrı̀ et al. [45] have
provided a comparative study of some of these models using
a simulation of the Rabinowicz test [46].

A simple velocity-based friction model, primarily suited
for control and real time applications was provided by Brown
and McPhee [29]. This model is a continuous function of
velocity and captures the Stribeck effect and viscous drag
accurately. However, for the sake of simplicity, the micro-
asperities and time dependence of friction have been omitted.
This is expected, as inclusion of these phenomenon would
lead to reduced performance of the model for real-time appli-
cations. The model has first order continuity and is differen-
tiable which is important for sensitivity analysis. The authors
also compare this model with other other friction models like
Andersson model [47] and Specker et al. [48]. Brown and
McPhee concluded that the Andersson model agrees with
friction behavior with a smooth transition from rest velocity
but the parameters used in the model are not very intuitive
to understand and it is not entirely clear how they would af-
fect the shape of the friction force-velocity curve. Moreover,
both Specker and Andersson friction model predict viscous
friction purely as a function of velocity and do not include
the normal force in their formalism.

In conclusion of this review, it can be said that the
Gonthier et al. friction model [31] and the Brown and
McPhee friction model [29] are really well suited for multi-
body dynamic simulations. The detailed friction modeling
and a comparative study of these two models has been pre-
sented in section 3.



Fig. 1: Internal joint forces. Adapted from Haug [28].
3 Modeling

Models of spatial multibody systems are inherently non-
linear due to the involvement of large rotations. Incorpora-
tion of joint friction to these models further adds to the com-
plexity since the reaction forces at the joints are non-linear
equations of the generalized coordinates and Lagrange mul-
tipliers. In the subsequent sections, the modeling of joint
friction in multibody systems will be discussed. This pro-
cess has been broken down into two independent tasks viz.
the derivation of the normal force of contact at the joint inter-
face and the computation of generalized friction force vector
using the previously computed normal force and an appro-
priate friction model. It is implied in the following analysis
that all terms involved in the equations of motion are func-
tions of the system design parameters. This dependency has
not been explicitly expressed.

3.1 Joint Normal Force of Contact
In any dynamical system there exist constraint forces

and torques acting between two bodies at the joint inter-
face. These constraint forces depend on the type of joint
and the number of degrees of freedom the respective joint
permits. Figure 1 shows these forces acting in the joint refer-
ence frame. Consider that the body i is connected to another
body j (not shown in the figure) at point Pk

i . This means that
there is a joint k at point Pk

i . Point Pk
i can be located on the

body i through vector s′ki in the body-fixed reference frame
x′− y′− z′. The body-fixed reference frame x′− y′− z′ can
be located globally using the position vector ri. A joint refer-
ence frame x′′−y′′− z′′ is defined at point Pk

i . The rotational
transformation matrix from the reference frame x′′− y′′− z′′

to the reference frame x′− y′− z′ is denoted by Ck
i and that

between x′ − y′ − z′ and the global frame x− y− z is given
by Ai. The constraint equations for the joint at point Pk

i are
arranged in a vector ΦΦΦ

k. Given this setup, Equation (1) gives
the expression of these forces as derived by Haug [28].

[
F′′k

i
T′′k

i

]
=

[
−CkT

i AT
i ΦΦΦ

kT
ri

λλλ
k

−CkT
i

(
1
2 G(pi)ΦΦΦ

kT
pi
− s̃′ki AT

i ΦΦΦ
kT
ri

)
λλλ

k

]
(1)

These forces and torques are in arbitrary directions, as
seen in Figure 2, and they need to be resolved along the joint

Fig. 2: Forces in a cylindrical joint. Adapted from Haug [28].
reference axes in order to compute the effective joint nor-
mal force Fn required to compute friction. Also, the reaction
torque manifests itself as a couple acting along a moment
arm, since moments applied at a point do not exist in real
mechanisms. These forces acting as a couple constrain the
bodies in rotational degrees of freedom and also contribute
to the effective normal force Fn.

Haug [28] has provided the resolution of joint forces
and torques for cylindrical, translational, and revolute joints.
These joints can be modeled using a single joint type with
different degrees of freedom as shown in Figure 2. Conse-
quently, one model is sufficient to simulate the behavior for
all three types of joints, the only difference being in their
constraint forces. The main components of such a joint are
the sleeve and the rod which guides it along a linear path. It
is worth noting that the clearances in the joint required for
smooth motion are assumed to be negligible relative to the
magnitude of link displacements. Points Pk

i and Qk
i repre-

sent the end contacts of the joint. The distance between these
points is denoted by ak. Similarly the width of the joint is de-
noted by bk. These distances must be understood as a generic
distance along which the constraint forces would act to re-
straint the degrees of freedom of the bodies, and must not be
confused with the geometrical dimension of the joint. The
torque Ti

′′k and force Fi
′′k from Equation (1) has been rep-

resented graphically in the figure. u′′ik
x , u′′ik

y and u′′ik
z are unit

vectors in the joint reference frame of body i. The main ob-
jective of this analysis is to get the components of the torque
Ti

′′k and force Fi
′′k along the joint reference axes. The force

components have been expressed in Equation (2).

f ′′1k
x =−u′′ikT

x F′′k
i +

(
1
ak

)
u′′ikT

y T′′k
i (2a)

f ′′1k
y =−u′′ikT

y F′′k
i −

(
1
ak

)
u′′ikT

x T′′k
i (2b)

f ′′2k
x =−

(
1
ak

)
u′′ikT

y T′′k
i (2c)

f ′′2k
y =

(
1
ak

)
u′′ikT

x T′′k
i (2d)

f ′′1k
z = u′′ikT

z F′′k
i (2e)

f ′′3k
x =

(
1

2bk

)
u′′ikT

z T′′k
i (2f)

The components f ′′1k
z and f ′′3k

x will exist only for revolute
and translational joints respectively. For computation of all
the normal and friction forces, a continuous approximation to
the absolute value function is required. This can be defined



as cabs(x) =
√

x2 + v2
t . Now depending upon the type of

joint, the effective normal force for the kth joint Fk
n can be

calculated as follows:

1. For a cylindrical joint, the resultant normal force at both
the joint end points will contribute to axial friction force.
Considering a parabolic force distribution, the effective
normal force is given by Fk

n = f ′′1k + f ′′2k where f ′′lk =
π3

24

√
( f ′′lkx )2 +( f ′′lky )2 + v2

t and l = 1, 2. Additionally,
there will be an induced friction torque at each end point
given by whose magnitude is given by τ = re cabs(F ′′lk

f ),
where re is the effective joint radius.

2. For a revolute joint, the treatment will be similar to a
cylindrical joint with the addition of a thrust force in
the z′′ direction given by u′′ikT

z F′′k
i . This thrust force will

contribute to a frictional torque about an effective torque
radius re.

3. For a translational joint, the effective normal force is the
absolute summation of all the force components. This is
given by Fk

n = cabs( f ′′1k
x )+ cabs( f ′′1k

y )+ cabs( f ′′2k
x )+

cabs( f ′′2k
y )+2cabs( f ′′3k

x ).

Now that the normal force acting at the joint interface
has been computed, an appropriate friction model must be
chosen for the dynamics. The subsequent sections present
two different friction models, each having their advantages
and drawbacks.

3.2 Joint friction force
Computation of generalized friction force for multibody

systems is a two step process viz. computation of the magni-
tude of frictional force and torque at the joint and assembly
of the generalized friction force vector. The former task will
be detailed in the following subsections. For the generalized
friction force vector, the friction force and torque vectors
need to be computed about the center of mass of associated
links. This is not a trivial task since the relative velocities in
translation and rotation of links i and j (refer Figure 1) need
to be computed to determine the direction of frictional forces
and torques. Let the magnitude of the friction force along the
axis of the cylindrical joint shown in Figure 2 be fi j and the
magnitude total frictional torque be τi j. For a revolute joint,
fi j = 0 and τi j = τ

cyl.
i j + τrev.

i j , where τrev.
i j is the component

due to axial thrust force. Similarly, for a translational joint
τi j = 0. The generalized friction for vector for body i can
now be defined as shown in Equation (3).

QA f
i =

[
AiCk

i u′′ik
z fi j

BT
i AiCk

i u′′ik
z fi j +2ET

i AiCk
i u′′ik

z τi j

]
(3)

Naturally, by Newton’s third law of motion, the general-
ized friction force vector for body j will be the additive in-
verse of the generalized friction force vector for body i i.e.
QA f

j = −QA f
i . These individual generalized friction force

vectors can be assembled to give the combined generalized
friction force vector of the entire multibody system. Depend-
ing upon the assembly of the generalized coordinate vector

q, care must be taken to ensure the frictional forces are be-
ing added to applied forces and frictional torques to applied
torques.

Two friction models have been used in this study for
computation of the magnitude of friction force. The Brown
and McPhee model is a static velocity-based model while the
modified LuGre a.k.a. Gonthier et al. model is a dynamic
model with two states. Brown McPhee model has been rec-
ommended by Haug for Lagrangian formulations [28]. The
dynamical friction model developed by Gonthier et al. [31],
was an improvement on the LuGre friction model [38]. It
is a more realistic friction model that has shown significant
accuracy when compared with the experimental behavior of
friction and hence it will be used as a benchmark to evaluate
the performance of the simpler Brown and McPhee model.

3.2.1 Joint Friction Model: Brown and McPhee
In 2016, Peter Brown and John McPhee at the Univer-

sity of Waterloo proposed a simple velocity based model de-
signed primarily for optimal control and real-time dynamics.
In this model, friction has been characterized as a continu-
ous function of sliding velocity. To reduce model complex-
ity, only the main velocity dependent characteristics of fric-
tion viz. the Stribeck effect, viscous friction were included,
leaving out phenomena such as micro-displacement and the
time dependence. The main advantage of this model to sen-
sitivity analysis of multibody systems is its C1 continuity
and differentiability. What makes this friction model espe-
cially promising for dynamic systems is its ability to simulate
stiction without any discontinuities in the stick-slip transi-
tion regime. Haug [28] applied the Brown and McPhee [29]
model as an approximation to Coulomb friction acting at the
joint interface between two bodies. Under the assumption
that most mechanical systems are at least partially lubricated,
the friction acting between such surfaces deviates from the
dry Coulomb friction model. Coulomb friction being a dis-
continuous function of the sliding velocity during impend-
ing motion, or when the relative velocity is zero, Brown and
McPhee friction model [29] characterized this region with
a gradual increase in friction force magnitude. Most multi-
body systems may exhibit a viscous friction behavior, but
for the sake of simplicity, the effect of viscous friction has
been omitted in this work. Mathematically, such a friction
model (without viscous friction) can be represented by Equa-
tion (4).

Ff (v,µµµ) = Fn

µd tanh
(

4v
vt

)
+

(µs −µd)
(

v
vt

)
[(

v
2vt

)2
+ 3

4

]2

 (4)

The transition velocity vt is a difficult parameter to es-
timate in this model. Haug [28] recommends vt = 10h to
vt = 20h. Since vt has the units of velocity and h that of time,
it is worth noting that the coefficient of h is not a dimension-
less number, so as to maintain unit consistency. Equation (4)



Fig. 3: Brown-McPhee friction model. Fn = 100 N.
has been visualized in Figure 3 for two different values of vt ,
µd , and µs each and a normal force Fn = 100 N. From the
graph it can be observed that, as the value of vt reduces, the
model tends to mimic the dry Coulomb friction model.

3.2.2 Joint Friction Model: Gonthier et al.
In 1995, a single state ODE formulation for friction

was developed by de Wit et al. [38] as an extension of the
Dahl model by combining stiction with Stribeck effects. The
model has become popular in the research community as the
LuGre model. Since it has been assumed in this model, that
two rigid bodies interact with each other through elastic bris-
tles, the friction force can be represented as a function of the
bristle deformation z and the deformation rate ż. The gen-
erated friction force from these bristles can be represented
as fbr = σ0 z+σ1 ż. Here σ0 is the ‘stiffness’ of the bristles
and σ1 is a ‘damping’ coefficient for the bristle deformation
rate. It is important to note that the ODEs given by this for-
mulation are very stiff at low relative velocities, i.e. in the
stiction regime, and need implicit ODE solvers. The time
constant for the bristle dynamics is inversely proportional
to the relative velocity, but the time constant for the over-
all system dynamics is small and constant during the stiction
phase. Hence, a reformulation for the bristle state was done
by Gonthier et al. [31]. The bristle state ż used in friction
model Wit et al. was modified by Gonthier et al. into two
distinct sub-models, viz. żst during the static friction regime
and żsl for the sliding friction regime. A state variable s is
responsible for the transitions from stick to slip phases and
vice versa. Without going in the details of the derivation, the
bristle deformation rate can be computed through the set of
Equations (5)

fC = µd Fn dirε (ui j, vε) (5a)

dirε (ui j, vε) =


ui j
|ui j | ; |ui j| ≥ vε

ui j
vε

(
3
2 ·

|ui j |
vε

− 1
2

(
|ui j |
vε

)3
)

; |ui j|< vε

(5b)

ż = sui j +(1− s)
(

1
σ1

fC − σ0

σ1
z
)

(5c)

Additionally, Gonthier et al. also incorporated the dwell-
time dependency during the static friction phase to accurately
model the transition from static friction to sliding. The way

it is incorporated in the model is by introducing a new state
sdw. The dynamics for this state are defined as follows

ṡdw =

{
1

τdw
(s− sdw) ; s− sdw ≥ 0

1
τbr

(s− sdw) ; s− sdw < 0
(6)

Here τdw is the dwell-time dynamics time constant, and it is
one of the parameters of the model. The overall friction force
can now be computed through the set of Equations 7

fmax = Fn (µd +(µs −µd)sdw) (7a)

sat(fbr, fmax) =

{
fbr; |fbr ≤ fmax|,
fbr
|fbr|

fmax; |fbr > fmax|
(7b)

F f =−(sat(fbr, fmax)+σ2 ui j) (7c)

As it can be observed, that the friction model proposed by
Gonthier et al. involves seven independent parameters; µs,
µd , σ0, σ1, σ2, vs, and τdw. Unlike the Brown and McPhee
model, friction is directly computed in the form of a vector
using the Gonthier et al. model.

3.2.3 Rabinowicz Stiction Experiment
In the previous sections, two different friction models

were discussed. In order to compare these models, with their
relative advantages and drawbacks, a simple test case is pre-
sented in the following sections. An experiment was pro-
posed in 1938 by Bowden and Leben to study the stick-and-
slip nature of friction. In 1961, Rabinowicz [46] gave a more
formal treatment to this experiment. This experiment can be
modeled numerically to test out different friction models, as
it can be seen in literature [34,45]. A simulation was created
in MATLAB® for benchmarking Brown and McPhee fric-
tion model against Gonthier friction model. The simulation
parameters have been listed in Table 1

Table 1: Bowden-Leben experiment parameters.
Par. Val. Par. Val.
m 1 kg g 10 m/s2

k 2 N/m v 0.15 m/s
µs 0.4 µd 0.3
σ0 105 N/m σ1

√
105 N-s/m

σ2 0 N-s/m τdw 2 s
vε 1.5e-7 m/s vs = vt 1.5e-3 m/s

The experiment was simulated for a total of 40 sec-
onds. Figure 4 plots the friction force computed by Brown
and McPhee model versus that computed by Gonthier et al.
model. As it can be observed, the force magnitudes given by
both models are very similar with minor differences, espe-
cially during the transition phases i.e. from stiction to sliding
friction. This is expected since the characterization of this



Fig. 4: Absolute position and velocity of the block.
regime is much more accurate in the Gonthier et al. model.
However, since this transition happens over a very brief time,
the loss of accuracy in Brown and McPhee model is insignif-
icant. Likewise, the position and velocity plots are also very
similar in both models.

As per the numerical simulation of the Bowden Leben
experiment, the Brown and McPhee model is found to be
capable of simulating reasonably accurate friction behavior
despite its modeling simplicity. Hence, it proves to be a good
starting point for performing sensitivity analysis of multi-
body systems with friction.

4 Forward Dynamics
The time history of multibody systems forms the ba-

sis for sensitivity analysis and dynamical optimization. The
index-1 constrained equations of motion for scleronomic
multibody systems in centroidal generalized coordinates
with joint friction can be written as

R = M(q)q̈+ΦΦΦ
T
q(q)λλλ −QA f (q, q̇,λλλ )−Q(q, q̇) = 0 (8a)

ΦΦΦqq̈+(ΦΦΦq · q̇)q · q̇ = 0 (8b)

Equation (8) can be written in a matrix notation as fol-
lows [

M ΦΦΦ
T
q

ΦΦΦq 0

][
q̈
λλλ

]
=

[
Q+QA f

c

]
(9)

Equation (9) needs to satisfy the constraint equations for
initial positions q0 and velocities q̇0 at the initial time t0.
These are given by Equation (10)

ΦΦΦ
∣∣
t0
= 0 =⇒ ΦΦΦq

∣∣
t0

∆qi =−ΦΦΦ
∣∣
t0

(10a)

qi+1 = qi +∆qi (10b)

Φ̇ΦΦ
∣∣
t0
= 000 =⇒ ΦΦΦq

∣∣
t0

q̇ = 0 (10c)

It is important to note that Equation (10a) cannot be
solved by matrix inversion as ΦΦΦq is typically a rectangular
matrix (m× n). One approach for solving this equation, is
to simply add n−m temporary constraints to the ΦΦΦ vector
which specify the initial positions of the (n−m) indepen-
dent generalized coordinates. This makes the Jacobian ΦΦΦq
an n×n square matrix which can be inverted to compute the
initial positions. The solution would require an initial esti-
mate of the generalized coordinates q since the constraints
ΦΦΦ and Jacobian ΦΦΦq both depend on q. This estimate can
be converged to a high accuracy using Newton’s iteration as
shown in Equations (10a) and (10b). For spatial systems, ob-
taining a reasonably good estimate of q is a challenge and
typically requires a CAD model. Poor estimates of general-
ized coordinates are prone to divergence which lead to sin-
gular constraint Jacobian matrix. The solution for the initial
velocity vector q̇ is a bit more involved. The trivial solution
q̇ = 0 will always satisfy Equation (10c) but for non-zero ini-
tial velocities, the solution has to be a linear combination of
the null space vectors of ΦΦΦq at the initial time such that the
velocities of the (n−m) independent coordinates are satis-
fied. It is implied in this analysis that the constraint Jacobian
is full rank.

It can be noted that in Equation (9), the Lagrange multi-
pliers λλλ are present on both sides of the Equation, since QA f

depends on the joint normal force which in turn depends on
the Lagrange multipliers. Equation (9) would have been lin-
ear in the Lagrange multipliers if joint friction was absent
from the model. However, if joint friction force exists in the
system at the very first time step (for example, if the mecha-
nism is already in motion), then Lagrange multipliers λλλ and
accelerations q̈ need to be converged simultaneously. Unlike
the generalized coordinates, it is very difficult to obtain esti-
mates for Lagrange multipliers at the first time step. Hence
a fixed-point iteration needs to be implemented on Equation
(9) by assuming an initial value of the Lagrange multipliers
till |R| ≤ δ . In this analysis the initial estimate of Lagrange
multipliers can be chosen from a random normal distribution
or taken as a zero vector.

The other numerical aspect that needs to be considered
is the stiffness of the index-1 formulation due to the presence
of second derivatives of the constraint equations. Explicit in-
tegration schemes do not work well with these formulations.
The implicit trapezoidal integration scheme is better suited
to handle the stiffness associated with the index-1 equations
of motion. The second order implicit trapezoidal scheme has
been expressed in Equation (11).

vi+1 = vi +hv̇i +
h2

4
(v̈i + v̈i+1) (11a)

v̇i+1 = v̇i +
h
2
(v̈i + v̈i+1) (11b)

The implementation of this scheme to compute the time



history for a multibody system modeled using index-1 for-
mulation is given in Algorithm 1.

for t < t f do[
q̈; λλλ

]
= f(q, q̇,λλλ ) (say);

save q, q̇, q̈ and λλλ against current time t;
qpred = q+h q̇+0.25h2 q̈;
q̇pred = q̇+0.5h q̈;
i = 0, ε = 1.0, δ = 10−4, ℵ = 103;
while ε < δ and i < ℵ do

q = qpred +0.25h2 q̈;
q̇ = q̇pred +0.5h q̈;
q̈∗ = q̈;[
q̈; λλλ

]
= f(t,q, q̇,λλλ );

ε = 0.25h2 ∥q̈− q̈∗∥;
i = i+1;

end
end
Algorithm 1: Implicit trapezoidal integration.

It must be noted however, that the satisfaction of ac-
celeration constraints Φ̈ΦΦ to a numerical precision εεε or the
use of implicit integration schemes is not sufficient to auto-
matically satisfy the position ΦΦΦ or the velocity constraints
Φ̇ΦΦ. For position constraints, this error propogates quadrati-
cally in time since ΦΦΦ = εεεt2 + c1t + c2 where c1 and c2 are
constants of integration. However, this effect is much more
noticeable in explicit integration schemes than the implicit
trapezoidal scheme. To more effectively handle this con-
straint drift, the time step h should be kept small. It has been
taken as 10−4 seconds in this analysis. For long simulations,
it is recommended to reconcile the constraints periodically
to keep the drift bounded. There has been development of
formulations for multibody systems which are much more
well-behaved [49], however the use Lagrangian formulations
is better suited for dynamics and sensitivity analysis of sys-
tems involving friction.

5 Sensitivity Analysis
The direct differentiation method can be applied to the

index-1 formulation that was discussed in the previous sec-
tion. Dopico et al. [50] consider the objective function of the
form

ψψψ = w
(

q f , q̇ f , q̈ f ,λλλ f ,ρρρ f

)
+

∫ t f

to
g(q, q̇, q̈,λλλ ,ρρρ)dt (12)

Here ψψψ ∈ Ro, is a vector of ‘o’ objective functions,
whereas w ∈ Ro and g ∈ Ro are the pointwise term at the fi-
nal time (hence the subscript ‘ f ’) and the integrand for each
one of the objective functions respectively. The gradient of

the objective function is given by

∇ρρρ ψψψ
T =

(
wqqρρρ +wq̇q̇ρρρ +wq̈q̈ρρρ +wλλλ λλλ ρρρ +wρρρ

)
f

+
∫ t f

to

(
gqqρρρ +gq̇q̇ρρρ +gq̈q̈ρρρ +gλλλ λλλ ρρρ +gρρρ

)
dt

(13)

In this equation, since w and g are chosen as per the
optimization objective, the derivatives of functions w and g
can be computed. It is important to note that in Equation
(13), the terms qρρρ , q̇ρρρ , q̈ρρρ and λλλ ρρρ are total derivatives with
respect to the parameters, unlike the other terms which are
partial derivatives. These are the sensitivities of the dynam-
ical system with respect to the system parameters. To cal-
culate these sensitivities, Equation (8) is differentiated with
respect to each one of the parameters. This step has been
represented in Equation (14).

dR
dρk

=
dM(q)q̈

dρk
+

dΦΦΦ
T
q(q)λλλ
dρk

− d(QA f (q, q̇,λλλ )+Q(q, q̇, t))
dρk

(14a)

dΦ̈ΦΦ

dρk
= 000, k = 1,2, ..., p (14b)

Assuming all of the terms depend on ρρρ , the total deriva-
tives can be expanded and rearranged to give a set of ‘p’
Tangent Linear Models (TLMs).

Mq̈ρk +(C+CA f )q̇ρk +(ΦΦΦq
T +LA f )λλλ ρk

+
[
Mqq̈+ΦΦΦqq

T
λλλ +(K+KA f )

]
qρk

= Qρk +Qρk
A f −Mρk q̈−ΦΦΦqρk

T
λλλ

(15a)

ΦΦΦqq̈ρk − cq̇q̇ρk +(ΦΦΦqqq̈− cq)qρk = cρk −ΦΦΦqρk q̈ (15b)

where K =−Qq, C =−Qq̇, KA f =−Qq
A f , CA f =−Qq̇

A f ,
LA f = −Qλ

A f , cq = −Φ̇ΦΦqqq̇, cq̇ = −Φ̇ΦΦqq̇q̇− Φ̇ΦΦq, and cρk =

−Φ̇ΦΦqρk q̇.
In Equation (15), frictional force vector QA f , and the

corresponding stiffness and damping matrices KA f , CA f and
LA f are all dependent on Lagrange multipliers. In this work
reference point coordinates have been used with Euler pa-
rameters for rotation (n = 7nb). It has been assumed that ΦΦΦ

does not contain any time-dependent constraints. It is note-
worthy that the terms Mqq̈ and ΦΦΦ

T
qqλλλ are tensor-vector prod-

ucts. Essentially, Mq and ΦΦΦqq are three-dimensional matri-
ces where the nth layer along the depth is a two-dimensional
matrix formed by the partial derivatives of the original matrix
elements with respect to the nth element in the differentiating
vector. During the tensor-vector product, each of these lay-
ers multiplies with a vector as a matrix-vector multiplication,
and the resultant vectors can be arranged sequentially to form
a two-dimensional matrix.

For the solution of Equation (15), a set of 2np initial
conditions as given by qρk

∣∣
t0
= qρk0 and q̇ρk

∣∣
t0
= q̇ρk0. Since



the initial conditions have to satisfy the constraints at the ini-
tial time, they can be computed by solving Equation (16).

dΦΦΦ

dρk

∣∣∣∣∣
t0

= 0 =⇒ ΦΦΦq
∣∣
t0

qρk0 =−ΦΦΦρk

∣∣
t0

(16a)

dΦ̇ΦΦ

dρk

∣∣∣∣∣
t0

= 000 =⇒ ΦΦΦq
∣∣
t0

q̇ρk0 =−
(
ΦΦΦqqqρk0 +ΦΦΦqρk

)
q̇
∣∣
t0

(16b)

Rearranging Equation (15) in an augmented matrix form
as shown in Equation (17), it can be solved for q̈ρk and λλλ ρk
by simple matrix inversion.

[
M ΦΦΦ

T
q +LA f

ΦΦΦq 0

][
q̈ρk
λλλ ρk

]
=

[
A
B

]
(17)

where A=Qρk +Qρk
A f −Mρk q̈−ΦΦΦqρk

T
λλλ −(C+CA f )q̇ρk −[

Mqq̈+ΦΦΦqq
T

λλλ +(K+KA f )
]

qρk and B = cρk − ΦΦΦqρk q̈ +
cq̇q̇ρk − (ΦΦΦqqq̈− cq)qρk

It must be noted that the sensitivities of marginally sta-
ble systems might not be marginally stable since the system
dynamics feed into the tangent linear model of the sensitiv-
ities, effectively acting as a destabilizing input [12]. This is
not a concern for systems with friction/damping, since they
are open-loop stable.

6 Validation of analytical sensitivities
In section 5, the analytical methodology to calculate

sensitivities was developed. However, it is possible to nu-
merically compute these sensitivities using the Finite Dif-
ference Method (FDM) without the need to mathematically
differentiate the equations of motion. In this technique the
model parameters with respect to which the sensitivities have
to be computed are modified with a very small but numer-
ically significant perturbation in order to obtain the corre-
sponding effect in the output of the model. This perturbation
can be real or imaginary in nature which leads to two differ-
ent strategies to obtain the sensitivities. If the perturbation is
real, the sensitivities can be approximated by using Equation
(18).

dψ

dρk
=

ψ(ρρρ +δek)−ψ(ρρρ)

δ
(18)

Although this approach is relatively simple, using real finite
differences is not recommended as the results may not be ac-
curate. Since the method involves very small differences, it
is prone to loss-of-significance error due to numerical trun-
cation. To avoid these issues a complex finite difference
method can be employed. In this method the perturbations
in the model parameters are imaginary leading to complex

model outputs. The sensitivities can be computed by using
Equation (19).

dψ

dρk
=

ℑ(ψ(ρρρ + iδek))

δ
(19)

where i =
√
−1 and ℑ(·) represents the imaginary part of a

complex number. Complex finite difference method is much
more reliable and accurate than its real counterpart due to
the absence of subtraction. However the software package
being used and the dynamic model should be able to accom-
modate complex numbers especially while using tradition-
ally real functions such as trigonometric functions, integra-
tion schemes, norm, absolute value, sign functions etc. to
name a few.

7 Case Study : Spatial Slider Crank Mechanism
The theory that was developed in the previous sections

has been applied to obtain the design sensitivities of a spa-
tial slider crank mechanism. The objective of this study is to
analyze the effect of friction on the dynamics and model sen-
sitivities. Additionally, numerical aspects associated with in-
tegration of forward dynamics, and computation of Lagrange
multipliers will be demonstrated. Also, the sensitivities ob-
tained with the analytical method have been compared to
those obtained through complex FDM for comparison.

The model has been adapted from Haug (1989) [51]
where the kinematic analysis of the mechanism has been
presented. However, for the purpose of dynamic analysis,
the body-fixed reference frame on the crank has been relo-
cated to its center of gravity. Also, the joint between the
connecting rod and slider has been modeled as a single uni-
versal joint, unlike the two separate constraints used in Haug
(1989) [51]. Two models of this mechanism were created
in MATLAB® using the Symbolic Math ToolboxTM. The
first model is frictionless (Model 1), while the other (Model
2) has been implemented with friction at the slider-ground
interface. Once all the symbolic matrices required for dy-
namics and sensitivity calculation have been determined, the
models are converted into numerical functions for faster so-
lution times. The dynamics and sensitivities have been com-
puted for both models moving under the action of gravity.
The model schematic can be seen in Figure 5. The dimen-
sions represent the configuration of the model at the moment
of its initialization in the numerical simulation.

7.1 Dynamics and Numerical Aspects
The model mass and inertia properties have been sum-

marized in Table 2. For friction parameters, please refer
to Table 1. As mentioned previously, initialization of the
model from non-zero generalized velocity requires the con-
vergence of Lagrange multipliers for the first time step us-
ing a fixed-point iteration. Figure 6 demonstrates the con-
vergence of the Lagrange multipliers and the acceleration at
the very first time step for a slider velocity of 1 m/s. The



Fig. 5: Slider-crank mechanism schematic.

Table 2: Simulation parameters

Link Mass (kg) Inertia (g-m2)

Crank 0.0771 [0.1644,0.01644,0.164]T

Connecting Rod 1.3317 [0.9988,9.988,9.988]T

Slider 0.2 [1.5,1.5,1.5]T

Ground 20 [103,103,103]T

Fig. 6: Fixed-point iteration of dynamics.
existence of a fixed-point and the convergence of this iter-
ation has been assumed to work for physical second-order
systems, of which multibody dynamic systems are a subset.
The mathematical treatment of the criteria for existence of
solution is beyond the scope for this work.

To demonstrate the error control due to the stiffness of
the index-1 formulation, Model 1 was simulated using both
forward Euler and implicit trapezoidal integration schemes.
Effectively such a system should give an oscillatory response
lasting indefinitely as there are no energy leaks from the sys-
tem. However, due to constraint violation the dynamic re-
sponse deviates from this behavior. Figure 7 shows the vio-
lation in acceleration, velocity and position constraints using
both the integration schemes. As it can be inferred from the
plots, the error stays bounded if an implicit trapezoidal inte-
gration scheme is used.

Now that the numerical aspects associated with the
index-1 formulation with friction have been resolved, the
dynamics of the spatial slidercrank mechanism can now be
computed. Since this case study will be used to validate
the proposed sensitivity methodology, unnecessary inputs to
the model that may complicate the dynamics and sensitivity
plots have been avoided. The model is initiated in an unsta-
ble configuration as shown in Figure 5, such that it moves

Fig. 7: Constraint error control using Implicit integration.

Fig. 8: Time history of slider C.G.

Fig. 9: Time history of crank C.G.
solely under the action of gravity. Since, no external energy
is being added into the system, the response of the mecha-
nism should be similar to a periodic oscillation with Model
2 exhibiting energy dissipation through frictional damping.
Figure 8 shows the position, velocity and acceleration plots
of the slider. The dynamic response of the system is very
similar for both friction models. The energy dissipation due
to friction is evident in Figure 9, which plots the height of
the center of gravity of the crank.

Figure 10 shows the variation of normal force and con-



Fig. 10: Friction time history.
sequently the friction force over time. The coupling between
the normal force and friction force due to the inclination of
the connecting rod is clearly evident. The effective normal
force will always be ‘positive’, since friction acts irrespec-
tive of the direction of the normal force. The normal force is
much higher for frictionless model when the mechanism is
at peak velocity, however at all other times, the normal force
is higher for the model with joint friction. This is due to a
portion of the frictional force being taken up by the rod due
to its orientation in space and transferred back to the slider
as a normal force.

7.2 Sensitivity Analysis
For sensitivity analysis of the spatial slider-crank mech-

anism, a few physically meaningful parameters must be cho-
sen. Additionally, these parameters must be such that they
can be engineered to meet a certain performance criteria.
Naturally, the choice of these parameters depends on the ob-
jective function ψψψ chosen in Equation (12). For this anal-
ysis, the sensitivities have been computed with respect to
crank length (ρ1 = 0.08 m), connecting rod length (ρ2 = 0.3
m), the width and length of the slider (ρ3 = 0.025 m and
ρ4 = 0.05 m) and the friction parameters µd = 0.4, µs = 0.5
and vt = 1.5 × 10−3 (ρ5, ρ6 and ρ7). For the frictionless
model, only sensitivities with respect to crank and connect-
ing rod length can be observed as it does not have any de-
pendency on the other parameters. It must be noted that the
masses and inertia of linkages will depend on some of these
parameters and hence the mass matrix ‘M’ will be a function
of these parameters. For this study however, the masses and
inertia of the links have been assumed to be independent of
these parameters.

Regarding model sensitivities, it is noteworthy that these
time-dependent quantities are difficult to interpret on their
own. The magnitudes of sensitivities give some insight into
which parameters have the most impact on the model dynam-
ics of interest. However, the most practical use of the com-
puted sensitivities is in the evaluation of the gradient function
∇ρρρ ψψψ in Equation (13).

S̄ = ρ
dx
dρ

≈ ∆x
∆ρ

ρ

(20)

Fig. 11: Scaled sensitivities.
In this study, the dynamic quantity that has been con-

sidered for the purpose of sensitivity analysis is the slider
velocity as it is a critical design parameter for many appli-
cations. Equations (20) describe a scaling technique that has
been used to help compare sensitivities of different param-
eters irrespective of their units or magnitude. These scaled
sensitivities for all the parameters have been plotted in Fig-
ure 11.

There are few things to be noted from the sensitivity
plots. Firstly the sensitivities of the slider velocity are highest
with respect to the crank and connecting rod lengths. In other
words, slider velocity is affected much more significantly by
changes in these parameters. The sensitivity with respect to
slider length is much smaller. This is expected, since slider
length can only affect the normal force at the joint interface,
which indirectly impacts the slider velocity due to change of
friction characteristics. In contrast, change of link lengths
will have a more direct effect on the slider velocity. The sen-
sitivity with respect to slider width is zero and hence it has
not been shown. This is due to the universal joint being lo-
cated at the translational axis of the slider, and the torque
produce about this axis is essentially zero. Hence, there is no
change in the normal force due to a change in slider width.

Coming to sensitivities with respect to friction, the high-
est effect is observed due to changes in the dynamic fric-
tion coefficient µd . Naturally, this parameter has the high-
est influence on system dynamics since the time spent by
the mechanism in stiction phase of friction is negligible in
comparison to the time spent in sliding phase. The most in-
teresting influence of friction on sensitivities, is that it adds
‘discontinuity’ or ‘jumps’ to an otherwise smooth solution
observed for the frictionless model. The Brown McPhee fric-
tion model is C1 continuous, however the transition phase
from static to dynamic friction is very short lived. Hence
there are sudden changes in sensitivities when the friction
transitions to and from the static and dynamic phases. This
can be verified by matching timestamps across the dynamics



Fig. 12: Percent RMS validation error.

Fig. 13: Comparison of computational cost.

and sensitivity plots.

Now that the sensitivities have been computed using the
analytical method, it is of crucial importance that these sen-
sitivities are verified prior to applying the methodology for
optimization problems. Incorrect model sensitivities might
appear to satisfy the design objective of an optimization case
study, but will fail to achieve the most optimal solution. Fig-
ure 12 shows the root mean squared deviation in position
sensitivities with respect to complex finite differences. For
this specific case study, the validation error was found to be
less than 1% for all the design parameters. This is a positive
indication for the methodology being capable of producing
accurate sensitivities at a cheaper computational cost.

For a thorough assessment of computational efficiency,
sensitivity methodologies need to be tested through program-
ming in compiled languages like Fortran or C++. Moreover,
online computation for all Jacobian matrices is not neces-
sary, especially those taken with respect to generalized co-
ordinates q. Since the choice of design parameters can vary
widely, for a completely general purpose code, online com-
putation of Jacobian matrices taken with respect to design
might be required. In such cases, Automatic Differentiation
(AD) techniques [52,53] are much more efficient when com-
pared to symbolic differentiation. In this work we get a base-
line estimate of computational efficiency by comparing the
solution times for dynamics, for analytical sensitivities, and
for the complex FDM sensitivities, for different parameters
values of the model. Results have been shown in Figure 13.
These results were obtained for a simulation time of 1.5 sec-
onds at a time step h = 10−4 s and a convergence tolerance of
10−6. This includes the online computation of all Jacobian
matrices, which ranges from 25%-30% of the total computa-
tion time.

8 Conclusions

Through the case study it was observed that the dynamic
response of the system for both Gonthier et al. and Brown
McPhee friction models was very similar. There is certainly
a trade-off associated with the choice of static friction mod-
els, including the Brown McPhee model, over dynamic ones.
Some observations that were made during this study are as
follows. Firstly, the Brown-McPhee model exhibits ’stiff’
behavior at very low relative velocities. This may induce an
incorrect temporal lag in the system and proper tuning of the
transition velocity vt might be required. Secondly, in the stic-
tion experiment experiment, the Brown McPhee model does
not demonstrate the ’decay’ of excess energy which lead to
gradually decreasing peaks in position and velocity plots un-
til steady state values are reached. This phenomenon was
an observation made by Rabinowicz [46] and is more no-
ticeable as the sliding velocities increase. It can be modeled
accurately using dwell-time dynamics in the Gonthier et al.
model. Lastly, as noted before, the sensitivities with joint
friction were similar to those typically observed in hybrid
dynamic systems even though the model for the multibody
system was smooth. This is a numerical artifact of the fric-
tion models, where the transition is abrupt, and the deriva-
tives pick this transitions.

This concludes the work for direct sensitivity analysis
of multibody systems with joint friction. As a future scope
for this work, sensitivity methodologies can be developed
using more robust and computationally efficient multibody
formulations with joint friction. Also, since direct sensitiv-
ity approach is practical for problems involving high num-
ber of objective functions and a relatively small number of
parameters, the adjoint sensitivity approach must be devel-
oped for systems with joint friction involving a large number
of design parameters. Since the Brown McPhee model is a
much simpler model, it is recommended to be used in ap-
plications that require real-time computations like design of
control systems. Substantial work has gone into control of
dynamical systems with friction [39, 54, 55]. Control strate-
gies for multibody systems with Brown McPhee friction can
be explored.
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