DESIGN AND ANALYSIS FOR A TWO LEVEL FACTORIAL
.EXPERIMENT IN THE PRESENCE OF DISPERSION EFFECTS

by

Darcy P. Mays

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY
in
Statistics
APPROVED:
4
ond H. Myers
/}éff;éy B. BlI‘Ch Klaus Hinkelmann
Marvin Léntder Marion R. Reynolds *

April 12, 1993
Blacksburg, Virginia



DESIGN AND ANALYSIS FOR A TWO LEVEL FACTORIAL
EXPERIMENT IN THE PRESENCE OF DISPERSION EFFECTS

Darcy P. Mays
Raymond H. Myers, Chairman

Statistics

ABSTRACT

Standard response surface methodology experimental designs for estimating
location models involve the assumption of homogeneous variance throughout the
design region. However, with heterogeneity of variance these standard designs
are not optimal.

Using the D and Q-optimality criteria, this dissertation proposes a two-stage
experimental design procedure that gives more efficient designs than the
standard designs when heterogeneous variance exists. Several multiple variable
location models, with and without interactions, are considered. For each the
first stage estimates the heterogeneous variance structure, while the second stage
then augments the first stage to produce a D or Q-optimal design for fitting the
location model under the estimated variance structure. However, there is a
potential instability of the variance estimates in the first stage that can lower the
efficiency of the two-stage procedure. This problem can be addressed and the
efficiency of the procedure enhanced if certain mild assumptions concerning the
variance structure are made and formulated as a prior distribution to produce a
Bayes estimator.

With homogeneous variance, designs are analyzed using ordinary least
squares. However, with heterogeneous variance the correct analysis is to use
weighted least squares. This dissertation also examines the effects that analysis
by weighted least squares can have and compares this procedure to the proposed

two-stage procedure.
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CHAPTER 1
INTRODUCTION

A. Motivation

Historically, response surface methodology and other statistical design
procedures have focused on selecting a design which efficiently estimates a
location or mean model under the assumption of homogeneous variance.
Then in the late 1970’s and early 1980’s the work of Taguchi refocused the
statistical world on the existence and impact of heterogeneous variance in the
design region. With this has come an interest in modeling simultaneously
both a mean model and a variance model.

Taguchi’s procedure for simultaneously modeling and controlling the
process mean and process variance has become known as robust parameter
design. However, western statisticians have been highly critical of Taguchi’s
work, and have over the past decade applied response surface techniques to
this problem. One such procedure is the development of a two-stage
experimental design procedure for a single variable (Baran, 1992), in which
the first stage estimates the heterogeneous variance structure and the second
stage augments the first stage to produce an optimal design for estimating
the mean model. This dissertation extends this work to multiple variables
and compares the two-stage procedure to the results of the standard response

surface procedures that assume homogeneous variance.
B. Response Surface Methodology (RSM)

Traditional response surface methodology (RSM) is a combination of
regression analysis and experimental design in which levels of certain
controllable or design variables are chosen to produce the highest quality in a

response variable. RSM attempts to develop a mathematical model in which

1



the design variables are used to estimate the mean of the response variable.
Once this model is developed, RSM identifies levels of the design variables
that provide the highest quality mean response.

The practical user of RSM usually designates a region of interest, called
the experimental region or design region. The mathematical model should
estimate the mean response well at every point in this design region.
However, even with the homogeneous variance assumption, the mathematical
model which best estimates the mean response is usually a very complicated
function that quite often is impossible to determine. For this reason
statisticians usually choose as their mathematical model one of several
“simple” empirical models.

The standard RSM notation for the mathematical model is to denote
the response variable by y, to denote the k design variables by xy, xo, --+, X},
and to denote the unknown parameters of the model by By Bs = By - Then
in most cases, the relationship between the response variable and the design

variables can be adequately described by using one of the following models:
(1) a first order model given by

Yy =8y + B1X) + BoXg +--F BXp + € (1)
where the design variables appear only as linear or first order terms, and

(2) a second order model given by

k k k k
2
Y= ﬂo + Zﬂ]x_] + Eﬁnxj + E Z ﬂjmxjxm + ¢ (2)
=1 =1 j=1m=1
j<m

where the design variables appear as linear or first order terms, as quadratic
or second order terms, or as first order interaction terms. In these models ¢ is
a random variable often assumed to be independently, identically distributed

normal with mean 0 and variance o2 (e is iid N(0,02)).

2



Other higher order models can be formed by adding the appropriate
higher order terms in the design variables, and partial or reduced models can
be formed by including only a subset of all possible interaction, quadratic,
cubic, etc., terms. One such partial model is a partial second order model
that consists of all the linear terms of a first order model together with all

first order interactions, but that excludes all quadratic terms:

k, k
y=B8g+ D _BX;+ D D BymX¥m + e (3)

The three models given by equations (1), (2), and (3), though only a small
fraction of all possible models, are usually adequate for describing the true
response function in most experimental regions.

A response surface experiment usually consists of a series of N
experimental runs, where for each run the design variables (the x’s) are set at
predetermined levels and the resulting response variable value is observed.
Denoting the N response variable values (responses) by y;, vs, -+, YN, then

the first order expression for the jth experimental run is
Yi =P + BrXyi F BoXoj ot Xy + ¢

In matrix notation, all N experimental runs can be modeled as

y=Xﬂ+€ (4)
where:
Y1 1 Xyq Xgp - x1:1T Bo €
1 X X eee X
y=| 2| ox<| DRTR R ) A )
| YN | L 1 XN XN "~ XkN | | A ] | N |




Each experimental run defines a location in the design region, and
hence every observed response y; is one response at some location in the
design region. If multiple experimental runs are made at each design
location, then the observed responses at each location can be thought to have
a distribution with an expected value and variance. For the it! experimental
run, denote the expected value and variance of the response by E(yi) and
Var(y;), respectively.

For a more detailed introduction to the techniques of response surface
methodology, see textbooks by Myers (1976), Box, Hunter, and Hunter
(1978), Box and Draper (1987), and Khuri and Cornell (1987).

. Least Squares Estimation

The responses from the N experimental runs are used to estimate the
unknown parameters (the B’s). Assuming homogeneous variance of the
response variable throughout the design region, ordinary least squares (OLS)
can be used to produce best linear unbiased estimates (BLUE’s) of the fg’s.

Using the model expressed in equation (4), the OLS estimate of g is
bos = (X'X) X'y (5)

Throughout the design region the expected value of the response can be

modeled as

E(y)=X8 (6) .

Using equation (6), the expected value of the least squares estimate given by

equation (5) is:

E(bors) =8

implying that the least squares estimate is unbiased, and the variance-

covariance matrix of the least squares estimate is:

4



Var(bgg) = 0 2(X'X)L

However, when the condition of heterogeneous variance exists, one of
the primary assumptions of ordinary least squares is violated and hence it is
no longer appropriate. To account for the heterogeneous variance, the matrix

of the true (but normally unknown) variance structure is defined as

22 0 0 0|
0 ¢2 0 0
W= 72 (M)
0 0 - 0
0 0 a‘?v

h

where a;? = Var(yi) is the variance of the it response. If one assumes that
the true variance structure is known (and hence W is known), then an
alternative to ordinary least squares is weighted least squares. Using the
known W matrix as a matrix of weights, then the best linear unbiased

estimator of g is
bwis = (X'WIX)IX'wly

There are important points that one should recognize about the
weighted least squares procedure. First note that the weighted least squares
analysis gives less weight to the design locations where Var(y;) is high. Since
1/ 2, this reduces the effect that these
design points have on the calculation of byys and hence makes these

the weights are proportional to [Var(yi)]'

estimates more stable. Also note that since Var(y;)= a? and hence
Var(y) =W, then

E(bwis) =8

and



Var(bys) = (X'W 1X)1 (8) .

The ordinary least squares estimate given in equation (5) is no longer
BLUE when the variance structure is heterogeneous (Graybill 1976). With
Var(y) = W and W defined as in equation (7), the variance-covariance matrix
of the OLS estimator is

Var(bgys) = (X)) IX'WX(X'X) !

This expression will be important when we compare the proposed two-stage
procedure to the one-stage ordinary least squares designs under several
variance structures.

Weighted least squares requires the often unrealistic assumption that
the true variance structure (W) is known. When the variance structure is
unknown, then it must be either assumed throughout the design region or
estimated. Estimates of Var(y;) are random variables, and hence estimation
of the variance structure severely complicates Var(b). This leaves one with
the option of assuming the variance structure, which is perhaps no more
unreasonable than what one does in ordinary least squares when one assumes
homogeneous variance.

Define W, to be a diagonal matrix of the form of W with diagonal

elements containing the assumed response variances, i.e.

# 0 0 0
0 2 0 0
W, = 2 9
a=| o o0 - o 9)
0 0 0 &%

where &,2 is the assumed Var(y;). Then, using weighted least squares with

the assumed variance structure instead of the true but unknown variance

structure, the estimate of g becomes:



bawLs = (X'Wa.-lx)-lxlwa_ly

This estimate is also unbiased, and with assumed Var(y)=W,, then the

variance-covariance matrix of these WLS estimates is:
Var(bywrs) = (X'W, 1X) 1X'W, Iww, IX(X'W,1X)! (10) .

Note that if the assumed and true variance structures are the same

(W = W,), then equation (10) simplifies to equation (8).
. Maximum Likelihood Estimation

Consider a set of parameters § and a vector of random variables
[yl,y2’---,yN] with probability density function f4(y;, yg, --+, ¥p). When the
pdf is considered as a function of 8 it is called a likelihood function and
denoted by

L(O;YIv Y2, ° YN) (11) .

- The estimate of 6 that maximizes L(8;y,, y9, -+, Y), assuming one exists, is

called the maximum likelihood estimate (MLE) of 6. Also, since log is a
monotone function, it is often convenient to work with the logarithm of the
likelihood function, called the log-likelihood function and denoted by

L(6;y1, Yo - YN) (12) .

The likelihood and log-likelihood functions given by equations (11) and
(12) allow easy formulation of Var(b), which as we will see in the next section
plays an important role in the design optimization criteria equations. Since
the proposed two-stage experimental design procedure will involve these
optimization criteria, maximum likelihood estimation will be useful to the
variance structure estimation and optimal design selection problems that the

procedure address.



E. Design Optimality Criteria

Response surface designs often are evaluated with regard to estimating
certain parameters in multiple regression. The foundation used to evaluate
these RSM designs is known as optimal-design theory. The mathematical
groundwork for the optimal-design theory was provided by J. Kiefer (1959).

The theory treats the design as a probability measure, and, depending
on the model to be fit, attempts to reduce some iunction of the variance,
usually either Var(y;) or Var(b) to a single number. For a more detailed
review of the optimal-design theory and for other references, see the review
article by Myers, Khuri, and Carter (1989).

Many design optimality criteria involve the minimization of either the
variance of the coefficients ( Var(b) ) or the variance of prediction ( Var(y) ).
Other criteria focus on the bias created under model misspecification, or on
the power of the tests when hypothesis tests for the parameters are
performed.

Among the optimality criteria that involve the variance-covariance
matrix of the coefficients, the most popular is D-optimality. D-optimality
involves the minimization of the generalized variance of the coefficients. The
generalized variance (GV) is the determinant of the variance-covariance
matrix  Var(b). Recall that with ordinary least squares,
Var(bgs) = 02(X'X)!, and for weighted least squares (W known),
Var(byrs) = (X'W1X)l. Then for ordinary least squares the generalized
2

)

variance (apart from ¢%) is

GVos = |(X'X)"!|
and for weighted least squares
GVuwis = [(X'WIX)|

Therefore, in ordinary least squares the D-optimal design minimizes |(X'X)!|

(or equivalently maximizes |[(X'X)|), and with weighted least squares the D-
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optimal design minimizes |(X'W1X)}| (or equivalently maximizes
I(X'W'IX)I). This concept of D-optimality was developed jointly by Kiefer
and Wolfowitz (1959) and has the property that the D-optimal design also
minimizes the volume of the confidence ellipsoid of the coefficients when one
is willing to assume normal errors.

A design criterion which involves minimizing the variance of prediction
is Q-optimality (or Integrated Variance optimality). Q-optimality averages
or integrates Var(§;) over the experimental design regica (Box and Draper
1959; 1963). Defining K to be the volume of the design region ( K = /R dx )
and N to be the total number of runs in the design, then the Q-optimal

design is one which minimizes
Q= %/R x'Var(b)x dx (13),
which can be rewritten as:
N
Q= K trace[Var(b)/R xx’ dx] (14) .

As with D-optimality, the appropriate expression for Var(b) can be used to
produce a Q under any of the conditions described in section 1.C.

The Q expressed in equations (13) and (14) is an actual integrated
variance because any common scale factor of the variance-covariance matrix
of coefficients (say o2) has been eliminated. Also note that the Q-optimal
design averages Var(?i) over the design region and hence offers little insight
into the range of the prediction variances. For this reason, the Q-optimality
criterion works best with design regions in which the variance structure is
well understood, implying that a range on Var(b) and hence on Var(§;) can
be obtained. This disadvantage aside, Q-optimality is very appealing and
with D-optimality will be used throughout the remainder of this dissertation.



F. Proposed Investigation

A sequential two-stage experimental design procedure using likelihood
principles will be developed and the D- and Q-optimality criteria will be used
to evaluate the efficiency of this procedure relative to other design
procedures. The investigation will assume a linear heterogeneous variance
structure, with the purpose of the first stage being to estimate this variance
structure. The second stage then uses the D- or Q-optimality criterion to
augment the first stage design to produce a total design that is the most D-
or Q-efficient for the variance structure estimated in the first stage. Cases
with varying models, varying numbers of variables, and varying heterogeneity
of variance will be analyzed, and in each case recommendations for the final
design will be made.

Baran (1992) analyzed in detail the optimal one-stage and two-stage
designs for a single variable with both a first order model y; = 8, + 8,x; and a
second order model y;= Bo+ B1Xx;+ By 1x12- From this analysis Baran
concluded that for a single variable the two-stage procedure does offer a
significant improvement over the standard equal sample size design. Baran
also studied a Bayesian approach to the two-stage procedure that offered even
‘more promising results. This dissertation extends this work to multiple
variables, considering various models and various linear variance ratios.

The remaining chapters are as follows. Chapter 2 provides background
on heterogeneous variance and methods used to determine if heterogeneous
variance exists and how this variance can be modeled. Chapter 3 will
determine the optimal two-variable designs under linear dispersion effects
that will be used in the execution and evaluation of the proposed two-stage
procedure. Following this development the proposed two-stage procedure will
be introduced in Chapter 4, together with other alternative design
procedures. Chapter 5 will provide analysis of the two-stage procedure in the
two and three variable cases through the use of simulation and compare it to
the alternative procedures. Finally, chapter 6 will summarize the results and

outline future research in this area.
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CHAPTER 2

HETEROGENEOQOUS VARIANCE STRUCTURE

A. Introduction

With the standard ordinary least squares assumption of homogeneous
variance, Var(y) =02l, the entire variance structure can be described with
one number (0%). Combining with this the assumption that the response
follows a normal distribution throughout the design region, the experimenter
i1s in a comfortable position that can be handled using standard regression
techniques.

When the experimenter knows that the variance structure is
heterogeneous (W known) or even when the experimenter assumes that the
variance structure is heterogeneous (W unknown but W, available), then the
variance structure is more complicated and must be modeled. In some
situations the variance may be related to the mean and hence both the mean
and variance can be described with the same model. Cases where responses
follow the binomial, Poisson, or gamma distributions are included in this
category (for example, with the binomial distribution the variance equals the
mean times the probability of “failure” and with the Poisson distribution the
variance equals the mean) and hence are easily modeled.

There certainly are situations in which there is heterogeneous variance
and the variance structure cannot be expressed as a function of the mean.
Here one cannot model both the mean and variance through a common
model, but instead must develop a mean model and a separate variance
model. Under the assumption of normal errors ( ¢; is iid N(0,1) ), the mean
model is

Vi =X{B + €0, (15)

and the heterogeneous variance structure is modeled by:
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or specifically by
log a? =x;'7 (16) .

where 7 is a vector of variance model parameters.

The goal of this chapter is to discuss tests and diagnostics that will
determine if a heterogeneous variance structure exists, and if so, ways in
which the variance structure can be modeled and analyzed. Two cases will
be considered: heterogeneous variance when replication can be afforded, and

heterogeneous variance without replication.
. Detection of Dispersion Effects With Replication of Design Points
Consider the models given by equations (15) and (16) above and

assume that there are replicates of each design point. With n; replicates at

the ith design location, one can compute ¥; and, more importantly, s? at each

design location. Since s? is distributed as a function of a chi-square, in
particular
2.2
% Xni-1
S ~
1 ni—l
then

log s? =log a? + log | x%i_l/(ni- 1)]

The “error term” log| X,21.- 1/(n; = 1)] does not depend on the regressors. Then
1

if all the n; are equal, this is a homogeneous error model. Bartlett and
Kendall (1946) found that if the n; are at least five then log(s?) is

asymptotically normal with homogeneous variance. (Crowder and Hamilton
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