A Modified Bayesian Power Prior Approach
with Applications in Water Quality Evaluation

Yuyan Duan

Dissertation submitted to the Faculty of
Virginia Polytechnic Institute and State University

in fulfillment of the requirements for the degree of

Doctor of Philosophy
in
Statistics

Keying Ye, Chair
Eric P. Smith, Co-Chair
Ilya A. Lipkovich
Samantha Bates Prins

Dan Spitzner

November, 2005
Blacksburg, Virginia

Keywords: Prior elicitation, Historical data, Power prior, Water quality standards.
Copyright 2005, Yuyan Duan



A Modified Bayesian Power Prior Approach
with Applications in Water Quality Evaluation

Yuyan Duan

(ABSTRACT)

This research is motivated by an issue frequently encountered in environmental water
quality evaluation. Many times, the sample size of water monitoring data is too small to
have adequate power. Here, we present a Bayesian power prior approach by incorporating
the current data and historical data and/or the data collected at neighboring stations to

make stronger statistical inferences on the parameters of interest.

The elicitation of power prior distributions is based on the availability of historical data,
and is realized by raising the likelihood function of the historical data to a fractional power.
The power prior Bayesian analysis has been proven to be a useful class of informative priors
in Bayesian inference. In this dissertation, we propose a modified approach to constructing
the joint power prior distribution for the parameter of interest, 6, and the power parameter,
0. The power parameter 9, in this modified approach, quantifies the heterogeneity between
current and historical data automatically, and hence controls the influence of historical data
on the current study in a sensible way. In addition, the modified power prior needs little to
ensure its propriety. The properties of the modified power prior and its posterior distribution
are examined for the Bernoulli and normal populations. The modified and the original power
prior approaches are compared empirically in terms of the mean squared error (MSE) of
estimated 6 as well as the behavior of the power parameter. Furthermore, the extension
of the modified power prior to multiple historical data sets is discussed, followed by its

comparison with the random effects model.

Several sets of water quality data are studied in this dissertation to illustrate the imple-
mentation of the modified power prior approach with normal and Bernoulli models. Since
the power prior method uses information from sources other than current data, it has ad-
vantages in terms of power and estimation precision for decisions with small sample sizes,

relative to methods that ignore prior information.
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Chapter 1

Introduction

Water quality standards define conditions for acceptable water quality. For a particular
constituent (e.g. pH, dissolved oxygen, biological oxygen demand), a numerical criterion is
used to define the acceptable level. To assess water quality standards, measurements of water
quality under the Clean Water Act are collected on a regular basis over a period of time.
The data are analyzed to evaluate the percentage of samples in violation of the standard
(i.e. below or above the numerical criterion). Approaches that have been discussed in the
literature include the US Environmental Protection Agency (USEPA) raw score method,
binomial test ([30]), acceptance sampling by variables ([31],[37], and [32]), and a Bayesian
test on the percentile ([40]).

Unfortunately, because decisions are based on data from a limited time period (for water
monitoring data, many current samples have only two years of data; and each year there
might be only four observations available since in many sites, the measurements are taken
quarterly), the sample size is often inadequate to provide necessary precision in parameter
estimates and power for testing hypotheses. In such situations, historical data, a data set
from similar studies or a data set from previous time periods on the same site, can be very
helpful in interpreting the current status of water quality. Due to the nature of updating
information sequentially, it is natural to use a Bayesian approach with an informative prior on
the model parameters to incorporate the historical data into the current study. A traditional
Bayesian approach in incorporating historical data is to construct an informative prior based
on the historical data and then to combine this prior with the likelihood for the current data
to yield the posterior distribution for statistical inference. This implies a simple pooling of

current data and historical data, since the two data sets are equally weighted, and can be well



justified by assuming current and historical data are from the same population. However,
the population parameters may change over time, or over different sites, although current
and historical data are usually assumed to follow distributions in the same family. If the
sample size of the historical data is much larger than that of current data and heterogeneity
exists between the current and previous studies, historical data would dominate the analysis

and the data pooling may result in misleading conclusions.

To address this issue, Ibrahim and Chen ([18]) proposed the concept of the power prior,
based on the notion of the availability of historical data. The basic idea is to let a power
parameter ¢, with (0 < § < 1), tell us how much historical data information are to be used
in the current study. Ibrahim and Chen ([18]) and Chen et al. ([10]) demonstrated how to
construct power priors and discussed the general conditions for the propriety of the posterior
distribution. They also examined the power prior approach for generalized linear models,
generalized linear mixed models, semiparametric proportional hazards models, and cure rate
models with real data examples. The power prior methodology with a fixed § has been well
established by Ibrahim et al. ([19]). They gave a formal justification of the power prior as an
optimal class of informative priors, for the case when ¢ is fixed. Furthermore, they pointed
out that § can be treated as a random variable, and defined a joint power prior on (6, 4),
where 6 is the parameter of interest. We refer to this joint power prior proposed by Ibrahim

and Chen ([18]) as the original power prior.

However, one problem with the original power prior approach occurs in the application
of such priors to Bernoulli and normal mean models. The influence of the historical data is
generally small, i.e., § is close to 0, no matter how compatible the current and historical data
are. In such a case, ¢ is underestimated, and the inference on 6 is not much different from
the inference ignoring the historical data. More importantly, in the original power prior
approach, proportional likelihoods based on the historical data do not produce the same

posteriors on model parameters.

Therefore, we propose a modified joint power prior for (6,4). In the modified approach,
the power parameter quantifies the heterogeneity between current and historical data au-
tomatically, and hence controls the influence of historical data on the current study in a
sensible way. In addition, the modified power prior needs little to ensure its propriety, and

agrees with the likelihood principle.

The rest of this dissertation is organized as follows. In Chapter 2, we will review the

literature on water quality evaluation and prior elicitation, especially the research done by



Ibrahim and Chen on the original power priors. In Chapter 3, the general development
of the modified power prior approach is displayed in detail and certain properties of the
approach under Bernoulli and normal populations are discussed. In addition, the modified
and original power prior methods are compared with each other from several different aspects.
Specifically, we investigate the behavior of the power parameter and how it is affected by the
compatibility between historical and current samples as well as the availability of historical
data. Furthermore, the trend of the posterior means of 6 are compared under two power
prior approaches. Various scenarios are covered for the comparison of two power prior
methods in mean squared error (MSE). In Chapter 4, we investigate how to incorporate
multiple historical data sets in the framework of modified power priors. Three power prior
methods are proposed and compared. Then the one with the best performance among three
power prior methods is further compared with the random effects model. In addition, some
preliminary results are presented on the power priors applied to random effects models.
Time-weighted power priors are introduced at the end of Chapter 4. In Chapters 5 and 6,
we will illustrate the implementation of the modified power priors in water quality assessment
and their advantage over alternative methods. Chapter 5 demonstrates the applications of
power priors to normal models; Chapter 6 discusses the type I error rate and power when
power priors are applied to a binomial model. Finally in Chapter 7, we summarize the
properties of the modified power prior approach, and close the dissertation with proposal on

future research.



Chapter 2

Literature Review

2.1 Water Quality Evaluation

One important problem in environmental statistics is the evaluation of air or water quality
standards. Issues include the definition of standards ([1]), trend assessment ([16]) and the
evaluation of data from locations to determine compliance. A standard for a chemical or
pollutant is a qualitative or quantitative description of expectation for the chemical or pollu-
tant. To implement such a standard often a numerical criterion is required. For example, the
numerical criterion might be different for a lake used for drinking water than for a lake used
for fishing. Also associated with a standard are expectations related to frequency, magni-
tude and duration. Air quality evaluation often involves the expected frequency of violation
(for example the ozone standard, see Thompson et al. [35]). However, evaluation of water
quality standards often involves a percentile view. For example, for dissolved oxygen, a site

is expected to have 10% or fewer samples in violation.

Section 303(d) of the Clean Water Act requires states to review their water quality
conditions using monitoring stations. Declaring a water segment impaired will initiate a
complicated and potentially expensive process, the Total Maximum Daily Load (TMDL)
process. To assess water quality standards, measurements of water quality (e.g. pH, dis-
solved oxygen, biological oxygen demand) are collected on a regular basis (e.g. quarterly)
over a number of time periods and analyzed to evaluate the percentage of samples exceeding
the standard. A common approach accepted by the US Environmental Protection Agency
(USEPA) is the raw score approach that simply calculates the proportion of violations and



declares a violation if it exceeds 10%. Smith et al. ([30]) pointed out that the raw score
approach does not control for error rates when using binary information to make the impair-
ment determination. In this case, a Type I error is to declare a segment impaired when it is
not, and a Type II error is to designate the segment as not impaired when in fact it is. Smith
et al. ([30]) discussed the practical consequences and costs of both types of errors and also
the tradeoff among them. Type I errors may result in unnecessary TMDL implementation
costs, and a Type II error may pose a risk to human and ecological health. They suggested
to use a binomial test, with which the error rates associated with impairment declarations
(Type I and Type II error rates) may be evaluated and limited. They noted that the Section
303(d) water quality assessment process is essentially a statistical decision problem. Specif-
ically, this can be set up as a hypothesis testing problem, with the null hypothesis being
that the site is not impaired and the alternative hypothesis being that the site is impaired.
We use the same binary information as in the raw score approach and assume a binomial
population. If we use p to describe the true probability of impairment and let py be the
hypothesized probability of impairment under safe conditions, the impairment decision is
based on the test Hy : p < po (not impaired) versus H; : p > po (impaired), where pg is 0.1
based on EPA guidelines. Smith et al. ([30]) showed that the raw score method has a strong
tendency to falsely list a site, and the binomial method with a Type I error rate of 0.05 has
a tendency to not list sites that are actually impaired. However, the binomial method allows
for control of both error rates, and error rates can be set at satisfactory levels with sufficient

sample sizes.

Furthermore, Smith et al. ([30]) introduced a Bayesian approach to the binomial test,
which is more flexible and also controls error rates (see also McBride and Ellis, [24]). The
Bayesian approach uses information from other sources about the probability of violation,
and a noninformative prior could be used on p when no such information is available. Based
on the posterior distribution of p, a decision may be made using either a cutoff approach or
an odds-ratio approach (Bayes factor). The Bayesian approach allows for control of the error
rates through the choice of cutoff and prior distribution of p. The comparison between the
frequentist and Bayesian approaches in Smith et al. ([30]) demonstrates the strong similarity

in their results if an uniform prior on p is used.

However, all the approaches mentioned above do not fully use all the information pro-
vided by the data in the sense that only the binary data with ”standard violation” or not
is used in the analysis. An alternative approach is to make use of the actual measurements

instead, and this could improve the accuracy of estimation. Smith et al. ([31]) suggested an



approach based on acceptance sampling by variables, pointing out that this would reflect the
magnitude of violation. When the distribution of measurements is normal with unknown
variance, a classical hypothesis test (Hy : p < po versus Hy : p > pg) is carried out to
make the impairment determination. A reasonable test statistic ¢ for a lower standard L is
(x—L)/s, and (U —7)/s for an upper standard U, where T and s are sample mean and sam-
ple standard deviation. We reject Hj if the test statistic is less than a cutoff value k. Since
ty/n follows a non-central t distribution with n — 1 degrees of freedom and non-centrality
parameter A = —z,/n, it is easy to find that k = t,_1,./v/n. An alternative approach
suggested by Wallis ([37]) uses the same test statistic but avoids the use of the non-central
t distribution by taking

. Za \/ango +4dn — 222 — 2nzy

_ .2
2n — z3

Smith et al. ([31]) also described two adjustment methods when positive autocorrelation
in the data is present. They noted that a positive autocorrelation structure induces a smaller
non-centrality parameter and hence a smaller cutoff point than the independence case. As a
consequence, it increases the Type I error rate and reduces the sample size needed. Based on
the properties of a non-central t distribution, a sampling plan could be set up to control the
error rates. In Smith et al. ([31]), methods for estimating sample size were summarized for
both independence and autocorrelation cases. Another approach may be based on tolerance
intervals using a non-central t distribution, which is essentially equivalent to the variable
acceptance approach described above. Tolerance intervals are intervals for a percentile of

the distribution of measurements. See Smith ([32]) for a detailed description.

Ye and Smith ([40]) proposed to use a Bayesian test on the desired percentile of the
distribution (e.g., 10th percentile) that is of interest to check the impairment of the monitor-
ing site. By using Bayesian methodology, the quantity of interest (e.g., the percentile of the
measurement distribution) can be naturally treated as a parameter and thus its posterior

distribution can be used to make needed decisions.

Suppose a chemical concentration measurement follows a certain distribution. Then the

raw data can be used to test a hypotheses about a chemical concentration
Hy : L > Ly(not impaired) versus H; : L < Lo(impaired), (2.1)

where L denotes a true lower percentile of the population distribution, and Ly is the standard.
To test the hypotheses in (2.1), one may consider rejecting the null hypothesis and hence

declaring impairment when the posterior probability of the null hypothesis given the data is



small (e.g. < 0.05). Ye and Smith ([40]) discussed certain properties of this method when the
distribution of measurements comes from a location-scale parameter model. Specifically, they
gave the reference prior for the parameters, and derived the analytical expressions for Type I
and Type II error probabilities. In addition, they investigated impact of transformation and
the priori information for the hypotheses on our problem. When the underlying distribution
is normal, the Type I error probability of the Bayesian approach using the raw measurements
is shown to be quite close to that of the binomial method, but the Type II error probability
is smaller with the Bayesian approach. The simulation results demonstrated the advantage
of the raw measurement approach in terms of the error probabilities, compared to EPA’s

raw score method and the binomial method.

One challenge is that only a limited amount of sample data can be used to determine
whether to list a segment as impaired or not. Because the assessment of site impairment is
often required to be conducted on two year observations, the sample size may be inadequate
to provide necessary precision in parameter estimates and thus decisions may be affected by
variation. In such situations, "historical” data, data collected from previous time periods or
at adjacent monitoring sites, can be very helpful in interpreting the current status of water
quality. Due to the nature of updating information sequentially, it is straightforward to use
a Bayesian approach with an informative prior on the model parameters to incorporate the
historical data into the current study. In the next section, we will review how to elicit a

prior distribution in a Bayesian analysis.

2.2 Prior Elicitation in Bayesian Analysis

2.2.1 Bayesian Analysis

Bayesian statistics is built on Bayes’ rule, which defines the change in probability of an event
A after another event B occurs, and the philosophy of viewing distribution parameters as

random variables.

Suppose that given a parameter ¢, the random variable X follows a distribution with
density f(z|f). Bayesian analysis is performed by combining the prior information of pa-
rameter 6 and the sample information into the posterior distribution of 6 given x. Bayesians
assume that 6 is also a random variable with density 7(6), called the prior of 6. This as-

sumption is a key element of Bayesian statistics, and provides an innovative outlook towards



statistics. Furthermore, the conditional distribution of § given the sample observations x is
defined as the posterior distribution of € given z, denoted 7(6|z). Then applying Bayes’ rule

on the random variable, we have

_ f(z]0)7(0)
m(0) = Jo F(x]0)(0)do’

provided that all the terms exist.

As the name “posterior distribution” indicates, 7(6|x) reflects the updated information
about 6 posterior to observing the sample x. Based on this posterior distribution, we can

make inference on 6, e.g. point estimation, interval estimation, and hypothesis testing.

Prior elicitation is one of the most crucial issues in Bayesian data analysis. It is the
most debated topic in theoretical research and is also a challenging issue to practitioners.
Opponents of Bayesian approach criticize the arbitrariness in the choice of prior, whereas
proponents praise it as a manageable way of introducing flexibility in Bayesian analysis ([22]).
Berger ([2]) noted that whenever a practitioner can summarize historical or subjective infor-
mation about the unknown parameter, an informative prior should be used. On the other
hand, more often either historical or subjective information is unavailable, or incorporat-
ing such information into a prior distribution is difficult for a real problem, thus automatic
or default prior distributions are needed. Noninformative priors are also called automated
priors, default priors, vague priors, or priors of ignorance. Bayesian analysis with noninfor-
mative priors preserves the appearance of objectivity, and is being increasingly recognized

by classical statisticians.

2.2.2 Noninformative Priors
In this section, we present a brief review of the most commonly used approaches to develop
an noninformative prior. See, e.g., Kass and Wasserman ([22]), for a thorough discussion.

The Uniform Prior: A natural idea for choosing a noninformative prior is a uniform

prior. A uniform prior assumes that 6 is equally likely in a region, expressed as
7(0) x 1, over the range of 6.

This choice was popularized by Laplace ([23]).

The Jeffreys Prior: This was proposed in Jeffreys ([21]), as a solution to the problem

that the uniform prior does not yield an analysis invariant to parameter transformations.



The Jeffreys prior is simply defined as
m(0) o< \/det(I1(0)), (2.2)

given that the Fisher information matrix, 7(#), is defined and positive definite, where ” det”
stands for a determinant. It is easy to check that for any one-to-one transformation between
two parameters 6 and 7, the Jeffreys priors on 6 and 7 transform according to the change-
of-variables formula. Thus different parameterizations do not cause any ambiguous results.
Furthermore, Jeffreys ([21], pp.182-183) suggested a modification for general location-scale
problems, which is to treat the location parameters separately from the rest. Suppose that
there are location parameters piq, ...., 4z, and an additional multidimensional parameter 6,

then the modified Jeffreys prior is set as

(s oones i, 0) < A/ det(1(6)),

where 1(0) is calculated holding py, ...., p fixed ([21], pp.182-183). This is referred as the
location Jeffreys prior in some literature, and (2.2) is referred as the nonlocation Jeffreys
prior. However, in many multi-dimensional parameter problems, the Jeffreys prior yields
poor performance because it frequently induces dependence among the parameters once
the data are used, which also conflicts with the assumption of independence of the prior

knowledge among parameters.

The Reference Prior: To overcome the difficulty of the Jeffreys prior in multiparameter
problems, Bernardo ([7]) introduced the reference prior, which was further developed by
Berger and Bernardo ([3], [4], [5], [6]). They defined a notion of “missing information” on 6

in an experiment and developed a stepwise procedure for handling nuisance parameters.

Let K(m(0|x), m(0 )) be the Kullback-Leibler distance between the posterior and the prior
densities, K(m(0|z), 7 = Jom(0|z)log(m(0|z)/m())df. The reference prior method is
motivated by the idea of maximizing the missing information in the experiment. The missing
information is quantiﬁed by E, (K (m (8|x), 7(0))), where the expectation is with respect to the
marginal density m(z fe (z|0)m(0)df. However, carrying out this maximization involves
an asymptotic process using mﬁmtely many independent and identical (i.i.d.) observations
of the experiments, and a modification of E,(K (7 (0|z),7(0))).

In many applied statistical problems, the parameter 6 can be written in the form 6 =
(01,05), where 0; is a parameter of interest and 6, is a nuisance parameter. When there
are no nuisance parameters and certain regularity conditions are satisfied, the reference

prior turns out to be (2.2) for continuous parameter spaces and the uniform prior for finite
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parameter spaces. When there exist nuisance parameters, the reference prior is considered
satisfactory for making inference about 6; but may not be satisfactory for making inference
about 6. In this case, the reference prior is often different from (2.2). When there is
a partition § = (61, 6), Bernardo suggested a stepwise procedure. First, define 7(65|6;)
to be the reference prior for 0, with 6, fixed. Second, find the marginal density f(z|0;) =
[ f(x]61,02)7(02]01)dbs. And then take 7(6;) to be the reference prior based on the marginal
density f(z|0;). Finally a reference prior for (61, 65) can be obtained by 7(6;)7(65]61). Berger
and Bernardo ([4], [5], [6]) and Ye and Berger ([39]) have extended this iterative algorithm to
deal with parameters that are decomposed into any number of ordered groups. The ordering
is decided by the importance of different groups. Generally, different groupings or orderings
may yield different reference priors, and therefore the same model may have several reference

priors.

The Probability Matching Prior: Since noninformative priors are characterized as ”let-
ting the data speak for themselves”, it may be desirable to have posterior probabilities
agree with sampling probabilities. Specifically, the probability matching prior, as its name
implies, is obtained by matching the posterior probabilities of Bayesian credible intervals
with repeated-sampling coverage probabilities of corresponding confidence intervals, at least

asymptotically.

Suppose that 6 is a parameter of interest and [(z) and u(x) have the posterior probability
1—a = Pr(l(z) <6 <wu(z)z). Thus I(z) and u(z) is a Bayesian credible interval with
posterior probability 1 — «. On the other hand, we can treat  as fixed and consider [(x)
and u(z) in the sense of confidence intervals under the scheme of repeated sampling. The
frequentist coverage probability of this interval can be calculated as Pr(l(z) < 6 < u(x)|d).

We say a prior is a probability matching prior if it satisfies
Pr(l(z) <0 < u(z)|0) =~ Pr(l(z) <0 < u(z)lz) =1 -«

for all x and 6, asymptotically.

Welch and Peers ([38]) showed that in the one-dimensional case, the Jeffreys prior
satisfies this equality in the order of O(+). Peers ([26]) and Stein ([33]) made some progress
on examining multiparameter problems with parameters being partitioned into a parameter
of interest and nuisance parameters. Based on Stein’s paper, Tibshirani ([36]) suggested a
prior that leads to accurate confidence intervals for the parameter of interest. Severini ([28])
showed that under certain circumstances, some priors will give Highest Posterior Density

(HPD) regions that agree with their nominal frequentist coverage to order n=3/2.
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The Mazimal Data Information Prior (MDIP): This method is motivated by emphasiz-
ing the information in the data density or likelihood function. Zellner ([41], [42]) and Zellner
and Min ([45]) suggested choosing the prior m(#) that maximizes the average information in
the data density relative to that in the prior. Note that the negative entropy of the joint
density p(z,0) = 7(0) f(x|0) breaks up into the average information in the data density and

the information in the prior density, as shown below.

—-H = // (z,0) Inp(x,0)dzdd
- / (0)7(6)d6 + / (6) In7(0)d6,
where 1(0) = [ f(z|0) In f(z|0)dz, negative entropy of f(z|0).

To emphasize the information in the data density, MDIP is derived by maximizing the

difference
G = /[(9)7‘((9)6[9—/7‘(‘(9) In7(0)do,
with respect to 7(6).
Note that G = [ [7(0|z)In[f(z|0)/7(0)]m(xz)dfdz. Thus MDIP can also be inter-

preted as the prior that maximizes the expected log ratio of the likelihood function to
the prior density. Maximizing G subject to the condition [7(#)df = 1 gives the MDIP
() x exp(I(6)). Zellner ([41], [42], [44]) and Zellner and Min ([45]) derived MDIPs for
parameters of location-scale, normal mean, regression, autoregression, exponential, uniform,
and other models. Although MDIPs are not parameterization invariant in general, Zellner
([44]) provided the side conditions that could be used to produce MDIPs that are invariant

to specific classes of reparameterizations.
Two examples are given below using all five methods to elicit a noninformative prior.

Example 1. Suppose that X follows a binomial distribution with unknown parameter
p and known n, where 0 < p < 1. Then the uniform prior is m(p) = 1; both the Jeffreys’
prior and the reference prior are of the form 7(p) oc p~'/2(1 — p)~'/2; the MDIP is 7(p)
p(1 — p)'P; and the Jeffreys’ prior achieves probability matching to Op(%) ([38]).

Example 2. Suppose X1, ..., X,, is a random sample from a normal population N (u,o?)
with p and ¢? both unknown. Furthermore suppose ¢ = /o is the parameter of interest
and o is a nuisance parameter. Then both the uniform prior and MDIP are 7(¢,0) o 1;
the Jeffreys’ prior is 7(¢, o) oc 1/0; and the reference prior is m(¢,0) o (2 + ¢?)~1/2071.
Sweeting ([34]) proposed a local probability matching prior parameters of interest based on
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a data-dependent approximation to the order of Op(%). In this case, a local probability
matching prior is given by

n n
where s> =n' > (z; —T)? and T = > ;.
i=1 i=1

2.2.3 Informative Priors

Although noninformative priors may be convenient and easier to specify, they can not be
used in all applications. For example, proper priors are required to compute Bayes factors.
Also, Kass and Wasserman ([22]) pointed out that many noninformative priors (e.g., Jeffreys
prior, reference prior, coverage matching prior) are built from asymptotic arguments, and
7it is dangerous to put faith in any default solutions” for small-sample problems. So an
informative prior may be necessary for small-sample problems. In applied problems, subjec-
tive information about the parameter of interest is often available, or the investigator has
access to previous studies measuring the same response and covariates as the current study.
In such cases, an informative prior is recommended because it can make use of real prior

information.

Before the recent breakthroughs in Bayesian computation techniques, a posterior dis-
tribution with a workable form was desired. Conjugate priors were the most commonly
sought informative priors, because they produced posterior distributions that were from the
same family as priors. The conjugate prior is still popular because elicitation can be done
by choosing only one or two parameter values. However, many times it is not accurate.
To overcome this difficulty, two modifications could be made: a finite mixture of conjugate

priors and a conditional conjugate prior for a multi-dimensional parameter model.

The improvement in computational techniques allows us to use a non-conjugate prior
with an approximate distribution form, which may summarize all known information. The
known information includes subjective information and data from previous similar studies
(called historical data). The difficulty of constructing an informative prior comes from the
difficulty of incorporating subjective and historical information into a prior distribution.
The first issue is how to convert subjective information into a prior distribution. If the
parameter space O is discrete, the problem is simply to determine the subjective probability

of each element of ©. When O is continuous, several techniques can be used: the histogram
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approach, the relative likelihood approach, matching a given functional form, and subjective
construction of the CDF (cumulative distribution function). See Berger ([2]) for detailed
description of these techniques. However, studies have shown that untrained people do quite
poorly on eliciting probability distributions, because overconfidence concerning their prior

knowledge often leads to elicited distributions being too concentrated.

The second issue is how to incorporate historical data into a prior distribution. A
natural thought is to apply Bayesian analysis on historical data with a noninformative prior
and then use the posterior distribution as an informative prior for the current data. This
approach uses the historical data to update our prior information. The construction of
the final posterior distribution implies a simple pooling of current data and historical data
together, since the two data sets are equally weighted. This pooling can be well justified by
assuming current and historical data from the same population. However, the population
parameters may change over time, or over different settings, although current and historical
data are usually assumed to follow distributions in the same family. If the sample size of
the historical data is much larger than that of current data and heterogeneity exists between
the current and previous studies, historical data would dominate the analysis and the data
pooling may result in misleading conclusions. The question is then how much the historical
data should be accounted for in the current study. To address this issue, Ibrahim and Chen
([18]) and Chen et al. ([10]) proposed the concept of power priors, which is based on the
notion of the availability of historical data. We will give an extensive review on power prior

distributions in the next section.

2.3 Power Prior Distributions

2.3.1 Introduction

The power prior approach provides a useful class of informative priors for Bayesian inference.
The basic idea is to use the power parameter 6 (0 < 6 < 1) to control the influence of the
historical data on the current study. The power prior is constructed by raising the likelihood
function based on the historical data, denoted by Dy, to a suitable power to discount the
historical data relative to the current data. The initial idea can be found in Diaconis and
Ylvisaker ([12]) and Morris ([25]), but they only consider ¢ as a predetermined constant.
Ibrahim and Chen developed this idea and extensively studied the theoretical properties of
the power priors in Ibrahim and Chen ([18]), Chen et al. ([10]), Ibrahim et al. ([19]), and
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Chen et al. ([11]).

Let 6 denote the parameter of interest, and L(6|Dy) be the likelihood function of 6 based
on the historical data. It is assumed that given @, the historical data Dy and current data,
denoted by D, are independent random samples. 7(6) is taken as the initial prior before any
historical information is gathered and usually it is a noninformative prior. Given 9, Ibrahim

and Chen ([18]) define the power prior of é for the current study as
7(0) Do, 8) o< (L(0]Dy))’w (). (2.3)

The parameter 6 measures the portion of historical information needed in the current study
and is described using the prior in (2.3). The case 6 = 0 means that no historical data should
be used; while § = 1 gives equal weight to L(6|Dy) and the likelihood of the current study
L(0|D), resulting in full incorporation of the historical data. Therefore, (2.3) can be viewed
as a generalization of the usual Bayesian update of 7(6) (see discussion in Ibrahim and Chen,
[18]). The power parameter 0 can be interpreted as a precision parameter. For example,
consider the case of a normal sample with known variance. Suppose that D consists of ng
observations, Xi, Xs, ..., X,,, from the normal population with unknown mean parameter 6
and known variance o2. If the prior () is assumed to be uniform (non-informative), (2.3)
implies a prior distribution of @ for the current data set D, 0|Dgy,d ~ N(Zo, %), where T
is the sample mean of the historical data. Hence, 6 can be viewed as part of a precision
parameter, because smaller § implies larger power prior variance while larger 6 means the

smaller power prior variance.

The power prior m(6|Dy,d) in (2.3) was initially elicited for fixed §. Chen et al. ([10])
noted that, since § is not necessarily pre-determined, we may extend it further to the case
that ¢ is random. A random § gives the investigator more flexibility in weighting the his-
torical data. The power prior specification on (6, ) is then completed by specifying a prior
distribution for 6. Ibrahim and Chen ([18]) proposed a joint power prior distribution for
(0,9) of the form

7(6,0 Do) o< (L(0] Do) () (3]0), (2.4)

where vy is a specified hyperparameter vector. A natural prior for 6 would be a Beta(a,b)
distribution, or simply a uniform distribution, since 0 < § < 1. The investigator may
influence the prior weight on the historical data by adjusting the hyperparameters. Chen et

al. ([10]) suggested using several sets of hyperparameters and conducting sensitivity analyses.

Furthermore, Ibrahim and Chen ([18]) generalized the prior defined in (2.4) to multiple

historical data sets. Suppose there are m independent historical studies. Let Dy, to be the
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historical data based on the jth study, j = 1,...,m and Dy = (Dyy, ..., Dom). They suggested
defining a different weight parameter J; for jth historical study and taking the d;’s to be
i.i.d. Beta random variables with hyperparameters (a,b). Let = (1, ..., ,,), then the power

prior for multiple historical data set takes the form

m

w(0.6100) o« ( TTILOID) (5 a.) ) ()
j=1
This framework could accommodate potential heterogeneity among several historical studies,

and hence the role of historical data can be more accurately evaluated.

2.3.2 Optimality Properties of the Power Prior

Ibrahim et al. ([19]) provided a formal justification of the power prior as an optimal class
of informative priors. They first assume that § is fixed, and then extend it to random 4.
Let K(fo, f1) denote the Kullback-Leibler (KL) divergence between two densities fy and fj.
Two extreme posterior densities are considered: one density is based on no incorporation
of historical data and the other density is based on pooling the historical and current data.
An attempt is made to find the posterior density ¢(#) that minimizes a convex sum of KL

divergences between the two posterior densities mentioned above
K,=(1-90)K(g,7(0|D, Dy,6 =0))+ 6K (g, 7(0|D, Dy, = 1)),

where ¢ is a fixed scalar between 0 and 1. It turns out that the power prior

Gopt < L(O]D)L(0|Dy)°7(0) achieves the desired minimum. Ibrahim et al. ([19]) stated
this result as a theorem and gave a formal proof. Ibrahim et al. ([19]) also proved that K, is
convex in g, which implies that the minimum of K exists and the minimizer g, is unique.
The optimality of the power prior is hence established. Furthermore, Ibrahim et al. ([19])
extended the optimality of the power prior to the case in which multiple historical datasets
exist. Finally the assumption of § being fixed is loosened. Ibrahim et al. ([19]) noted that
when ¢ is random, the power prior minimizes F(K,), where the expectation is taken with

respect to 7(d).

In addition, Ibrahim et al. ([19]) showed that following the optimal information pro-
cessing rules (IPR) of Zellner ([43], [45]), the power prior is a 100% efficient IPR in the sense

that the ratio of the output to input information is equal to 1.
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Based on Zellner’s theory of IPR, a weighted version of the information criterion function

A[g(8)] is considered in our scenario.
Alg(6)] = Output information — Input information
— [ a0)m(g()) a0+ [ o(8)n(m(D. D))
- { / 9(0) In(r(0)) do + / 9(0) In(L(6|D)) df + & / 9(0) In(L(8| D)) db|, (2.5)

where g(0) is a proper posterior density w(6|D, Dy) in our setting. Zellner defined a rule to be
100% efficient if the g that minimizes (2.5) yields A[g(#)] = 0; that is, output information

equals input information.

Ibrahim et al. ([19]) established the equivalence between the two criteria K, and Afg(6)].
Ky = Alg(0)] + C,

where C'is a constant free of g. This relationship implies that K, and A[g(#)] have the same
minimizer, and therefore the power prior is a 100% IPR. This relationship was also shown

to hold for the case of multiple historical datasets.

2.3.3 Power Priors for Regression Models

Ibrahim and Chen ([18]) and Chen et al. ([11]) examined the power prior for four commonly
used classes of regression models, including generalized linear models, generalized linear
mixed models, semiparametric proportional hazards models, and cure rate models for survival
data. They discussed the construction of the power prior, propriety conditions, and its
application on model selection. In the rest of this section, we let ny denote sample size for
the historical data, yo be an ng x 1 response vector for the historical data, and Xg is an
ng X k matrix of covariates corresponding to yy. Also, let yy; denote the ¢th component of
Yo, and let x(; = (xoi1, Toiz, -, Toir) be the ith row of X, with zp;; = 1 corresponding to an
intercept. Let [ denote the vector of regression coefficients on covariates zy, in the linear
predictor. For regression models, Ibrahim and Chen use () o« 1 as the initial prior for 3,

and Beta(a,b) as the prior for J.

Generalized linear models: For the generalized linear models, suppose the historical
data is denoted by Dy = (no, v, Xo), and the linear predictor is denoted by 7y = x(,;5.

Chen et al. ([10]) established some very general results concerning the propriety of the
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joint prior distribution of (3, d) for the generalized linear models. First they presented two
sufficient conditions for the propriety. They pointed out that those conditions hold for
many generalized linear models such as the normal, Poisson, and binomial models. However,
neither condition will be satisfied when the y; are binary responses. Then Chen et al. ([10])
discussed the additional regularity conditions on the fixed covariates xo; needed to establish
the propriety of the power prior for binary responses. Part of the sufficient conditions are
the conditions on hyperparametrs ¢ and b. The sufficient condition on a is either a > k or
a > k/2, where k is the number of covariates plus 1. Chen et al. ([10]) also investigated
whether this sufficient condition on a is also necessary. They first derive lower bounds for the
normalizing constant of the conditional power prior density for 3, which can be expressed as
[1L(B|Dy)°]d3 based on (3.1). Then they use those lower bounds to show that a necessary
condition for the propriety of the power prior distribution is either a > k or a > k/2 for the
logit model and probit model, and is a > k for the log-log link model and Poisson regression
model. Chen et al. ([10]) also extended the results concerning the propriety to the case of
multiple historical data sets. They pointed out that the sufficient and necessary conditions
on a for multiple historical data sets are weaker than those for the single historical data set

because in the former case more prior information is incorporated into the analysis.

Generalized linear mized model (GLMM): Suppose there exist historical data with Ny
subjects that yields the ng; X 1 response vector yg; for subject 7. The linear predictor is
denoted by noir = 20,8+ 2;,b0i, Where by, is a ¢ x 1 vector of random effects and z{;, and z(;,
are vectors of covariates. Chen et al. (2003) proposed to take the power prior for 3 given &
to be of the form

w010, 7:6) o TT ([ TTitml 8.t s ) 5. 26)

where p(yoit| 3, boit) is the density of historical data yo;; based on GLMM, and 7(by;|T") is the
normal distribution with mean 0 and covariance matrix 7-!. Note that this construction
first exponentiates the historical data likelihood given the random effects, and then integrates
the random effects out. It does not start by integrating out the random effects to get the
marginal historical data likelihood and then raise this to a power §. An obvious advantage
of (2.6) is that its implementation is easier because the marginal historical data likelihood
is computationally intractable. The power prior for GLMM is completed by specifying
priors for 6 and parameters in 7. Chen et al. ([11]) assume that T is determined by two

parameters o7 and p, and take an inverse gamma prior for o7 and a scaled beta prior for p.
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Furthermore, they discussed the conditions for propriety of this joint power prior distribution

7(83, 0,02, p|Dy). The results are quite similar to those for generalized linear models.

Chen et al. ([11]) applied the proposed priors on the variable subset selection for the
class of GLMM, and also developed efficient computational algorithms for implementation.
The resulting posterior model probabilities can be evaluated directly without numerically
computing the prior model probabilities. Due to the complexity of the GLMM, they adopted
the importance-weighted marginal posterior density estimation (IWMDE) method of Chen
([9]) to estimate the marginal posterior densities of (3. Chen et al. ([11]) pointed out
that the power prior is especially attractive in variable selection because only very few

hyperparameters need to be specified to carry out this elicitation method.

Proportional hazards models: Let 0 < sy < s1 < ... < §)r denote a finite partition of the
time axis constructed as in Ibrahim and Chen ([17]). Further, let d; denote the increment
in the baseline hazard in the interval (s;_1,s;],7 = i,..., M, and let A = (01, ...,057). They
use a piecewise-constant baseline hazard model to construct the likelihood function, and use
only information about the interval where the failure times fall into. Let 7(3, A) denote the
initial prior distribution for (8, A). Ibrahim and Chen ([18]) suggested the following joint
power prior for (3, A, d) based on (2.4).

(B, A, 6| Do) o< L(B, A|Dy)°x(B, A)§* (1 — )71, (2.7)

where L(3,A|Dg) is the likelihood function of (8, A) based on the historical data. To
simplify the prior specification, (3, A) = 7(5)7(A) was assumed. They suggested taking a
p-dimensional multivariate normal distribution for 7 (), and a gamma density for w(A). If
7(5) o 1, then (2.7) is proper if m(A) is proper and 6 > p. Also, Ibrahim and Chen ([17],
[18]) applied the power prior approach on the variable selection problem for proportional

hazards models.

Cure rate models: Let v denote the indexing parameter, and let C denote the unob-
served vector of latent counts. Ibrahim and Chen ([18]) took the following form as the joint

power prior for (3,7,9).
s
7]—(6777 5’D0,obs) X |:Z L(/Ga/leO):| 71—(677)5&71(1 - 5)b717 (28)
Co

where L(3,v| Do) is the complete historical data likelihood. To specify an initial prior 7(3, ),
where v = (a, ), they assumed independence among (,a, and A. They suggested an

improper uniform prior for 3, a gamma prior for «, and a normal prior for A\. They also gave



19

the mild regularity condition needed to guarantee the propriety of the joint power prior in
(2.8).

Ibrahim and Chen ([18]) extended the standard power prior elicitation to the situations
where historical data y, are not available, or where the set of covariates measured in the
previous study is a subset of the covariates measured in the current study. In the former
situation, gy can be obtained through prediction based on a theoretical prediction model,
expert opinion, or case-specific information. The latter issue can be addressed with some
adjustments to the elicitation process. Let X; be the covariates in the current study that
are common to the covariates in the previous study, and let X5 be the new covariates in the
current study which are not measured in the previous study. Xy, and Xy are corresponding
covariate components from the previous study. Also we partition the vector of parameters
6 into 0; and 6, accordingly. Let Dy; = (noj,Yoj, Xoj), where yo; is the historical data
corresponding to Xo;,j = 1,2. Then the construction of the power prior is completed by

assuming the priori independence between #; and 65.

(0] Dy, 8) = m(61]|Do1,01)m(02]| Doz, 02)
= L(Ql|D01)61L<92|D02)52ﬂ'(917Qg).

Obviously, Xo; and g, are the raw covariate matrix and raw response vector from the
previous study, respectively. It is a common practice to take Xy = X5 and to use predicted

values to fill in yos.

Ibrahim and Chen ([18]) investigated the relationships between the power prior approach
and the maximum likelihood analysis, the maximum likelihood analysis using a random
effects model, and a meta-analysis. The AIDS data were used to illustrate the comparison
among different methods in terms of the estimates and standard errors of 3. It turns out that
the power prior method with 6 = 0 gives nearly identical results as a maximum likelihood
analysis, and that the power prior method with 6 = 1 produces results similar to those
of a maximum likelihood analysis based on pooling the historical and current data. Let
b; ~ N(0,0%) denote the random effect. The analyses on AIDS data also show that the
results from the random effect model with small 67 are very similar to those from the power
prior method with § = 1. The estimates and standard errors of g are fairly robust to the
increase of o7. In addition, Ibrahim and Chen noted that the estimates of a meta-analysis
are quite comparable to the power prior method with 6 = 1, where the meta-analysis type
estimate of (3 is constructed by weighting the maximum likelihood estimate of § from the

historical and current studies.
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The power priors were developed by Ibrahim and Chen as a general class of informative
prior distributions for arbitrary regression models. The power parameter can be viewed
as a precision parameter that quantifies the compatibility between historical and current
data. The power priors are useful in a wide variety of applications, such as carcinogenicity
studies and clinical trials, or in general situations when historical data are available. They
are especially attractive in variable subset selection, since very few hyperparameters need to
be elicited. In addition, the power prior has been shown to be optimal in the sense that it

minimizes the convex sum of KL divergences between the posterior densities of # when § = 0

and when § =1 ([19]).



Chapter 3

A Modified Power Prior Elicitation

3.1 Introduction

In applying statistics to real experiments, it is common that the sample size in the current
study is often inadequate to provide necessary precision for parameter estimation, while
plenty of historical data or data from similar studies or research settings are available. For
example, to assess violations of water quality standards, measurements of chemical con-
stituents are typically collected on a monthly or quarterly basis at each monitoring station,
and then analyzed to evaluate the percentage of samples exceeding the standard. Under
the Clean Water Act, only observations over a two year period are allowed to be counted
as current data in the assessment. The lack of sufficient data often leads to unacceptable
levels of uncertainty. In a situation like this, “historical” data, a data set from previous time
periods or from adjacent stations, can be very useful in interpreting the current status of

water quality, if it can be combined with current data in some way.

Due to the nature of updating information sequentially, it is natural to use a Bayesian
approach with an informative prior on the model parameters to incorporate the historical
data into the current study. A traditional approach to incorporating historical data is to
construct an informative prior using the historical data and such a prior is combined with
the likelihood to yield the posterior distribution in statistical inference. This implies a
simple pooling of current data and historical data together, since the two data sets are
equally weighted. This approach can be well justified by assuming the current and historical

data come from the same population. However, although the current and historical data
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are usually assumed to follow distributions in the same family, the population parameters
may change over time, or over different settings. If the sample size of the historical data
is much larger than that of the current data and heterogeneity exists between these data
sets, historical information could dominate the analysis and the data pooling may result in

misleading conclusions.

To address this issue, Ibrahim and Chen ([18]) proposed the concept of power priors,
based on the notion of the availability of historical data. The basic idea is to let a power
parameter ¢ (0 < ¢ < 1) tell us how much historical data is to be used in the current study.
However, in their approach, the power parameter always has a tendency to be close to zero,
which suggests that much of a historical data set is not used. Here we propose a modified
power prior Bayesian approach. In this modified approach, the power parameter quantifies
the heterogeneity between current and historical data automatically, and hence controls the
influence of historical data on the current study in a sensible way. In addition, the modified

power prior needs little to ensure its propriety.

The rest of this chapter is organized as follows. In Section 3.2, the general development
of the modified power prior approach is given and certain properties of the approach for
the Bernoulli and normal families are discussed. In Section 3.3, optimality of the modified
power prior approach will be investigated. In Section 3.4, the modified and original power
priors are compared in terms of the behavior of the power parameter, the estimate of the

parameter of interest, and its mean squared error (MSE).

3.2 A Modified Power Prior Approach

3.2.1 The Modified Power Prior

Suppose that 6 is the parameter of interest, for instance, concentration of a chemical level
in a water quality measurement. Assume that such a measurement follows a distribution
and L(0|Dy) is the likelihood function of 6 based on the historical data, denoted by Dy. In
this article, we assume that, given 6, historical data Dy and current data, denoted by D, are
independent random samples from an exponential family. Furthermore, denote by () the
initial prior, which can be a noninformative prior. Given J, the power parameter, Ibrahim

and Chen ([18]) defined the power prior of # for the current study as

(0] Do, 8) o L(8| Do)’ (6). (3.1)
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The power parameter 0 measures the portion of historical information needed in the current
study and is described using the prior in (3.1).

The power prior (6| Dy,d) in (3.1) was initially elicited for fixed §. However, since ¢
is not necessarily pre-determined and also because it is often difficult to specify in practice,
we may extend it further to the case that ¢ is random. A random variable § provides
the researcher with more flexibility in weighting the historical data. A natural prior for ¢
would be a Beta(a, 3) distribution, or simply a uniform distribution, since 0 < § < 1. The
elicitation of the power prior on (#,6) is then completed by specifying a prior distribution

for 6. Ibrahim and Chen ([18]) constructed the joint power prior of (6,6) as
7(6,6|Dy) o< L(| Do) (6)m(5). (3.2)

However, a problem of this approach arises as we investigate the application of power priors
on Bernoulli and normal mean models. The influence of the historical data is generally small,
i.e., ¢ is close to 0, no matter how compatible current and historical data are. In such a
case, the inference on 6 is not much different from the inference when the historical data
is ignored (more discussions is referred to Section 3.4). Furthermore, this prior could also
be improper. We feel that once the historical information is available, a prior elicited from
such information would better be proper. Therefore, we propose a modified joint power prior

distribution for (0, 0) as
L (6] Do)’ (6)7(9)
Jo L(01Dq)om(6) db’

in the region of ¢ such that the denominator in (3.3) is finite.

(6,8 Dy) o (3.3)

The difference in the form between (3.2) and (3.3) is that the prior distribution of (6, )
expressed in (3.3) is always proper given that m(§) is proper, whereas it is not necessarily
the case for that in (3.2). More importantly, the approach of (3.2) does not agree with the
likelihood principle in the sense that any arbitrary positive number can be multiplied in

(3.2). More discussion will be given in Section 3.4.

3.2.2 Development of the Modified Power Prior

The framework of the modified power prior method is built upon the initial idea of the power
prior defined in (3.1), and an assumption that both current and historical data are needed
to update the distribution of 4.
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Development of (0, | D)

Consider the prior structure in (3.1) as the conditional power prior of € given §, which can

be expressed as
L(0]Dy)’ ()
f@ L(0|Dg)om(6) db’

(0] Dy, §) = (3.4)

where 0 < § < 1.

Certain regularity conditions, including L(0|Dg) > 0, 7(6) > 0, and Py(L(0|Dy) > 0) >

0, are assumed to hold. Under those regularity conditions, we have

/ L(6] Do) (6) df > 0.
)

Define a set A as
A=1{:0< /L(0|D0)57r(0) df < oo}, (3.5)
o)

and define A~ as the complement of A in [0,1]. We assume that, given only the sampling
model L(0|Dy), 7(6) leads to a proper posterior of # using a conventional Bayesian analysis,
ie. f@ (0| Do)m(6) df < oo. This assumption constrains our discussion to a sensible range,

and also ensures that A is nonempty because 1 € A.

Furthermore, we define that m(6|Dy) o 7(0)I4(0), where 7(d) is a Beta distribution,
and I4(0) = 1if § € A and 0 otherwise. Later in Section 3.3.1, we show that 6 may be
interpreted as the probability that Dy and D come from the same population. Roughly
speaking, & measures how similar Dy is to D. Therefore, w(0|Dy) o< 7(J) is a reasonable
assumption because without being compared to the current data, the historical data alone

do not provide any information on 4.

Multiplying 7 (8| Do) by 7(8]6, Do) in (3.4) yields the following joint power prior distri-

bution.
L(8]Do)’r(0)m (5)1,4(5)
Jo L0 Do)om(0)d6

It is straightforward to verify that the joint prior m(6,0|Dy) is always proper, which also

(0,6 Do) = 1(8|Do)m(0]8, Do) (3.6)

ensures the propriety of the joint posterior for (6,0).
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Posterior distributions using the modified power prior

Using current data to update the prior distribution 7(6,0|Dy) in (3.6), we derive the joint
posterior distribution for (6,6) as

L(0]D)L(0| Do)’ m(0)(5)
Jo L(0] Do)’ (0) do

7(0,0|Dy, D) o< L(8| D) (6,6|Dyg) ox 14(9).
Integrating 6 out of the expression above, the marginal posterior distribution of § can be

expressed as

fe 9|D0 )d9

Similarly, the marginal posterior distribution of 6, w(0|Dy, D), is obtained by integrating &

7(8| Do, D) o 7 14(6). (3.7)

out. If our interest is only in 6, § may be integrated out at an earlier stage. Then 7(6|Dy, D)

may also be developed in the way described below.

An informative prior 7(0|Dy) and its posterior 7 (0| Dy, D)

Integrating § out in 7(6,§|Dy) yields a new prior for 6, a prior updated by the historical

information,

(6100) = [ 7(6.51D0)d5 x 7 /ﬁfe%Jﬁgggw. (35)

With historical data appropriately incorporated, m(6|Dy) can be viewed as an infor-

mative prior for the Bayesian analysis on the current data. Consequently, the posterior
distribution of # can be written as

(6] Do)’m(8)14(9)
L0100y () 46 ©

7(6]Dy. D) o 7(6]Dy)L(6] Do, D) o 7(6)L W?/f (3.9)
(€]

Extension to multiple historical data sets

Similar to the extension given by Ibrahim and Chen ([18]), the priors defined in (3.6) can
easily be generalized to multiple historical data sets. Suppose there are m historical studies.
“Historical” studies can be studies done previously as well as studies with settings similar
to current study. Denote by Dy, the historical data for the jth study, j = 1,...,m and
Dy = (Do, ..., Dom,). Different weight parameter ¢; for each historical study should be used.
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Furthermore, §;’s can be assumed i.i.d. Beta random variables with hyperparameters («, [3).

Let § = (41, ...,0,). The modified power prior in (3.6) can be generalized as
(TT2 LOID)n(310,5) )6)
J (TE2 201D )(6)

(0,9 Do) ox I5(9),

where B = {(01,....,0m) : 0 < [ <H;n:1 L(9|Doj)5j)7r(9) df < oo}.

Heterogeneity often exists among different studies but data collected at one study are
relatively homogeneous. The framework introduced above would accommodate potential
heterogeneity among data sets from different sources or collected at different times. For
example, in water quality assessment, we could take data observed at neighboring sites as
different “historical” data sets. Moreover, data collected over a long period may be divided
into several historical data sets to ensure the homogeneity within each data set. In such
a way, the role of historical data can be more accurately evaluated (Duan, Ye and Smith,
[14]). In Chapter 5, we will discuss an example of implementing the modified power prior

approach using multiple sites information.

3.2.3 Power Prior for the Bernoulli Population

Suppose we are interested in making inference on the probability of success p from a Bernoulli
family. Denote by D = (x1,...,2,) the current data and Dy = (xqy, ..., Ton,) the historical
data. Define yo = > 12, zqi, and y = > 7, ;.

Theorem 1. Assume that the initial prior distribution ofp follows a Beta(a,, ,), and
the prior distribution of § follows a Beta(as, B5) distribution, where the hyperparameters

ay, By, a5 and [ are all known. The joint posterior distribution for (p,d) is

p5yo+y(1 _ p)5(n0*y0)+(n*y)5a5*1(1 _ 5)55*1

e ’5D,D X ’
(p, 81 Do, D) B(dyo + g, 6(no — y0) + 5)

where B(a,b) = % stands for the beta function.

Proof. Following (3.6), the joint power prior of (p,d) can be written as

[pyo(l _ p)no—yo]5 505—1(1 _ 5)/55—1
(0yo + ap,d(no —y0) + B,)  Blas, B5)

W(Pa(SIDO) = B
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It is easy to show that the set A defined in (3.5) is [0, 1] in the Bernoulli case.

Combining the joint power priors with the likelihood based on the current data L(p|D),

we obtain the joint posterior distribution of (p,d) of the form in Theorem 1. Il

Integrating p out in m(p, §| Do, D), the marginal posterior distribution of § is given by

B(byo +y + ap, 6(ng —yo) +n —y + 5p)6a5 1
B(0yo + Cp, d(no —y0) + 61))

The behavior of the power parameter § can be examined from this marginal posterior distri-

7(8| Dy, D) —§)ft,

bution. Similarly, the marginal posterior distribution of p can be derived by integrating ¢ out
in 7(p, §| Dy, D), but it does not have a closed form. Instead we may learn the characteristic
of the marginal posterior of p by studying the conditional posterior distribution of p on ¢,
combined with 7(6|Dy, D). An implementation of the power prior for Bernoulli data can be
found in Duan, Smith and Ye ([13]).

3.2.4 Normal Population

In this section we are interested in making inference on the normal mean with unknown
variance, by incorporating both current and historical data. Suppose that current data
D = (x4, ...,x,) come from a normal N (u, c?) population with unknown mean p and variance

o2, and Dy = (o1, ..., Ton,) is a historical data set. Define

ng n

n n
I 1 L, 1 o, L1 .
xoz—g Tos, x:—g zj, 00:— (xoi — Zo)®, and & :—E (x; — )"
ng = n ‘= n

U j=1

Following (3.6), the modified power prior for the normal population with unknown variance

is given in the following theorem.

Theorem 2. Let w(u,0?) denote the initial prior distribution for (i, c?). Assume that
the prior distribution of § is a Beta(as, 85), where hyper-parameters as and 5 are known.

Then the modified power prior distribution of (i, o?,d) is

dng

(0%)~ 2 eXp{ 99162 + (1 — Zo)?] p(p, 0%)§% (1 — &)1
2 [72(02)= %" exp { — 28(62 + (1 — Z0)2] Y (11, 02)dpudo?

m(p, 02, 6| Dy) o . (3.10)

in the region of ¢ such that the denominator in (3.10) is finite.
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When considering a special form of 7(u,0?), we are led to Corollaries 2.1, 2.2, and 2.3

whose proofs are simple and thus omitted.

Corollary 2.1. Suppose that we use the prior m(u,o?) o (%)“ as the initial prior of

(u,0?), where a > 0 is a pre-determined constant. The joint power prior distribution of
(u,0%,6) can be expressed as
dng
Sz tatas=2(1 _ §)Bs—1 on
W(N’J275|DO) X ) m_Hl ( ) €Xp 4 — T‘E
() * T +a)

nooy 2

66 + (1 —Z0)?]},

where the range of § is (b, 1] for b > 0 or [0, 1] for b < 0. Here, b = —(5 —a).

Note that a = 1 corresponds to the reference prior (Berger and Bernardo, [6]), while
a = % results in the Jeffreys prior (Jeffreys, [20]). Hence, if the reference prior of 4 is used,
the set A defined in (3.5) is (+ oo+ 1] for the normal mean model, while if the Jeffreys prior
of 6 is used, A = (0,1]. The lower bound b suggests that the information in historical data
is automatically taken into account to a certain extent, depending on the availability of

historical data. However, such a case may be changed once the original prior is changed.
Corollary 2.2. Assume 7(y, 02) o (Z5)*. The marginal posterior distribution of ¢ is
55 +a+tas— 2(1 _ 6)5571F(6n0+n73 + a)

5 (xo z) 5271 20082 3 ’
n n & ng—
[5n0+n +6+ noa :| F( 2 +Cl)

7(0| Do, D) o

with the range described in Corollary 2.1.

Corollary 2.3. Assume 7(p,0%) o« (2)* The conditional posterior distribution of
given § and data (Dy, D), follows a Student #-distribution with, respectively, the location

parameter and the scale parameter

OnogTo + nx 2 1
dng+n ’ C(0) (dng +n+2a —3)(dng +n)’
and degrees of freedom dng + n + 2a — 3, where

2

+ 5710(3'3 + no?

0(5) = 5n0n(a’:07i)2
onog+n
Furthermore, the conditional posterior distribution of o2, given ¢ and the data, follows an

inverse-gamma distribution with parameters W and C(6)~1

Duan, Ye and Smith ([14]) provides an example of implementing the power prior for a

normal population with unknown variance.
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3.3 Optimality Properties of the Modified Power Prior

We now provide theoretical supports for the modified power prior in two steps. First we
review the justification provided by Ibrahim et al. ([19]) for the class of power prior with
0 being fixed, and give a new interpretation on the optimality results. Then the optimality

property of the posterior for ¢ is discussed to complete the justification.

3.3.1 Optimality of the Conditional Posterior 7(0|Dy, D, )

The posterior distribution of € conditional on ¢ based on the modified power prior is the

same as that based on the original one, which can be written as

7(0| Dy, D, 6) o< L(0| Do)’ L(6]| D) (6). (3.11)

Ibrahim et al. ([19]) discussed the optimality properties of 7(6|Dy, D,d) from two as-
pects. First, the m(6|Dg, D,¢) in (3.11) minimizes a convex sum of Kullback-Leibler (KL)
divergence between two extreme posterior densities. One density, denoted by fy, is based on
no incorporation of historical data and the other density, denoted by fi, is based on pooling
the historical and current data. Let K (g, f) denote the KL divergence between two densities
g and f. Ibrahim et al. ([19]) showed that the 7(0| Dy, D, d) in (3.11) is the unique minimizer

gopt for the convex sum

Ky=(1-6)K(g, fo) + 0K (g, f1),

where ¢ is a fixed scalar between 0 and 1.

We point out that K, can be viewed as the expected loss of using the density g to
estimate the true posterior distribution of 8, which is denoted by f. Suppose ¢ is interpreted
as the probability that Dy follow the distribution for D. Furthermore, the KL divergence is
used as the loss function between the estimated density and true density. If the historical
data do come from the population underlying the current data, two samples should be
pooled and hence f = f;. Otherwise, we should use f = fy. It follows that K, = Pr(f =
VK (g, fo) + Pr(f = £)K(g, f1) = E(K(g, f)). Therefore g, = 7(6| Do, D, 8) is optimal in

terms of minimizing the expected loss.

Second, Ibrahim et al. ([19]) showed that following the optimal information processing
rules (IPR) of Zellner ([43], [45]), the w(0|Dy, D,d) in (3.11) yield a 100% efficient IPR in

the sense that the ratio of the output to input information is equal to 1.
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Based on Zellner’s theory of IPR, a weighted version of the information criterion function

Alg(8)] is considered in our scenario.
A[g(0)] = Output information — Input information
~ [ mg(®) a8+ [ g(6)mm(D.Dy) @t
- [/g(e) In 7(0) d9+/g(9) In (0| D) d9—|—5/g(9) I L(0|Dy) do|,  (3.12)

where g(0) denotes a proper posterior density 7(6|D, Dy) in our setting.

In our research setting, the sampling distribution for current data is assumed to be
L(D|6), with 6 being unknown. It is our ultimate goal to make inference on 6. The true
distribution underlying historical data is not of interest. Instead, we are interested in how to
borrow information in historical data to gain knowledge on the population underlying current
data. Therefore, when we pretend L(Dy|0) is the true sampling distribution for Dy and use
it to extract the information in Dy about #, the quality of the information in historical data
is not as good as that in the current data. Hence the information on 6 provided by the

historical data should be discounted with a fractional number §.

Zellner defined a rule to be 100% efficient whenever A[g(0)] = 0; that is, output infor-
mation equals input information. It turns out that the ¢*(0) = 7 (68| Do, D, ) obtained using
power prior yields A[g*(f)] = 0. The optimality of the power prior is hence established for
the case when ¢ is a fixed scaler. Meanwhile, to achieve A[g*(6)] = 0, the m(D, Dy) in (3.12)

has to be in the form of

m*(D, Dy) = /@L(9|D)L(9|DO)%<0) dh.

This can be easily verified by substituting ¢g(6) with 7(6|Dg, D,d) in (3.12). Notice that
m*(D, Dy) depends on 6. However, it is not necessarily a proper probability density function
with respect to D and Dy. The marginal density of (D, D) given § can be derived by

normalizing m*(D, Dy).
Jo L] D)L (0| Do)*n (6) db
I ( [ LOID)L 9|D0)57r(0)d0> dDdD,

_ Jo LOID)L(0| Do)’ (6) db
[ J5 L(6] Do)*x(6)d6 dD,

m(DaDO‘(S) =

(3.13)
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Similarly, if only historical data are considered in Zellner’s IPR, i.e., no [ ¢(6)In L(6|D)d60
n (3.12), we have

m*(Dy) = / L(A|Dy)°w(6) db.
e
Consequently, we obtain the marginal density of Dy given ¢ by normalizing m*(Dy).

f@ H‘DO 7T )d@

D . 14
m(Dol0) = [ Jo L(0]Do)°w(6)df dDy (3.14)
Following (3.13) and (3.14), m(D|Dy, ) can be written as
L(6|D)L(0|D de

m(Dold) — [g L(6] Do)’ (6 )de

We will use (3.15) for our further investigation on optimality when § is random.

3.3.2 Optimality of 7(d|Dy, D)

In addition to the optimality properties discussed above, the modified power prior yields an

optimal 7(0|Dg, D) when 0 is considered as a random variable.

Shannon ([29]) used a mutual information function to measure the dependency between
two variables X and Y. Shannon’s mutual information is defined by the expected entropy

difference,

Y AX) = HY) = BHY )] = By | 10 L0,
T
where H(Y) is the entropy of f(y) and H(Y |z) is the entropy of the conditional distribu-
tion f(y|r). The mutual information is a measure of the expected information about Y

transmitted through a noisy channel, which is represented by X.

m(D|Do)
m(D)

mutual information between two samples Dy and D, where m(D) = [, L(0|D)n(0) d6 is the

as the observed

We borrow the concept of mutual information, and 1nterpret In™

marginal density of D, and m(D|Dy) is the density of D given that Dy is observed. The term

m(D|Do)
m(D)

the current data.

In measures the amount of information in historical data that is useful in interpreting

Although it is independent of values of model parameters, In %

Both m(D|Dy) and m(D) depend on the type of the sampling distribution, because they

is model dependent.

are derived by weighting the sampling distribution with priors on model parameters. In
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addition, m(D|Dy) also depends on how historical data are incorporated. Such dependence

is easier to be recognized if we break down Inm(D|Dy) into

m(D|D0, (5)7T<5|D0)
7(0| Do, D)

Inm(D|Dy) =1 (3.16)
As discussed in Section 3.2.2, we believe that historical data alone does not provide
any information on d, because 0 is introduced to measure the probability that historical

and current data come from the same population. Therefore, it would not compromise the

implication of In ™ D(|DO) if the prior of 4, 7(d), is used to substitute the 7(d|Dy) in (3.16).
Then the observed mutual information between D and D, becomes In %5%3(6 —Inm(D)

in this setting. Furthermore we may take its expectation with respect to the posterior

distribution of §, and define

m(D|Dy, d)m(0)
(0| Dy, D)

as the weighted mutual information between historical and current data.

w(D A Do) = Ers\p,po) | In — Inm(D)

The goal of our research is to find a suitable method for incorporating historical data
into current study. The power prior method with a fixed § has been well justified as an
optimal method for this purpose in section 3.3.1. So our search can be constrained to finding

a optimal power prior method with a random 9.

In the context of power priors, w(DyAD) measures the expected information in historical
data transmitted through a power prior model for understanding the sampling distribution of
current data. Therefore, it is desirable to find an optimal power prior method that maximizes
w(Dy A D), which further comes down to finding an optimal (| Dy, D). The result is stated

as a formal theorem.
Theorem 3. The density 7(d| Dy, D) that maximizes w(Dg A D) is

f@ (0] D)L(8]Do)*n(6) db
(¥) I L(0] Do)’ (6) do

70| Do, D) ox 7

Proof. We have
_ m(D| Dy, 0)m(6)
w (Do A D) = Er5p,Dy) {ln ~01Do. D) Inm(D)

B m(D| Dy, 0)m(6)
_/7r(5|D0,D)ln ~0Do. D) do —Inm(D)

- K (w(5|D0, D), m(D|DA(;5)”(5>) +1n M — Inm(D),
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where M = [ 'm(D|Dy, d)7(8) dd is the normalizing constant of m(D|Dy, §)7(d). Now clearly
-K (71'*(5|D0, D), W) is maximized and equal to 0 when

m(D|Dy, 0)m(d)

’/T*(d’Do,D) = Vi

m(D|Do. 6)(5).

Combined with (3.15), it leads to

) f@ (0| D)L(0]Do)’w(¢) db

“(8| Dy, D
™ (01Do, J5 L0 Do)°m(6) df

]

This optimal 7*(§| Dy, D) is precisely the marginal posterior of § based on the modified
power prior (see (3.7)).

3.4 Comparisons of Two Power Prior Approaches

Ibrahim and Chen ([18]) constructed the joint power prior of (6,6) as
7(0,8| Do) o< (L(O] D))’ m(0)7(5).

Notice that if we multiply the likelihood function L(0|Dy) with a positive constant k, the

joint prior distribution of (6, ) becomes
m(0,0|Do) ox k°(L(8|Do))’m(8)m(d).

The joint prior of (6,§) and consequently the posterior will change by &°. Therefore, in the
original power prior approach, proportional likelihood does not produce the same posterior

distribution. This result is not consistent with the likelihood principle.

On the other hand, multiplying the likelihood function L(6|Dy) by a positive constant

k wouldn’t change results in the modified approach, which is shown as follows.

L BEEID)r(O)r(o (L(O\DY) 7 (0)r(0)
e N T2 R R O R

Another feature of the modified power prior approach is that the only condition needed
to ensure the propriety of the joint prior for (6,0) is [y L(8|Do)m(6) df < oo. Since any
prior () used in the regular Bayesian updating scheme (§ = 1) has to satisfy this condition
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to produce a proper posterior, this is an appropriate assumption. Hence no additional
effort is needed in checking the propriety of m(6,d) under the modified approach. For the
original power prior approach, certain conditions are required to achieve a proper power
prior. Ibrahim and Chen ([18]) and Chen et al. ([10]) examined the propriety conditions for

four commonly used classes of regression models.

Although the joint power priors of (6,6) are different, the conditional power prior
(0| Dy, d) in (3.1) and the conditional posterior m(0|Dy, D,d) in (3.11) are the same for
both approaches. This feature indicates that the two approaches are equivalent for a fixed ¢,
which is expected because both approaches are rooted in the same idea presented by the def-
inition of 7 (6| Dy, §). This also implies that the differences in results between two approaches
come from their difference in the posterior marginal distributions of . Therefore we may

examine their differences in 7(6,0|Dy, D) by comparing 7 (5| Dy, D) between two approaches.

3.4.1 Comparison of Posteriors

The marginal posterior distributions of 6 and ¢ are of interest here, because the former leads
to the final inference on # and the latter describes the characteristics of the power prior
approach. The marginal posterior means of # and § and the marginal posterior mode of §
will be used to compare the posterior distributions of the two approaches. The marginal
posterior mode of ¢ represents the most likely value of ¢ given by the historical and current
data. Since 7(0| Dy, D) is often asymmetric, the marginal posterior mode of § is an important

statistic for studying the marginal posterior distribution of §.

Compatibility statistics

To discuss how well the marginal posterior mode of § responses to the compatibility between
current and historical data, the notion of “compatibility statistic” is defined. Let x4, ...., x, be
i.i.d observations from an exponential family with probability density function or probability

mass function of the form

F(x|0) = h(z) exp (Z w;(0)t;(x) + 7(9)) :

where the dimension of 6 is no larger than k. Clearly,

T(@) = (3 ta(e) s D talay)
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is a sufficient statistic for 6 (Casella and Berger, [8]). One underlying assumption of this
sufficiency is that the sample size n is fixed when the experiment is performed repeatedly.
However, the current and historical data often have different sample sizes. This then raises
the question of how to measure the difference between two samples with unequal sizes in
terms of their information about #. Note that in this section x represents an arbitrary sample

in general, including current and historical sample.

Define
"ty (z5) " t(xy)
Cz) = = — ]
@ = (ahmaln) = (LM 3 2
7=1 7=1
as the compatibility statistic of a sample z = (1, ....,x,) for 6. For example, C(z) = £ =7

for the Bernoulli case, and C(z) = (z,6?) for the normal case, where 62 = 23" | (z; — T)?
is the maximum likelihood estimator of o?. The density function of the sample z may be

expressed as
f(z|6) = (Hhm]) (6]C(z)",

where ¢g(0|C(x)) depends on the sample z, including the sample size n, only through C(x).
Since H?Zl h(x;) does not contain 6, the log likelihood function of # based on the sample
can be written as In L(0|z) < nln g(#|C(z)). For any specific distribution, C(z) determines
the averaged log likelihood, and hence characterizes a sample in terms of the averaged in-
formation about 6 it carries. Most of information measures are functions of log likelihood.
For example, suppose # is a one-dimensional parameter, then the Fisher information about

0 provided by the sample z is

Z_@lnmw {Z( D FNC)

=1 j=1

~
iy

It is easy to check that for high dimensional 0, each element of J,,(6) is of the similar form as
n (3.17). Therefore the average Fisher information .J,,(0)/n carried by the sample depends
on the data only through C(z).

Notice that in either current or previous study, C(z) is also a sufficient statistic for 6
when n is fixed. Therefore C(z) captures all the information about 6 contained in a sample
within the scope of each study. On the other hand, it is comparable among samples across
studies with the same distributional assumption but different sample sizes. Note that C(z)
is not sufficient anymore if current and previous studies are combined as a single experiment

with random n, since n becomes part of the data.



36

Applying the concept of the compatibility statistic on our investigation of power priors,

we have the following result whose proof is in the Appendix.

Result 3.1 Suppose that historical data Dy and current data D are two independent
random samples from an exponential family. Furthermore, suppose that w(6) = 1 is used
as the prior for 6. The compatibility statistic for the historical data and current data are
C(Do) and C(D) respectively, as defined earlier. If two samples are fully compatible, i.e.
C(Dy) = C(D), the marginal posterior mode of 0 is always 1 under the modified power prior

approach, for any ng and n (no matter how high the ratio ng/n is).

This is very rational since when the historical data contribute necessary information into
the current study, we would like to use it as much as possible to achieve higher precision.
As long as the difference between C(Dy) and C(D) is negligible from a practical point of
view, it is appropriate to view the historical and current samples as fully compatible, and
hence the marginal posterior mode of & would be 1 or very close to 1 under the modified
power prior approach. This property is also supported by the numerical results that will be

presented later in this section.

However, in the original power prior approach, the posterior mode of § changes if we
multiply the likelihood function by a constant, because the likelihood principle doesn’t hold
there. Furthermore, for any historical and current data, we can always find a positive
constant kg such that the marginal posterior mode of § becomes 0 after the likelihood function

is multiplied with k.

Result 3.2 Suppose that current data D are from a population with a density function
f(z|0), and Dy is a related historical data set. Furthermore, suppose that w(5) = 1 is used
as the prior for 0 and the conditional posterior distribution of 6 on 0 is proper for any 6.
Then for any Do and D, there ezists at least one positive constant ko such that 7(5| Dy, D)
has mode at § = 0 under the original power prior approach, where L(6|x) = ko f(x|6).

The proofs of these results are given in the Appendix. For a normal or Bernoulli
population, our research reveals that 7(d| Dy, D) has mode at § = 0 even when ky = 1. This
strong tendency of § toward 0 in the original approach compromises the flexibility of using

a random o. Also, the role of historical data is underestimated.
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Change of posteriors in terms of compatibility between D and D,

The compatibility between historical and current data may be measured by their difference
in each element of the compatibility statistic, e.g. |¢;(D) — ¢;(Do)| or ¢;(D)/ci(Dg) for
1 =1,..., k. For example, in the case of the normal mean model, the compatibility between
the historical and current data can be measured by the differences in the sample mean
and MLE of the variance (62 = %Z?Zl(:cz — 7)?). In the Bernoulli case, the compatibility
between two data sets is measured by the difference in sample proportion. Since the power
parameter is initiated to quantify the heterogeneity between two samples, the magnitude of ¢
should depend on samples’ difference in the compatibility statistic. In addition, the relative
sample size of the historical data to the current data, denoted by ng/n, may also influence
the amount of penalty that should be put on the historical data. This is because when two
samples are not perfectly homogeneous, the dominance of historical data in current analysis

should be prevented.

Since the analytical forms of the marginal posterior mean and mode of § as well as the
marginal posterior mean of ¢ are intractable, we investigate their properties by computing
numerical results under various situations. In this article, normal and Bernoulli populations
are extensively studied using current and historical samples with a wide range of sample
sizes, sample means, and sample variances. In the rest of this section, some illustrative
figures will be presented (see Figures 3.1, 3.2, 3.3, 3.4, and 3.5), and several remarks will be

discussed.

Figures 3.1 and 3.2 compare two power prior methods in posterior means and mode
for the Bernoulli population; Figures 3.3, 3.4, and 3.5 are for the normal population. Those
figures show that with the modified power prior approach, the posterior mode of ¢ is sensitive
to the compatibility between historical and current data. The posterior mode of § goes to
zero very fast when the compatibility decreases. In addition, when the two samples are not
perfectly homogeneous, the posterior mode of § decreases with ng/n, and attains 1 with
very small ng/n. How quick the mode reaches 1 also depends on the extent of compatibility
between historical and current data. However, the posterior mode of § would never be
zero under the modified approach. This is reasonable because the historical population is
subjectively believed to have similarity with the current population, more or less. These

trends imply that the random ¢ responds to data in a sensible way in the modified approach.

For both normal and Bernoulli populations, the posterior mean of 6 is much more

sensitive to the change of compatibility or ng/n under the modified approach than under the
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Comparison of two power prior approaches for Bernoulli population
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ny/n = ratio of historical sample size to current sample size
—— posterior mode of & in modified approach —o— posterior mode of & in original approach
—e— posterior mean of p in modified approach —<— posterior mean of p in original approach
-- % - -estimated p using only historical data -- & - - estimated p using only current data

Figure 3.1: Marginal posterior mode of § or marginal posterior mean of p using different

ratios of historical sample size to current sample size, when n = 20, = 0.65, g = 0.5.
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Comparison of two power prior approaches for Bernoulli population
1.1 -

reference lines
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—— posterior mode of & in modified approach —o— posterior mode of & in original approach
—se— posterior mean of p in modified approach —— posterior mean of p in original approach
- - % - - estimated p using only historical data -- & - - estimated p using only current data

Figure 3.2: Marginal posterior mode of § or marginal posterior mean of p considering different
divergence in sample proportion between historical and current data, when n = 20,z =
0.65,ny = 40.
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Comparison of two power prior approaches for normal population
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- - % - -estimated p using only historical data -- & - -estimated p using only current data

Figure 3.3: Marginal posterior mode of § or marginal posterior mean of p using different
ratios of historical sample size to current sample size, when n = 20,z = 0.5,6% = 0.8, %y =

1,62 =1.
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Comparison of two power prior approaches for normal population

1.6 -
1.5 1
1.4 1
1.3 1
1.2 1
1.1 1

1 i
0.9
0.8
0.7
0.6 -
0.5
0.4
0.3 A
0.2

x X reference lines

“R-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-

0.2 0.4 0.6 0.8 1 1.2

historical sample mean - current sample mean

—a— posterior mode of & in modified approach —o— posterior mode of & in original approach
—e— posterior mean of p in modified approach ~ —¢— posterior mean of p in original approach
-- % - -estimated p using only historical data -- & - - estimated p using only current data

Figure 3.4: Marginal posterior mode of § or marginal posterior mean of p considering different

divergence in sample mean between historical and current data, when n = 20,z = 0.5,6% =
0.8,n9 = 40,62 = 1.
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Comparison of two power prior approaches for normal population
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- - % - -estimated p using only historical data -- & - -estimated p using only current data

Figure 3.5: Marginal posterior mode of § or marginal posterior mean of p using different
ratios of historical sample variance to current sample variance, when n = 20,z = 0.5,62 =
1,n9 = 40,Z, = 1. Note that here we use 62, the MLE of population variance, to measure

the sample variance.
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original approach. Since two approaches have the same conditional posterior 7 (6| Dy, D, J),
their difference in 7(d| Dy, D) will explain the difference in the marginal posterior of #. In
the modified approach, the observed trends of posterior mean of # are consistent with the
trends of posterior mean or mode of §. With ngy/n increasing, the posterior mean of 6 is
getting closer to the estimated 6 derived based on the historical data alone, and it is getting
closer to the estimated 6 using only the current data when the compatibility between two
samples is decreasing. However, no trend was found for the posterior mean of 6 under the

original approach.

In the original approach, the power parameter ¢ always has a tendency to be close to
zero, which suggests that much of historical information is not used. The posterior mode of
0 is always zero, and the posterior mean of  is consistently lower than that in the modified
approach. The original approach always puts a very light weight on the historical data, even
when the historical and current data are perfectly homogeneous or when ng is much smaller
than n. This suggests that the original approach may underestimate the power parameter

in general.

Based on the empirical results represented by five figures, the trends of the posterior
mean and mode of § using both original and modified power prior approaches are summarized

in Table 3.1; the trends of the posterior mean of # in various situations are presented in Table
3.2.

The role of the power parameter ¢ is to control the influence of the historical data on
the current study. The empirical results show that the original approach underestimates ¢ in
general and hence the influence of historical data is small no matter how compatible current
and historical data are. One consequence is that in the original approach, the posterior mean
and variance of # are very close to those without considering historical data. Therefore the
historical data turn out not to be very helpful in parameter estimation, and this questions the
necessity of incorporating the historical data. On the other hand, in the modified approach,
this power control parameter is adjusted automatically based on the compatibility between
the historical and current data, and also based on the sample sizes of the two studies.

Therefore the modified power prior approach may be recommended over the original one.
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Table 3.1: Comparison of the posterior mode and mean of § under two power prior approaches
for normal and Bernoulli populations. The trends of posterior mode and mean of § with
respect to the ratio of two sample sizes and the compatibility between historical and current

data are summarized based on empirical results.

Incompatibility Marginal Posterior Mode of § Marginal Posterior Mean of §
measure original method | modified method || original method | modified method
normal:

~92 .

% — 1’ increases 0 decreases decreases decreases

0

|Zop — Z| increases 0 decreases decreases decreases
%" increases 0 decreases decreases decreases
Bernoulli:

|Zg — Z| increases 0 decreases decreases decreases
% increases 0 decreases decreases decreases

Table 3.2: Comparison of the posterior mean of 60 under two power prior approaches for
normal and Bernoulli populations. The trends of posterior mean of 0 with respect to the ratio
of two sample sizes and the compatibility between historical and current data are summarized
based on empirical results. "original” refers to the original power prior approach; "modified”

refers to the modified power prior approach.

Marginal Posterior Mean of 6

Incompatibility normal population Bernoulli population

measure original modified original modified

goes to the estimate
‘Z; — 1’ increases | no trend | by current data alone
0

goes to the estimate goes to the estimate
|Zo — Z| increases | no trend | by current data alone || no trend | by current data alone
goes to the estimate goes to the estimate

70 increases no trend | by historical data alone || no trend | by historical data alone

3.4.2 Comparison in Mean Squared Error (MSE)
Normal population

First, we compare MSE of the estimated i in a normal population with unknown variance

under the original and modified power prior approaches. Simulation is conducted to compare
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the performance of two approaches in terms of MSE. A Monte-Carlo estimate of the MSE

for estimating 6, % i(éz —6)?, is used for comparisons, where m is the number of total runs,
i=1
0 is the true parameter, and 0, is the estimate of parameter in the ith run.

Suppose that the current sample is from a normal N (u, 0?) population and the historical
sample is from a normal N(jug,07) population, with both mean and variance unknown.
Furthermore, suppose the population mean of current sample, p, is the parameter of interest.
Denote by ji the marginal posterior mean of u to be used as the estimate of y. The MSE
of i is E(jt — p)?. After simplifying E(ji — p)? using the posterior distributions derived in
Section 3.2.4, we find that F(ji—p)? depends on n,ng/n, o, 00/c, and (uo— i)/ under both
power prior approaches. Therefore, we consider different combinations of n,ng/n, o, 00/,
and (po — i) /o when investigating the MSE. In each simulation scenario, i.e., a combination
of n,ng/n,o,00/0, and (uo — p)/o, five thousand runs are performed and then the averaged
squared error of [ is calculated as an estimate of MSE. In this section, we use the reference

prior m(u,0?) oc 1/0? as the initial prior for (i, o?).

Figures 3.6 and 3.7 present the simulated MSE for ng/n from 0.5 to 5 from the original
and modified power prior approaches in the scenarios where n = 10, ¢ = 09 = 1, and
(o — p) /o = 0.1 to 0.5. It shows that the MSE from the modified approach decreases with
no/n increasing when 0 < (o — p)/o < 0.3, decreases first and then increases in ny/n when
0 < (uo — p)/o = 0.4, and increases in ng/n when (uo — p)/o > 0.4. This implies when
the divergency between the current and historical populations is mild, incorporating more
historical data would substantially decrease the MSE using the modified power prior. In the
modified approach not only the MSE significantly increases with (g — p)/o, but also its
trend changes with ng/n. If the two populations are quite heterogeneous, the increase in the
bias of estimate is faster than the decrease in the variability of estimate when more historical
data is available, and therefore the MSE increases. In contrast, the MSE from the original
approach seems stable with different historical sample sizes and only slightly increases with

the standardized difference in population mean.

The modified approach gives consistently smaller MSEs than those from the original
approach if the standardized difference in mean, (py — p)/o, is no greater than 0.3; the
MSE of two approaches are comparable if (g — pu)/oc = 0.4; and the original approach
performs better than the modified one if (ug — p)/o > 0.5. If the current and historical
populations are significantly heterogeneous, we would expect large variability in the data

and consequently in parameter estimates when incorporating samples from both populations
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Comparison of two power prior approaches in MSE
for normal population (I)
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Figure 3.6: MSE of [i using two power prior approaches (part I), where fi is the marginal
posterior mean of p. Solid lines represent results from the original approach with (ug—p)/o =
0.1 to 0.5; dashed lines represent results from the modified approach with (g — p)/o = 0.1
to 0.5. n =10, ng = 5 to 50, and 0 = gy = 1 are used.
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Comparison of two power prior approaches in MSE
for normal population (II)
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Figure 3.7: MSE of ji using two power prior approaches (part II), where i is the marginal
posterior mean of u. Solid lines represent results from the original approach with (po—p)/o =
0.1 to 0.5; dashed lines represent results from the modified approach with (uy — p)/o = 0.4.
n =10, ng = 5 to 50, and 0 = g9 = 1 are used.
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into one analysis. Therefore it is expected to observe a relatively large MSE in the modified
approach. The original approach always puts very light weight on historical data, so its
MSE is not affected much by the heterogeneity between current and historical populations.
Besides those presented in Figure 3.6, simulations were run using different n and unequal
variances for historical and current populations. In all simulation scenarios, similar trends
are found as those in Figure 3.6. Table 3.3 summarizes the simulation results using the

“trend turning point” and “MSE change point”.

In Figure 3.7, the scenario with (puy — p)/o = 0.4 and ng/n = 1 appears to be a “trend
turning point” for the situation when n = 10 and 0 = 09 = 1. If (ug — pu)/oc > 0.4, or
(o — ) /o = 0.4 and ng/n > 1, the performance of the modified power prior start to slip
down. When ng/n > 4 under (po—pu) /o = 0.4, the MSE from the modified approach becomes
larger than that from the original approach, which is also observed when (yy — p)/o > 0.4
with any ng. We refer to the scenario with (ug — p)/o = 0.4 and ng/n = 4 as the “MSE

7

change point” in Figure 3.7.

Furthermore, we found that such a trend turning point and an MSE change point exist
for other combinations of n, o and oy, which is illustrated in Table 3.3. For each combination
of n,o and o( in Table 3.3, the MSE from the two power prior approaches has similar trend
as in Figure 3.6. With fixed n,o and oy, We may evaluate the performance of two power
prior approaches with a sequence of increasing (yy — p)/o first and then increasing ng/n
for each level of (g — p)/o. In this process usually we encounter the trend turning point
first and then the MSE change point. Finally the MSE from the modified approach may
even exceed the MSE derived using only the current sample, when (o — p)/o and ng/n are
large. Therefore, the modified power prior approach is suitable when the divergence between
current and historical populations is mild, but may be dangerous when the divergence is
large. This is no surprise because the idea of borrowing information from historical data is
established on the belief that the current and historical populations are quite similar. The
performance of the original approach is not affected much by the divergence between two
populations and neither by the availability of historical data. This property is an advantage

when the divergence is large but a disadvantage when the divergence is small.

Bernoulli population

We also compared the MSE of estimated p in a Bernoulli population, where p is the true prob-

ability of success in the current sample. Suppose the current sample is from a Bernoulli(n,p)
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Table 3.3: The “trend turning point” and “MSFE change point” for different combinations of

0,00/0 and n.

Setting Trend turning point | MSE change point
o oofo n | (po—p)/o ne/n | (o—pn)/oc mng/n
1 1 10 0.4 1 0.4 4
1 1 20 0.3 1 0.3 3.5
1 1 50 0.2 0.5 0.2 3.5
1 1.5 10 0.4 1.5 0.4 2
1 1.5 20 0.3 1 0.3
1 1.5 50 0.2 1.5 0.3 1

population and the historical sample is from a Bernoulli(ng,py) population, with both p and
po unknown. Since the posterior distribution of p is not symmetric, the marginal posterior
mean may not be a suitable estimate of p. In this investigation, we use Es((0yo+y)/(0ng+n))
as p, the estimate of p, where the expectation is taken over the marginal posterior distri-
bution of 4. Here y and 1, are the total number of successes in the current and historical
samples, as defined in section 3.2.3. It is straightforward to show that when a uni form(0,1)
is used as the initial prior for p, (dyo + y)/(dng + n) is the posterior mode of p conditional
on §, and furthermore Es((0yo + v)/(dno + n)) is a mode of marginal posterior distribution

of p.

Tables 3.4 and 3.5 empirically summarize the situations under which the modified power
prior approach leads to a smaller MSE than the original one. When the divergence between
current and historical populations, represented by |p — po|, is small or mild, the modified
approach gives lower MSE than the original one. This result is consistent with what is found
in the normal case and can be interpreted similarly. As stated in the previous section, the
justification of using historical data is built on the substantial similarity between the current

and historical populations.

Furthermore, when the current sample size is 50, the modified approach shows much
superior performance (smaller MSE most of time) compared to the original approach in
terms of MSE. But we need to be cautious that the MSE from the modified approach may

blow up when the current and historical populations are substantially heterogeneous.
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Table 3.4: The range of pg where MSE from the modified approach is smaller than that from

the original approach, under different combination of n,ng, and p.

n  ny/n D

0.1 0.2 0.3 0.4 0.5
10 0.5 0~0.2 0~04 0~0.6 0~0.7 0.2 ~0.8
10 1.0 0~0.2 0~04 0~05 02~06 03~038
10 1.5 0~0.2 0~0.3 0~0.5 02~06 03~0.7
10 2.0 0~0.2 0~0.3 0~0.5 02~06 03~0.7
10 25 0~0.2 0~0.3 0~0.5 02~06 03~0.7
10 3.0 0~0.2 0~0.3 02~04 02~06 03~0.7
20 0.5 0~0.2 0~0.3 0~0.5 02~06 03~0.7
20 1.0 0~0.2 0~0.3 02~04 02~06 04~0.7
20 15 0~0.19 0~0.3 02~04 03~05 04~0.7
20 2.0 0~0.19 0~0.3 02~04 03~05 04~0.7
20 25 0~ 0.18 0~0.3 02~04 03~05 04~0.7
20 3.0 0~ 0.17 0.1 ~0.2 02~04 03~065 03~0.7
50 0.5 0~0.1 0~0.3 02~04 03~05 04~0.6
50 1.0 | 0~01,08~1 0~03,07~1 02~1 03~09 03~09
50 15 | 0~0.1,06~1 02~1 0.2~1 0.2~1 0~0.9
50 2.0 | 0~0.1,06~1 0.2~1 0.2~1 0~1 0~1
50 25 | 0~0.1,05~1 0.1~1 0.1~1 0~1 0~1
50 3.0 | 0~0.1,0.5~1 01~1 0.1~1 0~1 0~1
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Table 3.5: The range of py where MSE from the modified approach is smaller than that from

the original approach, under different combination of n,ng, and p. (cont’)

n  no/n D
0.6 0.7 0.8 0.9
10 0.5 0.3 ~0.9 04~1 06~1 0.8~1
10 1.0 0.4 ~0.8 0.5~0.9 06 ~1 0.8~1
10 1.5 0.4 ~0.8 0.5~0.9 0.7~1 0.8~1
10 2.0 0.4 ~0.8 0.5~0.9 0.7~0.9 0.8~1
10 2.5 0.4~0.8 0.5~0.9 0.7~0.9 0.8~1
10 3.0 0.4 ~0.8 0.5~ 0.9 0.7~0.9 0.8~1
20 0.5 0.4~ 0.8 0.5~0.9 0.7~1 0.8~1
20 1.0 0.5~ 0.8 0.6 ~0.9 0~0.1,07~09 0~0.3,08~1
20 1.5 0.5~ 0.8 0~0.1,06~08 0~03,07~09 0~04,08~1
20 2.0 0.5~0.8 0~0.3,0.5~0.8 0~0.9 0~0.5,08~1
20 25 | 0~0.2,04~0.8 0~09 0~09 0~1
20 3.0 0~0.9 0~1 0~1 0~1
50 0.5 0.5~ 0.7 0.6 ~ 0.8 0~03,07~09 0~06,09~1
50 1.0 0~1 0~1 0~09 0~0.9
50 1.5 0~0.9 0~0.9 0~1 0~0.9
50 2.0 0~0.9 0~0.9 0~0.9 0~1
50 2.5 0~09 0~09 0~09 0~1
50 3.0 0~1 0~1 0~1 0~1
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Appendix: Proofs

Result 3.1.

Proof. The likelihood functions L(0|Dy) and L(#|D) can be written as L(0|Dy) o g(8|C(Dy))"
and L(6|D) o g(0|C (D))" respectively. If C'(Dy) = C(D), then

L(0|Dy) x g(8)™ and L(0|D) x g(0)", (3.18)

where g(0) = ¢g(0|C(Dy)) = ¢g(0|C(D)). To prove that the marginal posterior mode of ¢ is
1, it is sufficient to show that % > 0 for any § € A, where

J L(0|D)L (6] Do)’

(0 )d9
J L(01Do)°m(0) db

7(0| Dy, D) ox 7(0)

14(9). (3.19)

Denote by u(8) = [ g(0)"g(6)"7(0) df and v(5) = [ g(0)°™m(#) df. Then (3.19) may be

written as
u(d)
7r((5\D0,D) x W((S)—U(é) IA((S).

Using 7(d) = 1 and equation (3.18) to simplify 7(6|Dy, D), and furthermore exchanging
differentiation and integration under stated regularity conditions, we have

dm (5| Dy, D)
26

t/ﬂﬁ“m@ﬁﬂ@hw@WWQ/M@M%@MH
—/mwmﬂmmwﬁmw/QWWwwWﬂmwzo

<
[ o@ oy =) mg©)as [ o) x(6)as
_ / 9(0)77(0) In g(8)d0 / 4(6)™0g(6)"x(6)d6 > 0, (3.20)

>0 <= u(0)v(d) — u(d)v'(0) > 0 <=

for any 6 € A.

Applying the property of the Kullback-Leibler function between two distributions, which

L fy) = /f1 xd>0

ZL‘

18
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we obtain

/m%[w(ewo,p,a) — 2(0Dy, 8] dO

7T<9|D07D75) / W(0|D075)
= In——M~ Dy. D In———
/n 701Dy 0) " IP0 D0) dO+ [In o TR

> 0. (3.21)
This further leads to

o0 () g(0)™m(o)
v [ 100) | S s s ~ Ta@aein]

= /lng(&)" (7(0| Do, D, ) — w(0| Dy, 0)]db by equation (3.18)

(0] Dy, 5) db

= /ln {%M@)} [7(0| Do, D, ) — w(0| Dy, 0)] do

[ x(6|Do, D, ) B
—/IDW[W(0|DO,D,5) 7(0| Do, d)] db

+/1nM(5) [7(0| Do, D,0) — 7(6] Dy, d)] db,
where M(8) = [ g(8)°™*"x(0)db/ [ g(0)°"w()d6. Notice that

/1nM(5> (6 Do, D, ) — 7(0| Do, )] d6

— In M(5) wawo, D, §)df — /w(6|D0,5)d0} M) (1-1) =0,

combining it with inequality (3.21), we get
g(0)"+" () g(0)"om(6)
In g(0 dd > 0. 3.22
n/ ng(f) [fg(e)éno+n7r(9)d9 [ g(8)°mom(0)do - (3:22)
Finally, by multiplying both sides of inequality (3.22) by 2 + [ g( ()0t (0)dl [ g(0)°mow(0)do
, it follows that the sufficient condition in (3.20) for the marginal posterior mode of § being
1 is met for any ¢ € A. O

Result 3.2.

Proof. Suppose that k is an arbitrary positive constant. We take the likelihood function of
the form L(0|x) = kf(x|f), then L(0|D) = k™ f(D|0) and L(0|Dg) = k"™ f(Dg|f). Then the
marginal posterior distribution of § can be rewritten as

(6| Do, D) O<7T(5)/L(9!D)L(9!Do)5ﬂ(9) d90<7r(5)/f(DW)[k”Of(Dole)]éﬂ(G) do.
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To prove that the marginal posterior mode of ¢ is 0, it is sufficient to show that % <0
for any ¢ € [0, 1].

Using 7(0) = 1 and the exchange of differentiation and integration, we obtain

(37T((5]D0,D)

ng é

00
— / 7(6)£(DI0)F(Do|6)’ (ny In k + In £(Do]6))d0 < 0
[ 7(0)1(DIO)F (Do) I f(Dol0)d _ | 1
TR0 (D0 F(Doyas =M (3.23)

Since f(Dyl0) > 0, then In f(Dyl0) < f(Dy|@). Furthermore, it is reasonable to assume
that the conditional posterior distribution of # on ¢ is proper for any § € [0, 1], where
7(0|Dy, D,8) < [7(0)f(D|0)f(Dol0)°dd. So 0 < [7(0)f(DI|)f(Dy|0)°dd < oo for any
d € [0,1]. Suppose that a new data set D; is obtained by pooling D and D, together.

m(0) do <0

B

If we use D, as the current data and D as the historical data, the conditional posterior
7(0| Do, D1,8) o< [ 7(0)f(D|6)f(Dol6)f(Do|6)°dh. Therefore, we have

/ 7(6)(D16) £(Dy|6) In £(Dy|6)d < / 7(6)£(DI9) f(Dol0) f (Dol)’d8 < oc,

for any ¢ € [0, 1].

If we take

S 7(6)£(DI6)f(Do]6)° In f(Do|6)d6
maxg| - . ]
ko = exp ( J (©)7 (DI0)F(Dolf) 8 |

no

then the sufficient condition in (3.23) for the marginal posterior mode of § being 0 is met

for any 0. O



Chapter 4

Modified Power Priors with Multiple
Historical Data Sets

4.1 Introduction

In this chapter, we further investigate how to incorporate multiple historical data sets under
the framework of modified power priors. This issue is tackled from several aspects. First,
we propose three power prior methods for incorporating multiple historical data sets. Those
three methods yield the same conditional posterior 7 (0|4, D,, D), but different 7 (8| D,, D).

One method stands out in the comparison of MSE among the three.

Second, the modified power prior approach is compared with the random effects model
for the accommodation of potential heterogeneity between current and historical samples.
Furthermore, we combine two methods together and apply the modified power prior on top

of a random effects model.

At the end, we relax the assumption that multiple power parameters are independent,

and discuss the implementation of time weighted power priors.

95
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4.2 Three Methods in Incorporating Multiple Histori-
cal Data Sets

The modified power priors defined in (3.6) can easily be generalized to multiple historical
data sets. Suppose there are k historical studies. We define Dy; to be the historical data
based on the jth study, j = 1,...,k and D, = (Dyq, ..., Dox). Chen et al. ([10]) suggested
defining a different weight parameter ¢; for each historical study and taking the d,’s to be
i.i.d. Beta random variables with hyperparameters («, 3). Let § = (d1, ..., dx). The modified

power prior in (3.6) can be generalized as

(T 2061005530 ) ) 6)
J (T 201005 )w(6) a9

7(6,8|1D,) o I5(9), (4.1)

where B = {(01,....,0;) : 0 < [ <H§:1 L(@‘Doj)5j>ﬂ'(9) df < oo}.

Incorporating the current data D, it follows that the posterior distribution of 6 condi-

tional on 9 is
k

7(0]8, Dy, D) o (H L(6| Do)’ 7 (6] ev, ﬁ)) L(D)x (), (4.2)

j=1
and the marginal posterior for J is

I (Hﬁzl L<9|D0j>6f7r<5j|a,ﬂ))Lw)w(m a0

7T<é|207 D) X
/ (Hé‘f:l L<0|D0j>6f>w<9> a0

Ig(9). (4.3)

We refer to the method defined above for incorporating multiple historical data sets as
“method A”. Note that in method A each power parameter d; is determined not only by the
relative availability of Dy; and its discrepancy from D, but also by the discrepancy among
D and all D,,. Equation (4.3) implies that all ds interact with each other. There is not much
debate on the conditional posterior (6|9, D, D) defined in (4.2), however other possibilities
may be considered to define the behavior of § for the case when multiple historical data
sets are available. For example, consider a method C, which has the same 7(6|d, D,, D) as
method A but leads to a different (0| D,, D).

J L(0]Do;)% 7 (5] v, B)L(D)m(6) df
m(8] Dy, D) o¢ H [ L(8]Dy;)%m() db

14, (05), (4.4)



57

where where A; = {8, : 0 < [ L(0|Do;)% m(6;]cx, B)m(0) df < oo} for j =1,.... k.

Method C says that each power parameter ¢; is controlled only by Dy; and D. So
historical data sets do not interact with each other; the role of each Dy; in the current study

is determined independently.

Similarly, we may define an intermediate method between methods A and C, referred
to as method B, to control the influence of multiple historical data sets. In method B, the

marginal posterior of § is defined as

H§:1 L(0]Do;)m(dj]ev, ﬂ)) L(D)r(0) df

I
el D) T, J L0100, o (0) 0 [l @)

7(0)9, Dy, D) is the same in methods A, B, and C, but ¢ behave differently. The question
is under which method the random power parameters § function well. To investigate this
issue, simulations are performed to compare the three methods in terms of MSE for estimate
of 6.

Normal populations are considered in the simulations. More specifically, we would
like to make inference on the normal mean with unknown variance, by incorporating both
current and historical data. Suppose that current data D = (21, ..., x,) come from a normal

population with unknown mean p and variance o2, and
Do1 = (wo11, -+, Totm,)  and Doz = (To21, -, To2my)

are two historical data sets. Let

mi m2
B 1 B 1 _ 1
To1 = _m Zo1i, To2 = _m L02i, T = ﬁ Ty,
14 2 “ -
=1 =1 =1
mi mo n
1 1 1
~2 = \2 ~2 — \2 ~2 —\2
Og1 = — (xou - $01) y Opgg = — (x(m - 96’02) , 0 = — E (l’z - 1’)
my 4 T Mo < 1 n “ 1
1= 1= 1=

We use the Jeffreys prior ([20]) as the initial prior for (u,0?), ie. m(u,0%) o< (0%)715.
Furthermore a uniform distribution on (0,1) is used as 7(d;). Following the equation (4.2),
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the posterior distributions for (u,0?) are derived as follows.

51m1:i01 + 52M2[Z‘02 —+ nx O'2 )

51m1 —+ (52m2 +n ’ 51m1 + (527712 +n

plo®,8, Dy, D ~ Normal( (4.6)

) )
02|18, Dy, D ~ Inverse—Gamma< 177y + 22m2 + n,ﬁl),

2

+ nd1mi (T—To1)2+ndoma(T—To2)2+d1m1d2ma(To1 —To2)?
61mi1+dama+n

where (3, =

(4.7)

no? + 61my63 + 0amadd,

Following equations (4.3), (4.5), and (4.4), the marginal posterior of J is

§1mq+domo+n
2

F(61m1+g2m2+")(51m1—|—(52m2—|—n)70'551

(01, 09| Dy, D) x e in method A,

F(—(Slml;&QmQ ) (51m1 + 62m2)70.5ﬁ2 2
2

~9 ~9 d1mi1dama(Zo1—Zo2)?

where (3, =

; (4.8)

s 5 d1mq+domo+n
I‘( 1m1+22m2+n>(51m1 + 62m2 + n)—O.BB1 2
Symy damay

2 2
F( 613“ ) (51m1)70'5 (—51m21631 ) F( 62;”2 )(527712)70'5 <52m22&32 )

7T(51, 52’20, D) X

in method B;
7T(51, 52’20, D) = W(al‘QO, D)W((52|QO, D) in method C,

d1mi+n

T(Smm) (§ymy + n)0'5( 2 )

a2
-2 ~2 01min(Z01—%)
01m16§,+nd?+ Smy

where 7(01|D,, D)

S1my !
2
R
domo+n
2
r dama+n 5 -0.5 2 _
( ? )0z + ) (52m2&32+n&2+62m§;§z§fnZ)Q
and 7(d2|Dy, D) o Sy

F(‘52;"2)((52m2)—0'5 <m)

In this simulation study, suppose that the current sample is from a normal N(u,c?)
population and each historical sample Dy; is from a normal N (uoj,agj) population, for
7 = 1,2, with both mean and variance unknown. Furthermore, suppose the population
mean of current sample, u, is the parameter of interest. In a Bayesian analysis, the marginal

posterior mean of y is usually used as /i, the estimate of y. Then the MSE of i is E(ji — ).

We consider eight combinations of g1, f102, m1, and ms to cover different sample sizes

and different degree of divergence between current and historical populations. n = 20, u =
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0,0 = 1, and 0¢g; = g2 = 1.5 are used for all simulation scenarios. For each simulation
scenario, three thousand sets of current and historical samples are generated and then the
averaged squared error of [ is calculated as an estimate of MSE. The simulation results
obtained using MATLAB 6.1 are presented in Table 4.1.

Table 4.1: Comparison of the MSE of i in a normal population using three methods for

incorporating multiple historical data sets. n =20,y = 0,0 =1, and oy; = 02 = 1.5.

Setting Method A Method B Method C Use no historical data
to1 = 0.1, prp2 = 0.2

my Mo

20 30 0.0302 0.0312 0.0314 0.05

40 50 0.0275 0.0288 0.0344 0.05

60 70 0.0250 0.0267 0.1503 0.05

80 90 0.0239 0.0256 1.0312 0.05
por = 0.2, po2 = 0.3

ma Mo

20 30 0.0396 0.0444 0.0413 0.05

40 50 0.0425 0.0471 0.0516 0.05

60 70 0.0441 0.0492 0.3182 0.05

80 90 0.0458 0.0508 1.2562 0.05

As shown in Table 4.1, method A leads to consistently smaller MSE compared to meth-
ods B and C, and its MSE is also smaller than the MSE of [ estimated without using
historical data. Hence, method A improves the MSE of i by incorporating historical infor-
mation, and furthermore it gives the greatest improvement amongst the methods. Therefore
method A will be adopted in the rest of this dissertation to incorporate multiple historical

data sets.

Heterogeneity often exists among different studies but data collected in one study are
relatively homogeneous. The framework defined in (4.1) would accommodate potential het-
erogeneity among data sets from different sources or collected at different times. For example,
in water quality assessment, we could take data observed at neighboring sites as different
“historical” data sets. Moreover, data collected over a long period may be divided into
several historical data sets to ensure the homogeneity within each data set. In such a way,

the role of historical data can be more accurately evaluated (Duan, Ye and Smith, [14]). In
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Chapter 5, we will discuss an example of implementing the modified power prior approach

using multiple sites information.

4.3 Comparing the Modified Power Prior Approach
with the Random Effects Model

The random effects model is often used to accommodate potential differences in means among
several populations. So it is of interest to compare the modified power prior approach defined
in (4.1) with the random effects model in incorporating historical data sets. A simulation
study is performed to compare their performances in terms of MSE and coverage probability

of 95% confidence region.

Again we are interested in a normal population, and focus on the estimation of the
normal mean with unknown variance, by incorporating both current and historical data.
Suppose that the current data D = (x1, ..., z,,) come from a normal population with unknown
mean g and variance o2, and Dy = (Zo11, ..., Toim,) and Doo = (Too1, ..., Toam,) are two
historical data sets. Let Zg1, Tg2, and ¥ denote the sample means as defined in Section
4.2. In the power prior approach, a Jeffreys prior is used as the initial prior for (i, o?), i.e.
m(p, 0?) o< (6%)71%, and a uniform distribution on (0,1) is used as 7(d;). Then the posterior

distributions using a modified power prior are given in (4.6), (4.7), and (4.8).

Alternatively, we use a one-way random effects model to incorporate both current and
historical data, with D, Dy, and Dy being treated as three groups. The model is expressed
as

Yij = Mo + o + €5, with i =1,2,3;
a; ~ iid. Normal(0,02), e;; ~ i.i.d. Normal(0, 0?);
where y L8 the current sample z and Y0 Y, are the historical samples, i.e. Y, = Zp and

Y, = Zgp- Then the following results can be obtained (see Searle et al., [27]).

nr__ 4 _miZol 4 Mmalez
5 3 ~2 ~2 ~2 52
The Best linear unbiased estimator (BLUE) of g is jip = Z-2a UEJZZ o Uet:; 2
57ne2 T 7 misz T 55maal
1
with Var(fg) = ;
57732 T sTrme T 5%rmaa?
£2
no
The Best linear unbiased predictor (BLUP) of (uo + a1) = fip + “—(Z — o),

52 52
o; + nog,
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where 62 and 62 are ANOVA estimators for 02 and o2.

In the simulations, suppose the current data sample is from a normal population
N(p,0%) and each historical sample Dy;,j = 1,2 is from a N(uo;, 05;) population, with
both mean and variance unknown. Furthermore, suppose the population mean of current
sample, u, is the parameter of interest. In the power prior analysis, the marginal posterior
mean of y is used as ji, the estimate of p; in the analysis of random effects model, both the
BLUE of pp and BLUP of (uo + aq) are considered for estimating the population mean of
the current data.

We consider various sample sizes, means and variances for historical populations, but
use the same population to generate current data, i.e. n =20,y = 0,0 = 1 for all simulation
scenarios. For each simulation scenario, three thousand sets of current and historical samples
are generated and then MSE = 05 20:010(,& — )% is calculated. MATLAB 6.1 and SAS
8.2 are used to run the simulations, whose results are presented in Tables 4.2, 4.3, 4.4 and

4.5.

For most simulation scenarios described in Tables 4.2 and 4.3, the modified power prior
method yields smaller MSE for estimation of x than the random effects model regardless
of whether BLUE or BLUP is used to estimate p. Exceptions are indicated with italicized
entries in the table. For example, when the historical and current populations have homoge-
nous variability (o = 091 = 0¢2 = 1), the random effects model gives smaller MSE than the
power prior method if the difference in mean between current and historical populations is
only 0.1 and historical sample sizes are no larger than 40. In such situations, current and
historical populations are almost homogenous in terms of both variance and mean, and hence
the random effects model works like a normal means model. Since the simulation model is
very close to a normal means model, the random effects model gives better performance
than the power prior method. When the divergence in mean between current and historical
populations is large, i.e. o1 — p = por — 1 = 0.4, we have shown in Chapter 3 that the
modified power prior does not perform well. So it is no surprise that the modified power
prior method leads to larger MSE than the random effects model when m; = ms > 40 with

0p1 =— Op2 = 1 and when myp = Mo 2 80 with 001 — Op2 = 1.5.

When the current and historical populations have different variances (see Table 4.3),
i.e. 091 = 0po = 1.5 but o = 1, the advantage of the power prior method over the random
effects model in MSE grows. The MSE using the power prior method is smaller than that

using the random effects model even when pg; = 192 = p (see Table 4.4). This is because a
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Table 4.2: Comparison of the MSE of i in a normal population using the modified power

prior method and random effects model. n =20, u = 0,0 =1, and 091 = 0g2 = 1.

Setting Modified Power Prior Random Effects Model Means Model
BLUE(uo) BLUP(po +a1)  use only D

po1 = po2 = 0.1

myq mo

20 20 0.02353 0.02229 0.02749 0.05

40 40 0.01669 0.01659 0.02193 0.05

60 60 0.01400 0.01457 0.01750 0.05

80 80 0.01193 0.01273 0.01649 0.05

100 100 0.01152 0.01226 0.01531 0.05
to1 = poz = 0.2

my ma

20 20 0.03037 0.03625 0.03633 0.05

40 40 0.02804 0.03405 0.03305 0.05

60 60 0.02880 0.03438 0.03335 0.05

80 80 0.02833 0.03335 0.03225 0.05

100 100 0.02987 0.03396 0.03230 0.05
to1 = po2 = 0.3

ma mo

20 20 0.04109 0.05910 0.04827 0.05

40 40 0.04524 0.06131 0.04989 0.05

60 60 0.04963 0.06255 0.05223 0.05

80 80 0.05486 0.06560 0.05252 0.05

100 100 0.05976 0.06850 0.05523 0.05
po1 = po2 = 0.4

ma mo

20 20 0.05509 0.09084 0.05960 0.05

40 40 0.07029 0.09857 0.06406 0.05

60 60 0.08363 0.10559 0.06793 0.05

80 80 0.09080 0.10749 0.07413 0.05

100 100 0.09950 0.11157 0.07708 0.05

random effects model with the assumption of homogenous variance is used here and therefore

it can only take into account the divergence in means among several populations. The power
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Table 4.3: Comparison of the MSE of i in a normal population using the modified power

prior method and random effects model. n =20, u = 0,0 =1, and 091 = 0g2 = 1.5.

Setting Modified Power Prior Random Effects Model Means Model
BLUE(uo) BLUP(po +a1)  use only D

po1 = po2 = 0.1

myq mo

20 20 0.02898 0.03543 0.03344 0.05

40 40 0.02241 0.02750 0.02582 0.05

60 60 0.01776 0.02157 0.02031 0.05

80 80 0.01717 0.02042 0.01879 0.05

100 100 0.01581 0.01835 0.01712 0.05
to1 = poz = 0.2

my ma

20 20 0.03646 0.05082 0.04031 0.05

40 40 0.03262 0.04509 0.03700 0.05

60 60 0.03296 0.04393 0.03702 0.05

80 80 0.03163 0.04142 0.03699 0.05

100 100 0.03277 0.04118 0.03582 0.05
to1 = po2 = 0.3

ma mo

20 20 0.04236 0.07047 0.05194 0.05

40 40 0.04830 0.07376 0.05528 0.05

60 60 0.05167 0.07404 0.06012 0.05

80 80 0.05752 0.07749 0.06112 0.05

100 100 0.06194 0.07967 0.06529 0.05
po1 = po2 = 0.4

ma mo

20 20 0.05479 0.10249 0.06411 0.05

40 40 0.06919 0.11135 0.07377 0.05

60 60 0.08348 0.11948 0.08388 0.05

80 80 0.09566 0.12702 0.09136 0.05

100 100 0.10136 0.12747 0.09605 0.05

prior method is initiated to address the potential heterogeneity among several populations

in general, including differences in both means and variances.
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Table 4.4 presents the situations where means are the same but variances are different
between current and historical populations. A special case is that og; = 0g2 = 0 = 1, which
is a reduced random effects model with 02 = 0 and 02 = 1. Since the true simulation model
is a special case of the random effects model, this situation favors the random effects model
over the power prior method. When og; = 0p2 = 0.5, the variability in data is dragged
down by the relatively low variance of historical samples because the random effects model
does not discount the role of historical data. As a consequence, the variability of BLUE( 1)
or BLUP(uo + 1) appears to be lower than it should be. On the other hand, the power
prior method controls the influence of historical data and hence the decrease in variance
due to the its discrepancy from current data. Therefore the random effects model yields
smaller MSE than the power prior method. We speculate that the estimation on ¢ using
the power prior method would be more accurate than that from the random effects model.
When 091 = 0g2 = 1.5 or when 0¢; = 092 = 2 and m; = my < 60, the power prior method

performs better in terms of MSE than the random effects model.

Table 4.5 compares the two methods in terms of the coverage probability of 95% con-
fidence regions for ji. For the modified power prior method, we calculate a 95% credible
region of the posterior distribution for p in each iteration. For the random effects model,
the 95% confidence interval is used for BLUE(py) and the 95% prediction interval is used
for BLUP(ug + o). Only the balanced case (n = m; = m; = 20) is investigated in our
simulations. In Table 4.5, an obvious trend is that the modified power prior method yields

consistently larger coverage probability compared to the random effects model.

Criticism may arise on the fairness of using D ~ N(u,0?) and Do; ~ N(po;,05;) to sim-
ulate current and historical samples. However, this setup mimics the situations encountered
in practice. It is fair in a sense that it is neither the true model for the power prior method
nor a random effects model. Our interest is to find an appropriate method to incorporate
historical data, whose underlying population may be different from the current population.

The simulation scenarios used precisely address our research interest.

4.4 Power Priors on the Random Effects Model

In the previous sections, power priors are used on the normal mean model. As a general
method, the modified power prior approach can be applied to various models, including the

random effects model. In this section, we introduce the implementation of the modified
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Table 4.4: Comparison of the MSE of i in a normal population using the modified power
prior method and random effects model. n =20,u = 0,0 =1, and o1 = g2 = 0.

Setting Modified Power Prior Random Effects Model Means Model
BLUE(ug) BLUP(po + 1)  use only D

gpo1 = 002 = 0.5

m mo
20 20 0.02504 0.00865 0.02326 0.05
40 40 0.02274 0.00550 0.02278 0.05
60 60 0.02263 0.00426 0.02065 0.05
80 80 0.02324 0.00342 0.01772 0.05
100 100 0.02744 0.00320 0.01818 0.05
oo1 =002 = 1
mi m2
20 20 0.02094 0.01722 0.02427 0.05
40 40 0.01283 0.01066 0.01810 0.05
60 60 0.00887 0.00765 0.01354 0.05
80 80 0.00669 0.00596 0.01056 0.05
100 100 0.00554 0.00502 0.00927 0.05
001 = 0p2 = 1.5
my ma
20 20 0.02835 0.03132 0.03088 0.05
40 40 0.01921 0.02098 0.02204 0.05
60 60 0.01405 0.01509 0.01570 0.05
80 80 0.01106 0.01189 0.01262 0.05
100 100 0.00926 0.00954 0.01041 0.05
o01 = 002 = 2
ma meo
20 20 0.03642 0.05096 0.04207 0.05
40 40 0.02770 0.03646 0.03204 0.05
60 60 0.02259 0.02784 0.02366 0.05
80 80 0.02056 0.02138 0.01976 0.05
100 100 0.01665 0.01768 0.01574 0.05

power priors on a random effects model and demonstrate its use.

Consider the following one-way random effects model to accommodate current and his-
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Table 4.5: Comparison of the coverage probability of 95% confidence regions for [i in a normal
population using the modified power prior method and random effects model. n = 20,y =

0,0 =1, and m; = my = 20.

Setting Modified Power Prior Random Effects Model
BLUE(uo) BLUP(uo + )
oo1 = op2 = 1
H1 H2
0 0 0.97233 0.94200 0.9546
0.1 0.1 0.96000 0.93733 0.9452
0.2 0.2 0.93733 0.91500 0.8994
0.3 0.3 0.90733 0.89967 0.8530
0.4 0.4 0.86133 0.89967 0.8160
001 = o0g2 = 1.5
H1 2]
0 0 0.98500 0.94600 0.9718
0.1 0.1 0.98433 0.94667 0.9648
0.2 0.2 0.97133 0.94500 0.9508
0.3 0.3 0.96267 0.93667 0.9284
0.4 0.4 0.93836 0.93770 0.8998

torical data.

Yi; = Mo + a; + €ij, with ¢ = 1, ,]{Z + 1 and j = 1, w1

a; ~ i.i.d. Normal(0,02), e;; ~ i.i.d. Normal(0, 0?);

where y is the current data and YooYy BIE k historical data sets. Let ¢ = (dy, ..., %)

and ¢ = 02 /a2, The modified power prior on a random effects model is defined as

(n e f<gi|gi>6if<gi>dgi)w<u, 02, 6)(8)

ﬂ-(:u’ao-zv(baé‘gy'“?gk_,rl) X [B(é>7

k1
S ( 11 Joo Fy ) f (Qi)dgi) m(p, 02, ¢)dudods
where B = {(d1,...,0;) : 0 < [ (kﬁl I f(yi@i)@f(gi)dgi) m(u, 02, ¢)dudo?dy < oo}.
=2

For illustration, we consider a data set describing yields (in bushels per acre) of three

varieties of corn (presented in Table 4.6). Three methods are implemented in Winbugs 4 to
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make inference on p; (the population mean of each variety), and their results are compared
in Table 4.7. For the random effects model with a power prior or with a Jeffreys prior, the
BLUP is used to predict each population mean. When the normal means model with a

power prior is applied, we use the posterior mean of y; as the fi; for each variety.

Table 4.6: Yields (in bushels per acre) of three varieties of corn.

Varieties of Corn

Four country Lodent Lancaster

7.3 6.9 9.6
4.5 6.8 7.8
74 7.6 9.6
7.4 8.1 7.7
2.0 9.4 8.2
2.9 12.0 7.3
6.4 15.9 11.3
6.3 7.4 9.5
2.0 9.0 8.8
6.1 5.2 8.4
7.9 9.2 6.8
2.7 8.6 2.0

Table 4.7 shows that the normal means model with a power prior tends to pull all
estimates together compared to the other two methods. This is because the other two
methods use a random effects model as the base model, which assumes the divergence in
mean among groups. By contrast, the random effects model with a power prior recognizes
the characteristics of each individual variety the most among three methods. For example,
estimates are closest to sample means, and the standard deviation (s.d.) for the mean
estimate of a variety is less affected by other varieties’ variances. For a variety (“Four
country”) with small sample variance, the random effects model with a power prior yields
relatively smaller estimates for variance and therefore a smaller s.d. for the mean estimate,
compared to the other two methods. We examined several other examples and similar results
were found. This feature of the random effects model with a power prior can be explained by
the presence of two-level structure built-in to model the heterogeneity among groups. This

feature also leads to a concern of over-parameterizing, which needs to be further investigated.
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Table 4.7: Application of three methods to estimate the population mean for each variety of

corn.
Varieties of Corn
Four country Lodent Lancaster
Sample mean 6.24 8.84 8.33
Sample variance 1.19 7.79 2.62
Random effects model with power prior:
BLUP 6.50 8.61 8.22
s.d. of BLUP 0.54 0.64 0.52
Normal mean model with power prior:
il 7.00 8.32 8.01
s.d. of 1 0.56 0.60 0.51
Random effects model with Jeffreys prior:
BLUP 6.63 8.58 8.19
s.d. of BLUP 0.62 0.57 0.54

4.5 Time-Weighted Power Priors

In environmental studies, historical data over the past twenty years or even longer is often
available. It is desirable to divide all the historical data into several data sets based on time
to ensure the homogeneity within each data set. The power prior with multiple historical
data sets should be applied in this case and a different power parameter will be put on each
historical data set. In the framework of power priors with multiple historical data sets, it is
assumed that those different power parameters are independent and follow the same prior
distribution. However, the power parameters are dependent on each other in the setting
mentioned above. A question arises then of how to make the prior time-weighted so that
there is more weight assigned to more recent times. One solution is to impose a constraint
on the power parameters, i.e. 0 < §, < ... < dy < 97 < 1. For the rest of this section, we will

demonstrate this method with a real set of water quality data.

In this example, we use measurements of pH collected during years of 1991 to 2000 at
a monitoring station on Chopawamsic creek in Virginia. Of interest in these data is the
population mean of pH over the period of 1999 — 2000. Therefore pH data collected in years
of 1999 and 2000 are treated as the current data, while pH data collected from 1991 to 1998
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are divided into four samples of historical data. Dgy; represents the pH data collected in
years of 1997 and 1998; Dy, denotes the historical data collected in years of 1995 and 1996;
Dys is data collected in years of 1993 and 1994; and Dy, is data collected in years of 1991

and 1992. Table 4.8 presents the summary statistics of current and historical samples.

Table 4.8: pH data collected during 1991 to 2000 at a water monitoring station.

Current data Historical data
D Do1 Doz Doz Doa
Sample size 20 19 18 21 21
Sample mean 6.37 6.95 7.03 7.15 6.74
Sample variance 0.90 0.25 0.22 0.15 0.28

Suppose that current data D come from a normal population with unknown mean p

2

and variance 2. Using the Jeffrey’s prior as the initial prior on (u,0?) and an uniform

distribution as 7(9;) for j = 1,2,3,4, the time weighted power prior can be expressed as
(1L 200002100 7(0) ) (0%

/ <H?:1 L(M,U2|Doj)5f)7r(u,a2) dpdo?

where 7(d;) is an uniform distribution on [dg, 1], 7(d2) is an uniform distribution on [d3, d1],

7(u, 02,@20) o< , (4.9)

7(03) is an uniform distribution on [d4, d3], and 7(d4) is an uniform distribution on [0, d3].

The power prior in (4.9) is a modification of (4.1) by imposing a constraint 0 < d; <
03 < 09 < 97 < 1, and it can be easily implemented in Winbugs 4. The results are presented
in Table 4.9 along with the results using a power prior with i.i.d. ¢’s, using all historical

data and using no historical data.

Table 4.9 says that Dy, would have a stronger impact on the estimation without the
constraint 0 < 4 < 93 < 6y < 07 < 1. When i.i.d. §’s are used, the influence of historical data
on estimation is only determined by objective information, i.e. availability of historical data
and its discrepancy from current data. The constraint 0 < d, < d3 < 65 < 67 < 1 is in fact
subjective information, based on the belief that data collected at more recent time are more
helpful in explaining current water quality. The special case where 0 < 0, < 03 < 9o < 97 < 1
may be applied, including modelling logit(d;) as a linear function of time. However we
experienced some difficulties in implementing this model due to its complexity. In addition,

whether or not logit(d;) has a linear relationship with time is another question.
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Table 4.9: Analysis of pH data using the power prior method with different specifications on

power parameters.

Methods Posterior mean

g osd.oof o 6 0o 03 04
Time-weighted power prior 6.63 0.17 0.42 0.22 0.12 0.06
Power prior with i.i.d. ¢’s 6.62 0.16 0.23 0.20 0.13 0.39

Use all historical data (all §’'s = 1) | 6.85 0.07

Use no historical data (all 6’s = 0) | 6.37 0.22

In practice, often more than one “historical” data sets are available. These could be data
collected previously, at the same region, or from similar research settings. The “historical”
data set is a vague concept and has no strict definition. Therefore, how many and which
historical data sets should be incorporated are of particular interest to practitioners. A
related issue is, for example, how many pieces a large historical data set collected over a
long time period should be divided into. In addition, researchers may have prior knowledge
on relative importance of each historical data set in the current study, and also on the
relationship among several historical data sets. So how to build such subjective information
into the power prior may not always be solved by adjusting the 7(J). Further research is
needed on incorporation of multiple historical data sets, and this is essential for the power

prior method to be widely used in real applications.



Chapter 5

Evaluating Water Quality: Using
Power Priors to Incorporate

Historical Information

5.1 Introduction

One important problem in environmental statistics is the evaluation of air or water qual-
ity standards. Issues include the definition of standards (Barnett and O’Hagan, [1]), trend
assessment (Hirsch et al., [16]) and the evaluation of data from locations to determine com-
pliance. A standard for a chemical or pollutant is a qualitative or quantitative description of
expectation for the chemical or pollutant. To implement such a standard a numerical crite-
rion is often required. The numerical criteria might be different for a lake used for drinking
water than a lake used for fishing. Also associated with the standard are expectations related
to frequency, magnitude and duration. Air quality evaluation often involves the expected
frequency of violation (for example the ozone standard, Thompson et al., [35]). However,
evaluation of water quality standards often involves a percentile view. For example, for

dissolved oxygen, a site is expected to have 10% or fewer samples in violation.

To assess water quality standards, measurements of water quality under the Clean
Water Act (e.g. pH, dissolved oxygen, biological oxygen demand) are collected on a regular
basis (e.g. quarterly) over a two year period and analyzed to evaluate the percentage of

samples in violation of the standard. A common approach accepted by the US Environmental

71
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Protection Agency (USEPA) is the raw score approach that simply calculates the proportion
of violations and declares the water segment impaired if this proportion exceeds 10%. Smith
et al. (2001) noted that this is essentially a statistical hypothesis testing problem assuming
a binomial population without controlling for error rates. They suggested to use a binomial
test and discussed both Type I and Type II error probabilities. They showed that the
tests using a statistical method have greater power than the raw score approach by USEPA.
Furthermore, Ye and Smith (2002) proposed to use a Bayesian test on the desired percentile
of the distribution (e.g., 10th percentile) that is of interest, to check for impairment of the
monitoring site (see also McBride and Ellis, [24]). By using Bayesian methodology, the
quantity of interest (e.g., the percentile of the measurement distribution) can be naturally
treated as a parameter and thus its posterior distribution can be used to make needed

decisions.

However, because all the approaches mentioned above do not fully use all the information
provided by the data in the sense that only the data with “standard violation” or not is used
in the analysis, Smith et al. ([31]) suggested an approach using a tolerance limit, pointing
out that this would reflect the magnitude of violation (see also Smith, [32]).

Suppose a water quality measurement follows a certain distribution and a small value

indicates a violation. Then the raw data can be used to test a hypotheses
Hy: L > Ly (no violation) versus H; : L < Ly (violation), (5.1)

where L denotes the true lower percentile of the population distribution, and Ly is the
standard. To test the hypotheses in (5.1), one may consider rejecting the null hypothesis
and hence declaring impairment when the posterior probability of the null hypothesis given
the data is small (e.g. < 0.05).

Unfortunately, because decisions are based on data from a limited time period (for
water monitoring data, many current samples have only two years of data), the sample size
is often inadequate to provide necessary precision in parameter estimates. In such situations,
“historical” data, a data set from similar studies or a data set from previous time periods,
can be very helpful in interpreting the current status of water quality. Due to the nature
of updating information sequentially, it is straightforward to use a Bayesian approach with
an informative prior on the model parameters to incorporate the historical data into the
current study. A traditional approach to incorporating historical data is to construct an
informative prior using the historical data and then to combine the prior with the likelihood

to yield the posterior distribution for statistical inference. This implies a simple pooling of
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current data and historical data, since the two data sets are equally weighted, and can be well
justified by assuming current and historical data are from the same population. However,
the population parameters may change over time, or over different sites, although current
and historical data are usually assumed to follow distributions in the same family. If the
sample size of the historical data is much larger than that of current data and heterogeneity
exists between the current and previous studies, historical data would dominate the analysis

and the data pooling may result in misleading conclusions.

To address this issue, Ibrahim and Chen ([18]) proposed the concept of the power prior,
based on the notion of the availability of historical data. The basic idea is to let a power
parameter § (0 < 6 < 1) tell us how much historical data are to be used in the current study.
Ibrahim and Chen ([18]) and Chen et al. ([10]) demonstrated how to construct power priors
and discussed the general conditions for propriety. They also examined the power prior
approach for generalized linear models, generalized linear mixed models, semiparametric
proportional hazards models, and cure rate models with real data examples. Ibrahim et al.
([19]) gave a formal justification of the power prior as an optimal class of informative priors,
and showed that the power prior is a 100% efficient information-processing rule in the sense
that the ratio of the output to input information is equal to 1. However, in their approach,
the power parameter J always has a tendency to be close to zero, which suggests that much
of a historical data set is not used. Here we propose a modified power prior approach
with applications in water quality assessment. In Section 2, the general development of
a modified power prior approach is given and certain properties of the approach under a
normal population are discussed. More development of this modified approach can be found
in Chapter 3. In Section 3, we will demonstrate the application of power priors in water

quality assessment with two examples.

5.2 Power Prior Bayesian Analysis

5.2.1 Power Prior Approach

Suppose that 6 is the parameter of interest in a water quality measurement, for instance,
concentration of a chemical. Suppose that such a measurement follows a distribution and
L(0]|Dy) is the likelihood function of # based on the historical data, denoted by Dy. In this
article we assume that, given 6, historical data (Dy) and current data (D) are independent

random samples from an exponential family. 7(#) is taken as the initial prior before any
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historical information is gathered and usually it is a noninformative prior. Given §, Ibrahim

and Chen ([18]) define the power prior of é for the current study as
7(0| Dy, §) o< L(0| Do)’ m(6). (5.2)

The parameter 6 measures the portion of historical information needed in the current study
and is described using the prior in (5.2). The case 6 = 0 means that no historical data should
be used, while 6 = 1 gives equal weight to L(0|Dy) and the likelihood of the current study
L(0|D), resulting in full incorporation of the historical data. Therefore, (5.2) can be viewed
as a generalization of the usual Bayesian update of 7(6) (see discussion in Ibrahim and Chen,
[18]). The power parameter 0 can be interpreted as a precision parameter. For example,
consider the case of a normal sample with known variance. Suppose that D consists of ng
observations, Xi, Xs, ..., X,,, from the normal population with unknown mean parameter 6
and known variance 2. If the prior 7(6) is assumed to be uniform (non-informative), (5.2)
implies a prior distribution of 6 for the current data set D, 8|Dgy,d ~ N(Zg,0?/dng), where
T is the sample mean of the historical data. Hence, d can be viewed as part of the precision
parameter, because smaller o implies larger power prior variance while larger 6 means smaller

power prior variance.

The power prior (6| Dy,d) in (5.2) was initially elicited for fixed §. However, since ¢
is not necessarily pre-determined, we may extend it further to the case that J is random.
Thus the power prior 7(6|Dy,d) in (5.2) is treated as a distribution of 6 conditional on ¢
and historical information. The power prior specification on (#,0) is then completed by
specifying a prior distribution for . A random ¢ gives the investigator more flexibility in
weighting the historical data. A natural prior for § would be a Beta(a, 3) distribution, or

simply a uniform distribution, since 0 < § < 1.

We prefer a modification of the original approach of Ibrahim and Chen ([18]) for two
reasons. First, in their original approach, Ibrahim and Chen ([18]) constructed the joint
power prior of (6,0) as

7(0,8|Dy) oc L(0| Do)’ m(6)(6). (5.3)

Notice that multiplying the likelihood function L(6|Dy) by a positive constant would change
the joint prior of (6,0) and consequently the posterior, which does not agree with the likeli-
hood principle. Another problem with the original approach comes up when we investigated
the application of power priors on normal mean models. The influence of historical data is
small no matter how compatible current and historical data are, and the inference on 6 is

not much different from that without considering historical data. Therefore, we propose the
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following power prior:
L(0|Dy)°7 ()7 (9)
f@ 0’D0 67'(' ) dg’

in the region of ¢ such that the denominator in (5.4) is not infinity. In this article, © is

(0,6 Do) =

(5.4)

used to denote the range of parameter §. This new approach is free of the above mentioned
problems and it needs little to ensure the propriety of the joint power prior for (,d). More

discussion of this prior will be given in next section.

5.2.2 General Development of the Power Prior

For ease of exposition, first we develop a power prior and the consequent posterior with only
one historical data set, then follow with the extension to multiple historical data sets in
Section 5.2.4.

The modified power prior distribution of (6,6) is given in (5.4). The assumptions and
conditions of this prior are 0 < § < 1, L(|Dgy) > 0, w(#) > 0, and Pp(L(0|Dy) > 0) > 0.
Consequently, we have [y L(6]Do)°m(0) df > 0. Define A as the following

A={6:0< /L(9|D0)57r(9) df < oo} (5.5)
S)

Furthermore, define A~ as the complement of A in [0,1]. The assumption

/L(@;D[))w(e) 9 < oo

guarantees that () can be used as a prior in a coherent Bayesian updating scheme due to
the consequent proper posterior of 6. This assumption constrains our discussion to a sensible

range, and implies 1 € A.

We propose a joint power prior distribution for (6, d) of the form

M L(6] Do)’ m(0)(6) . if 6 e A;
7(07 5|D0) — O fL(9|D0)57T(9) do f 5 . A_ (56)
s 1 .

where M is a normalization constant. Consequently

M m(6), ifd € A;

m(0] Do) =
0, if 5 € A
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It is easy to check that the joint prior 7(6,40|Dy) defined above is always proper, which
also ensures the propriety of the joint posterior for (0, ). Such a joint posterior distribution

for (0,9) can be written as

L(0|D)L(6] Do)’ (0)7(5)

0,0|Dy, D L(6|D)x(0,6|D
7(0,6| Do, D) o< L(0| D)7 (6,6|Dy) ox f@ (0] Do) (0) db

[A(5>7

where 14(6) = 1if 6 € A and 0 otherwise.
The marginal posterior distributions of § and € can be derived as follows.

f@ (0|D)L ‘9|D0) m(0) do
f@ (0| Dy)om(0) db

(8| Dy, D) ox 14(6), (5.7)

and
(0] Do)’ (8)14(0)

(0| Do, D) o x(6)L(0] D) /f Lo ap b (5.8)
o 0

We can make inferences on 6, e.g. in hypothesis testing, Bayesian interval calculation,

or model selection, based on the marginal posterior distribution of # in equation (5.8). On
the other hand, using the marginal posterior distribution of § shown in (5.7), the properties

of the power parameter ¢ can be studied.

We next discuss the case of a normal population. Then in Section 5.3 environmental

applications are demonstrated.

5.2.3 Normal Population

Suppose we are interested in a normal population and inference for the normal mean with
unknown variance, by incorporating both current and historical data. Although there may
be many observations available for study, not all are used. For instance, in one location there
may be more than 50 years of data available, however, it is not reasonable to treat observa-
tions 50 years ago as providing the same information as just one prior year of information
about the water quality at the same location. If the data set can be assumed approximately

normal, we can use the approach discussed below, the power prior analysis.

Suppose that current data D = (x4, ..., x,,) come from a normal n(u, o?) population with

unknown g and o2, and Dy = (Zo1, ..., Ton,) 1S a historical data set. Let 7y = — ZZ 1 Toi,

T= 00w, 00 = oo om0 (v — To)?, and 6% = & 370 (2 — 7). Furthermore, suppose

that we use the prior 7(p,0?) oc (1/02)* as the initial prior of (u,o?), where a > 0 is a
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pre-determined constant. Note that @ = 1 corresponds to the reference prior (Berger and
Bernardo, [6]), while a = 2 results in the Jeffreys prior (Jeffrey, 1946). Also, the prior
distribution of ¢ is a Beta(«, ), where hyper-parameters « and 3 are all known. Following

(5.6), the joint power prior distribution of (i, %, d) can be expressed as

dng
§2 tata=2(] _ )AL dng . _
m(p, 0%, 8| Dy) o NI exp —T‘Q[08+<M_f’50)2]}a
() 7 T 4 a)

where the range of § is (b,1] for b > 0 or [0,1] for b < 0 and b = n%(% — a). Hence, if
the reference prior of 6 is used, the set A defined in (5.5) is (ni07 1] for the normal mean
model, while if the Jeffreys prior of 6 is used, A = (0, 1]. The lower bound b suggests that
the information in historical data is automatically taken into account to a certain extent,
depending on the availability of historical data. However, such a case may be changed once

the original prior is changed.

Combining the joint power priors with the likelihood based on the current data, we ob-
tain the joint posterior distribution of (u, 02, ). Integrating p and o2 out of 7(u, 0%, 8| Dy, D)
then leads to the marginal posterior distribution of 4.

5”70+a+a,2 o B—1 ong+n—3
71-(5|D0’ D) N )2 (1 (5) F<—2 + a)

dng+n—3 Y

[ on (jOA—fE)2 +5+16_2} 2 +a1—‘(5n%73 +a>

dno+n 0'(2) no 5’8

with the range described above. The behavior of the power parameter 0 can be studied from

this marginal posterior distribution.

Similarly the marginal posterior distribution of (u,c?) can be derived by integrating
§ out of 7(u, 02, 6|Dy, D), but it does not have a closed form. Combined with 7 (8| Dy, D),
the conditional posterior distribution of (u,0?) given § indirectly reflects the behavior of
7(p, 02| Dy, D). Both the posterior distribution of u conditional on ¢ and the posterior of o2
conditional on ¢ turn out to be commonly used distributions. From standard calculations
of Bayesian analysis using a normal population (see Gelman et al., [15]), we find that the
conditional posterior distribution of u, given ¢ and data, follows a Student-t distribution

with location parameter (dnozo + nz)/(0ng + n), scale parameter \/L 1

C(9) (dno+n+2a—3)(dno+n)
and degrees of freedom dng + n + 2a — 3, where

2
non(Zo—2)? 52 4 59
ot~ T 0noo§ +no

C(5) =

Furthermore, the conditional posterior distribution of o2, given ¢ and the data, follows an
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inverse-gamma distribution with parameter (dng + n + 2a — 3)/2 and C(§)~' (again, see
Gelman et al., [15]).

The role of the power parameter ¢ is to control the influence of the historical data on
the current study. Using simulation studies, we found that this power control parameter is
adjusted automatically based on the compatibility between the historical and current data,
and also based on the sample sizes of the two studies. In the case of the normal mean model,
the compatibility between the historical and current data can be measured by differences in
sample means and sample variances. If historical and current data are fully compatible, i.e.
two data sets have the same sample mean and sample variance, the marginal posterior mode
of § is always 1, no matter how high the ratio ng/n is. This seems very reasonable since
when the historical data can contribute necessary information into the current study, we
would like to use it as much as possible to achieve higher precision. How quickly the mode
reaches 1 also depends on the extent of compatibility between the historical and current data.
When the historical data population is very different from the current data population, the
posterior mode of § goes to zero very fast. The posterior mode of § decreases with ng/n, and
attains 1 with very small ng/n. These trends imply that the random § responds to data in

a sensitive and desirable way.

5.2.4 Extension to Multiple Historical Data Sets

The priors defined in (5.6) can easily be generalized to multiple historical data sets. Suppose
there are m historical studies. We define Dy; to be the historical data based on the jth
study, 7 = 1,...,m and Dy = (D1, ..., Dom). Chen et al. ([10]) suggested defining a different
weight parameter d; for jth historical study and taking the d,’s to be i.i.d. Beta random
variables with hyperparameters (a, 3). Let § = (1, ...,6,,). Under the new approach, the

power prior in (5.6) can be generalized as
(T2 261D 76 0, 5) )70
Jo (T4 206105 ) n(0) @

7(0,9|Dy) ox I5(9),

where B = {(d1,....,0,) : 0 < g (H;nzl L(9|Doj)5f)7r(9) df < oo}.

This framework can accommodate potential compatibility among different sites or dif-

ferent time periods. For example, we could take data collected over time at different but
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adjacent sites as different historical data sets. Moreover, data collected over a long period
may be divided into several historical data sets instead of being treated as one big historical
data set. In such a way, the role of historical data can be more accurately evaluated. In
Section 5.3.2, we will discuss an example implementing the modified power prior approach

using multiple site information.

5.3 Power Prior Applications in Evaluating Site Im-

pairment

When applying Bayesian analysis with power priors to water quality data, two kinds of
additional information could be incorporated: past information or information from adja-
cent sites. We compare the modified power prior approach to other methods including the
USEPA’s raw score method, the binomial test, and a traditional Bayesian approach using
the reference prior. Suppose that the measurements of water quality follow a normal dis-
tribution, and for ease of comparison, the normal model with a simple mean is considered.
Based on the equations derived in Section 5.2.3, we use Winbugs (Release 1.4) to simulate

the marginal posterior distribution for (u,0?), and then the percentile of interest.

5.3.1 Using Past Information to Build the Prior

In this example, we use measurements of pH to evaluate impairment of four sites in Virginia
individually. Of interest in these data sets is the determination of whether the pH values at
a site indicate that the site violates a (lower) standard of 6.0 more than 10% of the time. For
each site, larger sample size is associated with the historical and smaller with the current
data. In this example, pH data collected over a two-year or three-year period are treated as
the current data, while pH data collected over the previous nine years represents one single
historical data set. The current data and historical data are plotted side by side for each site

in Figure 1. In the power prior approach, a violation is evaluated using a Bayesian test of

Hy: L > 6.0 (no impairment, don’t list),
H, : L < 6.0 (impairment, list),

where L is the lower 10th percentile of the distribution for pH. Comparison of results from

different methods is presented in Table 5.1.



80

11 4

75 n=21
Na=
10 1 n=16 n=12 e
< o .
9 n=24 : ﬁ
o . g
ny=62 no=84 :
8 A LY ne=31 - . ° § 3
. Pos L : e :
] H H s ° .
. P i :
: : 3 : %
* H * . reference line
6 A 3 :
s g ]
. * <o
5 |
* ©
4 ;
A B C D

SITE

Figure 5.1: pH data collected at four stations. For each site, historical data are on the left

(circle) and current data on the right (diamond).

In Table 5.1, the summaries of the current and historical data are given, along with
the percentage of samples below the standard (raw score values). Furthermore, the test
results using a binomial population as well as the test results using both the reference prior
analysis (without incorporating historical data) and power prior analysis (with reference
prior, i.e, a = 1 in Section 5.2.3) are presented. For sites C and D, the raw data are used in
the Bayesian analysis, while for sites A and B, a log transformation is applied to the data,

because the lognormal distribution fits the data better than normal.

All four sites have greater than 10% of observations below the standard of 6.0. Therefore,
we would declare that all sites are impaired using EPA’s raw score approach. Note that this
raw score approach results in higher type I error probability (see Smith et al., 2001) which
means that it would declare more impaired sites than it should have. On the other hand, if
the 0.05 significance level is used, the binomial test would only indicate site C as impaired.
The Bayesian test using the reference prior results in a similar conclusion although the p-
values are smaller, compared to the binomial tests, in all cases but one. Here we use the

posterior probability of Hy as equivalent to the p-value (Berger, [2]) for testing a one-sided
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Table 5.1: Comparison of the power prior method with alternative methods in evaluating site
impairment when one historical data set is available. In the table, n and ng are sample sizes,
mean (s.d.) refers to sample mean (sample standard deviation), and s.d. of L is the posterior

standard deviation of L. % below is the percentage of samples below the EPA standard (6
for pH).

Current Historical Posterior probability
data data % | Binomial | of Hy (s.d. of L)
Site | n | mean | ng | mean | below | P-value | reference power
(s.d.) (s.d.) prior prior

A 16| 691 [62| 7.05 | 0.13 | 04853 | 0.2074 | 0.6027
(0.90) (0.47) (0.27) (0.21)

B 12| 678 [31| 673 | 0.17 | 0.3410 | 0.0627 | 0.0294
(1.03) (0.71) (0.34) (0.19)

C |24 643 |84] 695 | 025 | 0.0277 | 0.0003 | 0.0017
(0.88) (0.49) (0.26) (0.24)

D |21| 787 |75 | 7.88 | 0.10 | 0.6353 | 0.8673 | 0.9831
(1.11) (0.67) (0.36) (0.25)

hypothesis. Using historical data does lead to different conclusions for site B. The test using
a power prior results in significance for sites B & C. In the case of site B, there are around
10% of historical observations below 6.0. Hence our prior opinion of the site is suggestive
of impairment. Less information is therefore required to declare impairment relative to a

reference prior and the result is a smaller p-value.

Another notable advantage of the power prior method is that it improves the estimation
of L by using past information. This can be shown by the consistently smaller posterior

standard deviation of L with the power prior than with the reference prior for all four sites.
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5.3.2 Borrowing Information from Adjacent Sites

Alternate sources of information from other locations can also be used to aid inference on
environmental quantity at the site of interest. In this section, measurements of dissolved
oxygen (DO) are used to evaluate impairment of four sites in the Philpott reservoir in
Virginia. Of interest here is to determine whether DO values violate a (lower) standard of

5.0 more than 10% of the time at each site. DO values are plotted in Figure 2.
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Figure 5.2: DO data collected at four stations on Philpott reservoir (years 2001, 2002, and
2003).

Since the four sites are on the same reservoir, the geographical connection among the
four sites suggests similarity of sites due to spatial correlation among their data. So data
collected at one site should partially reflect the water quality at the other three. For each site,
DO data collected over a three-year period are treated as the current data, while DO data
collected over the same period but at the other three sites are referred to three ”historical”
data sets. This section illustrates the utility of power priors with multiple historical data

sets that is discussed in Section 5.3.2. In the power prior approach, the problem is set up as
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a Bayesian test of

Hy: L > 5.0 (no impairment, don’t list),
H; : L < 5.0 (impairment, list),

where L is the lower 10th percentile of the distribution for DO. Comparison of results from

different methods is presented in Table 5.2.

Table 5.2: Comparison of the power prior method with alternative methods for evaluating site
impairment when multiple historical data sets are available. In the table, n is sample size,
mean (s.d.) refers to sample mean (sample standard deviation), and s.d. of L is the posterior
standard deviation of L. % below is the percentage of samples below the EPA standard (5
for DO).

Posterior probability

mean | % | Binomial | of Hy (s.d. of L)
Site | n | (s.d.) | below | P-value | reference | power
prior prior

A 28 | 7.55 0.11 0.5406 0.1640 0
(2.41) 0.65) | (0.55)

B 31| 7.10 0.16 0.1932 0.0038 0
(2.88) 0.73) | (0.54)

C 31| 6.66 | 0.26 | 0.0096 0 0
(3.09) 0.79) | (0.54)

D 32| 6.67 | 0.28 0.0033 0 0
(4.02) (1.01) | (0.62)

Both binomial and reference prior Bayesian tests, which are only based on each indi-
vidual site’s data, showed the same results on sites A, C and D, and different results on site
B. However, the power prior Bayesian analysis results in significance of all tests and hence a
decision to declare all sites as impaired. Coincidentally, this conclusion consistently matches
the EPA’s raw data approach.
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Clearly, the power prior approach improves the estimation of L by borrowing informa-
tion from adjacent sites, which can be seen by the consistently smaller posterior standard
deviation of L using the power prior relative to the use of the reference prior for all four
sites. Other sites’ information does affect the inference substantially. For example, based on
each site’s data individually, site A seems to have higher water quality than the other three.
However, when we use the power prior, the low water quality at site B, C, and D drags down
the estimate of L for site A. So we would not declare site A impaired based on the posterior
probability of Hy without considering the other three sites’ information, but we would do so

with a power prior.



Chapter 6

Using Power Priors to Improve the
Binomial Test of Water Quality

6.1 Introduction

Section 303(d) of the Clean Water Act requires states to assess and report the condition of
their waters based on US Environmental Protection Agency (USEPA) guidelines. Reports
describe the condition of water segments based on measurements of chemical constituents
collected at a large number of monitoring sites or segments, with each segment typically
associated with a single site. Each water sample at a site is assumed to represent a back-
ground population of water quality conditions. From a sample of water quality measurements
collected over time the assessor must decide if the site should be listed as impaired, result-
ing in a listing decision process. A common approach accepted by the USEPA is the raw
score approach that declares a violation if the proportion of violations exceeds 10%. Smith,
Ye, Hughes, and Shabman ([30]) suggest that the water quality assessment process can be
viewed as a statistical decision problem, and one may use hypothesis testing to help with

the decision process.

If a statistical approach is used, the null hypothesis is that the site is not impaired,
while the alternative hypothesis is that the site is impaired. The hypotheses may be framed
in terms of a parameter p describing the true degree or probability of impairment and
p*, the “safe level” or hypothesized probability of impairment under safe conditions. The

impairment decision is based on the test Hy : p < p* versus H; : p > p* where p* is a constant

85
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between 0 and 1 (in our discussion in this manuscript, it is 0.10).

The hypothesis testing scenario suggests evaluation of tests based on error rates. From
the environmental perspective, the assessor needs to be concerned about falsely declaring a
healthy segment as impaired (Type I error or false positive) and failing to declare a segment
impaired when in fact it is impaired (Type II error or false negative). A false declaration of
standards violation may trigger a costly process, the Total Maximum Daily Load (TMDL)
process, and incur unnecessary constraints on agriculture or industry. On the other hand, a
false declaration of no violation may pose a risk to human and ecological health. The error

rates are bounded between 0 and 1, with 0 indicating no error.

In the frequentist binomial test, the probability of exceeding the standard is treated as
fixed and the binary data (whether the measurement is exceeding the standard or not) are
treated as random. A Bayesian approach computes the probability that the site exceeds the
standard by treating the impairment probability as a random variable that has an associated
distribution. Initially the form of this distribution is based on previous information that is
used to define a prior distribution. After data are collected, the prior is updated with data
to form the posterior distribution of the impairment probability using Bayes rule. Based
on the posterior distribution, a decision can be made using either a cutoff approach or an
odds-ratio approach (Bayes factor). McBride and Ellis ([24]) point out that using a Bayesian
approach can address some issues presented in a frequentist analysis. For example, switching
null and alternative hypotheses will not lead to a different decision because the use of Type
I and Type II error probabilities are less relevant in a Bayesian framework. And more
importantly, a Bayesian approach appears to provide simpler and more direct statements
about the probability of compliance than frequentist hypothesis testing (McBride and Ellis,
[24]). Smith et al. ([30]) and McBride and Ellis ([24]) discussed the implementation of
a Bayesian approach to the binomial test using a noninformative prior for evaluating site

impairment.

Since listing decisions are typically required to be made on a site-by-site basis over a
two year period, all the methods mentioned above face the challenge resulting from using
a limited amount of data to determine if the stream is violating standards. The lack of
sufficient data may lead to unacceptable levels of uncertainty. One way to tackle this issue is
to use the information from surrounding sites or from previous reports to elicit an informative
prior. For ease of discussion, we refer to data from surrounding sites as well as from previous
reports as historical data. A traditional approach to incorporating historical data is to

construct the informative prior as the posterior distribution updated by the historical data.
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This actually implies a simple pooling of current data and historical data together, since
the two data sets are equally weighted. This traditional approach can only be justified by

assuming that the current and historical data are from the same population.

It is often reasonable to assume that the distributions underlying current and historical
samples belong to the same family. However, the population parameters and hence the
probability of impairment may change over time, or over different locations. If the sample
size of historical data is much larger than that of current data or two data sets are not
compatible, historical data would dominate the analysis and the data pooling may result in
misleading conclusions. To address this issue, Ibrahim and Chen ([18]) propose the concept
of power priors, which are based on the notion of the availability of historical data. The
basic idea is to let a power parameter § (0 < § < 1) tell us how much historical data is
used in the current study. Since § is not necessarily pre-determined, we may treat it as
random and specify a prior distribution 7(J) for it. However, in their implementation, the
power parameter 0 always has a tendency to be close to zero, which suggests that much of
a historical data set is usually not used. Here we propose to use a modified power prior
approach to help with water quality assessment. The general development of this modified
approach and more discussions can be found in Chapter 3. In Section 6.2, the modified
power prior approach for a Bernoulli population is proposed and the Bayesian binomial test
using the power prior is examined. In Section 6.3, error probabilities using the frequentist
binomial test, and the Bayesian binomial test with uniform prior and power prior will be
compared under different scenarios. In Section 6.4, we will demonstrate the application of

power priors in water quality assessment with two real data sets.

6.2 Bayesian Binomial Test with the Power Prior

Assume that the current sample observations are independent of each other, and that the
water quality parameter of interest has a distribution that does not change over the period
of collection. Suppose that this assumption also holds for the historical sample, and the
distributions underlying the two samples belong to the same family possibly with different
parameters. The number exceeding the standard among current data, denoted by x, may be
modelled as a binomial random variable with associated current sample size n and probability
of violation p. Similarly the number in violation of the standard among historical data,
denoted by xg, can be modelled as a binomial random variable with associated historical

sample size ng. However, the probability of violation associated with the historical sample
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may be different from that associated with the current sample. Given the initial prior for p,

7(p), the joint power prior distribution of (p,d) is constructed as

f(Do|p)°m(p)m(6)
7(p, 8| Do) = 7(p|d, Do)m(6) = —5 ’
(p, 6| Do) = 7(p| )7(9) Jo f(Dolp)’m(p) dp

where Dy is the historical data and f(Dg|p) is the density of the historical data given p. A

natural prior for d, m(d), would be a Beta(a, ) distribution, or possibly a uniform distri-
bution, since 0 < § < 1. The uniform distribution is the reference prior for p, one of the
most commonly used noninformative priors. Suppose now both 7(p) and 7(d) are uniform

distributions on [0, 1]. Then the joint power prior distribution of (p,d) becomes

p(SJ:() (1 _ p>(5(n0—wo)

0| Dy) = 6.1
(P 91D0) = B S —a) £ 1) (6.1)
where B stands for the Beta function, B(a,b) = Fr(?iigf?

Combining the power prior 7(p, §|Dy) with the density of the current data D, the joint
posterior distribution of (p, d) is

p&vo-‘rw(l _ p)d(no—xo)—l-(n—:v)

The marginal posterior distribution of d can be derived as follows by integrating p out in
7T<p, 6|D07 D)7

B(dxg+x+1,5(ng —x0) + (n —x) + 1)
B(5$0 + 1,5(710 — l’o) + 1) )

7(8| Dy, D) o (6.2)

This distribution can be used to investigate the behavior of the power parameter 0.

On the other hand, integrating 6 out of 7(p,d|Dy, D) leads to the marginal posterior

distribution of p, which is used to make inference about p.

1 pémo—l-x(l _ p)é(no—r0)+(n—z)

7(p| Dy, D) /o B0+ 1.0(ny — 20) + 1)d5. (6.3)

This posterior distribution represents the current knowledge about the probability of a vi-
olation found by updating the prior information. Using the above distribution, the pos-
terior probability of the null and alternative hypotheses may be calculated. For the null
hypothesis (Hy) that the site is not exceeding a standard, the probability is computed as
ag = P(Hp|data) = P(p < p*|Dy, D), where p* is 0.1 in our case. For the alternative (H)
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that the site is exceeding standards, the posterior may be calculated as ay = P(H,|data) =
P(p > p*| Dy, D). Two approaches are available to make decisions based on these probabili-
ties: the cutoff method and the odds-ratio method (see Smith et al. 2001).

The cutoff method uses the posterior probability to determine the rejection rule. If
P(Hy|data) < g, then we reject the null hypothesis and conclude that the water is impaired.
The quantity q is the posterior cutoff and is analogous to the binomial method Type I error
rate. The odds-ratio method uses the Bayes factor to determine the rejection rule. The

Bayes factor of H; against Hy can be expressed as

B — P(H,|Dy, D)/ P(Ho| Dy, D)
v P(H,)/P(Ho)

A large value of the Bayes factor would indicate that the null hypothesis is not correct. Since
the uniform distribution is used as the initial prior for p throughout our discussions, here
P(H,)/P(Hy) is a fixed number. Consequently any Bayes factor cutoff can be converted to
a corresponding posterior cutoff. Therefore, in our examples we only adopted the posterior

cutoff method as the decision rule for Bayesian binomial tests.

6.3 Error Probabilities

For the listing decision process, Smith et al. (2001) considered alternatives to the EPA’s
raw score approach, including the frequentist binomial test and the Bayesian approach to
binomial test with a noninformative prior (specifically, uniform prior on p). We will use
“binomial method” and “Bayesian method” to refer to these two approaches for the rest of
this chapter. Both methods have error rates that may be controlled through sample size and
selection of nominal Type I error or posterior cutoff. The Type II error rates are reasonable
when sample sizes are large (e.g. more than 20), but power is low for smaller sample sizes.
The lack of power is a problem since sample sizes for assessment of site impairment are
frequently small. For example, the assessment is often required to be conducted on two-year
observations, and some measurements (e.g. pH, dissolved oxygen) are collected quarterly.
However, the power prior approach may be used to legitimately incorporate more data by
constructing an informative prior, and therefore should improve the power. Our interest is
to investigate the benefit gained by using the power prior approach under various scenarios,
when the current sample has 20 or fewer observations. Three sample sizes n = 8,12, and 20

are considered for illustration.
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For the binomial method, the Type I error rate is preset at «, which is an upper bound
on the error. The actual error rate for the binomial method is determined by computing the
cumulative probability of getting less than “z” samples exceeding the standard. The actual
Type I error rate is calculated as the greatest cumulative probability that does not exceed «.
To illustrate the improvement brought by the power prior approach over the binomial and
Bayesian methods, a and ¢ (described in Section 6.2) are chosen to achieve the same Type I
and Type II error probabilities using binomial and Bayesian methods. Specifically, a and ¢
are set at 0.05 when n = 8 or 20, and at 0.03 when n = 12, for ease of exposition. This setup
puts frequentist and Bayesian methods on the same base for comparisons, and therefore

emphasizes the changes in decision making brought by incorporating historical information.

In the following subsections, we give the expressions for the error probabilities from the
power prior approach. Furthermore, exact error probabilities are computed and compared

for the tests using the power prior, binomial and Bayesian methods.

6.3.1 Error Probabilities under Various p

We denote by py the true probability of violation for a water segment at an earlier period
or for a neighboring segment. This indicates that zy (the number exceeding the standard

among historical data) follows a binomial distribution with parameters py and ny.

Using the posterior cutoff method, the Type I error probability using Bayesian methods

for a specified pg is computed as
P(P(Hy| Do, D) < q|z ~ binomial(n, p*), xy ~ binomial(ng, py))

no n

= Z Z I(P(p < p*[Do, D) < q) f(x|n, p*) f(zo|no, po), (6.4)
20=0 =0

where I(-) is an indicator function, and f(-) is the probability mass function of a binomial

distribution. To compare the error rates, the acceptable probability of violation is set at 10%,

i.,e. p* = 0.1. The listing decision process may be viewed as a test of the null hypothesis

that the probability of violation is less than or equal to 10% versus the alternative that it is

greater than 10%.

To compute a Type II error rate (given that the site is impaired, how likely that we do
not detect impairment), the true probability of exceeding the standard in the current data

set must be specified; this percentage is denoted by p**. Then the Type II error probability
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for a certain pg is
P(P(Hy|Dgy, D) > g|x ~ binomial(n, p*™), xy ~ binomial(ng, p))

- ZO > I(P(p < p*|Do, D) = q) f(x|n, p™) f (xo|no, po)- (6.5)

xo=0 =0

For illustration in our situation, p** is set at 25%. This value was selected as indicating
severe problems and represents the minimum violation percentage we would almost always

want to detect.

Four types of scenarios are considered to accommodate some situations possibly encoun-

tered in water quality assessment:

1. water is currently healthy and was also healthy when historical data were collected
2. water is currently impaired but was healthy before
3. water is currently healthy but was impaired before

4. water is currently impaired and was also impaired before

Here a water segment is viewed as healthy if the probability of violation is no greater than
0.1, with 0.1 being marginally healthy. Corresponding to the four scenarios, the following
setups of p and pg are used to investigate the error probabilities for various methods, where
p and py are the true probability of violation underlying current and historical samples,

respectively.

e p=0.1,pg = 0.05 and 0.1 for scenario 1
e p=10.25,py = 0.05 and 0.1 for scenario 2
e p=0.1,py = 0.15 to 0.5 for scenario 3

e p=0.25,py = 0.15 to 0.5 for scenario 4

In Figures 6.1-6.4, exact error probabilities of the test using the power prior are com-
pared to those derived using binomial and Bayesian methods under the above four situations.
In Figures 6.1 and 6.3, the Type I error rate represents the probability that a site is declared

as impaired when in fact its violation rate is 0.1 (false positive); in Figures 6.2 and 6.4, the
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Type I Error Probability in Scenario 1

0.07 1 n=8 0.07 n=12
0.06 0.06 -
0.05 0.05 -
0.04 - 0.04 |

0.03 - 0.03 -
0.02 - 0.02 ::
0.01 4 0.01 \_‘\"\—0

o T T T T T 1 0 T T T T T 1
0 8 16 24 32 40 48 0 12 24 36 48 60 72

Sample size of historical data Sample size of historical data

0.07
0.06
0.05 -

0.04 4

n=20
0.02 -
0.01 - \
o T T T T T 1

0 20 40 60 8 100 120
Sample size of historical data

0.03

Figure 6.1: Comparisons of Type I error probability using three procedures for the situation
in which both the true current and prior status of water are healthy. The three graphs are
for n = 8,12, and 20. In each graph, B is for the binomial and Bayesian methods; ¢ is for
the power prior method with py = 0.05; A is for the power prior method with pg = 0.1,

where pg is the true probability of violation for the past status of water.

Type II error rate is interpreted as the probability of failing to declare a site as impaired

when in fact its violation rate is 0.25 (false negative).

When the true impairment status of a water segment does not change over time period
(Figures 6.1 and 6.4), using the power prior method does reduce the Type II error as expected,

but does not have advantages in terms of the Type I error. This is no surprise since the Type
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Type II Error Probability in Scenario 2
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Figure 6.2: Comparisons of Type II error probability using three procedures for the situation
in which water was healthy before but is currently impaired. The three graphs are for
n = 8,12, and 20. In each graph, B is for the binomial and Bayesian methods; 4 is for the
power prior method with py = 0.05; A is for the power prior method with py = 0.1, where

po is the true probability of violation for the past status of water.

I error is controlled by the cutoff, and hence is generally not reduced by increasing the sample
size. On the other hand, when the water was healthy during the past period (true probability
of violation is 0.05), the Type I error probability for the power prior method becomes smaller

than that for the other two methods, and it decreases with increasing historical sample size.

Figure 6.4 shows that the Type II error probability for the power prior method is quite
low relative to the Bayesian and binomial methods. Furthermore, the more historical data

available, the lower the Type II error. This implies that the power prior may be adopted to
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resolve the issue of lack of power for decisions with small sample sizes.

Figures 6.2 and 6.3 illustrate the results under the situations when the true impairment
status of a water segment changes over time. When water was previously healthy but becomes
currently impaired (Figure 6.2), the power prior method is prone to Type II error relative
to the Bayesian and binomial methods. The Type II error probability using the power
prior method increases in ny and decreases in py (true probability of violation for the past
condition of water). The results indicate that incorporating historical data from previously
healthy water leads to making fewer decisions that there is impairment, so stronger evidence
is needed to show that water is currently impaired. With more historical data or healthier
water, it is harder to declare the current water impaired. This conclusion is also supported
by the trend of Type I probability in Figure 6.1 (when water was previously healthy). Note
that in Figures 6.1 and 6.2 the lines appear to be bumpy due to the discreteness of binomial

distribution, since error probabilities are plotted against historical sample size.

When water condition that was previously declared impaired is restored to a healthy
state (Figure 6.3), the Type I error probability for the power prior method is higher than
that for the Bayesian or binomial method, and it increases with ny. This means that when
the water condition was previously impaired, we are more likely to continue to declare the
site as impaired, so stronger evidence is needed to unlist the site. Using more historical data
leads to more decisions that there is still impairment. The same effect can be seen in Figure

6.4 (when water was previously impaired).

When water was previously impaired and the impairment continues (Figure 6.4), it is
interesting to note that although the Type II error probability decreases with py in generally,
it starts to increase when n = 20, ng/n > 3 and py > 0.3. This is because when the discrep-
ancy between historical and current data is large and at the same time a lot of historical
data are incorporated, the power parameter automatically becomes smaller to control the
influence of historical data on inference. A similar trend shows up in Figure 6.3. However,
this trend does not appear when n = 8 or 12 in Figures 6.3 and 6.4 because of the flexible
adjustment made through the power parameter. The need for additional (historical) infor-
mation is stronger with smaller current sample size, and therefore the influence of historical

current diminishes with its discrepancy from current data in a slower rate.

This investigation reveals that the use of power priors is beneficial in improving the
power given that historical and current data are from water segments with similar quality.

On the other hand, when the water quality changes over time, the history of impairment



95

influences the listing process and it is more difficult to change a decision than if the historical
data were ignored. It is easy to see that similar conclusions hold when the “historical” data

refer to the measurements observed at adjacent stations.

6.3.2 Error Probabilities under Various x(/ng

Although the investigation of error probabilities under various pg is theoretically important
for establishing the advantages of the power prior method, in practice we would never know
the true probability of violation for a water segment. Instead, with a set of historical data
at hand, practitioners are more interested in whether and how much the error probabilities

would be improved by switching to the power prior method.

xo/ng is the observed proportion of violations in the historical sample. Let p* and p*™
be defined the same as in Section 6.3.1. Using the posterior cutoff method, the Type I error

probability when xy violations are observed in the historical sample is computed as

P(P(Hy|Dy, D) < q|z ~ binomial(n, p*))

=D _1(P(p <p*[Dy, D) < q)f(x|n,p"), (6.6)

and the Type II error probability is

P(P(Hy| Dy, D) > g|x ~ binomial(n, p*™))
=) _I(P(p < p*|Do, D) > q)f(z|n, p™). (6.7)

=0

The exact Type I and Type II error probabilities for the power prior method were cal-
culated using equations (6.6) and (6.7) for various historical sample proportion of violation.
These error probabilities along with those for Bayesian and binomial methods are presented
in Figures 6.5 and 6.6. As in Section 6.3.1, for estimation of Type I error probabilities in
Figure 6.5 the current water quality is assumed to meet standards (p* = 0.1), while for the
estimation of Type II error probabilities in Figure 6.6 the current water quality is assumed
not to meet standards (p*™ = 0.25).

Figures 6.5 and 6.6 show that if the proportion of violations in historical data is less
than 0.13, the use of power prior would reduce Type I error but increase Type II error.

Therefore incorporating a historical sample with a low rate of violations from a site would
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make it harder to declare it impaired. On the other hand, if the historical sample proportion
is greater than 0.13, the use of power prior would reduce the Type II error but increase the
Type I error. This implies that we are more likely to list a site after using a historical sample
with a high violation rate. Figures 6.5 and 6.6 graphically display the gain and loss in error
probabilities from incorporating historical data. The graphs provide a useful reference for
practitioners to decide whether to use a specific set of historical data. Using equations 6.6
and 6.7, we can easily compute error probabilities for any situation not listed in the graphs
(any combination of n, ng, xg, p*, and p**). Note that the more historical data available, the
more rapidly the error probabilities change with historical sample proportion, and therefore

the historical information has a greater influence on the listing decision.

The investigation of error probabilities reveals that the binary methods currently in use

may be improved by adopting power priors.

6.4 Applications

We present two examples to demonstrate the influence of historical information on the listing
decision through a power prior. As the first example we consider dissolved oxygen (DO) data
collected at site A, with data in years of 2000 and 2001 as the current sample and those in
years of 1992 to 1999 as the historical sample. The values are plotted in Figure 6.7. Of
interest in these data is the determination of whether the DO values indicate that site A
violates a (lower) standard of 5.0 more than 10% of the time (i.e. p* = 0.1). As the second
example we consider pH data collected at site B, with data in year of 1999 and 2000 as
the current sample and those in year of 1992 to 1998 as the historical sample. The values
are plotted in Figure 6.8. Of interest in these data is the determination of whether the pH
values indicate that site B violates a (lower) standard of 6.0 or an (upper) standard of 9.0
more than 10% of the time (i.e. p* = 0.1). Site A is located on William creek and site B is
on Chopawamsic creek, both of which are part of Potomac and Shenandoah river basin in
Virginia.

Table 6.1 summarizes the information about the two sites. In the historical sample,
there are 20.6% violations for site A and only 2.8% violations for site B. Thus site A is
an example of the scenario in which a water segment was previously impaired; site B is an

example of the scenario in which a water segment would be considered healthy.

Table 6.2 provides the number of violations needed to list the site using EPA’s raw score
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Table 6.1: Summary of data collected at sites A and B.

Site A Site B
measurement of interest DO pH
standard 5 < DO 6<pH<9
size of current sample 8 20
No. of violations in current sample 1 6
size of historical sample 34 71
No. of violations in historical sample 7 2
proportion of violation in historical sample  20.6% 2.8%

Table 6.2: Number of violations needed to list the site using EPA’s raw score method, binomial

method, Bayesian method, and power prior method. o = q = 0.05.

Site A Site B

EPA’s raw score method

Binomial method

N ot v N

1
3
Bayesian method 3
2

Power prior method

method, binomial method, Bayesian method, and power prior method. For the binomial
method, the nominal type I error «v is set at 0.05; for the Bayesian and power prior method,
the posterior cutoff ¢ is set at 0.05. As mentioned in Section 6.3.1, binomial and Bayesian
methods lead to the same decision and the same Type I and Type II error probabilities
when n = 8 or 20, with a = ¢ = 0.05. Table 6.2 shows that it is most likely to declare a
site impaired with EPA’s raw score method, which is expected according to the discussion
made in Smith et al. (2001). In the site A example, the power prior method takes into
account the previously high violation rate at site A, so less violations are needed in the
current sample to list site A (or keep the site listed) using the power prior than using the
binomial and Bayesian methods. On the other hand, site B was quite healthy, and therefore

more evidence is needed in the current sample to prove this site impaired.

Only one violation is observed in the current sample of site A, so with any method except
the raw score method the declaration of impairment would not be made. Six violations are

present in the current sample of site B. Hence, site B would be listed using the raw score,
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binomial and Bayesian methods, but not listed using the power prior method. In Figure
6.8, note that among the six violations observed in the current data at site B, five violations
happened in the first year of the two-year period, but only one violation happened in the
second year. Therefore further investigation of the reason for the dramatic decrease in

violations may help the assessor to make a more informative decision.

In our power prior approach, the power parameter, ¢, is viewed as a random variable
that is integrated out to make the inference independent of the choice of §. Because of the
dependence on prior data, it may be useful to monitor the influence of the historical sample
on the decision by fixing ¢ at a series of values between 0 and 1. Figure 6.9 illustrates how
the posterior probability of Hy (the site is not impaired) is affected by the weight put on
the historical data, represented by §. For site A, the violation rate is high in the historical
sample, so the more historical data used in the analysis, the lower the probability that site
A is not impaired. At site B, the historical data show that this water segment had good
quality previously, so we are more confident that site B is not impaired when more historical

data is taken into account.
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Type I Error Probability in Scenario 3
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Figure 6.3: Comparisons of Type I error probability using the binomial and Bayesian methods
(dotted line) and the power prior method (solid lines) for the situation in which water was
impaired before but is currently healthy. The three graphs are for n = 8,12, and 20. In each
graph, the Type I error probabilities derived from the power prior method with different
sample size ratios (ng/n) are shown with different symbols. (B no/n = 1, A ng/n = 2,
X ng/n =3, A ng/n=4,and ® ng/n =25.)
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Figure 6.4: Comparisons of Type II error probability using the binomial and Bayesian meth-

ods (dotted line) and the power prior method (solid lines) for the situation in which water

was impaired and is still impaired. The three graphs are for n = 8,12, and 20. In each graph,

the Type II error probabilities derived from the power prior method with different sample

size ratios (ng/n) are shown with different symbols. (B ng/n =1, A ng/n =2, X ng/n =3,
A no/n =4, and ® ng/n =5.)
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Figure 6.5: Type I error probabilities using the binomial and Bayesian methods and the
power prior method with various sample proportion of violations in historical data. The
three graphs are for n = 8,12, and 20. In each graph, the Type I error probabilities derived
from the power prior method with different sample size ratios (ng/n) are shown with different

types of lines (see the legend).
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Figure 6.6: Type II error probabilities using the binomial and Bayesian methods and the
power prior method with various sample proportion of violations in historical data. The
three graphs are for n = 8,12, and 20. In each graph, the Type I error probabilities derived
from the power prior method with different sample size ratios (ng/n) are shown with different

types of lines (see the legend).
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Figure 6.7: Plot of observations on dissolved oxygen collected at site A from 1992 to 2001.
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Figure 6.8: Plot of observations on pH collected at site B from 1992 to 2000.
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Figure 6.9: Posterior probability of Hy (the site is not impaired) conditional on different

values of § (the power parameter) for sites A and B.



Chapter 7
Summary and Future Research

The modified power prior method provides a framework to incorporate data from alternative
sources, whose influence on current study is automatically adjusted according to its avail-
ability and discrepancy from current data. As consequence of using more data, the power
prior method has advantages in terms of power and estimation precision for decisions with
small sample sizes. In water quality evaluations, the investigation of error probabilities re-
veals that the binary methods currently in use may be improved by adopting power prior
approach. The power prior method may also be implemented on the numerical values of

water quality measurements (e.g. pH values), resulting in more precise estimation.

On the other hand, the power prior may be viewed as a general class of informative
priors in Bayesian inference. The power prior is elicited to take into account the hetero-
geneity between historical and current data when we are not able to describe or adequately
model such heterogeneity explicitly. The power priors are semi-automatic, in a sense that
they always take the form of raising the likelihood function L(Dg|f) to a fractional power,
regardless of the specific form of heterogeneity between Dy and D. The fact that we often do
not have enough knowledge to model such heterogeneity or to specify a fixed power makes

the power prior with a random power parameter § especially attractive in practice.

The power prior with a random power parameter is very flexible in determining the
role of historical data. The subjective information about the difference in two populations
is incorporated by adjusting the hyperparameters in the prior for ¢; and the discrepancy
between two samples is automatically taken into account through a random §. An extreme
case would be when researchers believe that the current and historical data are from the same

population, in which case § = 1 should be used even when two samples seem incompatible.
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In this dissertation we propose a modified joint power prior distribution for (6,4) to
address the inconsistency of the original power prior with the likelihood principle, where
0 is the parameter of interest. The modified and original approaches are essentially the
same when the power parameter is fixed. Therefore the modified power prior shares all
the nice properties of the original one discussed in a series of papers by Ibrahim and Chen
([18], [19], and [10]), such as generality of this methodology, optimality from the aspect of
information processing, flexibility in expressing the uncertainty about the power parameter,
and broad applications. In addition, the degree in which the historical data affect the
posterior distributions via the power parameter is adjusted automatically in the modified
approach, based on the compatibility between the historical and current samples, and also
based on their sample sizes. With the modified power prior, the power parameter behaves
in a sensible and desirable way. However, the original power prior approach underestimates
the influence of historical data on the current study in general and therefore little benefits

are gained from incorporation of historical data.

Furthermore, empirical evidence shows that the modified power prior leads to smaller
MSE for estimated # than the original one, when the divergence between historical and
current populations is small to moderate. When such divergence is large, the MSE from the
modified power prior is larger than that from the original one, sometimes even larger than the
MSE obtained using no historical data. This limitation of the modified power prior method
actually prevents researchers from abusing this method. The performance of estimation will
be penalized if we incorporate a “historical” data set picked arbitrarily. This result indicates
that the modified power prior approach is more liberal compared to the original one, so it
needs to be implemented with caution, especially when the populations underlying current

and historical data truly have little similarity.

We need to point out the following two situations when the power prior method is not
preferred. First, to increase the estimating efficiency, we should model the heterogeneity
between historical and current samples explicitly whenever possible. Second, the power
prior is most useful when the size of current data set is small but ample historical data
are available. If the current data set is large enough to achieve a satisfactory precision for
parameter estimates, the benefit from historical data is diminished. On the other hand, the
accuracy of estimates lost would be more than the precision gained if the historical data are

used in such a situation.

Our research shows that the modified power prior approach has improved performance

compared to the original approach. However, further research is needed to investigate pos-
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sible modifications, e.g. a mixture power prior, to adapt with different levels of divergence
between current and historical populations. This dissertation focuses on point estimation
in comparison of two methods. An investigation of the role of power priors on interval

estimation is warranted.

This dissertation builds a basic framework for the modified power prior method. There
is plenty of opportunity for future research on its applications. Since the power prior is a
general class of prior distributions, it could be quite useful in a wide variety of applications,
including many kinds of regression and survival models. The power priors can also be used
in model selection context since they automate the prior elicitation procedure. In addition,
more research can be done on modelling the power parameter as a function of time, which

is required for the implementation of time-weighted power priors.
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