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CHAPTER L

ANALYSIS OF THE INVERSE PROBLEM

FOR TRANSIENT UMSATURATED FLOW

ABSTRACT

The inverse problem of determining unsaturated soil hydraulic properties
from one-dimensional, transient infiltration and redistribution events is
analysed. Hydraulic properties are assumed to be described by an
extension of van Genuchten’s model which allows for hysteresis in the
retention function and air entrapment. Unknown parameters in the model
are estimated from observed water contents and heads during transient
flow by numerical inversion of the unsaturated fiow equation. The
inverse problem is formulated as a weighted least-squares problem and
solved using an efficient Levenberg-Marquardt algorithm. The flow event
consists of ponded infiltration followed by gravity drainage with
evaporation at the soil surface. Sensitivity analyses indicate that
observations during ponded infiltration should be made near the position
of the wetting front. The location of observation points during the
drying stage is less critical than during the infiltration stage, but for
the relatively high imposed evaporative flux, sensitivity of pressure head
is highest near the soil surface. Large differences in sensitivity are
obsgrved among the various model parameters. Unknown evaporative
fluxes are approximated in the inverse solution as an equivalent

first-type boundary condition requiring only periodic measurements of
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surface water content during the drying siage. Little error is incurred
provided accurate measurements are possible. Corruption of input data
with random error is shown to have a larger effect on the predicted
conductivity function than on the retention function and more effect on
the wetting branch of the hysteretic retention function than on the
drying branch. When measurements are subject to error and the
assumed parametric model for the water retention and conductivity
relations is noi exact, it may no longer be possible to detect hysleresis

in the retention function.

INTRODUCTION

Knowledge of soil hydraulic properties is an essential requirement for
prediction of flow and contaminant transport through the vadose =zone.
Hydraulic properties are the water retention and hydraulic conductivity
functions, both of which are highly nonlinear functions of pressure head.
The water retention function is usually determined from equilibrium
desorption or imbibition measuxjements on laboratory soil cores, or from
simultaneous in-situ measurements of pressure head and water content.
Hydraulic conductivity can be determined directly only from steady-state
flow experiments. Although simple in principle, measurements have to be
repeated over a range of pressures or water contents to determine the
entire conductivity function. Commonly used methods for determining

the hydraulic conductivity function from transient experiments require
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rather restrictive initial and boundary cwuaditions to enable analytical or
semi-analytical iuversion of the governing flow equation. Such
procedures generally also reqguire price knowledge of the water retention
function. On the whole, experimental procedures and subsequent
calculation of the hydraulic conduc.‘Livity are quite tedious.. An
alternative approach is to assume a fuhctional relationship between the
water retention characteristics and the hydraulic conductivity based on
the behavior of soil as an equivalent capillary medium (e.g., Millington
and Quirk, 1961; Mualem, 1976) which allows hydraulic conductivity to be
computed directly from the more easily measured retention function.
Given a suitable empirical parametric formulation for the retention
function, hydraulic properties may be described by simple closed-form
expressions (e.g., Brooks and Corey, 1966; van Genuchten, 1980) which
are convenient for use in numerical simulation models. Such approaches
have the limitation that any error in the assumed hydraulic prcperty

model will be forced into the conductivity function.

In recent years, a number of researchers have investigated the
feasibility of determining water retention and conductivity functions
simultaneously from transient flow events by numerical inversion of the
governing initial-boundary value problem. In such approaches one
generally assumes a certain parametric model for the hydraulic
properties. Unknown parameters are estimated by minimizing deviations
between observed and predicted flow attributes. Measured flow
attributes might be water contents and/or pressure heads. Fundamental

to the procedure is that model parameters are determined in such a way
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that the ability of the model to reproduce the transient flow event is
optimized. Another advantage of flow inversion approaches is that, in
principle, they accomodate any combination of initial and boundary
conditions and thus sallow much more flexibility in experimental design
than traditional methods. The flexibility is tempered by the requix.'ement
that the resulting inverse problem must ‘be sufficiently well-posed to
allow solution. To a large extent, the effort of determining hydraulic
properties is shifted from the experimental to the computational side.
Although nonlinear inversions of initial-boundary value problems are
computationally quite intensive, continuing rapid decreases in computing

costs make such methods increasingly attractive.

To date, most applications have involved analysis of either inflow or
outflow experiments on laboratory soil cores (e.g., Zachmannn et al., 1982;
Hornung and Messing, 1982; Jennings, 1985; Kool et al., 1985; Parker et
al.,, 1985). While laboratory experiments are more accurate and generally
more convenient than in-situ experiments, the utility of soil properties
determined on typically small core samples for predicting in-situ
behavior is in many cases questionable. Dane and Hruska (1983) and
Kool et al. (1987) determined soil hydraulic properties by inversion of
in-situ measured water contents and pressure heads during transient
drainage. Apart from a lack of sensitivity to the saturated conductivity,
they obtained good results. In both of these cases experiments were
carried out in lysimeters, so that uncertainty in inital and boundary
conditions as well as soil variability were less than may be anticipated

for full-scale field experiments.
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In this chapter we invest‘iga{e the invuersa problem for one-dimensional,
transient unsaturated flow events in:vo‘iv;ng; ponded infiltration followed
by gravity drzinage with evaporation at the soil surface. Issues that
are addressed include optimal sampling design and analysis of the effects
of errors in input data and assumed parametric model on par;'ameter

identifiability and accuracy of predicted hydraulic properties.

FORMULATION OF THE DIRECT PROBLEM

In this study we consider one-dimensional, vertical transienit flow in s

rigid porous medium governed by

c—=~— [[K —--—x]] (2.1)

where h is pressure head, C = d8/dh is the water capacity with 8§ the
volumetric water content, K is the hydraulic conductivity, t is time, and
x is vertical distance taken positive downwards. Equation (2.1) together
with appropriate initial and boundary conditions constitutes the direct
problem. The inverse problem involves determination of the constitutive
relations C(h), or equivalently 08(h), and K(h) from observed 6(x,t) and/or
h(x,t) data. The first step in solving the inverse problem is to select a
parametric model for the nonlinear K-6-h function. The inverse problem

then reduces to the more manageable task of estimating values of the
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unknown model parameters. In this study we deal only indirectly with
the problem of proper model identificaition by evaluating the effect of an

erroneous parametric model on the predicted 6(h) and K(8) relationships.

The model introduced by van Genuchten (1980) as modified by Ko;)l and
Parker (1987, see Appendix A) for nonmonotonic saturation paths is used
to describe the K-8-h relationships. The model allows for hysteresis in
the 6(h) relation as well as for the effects of air entrapment which
causes a non-closed saturation loop, while remaining parsimonious in the
number of model parameters. Details of the model are discussed
elsewhere (Kool and Parker, 1987) and only its most salient features will
be reviewed here. The main drainage branch of the 9(h) relation is

described by

8 =0 + (8gd - 8,)[1 + (=adn)™1” h <0
(2.2)
8 = ogd h20
and the main imbibition branch by
0 = 8p + (8W — 8p)[1 + (—aWm)™T ™ h <0
(2.3)
9 = OgW hao

where 6, is the "residual" water content, 839 and 6gW are satiated water
contents corresponding to zero pressure head on the main drying and
wetting branches, respectively, «d and o¥ are curve shape parameters
for drainage and imbibition branches, n is a parameter assumed

independent of the saturation path, and m=1-1/n. A physically realistic
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hysteretic 6(h) relation requires
o od (2.4)

The main branch C(h) functionus are obltained by differentiating (2.2) and
(2.3) yielding ‘

= aP(8gP — 6p) (n-1) (=aPh)" 1 [1 + (—aph)n]"m'l 2o

Q
!

(2.5)
c= 0 h=20

where superscript p = w or d denotes wetting or draining branches.

Scanning curves in the 6(h) functional are determined by scaling the
boundary wetting and drying curves to pass through reversal points
using an empirical scheme proposed by Scott et al. (1983). The satiated
water contents of primary imbibition scanning curves are estimated using
a method due to Land (1968;. The procedure introduces no additional
parameters and preserves the form (2.5) for C(h) on arbitrary saturation

paths. The assumed nonhysteretic K(8) relation is given by
2
K = Kg Se [1—(1-sel/m)m] (2.6)

where Kg = K(8gW) is the saturated conductivity and Sg = (6-6p)/ (esd—er)

is the effective saturation.

The total number of parameters in the assumed K-86-h model is seven, i.e.
ogVv, Gsd, 0p «V, txd, n and Kg. Comparison with van Genuchten’s

original model (van Genuchten, 1980) for monotonic saturation paths,
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shows that one additional parameter is iniroduced to describe hysteresis
without air entrapment (8gW = Bsd) and two parameters to describe

combined hysteresis and air entrapment.

FORMULATION OF THE INVERSE PROBLEM

Objective function

The inverse problem is formulated as a nonlinear optimization problem in
which parameters in (2.2) - (2.6) are estimated by minimizing a suitable
objective function that expresses the discrepancy between observed and
predicted s8ystem response. When observation errors follow a
multivariate normal distribution with zero mean and covariance matrix V,
maximum likelihood considerations lead to the objective function

n

n
L= 5 In2n + 5

! X T X
> 2k In det V + 2 (g* - @1 vV (g* - q) (2.7)

where L is the negative log-likelihood function (Bard, 1974), n is the
number of observations and k the number of dependent variables. In
the present study dependent variables are pressure heads, h, and water
contents, 8. Therefore, k equals 2. Also, g*¥ = g¥(x,t) is the ceclumn
vector containing the n observations and q & q(x,t;b) is the vector of
corresponding heads and water contents obtained by solving the direct

problem for a given parameter vector b = (OSW,GSd,Or,aW,dd,n,KS)T. The
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error covariance matrix V is defined asu
V= (a* - Dt - DT (2.8)

where @ = q(x,t) represents the true values of the dependent variables.
When V is known, parameter estimates are obtained by solving the

generalized least-squares problem

min ¢ = (q* - q)TW(g* - q) (2.9)

b
where W = V~! gerves as a weighting matrix. An obvious problem is that
V generally is unknown. The common approach to overcome this
difficulty is to make some a priori assumptions regarding the structure
of V. The greatest simplification results when errors are assumed to be
independent and homoscedastic, in which case V is the identity matrix of
size n x n, and (2.7) reduces to an ordinary least-squares problem. A
less restrictive approach is to take V ito be a diagonal matrix (e.g.,
Wagner and Gorelick, 1986) thereby assuming that errors are
uncorrelated, but not necessarily homoscedastic, or that correlation
between observations is a first-order autoregressive process. In the
latter case the elements of V can be expressed in terms of an
autocorrelation coefficient which becomes an additional parameter to be
estimated along with the elements of b (e.g., Beck and Arnold, 1977).
For the present problem, even if observation errors can be assumed to
be uncorrelated, it is unlikely that dependent variables 8 and h, which
are measured by different instruments and expressed in disparate units,

will have the same variance. V is therefore at least a diagonal matrix.
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A not unreasonable assumption is that errors are proportional to the
magnitude of the dependent variable. In problems involving
determination of soil hydraulic paramseters from transient drainage data,
we have obtained good results b& estimating the relative errors in water
contents and heads from the mean measured values (Kool et al.,, 1987).
This choice of weighting effectively accounts for differences in

measurement units between dependent variables.

An alternative approach to solving the inverse problem with unknown V
is to form and minimize the so-called concentrated likelihood function
(Bard, 1974), allowing the unknown error covariance matrix to be
determined along with the model parameters. In contrast to the auto-
regressive error model, no additional parameters are introduced.
Provided sufficieﬁt data are available, this approach can be applied to
either a diagonal or a general covariance matrix. Here we assume the
simpler case in which V is a diagonal matrix. In particular, we will
assume that all water content measurements have a common variance, Vg,
and all head measurements have a common variance, Vh. The method
consists, for a given parameter vector b, of determining Vg and Vp, so
that (2.7) is minimized. Taking the derivative of (2.7) with respect to Vg

and VL, and equating these derivatives to zero results in

1
= — eqT
Vo = o c07eo
(2.10)
1
h = Gpeh'eh
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where the ey are vectors of residuals
ea = (aa* - aa) (2.11)

with qa* and qg represenling observed and predicted wvalues of
dependsnt variable a. Substituting (2.10;j back into (2.7) reduces the

objective function to

k ng
¢, =% 5 In (exTey) . (2.12)

a=1

A detailed derivation of (2.12) is given by Bard (1974). Since the
logarithmic function increases monotonically with its argument, minimizing

(2.12) is equivalent to minimizing the objective function
%, = (egTleg) (enlep) . (2.13)

The crux of the above approach is that errors between observed and.
true values of the dependent variables are estimated from the residuals
between observed and predicted values. In olher words, it is assumed
that at least in an average sense, model predictions are close to the
unknown actual values. This may not necessarily be true when model
parameters are far from their o.ptima, for instance during early iterations
in the minimization process. We therefore adopt a hybrid approach:
assuming a diagonal covariance matrix, the weighted least-squares
problem (2.9) is first solved with weights estimated from the

measureimments as
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(2.14)

n

1 D 2
Vh — I qh§

J=1

After the first stage has converged, the routine switches to the adaptive
weighting given by (2.10). Since the purpose of the first stage of
optimization is only to provide a reasonable starting point for the second
stage, we start; out with relaxed convergence criteria in the first stage

and set more stringent criteria for the second stage.

Solution Algorithm

The objective function given by either (2.9) or (2.13) is a nonlinear
function of the parameters b. The minimization must therefore be
carried out iteratively. Let i be an iteration index. At every iteration

we wish to determine a parameter correction ab so that
bitt = pi + ab (2.15)

results in a reduction of the objective function. The Gauss-Newton
method for obtaining the parameter corrections leads to the following

system of equations

JTwg ab = -JTve (2.16)



where J is the Jacobian or usengitivity malrix. Equation (2.16) results
irrespective of whether the objective funciion is given by (2.9) or by
(2.13), although the elements of W will ¢f course be different (see Bard
[1974] for details of the derivation in ihe latter case). The columns of
the Jacobian matrix J contain the partial derivatives of the residuals e

with respect to the elements of b
Jij = %ej/ebj = —2qj/ebj . (2.17)

Hence, J has dimension n x p, where p is the number of unknown
parameters. The elements of J are obtained by forward finite difference

approximation as

%q; _ 2q L Uxi,tiibjtébj) — alxj,ti;bj)
b

(2.18)
ab‘j

abj Xi,tj
with 6bj = 0.0l1xbj The q(x,t;b) are obtained by solving the direct
problem (2.1), using a linear, mass-lumped finite element solution (van

Genuchten, 1982) as modified by Kool and Parker (1987, see Appendix A)

to accomodate hystieresis and air entrapment.

Recognizing that the weighting matrix W is symmetric and positive

definite, we can simplify notation and subsequent operations by defining

Jo = SJ
and (2.19)
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where S is the square root or Cholesky decomposition of W
w = sTs . (2.20)

In the present study, W is a diagonal matrix with elements given by the
reciprocals of (2.14) and (2.10) for the first and second stage of
optimization, respectively. S 1is therefore also diagonal, and the
transformation (2.19) consists of simply multiplying the rows of J and
elements of e with the corresponding elements of S. After applying

(2.19), (2.16) becomes
JwTdy ab = -3, Te,, . (2.21)

In order for the optimization to proceed in a descent direction, JWTJW
must be positive definite. A simple and effective way to ensure this is
to add positive quantities to the diagonal of JwTJw, so that (2.21)

becomes

(J3w1J,, + A DTD) ab = -J,Te, (2.22)

which is known as the Levenberg-Marquardt method. In the above
equation, A is a positive scalar and D = diag(d ,,d,,..,dp) is a scaling
matrix that takes into account differences in the magnitude of the

sensitivities for the different parameters.

We follow the suggestion of Morée (1977) for updating D. Let i again be

an iteration index. Then
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d;° = §au;’l

(2.23)

dji = max {dji=,f3a5%} } iso0

where Jyj denotes the j-th column of J,, and -] denotes the Euclidian
norm. The parameter A in (2.22) controls both step direction and step
length. A large value of A will result in a small step in the steepest
descent direction, while A=0 will result in the full Gauss-Newton step.
The corollary is that a judicious choice of A obviates the need for
separate line searches that are often part of an unmodified Gauss-Newton
algorithm (e.g., Kitanidis and Vomvoris, 1983). The overall strategy is to
start with a relatively large value of A to ensure the minimization will
move in the right direction, but to decrease A as long as satisfactory
progress is made, on the notion that if the Gauss-Newton step is
acceptable it will typically lead to rapid convergence. The steepest
descent method on the other hand has a slow asymptotic convergencs

rate.

The scheme for updating A is coupled with the solution of (2.22), which
will now be discussed. The algorithm is based on ideas of Osborne
(1976) and Morée (1977). The system of equations given by (2.22)

represents the normal equations for the linear least-squares problem

2
Ji “Cw
3 T - w -
milr: rir = H [A%D}Ab l 0 ] H . (2.24)
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The minimum of (2.24) will occur if ab iz clivsen to satisfy

Jw
A%p|°P

The advantage of obtaining the parameler corrections via solution of

ew
“lo | - (2.25)

(2.25), rather than (2.22), is that (2.25) does not involve computation of
Jwldy; this leads to a more robust algorithm, especially if Jw is

ill-conditioned.

Equation (2.25) is solved by QR decomposition (e.g., Lawson and Hanson,
1977; Golub and van Loan, 1983). The decomposition consists of two
steps. Jyw is first reduced to a p x p upper triangular matrix, R,, by

means of Householder transformations. The same transformations are

applied to the RHS of (2.25), yielding the following system

C
b = - [dl : (2.26)

Next the subdiagonal elements A!/2D in the LHS of (2.26) are zeroed out
by applying a series 6f Givens rotations to both sides of the equation to

yield

cow

b = - 2.27
. ¢ (2.27)

where R is p x p upper triangular and the subvectors f and g have
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lengths p and n, respectively. The decoumpaesition is carried out in two
steps in recogniticn of the faci that several values of A may have to be
tested before an acceptable value is found, i.e., one that reduces the
value of the objective function. If A is changed, only the second step of
the orthogonalization has to be repeated. Parameter corrections ab are

found by simple back substitution froin
R ab = - . (2.28)

In case the solution ab does not produce an acceptable step, the value
of A is increased, i.e., A = w,;A with w; 2 1, and control is returned to
(26). After an acceptable step ab is found, A is updated based on the
size of the reduction of the squared weighted residual, relative to the
reduction predicted by the linear model (2.25). The reduction, s¢, that

is actually obtained is

a2d = ele - e, Tey (2.29)

where e = ey(b) and e; & ey(b+sb). Since the Householder and Givens
transformations are orthogonal, the 2-norm of transformed vectors is
preserved and we have therefore the identity

ele= fTf + gTg . (2.30)

The squared residual of the linear problem (2.27) equals glg. The

predicted reduction is thus simply fTf. Define the ratio

59



To - o,T
ele - eifey (2.31)

ST S

If the actual reduction is approximately equal to or greater than the
predicted reduction (p 2 0.75), A is decreased by multiplying it by a
factor w, € 1. If on the other hand the actual reduction is much less
than predicted by the linear model (p = 0.25), we decrease the search

radius by increasing A (A = w;A), before proceeding to the next iteration.

Parameter Bounds and Termination Criteria

Besides the requirement that all parameters must be positive, or
non-negative in the case¢ of 6p, the parameters in (2.2) - (2.6) are

subject to the following constraints

1l <n (2.32a)
Or < 0¥ (2.32b)
oY < 0gd (2.32c)
od £ oW (2.32d)

Two types of constraints are distinguished: those that are simple upper
or lower bounds for the parameters, and the linear constraints
represented by (2.32c) and (2.32d). The constraint (2.32b) is included in

the first group by specifying a suitable upper bound for 6, and
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corresponding lower bound for 0gW.

The incorporation of bounds in the optimization can be achieved as
follows (see Gill et. al.,, 1981). If at a given iteration, a parameter
violates one of its bounds, that parameter is fixed at the bound. At the
next iteration, first the unconstrained step is computed. If the new step
direction is such that the bound is no longer violated, the parameter is
removed from the constrained set. If one or more parameters remain at
their bounds, the step is modified by projecting it along the active
constraint boundaries. Computation of the projected step involves
removal from the vector ab those elements that correspond to ’fixed’
parameters, as well as removal of the corresponding columns of the
Jacobian. Note that this can be achieved efficiently by modifying the QR
factorization of Jy, rather than computing the entire factorization of the
modified matrix from scratch (e.g., Golub and van Loan, 1983). The
modified step is subsequently tested for acceptance as well as for
possible violation of bounds of previously free parameters. General
linear constraints such as (2.32c) and (2.32d) can also be incorporated in
the optimization procedure (Gill et. al.,, 1981), but the procedure is
considerably more complicated. We employ a simplified approach. Since
either 0gW > Gsd or «d > «¥ results in a physically impossible model, we
enforce equality of the parameters involved when a violation of (2.32c) or
(2.32d) occurs, by changing the model that is fitted. For instance, when
the optimization algorithm assigns oW < ad, we set aW=odza and hence-
forth use a single parameter « to describe the data. A similar procedure

is used when 6gW » esd. The advantage is a reduction in the
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dimensionality of the parameter vector b as well as a generally faster
solution of the direct problem because of a simpler model. The
disadvantage is that the parameter solution is now forced to satisfy the
constraint, and the optimum that is found may not be the global optimum.
To guard against the possibility of ‘’accidental’ violation of (2.32c) or
(2.32d), the violating step is not accepted right away, but only after a
shorter step is attempted by increasing the value of the Levenberg-
Marquardt parameter A\. In any event, when the final solution returned
by the optimization routine lies on a constraint boundary, it is advisable
to repeat the entire optimization from a different starting point. For the
examples discussed later, several instances occurred in which identical
values for a¥ and «d were fitted. In all cases, subsequent checks
verified that this was not accidental, but the result of using input data

that did not allow distinction between «¥ and «d.

The optimization is terminated when either of two termination criteria is
satisfied., The first test is based on the magnitude of the predicted
reduction in sum of squares
1/2

¢ < [1+ele ] x TOL, (2.33)
where TOL, is a specified tolerance limit. The predicted reduction can
be written as a quadratic form in the gradients of the sum of squares
with respect to the parameters (Miller, 1981). Thus (2.33) is a test of

the magnitude of these gradients. The second test is for the relative

change in parameter values between iterations

62



fabil

bj + 10-2°

£ TOL, (2.34)

Where TOL., is another specified tolerance limit. For termination to
occur, (2.34) must be satisfied for all parumeters. Acceptance of (2.34)
does not guarantee that the solution is actually at a minimum, since a
large enough value for A will also produce a very small step ab. On the
other hand, there is little point in continuing to iterate when the

parameters do not change.

The optimal initial value for A and values for the parameters w,, w; TOL,

and TOl, are problem dependent. Values used in this study were as

fOHOW82 Ainitial = 100, [~31 = 2.5, W2 = 0.5, TOLI = 0-0002, and TOL2 = 0.01-

Assessment of Parameter Reliability

Besides the numerical value of the optimal parameter estimates, it is
desirable to have some assessment of the reliability of that estimate.
This information is contained in the parameter covariance matrix. A first
order approximation of this matrix is obtained as

C = s? (J,13,)? (2.35)

where s? is an estimate of the error variance
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§2 = —— (2.36)

and Jy is the final Jacobian. Note that the columns of Jy correspond to
free’ parameters only. Parameters that are fixed at either lower or
upper bounds have a variance of zero, and it is assumed that
corresponding columns have been removed from Jy, in (2.22). C will be a
good approximation to the actual covariance matrix to the extent that the
sum of squares is locally linear in the parameters. The inverse of
JWTJW is obtained readily from the QR factorization of J,,. Denote the
Householder transformation matrix by @, i.e., Jy = QR,. By definition

QTQ = I and thus

(I3t = (R, TQTQr,)~* = R,”* R, T . (2.37)

Since R, is upper triangular, its inverse is easily computed. The
parameter correlation matrix, A, is obtained by simply dividing C by the

square roots of its diagonal elements, i.e. the parameter standard errors

Ajj = Ci (2.38)
1J -~ N s BV cnss | * *
Cii * Cjj

With this estimate for the parameter covariance matrix, it is a
straight-forward procedure to compute confidence limits and confidence

regions for the parameters. Approximate confidence limits are calculated

64



from the standard error of the parameter and the appropriate value of

Student’s t-distribution with n-p degrees of freedom

¢ bj &by + ot =y (2.39)
n

where bj and tl;l are the estimated and true values of parameter bj
respectively, C;j is the parameter variance and t = Loy is the value of
the t-distribution for confidence level y and v degrees of freedom. The
appropriate t-value can be found from standard statistical tables (e.g.,
Abramowitz and Stegun, 1964; Table 26.10), or can be computed directly

from the inverse t-distribution (Abramowitz and Stegun, 1964; p. 949).

In comparisons of several Iinéarized approximations of the parameter
variance-covariance matrix fc;r nonlinear least-squares  problems,
Donaldson and Schnabel (1986) found (2.35) to be preferable for
construction of confidence intervals and confidence regions, especially if
sensitivities are obtained by finite difference approximation. The various
linearized approximations were _found generally to produce reasonable
estimates of confidence intervais, although confidence regions may be
severely underestimated. The approximate nature of the parameter

statistics should be borne in mind when interpreting parameter

estimation results.
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INVERSION OF HYPCTHETICAL INFILTRATION/DRYING EVENT

Problem Description

In this section we employ the parameter estimation algorithm outlined
above to determine 6(h) and K(8) relationships of a hypothetical porous
medium and evaluate the effects of different sources and levels of error
on estimation accuracy. The approach to be followed can be summarized

as follows:

a) Water contents and heads are generated numerically by solving
the direct problem (2.1) for given initial and boundary conditions

and constitutive relations.

b) Generated water content and head profiles are sampled at discrete

times and locations.

c) These ’observations’ are corrupted with noise by adding a N(0,s2)

error term and then used as input data for the inverse problem.

We consider first the case in which the correct constitutive model is
used, and the only error is in the observed water contents and heads
and approximations to the initial and boundary conditions. Subsequently,
additional systematic error will be introduced by using an incorrect

constitutive model in the inverse problem solution.
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A wetting-drying scenaric is simulated which corresponds to a relatively
simple field experiment. The problem involves a homogeneous, non-
vegetated material overlying a water table at 3 m depth (Figure 2.1).
Hydraulic properties of the medium are described by (2.2) - (2.6) with
values for the parameters as given in Table 2.1. The 6(h) and K(0)
relationships are shown graphically in Figure 2.2. The material has
undergone a sequence of prior wetting and drying cycles, so that at the
start of the experiment the upper 0.5 m of the profile is drying while
the rest of the profile is wetting. Starting from t=ty, the surface is
ponded for a period of 1.5 days. Following this, infiltration is stopped
and the infiltrated water is allowed to redistribute while evaporation
occurs at the surface at a steady rate of 2.5 mm d~!. A neutron probe
access tube is installed to a depth of 1 m, which allows the initial water
content distribution and changes in water contents during infiltration
and subsequent evaporation/ redistribuiion to be recorded. In addition,
pressure head measurements are available from tensiometers, installed at
selected depths in the ubper 1 m of the profile. Measurements are made

over a period of 4 weeks following the initiation of ponding.

The motivation for instrumenting only the upper part of the profile is
that, especially during the evaporation stage, it will take a long time
before significant changes in water contents and heads occur in deeper
parts of the profile. Unless the material has a high permeability and/or
field data are collected over a long period of time, relatively little useful
information will be obtained from measurements taken at great soil

depths. As a consequence, we solve the inverse problem for the upper
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Figure 2.1 Sketch of field plot for hypothetical infiltration/drying

event.
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Table 2.1 Estimated parameters from infiltration—evaporation event

using error—free data.

Parameter actual initial estimated standard
value value value deviation
od (cm?) 0.01 0.015 0.0098 0.0001
oW (cm™?t) 0.02 0.025 0.0193 0.0004
n 2.0 2.50 1.9464 0.0156
Or 0.17 0.125 0.1630 0.0032
(: 0.43 0.410 0.4282 0.0011
esd 0.47 0.480 0.4701 0.0041
Kg (cm d71) 10.0 15.00 9.8913 0.1048
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i m of the soil only. Inversion of (2.1) requires specification of initial
and boundary conditions of the system, located between x=0 and x=1.0 m.
Although, in principle, initial and boundary conditipns could be treated
as additional unknowns in the inversc¢ problem, we assume them to be
known from direct field measurements. The initial water content
distribution is determined from neutron pi'obe readings. The fact that
0(h) may be hysteretic implies that water content measurements alone are
not sufficient to define the initial state of the system. This problem can
be overcome, at the expense of introducing additional error, by
arbitrarily deciding that initial water contents correspond to either one
of the boundary 6(h) curves, allowing the initial pressure head
distribution to be calculated via (2.3) and the assumed values of the
parameters. Boundary conditions are treated as follows: water contents
at 1 m depth are measured periodically and converted to pressure heads
which then are interpolated linearly between measurement times to
provide a first-type lower boundary condition. During the ponding
stage, the upper boundary condition is also of the first-type. In this
example, we simply have h(0,t)=C. During the evaporation stage, a
second-type boundary condition applies. In a practical situation, the
evaporative flux will not be known or even constant in time as imposed
here. An expedient solution is to approximate the boundary condition as
an equivalent first-type condition by taking periodic measurements of
the surface water content and converting these to pressure heads as

was done for the lower boundary.
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Parameter Sensitivity Analysis and Ssmpling Design

As recently discussed by Knopman and Voss (1987), the accuracy with
which parameters can be estimated depsnds on the points in space and
time at which input data for the inverse problem is collected. The
variance of parameter estimates will be least when water contents and
heads are sampled at points where these variables have highest
sensitivity to the parameters. This concept was already used in the
previous section by deciding to concentrate measurements in the upper
part of the soil profile. Examination of sensitivities is the starting point
for designing a sampling plan. Of interest is the magnitude of the
sensitivity rather than its sign. We therefore investigate the distribution,

in space and time, of the absolute sensitivities

aq(x,t;b)!

by | - (2.40)

Sensitivity coefficients s; were computed for all parameters, bj, using the
finite difference approximation (2.18). To illustrate results, sensitivities
of water contents and pressure heads to several of the parameters
during both wetting and drying stages, are plotted in Figures 2.3, 2.4

and 2.5.

In Figure 2.3a, the distribution with depth of the water content
sensitivity to parameters «% and 6gW% during ponded infiltration is

shown. The sensitivities show very strong peaks, the location of which
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coincides with the position of the welting front at that time. The
magnitude of the peak increases with time or distance travelled by the
wetting front. Knopman and Voss (1987), who studied one-dimensional
solute transport during steady flow, noted similar behavior of solute
concentration sensitivity to pore water velocity. Figure 2.3 shows that
the sensitivity to «W rapidly drops off to zero ahead of and behind the
wetting front. The pattern for 6gW is different to the extent that
sensitivity to this parameter approaches 1 near the surface where
0 ® 6gW. The behavior of water content sensitivity to the other
parameters during infiltration is similar to that of a%¥, although a large

variation in peak height was observed.

Examples of water contént sensitivity during the drying stage are shown
for parameters «d and n in Figure 2.4. During the drying stage, water
contents at the boundaries (x=0 and x=100 cm) were prescribed, and the
sensitivity at these points thus vanishes. For ad, the sensitivity is
initially highest near the lower boundary, while the sensitivity profile
flattens out at later times. The initially higher sensitivity near the
lower boundary is prcbably related to the fact that this part of the
profile had not quite reached steady state when the reversal from
ponding to evaporation occurred. For parameter n, the profile does not
show any peaks throughout the drying period. The sensitivity increases
with time as the soil becomes drier, but the sensitivity to this parameter
always remains quite low compared to parameter ad (note also the
difference in vertical scale between Figures 2.3 and 2.4). Pressure head

sensitivities to parameters «d and 6 r during evaporation and
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redistribution are shown in Figure £&.5. Sensitivities were found to
range over several orders of magnitude and are therefore plotted on a
logarithmic scale. The sensitivity to parameter ad is generally at least
one order of magnitude higher than that to 6, except near the soil
surface at later times when the surface water content approaches its
residual wvalue. The corresponding pressure head becomes extremely

sensitive to both parameters.

Provided parameters are identifiable (columns of the Jacobian, Eq. 2.17,
are linearly independent) the accuracy with which a parameter can be
estimated depends on the magnitude of the sensitivity coefficients at the
sampling points. The examples shown in Figures 2.3 - 2.5 indicate
substantial differences in sensitivity among parameters. For further

comparison, it is useful to define an aggregate measure of sensitivity as

( 2.41)

tm L
- 4 Z 1 2q(x,t;b)
L by

where the soil depth L = 100 cm and times tj were chosen as follows:
t = 0.1, 0.3, 0.5, 0.8, and 1.1 d during infiltration, and t = 2.0, 4.0, 8.0,
14.0, and 28.0 d during the evaporation/drainage stage. The normalizing
factor Va’4 is defined by (2.14) for dependent wvariables 68 and h,
respectively, and accounts for the different measurement units used for
water contents and pressure heads. Equation (2.41) gives a measure of

'overall’ sensitivity of the wvarious parameters. Results for water
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contents and pressure heads during infiltration and drying are given in
Table 2.2. The table shows normalized pressure heads to be, on average,
about twice as sensitive as the normalized water contents. The results
again show that sensitivities to the different parameters vary by several
orders of magnitude. The parameters with highest sensitivity during
infiltration are «%¥ and 68gW, while during the evaporation stage otd, gV,
0 and a%¥ are most sensitive. Parameters n and Kg show consistently
low sensitivity. This is a somewhat unexpected result, especially for n,
since this parameter appears as an exponent in (2.5) and (2.6). Although
a relatively poor identifiability of Kg during drainage has been observed
before (Dane and Hruska, 1983; Kool et al, 1987), it was expected that Kg
would be a more sensitive parameter during infiltration, especially at
later times when the infiltration rate asymptotically approaches Kg.
However, for the relatively short infiltration event considered here,
infiltration is controlled mainly by capillary forces and evidently not

greatly influenced by Kg.

The foregoing results have several implications for sampling design.
During ponded infiltration, measurements should be taken around the
position of the wetting front as it moves through the soil. This can be
done easily enough for water contents measured with a neutron probe,
but much less so for pressure heads, since tensiometers allow
measurements only at fixed locations. Although Table 2.2 shows that
pressure head is a more sensitive variable than water content, the
pattern of sensitivity coefficients indicates that, unless sufficiently large

numbers of tensiometers are installed to allow tracking of the wetting
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Table 2.2 Time and depth averaged sensitivities, §i,

equation (2.41).

given by

Infiltration

parameter ¢] h ratio h: 0
od 7.33 1073 2.29 10~2 3.1
oW 2.54 10° 4,27 10° 1.7
n 1.04 107! 2.81 107} 2.7
0y 3.30 107! 1.24 10° 3.8
a4 3.48 107! 5.29 107! 1.5
oW 2.21 10° 3.02 10° 1.4
Kg 1.98 102 3.69 10~2 1.9

Drainage/Evaporation

parameter *] h ratio h:9
«d 1.29 10° 4.62 101 3.8
oW 4.71 10~ 8.70 107! 1.8
n 5.63 10~2 2.26 107! 4.0
or 3.92 107! 6.85 10° 17.5
0sd 1.66 107! 4.05 107! 2.4
BsW 1.40 10° 4.28 10! 0.3
K 6.16 1073 6.00 103 1.0
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front, most of the information during the infiltration stage will be
obtained from water content measurements. The pattern further
indicates that the location of measurement points during the drying
stage is much less critical resulling in no particular benefit in varying
the location of measurements with time. Preliminary investigations have
shown that simultaneous use of Water contents and pressure heads as
input data for the inverse problem is partially redundant, although both
types of data are required to obtain a reasonably well-posed problem.
In view of these considerations, we shall use water contents as primary
input data together with measurement from a single tensiometer. Because
the sensitivity of pressure head decreases with soil depth, the preferred
location for a tensiometer will be near the soil surface. As additional
sources of uncertainty are included, we will consider increasing the
number of tensiometers as necessary to obtain a well-posed inverse
problem. Disregarding the detrimental effect on estimation accuracy of
dependencies among parameters, the parameters that we should be able
to estimate most accurately are «W, ad, and 0gW, while parameters n and

Kg are expected to be least accurately estimated.

Inversion of Errcr-Free Data

We consider first the inversion of a hypothetical data set assumed to be
entirely free of error in water content and head measurements. Water
content measurements are made at the same times used to compute

sensitivities in the preceding section. During ponded infiltration,
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measurements are made at four depths over a 15 cm zone centered
around the postion of the wetting front. During the drying stage,
measurements are made at fixed depths of x = 15.0, 30.0, 50.0, and 75.0
cm. Pressure head data are employed from one tensiometer installed at
15 cm depth and measured simultaneously with water contents. To obtain
a close approximation to the iniiial condition, it is assumed that initial
pressure head and water content distributions are both known. In
addition, it is known which parts of the profile are initially welting and
which are drying. The lower and upper boundary conditions during
drying are approximated from measured water contents. Since the water
content can never be measured exactly at the surface, the ’measured’
surface water content is actually taken as an average of the water
content in the upper 3 cm of the soil. All measurements are error free.
It is not very likely that such good data will be available in a practical
situation, but still it is useful to verify that the inverse problem can
actually be solved under ideal conditions, before considering more

realistic scenarios.

Initial and final parameter values and their estimated standard deviations
are given in Table 2.1. Since exact data are fitted, the residual error is
quite small (8% = 7.0x10‘6). Estimates for all parameters are close to the
actual values, even for the relatively insensitive parameters n and Kg.
Parameter standard deviations are also quite small, indicating that all
parameters are well-determined. The relative magnitudes of the standard
deviations follow the pattern that was indicated by the analysis of

sensitivity coefficients. The only somewhat unexpected result is that oW
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has a higher standard deviation than «©. Inspection of the parameter
covariance matrix (2.35) shows that very high correlations between
parameters do not occur; the most highly correlated parameters are 6,

and n (A=0.73).

Effects of Data Error

In the remainder of this study we investigate the effects of data and
model error on estimation accuracy and parameter identifiability, starting
here with the case where the correct constitutive model is employed in
the inversion, but input data are subject to random error. Data error
may be regarded as representing combined effects of measurement error
and soil nonhomogeneity not explicitly included in the model. We assume
here that this data error can be represonted as a N(0,¢%) term which is
added to the exact water contents and heads. Error standard deviations

for water contents and heads were arbitrarily taken to be

gg = 0.03 m*m™3

15.0 cm

h

All ’measurements’ of heads and water contents, including those used to
define the initial and boundary conditions, are corrupted with error.
Figures 2.6 and 2.7 show the effect of error of this magnitude on water
content profiles and surface water content, respectively, during drying.

For the initial condition, we shall assume that the initial state of the
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system is deduced from watier content measurements alone. Not only are
these measurements subject io error, bui the wetting-drying history of
the medium is unknown and initial water contents are assumed to

correspond to the boundary drying curve in the 6(h) relationship.

Attempts to solve the inverse problem with all parameters unknown
resulted in large standard errors on the parameters and final parameter
estimates that depended greatly on their starting wvalues. In other
words, the problem no longer has a unique solution. However, direct
informatioﬂ on some of the parameters is available from the experiment
itself which can be used to reduce the dimensionality of the optimization
problem. For instance, the average water content in the wetted part of
the profile at the termination of infiltration will approximate the wetting
satiated water content. Similarly, the infiltration rate at long times will

approach Kg. We will eliminate several parameters as follows:

(1) 0gYW is set equal to the average water content in the wetted part

of the soil at the end of ponding.

(1) Bsd is set equal to the porosity of the soil which is taken as

known.
(iif) Kg is set equal to the final infiltration rate (= 11.0 cm d™!).

(iv) 0, is set equal to the lowest observed surface water content

during evaporation minus a small amount (0.005).

This procedure leaves the parameters oV, «9 and n to be estimated. The

only parameter which is taken to be known exactly is the relatively
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insensitive Bsd. A good approximation is also used for Kg, the actual
value of which is 10.0 cm d7!. The approximation for 68g¥W is based on
physical considerations, but since the soil will not wet along Lthe
boundary wetting curve, the observed satiated water content will be
somewhat higher than the actual 6gW¥. The definition for 6, is somewhat
arbitrary, but is reasonable for the conditions considered here. The
effect of leaving 6, as an additional unknown parameter in the inversion
was evaluated for a number of different data realizations, which yielded
largely the same results as fixing 6, in the manner indicated above.
This is not an unexpected result, since the analysis of parameter
sensitivity indicated that 6, will be determined mainly by water contents
and heads in the upper part of the soil during the later stages of
evaporation, which in turn are controlled by the impcsed upper
boundary condition. Note that the values at which 6g¥W and 8, are fixed
will be affected by errors in the 'measured’ water contents, i.e., every

data realization will yield particular values for 6, and 6gW.

The inverse problem with parameters oW, «d and n was solved for 20
different data realizations. This number of realizations is too low to
provide accurate confidence limits on the parameters, but for the present
problem this was not our primary consideration. Here we are interested
in how accurately the 6(h) and K(8) relationships can be determined.
For this purpose we define as a measure of prediction accuracy the
root-mean-square—-error (RMSE) for deviations between actual and

predicted K-6—h relations
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For 6(h): {
(2.42)

M 2 |1/2
jg;[logloK(ej) - log,oK®(8j) ]

4[]

For X(8): [

where 6(h) and K(6) represent the actual hydraulic properties and 6€(h)
and K€(6) represent the estimated functions for a specific data
realization, and the N head increments and M water content increments
are chosen such that they cover the range from satiated to dry
conditions. Conductivities are log-transformed to give approximately

equal weight to values over the entire range of water contents.

Values of the RMSE’s are given in Table 2.3. Besides values which are
averaged over all 20 realizations, the averages for realizations 1-10 and
11-20 are also given. The results are quite close, indicating that the
number of realizations used is sufficient to obtain a stable mean value
for the RMSE. Table 2.3 indicates that the drying branch of the 6(h)
relation is predicted with considerably higher accuracy than the wetting
branch. The explanation for this is two-fold. First, there was no error
in the value for Bsd , whereas 6gW is somewhat in error, which will result
in better agreement for the main drying curve than for the main wetting
curve, at least for heads close to zero. Second, we recall from the
sensitivity analysis that marked sensitivity to the wetting front position

w

was observed during ponded infiltration, especially for parameter o%¥.

Consequently, parameters will also be sensitive to errors in the
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Table 2.3 Effect of random data error on prediction of 6(h) and K(8)
relations.
Average Prediction Error (RMSE)
6(h) log, 0K(8)
wetting drying

runs 1-10 0.024 0.018 0.797
runs 11-20 0.022 0.015 0.687
overall 0.023 0.017 0.744
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'measured’ wetting front position. During the drying stage sensitivities
are more evenly distributed, and paramoter estimates are therefore less
affected by random data error. Means and standard deviations of the
estimated parameters over the 20 r;aalizations are: od = 0.0096 * 0.002;
«% = 0.0196 £ 0.0057; n = 1.896 = 0.234, confirming that od, which is
determined mainly from measurements during the drying stage, is much
less sensitive to random data error than «W. Of the three parameters
which were taken to be unknown, only n appears in the K(8) relation.
The relatively large sensitivity of n to error in the input data may
explain the correspondingly large prediction error for the K(8) relation.
The average RMSE of 0.744 for log,oK is equivalent to an average
prediction error of somewhat over half an order of magnitude for the

conductivity over the range of water contents.

The preceding results were obtained by weighting observations of water
contents and heads inversely to their mean measured values (see Eq.
2.14). Results obtained with a mixed weighting scheme using (2.14) for
ihe first few iterations and then switching to the adaptive weighting
given by (2.10) were rather disappointing. When the switch to adaptive
weighting was made too early, the optimization scheme sometimes failed to
converge. On the other hand, when the switch was made after complete
convergence of the first stage, we found for all 20 cases that the
additional iterations during the adaptive weighting stage resulted in
negligible change in parameter values, while adding significantly to total
computer costs. While the simple weighting scheme (2.14) is unlikely to

be optimal in a statistical sense, we conclude that adaptive weighting

89



offers no improvement for the problem considered here.

We also examined the relalive importance of errors in initial and
boundary conditions. To evaluate effects of initial condition uncertainty,
inveraions for the first ten data realizations were repeated with initial
conditions specified exactly. We similarly examined effects of error in
the boundary condition during the drying stage, by repeating the
inversions ﬁrith correctly specified boundary conditons, i.e. the boundary
conditions are ‘still approximated as equivalent first-type conditions but
assuming now exact measurements. The analyses were carried out for
the first ten data realizations using only data from the drying stage.
The initial condition is thus given by the state of the profile at the end
of ponding, which permits estimation of ed(h) only. The effects of
removing uncertainty in initial and boundary conditions, respectively, are
summarized in Table 2.4 with average prediction errors again expressed
in terms of the RMSE. A comparison of the results in Table 2.4 with
those in Table 2.3 shows that removal of uncertainty in the initial
condition resulis in a fairly small improvement in the prediction of 6% (h)
and K(8) while leaving the prediction of ed(h) unaffected; this indicates
that prediction accuracy i8 not very sensitive to uncertainty in the

initial condition.

The results in Table 2.4 also suggest that uncertainty in the boundary
conditions during drying has a large effect on the accuracy of predicted
Od(h) and K(0) relations. Case B in Table 2.4 shows that remowval of the

error in boundary conditions improves the prediction accuracy
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Table 2.4 Effects of different sources of error on prediction accuracy.

Average Prediction Error (RMSE)

8(h) log, oK(8)
wetting drying
Case A. Exact initial conditions 0.022 0.018 0.711
Case B. Exact boundary conditions X 0.007 0.360
Case C. Exact measurements inside
profile b 0.016 0.671
Case D. Errors in all measurements 3 0.018 0.751

X Cases B, C, D: only drying stage considered in inversion
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approximately two-fold. In contrast, removai of the uncertainty in water
contents and heads inside the profile, while leaving error in the
boundary conditions, has a much smaller effect on the prediction
accuracy (Case C). Finally, comparison of Case D with Table 2.3 shows
that the use of data from the drying stage only versus combined wetting
+ drying has little or no effect on the prediction accuracy of the Bd(h)
and K(0) relations, although it precludes of course the simultaneous

determination of the 8%W(h) relation.

Effects of Combined Data and Model Error

We finally investigate the combined effects of data error and error in
the assumed constitutive relations on the predicted 86{(h) and K(8) curves.
Consider the same hypothetical infiltration/drying experiment as before,
except that hydraulic properties of the material are not given by (2.2) -

(2.6) but by expressions of the form

8 = 8, + (0P - 8y) F' D (2.43)
7
K = Ks[é-:;;] (2.44)

where p = w or d denotes the saturation path. Parameters 6gV, Osd, op
and Kg were assigned the same values as before (see Table 2.1). Other
parameters were given the values: ¥ = 0.01 cm™!, ﬂd = 0.004 cm™! and

v = 16.0. In generating water content and pressure head profiles for
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the infiltration/drying event, tne hystaresisjair-entrapment routine was
not. changed. Besides opersational conveuniznce, the justification for this
is that different hysteresis models yield quite similar solutions to the
direct problem (Jaynes, 1984), with the corollary that the inverse
problem will have very little sensitivity to the exact form of the
hysteresis model. Generated water content and head profiles were
sampled as discussed previously to provide input data for inversion.
Measurements during ponded infiltration were made at the same times as
before, with measurement locations again taken in a 15 cm zone centered
around the position of the wetting front. Observations during drying

were also made at the same times and locations as before.

In the inverse solution, the constitutive model (2.2) - (2.6) was used with
og¥W = Gsd = 8g, l.e., assuming closure of the retention curve even
though the actual retention function (2.43) involves separate values for
0gW and Bsd. The motivation for assuming a closed retention loop is
based on preliminary inversion runs which indicated that the existence
of separate parameters 8g% and Bsd could no longer be deduced. Hence
we fall back to the simpler model, employing a single parameter 6g. The
value of this parameter was set equal to the 'observed’ water content at
the end of ponding. Kg was again taken to be estimated from the final
ponded infiltration rate equal to 11 cm d~'. As before, 8y is determined
from ’measured’ surface water contents, and parameters «%¥, «d and n are

obtained from the inversion.

To allow distinction between the effects of model and combined model +
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data error, the inverse problem was firsi solved using error-free data.
The predicted K(6) and main wetting and drying branches of 6(h) are
compared with actual hydraulic properties in PFigure 2.8. Differences
between actual and predicted hjydraulic properties, as expressed in the
RMSE for 6(h) and log,o,K(8), are given in Table 2.5. The largest
deviations between the actual and predicted retention functions occur for
the drying boundary at pressure heads near zero and stem from the fact
that the value used for 6g is a poor approximation to Bsd. Since 8y was
taken as the satiated water content after wetting, its value is quite close
to 6g% and overall agreement with the wetting 6(h) boundary is
consequently better than for the boundary drying curve. On the whole,
we judge that the predicted 8(h) and K(8) relations describe the actual

hydraulic properties reasonably well.

To study the combined effect of model + data error, 10 data realizations
were generated by adding N(0,6?) error of the same magnitude as before
to "observed" water content and pressure head data generated with
(2.43) and (2.44), followed by solution of the inverse problem for each
data realization. In 6 out of the 10 cases, identical values for a¥ and od
were returned. As a check, the inversions were repeated for these 6
cases using different starting points for the least-squares minimization,
yielding the same results. In the other 4 cases where different values
for a¥ and «9 were returned, the parameters showed typical symptoms of
being ill-defined. Correlation coefficients between the three parameters
aW, «d and n were quite high, often exceeding 0.9, and parameter

standard errors were also high. These four cases were alsc analysed
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Table 2.5 Effect of combined model + data error on prediction of 6(h)

and K(8) relations.

Average Prediction Error (RMSE)

6(h) log, oK(0)
wetting drying
no data error? 0.012 0.024 0.495
data + model error? 0.036 0.026 0.425

! hysteretic 8(h) relation fitted

2 non-hysteretic 6(h) relation fitted
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again, this time by fixing «W = ad = ay 1., fitting only the two
parameters « and n. The overall fit to the data, as judged from the
residual sum of squares in each case turned out to be only marginally
worse than obtained with the three-parawmeter model, and the residual
variance (see Eq. 2.36) was in all but one case actually lower for the
two-parameter model. Evidently, under conditions of uncertainty in both
the constitutive model and input data, it is no longer possible to reliably
distinguish separate values for «W and ad, and hence to ascertain
whether or not the retention function exhibits hysteresis. The fact that
the number of parameters that can be meaningfully identified decreases
as the level of uncertainty increases has been noted for other inverse
problems (e.g., Carrerra and Neuman, 1986; Chu et al., 1987). A possible
remedy is to include additional information in the objective function,
either in the form of prior parameter information, or by increasing the
number of observations. We investigated the latter by using pressure
head measurements from a second tensiometer installed at 60 cm depth,
in addition to the already available water content and head data. From
the inversion using all 10 data realizations, we found that this
supplementary data did not yield any better resoiut.ion of parameter

estimates.

Average prediction errors for the data + model error case are also given
in Table 2.5. The values in this table are based on the inversion using
only data from the tensiometer at 15 cm depth and fitting the
two-parameter, non-hysteretic model. The predicted retention function is

still compared with both wetting and drying boundaries of the actual
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8(h) relation. As was the case with results presented in Table 2.3 (data
error only), and in contrast with the case ;)f model error with error-free
data, agreement with the drying boundary is better on average than
agreement with the wetting boundary. As expected, the prediction error
is larger when both model + data error are considered, compared to the
model error only or data error only cases. Surprisingly, this does not
appear to be the case for the predicted K(8) relationship. The average
error is in fact lowest for the combined model + data error case. This
result is unexpected, and perhaps a spurious result due to the small

number of data realizations that were analysed.

CONCLUSIONS

We have presented details of an analysis of the inverse problem for
one-dimensional transient unsaturated flow, employing an efficient
Levenberg—Marquardt algorithm for the nonlinear weighted least-squares
inversion. Sensitivity analyses were shown to be a useful tool for
designing optimal sampling schemes. In ideal situations, experiments
should be designed to maximize the sensitivity to all parameters. In
many instances it will not be practically feasible to invert for all
parameters simultaneously. A more realistic approach would be to design
the experiment so that direct information on the least sensitive
parameters is obtained, enabling either their elimination from the inverse

problem, or providing a good starting value for these parameters and

98



subsequently constraining their to remain cluse to that value.

We showed that the parameters in the extended van Genuchten model for
hysteretic K-6-h relations can be estin;at.ed from simple one-dimensional
infiltration/drying experiments using readily obtainable measurements of
water content and pressure head, provided there is no error in either
the assumed constitutive model or any of the measurements. Both are of
course important caveats. As long as the correct constitutive model is
used and directly measurable parameters are eliminated, a reasonably
good prediction of hysteretic hydraulic properties can be obtained. The
analysis further shows that besides the magnitude of sensitivities, their
distributions in space and time are important in determining parameter
identifiability. Strong peaks in the distribution of sensitivity
coefficients indicate that the corresponding parameter will be sensitive to
measurements at these points. By the same token, parameter estimates
will be strongly affected by measurement errors. For the case of
ponded infiltration, parameter estimates are very sensitive to correct
identification of the position of the wetting front. Random measurement
error was found to have a more detrimental effect on prediction of the
wetting 6(h)-relation than on prediction of the drying branch. During
drainage, with a relatively high evaporative flux at the soil surface, the
accuracy of prediction is determined mostly by how well the boundary

conditions, and in particular the evaporative flux across the soil surface,

are approximated.
When both the assumed constitutive hydraulic model and measurements
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are subject to error, ihe number of parameters that can be
simultaneously estimated furiher decreasces. For the scenario considered
here, it was no longer possible Lo idenlify hysteretic properties of the
water retention function. Because the actual retention function employed
did not exhibit much hysteresis, the hysicretic effects could be easily
overwhelmed by other sources of error. The combination of measurement
uncertainty and typical lack of soil homogeneity may be expected to
preclude identifying a detailed hydraulic property model in many field
situations. For our hypothetical soil, the non-hysteretic hydraulic
properties still describe the actual K-6-h functions reasonably well,
especially the K(d)-relationship, and the use of a simpler constitutive
model resulted both in faster solution of the direct problem and faster

convergence of the least-squares minimization problem.
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Chapter 111

APPLICATION GF THE INVERSE METHOD
FOR CHARACTERIZING IN--SITU HYDRAULIC PROPERTIES

ABSTRACT

The parameter estimation algorithm described in Chapter 2 is applied to
estimate hydraulic parameters via inversion of the transient flow
equation for two in-situ experiments. The first experiment involves
drainage from a large, 42 m?®, initially saturated lysimeter or caisson.
The caisson soil material is characterized by a high degree of
homogeneity and was intensively insirumented. Four parameters in van
Genuchten’s K-6~h model («, n, 8, and Kg) were simultaneously estimated.
Excellent agreement was found between predicted and independently
obtained water retention and conductivity relations. The estimation error
was relatively large for Kg, indicating insensitivity of the unsaturated
flow process to this parameter. The second case involves inversion of a
transient infiltration-drainage field experiment carried out at New Mexico
State University. Considerably higher data uncertainty than in the first
problem prevents estimation of more than the two shape parameters «
and n. Attempts to use a more complicated two-layer or hysteretic model
in the inversion show occurence of multiple minima on the response
surface, with results being not or only marginally better than those

obtained with the two-parameter model. The complexity of the model that
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can be meaningfully identified appears to be controlled by the level of

uncertainty in a given set of experimentlal data.

INTRODUCTION

Several results have been obtained in recent years pertaining to the
determination of unsaturated soil hydraulic properties by numerical
inversion of the transient flow equation (Zachmann et al.,, 1981, 1982;
Hornung, 1983; Kool et al. 1985; Parker et al. 1985; Jennings et al., 1985).
Altough the approach imposes no a priori constraint on experimental
design, most studies have considered drainage from initially saturated
soil cores. Kool et al. (1986) considered a combined inflow—-outflow
experiment and concluded that inversion of both wetting and drying data
could be used to determine hysteresis in the soil water characteristic. A
common feature of all these studies is that they involved analysis of
laboratory column experiments, while also using mostly synthetic, rather
than real data. The flow inversion approach would gain much in appeal if
it could be used successfully for determining hydraulic properties from
in-situ experiments. To date, the only published application of flow
inversion to an experiment approximating field conditions is the study of
Dane and Hruska (1983). In the latter study, parameters « and n in van
Genuchten’s (1980) model for nonhysteretic soil hydraulic properties were
determined by inversion of a transient drainage experiment performed in
a 0.76 m diameter by 0.9m deep lysimeter filled with a clay loam soil. The

authors reported good agreement between the predicted and
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independently determined waler retentioin characteristic.

The analysis presented in Chapter 2 aiso indicates the feasibility of
determining hydraulic parameters by inversion of transient in-situ data,
but at the same time points to difficuliies that may arise when input
data are subject to uncertainty, as may be anticipated for field
measurements. Uncertainty in input data will aggravate the inherent
ill-posedness of the inverse problem. While analysis of a carefully
designed synthetic experiment allows much insight to be gained about
the nature and behavior of a problem under various conditions, such an
experiment can only approximate realistic conditions. The eventual
acceptance of the conclusions from an hypothetical analysis rests upon
results obtained from application to real data. Therefore, the purpose of
this study is to discuss the application of the inverse method to two
transient in-situ experiments, and thereby to evaluate the conclusions

from Chapter 2.
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INVERSION OF A LYSIMETER DRATWAGE EXPERIMENT

Materials and Methods

The first experiment to be discussed involves drainage from an initially
saturated 3 m diameter by 6 m deep lysimeter. The lysimeter was filled
with crushed Bandelier Tuff, a material with silty sand texture. The
experiment was carried out at Los Alamos National Laboratory and is
discussed in detail by Abeele (1984). The lysimeter was instrumented
with neutron probe access tubes and tensiometers, both installed at
depths of 0.4, 1.16, 1.91, 2.71, 3.47 and 4.23 m. The average water
content following ponded infiltration for more than one month provided a
value for 6g of 0.331 m®m~3. The saturated conductivity, Kg, computed
from the steady state flux exiting the bottom of the lysimeter was 0.124
m d~!. After saturation, the lysimeter was allowed to drain for 100 days
during which period water content and pressure head profiles were
monitored. The surface of the lysimeter was covered during the

drainage period. Measured data are given in Appendix B.

Since measurements are available only during drainage, it is not possible
to verify the existence of hysteresis in the K-8-h relation and the model
to be used in the flow inversion reduces to van Genuchten’s (1980)
original nonhysteretic model (Appendix A, eqns. (A.l) and (A.5)), with
parameters 6g, 6, Kg, « and n. Of these parameters only 6g is taken to

be known and fixed at the average measured value of 0.331. The inverse
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problem is thus similar to the one considered by Dane and Hruska (1983),

but with 6, and Kg as additional unkrowns.

The initial condition for the direct probiem is a zero pressure head
throughout the depth of the lysimeter. The surface cover imposes a zero
flux upper boundary condition. Observed pressure heads at x=4.23m with
linear temporal interpolation were used to provide the lower boundary
condition. It may be noted that the lower boundary condition in this
case could be specified in several ways. The bottom of the lysimeter was
covered with a 25 cm thick gravel layer, allowing a zero pressure head
boundary condition at the interface depth. Alternatively, a zero pressure
head gradient could have been specified for this gravily drainage
problem. Both alternatives were in fact investigated and found to have
negligible effect on parameter estimation results. As input data, water
contents measured at 0.4, 1.16, 1.91, 2.71 and 3.47 m depth and times
t=1, 4, 10, 20, 40, and 100 d since the start of drainage were used,
with additional measurements of pressure head at the same times, but at
depth x=0.4 m only. The inverse problem was formulated as a weighted

least-squares problem which can be written for this problem as

5 6 2 6 2
min ¢ =% I [B*ij - Gij(b)] + w Z [h*j - hj(b)] (3.1)
b i=1 j=1 J=1

where G*ij represents measured water contents at depths xj and times tj,
h*j is the measured pressure head at depth 0.4 m and times tj, and b is

the four-parameter vector («, n, 6p, KS)T. In (4.1), w represents the
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weight given to pressure head observations; its value is obtained from

(2.14), after normalizing so that water content observations receive unit

weight, i.e.,

5 6 ¢
w=65% I 0¥(xi,tj) /% L h¥(tj) . (3.2)
i=1 j=1 =l

With pressure heads expressed in meters, (3.2) yields a value for w of
0.160. After the analysis, w was recomputed using (1.8) as a check on
the correctness of the value used in (3.1). Weighting the residuals in
(3.1) by reciprocals of the estimated error standard deviations would
have given a relative weight of w = 0.124. In other words, the value
obtained from (3.2) is close to optimal for this problem. The WLS problem
was solved using the algorithm outlined in Chapter 2, employing a nodal
spacing of 5 cm in the direct problem solution. The accuracy of the
direct problem solution was checked by comparing simulation results with
those obtained using a 2.5 cm spacing, which gave essentialy identical
results. A lower bound of 1.1 was specified for parameter n and 0.0001
for the other parameters. Specifying a nonzero lower bound avoids
possible embarrassment in the ccomputation of the finite difference

approximation (2.18) of the Jacobian.
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Results

Parameter estimates obtained from the flow inversion and their statistics
are given in Tables 3.1 and 3.2 . Since the estimate of 6, is at the
lower parameter bound, there are no statistics for this parameter. Of the
remaining parameters the estimate of Kg is the least accurate, with a
95 % confidence interval that is almost t 50 % of the estimated wvalue.
Table 3.1 shows that the final estimate for this parameter remains quite
close to the starting value. Indeed, using different initial values for Kg
led to different parameter estimates. Besides the large estimation error,
the dependence of the final parameter estimate on the initial value used
indicates the poor identifiability of Kg, which is further aggravated by
the high correlation with the other parameters (see Table 3.2). Observed
and fitted water content profiles at t = 1, 10, 40 and 100 days are shown
in Figure 3.1. For pressure heads at 0.4 m depth, the mean deviation
between observed and fitted values was 0.07 cm. Figure 3.1 shows good
overall agreement between observed and fitted water contents, with
poorer results for t = 1 day and for the 3.47 depth at t = 4 days.
Computed water content profiles show a more rapid initial decrease than
observed. This is related to the high estimated value for Kg (Table 3.1)
which is about 2 times higher than the observed value of 0.124 m d™!.
A too high Kg value will result in overly rapid initial drainage, but will
have less of an effect when the soil has become unsaturated.
Consequently, the estimate for Kg is determined mainly by observations
at small times. As discussed in Chapter 1, a remedy for the poor estimate

of saturated conductivity is to include prior information on Kg in the
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Table 3.1

‘van Genuchten parameters for Bandelier Tuff estimated
from inversion of lysimeter drainage data.
initial estimated standard 95% confidence limits
parameter value value deviation lower upper
« (m 1) 1.50 1.386 0.13 1.12 1.65
n 2.00 1.525 0.048 1.42 1.62
0r 0.05 0.001 — —— ———
Kg(m d71) 0.25 0.230 0.052 0.124 0.336
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Table 3.2 Correlation matrix for parameters
estimated from inversion of lysi-

meter drainage data.

parameter
parameter « n Kg
@ 1.0000
n -0.9347 1.600
Kg 0.9739 -0.9504 1.0000

Correlations were computed using (2.35) and
(2.38)
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least-squares function. In this particular cuase a directly measured value
for Kg was available, but in many praclical situations it is quite difficult
to determine a good value for in-situ Kg. Alternatively, the early time
observations could have been asusigned higher weights to obtain a more
accurate estimate for Kg. If an experiment contains no observations at
salurated or near-—-saturated conditions, Kg will be very ill-determined, as
for example in the experiment of Dane and Hruska (1983) who observed
little sensitivity to Kg when it changed by an order of magnitude. To
verify the accuracy of parameter estimates, predicted and independently
determined 68(h) and K(8) relations for the Bandelier Tuff are compared
in Figure 3.2 and 3.3, respectively. The 6(h) data points in Figure 3.2
represent in-situ measurements from the lysimeter as well as from the
laboratory for the lower pressure heads. The K(6) data points shown in
Figure 3.3 were calculated from the lysimeter drainage experiment
(Abeele, 1984) using the instantaneous profile method (Watson, 1966).

Both figures show excellent agreement.

Discussion

While the results are very favorable, we recognize that the lysimeter
experiment was carried out in a very homogeneous medium, whereas field
soils may exhibit marked heterogeneity (e.g., layering) at the scale of
observation. Also, the observed pressure heads at each time and depth
are actually averages obtained from two tensiometers installed at each

depth. Similarly, observed water contents represent averages over
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several readings made at each depth and time. Nevertheless, the type
and intensity of measurements in the lysimeter example are those of a
typical field situation. In this case, measurements were taken over a
100-day period. While this seems quite long, the frequency with which
measurements need to be taken should decrease quickly as the duration
of the experiment increases. The lysimeter data changed little after
approximately 20 days. We made no attempt to determine the minimum
required experimental duration. Experience with laboratory outflow tests
indicate that the important factor is change in water content and
pressure head between beginning and end of the experiment rather than
duration of the experiment per se. This means that measurements would
have to be taken over a longer period of time for a slowly draining
heavy-textured soil as compared with a more quickly draining light-
textured soil. Alternatively, the desired effect may be obtained more
rapidly by not covering the soil surface during drainage and allowing

simultaneous evaporation and gravily drainage to occur.

INVERSION OF A FIELD INFILTRATION-DRAINAGE EXPERIMENT

The second example involves determination of hydraulic properties by
inversion of transient flow data from a field infiltration-redistribution
experiment carried out at New Mexico State University. Kool et al. (1987)
performed the flow inversion for each of 91 sub-plots with the purpose

of characterizing spatial wvariability of hydraulic properties. The



inversion was done for the upper 90 cm of the soil, using water contents
and pressure heads at 30 and 60 cm as input data and tensiometer
readings at 90 cm to provide the lower boundary condition for the direct
problem. Although measurements at most subplots showed evidence of
layering, the soil was considered to be homogeneous; possible hysteresis
in the water retention function was also ignored. Here, the inversion for
one typical sub-plot will be examined in more detail. Taking the analysis
of Kool et al. (1987) as a starting point, the effects of ignoring layering

and hysteresis in the inversion will be examined.

Materials and methods

The field site is located in the flood plain of the Rio Grande river near
Las Cruces, NM. The soil is a Glendale clay loam (Typic Torrifluvent),
consisting of approximately 0.7 m of fine silty clay loam overlying
fine-to-medium sand (Nash et. al.,, 1987). A total of 91 neutron probe
access tubes were installed to a depth of 1.5 m at 1 m lateral intervals
along the center of the 93 m long by 3 m wide plot. At each of the 91
subplots, tensiometers were installed at depth of 30, 60, 90, 120 and 150
cm. Tensiometers were placed 30 cm apart along a line perpendicular to
the long axis of the plot. Between August 2, 1985, and November 25, 1985,
the plot was continuously drip-irrigated at a rate starting at 1.1 cm d™!
and increasing to 4.4 cm d~!. Water contents at the tensiometer depths
and pressure heads were measured prior to, and periodically during the

irrigation period, as well as for 45 days during redistribution following
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irrigation. The s0il surface was covered during the entire experimental
period. Independent ponded surface infiliration tests were performed at

each sub-plot.

Experimental data for the sub-plot are given in Appendix C. Measured
water contents and pressure heads at 30 and 60 cm depth and times
t =1, 3, 5, 10, 53, 74, 88, 115, 116, 118, 133, and 159 days were used as
input data for the inversion. In addition, water contents and pressure
heads measured at 30 cm and 60 cm depth, 2 days before the stari of
the experiment, were entered into the objective function as (0,h) data
pairs. Irrigation ocurred up to day 114 after which drainage with a zero
flux surface boundary condition was initiated. Although treated as such
in the analysis, the actual period between measurements was not always
an exact 24 hour multiple and water contents and pressure heads were
not always measured simultaneously. The lower sysiem boundary is taken
at 90 cm depth, with the observed tensiometer readings, linearly
interpolated in time, providing a first-type boundary condition for the
direct problem solution. The initial condition was deduced from pressure
heads measured one day before the start of irrigation. In assigning
initial nodal pressure heads in the finite element flow model, pressure
heads were taken to be constant with depth in the 0 - 30 cm zone, and

to vary linearly with depth between 30 and 60 cm, and 60 and 90 cm.
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Results

Table 3.3, case 1, gives parameter eslimates and their statistics obtained
by Kool et al. (1987) for the sub-plot. As mentioned before, the soil was
treated as homogeneous and hysteresis was ignored; the hydraulic model
therefore reduces to van Genuchten’s (1980) 5-parameter K-6-h model
(Appendix A, egqns. A.1 and A.5). In this analysis only the two shape
parameters « and n were estimated via the flow inversion. The
independently measured steady ponded infiltration rate of 7.65 cm d!
was equated to Kg. A value of 0.395 was assigned to 6g based on
inspection of measured water contents during the last stage of
infiltration, and the residual water content 6, was arbitrarily fixed at
0.10. Although results varied between the sub-plots, Kool et al. (1987)
found that it was generally not possible to estimate 6, along with « and
n. Attempts to do so typically resulted in large estimation errors for all
three parameters. Much better results, with little or no apparent loss in

accuracy, were obtained when 8, was set to 0.10 for all subplots.

Figures 3.4 and 3.5 show the agreement between observed and best-fit
pressure heads and water contents, respectively, with time. Observed
and fitted pressure heads generally agree quite well. The break in slope
of the fitted curve at 77 and 114 days corresponds to changes in the
irrigation flux. The figure suggests some discrepancies for the 30 cm
depth between days 50 and 80. However, these deviations are
exaggerated by the use of a logarithmic vertical axis; actual deviations

are largest towards the end of the monitoring period. The comparison
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TABLE 3.3 Parameters estimated from rield infiltration—drainage

inversion.
Case wsQa) s2b) ParameterS) Initial Finald) st. dev.
I 0.313 0.0068 0r 0.10
Og 0.395
Kg 7.65
« 0.010 0.0141 0.0003
n 1.500 1.3577 0.0362
II 0.281 0.0067 01 0.10
05, 0.380 0.3797 0.0217
Ks: 7.65
o, 0.0141 0.0155 0.0014
n, 1.3577 1.3561 0.0518
Ora2 0.10
052 0.410 0.4067 0.0220
Ks2 7.65
g 0.0141 0.0145 0.0017
n, 1.3577 1.3248 0.0571
111 0.308 0.0069 8r 0.10

8g 0.395
Ka 7.65
& 0.0125 0.0141 0.0006
M 0.0145 0.0147 0.0021
I 1.400 1.3440 0.0243

a)Pinal value of the Weighted Sum of Squares objective function;

b)Residual variance, cf., (3.3);

C)KS in cm d7!', « in cm™ !, subscripts 1 and 2 for case II indicate soil
layers;

d)Blanks indicate fixed parameters.
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Figure 3.4 Observed and fitted pressure heads at 30 and 60 cm depth

with time during transient infiltration-drainage experiments.
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Figure 3.5 Observed and fitted water contents at 30 and 60 cm depth
with time during transient infiltration-drainage experiment.

Symbols as in Figure 3.4.
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of observed and filted water contents in Figure 3.5 shows evidence of
both soil layering and hysteresis. The presence of soil layering can be
seen from the systematically lcwer water contents during irrigation at
the 30 cm depth compared to the 60 cm depth. The presence of
hysteresis in the water retention characteristic is suggested by the
slower than predicted decrease in watler content, especially at 60 cm,
after the termination of irrigation. Simultaneous measurements of 6 and h
are plotted in Figure 3.6, together with the predicted water retention
curve. Considering the scatter in measured data points, the predicted
curve describes the ’average’ observed data quite well. At the same
time, this figure shows the systematically higher water contents near

saturation for the 60 cm depth, that were already evident in Figure 3.5.

The effect of ignoring socil layering was investigated by repeating the
inversion, treating the soil profile this time as a two-layer system, with
layer 1 extending from 0 - 45 cm and layer 2 from 45 - 90 cm. This
designation of soil layers is rather arbitrary and actual profile
composition is likely to be considerably more complicated, reflecting the
alluvial character of the deposits. Kies (1981) describes the soil profile
near the field plot as follows: "On the average, the soil consisted of
50 cm of clay loam over 30 cin of silty clay loam followed by sand. The
limits between layers are not very well defined. There was a very heavy
clay layer between 40 and 50 cm having a variable thickness. Thin layers
of silt or clay were present at various depths, but not always over the
whole plot area". For the two-layer inversion, residual water content and

saturated conductivity for both layers were set to 0.10 and 7.65 cm d~},
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Figure 3.6 Observed and predicted 6{h) relation. Predicted curve from

case I inversion.
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respectively. Parameters 6g, « and n were fitted separately for each
layer. Final estimates from the homogeneous soil inversion (Table 8.3)
provided starting values for « and n. Slarting values for 85 were 0.380
and 0.410, for upper and lower layer, respectively. Inversion results are

given in Table 3.3 (case II).

The effect of ignoring hysteresis in the 0(h) relation in the initial
analysis was similarly evaluated by repeating the inversion using the
extended van Genuchten model (Kool and Parker, 1987; Appendix A) for a
hysteretic K-6-h relation. In this analysis, the soil was again taken to be
vertically homogeneous. Taking the 6(h) relation to be closed at
saturation (esd:esW), the constitutive model has 6 parameters: 6g, 8, Kg,
ad, «¥, and n. The first three parameters were fixed as in the
nonhysteretic analysis, while shape parameters txd, a¥ and n were
estimated via the flow inversion. Results of this analysis are also given
in Table 3.3 (case III). Predicted 6(h) relationships for cases II and III
are plotted in figure 3.7, together with the observed (6,h) data. Boih
the wetting and drying retention curves obtained from the case III

inversion are drawn, but hysteresis in the predicted retention functicn

is so slight that both curves are virtually undistinguishable.

Discussion

The results in Table 3.3 show a modest reduction in objective function

value, and hence a better fit to the data, when allowing for either soil
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layering or a hysteretic retention function. Further inspection reveals
that the use of either a two-layer or a hysleretic model leads to better
agreement between observed &nd fitted water contents, but not to a
improved description of observed pressure heads. The mean deviation
between observed and fitted pressure heads was in fact slightly greater
for case II and III compared to case 1. To evaluate the significance of a

better model fit, we compared the residual variances

g2 = MSQ (3.3)

where WSQ is the value of the objective function (Weighted Sum of
Squares) at the optimum, and n and p are the number of observations
and estimated parameters, respectively. Values of s? are given in the
second column of Table 3.3. They show that there is essentially no
difference between the three cases. The value of s? is marginally lower
for case II, but at the expense of higher estimation errors for the
parameters. Values of « and n in cases II and III remain quite close to
those of case I, although the final parameter estimates in both cases
were found to be quite sensitive to their starting values. When starting
values other than those in Table 3.3 were used, the parameter solutions
converged to local minima with higher final objective function wvalues.
Further inspection of Figures 3.6 and 3.7 reveals that neither the
two-layer nor the hysteretic model results in a better prediction of 6(h)
as compared with the case I inversion. The agreement between observed
and predicted 6(h) can be expressed in terms of the Mean Square

Deviation (MSD)
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MSD = m~' § [6%(hy) - 8(hy) ]2 (3.4)
i=1

where 6*(hi) is the observed water content at pressure head hj and 6(hj)
is the corresponding predicted water content. The MSD for cases I, II
and III was 6.3x107%, 5.6x10~%, and 6.4x10%, respectively. The value for
case II is an average for the two layers, obtained by matching observed
30 cm data to layer-1 predictions and 60 cm data to layer-2 predictions.
The value for case III is a similar average, computed by matching data
observed during drainage to the predicted drying curve, and data
measured during irrigation to the predicted wetting curve. These
results again indicate that the simple model used in the case I inversion

performs at least as well as the more complicated models.

CONCLUSIONS

Results from the Los Alamos caisson drainage and the NMSU field
infiltration-drainage inversions presented in this chapter substantiate
the conclusions of the theoretical analysis in Chapter 2. The inversion of
the caisson data shows that when the soil is homogeneous and accurate
measurements are available, parameter estimation via flow inversion offers
a rapid and accurate alternative to conventional methods for determining
soil hydraulic properties. The relative precision with which the various

parameters are estimated follows the same trend as found in Chapter 2,
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with saturated hydraulic conductivity bLeing particularly insensitive and
therefore the most difficult tc estimatle precisely. However, the
insenaitivity to Kg also implies that as long as one is interested in
unsaturated flow behavior, an accurate value for Kg is probably not

really that important.

While yielding favorable results, the Los Alamos example is not
representative of a typical field experiment. The NMSU field
infillration-drainage experiment, on the other hand, should be considered
a more representative problem. While actual measurement error in
pressure heads and water contents are not necessarilly higher than in
the caisson experiment, they are compounded with other sources of
uncertainty, such as soil heterogeneity, timing of measurements and
uniformity of applied irrigation, thus leading to much higher overall data
uncertainty. Results from the case 1 inversion shcow ihat it is still
possible to describe the observed data reasonably well; predicted
constitutive relations also agree acceptably well with observed system
properties (Figure 3.6). The main penalty of higher data uncertainty is
in the reduced number of parameters that can be meaningfully identified,
and therefore, the degree of refinement of the assumed parameteric
model that can be attained. This does of course, not imply that there is
no layering or hysteresis in actual soil properties. The analysis in
Chapter 2 showed that the effects of hystieresis may be overwhelmed by
a high level of data error. Visual inspection of the soil profile near the
field plot (Kies, 1981) confirms the presence of distinct layers. If

anything, the assumed soil composition in the case [I inversion is
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probably too crude to yield significannly hetter results than obtained

under the homcgeneous soil assampticn (case I).

The use of an overly complicated model in the inversion can be deduced
from the ill-behaved parameter solution, notably its high estimation
errors and/or lack of a unique solution. Results presented for the case
ITI and III inversions show that parameter estimates remain quite close to
those obtained in the case I inversion. This is more due to the fact that
starting values for these cases were obtained from the case I results,
rather than to an automatic degeneration the more complicated models to
to the simpler model. Use of different parameter starting wvalues than

reported led to quite different estimates.
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APPENDIX A

DEVELOPMENT AND EVALUATION OF CLOSED-FORM EXPRESSIONS FOR

HYSTERETIC SOIL HYDRAULIC PROPERTIES

ABSTRACT

A concise representation of hysteretic soil hydraulic properties is given
based on a combination of van Genuchten’s parametric K-6-h model and
Scott et al.’s empirical hysteresis model modified to account for air
entrapment. The resulting model yields compact, closed-form expressions
for the hysteretic water retention curve 6(h) and the soil water capacity
C(h), as well as for the hydraulic conductivity function K(h). Depending
on the degree of simplification involved, the model contains a total of 6-9
parameters which can be calibrated from direct measurement of 6(h) and
saturated conductivity or by an inverse solution approach from transient
flow experiments. Comparison of model-predicted and measured K-0-h
relations for eight soils revealed one case in which model predictions
were very poor. Model accuracy was judged to be acceptably good in
the other cases. Mualem’s modified dependent domain model was found to
be more accurate for soils with very narrow pore size distributions. Use
of a simplified version of the proposed model with 2 parameters
eliminated provided overall accuracy very similar to that of the more

complex model.
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INTRODUCTION

Considerable effort has been put into analysis and description of
unsaturated hysteretic soil hydraulic properties. This effort has led to
the development of numerous models for describing hysteresis in the soil
water retention function, 6(h), (e.g., Topp, 1971; Mualem, 1974, 1984;
Killough, 1976; Hoa et al., 1977). Recently, Scott et al. (1983)
introduced a simple empirical hysteresis model and showed that this
model predicts scanning curves and hysteretic flow processes for
different soils quite well. Jaynes (1984) evaluated four different
hysteresis models and found that the different models gave generally
equivalent results. In the event of approximately equivalent accuracy,
calibration requirements and ease of incorporating the hysteresis model
into a numerical flow analysis will be primary considerations in model

selection.

Modeling of hysteretic flow processes requires knowledge of at least the
main wetting and drying retention curves plus the hydraulic
conductivity - water content relationships of the medium. Considerable
success has been achieved in the development of pore-structure models
which allow the hydraulic conductivity function to be predicted from the
saturated conductivity and water retention function. Incorporation of
hysteresis models into pore-structure models is a straight-forward
procedure which could considerably simplify the description of hysteretic
flow, but such analyses have not been reported to date. In particular,

it has not been shown that the combination of an approximate hysteresis
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model with an approximate conductivity model leads to a final model of

acceptable accuracy.

It is the purpose of this paper to develop closed-form relationships for
describing hysteretic soil hydraulic properties based on existing
hysteresis and pore-structure models. Simplifications that allow further
reductions in data requirements for model calibration will be
investigated. The accuracy of the resulting model will be evaluated by
comparing results with measured and hypothetical data, as well as with
predictions obtained with Mualem’s recent modified dependent domain

model (Mualem, 1984).

MODEL DEVELOPMENT

The main hysteresis loop for a hypothetical soil is shown in Figure Al.
It is assumed that main drying and wetting retention curves can be

described accurately by van Genuchten’s (1980) expression

0-0, [1+ 1ahid]™ h<O

P -

Se = (A.1)

1 h=0

where Sg is the effective saturation, 6 is the volumetric water content
(L®L™?), h is pressure head (L), 6g and 6, are the saturated and

residual water contents, respectively, « (L”!) and n are curve shape
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Main 8(h) hysteresis loop for hypothetical soil.
given by Eq. (A.1) with e,.d:e,.W and nd=nw,
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parameters, and m = 1-1/n. We denocie the main drying 06(h) curve by
Od(h) and the main wetting curve by 0W{h). To obtain the most general
description, we may allow all parameters in (A.1) to be variables. The
main hysteresis loop is then described by the parameter vector
(85%, 8,W, o%¥, n¥) for the main wetting curve and (esd, Grd, ad, nd) for
the main drying curve, yielding a total of eight unknown parameters. A
simplification may be obtained by setting erW=9rd=9r. We will also
assume for the moment that the main hysteresis loop 1is closed at
saturation (eSW:eSd:es). The extension to the case where 6gW # 8gd will

be discussed later.

For the prediction of scanning curves in the 0(h) relation, we employ the
scheme proposed by Scott et al. (1983), hereafter referred to as Scott's
model. In this model, drying scanning curves are scaled from the main
drying curve and wetting scanning curves from the main wetting curve.
Drying scanning curves are obtained by wusing the parameter vector
(63*, 0 ad, nd) in (A.1), where OS* replaces 6g and has the effect of
scaling the drying curve to pass through the reversal point, yielding

- ¢ d
ot - 02 = 0r [1-5c9h)] h.2)

Sed(ha)

where 0, is the water content at the reversal point and Sed(hA) is the
value of the effective saturation on the main drying curve at the
reversal pressure head h,. Hence, Sed(h,_\) is given by (A.1) with hz=h,,

and (6g, Op ad, nd). Similarly, any wetting scanning curve is obtained
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by using the parameter vector (bg, Br*, «%, n¥) where Br* is computed
by adjusting the main wetting curve to pass through the reversal point,

as

w
8, — 85 Se (h
g ¥ = ——= "€ a) (A.3)

1- Sew(hA)

Figure A2 shows a scanning hysteresis loop, consisting of a primary
wetting scanning curve and a secondary drying scanning curve
predicted by (A.Z) and (A.3). Note that the scanning loop is not closed:
the drying scanning curve does not pass through the point where the
wetting scanning curve departs from the main drying curve. As a
result, a pumping effect will occur when the pressure head undergoes
cyclic variations (Klute and Heermann, 1974; Jaynes, 1984). Since all
scanning curves have the form of (A.1), differentiating that equation
with respect to h gives an expression for the water capacity, C = d6/dh,
which is valid for the main wetting and drying curves as well as any

scanning curve and has the form

a(ﬁs“er) (n"‘l) lahln"'l(l + lah'n)l/n_z h < 0
. (A.4)
0

=
W
o

where «, n, 8y and 6g represent values corresponding to the desired

scanning curve (e.g., aW or o4, 6y or 0%, etc.).

Combination of (A.1) with Mualem’s (1976a) hydraulic conductivity model

leads to the following expression for hydraulic conductivity given by van
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Figure A2, Primary scanning 6(h) loop predicted by Scott’s empirical
hysteresis model.
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Genuchten (1980) and written here for notational convenience in terms of

the effective saturation as

K(So) = Kg Sel/? [1-(1-Sol/mym)? (A.5)

where Kg is the saturated conductivity (LT71). K(8) relationships
predicted from (A.5) have been shown to yield good agreement with
experimentally obtained hydraulic conductivities for a variety of soils
(Dane, 1980; Stephens and Rehfeldt, 1984; van Genuchten and Nielsen,
1985). The K(8) function of soils generally exhibits little hysteresis.
With Bsd and Brd:GrW as previously assumed, any hysteresis in the K(8)
relation given by (A.5) is due to differences between nd and n%. Thus,
a non-hysteretic K(08) function will be obtained by requiring nd=nW=n,
Imposing this constraint has the advantage of further reducing the
number of model parameters, but will result in some loss of flexibility in
describing 6(h) since it implies that main welling and main drying

retention curves differ only in their values for parameter «.

So far il has been assumed that the hysleresis loop is closed at
saturation, i.e., esd:eSW. In many experimenls, however, il has been
found that 6gW¥W <« OSd (e.g., Hopmans and Dane, 1986) due to air
entrapment during rewetting. These effecls can be incorporated in the
model using relationships developed by C. S. Land and given by Aziz
and Seltari (1979). The water content 6, at saturation upon wetting
along an arbitrary scanning curve beginning from a reversal point at 6,

is given by
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8,d - 0
_gd_ 94— 0s ,
Oy = 8g 1TR(6,4-6,) (A.6)

with

1 1

05" - ¥ 054~ 0,9

where Bsd 2 9, > OgW. Equation (A.6) is empirical in nature and is not
expected to describe the process of air enlrapment very accurately.
Lacking more rigorous procedures, the equation nevertheless provides a
useful approximation. The advantage of (A.6) is thal it introduces no
additional parameters and can be incorporated directly into the model.
To use (A.6) together with (A.3) for predicting wetting scanning curves,
6y is first calculated from (A.6) when a reversal from drying to wetting
occurs. This value is then used for 6g in (A.3) as well as in (A.2) in
case another reversal occurs. For non-closed 6(h) hysteresis loops, an
additional mechanism is needed to retain a non-hysteretic K(6). A simple
and effective solution is to compute K(8) using parameters 6g, 6, and n
from either the main wetting or the main drying 6(h) curve. If the
matching conductivity Kg in (A.5) corresponds to 8g%¥, parameters for the
wetting branch are used, otherwise parameters for the drying branch

are used.

Incorporation of the above hysteresis model into a numerical flow code is
at least for one-dimensional flow a straight-forward procedure. Necessary
modifications are along the lines discussed by Gillham et al. (1979) and

Pickens and Gillham (1980). A hysteresis index x is assigned to each
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node in the flow domain. The index has a value of +1 if the medium at
the node is welting and a value of -1 if the medium is drying. A
reversal occurs when the pressurs head change at node j and time step

k meets the criterion

hjk-'l _ hjk

K

2 7 (A.7)

where v is set to some small positive value to ignore the effect of small
local oscillations in the calculated pressure heads. When a reversal is
detected, the nodal value of 0y is if necessary calculated and stored.
The appropriate scanning curve is established and its coefficients stored.
Coefficients 6, and h, are equated to Bjk“ and hjk“, respectively, in

calculating these coefficients.

MODEL EVALUATION

An attractive feature of the constraints 8,W=8,d and n"=nd is the fact
that they reduce the number of model parameters that must be
determined to define hydraulic properties. These constraints are
predicated by the physical behavior of porous media, i.e., closure of the
hysteresis loop at high negative pressure heads and the non-hysteretic
nature of K(8). Remaining parameters are: 6g (or 6% and 6gd), 6., od,
a%¥, n, and Kg. Except for Kg, these parameters are commonly obtained

by means of a least-squares fit of (A.l1) to measured equilibrium
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cetenticne data,  PFarameters 4%, 8p, « and n can be delermined feom

the main drying curve and only a smait ausber of additional duta points
on uny primary wetling curve il provide W, and also 93% as needed.
Air alternalive procedure s Lo determine zll parameters simultancocusiy
from a sultable tragsient fliow excariweat hy nuwmerical inversion of the
covresponding initizl~boundary vaiue oroblem (e.g. Hornung, 1983; Kocl et
al, 1985, 1986). Por ithe inverse problesms, il ig desirable 1o minimize the
numi:er of unknown parameiers for purpoesges of reducing computational

cosls and improving weli-posedaess of the problemn.

The advantages of a small number of parameiers will be somewhat offsel
by reduced flexibility of the wmodel and possible loss of accaracy in
deszcribing hydrawvlic properties for a range of goils. Thias loss of
accuracy is evaluated huere for eight soils ranging f{rom clay loam o
gand. The soils usre Avondaie clay f(cam (Walson et al., 19735), kideau
clay loam, Ida silt loam 0-15¢cm and >15zm; Gueiph loam and Rubicon
sandy lovam (all cescribed by Mualem, 15976b), Dune sund (Giliham et al.,
1876) and sand {(Vachaud and Thony, 1971). 7Two sands are inciudsd in
the comparigson because boih malerials will be wsed lster on  in
zimuiations cf hysteretic fiow. To avold confusion, we will identify the

Y

sand of Vachaud and Thony (1971) 2% Saond I, and the other sand as

Dune sand. Measurements for ithe Aveondale clay lcam were made in-situ,
those for Ida silt loam and Guslph leam were made on undisturbed soil

cores, whereas others invelved repacked laboralovy coluans.  Table Al

shows the average absocluie devistion



n
Ep = n™ ! Z lAt’)il
i=1
between measured and fitted 0(h) for these soils. The column labeled
"best-fit" gives the average residual deviation when (A.1) is fitted
separately to wetting and drying curves, i.e., 6g, 0y n and « are all
variable; the column labeled "constrained" gives the average deviation

when (A.1) is fitted with 6,9=8,% and nd=nV,

For all SOilS,. constrained Ep's are higher than best-fit values.
Agreement between measured and fitted data was checked by visual
inspection. Only for the Rubicon sandy loam was the fit judged to be
unacceptable. Figure A3 shows measured and fitted boundary 6(h)
curves for this soil. The Rubicon sandy loam is characterized by a high
and well defined air-entry point on the main drying curve caused by a
narrow particle size distribution and uniform packing of the medium.
This is likely to be at least partially caused by the laboratory trealment
of the soil. Undisturbed field soils usually exhibit much broader
pore-size distributions (van Genuchten and Nielsen, 1985) and the
constrained model may be expected to give better results for
undisturbed soils. Table A.l1 also shows high Ey values for the Ida silt
loam 0-15 cm, but since values are high for both best-fit and
constirained fit, imposing the constraints causes relatively little additional
loss of accuracy. A more typical result is shown in Figure A4 for the
Dune sand. Although deviations are considerably larger for the

constrained than the best-fit model, the constrained model still gives an
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TABLE A.1 Average absolute deviation, Ej, between measured
and fitted boundary 6(h) curves for eight soils.
Soil Constrained Best-fit
Avondale cl. loam 0.0022 0.0014
Rideau cl. loam 0.0057 0.0032
Ida si. loam 0-15cm 0.0109 0.0083
Ida si. loam >15cm 0.0089 0.0056
Guelph loam 0.0057 0.0037
Rubicon s. loam 0.0130 0.0045
Dune sand 0.00680 0.0027
Sand II 0.0087 0.0057

constrained: Brdzﬂrw, nd=pWw ; best-fit: wvariable 68, n, «

n
Ep =n"!

|05
i=1
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Figure A3 Observed and fitted boundary 8(h) curves for Rubicon sandy

loam.
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Figure A4 Observed and fitted boundary 6(h) curves for Dune sand.
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TABLE A.2

Constrained and

best-fit parameters for eight soils.

Constrained Best-fit
Soil Ks 0sd  6gY 0y g ¥ n ord 6% a«d aw nd n¥
Avondale cl. loam -— 0.354 0.354 0.255 0.95 1.72 3.375 0.261 0.251 0.95 1.78 4.135 2.786
Rideau cl. loam 2.298 0.416 0.416 0.288 1.85 4.73 2.637 0.290 0.279 1.70 6.12 3.416 1.3814
Ida si. loam <15cm 0.143 0.554 0.532 0.0 1.41 2.63 1.258 0.0 0.0 0.91 3.71 1.333 1.221
Ida si. loam >15cm 0.360 0.530 0.514 0.025 1.58 2.29 1.355 0.125 0.0 1.17 2.94 1.645 1.288
Guelph loam 0.316 0.520 0.434 0.219 0.98 2.36 2.140 0.215 0.199 1.02 1.84 2.032 2.533
Rubicon s. loam 0.259 0.381 0.381 0.170 1.36 3.78 3.301 0.176 0.140 1.14 5.21 6.315 1.B74
Dune sand 5.040 0.301 0.301 0.101 3.06 5.27 6.779 0.098 0.093 3.02 5.47 8.904 4.264
Sand II 1.980 0.360 0.306 0.073 1.80 3.75 7.826 0.106 0.053 1.86 3.67 8.311 7.192

Kg in m day™!

; « in m?



acceptable fit to the data. Cousirained and best-fit parameter values for
the eight soils are given in Table A.2. Of the parameters, Kg, Osd and
6g" represent measured values, while the others were obtained by
leasl~squares fitting. Note that for all undisturbed soils (exceptl
Avondale clay lcam) the measured boundary hysteresis loop was not
closed at saturation. It is templing to iry to establish a relationship
betweer «W and od for the constrained model to further simplify the
problem of model calibration. Inspection of Table A.2 indicates that the
mean ratio of _aw/ad for all soils investigated is 2.08 with a standard
deviation of 0.46. For the undisturbed soils (Avondale clay loam, Ida silt
loam, and Guelph loam) the ratio o¥/od is 1.88 ¢ 0.40 and for the
repacked soils it is 2.29 £ 0.47. While not constant, the range in aw/ad
is sufficiently narrow that assuming a% /o9 = 2 ghould provide a useful

approximation in instances where dala are lacking.

Table A.3 gives average relative deviations between experimentally
obtained K(0) and those predicted from retention dala for ihe best-fit
and constrained models as

n IAKil

Er =n7' %
i=1 Kj

obs

A relative error criterion is used because conductivities range over
several orders of magnitude, whereas an absolute criterion as used in
Table A.1 would primarily reflect deviations near saluration where K is
highest. Parameters from the main drying curves were used to predict

K(8) for the best-fit model. No measured K(0) were available for the



TABLE A.3 Average relative deviation, E,, between measured

K(0) and K(8) predicted from fitted 0(h).

Soil Constrained Best-fit
Avondale cl. loam ——= ——=
Rideau cl. loam 0.353 0.219
Ida si. loam 0-15cm 0.538 1.893
Ida si. loam >15cm 0.541 1.755
Guelph loam 0.422 0.503
Rubicon s. loam 0.740 0.168
Dune sand 0.201 0.264
Sand II 0.683 0.472

constrained: 6,9z6,9, nd=pwv ;

laKj |
Kjobs

Ep = n X
i=1

beut~fit: wvariable 6, n, «
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Figure A5 Observed hydraulic conductivity data and K(8) predicted by
Eq. (A.5) for Guelph loam with best-fit and constrained model

parameters.
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Avondale clay loam. From Table A.3 we observe that the best-fit model
gives better results for the Rideau clay loam, Rubicon sandy loam, and
Sand II, while the constrained model gives better predictions for the
other soils, especially for Ida silt loam. IFigure A5 shows measured and
predicted K(8) for the Guelph loam as a typical example. Table A.4 shows
average absolute deviations between measured and predicted primary
wetting and drying scanning curves of the four materials for which
measured scanning curves were available. The error criterion, Ep, is
the same as used for Table A.l. Results for Scott’s model are given
using both constrained and best-fit parameters for the main hysteresis
loop. The last two columns of this table give results obtained using
Mualem’s modified dependent domain model (Mualem, 1984) to predict
scanning curves. The literature suggests that this is probably the most
accurate available model for predicting scanning curves. Results for
Mualem’s model are given to provide a reference for evaluating Scott’s
model, using only parameters for the best-fit main hysteresis loop.
Accuracy is generally within about 0.01 m®m~2, except for Sand II which
gives poor results for both the models. As might be expected, the worst
results are obtained with the combination of empirical hysteresis model
and constrained parameters for the main wetting and drying loop. It is
not clear why model predictions for Sand II are so much poorer than for
the other media. If we restrict ourselves to results for the other three
soils, Table A.4 shows that both hysteresis models predict virtually
identical primary {(although not higher order) wetting scanning curves.
Prediction of these scanning curves is also not much affected by using

the constrained model for description of the main hysteresis loop.
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Table A.4  Average absolute deviations, Ep, between measured and predicted

primary scanning 6(h) curves.

Scott Mualem

Constrained Best—-fit Best-fit
Soil Wetting Drying Wetting Drying Wetting Drying
Rideau clay loam 0.0024 0.0065 0.0038 0.0050 0.0038 0.0058
Rubicon sandy loam 0.0118 0.0175 0.0106 0.0141 0.0106  0.0047
Dune sand 0.0096 0.0151 0.0074 0.06096 0.0074 0.0076
Sand I 0.0856 0.1145 0.0253 0.0220 0.0114 0.0271

n
Em = n—ligliAeil



Drying scanning curves of the Rideau clay loam are predicted about
equally well with either model. Drying scanning curves of the Dune
sand are also predicted quite well with the empirical model, but
considerable error results when Lhis hysteresis model is combined with
the constrained model for the main wetting and drying loop. Mualem’s
model gives much better prediction of drying scanning curves for
Rubicon sandy loam. This is not unexpected as this soil is a typical
example of what may be called a "dependent domain" medium. Upon
desorption from a saturated state, groups of similar pores or domains in
such media do not drain independently but remain water-filled until
surrounding pores have drained and the pressure head has become
smaller than the local air entry wvalue. This involves a sudden transition
for a medium with a narrow pore-size distribution such as the Rubicon
sandy loam. Domain dependence does not occur during drying along a
scanning curve since part of the pore volume is already drained and air
can freely enter the system. As a result, it is impossible to accurately
predict drying scanning curves of these media using empirical hysteresis
models such as the one by Scott et al. (1983) or using independent
domain models, which describe drying scanning curves by a simple
rescaling of the main drying curve. This behavior is expected only for
materials with narrow pore-size distributions, and is not typical of
undisturbed field soils which generally do not exhibit the characteristic
high and well-defined air-entry point on the main drying curve. As was
the case for Sand II, we find for the other three materials that scanning
curves are least well predicted when Scott’s model is combined with the

constrained equation (A.1) for describing the main hysteresis loops.
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Combination of van Genuchten’s (1980) K-6-h model with the empirical
hysteresis model proposed by Scott et al. (1983) allows derivation of
compact, closed-form expressions for Lhe hysteretic waier retention
function, 68(h), the soil water capacity, C(h), and the hydraulic
;onductivity, K(8) or K(h). Air entrapment, resulting in a non-closed
0(h) hysteresis loop at saturation can be accounted for in a simple
fashion by using the method of Land (see Aziz and Settari, 1979).
Significant differences in apparent wetting and drying 6g were evident
in several of the soils studied. Under field conditions, air entrapment
will be a common coccurrence and it could have a significant effect on
soil water movement (Stauffer and Dracos, 1984; Fayer and Hillel,

19864a,b).

Implementation of the hysteretic K-8-h model developed in this paper in
a numerical flow code is straight-forward and involves little additional
computational effort compared to a non-hysteretic simulation. At least as
important, the model contains a relatively small number of parameters,
thereby minimizing data requirements for model calibration. The number
of unknowns in the model may be further reduced by imposing
constraints on the parameters 6, and n. Our results suggest that this
simplification will not lead to an unacceptable loss in accuracy as long as
the soil doces not have an extremely narrow pore-size distribution. If
the medium does have a narrow pore-size distribution, like the Rubicon

sandy loam in this study, a dependent domain model, such as Mualem’s
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modified dependent domain mode! will be required to accurately describe
scanning curves. Another situalion in which application of Scott’s
hysteresis model may lead to significant errors is when the flow process
involves cyclic wvariations in pressure head. To avoid the so-called
pumping effect, a hysteresis model is required Lhat predicts closed
scanning loops. Here too, the modified dependent domain model could be
used. Jaynes (1984) suggests using the linear interpolation method of
Hanks et al. (1979) as a very simple and reasonably accurate procedure
for approximating scanning curves. Considering results from this study
together with resulis obtained by Scott et al. (1983) and Jaynes (1984),
there is a strong indication that while completely ignoring hysteresis in
non-monotonic flow processes may lead to quite unacceptable resulls, a
simple approach to modeling hysteresis can provide a major improvement
in the ability to accurately describe flow behavior while requiring very
little additional data and entailing little additional effort or cost to

implement the phenomenon numerically.
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APPENDIX B

WATER CONTENT AND PRESSURE HEAD DATA DURING TRANSIENT
DRAINAGE OF CRUSHED BANDELIER TUFF

t1) 22) 0(cm®cm ) -h(cm) t z 8 (cm?*cm—?) —h{(cm)
1 0.40 0.293 51 40 0.40 0.184 201
1.16 0.312 39 1.1€6 0.196 170
1.91 0.319 31 1.91 0.198 142
2.71 —-3) - 2.71 0.214 136
3.47 - - 3.47 0.224 118
4.23 - - 4.23 0.235 105
4 0.40 0.246 85 80 0.40 0.169 261
1.16 0.262 68 1.16 0.180 225
1.91 0.267 55 1.91 0.182 189
2.71 0.287 49 2.71 0.195 186
3.47 - - 3.47 0.211 174
4.23 - - 4.23 0.218 127
10 0.40 0.219 120 100 0.40 0.164 284
1.16 0.234 a8 1.16 0.175 246
1.91 0.237 80 1.91 0.177 207
2.71 0.255 74 2.71 0.190 205
3.47 0.255 54 3.47 0.206 197
4.23 0.282 36 4.23 0.214 134
20 0.40 0.201 155
1.16 0.214 129
1.91 0.217 106
2.71 0.234 100
3.47 0.239 080
4,23 0.256 078

1) time (d) since start

3)missing value.

Data reproduced

from:

of drainage; 2)dep’ch (m) from caisson surface;

Abeele, W. V., 1984, Hydraulic testing of crushed
Report LA-10037-MS, Los Alamos

Bandelier Tuff,

National Laboratory (Table IV).
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APPENDIX €

WATER CONTENT AND PRESSURE HEAD DATA DURING IN-SITU
INFILTRATION-DRAINAGE EXPERIMENT (Sub--plot 88)

30 cm 60 cm 90 cm

Date Day!) 02)  -h?) 0 ~h 0 -h
07/31/85 -2 0.283 349 0.280 147 0.212 79
08/01/85 -1 ——4) 330 — 148 - 81
08/02/85 0 e - — - - - a)
08/03/85 1 0.273 292 0.243 151 A -
08/05/85 3 0.329 - 0.268 - - -
08/06/85 4 0.332 19 0.299 98 0.327 75
08/07/85 5 0.334 35 0.336 69 0.328 86
08/09/85 7 0.347 34 0.369 59 0.332 93
08/12/85 10 0.350 24 0.382 39 0.330 0
08/16/85 14 0.347. 17 0.392 33 0.348 a3
08/21/85 19 0.358 27 0.396 41 0.349 90
08/29/85 27 0.358 16 0.391 25 0.358 81
09/10/85 39 0.345 26 0.370 35 0.331 85
09/11/85 40 — - - - — - b)
09/17/85 46 - 8 - 8 —_ 79
09/24/85 53 0.362 3 0.401 11 0.363 87
10/01/85 60 — 0 —_ 2 - 77
10/15/85 74 0.370 5 0.407 10 0.377 78
10/18/85 77 - - - - — - c)
10/22/85 81 - +24 - 7 —_ 73
10/29/85 88 0.370 +25 0.408 +3 0.381 61
11/12/85 102 0.382 +23 0.409 2 0.376 74
11/25/85 114.7 — -~ - - - - d)
11/25/87 115 0.369 35 0.411 28 0.375 96
11/26/85 116 0.356 60 0.407 55 0.365 91
11/28/85 118 0.350 69 0.401 61 0.364 99
12/02/85 122 0.343 86 0.391 75 0.356 104
12/13/85 133 0.335 89 0.365 89 0.350 113
01/08/86 159 0.323 107 0.325 121 0.337 120

1) number of days since the start of irrigation; 2)water contents in
cm®cm™3; 3)pressure head in cm, prefix + indicates positive values;
4/)missing value.

a) infiltration rate 1.1 cm d7!; b) rate 2.2 cm d7!; ¢) rate 4.4 cm d7!;
d) end of irrigation, start of redistribution.

Data provided by: P. J. Wierenga, Department of Crop and Soil Sciences,
New Mexico State University, Las Cruces, NM 88003.
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