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Nonlocal Ballistic and Hydrodynamic Transport in Two-Dimensional
Electron Systems

Gitansh Kataria

(ABSTRACT)

Electrical transport in materials is typically diffusive, due to dominant momentum-relaxing

scattering of carriers with the phonons or defects. In ultraclean material systems such as

GaAs/AlGaAs or graphene/hBN heterostructures, momentum-relaxing can be suppressed,

leading to the onset of non-diffusive transport regimes, where Ohm’s law is no longer valid.

Within these non-diffusive regimes, the hydrodynamic regime occurs when momentum-

conserving electron-electron scattering length scale is smaller than the device length scale

(usually at intermediate temperatures). On the other hand, weak electron-electron scattering

(at low temperatures) results in ballistic transport, commonly understood using the famil-

iar single-particle framework of injected carriers travelling in straight line trajectories with

intermittent reflections off device boundaries. Both the ballistic and hydrodynamic regimes

can exhibit a nonlocal resistance, and collective behaviour such as the formation

of current vortices. In this work, we study nonlocal current-voltage characteristics in meso-

scopic devices fabricated from a GaAs/AlGaAs heterostructure that hosts a two-dimensional

electron system in a GaAs quantum well. First, we report a quadratic non-linearity in the

nonlocal current-voltage characteristics that manifests in any device where a nonlocal voltage

measurement is possible. Using measurements at low temperatures (∼ 4 K) across multiple

devices and considering various contact configurations for each device, we show that the

non-linearity is universal. We apply the non-linearity to rectification and frequency multi-

plication. We also report on a periodic peaks in the nonlocal voltage vs. magnetic field, in



an enclosed mesoscopic geometry in which transverse magnetic focusing (TMF) is typically

studied. These peaks occur at weak magnetic fields, are independent of the source-detector

separation and are distinct from TMF. Our experimental findings are backed by an exten-

sive set of simulations using in both the semiclassical as well as quantum-coherent transport

models.



Nonlocal Ballistic and Hydrodynamic Transport in Two-Dimensional
Electron Systems

Gitansh Kataria

(GENERAL AUDIENCE ABSTRACT)

Current is made up of charged particles such as electrons moving through a material. Typi-

cally, current is proportional to the applied voltage and flows from higher to lower potential

within the device with the potential decreasing monotonically as we move from the source

contact to the drain contact irrespective of the path taken through the device. This is com-

monly known as Ohm’s law, and is followed in most materials we come across. The motion

of electrons carrying this current is akin to the motion of balls inside a pinball machine, their

momentum randomized by intermittent collisions due to lattice vibrations, defects and im-

purities present in the material. In ultraclean two-dimensional materials at low-intermediate

temperatures (where lattice vibration is weak), these collisions become sparse. Collisions of

electrons with other electrons now become important. When electron-electron collisions are

frequent, the electrons collectively behave like a fluid, giving rise to so called hydrodynamic

transport. On the other hand, when electron-electron collisions are sparse as well, electrons

move unhindered in ballistic straight line trajectories until they reflect off the device bound-

aries. This is known as ballistic transport. Under both these transport regimes, Ohm’s law

breaks down, leading to interesting physical phenomena such as the formation of current

whirlpools. In this work, we study the voltage measured at a point in the device which is

distinct from the point where current is injected or extracted. This is commonly known

as the nonlocal voltage. We explore the relationship between the nonlocal voltage and the

injected current and find it to be significantly different from predictions made by Ohm’s law.



We use this novel current-voltage relationship to build a rectifier and frequency multiplier

- two devices commonly used in high-frequency detection, radar systems and telecommuni-

cations. We also report previously unseen periodic oscillations in the nonlocal voltage when

the magnetic field perpendicular to the device is varied. Using high-resolution simulations,

we show the these oscillations can not be explained by looking at individual electron paths,

and arise due to contribution from all electrons that travel through the device.
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Electron transport in metals is typically diffusive, due to the dominance of momentum-

relaxing (MR) scattering, which dissipates electron momentum from electrons to the lattice

mostly by electron-defect or electron-phonon scattering (the latter dominant at higher T ).

Current and voltage in the material are proportional and the metal obeys Ohm’s law. MR

scattering determines the carrier mobility µ, and hence relaxation time τ and mobility

mean-free path ℓ = vF τ , where vF is the Fermi velocity. In two-dimensional electron

systems (2DESs) such as in GaAs/AlGaAs heterostructures at low T , MR scattering is suf-

ficiently weak that momentum dissipation out of the 2DES is negligible and momentum ex-

change within the 2DES dominates. Ohm’s law breaks down and transport no longer remains

diffusive leading to the onset of the ballistic and hydrodynamic (BH) regimes. In classical flu-

ids, such internal momentum exchange leads to viscosity. This internal momentum exchange

is effected by electron-electron (e-e) scattering. Because e-e scattering preserves 2DES

momentum it is called momentum-conserving (MC) scattering. The e-e scattering time is

denoted τ with associated e-e scattering length ℓ = vF τ . Under linear transport

(where drift velocity vd ≪ vF ), approximately τ , ℓ ∝ 1/T 2 [22, 29, 32, 34, 47, 60, 91].

Figure 1.1 illustrates the three regimes. In the both ℓ and ℓ are longer

than the characteristic device scale L (Fig. 1.1). This occurs at low T (for T . 12 K [35])

where both e-e and MR scattering are weak, and electrons scatter predominantly against the

device boundaries. In the ℓ is longer than device scales but ℓ is

1



shorter. This occurs at intermediate T (for 12K . T . 20K), where e-e scattering dominates

and electron transport resembles a classical fluid with viscous hydrodynamic phenomena

[1, 2, 3, 7, 8, 12, 13, 22, 24, 32, 35, 38, 47, 48, 52, 56, 57, 60, 62, 67, 69, 77, 90]. The BH

regimes hence both need high µ, or equivalently long ℓ . For total momentum conservation,

scattering of electrons on device boundaries should also be specular (elastic), as observed for

devices on GaAs/AlGaAs [19, 34, 35, 42, 47]. Owing to low momentum-dissipation, the BH

regimes are more efficient than the diffusive regime. At higher T , MR scattering

dominates and the sets in (for T & 20 K [35]; Fig. 1.1).

In this work, we study electronic transport in the BH regimes at low T in GaAs/AlGaAs

heterostructure based devices. Chapter 2 introduces the GaAs/AlGaAs heterostructure and

presents electronic transport parameters of the 2DES under various conditions. Chapter 3

details the fabrication process flow required to make devices from the heterostructure ma-

terial. Chapter 4 sheds light on the various measurement techniques used in this work.

Chapter 5 studies non-linear electronic transport in the fabricated devices, while Chapter 6

presents and discusses a previously unreported periodic structure in the nonlocal voltage vs.

magnetic field measurements. Future work and conclusions are summarized in Chapter 7.
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Figure 1.1: Simulated spatial voltage contours and current streamlines in a two-dimensional
rectangular device of width L under (b) Ballistic transport (c) Hydrodynamic transport and
(d) Diffusive transport regime. Details about the semiclassical transport model used for
these simulations are provided in Sec. 6.7. Current is injected through the contact (yellow)
located near the bottom on left boundary, while it is drained at the right boundary (cur-
rent source schematic shown in (b)). Streamlines indicate the presence of current vortices
in the hydrodynamic and ballistic transport regimes. Red (blue) colors indicate positive
(negative) voltages. (a) Measured voltage along the left edge for the ballistic (red), hy-
drodynamic (green) and diffusive (blue) regimes. The voltage is positive throughout for
diffusive transport, while it is negative away from the injection contact for hydrodynamic
transport. Ballistic transport has regions of both positive and negative voltages, and the
sign of measured voltage depends on the specific device geometry and measurement con-
figuration. Comparison of ℓ , ℓ and L for the (e) ballistic, (f) hydrodynamic and (g)
diffusive regimes.
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In order to experimentally access the BH transport regimes, we need material systems where

charge carriers such as electrons have very long mean-free paths (ℓ ). This places stringent

requirements on the growth techniques and cleanliness of the equipment in which such mate-

rial systems are synthesized. Many material systems are being discovered where MR scatter-

ing is sufficiently suppressed and the BH regimes are experimentally accessible. One of the

most prominent examples in recent work is the monolayer graphene/hBN 2DES, where ballis-

tic transport has been observed at room-T [4, 59, 82], with µ ≃ 13m2/Vs and ℓ ≃ 0.7µm

at 300 K, and µ ≃ 60m2/Vs and ℓ ≃ 3µm below 10 K [8, 9, 48, 50, 56, 59, 69, 77, 82].

Transport is confined to the electrically conducting graphene layer, and the insulating hBN

layers serve to protect the graphene layer from the external environment, resulting in sub-

stantially enhanced mean-free paths and mobilities in comparison to unprotected monolayer

graphene.

GaAs based 2DES is another widely studied material system, which was among the first

systems where hydrodynamic transport was observed [13, 22, 32, 35, 38, 47, 52, 60]. Record

carrier mobilities have recently been achieved in GaAs/AlGaAs heterostructures hosting

2DESs [20, 27], and our devices are fabricated using these record mobility heterostructures

provided to us by our collaborators at Princeton University and Purdue University. In GaAs
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quantum wells, ballistic transport was achieved [11, 54, 74, 75, 88, 89] with the invention of

remote doping [23]. Many ballistic phenomena were thereby discovered (transverse magnetic

focusing in T-shaped geometries or multiparallel channels, bend resistance, quenching of the

Hall effect, orbital pinning, electron-beam collimation, elliptic mirror focusing, ...) [10, 11,

28, 30, 34, 42, 54, 55, 59, 61, 63, 66, 74, 75, 78, 92]. GaAs 2DESs are used to benefit from

their model electronic properties, with very high µ at low temperature T (> 650m2/Vs at 4

K) and hence long mobility mean-free paths ℓ (& 60 µm at 4 K) [20, 27, 34, 35], making it

easier to distinguish BH transport phenomena from material artefacts. GaAs/AlGaAs also

offers the advantage of well-known device fabrication techniques (discussed in Chapter 3).

In this section, we present the sheet resistance (R�) of our GaAs/AlGaAs based 2DES

(with and without top gate) at various T using the van der Pauw method. We also use

Hall measurements to determine the electron density Ns at these T , and use R� and Ns to

estimate other transport parameters such as electron mobility µ and mean-free path ℓ as

a function of T and gate voltage Vg. A schematic of a GaAs/AlGaAs heterostructure based

device with a top gate is shown in Fig. 2.1. Vg is applied between the top gate and the drain

terminals of the device. The magnitude and sign of Vg control Ns in the 2DES. Details of

measurement techniques used to obtain the various transport parameters are presented in

Chapter 4.
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Figure 2.1: Simplified schematic of a top-gated GaAs/AlGaAs heterostructure based device.
The source (S), drain (D) and gate (G) terminals are marked on the device. Gate voltage
Vg is applied between the gate and drain terminals. Vg > 0 increases the electron density Ns

in the 2DES, while Vg < 0 has the effect of reducing Ns.

R� 
 2 �2 ℓ µ **

No illumination

4.2 K 3.02 7.81 × 106 2.65 × 1011 66.32

Illumination (1 mA for 5 mins)

4.2 K 2.09 9.17 × 106 3.26 × 1011 86.27

10 K 4.51 4.21 × 106 3.29 × 1011 39.86

15 K 7.25 2.62 × 106 3.29 × 1011 24.80

20 K 10.04 1.88 × 106 3.32 × 1011 17.82

25.6 K 13.39 1.39 × 106 3.35 × 1011 13.30

R� and Ns increase as T increases, while µ ∼ 1/T since the mobility is limited due to

scattering with acoustic phonons. Also, since ℓ ∝ µ for constant vF , we can approximate

6



the mean-free path in the equipartition regime as follows:

1

ℓ
=

1

ℓ ;

+
1

ℓ ;

≈ AphT +
1

ℓ ;

(2.1)

where ℓ ; is the mean-free path due to electron-phonon scattering, ℓ ; is the mean-

free path due to residual impurities and Aph is the phonon scattering coefficient (with units

K�1m�1).

Figure 2.3 shows 1/ℓ as a function of T , along with a straight line fit corresponding to

Eqn. 2.1. From the fit, we extract Aph = 0.003 K�1µm�1 and ℓ ; ≈ 320 µm. The fit yields

a negative intercept, making the sign of ℓ ; negative. We attribute this to insufficient

number of data points being used for the fit, as well as our approximation 1/ℓ ; ∝ T

which is close, but not exact.
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Figure 2.2: (a) Sheet resistance R� (b) electron density Ns (c) electron mobility µ and (d)
mean-free path ℓ as a function of T for the 2DES without a top gate. The square data
point indicates measurement before any illumination, while the circular data points have
been measured with the sample pre-illuminated by an LED for 5 minutes, resulting in an
increase in carrier density - a phenomenon known as persistent photoconductivity.

8



Figure 2.3: 1/ℓ as a function of T for the ungated 2DES. The black dotted line represents a
linear fit to the data, corresponding to Eqn. 2.1. Aph = 0.003 K�1µm�1 and ℓ ; ≈ 320 µm.
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R� 
 2 �2 ℓ µ **

No illumination, T = 4.2 K

0.0 V 4.05 6.86 × 106 2.24 × 1011 53.62

0.1 V 2.96 8.19 × 106 2.57 × 1011 68.51

0.2 V 2.31 9.26 × 106 2.92 × 1011 82.49

0.3 V 1.92 9.90 × 106 3.25 × 1011 93.13

0.4 V 1.72 11.13 × 106 3.26 × 1011 104.78

R� 
 2 �2 ℓ µ **

Illumination (1 mA for 5 mins), Vg = 0.3V

4.2 K 2.05 9.26 × 106 3.29 × 1011 87.59

10 K 4.56 4.12 × 106 3.33 × 1011 39.17

15 K 6.94 2.70 × 106 3.33 × 1011 25.73

20 K 9.27 2.01 × 106 3.35 × 1011 19.21

25.6 K 12.66 1.47 × 106 3.37 × 1011 14.03

When Vg > 0.4V , the system starts to drift. Recommended operation is with Vg ≤

0.3V

**Calculated using m�/m0 = 0.067 and quantum well width, W = 30 nm.

10



Figure 2.4: (a) Sheet resistance R� (b) electron density Ns (c) electron mobility µ and (d)
mean-free path ℓ as a function of T for the 2DES with a top gate. For the measurements
shown here, gate voltage Vg = 0.3V. Vg = 0.3V has nearly the same effect on the carrier
density as pre-illumination with an LED for 5 minutes.
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Figure 2.5: (a) Sheet resistance R� (b) electron density Ns (c) electron mobility µ and (d)
mean-free path ℓ as a function of the gate voltage Vg for the 2DES with a top gate at
T = 4.2K. Ns increases approximately linearly as Vg is increased up to about 0.3 V. A further
increase in Vg causes Ns to saturate.
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In this chapter, we discuss the fabrication process of devices made on GaAs/AlGaAs het-

erostructures, hosting a 2DES in a GaAs quantum well. As discussed in the previous chapter,

the 2DES is extremely high quality with electron mean-free path close to 100 µm, enabling

the devices to operate in ballistic and hydrodynamic regimes. A summary of the device

fabrication procedure is presented in Fig. 3.1.

Figure 3.1: Device Fabrication Process Flow Summary
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Before we begin fabricating the device, the material needs to be cut into an appropriate

shape and size. It must also be cleaned in order to remove any surface contamination that

may affect the lithography process or the device behavior. The appropriate shape and size

depends on factors, most importantly, the size of the lithography pattern, and the number

of contacts required.

GaAs/AlGaAs substrate Tweezers

TCE (Trichloroethylene) Tungsten Carbide scribe

Acetone Graph paper

IPA(Isopropyl alcohol) Lens paper

DI water 3 in. × 1 in. glass slides

Nitrogen gas Glass beakers

Gloves Stopwatch

Wafer carrier box

Cleanroom wipe

1. We will use a clean piece of graph paper to measure the dimensions of our substrate.

Place the graph paper on a fresh cleanroom wipe. A clean pair of nitrile gloves are

recommended for all steps that require handling of the substrate.

14



2. We use a clean pair of tweezers to place the substrate on the graph paper. A lens paper

is placed on top of the substrate, covering the part of the substrate that will not be

used at the moment. A glass slide is placed on top of the lens paper and aligned with

the edge of the lens paper as well as the direction along with the substrate is to be

cleaved. The lens paper is crucial as it protects the substrate from getting scratched

by the glass slide.

3. Holding the glass slide and substrate in place with one hand, we use a tungsten scribe

to make a clean scratch along the glass slide’s edge. This scratch weakens the substrate

and allows it to be easily cleaved when gentle pressure is applied to it.

4. Next, the glass slide and lens paper placed on top of the substrate are removed and

the substrate is placed on top of another glass slide. The lens paper and glass slide are

again restored on top of the substrate in the same way as placed earlier.

5. The scratch made on the substrate is aligned with the edge of the bottom glass slide,

with the region of the substrate intended to be used protruding out of the glass slide.

Using clean tweezers, the protruded part of the substrate is gently pressed near a corner

until the substrate breaks along the scratch.

6. Mechanical cleavage of the substrate may result in generation of debris, which is blown

off using the nitrogen gun.

7. The desired shape and size of the substrate is achieved by making as many cuts as

necessary. For our Hall bar based devices, we like to use a 3.5 mm × 5 mm piece,

while for simpler devices such as van der Pauw configuration, a 2 mm × 2 mm piece is

sufficient. The cut substrate is stored in a wafer carrier box and labelled appropriately.

15



We use a four-step cleaning process involving dipping the substrate in solvents trichloroethy-

lene (TCE), acetone and isopropyl alcohol (IPA), followed by a rinse in deionized (DI) water.

TCE removes organic residue on the substrate. Acetone is required to remove any TCE stick-

ing to the substrate, while IPA removes acetone. The final DI water rinse helps remove any

residual IPA. Droplets of any of these solvents must not be allowed to dry by slow evaporation

on the substrate as that leaves a visible residue on the substrate. Instead, the last solvent

- DI water - is pushed off the substrate and dried quickly with the help of a nitrogen gun.

Use gloves for personal safety and only handle the substrate at its edges using a clean pair

of tweezers. Use appropriately labelled glassware for different chemicals and use cleanroom

wipes to contain any chemical spills.

1. Fill up one beaker each of TCE, acetone and IPA.

2. Immerse the cut substrate in a beaker full of TCE for 3 minutes.

3. Quickly transfer the substrate from the TCE beaker to the acetone beaker taking care

to avoid TCE from evaporating and leaving a residue on the substrate. Keep the

substrate in acetone for another 3 minutes.

4. Next, transfer the substrate from acetone to IPA and leave it in IPA for 3 minutes.

5. Remove the substrate from IPA and place it on a clean filter paper using tweezers.

IPA is squirted on the sample and immediately blown dry with the nitrogen gun.

6. Finally, squirt DI water on the substrate and immediately blow dry with the nitrogen

gun.

7. Carefully dispose off the chemical waste in appropriate bottles.
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Photolithography is a technique widely used semiconductor fabrication that uses UV light,

a photomask and photoresist to produce tiny patterns over a substrate of choice. This

patterned film protects certain regions of the substrate, while areas not covered by the

film are left unprotected. This allows for selective processing of the uncovered regions in

subsequent steps which may include etching, deposition or implantation. Photomasks are

used to project an image of the desired pattern on the substrate. The photomask blocks UV

light in certain regions, while allowing it to pass through in other regions. Photoresists are

light sensitive polymers that can be broadly categorized into two classes - positive tone and

negative tone. When UV light shines on it, a positive tone resist which is initially insoluble,

become soluble in a chemical called the developer. This development step removes the resist

from areas where it was exposed to UV light, while leaving the unexposed regions intact.

On the other hand, negative tone resists are initially soluble in the developer, and exposure

to UV light causes their chemical structure to change and harden. The unexposed regions

dissolve away in the developer, while the exposed regions remain intact.

We use a piece of glass coated with FeO as the photomask. The mask contains the Hall

bar pattern intended to be transferred to the photoresist film. We use Micro Resist Tech-

nology GmbH ma-P 1210, which is a positive tone photoresist. A thin layer of the resist is

coated on substrate by spin-coating. Exposure and alignment is done on a Karl Suss MJB-3

mask aligner. The exposed photoresist on the substrate is developed in the developer situ-

ation. The entire photolithography process, from spin coating the photoresist to exposure

and development needs to be contained within a cleanroom with only yellow light sources.

This is crucial to avoid contamination from dust particles and unintended exposure of the

photoresist.
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A detailed step-wise procedure is presented below:

Clean GaAs/AlGaAs sub-

strate

Tweezers Spin coater

ma-P 1210 photoresist Glass beakers MJB-3 mask aligner

Microchem Primer 80/20 Stopwatch 90°C convection oven

Microposit 303A developer Vacuum pump

DI water

Nitrogen gas

Gloves

Glass cover slips

Wafer carrier box

Cleanroom wipes

Spin coating is a technique used to coat a thin uniform film of photoresist on the substrate.

The substrate is attached to the spin coater chuck using vacuum suction. Smaller samples

may need to be attached to a larger base such as a glass cover slip before they can be attached

to the chuck. Photoresist is dispensed on the substrate, andis then spun at high speeds. The

centrifugal force generated when the substrate is spun spreads the photoresist evenly and

creates a layer of uniform thickness over the substrate. The thickness of this photoresist layer

obtained can be controlled by varying the speed, time duration and acceleration of spinning.
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In our work, we use Specialty Coating Systems model P-6000 spin coater. We strive to

introduction of contaminants to the process and use a pair of clean gloves throughout.

1. We attach our substrate to a clean glass cover slip using a few drops of old photoresist.

A few drops of old photoresist are placed on one corner of a clean glass cover slip using

a sharp tool such as a toothpick. A corner is chosen rather than the center of the glass

cover slip in order to maximize the centrifugal force and thus obtain a thinner layer of

photoresist.

2. Using a clean pair of tweezers, the substrate is placed on the drop of photoresist on

the cover slip before it dries up. Using a blunt soft tool such as a wooden stick, the

sample is gently pressed at the corners to ensure minimum tilt and good adhesion with

the glass slide. It is crucial that the photoresist does not spill on to the top surface of

the substrate, as even a tiny amount of resist can cause the substrate to crack when

it is brought in contact with the photomask during exposure. Check the edges of the

substrate carefully under a microscope, and redo this step after cleaning with acetone

if necessary.

3. Allow the photoresist to dry in the air for about 5 minutes. Check for adhesion by

gently waving and turning the cover slip using tweezers. If the sample adheres well to

the the cover slip, it is placed in 90°C oven for 30 minutes.

4. We coat the surface of the substrate with an adhesion promoter MCC primer 80/20

containing 80% PM acetate (Propylene glycol methyl ether acetate) and 20% HMDS

(Hexamethyldisilazane) in order to enhance the adhesion of the photoresist to the

substrate. For this, the glass cover slip with the substrate is first attached to the spin

coater chuck. A few drops of the MCC primer are then dispensed over the substrate

and it is spun at 3000 RPM for 30 seconds. Finally, the substrate with the primer is
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baked in the 100°C oven for 20 minutes.

5. Next, we similarly spin coat the photoresist at 3000 RPM for 30 seconds. The glass

cover slip must be centered on the chuck and completely cover the vacuum orifice to

avoid seepage of excessive resist into the vacuum pipes. When dispensing the resist,

make sure that the entire surface of the sample is covered in resist before spinning.

Also, the resist must be spun as soon as it is dispensed and not be allowed to sit on

the sample for long as its solvent will start to evaporate causing the thickness profile

of the final resist layer to be uneven.

6. Bake the cover slip along with the substrate at 90°C for 30 minutes. This part of the

process is called and is done to evaporate the excess solvent in the resist film

and form a uniform film. Keep the temperature and bake time as close as possible to

the aforementioned values, as any changes in those can affect subsequent steps in the

process flow.

We use the Karl Suss MJB-3 mask aligner for exposure of the substrate coated with photore-

sist. The mask aligner has an integrated microscope and XY Zθ stage capable of fine motion

along each axis in order to position the substrate under the microscope and to position and

align the photomask pattern at the desired location on the substrate. The light source is a

mercury lamp which can be operated either in constant power mode, or in constant intensity

mode. We use 365 nm UV light from the lamp, operated in constant intensity mode at 12.3

mW/cm2. The calibrated dosage for the ma P-1210 photoresist is 35 mJ/cm2. This means

that when using a constant intensity of 12.3 mW/cm2, we need to expose the sample for

around 3 seconds. We expose for 3.5 - 4 seconds in practice to ensure complete exposure.
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We use 1:8 Microposit 303A developer solution with 1 part 303A and 8 parts H2O for

development. Development varies from one instance to another, and is generally around

25-30 seconds. We visually judge the development process, looking out for two waves of

photoresist leaving the substrate. Once the development is deemed complete, the substrate

is immediately transferred into a beaker of DI water and kept submerged for 60 seconds. After

this a visual inspection of the pattern under the MJB-3 microscope is used as confirmation

of complete development. Incase photoresist residue is visible under the microscope, the

substrate may be placed back into the developer for a few more seconds, follower by another

DI water rinse for 60 seconds. The detailed photolithography procedure is outlined below:

1. First, we open the nitrogen cylinder valve and turn on nitrogen and compressed air

flow through the mercury lamp. The forced convective cooling is necessary to dissipate

heat away from the lamp. The lamp should only be switched on after the nitrogen and

compressed air are already flowing through it, since it may explode if it gets too hot.

After switching on the lamp, wait about 30 minutes before exposing until the various

parameters of the lamp stabilize.

2. We operate under the constant intensity mode, and it is important to train the control

unit before exposure to obtain optimum results. For this, we perform test exposures

(without loading any sample) to make sure that lamp intensity (as measured on the

lamp power supply seven-segment display) reaches the desired value.

3. Using the microscope, we first focus on the photomask and center the feature that

we want to pattern on our substrate. Next, we focus on the substrate and use the

XY and θ knobs on the mask aligner stage to position a clean area of the substrate

under the feature to be patterned (and also the microscope field of view). For a sharp

pattern to be transferred, the side of the photomask containing the pattern needs to
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be in good contact with the surface of the substrate. To achieve this, the substrate is

slowly moved up and brought into contact with the photomask. Contact is confirmed

by the presence of Newton rings (usually at one of the corners or near the edges of the

substrate) that increase in size as the substrate is brought closer to the mask. Absence

of Newton rings despite visual contact of substrate and mask may be an indicator of

the mask being upside down.

4. Once the Newton rings are visible, the substrate is exposed for the desired time dura-

tion. Check the intensity during exposure on the power supply display.

5. Post-exposure, the substrate is transferred into a beaker of the developer solution

(Microposit 303A) for around 25-30 seconds. While substrate is in the developer, the

beaker is swirled around continuously to ensure uniform development. The first wave

of photoresist leaving the substrate is usually easily visible after a few seconds. The

larger features of the pattern now become visible on the substrate. We keep swirling

until a second wave of resist leaves the substrate. After the second wave, the substrate

is then removed from the developer and placed immediately into a beaker of DI water

for 60 seconds (again being swirled around continuously). This is required to stop the

development immediately.

6. The substrate is then removed from DI water, dried using a nitrogen gun and inspected

under the microscope to check the quality of the pattern. If black photoresist residue

is still visible, the substrate can be placed into the developer for a few more seconds,

with a subsequent 60 second dip in DI water. If the features do not appear sharp, the

resist can be removed completely with acetone and photolithography can be performed

again. If the pattern looks good, it is safe to proceed to the next step.
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So far we have our substrate coated with a thin layer of photoresist, with the film removed

in certain regions, and retained in others. The resist protects the regions it covers from

subsequent processing steps - in this case, the resist defines the shape of the Hall bar, and

protects it from being etched. The exposed regions of the substrate are etched, forming

the boundaries of the Hall bar. We use a timed isotropic wet chemical etching step with

a solution of 1:8:40 H2SO4: H2O2: H2O as the etchant. The etch rate for this solution is

about 200 Å/second for our material. The etching depth is decided based on the specifics

of the heterostructure profile. Generally, the etch needs to be deeper than the depth of the

2DES from the top surface of the substrate. In our case, the 2DES lies ∼ 200 nm below the

surface. For the Hall bar, we etch to a a depth of ∼ 500 nm, which is much deeper than

the 2DES depth. This is so that the pattern is easily visible on the SEM for subsequent

processing and pattern alignment steps. Thus, an etching time of ∼ 25 seconds is required.

We choose wet etching over other etching methods such as Reactive Ion Etching or Ion

Milling for a variety of reasons. The wet etching process is fast and cheap, and requires no

expensive equipment. Further, wet etching results in smooth specularly reflecting boundaries

in our devices. On the other hand, since this is a timed etch, and the etchant is isotropic,

the steps involved are time critical in order to achieve reproducible results, especially for

small features in the pattern. Once the etching is done, the residual photoresist layer can be

stripped off using acetone or Remover PG.
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Developed sample Tweezers Hot plate

1:8:40 H2SO4: H2O2: H2O Glass beakers Optical microscope

DI water Stopwatch

Acetone

IPA

Remover PG

Gloves

Wafer carrier box

Cleanroom wipes

1. We submerge the substrate coated with the developed photoresist layer in the etchant

for 25 seconds while continuously swirling the beaker around. The etching process

must be stopped immediately by immersing and swirling the substrate in DI water for

60 seconds.

2. We check the etched pattern under the microscope. Any missing features in the pattern

may be accommodated for by adjusting the design of subsequent patterns.

3. The residual photoresist is then stripped off as described below.
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�B�M ���M�v �+�Q�M�i���+�i �;�2�Q�K�2�i�`�v �i�?���i ���H�H�Q�r�b �7�Q�` �i�?�2 �K�2���b�m�`�2�K�2�M�i �Q�7 �� �M�Q�M�@�H�Q�+���H �p�Q�H�i���;�2�- ���M�/ �T�`�2�b�2�M�i

�2�t�T�2�`�B�K�2�M�i���H �2�p�B�/�2�M�+�2 �B�M �p���`�B�Q�m�b �/�2�p�B�+�2 �;�2�Q�K�2�i�`�B�2�b ���M�/ �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b�X

�*�Q�M�b�B�/�2�` �� �b�m�7�7�B�+�B�2�M�i�H�v �H�Q�rT �b�m�+�? �i�?���i �� �/�2�p�B�+�2 �B�b �B�M �� �M�Q�M�@�P�?�K�B�+ �`�2�;�B�K�2�X �6�B�;�X�8�X�k�U���- �#�V

�b�?�Q�r �i�?�2 �p���`�B�Q�m�b �/�2�p�B�+�2 �;�2�Q�K�2�i�`�B�2�b ���M�/ �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b �b�i�m�/�B�2�/ �B�M �i�?�B�b �r�Q�`�F�X ���i

�H�Q�rT ���M�/ �7�Q�` �H�B�M�2���` �i�`���M�b�T�Q�`�i ���i �b�K���H�H �B�M�D�2�+�i�B�Q�M �+�m�`�`�2�M�i�bI �- �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �;�2�Q�K�2�i�`�v

���M�/ �+�Q�M�7�B�;�m�`���i�B�Q�M�-V NL < 0 �U���b �B�M �.�2�p�B�+�2�R ���M�/ �.�2�p�B�+�2�k�@�:�k�V �Q�`V NL > 0 �U���b �B�M �.�2�p�B�+�2�k�@

�:�R�V�X �6�Q�` �+�Q�M�+�`�2�i�2�M�2�b�b�- �7�B�`�b�i �H�2�i �m�b �+�Q�M�b�B�/�2�` �K�2���b�m�`�2�K�2�M�i�b �T�2�`�7�Q�`�K�2�/ �B�M �� �9�@�i�2�`�K�B�M���H �U�k�@�T�Q�`�i�V
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�6�B�;�m�`�2 �8�X�k�, �P�T�i�B�+���H �K�B�+�`�Q�;�`���T�? �Q�7 �2�t�T�2�`�B�K�2�M�i���H �/�2�p�B�+�2�b�X �U���V �.�2�p�B�+�2�R �@ �� �b�[�m���`�2 �/�2�p�B�+�2 �r�B�i�?
�b�B�/�2L = 15 � �K ���M�/ �U�#�V �.�2�p�B�+�2�k �@ �� �+�Q�K�T�H�2�t �;�2�Q�K�2�i�`�v �r�B�i�? �R�k �2�H�2�+�i�`�B�+���H �+�Q�M�i���+�i�b�- �7���#�`�B�+���i�2�/
�Q�M �i�?�2 �:�����b�f���H�:�����b �?�2�i�2�`�Q�b�i�`�m�+�i�m�`�2�X �"�H���+�F �`�2�;�B�Q�M�b �/�2�T�B�+�i �2�i�+�?�2�/ �#���`�`�B�2�`�b �i�?���i �/�2�7�B�M�2 �i�?�2
�/�2�p�B�+�2 �#�Q�m�M�/���`�B�2�b�X �S�Q�B�M�i �+�Q�M�i���+�i�b �U�S�*�b�V �B�M �2���+�? �/�2�p�B�+�2 ���`�2 �K���`�F�2�/ ���- �#�- �+�X�X�X �2�i�+�X �S���i�?�b
�H�2���/�B�M�; �m�T �i�Q �2���+�? �S�* ���`�2 �b�?�Q�r�M �B�M �/�B�b�i�B�M�+�i �+�Q�H�Q�`�b �i�Q ���B�/ �p�B�b�m���H�B�x���i�B�Q�M�X �.�2�p�B�+�2�k �?���b �i�r�Q
�/�B�b�i�B�M�+�i �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b �@ �:�R ���M�/ �:�k�X �h�?�2 �+�m�`�`�2�M�i �B�b �/�`���B�M�2�/ �i�?�`�Q�m�;�? �i�?�2 �r�B�/�2 �b�B�/�2
�+�Q�M�i���+�i �B�M �:�R�- �r�?�B�H�2 �B�i �B�b �/�`���B�M�2�/ �i�?�`�Q�m�;�? �� �S�* �H�Q�+���i�2�/ �Q�T�T�Q�b�B�i�2 �i�?�2 �b�Q�m�`�+�2 �S�* �B�M �:�k�X �U�+�V
�L�Q�M�H�Q�+���H �p�Q�H�i���;�2 �UV �L�G�V ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�2�K�T�2�`���i�m�`�2�-T �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �K�2���b�m�`�2�K�2�M�i
�+�Q�M�7�B�;�m�`���i�B�Q�M�b �b�?�Q�r�M �B�M �U���V ���M�/ �U�#�V�X �h�?�2 �#�H���+�F �/�Q�i�i�2�/ �H�B�M�2 �B�M �2���+�? �T���M�2�H �B�M�/�B�+���i�2�bV �L�G= 0�-
�r�?�B�H�2 �T�Q�b�B�i�B�p�2 �U�M�2�;���i�B�p�2�V �`�2�;�B�Q�M�b ���`�2 �b�?���/�2�/ �`�2�/ �U�#�H�m�2�V�X
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�+�Q�M�7�B�;�m�`���i�B�Q�M �B�M �i�?�2 �b�2�i�m�T �b�?�Q�r�M �B�M �6�B�;�X�8�X�k�U���V�X �.�B�b�i�B�M�+�i �+�m�`�`�2�M�i �B�M�D�2�+�i�Q�` �S�* �UI + �V�- �/�`���B�M

�S�* �UI � �V�- �p�Q�H�i���;�2 �/�2�i�2�+�i�Q�` �S�* �UV �L�G
+ �V ���M�/ �p�Q�H�i���;�2 �+�Q�m�M�i�2�`�+�Q�M�i���+�i �S�* �UV �L�G

� �V ���`�2 �m�b�2�/�- �r�?�2�`�2

V �L�G= V �L�G
+ � V �L�G

� �X �A�M�T�m�i �B�b �� �+�m�`�`�2�M�i �b�B�;�M���HI �- ���M�/ �Q�m�i�T�m�i �B�b �p�Q�H�i���;�2V �L�G�X �6�Q�` �i�?�2 �+�?�Q�b�2�M

�;�2�Q�K�2�i�`�v ���M�/ �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�- �i�?�2 �M�2�;���i�B�p�2 �M�Q�M�H�Q�+���H �`�2�b�B�b�i���M�+�2R�L�G
1 = V �L�G/ I < 0�-

�r�?�2�`�2V �L�G ���M�/R�L�G
1 �#�Q�i�? �?���p�2 �i�?�2 �b���K�2 �b�B�;�M�X �h�?�m�b�- �m�M�/�2�` �H�B�M�2���` �i�`���M�b�T�Q�`�i�-V �L�G / I ���M�/

�H�B�M�2���`�H�v �/�2�+�`�2���b�2�b �U�#�2�+���m�b�2R�L�G
1 < 0�V ���bI �B�b �B�M�+�`�2���b�2�/�X �A�M �i�?�2 �H�B�K�B�i �Q�7 �b�i�`�Q�M�; �J�_ �b�+���i�i�2�`�B�M�;

�U�2�7�7�2�+�i�2�/ �#�v �b�2�H�7�@�?�2���i�B�M�; �/�m�2 �i�Q �B�M�+�`�2���b�B�M�;I �V�- �r�2 �F�M�Q�r �i�?���iV �L�G> 0�X �h�?�B�b �i�`���M�b�B�i�B�Q�M �K�m�b�i

�Q�+�+�m�` �b�K�Q�Q�i�?�H�v�- �B�K�T�H�v�B�M�; �i�?���iV �L�G�K�m�b�i �b�i�Q�T �/�2�+�`�2���b�B�M�; ���M�/ �b�i���`�i �B�M�+�`�2���b�B�M�; �r�B�i�?I ���i �b�Q�K�2

I = I 0 �r�?�2�`�2R�L�G
1 = 0�X �a�m�7�7�B�+�B�2�M�i�H�v �+�H�Q�b�2 �i�Q �i�?�B�b �T�Q�B�M�i �Q�7 �K�B�M�B�K�m�KV �L�G �r�2 �M�2�+�2�b�b���`�B�H�v �?���p�2�,

V �L�G= V �L�G
0 + R�L�G

2 (I � I 0)2 �U�8�X�j�V

V �L�G
0 �B�b �i�?�2 �p���H�m�2 ���i �i�?�2 �K�B�M�B�K�m�K ���M�/R�L�G

2 > 0 �U�m�M�B�i�b
 �f���V �/�2�T�2�M�/�b �Q�M �i�?�2 �T�?�v�b�B�+�b �Q�7 �i�?�2

�J�_ ���M�/ �J�* �b�+���i�i�2�`�B�M�;�X �h�?�B�b �M�Q�M�@�H�B�M�2���`�B�i�v �B�MI �B�b �`�Q�#�m�b�i ���M�/ �;�2�M�2�`�B�+ �#�2�+���m�b�2V �L�G < 0 �B�M

�i�?�2 �"�> �`�2�;�B�K�2�b�?���b�i�Q �#�2�+�Q�K�2> 0 �B�M �i�?�2 �/�B�7�7�m�b�B�p�2 �`�2�;�B�K�2 �B�`�`�2�b�T�2�+�i�B�p�2 �Q�7 �/�2�p�B�+�2 �;�2�Q�K�2�i�`�v

�Q�` �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�X �q�2 �+�Q�M�7�B�`�K �i�?�2 �T�`�2�/�B�+�i�B�Q�M �U�1�[�X�8�X�j�V �B�M �2�t�T�2�`�B�K�2�M�i�b �Q�M �K�m�H�i�B�T�H�2

�:�����b�f���H�:�����b �k�.�1�a �/�2�p�B�+�2�b ���iT �4 �9�X�k �E�- ���b �/�2�i���B�H�2�/ �#�2�H�Q�r ���M�/ �B�M �a�2�+�i�B�Q�M�8�X�8�X �q�2 �7�B�M�/

�i�?���i �2�p�2�M �i�?�Q�m�;�? �i�?�B�b �[�m���H�B�i���i�B�p�2 ���`�;�m�K�2�M�i �/�Q�2�b �M�Q�i �?�Q�H�/ �r�2�H�H �7�Q�` �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b

�r�B�i�?V �L�G > 0 ���i �H�Q�rT ���M�/I �- �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b �+�H�2���`�H�v �2�p�B�M�+�2 �[�m���/�`���i�B�+ �M�Q�M�@�H�B�M�2���`�B�i�v

�2�p�2�M �B�M �i�?�Q�b�2 �+���b�2�b�X

�8�X�j �1�t�T�2�`�B�K�2�M�i

�q�2 �T���i�i�2�`�M �K�2�b�Q�b�+�Q�T�B�+ �/�2�p�B�+�2�b �;�2�Q�K�2�i�`�B�2�b �Q�M �J�"�1�@�;�`�Q�r�M �:�����b�f���H�:�����b �(�j�9�-�j�8�) �U���b �b�?�Q�r�M

�B�M �i�?�2 �B�M�b�2�i �Q�7 �6�B�;�X�8�X�R�V�X �h�?�2 �:�����b �[�m���M�i�m�K �r�2�H�H �H�Q�+���i�2�/ �R�N�y �M�K �#�2�H�Q�r �i�?�2 �b�m�`�7���+�2 �?���/ �?�B�;�?

� ' 670� 756�K2�o� 1�b� 1 ���M�/ �H�Q�M�;` �J�_ = 65� 69� �K ���i �9�X�k �E �(�k�d�)�- �r�B�i�? �k�.�1�a �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v
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Ns = 3 � 3:4� �R�y15 �K� 2�- �;�B�p�B�M�;vF = 2:2� 2:7� 105 �K�f�b�- �6�2�`�K�B �2�M�2�`�;�vEF = 10:1� 11:2 �K�2�o�-

���M�/ �6�2�`�K�B �r���p�2�H�2�M�;�i�?� F ' 45 � 42 �M�K�X �P�p�2�` �i�?�2 �`���M�;�2 �9�@�9�y �E�-� �B�b �H�B�K�B�i�2�/ �#�v ���+�Q�m�b�i�B�+

�T�?�Q�M�Q�M �b�+���i�i�2�`�B�M�;�- �r�B�i�? �� �i�v�T�B�+���HT�@�/�2�T�2�M�/�2�M�+�21/ � (T) = 1/ � i + �T �- �r�?�2�`�2� i �/�2�M�Q�i�2�b�

�H�B�K�B�i�2�/ �#�v �B�K�T�m�`�B�i�v �b�+���i�i�2�`�B�M�; ���M�/� = 1:95 � 2:35 � 10� 4 �F�;�f�U�*�b�E�V �B�b �� �T�`�Q�T�Q�`�i�B�Q�M���H�B�i�v

�+�Q�M�b�i���M�i �(�j�9�-�9�y�-�9�d�)�X

�.�2�p�B�+�2 �#�Q�m�M�/���`�B�2�b �r�2�`�2 �T�`�Q�/�m�+�2�/ �#�v �r�2�i�@�2�i�+�?�B�M�; �Q�7 �i�`�2�M�+�?�2�b ���7�i�2�` �2�H�2�+�i�`�Q�M �#�2���K �H�B�i�?�Q�;�`���T�?�v

�m�b�B�M�; �S�J�J�� ���b �2�i�+�?�B�M�; �K���b�F �(�j�9�-�j�8�)�X �h�?�2 �r�2�i �2�i�+�? ���H�H�Q�r�b �b�T�2�+�m�H���` �#�Q�m�M�/���`�v �b�+���i�i�2�`�B�M�;

�Q�7 �2�H�2�+�i�`�Q�M�b �(�R�N�- �j�9�- �j�8�- �9�k�)�X �h�?�2 �/�2�p�B�+�2 �7�2���i�m�`�2�b �b�2�p�2�`���H ���T�2�`�i�m�`�2�b �U�T�Q�B�M�i �+�Q�M�i���+�i�b�- �S�*�b�V

�Q�7 �+�Q�M�/�m�+�i�B�M�; �r�B�/�i�?� �e�y�y �M�K�- �r�?�2�`�2 �2���+�? �S�* �+���M �7�m�M�+�i�B�Q�M ���b �+�m�`�`�2�M�i �B�M�D�2�+�i�Q�` �Q�` �p�Q�H�i���;�2

�/�2�i�2�+�i�Q�`�X �q�2 �2�b�i�B�K���i�2 �i�?���i� �k�3 �b�T�B�M�@�/�2�;�2�M�2�`���i�2 �i�`���M�b�p�2�`�b�2 �b�m�#�#���M�/�b �U�K�Q�/�2�b�V �+�Q�M�i�`�B�#�m�i�2 �i�Q

�i�`���M�b�T�Q�`�i�- �v�B�2�H�/�B�M�; �� �S�* �`�2�b�B�b�i���M�+�2Rpc ' (h/2 e2)/28 �4 �9�e�y
 �X �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �b�m�#�#���M�/�b

�B�M�/�B�+���i�2�b �i�?���i �i�`���M�b�T�Q�`�i �[�m���M�i�B�x���i�B�Q�M �2�7�7�2�+�i�b �+���M �#�2 �M�2�;�H�2�+�i�2�/�X

�1�H�2�+�i�`�Q�M�B�+ �i�`���M�b�T�Q�`�i �K�2���b�m�`�2�K�2�M�i�b ���`�2 �T�2�`�7�Q�`�K�2�/ ���i �9�X�k �E< T . �j�8�y �E �B�M �p���`�B���#�H�2�@T

�+�`�v�Q�b�i���i �b�v�b�i�2�K�b�X �a�i���M�/���`�/ �2�H�2�+�i�`�Q�M�B�+ �+�?���`���+�i�2�`�B�x���i�B�Q�M �m�b�2�b �R �>�x �@ �8�y �J�>�x �T�?���b�2�@�b�2�M�b�B�i�B�p�2

�H�Q�+�F�@�B�M �i�2�+�?�M�B�[�m�2�b �m�M�/�2�` �b�K���H�H�@�b�B�;�M���H ���* �2�t�+�B�i���i�B�Q�M �+�m�`�`�2�M�i�b �U�M�� �i�Q� �� �H�2�p�2�H�V �r�B�i�? ���*

�p�Q�H�i���;�2 �U�v�B�2�H�/�B�M�; �/�B�7�7�2�`�2�M�i�B���H �`�2�b�B�b�i���M�+�2dV/ dI ���i �;�B�p�2�M �#�B���b�V �Q�` ���* �+�m�`�`�2�M�i �/�2�i�2�+�i�B�Q�M �m�M�/�2�`

�.�* �#�B���b �+�m�`�`�2�M�i �U' 1� �� � 50� ���V�X

�8�X�9 �_�2�b�m�H�i�b

�6�B�;�m�`�2�8�X�j�b�?�Q�r�b �i�?�2 �M�Q�M�H�Q�+���H �p�Q�H�i���;�2V �L�G �K�2���b�m�`�2�/ ���i ��T �4 �9�X�R �E�- ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2

�B�M�D�2�+�i�B�Q�M �+�m�`�`�2�M�iI �7�Q�` �2�t�2�K�T�H���`�v �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b �B�M �.�2�p�B�+�2�R ���M�/ �.�2�p�B�+�2�k�X ���i �9�X�R �E�-

R�L�G
1 = V �L�GI < 0 �B�M �.�2�p�B�+�2�R �U�6�B�;�X�8�X�j�U���V�V ���M�/ �.�2�p�B�+�2�k�@�:�k �U�6�B�;�X�8�X�j�U�#�V�- �`�2�/�V ���M�/V �L�G�B�M�B�i�B���H�H�v

�7���H�H�b �H�B�M�2���`�H�v ���bI �B�b �B�M�+�`�2���b�2�/�X ���bI �B�b �7�m�`�i�?�2�` �B�M�+�`�2���b�2�/�- �2�@�2 �b�+���i�i�2�`�B�M�; �F�B�+�F�b �B�M ���M�/ �i�`���M�b�T�Q�`�i

�B�b �M�Q �H�Q�M�;�2�` �H�B�M�2���`�X �J�2���b�m�`�2�/V �L�G �;�Q�2�b �i�?�`�Q�m�;�? �� �K�B�M�B�K�� ���M�/ �b�i���`�i�b �B�M�+�`�2���b�B�M�;�- �2�p�2�M�i�m���H�H�v
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�6�B�;�m�`�2 �8�X�j�, �U���V �J�2���b�m�`�2�/V �L�G ���b �� �7�m�M�+�i�B�Q�M �Q�7I �B�M �.�2�p�B�+�2�R�X �A�M�b�2�i�b �/�2�T�B�+�i�b �i�?�2 �/�2�p�B�+�2 ���H�Q�M�;
�r�B�i�? �i�?�2 �+�m�`�`�2�M�i �b�Q�m�`�+�2 ���M�/ �p�Q�H�i�K�2�i�2�` �+�Q�M�i���+�i�b �U�#�V �J�2���b�m�`�2�/V �L�G �p�b�XI �B�M �.�2�p�B�+�2�k �B�M �i�?�2
�:�R �U�#�H�m�2�V ���M�/ �:�k �U�`�2�/�V �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b�X �A�M�b�2�i�b �b�?�Q�r �i�?�2 �/�2�p�B�+�2 �r�B�i�? �+�Q�H�Q�`�2�/ ���`�`�Q�r�b
�B�M�/�B�+���i�B�M�; �+�m�`�`�2�M�i �B�M�D�2�+�i�B�Q�M ���M�/ �2�t�i�`���+�i�B�Q�M �7�Q�` �:�R �U�#�H�m�2�V ���M�/ �:�k �U�`�2�/�V�X �o�Q�H�i�K�2�i�2�` �T�`�Q�#�2�b
���`�2 �B�M�/�B�+���i�2�/ �#�v �U�Y�V ���M�/ �U�@�V �b�v�K�#�Q�H�b �B�M �#�H���+�F�X �.�Q�i�i�2�/ �?�Q�`�B�x�Q�M�i���H �H�B�M�2�b �B�M�/�B�+���i�2V �L�G = 0�X
�"�Q�i�? �.�2�p�B�+�2�R ���M�/ �.�2�p�B�+�2�k�@�:�k �b�?�Q�r ���M �m�T�r���`�/ �7���+�B�M�; �T���`���#�Q�H�� �U�r�B�i�? �� �T�Q�b�B�i�B�p�2R�L�G

2 �V�- �r�?�B�H�2
�.�2�p�B�+�2�k�@�:�R �b�?�Q�r�b �� �/�Q�r�M�r���`�/ �T���`���#�Q�H�� �U�M�2�;���i�B�p�2R�L�G

2 �V�X �J�Q�`�2 �+�Q�M�i���+�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b �B�M
�#�Q�i�? �/�2�p�B�+�2�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�8�X�8�X
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�+�`�Q�b�b�B�M�; �x�2�`�Q�X �h�?�B�b �`�2�b�m�H�i�b �B�M �� �[�m���/�`���i�B�+ �M�Q�M�@�H�B�M�2���`�B�i�v ���`�Q�m�M�/I = I 0 �r�B�i�?R�L�G
2 > 0�- �r�B�i�?

�i�?�2 �/�Q�i�i�2�/ �#�H���+�F �H�B�M�2 �B�M�/�B�+���i�B�M�; �� �T���`���#�Q�H�B�+ �7�B�i �i�Q �i�?�2 �/���i���X ���b �`�2�b�m�H�i�b �7�`�Q�K �b�B�K�m�H���i�B�Q�M�b

�B�M�/�B�+���i�2 �B�M �6�B�;�X�8�X�R�U�/�V�- �#�Q�i�? �i�?�2 �M�Q�M�@�H�B�M�2���`�B�i�v ���b �r�2�H�H ���b �i�?�2 �x�2�`�Q�@�+�`�Q�b�b�B�M�; �+���M �#�2 �2�M�i�B�`�2�H�v

�2�t�T�H���B�M�2�/ �D�m�b�i �#�v �2�@�2 �b�+���i�i�2�`�B�M�;�X �.�2�p�B�+�2�k�@�:�R �U�6�B�;�X�8�X�j�U�#�V�- �#�H�m�2�V �b�?�Q�r�b ���M �2�t���K�T�H�2 �+�Q�M�i���+�i

�+�Q�M�7�B�;�m�`���i�B�Q�M �r�?�2�`�2R�L�G
1 > 0 �m�M�/�2�` �H�B�M�2���` �i�`���M�b�T�Q�`�i�X �>�2�`�2�-V �L�G �B�M�B�i�B���H�H�v �B�M�+�`�2���b�2�b �H�B�M�2���`�H�v

�r�B�i�?I �X ���b �2�@�2 �b�+���i�i�2�`�B�M�; �#�2�+�Q�K�2�b �b�i�`�Q�M�;�2�` ���i �?�B�;�?�2�`I �-V �L�G �b�i���`�i�b �i�Q �7���H�H ���M�/ �� �[�m���/�`���i�B�+

�M�Q�M�@�H�B�M�2���`�B�i�v �U�i�?�B�b �i�B�K�2 �r�B�i�?R�L�G
2 < 0�V �B�b �Q�#�b�2�`�p�2�/�X ���bI �B�b �7�m�`�i�?�2�` �B�M�+�`�2���b�2�/�-V �L�G �+�`�Q�b�b�2�b

�#�2�H�Q�r �x�2�`�Q�- ���M�/ �`�2�K���B�M�b �M�2�;���i�B�p�2 �m�T �i�Q �i�?�2 �K���t�B�K�m�K �2�t�T�2�`�B�K�2�M�i���H�H�v ���+�+�2�b�b�B�#�H�2I �X �6�`�Q�K �i�?�2

�[�m���H�B�i���i�B�p�2 ���`�;�m�K�2�M�i �T�`�2�b�2�M�i�2�/ �2���`�H�B�2�`�- �r�2 ���`�;�m�2 �i�?���i �2�p�2�M�i�m���H�H�v�- �b�2�H�7�@�?�2���i�B�M�; �/�m�2 �i�QI �r�B�H�H

�`�2�b�m�H�i �B�M �i�?�2 �Q�M�b�2�i �Q�7 �i�?�2 �/�B�7�7�m�b�B�p�2 �`�2�;�B�K�2 �K���F�B�M�;V �L�G> 0�- �`�2�b�m�H�i�B�M�; �B�M �� �b�2�+�Q�M�/ �[�m���/�`���i�B�+

�M�Q�M�@�H�B�M�2���`�B�i�v �U�r�B�i�?R�L�G
2 > 0�V�X �1�t�T�2�`�B�K�2�M�i���H�H�v�- �i�?�2 �K���t�B�K�m�KI ���i�i���B�M���#�H�2 �B�b �H�B�K�B�i�2�/ �#�v �b�K���H�H

�S�* �r�B�/�i�?�b �/�m�2 �r�?�B�+�? �+���m�b�2 �2�t�+�2�b�b�B�p�2 �H�Q�+���H �?�2���i�B�M�; �M�2���` �i�?�2 �b�Q�m�`�+�2�f�/�`���B�M �S�*�b�- �i�?���i �/�2�b�i�`�Q�v�b

�i�?�2 �k�. �M���i�m�`�2 �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �b�v�b�i�2�K�X

�h�?�2 �[�m���/�`���i�B�+ �M�Q�M�@�H�B�M�2���`�B�i�v �B�M �1�[�X�8�X�j�+���M �#�2 ���T�T�H�B�2�/ �i�Q �+�`�2���i�2 �M�Q�M�@�H�B�M�2���` �+�B�`�+�m�B�i�b �i�?���i

�Q�T�2�`���i�2 ���i �+�`�v�Q�;�2�M�B�+ �i�2�K�T�2�`���i�m�`�2�b �U�i�2�b�i�2�/ �/�Q�r�M �i�QT � 4:1 �E �B�M �i�?�B�b �r�Q�`�F�V�X �*�Q�M�b�B�/�2�` ��

�i�B�K�2�@�p���`�v�B�M�; �+�m�`�`�2�M�i �B�M�T�m�iI (t) = I + I s �b�B�M(! st) �r�?�2�`�2I s �B�b �� �b�K���H�H �b�B�;�M���H �UI s � I �V�X �h�?�2

�M�Q�M�@�H�B�M�2���`�B�i�v �B�M �1�[�X�8�X�j�`�2�b�m�H�i�b �B�M �`�2�+�i�B�7�B�+���i�B�Q�M�,jV �L�G(! = 0) j = V �L�G
0 + R�L�G

2 I 2
s /2 �- ���M�/ �B�M

�7�`�2�[�m�2�M�+�v �/�Q�m�#�H�B�M�;�,jV �L�G(2! s)j = R�L�G
2 I 2

s /2 �X �q�2 �+�Q�M�b�B�/�2�` �i�?�2 �K�2���b�m�`�2�K�2�M�i �+�Q�M�7�B�;�m�`���i�B�Q�M

�/�2�T�B�+�i�2�/ �B�M �6�B�;�X�8�X�R�U���V�- �7�Q�` �r�?�B�+�? �2�t�T�2�`�B�K�2�M�i���H �/���i�� �B�b �b�?�Q�r�M �B�M �6�B�;�X�8�X�9�X �h�Q �Q�#�i���B�M �i�?�2 �/���i��

�b�?�Q�r�B�M�; �7�`�2�[�m�2�M�+�v �/�Q�m�#�H�B�M�;�- �� �p���`�B���#�H�2 �.�* �B�M�D�2�+�i�B�Q�M �+�m�`�`�2�M�i �UI �V �r���b ���T�T�H�B�2�/ �r�B�i�? ���/�/�2�/ �i�Q

�B�i �� �b�K���H�H �b�B�;�M���HI s �b�B�M(! st)�X �6�`�Q�K �� �i�`�B�;�Q�M�Q�K�2�i�`�B�+ ���M���H�v�b�B�b �Q�7 �1�[�X�8�X�j�- �r�2 �2�t�T�2�+�i �b�T�2�+�B�7�B�+

�#�2�?���p�B�Q�` �r�?�2�MI � I 0�X �h�?�2 �/���i�� �B�M �6�B�;�X�8�X�9�+�Q�M�7�B�`�K�b �i�?�2 �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �1�[�X�8�X�j�`�2�H���i�2�/ �i�Q

�7�`�2�[�m�2�M�+�v �K�m�H�i�B�T�H�B�+���i�B�Q�M�X �6�B�;�X�8�X�9�U���V �b�?�Q�r�bjV �L�Gj ���b �� �7�m�M�+�i�B�Q�M �Q�7I �X

�6�B�M���H�H�v�- �r�2 �H�Q�Q�F ���i �i�?�2 �H�Q�+���HI � V ���M�/ �T�Q�r�2�` �+�Q�M�b�m�K�T�i�B�Q�M �Q�7 �i�?�2 �/�2�p�B�+�2 �m�M�/�2�` �M�Q�M�@�H�B�M�2���`

�i�`���M�b�T�Q�`�i�X �6�B�;�X�8�X�8�b�?�Q�r�b �i�?�2 �M�Q�M�H�Q�+���H �p�Q�H�i���;�2V �L�G �B�M �U���V ���H�Q�M�; �r�B�i�? �i�?�2 �H�Q�+���H �k�@�i�2�`�K�B�M���H
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�6�B�;�m�`�2 �8�X�9�, �U���VjV �L�Gj �K�2���b�m�`�2�/ ���i �7�`�2�[�m�2�M�+�B�2�bf = 27:13 �>�x �U�#�H�m�2�V ���M�/2f = 54:26 �>�x �U�`�2�/�V
���b �� �7�m�M�+�i�B�Q�M �Q�7I �X ���b �T�`�2�/�B�+�i�2�/ �#�v �� �i�`�B�;�Q�M�Q�K�2�i�`�B�+ ���M���H�v�b�B�b �Q�7 �1�[�X�8�X�j�-V �L�G

f �#�2�+�Q�K�2�b �x�2�`�Q
���M�/V �L�G

2f �T�2���F�b �r�?�2�MI = I 0�X �A�M�@�T�?���b�2 �UV �L�G
�s �- �#�H�m�2�V ���M�/ �[�m���/�`���i�m�`�2 �UV �L�G

�u �- �`�2�/�V �+�Q�K�T�Q�M�2�M�i�b �Q�7
V �L�G ���i �7�`�2�[�m�2�M�+�B�2�b �U�#�Vf = 27:13 �>�x ���M�/ �U�+�V2f = 54:26 �>�x ���b �� �7�m�M�+�i�B�Q�M �Q�7I �X ���b �T�`�2�/�B�+�i�2�/
�#�v �� �i�`�B�;�Q�M�Q�K�2�i�`�B�+ ���M���H�v�b�B�b �Q�7 �1�[�X�8�X�j�- ���if V �L�G

�s �/�B�b���T�T�2���`�b �U�i�Q�T �T���M�2�H�V�- �r�?�B�H�2 ���i2f �i�?�2V �L�G
�u

�T�2���F�b �U�#�Q�i�i�Q�K �T���M�2�H�V ���iI = I 0�X
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