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Abstract 

 
The effect of different factors on the operating characteristics of a semiconductor quantum 

dot (QD) laser is studied. Specifically, the following topics are included in the dissertation: 

 

1) Effect of carrier-density-dependent internal loss in the optical confinement layer (OCL) 

on the characteristic temperature. 

Internal optical loss in a QD laser couples the confined-carrier level occupancy in QDs to 

the free-carrier density in the OCL. Due to this coupling, which is controlled by the threshold 

condition, the free-carrier density is increased and more temperature-sensitive, and also the 

confined-carrier level occupancy becomes temperature-dependent. As a result, the characteristic 

temperature of a laser is considerably reduced. Carrier-density-dependent internal loss also sets 

an upper limit for operating temperatures of a QD laser and constrains the shallowest potential 

well depth and the smallest tolerable size of a QD at which the lasing can be attained. The 

dependences of the characteristic temperature, maximum operating temperature, and shallowest 

potential well depth on the parameters of the structure are obtained. At the maximum operating 

temperature or when any parameter of the structure is equal to its critical tolerable value, the 

characteristic temperature reduces to zero. 

 

2) Effect of excited-states in QDs on the light-current characteristic (LCC). 

The carrier capture from the three-dimensional reservoir (optical confinement layer – OCL) 

into the QD ground-state and escape from the ground-state to the OCL are assumed to occur via 

the QD excited-state. Such a two-step capture places a fundamental limitation on ground-state 

lasing—the output power saturates at high injection currents. The saturation power is controlled 

by the transition time between the excited- and ground-state in a QD. The longest, cut-off 

transition time exists, beyond which no ground-state lasing is possible. The following 

characteristics are analyzed versus the injection current density and the transition time: 



 iii

occupancies of the ground- and excited-state, free carrier density in the OCL, threshold current 

density, number of stimulated photons emitted, output power, internal and external differential 

quantum efficiencies. 

 

3) Effect of longitudinal spatial hole burning (SHB) and multimode lasing on the LCC. 

The number of modes is shown to remain limited with increasing injection current. The 

maximum number of modes that can oscillate in a QD laser is analytically estimated. While this 

number increases with increasing surface density of QDs or cavity length, it remains limited 

(first increases and then decreases) with increasing scatter in the QD-size. The critical tolerable 

values of the structure parameters are derived beyond which higher-order longitudinal modes can 

not oscillate. It is notable that, in addition to the maximum tolerable scatter, there also exists the 

minimum scatter in the QD-size for each higher-order mode to start lasing. The threshold 

currents and output powers of modes are computed numerically. The power of the main mode is 

reduced due to lasing of higher-order modes and spatially nonuniform carrier distribution. As a 

new mode turns on, kinks appear in the LCCs of existing modes. SHB reduces the total optical 

power of a laser and contributes to nonlinearity of the overall LCC. The effect is more significant 

when any of the structure parameters is close to its critical tolerable value. The LCC becomes 

more linear with improving QD-size uniformity or increasing surface density of QDs or cavity 

length. 
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Chapter 1 

Introduction 

1.1. Semiconductor lasers 

Semiconductor lasers are one of the most important inventions of the 20th century. Since 

their invention in the early 1960s, semiconductor lasers have been among the most extensively 

used lasers. Nowadays, semiconductor lasers appear in various areas of our daily life. They 

present a critical component in optical communication systems [1] and in many commercial 

products, such as compact disk players [2], laser printers [2, 3], and pointers. 

Unlike other types of lasers, a semiconductor laser is pumped by electric current and its 

basic structure is a p-n junction. For this reason, semiconductor laser is also called injection laser 

or diode laser. Fig. 1.1 shows as an example a separate confinement double heterostructure 

semiconductor laser. Different layers in such a laser are made of semiconductor materials with 

different band gaps. Electrons and holes are injected from the n- and p-cladding layers, 

respectively. In the active region, electrons and holes recombine via spontaneous and stimulated 

recombination thus generating photons. The generated emission is confined within the 

waveguide layer (optical confinement layer). Photons leaving the cavity from its facet(s) form 

the output of a laser. 

A key characteristic of a semiconductor laser is the light current curve. It presents the output 

optical power versus the pump current (Fig. 1.2). The more linear is this curve, or the larger is its 

slope, or the closer is the starting point of the curve to the origin, the better is the laser diode. The 

current density at which lasing starts is defined as the threshold current density  jth. The lower  jth, 

the higher is the output optical power at a given injection current density. The temperature 

dependence of  jth can be empirically described by an exponential function (Fig. 1.2), where T0 is 

a figure of merit called the characteristic temperature. The higher T0, the higher is the 

temperature stability of  jth. Lowering  jth and improving its temperature stability have been 

important objectives in the development of semiconductor lasers [4]. 
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Fig. 1.1. Schematic view of a separate confinement double heterostructure laser. 
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Fig. 1.2. Illustrative light-current curve of a semiconductor laser. 

1.1.1. Evolution of semiconductor lasers 

Laser is the acronym for “Light Amplification by Stimulated Emission of Radiation” [5]. 

Early study of feasibility of lasing in semiconductors was published by several researchers [6, 7]. 
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The year of 1962 should be marked as an important milestone in the history of semiconductor 

lasers. It was in this year that several groups independently demonstrated lasing action in 

semiconductors, both in the infrared [8–10] (using GaAs) and visible light range [11] (using 

GaAs1-xPx). However, since these earliest semiconductor lasers utilized bulk materials and 

homostructures, they suffered from high threshold current density (104 ~ 105 A/cm2) and were 

only able to operate at cryogenic temperature. 

In 1963, a double heterostructure laser, wherein the active layer of a semiconductor material 

of one type is sandwiched between the layers of a different semiconductor material having a 

wider band gap, was suggested by Alferov and Kazarinov [12] and Kroemer [13] to achieve high 

efficiency radiative recombination in the narrow band gap semiconductor. A single 

heterostructure laser was first demonstrated in 1969 [14] with a room temperature threshold 

current density (pulsed operation) of about 8.6 kA/cm2. 

The practical use of semiconductor lasers was made possible only after the room 

temperature continuous-wave operation was realized in 1970 by Alferov et al. [15] and Panish et 

al. [16, 17] using a double heterostructure. A room temperature continuous-wave threshold 

current density as low as 1.6 kA/cm2 [17] was achieved. A significant reduction of  jth in a 

double heterostructure laser is mainly due to two reasons: 1) a wider band gap of the cladding 

layers effectively confines the carriers in the active region, and 2) a higher refractive index of the 

active layer compared to that of the cladding layers forms a waveguide and effectively confines 

the emitted light within the active layer. 

Advanced performance of heterostructure lasers (compared to homostructure lasers) made 

them capable for the use in many areas, such as the optical communication systems (since 1978). 

The use of bulk materials for the active region however blocked a further improvement of 

heterostructure lasers. A new hope appeared when quantum wells (QWs) attracted the attention 

of laser scientists. The use of QW lasers was motivated by the strong modification of properties 

of a semiconductor crystal in low-dimensional heterostructures. It has been predicted in the 

middle 1970s that reducing the dimensionality of the active region can significantly improve the 

performance of semiconductor lasers [18]: restriction of the carrier motion in the direction 

perpendicular to the QW plane produces a stair-like density of states [Fig. 1.3(b)] and leads to 

more efficient devices operating at lower threshold currents compared to bulk active-region 

lasers. 
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Although the optically [19] and electrically pumped [20] QW lasers had been demonstrated 

in 1975 and 1977, respectively, it was not until the crystal growth techniques were developed 

well enough to achieve thin films of good quality that the full potential of QW lasers could be 

realized. During the years following the first demonstration of QW lasers, much effort has been 

put to improve the QW laser design. By reducing the doping of the layers around the active 

region and using a graded index separate confinement heterostructure, Tsang achieved  jth as low 

as 160 A/cm2 [21], which was much lower compared to bulk heterostructure lasers (> 500 A/cm2) 

[22–24]. This result clearly demonstrated the advantage of QW lasers over bulk active-region 

lasers and can be viewed as another milestone in the history of semiconductor lasers. A new 

technique – the use of strain – has enabled QW lasers to lase with  jth below 50 A/cm2 [25]. The 

use of new material systems largely expanded the range of the emission wavelength (from red 

[26] to far-infrared). The use of GaN based materials further shortened the wavelength range to 

blue/green region [27] and the use of antimonide semiconductors to the wavelength range 

beyond 2 μm [28]. Nowadays, QW lasers almost completely took the place of bulk 

heterostructure lasers and dominate over the semiconductor laser market [29]. 

Hence, the quantum confinement effect has already led to high performance QW lasers. To 

achieve even better performance, a natural approach was to further restrict the motion of carriers 

in the remaining two directions. This led to the concept of quantum dot (QD) lasers. In a QD 

laser, the active region consists of a layer (or layers) with a large number of QDs (with a typical 

QD size on the order of 10 nanometers). Due to the complete confinement of carriers in all three 

directions, the transitions between the electron and hole levels in QDs are analogous to those 

between the discrete levels in individual atoms. 

Fig. 1.3 shows the density of states in semiconductor materials of different dimensionality. 

The density of states describes the number of states per unit volume per unit energy. With 

reducing dimensionality of the active region, the density of states profile becomes narrower and 

hence a smaller number of states should be filled by carriers to achieve the population inversion 

required for lasing. As a result, the threshold current is reduced [30]. As seen from Fig. 1.3, with 

the transition from a bulk (3D) to a quantum well (2D) medium, the density of states remains 

continuous. A qualitative change to a discrete, delta-function density of states [Fig. 1.3(c)] 

occurs only when a QD (0D) medium is used. Radically reduced  jth would thus be expected in 

QD lasers. 
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Fig. 1.3. Density of states in materials of different dimensionality: 

(a) 3D (bulk), (b) 2D (QW), and (c) 0D (QD). 
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Another important advantage of QD lasers is high temperature stability of operation. In an 

ideal QD laser, the injection current should go entirely into the recombination in QDs and the 

charge neutrality in QDs should hold [31, 32]. In such a case, the threshold current would not 

depend on temperature and hence the characteristic temperature would be infinitely high [33]. 

1.2. Progress in fabricating QD lasers 

1.2.1. Early work 

Although low threshold current [34] and high temperature stability [33] have been predicted 

for QD lasers in the 1980s, the realization of lasing was lagged due to the lack of an appropriate 

technology at that time. Lasing properties of three-dimensionally quantized carriers were first 

investigated indirectly by placing QW lasers in strong magnetic fields [33, 35], which 

demonstrated an increase in the characteristic temperature. 

There have been several approaches to the realization of QD structures. A traditional way 

was to selectively etch QW structures. In 1987, Miyamoto et al. demonstrated electrically 

pumped light emission from a QD structure, which was realized from an MOCVD-grown 

GaInAsP/InP QW by applying the holographic process, etching, and overgrowing [36]. The 

authors reported a Fabry-Perot-mode-like spectrum, which suggested a possible stimulated 

emission. Later efforts yielded a laser operation, but the devices exhibited high  jth (7.6 kA/cm2 at 

77 K under pulsed operation in [37]), most probably due to a high density of surface states 

created during etching. 

1.2.2. Self-organization growth of QD structures and improving the laser 

characteristics 

A real breakthrough occurred when the approach of self-organized growth was developed to 

an extent allowing for the realization of dense and relatively uniform QD ensembles with 

significantly reduced density of defects. Fig. 1.4 shows typical plan-view and cross-sectional 

TEM images of a QD structure. The high resolution TEM image in Fig. 1.5 illustrates a single 

self-organized QD, which is of pyramidal shape. 
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(a) 

 

(b) 

Fig. 1.4. Plan-view (a) and cross-sectional (b) TEM images of a QD 

structure. (Reprinted from Fig. 2 of ref. [38], Copyright (2003), with 

permission from Elsevier.) 

In 1994, Ledentsov et al. [40] demonstrated optically pumped lasing in an InGaAs-GaAs 

structure with high density of QDs and low density of defects. Electrically pumped lasing from 

self-organized InGaAs QDs was also reported in the same year [41, 42]. The lasing was observed 

both at low and room temperature. In [42], a low threshold current density (120 A/cm2) was 

reported at 77 K and a high T0 = 350 K for the temperature range from 50 to 120 K. 
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Fig. 1.5. High resolution TEM image of a single self-organized QD grown 

by deposition of 16 periods of 0.25ML InAs / 0.25ML GaAs separated by 

5 s pauses. (Reprinted from Fig. 1 of ref. [39], Copyright (2001), with 

permission from Elsevier.) 

Since then, a rapid progress has been made in fabricating QD lasers [43, 44]. Although the 

early stage QD lasers did not show a superior performance over QW lasers [thus, in [44],   jth of 

the QD laser was about twice of that of a reference QW laser having a similar structure to that of 

the QD laser (except for the active region)], a successful fabrication of QD lasers has been 

reported continuously in succeeding years [45–60]. By now, low  jth [54–56, 58–60] and high  T0 

values [46, 58] have been achieved in QD lasers, which surpass the corresponding characteristics 

of commercial QW lasers. 

The self-organization technique allowed for a control over the size, density, and composition 

of dots, which is realized via controlling the growth conditions and/or materials used. Variation 

of parameters of a QD laser structure can strongly affect its operating characteristics. Thus,  jth 

depends strongly on the surface density of QDs [see the experimental Figs. 1.6 and 1.7, where 

the surface density of QDs is varied by changing the number of QD layers (number of stacks); 

compare these figures to the theoretical Fig. 1.8, which shows the decrease and then increase 

of  jth with increasing surface density of QDs], root mean square (RMS) of QD size fluctuations  
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Fig. 1.6. Threshold current density as a function of the number of QD 

layers: experiment. (Fig. 16 of ref. [47], reprinted with kind permission 

of Springer Science and Business Media.) 

[see the experimental Fig. 1.9; the FWHM of the spontaneous electroluminescence (EL) spectra 

corresponds to the RMS of QD size fluctuations; compare this figure to the theoretical Fig. 1.10], 

and cavity length (Fig. 1.11; compare this figure to the theoretical Fig. 1.12). In Figs. 1.9 and 

1.13, the FWHM of the EL spectra and the surface density of QDs are changed through changing 

the misorientation angle. 
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Fig. 1.7. Threshold current density (solid squares), threshold current density per 

QD layer (solid circles), and transparency current density per QD layer (open 

circles) versus the number of QD layers: experiment. (Reprinted from Fig. 3 of ref. 

[57], Copyright (2003), with permission from Elsevier.) 

 

Fig. 1.8. Dimensionless threshold current density versus the dimensionless 

surface density of QDs: theory. The inclined straight line shows the transparency 

current density. (Fig. 4(b) of ref. [61], reprinted with permission of IOP 

Publishing Ltd.) 
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Fig. 1.9. Threshold current density versus the FWHM of the spontaneous EL spectra for 

samples with various substrate misorientation angles (0, 2, 4, and 6°): experiment. 

(Fig. 4 of ref. [49], reprinted with kind permission of Springer Science and Business 

Media.) 

 

 

 

Fig. 1.10. Threshold current density (solid curve) versus the RMS of QD 

size fluctuations: theory. (Fig. 6(b) of ref. [62], © [2000] IEEE.) 
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Fig. 1.11. Threshold current density (left axis) versus the cavity length: 

experiment. (Fig. 3 of ref. [53], © [1999] IEEE.) 

 
 
 

 
Fig. 1.12. Threshold current density (solid curve) versus the cavity 

length: theory. (Fig. 6(c) of ref. [62], © [2000] IEEE.) 
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Fig. 1.13. AFM image of 3 ML InAs grown on the GaAs (0 0 1) surfaces exactly oriented and 

misoriented by 6°. (Reprinted from Fig. 2 of ref. [51], Copyright (1999), with permission from 

Elsevier.) 

Special techniques, such as p-type doping [63, 64] and tunneling injection [65], have been 

proposed to further enhance T0. Recently, a QD laser with temperature insensitive threshold 

current (T0 ≈ ∞) at room temperature has been reported [66]. The reasons behind this 

temperature-insensitivity are yet to be clarified. 

Till now, the most extensively studied QD lasers are those grown on GaAs substrates. Using 

different combinations of heterosystems, the lasing wavelength can be varied in the wide spectral 

range from visible to infrared (see, e.g., [67–69]), including the telecommunication wavelengths 

1.3 and 1.55 μm. The most superior performance on GaAs substrates is achieved around 1.3 μm. 

There have been encouraging results at 1.55 μm using other material systems (see, e.g., [70] for 

an InAs/InP QD laser). 

In the family of lasers, even in the family of semiconductor lasers, QD lasers are relatively 

young. Although they have already demonstrated a superior performance over existing 

semiconductor lasers, their full potential is yet to be realized, and hence much effort should be 

devoted to the experimental and theoretical study of the characteristics of these novel devices. 
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1.3. Previous theoretical work on QD lasers and motivation for this work 

There have been theoretical works on QD lasers. Some of them, which are related to the 

topic of this research, are summarized here. 

In an ideal QD laser, the density of states should be a delta-function (see Fig. 1.3). The 

advantages of QD lasers stem from this property. However, in actual situation, self-organized 

QDs are not identical. They vary in different aspects, primarily in size and shape (see, e.g., [71]). 

The fluctuations in QD parameters lead to an inhomogeneously broadened gain spectrum. In the 

early work of Asryan and Suris [61], inhomogeneous line broadening and its effect on the 

threshold current of a QD laser were analyzed; the dependence of the threshold current density 

on the RMS of QD size fluctuations, as well as on the other parameters, was calculated. 

In an ideal scenario, there should be one electron and one hole energy level in a QD. In 

actual QD structures, there are also excited-states [72]. In [73, 74], the effect of excited-states on 

the threshold current density of a QD laser was studied; a small overlap integral for transitions in 

QDs (and hence a long spontaneous radiative lifetime) was shown to be a possible reason for a 

low single-layer modal gain limiting the ground-state lasing in short-cavity devices. The 

presence of excited states in QDs can strongly affect the ground-state lasing [53, 75, 76]. A study 

of this effect presents one of the objectives of this dissertation. 

Charge neutrality violation in QDs and its effect on the laser characteristics were studied in 

[31, 32, 77]. It was shown that the electron and hole level occupancies in a QD can differ from 

each other, and the difference can be comparable to the occupancies themselves. Charge 

neutrality violation can strongly affect the gain and the threshold current [32]. It also introduces 

the temperature dependence of the electron and hole level occupancies, and hence an extra 

temperature dependence of the threshold current [31, 77]. Therefore, even if the parasitic 

recombination outside QDs (which is the main source of temperature dependence of  jth at high T) 

is fully suppressed,  jth will still be temperature dependent and T0 will remain finite. At low T, the 

thermal escape of carriers from QDs is essentially suppressed, and very high T0 could be 

expected. However, T0 remains limited [42], and it is the charge neutrality violation that is 

responsible for this. 

The internal optical loss can strongly affect the characteristics of a semiconductor laser. In 

[78, 79], the effect of internal loss on  jth of a QD laser was studied assuming that the internal 
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loss coefficient is linear with the carrier density in the optical confinement layer (OCL). The 

internal loss was shown to considerably narrow the region of tolerable structure parameters in 

which the lasing is attainable. The calculations suggested that the internal loss is likely to be 

another major limiting factor for lasing in short-cavity QD structures. The carrier-density-

dependent internal loss acts as an additional source of the temperature-dependence of the 

threshold current. In this dissertation, the characteristic temperature of a QD laser is studied in 

the presence of such a loss. 

Another problem of primary importance is the multimode generation. Multiple mode 

generation can be due to longitudinal spatial hole burning (SHB), which is caused by 

nonuniformity of the stimulated recombination along the cavity. Nonuniformity of stimulated 

recombination can lead to nonuniform carrier distributions. In QW or bulk-active-region lasers, 

nonuniform carrier distributions are effectively smoothed out by the diffusion. In a QD laser, 

smoothing out nonuniform carrier distribution requires also the thermal escape of carriers from 

QDs to the OCL. It is the thermal escape, which was shown in [62, 80] to be the limiting factor. 

Therefore, SHB is more strongly pronounced in QD lasers as compared to bulk or QW lasers. 

Using a linear approximation, Asryan and Suris [62, 80] calculated the multimode generation 

threshold (the difference between the threshold current densities of the first and second 

longitudinal modes) and studied the dependence of this threshold on the structure parameters. It 

was found that a decrease in the QD size dispersion considerably increases the relative 

multimode generation threshold. With increasing injection current and hence intensity of light, 

SHB becomes more strongly pronounced. A study of the effect of SHB and multimode emission 

on high-power operation of a QD laser is one more objective of this dissertation. 

1.4. Objectives, structure, and main findings of the dissertation 

The main objective of this research is a comprehensive study of the effect of different 

factors on the operating characteristics of a semiconductor QD laser. Specifically, the following 

topics are included in the dissertation: 
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1) Effect of carrier-density-dependent internal optical loss on the characteristic 

temperature (Chapter 2). 

It is shown that [A5–A7] ∗) internal optical loss in a semiconductor QD laser couples the 

confined-carrier level occupancy in QDs to the free-carrier density in the waveguide. Due to this 

coupling, which is controlled by the threshold condition, the free-carrier density is increased and 

more temperature-sensitive, and also the confined-carrier level occupancy becomes temperature-

dependent. As a result, the characteristic temperature of a laser is considerably reduced. Carrier-

density-dependent internal loss also sets an upper limit for operating temperatures of a QD laser 

and constrains the shallowest potential well depth and the smallest tolerable size of a QD at 

which the lasing can be attained. The dependences of the characteristic temperature, maximum 

operating temperature, and shallowest potential well depth on the parameters of the structure are 

obtained. At the maximum operating temperature or when any parameter of the structure is equal 

to its critical tolerable value, the characteristic temperature reduces to zero. 

 

2) Effect of excited-states in QDs on the light-current characteristic (Chapter 3). 

We develop a comprehensive theory of the output power of a QD laser in the presence of 

excited states in QDs [A4, A8, A9]. The carrier capture from the three-dimensional reservoir 

(optical confinement layer – OCL) into the QD ground-state and escape from the ground-state to 

the OCL are assumed to occur via the QD excited-state. Such a two-step capture places a 

fundamental limitation on ground-state lasing—the output power saturates at high injection 

currents. The saturation power is controlled by the transition time between the excited- and 

ground-state in a QD. The longest, cut-off transition time exists, beyond which no ground-state 

lasing is possible. The following characteristics are analyzed versus the injection current density 

and the transition time: occupancies of the ground- and excited-state, free carrier density in the 

OCL, threshold current density, number of stimulated photons emitted, output power, internal 

and external differential quantum efficiencies. 

 

 

                                                 
 
∗) “A” in the reference number indicates the publications of the author of this dissertation. 
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3) Effect of longitudinal SHB and multimode lasing on the light-current characteristic 

(Chapter 4). 

We use a set of rate equations for confined carriers in QDs, free carriers in the optical 

confinement layer, and photons to study the multi longitudinal mode oscillation in a QD laser. 

The number of modes is shown to remain limited with increasing injection current [A2, A3]. The 

maximum number of modes that can oscillate in a QD laser is analytically estimated. While this 

number increases with increasing surface density of QDs or cavity length, it remains limited 

(first increases and then decreases) with increasing scatter in the QD-size. The critical tolerable 

values of the structure parameters are derived beyond which higher-order longitudinal modes can 

not oscillate. It is notable that, in addition to the maximum tolerable scatter, there also exists the 

minimum scatter in the QD-size for each higher-order mode to start lasing. The threshold 

currents and output powers of modes are computed numerically [A1]. The power of the main 

mode is reduced due to lasing of higher-order modes and spatially nonuniform carrier 

distribution. As a new mode turns on, kinks appear in the LCCs of existing modes. SHB reduces 

the total optical power of a laser and contributes to nonlinearity of the overall LCC. The effect is 

more significant when any of the structure parameters is close to its critical tolerable value. The 

LCC becomes more linear with improving QD-size uniformity or increasing surface density of 

QDs or cavity length. 
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Chapter 2 

Internal Optical Loss and the Temperature 

Dependence of the Threshold Current Density of a 

Quantum Dot Laser 

Summary 

Internal optical loss in a semiconductor quantum dot (QD) laser couples the confined-carrier 

level occupancy in QDs to the free-carrier density in the waveguide. Due to this coupling, which 

is controlled by the threshold condition, the free-carrier density is increased and more 

temperature-sensitive, and also the confined-carrier level occupancy becomes temperature-

dependent. As a result, the characteristic temperature of a laser is considerably reduced. Carrier-

density-dependent internal loss also sets an upper limit for operating temperatures of a QD laser 

and constrains the shallowest potential well depth and the smallest tolerable size of a QD at 

which the lasing can be attained. The dependences of the characteristic temperature, maximum 

operating temperature, and shallowest potential well depth on the parameters of the structure are 

obtained. At the maximum operating temperature or when any parameter of the structure is equal 

to its critical tolerable value, the characteristic temperature reduces to zero. 

2.1. Introduction 

Temperature-stable diode lasers are highly desired for optical fiber telecommunication 

systems. The temperature dependence of the threshold current density of a semiconductor laser 

can be expressed as [1] 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∝

0
th exp

T
Tj ,     (2.1) 

where T0 is the characteristic temperature – a very important and widely accepted figure of merit 

of semiconductor lasers defined as 
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Fig. 2.1. Temperature dependence of the threshold current density of a structure 

with four-cleaved sides (a) and a stripe device (b). The stripe width (W) and 

length (L) are indicated. (Fig. 4 of ref. [4], © [2001] IEEE.) 
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The less temperature-sensitive is  jth, the higher is T0 (see Fig. 2.1). 

High temperature stability of operation is anticipated from semiconductor quantum dot (QD) 

lasers [2]. This advantage stems from a discrete energy spectrum of carriers in dots (Fig. 1.3). 
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Improved temperature stability of  jth has been first demonstrated by placing QW lasers in strong 

magnetic fields to achieve three-dimensional confinement of carriers [2, 3]. 

In an ideal QD laser, the threshold current density  jth should remain unchanged with the 

temperature and the characteristic temperature should be infinitely high [2]. This would be the 

case if the overall injection current went into QDs, and the recombination current in QDs would 

be temperature-independent. In actual QD lasers, carriers are first injected from the cladding 

layers into the optical confinement layer (OCL) (which includes the wetting layer), and then 

captured into QDs. The presence of carriers in the OCL results in recombination therein. Hence 

the recombination processes both in QDs and in the OCL control  jth and its T-dependence [5, 6]: 

OCLQDth jjj += ,     (2.3) 

OCL
0OCLQD

OCL
QD

0OCLQD

QD

0

111
Tjj

j
Tjj

j
T +

+
+

= ,   (2.4) 

where  jQD and  jOCL are the components of  jth associated with the recombination in QDs and in 

the OCL, respectively, and QD
0T  and OCL

0T  are defined similarly to T0 but for  jQD and  jOCL, 

respectively. The components of  jth are given as 

pn
QD

S
QD ffeNj

τ
= ,   ebBnpj =OCL ,   (2.5) 

where NS is the surface density of QDs, τQD is the spontaneous radiative recombination time in 

QDs,  fn and  fp are the confined-electron and -hole level occupancies in QDs at the lasing 

threshold, b is the OCL thickness, B is the radiative constant for the OCL material, and n and p 

are the free-electron and -hole densities in the OCL at the lasing threshold. 

The T-dependence of free-carrier densities, n and p, acts as the major source of such 

dependence of  jth [5, 6]. Thus, when the carrier distribution (below and at the lasing threshold) is 

described by the equilibrium statistics (relatively high T), n and p depend exponentionally on T, 

n

nnOCL
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1 1
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1 f

f
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fnn

−
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⎞

⎜
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−
= ,    (2.6) 

where ( )TENn n
OCL
c1 exp −= , ( ) 232OCL

c
OCL
c  22 hπTmN = , OCL

cm  is the electron effective mass 

in the OCL, T is the temperature measured in units of energy, and En is the carrier excitation  
 



31 

En 

QD  

Fig. 2.2. Energy of the carrier excitation from a QD to the OCL. 

energy from a QD to the OCL [see Fig. 2.2 and also the inset in Fig. 2.9(a)]. The temperature T 

here is measured in units of energy. The equation for p is similar to (2.6). 

Different factors can contribute to the T-dependence of the confined-carrier level 

occupancies in QDs, fn,p, thus causing the temperature-dependence of the recombination current 

density in QDs, jQD, and making QD
0T  finite. In [6, 7], violation of charge neutrality in QDs 

( fn ≠ fp) was shown to be such a factor. 

2.2. Carrier-density-dependent internal loss in the waveguide 

Here we study the effect of carrier-density-dependent internal optical loss in the OCL on the 

temperature dependence of  jth [A1–A3] 
∗). As in other injection lasers [8–16], such a loss can 

strongly affect the temperature stability of QD lasers [17]. This work is based on [18], where  jth 

has been calculated in the presence of the carrier-density-dependent internal loss. To neatly 

clarify the effect of internal loss, the charge neutrality [separately in QDs ( fn = fp) and in the 

OCL (n = p)] is assumed here. 

In general, several mechanisms can contribute to the internal loss, such as free-carrier 

absorption in the OCL and scattering at rough surfaces and imperfections in the waveguide (see 

[18] and the references therein). All these mechanisms can be conveniently grouped into the two 

categories – one dependent on the carrier density in the OCL and the other independent. Hence, 

the overall internal loss coefficient αint can be written as a sum of two components – one 

constant (αint) and the other increasing with the carrier density n, 
                                                 
 
∗) “A” in the reference number indicates the publications of the author of this dissertation. 
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nint0int σαα += ,      (2.7) 

where σint is the effective cross section for the internal absorption loss processes [18]. 

With eq. (2.7), the lasing threshold condition (equality of the gain to the loss) can be written 

as 

( ) nfg int0n
max 12 σαβ ++=− ,     (2.8) 

where gmax is the maximum (saturation) gain (see eq. (41) in [7]), ( ) ( )RL 1ln1=β  is the mirror 

loss, L is the cavity length, and R is the facet reflectivity. 

In the absence of the carrier-density-dependent internal loss (σint = 0), the level occupancy is 

immediately obtained from (2.8) to be independent of temperature, 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
+= max

0const
n 1

2
1

g
f αβ .     (2.9) 

Hence,  jQD = const(T ) and ∞=QD
0T  in this case. 

As seen from (2.8), the carrier-density-dependent internal loss couples n and  fn and, in view 

of the temperature dependence of n, makes  fn and  jQD also temperature dependent. Thus, QD
0T  

becomes finite. 

The following expression for  fn [which is easily found from (2.6) and (2.8)] has been 

derived in [18] [see eq. (9) therein]: 
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σσ ,  (2.10) 

where const
nf  is given by (2.9). 

As seen from (2.10), the temperature dependence of  fn stems from such dependence of n1 

[see eq. (2.6)]. In what follows, a possible T-dependence of σint is neglected compared to the 

exponential T-dependence of n1. Fig. 2.3 shows the temperature-dependence of the confined-

carrier level occupancy in QDs (right axis) given by eq. (2.10), the free-carrier density in the 

OCL and the internal loss (left axis) obtained from eqs. (2.8) and (2.10). In view of a linear 

character of eq. (2.8), the curve for all these quantities,  fn, n, and αint, is the same, and the 

vertical axes for them are obtained by a simple rescaling from one another. In the presence of the 

carrier-density-dependent internal loss, the confined-carrier level occupancy increases with 
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Fig. 2.3. Confined-carrier level occupancy in QDs,  fn (right axis), free-carrier-density 

in the OCL, n, and internal loss αint (left axis) against temperature in the presence of 

the carrier-density-dependent internal loss (solid curve). The horizontal dashed line 

indicates αint and  fn in the absence of the carrier-density-dependent internal loss. The 

dash-dotted curve shows n in the absence of the carrier-density-dependent internal 

loss. The vertical dotted line marks the maximum operating temperature T max in the 

presence of the carrier-density-dependent internal loss [see eq. (2.14)]. The 

parameters are (the same throughout this chapter unless otherwise specified): the 

mean size of QDs a = 150 Å, the root mean square (RMS) of relative QD size 

fluctuations δ = 0.05 (Gaussian distribution is assumed), the OCL thickness 

b = 0.28 μm, the surface density of QDs NS = 6.11 × 10-10 cm-2, the constant 

component of internal loss α0 = 3 cm-1, the cross section of internal loss 

σint = 2.67 × 10-17 cm2, the cavity length L = 1.628 mm, and the mirror loss β = 7 cm-1. 

temperature. Both  fn and n are increased compared to their values in the absence of such a loss 

(the latter are given by the horizontal dashed line and dash-dotted curve, respectively). The 

vertical dotted line marks the maximum operating temperature T max of a QD laser in the presence 

of the carrier-density-dependent internal loss (see Section 2.4.1).  

GaInAsP/InP heterostructure lasing near 1.55 μm is considered. The parameters are 

indicated in the caption to Fig. 2.3 and are the same throughout this chapter unless otherwise 

specified. 
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Fig. 2.4. Threshold current density  jth (solid curve) and its components  jQD 

(dashed curve) and  jOCL (dash-dotted curve) against temperature. The vertical 

dotted line marks the maximum operating temperature T max. 

It is seen from eq. (2.10) that, in order to have a positive real  fn, the expression in the square 

root should be larger than or equal to zero. Implementing this condition gives the critical value 

of  fn and hence the critical values of structure parameters. While in the absence of carrier-

density-dependent internal loss [5], the critical value of  fn is unity, the critical value of  fn in the 

presence of such a loss is smaller than unity [see eq. (10) in [18] for the critical value of  fn]. 

Therefore, the carrier-density-dependent internal loss narrows the range of possible values of the 

structure parameters, within which lasing action in a QD laser can be attained. 

The threshold current density  jth and its components  jQD and  jOCL associated with the 

recombination in QDs and in the OCL are shown in Fig. 2.4. 

Although  jQD becomes temperature-dependent in the presence of the carrier-density-

dependent internal loss, its temperature dependence is much weaker than that of  jOCL. 

Correspondingly, QD
0T  is much higher than OCL

0T  (Fig. 2.5). While  jOCL is smaller than  jQD at 

relatively low temperature, it increases with temperature much faster than  jQD does, and 

surpasses the latter at relatively high temperature (Fig. 2.4). It is the recombination in the OCL 

that is a major obstacle to a superior performance of QD lasers at room temperature or higher. 
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2.3. Characteristic temperature in the presence of carrier-density-dependent 

internal loss 

Assuming the charge neutrality in QDs ( fn = fp) and using (2.5), we have 

T
f

fT ∂
∂

= n

n
QD

0

21 .     (2.11) 

The carrier-density-dependent internal loss formally plays a role similar to that of violation of 

charge neutrality in QDs [6, 7], affecting the characteristic temperature T0 via its effect on the 

level occupancy  fn. 

Putting (2.10) into (2.11) yields the following expression for QD
0T : 
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The carrier-density-dependent internal loss also alters the temperature dependence of  jOCL 

since the free-carrier density at the lasing threshold is strongly affected. The expression for OCL
0T  

in this case can then be expressed as 

QD
0n

2
n

OCL
0

1
1

121
2
31

TfT
E

TT −
++= .     (2.13) 

The sum of the first two terms in the right-hand side of (2.13) presents the reciprocal of OCL
0T  in 

the absence of the carrier-density dependent internal loss [6]. As seen from (2.13), OCL
0T  is 

reduced in the presence of such a loss. 
QD

0T  and OCL
0T  are shown versus temperature in Fig. 2.5. With increasing temperature, the 

effect of the carrier-density-dependent internal loss becomes more strongly manifested and hence 
QD

0T  (the solid curve) decreases. This is in contrast to the effect of charge neutrality violation in 

QDs, which is suppressed with increasing temperature — QD
0T  controlled by the latter effect 

increases with temperature (see Fig. 8 in [6]). 
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Fig. 2.5. QD
0T  (solid curve, left axis) and OCL

0T  (dashed curve, right axis) against 

temperature in the presence of the carrier-density-dependent internal loss. The 

dash-dotted curve shows OCL
0T  in the absence of such a loss. 

OCL
0T  in the presence of the carrier-density-dependent internal loss (the dashed curve in 

Fig. 2.5) is also reduced compared to that in the absence of such a loss (the dash-dotted curve), 

which is again in contrast to the effect of charge neutrality violation in QDs. Due to the latter, 
OCL

0T  was increased (see eq. (25) and Fig. 8 in [6]). A non-monotonic behavior of OCL
0T  with 

temperature should also be noted in the presence of the carrier-density-dependent internal loss. 

This behavior is controlled by the competition of the sum of the first two terms in (2.13) with the 

last term. The sum of the first two terms presents the reciprocal of OCL
0T  in the absence of the 

carrier-density-dependent internal loss and decreases with temperature (the dash-dotted curve), 

the last term is introduced by the carrier-density-dependent internal loss and increases with 

temperature. At a certain value of the temperature, T max, the third term increases infinitely since 
QD

0T  goes to zero. Hence, OCL
0T  goes to zero too at T = T max. T max will be discussed in more 

detail in Section 2.4.1. 
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Fig. 2.6. Reciprocal of T0 and the first and the second terms in the right-hand side 

of eq. (2.4) against temperature. 
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Fig. 2.7. Characteristic temperature against temperature calculated including 

(solid curve) and neglecting (dashed curve) the carrier-density-dependent internal 

loss. 
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Fig. 2.6 shows the reciprocal of T0 and the first and second terms in the right-hand side of 

(2.4). As seen from the figure, for the entire temperature range shown, 01 T  is mainly controlled 

by the second term. Even at low temperature, when thQD jj  is close to unity and hence much 

larger than thOCL jj , QD
0T  is so high that ( )( )QD

0thQD 1 Tjj  is smaller than ( ) ( )OCL
0thOCL 1 Tjj . 

At high temperature, thQD jj  is much smaller than thOCL jj , and, at the same time, QD
0T  is still 

higher than OCL
0T . Although the contribution of the first term in the right-hand side of (2.4) 

(which is entirely due to the carrier-density-dependent internal loss) into T0 is minor compared to 

that of the second term, the latter itself is strongly modified by the carrier-density-dependent 

internal loss (formally through QD
0T ). Hence T0 is considerably reduced due to such a loss. This 

is explicitly shown in Fig. 2.7 depicting the characteristic temperature T0 against the temperature 

in the presence and in the absence of carrier-density-dependent internal loss. At room 

temperature, T0 is about twice as low as that neglecting such a loss. 

With eqs. (2.4), (2.6) and (2.11)–(2.13), the characteristic temperature of a QD laser in the 

presence of carrier-density-dependent internal loss can be calculated and analyzed versus the 

parameters of the structure (Fig. 2.8). 

The maximum gain gmax is a function of the RMS of QD size fluctuations δ and the surface 

density of QDs NS ( δS
max Ng ∝ ). As seen from (2.8), varying gmax affects  fn and n and hence 

the temperature characteristics of a laser. The greater δ or the smaller NS (i.e., the smaller is gmax), 

the lower is T0 [Figs. 2.8(a) and (b)]. In the presence of the carrier-density-dependent internal 

loss, T0 decreases with increasing δ or decreasing NS faster than that neglecting such a loss 

[Figs. 2.8(a) and (b)]. While T0 in the absence of the carrier-density-dependent internal loss 

remains nonvanishing (though low) with increasing δ (or decreasing NS), T0 in the presence of 

such a loss turns to zero at the critical value δ = δ max (or min
SS NN = ). 

T0 reduces with decreasing cavity length L [Fig. 2.8(c)]. T0 in the absence of the carrier-

density-dependent internal loss remains nonvanishing with decreasing L while that in the 

presence of such a loss turns to zero at L = Lmin. 
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Fig. 2.8. Characteristic temperature calculated including (solid curve, left axis) 

and neglecting (dashed curve, left axis) the carrier-density-dependent internal loss, 

and maximum operating temperature (dash-dotted curve, right axis) against RMS 

of QD size fluctuations (a), surface density of QDs (b), cavity length (c), constant 

component of internal loss (d), and cross section of internal loss (e). 

Although α0 and σint are not easily controllable parameters in a given structure, in order to 

illustrate their effects on T0, we also present here the dependence on α0 and σint [Figs. 2.8(d) and 

(e)]. As seen from (2.8), the constant component α0 of the internal loss does not introduce any 
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temperature dependence in  fn and acts similarly to the mirror loss β . T0 decreases with 

increasing α0 or σint; at the critical value max
00 αα =  or max

intint σσ = , T0 becomes zero. 

As our calculations suggest, the characteristic temperature depends critically on the 

parameters of the laser structure. At the same time, when the parameters are far from their 

critical tolerable values, T0 can be above 100 K, which is in agreement with the experimental 

data for properly optimized structures (see, e.g., [19–21]). 

It can be seen from Fig. 2.8 that, as 0→δ , ∞→L , 00 →α , or 0int →σ , the characteristic 

temperature remains finite. On the contrary, the characteristic temperature goes to infinite with 

∞→SN . These tendencies are discussed in more detail in Appendix II. 

Eq. (2.4), where QD
0T  and OCL

0T  are given by (2.12) and (2.13), respectively, is the general 

expression for T0. The asymptotic expressions for T0 when the parameters are near and far from 

their critical tolerable values are presented in Appendixes I and II, respectively. 

2.4. Critical parameters controlled by the carrier-density-dependent internal 

loss 

2.4.1. Maximum operating temperature 

The characteristic temperature falls off profoundly with increasing temperature T (Fig. 2.7). 

At a certain temperature T max, presenting the maximum operating temperature of the device 

(T max = 335 K for the specific case considered here), T0 goes to zero. Hence even in the absence 

of heating effects, the carrier-density-dependent internal loss itself sets an upper limit for 

operating temperatures of a QD laser. The point is that, the carrier density in the OCL, n, and 

hence the internal loss, αint = α0 + σint n, increase continuously with temperature. At the same 

time, the maximum gain of a laser can not exceed gmax [see (2.8)]. For T > T max, the lasing 

condition (2.8) can not be satisfied. The following transcendental equation is derived for T max: 

( )
( )

0
maxmax

int
232OCL

c
max
n

43max 2

2
2

exp1  2

αβ

σπ

++−
=⎟

⎠
⎞

⎜
⎝
⎛

gg

m
T
E

T

h
.    (2.14) 
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T max is shown versus the structure parameters in Fig. 2.8. The greater δ or the smaller NS 

(i.e., the smaller is gmax), the lower is T max [Figs. 2.8(a) and (b)]. As 0→δ  or ∞→SN , gmax 

becomes infinitely high and ∞→maxT  [see eq. (2.14) and Figs. 2.8(a) and (b)]. 

T max reduces with decreasing cavity length L [Fig. 2.8(c)]. As ∞→L , i.e., 0→β , T max 

remains finite [also see eq. (2.14)]. 

T max decreases with increasing α0 or σint. Like with ∞→maxg , T max becomes infinitely high 

when 0int →σ  [Fig. 2.8(e) and eq. (2.14)]. This tendency is readily seen also from eq. (2.8) — if 

0int →σ  (αint becomes temperature-independent: αint → α0) or gmax → ∞, the solution for  fn 

exists at any temperature T. 

In the presence of the carrier-density-dependent internal loss, the critical tolerable 

parameters depend on temperature. In Fig. 2.8, room-temperature values of the critical 

parameters are used. That is why when any of the parameters (δ, NS, L, α0, or σint) approaches its 

critical value (δ max, Lmin, min
SN , max

0α , or max
intσ , respectively), T max reduces to 300 K. Beyond the 

critical tolerable value of any parameter, T max goes below 300 K, i.e., no room-temperature 

lasing is possible. 

2.4.2. Shallowest potential well depth and smallest tolerable size of a QD 

The carrier density n in the OCL [eq. (2.6)] is also strongly controlled by the excitation 

energy En from a QD. The smaller En, the easier for carriers to escape to the OCL and hence the 

higher are n and αint. Just as T max exists, there is a lowest excitation energy, min
nE , below which 

no lasing is attainable in a structure. From (2.14), an explicit expression is apparent for min
nE , 

( ) ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

++−
= 2

0
maxmax

OCL
cintmin

n
2

ln
αβ

σ

gg

NTE .     (2.15) 

For min
nn EE < , the thermal escapes from QDs to the OCL will be so intensive that the population 

inversion required for the lasing can not be attained. 

Since En decreases with reducing QD size [En is the separation between the quantized 

energy level and the top of the well — see the inset in Fig. 2.9(a)], there also exists the smallest 
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tolerable QD size amin. It has been known (see, e.g., [22]) that, in contrast to one-dimensional 

symmetrical potential well (which supports the quantized energy level no matter how thin it is), 

there is a smallest size of a three-dimensional (even symmetrical) well (QD), beyond which no 

bound state can exist. As seen from the present analysis, a more strict condition should be 

satisfied to attain lasing in the presence of the carrier-density-dependent internal loss. Just having 

a confined energy level in a QD is not sufficient — the level should be so deeply localized that 

the carrier density in the OCL and the internal loss are low enough for holding the lasing 

condition (2.8). 

Figure 2.9 shows the minimum tolerable excitation energy min
nE  as a function of the 

structure parameters. As also readily seen from eq. (2.15), min
nE  decreases with decreasing RMS 

of relative QD size fluctuations δ  [Fig. 2.9(a)], increasing surface density of QDs NS 

[Fig. 2.9(b)], increasing cavity length L [Fig. 2.9(c)], decreasing constant component of internal 

loss α0 [Fig. 2.9(d)], or reducing cross section of internal loss σint [Fig. 2.9(e)]. At certain values 

of gmax (i.e., certain values of δ or NS, since δS
max Ng ∝  — see eq. (41) in [7]) or σint given by 

( ) ( )20
OCL
cint

OCL
cint

*max 2 αβσσ +++= NNg ,    (2.16) 

( )
OCL
c

2

0
maxmax

*
int

2
N
gg αβ

σ
++−

= ,     (2.17) 

the minimum tolerable excitation energy turns to zero, 0min
n =E . On further increasing gmax (i.e., 

decreasing δ or increasing NS) or further decreasing σint, eq. (2.15) would formally give negative 

min
nE . Hence, for ( )*maxmax gg ≥  (i.e., *δδ ≤  or *

SS NN ≥ ) or *
intint σσ ≤ , the restriction placed by 

the carrier-density-dependent internal loss on the shallowest potential well depth or the smallest 

QD size is removed — the minimum size is solely determined by the condition of existence of a 

bound state. For a specific structure considered here, ( ) 1-*max cm64.74=g  (i.e., 02.0* =δ  or 
-211*

S cm1054.1 ×=N ), and 217*
int cm 1057.0 −×=σ . 

Since min
nE  depends on the structure parameters, so does amin. The smaller β (the longer L), 

α0 or δ, or the larger NS, the smaller is amin. 
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Fig. 2.9. Minimum tolerable excitation energy from a QD against RMS of QD 

size fluctuations (a), surface density of QDs (b), cavity length (c), constant 

component of internal loss (d), and cross section of internal loss (e). The inset in 

(a) shows schematically the potential well of a QD and the excitation energy En. 

As shown previously [5, 18, 23] there exist the critical tolerable values of the parameters of 

a QD structure beyond which no lasing is attainable. These critical quantities are the maximum 

RMS of QD-size fluctuations δ max, the minimum surface density of QDs min
SN , the minimum 

cavity length Lmin, and the maximum cross-section of internal loss max
intσ . As shown here, there 
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are three more critical parameters (T max, min
nE , and amin) in the presence of the carrier-density-

dependent internal loss. 

2.5. Conclusion 

A detailed theoretical analysis has been carried out on the temperature dependence of the 

threshold current density of a semiconductor QD laser in the presence of the carrier-density-

dependent internal optical loss in the waveguide (OCL). In the presence of such a loss, the 

confined-carrier level occupancy in QDs is coupled to the free-carrier density in the OCL by the 

threshold condition. Due to this coupling, the free-carrier density is increased and more 

temperature-sensitive, and also the confined-carrier level occupancy becomes temperature-

dependent. As a result, the characteristic temperature of a laser is considerably reduced; at room 

temperature, for a specific structure considered in this chaper, T0 is about twice as low as that 

neglecting the internal loss. Carrier-density-dependent internal loss also sets an upper limit for 

the operating temperatures of a QD laser and constrains the shallowest potential well depth and 

the smallest tolerable size of a QD at which the lasing can be attained. The dependences of the 

characteristic temperature, maximum operating temperature, and shallowest potential well depth 

on the parameters of the structure are obtained. At the maximum operating temperature or when 

any parameter of the structure is equal to its critical tolerable value, the characteristic 

temperature reduces to zero. 
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Appendix I 

Characteristic temperature near the critical point 

Near the critical point [when any of the parameters of the structure is close to its critical 

tolerable value, or the temperature is close to T max (which will be presented and discussed later)], 

the denominator in eq. (2.12) tends to zero and hence QD
01 T  increases infinitely, i.e., 0QD

0 →T . 

Hence the first two terms in the right-hand side of (2.13) can be neglected compared to the last 

term, yielding 

QD
0n

OCL
0

1
1

11
TfT −

≈ .     (A1) 

Putting (A1) into (2.4) gives 
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QD
0T  and hence T0 go to zero as the square root of the parameter deviation from its critical 

tolerable value. Thus, for example, when maxδδ → , we have 
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The expressions for T0 when other parameters are close to the critical values are similar to the 

above equation and not listed here. The square root dependence of T0 on one parameter near the 

critical value can be seen from Fig. 2.8. 

The general tendency is that the further the parameter from its critical tolerable value, the 

less pronounced is the effect of the internal loss, i.e., the closer T0 to its value in the absence of 

the internal loss. 
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Appendix II 

Characteristic temperature far from the critical point 

As 00 →α  or 0→β  ( ∞→L ), QD
0T  remains finite and can not be neglected either in (2.13) 

or (2.4). 

As 0int →σ  or 0→δ , QD
0T  increases as the reciprocal of σint or δ, correspondingly, and 

can be neglected both in (2.13) and (2.4). For the limiting case of ideally uniform QDs (δ = 0), 

the expression for T0 is 
1
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None of the quantities β, α0, or σint characterizing the mirror and internal loss enter into (A4), 

which is easily understood — the maximum gain g max = ∞ and  fn = 1/2 if δ = 0, no matter what 

are the above quantities [see eq. (2.8)]. 

At ∞→SN , QD
0T  increases proportionally to NS. The last term in the right-hand side of 

(2.13) containing QD
01 T  can be neglected. The first term in the right-hand side of (2.4) 

containing QD
01 T , which is of the order of 1/NS, should nevertheless be kept; the point is that the 

second term there contains the small quantity jOCL/jth ≈ jOCL/jQD of the same order 1/NS. The 

following equation is obtained for T0: 
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Note that since S
max Ng ∝ , T0 is proportional to NS. 
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Chapter 3 

Excited States in Quantum Dots and the 

Light-Current Curve of a Laser 

Summary 

We develop a comprehensive theory of the output power of a quantum dot (QD) laser in the 

presence of excited states in QDs. The carrier capture from the three-dimensional reservoir 

(optical confinement layer – OCL) into the QD ground-state and escape from the ground-state to 

the OCL are assumed to occur via the QD excited-state. Such a two-step capture places a 

fundamental limitation on ground-state lasing—the output power saturates at high injection 

currents. The saturation power is controlled by the transition time between the excited- and 

ground-state in a QD. The longest, cut-off transition time exists, beyond which no ground-state 

lasing is possible. The following characteristics are analyzed versus the injection current density 

and the transition time: occupancies of the ground- and excited-state, free carrier density in the 

OCL, threshold current density, number of stimulated photons emitted, output power, internal 

and external differential quantum efficiencies. 

3.1. Introduction 

Operating characteristics of quantum dot (QD) lasers are controlled by a number of factors. 

Among them are excited states, which are present in QDs in addition to the ground-state. In an 

ideal situation, there should be one electron and one hole energy level in a QD. If the size of QDs 

or the bandgap difference between the materials of the optical confinement layer (OCL) and QDs 

is sufficiently large, excited states can appear in QDs (see, e.g., [1, 2] and the references in [2]). 

There can be more than one excited states in each of the conduction and valence bands (see, e.g., 

[3, 4]). 
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Fig. 3.1. Energy band diagram of a QD laser (the layers are not drawn to scale). 

The main processes (shown by arrows) are as follows: 1) carrier injection from 

the cladding layers into the OCL, 2) carrier capture from the OCL into the QD 

excited state, 3) carrier escape from the QD excited state to the OCL, 4) 

spontaneous radiative recombination in the OCL, 5) carrier capture from the 

excited- to ground-state, 6) carrier escape from the ground- to excited-state, 7) 

spontaneous and stimulated radiative recombinations of an excited-state electron 

with an excited-state hole in a QD, and 8) spontaneous and stimulated radiative 

recombinations of a ground-state electron with a ground-state hole in a QD. 

Excited states can affect the capture of carriers from the OCL (Fig. 3.1) into the lasing 

ground state. Besides, carriers can recombine through the excited states rather than contribute to  

ground-state lasing. 

In [5, 6], Asryan et al examined the effect of excited states on the gain and the threshold 

current density of a QD laser. In this chapter, a comprehensive theory of the output optical power 
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of a QD laser is developed in the presence of excited states [A1–A3] ∗). 

It should be emphasized that there have been theoretical works on the power characteristics 

of a QD laser in the presence of excited states (see for example [7–11]), which were based on 

several assumptions. First, the bulk barrier (waveguide) layers and the processes therein were not 

considered, which means the carriers were assumed to be directly injected either into the wetting 

layer or QD excited states. Second, in the works, which included the wetting layer, the 

recombination therein was assumed to be monomolecular (see below). And third, the capture 

from the wetting layer into QDs was described in terms of a time constant, which did not depend 

on the surface density of QDs. The output powers of the ground- and excited-state lasing were 

calculated as linearly increasing functions of the pump current. In [12], the carrier capture from 

the reservoir surrounding QDs (wetting layer or OCL) into the QD excited states was assumed to 

be faster than the relaxation from the excited- to ground-state and hence was not considered. 

Other processes (recombination in the reservoir, thermal escape of carriers from QDs to the 

reservoir) were also not considered and thus the reservoir was not included into the model. In [7] 

and [8], the wetting layer was treated as a discrete level. In [9], the effect of homogeneous 

broadening on the ground- and excited-state lasing was discussed. In [10] and [11], two different 

models of carrier capture into QDs were considered again revealing linear increase in the output 

power with the pump current. 

Indirect (noninstantaneous) carrier injection into QDs is an essential component of our 

model and it describes the actual situation for QD lasers. Except for the tunneling-injection QD 

laser [13, 14], the carriers are indirectly supplied to QDs in all the types of QD lasers. We 

consider the carrier capture from the OCL into QDs self-consistently using the corresponding 

rate and cross-section, rather than a constant capture time into a single QD, which, strictly 

speaking, can not be introduced adequately [15]. As discussed earlier in [15], the time of capture 

can be formally introduced only for the entire ensemble of QDs, which thus depends on the 

surface density of QDs and is simply related to the capture cross-section (see eq. (42) in [15]). 

Another important feature of our model is a superlinear (in the carrier density n) 

recombination rate outside QDs: bimolecular spontaneous radiative recombination in the OCL is 

included here, which rate is quadratic in n; Auger recombination (which rate is cubic in n) can 

                                                        
 
∗) “A” in the reference number indicates the publications of the author of this dissertation. 
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also be easily included into our model. It is this superlinearity of the recombination rate, which, 

combined with the noninstantaneous capture of carriers from the OCL into QDs, strongly 

couples the free-carrier density outside QDs with the number of stimulated photons (and hence 

the output power) and causes the saturation of the output power of the ground-state lasing with 

increasing injection current (see below). 

The assumption of monomolecular (linear in n) recombination rate outside QDs, i.e., the use 

of a constant time of the spontaneous recombination, which does not depend on n, is unrealistic 

for both the OCL and wetting layer. Bimolecular (quadratic in n) rate should be used for the 

recombination outside QDs. With increasing injection current, i.e., with increasing n, the Auger 

recombination may become a dominant mechanism with a rate cubic in n. Monomolecular 

recombination outside QDs can not cause the saturation of the output power of ground-state 

lasing – an important derivation from our model. It was the assumption of monomolecular 

recombination in the wetting layer that lead to the linear increase of the output power with 

current in the previous works. 

3.2. Main assumptions and model used 

Continuous-wave operation is considered here and hence the steady-state rate equations are 

used to calculate the output optical power. To mainly focus on the effect of excited-states, several 

assumptions are made. 1) The carrier capture into and escape from the QD ground-state occur via 

the excited-state (Fig. 3.1). For the case of direct capture from the OCL into single-state QDs, the 

optical power was calculated in [15]. 2) Heating effects are not considered. 3) The free-carrier 

distribution in the transverse direction in the OCL is uniform. 4) The electron and hole densities 

are equal in the OCL, and the occupancies of the electron and hole ground-states (excited-states) 

are equal in a QD (charge neutrality assumption). 5) In view of a large volume of the cavity of 

edge-emitting lasers considered here, the fraction of spontaneous emission in the lasing mode is 

ignored. 6) To separate the effect of excited-state-mediated capture on ground-state lasing, the 

internal optical loss is ignored in this chapter. 

3.3. Rate equations and main notations 

The steady-state rate equations for carriers confined in the ground- and excited-states of a 
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QD, free carriers in the OCL, and photons are ( ) 0,,, 2n1n =∂∂ tNnff . In an explicit form, these 

equations are 

( ) ( ) ( ) 01211
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NcNfgc β .      (3.4) 

The physical quantities and terms entering (3.1)–(3.4) are presented in Tables 3.1 and 3.2, 

respectively. 

In (3.1) and (3.2), the downward and upward transition rates in a QD can be combined to 

yield ( ) 211n2n τff − . Thus eq. (3.1) can be written as 

( ) 11n
S
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1
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2
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ff

−
∈

+=
− ,     (3.5) 

which is simply the condition that the net downward transition rate from the excited- to ground-

state (the left-hand side) goes into spontaneous and stimulated recombinations via the ground-

state (the first and second terms in the right-hand side). 

3.4. Solutions of rate equations: level occupancies in a QD, free-carrier density 

in the OCL, photon number, and output power 

Above the lasing threshold (when N1 ≠ 0), it follows immediately from (3.4) that the ground-

state occupancy pins at its threshold value (Fig. 3.2), 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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1

1
1n 1

2
1

g
f β ,      (3.6) 
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Table 3.1. Physical quantities in eqs. (3.1)–(3.4) 

fn1 Occupancy of the ground state 

fn2 Occupancy of the excited state 

τQD1 Ground-state spontaneous radiative lifetime in a QD 

τQD2 Excited-state spontaneous radiative lifetime in a QD 

τ21 Transition time between the excited- and ground-state 

c Light velocity in vacuum 

1g∈  Group index of the dispersive OCL material at the energy of the 
ground-state transition 

NS Surface density of QDs 

S=WL QD layer area (the cross-section of the junction) 

W QD layer width (the lateral size of the device) 

L QD layer length (the cavity length) 

max
1g  

Maximum (saturation) value of the modal gain for the ground-
state transitions 

N1 Number of photons in the ground-state lasing mode 

σn2 
Cross-section of carrier capture from the OCL into the QD 
excited-state 

vn Free carrier thermal velocity in the OCL 

N Free carrier density in the OCL 

b OCL thickness 

B Radiative constant for the OCL 

j Injection current density 

( ) ( )11 1ln1 RL=β  Mirror loss coefficient for the ground-state lasing 

R1 Facet reflectivity at the energy of the ground-state transition 

( )TENn 2n
OCL
c2 exp −=  Describes thermal escape from the QD excited state to the OCL 

( ) 2/32OCLOCL 22 cc hπTmN =  Effective density of states in the OCL 

En2 Carrier excitation energy from the QD excited-state to the OCL 
OCL
cm  Effective mass in the OCL 

T Temperature measured in units of energy 

h  Plank’s constant 
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Table 3.2. Rates of different processes in eqs. (3.1)–(3.4) 

( )
21

12 nn 1
τ

ff −  Downward transition in a QD: capture from the excited- to ground-state

( )
21

21 nn 1
τ

ff −  Upward transition in a QD: escape from the ground- to excited-state 

1QD

2
1n

τ
f  Spontaneous radiative recombination via the ground state of a QD 

( ) 1n
Sg

12 1

max
1

1

Nf
SN

gc
−

∈
 Stimulated radiative recombination via the ground state of a QD 

( )2nn2n 1 fnv −σ  Capture from the OCL to the excited state of a QD 

σn2 vn n2 fn2 Escape from the excited state of a QD to the OCL 

2QD

2
2n

τ
f  Spontaneous radiative recombination via the excited state of a QD 

2Bn  Spontaneous radiative recombination in the OCL 

eb
j  Carrier injection into the OCL 

( ) 11
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1

12 n
g

Nfg
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−
∈

 Stimulated generation of photons in the active region 

11

1g

N
c

β
∈

 Mirror loss of photons 

 

 

 

From (3.1), the excited-state occupancy can be expressed as a linear function of the photon 

number N1, 
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From (3.2), the free carrier density in the OCL is 
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or, taking into account (3.5) and (3.6), as 
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From (3.2) and (3.3), the injection current density is 
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or, taking into account (3.5) and (3.6), 
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Eq. (3.11) is the condition that the injection current goes into spontaneous radiative 

recombination (in the OCL and via the QD ground- and excited-states), and stimulated radiative 

recombination (via the QD ground state). The corresponding current densities are the first, 

second, third and last terms in the right-hand side of eq. (3.11), respectively. 

In eqs. (3.9) and (3.11),  fn2 is a function of N1 given by (3.7). Inserting  fn2 and n given by 

(3.7) and (3.9) into (3.11) yields the expression for the injection current density as an explicit 

function of the photon number N1. Our task is to calculate the inverse function, i.e., N1 versus  j, 

and then  fn2, n, and the output power versus  j. This can be done and a closed form expression 

can be obtained from the solution of a quartic equation. This expression is however rather 

cumbersome and, for this reason, we use a different procedure to plot the functional dependences 

here. As mentioned above, all the quantities (including  j) are explicit functions of N1. Hence, we 

first consider N1 as a variable, change it throughout the entire range of its possible values (from 0 

to max
1N  – see below), and calculate  fn2, n, and  j versus N1. The dependence of N1 on  j is then 

simply obtained by exchanging the X and Y axes. Then the output power [eq. (3.12)] is easily 

calculated versus the injection current density (light-current characteristic – LCC). The 

dependences of  fn2 and n on  j are easily obtained from those on N1 by converting the X-axis for 

N1 into the X-axis for  j(N1). 

Figs. 3.2, 3.3, and 3.4 show  fn2, n and N1 versus the excess of the injection current density  j 

over the threshold current density  jth1 for the ground-state lasing [see (3.18) for  jth1]. 
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Fig. 3.2. Ground- (horizontal dashed line) and excited-state (solid curves) 

occupancies against excess injection current density. Horizontal dotted line indicates 

the maximum possible value (unity) for the level occupancies. GaInAsP/InP 

heterostructure lasing near 1.55 μm is considered here for illustration. The parameters, 

which apply to Figs. 2–7, are as follows: the root mean square of QD size fluctuations 

δ = 0.05 (Gaussian distribution is assumed); NS = 6.11 × 1010 cm-2, τQD1 = 0.71 ns, 

τQD2 = 2.31 ns, max
1g = 29.52 cm-1, max

2g = 7.92 cm-1, σn2 = 10-13 cm2, L = 0.114 cm, 

and T = 300 K. The mirror reflectivity at the ground- and excited-state transition 

energies is put the same, R1 = R2 = 0.32 (as-cleaved facets at both ends), and hence 

the mirror loss β1 = β2 = 10 cm-1. The values of τ21 for different curves (from the top 

down) are 100, 10, 2, and 1 ps. The corresponding values of  jth1 are 90.51, 55.47, 

53.31, and 53.05 A/cm2. (Fig. 1(a) of ref. [A1], © [2006] IEEE.) 
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Fig. 3.3. Free carrier density against excess injection current density. The 

values of τ21 for different curves (from the top down) are 100, 10, 2, and 1 ps. 

(Fig. 1(b) of ref. [A1], © [2006] IEEE.) 

Since we discuss the effect of excited states on the optical power of ground-state lasing, the 

transition time between the excited- and ground-state, τ21, plays a crucial role. Table 3.3 shows 

τ21 (both measured and calculated) from different sources [7, 16–31]. In view of a wide scatter of 

reported values of τ21 (from below a picosecond to several hundred picoseconds), we analyze the 

laser characteristics for a wide range of τ21 values. Thus, in Figs. 3.2–3.4, four different values of 

τ21 (ranging from 10-12 to 10-10 s) are used. 

The output power P1 of the ground-state lasing is related to the corresponding number of 

photons N1 as follows (as before, the internal optical loss is neglected): 

ph1

1
111

1g
11 τ

ωβω NNcP hh ==
∈

,     (3.12) 

where ħω1 is the energy of photons emitted via the ground-state transitions (Fig. 3.1), and we 

introduced the photon lifetime in the cavity for the ground-state transition 
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Fig. 3.4. Output power P1 (left axis) and number of photons N1 (right axis) of ground-

state lasing against excess injection current density. Both P1 and N1 go to zero at the 

lasing threshold ( j = jth1); the lowest shown values of P1 and N1 are nonvanishing 

since the log-scale is used for the vertical axes. The horizontal dotted lines show 
max

1P  and max
1N  [eq. (3.24)]. The values of τ21 for different curves (from bottom to top) 

are 100, 10, 2, and 1 ps. Since all these τ21 values are much smaller than 
max
21τ  = 521 ps [eq. (3.22)], max

1P  is inversely proportional to τ21 [eq. (3.24)]. (Fig. 2 of 

ref. [A1], © [2006] IEEE.) 
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The output power of the ground-state lasing is plotted against injection current density in 

Fig. 3.4. With increasing  j, the output power saturates (Fig. 3.4). In [15], the light-current curve 

(curve for optical power versus injection current) was shown to be sublinear in the case of direct 

carrier capture from the OCL into single-state QDs. The sublinearity was attributed to 

noninstantaneous capture from the OCL into the QD level and recombination in the OCL, which 

rate is superlinear in carrier density (quadratic or cubic for spontaneous radiative or nonradiative 

Auger recombinations). In the case under study here, the capture into the lasing state in a QD is a  
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Table 3.3. Reported values of τ21 

Time Temperature 
Spacing between 
the excited- and 
ground-states 

Material system Source

7 ps RT  InAs/In0.15Ga0.85As/GaAs [7, 16]
570 ps 
1 ps 

Low (12K) 11 meV In0.1Ga0.9As well/GaAs 
barrier/InP islands [17] 

19 ps  < 2 meV GaAs/Al0.3Ga0.7As [18] 

2.7–17 ps 12K 11 meV In0.1Ga0.9As well/GaAs 
barrier/InP islands [19] 

150 ps RT 50 meV GaAs-AlGaAs [20] 
~30–50 ps RT  In0.4Ga0.6As/GaAs [21] 
0.6–6 ps 2K 40 meV InP/Ga0.5In0.5P [22] 
30 ps, 
100 ps   Typical InGaAs/GaAs [23] 

>30 ps Liquid 
Helium  InAs/GaAs [24] 

Order of ps Varied Varied InGaAs/InP [25] 
> 13 ps 0K Varied  [26] 
10 ps 40K  4-layer In0.4Ga0.6As [27] 
5.6 ps 10K ~60 meV In(Ga)As/GaAs [28] 
7 ps 40 K  In0.4Ga0.6As/GaAs [29] 
360 ps 10K 
320 ps RT 

 InAs [30] 

5.2 ps 40K 60 meV In0.4Ga0.6As/GaAs [31] 
 

 

 

two-step process. Transition from the excited- to ground-state controls the carrier supply to the 

lasing ground-state. This strongly limits the output power and causes its saturation at high 

injection currents: the light-current curve asymptotically approaches the saturation value 

(horizontal dotted line in Fig. 3.4). It is reasonable that the saturation power is governed by the 

transition time between the excited- and ground-state [see eq. (3.20) below]. 
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3.4.1. Characteristics at the lasing threshold 

Putting N1 = 0 into (3.7), (3.3), and (3.10), the values of  fn2, n and  j at the ground-state 

lasing threshold (or simply lasing threshold in this particular case) are obtained 
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Taking into account (3.14), we can express nth1 and  jth1 as 
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The first, second and third terms in the right-hand side of (3.18) are the threshold values of the 

spontaneous radiative recombination current density in the OCL, and via the ground- and 

excited-states in QDs, respectively. 

It is seen from eq. (3.14) that when 1n1QD21 fττ << , ( s 1005.1 9
1n1QD

−×=fτ  for the specific 

example considered here), the second term in the right-hand side is much smaller than the first 

term, hence the threshold value of  fn2,  fn2,th1, is close to  fn1 (Fig. 3.2). This is the case for the 

entire range of τ21 values considered here (10-12 to 10-10 s). Even for τ21 = 10-10 s, the deviation 

of  fn2,th1 from  fn1 is only 8.5%. For τ21 = 10-12, 2 × 10-12, and 10-11 s, the values of nth1 and  jth1 are 

also close to those at  fn2,th1 = fn1. For τ21 = 10-10 s, the deviation of nth1 from its value 

at  fn2,th1 = fn1 is about 32% and hence is still small (Fig. 3.3), although it is larger than the 

deviation of  fn2,th1 from  fn1; this is because of the factor ( )th1,2n11 f−  in (3.17). For τ21 = 10-10 s, 

the deviation of  jth1 from its value at  fn2,th1 = fn1 is not negligible (it is about 70%, see the caption 

to Fig. 3.2); this is because of the first term in the right-hand side of (3.18), which is the radiative  
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Fig. 3.5. Maximum output power (solid curve, left axis) and threshold current density of 

ground-state lasing (dashed curve, right axis) as a function of the transition time between 

the excited- and ground-state. Vertical dotted line marks max
21τ  = 521 ps, at which the 

lasing becomes unattainable. (Fig. 3 of ref. [A1], © [2006] IEEE.) 

recombination current density in the OCL at the lasing threshold and is proportional to 2
th1n , i.e., 

contains the factor ( )2th1,2n11 f− . 

3.4.2. Maximum output power and necessary condition for ground-state lasing 

The level occupancy can not exceed unity: it is clear from (3.7) that as  fn2 tends to unity 

(Fig. 3.2), the photon number N1 remains finite and tends to its maximum value. Putting  fn2 = 1 

into (3.7) yields: 
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where NSS is the total number of QDs. 

Then the maximum value of the output power of the ground-state lasing can be obtained 
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Fig. 3.5 shows the threshold current density and the maximum power of the ground-state 

lasing versus τ21. As seen from the figure and eq. (3.20), max
1P  is a decreasing function of the 

transition time τ21. At a certain value of τ21, max
1P  vanishes. Hence the condition for lasing can be 

formulated as 
max
2121 ττ < ,      (3.21) 

where max
21τ  is obtained from (3.20) putting 0max

1 =P  there 

2
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21

1
f
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=ττ .     (3.22) 

As can be seen from (3.22) and (3.14), at max
2121 ττ = , the excited-state occupancy is unity 

already at the ground-state lasing threshold ( fn2,th1 = 1), and hence both nth1 and  jth1 are infinitely 

high [see eqs. (3.17) and (3.18), and Fig. 3.5]. 
max
21τ  presents the maximum, cut-off value of the transition time, above which no ground-

state lasing is possible. It depends on  fn1, i.e., on the mirror loss β1 and the maximum gain max
1g . 

As seen from (3.6), the ground-state occupancy  fn1 at and above the lasing threshold can range 

from 1/2 (when β1 = 0 or ∞=max
1g ) to 1 (when max

11 g=β ). As seen from (3.22), max
21τ  decreases 

from 2τ QD1 to 0 as  fn1 increases from 1/2 to 1. Hence 

QD1
abs_max
21 2ττ = ,     (3.23) 

presents an absolute upper limit of τ21. For abs_max
2121 ττ > , no lasing is possible even in a structure 

with no mirror loss (infinitely long cavity) or with infinitely high maximum gain max
1g  (since the 

maximum gain is inversely proportional to inhomogeneous line broadening [32], ∞=max
1g  

corresponds to the case of ideally uniform QDs, for which the gain spectrum is a delta-function). 

At the shortest possible cavity length, when max
11 g=β  ( fn1 = 1), the cut-off value of τ21 

reduces to zero, i.e., no lasing is possible even if transitions from the excited- to ground-state are 

instant. 
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Fig. 3.6. Normalized maximum photon number and maximum output power 

[eqs. (3.24)] of the ground-state lasing as a universal function of normalized 

transition time between the excited- and ground-states. 

The existence of the longest τ21, at which the device can operate, is another manifestation of 

the critical dependence of threshold and power characteristics of a QD laser on the structure 

parameters (such as the surface density of QDs, QD size dispersion, cavity length, and cross 

section of absorption loss processes), which was revealed earlier (see [15], [32] and [33]). 

The asymptotic expression for the LCC at high injection currents is presented in Appendix I. 

At high j, n increases as j  [eq. (A8)]. The excited-state occupancy fn2 and the output power 

max
11 PP  asymptotically approach their saturation values according to jconst1−  [eq. (A7)]. 

With (3.22), the maximum stimulated radiative recombination rate per QD, 
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The normalized max
1N  and max

1P  are a simple decaying function of the normalized transition time 
max
2121 ττ  (Fig. 3.6). When 0max

2121 →ττ , the normalized max
1N  and max

1P  are inversely 

proportional to max
2121 ττ  (the linear portion of the curve in Fig. 3.6 in log-scale; see also the 

horizontal dotted lines in Fig. 3.4). 

When deriving the ground-state lasing threshold condition (equality of the gain to the mirror 

loss) and then the expression for  fn1 at and above the lasing threshold [eq. (3.6)], nonvanishing 

N1 was assumed. Inequality (3.21) presents the necessary condition for nonvanishing N1 and 

hence for ground-state lasing. It is written in terms of allowed values of τ 21 at a given  fn1, i.e., 

given max
1g  and β1. This condition can be rewritten in terms of allowed values of max

1g  at given 

τ21 and β1. Thus we obtain 

1

4
1

16
1

4
1

1

QD1

21

1max
1

−
++

>

τ
τ

βg .     (3.25) 

For the entire range of possible values of τ21, the right-hand side of (3.25) is larger than or equal 

to β1. Indeed, the denominator of the expression in the right-hand side is less then or equivalent 

to unity: it changes from 1 to 0 as τ21 changes from 0 to QD1
abs_max
21 2ττ = . 

Hence when the carrier capture into the QD ground state is excited-state-mediated, a simple 

excess of the maximum gain max
1g  over the mirror loss β1 is not sufficient for the ground-state 

lasing to occur. A stronger condition [inequality (3.25)] should be satisfied. Only in the case of 

instant carrier transition from the excited- to ground-state (τ21 = 0), (3.25) reduces to the 

condition 1
max
1 β>g . The longer τ21, the higher should be max

1g . In the case of the slowest 

allowed carrier transition from the excited- to ground-state ( QD1
abs_max
2121 2τττ == ), the maximum 

gain for the ground-state transitions max
1g  should be infinitely high, i.e., the QD ensemble should 

be perfectly uniform, or the cavity should be infinitely long (β1 = 0). 
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3.4.3. Internal and external differential quantum efficiencies 

Above the lasing threshold ( j ≥ jth1), the internal differential quantum efficiency of a 

semiconductor laser is defined as the fraction of the excess of the injection current over the 

threshold current that results in stimulated emission 

th1

stim1
int jj

j
−

=η ,      (3.26) 

where 

11
1g

stim1
1 Nc
S

ej β
∈

= ,     (3.27) 

is the current density of stimulated recombination via the QD ground state. 

With (3.11) and (3.18) for  j and  jth1, (3.26) becomes 
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In the latter expression in (3.28), eqs. (3.7) and (3.14) for  fn2 and  fn2,th1 were used. In (3.28),  fn2, 

n and N1 are functions of the injection current density  j. 

So far, only the ground-state lasing is considered, therefore the external differential quantum 

efficiency is 
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where I = Sj is the injection current. With (3.7), (3.3) and (3.10), the following expression is 

obtained for ηext: 
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where  fn2 and n are functions of  j. 
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Fig. 3.7. Internal and external efficiencies (solid and dashed curves, respectively) 

against excess injection current density. The values of τ21 for different curves (from 

bottom to top) are 100, 10, 2, and 1 ps. 

The internal and external efficiencies are less than unity even at the lasing threshold 

(Fig. 3.7). At  j = jth1, ηint,th1 and ηext,th1 are equal to each other and given by (3.30), wherein  fn2,th1 

and nth1 enter instead of  fn2 and n. This threshold value of the efficiencies can be obtained also 

from (3.28) using (3.7) and (3.3). 

At  j > jth1, ηext is smaller than ηint (Fig.3.7). Predominantly due to the free-carrier density 

increase above  jth1, both efficiencies decrease rapidly with increasing  j (Fig. 3.7). The 

asymptotic expressions for ηint and ηext at high  j are presented in Appendix I. At high  j, ηint and 

ηext decay as j1  and 231 j , respectively [eqs. (A9) and (A10)]. 

The shorter the transition time τ21, the higher ηint and ηext (Fig. 3.7). The limiting case of 

instant carrier exchange between the excited-and ground-states (τ21 = 0) is considered in 

Appendix II. 
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3.5. Conclusion 

While the ground-state occupancy is pinned above the ground-state lasing threshold, the 

excited-state occupancy and the free carrier density continuously increase with the injection 

current as a consequence of noninstantaneous capture from the OCL to the excited state and from 

the excited- to ground-state. Indirect or cascade capture of carriers from the OCL into the QD 

ground-state, combined with the superlinear (in carrier density) recombination rate in the OCL, 

causes the saturation of the output power of the ground-state lasing with increasing injection 

current – the power asymptotically approaches its maximum value. The threshold current density 

and the saturation power of the ground-state lasing depend critically on the transition time – as 

the transition time increases and approaches a certain value, the threshold current density 

increases infinitely, and the saturation power decreases and vanishes. This cut-off transition time 

marks the slowest carrier exchange between the excited- and ground-state, beyond which no 

ground-state lasing is possible. In an ideally uniform QD ensemble, this cut-off time is twice the 

spontaneous radiative recombination time through the QD ground state. The normalized 

maximum power of the ground-state lasing is obtained as a simple universal function of the 

transition time normalized to the cut-off value. 

We considered the three-dimensional reservoir (OCL), wherefrom carriers are captured into 

QDs. The capture from the two-dimensional wetting layer in addition to (or instead of) the 

capture from the OCL can be easily included into our model. To do this, the corresponding 

quantities for the two-dimensional region should be properly used in addition to (instead of) the 

bulk quantities. In view of qualitatively similar character of the recombination rates in the OCL 

and the wetting layer (both are superlinear in the corresponding carrier density), and of the 

captures from the three-dimensional and two-dimensional regions into QDs, such an extension of 

the model will not introduce significantly new results. 
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Appendix I 

LCC at high injection currents 

Using eq. (3.13) for τph1 and eq. (3.22) for max
21τ , we have from (3.24): 
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With (A1) and (3.22), (3.7) can be written as 
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Inserting 1 – fn2 from (A3) into (3.3) yields 
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As N1 tends to max
1N , the free carrier density n in the OCL tends to infinity. The asymptotic 

expression for n at max
11 NN →  ( 12n →f ) is apparent from (A4) 
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As n tends to infinity, the last two terms in the right-hand side of (3.10) (which remain finite) 

can be ignored compared to the first term. Accordingly, we have for  j when max
11 NN →  

2
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Hence the asymptotic expression for the LCC at high  j is 
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The asymptotic expression for the free carrier density in the OCL versus  j is apparent from 

(A6) 

ebB
jn =asympt .     (A8) 

At high current density (when max
11 NN → ), the asymptotic expression for ηint is easily 

obtained from (3.26) 
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where we introduced the saturation value of the stimulated recombination current density via the 

QD ground state, max
stim1j . 

The asymptotic expression for ηext at high  j can be found from the general equation (3.30). 

It is however easier to derive this equation using (3.29) and the asymptotic expression (A7) for 

P1(j). Thus we obtain 
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Appendix II 

Instant carrier exchange between excited- and ground-states in a QD 

In the limiting case of instant transition between the excited- and ground-states (τ21 = 0), 

eqs (3.7), (3.9) and (3.11) become 
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It can be seen from (A11)–(A13) that at τ21 = 0, the model developed here is reduced to that for a 

single-transition QD considered in [15], except that n1 and σn1 are now replaced by n2 and σn2 in 

view of the fact that the carrier exchange between QDs and the OCL occurs through the excited-

state; also, 
QD2QD1

11
ττ

+  effectively replaces 
QD

1
τ

. Particularly, the expression for ηint,th1 [given by 

(3.30) at the threshold values of  fn2 and n] will go into eq. (47) of [15] 
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where 
2
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th1 ebBnj = ,      (A15) 

with nth1 being given by (A12) at N1 = 0, and σn2 entering the current density of the carrier 

capture into the QD excited-states at the lasing threshold 
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Chapter 4 

Multimode Emission and Optical Power in a  

Quantum Dot Laser 

Summary 

Effect of spatial hole burning (SHB) and multi-longitudinal-mode generation on high power 

operation of a quantum dot (QD) laser is studied. We use a set of rate equations for confined 

carriers in QDs, free carriers in the optical confinement layer, and photons. The number of 

modes is shown to remain limited with increasing injection current. The maximum number of 

modes that can oscillate in a QD laser is analytically estimated. While this number increases with 

increasing surface density of QDs or cavity length, it remains limited (first increases and then 

decreases) with increasing scatter in the QD-size. The critical tolerable values of the structure 

parameters are derived beyond which higher-order longitudinal modes can not oscillate. It is 

notable that, in addition to the maximum tolerable scatter, there also exists the minimum scatter 

in the QD-size for each higher-order mode to start lasing. The threshold currents and output 

powers of modes are computed numerically. The power of the main mode is reduced due to 

lasing of higher-order modes and spatially nonuniform carrier distribution. As a new mode turns 

on, kinks appear in the light-current curves (LCCs) of existing modes. SHB reduces the total 

optical power of a laser and contributes to nonlinearity of the overall LCC. The effect is more 

significant when any of the structure parameters is close to its critical tolerable value. The LCC 

becomes more linear with improving QD-size uniformity or increasing surface density of QDs or 

cavity length. 

4.1. Introduction 

Delta-function density-of-states [1, 2] and ultra narrow optical gain spectrum in an ideally 

uniform ensemble of quantum dots (QDs) could potentially ensure a single-mode generation in a  

 



80 

 

 

Fig. 4.1. Lasing spectrum of a QD laser around the maximum-

intensity wavelength. (Fig. 1(a) of ref. [5], © [2007] IEEE.) 

 

QD laser. In self-organized QD ensembles, due to fluctuations in QD parameters (primarily size) 

during the structure growth [3], the gain spectrum is inhomogeneously broadened [4] thus 

making for multimode lasing. Fig. 4.1 shows an experimental lasing spectrum with multiple 

peaks corresponding to the longitudinal modes of a Fabry-Perot cavity. Fig. 4.2 illustrates the 

emergence of new modes with increasing injection current density. 

Multimode generation is an interesting phenomenon, which can strongly affect the operating 

characteristics of semiconductor lasers [7–17]. One possible mechanism for multimode emission 

is spatial hole burning (SHB) in the population inversion in the laser active region. 

Due to the standing wave character, the optical mode intensity and hence the stimulated 

recombination rate are spatially nonuniform along the laser cavity. Nonuniformity of stimulated 

recombination can cause nonuniform carrier distributions. In semiconductor quantum well or 

bulk-active-region lasers, nonuniform carrier distributions are effectively smoothed out by 
 



81 

 

Fig. 4.2. Electroluminescence spectra of a QD laser at various pump currents. 

(Fig. 3 of ref. [6], reprinted with kind permission of Springer Science and 

Business Media.) 

diffusion processes. In quantum dot (QD) lasers, carriers that contribute to the stimulated 

emission are spatially localized in QDs. For this reason, smoothing out nonuniform carrier 

distributions requires thermal excitation from overfilled QDs, diffusion to depleted QDs, and 

capture into the latter (Fig. 4.3). This delayed, three-step carrier exchange between neighboring 

QDs can result in a strongly nonuniform population inversion and hence SHB. With increasing 

pump current, the light intensity will rise and the conditions for lasing of higher-order 

longitudinal modes (in addition to the main mode) can be satisfied in overfilled QDs [18, 19]. 
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Fig. 4.3. Energy band diagram of a QD laser in the directions of current injection 

and light output. Half of the diagram with a section through the QD layer is 

shown. Ec,v (x, z) are the conduction and valence band edges. Electron injection 

from the n-cladding to the OCL and from the OCL to QDs is indicated by the 

horizontal arrows. Capture into QDs and thermal escape from QDs are indicated 

by the vertical arrows. Electron diffusion in the OCL between neighboring QDs is 

indicated by the diagonal arrows. The wavy surface schematically sketches the 

light intensity distribution in the OCL. (Fig. 1 of ref. [A1], reprinted with 

permission of IOP Publishing Ltd.) 

Several QDs are typically accommodated within a period of the optical mode intensity (half-

wavelength in the medium). SHB occurs therefore on the half-wavelength scale. This SHB is 

specific to QD lasers. There will be an additional nonuniformity of the population inversion 

caused by a nonuniform distribution of the total light intensity of the lasing modes. The latter 

nonuniformity develops on the cavity-length scale (see Section 4.5); in contrast to the 
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nonuniformity on the half-wavelength scale, it is not totally smoothed out by diffusion processes 

in bulk and quantum well Fabry-Perot cavity lasers and can be viewed as SHB occurring on the 

cavity-length scale. 

4.2. Rate equations in the presence of SHB 

As in previous works (see for example, [20, 21]), we use the rate equations model to 

calculate the threshold current densities and output powers of longitudinal modes. The steady-

state rate equations [ ( ) 0,,,, pn =∂∂ tNpnff l ] for carriers confined in QDs, free carriers in the 

optical confinement layer (OCL), and photons are [18, 19, A1] ∗) 
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∗) “A” in the reference number indicates the publications of the author of this dissertation. 
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where σn,p are the cross sections of electron and hole capture into a QD, vn,p and Dn,p are the 

thermal velocities and diffusion constants of electrons and holes, respectively, τQD is the 

spontaneous radiative lifetime in a QD, c is the light velocity in vacuum, g∈  is the group index 

of the dispersive OCL material, which is assumed to be the same for all modes, B is the radiative 

constant for the OCL, NS is the surface density of QDs, S = WL is the cross-section of the 

junction, W is the lateral size of the device, L is the cavity length, ( ) ( )RL 1ln1=β  is the mirror 

loss, and R is the facet reflectivity. We assume that R (and hence β ) is the same for all modes. 

The expression for the maximum value of the modal gain is [4] 

( ) S
inhomQD

2

g

1max 1
4

N
a

g Γ
Δ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

∈
=

ετ
λξ h ,    (4.6) 

where πξ 21=  for the Gaussian QD-size distribution, λ1 is the wavelength of the main mode 

in vacuum, Γ is the optical confinement factor in the QD layer [along the transverse (x) direction 

in the waveguide], and a is the mean size of QDs. 

In (4.6), 

( ) ( )δεεε ppnninhom qq +=Δ      (4.7) 

is the inhomogeneous line broadening [4], where δ  is the root mean square (RMS) of relative 

QD-size fluctuations, εn,p are the quantized energy levels of an electron and hole in a mean-sized 

QD (measured from the corresponding band edges), and aq lnpn,pn, ∂∂−= ε . 

The quantities n1 and p1 are equal to ( )[ ]TEN pn,vc,
OCL

vc, exp ε−Δ− , where 

( ) 2/32OCL
vc,

OCL
vc,  22 hπTmN =  are the conduction- and valence-band effective densities of states in 

the OCL, OCL
vc,m  are the electron and hole effective masses in the OCL, ΔEc,v are the conduction- 

and valence-band offsets at the QD–OCL heteroboundary, and temperature T is measured in 

units of energy. 

In the rate equations,  fn,p(z) are the electron and hole level occupancies in QDs and n(x, z) 

and p(x, z) are the free-electron and -hole densities in the OCL. The longitudinal-coordinate- (z-) 

dependence of  fn,p is caused by such dependence of the light intensity. Since n and p are coupled 

to fn,p through the processes of capture/escape into/from QDs, nonuniformity of the level 
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occupancies in QDs leads to nonuniform carrier distributions in the OCL along the z-direction. 

The free-carrier densities also depend on the transverse coordinate x (direction of current 

injection – see Fig. 4.3). The nonuniformity of n and p along the z-direction becomes less 

manifested away from the QD layer toward the boundaries between the OCL and the cladding 

layers (x = ± b/2). 

Since the QD size is much smaller than the OCL thickness, the QD layer is considered as a 

delta-layer placed in the plane x = 0 [hence the delta-function enters into eqs. (4.3) and (4.4)]. 

The number of photons in the l-th longitudinal mode is denoted Nl. The z-dependence of the 

light intensity of the l-th mode is accounted for by the factor 1 + cos 2kl z (which reflects the 

standing-wave nature of the mode – see Fig. 4.3), where ( ) g2 ∈= llk λπ  is the wavenumber 

and λl is the wavelength of the mode in vacuum. 

Gl is the lineshape factor of the gain for the l-th mode [18, 19]. For the Gaussian distribution 

of QD size fluctuations (see also Fig. 4.4), 
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where ( ) ( )LcE πg∈=Δ h  is the separation between the photon energies of neighboring 

longitudinal modes in a Fabry-Perot cavity. The main mode (l = 1) is assumed to coincide with 

the gain spectrum peak (G1 = 1). In Fig. 4.4, each vertical column indicates the value of Gl for a 

certain longitudinal mode. The dashed curve shows the continuous envelope function. From this 

figure we can see the rapid decreasing of the gain with increasing mode order. 

The injection current density flowing in the transverse (x) direction can be presented as 
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  (4.9) 

where b is the OCL thickness, and  means averaging in the z-direction. The first and second 

terms in the right-hand side are the current densities of spontaneous recombination in the OCL 

and in QDs; the third term is the current density of stimulated recombination in QDs. 
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Fig. 4.4. Lineshape factor of the gain against longitudinal mode order in a Fabry-

Perot cavity QD laser. 

The optical power output from the mirrors is 

l
l

l
l

l
l NcNP βω
τ

ω ∑∑ ∈
==

gmirror

hh ,   (4.10) 

where lωh  is the energy of photons in the l-th mode and we used the expression 

β
τ gmirror

1
∈

=
c      (4.11) 

for the rate at which photons escape the cavity through the mirrors [14]. 

For illustration of results, a GaInAsP-InP heterostructure is considered in this chapter. Room 

temperature continuous-wave operation near 1.55 μm is assumed. The values of parameters are 

(the same throughout this chapter unless otherwise specified): a = 150 Å, b = 0.28 μm, δ = 0.025, 

NS = 6.11 × 10-10 cm-2, L = 500 μm, and β = 22.79 cm-1. 

4.3. Maximum number of longitudinal modes 

As mentioned in the introduction to this chapter, with increasing injection current, the lasing 

conditions for higher-order modes can be satisfied and hence more modes will appear in the 
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cavity. However, as shown in this section [A2, A3], the number of modes remains limited with 

increasing injection current. 

From eq. (4.5), we obtain the following lasing condition for the l-th mode: 

( ) ( )[ ] ( ) β=+−+∫
L

ll L
dzzkzfzfGg

0

pn
max 2cos11 ,   (4.12) 

which is the equality of the gain of the mode [weighted by the function (1 + cos 2kl z) presenting 

the spatial nonuniformity of the light intensity of the mode along the cavity length L in the z-

direction and averaged over that direction] to the mirror loss. 

It is seen from eq. (4.8) (and also Fig. 4.4) that, with increasing l, Gl decreases and hence 

satisfying (4.12) becomes more difficult. Also, since  fn, p(z) ≤ 1, the integral in eq. (4.12) is 

limited by unity. Therefore, the lasing condition (4.12) can only be satisfied for a certain number 

of modes, which means the number of oscillating modes will remain limited with increasing 

injection current density  j. The use of the maximum value of the integral (unity) will give us an 

upper estimate for the maximum number of modes, 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

Δ
Δ

+=
β

ε max
inhommax ln21 g
E

l .     (4.13) 

In eqs. (4.13) and (4.14)–(4.17) below, [x] means the integer part of x (the largest integer less 

than or equal to x). With (4.6) and using the expressions for (Δε )inhom [eq. (4.7)], ΔE, and β, we 

can express l max in terms of the QD structure parameters (δ, NS, and L), 
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where max
1δ , min

S,1N , and min
1L  are the critical values of δ, NS, and L beyond which the main mode 

can not lase (see [4, 19, 22] for the expressions for max
1δ , min

S,1N , and min
1L ). As will be seen later, 

for each higher-order longitudinal mode, there also exist unique critical values of parameters. 

The dependence of l max on each of the structure parameters is shown by the boundary 

between the two regions in Fig. 4.5. 

As seen from Fig. 4.5(a), the maximum number of modes remains limited (first increases 

and then decreases) with varying δ , l max → 1 both as δ → 0 and δ → max
1δ  — the point is that if 

δ → 0, we have an ideally uniform QD-ensemble with a delta-function gain spectrum, and there 

should be only main mode lasing; if δ → max
1δ , lasing of the main mode itself (the mode with the 

highest gain) becomes hard to attain. 

At a certain values of δ  given by emax
1δ , where e is the base of the natural logarithm, 

l max peaks [Fig. 4.5(a)]. The expression for the peak value of l max is 
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Δ
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E

eqq max
1ppnn1

δεε
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[in Fig. 4.5(a), this peak value is 15]. This nonmonotonic behavior is also readily seen from 

eq. (4.14). Taking into account that ΔE is the separation between the photon energies of the 

neighboring modes, expression (4.17) simply gives the number of modes that can be 

accommodated within the inhomogeneous linewidth ( ) ( )δεεε ppnninhom qq +=Δ  corresponding to 

the RMS of QD size fluctuations emax
1δδ = . 

It should be noted that there is homogeneous broadening of the gain spectrum in addition to 

inhomogeneous broadening. Even if the QD ensemble is ideally uniform (δ → 0), the gain 

spectrum will not be a delta-function, and there can be more than one mode lasing depending on 

other parameters of the structure. Within the framework of our model, this can be formally 

accounted for by considering the inhomogeneous broadening (Δε)inhom = (qnεn + qpεp)δ values 

down to the homogeneous linewidth (Δε)hom, i.e., by considering the values of δ  down to 

(Δε)hom /(qnεn + qpεp). 

With increasing surface density of QDs or cavity length, the maximum number of modes 

that can oscillate in a laser increases [see eqs. (4.15) and (4.16), and also Figs. 4.5(b) and (c)]. 
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Fig. 4.5. “Lasing” and “no lasing” regions of values of the structure parameter and 

longitudinal mode order. The parameter is normalized to its critical tolerable value for the 

main (l = 1) mode. The boundary of “lasing” and “no lasing” regions represents the 

maximum number of modes which can oscillate at a given structure parameter [(4.14), 

(4.15), and (4.16) for (a), (b), and (c), respectively]. (Fig. 1 of ref. [A2], © [2008] IEEE.) 

The cross-hatched area in Fig. 4.5 presents the two-dimensional region of the values of the 

structure parameter and mode order l for which the lasing is attainable. As already discussed 

above, the boundary of the “lasing” and “no lasing” regions gives the maximum number l max of 

modes that can oscillate at a given structure parameter. Alternatively, if the functional 

relationship between the abscissa and ordinate is interchanged, the same boundary represents the 

critical tolerable value of the parameter for lasing of a given l-th mode. These critical tolerable  
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Fig. 4.6. Critical values of δ (a), NS (b), and L (c) for the l-th mode. Lasing of the 

l-th mode is only possible if maxmin
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S,S lNN ≥ , and min
lLL ≥ . 
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parameters are the maximum RMS of QD-size fluctuations max
lδ  [the declining portion of the 

boundary in Fig. 4.5(a)], minimum surface density of QDs min
,S lN , and minimum cavity length 

min
lL . It is notable that for each higher-order (l ≥ 2) mode there also exists a nonvanishing, 

minimum RMS of QD-size fluctuations min
lδ  [the rising portion of the boundary in Fig. 4.5(a)] 

— the QD ensemble should be nonuniform enough, i.e., the gain spectrum sufficiently broad for 

a given higher-order mode to appear. 

Using eqs. (4.14)–(4.16), the critical tolerable parameters can be found as functions of mode 

order l – see Fig. 4.6. The equations for min
lδ , max

lδ , and min
lL  are transcendental and thus can 

only be solved numerically; the expression for min
,S lN  is 
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Hence the l-th mode can only oscillate when δ  is between min
lδ  and max

lδ  [Fig. 4.6(a)], NS is 

larger than min
,S lN  [Fig. 4.6(b)], and L is longer than min

lL  [Fig. 4.6(c)]. 

4.4. Numerical approach 

In the previous section, the maximum number of modes that can oscillate in a QD laser was 

estimated analytically using the lasing condition (4.12) [derived from the rate equation (4.5) for 

photons]. To obtain the threshold current density of each mode and the output power at a given 

injection current density, we need to solve the entire set of rate equations (4.1)–(4.5) [A1]. 

In [18, 19], the consideration of SHB was restricted to the case of injection currents slightly 

exceeding the threshold current for the main mode (small output powers); the set of rate 

equations was linearized and the solutions were found analytically. 

Here, the effect of SHB on high power operation of the laser is studied. We therefore 

consider high injection currents when the set of eqs. (4.1)–(4.5) can only be solved numerically. 

We use the finite difference method. The method has been extensively used for simulation of 

semiconductor devices [23], and particularly optoelectronic devices [24]. Eqs. (4.3) and (4.4) are 

nonlinear partial differential equations. By applying the finite difference method, eqs. (4.1)–(4.5) 
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are discretized and a set of nonlinear algebraic equations is obtained. Newton’s iteration method 

[25] is used to solve this set of algebraic equations. 

Calculation of the threshold current density  jth1 for the first mode is a one-dimensional 

problem in the transverse (x) direction. This is because there is no stimulated emission (and 

hence no SHB) at the injection current density values  j < jth1; the level occupancies and carrier 

densities are uniform along the longitudinal (z) direction. 

Starting with the second mode, the problem of calculation of the threshold current density 

becomes two-dimensional (in x and z directions) since it involves the stimulated-light intensities 

of existing modes. These intensities are nonuniform in the z-direction, and so are the level 

occupancies and carrier densities. 

Only the main mode oscillates in the cavity at  jth1 < j < jth2, where jth2 is the threshold 

current density for the second mode. The light intensity is periodic in the z-direction with period 

equal to the half-wavelength of the main mode in the OCL, ( )g1 2 ∈λ . For this reason, the level 

occupancies in QDs and carrier densities in the OCL are also periodic. We therefore took 

advantage of the fact that only one period in the z-direction can be considered in the computation 

of  jth2 and of output power at  jth1 < j < jth2. 

Computation of the threshold current densities of the third and higher modes, and of powers 

of the second and higher modes is more time-consuming since the periodic condition can not be 

used. This is because above the second mode threshold ( j > jth2), the total light intensity is not 

periodic in the z-direction — it presents the superposition of the intensities of individual modes, 

each having a slightly different period ( )g2 ∈lλ . Consequently, the level occupancies and free-

carrier densities, being coupled to the overall light intensity, are also not periodic. 

If the mirror reflectivity is the same at both edges of the cavity, the total light intensity and 

hence the level occupancies in QDs and carrier densities in the OCL will be symmetric with 

respect to the center of the cavity. The z-dependences can be computed for half of the cavity 

length L/2 in this case. 

The numerical computation results and discussions are presented in Sections 4.5–4.8. 
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4.5. Spatial distribution of the optical intensity and population inversion in 

QDs 

Fig. 4.7 shows the population inversion in QDs versus the longitudinal coordinate within the 

length range equal to ( )g1 2 ∈λ . As seen from the figure, nonuniformity of the population 

inversion becomes stronger away from the cavity center toward its edge. The reason is, at the 

injection current density used in the figure ( j = 10 kA/cm2), there is more than one mode lasing 

in the cavity. Due to the standing wave nature, superposition of the light intensities of the modes 

results in an envelope function for the total light intensity. The spatial variation of the envelope 

occurs on the cavity-length scale, i.e., it is much slower compared to rapid undulations of the 

intensities of individual modes, which occur on the length scale of ( )g2 ∈lλ . A simple 

analytical consideration below shows that the total light intensity is maximum at the cavity edge. 

Consequently, SHB is most strongly manifested and the population inversion is most nonuniform 

at the mirrors. 

The z-dependence of the total optical intensity is given by the sum in (4.1) and (4.2). Denote 

the sum by s(z), 

( ) ( )∑ +=
l

lll zkNGzs 2cos1 .     (4.19) 

Taking into account that ( ) ( ) lll mLk πλπ =∈= g2 , where ml is an integer number [number of 

half-wavelengths ( )g2 ∈lλ  of the l-th mode in the OCL material, which are accommodated 

within the Fabry-Perot cavity length L], we can write s(z) as 
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l
lll zm

L
NGzs π2cos1 .    (4.20) 

At either edge of the cavity (z = 0 or L), all the cosine terms in (4.20) are equal to unity, and 

thus s(z) is maximum, 

( ) ( ) ∑==
l

ll NGLss 20 .     (4.21) 

In the center of the cavity (z = L/2), the cosine terms in (4.20) are equal to ( ) lm1− , 
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Every other term ( ) ]11[ lm−+  (namely, every term with an odd ml) is zero in (4.22), and hence s(z) 

is minimum. 

As seen from (4.21) and (4.22), the larger is the number of modes, the more nonuniform is 

the envelope of the optical intensity (the larger is the ratio of maximum to minimum intensity). If 

only the main mode is lasing, the envelope is uniform — the intensity averaged over the length 

( )g1 2 ∈λ  is uniform along the z-direction. 

Thus, the variation of the population inversion within the half-wavelength range ( )g1 2 ∈λ  

(each of the two curves in Fig. 4.7) is the manifestation of SHB, which is inherent in QD lasers. 

The variation of the population inversion within the cavity-length range (i.e., the fact that the 

curves in Fig. 4.7 differ from each other) is the manifestation of SHB, which generally occurs in 

Fabry-Perot cavity diode lasers. 

We used cos kl z for the z-dependence of the electric field of the l-th mode. The use of the 

general form, cos (kl z + ϕ), where the phase ϕ  is a function of the mirror reflectivity R, will not 

significantly affect the results. The point is that SHB, which is specific to QD lasers, occurs on 

the half-wavelength scale and is caused by a standing-wave nature of the mode intensity, which 

is adequately accounted for by cos kl z. As for SHB on the cavity-length scale, the use of ϕ  will 

shift the intensities of modes and the envelope function of the total light intensity. As seen from 

( ) ( )lll kzkzk ϕϕ +=+ coscos ,    (4.23) 

the shift is equal to ϕ /kl. Since the absolute value of the phase can not exceed 2π  (|ϕ | ≤ 2π), then 

gg2 ∈≤∈= lllk λλπϕϕ , i.e., the shift is less than the wavelength in the medium. Hence 

the position of the maximum (minimum) of the envelope function of the total light intensity will 

shift from the edge (center) of the cavity by less than g∈lλ , which is negligible compared to 

the cavity length L. 
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Fig. 4.7. Spatial distribution of the population inversion in QDs at the edge (solid 

curve, top axis) and center (dashed curve, bottom axis) of the cavity. In both the 

top and bottom axes, the length range is the period of the light intensity of the 

main mode in the OCL material, ( )g1 2 ∈λ . The injection current density is  

j = 10 kA/cm2; five modes oscillate in the cavity at this value of  j. (Fig. 2 of ref. 

[A1], reprinted with permission of IOP Publishing Ltd.) 

4.6. Threshold current densities for the main and higher-order modes 

In Section 4.3, to estimate the maximum number of longitudinal modes that can oscillate in 

a QD laser, we used the maximum values of the level occupancies ( fn,p = 1) and hence the 

maximum value of the integral (unity) in (4.12). For this reason, eq. (4.13) presents an upper 

estimate for the number of longitudinal modes in a QD laser. The actual number of modes will 

be less than that given by (4.13). Hence the boundary between the “lasing” and “no lasing” 

regions (Fig. 4.5) will be lowered — the actual region of allowed values of the structure 

parameters (“lasing” region) will be more restricted compared to that in Fig. 4.5. For l ≥ 2, the 

actual min
lδ  ( max

lδ ) will be greater (smaller) than that obtained from (4.14), min
,S lN  will be higher  
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Fig. 4.8. Threshold current densities for the main (l = 1) and higher-order longitudinal 

modes against (a) RMS of QD-size fluctuations, (b) surface density of QDs, and (c) 

cavity length. The vertical dashed lines in (a) show max
lδ  (l ≥ 1), the vertical dotted lines 

show min
lδ  (l ≥ 2). The vertical dashed lines in (b) and (c) show min

S,lN  and min
lL , 

respectively. (Fig. 3 of ref. [A1], reprinted with permission of IOP Publishing Ltd.) 

than that given by (4.18), and min
lL  will be longer than that obtained from (4.16). To calculate the 

actual number of modes and critical values of δ, NS, and L requires knowledge of the level 

occupancies  fn,p. Not only do fn,p depend on the coordinate z and injection current density j, but 

they also depend on the parameters describing the physical processes in the structure. Thus, in 
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the case of spatial hole burning, a key process is the carrier exchange between neighboring QDs 

[18, 19]. For this reason, the number of lasing modes (and the critical values of δ, NS, and L for 

l ≥ 2) will depend on the electron and hole escape times from QDs and diffusion coefficients in 

the OCL [18, 19]. 

Fig. 4.8 shows the threshold current densities for the lasing modes versus the structure 

parameters: RMS of QD-size fluctuations δ, surface density of QDs NS, and cavity length L. The 

tendencies of the curves clearly demonstrate the existence of critical values of the structure 

parameters for each longitudinal mode, which is qualitatively in consistence with the analytical 

results of Section 4.3. The positions of the critical values are approximately indicated by the 

vertical lines. 

With increasing δ [Fig. 4.8(a)], the threshold current densities for the higher-order modes 

first decrease and then increase. 

With increasing NS [Fig. 4.8(b)], the threshold current densities decrease rapidly away from 

the critical values of NS; the decrease then becomes much slower. The threshold current densities 

for all modes will finally increase with NS. 

With increasing L [Fig. 4.8(c)], the threshold current density for each mode decreases, hence 

more modes will lase at a given injection current density. 

4.7. Output optical power 

Figs. 4.9–4.11 show the output powers of the lasing modes versus the injection current 

density (light-current curves – LCCs) at different values of the structure parameters. 

The QD ensemble is so uniform in Fig. 4.9(a) that only the main mode lases. As discussed 

above, the number of the lasing modes first increases [Fig. 4.9(b)] and then decreases [Fig. 4.9(c)] 

with increasing QD-size nonuniformity; there will be no lasing at max
1δδ > . 

As a higher-order mode starts lasing with increasing j, redistribution of stimulated 

recombination occurs among the modes — the stimulated recombination in the newly appeared 

mode consumes a fraction of injected carriers. The redistribution leads to kinks in the LCCs of 

existing modes at  j equal to the threshold current density of a new mode; this finding is in line 

with that of [15]. The kinks are seen in the inset in Fig. 4.9(b) and also in Fig. 4.9(c) and 

Fig. 4.11(a). The more modes lase in the cavity, the weaker is the effect of an extra mode. 
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(c) 

Fig. 4.9. Optical power of the main (solid curve) and higher-order longitudinal modes 

(dashed curves) against injection current density at different values of the RMS of 

QD-size fluctuations δ. The kink in the LCC of the main mode at the second mode 

threshold ( j = jth2) is seen in (c). Three, two, and one kink in the LCCs of the first 

(main), second, and third modes, respectively, are seen in the inset in (b). (Fig. 4 of 

ref. [A1], reprinted with permission of IOP Publishing Ltd.) 
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Fig. 4.10. Optical power of the main (solid curve) and higher-order longitudinal 

modes (dashed curves) against injection current density at different values of the 

surface density of QDs NS. (Fig. 5 of ref. [A1], reprinted with permission of IOP 

Publishing Ltd.) 
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Fig. 4.11. Optical power of the main (solid curve) and higher-order longitudinal 

modes (dashed curves) against injection current density at different values of the 

cavity length L. (Fig. 6 of ref. [A1], reprinted with permission of IOP Publishing 

Ltd.) 
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Fig. 4.12. Total optical power against injection current density at different values 

of the RMS of QD-size fluctuations δ  (a), surface density of QDs NS (b), and 

cavity length L (c). (Fig. 7 of ref. [A1], reprinted with permission of IOP 

Publishing Ltd.) 
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Fig. 4.13. Optical power of the main (and the only lasing) mode against injection 

current density calculated including (solid curve) and neglecting (dashed curve) 

SHB. The structure parameter is close to its critical tolerable value [ max
1δ  in (a), 

min
1S,N  in (b), and min

1L  in (c)]. (Fig. 8 of ref. [A1], reprinted with permission of 

IOP Publishing Ltd.) 
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Fig. 4.12 shows the total output power of all lasing modes versus the injection current 

density at different values of the structure parameters. With decreasing δ, or increasing NS or L, 

the output power (at a given injection current) increases, and the overall LCC becomes more 

linear. One way of increasing NS is to use multiple layers with QDs. 

SHB reduces the power of the main mode even if there is no multimode generation 

(Fig. 4.13). This is the situation when any of the structure parameters is so close to its critical 

value for lasing of the main mode that all higher-order modes are cut off. The reduction of the 

power in this case is entirely due to nonuniform carrier distribution in the presence of SHB. 

Owing to this nonuniformity, the fraction of the spontaneous recombination is increased, and 

consequently that of the stimulated recombination is decreased. 

4.8. Number of lasing modes as a function of current density 

Figs. 4.14 and 4.15 show how the number of lasing modes evolves with injection current 

density at different temperatures and cavity lengths. As the temperature rises, the threshold 

current densities for the main and higher-order modes increase. While the increase of the 

threshold current density for the main mode is unwanted, the increase of the threshold current 

densities for the higher-order modes is wanted since it leads to a reduced number of modes lasing 

at a given injection current density (Figs. 4.14 and 4.15). The mechanism behind these 

temperature-dependences is specific to QD lasers and related to thermal escape of carriers from 

QDs. With rising temperature, thermal escape becomes more intense. This leads, on the one hand, 

to increased electron and hole densities outside QDs and hence to an increased component of the 

threshold current density associated with recombination outside QDs. On the other hand, carrier 

exchange between neighbouring QDs and, consequently, smoothing out nonuniform population 

inversion become more efficient. As a result, SHB is less manifested and the number of lasing 

modes is reduced at a higher temperature. 
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Fig. 4.14. Number of lasing modes against injection current density at different 

temperatures for the cavity length L = 300 μm. (Fig. 9(a) of ref. [A1], reprinted 

with permission of IOP Publishing Ltd.) 
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Fig. 4.15. Number of lasing modes against injection current density at different 

temperatures for the cavity length L = 900 μm. (Fig. 9(b) of ref. [A1], reprinted 

with permission of IOP Publishing Ltd.) 
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4.9. Conclusion 

The QD laser operation at high injection currents (when spatial hole burning is strongly 

manifested) has been studied. 

With increasing current, higher-order longitudinal modes start lasing in addition to the main 

mode. However, the number of modes remains limited. The maximum number of modes that can 

oscillate in a QD laser has been estimated analytically. This number increases with increasing 

surface density of QDs or cavity length, and remains limited with varying uniformity of the QD 

ensemble. The critical tolerable, cut-off values of the structure parameters for lasing of higher-

order modes have been derived. 

The threshold currents and optical powers of the modes have been calculated numerically. 

The power of the main mode is reduced due to lasing of higher-order modes and spatially 

nonuniform carrier distribution. As a new mode turns on, kinks appear in the LCCs of existing 

modes. SHB reduces the total optical power of a laser and contributes to nonlinearity of the 

overall LCC. The effect is more significant when any of the structure parameters is close to its 

critical tolerable value. The LCC becomes more linear with improving QD-size uniformity or 

increasing surface density of QDs or cavity length. 
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