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Deep Multi-Resolution Operator Networks (DMON):
Exploring Novel Data-Driven Strategies for
Chaotic Inverse Problems

Sam A. K. Donald

(ABSTRACT)

Inverse problems, foundational in applied sciences, involve deducing system inputs from
specific output observations. These problems find applications in diverse domains such as
aerospace engineering, weather prediction, and oceanography. However, their solution often
requires complex numerical simulations and substantial computational resources. Modern
machine learning based approaches have emerged as an alternative and flexible methodology
for solving these types of problems, however their generalization power often comes at the
cost of working with large descriptive datasets, a requirement that many applications cannot
afford. This thesis proposes and explores the novel Deep Multi-resolution Operator Network
(DMON), inspired by the recently developed DeepONet architecture. The DMON model is
designed to solve inverse problems related to chaotic non-linear systems with low-resolution
data through intelligently utilizing high-resolution data from a similar system. Performance
of the DMON model and the proposed selection mechanisms are evaluated on two chaotic
systems, a double pendulum and turbulent flow around a cylinder, with improvements ob-
served under idealized scenarios whereby high and low-resolution inputs are manually paired,
along with minor improvements when this pairing is conducted through the proposed the

latent space comparison selection mechanism.



Deep Multi-Resolution Operator Networks (DMON):
Exploring Novel Data-Driven Strategies for
Chaotic Inverse Problems

Sam A. K. Donald

(GENERAL AUDIENCE ABSTRACT)

In everyday life, we often encounter the challenge of determining the cause behind something
we observe. For instance, meteorologists infer weather patterns based on limited atmospheric
data, while doctors use X-rays and CT scans to reconstruct images representing the insides
of our bodies. Solving these so called “inverse problems” can be difficult, particularly when
the process is chaotic such as the weather, whereby small changes result in much larger ones
over time. In this thesis, we propose a novel method using artificial intelligence and high-
resolution simulation data to aid in solving these types of problems. Our proposed method
is designed to work well even when we only have access to a small amount of information, or
the information available isn’t very detailed. Because of this there are potential applications
of the proposed method across a wide range of fields, particularly those where acquiring

detailed information is difficult, expensive, or impossible.
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"2bQHMIBQM PT2" iQ L2irQ FU.JPLV-BMbTB 2/ #vi?2 2+2MiHv T
L2irQ EYX h?2 .JPLKQ/2HBb /2bB;M2/iQ +QK#BM2 HQr@ 2bQHmMIiB
Q7 BMi2 2bi rBi? ?B;?@ 2bQHmMiBQM bBKmH iBQM /i iQ #QQbi i??2
HBM2 " iBK2@/2T2M/2Mi +? QiB+ BMp2 b2 T'Q#H2K bQHmMiBQMbX .
+QM7B;m > iBQMb Q7 i?2 .JPL “+?Bi2+im 2 M/ 2p Hm i2 Bib 2772+
T Q#H2Kb "2H i2/iQ irQ +? QiB+ bvbi2Kb- /Qm#H2 T2M/mHmMK M/
+VHBM/2 X 6Q" 2 +? T'Q#H2K- M BMp2'b2 T'Q#H2K Bb 7Q KmH i2/
Q7 BMi2 2bi "2BM72°°2/i?2°Qm;:? Q#b2 p iBQMb-bT2+B7B+ HHv-i?
_2VMQH/b MmK#2" "2BM72°2/i?2°Qm;? Q#b2 p iBQMb Qp2  iBK2 Q7
/QrMbi 2 K 7THMB/ p2HQ+Biv 7B2H/ "2bT2+iBp2HvX qBi? i?Bb +QM7
T°Q+2bb Q7 BM72 °BM; T > K2i2'b 7°QK T?vbB+ H bvbi2Kb r?2 2 Q#
2tT2MbBp2 Q  /B77B+mHi iQ ii BM-bm+? b ;2Qi?2 K H +iBpBiB2b
2tT2 BK2MibX h?2 +QMi"B#miBQMb Q7 i?Bb i?2bBb "2 bmKK "Bx2/
i72 . JPLKQ/2H- BM+HmMbBp2 Q7 i?2 KmMHIBTH2 b2H2+iBQM M/ K2 ;2
HQr M/ ?B;?@ 2bQHmMiBQM +? QiB+ /i b2ib-rBi? 66hi> Mb7Q Kb
T Q+2bbBM;iQ KBiB; i2i° BM@i2bi/ i H2 F ;2BBBVH “;2b+ H22tT
JPLKQ/2H +QM7B;m" iBQMb mbBM; i?2 T'2pBQmbHv +m" i2// i b2
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h?2 "2K BM/2 Q7 i?Bb i?2bBb Bb Q; MB«&T2/Q pB/Q bl HND PR *PBRIRQ 7 |
"2H i2/ HBi2  im 2X AN *2PILiKQ/2H Bb T 2b2Mi2/- BM+HmM/BM; Bib br
M/ DmbiB7B+ iBQMb 7Q  i?2BY D) AGMMHbX? 2 T22B7B+ i° BMBM; }
HBx2/ 7Q  i?2 bm#b2[m2Mi 2tT8iBKMM2ibX B%# Ib2i?2 irQ i2bi T Q#H?2
/Qm#H2 T2M/mMHmMK M/ 7HQr Qp2° +VHBM/2 - HQM;bB/2i?2 T 2T (
*?2 Ti28 2tT2 'BK2Mib Q7 i?2 .JPL KQ/2H 2 +QM/m+i2/- BM /[/BiBQN
2 +?2 bm#@+QKTQM2Mib T2 7Q K M+2X h?2b2 2tT2 'BK2Mi H “2bmt
*?2 Ti2d- #27Q 2 +QM+HmMbBQMb “3X  rM BM *? Ti2"



*? Ti2 K

S 2pBQmb qQ F

kXR .22T PT2  iQ  L2irQ Fb

kXRXR *H bbB+ .22TPL2ib

22T PT2 iQ L2irQ FbU.22TPL2ibV "2 bT2+B HBx2/ M2m™ H M2irC
iQH2 "M QT2 iQ brBi?BMRKYWKMANMBIQ BIbbTQINRIRZi- M QT2 iQ Bb K i
TmM+iBQM i? i K Tb M BMTmi 7mM+iBQM- 272 "2/ iQ bi?2 ~;mK?2
7mMM+iBQMX *QMbB/@ BM iQZ 2Qidi2ti Q7 m/BQ bB;M G T RIb@bBM;
7Q°Kb M BMTmi mi/B®ilB;NK@®I/B7B2/ Qne(I)iXi hBBWM BT2" iQ° +QmH
2T 2b2Mi M 2+?2Q 2772+i-rBi? i?2 BMTmi bB;M Hi?2 Q B;BM HDbQ
i?72i° Mb7Q K2/ "2+Q /BM; rBi? M 2+2Q //2/X h?2i bF Q7 i?2 .22T
QT2 GQ2M #HBM: BiiQ TTHv bBKBH " i° Mb7Q K iBQMb iQ Qi?2" 1
M "BQ-i?2 “;mK2Mi 7mM+iBQM Bb u?22B MTmi2/mibQ bBBMBH HQ+ iB
rBiR(x;) /2MQIiBM; i?72 bQmM/ BMi2MbBiv ii?2b2 TQbBIiBQMbX h?2 C
Gu)(y)- 2T 2b2Mib i?2 m/BQ bB;M H rBi? i?2 2+2Q A7 2+i- 2p Hm i2/
.22TPL2ib ++QKTHBDb? i?Bb i bF i?2°Qm;? mMB[m2 /m H@bi 2 K
#> M+? M/ i mMF M2irQ FbX h?2 # M+? M2irQ F Bb 2bTQMbB#H?2
TMM+iBQM- M/ T Q+2bb2b i?(x)a2:;Mi;auMxN-+rBUR) /2MQi2b
i?2p HM2 Q7 i?2BMTmi 7TmM+iBQMxiXbM2BB VBR4E2MbQQ KD BEWIBM; K

e
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TmHHv +QMM2+i2/ ?B//2M H v2 b- H2 "Mb 72 im 2b 7' QK i?2 ";mK.
+ Tim 2b Bib +? °~ +i2'BbiB+b i? Qm;? K TTBM; Bi iQ M QmiTmi 2Kj
i"MMF M2irQ F2M+Q/2bi?2 g HANMBQMBRBMibT " Q+2bb +QMbBbiBNM
TmHHvV +QMM2+i2/ ?B//2M H v2 b- /2bB;M2/iQ H2 "M 72 im 2b 7 Qt
M/ QmiTmi M 2K#2//BM; + Tim BM; i?BbBM7Q K iBQMX

h?2 "2bmHi Mi #° M+? M/ i'mMF M2irQ F 2K#2//BM;b 2 i?2M K2 ;2
QmiTmi Q7 i?2 .22TPL2i KQ/2HX h?Bb K2 ;2 QT2 iBQM Bb M 2H2K?2
2K#2//BM;b- 7TQHHQr2/ #v bmKK iBQM- /2b+ B#2/ #v i?2 2[m iBQM,

X
Guy)= b (1)

re2®@ Mt "2i?22QmiTmib Q7 i?2# M+? M/i mMF M2irQ Fb 2bT2+iBj
QT2 iBQM K2 ;2b i?2 72 im'2 2T 2b2Mi iBQMb Q7 i?2 BMTmi 7mM+
2M #HBM; .22TPL2iiQK T MBMTmi 7mM+iBOQMiQ MQmiTmi 7mM+il
yX Ai Bb MQi2/i? i i?2 bB;KQB/ +iBp iBQM 7mM+iBQM Bb TTHB2/
M2irQ ' F- M/ i?mbi?2 M2irQ'F b r?QH2+ M#2 Hi2 M iBp2Hv pB2r2
rBi? i?72 r2B;?ib Q7 i?2 H bi Hv2 T K2i2'Bx2/ #v i?2 i mMF M2irQ
QTiBKBx2/ DQBMiHV i?°Qm;? 2M/@iQ@2M/ i° BMBM; Q7 i?2 2MiB 2
KQ/2H H2 "Mb iQ T'Q/m+2 S((y)i2QQ mBpaiMd BMTmi 7mM+iBQMb N\
HQ+ iBQMb BM i?2 i BMBM; /i X h?2 ?B;? H2p2H .22TPL2i "+?Biz
7 BKXOR
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6B;m 2 kXR, .22TPL2i/m Hbi 2 K "+?Bi2+im 2 H2 MBM; i?2

h?2 .22TPL2i KQ/2H Bb ;"QmM/2/BMi?2i?2Q vQ7 H2 "MBM; QT2 iQ
i?2 i° /BIBQM H b+QT2 Q7 M2m™ H M2irQ FbX h?Bb i?2Q v Bb # b:
M2irQ Fb + M #2 /2bB;M2/ MQi Dmbi iQ TT QtBK i2 7TmM+iBQMb- #
K TTBM; #2ir22M 7mM+iBQM bT +2bX h?Bb Bb +?B2p2/i?°Qm;? i?2
i"mMMF “+?Bi2+im 2- r?B+? iQ;2i?2  H2 "M iQ TT QtBK i2i?2 mM/2"
i72 "2H iBQMb?BT #2ir22M b2i Q7 BMTmib M/ QmiTmibX h?Bb /Bhil
BMi?2B" #BHBiviQ KQ/2HBMi B+ i2 T?2MQK2M r?2'2i?2BMTmi B
b2i Q7 b+ H ~p Hm2bX

h?2 mi?Q b +QM/m+i2/ b2 'B2b Q7 2tT2 'BK2Mib iQ p HB/ i2i?2 .22
M2bb BM H2 "MBM: QT2  iQ'b 7Q° +QKTH2t bvbi2Kb- +QKT “BM; Bi
622/7Q°r "/ L2m > H L2irQ KPpXURAIM bM @tT2 ' BK2Mi BMpQHpBM; ;  p
HmK bm#D2+iiQ M 2ti2°M H7Q +2- KQ/2H2/ #v MQMHBM2 "~ b2+Q]I
++m’ i2Hv T 2/B+i2/ i?2 T2M/mHmMK®6b bi i2 U M;H2 M/ M;mH ° p2
7Q +2X LQi #Hv- i?2 KQ/2H /2KQMbi  i2/ BKT ' Qp2/ ++m > +v M/ 27
6LLb- 2bT2+B HHv rBi? M BM+'2 b2/ MmK#2 Q7 b2MbQ  TQBMibX
rb7m’i?2  i2bi2/ QM /B77mbBQM@ 2 +iBQM bvbi2K- /2b+ B#2/ #v
/IB77mbBQM S.1rBi? bQm +2i2 KX >2'2-i?2 .22TPL2i KQ/2H ; BM
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6LLb- M/ /2KQMbi  i2/ 7 bi2> +QMp2 ;2M+2 Q72 Qb i TQHVMQ]
rBi? "2bT2+i iQ i?2 MmK#2> Q7 b2MbQ bX aBM+2 Bib T'QTQb H- i?:
#22M TTHB2/iQ rB/2 > v Q7 T Q#H2Kb- BM+HmMbBp2)QBM®p2 @
P2 b2 T Q#H2Kb "2H i2/iQ i?RK>-QMIMXh#BPM/2KQMbi® i2/iQ QmiT?
+QKT " iBp2 QT2 iQ KQ/2Hb bm+? b 6QkRX2  L2m > HPT2 iQ b (

kKXRXk .22TPL2i 1tiZMbBQMDb

AMd)-i?2 mi?Q bT QTQb2 2M? M+2K2MibiQ i?2 Q°B;BM H .22TPL?2
QM “27BMBM; i?2 “+?Bi2+im 2 bm+?i? i BMTmi bB;M HbiQ T bbi?"
K MM2 X Db i?2 +H bbB+ .22TPL2i “+?Bi2+im 2 "2HB2b QM bBM;
QT2 iBQM U 2/m+2 bmKV- BMBiB H BMTmib /m BM; i° BMBM; K v 1
p MBb?BM; bB;M Hb M/ bm#T ~ T2 7Q K M+2X h?2 mi?Q'b T'QTQ
i"MMF M2irQ F bi'm+im 2- r?22 2#v i?2 2K#2//BM:;b i 2 +? ?B//2M H
TQBMirBb2 KmHiBTHB+ iBQMX h?Bb .22TPL2i K2 ;2 “+?Bi2+im 2-
i?2bBb b .PJ-Bb /2b+ B#2/ BM /2ijBHVI/BBRBNM OPMTiQ #Q Qbi i?2 T 2/E
TQr2 Q7i?2.22TPL2i + Qbb HH#2M+?K "F2tT2 'BK2MibX AM //Bi
i72 TQQ T2 7Q° K M+2 Q7 i?2 +H bbB+ .22TPL2i KQ/2H rBi? "2bT2+i
r?B+? Bb "2bQHp2/i? ' Qm;? "2@r2B;?iBM; Q7 i?2 HQbb # b2/ QM M
ULhEV b+?2K2X P7 MQi2- bB:MB7B+ MiHv bBKTH2 p2 bBQMb "2
'mB/2/r2B;?i b+?2K2-r?B+? Bb Q#b2 p2/iQ #QQbi T2 7Q K M+2 BM
,22TPL2i v2i MQiiQ i?2 2ti2Mi Q7 i?2B  LhE K2i?Q/X

MQp2H .22TPL2i “+?Bi2+im2 i? i BMi2; i2b /i Q7 p "vVBM; 7B/2
rBi?BREX h?2 mi?Q'b ++QKTHBD? i?Bb BM+Q TQ  i2 i? 22 BMbi M
b+ B#2/ .PJKQ/2H-rBi? i?2 7B bimb2/iQ TT QtBK i2 HQr 7B/2HBi
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Q7 BMi2 2bi- rBi? QmiTmi i?2M T ' QpB/2/ b BMTmi iQ irQ //BiBQM
KQ/mH2b "2mb2/iQH2 "Mi?2HBM2 ° M/ MQMHBM2 " +Q "2H iBQM
M/ i?2 ?B;? 7TB/2HBiv /i Q7 BMi2 2bi-rBi? i?2B  QmiTmib bmKK2/ i
T?vbB+b BM7Q K2/ M2m™ H M2irQ"F USALLV Bb TTHB2/iQ i?2 bmKK
T?vbB+ H+QMbi® BMib "2 /?22°2/iQX h? Qm;?i?Bb MQp2H +QK#BM
i?72 mi?Q'b "2 #H2iQ 2772+iBp2Hv H2 "M ?B;? 7B/2HBiv QT2  iQ"
KQmMib Q7 ?B;?@7B/2HBiv/ i 7Q  iviB+ H .22TPL2iiQ #2i BM2

kXk L2m> H L2irQ ' Fb 7Q  AMp2 b2 S Q#H2Kb

b K2MiBQM2/- M2m" H M2irQ Fb ? p2 "2+2MiHv #22M miBHBx2/ iQ I
bQHMIBQMb iQ rB/2 “~ v Q7 +QKTH2t BMp2'b2 T 'Q#H2KbX + Qt
TTHB2/iQ mMMB[m2 BMp2 b2 T Q#H2Kb Bb MQr T 2b2Mi2/- rBi? 7Q+
M/ +? QiB+ bvbi2KbX

G_AS@L2i- bT2+B HBx2/ M2m  H M2irQ F /2bB;M2/iQ BKT Qp2i?!
iBQMb 7°QK HBKBi2/@ M;H2 T°QD2+iBQM /i Bb TNRTIQD2F&v i?2
BMMQp iBOQM Q7 G_AS@L2i HB2b BM Bib miBHBx iBQM Q7 HQr@ 2bC
+QMbi'm+iBQM T Q+2bbX h?2B  M2irQ ' F2KTHQvVb /m H@ 2bQHmIE
BK :2b "2 mb2/ b T BQ'biQ ;mB/2i?2 "2+QMbi m+iBQM Q7 ?B;?2"
BM: Q7 i?2 HBKBi2/@ M;H2 T'QD2+iBQM /i X h?Bb TT Q +2 2772+
BMbi #BHBiv +QKKQMHvV 2M+QmMi2 2/ BM *h "2+QMbi m+iBQM 7 QI
#Qi? i?2 bi #BHBiv M/ ++m > +v Q7 i?2 "2+QMbi m+iBQMX Ai Bb Q7
M/ HBKBi2/@ M;H2 T'QD2+iBQM /i "2bi'QM;Hv +QmTH2/- b i?2
'2M2° i2/ 7 QK i?2 HBKBi2/@ M;H2 T°QD2+iBQM /i Q7 BMi2 2biX

AMK- BMp2 b2 T'Q#H2KbBM +? QiB+bvbi2Kb 2bQHp2/i? Qm:?i?2
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L2m> H L2irQ ' Fb U" LLbVX h?2 mi?Q b 2KTHQV " LLb 7Q"° KQ/2H 7B
2biBK iBQM- M/ BMi2; i2i?Bb mM+2'i BMiv BMiQ T Q# #BHBbIB+
r "/ iBK2 2pQHmMiBQMX TTHVBM; i?Bb K2i?Q/QHQ;viQ i?2 +? QiB+ :
/I2KQMDbi® i2bi?2 K2i?Q/6b 277B+ +vBM T QpB/BM: 7Q r '/ iBK2 2D
i?72 BMp2'b2 T'Q#H2K 7Q" i?2 bvbi2Kb6 BMBiB H +QM/BiBQMbX h?:
+?B2p2b ++m’ i2 T'2/B+iBQMb Qp2  iBK2 BMi2'p Hb bB;MB7B+ Mi
/'t b KTHBM; " i2 M/ T QpB/2b "2HB #H2 +QM7B/2M+2 BMi2 p HbX
i2MiB H7Q 7m’i?2  BKT ' Qp2K2Mib M/ i2biBM; QM KQ 2 +QKTH2t b
TQbBiBp2 "2H iBQMb?BT #2ir22M i?2 Q#b2'p iBQM iBK2 "2bQHmiB
++m° i2 T 2/B+iBQMb + M #2 K /2X

KQ 2 :2M2° HbmKK 'vQ7 /22T H2 "MBM; 7Q  BMp2 k3 TrRi#H2Kb B
i?72 Mi?Q b 2tTHQ BM;p "BQmb +QM7B;m" iBQMb Q7 /22T H2 "MBM;
M/ ++m> +v Q7 i?2 ++QKT MVBM; 7Q'r "/ KQ/2HX q?2M i?2 7Q" r °/
mi?Q b /2b+'B#2 M mMbmT2 pBb2/ K2i?Q/ r?2 2#v ;2M2 iQ Q7
M2irQ ' F U: LV ii2KTib iQ + 2 i2 BK ;2b i? i r?2M T bb2/i? " Qm;? i?
KQ/2H- K i+? Q#b2°p2/ b2MbQ" "2 /IBM;bX AM //BiBQM- +H bbB+ H
b+ B#2/ #Qi? rBi? M/ rBi?Qmii?27Q r "/ KQ/2H-# b2/ QM H ;2 /i
7Q i  BMBM;-r?B+? + M #2 #QHbi2 2/ #v bBKmH i2/ /i B7i?27Q"'r

kXj 62 im 2 6mbBQM

Pm T QTQb2/.JPLKQ/2H +HQb2Hv HB;MbrBi?i?2T ' Q+2bb Q7 72 i
7°QK p 'BQmb bQm +2b ‘2 K2';2/iQ;2i?2  rBi?BM M2m" H M2irQ
T2'7Q K M+2X q2i?2°27Q 2 ?B;?HB;?i 72rK2i?Q/b Q7 BMi2 2bimb.
Q7 i?2 .JPL KQ/2HX
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h?2 mi?Q jINGBM(i Q/m+2 i?2 ii2MiBQM@6mb2/ L2irQ F U 6L2iV 7Q"
i iBQM Q7 ?B:?@ 2bQHmMiBQM "2KQi2 b2MbBM; BK ;2 /i X h?2B"
KmHiBT i? 2M+Q/2  bi'm+im 2 7Q" 72 im 2 2ti° +iBQM rBi? MQp2H
i2;° i2b ?B;?@H2p2H #bi  +i 72 im 2b rBi? HQr@H2p2H bT iB H 72 |
bi iI2@Q7@i?2@ i T2 7Q K M+2 QM i?2 AaS_a o B?BM;2M M/ SQib/
BM;i?2 #2M27Bib Q7 K2 ;BM; ?B;? M/ HQr@ 2bQHmiBQM /i 72 im 2
aT2+B7B+ HHv- Bi Bb MQi2/ b BKT QpBM; mTQM i?2 +H bbB+ H K2]
/IBIBQM M/ +QM+ i2M iBjQ X7 72 im 2D (

aBKBHKM®2+THQ 2/ i?2 7TmbBQM Q7 bvMi?2iB+@ T2 im 2/ Ua _V
bm 7 +2 /27Q K iBQM Qp2 iBK2- M/ KmHiBbT2+i"  H/ i X h?2B" "2
/i 7TmbBQM i2+?MB[m2b i p "BQmb H2p2Hb Q7 i?2 BM7Q K iBQM
Q7 i?2 “r/i-72im'2- M/ QmiTmi /2+BbBQM H2p2HbX h?2v /2b+
TmbBQM K2i?2Q/ r?22°2QmiTmibbQm +2/7°QKp BQmbb2MbQ b "2
K DQ'BivpQiBM; Q" QTBMBQM TQQH i2+?MB[m2b- HQM; rBi? /QK [
7mbBQM ii?2 72 im 2 M/ r/ i H2p2HbX h?°'Qm;? i?Bb T'Q+2bb-
277Q% "2[mB 2/ iQ T2 7Q 'K ++m’  i272 im 2 7TmbBQM /2+ 2 b2b b
7mbBQM Q7 “r /i i?2 KQbi +? HH2M;BM: M/ “2[mB'BM; H ;2 KQ
FMQrH2/;2-r?BH2 i?2 K2i?Q/b Q7 7mbBQM ii?2 QmiTmi H2p2H "2 |

kX9 .QK BM / Ti iBQM

QK BM / Ti iBQM Bb bm#@7B2H/ Q7 K +?BM2 H2 "MBM; 7Q+mbBM

bQm +2 /QK BM- r?2°2 #mM/ Mi H #2H2/ /i Bb p BH #H2- iQ i |
i :2i /QK BM rBi? HBKBi2/ /i X h?2 T'BK v +? HH2M;2 HB2b BM
/QK BMb- r?B+? + M "2bmHi BM /2;" / iBQM BM KQ/2H T2 7Q K M+2
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i72bQm +2 /QK BM Bb /B 2+iHv TTHB2/iQ i?2i “;2i /QK BMX .QK ¢
BKiQ #'B/;2 i?Bb/QK BM /Bb+"2T M+v- HHQrBM;: 7Q  i?2 i  Mb72"
"Q#mbi T2 '7Q K M+2 +°Qbb /QK BMbX g2 TTHv 7Q'K Q7 /QK BN
T°QTQb2/ .JPL KQ/2H- M/ bbm+? QmiHBM2 bQK2 MQi #H2 2t KTH?2

MMB[m2 K2i?Q/ BM+Q TQ" iBM; /QK BM / Ti iBQM M/ i’ Mb72  H2
b2Mi2/ B§X "v ? "M2bbBM; FMQrH2/;2 7°QK H ;2 bQm +2 /QK BM- i
7Q° i ;2i/QK BMrBi? b+ "+2 MMQi iBQMbX h?2 mi?Q b T QTQb2
QM2 bi'2 K7Q i?2bQm +2 /i M/ MQi?2 7Q i?2 i ;2i/ i X AMbi:
TT ' Q +? Q7 mbBM; b? "2/ r2B;?ib + Qbb /QK BMb iQ +?B2p2 /QK
+QMi biBp2 b2K MiB+ HB;MK2Mi HQbb Bb BMi Q/m+2/iQ 2Mbm 2t
2 "2H i2/ #mi MQi bi'B+iHv B/2MiB+ HX h?Bb HQbb Bb +QK#BM2/ r
i?22bQm +2 /1 b2iiQ T Q/m+2 i ;2i 2K#2//BM; r?B+? + M #2 /B 2+
[12+Q/2  M2irQ F-Q 7BM2 imM2/ mbBM; i?2 HBKBi2/i ;2i/ i b2iX
bbmKTiBQM Q7 bm#bi MiB Hb KTH2 bBx2 BM i?2 bQm'+2 /QK BM
?B;?7@ 2bQHmMIBQM bQm +2 /i b2i-i?2°2 Bb "BbF Q7 Qp2 7BiiBM;
BM;X h?2 HQbb 7mM+iBQMb-i BHQ 2/iQ //'2bb r2B;?i/BbT "BiB2b
MQi2/ b H2bb 2772+iBp2 rBi? HBKBi2/ bQm ™ +2 /i X

bBKBH ° TT Q +? Bb /2b+ B#2/jiBi2BMi?2Q+TMd QM ;2M2" iBp2 K
b QTTQb2/iQ +H bbB7B+ iBQMX h?2 T'QTQb2/ S6a@: L KQ/2H miE
/IQK BM / Ti iBQM T BM+BTH2biQ # B/;2i?2/BbT "Biv#2ir22M r2H
M/ bT “b2i ;2i/QK BMX /m H@2M+Q/2  “+?Bi2+im 27Q Kbi?2 +
rBi? b2T ~ i2 2NEFQMEb ;2M2° iBM; +QMi2Mi M/ TT2 ° M+2 2K#2//B
bQm +2 BK ;2bX h?2b2 2K#2//BM;b-QM+2 +QM+ i2M i2/- 272/ BMi
BK ;2X h?2i° BMBM; bi i2;vBM+Q TQ i2b HQbb 7mM+iBQM K2 b
i?72;2M2° i2/ M/ Q'B;BM HBK ;2b- EG/Bp2 ;2M+2 HQbb 2Mbm ' BM;
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- mbbB M /Bbi B#miBQM +2Mi2 2/ QM y rBi? +Qp B M+2 A- M/ T2
BK ;2b ;2M2" i2/ #v i?2 b K2 +QMi2Mi p2+iQ~ v2i /IB772 2Mi TT2 °~ N\
AM i?2 KQ/2HBb b2+QM/ i BMBM; T? b2E.i?Q Ti22BQmbHX /HXK "BIM/|
[ Ti2/iQ 2K#2/ M HQ;Qmb BK ;2b 7' QK i?2i ;2i/QK BM-r?BH2 M
7Q i?2 i “;2i IQK BM6b TT2 ° M+2 2K#2//BM;- r?B+? 2 +QK#BM?2
;2M2° iQ° KQ/2H Q7 BMi2 2biX q?BH2 i?72 TT Q +? Bb MQp2H M/ Q
i?72 i KQ/2Hb- Bib /2T2M/2M+2 QM T B 2/ 72r@b?Qi/ i Bb HBKBI
bm+? /i T B'BM;b "2b+ "+2Q +? HH2M;BM; iQ T Q+m 2X 6m i?2"
7Q i bFb #2vQM/ BK ;2 ;2M2° iBQM bm+? b "2;°2bbBQM 2K BMb mi



*2 Ti2" ]

h?2 .JPL JQ/2H

AM i?Bb +? Ti2 - r2 /2i BH i?2 7TmM+iBQM HBiv Q7 i?2 T°QTQb2/ .J
KQ/2H BKb iQ #QQbii?2 T2°7Q K M+2 Q7 2:°2bbBQM KQ/2H i bF:
BMp2'b2 QT2  iQ 7Q HQr@ 2bQHmMiBQM BMTmi/ i -i? Qm;? BMi2H
"2bQHMIBQM/ i X i ?B;? H2p2H i?2 T QTQb2/.JPLKQ/2H QT2  i2b
#° M+? M/i'mMF-BMbTB 2/ #v +H bbB+ HKkQZXThRPZ 2 i+ 2BiiQ KB
T QpB/2/b KTH2b Q7 i?227Q°r '/ bQHMIBQM T Q/m+2/ 7 QK i?2 mMF
7Q  r?B+? r2 rBb? iQ BM72°- r?BH2 i?2 i mMF Bb T'QpB/2/ b KTH2b
Q7 FMQrM ;2M2° iBM; T > K2i2 ' bX h"mMF /i Bb T Q/m+2/ #v bBKE
B/2MiB+ H-7Q'r "/ KQ/2H iQ i? i Q7 i?2 # M+?X

6Q° 2t KTH2-# M+? /i Kv +QMi BM Q#b2 p iBQMb Q7 T?vbB+ H 2
T?2MQK2M Q7 BMi2 2bi-r?BH2i?2i mMF/ i Bb +[mB 2/ 7 QK bBKi
**BiB+ HHv- i?2 "2bQHMIiBQM i r?B+? #  M+? /i Bb +[mB 2/ Bb HC
2Bi?2 bT iB HHv- i2KTQ > HHv- Q  i?°Qm;? Q#b2 p iBQM Q7 72r2" by
22T PT2 iQ L2irQ F “+?Bi2+im 2rBi? i?Bb KQ/B7B2/ BMTmi +QM?7
M TT QtBK iBQM Q7 i?2 7QHHQIBM; QT2  iQ X

G(yp)(Y1) = b UjXRV

g?2°2 : Bbi?2 BMp2'b2 QT2 iQ  TT QtBK i2¥#BH 222 ¥P LMQ /2 H -

R8
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Vi i?72 bbQ+B i2/ i mMMFR/i12-: M2  iBM: T > K2i2 Q7 BMi2 @ bbQ+B

g2 ?vTQi?2bBx2i? ii?2°Qm:? i?2 BM+HmMbBQM Q7 ?B;?@  2bQHmiBQI
+ MQmMiT2 7Q K i? i Q7 M 2LmEp HRMi K@H2HV QM HQr@ ' 2bQHmMIiBQ
#v 2 [bXWiQ U8

JPLYYD)= s b UjXkV
L(Yo) =  bow b UjXjVv
J.IPL(Yn(Yt) bl <jL(Yn) d UjX9Vv

i XR AMTmi . i

g2 MQr b2i Qmi iQ 7Q K HBx2 i?2 BMTmib iQ i?2 .JPL KQ/2HX :2M2
M/, 7Q  i?2 # M+? M/i'mMF "2 /P0® MRjX- 2BBX MT /2MQiBM;

b2i Q7 p BH #H2 ;2M2" iBM; T ° K2i2 b 7Q  i?2 # M+? M/ i mMF  :
i° D2+iQ B2b + M #2 T QpB/2/iQ i?2 i'mMF bi 2 K- r2 BMbi2 / /27B
T K2i2;6f g bbQ+B i2/ rBi? i?Bb b2i Q7 i D2+iQ B2bX

»2 B UjXx8V

=f g, 2T UjXeV

a2iB MM "2 +QMbi ' m+i2/ bm+? i? i 7Q , HBI-T +Ei2BMB T



KYSY Béy /2 2 Rd

/22 BM; iQ@¥X Bh?Bb Bb /QM2 iQ 2Mbm 2 HQ+ HBx iBQM #2ir22M i~
i?2 #° M+? M/ imMF /i X

8b2B;9:2T:k, (k R ujxXdv

:2M2° iBM; T ° K2i2 b /27BN /MHIXR[DXR U?22M mb2/ b BMTmibiQi?2 7
KQ/EH T Q/m+BM: M QmiTyi4+ QB2 -BIMBWM: bi i2 Q#b2 p iBQMb Qp2° i
i D2+iQ B2b 2 i?2M b KTHI2/ brA2Xp BBV2IIQ B i PYBMM 21 [jHOX X

Yo = Yo( b) = He(Fa( b)) UjX3V

Y= Yi( o) = Hr(Fr( 1) UjXNV

>2°2i?2 /B772 BM; "2bQHmMiBQMb ir?B+?2i?2 # M+? M/i mMF 7Q"
Bb /2MQi2/ #v bBa#MA BTii?2 b KTHBMHQBM iQBiBQM iQ i?2 /B772
7Q0°r "/ KQ/2HDb /2MQi2/ Bv MiT#® 7 iBZi7Q r “/AOQ/2H

h?2 "2bmHi Mi i" yp2Mip B2bi?22M T 2TQbb2bb2/ i?°Qm;? +QK#BM iR
MQ 'K HBx iBQM bi> i2;B2b /2B¥BHD/M3MBi2+MBQMK BM bT2+B7B+
2ti° +iBQMb bm+? b 6Qm B2 i° Mb7Q KbX h?2 TB #K-RKFT2+B7B +
Fr-Hs MHr "2 /2b+ B#2/ rBi?B8&K*? Ti2"
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