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(ABSTRACT)

The equations and numerics necessary for the analysis of dense-gas boundary-layer flows over
arbitrarily shaped two-dimensional bodies are developed. The governing equations are derived from
the Navier-Stokes-Fourier equations for a general fluid. A numerical method based on the
second-order Davis-coupled scheme is employed to solve for mean flows over flat plates. Flows
of nitrogen, sulfur hexafluoride, and toluene over adiabatic walls are examined; in addition, flows
of nitrogen over heated and cooled walls are studied. Results indicate a breakdown of the standard
correlations for the recovery factor and the Nusselt number due primarily to the substantial
variations of the Prandtl number and the Chapman-Rubesin parameter throughout the boundary
layer. The stability equations for two-dimensional inviscid disturbances in a general fluid are
derived. The temporal stability of the mean flows of nitrogen is subsequently examined using the
generalized inflection-point criterion extracted from these equations. Results reveal significant
variations from standard ideal-gas predictions including the existence of flows for which neither

heating nor cooling of the wall has a stabilizing effect.
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Chapter 1

Introduction

In 1904 Prandtl showed that high-Reynolds-number flows over solid bodies may be divided
into two regions: the boundary layer, a very thin layer close to the body where frictional effects are
important, and the inviscid outer flow, the region outside this layer where frictional effects are
negligible. Since then the significance and behavior of the boundary layer has been studied in
considerable detail. It is recognized that the boundary layer serves as the transition region between
the inviscid outer flow and the zero-velocity flow at the surface of the body. From a more practical
point of view, the boundary layer is recognized as the source of skin friction, heat transfer,
turbulence, and separation in general fluid flows.

Due to their widespread practical significance, boundary-layer flows of gases have been studied
extensively over the past ninety years. Typically, these studies are restricted to low-pressure, or
ideal, gases in which an ideal-gas equation of state is adequate for describing the variation of
pressure with density and temperature. Furthermore, it is commonly assumed that the viscosity,
thermal conductivity, specific heat, and hence the Prandtl number are functions of temperature

alone. Frequently, however, the Prandtl number and the specific heat are taken to be constant.
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Typical examples of viscosity and thermal-conductivity models are the well-known Sutherland and
power-law models; see for example White (1974).

In contrast to the previously mentioned research on low-pressure gases, the present study
encompasses boundary-layer flows throughout the entire single-phase vapor region for several
fluids. The investigation of such flows has potential applications in several areas. For example, the
experiments conducted in heavy-gas wind tunnels employ various fluids with thermodynamic
properties different from air in order to achieve the high-Reynolds-number flows occurring in
aerodynamic applications. At present, it is unclear whether the benefit of an increased Reynolds
number will be offset by the error caused by the discrepancy between the thermodynamic properties
for the test fluid and those for air. A second example involves Rankine power-cycle systems, which
frequently operate in the dense-gas region. The influence of the thermodynamic properties of the
fluid in this region can have a significant impact on design and efficiency considerations for these
systems. Because the effects of variable thermodynamic characteristics and the attributes of
dense-gas flows are not thoroughly understood, it is hoped that this work will be a useful
contribution to boundary-layer literature.

The models employed in the low-pressure-limit analysts of boundary-layer flows are not
necessarily valid in the entire single-phase vapor region. The breakdown of these models is most
dramatic in the neighborhood of the thermodynamic critical point, which is that thermodynamic
state at which a saturated vapor and a saturated liquid can coexist; the values of pressure, specific
volume, and temperature at this point are consequently termed critical values. An example of this
breakdown appears in Figure 1.1, which contains a comparison of the ideal-gas model to the
accepted data for nitrogen adapted from Van Wylen and Sonntag (1985). An examination of the
figure reveals that the ideal-gas model is least accurate in the general vicinity of the thermodynamic
critical point.

Like the equation of state, the low-pressure models for viscosity and thermal conductivity are
also not necessarily adequate throughout the single-phase vapor region. As an example, the
variations of these transport properties with temperature and pressure are shown in Figures 1.2 and

1.3. In these figures, the reduced values of viscosity and thermal conductivity for an arbitrary fluid
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Figure 1.1. Comparison of fluid models to actual nitrogen data: The ideal-gas and Martin-Hou
equations of state are compared to nitrogen data for pressures and volumes throughout
the single-phase vapor region at a temperature of approximately 1.2*T,.. The Lee-Kesler
approximation to the saturation curve is plotted with actual saturation data.
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are illustrated. The term reduced refers to values which have been scaled to the corresponding
critical values. Because the dependence on pressure, and thus on density, is nontrvial, the
temperature-dependent models used in the low-pressure limit are clearly inaccurate over most of the
single-phase vapor region. In addition, the Prandtl number and the specific heat are also dependent
on density as well as temperature, meaning that the low-pressure models for these quantities may
also be inaccurate.

As noted by Sengers et al. (1970) and Hall (1971), it is well known that the specific heat and
thermal conductivity physically tend to infinity as the thermodynamic critical point is approached.
Such singularities, frequently referred to as critical-point singularities or anomalies, are important
only in a small region in the immediate neighborhood of the thermodynamic critical point. For the
most part, the pressures and temperatures encountered in the present study will be sufficiently far
from the critical values. For this reason and in order to simplify the analysis in this first look at
dense-gas boundary layers, the critical-point singularitics will be ignored here.

Three specific fluids are investigated in this research effort: nitrogen, sulfur hexafluoride, and
toluene. Nitrogen is selected because of its well-established physical properties and its application
as a test gas in cryogenic wind tunnels. Sulfur hexafluoride is chosen due to the recent interest in
its application as a test gas for heavy-gas wind tunnels as discussed by Anderson (1990, 1991a,b).
Toluene has been used frequently as a Rankine-cycle working fluid as noted by Miller (1974),
Curran (1981), and Manco and Nervegna (1985). [Furthermore, the three fluids were chosen to
illustrate the effect of increasing specific heat on boundary-layer flows: from nitrogen (smallest
specific heat) through toluene (largest specific heat).

Throughout this analysis, only steady, two-dimensional, compressible, laminar,
boundary-layer flows of single-phase, Navier-Stokes-Fourier gases in thermodynamic equilibrium
are considered. In each case, the temperature is taken to be 1.01 times the critical temperature.
To illustrate the effects of increasing pressure, and hence density, on the boundary layer, three
values of the reduced specific volume are used throughout. The first state is defined by a reduced
specific volume chosen to produce a pressure of one atmosphere and is thus called the

one-atmosphere case. The second state corresponds to a reduced specific volume of 2.0 and is called
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Figure 1.2. Plot of reduced viscosity vs. reduced temperature for several values of the reduced
pressure: The data shown is reprinted from White (1974) using data adapted from

Uyehara and Watson (1944).
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the dense-gas case. The third state is defined by a volume equal to 0.8 times the critical volume
and is consequently termed the near-critical case. The modifier dense-gas is used here to describe
a particular thermodynamic state; in other contexts it denotes all single-phase vapors exclusive of
those in the low-pressure region. For each fluid and each state, the mean flow is determined
numerically and the inviscid stability is investigated using a temporal analysis.

The following chapters are devoted to the development of pertinent theory and presentation
of results. Chapter 2 consists of a derivation of the boundary-layer equations for the flows of
general fluids over arbitrarily shaped two-dimensional bodies. In Chapter 3, the specific gas models
are described in detail. The equations developed in Chapters 2 and 3 are then solved numerically
for flow over a flat plate using the numerical scheme outlined in Chapter 4. The solutions for the
mean flows are presented in Chapters 5 and 6; the former contains adiabatic-wall results while the
latter focuses on heated- and cooled-wall flows. The theoretical development for the stability of the
mean flows appears in Chapter 7 with the corresponding results presented in Chapter 8. A brief

analysis of the results and suggestions for related research conclude the study in Chapter 9.
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Chapter 2

Mean-Flow Formulation

Introduction

As discussed in the introduction, the fluids to be investigated are single-phase, Navier-Stokes
fluids in a state of thermodynamic equilibrium. The new features of this analysis are the
thermodynamic conditions under which these ordinary fluids are to be studied. Specifically, the
fluids are subject to freestream pressure and temperature conditions spanning the entire single-phase
vapor region. The governing equations appropriate for this study are, nevertheless, virtually

identical to the familiar perfect-gas expressions.
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Boundary-Layer Equations for a General Fluid

The starting point for analyzing boundary layers is the Navier-Stokes-Fourier equations for

unsteady, two-dimensional, compressible, laminar flow. After neglecting body forces, the equations

can be shown to be

| MEw | oGV _
T T 0 (2.1)

- 0 ™ N\N__ o | (o & 0 |7 fu , oV = OV
( tu ax”ay)‘ % 6x[(6)7 6x)]+6j7li(6§+aﬁ) 20}J
2.3)
T 70T  GOT \_g7( 9P .9 o
Pcp( ot +V % )—ﬁT( FR 65c'+vaj)'
oa \' [ & 1 (o7 | &%
+2"(a )*‘(E) +7(ay ax)
L ov\ . 0 aT ) oT
(oL o\ 8 (fol \, 8 (ol
+/1( az*af) + 5= (k 55)+5}7 (k = ) 2.4)
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where the coefficient of thermal expansion, _ﬁ, is defined by

(2.5)

In the above equations, the symbols X and y are coordinates parallel and normal to the wall,

respectively, with & and v the corresponding velocity components. The density is represented by

7, the pressure by j, the temperature by 7', and the time by 7. Finally, @ = 7(p, 7) is the coefficient

of shear viscosity, 2 = A(5, T) is the second coefficient of viscosity, ¢, = ,(5, T) is the coefficient

of specific heat at constant pressure, and k = k(5, T is the coefficient of thermal conductivity. In

all cases, an overbar designates a dimensional quantity. Equations (2.1) - (2.4) are recognized as

the expressions for the conservation of mass, momentum, and energy governing the four field

variables %,V, 5, and 7.

The first-order, dimensional, boundary-layer equations for steady flow may be shown to be

o) | 0(V) _

ox oy o

> ,7_’7_+Va_u = op o (-ou
P\" ox £ ox "oy \M oy
o (g 0T G OT \_57; 0P  _( ou
pcp(u PH +Vv 5 )—-ﬁTu % +u( o

The boundary-layer approximation to Equation (2.3) requires
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), (2.7)
8 (7oT
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£~ (2.9)

As a result, the pressure is taken to be constant across the boundary layer. Hence, the pressure
may be regarded as a function of X alone, meaning that the partial derivatives of p in Equations
(2.7) - (2.8) may be replaced by total derivatives. Equations (2.6) - (2.8) are recognized as the
expressions for the conservation of mass, momentum, and energy.

A change of variables is introduced in order to account for the growth of the boundary layer
with X. As a result, it is possible to minimize the number of points needed to resolve the flow
throughout the thickness of the boundary layer. The new variables are based on the Levy-Lees

transforms (1956) and are defined as

a%=@£mm@ﬁ' (2.10)

and

N - (A
M&ﬂ—%JzELp@ @1

where the scaling constant X has been chosen to be

K=(p B i L) (2.12)

o0

The subscripts e and oo denote conditions at the outer edge of the boundary layer and in the
undisturbed freestream, respectively, and L denotes any convenient length scale characteristic of the

length of the body.
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With the substitution of the definitions of ¢ and » into Equations (2.6) - (2.8), it can be shown

that the boundary-layer equations become

oF oV . .
25 +3+ F=0, 2.13)
oF _PeN_ 0 (,0F\_
2r v Ly g (L)L (z o )—o, 214
26590 V—— w2 (28 1o (9 e + @& =0 (215
5§ S on S Oy Pr oy ' '

2 on [ Rew _T
Uy (PoouooF Sx + 25 PVl | 6= Te (216)

F=-2 V=
U’ Pelle

where

(2.17)

&
I
i

Throughout, all densities, pressures, and temperatures are scaled relative to their thermodynamic

critical-point values:

3 P T
=t p=L, T== 2.18
g Pe P Pe Tc ( )
12
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where the subscript ¢ denotes the thermodynamic critical-point value. All velocity components are

scaled relative to the freestream:

7
u= 7 V= T (2.19)

u a P L
M ==, =—=—, Re =—="—. 2.20
e} aoo aOO ﬁ eOO “oo ( )

The shear viscosity, thermal conductivity, and specific heat at constant pressure are normalized as

follows:

u k %
=, k=T, C, = — 221
n=a 3 " (2.21)

where 1, IZ,, and ¢, are the expressions for the low-pressure versions of the shear viscosity, thermal
conductivity, and coefficient of specific heat at constant volume. These low-pressure quantities are
evaluated at a reference temperature equal to the thermodynamic critical temperature and at a

reference pressure of one atmosphere. The pressure gradient parameter, f,, is defined as

26 dp Pe
Bp=——"3 4 -2 (2.22)
Pele Pl

and may be reduced to the form
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2¢ du,
bo="u dé

(2.23)

with the aid of the Bernoulli equation applied to the isentropic, inviscid outer flow and the fact that
the pressure is constant across the boundary layer. The Chapman-Rubesin parameter, the Prandtl

number, and the Eckert number are defined as

—= 2
__pu _Hp U
b=gy Pr=—s-, a= = (2.24)
and the non-dimensional coefficient of thermal expansion, g, is
1 ( op
B=_7(6T)' (2.25)
P
The term # seen in Equation (2.15) is defined as
~ B CpePe
R = aaﬁpTeﬁe(—ﬁ—e— o 1 |oF, (2.26)
where
y=Midléy, op=L. 2.27)

CQ'
S

The origin of £ is the pressure-gradient term in Equation (2.8).

The expression for the non-dimensional skin friction, defined by
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G=——— 22)
pOOuOO

may be written in terms of Levy-Lees variables as

oF

wa) _' 299
o= (i JERE; an | (229)

"w

where the Reynolds number based on freestream properties and the scaled distance ¢ is defined as

pooljoofl_,

Re; === (2.30)

and the subscript w denotes evaluation at the wall. The recovery factor for adiabatic walls, given
by

T.—T
=T 2°°) (2.31)
1 4y
2 ¢,
transforms to
(To—T,)
=W_ (232

10000
2 6. O

poo

in Levy-Lees coordinates. Finally, the Nusselt number, defined by
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;. or
oy
Ny=————" (2.33)
koo(Tw—Tadb)

x

where T,z is the adiabatic-wall temperature, can be written in Levy-Lees coordinates as

L 00 ( X
Vo an eL T.u Re
N, = w Pwlele 4 ] (2.34)
koo (To — Tagp) Poo 2

The well-known perfect-gas versions of Equations (2.13) - (2.15) are recovered by noting that

p—pRT, 7-0, BT —1, ¢, — constant , and ¢, — constant = R +c, (2.35)

in the perfect-gas limit. Here, ¢, is the coefficient of specific heat at constant volume. As a result,

R—-0, c,—0¢ and — — 0 (2.36)

and Equations (2.13) - (2.15) can be reduced to

oF  aVv _
2¢ Y + an + F=0, (2.37)
oF or 2 _ - oF
2F— 2 T V +ﬁp(F 6) (f ™ ) 0, (2.38)
F 2 d ¢ a6
26F _,£+V———cxf( 0’1) —E(Wa)-——o. (2.39)

Mean-Flow Formulation 16



When the Prandtl number is constrained to be constant, Equations (2.37) - (2.39) are in complete

agreement with those recorded by Fletcher (1988).

Boundary Conditions

The boundary-layer formulation is complete once the boundary conditions are specified. At
the wall, the standard no-penetration and no-slip conditions are imposed. Mathematically, these

conditions take the form
F=V=0 on #5n=0. (2.40)

At the outer edge of the boundary layer, the asymptotic matching conditions are met by requiring

that

F8—-1 a »n— oo (241)

The remaining condition to be imposed is the thermal condition at the wall. Depending upon the
physical thermal state at the wall, one of two thermal boundary conditions may be specified. The

first is the wall-temperature condition:

_TW®
YT

on =0 (2.42)
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where T,({) is a specified wall-temperature variation. For the case of an isothermal wall, T..(¢) is

a constant. The second type of thermal boundary condition is the heat-flux condition:

20 _

oy =~ Q) on =0 (243)

where Q.(¢) is a scaled heat flux along the wall. The scaled heat flux is related to the dimensional

~ heat flux through:
. Y koop ooToo 2 ff
= —— 2.44
0u=0u 355 7 Tor (2.4
where
= = T
Ow=—k, 3}7— (245

is the dimensional heat flux. In the case of an adiabatic wall, the heat flux is identically zero.

The transformed boundary-layer equations coupled with the specified boundary conditions
comprise a well-posed system of nonlinear differential equations once the equation of state,
ideal-gas specific-heat, shear-viscosity, and thermal-conductivity models are specified. The models

employed in the computations are described in the next chapter.
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Chapter 3

Gas Models

Introduction

The final pieces of information needed to solve the boundary-layer equations are the set of
constitutive relationships for the fluid material properties: pressure, viscosity, thermal conductivity,
and ideal-gas specific heat. The relationships employed here model the functional dependence of
the variables on density and temperature throughout the entire pure-vapor phase space. The
models described are also known to give reasonable approximations for both polar and non-polar
gases. The standard thermodynamic identities for the sound speed, the specific heat at constant
pressure, the specific heat at constant volume, and the coefficient of thermal expansion are also

included.
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Equation of State

The real-gas equation of state chosen for the present analysis is that due to Martin and Hou

(1955). The equation takes the form

RT A+ BT + Ce 4T
RT n Z iT b i€ (3.1

@by

where 4;, B, C, and b are constants which depend on the fluid to be modeled and ¥ is the gas
specific volume. One of the advantages of the Martin-Hou equation of state is that it requires a
minimum of physical data in order to determine the constants 4;, B, C, and 5. In particular, these
constants can be computed from the formulas given by Martin and Hou once the molecular weight,
De, T, ¥, and T, (boiling temperature) of the fluid of interest are specified. The equation is accurate
over a wide range of pressures and temperatures, including those corresponding to perfect gases.
Furthermore, it is valid for polar as well as non-polar substances. The primary limitation on
Equation (3.1), given by Martin and Hou, is an upper density limit of 1.5 times the fluid critical
density.

A comparison of the ideal-gas model and the Martin-Hou model to accepted data for nitrogen
as adapted from Van Wylen and Sonntag (1985) is provided in Figure 1.1 for a reduced temperature
of approximately 1.2. A comparison of the ideal-gas prediction to the accepted data reveals the
inaccuracy of the ideal-gas model for densities near the critical value. In contrast, the agreement
between the Martin-Hou equation and the accepted data is excellent over the full range of densities

and pressures shown.
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Viscosity and Thermal Conductivity

State-of-the-art models for shear viscosity and thermal conductivity as functions of density and
temperature have been developed by Chung et al. (1984, 1988). These models are reasonably
accurate for polar and non-polar substances throughout the single-phase vapor region. As with the
Martin-Hou equation of state, the models may be used once p., T., ¥., and T, of the fluid under
consideration are specified. In the case of a non-polar substance, the acentric factor, which can be
computed either from T, and 7, or from tabulated vapor-pressure data, is also required. A
complete description of the model formulation can be found in the original articles by Chung et
al. An evaluation of the accuracy of these models relative to other methods appears in Reid et al.

(1987).

Ideal-Gas Specific Heat

The ideal-gas specific heat is approximated by the power-law formula

&olT) = ‘m(ief)( TT ) (3.2
ref

where 7 is a fluid-dependent parameter. The values of n and &,(7,.,) were computed from the data
of Reid et al. (1987). The main advantage of Equation (3.2) over more accurate polynomial
expressions is its simplicity and its relative accuracy over temperature ranges which are moderate

compared to the variation of the specific heat itself.
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Physical Properties

Relevant properties of nitrogen, sulfur hexafluoride, and toluene obtained from Reid et al.

(1987) are provided in Table 3.1.

Thermodynamic Identities

Standard thermodynamic relations are now employed to yield values for the sound speed, the
coefficient of specific heat at constant pressure, the coefficient of specific heat at constant volume,

and the coefficient of thermal expansion. The thermodynamic sound speed is defined as

o5 1/2
a={ £
a= ( 7 E) 3.3)

where

ap op
p ‘_ = 7 | (3.4)
5 T
and 5 is the entropy. The ratio of specific heats, y, is

c,

14
=2 3.5
V=7 (3.9)
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Table 3.1. Properties for various fluids adapted from Reid et al.(1987).

Sulfur
Nitrogen Hexafluoride

Molecular Weight 28.01 146.05
P. (atm) 339 37.6
T. (K) 126.2 318.7
v. (cm*mole) 89.8 198.8
T, (K) 77.4 209.6
Acentric Factor 0.04 0.29
&u(T)IR 2.59 11.25
n 0.00 ' 0.66

Gas Models

Toluene

92.14
41.0
591.8
316.0
383.8
0.26
22.12
0.78
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where the coefficient of specific heat at constant pressure is computed from

_ BT &p
i

¢, =¢,+ — | , 3.6
» = Cy o7 | (3.6)

and the coefficient of specific heat at constant volume can be computed from the ideal-gas specific

heat and the equation of state according to the formula:

(3.7)

The coefficient of thermal expansion, B, defined in Equation (2.5), can be related to partial
derivatives of the pressure through the use of standard thermodynamic identities and Equation (3.4)

as follows:

] .
oT |- =
_ 3
F=—L1 _ =7 2|, (3.8)
P 9 pa’ T |
b |
T

The system of nonlinear boundary-layer equations, with the addition of boundary conditions
and constitutive relations, is now solvable. The numerical procedure utilized to solve the system

is presented in the next chapter.
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Chapter 4

Numerical Scheme

Because in the most general case no analytic solution exists for the nonlinear system of
boundary-layer equations, it is necessary to generate a solution numerically. The first step in any
such endeavor is the discretization of the physical domain into a computational space known as a
grid. The governing equations are then written in discrete form and solved at specified points in
the flow known as grid points. The details of the discretization procedure are omitted here because
the concepts of finite-difference methodology are well documented for perfect-gas boundary-layer
flows. Only minor modifications of existing finite-difference schemes applied to perfect-gas flows
are needed for the application to the more general case considered here. The interested reader is
referred to the work by Blottner (1974), who carefully outlines the second-order Davis-coupled
version of the Crank-Nicolson scheme on which the present analysis is based.

Once the boundary-layer equations are written in discrete form, an iterative procedure is
invoked to solve the equations. Iterations are performed at fixed ¢-locations beginning with the
first. At a fixed ¢-location, initial guesses for all the flow variables are specified. These guesses are
termed old values and are used to solve the mass and momentum equations, uncoupled from the

energy equation, to yield new values of F and V. The resulting values of F and V, along with the
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remaining old variables, are used to solve the energy equation for 8. The revised value for 8 is then
used to calculate a new density consistent with the constant boundary-layer pressure. Once the
updated values of p and 8 are known, new values for u, k, ¢,, and § are computed through the use
of the appropriate thermodynamic formulas. This procedure is then repcated, with the new
variables used in place of the previous old quantities, until the flow variables meet a specified
convergence criterion.

When the solution is converged at a particular ¢-location, the entire procedure is repeated at
the next ¢-location. The values of the flow variables from the converged &-location are used as the
initial guesses in the next iteration sequence. The iteration procedure is performed at each
successive ¢-location until the end of the body is reached.

The algorithm used to implement the iteration scheme is outlined below:
1. Set initial profiles for all variables -- first ¢-location
2. Update F and V by solving mass and momentum equations
3. Update 8 by solving energy equation using F and V from Step 2
4. Update p using 8 from Step 3
5. Update u, k, ¢,, and B using € and p from Steps 3 and 4
6. Go to Step 2 unless solution is converged

7.  Proceed to next &-location using converged solution from Steps 2, 3, 4, and § as initial guess

on variables
8.  Go to Step 2 unless end of body is reached

9. Stop

Numerical Scheme 26



The initial guess for F at the first ¢-location is as follows:

F=0 on #5=0

and

F=1 for 0<#<nma

where nma 1 the value of # at the edge of the boundary layer. The initial profile for V' is

V=—n for 0<% < nay

The initial distribution for § depends on the thermal condition specified at the wall.

temperature condition of Equation (2.42) is used, the condition

o Tsl®

=T o 10

(4.1

4.2)

(4.3)

If the

4.9)

is employed and the remaining @ profile is taken to be linearly increasing or decreasing from

Tu(O)]T(E) to unity at y = nmx. For an adiabatic wall, the initial wall temperature, T.(£), is

approximated by the perfect-gas recovery factor:

r = b(Pr,),

(4.5)

where it is shown by Eckert and Drewitz (1940), Emmons and Brainerd (1941, 1942), and Meksyn

(1960) that
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Pr, for Prp~1
b(Pr,) = s (4.6)
1.9Pr, for Pr,— oo

and Pr, is the outer-edge Prandtl number. Then the adiabatic wall temperature distribution is taken

to be

Tw(§)

=70

for 0<% <0.10(nmax), 4.7

=1 for 0.9091. <1< Mmax (4.8)

and a linearly decreasing function from # = 0.10()max) 10 1 = 0.90(3max). The initial distribution for
p is determined from the appropriate equation of state once the initial temperature profile is known.
Initial profiles for u, &, ¢,, and § are computed with the use of initial p and 8 values in the relevant
equations in Chapter 3.

The only substantive difference between the procedure employed in the perfect-gas theory and
that used here is the treatment of Step 4. In the case of a perfect gas, the density may be determined
explicitly from the equation of state once the temperature is computed in Step 3. In contrast, the
Martin-Hou equation of state used in the present calculations is so complicated that an implicit
solution for the density is required. Thus, a density value is found by iterating on the equation of
state at the temperature provided from Step 3 and at a pressure equal to the outer-edge pressure.
The Newton-Raphson root-finding technique is used to accomplish this goal. The old density
distribution is used as the initial guess required by the Newton-Raphson iterator.

The criterion specified for the convergence of the flow variables at a fixed ¢-location involves
an inspection of the evolution of the temperature solution. At each iteration, the magnitude of the
differences in value between the new and old 8 at every n-location is recorded. When the maximum

difference between values of the old and new & is less than a specified value, which is typically on
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the order of 10-'2, the temperature solution is considered converged. Because all of the material
properties which influence the development of the boundary-layer flow are functions of temperature
and density, and the density is directly dependent on the temperature through the equation of state,
all of the flow variables are considered converged once the temperature solution is converged.

After a converged solution is obtained, all points in the flowfield are checked to see if any part
of the flow is inside the two-phase region. The Lee-Kesler formula (1975) for the saturated-vapor
line is used in this check. If it is found that any part of the computed flow lies within the two-phase
region, the solution is deemed inappropriate and discarded. As can be seen from Figure 1.1, which
shows the Lee-Kesler approximation to the saturation line relative to actual experimental data, the
formula used is a conservative estimate of the location of the saturation line. The general accuracy
of the Lee-Kesler saturation formula has been compared to others in Reid et al. (1987).

All mean-flow calculations were performed using an IBM 3090 mainframe computer. The
cases run correspond to the flow of various fluids over a flat plate in the range of freestream Mach
numbers from 0.01 to 3.0. For these cases, a uniform grid consisting of 201 points in the »-direction
is used. A gnd of 11 points in the ¢-direction is used to confirm that the computed flow is

self-similar as would be expected for a flat-plate flow.
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Chapter 5

Mean-Flow Results: Adiabatic Walls

Introduction

Results for the boundary-layer flows of nitrogen, sulfur hexafluoride, and toluene are presented
in this chapter. Only flows over flat plates with an adiabatic wall condition are considered. For
this geometry, the outer-edge conditions are identical to the freestream conditions, and there is no
variation of fluid parameters in the é-direction, meaning that the flow is self-similar.

The first set of adiabatic-wall results presented corresponds to the flow of nitrogen over a flat
plate. The effects of freestream density on boundary-layer flows will be demonstrated first by
considering the changes in the local-flow variables due to density effects and then by illustrating the
impact of these changes on the global parameters. In the context of this discussion, the local-flow
variables are taken to be F, V, 0, p, u, k, ¢,, and Pr and the global parameters are taken to be
pwlpe s, G, ProfPr.,and r. A freestream Mach number of 2.0 is arbitrarily chosen for the
display of the distributions of the local-flow variables through the thickness of the boundary layer.

The results corresponding to this Mach number are expected to be roughly representative of the
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behavior of the full range of Mach numbers. Otherwise, no special significance is attached to this
specific freestream Mach number.

Each of the adiabatic-wall plots shown will consist of four curves: three curves which
represent the results of calculations with the dense-gas constitutive relations from Chapter 3 for the
freestream thermodynamic states described in Chapter 1 and one curve which represents the results
of calculations with ideal-gas relations -- the volume chosen for the latter is identical to that used
for the one-atmosphere case. The ideal-gas case is provided merely to demonstrate that the
Martin-Hou equation of state and the dense-gas constitutive relations of Chapter 3 recover the
ideal-gas solution in the low-pressure limit. Each of the figures shown demonstrates the effects of
density on the respective boundary-layer flows. The results generated with ideal-gas formulas will
be referred to as ideal-gas cases. The real-gas calculations of the freestream reduced volumes of 0.8
and 2.0 will be designated near-critical and dense-gas cases, respectively. Finally, the real-gas results
for freestream flows at one atmosphere will be called one-atmosphere cases.

The second set of adiabatic-wall results shown will be a comparison of the flows of nitrogen,
sulfur hexafluoride, and toluene over a flat plate. Profiles of the local-flow variables through the
thickness of the boundary layer at a freestream Mach number of 2.0 will be presented along with
the variations of the global parameters with Mach number. As with the display of adiabatic-wall
results for nitrogen, the flows at a freestream Mach number of 2.0 are expected to be typical of the
behavior of the boundary-layer flows in question. All of the figures will consist of three curves, each
representing a different fluid, at a specific freestream volume. Results for freestream volumes
corresponding to the one-atmosphere, dense-gas, and near-critical cases will be presented. Each of

the plots shown illustrates the effect of increasing specific heat on boundary-layer flows.
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Nitrogen: Local-Flow Variables

The effects of freestream density on the velocity distributions in a boundary-layer flow are
depicted in Figures 5.1 and 5.2. The near-critical and dense-gas momentum boundary layers appear
to be thinner than the one-atmosphere case, with the near-critical flow being the thinnest. The
near-critical and densc-gas horizontal velocity profiles are also more full than their one-atmosphere
counterparts and, as a result, exhibit larger horizontal velocity gradients at the wall. These fuller
profiles appear to suggest a correspondingly higher skin friction at the wall for the near-critical and
dense-gas flows relative to the one-atmosphere case. Results to be presented subsequently,
however, contradict the higher skin-friction prediction. This contradiction is, in part, due to the fact
that the larger horizontal velocity gradients observed in the F — 4 plane do not necessarily translate
into larger velocity gradients in the # — 7 plane.

An added peculiarity of the near-critical flow is the existence of a rapid change in the slope of
the velocity profiles at an n-location of approximately 0.7. This y-location corresponds to the place
where the boundary-layer flow conditions are closest to the thermodynamic critical point. The
rapid variations of physical properties characteristic of the near-critical region is expected to be the
cause of the rapid change in slope of the near-critical velocity profiles. Numerical studies which
increase the maximum #-location and the number of points in the »-direction have been performed,
confirming that the rapid changes of slope in the near-critical velocity profiles are of physical rather
than numerical origin. Behavior similar to that shown here has also been observed by Simoneau
and Williams (1969) in an examination of laminar Couette flow at conditions in the vicinity of the
thermodynamic critical point.

The variation of 8 with #, depicted in Figure 5.3, indicates the effect of changes in the
freestrearn density on the thermal boundary layer. While the flows corresponding to each of the
three freestream thermodynamic states behave in the same qualitative manner, the near-critical flow
exhibits the smallest temperature increase. Furthermore, the region of heating in the near-critical

boundary layer appears to be restricted to an area of the flow in the immediate vicinity of the wall.
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Figure 5.1. Plot of F vs. y for nitrogen at various freestream densities: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*7.. The
one-atmosphere case corresponds to a freestream volume of 115*v,.
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Figure 5.2. Plot of V vs. 5 for nitrogen at various freestream densities: Illustrated are the results for

a freestream Mach number of 2.0 and a freestream temperature of 1.01*7T..
one-atmosphere case corresponds to a freestream volume of 115%v..
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The result is a near-critical thermal layer which is one-third the size of the dense-gas layer, which
1s itself roughly half the size of the one-atmosphere layer.

The explanation for the decrease in the wall temperature for flows with freestream densities
approaching the thermodynamic critical point is found by an inspection of the specific heat. As the
freestream conditions approach the critical point, the value of the specific heat increases

dramatically. Consequently, the influence of the viscous-dissipation term in the energy equation,

[i i2——ugtn£2 5.1
* 7, on _cpTe on )’ D

decreases relative to the other terms in the equation. The result is a decrease in the wall temperature
which leads to a trend toward isothermal flow as the freestream conditions approach the critical
point.

The variation of the specific heat through the boundary layer for the various freestream
thermodynamic states is illustrated in Figure 5.4. The one-atmosphere specific heat remains
virtually constant throughout the boundary layer as expected. The dense-gas and near-critical
specific-heat distributions, however, deviate substantially from their respective freestream values.

The freestream value of ¢, for the dense-gas case is approximately 4.5 times the value of the
one-atmosphere case. Thus, although the dense-gas specific heat decreases to roughly 25% of its
freestream value at the wall, the overall value of ¢, through the thickness of the dense-gas boundary
layer is larger than the one-atmosphere specific heat. As mentioned above, the result is a decrease
in the viscous dissipation and hence a decrease in the amount of temperature increase in the
dense-gas flow relative to the one-atmosphere flow.

The freestream value of ¢, for the near-critical case is approximately 20 times the value of the
one-atmosphere case. Furthermore, the near-critical specific heat doubles its freestream value at
an n-location of approximately 0.7 as the flow conditions approach the thermodynamic critical
point. As a result, the average value of the specific heat is considerably larger than that of the

one-atmosphere case, which, as discussed above, translates into a dramatic decrease in the influence
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Figure 5.3. Plot of 6 vs. y for nitrogen at various freestream densities:
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a freestream Mach number of 2.0 and a freestream temperature of 1.01*T. The
one-atmosphere case corresponds to a freestream volume of 115%v..
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Figure 5.4. Plot of c,/c, vs. y for nitrogen at various freestream densities:
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of viscous dissipation in the near-critical boundary-layer flow. Consequently, the near-critical flow
exhibits only minimal temperature increase throughout the boundary layer.

The Prandt]l number, which may be interpreted as the ratio of momentum to thermal diffusion,
normally controls the relative size of the velocity and thermal boundary layers. Thus, an
examination of Figure 5.8 can provide insight into the observed decrease in the relative size of the
thermal boundary layer. For the case of the one-atmosphere flow, the Prandtl number is
approximately 0.7. As a result, the velocity and thermal profiles are of roughly the same thickness.
In the dense-gas case, however, the freestream Prandtl number is approximately 3 and, as a result,
the dense-gas momentum layer is thicker than its thermal layer. The freestream Prandtl number
for the near-critical flow is approximately 15 and the maximum Prandtl number in the near-critical
flow is nearly twice the freestream value. Consequently, the near-critical momentum layer is
substantially larger than the near-critical thermal layer as is evident from the velocity and
temperature profiles shown in Figures 5.1 - 5.3.

In the dense-gas and near-critical cases, the Prandtl number approaches the one-atmosphere
value in the vicinity of the wall. This behavior seems to suggest that the dense-gas and near-critical
flows approach an ideal-gas region at the wall even though the variation of the viscosity in these
cases suggests that the flow is virtually liquid-like. Similar results have been noted by Hendricks
et al. (1962) and Tanaka et al. (1971) in which the presence of an ideal-gas wall layer was found to
exist in flows exhibiting liquid-like freestreams.

The weak temperature variation of the near-critical boundary layer would seem to suggest very
little density variation in the near-critical case, at least if ideal-gas intuition is employed. The
variation of the density through the thickness of the boundary layer depicted in Figure 5.6, however,
demonstrates that the near-critical flow actually exhibits the largest amount of density variation of
the three cases in spite of exhibiting the least amount of temperature increase. As noted by Martin
and Hou (1955), in the vicinity of the critical point, the isotherms are necessarily nearly horizontal.
Consequently, small changes in temperature at constant pressure yield large variations in density for

flows in this near-critical region.
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Figure 5.5. Plot of Pr vs. 5 for nitrogen at various freestream densities: Illustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*T.. The
one-atmosphere case corresponds to a freestream volume of 115%v,.
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Figure 5.6. Plot of p/p, vs.  for nitrogen at various freestream densities: llustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7T,. The
one-atmosphere case corresponds to a freestream volume of 115*v..

Mean-Flow Results: Adiabatic Walls 40



The density variation for the dense-gas case shown in Figure 5.6 also exhibits, by ideal-gas
standards, a disproportionate decrease in density relative to the temperature increase, although not
as extreme as in the near-critical case. This non-ideal behavior, as with the near-critical case, is also
due to the decrease in the magnitude of the slope of the isotherms in the dense-gas regime.

The variations of viscosity and thermal conductivity through the thickness of the boundary
layer for the various freestream volumes are depicted in Figures 5.7 and 5.8. The reason for the
dramatic differences in the variation of viscosity and thermal conductivity among the three cases is
the freestream “starting point” of the viscosity and thermal conductivity in each case. The
one-atmosphere flow has freestream conditions in the region in which increases in temperature
produce increases in the values of the viscosity and thermal conductivity. The temperature increase
of the flow associated with the adiabatic-wall case shown here yields the expected increases in the
viscosity and thermal conductivity for the one-atmosphere case as depicted in Figures 5.7 and 5.8.

For the dense-gas case, the frecstream pressure and temperature conditions place the freestream
viscosity and thermal conductivity near the the local minimum of the viscosity and
thermal-conductivity space seen in Figures 1.2 and 1.3. As a result, the flow-temperature increase
gives rise to initial decreases in the viscosity and thermal conductivity followed by increases as the
viscosity and thermal conductivity pass through the respective local minima. At smaller freestream
Mach numbers, the temperature increase of the flow might not be sufficient to push the viscosity
and thermal conductivity past their local minima. The resulting wall values for viscosity and
thermal conductivity for such a case would then be considerably less than the respective freestream
values. Likewise, for larger freestream Mach numbers, the temperature increase of the flow may
be so large as to force the viscosity and thermal conductivity well into the region where temperature
increases yield increases in the values of the two quantities. Consequently, the wall values for the
viscosity and thermal conductivity would exceed their freestream values.

The local minima in the viscosity and thermal conductivity seen in Figures 5.7 and 5.8 are also
present in the near-critical flow. The primary difference between the near-critical and the dense-gas

cases is the larger changes in u and k experienced by the near-critical fluid. This behavior is
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Figure 5.7. Plot of u/u, vs. 5 for nitrogen at various freestream densities: Hlustrated are the results

for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7..
one-atmosphere case corresponds to a freestream volume of 115%v,.
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Figure 5.8. Plot of kfk, vs. y for nitrogen at various. freestream densities:
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7,.. The

one-atmosphere case corresponds to a freestream volume of 115*%v,.
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consistent with the corresponding states results plotted in Figures 1.2 and 1.3 where it is seen that

the local minima in p and k are always most pronounced in the near-critical region.

Nitrogen: Global-Flow Variables

The preceding discussion of the local-flow variables suggests several trends in the behavior of
boundary-layer flows as the freestream density is increased. Among these trends is a decrease in
wall viscosity and density relative to the ideal-gas values as the freestream conditions approach the
thermodynamic critical point. Variations with freestream Mach number of the ratio of wall density
to outer-edge density and the value of £ at the wall, #,, shown in Figures 5.9 and 5.10, confirm this
general trend.

A consequence of the decrease in the ¢, parameter for higher freestream-density flows is a
decrease in the corresponding values of the skin-friction coefficient. Figure 5.11, which is a plot
of the computed skin-friction coefficient relative to the Blasius value for a range of freestream Mach
numbers, indicates that the near-critical and dense-gas boundary layers exhibit considerably smaller
values of the skin-friction coefficient relative to that of the one-atmosphere case in spite of the fact
that the gradients of F at the wall for the near-critical and dense-gas cases are larger than those of
the one-atmosphere case.

The substantial decrease in the skin-friction coefficient has immediate consequences on the
separation characteristics of the dense-gas and the near-critical boundary-layer flows. Some
indication of the effect of the decrease in the skin-friction coefficient on boundary-layer separation
may be obtained through the use of triple-deck theory summarized by Adamson and Messiter
{1980) and Delery and Marvin (1986). According to the triple-deck scaling laws, the pressure rise
necessary to induce separation is proportional to the square root of the skin friction coefficient.

Thus, the lower the value of the skin-friction coefficient, the more likely a boundary layer is to
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Figure 5.9. Plot of py/p. vs. M, for nitrogen at various freestream densities:

5.00

Illustrated are the results

for a freestream temperature of 1.01*7,. The one-atmosphere case corresponds to a

freestream volume of 115*v,.
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Figure 5.10. Plot of ¢y, vs. M, for nitrogen at various freestream densities:

Illustrated are the results

for a freestream temperature of 1.01*T,. The one-atmosphere case corresponds to a

freestream volume of 115*v,.
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Figure 5.11. Plot of ¢f(cppiasis Vs. M, for nitrogen at various freestream densities: llustrated are the
results for a freestream temperature of 1.01*7,. The one-atmosphere case corresponds
to a freestream volume of 115*v,.
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separate. The results presented here thus suggest that the dense-gas and near-critical boundary-layer
flows are more susceptible to separation than flows at lower pressures.

Another trend in the behavior of boundary-layer flows is a potential for significant variation
in the value of the Prandtl number as the freestream density is increased. Figure 5.12, which depicts
the variation of the ratio of wall Prandtl number to outer-edge Prandtl number with freestream
Mach number, provides some indication as to the extent of the Prandtl-number variation in the
boundary-layer flows. The near-critical Prandtl number varies rapidly throughout the boundary
layer over a wide range of freestrcam Mach numbers. The large local maximum in the Prandti
number seen if Figure 5.5 occurs at the wall at a freestream Mach number of approximately 0.45,
causing the Prantdl-number ratio at the wall to exhibit a large local maximum at this freestream
Mach number. The dense-gas Prandtl number decreases smoothly from the outer-edge value to the
wall value over a wide range of freestream Mach numbers. Furthermore, this decrease is more
pronounced as the Mach number increases. In contrast, the one-atmosphere Prandtl number is
virtually constant throughout the boundary layer over a wide range of Mach numbers.

An inspection of Figure 5.12 suggests that the Prandtl-number ratio approaches a fixed limit
as M, > oo for each freestream density. In each case, the limiting value of the actual Prandtl
number at the wall is found to be the one-atmosphere value of approximately 0.7.

For flows in which the Prandtl number is approximately constant through the boundary layer
and the ¢, parameter has a value of one, the adiabatic-wall recovery factor varies with the Prandtl
number according to the function &(Pr), which can be found in any standard text on boundary
layers; see for example Schlichting (1979). For Prandtl numbers in the vicinity of one and for
Prandt]l numbers approaching infinity, #(Pr) may be reasonably approximated by the expressions
given in Equation (4.6). Consequently, the adiabatic-wall temperature may be found from a simple
expression which is dependent on the freestreamm Mach number, the sound speed, the specific heat,
and the Prandtl number.

A plot of the recovery factor scaled to the appropriate Prandtl-number expressions from
Equation (4.6) versus Mach number is provided in Figure 5.13. For the one-atmosphere flow, in

which the ¢, parameter is approximately one and the Prandtl number remains virtually constant
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Figure 5.12. Plot of Pry/Pr, vs. M, for nitrogen at various freestream densities: Illustrated are the
results for a freestream temperature of 1.01*7,. The one-atmosphere case corresponds
to a freestream volume of 115*v..
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Figure 5.13. Plot of r/b(Pr.) vs. M, for nitrogen at various freestream densities:

Illustrated are the

results for a freestream temperature of 1.01*T,. The one-atmosphere case corresponds

to a freestream volume of 115*v,.
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~ Figure 5.14. Plot of r/b(Pr,) vs. M, for nitrogen using the actual b(Pr,) for the near-critical

case: lllustrated are the results for a freestream temperature of 1.01*7T..

one-atmosphere case corresponds to a freestream volume of 115*v..
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throughout the boundary layer, the scaled value of the recovery factor maintains a value of
approximately one for all freestream Mach numbers shown. In contrast, the scaled recovery factor
corresponding to the dense-gas and near-critical cases is seen to deviate substantially from a value
of one. The reason for the apparent breakdown of the recovery-factor relationship described above
is the variation in the ¢, parameter and the Prandtl number found in the dense-gas and near-critical
flows. However, in the incompressible limit where the Prandt]l number is approximately constant
and the ¢, parameter is roughly one, Equation (4.6) should be recovered.

An inspection of Figure 5.13 yields an apparent contradiction to the assertion that the
near-critical flows recover the standard recovery-factor result in the incompressible limit. For in the
M, — 0 limit, the near-critical scaled recovery factor does not have a value of one. The discrepancy
is due to the small but intrinsic error in the approximations of Equation (4.6). If more accurate
values of b(Pr) are employed, for example those taken from Figure 12.10 of Schlichting (1979), it
is observed that the M, — 0 limit is in better agreement with the theory. For the sake of illustration,
the graphical results just mentioned have been used to rescale the recovery factor; the results have

been plotted in Figure 5.14.

Comparison of Fluids: Local-Flow Variables

To illustrate the effect of increasing specific heat on the local-flow variables in boundary layers,
results for the flows of nitrogen, sulfur hexafluoride, and toluene over a flat plate with an adiabatic
wall have been computed. The results are for flows with freestream conditions corresponding to
the one-atmosphere, dense-gas, and near-critical cases at a freestream Mach number of 2.0. For the
one-atmosphere case, the outer-edge values of the specific heat for sulfur hexafluoride and toluene
are approximately 3.4 and 6.4 times that of nitrogen. In the dense-gas flows, the sulfur-hexafluoride
and toluene outer-edge specific-heats, ¢,., are approximately 1.7 and 2.6 times the corresponding

nitrogen value. Finally, for the near-critical case, the specific-heat values at the outer edge of the
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boundary layer for sulfur hexafluoride and toluene are approximately 1.3 and 1.7 times the
outer-edge value for nitrogen.

The predominant effect of the increase in the specific heat on the boundary-layer flows is a
decrease in the influence of the viscous dissipation. This decrease is responsible for a corresponding
decrease in the temperature variation throughout the boundary layer. As the temperature variation
is minimized, so is the variation through the boundary layer of all of the local flow variables. The
ultimate result is a trend toward a quasi-Blasius boundary layer.

The distributions of horizontal velocity, vertical velocity, temperature, density, Prandtl
number, and viscosity through the boundary layer are plotted in Figures 5.15 - 5.32. An
examination of Figures 5.21 - 5.23 reveals temperature variations which approach those of an
isothermal flow as the fluid specific heat increases. The corresponding velocity distributions are also
seen to approach the quasi-Blasius solution as the specific heat is increased. The decrease in
temperature variation is reflected in a corresponding lack of variation of the density which is
consistent with the trend toward the Blasius splution. The decreases in varnations of the density
and temperature account for decreases in the variations of the Prandtl number and the viscosity as

observed in Figures 5.27 - 5.32.
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Figure 5.15. Plot of F vs. » for various fluids in a one-atmosphere flow: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*7.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.

Mean-Flow Results: Adiabatic Walls 54



3.0

40T
— Nitrogen ‘
""" Sulfur Hexafluoride
——— Toluene

J.Or ©0-© fgsjus

0.00 0.25 0.50 0.75 1.00

Figure 5.16. Plot of F vs. n for various fluids in a dense-gas flow: lllustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.17. Plot of F vs. 5 for various fluids in a near-critical flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01*T.,.
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Figure 5.18.
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Plot of ¥ vs. » for various fluids in a one-atmosphere flow: [Illustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*7. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115%v,, 133*v,, and 156*v,, respectively.
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Figure 5.19.

Plot of ¥ vs. n for various fluids in a dense-gas flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01*T.,.
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Figure 5.20. Plot of ¥ vs. % for various fluids in a near—critical flow: [llustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.21. Plot of @ vs. » for various fluids in a one-atmosphere flow: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*7.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.22. Plot of 0 vs. y for various fluids in a dense-gas flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.23. Plot of & vs. 5 for various fluids in a near-critical flow: lllustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.24. Plot of p/p, vs.  for various fluids in a one-atmosphere flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7,. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.25. Plot of p/p,. vs. n for various fluids in a dense-gas flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.26. Plot of p/p, vs. 5 for various fluids in a near-critical flow: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.27.
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Plot of Pr vs. x for various fluids in a one-atmosphere flow: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*7.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.28. Plot of Pr vs. n for various fluids in a dense-gas flow: [Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.29. Plot of Pr vs. 5 for various fluids in a near-critical flow:

Hlustrated are the results for a

freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.30. Plot of u/u. vs. 5 for various fluids in a one-atmosphere flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7,.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133"v,, and 156*v,, respectively.
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Figure 5.31. Plot of u/u, vs. n for various fluids in a dense-gas flow: Hlustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01*7,.
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Figure 532. Plot of u/u, vs. 5 for various fluids in a near-critical flow: Illustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Comparison of Fluids: Global-Flow Variables

The impact of the weaker variations in the local-flow variables on the global-flow parameters
is illustrated here. The trend toward a quasi-Blasius flow, such as that observed in the case having
a freestream Mach number of 2.0, is also apparent over a wide range of freestream Mach numbers.

An inspection of Figures 5.33 - 5.38, which illustrate the variation of the wall density ratio and
the ¢, parameter with Mach number, suggests that the variations in density and viscosity over a
wide range of Mach numbers are dramatically decreased as a consequence of the increase in the
specific heat. The result is an increase in the value of the skin-friction coefficient for the fluids
having the larger values of the specific heat. Figures 5.39 - 5.41, which show the variation with
Mach number of the computed skin-friction coefficient relative to the Blasius skin friction, indicate
that even the near-critical flows, which typically display the most extreme variation in flow
parameters such as the skin friction, exhibit noticeably less variation of the skin-friction coefficient
with Mach number. Consequently, the fluids having larger values of the specific heat are expected
to exhibit less tendency toward separation than lower specific-heat fluids.

The suppression of the vanation of the Prandtl number observed in the case having a
freestream Mach number of 2.0 is also observed over a wide range of Mach numbers. The variation
with Mach number of the wall Prandtl-number ratio for the various freestream thermodynamic
states, depicted in Figures 5.42 - 5.44, confirms this assertion. The fact that the ¢, parameter and
the Prandtl number exhibit less variation also results in a recovery-factor ratio which approaches a
constant value throughout the freestream Mach-number ranges as shown in Figures 5.45 - 5.47.

Note that the near-critical scaled recovery factors, shown in Figure 5.47, do not tend toward
a value of one in the incompressible limit. As in the case of the near-critical recovery-factor ratio
for nitrogen displayed in Figure 5.13, one reason for this behavior is due to the error inherent in
Equation (4.6) in approximating the actual &(Pr) function. Another reason for the scaled recovery
factors not approaching a value of one in the zero Mach-number limit is the influence of numerical

truncation errors. For the large specific-heat fluids, the temperature variation through the boundary
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layer in the near-critical cases is virtually isothermal for freestream Mach numbers as large as 0.75.
Consequently, in the zero Mach-number limit, the temperature differences needed for the
recovery-factor ratios are well beyond the limit of the accuracy of the numerical scheme employed
here. A computational grid with roughly twenty-five times the resolution used here would be
required to accurately resolve the behavior of the recovery factor in the zero Mach-number limit
for the higher specific-heat fluids.

A plot of the near-critical recovery factors for the various fluids scaled to the actual value of
b(Pr) obtained from Schlichting’s graphical results is supplied in Figure 5.48. The recovery factors
scaled to the correct values of b(Pr) are seen to approach the value of one in the zero Mach-number
limit, although thev never reach the theoretical value due to the numerical truncation errors

mentioned above.
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Plot of py/p. vs. M, for various fluids in a one-atmosphere flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.

Mean-Flow Results: Adiabatic Walls

74



2.0

— Nitrogen ,
'''' Sulfur Hexafluoride
——— Toluene

0 0 1 1 | l |

0.00 0.50 1.00 1.50 2.00 2.50 3.00

Figure 5.34. Plot of py/p. vs. M, for various fluids in a dense-gas flow: [Illustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.35. Plot of pu/p, vs. M, for various fluids in a near-critical flow: [Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Plot of £, vs. M, for various fluids in a one-atmosphere flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestreamn temperature of 1.01*7.. The
freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride, and
toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.37. Plot of Z,, vs. M, for various fluids in a dense-gas flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.38. Plot of £, vs. M, for various fluids in a near-critical flow: lllustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.39. Plot of c/(cp)Biesius vS. M. for various fluids in a one-atmosphere flow:
results for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7..
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Illustrated are the

The freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride,
and toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.40. Plot of ¢f(chptesis vS. M, for various fluids in a dense-gas flow: Illustrated are the resuits
for a freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.41. Plot of c/(cp)piasins VS. M, for various fluids in a near-critical flow: Illustrated are the
results for a freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 5.42, Plot of Pr,/Pr, vs. M, for various fluids in a one-atmosphere flow:

Illustrated are the

results for a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
The freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride,
and toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.43. Plot of Pr,/Pr, vs. M, for various fluids in a dense-gas flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.44. Plot of Pr,/Pr, vs. M, for various fluids in a nearcritical flow:

Illustrated are the results

for a freestream Mach number of 2.0 and a freestream temperature of 1.01*7,.
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Figure 5.45. Plot of r/b(Pr,) vs. M, for various fluids in a one-atmosphere flow: [llustrated are the

results for a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
The freestream volumes for the one-atmosphere flows of nitrogen, sulfur hexafluoride,
and toluene are 115*v,, 133*v,, and 156*v,, respectively.
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Figure 5.46. Plot of #/b(Pr,) vs. M, for various ﬂuids in a dense-gas flow: Illustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..
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Figure 5.47. Plot of r/b(Pr.) vs. M, for various fluids in a near-critical flow: lllustrated are the results
for a freestream Mach number of 2.0 and a freestream temperature of 1.01*T..

Mean-Flow Results: Adiabatic Walls 88



J.0

— Nitrogen
2.5 - Sulfur Hexafluoride
Toluene

e - - -

— —— — —

0.5 |

0.00 0.50 1.00 1.50 2.00 2.50 5.00

Figure 5.48. Plot of r/b(Pr,) vs. M, for various fluids using the actual b(Pr.), near-critical

case: lllustrated are the results for a freestream temperature of 1.01*7.. The
one-atmosphere case corresponds to a freestream volume of 115*v,.
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Conclusions

The mean-flow results for the flow of nitrogen over a flat plate with an adiabatic wall indicate
a number of deviations from the standard ideal-gas boundary-layer flows once the commonly used
ideal-gas constraints are relaxed. Among the deviations found is the potential for nonnegligible
variation of flow parameters such as the specific heat and the Prandtl number. Such variation is
particularly pronounced when the freestream conditions are in the neighborhood of the
thermodynamic critical point. Furthermore, an examination of flows throughout the entire
single-phase vapor regime reveals non-classical viscosity and thermal-conductivity behavior due to
the dependence of the fluid material properties on density as well as temperature.

The strong local variations observed give rise to corresponding variations in global parameters
such as the skin friction and the recovery factor. In the dense-gas and near-critical regimes, the skin
friction is seen to be considerably smaller than that for ideal-gas flows. This decrease is attributed
to the strong local variation of ¢ in the boundary layer. As discussed earlier in this chapter, it is
expected that dense gases are therefore more susceptible to separation than their ideal-gas
counterparts.

The strong variations in the recovery factor are expected to be primarily due to the strong local
variations of the Prandtl number. The classical estimates of the recovery factor given by Equation
(4.6) are seen to significantly underpredict the actual value of 7, at least in the specific cases
considered. It is consequently concluded that no simple extension of the estimates for r are possible
when dense-gas effects are nonnegligible.

The comparison of the flows of nitrogen, sulfur hexafluoride, and toluene over a flat plate with
an adiabatic wall illustrates the influence of the specific heat on the boundary-layer flows. The most
important impact of increasing the specific heat on a boundary-layer flow is the reduction in the
strength of the viscous dissipation which leads to a decrease in the temperature variation, and hence
the variation of all the flow parameters, throughout the boundary layer. Even the rapid variation

of the flow parameters characteristic of the near-critical flows is minimized by an increase in the
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specific heat. Because of the decrease in the variation of the flow parameters, large specific-heat
fluids exhibit larger values of the skin-friction coefficient and therefore less tendency toward
separation than fluids with smaller specific-heat values. Thus, the increased susceptibility toward
separation observed in the dense-gas and near-critical flows of nitrogen can be partially offset by the
substitution of fluids with larger specific heats. Another consequence of the decrease in the
variation of the flow parameters due to the effects of increasing specific heat is the trend toward
quasi-Blasius flow. This trend is observed in spite of the non-classical behavior of the dense-gas

and near-critical flows.
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Chapter 6

Mean-Flow Results: Heated and Cooled Walls

The results for the flow of nitrogen over heated and cooled walls at various freestream
thermodynamic states are presented in this chapter. The effects of heating and cooling of the flow
on the global parameters, such as the skin-friction coefficient and the Nusselt number, are analyzed
here. The temperature of the wall, Ty, in each case is measured relative to the temperature of the
corresponding adiabatic wall, T,4. Only flows over isothermal walls are considered.

For the near-critical and dense-gas flows, the degree of cooling considered is less than that
employed in the one-atmosphere flows. In the near-critical case, the amount of cooling allowed is
_ limited by the maximum-density restriction imposed on the equation of state. For the dense-gas
case, the amount of cooling is limited by the two-phase region. For all of the cooled-wall results
presented in this chapter, the curves corresponding to the near-critical and dense-gas flows are
terminated at the respective limiting values. In contrast, the heated flows are not subject to any
inherent restrictions.

The variations with freestream Mach number of 4., the scaled skin-friction coefficient, the wall

Prandtl-number ratio, and the local Nusselt number for the one-atmosphere, dense-gas, and
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near-critical flows are presented in Figures 6.1 - 6.12. The Nusselt number is scaled to the following

expressions, which are based on the outer-edge Prandtl number as found in Schlichting (1979):

0.564\/Pr, /Rey  for Pr,—0

cb(Pr,) = 0.332Pr,'* /Re,  for 0.6< Pr,<10. (6.1)
O.339Prel/3«/Re§ for Pr,— oo

In each of the plots of ¢y, the skin-friction ratio, and the wall Prandtl-number ratio, the results for
heated and cooled walls are presented relative to the adiabatic-wall results. Thus, the effects of
heating and cooling on the global flow parameters are clearly illustrated.

The predominant influence of cooling of the wall for each of the three frecstream
thermodynamic states is an increase in the skin-friction coefficient. The increase in £, due to
cooling of the wall is regarded as the source of the increase in the skin-friction coefficient.
Predictions of triple-deck theory suggest that this rise in the skin-friction coefficient translates into
a decrease in the susceptibility of the boundary layer to separation. The increase in the skin-friction
coefficient in the dense-gas and near-critical boundary layers due to cooling of the wall is larger than
the corresponding increase for the one-atmosphere flow. As a result, the greater susceptibility of
the near-critical and dense-gas boundary layers to separation observed in Chapter 5 can be partially
offset by cooling of the wall.

The rapid changes in the values of #,, and the Prandtl number, seen in Figures 6.9 and 6.11,
correspond to the freestream Mach numbers at which the conditions at the wall are closest to the
thermodynamic critical point. At each of these freestream Mach numbers, the value of the Prandtl
number at the wall is at its local maximum. In addition, the gradients at the wall for all the
local-flow parameters are substantial. The resolution of the computational grid at the wall is
inadequate to accurately capture the rapid changes encountered in the physical variables at the wall.
As a result, Figure 6.10 exhibits what appear to be irregularities in the skin-friction coefficient; these
irregularities are particularly noticeable at a Mach number of approximately 2.0 in the case having

Ty = 0.85*T,;. Further resolution of the grid is expected to provide a better representation of the
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variation of the skin-friction coefficient for the flows in which the wall conditions are in the
immediate vicinity of the thermodynamic critical point.

In contrast to the effects of cooling of the wall, heating of the wall tends to lower the 4,
parameter and hence the value of the skin-friction coefficient for each of the three freestream
thermodynamic states. Consequently, heating of the wall is expected to increase the susceptibility
of the boundary-layer flows to separation.

Heating of the wall is seen to yield roughly constant values of ¢, the skin-friction ratio, the
Prandtl-number ratio, and the scaled Nusselt number throughout the range of freestream Mach
numbers for each of the three freestream thermodynamic states. This behavior seems to suggest the
existence of an ideal-gas wall region in the flow for each of the cases due to the approach of the
wall density to the ideal-gas limit. This result is consistent with the findings of Chapter 5 in which
the increase in the temperature associated with an increase of the freestream Mach number yielded
an ideal-gas wall region in the near-critical flows.

The values of the heated- and cooled-wall Prandtl-number ratios are considerably less than
one in the near-critical and dense-gas cases, thus indicating that the Prandtl number varies
appreciably throughout the boundary layer. This is in marked contrast to the one-atmosphere flow
in which the Prandtl number remains virtually constant throughout the boundary layer for the full
range of freestream Mach numbers shown.

The magnitude of change in all the global parameters is largest in the near-critical flow. This
result is consistent with the findings of Chapter S in which it was observed that very small changes
in the temperature produced large changes in density and consequently large variations in the local
flow parameters.

A consequence of the nonnegligible variation of properties, particularly the Prandtl number
and £, seen in the dense-gas and near-critical flows, is a breakdown of Equation (6.1) in accurately
modeling the variation of the Nusselt number with freestream Mach number. For the dense-gas
and near-critical flows, Equation (6.1) is seen to overpredict the Nusselt number. Consequently,
predictions of the heat-transfer rate made using Equation (6.1) are likely to be incorrect when

applied to flows with freestream conditions which are beyond the ideal-gas limit.
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Figure 6.1. Plot of £y vs. M, in a one-atmosphere flow: The one-atmosphere case corresponds to a

freestream volume of 115*v,.

Mean-Flow Results: Heated'and Cooled Walls

95



2.0
----- Cooled Wall (Tw = 0.70¢Tadb)
——— Cooled ¥all (Tw = 0.80sTadb)
—— Cooled Yol| (Tw = 0.90¢Tadb)
— Adicbatic Wall
15t - - Heoted Wall (Tw = 1.10¢Tadb)
- Heated Wall (Iw = 1.40¢Tadb)
"""" Heated Wall (Tw = 2.00+Tadb)
5
8
R
0.5 |
0.0 ! ' | | J
0.00 0.50 1.00 1.50 2.00 2.50 3.00
Me
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Chapter 7

Stability Analysis of a General Fluid

Introduction

It is assumed that the growth of small disturbances in a laminar flowfield is the process which
gives rise to the onset of turbulence. Therefore, in a preliminary effort to determine the likelihood
that the dense-gas and near-critical flows discussed in the previous chapters will exhibit turbulent
behavior, the stability of the laminar boundary layers in the presence of small disturbances is
examined here. The basic idea is to return to the full unsteady Navier-Stokes-Fourier equations
recorded in Chapter 2 and then to consider small disturbances propagating in the mean flow
computed in Chapters 5 and 6. If the disturbances decay in time and space, the mean flow is
considered stable. Likewise, if the disturbances grow without bound, the mean flow is considered
unstable and the potential for transition to turbulent flow is recognized.

Physically, the small disturbances superimposed on the mean flow may be thought of as the

result of wall roughness or irregularities in the external flow. Mathematically, the disturbances are
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modeled as temporally and spatially varying waves having wavelengths that are short in comparison
to the length scales associated with the growth of the boundary layer.

In this preliminary analysis, only the temporal stability of subsonic, two-dimensional, inviscid
disturbances are considered. Furthermore, the analysis is restricted to flows over flat plates for
which the mean-flow streamlines can be considered parallel and for which all mean-flow quantities
are functions of y alone.

In the following section, the stability equations for a general fluid will be derived. The
corresponding expression for the generalized inflection-point criterion will be extracted from the

stability equations and used to characterize the stability of the boundary-layer flows.

Stability Equations for a General Fluid

The dimensional flow quantities resulting from the superposition of a disturbance on the mean

flow are represented by ¢, where

9%, 5, D=3+ q'(x, 7, 1) (7.1)

and ¢ is taken to be any flow variable appearing in Equations (2.1) - (2.4). Here, 7 denotes a
dimensional mean-flow quantity as determined from the solution of the boundary-layer equations
of Chapter 2, and ¢’ is the dimensional disturbance imposed on the mean flow. The size of the

disturbance is regarded as small in relation to the size of the mean-flow quantity so that

~

_|

<<l (7.2)

<
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To be consistent with the parallel-flow assumption, the vertical mean-flow velocity is assumed to

be identically zero so that

Vx, 7, D =V(%7, 1) (7.3)

The unsteady Navier-Stokes-Fourier equations governing g are linearized to the order g’, and
the terms satisfying the original mean-flow equations are canceled. The results, in the limit of
infinite Reynolds number, are the stability equations for a general fluid governing the

two-dimensional, inviscid disturbance quantities #’, ¥, p’, and T'. The equations take the form

op' _oew  -0p  _ov  _,dp -
o7 +p o +u Fr +p & +v—J7—-0, (7.4)
_(ow ,-ou -, du\_ _ 9P

”( af "¢z TV dﬁ)_ 9% (7-3)
(& - \_

p( ar‘“‘af)“—ay’ (7.6)
oo 9L g 8T 5 dl \ _g7( P 7 (7.7)
PP\ “ox ox dy ot | ex ) ‘

In addition to Equations (7.4) - (7.7), an equation of state is also required to provide the
relationship between pressure and temperature. Equations (7.4) - (7.7) are in agreement with those
of Shen (1964) once the flow of two-dimensional, inviscid disturbances through a perfect gas is
assumed.

The disturbances satisfying the stability equations are assumed to be two-dimensional traveling

waves of the form
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7'(x, 7, )= c}T 7)e’ RE =D complex conjugate (7.8)

where c'}— is the eigenfunction describing the amplitude of the disturbance wave, x is the
wavenumber, ¢ is the wave phase speed, and i is the imaginary number \/j . In general,
c}_ , ¥, and ¢ are complex functions. In the temporal analysis employed here, % is taken to be a real
number, and ¢ is regarded as complex. Equation (7.8) is recognized as the standard normal-mode
form of the disturbances.

With the substitution of the normal-mode form for the disturbances into Equations (7.4) -

(7.7), the stability equations may be written as

vy ~ ~dp b
iRp(—) +ixPh + vy 5LV g, (7.9)

iy d
ikpa@-0+p9 L yivh =0 (7.10)

dj)_ )

A dp

%5V = &)+ = 0 (7.11)
ﬁap[iif"(a—a+5—%]=ET:';§(:7—E). (7.12)

After considerable algebraic manipulation, Equations (7.9) - (7.12) may be reduced to a single

S
equation 1n Vv,

d {1 & 1 d{1di\, -2]|5_
Tf(ny>_[ -9 Ty(—ﬁ_F)-}_pK ]V—O (7.13)
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where

= 1|, @=-9°
B=7P———T—} (7.14)

The remaining disturbance quantitities may be calculated once v is known. The equation for the

. . 7.
disturbance pressure, p, in terms of v is

—ixp@E—O). (7.15)

The disturbance density, 3, and the disturbance velocity, &, may then be found in terms of v and

;X;tobe
A_1x i dp =
= +:T—___V 7.16
P azp -0 & (7.16)
and
~_ i dinm_ 1 ¥
u_E(ﬂ—E) R =@ —0) ? (7.17)

The disturbance temperature, 7', is determined from the perturbed equation of state once ; and p

are known. The non-dimensional form of Equation (7.13) may be written as

' 1 dv 1 d {1 du 2l
7(—3-—2—)—[(u_c)d—y(7d—y)+px }v_o‘ (7.18)
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Here the scalings adopted in Chapter 2 are applied to the velocities and the density,
J . B
==, =%x6, B=—, 7.19
y=5, K=k 7 (7.19)

and 6 oc 1/./Re; is the thickness of the boundary layer, where Re; is the Reynolds number based

on x.

The familiar perfect-gas form of Equation (7.18) may be recovered by recognizing that
p—pRT and @ —yRT (7.20)

in the perfect-gas limit. Consequently, Equation (7.18) reduces to

1 a/\ 1 d 1 du K2 A
35 etaa(34) oo -
where
P=T—M(u—c) (1.22)

and all terms have been rescaled with freestream quantities. Equations (7.21) - (7.22) are identical

to the forms given by Shen (1964).
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Boundary Conditions

The formulation of the stability equations is complete once the appropriate boundary
conditions for Equation (7.18) are specified. Equation (7.18) is a second-order ordinary differential
equation requiring two boundary conditions. The first of these conditions is the no-penetration

condition at the wall, which is imposed by
v=0 on y=0. (7.23)

The second boundary condition restricts the disturbance to be bounded at the edge of the boundary

layer.

The ordinary differential equation governing the disturbance velocity, coupled with the
appropriate boundary conditions, is now solvable. As with the mean-flow equations, no analytic
solution to the disturbance equation is available for the general case. Thus, a solution must be
generated numerically. In the present analysis, however, the numerical solution to the disturbance
equation is not provided. Rather, the generalized inflection-point criterion is used to provide a
qualitative measure of the stability characteristics of general boundary-layer flows. The numerical

solution to the stability equation is left for future investigations.

Generalized Inflection-Point Criterion

The generalized inflection-point criterion of Lees and Lin (1946), which serves as a necessary

and sufficient condition for the existence of a neutral subsonic disturbance, may be extracted from
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Equation (7.18). Because the general form of Equation (7.18) is the same as the form of the
standard perfect-gas inviscid stability equation, arguments similar to those employed by Shen (1964)
are used to derive the generalized inflection-point condition.

For a neutral subsonic disturbance, the imaginary part of the wave speed is identically zero and
the velocity of the disturbance relative to the freestream must satisfy ¢> 1 — 1/M,. Because it is
expected that 0 < ¢ < 1, there exists some point in the flow p = y;, defined as the point at which

u = ¢, where it is required that

>0 (7.24)

in order to guarantee bounded solutions. Furthermore, because B=% at y,, the necessary

condition for the existence of a neutral subsonic disturbance is

=0. (7.25)

Equation (7.25) is also a sufficient condition provided that the velocity of the disturbance
propagation relative to the freestream is subsonic. Equation (7.25) is recognized as the generalized
inflection-point criterion. Note that the equation is identical to the perfect-gas result given by Mack
(1969).

In order to determine the conditions under which boundary-layer flows are unstable, it is
necessary to identify what conditions will cause a generalized inflection point to exist within a

particular flow. At the outer edge of the boundary layer,

K4

I

d ( du -
p (p & )-—)0 . (7.26)
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Therefore it follows immediately that any boundary-layer flow in which .# at the wall, .y, is greater
than zero must possess at least one generalized inflection point somewhere within the thickness.
Furthermore, at least one of these inflection points must correspond to a local maximum of the
quantity pdu/dy. A negative value of £, does not preclude the existence of a generalized inflection
point in the boundary layer, and hence an unstable flow. However, if an inflection point exists
when #,<0, it must be associated with a local minimum of pdu/dy. Furthermore, as a
consequence of Equation (7.26), such a flow must also contain a generalized inflection point,
located farther from the wall, which is associated with a local maximum of pdu/dy. Because of the
possibility for the existence of a generalized inflection point when £, <0, no general statement
about the stability of a boundary-layer flow can be made on the inspection of .#,, alone. Rather,
the variation of pdu/dy throughout the boundary layer must be examined for local maxima and
minima.

In the following section, the value of £, and, when necessary, the variation of pdu/dy are
examined in order to characterize the stability of the boundary-layer flows. For cases that exhibit
£ >0, the flow is conclusively unstable, whereas for cases having £, < 0, the plot of pdu/dy
through the thickness must be examined for the presence of generalized inflection points, which
indicate instability. Specifically, effects of heating and cooling of the wall on stability are

investigated.

Role of Wall Viscosity in Inviscid Stability

It is generally believed that cooling of the wall tends to stabilize boundary-layer flows of gases
and that heating of the wall has a destabilizing effect. The arguments on which this belief is based
are linked to the variation of the viscosity at the wall as a result of heating and cooling. To see how

the viscosity influences the stability of boundary-layer flows, note that ., may be written as
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| dp du d*u
.ﬂw—{ B dy P 5 | (7.27)

w

and that the last term on the right in Equation (7.27) may obtained from the momentum equation,

Equation (2.7), as

1 du du

Lu —[————] (7.28)
=|-= : .
|

a'y2

w

As above, the subscript w refers to evaluation at the wall. The result is that .#,, may be cast in terms

of the gradients of density and viscosity at the wall as

[ u(de o dn
JW—( dy(dy u y)} (7.29)
w
Furthermore, because
du | g (7.30)
dy w

for all non-separated flows, it is apparent that the sign of .#,, depends on the slopes of the density
and the viscosity at the wall.

For an ideal gas, in which the viscosity may be regarded as an increasing function of
temperature alone, heating of the wall results in a negative gradient of viscosity at the wall. Thus,
the value of £, is positive because the slope of the density at the wall must also be positive.

Consequently, heating of the wall destabilizes boundary-layer flows, at least when the density
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dependence of the viscosity is negligible. In contrast, cooling of the wall tends to stabilize the flow

because the positive gradient of viscosity at the wall causes .#,, to become increasingly negative.
The viscosity of liquids behaves in a manner which is opposite of that of a gas with regard to

temperature. Furthermore, liquids are generally regarded as being incompressible. Thus, Equation

(7.29) reduces to

d
sz=[-%—iﬂ} (7.31)
w

and the effects of wall temperature on the stability of boundary-layer flows of liquids are directly
related to the viscosity gradient at the wall. The stability of boundary-layer flows of liquids due to
heating and cooling is exactly opposite to that of gases; that is, heating tends to stabilize the flow
while cooling tends to destabilize the flow.

When the density dependence of the viscosity is included, the effects of heating and cooling
on the stability of the boundary layer are not as straightforward as the two limiting cases discussed
above seem to suggest. In a dense-gas or near-critical flow, cooling of the boundary layer does not
necessarily produce a positive gradient of the viscosity at the wall, nor does heating necessarily yield
a negative wall viscosity gradient. In particular, the slope of the viscosity at the wall will depend
on the value of the wall viscosity relative to the local minimum shown in Figure 1.2.

When the wall viscosity is very close to the local minimum of y, cooling of the wall could yield
a viscosity gradient at the wall which is negative. The negative viscosity gradient has the potential
to outweigh the negative density gradient at the wall and yicld 4, > 0. Furthermore, if the wall
viscosity is very close to the local minimum, heating of the wall could also yield a wall viscosity
gradient which is negative. The result would be a boundary-layer flow for which neither heating
nor cooling has a stabilizing effect.

For an ideal gas, it is observed that the influences of viscosity and density on the stability of
boundary-layer flows are complementary. That 1s, when the wall is cooled, the gradients of density

and viscosity at the wall both contribute to a negative value of £, and when the wall is heated the
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gradients of density and viscosity at the wall both contribute to the destabilization of the flow. As
a result, it is sufficient to examine only the behavior of the viscosity at the wall due to heating and
cooling when assessing the stability of ideal-gas boundary-layer flows.

When the density dependence of the viscosity is included, however, the viscosity cannot be
regarded as the primary influencing factor on the stability of dense-gas boundary-layer flows.
Rather, the stability depends on a competition between the viscosity and the density, and in general
it is unclear which factor is more dominant.

The ambiguity involved in determining the relative importance of density and viscosity on the
stability of boundary-layer flows can be removed by considering the kinematic viscosity, v. Note

that Equation (7.29) may be cast as

ﬂwz[__dziﬂ} (7.32)

where v = p/p. As a result, the assessment of the stability of dense-gas boundary-layer flows may
be accomplished through the inspection of a single parameter, namely the slope of the kinematic
viscosity at the wall.

In the ensuing chapter, the generalized inflection-point criterion is used to characterize the
stability of the flow of nitrogen over a flat plate for the three freestream thermodynamic states, and
the impact of the non-classical variation of the viscosity on the existence of a generalized inflection

point is analyzed.
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Chapter 8

Stability Results

The variations of density, viscosity, and pdu/dy through the boundary layer for the flow of
nitrogen over a flat plate at various freestream thermodynamic states and a freestream Mach
number of 2.0 are presented in this chapter. Results for flows over adiabatic, heated, and cooled
walls are shown. For each of the three freestream thermodynamic states, the temperatures of the
heated and cooled walls, T, are measured relative to the corresponding temperature of the adiabatic
wall, T,a.

The stability characteristics of the flows with a freestream Mach number of 2.0 are not
necessarily representative of the behavior over a wide range of freestream Mach numbers. However,
the amount of temperature increase associated with the adiabatic-wall cases at a freestream Mach
number of 2.0 permits some flexibility in the degree of cooling possible before the
maximum-density limit of the equation of state is reached in the near-critical flow or before the
two-phase region is encountered in the dense-gas flow. Therefore, the results corresponding to a
freestream Mach number of 2.0 are chosen for illustration in this first step toward understanding

the impact of dense-gas effects on the stability characteristics of boundary-layer flows.
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An examination of Figures 8.1 - 8.3, which are the density, viscosity, and pdu/dy variations
through the boundary layer for the one-atmosphere case, reveals that the one-atmosphere flow is
stabilized on cooling and destabilized on heating. The behavior of the slopes of the viscosity and
the density at the wall due to changes in the wall temperature are observed to yield the anticipated
effects on the stability characteristics as predicted in the classical theories.

The dense-gas boundary layer is also seen to stabilize on cooling; in addition, instability is
preserved on heating as reflected in the pdu/dy variations for the dense-gas case plotted in Figure
8.6. However, an examination of the density and viscosity variations through the boundary layer,
tllustrated in Figures 8.4 and 8.5, reveals that the viscosity actually tends to oppose the stabilization
of the boundary layer in the case for which T, = 0.80*7T,». For in this case, the variation of the
viscosity resembles that of a heated-wall flow of perfect gases; that is, the viscosity gradient at the
wall is negative. It is observed that the large negative density gradient at the wall for this case is
responsible for the negative value of .£,, and hence the disappearance of the inflection point. At a
freestream Mach number of 2.0, further cooling of the wall causes the flow to enter the two-phase
region. Therefore, it is unclear whether increased cooling of the boundary layer will yield negative
viscosity gradients at the wall which are large enough to counterbalance the stabilizing effect of the
negative density gradients at the wall and thus produce an unstable flow. The example shown here
provides specific numerical evidence for the idea that the stability depends on a competition
between viscosity and density and that the density may actually be the dominant factor in
determining the existence of generalized inflection points in certain boundary-layer flows.

The variations of pdufdy for the near-critical flow are plotted in Figure 8.11. This case
provides an example for which the near-critical boundary-layer is neither stabilized by heating nor
by cooling. The reason for this behavior is found through an examination of the viscosity variations
provided in Figures 8.8 - 8.10 where it is seen that the vaniation of the viscosity is qualitatively the
same for the heated- and cooled-wall cases. For both heated and cooled walls, the gradient of the
viscosity at the-wall is negative. In the cooled-wall case, the negative viscosity gradients at the wall
overpower the stabilizing influence of the negative density gradients. The result is a positive value

of .#, even for the cooled-wall cases.
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An additional peculiarity of the near-critical flows is the existence of multiple local maxima in
the pdu/dy variations for the cases in which Ty, = 0.85%T,4 and T, = 0.84%7T,4. Initial cooling of
the boundary layer seems to contribute to the disappearance of the onginal inflection point
associated with the adiabatic-wall case, thus suggesting that cooling of the wall produces the
anticipated stabilizing effect. However, as can be seen in Figure 8.11, additional cooling appears
to give rise to a second local maximum in pdu/dy which originates at and then moves away from
the wall. Numerical studies which involved increases of the resolution of the computational grid
were performed, leading to the conclusion that the existence of multiple local maxima in the
near-critical pdu/dy variations are of physical rather than numerical origin.

The explanation for the existence of multiple local maxima in the near-critical pdu/dy
variations is apparently linked to the behavior of the density relative to the viscosity throughout the
boundary layer. As seen in the example of the dense-gas flows shown previously, the near-critical
pduldy variations indicate that the stability is dependent on a competition between the viscosity
and the density. Therefore, it appears that a more illuminating view of the determination of the
stability characteristics of general boundary-layer flows involves an analysis of the
kinematic-viscosity behavior throughout the boundary layer as opposed to the variations of density

or shear viscosity alone.

Stability Results 121



5.0 l
""" Cooled Wall (Tw = 0.70¢Tadb
=== C(Cooled Wall (Tw = 0.B0¢Tadb
4.0 r —— Cooled Wall (Tw = 0.90¢Tadb
— Adigbatic Wall
Heated Wall (Tw = 1.10¢Tadb)
Heated Wall (1w = 1.40:Iudb}
""" Heated Wall (Tw = 4.00¢Tadb
J0r
n
2.0 1
1.0
0.0 : ’.J - i |
0.00 0.50 1.00 1.50 2.00

Figure 8.1. Plot of p/p, vs. 5 in a one-atmosphere flow: lllustrated are the results for a freestream -
Mach number of 2.0 and a freestream temperature of 1.01*7,. The one-atmosphere case
corresponds to a freestream volume of 115%v,.
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Figure 8.2. Plot of p/u, vs. » in a one-atmosphere flow: Illustrated are the results for a freestream
Mach number of 2.0 and a freestream temperature of 1.01*7,. The one-atmosphere case
corresponds to a freestream volume of 115*v,.
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Figure 8.3. Plot of p(du/dy) vs.  in a one-atmosphere flow: Illustrated are the results for a freestream
Mach number of 2.0 and a freestreamn temperature of 1.01*7,. The one-atmosphere case

corresponds to a freestream volume of 115*v,.
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Figure 8.6. Plot of p(du/dy) vs. n in a dense-gas flow: Illustrated are the results for a freestream
Mach number of 2.0 and a freestream temperature of 1.01*T,.
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Figure 8.9. Plot of u/u,. vs. 5 for cooled walls in a near—ritical flow: Illustrated are the results for a
freestream Mach number of 2.0 and a freestream temperature of 1.01* 7.
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Figure 8.10. Plot of p/u, vs. 5 for heated walls in a near-critical flow: Illustrated are the results for
a freestream Mach number of 2.0 and a freestream temperature of 1.01*T,.
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Chapter 9

Conclusions and Future Work

The equations and numerics necessary for the analysts of dense-gas boundary-layer flows over
arbitrary two-dimensional bodies have been developed. Mean flows over adiabatic, heated, and
cooled flat plates were calculated and the stability investigated using an inviscid temporal approach.
The mean-flow calculations for an adiabatic wall were performed for nitrogen, sulfur hexafluoride,
and toluene. The stability analysis and the calculations for flows over heated and cooled walls were
performed for nitrogen only.

The mean-flow results included a number of significant deviations from standard ideal-gas
predictions. First, the potential for appreciable varations of the specific heat and the Prandtl
number, especially in the vicinity of the thermodynamic critical point, was observed. Second, the
skin-friction coefficient was seen to dramatically decrease as the freestream density approached its
critical value. As a result, the dense-gas flows are expected to have an increased susceptibility to
separation as dense-gas effects become more pronounced. Third, the standard correlations for the
skin-friction coefficient, the recovery factor, and the Nusselt number do not accurately predict the

corresponding dense-gas parameters.
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The effect of increasing specific heat on boundary-layer flows was observed through the
substitution of heavier fluids for nitrogen. It was noticed that increased specific heat caused a
decrease in the influence of the viscous dissipation and consequently a minimizing of the variation
of flow parameters. As a result, flows were seen to approach a quasi-Blasius state. This approach
caused an increase in the skin-friction coefficient, meaning that the susceptibility to separation
observed in the near-critical and dense-gas nitrogen flows can be partially offset by the substitution
of a fluid with a larger specific heat.

An inviscid temporal analysis of the stability characteristics of dense-gas boundary-layer flows
revealed significant deviations from standard ideal-gas stability predictions. Among these is a
breakdown in the commonly held belief that cooling generally stabilizes boundary-layer flows. In
fact, the numerical evidence shown here supports the assertion that cooling may destabilize the
boundary layer. In addition, the results indicate the existence of flows for which neither heating
nor cooling has a stabilizing effect. Furthermore, the conventional view that the stability may be
determined solely by an inspection of the viscosity gradients at the wall has been contradicted.
Numerical studies performed here demonstrate that the stability characteristics are determined by
a competition between the density and the viscosity, suggesting that the kinematic viscosity is a
more reliable indicator of the stability of boundary-layer flows.

Several extensions of the current study are potentially valuable. A growth-rate study is
recommended in order to quantify the degree of instability among the cases shown and also to
assess the significance of the existence of multiple generalized inflection points as observed in the
near-critical flows. Furthermore, the significant discrepancies between the dense-gas and ideal-gas
inviscid stability analyses, due in part to the non-classical variation of the viscosity in the mean flow,
indicate that an investigation of the viscous stability is warranted. Finally, a study of the effects of
varying the specific heat on the stability of dense-gas boundary layers, accomplished by changing

the fluid, would be useful.
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