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CHAPTER I

INTRODUCTTON

There are many variations to the problem of determlning the )
veloc1ty and temperature profiles and the heat transfer in the
boundary layer of an-incompressible fluid moving over a semi-infinite
. flet platet Solutions exist for the following cases:

a. The flow is steady and the plate temperature 1sbconstant

b, The fluid free-streamvveloc1ty is changlng contlnuously

with time and the plate temperature is constant

'c,-'The fluid»free-stream velocity'is constant and thé.Platg :
'temperature is changing continuously with time.

d, Both the‘free-strean velocity and the plate temneraturepare.

changingkcontinuously withbtime{ v
e. The fluid free-stream velocity is constantzand there is a
sudden step change in plate‘temperature. | |

There are no solutions which describe the velocity and tempera-
»ture profiles at,all'times for . the case'where_both the free;strean’
velocity and the plate temberature:are givenxa sudden_step changeri

Sarma (13) deve10p°d a partial solution to this problem. ‘He
developed a method whlch can be used to solve the thermal boundary‘-
layer for small times and/or ‘large times for the problem of an -
impulsively‘changed free-stream velocity and a sudden change in -

) plate temperature. However, Sarma!s-solution does not coverfthef



-ttan31t10n perlod betWeen the times when the veloclty and temperature
profllesvare mainly tlme dependent and malnly locatlon dependent

| This the31q shows the dertvatlon of an approx1mate solution for
“the temperature in the thermal bqundary 1ayeriover a semleinflnlte
fiat plate which is set impulsiveiy in motion tnvan incompressible
dfluid and wnich has apsimu1taneous step-change‘in_temperature,
The solution differs ftom pfevious solutione by coveringvthe entire -
time perlod from When the plate is 1n1t1a11y set in motion unt11

ﬂboth the veIOC1ty and temperature proflles are fully developed



_CHAPTER IT

' VREVIEW OF LITERATURE "

Steadyéstate.colutionéafor_the Velocity5 thermallandbnees-i
concentration.boundary 1ayers‘for’1aminarbincompressible'fiow overv
semi?infinite flat-platee are eﬁaiiable invnumerous references.
Kays (8) presented exact solutlons usrng 31mllar1ty techniques
. for all three boundary 1ayer problems.'_He also presented |
approximate solutions using a third—orderipolynoniéi for the therme1‘
" and veiocity boundary-layer profiles. Theée'éolutions include>
,brouislons for fluid suction from the boundary 1ayer or.inJectlon
1nto the boundary layer. The Karman Pohlhausen method of solv1ng‘
rthe velocity boundary layer u51ng a fourth order polynomlal for the -
'veloc1ty proflle is documented in Schllchting (14).  This method
‘allows ome to determine boundary-layer properties when the free-\
Streamarelocity variesvin the direction of flow. -Sbarrou (16)
gave fsolutions for the local Nusseit.number for cases where the
velocity of’fluid injection or suction is'constant‘ﬁas weil ae ;
solutlons for casesvwhere thlS velocity is 1nversely proportlonal
to the square root of the dietance from the 1ead1ng edge of the

plate. TLow (10) solved the:problem for'Steady-state fIOW'of’a

' compreSS1ble fluid over a flat plate where the fluld inJectlon ;V
’ veloc1ty is prooortlonal to the inverse équare ‘root- of ‘the dlstance 1,
from the 1ead1ng edge. N .

Solutions of the veloc1ty bOundary 1ayer for various nonsteedy-

state conditions have been presented by several authors. Cheng @)



ldeveloped,avsolution for the problem‘of a‘semifinfinite flat;plate '
' accelerating-continuously fromtrest in“an'lncompressible fluid
N H1s solutlon was a series solutlon resulting from the perturbatlon l
of the quasi- steady -state. solutlon. The‘same problem was solved f
for a compre581ble fluld by Moore (11) Stewartson (]7) analyaed.j'
- the problem of the 1mpu151ve motlon of a seml 1nf1n1te flat plate
in an 1ncompress1ble fluld ‘First he presented Raylelgh's method :
‘ whichplinearizes,the.boundary-layer‘equatlons“and is only valid
" at the outer edge,where the fluid velocity iS-approximately the l
'sanevas'the main stream-velocitp; 'This‘nethod givesra”solution”
'for thevlocallvelocity,dependent‘only on time,'t 'and the distance
normal tovthe plate for Umt < x where (o is the free‘stream.
velocrty and x 1is the dlstance from the 1ead1ng edge. For umt > x‘
- the local veloc1ty is dependent only on x and the dlstance normal“
to the plate. 3Stewartson then used a momentun 1ntegra1 method,
'assumed the'velocity profile to be a sine‘curve, and found a'
solutlon for the veloc1ty dependent only on tlme and the dlstance
'normal to the plate for qnt < 2,65x and dependent only on the o
:dlstance normal to the plate and the dlstance from the 1ead1ng o
, edge for-umt 2~2 65x. He concluded that at the. outer . edge of " ;
lthe boundary 1ayer the changeover of the pr1nc1pal 1ndependent‘5-,
'varlable occurs when the dlstance from the 1ead1ng edge equals";
'the product of time and free stream veloc1ty and spreads down

fthrough the boundary layer, w1thvthe,changeover belng nearly e



complete aﬁvthe piafe When ﬁmﬁ = 2.65%; lUsiﬁg-similafit&'
lfechniquesvStewértson then'analyzed the boundary-layer equations
,and'foundvthaé the velocit;‘in the béqndary 1éyer is independent
of the distance from the leading edge if ﬁmt_< Xe At Uot = x
the flqw has an essentialisingularity, dépending on the distance
ffdm,the»leading édge as w¢11~aé time.£or u,t >vx.  Forvvery.
large‘times the influence of time qiéé out equnentially.v
Akamatsu (2) studied.the same problem as S;ewartsbn and dé#eloéed
5 én appréximate solutién Which connects Ray1éigh‘é unsteady-state
ASolution to BlasiuéF steady;stéte‘solution.- Using Meksyn's |
method for the steady-state boundary layequith pressure
gradient Akamatsu reduced the third~orde£‘partia1 differéntiaI‘ 
equatidn of Sﬁewartson to a higher ofdervordinary diffgfential
equation.

There are also reports on-investigafionsvéf the transient thérmal
Bdundafy layer over a flat plate for various boundary ¢conditions,
Sgrma (13) étudied~the unsteady two;diménéional thermal boundafy- i
'.layer equatioﬁ as,lineaiiZed by Ligﬁthili-énd develbpéd series |
solutions for émall_times énd for 1argé times for the case‘whére
thébhain-stream fempérature is ;onsﬁant-and either the plate
;,;emperaturé or plate heat-transfer raté is ﬁnstéady.i Ostrach (12),
obtgined series:solutions for thevlgminar_compressible Boﬁndéry;layef,
over»é semi;infinitebflat plate with a continuows but otherwise - |

arbitrafy'timéudependent_velocity. By neglecting all detivatiVes



witﬁ respect to the x-cpordinate (in othef words éssuming an
‘iﬁfinite plate)‘Yang (18) glso developed a method for solviﬁg
'the unsteady iaminar compréééible‘boﬁndary'iayer. He uSed»the
_integral.méthod with either éxpoﬁential or.fburth~degree '
polynbmial profiles, Cess (3)’obtained a soluﬁion for the therméi
bdﬁndary layer for steady,vlémiﬁér, inéompfeésible'flow'oVér,a
flat plate with a sudden chaﬁge in surface températufe.i He
thainéd.series solufions for small times and fof 1érge times and used
_ T _ o : .
" ﬁhese to comstruct an approximate éolutibn for all times. As in
the césg‘for the velqcityvboundary layer the solution for small
times is a»functién qnly of timé’and the disﬁaﬁce‘ﬁOfmal to thé
platé. Goodman (7) solved the same prbbiem as Céss’using.the i
vintegfal'metﬁod‘with a linear Qelocity profile and a thifd-order
o polynbmial for the temperature profile, Adams 1) developeﬁ‘ |
a solution td‘ﬁhe problem of fﬁlly-developed laminar f1ow over ©
a flat‘ﬁlate.with a sudden changevin.heatvgenerafion by using
.a third-ofder polynomiallfbr‘the Velocity‘profile'and a second-
order polynomial for the temperature profile. A finite-differ-
 ence méthdd‘fof computing the.veiocity‘and temperature in éhe
unéteédy, incompfessible; }gminér béuﬁdary layer ardund a two-
dimensibnai‘cylinder éf arbitrary cross section was deveioped
by‘Eafn‘(G).. His methdd of'édlutiop can inélﬁde blowing ér
suction'ahd is‘applicéble to impulSivé éhangeé in velocity? 

 surface temperature or surface heat generation. He presented



solutions for thelvelocity Boundary layer over -a 45° wedge with
an impulsive change in velocity and for the thermal boundary layer
" over a 45° wedge at a steady'velpcity with a sudden change in

surface temperature,



CHAPTER III -

DERIVATION OF THE APPROXIMATE DIFFERENTIAL EQUATIONS

Statement of the Problem

A flat plate is assumed to be initially at rest in an incom-

pressible‘fluid which is also at rest with the temperature of the -

plate and fluid the same.
sidered as zero time, the
free-stream velocity, u,
" direction parallelAto the
samebtime the temperature

" value different from that

At a certain instant of time, con-

fluid is suddenly given a constant

relative to the plate and in a
plate, as shown in Figure 3-1. At the
of the plate is abruptly changed to a

of the fluid, and is held constant

thereafter. The flow is assumed to be laminar and the fluid to

have constant‘properties.

It is desired to determine the velocity

and temperature of the fluid at any position in the boundary layer

at any. time,

Equations Used

The governing continuity, momentum and energy equations for a

' Boundary layer are:

%+-§V§- (3-1)
L. 32 ’ .
—sa—‘é+u%+v—%=\’-—g : | ' | A(3.'2),
36 36 2 _  °8

‘-5'E+u'3_§+v'5§_a__y-5
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 FIGURE 3-1. Sketch of the boundary layer.
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By letting
6-6

T=‘9§-—‘§{;

where 9o is the initial temperature of the plate and fluid and
B, is the temperature to which the plate is raised, the energy

"equation can be written as:

A 2 . :
The boundary conditions for the above equations are:
. au " azu '
At y = 03 u=0,-aE=0,v=0,-5§;;=0, .
' 5 2 (3-4)
T T ’
T—O,E—O,W-—-O.
2
AS. y"’OO; ?=um,§u};=o’%g=0’ . ) o
aI' azT ) ‘ ’ (3-5)
T=1, 'Fy=0,3§24=0.

At x = 0, y > 0; u=1uUo, T =1,

In other wérds, at the plate the flﬁid velocity components parallel

and normal to the plate, the dimensionless fluid temperature excess;
-the first derivatives of velocity and temperature with respect to time
and the second derivatives of velocity and temperature with respect

.to distance normal‘to the plate are all zero, In the free stream the .
fluid velocity component parallel to the plate is'the free-stream
velocity, the dimensionless fluid temperature excess is equal‘to uﬁity,‘
and all derivatives of velocity and temperature with respeét to distance
ﬁormal to the plate are zero, At the leading edge the component of
fluid velocity pérallel to the plate is the free stream velocity and

the dimensionless temperature excess equals unity.



Lo

Thevinitialiconditions afe givén‘by; : v »
At é;: o ﬁ % b,'T ;'1. H%,;N> .>,' '»;1 vj_' .‘ : 5 "<3;6)1'
In other words,‘before”the fluid velécity ﬁnd plaﬁé temﬁefatﬁré
are suddenly changed the fluid ve1001ty is zero and the
-‘dlmen31on1ess fluid temperaturé excess equals unlty. .rt'
: FolloW1ng the method of- Schllchtlng (14) and many others,
";vé fourth-order polypomlal 1s_assumed_for‘bpth the veloC1ty gnd

teﬁperature prbfiles”in the bouﬁdary layer:’

<Z>+b<%> +e <%> wagt e
T=a ,i(%t)‘er- by _(Zat)_ + ‘c,'l (%3 + .di--(%f o .»(5-8)

‘Thé te:msvﬁ and‘6t denoté the.ye}ocity.bggndapf;iaygr thickpeés_.,. o
'aﬁd.thgr@ai,bouﬁdarysigyeffchickhess:réspécgi§é1§; |
' When the constants in the‘above'équations are eVéluatéd -
u81ng boundary condltlons (3 4) and (3=~ 5), equatlons (3 7) and

(3 8) becomes:

w oIy 2P aad oy
Toe2d2@g ) DL s

where 6 and 8. are funcﬁions'of both the distahce from the

leading édge, X, and time, t,
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"Momentum Equation

In order to determine the expression for 0 the momentum equation
(3-2) is integrated over the velocity boundary-layer thickness using

(3-9) as the expression for the fluid velocity parallel to the

plate, u:
J (%%+u.g§+v-§u§) ay = [° vig gy (3-11)
o ‘ ‘ ° ' .

Y .
The expression for the fluid Velocity‘normal to the plate, v,

is determined from the continuity equation (3-1):

=] 2y - (31

Inserting equatidn (3—12) into equation (3-11) gives:

Jﬂé

.
) 03“ tud - j? 2 dy)y dy = Ié v'g§g dy | (3-13)

Integrating the third term in the'left-hénd side of the above
equation by partS° , o
ﬁau vy 8§ 3y o} au
— dy = _—
f( f dy)dy J;axy Pusay
Equation (3-13) can then be written:

3y

f (% +2u-3- ug, -2;“{) dy = ff.\"a—y-g dy ' '(3-14)‘
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v Integrating equation (3-14) term by term:

S . 53y |

Sl 5 G 2@ s e
3

maéj(zz— +6% -4ty gy

I

o

3 3

R
=t

j§2u-.dy—f —23

I

&

6
w2 [0 &0 -2 + (5)‘*12

Vo 5 ) (-8 3+ 32-6-5-206% - 2%y

]

7 8
RASIEY QA
, =,‘630'°°ax-
[onga= 0 50ed -2 @ +<2)1
o_max
2 0b
=“°°axJ;['2X—+6 —42"5]d}’
. 3 2238
=-’m ms}—(
o} azﬁ . Ou 6 . Su
With these substitutions equation (3-l4) becomes:
-T0 "° 5 T 630 & ou =

Simﬁlifying this:
3 36°, 37 u, 38 _ 5y
70 F”+630 %

G3-15)



The_boﬁndary'andfinitialjconditions for quatibnv(3e15)3are:

‘at x = 0;J82>=;0 and at t = 0; 6° = 0.

| Energy Equation fo; ?féndtl NUmbérvéreater.Than Unity
: The expressibn for thefthetmal Boﬁndary-layer‘thiCknes% ét,;L
.is,obtéined iﬁ a manﬁef"simiiér to‘théﬁ uéed:for the velocitj»
' Boundary—layer thiékneés. ihefenergy‘équéfian(ﬁ-B) iS iﬁtegratéd
ovef tﬁe thefmal boundary;layer thickneés using eﬁdations (3-9):and
(3- 10) as expre331ons for the f1u1d veloC1ty parallel to the plate,

S, and the dlmen31on1ess f1u1d temperature excess, T;f
b o a T

o I t,(s% + u §§'+ v ) dy f t a‘”"§ dy ST o (3-16)

. o- s o } - “ o : . e

If the Prandtliﬁumbef is greaterlthan unity thé thermal boundéry-‘

‘layer thickness is less than the velocity boundary thickness, and

equation (3-16) can be integrated term by term as follbws: ?

&, - or .- S o v oy .3 | 4 o
JLF e dy = J;t'BE [ 2 C%t).'lzf(%t) +v6%t) ] dy‘
3 s e
STt
5,
jst.u,—é}-{;dyv:.ft [z@g) -2(Y) +(%>

- .“t fsttz(-% -2<Y> +(%>‘*1x‘

‘[-z{%’;e + 6%;4 f‘4z— 1 dy

e I T
= 14 (5t> B e O IR
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_Substltut:mg equatlon (3~ 12) for v in the third term of equatlon :

(3-16):

.8 5
-It_v'g§dy=jo.t 3 (.fy udY) dY

<
]
3
2o
&
1

—'”-umf 2 (—X)- 2 >+ <Y>41 @

"o
e

. [,(%)2 <>’>‘*+ e R I € )
dr .09 Yy 3. (Y | | | |
Feg ) % )

9 w2 3 o L
="5;‘6%;3+4%;4 ' (3-17a)

o .

& 3 36 16 3 4
[vgyar-wamf1g? -2 <Y>“_+§<%)51 x

. 3 .
Ot

[6t at
08 2 6t -9 6t
U 3o 15(5)2 o ¢ )4"‘2:3(-8—)5]
5. 2
J;ta—g}—gdy= (%—T-) t =-0o (°T)°
v o o
= -.2 'E't"

Inserting the-above terms into equation (3-16) :

3551; 351;3 4561:
STkl [() ()+——()]

5x
+uwg§15 24 '4—(%- +Zrb’( >5]“‘2_55



16
and simplifying:

1 8.4 | 2

3 382 ue o
% att+“ (T <-a—> 5 G +36 %-?._l_‘a;"

- 2 813 I
B g-g (15 &2 -1 @75 O 1-vzoz N (.3-1.s>v

‘The boundary and 1n1t1a1 condltlons for equatlon (3 18) are'

At x =05 68 =0 and at £ = 0; & = 0.

. Energy Equation for Prandtl Number Less Than Unity -

'f[f the‘ Prand-tl h‘umber' i’s» less than ‘dnity‘ the* t':hermal' bdunddryﬁ'
layer thlckness is greater than the veloclty boundary—layer thlckne.,s."
, In 1ntegrating equatlon (3 3), expressmn (3- 9) is used for u 1n51de |
the veloc:Lty boundary layer and um‘ is used out31de the ve10c1ty |
boundary layer. Iptegratmg equatlpn (3f16) ‘term by 'term gsbbeforé: ‘v - |

b I bv 08¢
fo o3t dy— ET

Ié aT umf5[2<—5>-2,(%)3+(%)“1x'
3 y-'_,y3"‘ b
_-’5;[.2 (—5t)'_ 2 ('Bt)' + (%t) V]‘vdy o

+ umf5t 3 L 2 (y) -2 ¢ )3'.+'(-X )4']_dy‘

g‘- S
2 6 Y3 . 42_ d
[ Taf 64 &2 ] 7
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¥ s oY 93 gk
+ Ug m— | L[=2=— 6 I_ _4y dy .
Bl ‘fé[ 2 T I dy

5 8.5

R R Y s 4 § 5.

= Ugp =t [=3 + 2 IR G- I S S o D N
s P g w0 Tas %

In I t 42 dy the expression for v for y = 8 is the same as that
o Oy * , » :

for y = 6 since the vélocity normal to the plate is constant in the

free stream. From equation (3- 17) for y > 8, v = 2- Uco gj
Uéing équatlons (3-17) and (3- 17a)
'V.If'»:v"g%dyv=u;o aéf [('Z) "g‘(%)‘ g(z)]x,
SRR A O
+-%—0-um—2x—§I:%[%~6‘yg3 41 dy
cw e 2 - @ 56 - )]

Inserting the above terms in eqﬁation (3-16):

10'5”+u°°[' o t13 G,

6)2v____(5 &
37 " Two (X tEs &

3 3 _4 8. .3 83 _ 1 8.4
twg 19575 G T G0 T 3 G
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This can be simplified to:

12

3 86 o 3 2,8 2, 5

205t %‘ o - F5G st - %" e

U 36° 3 3521'53_'
"7 % 10 (-1 + G 36 Gl (3-19)

35
The boundary and initial conditions for equation (3-19) are that

the thermal boundary-layer thickness equals zero‘at the leading

edge and at time zero, respectively.

Nondlmen31onallzed Equatlons

Equations (3 10), (3 15), (3-18), and (3-19) can be non-

dlmen31ona11zed using the following quantities.

0% = /(e ®, 8F = 8 /(Vu®, T=t/ (Vud) |
X =x/(Yuo) , Y=y/(Vua) , Pr = v/ (3-199)

Equation (3-10) becomes:
T2 G Gt B R0

"Equation (3-15) becomes:

3 p°, 37 a® ' . i
20 37 630 x 2 (3"?1).

Equation (3-18) becomes:

=]
3 aE L1 Ay 3 A £yl ¢
wor T2 BT s ()fa
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CHAPTER IV

 SOLUTION OF THE APPROXIMATE DIFFERENTIAL EQUATIONS

The differential equatiohs (3-21), (3-22), and (3;23)>wefe

solved by the method of characteristics as described in Courant (5).

Velocity Boundary Layer

The solution starts with equation (3-21):‘

3 2437 w2 -2 | | - (3-21)
50 9T 630 X | T

This equation can bg‘soived ih terms of an‘arbitfary parémefer
s, A‘oﬁe-parameter family of curves |

T = T(s), X = X(s) and a2 = 42(7(s),X(s))
is defined by equation (3-21) in thevfollowingbmanher{

da? o2 d&x 4 3? ar
ds X ds - OT ds

By comparing with equation (3-21):

@ 37
ds = 630
ar | 3
s 20
ap2 L2
ds

These can be integrated to obtain: -

X3 g4% . %-1)
630 » | T

T_ 3 s+To' B (X))
70 | . U

M- 25 + 2 S - RN O

‘where X,, T, and Ag are constants of integration.

20
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RéferringvtpiFigufe'4;1- 1et T = 0 be rhe boundary curve Cl'

ZOn C1 X = r,'Tb 0 and from the 1n1t1a1 conditions. for

Ag . Therefore equation;(4-l) through (4-3) become:‘

X_;ﬂs+f, e
30 = | | B
20 | . DR

22 o DTN (4-6)

'  Substituting s from,equation (4-5)>into equation (4-6):

A2 .40 7 o R (%

Combining equations (4-4)»and (4-5), thevéharacteriéticv“>
:,cﬁrvesvare given by:

N l’% (X-r) A~ 2.554(X-X,) R R

Since Xo = 0 it is seen from eéuatioﬁ (4-8)vtﬁét.equatibn
R ‘(4—7) is phe‘solﬁﬁiOn fbr'T’S 2.554X} This isbshowh‘in Figﬁré
4;1. . , , , ,
The so1ution_for‘T > 2.554X is obtained by using X =0
as the bdundary curve Cz.,'OnYCZ X, =0, T, =r, and from the
~ boundary condition on A2 at X =0 A2 0. Thereforé,-equatiéns

(4-1)-through (4-3) become:'

B | | | |
T=3 g4+r : R - N (4-10) :
20 - | o : 0
AZ 2 s S - | o -1
Comblnlng equatlons (4 9) and (4- 11): » “
&—1%0x~%ox w1y
. 37 o S SRR
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FIGURE 4-1. Solution for the velocity boundary-layer thickness
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' Combining‘equations (4-9) ‘and (4-10) the characteristic curves are
given by:

T- T ;_Lf?_% ~2.55 X | O (4-13)
74 . .

Since T, = 0 it is seen from equation (4-13) that equation

(4-12) is the solution for T 2 2.554 X.  In summary:

A2 . 40 r for T S 2,554 X . I O 08
3 | | |
A% _ 34.0 X for T > 2,554 X S L (-12)

Thermal Boundary Layer for Prandtl Number Less Thaannity.

The solution starts with equation (3-23):

_Q_BA%»+_]._[_§__-_2___(A)24-,9 (.4)4".1_(.4.)5 aA%
WTT 2810 TS A 140 "8y &50af T ap
S S GrE Ry WO S B BN R 1 | _
27 X 'ToGx) T35 3B Betad P (3-23)

Solving in the same manner as for the velocity boundary-layer

thickness:
w2 2

dAt" _ A &, Bear

dSA : 85—{ dS -E—'T_-ds |
& 9 M5 L (A)S | | (4-14)
=% 15( 2 280 At 90 "4 | -
dr _ 3 1)
ds 20 - o -

2 2 a2 3 o ‘
- % 2&“[10( i TR T 36(A) ] R

Letting'T = 0 be the boundary curve Cl,.and using equation

(4-7) for the region T < 2.554 X shown in Figure'4-1
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equation (4-16)-becomes:

2 - - »
e . 2 | | N
ds Pr o .

‘Integrating equations (4-15).and (4-17):

T 3 S+T°

20
2 -2
At_=-£-S+At
Pr o .
Along Cis i; = 0 and from the initial conditions for A%,

2 0. Therefbre:.

Ato =
T=3 5 - | (4-18)
- 20 '
2, : N
be=Zs 1)
Pr : o ‘ ‘ .

(4-20)

A7 40 T
' 3 Pr
Insertlng equations (4-7) and (4- 20) into equation (4-14):
40 40 5/2
_— T _ T
w_ 3.1 G0, s ¥, 5D
ds 20 15 (40 T, 280 (40 T 2 90 (40 40 T )5/2
3 Pr Pr Pr
Cancelling terms and integrating:
K=¢3 - Llop. 4 9 p?_ LopS2 oy -
o - S ‘ )s T X (4~ 21)

v Comblnlng equatlons (4 18) and (4 21), the expression for the .

characterlstlc curves becomes:

T_.3 _X-x ' o (4-22)
0 3 . L 5 T L.577 T
. > - Pr + - Pr P
20 15 780 "9
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;VFrom the above équatiOn for Pr <1, T is always less than 2.5541X.

Therefpre:

22 ;»539_.‘_1.1‘:' frs’"_,g_ 3_- : X . N
Pr Lo 120 % - Epr'f.é_ga Pr'-_;apr |
Flgure 4 2 shows this reglon of . solutlén.
Using X =0 as the boundary'curve Cé and éolving fof the regibn”
L T2 2,554 X, Whéré AZ is taken from equatlon (4 12), equatlons

‘(4 14) through (4 -16) becomevrx"
31 (36.0%) 4.9 ,(34.0x)2‘ _ 1 (3 0x)5/2  (4-23)

X _
ds 20 15 Az 280 A 190 5
ar _ 3 N | | o (4-24)
2 o U , _ .
a : " |
L - 17 op3 __ A s Tt 3 (3400 495y
ds Pr,_' SN ENCCHE R Ay S
. ‘ t
.1 (34.0x)3/2,
- 36 »i"zg“‘” R

Intégrating equatibn»(4-24):
(4-26)
Assume that Ai =4K15 + AE; and X = Kég + X, .On Cy, X, =0
‘and from the boundary conditions at X = 0, A% = 0. Theréfbre:
‘ - o o : , o
: AZ Kls L | o (4-27)
X = Kzs' : o ’ B (4'-28)"

Inserting these into equations (4 23) and (4~ 25)

K2 =_:_3__ 34 0( )+ 9(‘ 0) (KZ) (34, )‘5/2( Ko )5/2 . (4.‘..29)‘
20:“ 15- 280 .90 K1 v K :
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T T = 2,554 T_. 3 ' X : :
' ' 20 3 1 9 2 1 5/2

| // | 30 15 Pf T 385 FF - 5g Pr
2 i : :
At=.I§l ‘ -

Ly
Cz‘///(

Ky

. Cl , X-

FIGURE 4-2. Typical solution for Pr <1
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L 1/2 K
Ky = 2 3 -4 43(34.0) 2 g34 02
e l'””0(34 0)1/2(1<2 S T (K Tk
K. 3/2 _ ,
) 1  (-30)

Combining equations (4-27) and (4-28):

A2 ST | (4-31)
t X _ .
K 2 . - . : .

From equations (4-26) and (4-28) the expression for the
characteristic curves is

roq =3 X , o - (4-32)

Therefore A2 = K1 o if 2.554x < rand 3 x =
t — —s —
K, | 20 X,

Equations (4-29) and'(4-30) were solved numerically and‘
curves of K1/K2 as a function of Prandtl number and 3/20K2
as a functlon of Prandtl number are shown in Appendlx A as
Figure A~I anq_Afz respectively, The expression 3/20K2 is
always less ﬁhan 2.554 so that Ag = El; X‘ for T2 5;554X.

K

The expression for Ai,remains to ge solved ' in the regiomn:

'3 X ' © < T < 2.554%

203 _Ler+ 9 pe? . L opol?2
20 15 . 280 90

- The applicable characteristic equations_are:

. o 5 1h) -

@ .2 .Lb (—) - L4, (4-14)
ds - 20 280 20 "4,

dT 3 ,‘ o L %e13)

- IR e—

-ds 20
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= == o @an

with A2 _ 40 ..

| Integrating equations (4-15) and (4-17):

- T"=_3..V. s+ T v ‘ ' , o (4"33)
20 °o - . ' , : ’
2.2 2 o Gy
t Pr sv ﬁAto . ‘ S

The bouhdary curve for this region will be the lj.tiev

= 2, 554x. On this curve T, = 2.554%, and from the

solut:.on for 1‘22 554X, A 5 ___Kl X,
‘ : o Ky °

Inserting equations (4-7), (4-33) and (4-34) into equation

(4-14): |
dX _ 3 _(40/3) 2oz 7 L9 (40)2 o
ds ~ 20 15 2 2803 2 2 .2
: (Pr s A+ Ato) . (Pr‘ s Atq)"
o (3 a4 | 5/2
2 s+ T
90 2 4 A2 \5/2
~ L5 + /
‘ (Pr s Ato)
:",Integrating: : s
o 3 212.-'__3__A12: 5 )
X=_3 s +(40/3) 20 4 Pxr 20 o 1t A, + 2 -
20 15 [2/Pr 4/Pr2 " (--to Pr $) ]‘—
o 3 23 ,_
+ =
rf20°% %) 33208 |
240 >< BE__o -FLR- +
~. 280 2 .42 10 2/pr
.‘_2_3___;_3_‘&2 . (3s+'r)5/2“
S Pr 20 "t 24 2 (40/3) Pr;~ .
T L7prZ 1n '(Ato Pr s)1} + 270 (_2__8 + 4 )3/2 _
. . Pr -:»
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3p Gig s+ T4)3/2 g a2 2 1
-2 ) X2 s+ T _2 AL
i [6_3 22y L/2 40 {2 30 5T )T G st )
“Pr + ) :
2
...... A - 2 T Pr
( o / ) (10Pr)1/2 Pr ln [( 3 )1/2(_2_ Si + AZ )1/2
2 . 10prr” 'Pr t,
M 0 = 3 Az .
2.3 oy 1/2 (40/3) *PF 20 t, In L2
¥ Pr (20 ° +. O) ]}]} ~ 15 [ _ 4/prs - : to]
. . ,
TZ' . ) 2.__0. - “"§'At 2
<><>{° -3 (P20 o In A )
280 Ag IO T 4/prl -
. . , . .
T 3/2 12 -
g40/3) o 4+ 3pr - 9k ALy
270 { + = 8‘ [“""‘At ‘ 40{( 5 ).(ro )( 9
° : ' o . . S .

B T ; . .

32, e ' 3 \1/2 4 2. 1/2.0.0
_Gg B 2 Pr) (10 pry/? Pr In (G5 P +52% 131
- 2 3 ' ‘ |
+ X | (4-35)

: X1
Using T, = 2.554X;, s 20 (T - T,) and A =K, X,
o : 73

0
equations (4-34) and (4-35) were solved numerically‘for X and
A% in terms of X and T. It was found that the characteristic

curves are nearly parallel to the line

‘ 3
. — X
T= 20
31 5 -7 1. 52
30 " 15 °F T 780 ¢ 5o °F

although they vary sllghtly from a straight line, and that Az

can be predlcted with less than one percent error by:

o ' K o ‘

2 2 x --20

A = 40 (T - 2.554%) 4 T, 3— 3" (436
t " 5 ¢ I-178 )+ 82 ) - (439
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1

where B 5 3 1 pr +_ 9 Prz- 1 Pr5/2 o l"” (4-363)

20 15 ,280_'9"6'
In summary, for a Prandtl number: lese than unlty-_

"40 T forTs.3:X

3 Pr 20. B
20
) Y T
2 40 (T - 2.554%y 4 K (-X 3
3pr © 1-178 _.K2 1-178 7

. -

for 3 X <1 =2,.55% o
20 B e

2 K, -
A =_L x for T2 2.55x
R, ;

Thérmal-Bounda:ybLgyer for Prandtl Number Greater Than Unity

The solution starts with equation (3-22):
At4 N2

2
3 oA 4 At A A

% o2 [15A 35(A) 36(A)]7§5€t
1 ] A 6 _ 2

%S O y _140(A’ 5 G & | (3-22)

Solving in the same manner as before: -

-, |
d 3
b L &+ a2 g
ds X ds T a5

A A A
&2 ty .3t 341 St 4 o
= 15 O3 7037 "7 (A 4-37)
ar . 3 (4-38)
ds 20 |
e o 1 W22 B3 o Besia b
s pr 2 3% 'T5'7h 403 2 4502 " (4-39)-

Using T = 0 as the boundary curve Cqi» and solving for the

region T < 2,554X shown in Figure 4-1, where A2 is given by:
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then equation (4-39) becomes:

2
sy _
ds Pr

Integrating equations (4-38) ahd (4-40):

'3
¢ + T, .
20 5T

T

2
2. 2 gy,
t Pr S Ato

| | 2
Along Cl’ T, =-0 and by = 0..

]

: Thefefore T- 3
20

and Ai'= 2
' Pr

Combining equations (4-41) and (4-42):

‘Inserting equations (4-7) and (4-43) into equation (4-37):

ot} w0 132 40 12
& _ 2 '3 P’ .33 7 41 G %
ds 15 (40 4172 70 40 £y3/2 72 (40 p)2
-3 3 3
Integrating: ; .
.. _-l/2 3 _-3/2. ., -2
= (2 -2p + =
BRI T 72 T ) st X

Combining equatidns»(4-41) and (4-44) the expression for ;

the characteristic curves becomes:

(4-7)

(4-40)

. (4-41)

(4-42)

(4-43)

(4-tid)
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T 3 X-X, ' ' (4_45)
20 2 L -1/20 3. _-3/2 .1 _ -2 = e
57 ok Tyl
Therefore, A2 40 T if:
t r——— ——
: : 3 Pr -
T3 X and T< 2.554X  (4-45a)
20 2 p -1z 3 532 1 g -2 | '

15 =70 - 72
Figure 4-3 shows this region of solution.
Using X = 0 as the boundary curve Cy and solving for the

" region T > 2.554X, where A2 is given by:

A2 - 34,08 | | (4-12)
- equations (4-37) through (4439) become;
. » . : v 3 X
ax_2 M oo % a1 8%
: ) i
d? ‘15 ‘(34.0X)1/2 70 (34.0X)3/2 72 (34'0X) - .(4 46)
—d:l; =v .—3— ' ) "‘
ds -~ 20 | S ' | (4-47)
2 | = 3 | 5
e 2 17002 % o9 A
ds 1 i
s ?r 5 (34.0X)3/2 140 (34.0X)5/2
h AE. : - _
oo ——— ] . (4-48)
o | . (34.0%) - -
 Integrating equation (4-47):
T 3 g4 RS o (4-09)

20 °

»Assume"that Ai = Ky5 + Aio

and X = Kys + X,. On the boundary

curve Cys Xo = 0 and from the boundary conditions at'X =0, Ai‘ =0,
. ‘ : ]
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T = 2,554%

-+

r'3/2 —1—- vPr"2
72

© FIGURE 4-3, Typical solution for 1 < Pr < 4.55 5
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Therefore:
A eKs L | o)
X = Kys I R (557 ) B

Inserting these into eduations (4-46) and (4-48):

15(34.0)1/2 X2 036,032 R 1334002 %7
K _ 2v ‘ 2 Kl 3/‘2 9 , ',Kl 5/2"
1 ==+ 17.0[—F—ee (=) - ——Z
Pro T 15(34,0)3/2 TRy 140-(34,..’0)5/_2(1{2.\ )
b o—t 3<Kl> ] (4-53)
45(34,0)° ~2

Cémbining equations (4-50) and (4=51):
b =2 x o B )
From equations (4-49) and (4-51) the expression for the

characteristic curves is:

T=-T. =3 X ' S (4-55)
Therefore, A2 = K1 ife
t =— X

2.554X < Tand 3. X ST

 Equati6ns (4-52) and (4-53) were solved numerically and

curves of Kl/K2 as a function of Prandtl number and 3/20K2 as
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a function of Prandtl number are shown in Appendlx A as Flgures
- A-3 and A~4 _respectively.
Two regions remain to Be solved for Prandtl numbers greéter

than unity. One of these is:

3 X <7t |
20 2 ppl/2 3 pp3/2 4 1 pp2 255 (4-36)
15 - 70 72 ’

_Thisvregion occups-for PraﬁdtlAnumbers between 1.0 and 4,55
and is sﬁown in Figure 4-3,

Initially it was attempted to solve this problem by making
the solution continuous across T = 2,554X, However, this
procedure does ﬁot produce a valid solution.in:this,région because
the characteristic curves cross éach other very close to the:
boundary curve,whereas no solution is valid beyond the point
where the characteristic curves cross. Wﬁen the line T = 2.554X
is used as a boundary curve, any valﬁe of Aﬁ ,greafer than the

transient value, 40 T , when chosen as the boundary value for
3 Pr

Ai along the line T = 2,554X fails to produce a solution for the
same reason. This is shown in the following manner,

The applicable equations are:

dx _ : At3 1 At & | < (4-37)

-5 A) 70 (2) T 72 (7)) |

dr _ 3 - S | 4-38

ds 20 : : : . ' ( )

an? o | o
== L o IR (4-40)
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3

Integratihg 4 equations (4-38) ‘and - (4-40):

20
2 P
At =2 s -+ A2

Pr - G

' AUSe T = 2,554X as the bbundary curve 'With-Xo = f, Tg = 2.554r,

Let Ai?:' = Nr where N is an dnkn’ovin constant., Then:

T =3 ¢ + 2.55%r
20 =

2 ‘ :
t b_P‘r, s + Nr

Substituting these into equation (4-37):

. 2 La8\1/2 2 3/2
ax _ 2 (—s+_Nr)/ i 3 (-l;—s+Nr) ‘
‘ds‘ ‘ 15( )1/2 ( 355+ 2 554r)1/2 | 70( )3/2 (205 + 2, 5541‘)3/2

. 2 a2
" 1 (..1;; s +Nr)

5 o2
72( ) (3'0- S+ 2.5541;) :

It must now be determlned how the term
2 _
Pr : , - o
3 . S a : o ; (4-56a)

s+Nr

varies with r, . To find this the derivative with respect to

r is taken:
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2 ' e Y I

s + : L
SL.(Pr s + Nr ) - N _ 2.554 (57 s + Nr)
dr * 3 v 3 .3 2

39 S + 2.554r» = s + 2.554r - (55 8 + 2.554r)

20
| (3 L 202.558) 1
= 20 Pr :

3 2
—raa + . N
(20 s ‘2 ?54;) .

It is seen that if
g >4 (2.554)
3 - Pr

then,-tﬁe derivaﬁive of the term (4-56a) with fegpect to r is
'“-pbsitive and»tﬁe tgrﬁ'(4;56a)vwill incfeasé if r'iQCreases;i It
qan‘Be"shown numeficaliy that as. the term (4-563) incfeases,.i
dX/dsrincgeases. »Sihce dT/ds is coﬁstqnt, and |

dr/dx = (d7/ds)/(dx/ds), |
dT/dX will éecréase as dX/&s increaseé. Along the line T = 2.554X

the transient solution of

3 Pr
becomes ;
-3 Pr

Therefore, if

N > 40 (2.554)
-3 Pr

~ the solution along T = 2.554% is greatef than the transient solution.” =

It folloWs‘thatjif the solution of A% along T = 2.554X ié,greater ’

. than the transient solution, dX/dsvincreases and 'dT/dX decreases. as
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r'increaseé.  Théréfore, the charaCterigtig curves'wiil Ccross:
infinitesimally ciose to ;hé boundafy cufve and the solution
'obfaine& will not Bé valid,v This proves that the wvalue of
A%,along T = 2,554X must be equai to or less than the valué
of AE obtained from the transient solution.

In the Prandtl number range considered, 1,0 < Pr < 4,55 )

the solution for T = 2,554X is given by equation (4-5%4):

2 K
2

and the transient solution is given by equation (4-43):

A2 _ 40 T
t 3 Pr

Since the valué of (Kl/KZ)X is gféater than (40/3)(#/Pf) for
T = 2,554%, thefe is a discontinuity in A%»alopg the line
T =2,55X if Ai\is,equal to or 1esé than the transient solution
along thisbline. This»discontinuity will become greater as the
valué.of Ag along this line becomes smaller. Therefore, the
discontinuity in'Ag along the line T = 2,554X will be a minimum
.if the solution for Ag along this line is the transient solution,
Figurg 4-4 may clarify this.“

It is possible to findban infihite number of-sélﬁtions to
the differential equation (3-22) in the region defined by the
inequalities (4756)'which are continuous across the curve:

3 X
200 2 o.c1/2 3
T 7T 72

=

372 4 1, -2
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Steady State Solution

\; S T =55

177 3 . 372 1.2
15 5% -70FF 4+ 7t

Transient Solution

- 'tine of Constant Thermal
Boundary Layer Thickness

Discontinuity if Ag equals transient
solution at T = 2 554X

Diséontinuity if A% is less than
transient solution at T = 2,554X

v FIGURE 4-4. Line of comstant thermal boundary layer thickness
. R for 1.0 < Pr <4,55
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and for whi§h~A§¢is less than or equal to‘thebtrgnsiéntbsolutiSn '
along the*liﬁe TZ% 2.554XQ ;Forﬁreasoﬁs:diséusséd injthé folloWing
paragraphs, if appears reé;ohable,tq take the transieﬁt éolﬁtién
as thé correct éolution iﬁ this region. ﬁowever,,né méthematiCal
proof of the ﬁniquenesé ofjthe traﬁsient solution in this region
has been'disca%ered, | |
It is known from equéﬁion (4-45a) that for Praﬁdtl'numbers
‘éreater'thén 4,55 the transient solution is?valid qulall T < 2.554X.
Figure 4-5 shows the characteristics for Pfandtl numbers between
4,45 and 8.86 andeigure 4-6 shows them for.Préndtl numbers greater .
fhan 8.86; It is khown from the solution for Prandtl‘nﬁmbers 1ess
than unity that at Prandtl ndmbef unity the trahsient‘solutibh is
valid for T < 2.554X. The discontinuity for 02 along T = 2.554X is
zero for Prandtl number unity and increases with Prandtilnumber.
If_ﬁhe boundary value along this liné is chosen to be equal to fhe'

transient value, the percent discontinuity described by

Kq :

' " x 100
ﬁ..,x
Ky

varies smoothly with Prandtl number as shown in Figure 4-7.
If it is assumédvthat the value of Ai along T = 2.554X is

given by the transient solution, the solution obtained for the

regidn:indicated by inequality (4-56)‘is the transient solution.
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—'—'—X » =
Kz T . 20 554}(

FIGURE 4-6. Typical Solution for Pr = 8,86 _



"% Discontinuity

100

60 -

20 A

43 4

80

40 .

1 1 1 - T ¥ L ] L L)

1.0 2.0 3.0. 40 50 6.0 7.0 8.0 9.0

Prandtl No.

FIGURE 4-7. Discontinuify'assuming transient solution for
: © T < 2,554X ' '

'
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Thiébsoiutioh is obtained in the same'manﬁer as befére using
equations (4-37) through (4-39). Since the differential equation
.(3422) isbthe same for all;T < 2.554%, it ié reasonable.to expect
that th¢ solution for Ag is the same for all T S-2.544X.

_Fér'the‘rgasons descriped-in thé‘preQidis twovpafagraphé
it Qill be assumed that in the region described by inequality‘
(4-56) the solution.is:

Aﬁ S50 T

3 Pr

The final region to be solved is defined by:

92.554Xx < T <3 X \ |  (4-57)
20 X | : A

o 2
- Thié-region occurs for Prandtl numbers greater than 8.86 and-
" is shown in Figure 4-6.

The,applicable equations are:

& 2 Tt 3 A 1 G 2

ds “ 15 (%.001/2 " 70 @hop 3/27 72 @hon? - (4-46)
Car_a U (4-4T)
"ds 20 IR

3 2 ‘ . .3 5 6

e L2 17.0[-% " Sl v+l 2
R 15 (3,003 140 (34 00y°/2 %34 003

(4-48)

- Integrating equation (4-47):

 ¢"=;5%-3 + T,

f:Aséume Ai = Kgs +‘A§ and X = K4s + X@.

=}
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Along the boundary curve T = 2,554X, X, = r,

T = 2.554r and A%' = Nr where N is an unknown constant.
- o ° - .

.Therefore;
A2 =Ky e 4 Nr o R
x1<4+ - | (4-59)
T=_2 o4 v ‘ o Z
5 s z 554r 1 . | (4-60)

- At r =0 the characteristic curve defjned by equations‘(hFSQ)

and,(4;50) is T = _§__§_.' In order for the solution to be
.continuous across T = _3 X the characteristic curve for r = 0
| - 20Ky . . o -
-must fall along T = ;1_3;_. TTherefore,*K4 = Ko, - From equations
(4-58) and (4- -59) at r=0, 2.5 < =3, 1If the solution
' K4 Kz ‘ .

is to be contlnuous ‘across T’ ;i gg;, from equation (4-54)

N | 20 K2 |
At =_1 X. Therefore,vKé = Kl.%_Equatlons (4-58) and‘(4-59)-
become; ; A
. 2 ) :
‘At = Kls + Nr v | o R (4-61) -
X = Kzs 4T B o (4- 62)

As in the precedlng case it was 1n1t1a11y attempted to make
the solution continuous across T = 2.554X, However, omnce again the -

- characteristic curves cross very close to the boundary curve and a
. valid solution is not obtaihed. It can be shown that when the line
‘T = 2,554X is used as a boundary curve, any value below the

Esteady sﬁate vaiue, A%,= (Kl/Kz)X’ chosen as the boundary
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valpé_fér A% along T = 2.554X, fails to produce a sblutién
~ for the saﬁe reason. Thisucan bé shown méthematically using
the same ﬁrocedure as in ﬂ;e previous secti&n; 1Therefofé,
vAih equation (4-61): | | |

. bKl

.N.é
K |
The argument:for;makiﬁg N = Kl/Kz and thereby creating a
 501u£ion Which‘is the same.és ﬁheléteady-state solution is‘almost
iaéntical to that used for thé‘précéding'case'to Shéw that the |
transient solution -exists for f < 2.554X. If N is chosen to be ,‘
greater than Kl/Kz the amount of discontinuity is-incfeaéed;  If
-the_boundary value along this lipe is chosen to be’equél”to ;he
steady-étate value, the percent discontinuity for Prandtl nuﬁbers'
greéter than 8.86 varies smoothly‘from the known valﬁes between
Prandtl:numbers;of 4.55 and 8,86, Thg solution obtaiﬁed for the
region indicated by the inequalify (4-575 is the steady-state
sqlution if i; is assﬁmed that the value of A% aléng T‘; 2.554%
is. given by. the stég&y;state soiution. All avéilabie‘infofmation.
‘indicates.that in the area defined by (4-57) the solution is
_thevsteady-sféte solution, al;hough efforts to prove that»this
is the unique solution have been unsuccessful. Thérefore, it
will bé,as§umed that injthis area the solution is:
2.5

—=X
Ky

where K1/K2 isbgiven in Figure A-3 of Appeﬁdix A,
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In summary for a Prandtl number greater than unity:' -
A2 _ 40 T- for T < 2.554X
t = .

-3 Pr [

t ‘"R-X for T 22.554X
2 T

Determination of the Nusselt Number ‘

The heat transfer from the plate to the fluid can be determined

either from Fourier's heat conduction equation:

q =,"-kAv.‘._‘_§..e..__._:‘ '
L ¢ oy *)y='0

or from the convection equation:
where A is the surface areafof_ the plate. Equating the above two -

expressions:

-ké&g_g)ro =hA(ew;em)

, ., 30
ne Geo
k o = Yy
. .
_IP_C___X(-—‘-)Y=
'k. » J GW'

anﬂimensionalizing the above equation using the substitutions

defined prevj'.ously by equatibn (3-19a)‘: v N
Nu. = hx = = X (0 : : (4-63)
e TR = Koy SR
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From equation (3-20):

=2y - 2<4‘§;>3 +
T t

t.

 Substituting into equation (4-63):

Nux = _22
Ae

(3-20)

(4-64)



" CHAPTER V

FINITE-DIFFERENCE SOLUTION OF THE BOUNDARY-LAYER EQUATIONS

To obtain results which can be compared With‘the approximate
solutions of Chapter IV the continuity, momentum and enérgy
equations (3-1) through (3-3) were solved numerically on a
digital computer using the finite-difference equations of
Farn (6).

When equations (3-1) through (3-3) are non-dimensionalized

using the substitutions (3-19a), they Become:

%% +-§% =0 ' j (5-1).
U,y A,y U | ‘ | 5.2)
5+t U= +’v.§§ A e (5-2)
d L,y o, or_1 3T | | (5-3
'RV R TE e | e

 where U = u/uw and V = v/uw.
The boundary conditions (3-4) and (3-5) become:

for X=0,Y~>0, T>0; U =1

!
=
=

for X 20, Y=0, T>0; U

]
o
<

[l
o
=

1
o

for X 20, Y ~®, T>0;U=1, T=1 , - : (5-4)

The initial conditions (3-6) become: |

at T=0;U=0,T=1 = | (5-5)
Using the noéation that ény physical property &hat fhe o

'coordinatev(Xi,Yj,Th) is'ﬁniquely determined by qﬁ,j, Farn (6)

’wrote equations (5-1) through (5-3) in the following finite-

:différénce‘fofm: | |

49
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-+l n+l | n+l n+l | n+l n+l

Ui,j-I ) Ui"l’j'l * U i,j f Ui-l,j Vi,j - Vi;j-l S
2 (&%) — + e =0 (5-6)
Ui,j - Vi3 + ot Ui,j = Ui, J) v (Ui,3+1' U 5-1
AT 1] AX 1,3 2 . MY
SR | R ' n n .
A T B R I R A | .
- ‘ 07 )=0 N (5-7)
o+l n‘  ’ n o n B .
Ti,5 - T3 L (Ti,j - Ti-l,j\+ S (Ti,j+1 - Ti,j-l)‘
Y GNP 0T Vg R
: n n o
i - 2Tt T g 0 o
- — = (5-8)
o Pr . (4Y)2 . o

The above three equations when rewrittén‘énd_presented in the

" following order are easily solvable by.computef:

n+1 | n ‘ n n n vv | n n n
’ e o = . A -U. . . . - . - e "o o = - PR
}UlsJ Ul’J + .T'I Ul,J(Ul’J Ul'l,j) ,Vl,J (U1’J+1].‘U1’J'1)
' - AX o 2. N
R 2 U} B
+ i’j+1 ’J_B N
¢ (AY) ; ] (5-9)
- ntl n n n n n n '
Ti,j = T3+ AT U5 G Ti-l,j)' Vi3 (Ti,j+1 - Ti,j-l)»
AX ' 2 . Y
n n
T. = - 2 T . + T. . o
i,j+l i,53 7 4,51 . ,
R S e ¢ )] o ~6-10)
ol ool ot ntl e+l ol
i, = Vi, -1~ é?zxy'[uisj‘l - Ujag,5-1 t Ul j = Ui-1,51 G-1D
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Equations (5-9) through (5—11) were solved by computer for

Prandtl numbgfs of 0.7 and 3.0 using the followipg incremehts:

A% = 750
Ay = 30
AT = 200

The nodal‘netwothOf the X and‘Y coordinates is shown in Figufe
“5-1. h

The local Nﬁssgit numbér in ﬁqndimensionéliéed»fdrm is‘given |
©in equation (4-63): | |

Ngx - x Cg%)Y=O o .   , ( - a ’ | (4:63)

Using the network of Figure 5-1, thé‘fiﬁite-differénce form of
thisvequation:is:

R ey 2 R A C e

Aoy

Sblutioné‘to équationsv(S—Q) through (5-11) aré presénted iﬁ
Figures 6-3 through 6-6. Théwfempéfatufe of the flqid'iévplotted
égainst the ﬁon&imensionaliied distance above_theiplate, for
nbn&imensionaiized disfanCes from the 1eading édgevof 15,600‘and:f'
22,500 and for Qarious values 6fvtimé. The solution to equéti6ﬁ v
_(5-12)‘isipresented;in‘Figqres 6-8 and 6-9 for Prandtl nﬁmbers_of'A 

. 0.7 éndi3.0 respectively.
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CHAPTER VI

.~ COMPARISON OF APPROXIMATE

SOLUTION WITH INDEPENDENTLY DERIVED RESULTS

2

Steady-State Temperature Profiles

As seen from equations (4~31) and (4-54) the approximate
solution of the steady-state thermal boundary-layer thickness

is given by:

-

1
e - —
4 =% X
or . v
K1.1/2 40 ’ (6-1

where Kj/Kg is given in Figures A-1 and A-3 of Appendix A.
From equafibn (3-20) ¢

Y. Y3 Yu& o |
r=2 @) 2 Gy @) | o (3-20)

Substituting equatipn (6—1) into eqUation (3-20) ¢

b ='('EI7%§I7'2 %‘1/2 "(Kl/éz)ifz (XY1/2)3 * (I?I"}’IZE)Z
A - N
(-—)~Ygr/2)4 e
The éolution to fhe'above equation was comparedvto tﬁe
éolution df Schlichting (14) of the"steady?state eﬁérgy equation
- for fﬁlly developed flow over a flat plate. 1In Fhis solution
the continuity;”momentum and energy equations:

o, XMoo - 6y

,7;;+§§—

53
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. | -
TV = VEE '- O (6-)
A A0E - INCE

are rewritten by defining the new th of independent.variébles:
u - : : IR
n=y G2 ¥ = (mu/2 £(n) 8 (676

vlihese afe the well?known-substitutioné uséd by Blaéius in .

solving the boﬁndary-layer eéuétion for flow oVer'é flat pléte.

Using the Variabies (6-6) the éartial.differential eQuatiﬁns;

(6-3) through (6-5) can be reduced to two drdinary aiffe:engial

' equations% Thése equations can then be solved by humerical}’l ”

integrétion. The sblutionkwasrfirst given.by E. Pohlhausen and

ASOiutions for pa:ticulaf Prandtl nuﬁbers are given in Schlighting

an. |
The appfoximéte‘solution giﬁen’byiequation’(6-2) iébcoﬁpared

iq Figure 6-1'to~fhe steady-sta;é solutioh in Sdhliqhting (1;5 for_

several’Prandtl numbers, It is seen from this figure thaf’tﬁe.

‘. steady-state Eemperature'pfbfiles obtainedvby,thé approximate

: solutidn'derived heréin compare closely to the tempéra;ure profiles

bbtainedvfrom.tﬁe "exact"‘solution’presented in Schlichting (14).

,ihe maXimﬁm diffefeﬁce in the two soiutions pfesentéd in Figufe 6—iﬁ.”

occurs for a Prandtl number of unity and is about six per cent.
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FIGURE 6-1.

1.0+ o
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0.2 1" ——— Exact Solution
0 = N T T T r T T Y T —
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v/x1/2 |

Comparison of steady-state temperature profiles. »
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r Infinite Plate Temperatﬁre'Profile '

For a veﬁy shoft time after motion begins or ﬁor,a very large
.distance‘from the léading edge the boundary 1ayer acts as if there
were né leading eage. The’problem becomes tﬁe'same as thét‘of an
infinitg plate moving'impulsively in an incompressible fluid with

‘~

a sudden»chaﬁge in plate temperature. All derivatives with-
respect to the x coordinate are negligible as is the vglocity in
the y direction. The energy equation (3-3) then becomes:

2 : L
F-add o e

ﬁith the boundary conditions of T -equal to zero at the plafe and -
T equal to unity in the free stream and initial'cpnditioﬁ of T
equal to uﬁity; Equation‘(6~7) and the above~stated-bbundary,aﬁd
initial conditionms are the same as that for héat conduction in a
‘semi-infinite soli&’with a suddenly.changed surface temperature. -
‘The exact solution is derived in Schneider (15) using Fourier‘s»
_integral and isi

T = erf (-2—-"%—) |
When the above equation is ﬁondimensionalized by the substitutions.
of eduation (3-19a) it becomesf. .

T = erf (% prt/? :T). | | C(6-8)

The approximate solution for the thermal boundary-layer thick--
ness for short times is derived in Chapter IV and is given by

equations (4-20) and. (4-43). The solution is:
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or » .
A = ,40 1/2 71/2
3 Prl/2

inserting the above expression for A into equation (3-20), the

temperature in the boundary layer is given by:

T = 2 (Pr /ZY )'_ 2 Pr1/2Y )3

, (
(53(_)_)1/2 ) 7l/2 (43?)3/2 | /2
+(_l_l-_Q)2 (Pr .:].:./2) , | (6-9) ‘

Solutianito equations (6-8) and (6-9) are éompared‘in Figure_6k2;
The approximate solution is almost identical to the exact solution
except near the edge of the boundary layer where the maximum error

is. about 2.5 per cent,

Approximate Versus Finite-Different Temperature
In order tqbget an idea of the aceuracy of the aéproxiﬁate
.éelution at’other than strictly transient or steady-state |
‘cbnditions,'the temperature'profile obtained from-;he approximate
- solution was compared to‘that obtained from alfinite—difference‘
| solurion‘of the'centinuitygbmomentum and eﬁergy equarions."The
approx1mate temperature proflle ‘was obtalned by substltutlng the

"isolutions for the thermal boundary 1ayer thlckness, equatlons (4 ?O),
(4 31), and (4-36) for a Prandtl number less than unity and equatlonS"
(4 43) and (4 54) for a Prandtl number greater than '
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FIGURE 6-2.

" solution) temperature profiles,
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unity, into equation (3-20) which is the expression for the -
temperature ih the bounda{y'layef, Thevfihite-difference’.
solution was described in Cﬁapter V. Comparisons of the.tWO
solutions for a Prendti number of 0.7 are given in Figures 6-3

and 6-4 and for a Prandtl number of 3,0 in Figures 6-s_and'5-6.
Comparisons are made at nondimeﬁsionalized distences from the
leading edge of 15,QOQ and 22,500.

From Figures 6-3 and 6-4 it is seen that forla Prandtl

number of 0.7 fhe approximate and fihiteédifference eolutions.
agree elesely,with a maximum difference of about three per cent;‘
’ Figures 6-5 and 6-6 show that fof a Prandti number_of 3.0 thew>
differepce in the two solutioesvis greater. A maximum difference
of about eight per cent occurs near the edge>of‘the>50undary-1eyer
fqr X = 15,000 and T = 32,000. It should be mentioned that part_
of thi; difference ie'due to errore in ﬁhe finite;differeﬁce‘
solutieﬁvcaused by,tﬁe size of thebdistance’and time increments
used in solviﬁg the finite-difference equations (5-9) thfough:(Srll).
1f vefy small increments had been used the solution wouid héve
approached the exact solution of equationms (5-1) through (5%3) and
- the eemperetureS'obtained from the»finiteedifferencersolUtion'Would,
have béen greater than those shown inbfigeres 6-3 throughbe—G..‘
‘Smaller increments were not used becauee excessive computer.time

~would have been required.
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It can be concluded that the approximate solution for the
A»temperature profile in the transition period between the transient
condition and steady-state condition is a close approximation to

- the exact solution in this region.

Steady-State Nusselt Number

When the steady—state‘préblem is solved by the method of
changing the variables described briefly’in ﬁhé fifst section of
‘this chapter the solution for the heat‘trahsfer can be.obtained in
ﬁhe form of the,Nusself number. It is shown in Kays (8), |
Schlichting (14),>and other publicatiohs‘that under steady-state .
‘conditions for a moderate~P:andtl-numberfraﬁge the 1qca1 ﬁuéée}t

numbef can be approximated with good accuracy by:

Nu_ = 0.332 prl/3 Rexl/Z | (6-10)
Whére: v v
u
Re = off =X
X Vv
Therefore:
N - , ' R
x = 0,332 prl/3 (6-11)
gl/2 , : ' .

'Equation (4-64) gives the approximate solution for the
- Nusselt humber: v
wo=Z | R (S )

X At

For the steady-state condition:

€1/
A; - ( 1y1/2 Xl/z
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Therefore:
v /2 = Ky, /2 L o T - (6-12)
X —==) . S :
K2

Equations‘(6;11) and (6-12) are compared in Figure 6-7. Fromv
the figuré‘it is seen that the difference in the_two solutipns- 
,f§r fhe Nusseit‘number increaées SFeadiiy frbm~pear:zero.f§r_a‘
"~ Prandtl number 6f 0.5 to aboﬁt seven pér cent fo;'a Brandtl
ﬁumber‘of 10. In other WordS; forbméderate Pfandﬁl,numbefs‘the
approximate solution gives a fairly aééurate value of the -

steady-state local Nusselt number while for high Prandtl numbers

the error may be large.

-Approximate Versus Finite-Difference Solution

for Nusselt Number

-The accuracy of the approximate solution of thé].voc;alNusselt-~
number at éonditioné other than steady state was determined by
comparing it with the finite-difference solution dgscribed.in
Chapteer. The approximate solution for the Nusselt numbgr is

given by equation (4-64):

Nux=At

while the finite-difference expression for the Nusselt number

E : (4-6l)

is given by equation (5-12)., Comparisons were made for Prandtl
v numbers of 0.7 and 3.0 at nondimensionalized distances from the
leading edge of 15,000 and 22,500. These results are shown in.

Figures 6-8 and 6-9.
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Tﬁe two solutions agree very closely for T < 2.554X but
the differencé incfeases after the approximate sélutidﬁ reéches‘
the steady-state condition.l The greatest difference inﬂfhe
soiutibns for thé cases compared occurs for a Prandtl number of
3.0 at a nonéiﬁensionalized distance of 15,000 from the leading
edge and is about ten per cent. For a Prandtl number of 0.7
the differences are not as large. As was the‘case for the.
temperature profiles, part of the difference can-be attribufed
to errors in the finite-differenée'solution caﬁsed by fhg sizé‘of
the increments used.

In Figure 6-9 the discontiﬁuity in the Nusselt number{ih.thé
approximate soiution is caused by thé discontinuity‘in'the thermal

boundary-layer thickness at T =v2.554X.,



CHAPTER VII

DISCUSSION OF RESULTS

For a Prandtl number less than unity it was determined that

the thermal boundary-layer thickness can be expressed by:

s 40 T 3 X '

B =3 pr for TS5 3 (4-20)
’ § K : 20
40 T - 2.55% L X -5lBT |

g + S N .

t 3Pr_(v1-17B) K S o (4-36)

for — X < 1 < 2.554%
20 B .

= K - S : .

At =% X for T = 2,554X (4-31)
2
. where:

There are three regions of solution for this range of Pfandtl
numbers - one where the thermal bouﬁdary-layer thickness is a
- function of time only, one where it is a function only of the .
‘distance from the leading edge, and a transition region between
these two where the boundary-layer thickness is a function of»both
time and distance from the leading edge.

The first region of solution occurs for a shért time period
‘after the plate has changed it; velocity and temperature or at a |
large distance from the leading edge. The boundary layer begins
building up at‘fhe leadipg edge and moves along the plate. At |
large distan¢es from the leading edge this.effect is not felt and-
the boundary layef buiids up as if the plate were an infinite plété '

with no leading edge. It is well known that the exact solutipn‘of

70
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the.infinite-nlate probiem.gines‘a houndary-layer,thicknessvnhich
is a function‘ofbtime only. | |
| :The region of‘solution expressed by equation (4-31) occurs at
a}short‘distance from the 1eading edge or after'aalarge time has
elapsed. The conplete effect of the leading edge~build-up has been v‘,
felt and the thickness of the boundary layer 1s ‘constant with tlme -
In other words, ‘this is the steady-state solutlon where the veloc1ty
and thermal boundary-layer thicknesses are functions only of the
"distance from the 1ead1ng edge. Thexveioc1ty and tenperatnre.:ht
profiles of the boundary layer are fully developed |

| It is reasonable to expect that between these two regions of
soiutign‘there.exists_autransition region Wherein the_thernal |
_boundaryelayer thickness is ‘a function of both time"and distance
from the leading'edge;~‘The methodvof solution used,ih this thesis
' gives,snchva region foria Prandtlvnunber less than unity:and the
solntion in this region is given bybequation‘(4;§6).' Thisﬁsolution
vnates smodthivaith thelsolutions‘for:the‘otherntwo"régions.t There
- is no discontinuity in the thermalhbonndaryllayer thiCkness in
‘p3881ng from one region to another

- For a Prandtl number greater than unity it was determined thati

the thermal boundary-layer thickness can be expressed by-

AR 40 T o , T
A a 5 T for T <2, 554X N o (4-43).
N - Rt 5 T > . , -

AL = ) X for 2.554X ' : I (4 54)

’There are only two regions of solutlon for this range of Prandtl
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numbers_— one where the thermalvboundary-layer'thickness is a
rfunction of’time only andlonerwhere it is a function only of the
‘distanceifrom the leading edge. It was attempted to obtain a
solution in the trans1t10n reglon Wthh would smoothly connect
the solut1ons glven by equatlons (4 43) and (4-54) ~as was done
for a Prandtl number less than unity. However, these attempts
were unsuccessful, There is a'diecontinuity in the thermal
boundary-layer thickness across T = 2. 554X, the p01nt Where the
approximate solutlon used for the veloc1ty boundary layer passes
from the transient to the steady-state solution. | .

The solution for a Prandtl number less than uhity is:compatible
with that for a Prandtl number greater than unity.in that:the_two
solutions are identical for a Prandtl number of unity.

‘The temperature at:ahy pointband time in the thermal‘boundary

1ayerpoan be determined by substituting the expression for the

thermal boundary thickness into the expression:

T—2<A>-2(X>3+<Y>‘*"” L (3-20)
This temperature proflle was compared to known>temperature proflles
'for the infinite- plate problem, the steady state problem, and to a‘
vflnlte dlfference solutlon of the temperature proflle in the trans1t1on
region. There was good agreement between tblShaPPTOleate solution

and the other solutioms.
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CHAPTER VITI
' sUMMARY
An approximate technique has been.developed‘which can be used
EQ'determinevfhe'thermal‘£oundary-1ayer thickness at any time and
any distance from the leading edge of a semi-infinite flaﬁ plate
which has been setvimpulsively in motion in an incompressible
'flﬁid aﬁd has’ a simultaneous Sfep change in temperature, From the
thermal boUndary-layer thiCRness the temperature-at any time -and
position in the boundary layer can be determined. The heat transfer
rate through the»boundarynlayer can also be determined.by_using the
local Nﬁsselt number which can be determined‘for anyvfime..
Soquions obtaiﬁed by the approximate technique have been
compared with solutions for special situatioms which are‘docﬁmented
elsewhere and with a solufion obtained by the methodsqf’finite
differences; the approximate soiutions compare faVorably With the

other solutions. ' o -
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CHAPTER IX

RECOMMENDATIONS

it is recomméndedithat this problem be investigated using the
éame approach in afrivingkat a solution but using differentb
expréssions for the velocity and temperature profiles; By using
different profiles a continuous solution might.berobtaiped for the
thermaf'ﬁound}ry layer thickness for Prandtl numbers gfeater than
uﬁity as well asvfér Prandtl numbers less than unity.

This same approach éould be used to soive the more geﬁeral
pfoblém of fIOW'ovef a suddenly accelerated Wedge:given a sudden
chahgé in temperature, rather than for flow over a flat plate.

“A soﬁewhat similaf’but more diffiqult problem for which a
solution could probably be Sbtained using this techniﬁue is that
of determining'the concentration of a fluid in the bbundary layer
‘for'impuléive flow of the fluid,ové: a flat plate at,whiﬁh the
concentration of.aﬁbther fluid evaporating or being -injected is

suddenly»chénged.
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SOLUTION OF THE LAMINAR BOUNDARY LAYER OF A
SEMI-INFINITE FLAT PLATE GIVEN AN
IMPULSIVE CHANGE IN VELOCITY AND TEMPERATURE

By

Michael D, Bare

Thé laminar boundary léyer ovef é semi-infinite flat plate which
is impulsively set in motion in an incompressible fluid and which
has a Simultaﬁeous step change in surface temperature was studied.
An approximate method was derived which can be used to determine
the thermal boundary layer thickness as a function of the distance
from the 1eéding edge and of time. From the thermal boundary layer
thickness thevtémperaturevof the flﬁid can be determined at any
position in the boundary layer and at any time, The local Nﬁséelt
" number can also be determined from the'thermgl boundary layer
thickness. | |

‘The appfoximate solution was compared with exact steady-sfate '
and infinite-plate solutions of the energy equation and.with a
finite-difference solution of the unsteady continuity, momentum
and energy equations. Agreeﬁent betweeﬁ the solutioﬁs was close |
enough to indicate that the’;pproximate solutions for the
temperature in the boundéry layer and for the Nusselt number

approximate the actual situation with reasonable accuracy,
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