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(ABSTRACT)

The problem examined is an infinite anisotropic layer with a
through crack at arbitrary orientation, subjected to uniform in-plane
remote Tloading. The purpose of this study is to gain a better
understanding of several theoretical models for predicting the
direction of crack propagation and the level of Tload causing crack
extension, and to present a new model for predicting the critical
load. The discussed models are particularly examined in detail with
regard to the physical parameter$ affecting the results. Comparison
is made with available experimental results. It is shown that the
normal stress ratio theory provides good agreement with experimental
crack growth direction, independant of physical parameters, and that
the newly proposed traction ratio theory predicts well the critical

load causing crack extension.
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1.0 Introduction
1.0 Introduction

1.1 Motivation of the Study

The propagation of a crack 1in unidirectional filamentary
composite material can occur in two very different ways, either
breaking the fibers or propagating between fibers. It can be
difficult to determine whether fiber failure will occur. However,
knowledge of the direction of propagation is crucial for determining
the 1level of load causing crack extension. Several criteria
predicting the direction of crack propagation and the load causing
extension have been propcsed previously. They are based on different
physical approaches and hypotheses. A study of the influence of the
parameters involved in each theory and a comparison with experimental
results can provide necessary verification for the choice of a

reliable criteria for crack growth.

1.2 Literature Review

The problem of crack growth in composite materials has been
analyzed in several different ways by many researchers. Most of the
crack propagation theories include the hypothesis of the homogeneity
of the material. Among these are the theories which are extensions of
classical fracture mechanics developed for isotropic materials. The
strain energy density theory, elaborated by G. Sih ([1] and [2]) has
been extended without modification to composite materials and has been

applied successfully to the prediction of the applied critical load in



several cases [3]. The tensor polynomial theory [4], proposed for the
failure of unnotched lamina, has been applied to laminates [5]. The
normal stress ratio theory, specially developed fpr notched
composites, has been applied successfully to the determination of the
direction of crack propagation [6]. The point stress criteria of
Whitney and Nuismer [7], based on the determination of the stresses at
a finite distance from the crack tip, can explain size effects that
the classical theory of stress intensity factors does not take into
account.

Some theories have attempted to take into account the
inhomogeneity of the material. However, most of them have been
applied only to special cases of crack orientation and loading
direction with respect to the fiber orientation. Among those is the
matrix model of the strain energy density theory [8]. It has been
applied successfully to cracks parallel to the fibers; this
application requires the solution of a three phase model. The general
fracture toughness parameter theory of C. C. Poe and J. A. Sova [9] is
based upon the determination of the strain in the fibers near the
crack tip. It has been applied to cracks perpendicular to the
fibers.  The Hedgepeth model [10] entails the determination of a
stress concentration factor at the vicinity of broken fibers. It uses
a shear-lag method. |

As it appears above, each theory is based on a different physical
concept (energy, stress tensor, stress component, strain...). They
has been applied successfully to one or several particular classes of

problem. However, no single theory has yet been proven to be reliable



in the majority of the cases experimentally encountered. Moreover,
few comparisons between two or more of the theories have been carried
out, either from the theoretical point of view or in a comparison with
experimental results. These comparisons would be partiéuiar1y useful
for the fundamental problem of a crack imbedded in a single 1ayer.of
an unidirectional composite material, as the investigation of this
basic problem could bring decisive arguments regarding the use of a
particular criteria to solve the more complex problems that are

encountered in composite structures.



2.0 Problem Statement

2.1 Hypotheses and Notations _

The subject of the present study is a straight crack embedded in
an infinite layer of a fibrous composite material (Fig. 2.1). This
layer 1is subjected to a uniform far field loading, characterized
by 3;, E&, ;;y‘ The following hypotheses have been assumed:

The material is linear, elastic, homogeneous and anisotropic.

The state of stress is two-dimensional.

2.2 Elastic Solutions
The application of the crack growth criteria studied in the next
chapter requires the knowledge of the state of stress in the plane.

The determination of the stresses o , o can be reduced to the

x* %y xy '
determination of two potential functions ¢ and ¢, such that [11]:

o, = 2Re[S2o; (2,) + SZo, (Z,)]
oy = 2R3[¢'1 (Zl) + ¢é(22)]
= -2Rel(S;a; (Z)) + Spop (Z,)] (2.1)

Txy

with: Zl = x + Syy and Zz =X + 52y
S; and S, are two non-conjugate solutions to the following

characteristic equation, involving the extensional stiffness matrix



A 4

>
w

Q|

~
Y

Fig. 2.1 Infinite Center Cracked Plate Under Biaxial Tension



coefficients of the plate Aij’

265 + A22 =0 (2.2)

ALY+ ALeST 4 (2Ap, + A66)52 - 2A

Two different elastic solutions for the problem depicted in Fig.
2.1 are currently available in the literature. One is an approximate
solution, giving the singular stress field at the neighborhood of the
crack tip. The other one is the exact solution, including singular
and non singular terms.

In order to simplify the notation, the stresses will be given for
a crack angle « equal to zero in the following two sections. The
case a # 00 can be obtained by an appropriate rotation of the stress

tensor. The half crack length and the distance from the crack tip

will be called a and r, respectively.

2.2.1 Approximate Elastic Solution
This solution satisfies the boundary conditions at the crack
surface only. From Savin [12], the complex potential functions of egq

2.1 are:

0 () = - ===, [
a(Sqo, + t..) 7, 1/2
v (Z5) = 2(§1y- 52§¥ ) (2.3)

where



r(cosse + Slsin¢) = Z1 -a

%y r(cose + stin¢) =7Z,-a

These potential functions yield the stress distribution near the

crack tip:

5,5,
=_L__R
kT {( - s ) [ 1/2 %/2]}
- = 2 2
* sz—fa Re {553 | izz - ilzl}
/2 (1= %) " )17z U
o va S S
Y 3 ]. 1 H
o, = Re { | - I} (2.4)
Yy e (51 - 39) w%/z w%/z J
T, va
+ 2 Re (s [

¢ B -5,y Uiz i/zl}
/ar 1 2 vy 31

AL\ SIS W W
Xy /o7 (Sy -'S,) ¢1/2 w1/2

/a s, s
1 1 S

= fe s | 7z 172

b

4 4
where wl = COS¢o + S1 sing = ;l and *2 = COS¢ + S2 sine = ;g

2.2.2. COMPLETE ELASTICITY SOLUTION

This solution (see for example Wu [13]), satisfies the stress-



free boundary conditions on the crack surface as well as the far field

applied stress condition. The potentials 2] and ¢, are:

2 -— -
) a (52 oy + ‘rxy)
¢1 =
2(s; - S,) (2; + /25 - %)
2 — .
a“(Sy o, + 1)
¢2 S - - 1 ‘y x‘y (2-5)

2 2
2(8y - SZ)(Z2 +vI; - a’)

The stresses are given by:




- - 2 2,172
STekels, (2t tey (B EV o h
Xy Xy 1 Sl - S2 (22 _ a2)1/2
- - 2 2+1/2
NGRS RS YR Sl S (2.6)
2 51 - Sy (Zg I

These stresses have the disadvantage of being non-linear in
r'l/z, contrary to the singular stress functions discussed
previously. At a short distance from the crack tip, the difference
between the two solutions for (eq 2.4 and 2.6) is negligible. A plot
showing an example of the difference between these solutions for % is
shown in Fig. 2.2. For T300/5208 Gr/Ep and the geometry corresponding
to Fig. 2.2 (8 = 459), this difference is always less than 25% when
r/a is iess than C.5.

The difference between the two solutions approaches zero when r/a
approaches zero, and goes to the far-field loading when r/a goes to
infinity. This is illustrated by Fig. 2.3, which shows Aoy versus
Log (r/a) on the crack line, for the same geometry and material as in
Fig. 2.2. Aoy is defined to be oy predicted by the compliete solution

minus o predicted by the approximate solution.
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3.0 Criteria for Crack Growth
3.1 Tensor Polynomial Theory

3.1.1 The Tensor Polynomial Theory for Crack Growth
This criterion is based on the existence of a convex failure
surface represented by a polynomial equation. Typically, a second

order polynomial is assumed. Using contracted notation:

P({c}) = F.0, + F, .0

i%4 i3%1%] (3.1)

1o} being the stress tensor and o, its components in contracted
notation.
Wu [5] defines two vectorial quantities in stress space, the

stress vector and the strength vector. The stress vector is:

S = g8, (3.2)
(e5o 1 = 1, 6) being the unit vectors of the stress space. The
strength vector is:
> *o
f = a5y (3.3)
{c*} being a stress tensor proportional to {o7, such

that P({o"}) = L.

12
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These two vectors are computed at a specified‘distance o ffom
the crack tip, Yo being a characteristic of the material. The
amplitudes of the two vectors can be represented as a funqtion of the
angle ¢ (Fig. 3.1).

Failure occurs when the contour of the stress vector first
becomes tangent to the contour of the strength vector as the loading
is increased. The angle where these two curves meet is the predicted

direction of crack propagation oc

3.1.2 Role of the Parameters

According to Wu [5], the distance s is an important
characteristic of the material. Its value is found experimentally by
testing various <cases of mixed loading modes to failure.

For Ge/Ep, Wu found r_ = 0.076" for fracture under far-field tension

0
and ry = 0.077" for fracture under far-field shear [5]. When the half
crack length a is comparable to Tos the non-singular stresses are 6f
the same order of magnitude as the singular stresses, therefore a
complete elastic solution must be used for small a (see chapter 2.2
aﬁd Fig. 2.2).

The predictions for the angle corresponding to the largest value
of the tensor polynomial are sometime very sensitive to the value of
ro- As an illustration, two plots of the tensor polynomial versus the

angle ¢ are given in Fig. 3.2 for a specimen studied in detail in

0.0029", the maximum value of the tensor

Chapter 4. For rg

820 (which is close to the experimentally

polynomial occurs at ¢



14

7300/5208
«=45" 9=90° a-=1" ro = 0.08"

= . 997 .
oy 2970 psi

Crack Direction
- Contour of the Strength Vector
—— Contour ot the Stress Vector

-~
-

~
S —————

Fig. 3.1 Contour of the Stress and Strength Vectors



15

AS4/3501-6 g T

0

o =-15" o =75 a=0.1
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Fig. 3.2 Tensor Polynomial Versus ¢ at Two Different ro
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observed angle of propagation, 75°); at ro = 0.002", the maximum value

is at ¢ = -15°.

3.1.3 Typical Results for Crack Growth Direction Prediction

Two curves giving the angle of crack extension . as a function
of the fiber orientation s for simple tension and simple shear are
given in Fig. 3.3. The material properties are those of T300/5208
Gr/Ep, given in Appendix C. The value of Tos 0.08 inéhes, is the same
used by Wu [13]. The half crack length a has been chosen equal to
1. The ratio ro/a is small, therefore the non-singular terms in the
complete elastic solution do not play an important role here. For

simple tensile loading, two important results become apparent:

for g = 90° (crack perpendicular to the fibers), a self-
similar propagation is predicted by the theory.

for o = 0° (crack parallel to the fiber), the propagation
initiates at an angle of 46° from the original crack

direction.

Both results are contrary to experimental <observation for
Gr/Ep. It is possible that the choice of the interaction term Fy,
could influence this prediction significantly. This term is difficult
to measure and a broad range of values has been reported in the
literature. The influence of FlZ on the prediction of the crack
extension direction can be determined by theoretical considerations.

As the failure surface in the stress space must be closed, the values
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Fig. 3.3 Critical Angle (¢c) Predicted by the Tensor Polnomial
Theory Versus the Fibre Orientation (s)



taken by this interaction term must be between '/F11F22 and /F11F22 .
For ¢ = 0, a variation of F12 in the full admissible range predicts a
variation of 6c of only a few degrees (4.25 for T300/52Q8). As an
illlustration, Figs. 3.4 and 3.5 are two curves showing o and cy at
failure versus a parameter K, varying from -1 to +1, and defined as:

K= L2 (3.4)

"F11F22

The dependence of load at failure on F12 is also surprisingly low.

A surprising result is the dependance of 6. On the half crack
length a (Fig. 3.6). This 1is primarily due to the choice of the
complete elastic solution for the stresses. [t induces a coupling
between the variables a and ¢ in the tensor polynomial. Even with the
approximate solution, since the ultimate tensile and compressive
strengths are different, this coupling would occur due to the presence
of linear and gquadratic terms in the tensor polynomial (see eq. 3.1).

Figure 3.6 shows a variation of 30 degrees for the
angle Pe (solid 1ine). If the approximate elastic solution is used,

the variation is only one degree (dotted line).
3.2.0 Strain Energy Density Theory
3.2.1 Presentation of the Theory

Sih [1] defines the strain energy density factor as

S=Wxr (3.5)
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where W is the strain energy density:

W=
i

([ o I =

) oses o (3.6)
and r the distance from the crack tip. The elastic solution assumed
here involves only the singular terms, therefore S is a function
of ¢ only.v The theory predicts crack extension at an angle
corresponding to a local minimum (extremum) of S. The value Sc of S
at this location is a characteristic of the material.

The results obtained for isotropic materials suggest choosing the
highest minimum.

A typical strain energy density curve is given in Fig. 4.9 in the

next chapter.

3.2.2 Role of the Parameters

For a perfectly elastic material, only the elastic constants and
the far-field loading play a role in the prediction of 6cs S they are
the only parameters involved in the expression of the strain energy
density. The 1loading at failure depends on only one toughness

parameter, Sc‘

3.2.3 Typical Results for Crack Growth Direction Prediction

Curves showing 4. as a function of the fiber orientation for
T300/5208 Gr/Ep under simple tension and simple shear are given in
Fig. 3.7. Similar to the tensor polynomial theory, one should note

that:
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for a crack perpendicular to the fibers (o = 900), the theory
predicts a self-similar propagation, or close to it:
for a crack parallel to the fibers, the strain energy density
factor shows no minimum except on the crack
surface ¢ = *180, see Fig. 3.8). The strain energy density
theory does not predict any direction of crack propagation in
this case.
For the second case (e = 0), another interesting result can be
observed. I[f the material considered is AS4/3501-6, the theory
predicts propagation at an angle of 41° from the initial crack
direction. This is illustrated by the plotting of S versus ¢ for
AS4/3501-6 Gr/Ep, showing a local minimum at o = 41° (Fig. 3.9).

The results obtained for 8 = 0 are contrary to experimental
observation. There is no adjustable parameter that can be used to
modify this prediction. These results illustrate the dependence of
crack propagation direction on the material anisotropy. ~

Sih [3] uses an alternative approach in this theory by computing
the strain energy density factor in the matrix only. By formulating
the problem as a tﬁree phase model, Sih predicts a self similar

propagation in the case of glass-epoxy.
3.3.0 Normal Stress Ratio

3.3.1 Presentation of the Theory

Buczek and Herakovich [14] have hypothesized the normal stress
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ratio to be a phenomenological criterion for predicting the direction
of crack growth. This quantity is defined as the ratio of the normal
stress acting on a radial plane defined by ¢ and the tensile strength

normal to this plane:
R = 220 (3.7)

Since the tensile strength of an arbitrary plane is generally
unknown, a certain form of the function T¢¢ has been hypothesized.

The basic requirements that this function should meet are:

For an isotropic material, T¢¢ must be independent of 3

For a plane perpendicular to the fjbers, T¢¢ must equal the
tensile strength X,

For a plane parallel to the fibers, T&; must equal to the

tensile strength Y,

In the view above, T¢¢ was chosen as

_ . 2 2
T¢¢ = Xt sin®g + Yt cos~3 (3.8)
g8 being the angle between the radial plane defined by ¢ and the fiber

direction e (Fig. 3.10).

3.3.2 Role of the Parameters
The normal stress ratio can be computed at any distance from the

crack tip. The results obtained for the crack propagation direction
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will depend on the distance r, only if the non-singular terms are
taken into account in the elastic solution. In a reasonable range of
variation of ros this dependence is very small. Fig. 3.1} shows the
variation of dco for a broad range of values of r, in the case of pure

tensile load and fibers perpendicular to the crack. r, must be

0
greater than the half crack length in order that ¢c deviates by more

than 34° from the prediction obtained with the approximate solution.

3.3.3 Typical Results for Crack Growth Direction
Two curves showing the predicted angle of propagation versus the
fiber angle for a pure tensile loading and a simple shear loading are
given in Fig. 3.12. It can be seen that, for pure tensile loading:
'
For a crack parallel to the fibers, this theory predicts self-
similar propagation, as observed in experiments.
For crack perpend1cd1ar to the fibers the theory predicts a
propagation at an angle very close to the fiber direction,
i.e. the theory predicts that matrix cracks occur before any
fiber failure.
For pure shear loading, the theory predicts fiber fouline for a

load range of values of e (10° to 90°).
3.4.0 Traction Ratio

Presentation of the Theory

The normal stress ratio has been used only to predict the
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direction of crack extension. It is desirable to have a theory which
predicts both the critical load and the critical direction. Thus a
new model based upon a traction ratio is presented here to predigt the

critical load for crack extension. This ratio TR is defined as:

TR

[}
S

(3.9)

£ being the magnitude of the traction vector acting on a radial plane
defined by the angle ¢ and A being the amplitude of the traction
resistance vector of this plane in the direction of the applied
traction vector (Fig. 3.12).

The traction ratio factor TF is defined as:
TR = — (3.10)

The propagation of the crack is hypothesized to occur when the
maximum of TF reaches a certain value characteristic of the material,
TF.. The angle where this maximum occurs is the predicted direction
of propagation.

Similar to the normal stress ratio theory, A cannot be measured
- for any angle ¢ and any traction vector orientation, therefore a
certain form of the function A has been assumed which meets the

following requirements:
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For a plane parallel to the fibers:

A is equal to Yt when the traction vector is normal to this
plane.

A is equal to S when the traction vector is parallel to this
plane.

For a plane perpendicular to the fibers, A must be equal to Xt
when the traction vector is normal to the considered plane.

The resistance of a plane perpendicular to the fibers to pure
shear is d%fficu]t to define, as a simple shear loading would most
probably not fail this plane, but the one perpendicular to it.
However, a certain interaction between normal and shear loading should
exist, but it would be very difficult in fracture. Therefore, the
resistance of a plane perpendicular to the fibers to a pure shear
loading has been taken to be infinite.

In order to give explicitly the mathematical expression assumed
for A, let us call v the angle between the traction vector and the
considered plane (Fig. 3.13). For any plane the contour of the
traction resistance vector has been assumed to be elliptic (Fig.
3.14). This 1is similar to Hashin's failure theory, [15]. The

equation for A can be written as:

. 2 2 -1/2
A= [ sSin ‘1) + CcOS l.l) ] (3.11)

Az(s) 82(8)

where A(8) and B(g) are the intersection of the contour with
the n and g axis, respectively (Fig. 3.14).

For a plane parallel to the fibers, this ellipse intersects
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the g and n axis at Y; and S, respectively (Fig. 3.16). Therefore,

[]
<

_A(s 0)

B(8

0)

1]
(%]

For a plane perpendicular to the fibers, this ellipse degenerates into

a right parallel to the considered plane (Fig. 3.16). Therefore,

1]
><

A(3

90)

]
8

[[]

B(s = 90)

The functions A and B are then taken to be of the forms:
_ . 2 2
A(B) = X¢sin (8) + Y,cos (8)
B(8) = S(1 + tan(s)) (3.12)

It has been also hypothesized that failure does not occur in the
directions where the traction vector corresponds to a compressive
state of normal stress. Therefore the traction ratio should have the

same sign as the normal stress.

3.4.2 Influence of "o
Similarly to the normal stress ratio theory, the results for

crack direction and load at failure are independent of o if only the
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singular terms in the stress functions are taken into account. This

is the approach chosen here.

3.4.3 Typical Results for Crack Growth Direction Prediction

Curves showing the predicted angle of crack extension as a
function of the fiber orientation for pure normal and simple shear
loadings are given in Fig. 3.17. The results are similar to those of
the normal stress ratio theory. However, the traction ratio predicts
self-similar propagation (¢C = 00) for a crack parallel to the fibers
subjected to a simple shear loading. The normal stress ratio

predicted -10° in the example given in Fig. 3.12.

3.5 Role of the Material Anisotropy
It has been found that, contrary to the isotropic case, when a
pure tensile load is applied the predicted direction of crack growth

differs from self-similar growth in the following situations:

For the traction ratio and normal stress ratio when the fibers
are perpendicular to the crack and parallel to the 1loading
(Fig. 3.12 and 3.17).
For the strain energy density and the tensor polynomial when
the fibers are parallel to the crack and perpendicular to the
loading (Fig. 3.3 and 3.7).
It is iﬁteresting to know how the degree of anisotropy affects
the predictions and also to classify the criteria with respect to

their sensitivity to material anisotropy. This can be done by varying



39

T300/5208 t
0 oy N XY
a=0 N\

N

o

J—

N 8

M J

Pure Shear
Pure Tension

0 10 20 30 40 S0 60 70 80 90

O  (deg)

Fig. 3.17 Critical Angle (¢C) Predicted by the Traction Ratio
Theory Versus the Fiber Orientation (s)



40

the percentage of fibers in a composite and plotting the predicted
angle of propagation versus a parameter measuring the degree of
anisotropy. o _

This has been done by using the rule of mixtures for computing
the elastic constants of the composite as a function of the volume
fraction. If the subscript f indicates the fibers and the subscript m

indicates the matrix, then, from the rule of mixtures,

E1 = VfEf +(1-V

f)Em
vV v
1/E, = L | (3.13)
f m
vip = Vf\’f + (1 - VF)vm
v v
f m
1/G, ) = =— + =—
12 Gf n

The strength constants are more difficult to estimate. If we

suppose that the composite breaks when the fibers break, then X, can

be evaluated by [16]:

Xt = Vfo + (1 - Vf)(cm) at (3.14a)

0f=0’u

o, being the ultimate stress for the fibers.
This formula is meaningful when V¢ is not too small, but does not
converge to the isotropic case when V¢ approaches zero.

Xc has been taken as -Xt, and the variations with‘Vf of Yiy Ye
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and S have been neglected, i.e.:

Vi = -Ye = X (3.14b)

S =S,

The physical properties of the matrix and the fibers (Eg, Ve X¢s
Em, Vm? Xm) have been chosen such that the properties of T300 Gr/Ep
are obtained exactly for the volume fraction corresponding to this
material, estimated at 62%.

The nine functions of Ve obtained may not represent well the
.actual situation when the fiber voiume fraction is far from 62%, but
only a rough estimate is needed here, as too many other parameters are
also involved. The parameter p measuring the anisotropy has been
chosen as E;/E,. It should be noted that its variation versus V¢ is
not monotonic when V¢ is close to 60% (see Fig. 3.18).

Two curves giving ¢C'versus p for all the four theories are-given
in Fig. 3.18 and 3.19, for pure tensile load and with fibers
perpendicular (e = 900) and paraliel (e = 00) to the loading,
respectively.

For & = 90° (Fig. 3.18), the normal stress ratio and traction
ratio show a strong and similar sensitivity for weak anisotropy, and
give relatively stable results for high anisotropy. The strain energy
density theory predicts self-similar propagation when El/EZ is Tow.
The prediction deviates from self-similarity around p = 3, and
stabilizes around 13° for high p.

For 8 = 0° (Fig. 3.19), the tensor polynomial appears to be the
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most sensitive to the anisotropy for low E1/E2, and rather insensitive
for high anisotropy. The strain energy density prediction
is ¢ = 0° for weak anisotropy, and is less stable at high El/Ez.
There 1is no prediction (¢C = 11800) between these twc domains (see
section 3.2.3). The normal stress ratio and traction ratio prediction
is oc = 00, independently of the degree of anisotropy.

Most advanced composite currently in use have a ratio EI/EZ
greater than 3 and less than 12. The variation of predicted b, are
small for any of the four criteria in this range of the above p
values. Although it should be verified for fibers and matrix of other
types, this indicates that o is not a stfong function of fiber volume

fraction for typical materials currently in use.



4.0 Comparison of Theoretical Predictions and Experimental Results
4.1 Case of Single Mode Loading of Boron Aluminum

4.1.1- Description of the Experiments

Several experiments dn the propagation of cracks in multi-layered
boron-aluminum laminates have been conducted by C. C. Poe and J. A.
Sova [9]. The four previously described theories will be applied in
the case of four notched Jlaminates made of six identical 0° plies.

A set of pictures [9] representing the cracked laminates for
various initial notch Tengths are reproduced in Fig. 4.1. It appears
that the crack propagation includes self-similar fiber breakage and
matrix cracks parallel to the fibers.

It is important to know whether the matrix crack or the fiber
breakage occurred first. One specimen was carefully observed
throughout the testing. It was reported [9] that matrix cracks
appeared when the load exceeded about 93% of the failure load. These

cracks were very small until failure.

4.1.2 Results with the Tensor Polynomial
The tensor polynomial theory is difficult to apply here. For any

one of the 4 specimens studied, the distance r. has to be chosen of

)
the same order as the half crack length in order that the maximum

- value of the tensor polynomial be 1. For such large r the non-

09
singular terms of the elastic solution are of the same magnitude as

the singular terms. The characteristic value of r, which provides the

45
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Fig. 4.1 Failed Specimens of Boron/Aluminum [9]
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best fit with experimental results is larger than the smallest crack
length, and the maximum value of the tensor polynomial occurs away
from ¢ = 0°. This is not the case when the singular ;erpé only are
taken into account. A plot of the tensor polynomial versus angle 3 is

given in Fig. 4.2 (solid line). r. is chosen as 0.0415", and the

0
maximum value 1.0 is reached at ¢ = 180°. At this angle, the crack
tip considered is farther from the point of analysis than the other
crack tip, and therefore has 1less influence on the stress
concentration. This theory does not seem to be applicable here, and
this may be due to an underestimation of the strength constants. If
the approximate solution is used the maximum value 1is reached
at + = 00, which indeed ccrresponds to one of the two experimentally
observed directions of propagation (Fig. 4.2, dotted line).

In this example, the tensor polynomial shows a high sensitivity

to the values of the strength constants.

4.1.3 Strain Energy Density Results

As no data has been found for the characteristic value S. for
boron/aluminum, it has been chosen in order to minimize the difference
between predicted values and experimental results (SC = 4831, see
Appendix A).

The direction of propagation predicted by this theory corresponds
to fibers breakage. A set of curves given in Fig. 4.3 represents the
strain energy density versus angle s for the four samples and at the

experimentally measured failure load. Each of the four curves shows
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its highest minimum at ¢ = 0°, which is the predicted vdirection of

crack propagation.

In this case of mode one 1loading, if we use the approximate

elastic solution,

0)

Q
o
~~
©
[}

3&(a/r)1/2f(¢ = 0)

0)

™
—te
~
©
"

s (a6 = 0) (4.1)

o being the applied stress, the strain energy density factor is

=2

S=r‘o.e_i=ayaF(¢=0)=S

1 C

Therefore, the S.E.D. theory is analogous to the classical stress

intensity factor theory, as at fracture initiaton we have:

3,73 = (S/F(s = 0))1/2 - k (4.2)

The predicted loads at failure are given in Table 4.1.

4.1.4 Results with the Normal Stress Ratio

The plots of the normal stress ratio versus ¢ for each laminate
are given in Fig. 4.4, The maxima of these curves are sharp, peak at
the critical angles. The predicted direction of propagation is 87°,

which seems to correspond to the matrix cracks observed in Fig. 4.1.
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4.1.5 Results with the Traction Ratio

The traction ratio curves for the four laminates and the
experimentally determined load at failure are given 1n.Fiq. 4.5. The
value of TFC used here is 0.129 (see Appendix A). The predicted angle
of propagation corresponds also to the matrix crack (87°), as was the
case for the normal stress ratio.

In this case the angle which maximizes the traction ratio is
independent of ro- As the approximate elastic solution has been used
we can write (¢c being the predicted angle of propagation):

_ = 172
Oi(¢c) = cy(a/r)

f(o.) (4.3)

The angle ¢ between the plane oriented at angle ¢ and the
traction vector is independent of a, so for any given angle o, A iS
the same for all specimens. Therefore the traction ratio theory

gives:
JFL)T = Ey(a)l/zF(q,C) = TF, (4.4)

As for the SED theory, this is equivalent to the stress intensity
factor theory. Therefore, the SED and the traction ratio theories
must give the same results for the loading. The results are given in

Table 4.1.

4.1.6 Conclusion

The two modes of failure observed in Fig. 4.1 are predicted each
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one by one or two of the four criteria studied here. It is not
clearly known which one has occured first. However,‘if the crack had
extended first across the fibers, the stress intensity in the vicinity
of the initial notch would have been relieved, and there fs no
sufficient reason why the matrix should Fai]_ in this region.
Therefore, the matrix cracks have more 1likely appeared first, which
supports the normal stress ratio and traction ratio theories.

As far as the critical load prediction is concerned, only the
strain energy density and the traction ratic can be used. They give
jdentical results. It is interesting to note that the predicted load
at failure is too high for small a and too low for large a. This
could be corrected by using the complete elastic solution and
computing the traction ratio or the strain energy density at a certain
fixed distance r, from the crack tip. This could indicate that the
non-singular stresses play a role in the fracture propagation.
However, the initial notches are far from an ideal crack shape, and
this may also play an important role so that this conclusion may not
be drawn with confidence. A plot of the predicted and experimental
loads at failure versus the half crack length a is given in Fig.
4,6. The results were obtained with the traction ratic, using the
approximate elastic solution, and the complete elastic solution with
r. = 0.0015 mm. The complete solution predicts critical loads very

0
close to the experimental results.
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Table 4.1 Experimental and Predicted Load at Failure and D1rect10n
of Crack Extension for Boron/Aluminium.

a Normal Stress{Strain Energy] Traction Experimental
Ratio’ Density Ratio
°§' ¢c oy '¢c OY ’c GY ’c
2.54 g7° | 1048 | oo 10a8 fs7o| 960 |0,
5.1 87° 740 0° 740 87° | 782 gg:
‘. o o] o 00
]5.25 87 428 0 428 87 506 90° |
 m 0°
25.4 87° 331 0° 331 87° | 387 90°
The loads oy are in psi.
The half crack length a is in millimeters.
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4.2 A case of Mixed Mode of Loading for Gr/Ep

4.2.1 Description of the Experiments o _
Several off-axis notched specimen of Gr/Ep have been tested by
Herakovich, Gregory and Beuth [17]. A series of six 15° off-axis
specimens with varying aspect ratios and pre-machined cracks oriented
perpendicular to the loading direction or perpendicular to‘the fibers
were tested in a testing machine with rigid end constraints. The
specimens failed ‘are shown in Fig. 4.7. As shown by Pagano and Halpin
[18], the remote stress field includes a shear component, depending on
the aspect ratio of the specimen. Therefore, three different case of

mixed-mode loading are obtained.

4.2.2 Experimental Results

Table 4.2 gives the initiation load, the failure Tload, and the
direction of propagation of the crack for each case. If the specimens
with a crack perpendicular to the fibers are designed by A, and those
with a crack perpendicular to the loading are designed by H, it

appears that:

The crack always propagates‘para11e1 to the fibers.

The scatter in the critical Tload between two 1identical
specimen is quite large in the H case and much less in the A
case.

No trend in the value of the stress causing initial crack

growth with respect to the aspect ratio is apparent.



Fig. 4.7
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The 1load causing crack initiation shows a tendency to be

higher in the case H.

4.2.3 Comparison Between Theories and Experiments

In order to compare the predicted critical load 05 with the
experimental values cs, two quantities A; and A, have been defined for
the tensor polynomial, the strain energy density and the traction

ratio criteria.

= p e,\2
Al Z(cy - oy
0? (a = —150) N (¢ = -157) 2
A= & [ L— — - L — (4.5)
aspect P a=0) g (a=0")
ratio Y

The value of Ay is a measure of the gTobal deviation from
experimental results. Ap measures the correiation with the
experimetally observed tendency of the 1loading to be higher

when a = 00 than when a = -150.

4.2.4 Results with Tensor Polynomial

The radius r, giving the best results for the prediction of the
critical load is 0.0029" (see Appendix A). The results obtained are
summarized in Table 4.2, and a plot of the contour of the stress
vector and the strength vector of one case is given in Fig. 4.8. It
can be seen that these two curves are very close over a rather large

sector containing the critical angle. Therefore a slight variation in
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the stress vector can cause significant variations in the predicted
angle of crack extension.

The predicted direction of crack propagation is fairjy correct,
except in one case (specimen with an aspect ratio of y and a crck
angle of -15°). The predicted load at failure shows a high
sensitivity to the aspect ratio. This is not evident in the
experimental results (A; = 1.83 107 psiz). This criteria does provide
the best ° represenﬁation of the tendency of the specimens
with a = 0° to  fail at  higher loads than the specimens

with o = -15" (A, = 0.34).

4.2.5 Results with Strain Energy Density

The results given by the strain energy density theory are given
in Table 4.2. A plot of the strain energy density factor for the case
1A is reproduced in Fig. 4.8. The predicted angle is rather far from
the fiber direction. The maximum of the strain energy density factor
occurs closer (and sometimes very close) to the correct prediction
than the relative minimum the theory prescribes.

The material constant S. has been chosen in order to minimize the
difference between the predicted and the experiemntal results for the
criterial load. The strain energy density critefia gives the closest
results to the experimental data (Al = 0.62 107 psiz). Howver, the
influence of the angle o is poorly or totally not represented (A, =

0.078).
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4.2.6 Results with the Normal Stress Ratio

The results obtained for the direction of propagation are
summarized in Table 4.2. A typical plot of the normal stress ratio is .
given in Fig. 4.9 showing a narrow peak whose maximum differs from the
experimental result by only 2°. The differences with the experimental

values are always equal to or less than 3°.

4.2.7 Results with the Traction Ratio

From the results in Table 4.2, it appears that the predicted
angle of propagation varies from 2° to 18° from the experimental
results. The predicted 1loads causing crack initiation are fairly
close to the experimental results, but, like the tensor polynomial,
show too much sensitivity to the aspect ratio. The influence of the
angle a is well represented, almost as well as for the tensor
polynomial (A2 = 0.38).

A plot of the traction ratio factor is given in Fig. 4.11. The

maximum is less sharp than in the case of the normal stress ratio.

4.2.8 Conclusion

The superiority of the normal stress ratio for predicting the
angle of propagation for these particular cases 1is obvious. The
predictions obtained from the traction ratio are fairly close to the
correct results, but not as good. The tensor polynomial often gives
rather good results, but is more irregular and sensitive to ry.

As far as the load at failure is concerned, the three criteria

are more difficult to classify, none of the theories represent best
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Table 4.2 Experimental and Predicted Load at Failure and Direction
of Crack Extension for AS4-3501 Gr/Ep.

Tensor Strain Energy] Traction Normal Stress | Experimental
Polynomial Density Ratio JRatio
ay and ¢c Aoy o& and ¢c Aoy oy and ¢c Aay ¢c oy and ¢c
i | 9139 oz | 8559 | 114 908s 18% 880 7710
97° 18° a0° 9q°
10032 [25% | 8770 | 8% | 9633 209, 190 8020
] goo _24° 57° 759
AR 6960 3% 6% | 7238 77 88° 5760
100° -30° 87° 90
7532 115% | 7947 | 114 7876 129 T30 ~93810
4H 84° ~43° 720 75°
5775 |24z | 7330 | 3%| 6348 16% . 7585
8A | 1goe _41° 88° 88 90°
6364 |30z] 7319 |19%2] 6669 264 140 9000
8H 85° _54° 73° 75°
A, | .83 107 0.62 10 1.27 10
A, 0.034 0.078 0.038

99

The specimen are designated by a figure denoting the aspect ratio (1, &
or 8) and a letter denoting the crack angle (H for a crack perpendicular
to the loading and A for a crack prependicular to the fibers).

The 1loads oy are in psi. Aoy is the difference with the experimental

result in percentage.
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the different tendencies of the epxerimental results. It is
interesting to note that the 1load at failure can be correctly
predicted by the tensor polynomial and the strain energy qensity even
through the predicted angle of érack does not correspond to the matrix
crack experimentally obseryed.

A matrix model of the strain energy density would be very
interesting to examine, but the computations involved may be
overwhelming; and may require a finite element code to obtain the

results.



5.0 Conclusions

This study has been concerned with the comparison of . four
criteria of crack growth fn unidirectional composites. The
theoretical/experimental correlation is clamined and a new criterion
for predicting the critical load. and the direction of crack extension
has been presented.

For the cases analysed, the normal stress ratio has proven to be
consistent crack extension direction criteria. Its main advantages
are that it does not involve any other parameter than the elastic and
strength constants, and it shows a strong and precise peak in the
direction of crack extension.

The tensor polynomial criteria has shown high sensitivity to the .
strength constants and the chacteristic parameter Tos which makes its
application difficult and sometime impossible. It also exhibited an
inability to predict correctly the direction of crack extension in
certain fundamental cases. However, in some cases this criteria gives
fair results concerning the direction of crack extension, and good
predictions as far as the critical load is concerned.

The strain energy density criteria has been shown to exhibit ease
of application and 1little few sensitivity to the parameters
involved. It was also shown to predict well the critical load in the
cases examined here. However, its failure to give a correct
prediction of crack extension direction or even any prediction in

certain fundamental cases, and its misrepresentation of a certain

68
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trend observed in experimental data points to the need for caution in
applying this criteria as well as for further investigations.

The traction ratio theory appears to be a promising criteria for
both the prediction of the crack extension direction as well as the
prediction of the critical 1load. [ts principal advantage is a
relative insensitivity to the parameters involved. However, more
theoretical/experimental correlation is needed to critically assess

the theory.
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Appendix A

Determination of the Critical Problem Parameters

The determination of the critical load using the strain energy
density, the traction ratio and tensor polynomial theories requires

TF and r

the knowledge of the material constants S, c

09
respectively. In this study, they have been determined in order to

obtain the best fit with experimental results. Let us call u. the

c

parameter (here Sc» TF. or ry) to be determined, and o 1.(u) the

p
c Yy
predicted axial loading at failure for a specimen i, defined as a
function of u.
The best fit with experimental results has been defined here such

as, if °§i are the experimental values, the function

Apu) = £5(D () - 6%, 17 (A-1)
is minimum. This can be written mathematically as
a_ P - %2 = -
= [g [°yi(u) °yi) ] =0 atu u,
or
p
3" . (u)
- p - R A B =
bF (Oyi (u) ayi] 0 0 atu u. (A.2)

In the case when the predicted loading 051 is a linear function

of the parameter u, then for an arbitrary value of u, ug,
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(A.3)
au Ug
and,
p - P u_
oyi(u) oyi(uo) UO (A-4)
so that,
3A Sop.(u) oP. op.(u )
1. p ey _yit " _ yi ey yit0f
au ? (°yi(u) B °yi) Wi (g-u- °y1] u (A.5)
i 0 0
which gives,
e p
g M cyi(UO)
u, =u (A.6)
i 0 p 2
? [in (UO))
This is the case of the traction ratio, therefore,
e p
TF_ = TF (A.7)
c r (P, (TF))2
i Y

In the case of the strain energy density, the loading is a linear



74.

function of the square root of S., therefore,

s[gd;i of”- > ]2 - ( )

S = A.8
2

¢ f ("Si(s))

the determnation of the radius r. for the tensor po1ynomié1 is more

]
difficult as the tensor polynomial function is nonlinear with respect

to the variable r and also because the variables ¢ and r. are

o o]

coupled. A simple numerical scheme has been used here. The equation
A.2 has been solved by a Newton method:

If an, is a series defined by an initial value a and:

p
307 .
£ (P, - %)) oyi
yi yi’ sr
an+1 = an - 32”p agp. 2 (A.g)
Z[op -oe.) J1+[ ﬁ:i
j oy yi ar2 ar

Then a, should converge to ry optimal if a; is not too far from

p 2 p
3o 3 o .
the correct answer. Practically, 3¥1 and %1 have been evaluated

ar

approximately by
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acP °§i (r = ar) - °§1(r - ar)

yi _

ar 2ar
2
? 031 _ csi(r +4r) + asi(r - Ar) - 2°§i(r)
ar2 (Ar)2

Ar being a small increment of r.

(A.10)



Appendix B

This section s included to provide additional information
concerning the prediction of crack extension by the four criteria
previously described. The variation of the tensor polynomial, the
normal stress ratio, the strain energy density factor and traction
ratio factor are plotted versus ¢ for the Gr/Ep specimens studied in
detail in section 4.2. These curves are given for a far-field loading
corresponding to the experimental loads at failure.

The specimens are designated by a figure denoting the aspect
ratio (1,4 or 8) and a letter denoting the crack angle:

A for the specimen with a crack perpendicular to the fibers.
H for the specimen with a crack perpendicular to the loading

direction.
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BORON ALUMINUM

= 237 Gpa

m
[
[

= 143 Gpa

m
N
|

= 97.8 Gpa

(]
—
N

I

= 0.23

E]. 10.2 Msi

1.56 Msi

Ep
Gy, = 0.82 Msi

vip = 0.24

E; = 21.6 Msi

1.96 Msi

Ep
Gyp = 0.83 Msi

Vip = 0.28

Appendix C

Material Properties

Xy = 1672 Mpa
X. = -3034 Mpa
Yt = 110 Mpa
Yo = -289 Mpa
S = 165 Mpa

T300/5208 Graphite/Epoxy

Xy = 219.5 ksi
X. = -246 ksi
Y = 6.35 ksi
Yo = -23.8 ksi
S = 12.5 ksi

AS4/3501-6 Graphite/Epoxy

Xy = 282 ksi
Xo = -282 ksi
Yi = 10 ksi
Yo = -10 ksi
S = 14.2 ksi
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