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Robotic Search Planning In Large Environments with Limited
Computational Resources and Unreliable Communications

Benjamin A. Biggs

(ABSTRACT)

This work is inspired by robotic search applications where a robot or team of robots is

equipped with sensors and tasked to autonomously acquire as much information as possible

from a region of interest. To accomplish this task, robots must plan paths through the

region of interest that maximize the effectiveness of the sensors they carry. Receding horizon

path planning is a popular approach to addressing the computationally expensive task of

planning long paths because it allows robotic agents with limited computational resources to

iteratively construct a long path by solving for an optimal short path, traversing a portion

of the short path, and repeating the process until a receding horizon path of the desired

length has been constructed. However, receding horizon paths do not retain the optimality

properties of the short paths from which they are constructed and may perform quite poorly

in the context of achieving the robotic search objective. The primary contributions of this

work address the worst-case performance of receding horizon paths by developing methods

of using terminal rewards in the construction of receding horizon paths. We prove that

the proposed methods of constructing receding horizon paths provide theoretical worst-case

performance guarantees. Our result can be interpreted as ensuring that the receding horizon

path performs no worse in expectation than a given sub-optimal search path. This result

is especially practical for subsea applications where, due to use of side-scan sonar in search

applications, search paths typically consist of parallel straight lines. Thus for subsea search

applications, our approach ensures that expected performance is no worse than the usual

subsea search path, and it might be much better.



The methods proposed in this work provide desirable lower-bound guarantees for a single

robot as well as teams of robots. Significantly, we demonstrate that existing planning al-

gorithms may be easily adapted to use our proposed methods. We present our theoretical

guarantees in the context of subsea search applications and demonstrate the utility of our

proposed methods through simulation experiments and field trials using real autonomous un-

derwater vehicles (AUVs). We show that our worst-case guarantees may be achieved despite

non-idealities such as sub-optimal short-paths used to construct the longer receding hori-

zon path and unreliable communication in multi-agent planning. In addition to theoretical

guarantees, An important contribution of this work is to describe specific implementation

solutions needed to integrate and implement these ideas for real-time operation on AUVs.



Robotic Search Planning In Large Environments with Limited
Computational Resources and Unreliable Communications

Benjamin A. Biggs

(GENERAL AUDIENCE ABSTRACT)

This work is inspired by robotic search applications where a robot or team of robots is

equipped with sensors and tasked to autonomously acquire as much information as possible

from a region of interest. To accomplish this task, robots must plan paths through the

region of interest that maximize the effectiveness of the sensors they carry. Receding horizon

path planning is a popular approach to addressing the computationally expensive task of

planning long paths because it allows robotic agents with limited computational resources to

iteratively construct a long path by solving for an optimal short path, traversing a portion

of the short path, and repeating the process until a receding horizon path of the desired

length has been constructed. However, receding horizon paths do not retain the optimality

properties of the short paths from which they are constructed and may perform quite poorly

in the context of achieving the robotic search objective. The primary contributions of this

work address the worst-case performance of receding horizon paths by developing methods of

using terminal rewards in the construction of receding horizon paths. The methods proposed

in this work provide desirable lower-bound guarantees for a single robot as well as teams of

robots. We present our theoretical guarantees in the context of subsea search applications

and demonstrate the utility of our proposed methods through simulation experiments and

field trials using real autonomous underwater vehicles (AUVs). In addition to theoretical

guarantees, An important contribution of this work is to describe specific implementation

solutions needed to integrate and implement these ideas for real-time operation on AUVs.
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This work is inspired by robotic search applications where a robot or team of robots is

equipped with sensors and tasked to autonomously acquire as much information as possible

from a region of interest. To accomplish this task, robots must plan paths through the

region of interest that maximize the effectiveness of the sensors they carry. The computa-

tional complexity of planning paths that maximize information gain can be prohibitive for

robots (agents) with limited computational resources. allows

agents to iteratively construct a long path by planning a short optimal path and traversing

a portion of the short path. This process is repeated until the mission is complete. However,

only considering short paths can lead agents to devote excessive attention to local maxima,

which can which can cause poor performance in the overall information gathering mission.

Additionally, when considering a team of agents, the computational burden of planning even

short paths is compounded exponentially as compared to the complexity of path planning

for a single agent. One method of planning for a team of agents that reduces computational

complexity is to impose an ordering on the team of agents and, in sequence, have each agent

plan a path for itself considering only the paths planned by the preceding agents. Theoretical

guarantees on the performance of paths produced using sequential planning methods gen-

erally rely on the objective function that the agents seek to maximize being or

possessing a diminishing returns property. We demonstrate, in Chapter 6, that the robotic

search objective function that we consider throughout this work is non-submodular. Also,

1



2

theoretical guarantees on the performance of paths produced using this sequential planning

method generally assume ideal communication between agents. Contributions of this work

include the development of methods of constructing receding horizon paths that provide

formal guarantees on the worst-case performance of the paths produced and the provision

of theoretical worst-case guarantees for paths produced using sequential planning where the

objective function is non-submodular and communication is potentially unreliable.

Receding horizon methods generally work well in practice and allow search agents to adapt

plans to new information as it is acquired. However, short planning horizons make receding

horizon paths susceptible to local maxima which can cause poor performance in the over-

all mission [77]. That is, although paths produced using receding horizon methods tend

to perform well, there is generally no assurance that receding horizon paths will perform

better than the worst path possible. The contributions of this work towards addressing the

worst-case performance of paths produced using receding horizon methods are presented in

Chapters 3 through 5. Specifically, in Chapter 3, we consider a single agent performing

a search mission in a receding horizon manner. We assume that planning at each step is

optimal and a single action is executed before replanning. We present a novel method of

incorporating a terminal reward in the objective function that the agent seeks to maximize at

each planning step. We prove that the addition of an appropriate terminal reward provides

theoretical lower bound guarantees on the value of the receding horizon path executed by

the agent. In Chapter 4, we extend the results of Chapter 3 by addressing the case that the

search agent plans paths at each planning step that are not optimal but near-optimal. We

consider that the search agent may need to execute several actions between planning steps

to allow for planning methods such as Monte Carlo tree search that benefit from increased

planning time. In Chapter 5, we extend the results of Chapter 4 to consider a team of search

agents. We present a sequential planning algorithm that leverages our theoretical results to



�j

�T�`�Q�p�B�/�2 �� �;�m���`���M�i�2�2�/ �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2 �Q�7 �D�Q�B�M�i �T���i�?�b �T�`�Q�/�m�+�2�/�X �A�M �2���+�? �+�?���T�i�2�`�- �r�2

�T�`�Q�p�B�/�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �i�?���i �p���H�B�/���i�2 �Q�m�` �i�?�2�Q�`�2�i�B�+���H �+�Q�M�i�`�B�#�m�i�B�Q�M�b�X

�A�M �`�Q�#�Q�i�B�+�b�- �?���p�B�M�; �� �i�2���K �Q�7 ���;�2�M�i�b �b�2�[�m�2�M�i�B���H�H�v �T�H���M �T���i�?�b �7�Q�` �i�?�2�K�b�2�H�p�2�b �r�?�B�H�2 �+�Q�M�b�B�/�2�`�B�M�;

�Q�M�H�v �i�?�2 �T���i�?�b �Q�7 �T�`�2�+�2�/�B�M�; ���;�2�M�i�b �B�b �b�Q�K�2�i�B�K�2�b �`�2�7�2�`�`�2�/ �i�Q ���b�b�2�[�m�2�M�i�B���H�@���H�H�Q�+���i�B�Q�M�(�e�9�) �Q�`�b�2�@

�[�m�2�M�i�B���H �;� �̀2�2�/�v ���b�b�B�;�M�K�2�M�i�(�R�e�)�X �J�Q�`�2 �#�`�Q���/�H�v�- �b�2�[�m�2�M�i�B���H �/�2�+�B�b�B�Q�M �K���F�B�M�; ���H�;�Q�`�B�i�?�K�b �Q�7 �i�?�B�b

�i�v�T�2 �K���v �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �i�?�2 �r�2�H�H�@�F�M�Q�r�M�;� �̀2�2�/�v ���H�;�Q�`�B�i�?�K�(�8�8�) �m�M�/�2�` �b�T�2�+�B�7�B�+ �+�Q�M�b�i�`���B�M�i�b�(�R�3�)�X

�h�r�Q �b�B�;�M�B�7�B�+���M�i ���i�i�`�B�#�m�i�2�b �Q�7 �i�?�2 �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K ���`�2 �i�?���i �B�i ���H�H�Q�r�b �7�Q�` �/�B�b�i�`�B�#�m�i�2�/ �T�H���M�M�B�M�;

���M�/�- �B�M �K���M�v �+���b�2�b�- �T�`�Q�p�B�/�2�b �i�?�2�Q�`�2�i�B�+���H �;�m���`���M�i�2�2�b �Q�M �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�b �T�`�Q�/�m�+�2�/

�(�R�8�-�k�j�-�8�8�)�X �>�Q�r�2�p�2�`�- �K�Q�b�i �i�?�2�Q�`�2�i�B�+���H �;�m���`���M�i�2�2�b �7�Q�` �i�?�2 �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �`�2�[�m�B�`�2 �i�?���i �i�?�2

�Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �#�2 �b�m�#�K�Q�/�m�H���` �(�R�8�-�R�3�-�k�j�-�j�R�-�8�8�-�e�9�)�X �h�?�B�b �b�m�#�K�Q�/�m�H���`�B�i�v �`�2�[�m�B�`�2�K�2�M�i �B�b

�H�B�K�B�i�B�M�; �b�B�M�+�2 �K���M�v �m�b�2�7�m�H �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�b �7�Q�` ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b �2�t�T�2�`�B�K�2�M�i���H �/�2�b�B�;�M�-

�/�B�+�i�B�Q�M���`�v �b�2�H�2�+�i�B�Q�M�- �b�m�#�b�2�i �b�2�H�2�+�i�B�Q�M �(�9�N�)�- �b�T���`�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b �(�9�9�)�- ���M�/ �p�B�b�B�#�B�H�B�i�v �Q�T�i�B�@

�K�B�x���i�B�Q�M �B�M �b�Q�+�B���H �K�2�/�B�� �(�k�3�) ���`�2 �M�Q�M�@�b�m�#�K�Q�/�m�H���`�X �q�2 �/�2�K�Q�M�b�i�`���i�2�- �B�M �*�?���T�i�2�`�e�- �i�?���i �i�?�2

�`�Q�#�Q�i�B�+ �b�2���`�+�? �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �i�?���i �r�2 �+�Q�M�b�B�/�2�` �i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �r�Q�`�F �B�b �M�Q�M�@�b�m�#�K�Q�/�m�H���`�X

�_�2�+�2�M�i �r�Q�`�F �?���b �#�2�;�m�M �i�Q �T�`�Q�p�B�/�2 �i�?�2�Q�`�2�i�B�+���H �;�m���`���M�i�2�2�b �7�Q�` �i�?�2 �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �B�M �K���t�B�@

�K�B�x�B�M�; �M�Q�M�@�b�m�#�K�Q�/�m�H���` �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�b �(�j�-�k�3�-�8�d�)�X �>�Q�r�2�p�2�`�- �i�?�2�b�2 �`�2�+�2�M�i �r�Q�`�F�b �/�Q �M�Q�i

�+�Q�M�b�B�/�2�` �7���+�i�Q�`�b �`�2�H�2�p�2�M�i �i�Q �`�Q�#�Q�i�B�+ �b�2���`�+�? ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b �b�m�#�Q�T�i�B�K���H �/�2�+�B�b�B�Q�M �K���F�B�M�;

�(�R�3�-�e�9�) ���M�/ �H�B�K�B�i�2�/ �B�M�7�Q�`�K���i�B�Q�M ���p���B�H���#�H�2 �i�Q �b�2���`�+�? ���;�2�M�i�b �r�?�B�+�? �+���M �#�2 �+���m�b�2�/ �#�v �m�M�`�2�H�B���#�H�2

�+�Q�K�K�m�M�B�+���i�B�Q�M�b�X �h�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �r�Q�`�F �i�Q�r���`�/�b ���/�/�`�2�b�b�B�M�; �i�?�2 �H���+�F �Q�7 �i�?�2�Q�`�2�i�B�+���H

�;�m���`���M�i�2�2�b �7�Q�` �i�?�2 �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �B�M �`�Q�#�Q�i�B�+ �b�2���`�+�? ���T�T�H�B�+���i�B�Q�M�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �*�?���T�i�2�`

�e�X �a�T�2�+�B�7�B�+���H�H�v�- �r�2 �m�i�B�H�B�x�2 �M�Q�i�B�Q�M�b �Q�7 �+�m�`�p���i�m�`�2 �Q�7 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �i�Q �T�`�Q�p�B�/�2 �M�Q�p�2�H

�;�m���`���M�i�2�2�b �7�Q�` �i�?�2 �;�`�2�2�/�v ���H�;�Q�`�B�i�?�K �r�B�i�? �B�/�2���H �+�Q�K�K�m�M�B�+���i�B�Q�M ���M�/ �r�B�i�? �H�B�K�B�i�2�/ �B�M�7�Q�`�K���i�B�Q�M

�/�m�2 �i�Q �m�M�`�2�H�B���#�H�2 �+�Q�K�K�m�M�B�+���i�B�Q�M�X �A�M �2���+�? �+���b�2�- �Q�m�` �M�Q�p�2�H �;�m���`���M�i�2�2�b ���+�+�Q�m�M�i �7�Q�` �i�?�2 �+���b�2

�i�?���i �b�2�[�m�2�M�i�B���H �T�H���M�M�B�M�; �/�2�+�B�b�B�Q�M�b ���`�2 �M�Q�i �Q�T�i�B�K���H�- �#�m�i �M�2���`�@�Q�T�i�B�K���H ���b �B�M �(�e�9�)�X ���/�/�B�i�B�Q�M���H�H�v�-

�r�2 �T�`�Q�p�2 �i�?���i �;�m���`���M�i�2�2�b �7�Q�` �b�2�[�m�2�M�i�B���H �T�H���M�M�B�M�; �K���v �#�2 �Q�#�i���B�M�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �p���H�m�2



�9 �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�Q�7 ���M �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �7�Q�` ���M ���T�T�`�Q�t�B�K���i�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�X

�A�M �*�?���T�i�2�`�b�d���M�/�3�- �r�2 �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �m�i�B�H�B�i�v �Q�7 �i�?�2 �T�H���M�M�B�M�; �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2�/ �B�M �*�?���T�@

�i�2�`�b�j �i�?�`�Q�m�;�?�8�#�v ���/�/�`�2�b�b�B�M�; �i�?�2 �T�`�Q�#�H�2�K �Q�7 ���m�i�Q�M�Q�K�Q�m�b�H�v �H�Q�+���H�B�x�B�M�; �� �/�2�T�i�? �+�Q�M�i�Q�m�` �Q�`

�B�b�Q�#���i�? �r�B�i�?�B�M �� �#�Q�m�M�/�2�/ ���`�2�� �Q�7 �*�H���v�i�Q�` �H���F�2 �B�M �.�m�#�H�B�M�- �o���- �l�a���X �.�2�i�2�`�K�B�M�B�M�; �i�?�2 �H�Q�+���i�B�Q�M

�Q�7 ���M �B�b�Q�#���i�? �B�b ���M �B�K�T�Q�`�i���M�i �2�H�2�K�2�M�i �Q�7 �[�m�B�+�F�H�v �7�B�M�/�B�M�; �M���p�B�;���#�H�2 �T���i�?�b �B�M �r���i�2�`�r���v�b�X �A�M

�*�?���T�i�2�`�d�- �r�2 �m�i�B�H�B�x�2 ���M �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �#���b�2�/ �Q�M �+�H���b�b�B�7�B�+���i�B�Q�M ���K�#�B�;�m�B�i�v �(�R�R�-�j�y�) ���M�/ �T�2�`�@

�7�Q�`�K �2�t�T�2�`�B�K�2�M�i�b �m�b�B�M�; �� �b�B�M�;�H�2 ���l�o�X �A�M �*�?���T�i�2�`�3�- �r�2 �T�`�2�b�2�M�i �� �/�2�+�B�b�B�Q�M �i�?�2�Q�`�2�i�B�+ �Q�#�D�2�+�i�B�p�2

�7�m�M�+�i�B�Q�M ���M�/ �T�2�`�7�Q�`�K �2�t�T�2�`�B�K�2�M�i�b �m�b�B�M�; �i�2���K�b �Q�7 �k �Q�` �j ���l�o�b�X �h�?�`�Q�m�;�?�Q�m�i �i�?�2 �2�t�T�2�`�B�K�2�M�i�b

�T�`�2�b�2�M�i�2�/ �B�M �*�?���T�i�2�`�b�d���M�/�3�- �r�2 �B�M�i�2�;�`���i�2 �b�2�p�2�`���H �`�2�+�2�M�i �/�2�p�2�H�Q�T�K�2�M�i�b �7�Q�` �`�2���H�@�i�B�K�2 �B�b�Q�#���i�?

�H�Q�+���H�B�x���i�B�Q�M�- ���H�H �Q�7 �r�?�B�+�? �+���M �#�2 �2���b�B�H�v �K�Q�/�B�7�B�2�/ �7�Q�` �b�B�K�B�H���` �`�2���H�@�i�B�K�2 �K���T�T�B�M�; ���T�T�H�B�+���i�B�Q�M�b�,

�U�R�V �m�b�2 �Q�7 �� �b�T���`�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �7�Q�` �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �#���i�?�v�K�2�i�`�v�- �r�?�B�+�? �H�2���/�b �i�Q �� �+�Q�M�i�B�M�@

�m�Q�m�b �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���H�Q�M�; �r�B�i�? �� �`�B�;�Q�`�Q�m�b ���b�b�2�b�b�K�2�M�i �Q�7 �m�M�+�2�`�i���B�M�i�v�- ���M�/

�U�k�V �m�b�2 �Q�7 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2�/ �B�M �*�?���T�i�2�`�b�j �i�?�`�Q�m�;�?�8�r�?�B�+�? �2�M�b�m�`�2 �i�?���i �i�?�2

�+�m�K�m�H���i�B�p�2 �`�2�r���`�/ ���i�i���B�M�2�/ �Q�p�2�` �i�?�2 �+�Q�m�`�b�2 �Q�7 �� �K�B�b�b�B�Q�M �B�b �;�m���`���M�i�2�2�/ �i�Q ���+�?�B�2�p�2 �� �/�2�b�B�`�2�/

�H�Q�r�2�` �#�Q�m�M�/�X ���M �B�K�T�Q�`�i���M�i �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�B�b �r�Q�`�F �B�b �i�Q �/�2�b�+�`�B�#�2 �b�T�2�+�B�7�B�+ �B�K�T�H�2�K�2�M�i���i�B�Q�M

�b�Q�H�m�i�B�Q�M�b �M�2�2�/�2�/ �i�Q �B�M�i�2�;�`���i�2 ���M�/ �B�K�T�H�2�K�2�M�i �i�?�2�b�2 �B�/�2���b �7�Q�` �`�2���H�@�i�B�K�2 �Q�T�2�`���i�B�Q�M �Q�M ���l�o�b�X



�*�?���T�i�2�` �k

�_�2�+�2�/�B�M�; �>�Q�`�B�x�Q�M �S�H���M�M�B�M�;�,

�"���+�F�;�`�Q�m�M�/ ���M�/ �L�Q�i���i�B�Q�M

�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �+�?���H�H�2�M�;�2 �Q�7 �T�H���M�M�B�M�; �T���i�?�b �7�Q�` �b�2���`�+�? �K�B�b�b�B�Q�M�b �r�?�2�`�2 �i�?�2 �H�2�M�;�i�? �Q�7 ���M

�Q�T�i�B�K���H �b�2���`�+�? �T���i�? �B�b �i�Q�Q �H�Q�M�; �i�Q �#�2 �+�Q�K�T�m�i�2�/ �B�M �`�2���H�@�i�B�K�2�X �q�2 �/�Q �M�Q�i ���/�/�`�2�b�b �2�t�?���m�b�i�B�p�2

�b�2���`�+�? ���b �B�b �M�Q�`�K���H�H�v �� �T�`�B�K���`�v �;�Q���H �7�Q�` �+�Q�p�2�`���;�2 �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b �(�k�d�)�X �_���i�?�2�`�- �r�2

�b�2�2�F �b�Q�H�m�i�B�Q�M�b �7�Q�` �i�B�K�2�@�H�B�K�B�i�2�/ �Q�` �`�2�b�Q�m�`�+�2�@�H�B�K�B�i�2�/ �b�2���`�+�? �b�+�2�M���`�B�Q�b �r�?�2�`�2 �M�Q�i ���H�H �H�Q�+���i�B�Q�M�b

���`�2 �M�2�+�2�b�b���`�B�H�v �b�2���`�+�?�2�/�X �q�2 �+�Q�M�b�B�/�2�` �i�?���i �Q�T�i�B�K���H �T���i�?�b �K���t�B�K�B�x�2 �� �;�2�M�2�`���H �/�2�i�2�`�K�B�M�B�b�i�B�+

�p���H�m�2 �7�m�M�+�i�B�Q�M�X �A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �b�2���`�+�?�- �� �b�2�M�b�Q�` �K���v �T�2�`�7�Q�`�K �r�2�H�H �B�M �b�Q�K�2 ���`�2���b ���M�/ �T�Q�Q�`�H�v

�B�M �Q�i�?�2�`�b�X �h�?�m�b�- �r�2 �b�2�2�F �i�Q �T�H���M �b�2���`�+�? �T���i�?�b �i�?���i �K���t�B�K�B�x�2 �b�2���`�+�? �2�7�7�2�+�i�B�p�2�M�2�b�b�X �L���i�m�`���H�H�v�-

�i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �� �b�2���`�+�? �K�B�b�b�B�Q�M �B�b �b�i�Q�+�?���b�i�B�+�c �?�Q�r�2�p�2�`�- �i�?�2 ���M�i�B�+�B�T���i�2�/ �T�2�`�7�Q�`�K���M�+�2 �m�b�2�/

�7�Q�` �T�H���M�M�B�M�; �b�2���`�+�? �K�B�b�b�B�Q�M�b �B�b �/�2�i�2�`�K�B�M�B�b�i�B�+�X

�h�?�2 �T�`�Q�#�H�2�K �Q�7 �+�Q�K�T�m�i�B�M�; �b�2���`�+�? �T���i�?�b �r�B�i�? �� �/�B�b�+�`�2�i�2 �b�2�i �Q�7 �T�Q�b�b�B�#�H�2 ���+�i�B�Q�M�b �?���b �#�2�2�M

�b�?�Q�r�M �i�Q �#�2 �L�S�@�?���`�/ �(�9�k�)�X �_�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�? �T�H���M�M�B�M�; ���/�/�`�2�b�b�2�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v �Q�7 �T�H���M�M�B�M�; �H�Q�M�; �T���i�?�b�X �_�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�? �T�H���M�M�B�M�; �/�2�`�B�p�2�b �7�`�Q�K �`�2�+�2�/�B�M�;

�?�Q�`�B�x�Q�M �+�Q�M�i�`�Q�H�- ���H�b�Q �F�M�Q�r�M ���b �K�Q�/�2�H �T�`�2�/�B�+�i�B�p�2 �+�Q�M�i�`�Q�H �(�9�d�-�8�y�-�8�R�)�X �_�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �+�Q�M�i�`�Q�H

�b�Q�H�p�2�b �7�Q�` ���M �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �H���r �r�B�i�?�B�M �� �7�B�M�B�i�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M ���M�/ �2�t�2�+�m�i�2�b �� �T�Q�`�i�B�Q�M �Q�7

�i�?���i �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �Q�m�i �i�Q �� �7�B�M�B�i�2 �2�t�2�+�m�i�B�Q�M �?�Q�`�B�x�Q�M �i�?���i �B�b �b�?�Q�`�i�2�` �i�?���M �i�?�2 �T�H���M�M�B�M�;

�?�Q�`�B�x�Q�M�X ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �2�t�2�+�m�i�B�Q�M �?�Q�`�B�x�Q�M�- �� �M�2�r �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �B�b �+�Q�K�T�m�i�2�/�- ���M�/ �i�?�2

�T�`�Q�+�2�b�b �B�b �`�2�T�2���i�2�/ �m�M�i�B�H �i�?�2 �K�B�b�b�B�Q�M �B�b �+�Q�K�T�H�2�i�2�/ �B�X�2�X �m�M�i�B�H �i�?�2 ���H�H�Q�i�i�2�/ �i�B�K�2 �Q�` �`�2�b�Q�m�`�+�2�b

�8



�e �+�Ñ�ž�ÿ���¶�� �l�Y �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �T�ã�ž�é�é�Ô�é�Ì�- �#�ž�«�á�Ì���ñ���é�² �ž�é�² �M�ñ���ž���Ô�ñ�é

���`�2 �2�t�?���m�b�i�2�/ �Q�` �i�?�2 �/�2�b�B�`�2�/ �Q�m�i�+�Q�K�2 �B�b ���+�?�B�2�p�2�/�X �G�B�F�2�r�B�b�2�- �� �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�? �B�b

�+�Q�M�b�i�`�m�+�i�2�/ �B�i�2�`���i�B�p�2�H�v �#�v �b�Q�H�p�B�M�; �7�Q�` �� �b�?�Q�`�i �Q�T�i�B�K���H �Q�` �M�2���`�@�Q�T�i�B�K���H �T���i�?�- �i�`���p�2�`�b�B�M�; �i�?���i

�T���i�? �Q�m�i �i�Q �b�Q�K�2 �2�t�2�+�m�i�B�Q�M �?�Q�`�B�x�Q�M�- ���M�/ �`�2�T�2���i�B�M�; �i�?�2 �T�`�Q�+�2�b�b �Q�7 �T�H���M�M�B�M�; ���M�/ �2�t�2�+�m�i�B�M�;

�m�M�i�B�H �i�?�2 �b�2���`�+�? ���;�2�M�i �?���b �i�`���p�2�`�b�2�/ �� �T���i�? �Q�7 �i�?�2 �/�2�b�B�`�2�/ �H�2�M�;�i�?�X �h�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M

�B�b �;�2�M�2�`���H�H�v �+�?�Q�b�2�M �i�Q ���+�+�Q�K�K�Q�/���i�2 �i�B�K�2 �Q�` �+�Q�K�T�m�i���i�B�Q�M���H �`�2�b�Q�m�`�+�2 �+�Q�M�b�i�`���B�M�i�b �Q�7 �b�2���`�+�?

���;�2�M�i�b �b�Q�H�p�B�M�; �7�Q�` �Q�T�i�B�K���H �Q�` �M�2���`�@�Q�T�i�B�K���H �b�?�Q�`�i �T���i�?�b�X

�k�X�R �:�2�M�2�`���H �a�2���`�+�? �S�`�Q�#�H�2�K �.�2�b�+�`�B�T�i�B�Q�M

�q�2 �+�Q�M�b�B�/�2�` �� �b�2���`�+�? �`�2�;�B�Q�MG � R2�X ���Mn�@�H�2�M�;�i�? �T���i�? �i�?�`�Q�m�;�? �i�?�2 �b�2���`�+�? �`�2�;�B�Q�M �#�2�;�B�M�M�B�M�;

���i �i�?�2 �B�M�B�i�B���H �b�i���i�2p0 2 G �B�b �/�2�M�Q�i�2�/
 n (p0) ���M�/ �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �� �b�2�[�m�2�M�+�2 �Q�7 �H�Q�+���i�B�Q�M�b

f p0; p1; : : : ; png�X �� �b�2�[�m�2�M�+�2 �B�b �7�2���b�B�#�H�2 �B�7 �B�i �+���M �#�2 �i�`���p�2�`�b�2�/ �#�v �� �K�Q�#�B�H�2 �b�2���`�+�? ���;�2�M�i�X

�1�t�T�H�B�+�B�i�H�v�- �r�2 �+�Q�M�b�B�/�2�` �i�?���i �i�?�2 �b�i���i�2 �Q�7 �� �K�Q�#�B�H�2 �b�2���`�+�? ���;�2�M�i ���i �i�B�K�2t �K���v �#�2 �`�2�T�`�2�b�2�M�i�2�/

�#�v �i�?�2 �i�m�T�H�2st = f pt ; xtg �r�?�2�`�2x t �;�B�p�2�b ���H�H �b�i���i�2�b �Q�7 �i�?�2 �K�Q�#�B�H�2 �b�2���`�+�? ���;�2�M�i �2�t�+�H�m�/�B�M�;

�i�?�2 �T�Q�b�B�i�B�Q�M �b�i���i�2�bpt �X �q�2 �b���v �i�?���i �� �b�i���i�2st �B�b �7�2���b�B�#�H�2 �7�`�Q�K �i�?�2 �b�i���i�2st � 1 �B�7 �i�?�2�`�2 �2�t�B�b�i�b

���M ���+�i�B�Q�Ma ���p���B�H���#�H�2 �i�Q �i�?�2 �b�2���`�+�? ���;�2�M�i �b�m�+�? �i�?���i ���T�T�H�v�B�M�;a �i�Q �i�?�2 �b�i���i�2st � 1 �`�2�b�m�H�i�b

�B�M �i�?�2 �M�2�r �b�i���i�2st �X ���Mn�@�H�2�M�;�i�? �T���i�? �K���v �i�?�2�M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �� �b�2�[�m�2�M�+�2 �Q�7 �b�i���i�2�b


 n (s0) = f s0; s1; : : : ; sng�X �h�?�2 �b�2�i �Q�7 ���H�H �7�2���b�B�#�H�2n�@�H�2�M�;�i�? �T���i�?�b �#�2�;�B�M�M�B�M�; ���i �b�i���i�2s0 �B�b

�/�2�M�Q�i�2�/� n (s0)�X

�h�?�2 �p���H�m�2 �Q�7 �� �T���i�? �B�b �;�B�p�2�M �#�v

J (
 n (s0)) =
nX

i =1

g(si ; si � 1; : : : ; s0) �U�k�X�R�V

�r�?�2�`�2g �B�b �� �M�Q�M�@�M�2�;���i�B�p�2 �7�m�M�+�i�B�Q�M �i�?���i �`�2�i�m�`�M�b �i�?�2 ���M�i�B�+�B�T���i�2�/ �p���H�m�2 �Q�7 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M

�;���B�M�2�/ �r�?�B�H�2 �i�`���M�b�B�i�B�Q�M�B�M�; �7�`�Q�K �Q�M�2 �b�i���i�2 �i�Q �i�?�2 �M�2�t�i�X �q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �p���H�m�2 �Q�7 �B�M�7�Q�`�K���@



�l�Y�l�Y �M�ñ���ž���Ô�ñ�é �Å�ñ�� �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �T�ž���Ñ�� �d

�i�B�Q�M �;���B�M�2�/ �B�b �/�2�T�2�M�/�2�M�i �Q�M �T�`�2�p�B�Q�m�b�H�v �p�B�b�B�i�2�/ �H�Q�+���i�B�Q�M�b�X �h�?���i �B�b�-g(si ; si � 1; : : : ; s0) �`�2�i�m�`�M�b

�i�?�2 �p���H�m�2 �Q�7 �i�`���M�b�B�i�B�Q�M�B�M�; �7�`�Q�K �b�i���i�2si � 1 �i�Qsi �;�B�p�2�M ���H�H �b�i���i�2�b �Q�` �H�Q�+���i�B�Q�M�b �r�?�2�`�2 �b�2�M�b�Q�`

�K�2���b�m�`�2�K�2�M�i�b �?���p�2 �#�2�2�M �+�Q�H�H�2�+�i�2�/�X �A�M �2�b�b�2�M�+�2�- �B�7 �� �H�Q�+���i�B�Q�M �?���b �#�2�2�M �b�2���`�+�?�2�/ �#�2�7�Q�`�2 �i�?�2�M

�i�?�2 �`�2�r���`�/ �7�Q�` �b�2���`�+�?�B�M�; �i�?�2 �H�Q�+���i�B�Q�M ���;���B�M �r�B�H�H �H�B�F�2�H�v �#�2 �/�B�b�+�Q�m�M�i�2�/�X

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �b�2���`�+�?�- �i�?�2 �;�Q���H �B�b �i�Q �T�H���M �� �T���i�? �i�?���i �K���t�B�K�B�x�2�b �i�?�2 ���K�Q�m�M�i �Q�7 �B�M�7�Q�`�K���i�B�Q�M

�;���B�M�2�/ �r�?�B�H�2 �i�`���p�2�`�b�B�M�; �i�?�2 �T���i�?�X �h�?�2 �Q�T�i�B�K���H �T���i�? �r�B�i�? �`�2�b�T�2�+�i �i�Q �U�k�X�R�V �B�b


 �
n (s0) = ���`�; �K���t


 n (s0 )2 � n (s0 )
J (
 n (s0)) �U�k�X�k�V

�r�B�i�? �p���H�m�2

J (
 �
n (s0)) = �K���t


 n (s0 )2 � n (s0 )
J (
 n (s0)) : �U�k�X�j�V

�6�Q�` �M�Q�i���i�B�Q�M���H �b�B�K�T�H�B�+�B�i�v �r�2 �/�2�7�B�M�2

g(si ) , g(si ; si � 1; : : : ; s0) �U�k�X�9�V

���M�/

Jn (s0) , J (
 n (s0)) �U�k�X�8�V

�k�X�k �L�Q�i���i�B�Q�M �7�Q�` �_�2�+�2�/�B�M�; �>�Q�`�B�x�Q�M �S���i�?�b

�_�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�?�b ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �� �b�2�[�m�2�M�+�2 �Q�7n�@�H�2�M�;�i�? �Q�T�i�B�K���H �Q�` �M�2���`�@�Q�T�i�B�K���H

�T���i�?�b�X �6�Q�` �i�?�B�b �/�B�b�+�m�b�b�B�Q�M�- �r�2 �T�`�2�b�m�K�2 �i�?���i �� �b�2���`�+�? ���;�2�M�i �B�b ���#�H�2 �i�Q �b�Q�H�p�2 �7�Q�` �Q�T�i�B�K���H

n�@�H�2�M�;�i�? �T���i�?�b�c ���M�/ �� �M�2�r�-n�@�H�2�M�;�i�?�- �Q�T�i�B�K���H �T���i�? �B�b �+�Q�K�T�m�i�2�/ ���7�i�2�` �i�`���p�2�`�b�B�M�; �� �b�B�M�;�H�2

�b�i�2�T ���H�Q�M�; �i�?�2 �T�`�2�p�B�Q�m�b�H�v �+�Q�K�T�m�i�2�/n�@�H�2�M�;�i�? �Q�T�i�B�K���H �T���i�? �Q�`�- �B�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �2�t�2�+�m�i�B�Q�M



�3 �+�Ñ�ž�ÿ���¶�� �l�Y �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �T�ã�ž�é�é�Ô�é�Ì�- �#�ž�«�á�Ì���ñ���é�² �ž�é�² �M�ñ���ž���Ô�ñ�é

�?�Q�`�B�x�Q�M �B�b �Q�M�2 �b�i�2�T�X �h�?�2r �@�H�2�M�;�i�? �_�> �T���i�? �B�b �/�2�M�Q�i�2�/

Pr = f s0; s1; : : : ; sr g �U�k�X�e�V

�"�2�+���m�b�2 �i�?�2 �_�> �T���i�? �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �� �b�2�[�m�2�M�+�2 �Q�7 �b�B�M�;�H�2 �b�i�2�T�b �i�?���i �+�Q�K�2 �7�`�Q�K �Q�T�i�B�K���H

n�@�H�2�M�;�i�? �T���i�?�b�-

f sj ; sj +1 g � Pr �U�k�X�d�V

���`�2 �i�?�2 �7�B�`�b�i �i�r�Q �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �Q�T�i�B�K���H �T���i�?
 �
n (sj ) �7�Q�` ���H�Hj + 1 � r �X

�h�Q �+�H���`�B�7�v�- �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �_�> �T���i�? �T�`�Q�+�2�2�/�b ���b �7�Q�H�H�Q�r�b�X �"�2�;�B�M�M�B�M�; ���i �i�?�2 �B�M�B�i�B���H �b�i���i�2

s0�- ���M �Q�T�i�B�K���H �T���i�?
 �
n (s0) �B�b �+�Q�K�T�m�i�2�/ �r�B�i�? �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn�X �h�?�2 �b�2���`�+�? ���;�2�M�i

�i�`���p�2�`�b�2�b �i�?�2 �7�B�`�b�i �b�i�2�T �Q�7 �i�?�2 �T���i�?
 �
n (s0)�X �h�?�m�b �i�?�2 �7�B�`�b�i �k �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �_�> �T���i�? ���`�2

P1 = f s0; s1g � 
 �
n (s0)�X �h�?�2 �Q�T�i�B�K���H �T���i�?
 �

n (s1) �B�b �+�Q�K�T�m�i�2�/�- ���M�/ �i�?�2 �T�`�Q�+�2�b�b �`�2�T�2���i�b �m�M�i�B�H

�i�?�2 �K�B�b�b�B�Q�M �B�b �+�Q�K�T�H�2�i�2�/�X

�h�?�2 �p���H�m�2 �Q�7 �� �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�?Pr �B�b

J (Pr ) =
rX

i =1

g(si ) �U�k�X�3�V

�r�?�2�`�2g �B�b �i�?�2 �M�Q�M�@�M�2�;���i�B�p�2 �7�m�M�+�i�B�Q�M �B�M �U�k�X�R�V�X

�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i�- �/�2�b�T�B�i�2 �#�2�B�M�; �+�Q�K�T�Q�b�2�/ �Q�7 �b�i�2�T�b ���H�Q�M�; �Q�T�i�B�K���H �T���i�?�b�- �� �`�2�+�2�/�B�M�; �?�Q�`�B�@

�x�Q�M �T���i�? �/�Q�2�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �`�2�i���B�M �Q�T�i�B�K���H�B�i�v �T�`�Q�T�2�`�i�B�2�b�X �A�M �7���+�i�- �K�v�Q�T�B�+ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�b

�+���M �H�2���/ ���;�2�M�i�b �i�Q �K���F�2 �T�Q�Q�` �/�2�+�B�b�B�Q�M�b �B�M �i�?�2 �b�+�Q�T�2 �Q�7 �� �b�2���`�+�? �K�B�b�b�B�Q�M �#�v �Q�p�2�`�2�K�T�?���b�B�x�B�M�;

�B�K�K�2�/�B���i�2 �`�2�r���`�/�b �H�2���/�B�M�; �i�Q �T�Q�Q�` �Q�p�2�`���H�H �T�2�`�7�Q�`�K���M�+�2�X



�*�?���T�i�2�` �j

�S�2�`�7�Q�`�K���M�+�2 �:�m���`���M�i�2�2�b �7�Q�` �_�2�+�2�/�B�M�;

�>�Q�`�B�x�Q�M �a�2���`�+�? �r�B�i�? �h�2�`�K�B�M���H

�_�2�r���`�/�b

�q�2 �T�`�2�b�2�M�i �� �M�Q�p�2�H �K�2�i�?�Q�/ �Q�7 �m�b�B�M�; �i�2�`�K�B�M���H �`�2�r���`�/�b �B�M �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �`�2�+�2�/�B�M�;

�?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�?�X �q�2 �T�`�Q�p�2 �i�?���i �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �b�2���`�+�? �T���i�?�b

�T�`�Q�p�B�/�2�b �� �i�?�2�Q�`�2�i�B�+���H �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �b�2���`�+�? �T���i�?�X �P�m�` �`�2�b�m�H�i �+���M �#�2

�B�M�i�2�`�T�`�2�i�2�/ ���b �2�M�b�m�`�B�M�; �i�?���i �i�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�? �T�2�`�7�Q�`�K�b �M�Q �r�Q�`�b�2 �B�M �2�t�T�2�+�i���i�B�Q�M �i�?���M

�� �;�B�p�2�M �b�m�#�@�Q�T�i�B�K���H �b�2���`�+�? �T���i�?�X �h�?�B�b �`�2�b�m�H�i �B�b �2�b�T�2�+�B���H�H�v �T�`���+�i�B�+���H �7�Q�` �b�m�#�b�2�� ���T�T�H�B�+���i�B�Q�M�b

�r�?�2�`�2�- �/�m�2 �i�Q �m�b�2 �Q�7 �b�B�/�2�@�b�+���M �b�Q�M���` �B�M �b�2���`�+�? ���T�T�H�B�+���i�B�Q�M�b�- �b�2���`�+�? �T���i�?�b �i�v�T�B�+���H�H�v �+�Q�M�b�B�b�i

�Q�7 �T���`���H�H�2�H �b�i�`���B�;�?�i �H�B�M�2�b�X �h�?�m�b �7�Q�` �b�m�#�b�2�� �b�2���`�+�? ���T�T�H�B�+���i�B�Q�M�b�- �Q�m�` ���T�T�`�Q���+�? �2�M�b�m�`�2�b �i�?���i

�2�t�T�2�+�i�2�/ �T�2�`�7�Q�`�K���M�+�2 �B�b �M�Q �r�Q�`�b�2 �i�?���M �i�?�2 �m�b�m���H �b�m�#�b�2�� �b�2���`�+�? �T���i�?�- ���M�/ �B�i �K�B�;�?�i �#�2 �K�m�+�?

�#�2�i�i�2�`�X �q�2 �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�7�7�B�+���+�v �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �#�v �T�H���M�M�B�M�; �b�2���`�+�? �T���i�?�b �B�M

�b�B�K�m�H���i�B�Q�M �m�b�B�M�; �`�2���H�@�r�Q�`�H�/ �/���i�� �i�?���i �r���b ���+�[�m�B�`�2�/ �#�v ���M ���m�i�Q�M�Q�K�Q�m�b �m�M�/�2�`�r���i�2�` �p�2�?�B�+�H�2

�/�m�`�B�M�; �� �b�m�#�b�2�� �b�m�`�p�2�v �Q�7 �"�Q�b�i�Q�M �>���`�#�Q�`�X

�N



�R�y
�+�Ñ�ž�ÿ���¶�� �k�Y �T�¶���Å�ñ���è�ž�é�«�¶ �;���ž���ž�é���¶�¶�� �Å�ñ�� �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �b�¶�ž���«�Ñ �'�Ô���Ñ �i�¶���è�Ô�é�ž�ã

�`�¶�'�ž���²��

�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�h�?�2 �K���B�M �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�B�b �+�?���T�i�2�` �B�b �� �K�2�i�?�Q�/ �Q�7 �B�M�+�Q�`�T�Q�`���i�B�M�; �i�2�`�K�B�M���H �`�2�r���`�/�b �B�M�i�Q ��

�`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�? �T�H���M�M�2�` �b�m�+�? �i�?���i �i�?�2 �`�2�b�m�H�i���M�i �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�?�b

���`�2 �i�?�2�Q�`�2�i�B�+���H�H�v �;�m���`���M�i�2�2�/ �i�Q �T�2�`�7�Q�`�K ���i �H�2���b�i ���b �r�2�H�H ���b ���M�v �T���i�? �i�?���i �B�b ���H�`�2���/�v ���p���B�H���#�H�2�X

�6�Q�` �� �b�m�#�b�2�� �b�2���`�+�? �K�B�b�b�B�Q�M�- �� �i�v�T�B�+���H �b�2���`�+�? �T���i�? �B�b �� �b�2�[�m�2�M�+�2 �Q�7 �T���`���H�H�2�H �b�i�`���B�;�?�i �H�B�M�2�b

�+���H�H�2�/ �� �ó�H���r�M �K�Q�r�2�`�ô �Q�` �ó�K�Q�r�B�M�; �i�?�2 �H���r�M�ô �T���i�?�X �A�M �i�?�B�b �+���b�2�- �Q�m�` ���T�T�`�Q���+�? �B�b �;�m���`���M�i�2�2�/

�i�Q �T�2�`�7�Q�`�K �M�Q �r�Q�`�b�2 �i�?���M �� �K�Q�r�B�M�; �i�?�2 �H���r�M �T���i�? �B�M �2�t�T�2�+�i���i�B�Q�M�- ���M�/ �K�B�;�?�i �T�2�`�7�Q�`�K �K�m�+�?

�#�2�i�i�2�`�X �h�?�2 �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �+�?���T�i�2�` ���M�/ �B�M �*�?���T�i�2�`�j ���`�2 �B�M�b�T�B�`�2�/ �#�v �r�Q�`�F�b �B�M

�`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �+�Q�M�i�`�Q�H �b�m�+�? ���b �(�R�N�-�j�d�-�8�3�) ���M�/ �(�9�3�)�X

�P�M�2 �Q�7 �i�?�2 �+�?���H�H�2�M�;�2�b �7�Q�` �T���i�? �T�H���M�M�B�M�; �m�b�B�M�; �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �U�_�>�V �K�2�i�?�Q�/�b �Q�+�+�m�`�b �r�?�2�M

���M ���;�2�M�i �B�b �m�M���#�H�2 �i�Q �2�7�7�2�+�i�B�p�2�H�v �+�Q�M�b�i�`�m�+�i �/�2�b�B�`���#�H�2 �T���i�?�b �#�2�+���m�b�2 �Q�7 �H�Q�+���H �2�t�i�`�2�K�� �B�M �i�?�2

�b�2���`�+�? �b�T���+�2 �i�?���i ���`�B�b�2 �/�m�2 �i�Q �K�v�Q�T�B�+ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�b �(�d�j�)�X �u�Q�Q �2�i ���H�X �(�d�d�) �T�`�Q�T�Q�b�2

�� �K�2�i�?�Q�/ �i�Q ���/�/�`�2�b�b �i�?�2 �/�2�7�B�+�B�2�M�+�B�2�b �Q�7 �_�> �T�H���M�M�B�M�; �#�v �2�t�i�2�M�/�B�M�; �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M

�m�M�i�B�H �i�?�2 �2�t�T�2�+�i�2�/ �`�2�r���`�/ �b���i�B�b�7�B�2�b �� �;�B�p�2�M �i�?�`�2�b�?�Q�H�/ �b�m�+�? �i�?���i �i�?�2 �`�2�b�m�H�i���M�i �T���i�? �D�m�K�T�b

�7�`�Q�K �i�?�Q�`�Q�m�;�?�H�v �2�t�T�H�Q�`�2�/ ���`�2���b �i�Q �m�M�2�t�T�H�Q�`�2�/ ���`�2���b �i�?���i �T�Q�b�b�2�b�b �?�B�;�? �`�2�r���`�/�X �A�M �(�9�- �9�e�-

�8�9�) ���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �K�B�M�B�K�m�K �7�2���b�B�#�H�2 ���`�`�B�p���H �i�B�K�2 �i�Q �� �;�Q���H �H�Q�+���i�B�Q�M �B�b �m�b�2�/ ���b ��

�i�2�`�K�B�M���H �+�Q�b�i �i�Q �?�2�H�T �i�?�2 �+�Q�M�i�`�Q�H�H�2�` �;�2�M�2�`���i�2 �7�2���b�B�#�H�2 �T���i�?�b �B�M �+�Q�K�T�H�2�t �2�M�p�B�`�Q�M�K�2�M�i�b ���M�/

���p�Q�B�/ �#�2�+�Q�K�B�M�; �i�`���T�T�2�/ �B�M �+�Q�M�+���p�2 �Q�#�b�i���+�H�2�b�X �h�?�2 ���T�T�`�Q���+�?�2�b �T�`�2�b�2�M�i�2�/ �B�M �(�9�-�9�e�-�d�d�) ���M�/

�(�8�9�)�- ���`�2 �b�?�Q�r�M �i�Q �#�2 �2�7�7�2�+�i�B�p�2 �m�b�B�M�; �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�c �?�Q�r�2�p�2�`�- �M�Q �7�Q�`�K���H �T�2�`�7�Q�`�K���M�+�2

�;�m���`���M�i�2�2 �B�b �T�`�Q�p�B�/�2�/�X �q�2 �M�Q�i�2 �i�?���i �B�i �B�b �b�?�Q�r�M �B�M �(�8�9�) �i�?���i �� �i�2�`�K�B�M���H �`�2�r���`�/ �B�b �� �#�Q�m�M�/ �Q�M

�i�?�2 �`�2�r���`�/ �Q�7 �i�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �i�`���D�2�+�i�Q�`�v �T�H�m�b �i�?�2 �i�2�`�K�B�M���H �`�2�r���`�/ ���i �i�?�2 �M�2�t�i �B�i�2�`���i�B�Q�M�X

�P�m�` ���T�T�`�Q���+�?�- �r�?�B�+�? �#�m�B�H�/�b �m�T�Q�M �i�?�2 �b���K�2 �B�M�b�B�;�?�i�- �T�`�Q�p�B�/�2�b �� �;�m���`���M�i�2�2�/ �H�Q�r�2�` �#�Q�m�M�/ �Q�M

�2�t�T�2�+�i�2�/ �b�2���`�+�? �T�2�`�7�Q�`�K���M�+�2 �7�Q�` ���M �2�M�i�B�`�2 �K�B�b�b�B�Q�M�X

�h�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M ���T�T�`�Q���+�? �/�2�b�+�`�B�#�2�/ �B�M �(�k�y�) �B�b �b�B�K�B�H���` �i�Q �Q�m�`�b�- �2�t�+�2�T�i �i�?���i �B�M �(�k�y�) ��



�k�Y�S�Y �B�é�����ñ�²���«���Ô�ñ�é �R�R

�G�v���T�m�M�Q�p�@�H�B�F�2 �+�Q�M�b�i�`���B�M�i �B�b ���T�T�2�M�/�2�/ �i�Q �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�- ���M�/ ���i �2���+�? �H�Q�+���i�B�Q�M �B�M

�i�?�2 �r�Q�`�F�b�T���+�2�- �i�?�2�`�2 �K�m�b�i �#�2 �� �M�2�t�i �b�i�2�T �7�Q�` �r�?�B�+�? �i�?�2 �G�v���T�m�M�Q�p�@�H�B�F�2 �7�m�M�+�i�B�Q�M �/�2�+�`�2���b�2�b�X

�q�2 ���+�?�B�2�p�2 �� �b�B�K�B�H���` �`�2�b�m�H�i �m�b�B�M�; �� �i�2�`�K�B�M���H �`�2�r���`�/ �B�M�b�i�2���/ �Q�7 �� �+�Q�M�b�i�`���B�M�i�X �h�?�2 �i�2�`�K�B�M���H

�`�2�r���`�/ �B�b �`�2�[�m�B�`�2�/ �i�Q �+�Q�M�p�2�`�;�2 �i�Q �x�2�`�Q �Q�p�2�` �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �_�> �Q�T�i�B�K�B�x���i�B�Q�M �b�Q�H�m�i�B�Q�M�b�- �#�m�i �B�i

�B�b �M�Q�i �`�2�[�m�B�`�2�/ �i�Q �+�Q�M�p�2�`�;�2 �K�Q�M�Q�i�Q�M�B�+���H�H�v�X �A�i �B�b �T�`�Q�p�2�M �B�M �(�k�y�) �i�?���i �� �i�2�`�K�B�M���H �+�Q�M�b�i�`���B�M�i �+���M

�#�2 �m�b�2�/ �i�Q �;�m���`���M�i�2�2 �+�Q�M�p�2�`�;�2�M�+�2 �i�Q �� �/�2�b�B�`�2�/ �b�i���i�2�X �A�M �+�Q�M�i�`���b�i�- �i�?�2 �K�2�i�?�Q�/ �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b

�+�?���T�i�2�` �m�b�2�b �b�m�#�@�Q�T�i�B�K���H �T���i�?�b �i�Q �/�2�i�2�`�K�B�M�2 �i�2�`�K�B�M���H �`�2�r���`�/�b �7�Q�` �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�?

�T���i�?�b�X �A�i �B�b �T�`�Q�p�2�M �i�?���i �i�?�2�b�2 �b�m�#�@�Q�T�i�B�K���H �T���i�?�b �T�`�Q�p�B�/�2 �� �H�Q�r�2�` �#�Q�m�M�/ �i�Q �i�?�2 �T�2�`�7�Q�`�K���M�+�2

�Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �_�> �T���i�?�X

�q�2 �M�Q�i�2 �i�?���i �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �;�m���`���M�i�2�2�b �T�`�Q�p�B�/�2�/ �B�M �i�?�B�b �+�?���T�i�2�` �/�Q �M�Q�i �B�K�T�H�v �Q�T�i�B�K���H�B�i�v�-

�i�?�2�v �b�B�K�T�H�v �;�m���`���M�i�2�2 �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �T�2�`�7�Q�`�K���M�+�2�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �K�2�i�?�Q�/ �2�M�b�m�`�2�b

�i�?���i �� �`�2�+�2�/�B�M�;�@�?�Q�`�B�x�Q�M �T���i�? �/�Q�2�b �M�Q�i �#�2�?���p�2 �T�Q�Q�`�H�v�X �� �H�B�K�B�i���i�B�Q�M �Q�7 �Q�m�` ���T�T�`�Q���+�? �B�b �i�?�2

�2�t�B�b�i�2�M�+�2 �Q�7 �b�m�B�i���#�H�2 �i�2�`�K�B�M���H �`�2�r���`�/�b�X �6�Q�` �b�m�#�b�2�� �b�2���`�+�? ���T�T�H�B�+���i�B�Q�M�b�- �i�2�`�K�B�M���H �`�2�r���`�/�b �+���M

�#�2 �/�2�`�B�p�2�/ �7�`�Q�K �i�v�T�B�+���H �b�m�#�@�Q�T�i�B�K���H �b�2���`�+�? �T���i�?�b�X

�h�?�B�b �*�?���T�i�2�` �B�b �Q�`�;���M�B�x�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���M�M�2�`�X �h�?�2 �m�b�2 �Q�7 �i�2�`�K�B�M���H �`�2�r���`�/�b �B�M �i�?�2

�+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�? ���M�/ �T�2�`�7�Q�`�K���M�+�2 �;�m���`���M�i�2�2�b ���`�2 �/�B�b�+�m�b�b�2�/ �B�M

�a�2�+�i�B�Q�M�j�X�k�X �q�2 �/�2�K�Q�M�b�i�`���i�2 �B�M �b�B�K�m�H���i�B�Q�M�- �m�b�B�M�; �`�2���H�@�r�Q�`�H�/ �/���i���- �i�?���i �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/

�M�Q�i �Q�M�H�v �T�`�Q�p�B�/�2�b �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�?�-

�#�m�i �i�?���i �i�?�2 �b�2���`�+�? �T���i�?�b �T�`�Q�/�m�+�2�/ �m�b�B�M�; �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �T�2�`�7�Q�`�K �b�B�;�M�B�7�B�+���M�i�H�v �#�2�i�i�2�`

�i�?���M �i�?�B�b �i�?�2�Q�`�2�i�B�+���H �H�Q�r�2�` �#�Q�m�M�/ �B�M �K�Q�b�i �+���b�2�b�X �A�M �a�2�+�i�B�Q�M�j�X�j�r�2 ���H�b�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i

�b�2���`�+�? �T���i�?�b �+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�; �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ ���`�2 �+�Q�K�T�2�i�B�i�B�p�2 �r�B�i�? �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M

�b�2���`�+�? �T���i�?�b �;�2�M�2�`���i�2�/ �r�B�i�? �K�m�+�? �H�Q�M�;�2�` �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�b�X



�R�k
�+�Ñ�ž�ÿ���¶�� �k�Y �T�¶���Å�ñ���è�ž�é�«�¶ �;���ž���ž�é���¶�¶�� �Å�ñ�� �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �b�¶�ž���«�Ñ �'�Ô���Ñ �i�¶���è�Ô�é�ž�ã

�`�¶�'�ž���²��

�j�X�k �h�?�2 �o���H�m�2�@�i�Q�@�:�Q ���M�/ �h�2�`�K�B�M���H �_�2�r���`�/�b

�h�Q ���/�/�`�2�b�b �i�?�2 �T�`�Q�#�H�2�K �Q�7 �T�Q�Q�` �T�2�`�7�Q�`�K���M�+�2 �+���m�b�2�/ �#�v �K�v�Q�T�B�+ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�b�- �r�2 �+�Q�M�b�B�/�2�`

�� �T���i�? �Q�7 �H�2�M�;�i�?l � n�X �"�v �2�[�m���i�B�Q�M �U�k�X�R�V�- �i�?�2 �`�2�r���`�/ ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2l �@�H�2�M�;�i�? �T���i�? �B�b

Jl (s0) =
lX

i =1

g(si ): �U�j�X�R�V

�q�2 �M�Q�i�2 �i�?���i �i�?�2 �b�m�K�K���i�B�Q�M �Q�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�R�V �K���v �#�2 �b�2�T���`���i�2�/ �B�M�i�Q �k �T���`�i�b

���M�/ �r�`�B�i�i�2�M ���b

Jl (s0) =
nX

i =1

g(si ) +
lX

j = n+1

g(sj ): �U�j�X�k�V

�q�2 �+���H�H �i�?�2 �`�B�;�?�i�@�K�Q�b�i �b�m�K�K���i�B�Q�M �B�M �U�j�X�k�V �i�?�2�p���H�m�2�@�i�Q�@�;�Q�X �L�Q�i�B�+�2 �i�?���i �i�?�2 �7�B�`�b�i �b�m�K�K���i�B�Q�M

�Q�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�k�V �`�2�T�`�2�b�2�M�i�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �T�Q�`�i�B�Q�M �Q�7 �� �T���i�? �i�?���i �+���M �#�2

�+�Q�K�T�m�i�2�/ �Q�T�i�B�K���H�H�v ���M�/ �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �`�2�T�`�2�b�2�M�i�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�2 �T���i�?

�i�?���i �B�b �M�Q�`�K���H�H�v �B�;�M�Q�`�2�/ �r�?�2�M �T�H���M�M�B�M�; �� �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�?�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �p���H�m�2 �Q�7 �i�?�2

�Q�T�i�B�K���Hl�@�H�2�M�;�i�? �T���i�? �K���v �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b

J �
l (s0) = �K���t


 n (s0 )2 � n (s0 )

�
Jn (s0) + J �

l � n (sn )
�

: �U�j�X�j�V

�q�2 �b�T�2�+�B�7�B�+���H�H�v ���b�b�m�K�2 �i�?���i �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �`�2�T�`�2�b�2�M�i�b �i�?�2 �K���t�B�K�m�K ���+�?�B�2�p���#�H�2 �p���H�m�2 �Q�7 �i�?�2

�`�B�;�?�i�@�K�Q�b�i �b�m�K�K���i�B�Q�M �B�M �U�j�X�k�V ���b �B�M �U�j�X�j�V�X

�q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �b�2���`�+�? ���;�2�M�i �?���b �Q�M�H�v �b�m�7�7�B�+�B�2�M�i �+�Q�K�T�m�i���i�B�Q�M���H �`�2�b�Q�m�`�+�2�b �i�Q �+�Q�K�T�m�i�2n�@

�H�2�M�;�i�? �Q�T�i�B�K���H �T���i�?�b�X �h�?�m�b�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2�`�2 �2�t�B�b�i�b �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q�X

�.�2�7�B�M�B�i�B�Q�M �j�X�R�X�� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �B�M�j�X�k�B�b �i�?�2 �7�m�M�+�i�B�Q�MB l (sn ) �i�?���i �b���i�B�b�7�B�2�b

B l (sn ) � J �
l � n (sn ) �U�j�X�9�V



�k�Y�l�Y �i�Ñ�¶ �p�ž�ã���¶�A���ñ�A�;�ñ �ž�é�² �i�¶���è�Ô�é�ž�ã �`�¶�'�ž���²�� �R�j

�7�Q�` ���H�Hn � l �r�B�i�?B l (sl ) = 0 �- ���M�/ �7�Q�` �i�?�2 �B�M�7�B�M�B�i�2 �+���b�2 �r�?�2�`�2l = 1 �-B l (sr ) ! 0 ���br ! 1 �X

�q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �K���v �#�2 �2�7�7�B�+�B�2�M�i�H�v �+�Q�K�T�m�i�2�/ �B�M �`�2���H�@�i�B�K�2�X

�l�b�B�M�; �i�?�B�b �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q�- �r�2 �/�2�7�B�M�2 �i�?�2 �p���H�m�2 �Q�7 ���Mn�@�H�2�M�;�i�? �T���i�? ���b

V(
 n (s0)) = Jn (s0) + B l (sn ) �U�j�X�8�V

�6�Q�` �M�Q�i���i�B�Q�M���H �b�B�K�T�H�B�+�B�i�v �r�2 �/�2�7�B�M�2

Vn (s0) , V(
 n (s0)) �U�j�X�e�V

���M �Q�T�i�B�K���H �T���i�? �r�B�i�? �`�2�b�T�2�+�i �i�Q �U�j�X�8�V �B�b �M�Q�r �B�b �M�Q�r �/�2�7�B�M�2�/ ���b


 �
n (s0) = ���`�; �K���t


 n (s0 )2 � n (s0 )
Vn (s0) �U�j�X�d�V

�r�B�i�? �p���H�m�2

V�
n (s0) = �K���t


 n (s0 )2 � n (s0 )
Vn (s0) �U�j�X�3�V

�L�Q�i�B�+�2 �i�?�2 �b�B�K�B�H���`�B�i�v �#�2�i�r�2�2�M �U�j�X�8�V ���M�/ �U�j�X�j�V�X �h�?�2 �B�M�i�m�B�i�B�Q�M �#�2�?�B�M�/ �U�j�X�8�V �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�;�X

�A�7 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �K���v �#�2 �7�Q�m�M�/ �2�7�7�B�+�B�2�M�i�H�v ���M�/ ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �p���H�m�2

�Q�7 �i�?�2 �Q�T�i�B�K���H �p���H�m�2�@�i�Q�@�;�Q�- �i�?�2�M �i�?�2 �p���H�m�2 �Q�7 ���Mn�@�H�2�M�;�i�? �T���i�? �r�B�i�? ���M ���T�T�2�M�/�2�/ �i�2�`�K�B�M���H

�`�2�r���`�/ ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �Q�T�i�B�K���Hl�@�H�2�M�;�i�? �T���i�?�X �A�M �T�`���+�i�B�+�2�- �B�i �K���v �#�2 �/�B�7�7�B�+�m�H�i

�i�Q �2�7�7�B�+�B�2�M�i�H�v ���T�T�`�Q�t�B�K���i�2 �i�?�2 �p���H�m�2�@�i�Q�@�;�Q�X ���b �b�m�+�?�- �r�2 �/�Q �M�Q�i �b�2�2�F �i�Q �T�H���M �Q�T�i�B�K���H �T���i�?�b�-

�#�m�i �B�M�b�i�2���/ �r�2 �b�2�2�F �i�Q �T�`�Q�p�B�/�2 �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2 �Q�7 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�?�b

�i�?���i ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �Q�T�i�B�K���Hl�@�H�2�M�;�i�? �T���i�? ���b �M�2���`�H�v ���b �B�b �7�2���b�B�#�H�2�X

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�a�m�T�T�Q�b�2 �i�?�2l �@�H�2�M�;�i�? � �̀2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�?P l �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �R�@�b�i�2�T �b�2�@

�[�m�2�M�+�2�b ���H�Q�M�; �� �b�2�[�m�2�M�+�2 �Q�7n�@�H�2�M�;�i�? �Q�T�i�B�K���H �T���i�?�b �i�?���i �K���t�B�K�B�x�2�U�j�X�8�V�X �6�Q�` �2�p�2�`�vn�@�H�2�M�;�i�?
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�`�¶�'�ž���²��

�Q�T�i�B�K���H �T���i�?


 �
n (sr ) = f sr ; s�

r +1 ; : : : ; s�
r + ng �U�j�X�N�V

�b�m�T�T�Q�b�2 �i�?���i �i�?�2� �̀2 �2�t�B�b�i�b �� �H�Q�+���i�B�Q�M~sr + n �i�?���i �B�b �7�2���b�B�#�H�2 �7� �̀Q�Ks�
r + n� 1 �7�Q�` �r�?�B�+�?

g(~sr + n ) + B l (~sr + n ) � B l (s�
r + n� 1) �U�j�X�R�y�V

�i�?�2�M �i�?�2 �_�> �T���i�? �b���i�B�b�7�B�2�b

J (P l ) � B l (s0): �U�j�X�R�R�V

�S� �̀Q�Q�7�X�6�Q�` ���M�v �H�Q�+���i�B�Q�M~sr ���H�Q�M�; �i�?�2 �_�> �T���i�?�- �i�?�2 �T���i�? �i�?���i �K���t�B�K�B�x�2�b �U�j�X�8�V �B�b


 �
n (~sr ) = f ~sr ; s�

r +1 ; : : : ; s�
r + ng �U�j�X�R�k�V

���M�/ �i�?�2 �Q�T�i�B�K���H(n � 1)�@�H�2�M�;�i�? �T���i�? �i�?���i �b�i���`�i�b ���is�
r +1 �B�b


 �
n� 1(s�

r +1 ) = f s�
r +1 ; s�

r +2 ; : : : ; s�
r + ng �U�j�X�R�j�V

�a�m�T�T�Q�b�2~
 n (~sr ) �B�b ���Mn�@�H�2�M�;�i�? �T���i�? �+�Q�K�T�Q�b�2�/ �Q�7
 �
n� 1(~sr ) ���M�/ �� �H�Q�+���i�B�Q�M~sr + n �i�?���i �B�b �7�2���b�B�#�H�2

�7�`�Q�K �i�?�2 �7�B�M���H �H�Q�+���i�B�Q�Ms�
r + n� 1 ���H�Q�M�;
 �

n� 1(~sr ) �b�m�+�? �i�?���i

~
 n (~sr ) = f 
 �
n� 1(~sr ); ~sr + ng �U�j�X�R�9�V

�h�?�2 �p���H�m�2 �Q�7~
 n (~sr ) �B�b

V(~
 n (~sr )) = V�
n� 1(~sr ) � B l (s�

r + n� 1) + g(~sr + n ) + B l (~sr + n ) �U�j�X�R�8�V
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�"�v �?�v�T�Q�i�?�2�b�B�b

g(~sr + n ) + B l (~sr + n ) � B l (s�
r + n� 1) �U�j�X�R�e�V

�h�?�2�`�2�7�Q�`�2 �U�j�X�R�8�V �K���v �#�2 �`�2�r�`�B�i�i�2�M ���b

V(~
 n (~sr )) � V �
n� 1(~sr ) �U�j�X�R�d�V

���M�/ �#�2�+���m�b�2~
 n (~sr ) �B�b �M�Q�i �Q�T�i�B�K���H

V�
n (~sr ) � V (~
 n (~sr )) �U�j�X�R�3�V

�b�m�+�? �i�?���i

V�
n (~sr ) � V �

n� 1(~sr ) �U�j�X�R�N�V

�6�`�Q�K �i�?�2 �T�`�B�M�+�B�T�H�2 �Q�7 �Q�T�i�B�K���H�B�i�v

V�
n (~sr ) = g(~sr +1 ) + V�

n� 1(~sr +1 ) �U�j�X�k�y�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�k�y�V �B�M�i�Q �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�R�N�V �v�B�2�H�/�b

g(~sr +1 ) + V�
n� 1(~sr +1 ) � V �

n� 1(~sr ) �U�j�X�k�R�V

�a�m�#�i�`���+�i�B�M�;V�
n� 1(~sr +1 ) �7�`�Q�K �#�Q�i�? �b�B�/�2�b �Q�7 �U�j�X�k�R�V �;�B�p�2�b

g(~sr +1 ) � V �
n� 1(~sr ) � V �

n� 1(~sr +1 ) �U�j�X�k�k�V
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�`�¶�'�ž���²��

�1�p���H�m���i�B�M�; �U�j�X�k�k�V ���i �/�B�7�7�2�`�2�M�i �p���H�m�2�b �Q�7r �7�`�Q�Kr = 0 �i�Qr = l � 1 �v�B�2�H�/�b

g(~s1) �V �
n� 1(~s0) � V �

n� 1(~s1)

g(~s2) �V �
n� 1(~s1) � V �

n� 1(~s2)

�X�X�X

g(~sl ) �V �
n� 1(~sl � 1) � V �

n� 1(~sl )

�U�j�X�k�j�V

�b�m�+�? �i�?���i �b�m�K�K�B�M�; �i�?�2 �B�M�2�[�m���H�B�i�B�2�b �B�M �U�j�X�k�j�V ���M�/ �b�B�K�T�H�B�7�v�B�M�; �v�B�2�H�/�b

lX

j =1

g(~sj ) � V �
n� 1(~s0) � V �

n� 1(~sl ) �U�j�X�k�9�V

�"�2�+���m�b�2 �r�2 �+�Q�M�b�B�/�2�` �� �T���i�? �Q�7 �H�2�M�;�i�?l �-V�
n� 1(~sl ) �2�p���H�m���i�2�b �i�Q

V�
n� 1(~sl ) = 0 �U�j�X�k�8�V

�q�2 ���H�b�Q �`�2�+�Q�;�M�B�x�2 �i�?���iB l (s0) �`�2�T�`�2�b�2�M�i�b �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �U�b�2�2 �U�j�X�8�V�V �b�m�+�?

�i�?���i

V�
n� 1(~s0) � B l (~s0) �U�j�X�k�e�V

���M�/ �U�j�X�k�9�V �#�2�+�Q�K�2�b
lX

j =1

g(~sj ) � B l (~s0) �U�j�X�k�d�V

�r�?�2�`�2
P l

j =1 g(~sj ) �B�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2l �@�H�2�M�;�i�? �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�?P l �X �h�?�2�`�2�7�Q�`�2 �r�2 �+�Q�M�+�H�m�/�2

�i�?���i

J (P l ) � B l (s0) �U�j�X�k�3�V
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�h�?�2 �H�Q�r�2�` �#�Q�m�M�/B l (sr ) �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �+�Q�m�H�/ �#�2 �/�2�7�B�M�2�/ ���b �i�?�2 �p���H�m�2 �Q�7 �i�`���p�2�`�b�B�M�; �� �M���B�p�2

�T���i�? �i�?�`�Q�m�;�? �i�?�2 �b�2���`�+�? �b�T���+�2 �#�2�;�B�M�M�B�M�; �7�`�Q�K �i�?�2 �T�Q�b�B�i�B�Q�Msr �X �A�M �i�?�2 �+���b�2 �Q�7 �b�m�#�b�2�� �b�2���`�+�?�-

�H���r�M �K�Q�r�2�` �T���i�?�b �T�2�`�7�Q�`�K �r�2�H�H �(�k�e�) ���M�/ �+���M �#�2 �+�Q�K�T�m�i�2�/ �2�7�7�B�+�B�2�M�i�H�v�X �h�?�B�b �K���F�2�b �i�?�2�K �r�2�H�H

�b�m�B�i�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q�X

�*�Q�`�Q�H�H���`�v �j�X�j�X�a�m�T�T�Q�b�2 �i�?���i


 l � r � n (~sr + n ) = f ~sr + n ; : : : ~slg �U�j�X�k�N�V

�B�b �� �;�B�p�2�M �M���B�p�2�- �b�m�#�Q�T�i�B�K���H �T���i�?�- ���M�/ �H�2�i �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �#�2 �/�2�7�B�M�2�/

B l (~sr + n ) ,
lX

j = r + n+1

g(~sj ) �U�j�X�j�y�V

�h�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b~sr + n+1 �7�2���b�B�#�H�2 �7� �̀Q�K~sr + n �r�?�B�+�? �b���i�B�b�7�B�2�b

B l (~sr + n ) � g(~sr + n+1 ) + B l (~sr + n+1 ) �U�j�X�j�R�V

�S� �̀Q�Q�7�X�6�`�Q�K �U�j�X�j�y�V�- �r�2 �M�Q�i�2 �i�?���i

lX

j = r + n+1

g(~sj ) = g(~sr + n+1 ) +
lX

j = r + n+2

g(~sj ) �U�j�X�j�k�V

�:�B�p�2�M �i�?���iB l (~sr + n+1 ) �B�b �/�2�7�B�M�2�/ �#�v �i�?�2 �`�B�;�?�i�@�K�Q�b�i �b�m�K�K���i�B�Q�M �B�M �U�j�X�j�k�V�- �r�2 �r�`�B�i�2

lX

j = r + n+1

g(~sj ) = g(~sr + n+1 ) + B l (~sr + n+1 ) �U�j�X�j�j�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�j�y�V �B�M�i�Q �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�j�j�V �v�B�2�H�/�b

B l (~sr + n ) = g(~sr + n+1 ) + B l (~sr + n+1 ) �U�j�X�j�9�V
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�`�¶�'�ž���²��

�r�?�B�+�? �b���i�B�b�7�B�2�b

B l (~sr + n ) � g(~sr + n+1 ) + B l (~sr + n+1 ) �U�j�X�j�8�V

�j�X�j �L�m�K�2�`�B�+���H �1�t�T�2�`�B�K�2�M�i�b

�j�X�j�X�R �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�h�?�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M ���/�/�`�2�b�b �i�?�2 �T�`�Q�#�H�2�K �Q�7 �T�H���M�M�B�M�; �b�2���`�+�?

�T���i�?�b �B�M ���M �m�M�+�2�`�i���B�M �b�m�#�b�2�� �2�M�p�B�`�Q�M�K�2�M�i ���b �T�`�2�b�2�M�i�2�/ �B�M �(�8�j�)�X �q�2 �+�Q�M�b�B�/�2�` �i�?�261 � 61

�;�`�B�/�/�2�/ �b�2���`�+�? �b�T���+�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R�X �q�2 �M�Q�i�2 �i�?���i �H�2�M�;�i�? �b�+���H�2�b �?���p�2 �#�2�2�M �M�Q�`�K���H�B�x�2�/

�b�Q �i�?���i �2���+�? �;�`�B�/ �2�H�2�K�2�M�i �?���b �m�M�B�i �H�2�M�;�i�? ���M�/ �r�B�/�i�?�X �1���+�? �+�2�H�Hhi �B�M �i�?�2 �b�2���`�+�? �b�T���+�2 �+�Q�M�i���B�M�b

���M �m�M�F�M�Q�r�M �M�m�K�#�2�` �Q�7 �i���`�;�2�i�bx 2 X �X �1���+�? �+�2�H�H ���H�b�Q �?���b ���b�b�Q�+�B���i�2�/ �2�M�p�B�`�Q�M�K�2�M�i �i�v�T�2e 2 E�X

�q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �r�B�i�?�B�M �i�?�2 �+�2�H�H �B�b �7�`�Q�K �� �7�B�M�B�i�2 �b�2�i �Q�7 �T�Q�b�b�B�#�H�2 �2�M�p�B�`�Q�M�K�2�M�i

�i�v�T�2�bf e1; e2; : : : ; emg�X �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �i�v�T�2 �B�M �+�2�H�Hhi �B�b �F�M�Q�r�M

�� �T�`�B�Q�`�B�X �h�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �� �+�2�H�H ���M�/ �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �i�v�T�2 �r�B�i�?�B�M

�i�?�2 �+�2�H�H ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 ���H�H �Q�i�?�2�` �+�2�H�H�b�X �q�2 ���b�b�m�K�2 �i�?�2 �b�2���`�+�? �b�2�M�b�Q�`

�T�2�`�7�Q�`�K���M�+�2 �B�b �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�ie �r�B�i�?�B�M �i�?�2 �+�2�H�H�X �h�?���i �B�b�- �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i

�i�v�T�2e �Q�7 �i�?�2i �i�? �+�2�H�Hhi �/�B�`�2�+�i�H�v �B�M�7�H�m�2�M�+�2�b �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7 �i�?�2 �b�2�M�b�Q�` �K�2���b�m�`�2�K�2�M�i�b ���+�[�m�B�`�2�/

�7�`�Q�Khi �X

�l�T�Q�M �p�B�b�B�i�B�M�; �� �+�2�H�Hhi �- �i�?�2 �b�2���`�+�? ���;�2�M�i ���+�[�m�B�`�2�b �� �M�Q�B�b�v �K�2���b�m�`�2�K�2�M�iy 2 Y �Q�7 �i�?�2 �2�M�p�B�`�Q�M�@

�K�2�M�i �i�v�T�2e ���M�/z 2 Z �Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�M �i�?�2 �+�2�H�H�X �h�?�2 ���M�i�B�+�B�T���i�2�/

�p���H�m�2 �Q�7 �b�2���`�+�?�B�M�; �� �+�2�H�H �B�b �/�2�i�2�`�K�B�M�2�/ �i�?�`�Q�m�;�? �� �/�2�+�B�b�B�Q�M�@�i�?�2�Q�`�2�i�B�+ �`�2�r���`�/ �7�m�M�+�i�B�Q�M�X �a�T�2�+�B�7�@

�B�+���H�H�v�- �i�?�2 ���M�i�B�+�B�T���i�2�/ �p���H�m�2 �Q�7 �b�2���`�+�?�B�M�; �� �+�2�H�H �B�b �i�?�2 �2�t�T�2�+�i�2�/ �`�2�/�m�+�i�B�Q�M �B�M �"���v�2�b �`�B�b�F �/�m�2

�i�Q �i�?�2 �K�2���b�m�`�2�K�2�M�i�bzi ���M�/yi ���+�[�m�B�`�2�/ �m�T�Q�M �p�B�b�B�i�B�M�; �� �+�2�H�H�X �h�?���i �B�b�- �;�B�p�2�M �i�?�2 �2�b�i�B�K���i�Q�`



�k�Y�k�Y �M���è�¶���Ô�«�ž�ã �2�,�ÿ�¶���Ô�è�¶�é���� �R�N

d?(yi ) �r�?�B�+�? �K�B�M�B�K�B�x�2�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �2�t�T�2�+�i�2�/ �H�Q�b�b �Q�7 �+�Q�K�T�m�i�B�M�; �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �i�v�T�2 �2�b�i�B�@

�K���i�2 ���M�/ �i�?�2 �2�b�i�B�K���i�Q�`� ?(x i ) �r�?�B�+�? �K�B�M�B�K�B�x�2�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �2�t�T�2�+�i�2�/ �H�Q�b�b �Q�7 �+�Q�K�T�m�i�B�M�; �i�?�2

�2�b�i�B�K���i�2 �Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �B�M �+�2�H�Hhi �;�B�p�2�Md?(y)�- �"���v�2�b �`�B�b�F �B�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �2�t�T�2�+�i�2�/

�H�Q�b�b �Q�7 �+�Q�K�T�m�i�B�M�; �i�?�2 �2�b�i�B�K���i�2 �Q�M �i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �B�M �+�2�H�Hhi �X �h�?�2 ���M�i�B�+�B�T���i�2�/ �p���H�m�2 �Q�7

�b�2���`�+�?�B�M�; �+�2�H�Hhi �B�b

B(i ) = � i � r (i; k ) �U�j�X�j�e�V

�r�?�2�`�2� i �B�b �i�?�2 �+�m�`�`�2�M�i �`�B�b�F �#�2�7�Q�`�2 ���+�[�m�B�`�B�M�; �i�?�2 �K�2���b�m�`�2�K�2�M�i�bz ���M�/y�- ���M�/ �B�b �/�2�7�B�M�2�/ ���b

� i =
mX

j =1

P(ej )E[L(x; � ?)jej ] �U�j�X�j�d�V

r (i; k ) �B�b �i�?�2 ���M�i�B�+�B�T���i�2�/ �`�B�b�F �;�B�p�2�Mk �p�B�b�B�i�b �i�Q �i�?�2i �i�? �+�2�H�Hhi ���M�/ �B�b �/�2�7�B�M�2�/ ���b

r (i; k ) =
X

zi; 1

X

yi; 1

� � �
X

zi;k

X

yi;k

P(zi ; yi )E
�
L(x; � ?(zi )) jzi ; d?(yi )

�
�U�j�X�j�3�V

�r�?�2�`�2zi = [ zi; 1; : : : ; zi;k ] �B�b �i�?�2 �b�2�i �Q�7 �B�M�/�2�T�2�M�/�2�M�i �K�2���b�m�`�2�K�2�M�i�b �Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �B�M

�+�2�H�Hhi �-yi = [ yi; 1; : : : ; yi;k ] �B�b �i�?�2 �b�2�i �Q�7 �B�M�/�2�T�2�M�/�2�M�i �K�2���b�m�`�2�K�2�M�i�b �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �i�v�T�2

�B�M �+�2�H�Hhi �- ���M�/

P(zi ; yi ) =
X

x

X

ej

P(xjz1; ej ) � � � P(xjzk ; ej )P(y1jej ) � � � P(yk jej )P(x)P(ej ) �U�j�X�j�N�V

�B�b �i�?�2 �D�Q�B�M�i �T�`�Q�#���#�B�H�B�i�v �Q�7 �b�2�M�b�B�M�;zi ; yi �;�B�p�2�M �i�?�2 �T�`�B�Q�` �2�M�p�B�`�Q�M�K�2�M�i���H �/�B�b�i�`�B�#�m�i�B�Q�MP(ej ) �7�Q�`

�+�2�H�Hhi ���M�/ �i�?�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�bP(x) �B�M �+�2�H�Hhi �X

�h�?�2 ���+�i�m���H �p���H�m�2 �Q�7 �p�B�b�B�i�B�M�; �+�2�H�Hhi �B�b �i�?�2 ���+�i�m���H �`�B�b�F �`�2�/�m�+�i�B�Q�M �;�B�p�2�M �K�2���b�m�`�2�K�2�M�i�by ���M�/z�X

�h�?���i �B�b�- �;�B�p�2�M� i �B�b �i�?�2 �+�m�`�`�2�M�i �`�B�b�F �#�2�7�Q�`�2 ���+�[�m�B�`�B�M�; �i�?�2 �K�2���b�m�`�2�K�2�M�i�bz ���M�/y ���M�/�� i �B�b �i�?�2

�+�m�`�`�2�M�i �`�B�b�F ���7�i�2�` ���+�[�m�B�`�B�M�; �K�2���b�m�`�2�K�2�M�i�bz ���M�/y�- �i�?�2�M �i�?�2 ���+�i�m���H �`�B�b�F �`�2�/�m�+�i�B�Q�M �7�Q�` �p�B�b�B�i�B�M�;
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�+�2�H�Hhi �B�b

�B (i ) = � i � �� i �U�j�X�9�y�V

�6�B�;�m�`�2 �j�X�R�, �h�?�261� 61 �;�`�B�/�/�2�/ �b�m�#�b�2�� �b�2���`�+�? �2�M�p�B�`�Q�M�K�2�M�i �r�B�i�? �+�2�H�H �+�Q�H�Q�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q
�i�?�2 ���M�i�B�+�B�T���i�2�/ �`�B�b�F �`�2�/�m�+�i�B�Q�M �7�Q�` �� �b�B�M�;�H�2 �p�B�b�B�i �i�Q �2���+�? �+�2�H�H�X

�h�?�2�b�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �+�Q�M�b�B�/�2�` �i�?���i �i�?�2 �b�2���`�+�? ���;�2�M�i �B�b ���M ���m�i�Q�M�Q�K�Q�m�b �m�M�/�2�`�r���i�2�`

�p�2�?�B�+�H�2 �U���l�o�V �+���`�`�v�B�M�; �b�B�/�2�@�b�+���M �b�Q�M���`�X �a�B�/�2�@�b�+���M �b�Q�M���` �Q�T�2�`���i�B�Q�M�b �`�2�[�m�B�`�2 �i�?�2 �p�2�?�B�+�H�2 �i�Q

�i�`���p�2�`�b�2 �b�i�`���B�;�?�i �H�B�M�2 �T���i�?�b �B�M �Q�`�/�2�` �i�Q ���+�[�m�B�`�2 �m�b�2�7�m�H �/���i�� �r�?�2�M �T�2�`�7�Q�`�K�B�M�; �b�v�M�i�?�2�i�B�+ ���T�2�`�i�m�`�2

�b�Q�M���` �T�`�Q�+�2�b�b�B�M�; �(�j�k�)�X ���i �2���+�? �H�Q�+���i�B�Q�M�- �i�?�2 ���l�o �K���v�K�Q�p�2 �7�Q�`�r��� �̀/�-�i�m�`�M �H�2�7�i�- �Q�`�i�m�`�M �`�B�;�?�i�X

�q�2 �+�Q�M�b�B�/�2�` �i�?���i �2���+�? ���+�i�B�Q�M �+�Q�M�i�`�B�#�m�i�2�b �i�Q �i�?�2 �i�Q�i���H �H�2�M�;�i�? �Q�7 �i�?�2 �b�2���`�+�? �T���i�?�X �>�Q�r�2�p�2�`�-
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�k�Y�k�Y �M���è�¶���Ô�«�ž�ã �2�,�ÿ�¶���Ô�è�¶�é���� �k�R

�B�M�7�Q�`�K���i�B�Q�M ���M�/ �i�?�m�b �i�?�2 �7�m�M�+�i�B�Q�Mg �m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 ���M�i�B�+�B�T���i�2�/ �p���H�m�2 �Q�7 �i�`���p�2�`�b�B�M�; ��

�T���i�? �B�b

g(sr ) =

8
>><

>>:

B(i ) �7�Q�`sr 2 hi �r�B�i�? �M�Q �i�m�`�M�B�M�; �K���M�2�m�p�2�`

0 �2�H�b�2
�U�j�X�9�R�V

�a�B�K�B�H���`�H�v�- ���7�i�2�` �Q�#�i���B�M�B�M�; �K�2���b�m�`�2�K�2�M�i�by ���M�/z �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �i�v�T�2 �r�B�i�?�B�M �+�2�H�Hhi ���M�/

�i�?�2 �M�m�K�#�2�` �Q�7 �i���`�;�2�i�b �+�Q�M�i���B�M�2�/ �r�B�i�?�B�Mhi �r�?�2�M �i�`���p�2�`�b�B�M�; �+�2�H�Hhi �r�B�i�?�Q�m�i �2�t�2�+�m�i�B�M�; �� �i�m�`�M�B�M�;

�K���M�2�m�p�2�`�- �i�?�2 �M�Q�M�@�M�2�;���i�B�p�2 �7�m�M�+�i�B�Q�Mg �m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 ���+�i�m���H �p���H�m�2 �Q�7 �i�`���p�2�`�b�B�M�; �+�2�H�H

hi �B�b

�g(sr ) =

8
>><

>>:

�B (i ) �7�Q�`sr 2 hi �r�B�i�? �M�Q �i�m�`�M�B�M�; �K���M�2�m�p�2�`

0 �2�H�b�2
�U�j�X�9�k�V

���M �2�t���K�T�H�2 �Q�7 �� �7�2���b�B�#�H�2 �T���i�? �7�Q�` �i�?�2 ���l�o �B�M ��15 � 15 �m�M�B�7�Q�`�K �b�2���`�+�? �;�`�B�/ �B�b �b�?�Q�r�M �B�M

�6�B�;�m�`�2�j�X�k�X �h�?�2 �b�Q�H�B�/ �H�B�M�2 �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �T���i�? �+�Q�K�T�Q�b�2�/ �Q�71�@�b�i�2�T �b�2�;�K�2�M�i�b

���H�Q�M�;n�@�H�2�M�;�i�? �Q�T�i�B�K���H �T���i�?�b�X �� �7�2���b�B�#�H�2n�@�H�2�M�;�i�? �T���i�? �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 ���b�i�2�`�B�b�F�2�/ �b�Q�H�B�/

�H�B�M�2�X �h�?�2 �H���r�M�@�K�Q�r�2�` �ó�i���B�H�ô �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2n�@�H�2�M�;�i�? �T���i�? �B�b �b�?�Q�r�M ���b �i�?�2 �/���b�?�2�/ �H�B�M�2�X

�j�X�j�X�k �_�2�b�m�H�i�b

�h�?�`�Q�m�;�?�Q�m�i �i�?�2�b�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�- �r�2 �/�2�i�2�`�K�B�M�2 �Q�T�i�B�K���H �T���i�?�b �r�B�i�?�B�M �i�?�2 �T�H���M�M�B�M�;

�?�Q�`�B�x�Q�Mn �m�b�B�M�; �2�t�?���m�b�i�B�p�2 �b�2���`�+�?�X �h�?�2�b�2 �Q�T�i�B�K���H �T���i�?�b ���`�2 �m�b�2�/ �i�Q �+�Q�M�b�i�`�m�+�i �_�> �T���i�?�b

���b �/�B�b�+�m�b�b�2�/ �B�M �*�?���T�i�2�`�k�X �q�2 �M�Q�i�2 �i�?���i �i�?�2 �p���H�m�2 �Q�7 �p�B�b�B�i�B�M�; �� �+�2�H�H �i�2�M�/�b �i�Q �/�2�+�`�2���b�2 �r�B�i�?

�+�Q�M�b�2�+�m�i�B�p�2 �p�B�b�B�i�b�X ���b �b�m�+�?�- �r�2 �/�Q �M�Q�i �+�Q�M�b�B�/�2�` �T���i�?�b �i�?���i �i�`���p�2�`�b�2 �i�?�2 �b���K�2 �+�2�H�H �K�Q�`�2 �i�?���M

2 �i�B�K�2�b �r�?�2�M �+�Q�K�T�m�i�B�M�; �Q�T�i�B�K���H �T���i�?�b�X

�6�B�;�m�`�2�j�X�j�b�?�Q�r�b �i�?�2 ���p�2�`���;�2 �p���H�m�2 �U�`�B�b�F �`�2�/�m�+�i�B�Q�M�V �Q�7 �_�> �T���i�?�b �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�? �i�2�`�K�B�M���H

�`�2�r���`�/�b �r�B�i�?�B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �`�2�T�`�2�b�2�M�i�2�/ �B�M �6�B�;�m�`�2�j�X�R�m�b�B�M�; �i�Q�i���H �T���i�? �H�2�M�;�i�?l = 100 �i�Q



�k�k
�+�Ñ�ž�ÿ���¶�� �k�Y �T�¶���Å�ñ���è�ž�é�«�¶ �;���ž���ž�é���¶�¶�� �Å�ñ�� �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �b�¶�ž���«�Ñ �'�Ô���Ñ �i�¶���è�Ô�é�ž�ã

�`�¶�'�ž���²��

�6�B�;�m�`�2 �j�X�k�, �1�t���K�T�H�2 �T���i�?

l = 2000 �B�M �B�M�+�`�2�K�2�M�i�b �Q�7100�X �1���+�? �`�2�/ ���b�i�2�`�B�b�F �B�M �6�B�;�m�`�2�j�X�j�U�i�Q�T�V �`�2�T�`�2�b�2�M�i�b �i�?�2 ���p�2�`���;�2

�`�B�b�F �`�2�/�m�+�i�B�Q�M �Q�7 �j�R �_�> �T���i�?�b �T�H���M�M�2�/ �m�b�B�M�; �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 2�X �a�B�K�B�H���`�H�v�- �2���+�?

�#�H�m�2 ���b�i�2�`�B�b�F �U�#�Q�i�i�Q�K�V �`�2�T�`�2�b�2�M�i�b �i�?�2 ���p�2�`���;�2 �`�B�b�F �`�2�/�m�+�i�B�Q�M �Q�7 �j�R �_�> �T���i�?�b �T�H���M�M�2�/ �m�b�B�M�;

�T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 5�X �h�?�2 �/���b�?�2�/ �#�H���+�F �H�B�M�2 �U�i�Q�T ���M�/ �#�Q�i�i�Q�K�V �`�2�T�`�2�b�2�M�i�b �i�?�2 ���M�i�B�+�B�T���i�2�/

�`�B�b�F �`�2�/�m�+�i�B�Q�M �Q�7 �i�?�2 �H���r�M �K�Q�r�2�` �T���i�?�b �m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �p���H�m�2�@�i�Q�@�;�Q

�B�M �U�j�X�8�V�X ���b �+���M �#�2 �b�2�2�M �B�M �6�B�;�m�`�2�j�X�j�- �i�?�2 �p���H�m�2�@�i�Q�@�;�Q �/�Q�2�b �B�M�/�2�2�/ �T�`�Q�p�B�/�2 �� �H�Q�r�2�` �#�Q�m�M�/ �Q�M

�i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �`�2�+�2�/�B�M�; �?�Q�`�B�x�Q�M �b�2���`�+�? �T���i�?�b ���M�/ �B�b �Q�m�i�T�2�`�7�Q�`�K�2�/ �#�v �i�?�2 �`�2�+�2�/�B�M�;

�?�Q�`�B�x�Q�M �T���i�?�b �B�M �K�Q�b�i �+���b�2�b�X �h�?�2 �K���t�B�K�m�K �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �m�b�B�M�; �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 2

�B�b12:6�- �r�?�B�H�2 �i�?�2 �K���t�B�K�m�K �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �m�b�B�M�; �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 5 �B�b6:9�X



�k�Y�k�Y �M���è�¶���Ô�«�ž�ã �2�,�ÿ�¶���Ô�è�¶�é���� �k�j

�6�B�;�m�`�2 �j�X�j�, ���p�2�`���;�2 �p���H�m�2 �Q�7 �_�> �T���i�?�b �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�?n = 2 �U�i�Q�T�V ���M�/n = 5 �U�#�Q�i�i�Q�K�V �p�b
���M�i�B�+�B�T���i�2�/ �p���H�m�2 �Q�7 �H���r�M �K�Q�r�2�` �T���i�?�X

�P�M�2 �K�2�i�?�Q�/ �Q�7 �B�K�T�`�Q�p�B�M�; �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �_�> �b�2���`�+�? �T���i�?�b �r�B�i�?�Q�m�i �m�i�B�H�B�x�B�M�; �i�2�`�K�B�M���H �`�2�@

�r���`�/�b �B�b �2�t�i�2�M�/�B�M�; �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn�X �h�?�B�b �`�2�T�`�2�b�2�M�i�b �� �b�2�`�B�Q�m�b �+�Q�K�T�m�i���i�B�Q�M���H �+�?���H�H�2�M�;�2

���b �i�?�2 �T�`�Q�#�H�2�K �Q�7 �7�B�M�/�B�M�; �i�?�2 �Q�T�i�B�K���H �T���i�? �r�B�i�?�B�M �Q�M�H�v �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M �;�`�Q�r�b �2�t�T�Q�M�2�M�@

�i�B���H�H�v �r�B�i�? �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�X �1���+�? �`�2�/ �b�[�m���`�2 �B�M �6�B�;�m�`�2�j�X�9�`�2�T�`�2�b�2�M�i�b �i�?�2

���+�i�m���H �p���H�m�2 �Q�#�i���B�M�2�/ �#�v �i�`���p�2�`�b�B�M�; �� �_�> �T���i�? �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�?�Q�m�i �i�2�`�K�B�M���H �`�2�r���`�/�b �m�b�B�M�;

�T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 10 �7�Q�` �i�Q�i���H �T���i�? �H�2�M�;�i�?l = 100 �i�Ql = 2000�X �h�?�2 ���M�i�B�+�B�T���i�2�/ �p���H�m�2�b

�Q�7 �H���r�M �K�Q�r�2�` �T���i�?�b ���M�/ �i�?�2 ���p�2�`���;�2 �p���H�m�2�b �Q�7 �_�> �T���i�?�b �i�?���i ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�? �i�2�`�K�B�M���H

�`�2�r���`�/�b �m�b�B�M�; �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 5 �U�b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�j�V ���`�2 ���H�b�Q �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�9

�7�Q�` �`�2�7�2�`�2�M�+�2�X �L�Q�i���#�H�v�- �2�t�i�2�M�/�B�M�; �i�?�2 �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M �i�Q �/�Q�m�#�H�2 �i�?�2 �K���t�B�K�m�K �T�H���M�M�B�M�;



�k�9
�+�Ñ�ž�ÿ���¶�� �k�Y �T�¶���Å�ñ���è�ž�é�«�¶ �;���ž���ž�é���¶�¶�� �Å�ñ�� �`�¶�«�¶�²�Ô�é�Ì �?�ñ���Ô�2�ñ�é �b�¶�ž���«�Ñ �'�Ô���Ñ �i�¶���è�Ô�é�ž�ã

�`�¶�'�ž���²��

�?�Q�`�B�x�Q�M �+�Q�M�b�B�/�2�`�2�/ �B�M �6�B�;�m�`�2�j�X�j�T�`�Q�p�B�/�2�b �Q�M�H�v �+�Q�K�T���`���#�H�2 �T�2�`�7�Q�`�K���M�+�2 �i�Q �_�> �T���i�?�b �r�B�i�?

�K�m�+�? �b�?�Q�`�i�2�` �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M�b �r�?�B�+�? �+�Q�M�b�B�/�2�` �i�2�`�K�B�M���H �`�2�r���`�/�b�X

�6�B�;�m�`�2 �j�X�9�, �a�i���M�/���`�/ �_�> �T���i�? �p���H�m�2�b �r�B�i�? �2�t�i�2�M�/�2�/ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�M �p�b ���M�i�B�+�B�T���i�2�/ �H���r�M
�K�Q�r�2�` �T���i�? �p���H�m�2�b ���M�/ ���p�2�`���;�2 �_�> �T���i�? �p���H�m�2�b �7�Q�` �_�> �T���i�?�b �+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�; �i�2�`�K�B�M���H
�`�2�r���`�/�b�X

�6�B�;�m�`�2�j�X�8�b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 �� �_�> �T���i�? �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�?�Q�m�i �i�?�2 �m�b�2 �Q�7 �i�2�`�K�B�M���H �`�2�r���`�/�b

�m�b�B�M�; �i�Q�i���H �T���i�? �H�2�M�;�i�?l = 1000 ���M�/ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 4�X �h�?�2 �T���i�? �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�8

�`�2�b�m�H�i�2�/ �B�M �� �i�Q�i���H �`�B�b�F �`�2�/�m�+�i�B�Q�M �U�T���i�? �p���H�m�2�V �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v �8�3�y�X �6�B�;�m�`�2�j�X�e�b�?�Q�r�b ���M

�2�t���K�T�H�2 �Q�7 �� �_�> �T���i�? �+�Q�M�b�i�`�m�+�i�2�/ �r�B�i�? �i�2�`�K�B�M���H �`�2�r���`�/�b �m�b�B�M�; �i�Q�i���H �T���i�? �H�2�M�;�i�?l = 1000

���M�/ �T�H���M�M�B�M�; �?�Q�`�B�x�Q�Mn = 4�- �r�?�B�+�? �`�2�b�m�H�i�b �B�M �� �i�Q�i���H �`�B�b�F �`�2�/�m�+�i�B�Q�M �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v �e�R�y�X

�h�?�2 �T���i�? �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�8�/�B�b�T�H���v�b �;�`�2�2�/�v �+�?���`���+�i�2�`�B�b�i�B�+�b �H�2���/�B�M�; �i�Q �m�M�M�2�+�2�b�b���`�v �i�m�`�M�B�M�;�X



�k�Y�k�Y �M���è�¶���Ô�«�ž�ã �2�,�ÿ�¶���Ô�è�¶�é���� �k�8

�A�M �+�Q�K�T���`�B�b�Q�M�- �i�?�2 �T���i�? �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�e�`�2�i���B�M�b �#�2�M�2�7�B�+�B���H ���i�i�`�B�#�m�i�2�b �Q�7 �i�?�2 �M���B�p�2 �H���r�M

�K�Q�r�2�` �T���i�?�b �m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�2�`�K�B�M���H �`�2�r���`�/�b �/�m�`�B�M�; �T���i�? �+�Q�M�b�i�`�m�+�i�B�Q�M�X
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