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Robotic Search Planning In Large Environments with Limited

Computational Resources and Unreliable Communications
Benjamin A. Biggs

(ABSTRACT)

This work is inspired by robotic search applications where a robot or team of robots is
equipped with sensors and tasked to autonomously acquire as much information as possible
from a region of interest. To accomplish this task, robots must plan paths through the
region of interest that maximize the effectiveness of the sensors they carry. Receding horizon
path planning is a popular approach to addressing the computationally expensive task of
planning long paths because it allows robotic agents with limited computational resources to
iteratively construct a long path by solving for an optimal short path, traversing a portion
of the short path, and repeating the process until a receding horizon path of the desired
length has been constructed. However, receding horizon paths do not retain the optimality
properties of the short paths from which they are constructed and may perform quite poorly
in the context of achieving the robotic search objective. The primary contributions of this
work address the worst-case performance of receding horizon paths by developing methods
of using terminal rewards in the construction of receding horizon paths. We prove that
the proposed methods of constructing receding horizon paths provide theoretical worst-case
performance guarantees. Our result can be interpreted as ensuring that the receding horizon
path performs no worse in expectation than a given sub-optimal search path. This result
is especially practical for subsea applications where, due to use of side-scan sonar in search
applications, search paths typically consist of parallel straight lines. Thus for subsea search
applications, our approach ensures that expected performance is no worse than the usual

subsea search path, and it might be much better.



The methods proposed in this work provide desirable lower-bound guarantees for a single
robot as well as teams of robots. Significantly, we demonstrate that existing planning al-
gorithms may be easily adapted to use our proposed methods. We present our theoretical
guarantees in the context of subsea search applications and demonstrate the utility of our
proposed methods through simulation experiments and field trials using real autonomous un-
derwater vehicles (AUVs). We show that our worst-case guarantees may be achieved despite
non-idealities such as sub-optimal short-paths used to construct the longer receding hori-
zon path and unreliable communication in multi-agent planning. In addition to theoretical
guarantees, An important contribution of this work is to describe specific implementation

solutions needed to integrate and implement these ideas for real-time operation on AUVs.



Robotic Search Planning In Large Environments with Limited

Computational Resources and Unreliable Communications
Benjamin A. Biggs

(GENERAL AUDIENCE ABSTRACT)

This work is inspired by robotic search applications where a robot or team of robots is
equipped with sensors and tasked to autonomously acquire as much information as possible
from a region of interest. To accomplish this task, robots must plan paths through the
region of interest that maximize the effectiveness of the sensors they carry. Receding horizon
path planning is a popular approach to addressing the computationally expensive task of
planning long paths because it allows robotic agents with limited computational resources to
iteratively construct a long path by solving for an optimal short path, traversing a portion
of the short path, and repeating the process until a receding horizon path of the desired
length has been constructed. However, receding horizon paths do not retain the optimality
properties of the short paths from which they are constructed and may perform quite poorly
in the context of achieving the robotic search objective. The primary contributions of this
work address the worst-case performance of receding horizon paths by developing methods of
using terminal rewards in the construction of receding horizon paths. The methods proposed
in this work provide desirable lower-bound guarantees for a single robot as well as teams of
robots. We present our theoretical guarantees in the context of subsea search applications
and demonstrate the utility of our proposed methods through simulation experiments and
field trials using real autonomous underwater vehicles (AUVs). In addition to theoretical
guarantees, An important contribution of this work is to describe specific implementation

solutions needed to integrate and implement these ideas for real-time operation on AUVs.
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This work is inspired by robotic search applications where a robot or team of robots is
equipped with sensors and tasked to autonomously acquire as much information as possible
from a region of interest. To accomplish this task, robots must plan paths through the
region of interest that maximize the effectiveness of the sensors they carry. The computa-
tional complexity of planning paths that maximize information gain can be prohibitive for
robots (agents) with limited computational resources. OO000I00 0000000 0000 00000000 allows
agents to iteratively construct a long path by planning a short optimal path and traversing
a portion of the short path. This process is repeated until the mission is complete. However,
only considering short paths can lead agents to devote excessive attention to local maxima,
which can which can cause poor performance in the overall information gathering mission.
Additionally, when considering a team of agents, the computational burden of planning even
short paths is compounded exponentially as compared to the complexity of path planning
for a single agent. One method of planning for a team of agents that reduces computational
complexity is to impose an ordering on the team of agents and, in sequence, have each agent
plan a path for itself considering only the paths planned by the preceding agents. Theoretical
guarantees on the performance of paths produced using sequential planning methods gen-
erally rely on the objective function that the agents seek to maximize being D00UOIIOND or
possessing a diminishing returns property. We demonstrate, in Chapter 6, that the robotic

search objective function that we consider throughout this work is non-submodular. Also,
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theoretical guarantees on the performance of paths produced using this sequential planning
method generally assume ideal communication between agents. Contributions of this work
include the development of methods of constructing receding horizon paths that provide
formal guarantees on the worst-case performance of the paths produced and the provision
of theoretical worst-case guarantees for paths produced using sequential planning where the

objective function is non-submodular and communication is potentially unreliable.

Receding horizon methods generally work well in practice and allow search agents to adapt
plans to new information as it is acquired. However, short planning horizons make receding
horizon paths susceptible to local maxima which can cause poor performance in the over-
all mission [77]. That is, although paths produced using receding horizon methods tend
to perform well, there is generally no assurance that receding horizon paths will perform
better than the worst path possible. The contributions of this work towards addressing the
worst-case performance of paths produced using receding horizon methods are presented in
Chapters 3 through 5. Specifically, in Chapter 3, we consider a single agent performing
a search mission in a receding horizon manner. We assume that planning at each step is
optimal and a single action is executed before replanning. We present a novel method of
incorporating a terminal reward in the objective function that the agent seeks to maximize at
each planning step. We prove that the addition of an appropriate terminal reward provides
theoretical lower bound guarantees on the value of the receding horizon path executed by
the agent. In Chapter 4, we extend the results of Chapter 3 by addressing the case that the
search agent plans paths at each planning step that are not optimal but near-optimal. We
consider that the search agent may need to execute several actions between planning steps
to allow for planning methods such as Monte Carlo tree search that benefit from increased
planning time. In Chapter 5, we extend the results of Chapter 4 to consider a team of search

agents. We present a sequential planning algorithm that leverages our theoretical results to
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;2Mib bQHPBM; 7Q  QTiBK HQ M2 "@QTiBK Hb?Q i T i?bX

KXR :2M2  H a2 "+? S'Q#H2K .2b+ BTiBQM

q2 +QMbB/2° b2 'G?RZ2XBGIMH2M;i? T i?2i?2°'Qm;?i?2b2 "+? "2;BQM
i i?72 BMBiBpy2b® iRb /12MQi{@) M/ Bb +QKTQb2/ Q7 b2[m2M+2 Q7 |
fpo;P1; i png X b2[m2M+2 Bb 72 bB#H2 B7 Bi + M #2 i p2 b2/ #v K
1tTHB+BiHv-r2 +QMbB/2  i? ii?2bi i2 Q7 KQKBHR22D22T+2b22MPR/i ik
#v i?2 imsfH2p;xg r?2 % ;Bp2b HH bi i2b Q7 i?72 KQ#BH2 b2 +? ;2]
i?72 TQbBiBQMXb@gZ2bv i? i Isi Bb 72 bB#H2 7 BK,iBZ h?222 2tBbib

M +iBBQM BH #H2 iQ i?2 b2 "+? ;2Mi bmat+PQi??i2 BisiHVEBMMHib

BM i?2 M2rspX i2M@H2M;i? T i? K v i?2M #2 2T 2b2Mi2/ b b2[m2
n(So) = fsg;si;iii;sngX h?2 b2i Q7 HAG@HZDBAPMZ i?7b #2;BMMBBWD; i bi i
12 M Qi2(so) X

h?2p Hm2 Q7 T i? Bb ;Bp2M #v

X0
J( n(s0)) = | o(si;Si 1;:::;S0) UKkXRV

i=1

r?2°@ Bb MQM@M2; iBp2 7mM+iBQM i? i "2im Mb i?2 MiB+BT i2/
- BM2/ r?BH2i> MbBiBQMBM:; 7°QK QM2 bi i2iQ i?2 M2tiX g2 bbmK?2
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iBQM ; BM2/ Bb /2T2M/2Mi QM T 2pBQ mbHy(®;BbBi2kHQHMBIPMb X h
i?72 p HmM2 Q7 i MbBIiBQBBNMQs7 ;K2 iBH bi i2b Q" HQ+ iBQMb r?2
K2 bm 2K2Mib ? p2 #22M +QHH2+i2/X AM 2bb2M+2- B7 HQ+ iBQM
i?72 °2r "/ 7Q b2 “+?BM; i?2 HQ+ iBQM ; BM rBHH HBF2Hv #2 /Bb+Q

AMi?2 +QMi2ti Q7 b2 "+?2-i?2;Q HBbiQTH M T i?i? i K tBKBx2b i?
. BM2/ r?BH2 i  p2'bBM; i?2 T i?X h?2 QTiBKKMRBI? rBi? "2bT2+iiQ

n(So)= 7 K tJI( n(So)) UkXkV

n(S0)2 n(So)
rBi? p Hm2
J(a(s)) = Kt J( n(So)): UkXjV

n(s0)2 n(so)

6Q° MQi iBQM HbBKTHB+Bivr2 /27BM2
a(si), 9(si;Si 1;:::;%) UkX9V

M/
Jn(s0) , J( n(s0)) UkX8V

kXk LQi iBQM 7Q° 2+2/BM; >Q ' BxQM S i?b

_2+2/BM; ?Q BXxQM T i?b "2 +QMbi mRA@H2ZMWK? QZ[BIRM+Q QW2 " @ Q
T i?bX 6Q  i?Bb /Bb+mbbBQM- r2 T 2bmK2 i? i b2 “+? ;2Mi Bb #
N@H2M;i? T i?bc M@HRRri?- QTiBK H T i? Bb +QKTmi2/ 7i2" i p2
bi2T HQM; i?2 T 2pBQm@H2MQIRTTRBK HT i? Q- BM Qi?2 rQ /b- i



3 +NzZy T 1Y "T«720¢é1 2/ O2né TazéeéOél- #7«al i é2 762
?Q BxQM Bb QMR@HZMINK;il??2> T i? Bb /2MQi2/
P, =1fso;S15:00:50 UkXeV

"2+ mb2 i?2 > T i? Bb +QKTQb2/ Q7 b2[m2M+2 Q7 bBM:H2 bi2Thb
N@H2M;i? T i?b-
fsj;s+19 Py UkXdV

"2i?2 7B biirQ 2H2K2Mib Q7 i?) URQIBKIH Tr X?

hQ +H "B7v-i?2 +QMbi m+iBQM Q7 _>T i? T'Q+22/b b 7QHHQrbX
So- M QTiBK H,B)iBb +QKTmi2/ rBi? i?2 TH MXI BAW2 22 BXQM2Mi

i° p2'b2b i?2 7B bi bi2T, @ X?R?Mb?i?2 7B bi k 2H2K2Mib Q7 i?2 _>
Pi=1fsp;819  ,(So)X h?2 QTiBK Hs) Bb +QKTmi2/- M/i?2 T°Q+2bb "2T2
i72 KBbbBQM Bb +QKTH2i2/X

h?2 p Hm2 Q7 "2+2/BMP?BbBXxQM T i?

X
J(Py) = a(si) UkX3V

i=1
r?2°@Bb i?2 MQM@M2; iBpRXROM+iBQM BM U
Aib?2QmH/ #2 MQi2/i? i-/2bTBi2 #2BM; +QKTQb2/ Q7 bi2Th HQM; QT
XQM T i? /Q2b MQi M2+2bb "BHv "2i BM QTiBK HBivT QT2 iB2bX AM

+ MH2 / :2MibiQK F2TQQ  /2+BbBQMb BM i?2 b+QT2 Q7 b2 “+2 k
BKK2/B i2 "2r /b H2 /BM;iQ TQQ Qp2 HHT2'7Q K M+2X



*2 Ti2" ]

S2 7Q K M+2 . m  Mi22b 7Q 2+
>Q BxQM a2 +? rBi? h2 ' KBM H
_2r /b

q2 T'2b2Mi MQp2H K2i?Q/ Q7 mbBM; i2°KBM H “2r /b BM i?2 +Ql
2Q BXxQM b2 “+? T i?X g2 T'Qp2 i? i i?2 T'QTQb2/ K2i?Q/ Q7 +QM
T QpB/2b i?2Q 2iB+ HHQr2  #QmM/ QM i?2 T2 7Q 'K M+2 Q7 i?2 b2
BMi2 T 2i2/ b2Mbm 'BM;i? ii?2 2+2/BM; ?2Q ' BxQMT i? T2 ' 7Q Kb M

Bp2M bm#@QTiBK H b2 "+?2 T i?X h?Bb "2bmHi Bb 2bT2+B HHv T°
r22°2-/m2iQ mb2 Q7 bB/2@b+ M bQM > BM b2 “+? TTHB+ iBQMb-
Q7 T  HH2H bi” B;?i HBM2bX h?mb 7Q bm#b2 b2 "+? TTHB+ iBQ
2tT2+i2/ T2 7Q K M+2 Bb MQ rQ b2i? Mi?2 mbm Hbm#b2 b2 "+? T
#2ii2 X g2 /12KQMbi® i2 i?72 277B+ +v Q7 i?2 T°'QTQDb2/ K2i?Q/ #v TH
bBKmH iBQM mbBM; "2 H@rQ 'H/ /i i? irb +[mB'2/#v M miQMQl
/Im " BM; bm#b2 bm p2v Q7 "QbiQM > "#Q X
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h?2 K BM +QMi'B#miBQM Q7 i?Bb +? Ti2 ' Bb K2i?Q/ Q7 BM+Q'TQ"
"2+2/BM; 2Q BXxQM b2 +? T i? TH MM2 bm+? i? i i?2 "2bmHi Mi "2+
"2i?2Q°2iB+ HHv ;m ° Mi22/iQ T2 7Q K iH2 bi br2HH b Mv T i?i
6Q° bm#b2 b2 "+? KBbbBQM- ivIB+ Hb2 "+?2 T i? Bb b2[m2M+2
+ HH2/ 6H rM KQr2°6 Q 6KQrBM;i?2H rMo T i?X AMi?Bb + b2- Qm
iQ T2’7Q°KMQ rQ'b2i? M KQrBM;i?2H rMT i? BM 2tT2+i iBQM- N\
#2ii2 X h?2 K2i?Q/b T'QTQb2/ BM i?Bb +P T22BMMTBM A #\VIi@ Fb B
“2+2/BM; ?2Q BxQM + QRW dBr bMh/9@ Xb (

PM2 Q7 i?2 +? HH2M;2b 7Q T i? TH MMBM; mbBM; 2+2/BM; ?2Q Bx(
M ;2Mi Bb mM #H2 iQ 2772+iBp2Hv +QMbi m+i /2bB" #H2 T i?b #2-
b2 "+? bT +2 i? i "Bb2 /m2 iQ KvQTB+d)NX MIQPBM2i d ¢ 3B xQINDtb Z
K2i?Q/ iQ [//°2bb i?2 /27B+B2M+B2b Q7 > TH MMBM; #v 2ti2M/B
mMMiBH i?2 2tT2+i2/ "2r '/ b iBb7B2b ;Bp2M i? ' 2b?QH/ bm+? i? i i’
7°QK i?Q°Qm;?Hv 2tTHQ 2/ 2 b iQ mMM2tTHQ 2/ 2 b P?9%eTQbb2bk
89 M TT QtBK iBQM Q7 i?2 KBMBKmK 72 bB#H2 “"Bp H iBK2 iQ ;
i2 "’ KBM H +Qbi iQ ?2HT i?2 +QMi QHH2 ;2M2" i2 72 bB#H2 T i?b B
PQB/ #2+QKBM; i TT2/ BM +QM+ p2 Q#bi +H2bX R92dJTMP +?22b T
B89- 2b?2QrMiQ #22772+iBp2 mbBM; MmK2 B+ H2tT2 BK2Mibc ?Qr
'm > Mi22 Bb T°QpB/2/X q2 MQi2 i89iiBiiBhidXKBM BMZr */ Bb #QmM/
i?2°2r "/ Q7?2 2+2/BM; ?2Q ' BXxQM i’ D2+iQ 'V THmMb i?2i2 ' KBM H "2
Pm™ TT Q +?-r?B+? #mBH/b mTQM i?2 b K2 BMbB;?i- T'QpB/2b ;n
2tT2+i2/ b2 +?2 T2 7Q K M+27Q° M 2MiB 2 KBbbBQMX

h?2 "2+2/BM; Q' BXxQM TT Qky BRb0BRBER/ BiM Qm b- X4¢2Ti i? i B
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Gv TMMQp@HBF2 +QMbi> BMi Bb TT2M/2/iQ i?2 QTiBKBxX iBQM T ¢
i?72 rQ FbT +2- 0?22 2 Kmbi #2 M2ti bi2T 7Q  r?B+? i?2 Gv TmMQp@
q2 +?B2p2 bBKBH ~ “2bmHi mbBM; i2 'KBM H 2r */ BMbi2 / Q7 4
“2r "/ Bb 2[mB2/iQ +QMp2 ;2iQ x2°Q Qp2 i?2b2[m2M+2 Q7 _> QTi
Bb MQi "2[mB 2/iQ +QMp2 ;2 KOMQiQkWE? HH2XKSBNBHT QDM B { -
#2mb2/iQ:m > Mi22 +QMp2 :2M+2iQ /2bB 2/ bi i2X AM +QMi" bi-i-
+? Ti2° mb2b bm#@QTiBK H T i?b iQ /2i2°KBM2 i2 ' KBM H “2r /b 7¢
T i?bX Ai Bb T'Qp2M i? i i?2b2 bm#@QTiBK HT i?b T°QpB/2 HQr2"
Q7i?2+Q "2bTQM/BM; _> T i?X

g2 MQi2i? ii?2 T2 7Q 'K M+2 :m * Mi22b T°QpB/2/ BM i?Bb +? Ti2 /|
i72v bBKTHV ;m ~ Mi22 HQr2 #QmM/ QM T2 7Q K M+2X AM Qi?2  r
i? i "2+2/BM;@?Q BXxQM T i? /Q2b MQi #2? p2 TQQ HvX HBKBI il
2tBbi2M+2 Q7 bmBi #H2 i2 ' KBM H "2r '/bX 6Q  bm#b2 b2 “+? TTHB
#2 /2 °Bp2/ 7°QK ivTB+ Hbm#@QTiBK Hb2 “+?2 T i?bX

h?Bb *? Ti2" Bb Q' ; MBx2/ BM i?2 7QHHQrBM; K MM2 X h?2 mb2 Q
+QMbi'm+iBQM Q7 “2+2/BM; ?2Q BXxQM b2 +?2 T i? M/ T2 7Q K M+?2
a2+ iGRK g2 /2KQMbi® i2 BM bBKmH iBQM- mbBM; "2 H@rQ H// i -i?
MQi QMHvV T QpB/2b HQr2 #QmM/ QM i?2 T2 ' 7Q K M+2 Q7 i?2 "2+
#mii? ii22b2 "+?2 T i?b T°Q/m+2/ mbBM; i?2 T'QTQb2/ K2i?2Q/ T2 7«
i? M i?Bb i?2Q 2iB+ H HQr2 #QmM/ BMjX{PDi H bR bXKSM &i2 +iB iPM

b2 "+? T i?b +QMbi ' m+i2/ mbBM; i?2 T'QTQb2/ K2i?Q/ "2 +QKT2iBil
b2 “+?2 T i?b ;2M2" i2/ rBi? Km+? HQM;2  TH MMBM; ?2Q BxQMb X



+NzZy T kY TY An e2é«T; 2 2é 17 AR "7«720é12?2A O2né bz «N
qg 2

Rk

iXk h?2 0 Hm2@iQ@:Q M/ h2 'KBM H _2r /b

hQ //°2bbi?2 T Q#H2K Q7 TQQ T2 7Q K M+2 + mb2/#v KVQTB+ TH |
T i2 Q7 HEMniR "v 2[m iB&W i?2 "2r '/ bbQ+B i2@B2Mi?2 T i? Bb
XI
Ji(So) = a(si): UjXRV
i=1
g2 MQi2i? ii?2 bmKK iBQM QM i?2 "BXRIQ? #2 bBT2 QZ/BBMiQ k T il
M/ r Bii2M b
X1 .
Ji(so) = g(si) + a(s;): UjXkV
i=1 j=n+l1
g2 + HH i?2 "B;?2i@KQbi bjiK KX K?BRM2BHI Q@i B*+2 i? i 1?72 7B bi bmKK i
QM i?2 "B:?2i@°? MJXMBV/2TQZbUMib i?2 p Hm2 Q7 i?2 TQ iBQM Q7 T
+QKTmi2/ QTiBK HHv M/ i?2 p Hm2@iQ@:Q 2T 2b2Mib i?2 p Hm2 ¢
i? 1 Bb MQ K HHvB;MQ 2/ r?2MTH MMBM; "2+2/BM; ?2Q BxQM T i?’
QTIiBK@H2M;i? T i? K v #2 2T 2b2Mi2/ b

J; (So0) = K t JIn(So) + J; n(sn) UjXjV

n(S0)2 n(so)

g2 bT2+B7B+ HHv bbmK2i? ii?2p HmM2@iQ@:;Q 2T 2b2Mib i?2 K tE
"B:?2i@KQbi bmK K X8 QBB

g2 bbmK2i? ii?2b2 “+? :2Mi? b QMHv bm77B+B2Mi +QKTani iBQM
H2M:i? QTiBK HT i?bX h?mb-r2 bbmK2i? ii?2°2 2tBbib HQr2  #Q

.27BMBiBQMQRX #QmM/ QM i?2 p jXIBP @D @uBIG)BIQM b iBb7B2b

Bi(sn) J; n(sn) UjXovVv



KYIYiNY pza TA AA;fAz2é2i] eOéza 7'z 2 Rj
7Q nHH rBiB|(s)=0- M/ 7Q  i?2 BM7BMBRI+-BE)?202br 11 X

g2 bbmK2i? ii?2HQr2 #QmM/ QM i?2p HmM2@iQ@;Q K v#2277B+B.
IbBM; i?Bb HQr2  #QmM/ QM i?2 p HM2@iQ @n@-H2M 2i”PBIMZ?i 2 p Hm:

V( n(S0)) = Jn(So) + Bi(sn) UjXx8v

6Q° MQi iBQM H bBKTHB+Bivr2 /27BM2

V(o) » V( n(s0)) UjXeV

MQTIiBK HT i? rBi? " POF BhiM@UBbD MQr /27BM2/ b

a(S0)= 7 K tVy(so) Ujxdv
n(S0)2 n(so)
rBi? p Hm2

V.(so)= Kt Va(so) UjX3V
n(S0)2 n(so)

LQiB+2 i?2 bBKBH "BXB #RIif2ZNM B?2 BMimBiBQX\¥ Bb?2BRI/7TQHHQIrBM:
A7 i?2 HQr2  #QmM/ QM i?2 p Hm2@iQ@;Q K v #2 7QmM/ 277B+B2M
Q7 i?2 QTIBK Hp HM2@iQ@ ;Q-ni@H2e M?2?pTHIMZE? M TT2M/2/ i2 K
“2r 7/ TT ' QtBK i2bi?2 p HM2 I@H2MQTIBK?K AM T' +iB+2- Bi K v #2
iQ 277B+B2MiHv TT QtBK i2 i?2p HmM2@iQ@;QX bbm+?2-r2/Q MQ
#mi BMbi2 /r2 b22F iQ T QpB/2 HQr2 #QmM/ QM i?2 p Hm2 Q7 "2+
i?7 i TT QtBK i2bi?2 p Hm2 QH2MQIPIBK?Hb M2 "Hv b Bb 72 bB#H2

S'QTQbBiBQaMIXKXb2AR2M;i? 2+2/BM; PQBBx@\WK TQiIF2/ Q7 R@bi2T
[M2M+2b HQM; b2@M2M+R?QUTiBK H T i?bUXK KGOBRBEM2M;i?
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QTiBK HT i?
bmTTQb2 i? ii?22°2 2tBhibi?H@H i BOWMBEH2,7QKr?B+?
d(Sr+n) + Bi(Si+n) Bi(Sien 1) UjXRyV

i?2M i?2 > T i? b iBb7B2b
J(P)  Bi(so): UjXRRV

S'QQAX Mv HQst iBQM; i?2 > T i?-i?2T i?i? ijK&¢BKBx2b U
n(8) = 8,8.41::00,8,,0 UjXRkV

M/i?22 QTIBKIH@H2M;i? T i? i? ishi Bb i
n 1(Sre1) = FS1iSei 11008400 UjXRjV

amTTQE2 Bb N@H2M;i? T i? +QKT,GDP2MO7HQ+siBQ™M i Bb 72 bB#H2
7°QK i?2 7BM B HQ+HB®M(S) bm+2?2 i? i

(S)="F , 1(S):;S+n0 UjXR9V
h?2 p HmdsQ BDb

V("'n(sr)): Vn 1(5?) BI(Sr+n 1)+ g(s'r+n)+ BI(S‘r+n) UjXRSV



kYIYiNTpza A fiA;Azé2i7 e0éza 7'z 2 R8

"v2vTQi?2bBb
O(Si+n) + Bi(Si+n)  Bi(Si4n 1) UjXReV

h?2 27QXR/RK v #2 "2r Bii2M b

V(= (s) Vo, a(s0) UjXRdV

M/ #2+ (3 Bb MQi QTiBK H

Vi(s) V (=n(sh)) UjXR3V

bm+?2i? i

Vo(s) Vo, 1(s) UjXRNV

6°QK i?2 T'BM+BTH2 Q7 QTiBK HBiv

Vi(s) = 9(Sr+1) + Vy 1(Sr4a) UjXkyV

am#biBimiBM; i?72 "B;?i @KWV MIEY 27Q 7HR27i @ 7XNR/Nb B 22H Qb7 U

a(Sr1)+ V, 1(S41) Vo, i(s) UjXkRV

am#i° +MBMsS+) 7 QK #Qi? bB/RWRQEPQb

9(Si+1) Vo, 1(s) Vo, 1(Si41) UjXkkV
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Re

1p Hm iBX¥KRKUi /B772 2Mip HQEHQ@ =1 1vB2H/b

g(s1) V , 1(S0) V , 1(s1)
9(s2) V, 1(s1) V, 1(s2)

X

as) vV, oi(s1) Vo, o(s)

UjXkjV

bm+? i? i bmKKBM; i?2 BMXKh NBiBEBR2TBNB UvBM; vB2H/Db

xl
as) Vo, u(s0) Vo, u(s) UjXkovVv
j=1

"2+ mb2r2 +QMbB/2° T2, QE)HZ2MHIR i2b iQ

V, (s)=0 UjXk8V

g2 HbQ "2+Q;MBRS2 i2Ti'2b2Mib HQr2  #QmM/ QM i?XBHMhR@&IQ @ ;!
i? i

Vi 1(S0)  Bi(So) UjXkeV
M/ JXKO#2+QK2b

X

a(s;)) Bi(so) UjXkdV
j=1
P

r?2‘2}=1g(sj) Bbi?2 p Hmi2aHR2IM2i? "2+2/BM;RX BREOM7TQi2r2 +QM+HmM
i? i

J(P1)  Bi(so) UjXk3V

]
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h?2 HQr2 #BJsMIM i?2p HmM2@iIiQ@;Q +tQmH/ #2 /27BM2/ bi?2p Hm:
T i?2i?2°Qm;?2i?2b2 "+?2 bT +2 #2;BMMBMN; AMQIR 222 FNQ BB 2 b2
HrMKQr2 T i?b T2 KQ KII2HM ¢#2 +QKTmi2/ 277B+B2MiHVvX h?Bb K
bmBi2/iQ /2i2 ' KBM2 HQr2' #QmM/ QM i?2p Hm2@iQ@;QX

*Q QHH “vakXTQb2 i? i

L r n(Sren) = fSens S0 UjXKkNV

Bb ;Bp2M M Bp2- bm#QTiBK HT i?- M/ H2ii?2p HmM2@iQ@;Q #2 /:
XI
Bi(St+n) . 9(s) UjXjyVv

j=r+n+l

h?2M i?2 2 tBbil2 bB#H&.7 @QB+? b iBb7B2b

Bi(Sr+n)  O(Si+n+1)+ Bi(Srens1) UjXjRV

S"QUETRK XjY-r2 MQi2 i? i

X X
9(S) = I(Sr+n+1) + a(s) UjXjkV

j=r+n+l j=r+n+2
Bp2M iB($+ns1) Bb /27BM2/ #v i?2 "B;?2i@KQ WX Pt KX riBQM BM U

X!
g(S]): g(s‘r+n+1)+ BI(S‘r+n+1) UijjV

j=r+n+l

am#biBimiBM: i?2 H27ii@jy RMbB /2 DA 7i @ 7XNYV bB2H Qb7 U

Bl(s'r+n): g(s‘r+n+1)+ BI(S'r+n+1) Uij9V
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r?B+? b iBb7B2b

Bi(Sr+n)  O(Sr+n+1)t Bi(Sr+n+1) UjXj8Vv

iXj LmK2 B+ H 1tT2 ' BK2Mib

jiXjXR S Q#H2K 6Q KmH iBQM

h?2 MmK2 B+ H2tT2 BK2Mib T 2b2Mi2/ BMi?Bb b2+iBQM // 2bb i?z
Ti?bBM M mM+2'i BM bm#b2 2MpB QA)K2 2 HQ ™M 2B622V 622/2B M (
; B/12/ b2 "+?2 bT +2 b?2QiMBBOR MBQM 2?7 i H2M;i? b+ H2b ? p2 #22M M
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7 QKX
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B(i)= i r(i;k) UjXjeV
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X X
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p2?B+H2 U loV + “"vBM; bB/2@b+ M bQM "X aB/2@b+ M bQM > QT2
i> p2'b2bi° B;?2i HBM2T i?bBMQ /2 iQ +[mB '2mb27mH/ i r?22MT2
bQM ~ T Q+PDPXBM2 ¢? HQ+ iBQM- iKDP8 RQ imIM HQim M “K;?i

q2 +QMbB/2  i? i 2 +? +iBQM +QMi'B#mi2b iQ i?2 iQi HH2M;i? Q7 i
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T i? Bb 8
2 B(i) 7@ 2h rBi? MQ im MBM; K M2mp2"
a(sr) = UjX9RV
3
© 0 2HDb2

aBKBH "Hv- 7i2° Q#i BMBW ;MK2 Qoimi ?2K2MpB QM K2 Mi ivhif 2MBi?BM + 2
i?72 MMK#2 Q71 ;2ib+QMirBRR/iTrBi2BMWMBHi2B ki 2t2+miBM; im MB
K M2mp2 - i?2 MQM@MZZ mBR2 iMn/2+2BKBW 2 i?72 +im Hp Hm2 Q7 i |

hi Bb 8
2 B(i) 7@ '2h rBi? MQ im MBM; K M2mp2"
a(sr) = UjX9kV
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iXjXk _2bmHib

h? " Qm;?2Qmi i?2b2 MmK2 B+ H 2tT2 BK2Mib-r2 /2i2 KBM2 QTiBK H
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2iBK2b r?2M +QKTmiBM; QTIBK HT i?bX

6B;mXb?Qrb i?2 p2 ;2 p HM2 U BbF 2/ m+iBQMV Q7 _>T i?b +QM|
2r /b rBi?BM i?2 2MpB QMK2Mi " 2jIX EthBW 2 { BiIMHEB ;I HQ MQi ?
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#HmM2 bi2 BbF U#QiiQKV 2T 2b2Mib i?2 p2 ;2 'BbF "2/m+iBQM Q1
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"BbF "2/m+iBQM Q7 i?2H rMKQr2 T i?bmb2/iQ/2i2 °KBM2i?2 HQr2
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i72 T2 7Q K M+2 Q7 i?2 "2+2/BM; 2Q BXxQM b2 “+?2 T i?b M/ Bb Qmi
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bi?2T Q#H2K Q7 7BM/BM; i?2 QTiBK HT i? rBi?BM QMHvV i?2 TH MI
iB HHv rBi? i?2 H2M;i? Q7 i?2 TH MMBM; ?2Q BxQMRTL 222 ibbi[PR2 "2
+im Hp Hm2 Q#i BM2/ #vi®> p2"bBM; > T i? +QMbi m+i2/ rBi?Qmi
TH MMBM; ROI1BXYQ@MiQi H T i?l H200;iQ@ =2000X h?2 MiB+BT i2/ p Hm2
Q7 H rMKQr2 T i?b M/i?2 p2° ;2p Hm2b Q7 >T i?bi? i 2 +QMbi
“2r /b mbBM; TH MMBM; PO?BXxQMM j&K¥;m22 HbQ b?QrM BM 6B;m 2
7Q° "272°2M+2X LQi #Hv- 2ti2M/BM; i?2 TH MMBM; ?2Q BxQM iQ /Q
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#2ii2 T i?br?2Mi?2TH MMBM; iBK2 Bb HQM;2 X AM Qi?2 rQ /b-
+QKTH2i2 KmHIBTH2 bi i2i° MbBiBQMb r?BH2 TH MMBM; K v HHQTr
i?7 T K vBM im M #2M27Bi b2 "+?2 T2 7Q K M+2X

AM S QTQ®BRRQM i2 +QM/BiBQM mM/2 r?B+? i?2 p Hm2 Q7 2+2
+QMbi'm+i2/ 7°QK M2 "@QTiBK H T i?b Bb Hr vb #QmM/2/ #2HQr #
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