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I. INTRODUCTION

The balanced incomplete block design has innumerable
applications in all fields of research where each observa-
tion may be affected by two criteria. The first of these
criteria is what will be called the block effect, arising
unavoidably from the nature of the experimental material
subjected to various treatments. Each block is a homogene-
ous milieu for the occurrence of several treatments.

The second criterion is what will be called the treat-
ment effect, deliberately imposed by the experimenter and of
especial interest to him.

The distinguishing feature of the balanced incomplete
block design is the fact that each block is too small to
permit replication of all the treatments under study. How-
ever, the designs are so developed that the analyst can
obtain orthogonal sums of squares for block, treatment, and
error effects, thus permitting a test of treatment effects
only.

It may happen that some of the observations are missing.
An agricultural plot may be trampled, an animal may die, a
test tube may be dropped, or a machine may break dovm. It
is inevitable that situations may arise where some observa-
tions are missing in the first place or must be rejected due

to some unique effect beyond the control of the experimenter.
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When observations are missing, the symmetry of the
design is upset, and, consequently, the orthogonality of the
sums of squares is destroyed.

The aim of all who have dealt with missing values has
been the same:! to restore, by estimating the missing values,
the properties of symmetry in the design and orthogonality in
the sums of squares.

illen and Wishart (1930) first estimated single missing
values in the randomized block and Latin square designs,
using a purely statistical approach.

Yates (1933), following the suggestion of R.A. Fisher,
developed an iterative procedure for the estimation of
several missing values in the randomized block design, the
estimates being those which minimized the error sum of squares.
He proved that there is a positive bias in the treatment sum
of squares obtained from data which has been augmented by
estimates of missing values; he also showed how to eliminate
this bias.

Cornish (1940) applied the procedures obtained by Yates
to the balanced incomplete block design, obtaining a specific
formula for a single missing value and an iterative pro-
cedure for several missing values. Like Yates, he showed
the positive bias in the resulting treatment sum of squares
and how to eliminate it.

Wilkinson (1958), following Yates' procedure of mini-

mizing the error sum of squares, obtained a general
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procedure for estimating missing values in randomized blocks,
balanced incomplete blocks, square lattices, simple cubic
lattices, Latin squares, Youden squares, and lattice squares.
The estimates depend upon the solutions of matrix equations.

In this paper, the established precedent will be
followed in obtaining those missing value estimates which
minimize the error sum of squares. A general matrix
equation for estimating several missing values will be
derived which should be easier to apply than the methods now
available. Specific formulae for missing values under
several particular conditions will also be obtained. In
order to eliminate the bias in the treatment sum of squares,
a direct method of analysis of the augmented data will be
given. It will also be shown how a balanced incomplete
block design can be analyzed as a randomized block design
with missing values.

It is true that, by estimating missing values, we can
restore the symmetry in the design and the orthogonality in
the sums of squares. But the estimates of missing values
serve only to expedite analysis of the data; they do not,
by any means, restore the information lost in the missing

observations.
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ITI. THEORETICAL BACKGROUND

2.1 Balanced Incomplete Block Design

An incomplete block design is said to be balanced if
it satisfies the following requirsments.

1. The experimental material is divided into b blocks
of k units ecach, different treatments being applied to the
units in the same block.

2. There are t ( > k) trsatments, each of which occurs
in r blocks.

3. Every treatment appears with every other treatment
in the same block an equal numbsr of times, say N.

he N = r(k-1)/(t=-1)

rt = kb = N,

Table 2.1 gives the layout for a balanced incomplete

block design where t = 4, b =4, r =3, k = 3, and A = 2.

Table 2.1

Balanced Incomplete Block Design

T T
| \
Y31 Yuaor Y21
] 1
| 1
Vo2 ! Y12 ! V)2
[ ]
] |
Y13 | Y13 | Y33
Vzu; YBLPJ: YL,
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The experimental model for this design is

yij = + Ty + Bj + Gij’ (2.1)
i=l, 2, LACI Y] t,
,j = l, 2; o0y b;

where i is the overall mean, T, is the effect of the iﬁh

1

treatment, Bj is the effect of the th block, and eij is a

random effect assumed to be normally distributed with mean
zero and variance o2; the variates €ij are further taken to
be stochastically independent. Restrictions on the para-

meters in (2.1) are

Hyi T =T = eee =T, =0, (2.2)

-3
Il

™
o

i 5 1d
B, = 2y, . 2.
j iyiJ (2.3)
= 2T, = LB, &
G ; i 353
Then
Q = kT; = By (2.4)

is obtained, where B'i is the sum of the Bj's for thoss

blocks containing treatment i. Using (2.3) and (2.4), the



following sums of squares are then calculated:

t=1

Treatment SS (Adjusted) = P ST i Qf = A
ac el -1‘2 C“?’...
Block SS (Unadjusted) = F&B:-Fs3B (2.5)
;3 9
ey g
Total 35 ;? Vi =
Erroxr 8S = Total SS - Treatment 5S - Block SS & E,

These sums of squares are set up as in Table 2.2.

Table 2.2

Analysis of Variance

Source of Degrees of | Sum of Mean
Variation Freedom Squares | Square F
Blocks

(unad justed) (b=1) B

Treatments 2 a2 /a2
(adjusted) (t-1) A Sh si/sg
Error (N-t=b+1) E s§

Total (N-1) T

The test of (2.2) is effected by comparing the calculated
F with the tabular values of the F distribution with (t-1)
and (N-t-b+l) degrees of freedom at a chosen significance

level and drawing the appropriate conclusion.



2.2 DMissing Observations

The standard least squares nrocedure used in this paper
for obtaining estimates of missing values was originally
suggested by R. 4. Fisher, was first applied by Yates, and
has been favored by most writers.

This procedure obtains values for m, ti’ and bJ (the
estimates, respectively, of u, 7;, and Bj) such that

EY = L L (yiJ -m-t - bj)2 (2.6)

known
data

is a minimum. If the missing values are designated by
xij's, the criterion used to determine the values of the
xij's is that of minimizing the error sum of squares taken
over both the observed and the estimated data. Letting E¥
represant the error sum of squares obtained when the data

are augmented by the values of the xij's, and letting m*,

>k * 9, 3 ) 3 L3 (3
tys and bj be the least squares estimates which minimize E*,

one gets
i * . 3
B¥ = Iy omieti-by)? + DI (xyemietiob)? (2.7)
known . missing ~ J
data data

Partially differentiating (2.7) with respect to x. ., and
id

equating the resulting partial derivative with zero yields

* ¢
= + 2,
X4 5 m¥* + ty bj (2.8)

-8
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Substituting (2.8) into (2.7), then comparing the
results with (2.6) shows that

* x

and that

Ex = E?, (2.10)

Since E* was shown to be equal to the error sum of
squares obtained by the correct least squares procedure, the
error sum of squares can be obtained from the augmented data,
but its degrees of freedom must be reduced by one for each

missing value estimated.

2.3 Bias in the Treatment Sum of Squares

Yates has shown that the treatment sum of squares
resulting from the analysis of augmented data has a positive
bias. Obviously, this will tend to exaggerate the signifi-
cance of the F-statistic used to test (2.2).

Yates demonstrates the bias as follows.

In general, it is possible to test a null hypothesis
by using the general regression significance test. Find the
reduction, say Ro’ in the total sum of squares, due to
fitting the constants in the original model. Find the re-
duction, say Rd’ in the total sum of squares, due to the
model obtained by deleting, from the original model, that

parameter which is under study. Get the difference, R, - Rd’
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and divide this by the number of degrees of freedom, say
(t~1), for the effect under study.

Next obtain an error sum of squares, say E, by sub-
tracting Ro from the uncorrected total sum of squares. Then
divide E by the degrees of freedom due to error.

The quotient

(R-Ry)/(t=1) (2.11)
E/(d.f., error)

is distributed as F[(t-1), (d.f., error)], and one may test
for significance the effect under study.

In the balanced incomplete block, this would mean,
generally, that Ro is obtainzsd from the model

Yij = ® +oT, ot Bj + 3 (2.12)

and Rd from the model

Yijy = ® + Bj + %3 : (2.13)
i.e., the proper sum of squares due to treatment effects is

R,-Ry = regression (u,7,p) - regression (un,8). (2.14)

Now suppose that some of the observations are missing.
It has been shown that missing values may be estimated,

under the original model, in such a way that

ZL(y,s=m=1t, - b,)2 (2.15)
known 9 i J
data

is minimized.
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Similarly, estimates of missing values may be obtained

vnder the diminished model such that the expression

22 (y,, ~m'" - Dbt)? (2.16)
known iJ J
data

is minimized, where m' and b3 are estimates; respectively,
of p and Bj in (2.13).

Including the appropriate missing value estimates and
following the analysis of variance procedures for both
models, using an o-subscript for values obtained under the
original model and a d-subscript for values obtained under

the diminished model, yields

Table 2.3

Analyses of Variance

Original Sum of Diminished Sum of

lodel Squares Model Squares
Block Bo Block Bd
Treatment AO Error Ed
Error Eo - S OM Total Sd
Total S0

Now one may obtain the total sum of squares, say S,
of the deviations only of the existing values from their
mean. The reduction in S due to fitting both block and
treatment constants is S - Eo; the reduction due to fitting

block constants only is S - Ed. Then the correct sum of
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squares for testing treatment effects is

(S - Eo) - (8 - Ed) = Ed - E 3 (2.17)
from Table 2.3,

E = (Sd-Bd) - (SO-BO-TO) (2.18)

= To - (SO-BO) + (Sd-B )

Clearly,
(S =B ) = Z L (yssm=b )%+ I35 (x,.,mb,)?, (2.19)
oo known -9 J missing J gt
data data

wvhere m and bj estimate, respectively, p and Bj in the

original nodel; also

(S;«B,) = L % (y,.,-m'=b%)2 + Lz (x,.-m%-b%)?,
dd known 13 J missing ij J (2.20)
data data *

where m!' and b3 estimate, respectively, p and Bj in the
diminished model.

m' and bB were chosen so as to minimize the expression
(2.20); i.e., those terms in (2.20) which involve missing
values vanish. But m and b were not chosen so as to mini-

mize the expression (2.19).

Hence it must be true that
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o e P .
) (yij-m-b.)~ + £z (x..-m-bj)2

known missing
data data
> 22 (y,,~m"=b%)? + I L (x,.-m'-b%)?, (2.21)
known 1J J missing 9 J
data data
so that
(SO - Bo) > (Sd - Bd). (2+22)

Consequently, the proper sum of squares for testing

the null hypothesis, (2.2), is

a8 T, - (So = Bo) + (Sd = Bd)
where

Ty > T, = (S, =B) + (5 - By) (2.23)

2.4 A Direct Method of Analysis

While a specific formula for the bias can be obtained,
it is much casier, in the case of the balanced incomplete
block, to modify the analysis of variance technique in
order to obtain the exact F~test.

After ovbtaining and inserting estimates of the n
missing values, obtain the sums of squares (2.5), modifying
the block sum of squares (unadjusted) and total sum of

squares as follows:



Block 5.5. (unadj.) = % s B2+% 2 [By+ax, ,I2
knovwmn missing J J
data data
G + 5ix, )2
( 4&3 13)
N
& B*x (2.24)
(Gr+rx, .)"°
Total S.S. = L% y?.+ L& xgj - L
known *9J missing N
data data

(2.25)

(11

-3

¥*
°

83 is the total of existing observations for a block that
contains one or more missing values; G' is the grand total
of existing values.

Letting the remaining sums of squares calculated from
the avgmented data be represented by A* (treatments, adjusted)
and E¥ (error), the values can be set up as in Table 2.2.

If the F-test is not significant, the analysis is
complete. If it is significant, the significance may result
from the positive bias in A*; hence, the bias should be
eliminated.

To eliminate the bias, proceed in the following manner:

l. enter the error sum of squares which was obtained

from the augmented data (E*) in a new analysis

of variance table;
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2. using the first term of (2.25), find a total sum

of squares based only on known data,

R 2
T = D EyE, - G612 (2.26)
known Y Nen
data

3. taking advantage of (2.24), obtain a block sum of

squares based only on known data,

1 (BY)? (Gr)?
B* = I B2+ & —l— oLl (2.27)
k. J It Nen
known known i
data data
L. obtain the unbiased treatmert sum of squares by
subtraction.

Table 2.4 gives the exact analysis of variance.

Table 2.4

kxact Analysis of Variance

Source dofe Sele oS F
Blocks
(unad justed) (b-1) B!
Treatments -2 2/.2
(adjusted) (t-1) A? = Tt-BY-Ex* ShA SA/SE
Error (N-b=t+1l=n) E* s&
Total (Nelen) T?
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IIT. DSTIMATION CF SEVERAL MISSING VALUES

3.1 General Casc

3.1e8 Introduction

To obtain cstimates of the missing values, the procedurse
proposed in section 2.2 will be followedj;i.c., partially
differentiate the error sum cf squares with respect to sach
of the missing values, and equate these partial derivatives
vith zero, thus cbtaining a set of n equations in n
unknowns .

The error sum of squares may be written as

(t-1)

- ] o
Ex = {zzyB. - & LB% - ————— zQ~}
K00 pie(re-1) 1

fiing, - bt - = ]
sexis o=k LBj - ;2;7;:57 205§ > (3.1)
where the first quantity is obtained only from existing
data and the second quantity is obtained from the data
involving missing values.

For purposes of expediency, the following definitions

are made:

e
'
b [
| I R
(Vs]
)
-

By § = e (32 (3.2)
3 rtk(k=-1) i

vhere ZB% and EQ; are taken only from the second quantity
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in (3.1). With these definitions, By *+ E, + E3 constitutes
that portion of the error sum of squares which involves the
missing observations.

Obviously, the first quantity in E* will vanish under
differentiation, so that one need consider only the
expression El + Ey ¥ E3 in obtaining estimates of the
missing values.

When a particular missing value is being considered,
this missing value will be referred to as Xoq® Two parti-
cular missing values will be referred to as Xod and X p*

n missing values will be denoted by Xog? Xep?®*® 9y
In order to deal with the block and treatment totals

which involve missing values, define

T, = T! + (missing values in treatment i)

(3.3)
Bj - 83 + (missing values in block j).

Xod will be involved in two types of Q-values: the
Q=value for treatment ¢ and Q-values for the other treate
ments in the same block as Xeq® The former will be

denoted by

Qc
the latter by

= QL+ (terms involving missing values), (3.4)

Q = Qi(c) + (terms involving missing values)i.s)

where Qé and Qi(c) are the numerical values obtained from
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existing data.

It will elso be uvseful to define M as that collection
of terms which involve missing values other than those under
consideration.

In general, when differentiating the error sum of
squares with respect to the missing value Xoqe one obtains

an equation of the form

8El, aE2 aHB
< T Tt S (terms involving xcd)
“cd “ed “ed

+ (constant terms involving
Ry QY !
-+ I‘lo (306)
Equating this partial derivative with zero yislds an
equation of the form
(terms involving xcd) + M = (constant terms involving
v, QO Qe 3

i(c

3.1.b Terms Unaffectsd by Configuration

It is to be expected that the configuration of the
micsing values within the design will have sonie bearing on
the form of the equation obtained by differentiating with
respect to a particular missing valve, Xog© However, this
configuration affects neither the coefficient of Koq ROT
the essential form of the constant terms. It is the coef-

ficient of X4 and the form of the constant terms which will



be obtained in this sectione.
If one differentiates El with respect to Xod? the

result is

8}3
ox

2 2
a(chl M Xef

ox
c

+ oo + X3
1 _ xuv)

cd

d

I

RXoq * (3.8)

Obviously, this result is the same under any
configuration.

The block total for block d, containing Xod? is of the
form

Bd = Bé tox,y t M. (349)

Differentiating E2 with respect to Xo.q One gets

S ? i) 2 X 1) 2
o, 8 {- £ L(BY+x 1) +‘;d(BJ+m) 1
- id
8xcd Bxcd
- "%Bé -%xcd + M3 (3.10)

hence, the only expression affected by configuration is M.
There are k distinct treatments replicated in block d,
which contains x y+ Since there is a distinct Q-valus
corresponding to each treatment, tne block total Bd' and
therefore X,q? Iust appear in k Q-values - one for each of
the k treatments in the block. This follows from (2.4).
By definition,

Q. 2 ch - B..

c Cc
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but treatment ¢ contains X.q¢ SO that

Qc = k(Té+xcd+M) - (Bé+xcd+M)

- % (other involved B.)
§#d J

Q + (k-1)x_ 4 + M. (3.11)

The other (k-1l) Q-values involving Xoq @re of the form
Q; = kTy - (By*x,4q*M) - L (other involved Bj)

1 i#d

+ M. (3.12)

Q:'L(c) = Xed

Differentiating E3 with respect to Xoq? One gets

a{ rtkt‘kllj[(Q +(k l ﬂ"I)z +i§c(_Qi(C)-XCd+N[)2]3
~(t-1
Ea{?E%%E‘iT (Qf + M 2}

Xcd

- SR {Cn o) Bt 0+

(3.13)

again, the only expression whose form might be affected by
configuration is M.

Consequently, by combining results (3.8), (3.10), and
(3.13), one gets



55 _ a(r_.:1 +E, * 13)
axcd axcd
Cay 252
= 2% " ¥ B4~ ¥ *ed
-2 t-l - 2 - “ - Y9 ¥ 0O }
rtk(k-1 {F(k 1)5+(k l)]“cd+(k l)bc i;C‘“i(c)
+ 1. (3.1L)

After equating this partial derivative with zero znd
simplifying, one obtains the general result

e d+’ = rt(k-l)8é+(t—l)(k—l)Qé~(t—l) z Q'(

where
= (k-1)(rtk-rt-tk+k).

As a consequence of this derivation, another expedient

notation will be introduced:
Ccd s rt(k-1 )B’+(t 1)(k=1)Q (t 1) l°CQ’(C H
” (3.16)

i.e., Ccd denotes the right-hand-side, or constant ternm,
obtained by differentiating the error sum of squares with
respect to the missing observation, ¥oq®

Now the egquation system involving the n missing values,

Xogr Faops oo Hyyr Hay be written

-y

BX g + i Ccd

mr e + Moo= Cef (3.17)

ms + M = H
“uv ¢ Cav



- 2L -

i.e., the coefficient of the missing value with respect to
which the differentiation is performed is m in every case,
and the right-hand-side, or constant term, is of the same

form in every case.

J.l.c Terms Affected by Configuration

If one differentiates the error sum of squares with
respect to the miesing value, Xed ? the configuration of the
missing values within the design affects neither the term
involving Xoq TOT the essential form of the constant terms,
as has been shown in the preceding section. However, the
terms invelving the other missing values will depend upon
their positions, in relation to Xeq? in the design. In this
section, the coefficients of these other missing values will
be obtained under the various possible configurations.

In obtaining these coefficients, it will be most con-
venient to consider all possible configurations of the two
missing values, Xod and Xop differentiating always with
respect to X,4- Unless otherwise indicated, it is assumed
that Xod and Xqp OcCCur in distinct blocks and distinct treat-
ments; i.e., ¢ ¥ e, d # f.

The procedure is as follows. First, the configuration
will be identified. Next, those terms in the error sum of
squares which are uniquely affected by the configuration will
be pointed out. Finally, the resulting equation will be

written, showing the term involving x ..
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Configuration 1. No treatments are replicatad both in
block d and in block f. In this event, Xod and Xep do not
occur together in the same block or in the same Q-value.

In all events; they form distinct terms in El’ as was
established by (3.8). Hence, the two unknowns will appear
in distinct terms in the error sum of squares; and terms in
X, p will vanish under differentiation. The resulting

equation is

mX, 4 + Ooxef + M =C (3.,18)

cd °

Configuration 2. Xed and Xgp OcCCur in the same block; i.e.,

d s f. The affected terms are

Bd = Bé + xcd + Xsd + M
Qc = Qé M (k'l)xcd - Xeq t M

. , (3.19)
Qa = Q2+ (k-l)xed - X,q T M

Yy = (Qi(c,e)'xcd'xed + M) .

.
i#c,e i#c,e

The equation resulting from differentiation of the

error sum of squares with respasct to Xod is

L +M = C, (3.20)

IiXed = Tk=1) Fed a*

Configuration 3. Xod and Xop are in the same treatment;

i.ee, ¢ £ e« There are no other treatments replicated both
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in block d and in block f. The affected term is
QC = Q(’: + (k-l)(xcd-"xcf) + M’ (3021)
and the final equation is

2 7= .
mxcd-(t-l)(k-l) Xop + I CCd . (3.22)

Configuration L. There are p treatments (not c or e)
common to blocks d and f. The affectad terms are

P _P . |

é‘Qi = L[Qi(c’e)-&xcd-xef + 1\1]' (3023)
the final equation is

mX,g - p(t-l)xef T =CLy (3.24)

Configuration 5. Treatment ¢ is replicated in block f; no
other treatment is replicated both in block d and in block
f« (It can bs shown that this is identical to the case

where treatmwent e is replicatad in block d.) The affected

term is
and the final squation is
mx,q * (t-.l)(k-l)xef +tH = Cye (3.26)

Configuration 6. Treatment ¢ is replicated in block f and

treatment e is replicated in block d; no other treatments



- 27 -

are replicated in both blocks. The affected terms are

% = Qé + (k'l)xcd = Fer ?
Qe = Qé + (k'l)xef - XCd ° (3'27)

The final equation is

mX_ g * 2(0t=1)(k=1l)x .+ M = C (3.23)

ef cd’

These results may be summarized in tabular form, where
the relative positions in the design of the two missing
values, %od and Xopr are considered, and where differenti-
ation is performed with respect to Xoq®

Before lcaving the topic of configurations, it is
extremely important to observe that these configurations are
not all mutuzlly exclusive.

For instance, Xod and Xgp MAYy occur in the same treat-
menty in addition, there may be three other treatments
replicated both in block d and in block f. Thus Xod and
Xop Would fit both configuration 3 and configuration 4. The
coefficients of Xop would be added, and the equation
obtained by differentiating the error sum of squares with

respect to x4 would be

mX g = (t-—l)[p+(k--1)-°~]xcf + M =C_g4 (3.29)



Table 3.1

Off-Diagonal Coefficients

)

2 ~ 3 -r -,
Configuration of Xoq @DA X p

Coefficient
of hef

No treatments common to
blocks d and f.

Xed and X p occur in the
sane block.

*od and Xgp OCCur in the

same treatment; no other
treatments cormon to both
blocks.

There are p treatments
(not ¢ or e) common to
blocks d and f.

Treatment ¢ is replicated
in block f OR treatment e
is replicated in block d;
no other treatments common
to both blocks.

Treatment ¢ is replicated
in block f AND treatment e
is replicated in block d;
no other treatments common
to both blocks.

-(t-1)(k-1)?

-p{t=-1)

(t=1){k=1)

2(t-1)(k-1)




3.1.d lMatrix Repnresentation and Solution

If there are n missing values, Hogr Fopr *009 Fuy!
and if the error sum of squares is differentiated with

respect to each of the missing values in the order specified,
the result, upon equating these partial derivatives with zero,

is the equation systen

Mx + q,,X + eee *+ 0o, I« = C
cd U 2%er “1n"uv cd

b T+ mx + eee T QN T =0 .
921%cd “ef ° 2n“uv ef

X T O X ot + m = G
9n1*ed ‘n2°ef °° uv uy  ?

vhere qij = qji’ obtained by the appropriate combinatcion

of coefficients from Table 3.1.

This equation system may be written in metrix form as

Ax = C (3.30)

12 °°* 91y
A= q21 m LY qzn (3'31)

Q1 Oy cce D

(3.32)
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and
Ccd
C..
c = . (3.33)
Cuv
The estimates of the missing values are then obtained
from

x = "¢ . (3.31)

3.2 Special Cases

D G D T  Gw— V.

Clearly, every possible pair of missing observations
satisfies configuration 1, so that the equation system

reduces to

n]xcd 0 oo 0 = CCd
0 WX p ooe o = Cef
(3.35)
0] 0 ) mxuv = Cuv .

In this case, the estimate of the missing value is

treatment i and block j is simply



1
X335 7% Ci3
(L) BYH(6-1) (k100 (6-1) | 2 Q4

- 4 ,  (3.36)
(k=1)(rtk-rt-tk+k)

which is identical to the estimate of a single missing value,

as first shown by Cornish (1940).

3.2.b n lMissing Values in the Same Block

—— St G ———

Here, each pair of missing values satisfies

configuration 2, leading to the equation system

m =
PXed = k-1 Yed = *** " k-1 *ud ~ Ccd
m m -
= oI Xed T MXgq T v < K-T Xud -~ Cea (3.37)
m m__ -
= %=1 ¥ed = K=Tfed™ °°* ¥ mXyq Cud °
In matrix form, this becomes
Ax = C (3.38)
where
m - Im m T
k-l o0 @ "k-j
P m m
A—‘ -'k'?'i' m X "k—_i
m m ce e I




i Xed ]
Xed
x = . (3.40)
Xud
" 4
and
Ccd
C
c = ed (3.41)
Cud
. - *
The solution is, of course,
=i, (3.42)
vihere
B n
k(k-n)+(n-1) (k-1) <. (k-1)
a1l = 1 (k=-1) k(k-n)+(n-1)... (k-1)
mk(k-n)
(k'l) (k"l) oc.k(k-n)"'(n-l)

(3.43)
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-1

Performing the operation, A “C, one obtains the

missing value estimates

e {[k(k-n)+(n-1)Jccd+(k-1)i;'zéccid}

*cd
%oq = ey Lk(k-n)+(n-1)I_,+(k-1) & C.f  (3.44)
‘ed  mk(k-n) ; ed ife id °

L] ® °

o = by (01 oo £ 04 -

3.2.c n Missing Values in the Same Treatment; No other

Treatment Replicated in Any Two of the Involved Blocks

In this case, every pair of missing values satisfies

configuration 3, and the equation system is

2 2 =
mX,4 = (t=1)(k-1) Xop oo -(t-1)(k=-1) %oy = Ced

i
Q

-(t-l)(k-l)NXCd + m}:cf..--(t-l)(k-'l)"}(cv Cf

-(t-l)(k'l)zxcd - (t-l)(k-l)zx XK ""mXc =0 .

cf v cv

Again using matrix notation, these equations may be written
as

A-)-S = .g.? (3 oLpé)

where



- 3 -

[~ m “(t=1)(k=1)?eeem(t=1)(k=1)? "]
-(t=-1)(k=1)" 0 eoe=(t=1){k-1)?
A= . . . (3.47)
-(t=-1){k-1)% =(t-1)(k-1)? i
o P
and where x and C are defined as before.
Then
At o=
;-(n-Z)(t-l)(k-l)z (t=1)(k-1)? eee (t=1)(k=1)% ]
. (t=1)(k=1)% m=(n-2)(t-1)(k=1)2... (t=1)(k=1)?
K . . .
L(t-l)(k-l)2 (t=1)(k=1)? .,.m-(n-2)(t-l)(k~l)2d
where (3:48)

K =n? - m(n=2)(t=1)(k=-1)2 = (n-1)(5-1)3(k-1)% (3.49)
the solution,

-1g, (3.50)

= A

»
X
—

yields the missing value estimates
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Xoq = % Lm=(n-2) (£-1) (k=1)21C_,

xgp = F{lm=(n-2) (t=1) (k-1)21C_,

xgy = F{ln=(n-2)(t-1)(k-1)21c

cv cv

3.2.d Two Missing Values

By applying the various results
tions immediately preceding this, it
explicit formulae for every possible

balanced incomplete block design, of

+ (t=1)(k=1)? & .
j#d ©J

+ (£-1)(k-1)2  ©
she"ed
(3.51)

+ (t-1)(k-1)? £ C
v csf

obtained in the sec-
is quite easy to obtain
arrangement, in the

two missing values.

The procedure will be as follows: (1) the configura-

tion of the two missing values, Xod and Xop? will be

identified, and (2) the estimates of
will be given.

1. No treatments common to blocks d

C

=l

Xed cd ?

C

=R

Xef ef °

2. There are p treatments (not ¢ or

d and f.

these missing values

and f« Then

(3.52)

e) common to blocks



- 36 -

_ 1

[m?=p?(t-1)?
Xef © : ~

[m2-p?(t=-1)2]

Xed ] {&Ccd + p(t-l)Cef}

(3.53)

fnc o + ple-1)C 4f -

3. There are p treatments (not ¢ or e) common to blocks d
and f. It is possible that p = O. In addition, treatment c
is replicated in block f OR treatment e is replicated in
block d.

In this event,

C ’1 k-l“ C

1
= 1C_~(t=1)(k-1-p)C .
Xef [ma-(t-l)‘?(k-l-p)zj {F ef P cd?

L. There are p treatments (not ¢ or e) common to blocks

d and f. It is possible that p = O. In addition, treatment
¢ is replicated in block f AND treatment e is replicated in
block d.

Then
1
= C.q-(t-1)(2k=-2-p)C
Xed [m2-(t=1)2(2k=2-p)?] {m P }
N (3.55)
= iCy - 1)(2k=2~
Xef [ma-(t-l)z(Zk-Z- {E (t=-1)( p) cdg

5 Xed and Xgp Occur in the same block; i.e., d = f.
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Here,

i

*ed Eé%i%%T {(k“l)ccd * Ced}
- (3.56)
Xod Eﬁ%ﬁ%%T {te-d)e g + ey

There are p treatments (not ¢ or e) common to blocks d
In addition, Xed and Xof

6.

and f.
occur in the same treatment; i.e., ¢

It is possible that p = O.
= €.

Then

L 1 l - -1)2 .

%o PP PI {nccd+(t 1)[(k=-1) +pJC?;}57)
= L {@ccf+(t-1)[(k-l)3+p]Ccd} .

ef 2l (5-1)2[(ko1)24p]2
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IV. ANALYSIS Or A BALANCED INCOMPLETE BLOCK AS A
RANDOMIZLD BLOCK WITH MISSING OBSERVATIONS.

The balanced incomplete block design may be thought of
as a randomized block with (t-k) missing observations in
each block. If these (t-k) missing observations are esti-
mated and inserted in the original incomplete design, a
regular randomized block analysis can be used on the data.
Glenn and Kramer (1953) have developed a procedure for esti-
mating missing values in a randomized block and for obtain-
ing an exact analysis of the augmented data. |

In this section a balanced incomplete block design will
be treated as a randomized block with missing values, the
procedure of Glenn and Kramer being used to obtain the mis-
sing value estimates and the analysis of the augmented data.
The exact balanced incomplete block analysis will also be
obtained, in order to demonstrate the precision of the
randomized block analysis.

It will suffice, for these purposes, to use an arbi-
trary set of data for a balanced incomplete block design
withr=3,t =4, k=3, b =14, and AN = 2. This data is
given in Table 4.1.
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Table 4.1
Balanced Incomplete Block Design Considered as a

Randomized Block Design with Missing Observations.

. Y.
Blocks Original |Augmented
1 2 3 L Totals Totals

1 |15.54 12.80 16.59 bl 093 65.90
2 [15.54 13.91 20.37| 149.82 67.04
3 |18.22 21.81 27..9| 67.52 85.82
20.11 23.97 26.90| 70.98 | 92.24

Treatnients

P

Y:J Original L9.30 46.82 62.37 7L.76| 233.25
Totals

T.j Augnented |50 56 65,12 79.59 95.73 311.00
Totals

The missing values occur in the circled cells; there
are four missing values, no two of which are in the same
block or treatment. In this event, according to their
equation (3.4), Glenn and Kramer have shown that the missing

value in treatment h and blcck k is estimated by

[(p-1)(g-1)+(n-2)]Z,, ~ = z Z, .
hk missing plots %J
x. . = i#h _ i7k
hk 4

(p=1)3(q=1)2 + (n-2)(p-1)(q=1) = (n-1)

where Z; . is defined by their equation (3.2) as

J
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= ' | + ?t - Y?
Zij pYi' qY.J L) 3
where
p = number of treatments
=1,
where
q = number of blocks
=L,
and where

n = number of nissing values

= Lo

First obtaining the Zij's’ one gets

= 24,7.87

Z3p = L(67.52) + 4(46.82) - 233.25
= 22L.11
= 215051

Zlh = L{4L93) + 4(74.76) - 233.25

= 245.51 .
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Next the missing value estimates are obtained:

w . =L103)(3)+2](217.87)-(R24.11 + 215.51 + 245.51)
Ll [(32)(32) + (2)(3)(3) = 3]

= 21.26
= 18.30

X35
X9y = 17.22

xll& = 20.97 .

These estimates are entered in the table, as in Table 4.1,
and the augmented totals are obtained.

Following the procedure outlined in the section
in the paper by Glenn and Kramer, the analysis of variance
is then obtained, using the augmented totals. The total sum
of squares is partitioned into two parts: that involving
existing observations and that involving estimated observa-
tions. Ordinarily, the block sum of squares is similarly
partitioned, but in this case, every block total involves a
missing observation.

In this case, the following results are obtained.

The correction factor is

Y= 2
.« _ (311.00
— LZ_TB__l_

6045.0625.

n



The total sum of squares is

T

the block sum of squares is

B:}: =

i

N
]

&

4,796.1,039 + 1523.1469 - 604,5.0625

27L.4,383;

24,718.1290
L

134.4697;

- 604,5.0625

the treatment sum of squares is

A% =

24,710.4616

I

= 132.5529;

- 6045.0625

and the error sum of squares, obtained by subtraction, is

E¥ = 7.,657.

These results are summarized in Table L.2.

Table 4.2

Approximate Randomized Block Analysis

Source of

Degrees of

Sum of

Mean

Variation Freedom Squares Square F
Blocks 3 134 4697 L1 e8232

Treatments 3 132.5529 L4.1843 29 « 5%k
Error 5 7.4,657 1.4931

Total 11 271, 1,383
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The F-test shows treatment effects significant at the
one per cent level. But since this significance may be the
result of a positive bias in the treatment sum of squares,
the exact analysis must be obtained, treating the original
block totals and observations as a one-way classification
with respect to blocks.

The error sum of squares from the approximate analysis
is retained; i.e.,

EY = E*
= 7.4,657.

The correction factor is

(Ye,)?
gz = L533.7969.

The total sum of squares is

Tt = 4796.4039 - 4533.7969
262 .6070;

the block sum of squares is

Bt = LhlOL.O769 _ 5337969

166.7621;

the treatment sum of squares, obtained by subtraction, is
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At = 38,3732,

The exact analysis is given in Table L.3.

Table 4.3

Ixact Randomized Block Analysis

Source of Degrees of Sum of Mean ’
Variation Freedom Squares | Square F
Blocks 3 166.7621

Treatments 3 8843792 | 29.4597 | 19.73%*
Error 5 74,657 1.4931

Total 11 262 .6070

Although the exact analysis considerably reduced the
magnitude of the treatment sum of squares, the F-test still
shows treatment effects significant at the one per cent
level.

The exact balanced incomplete block analysis is

obtained as follows, the data being given in Table L.4.
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Table L.,

Balanced Incomplete Block

1 2 3
15.54 15.54 18.22 By = 49.30

1 2 L
12.80 13.91 20.11 B, = L6.82

1 3 L
16.59 21.81 23.97 By = 62.37

2 3 L
20.37 27 .49 26.90 Bk~= 74L.76
G = 233.25

One first obtains the block totals, Bl’ BZ’ B3, and Bh’
and the grand total, G.

Next, the quantities T, and B,y can be obtained simul-
taneously by a split dial procedure. Each observation in
treatment i is entered on the left side of the dial, while
the block total for the block in which that observation
occurred is entered on the right side of the dial.

Thirdly, the Q;'s are obtained according to (2.4):
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Treatment Ti B‘i Qi
1 LLe93 158.49 -23.70
2 L9.82 170.88 -21.42
3 67.52 186.43 16.13
L 70.98 183.95 28.99
699.75 = kG 0]
= 3(233.25)

The sums of squares are obtained by application of the

equations (2.5). The correction factor is

G2 _ _(233.25)%
12 12

]

4533.7969.

The sum of squares for treatments, adjusted, is

t-l 2
?EiKE:%T i QF

]
|-

(2121.1034)

N
o £

8

«3793;
the sum of squares for blocks, unadjusted, is

1

K B 0

2
J

2
G2 _ 1@10156769 - 1533.7969

X
2
'j l

]

166.7621;

the total sum of squares is
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2 _ G
Yi; - 12

[

4796.4039 - 4533.7969
262 .6070;

)y
i

. b

il

the error sum of squares, obtained by subtraction, is
E = 7.,656.
The exact balanced incomplete block analysis is given

in Table L.5.

Table Lo 5
Exact Balanced Incomplete Block Analysis

Source of Degrees of Sum of Mean

Variation Freedon Squares | Square F
Blocks

(unad justed) 3 166.7621 | 55.5874

Treatments

(adjusted) 3 88.3793 | 29.L593 19.73%*
Error 5 70[;,656 101#931

Total 11 262 .6070

A comparison of this analysis with the exact randomized
block analysis in Table 4.3 shows that the results are in
agreement except in the last decimal place in the treatment
and error sums of squares and in the treatment mean square.

In a case such as this, the randomized block analysis

is very simple to apply. However, if t is considerably
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greater than k, the estimation of the missing entries for a
randomized block analysis may require the inversion of a
fairly large matrix. This obviously might take more time
than a straightforward balanced incomplete block analysise.
Also, there may be, say, n missing values in the
balanced incomplete block design itself. Then, if the ran-
domized block procedure is used, there are [b(t-k)+n] values
to estimate, quite possibly involving the inversion of a
[b(t-k)+nJ-square matrix, whereas the procedure developed in
this paper for a balanced incomplete block analysis of the

same data would involve only estimation of the n values.
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V. EXAMPLE

The example presented in this section utilizes data
from an experiment of Gish (Virginia Polytechnic Institute,
1949, unpublished results) in which alfalfa was subjected to
nine top dressings of fertilizer. The observations repre-
sent yields of cured hay in pounds per fifty square feet.

The design was a balanced incomplete block with r = 4,
t =9, k=3,b =12, and A = 1.

In order to demonstiate the method of analysis pre-
serted in this paper, two observations were deleted from the
data: x3h, in treatment 3 and block 4, and X375 in treatment
3 and block 7. These two cells are circled in the data,
Table 5.1.

The two missing values both occur in the same treat-
ment, but there are no other treatments replicated in the
two involved blocks. Hence, one would apply the formulae

in (3.57), with p = O:

mCy, + (t-l)(k-l)2437

v =
34 m? - (t-1)2(k-1)%
mC,, + (t=1)(k=1)4C

x3p = 37 3L ;
m? - (t-1)2(k-1)%

where
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Table 5.1

Alfalfa Yield in Pounds of Cured Hay
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(k - 1)(rtk - rt - tk + k)

and where CBh and 037 are defined, according to (3.16), as

C

35, 5 relk=1)B}+(t-1)(k-1)Q3-(t-1)[Q} 5)7E(5)1s

C

37 & rt(k=1)Bs+(t-1)(k-1)Q4-(t-1)[Q} (5)+Q% 3,1,

the BB’ Qé, and Qi(c) being defined, in turn, according to
equations (3.3), (3.4), and (3.5), respectively.

In estimating the missing values, one first obtains the
original block totals and the original grand total, shown in
Table 5.1.

Next, using a split-dial technique, the original quanti-
ties Ti and B'i are obtained.

From the latter are obtained the original Q-values.
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Ti B.i Qo

i
Treatment Original Augmnt. Original Augmnt. Original Augmnt.
1 30.53  30.53 82,98 82.98 8.61 3.61
28.39  28.39 81.21 81.21 3.96 3.96
8,69 13.29 64,93  7he53 =38.86 -19.66
32.82  32.82 81.58 86.47 16.88 11.99
26,90 26.90 82.27 82.27 = 1.57 - 1.57
26,86 26.86 78.53 383.24 2.05 = 2.66
2419  24.19 8l.40 8l.40 - 8.83 -~ 8.83
33.60 33,60 85.00 89.89 15.80 10.91
26.29  26.29 76.91 81.62 1.96 - 2.75

238.27 247.87 714.81 74,3.61 0 0

e R N3 O W

From these results, it is determined that

Csy, = (4)(9)(2)(13.18) + (8)(2)(-38.86) - 8(2.05 + 1.96)
295,12

i

and

= 72(16.70) + 16(=-38.86) - 8(16.88 + 15.80)
319.20.

C37

Then the missing value estimates are obtained:
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«. = 196)(295.12) + (32)(319.20)
3 962 ~ (64)(16)

_ 285%5'22

= L7 ;

~ (96)(319.20) + (32)(295,12)
8192

= 14,089¢

These estimates are entered in the data (they are
circled in Table 5.1), and the augmented quantities Bj’ Ty
B.i, and Qi are obtained.

The approximate analysis of variance and, if necessary,
the exact analysis of variance are obtained according to the
procedure given in section 2.4.

First the approximate analysis is obtained.

Here, the correction factor is

G? _ (247.87)3
36

i

1706.6538.

The sum of squares for blocks, unadjusted, is partitioned
into two parts, one part corresponding to block totals not
involving missing observations and one part corresponding to

block totals involving missing observations:?
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_ u3805h699 . 28651802 -~ 1706.6538

1l

15.5629.

The total sw: of squares is also partitioned into the part
involving existing observations and the part invelving esti-

mates of missing observations:

T* = 1709.5133 + 46.0962 - 1706.6538

il

1#809557'

The adjusted treatment sum of squares is obtained in the

usual manner:

t-1 vQZ

A S Ekk-1)

I

R

30.8959 .
The error sum of squares, obtained by subtraction, is
E* = 2,,969.

The approximate analysis of variance is given in

Table 5.2.



Table 5.2

Approximate Analysis of Variance

Source of Degrees of Sum of Iiean

Variation Freedom Squares Square F
Blocks
(unad justed) 11 15.5629 1.L148
Treatments
(adjusted) 8 30.8959 3.8620 | 21.66%x%
Error 1, 2.4,969 .1783
Total 33 4L8.9557

The F-test 1s significant at the one per cent level,
but, since this significance may be due to bias, it is
necessary to get the exact analysis.

The correction factor for the exact analysis is

()2 _ (238.27)2
3% £78

For the exact analysis, the error sum of squares from the

approximate analysis is retained:

E*x = 2.,969.

Employing the first term in the partitioned total sum of
squares from the augmented data, as indicated by equation

(2.26), the total sum of squares is
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fl

T' 1709-5133 - 166907821

39.7312 .

In a similar fashion, according to equation (2.27), the sum

of squares for blocks, unadjusted, is obtained:

B = 4}8054699 + 4525602h - 1669.7821

il

16.6757.

Then the unbiased treatment sum of squares, adjusted, is
obtained by subtraction:
A' = 39,7312 -~ 2.4969 - 16.6757
= 20.5586.

The exact analysis of variance is shown in Table 5.3.

Table 503
Exact Analysis of Variance

Source of Degrees of Sum of IMean

Variation Freedom Squares | Square F
Blocks
(unad justed) 11 16.6757 1.5160
Treatments
(adjusted) 8 20.5536 2.5698 | 14 .40%x
nrror lh 20&969 0178h
Total 33 39.7312
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VI. SUMMARY

The problem considered in this paper is that of esti-
mating several missing values and analyzing the resulting
augmented data in a balanced incomplete block design.

The estimates of missing values are obtained by mini-
mizing the error sum of squares, the procedure first employed
by Yates (1933). Explicit formulae for missing value
estimates are derived for all cases in which there are not
more than two missing values. Formulae for n missing values
are given for several particular configurations of the
missing observations within the design, and a completely
general solution is obtained for n missing values under any
conditions. While the latter requires the inversion of a
symmetric matrix whose dimension is equal to the number of
missing values, it is felt that this procedure involves less
effort than the other methods presently available for esti-
mating missing values in a balanced incomplete block design.

It is shown that analysis of data which has been
augmented by missing value estimates leads to a positively
biased treatment sum of squares. A direct method of analysis
is developed which eliminates this bias and precludes the
necessity of a tedious bias formula.

It is possible to treat a balanced incomplete block

design as a randomized block design with missing values.
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Estimates of the missing entries and a randomized block
analysis can then be obtained according to the methods of
Glenn and Kramer (1958). An example of this procedure is
given, and the results are compared with the results
obtained by the usual balanced incomplete block analysis.
An example is given illustrating the techniques of
missing value estimation and subsequent exact analysis for

the balanced incomplete block design.
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ABSTRACT

The problem considered in this paper is that of estimating
several missing values and analyzing the resulting augmented
data in a balanced incomplete block design.

The estimates are obtainad by Yates! procedure of mini-
nizing the cerror sum of squares.

Explicit formulae are obtainad for all cases involving
not mcre than two missing values and for several particular
configurations of the missing values within the design. A
general solution is obtained which involves the inversion of
a syametric n-square matrix, where n is the number of missing
values.

An exact analysis of data augmented by missing value
estimates is given which eliminates a positive bias in the
treatment sun of squares.

It is possible to treat a balanced incomplete block
design as a randomized block design with missing values.
Estimates of the missing entries and a randomized block anal-
ysis can then be obtained according to the methods of Glenn
and Kramere. An example of this procedure is given, and the
results are compared with the results obtained by the usual
balanced inconplete block analysis.

An example is given illustrating the techniques of missing
value estimation and subsequent exact analysis for the balanced

incomplete block design.



	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063

