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Finite Horizon Optimality and Operator Splitting in Model

Reduction of Large-Scale Dynamical Systems

Klajdi Sinani

(ABSTRACT)

Simulation, design, and control of dynamical systems play an important role in numerous
scientific and industrial tasks. The need for detailed models leads to large-scale dynamical
systems, posing tremendous computational difficulties when employed in numerical sim-
ulations. In order to overcome these challenges, we perform model reduction, replacing
the large-scale dynamics with high-fidelity reduced representations. There exist a plethora
of methods for reduced order modeling of linear systems, including the Iterative Rational
Krylov Algorithm (IRKA), Balanced Truncation (BT), and Hankel Norm Approximation.
However, these methods generally target stable systems and the approximation is performed
over an infinite time horizon. If we are interested in a finite horizon reduced model, we
utilize techniques such as Time-limited Balanced Truncation (TLBT) and Proper Orthogo-
nal Decomposition (POD). In this dissertation we establish interpolation-based optimality
conditions over a finite horizon and develop an algorithm, Finite Horizon IRKA (FHIRKA),
that produces a locally optimal reduced model on a specified time-interval. Nonetheless, the
quantities being interpolated and the interpolant are not the same as in the infinite horizon
case. Numerical experiments comparing FHIRKA to other algorithms further support our
theoretical results. Next, we discuss model reduction for nonlinear dynamical systems. For
models with unstructured nonlinearities, POD is the method of choice. However, POD is
input dependent and not optimal with respect to the output. Thus, we use operator splitting
to integrate the best features of system theoretic approaches with trajectory based methods

such as POD in order to mitigate the effect of the control inputs for the approximation of



nonlinear dynamical systems. We reduce the linear terms with system theoretic methods
and the nonlinear terms terms via POD. Evolving the linear and nonlinear terms separately
yields the reduced operator splitting solution. We present an error analysis for this method,
as well as numerical results that illustrate the effectiveness of our approach. While in this
dissertation we only pursue the splitting of linear and nonlinear terms, this approach can be
implemented with Quadratic Bilinear IRKA or Balanced Truncation for Quadratic Bilinear

systems to further diminish the input dependence of the reduced order modeling.



Finite Horizon Optimality and Operator Splitting in Model

Reduction of Large-Scale Dynamical Systems

Klajdi Sinani

(GENERAL AUDIENCE ABSTRACT)

Simulation, design, and control of dynamical systems play an important role in numerous
scientific and industrial tasks such as signal propagation in the nervous system, heat dissi-
pation, electrical circuits and semiconductor devices, synthesis of interconnects, prediction
of major weather events, spread of fires, fluid dynamics, machine learning, and many other
applications. The need for detailed models leads to large-scale dynamical systems, posing
tremendous computational difficulties when applied in numerical simulations. In order to
overcome these challenges, we perform model reduction, replacing the large-scale dynamics
with high-fidelity reduced representations. Reduced order modeling helps us to avoid the
outstanding burden on computational resources. Numerous model reduction techniques exist
for linear models over an infinite horizon. However, in practice we usually are interested in
reducing a model over a specific time interval. In this dissertation, given a reduced order,
we present a method that finds the best local approximation of a dynamical system over a
finite horizon. We present both theoretical and numerical evidence that supports the pro-
posed method. We also develop an algorithm that integrates operator splitting with model

reduction to solve nonlinear models more efficiently while preserving a high level of accuracy.
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Chapter 1

Introduction

1.1 Introduction

The ever-increasing demand for greater resolution when simulating, designing, and control-
ling dynamical systems in numerous scientific applications such as signal propagation in the
nervous system [115, 183|, heat dissipation [44], electrical circuits and semiconductor devices,
[96], synthesis of interconnects [41], prediction of major weather events [8], spread of fires
[128], fluid dynamics [39, 182], large scale inverse problems [55, 59, 144], machine learning
[151, 174, 175] etc. and the ensuing large-scale mathematical models present enormous com-
putational difficulties when applied in numerical simulations. In order to overcome these

challenges we use reduced order modeling (ROM).

For instance, consider a stable linear dynamical system that could result from the discretiza-

tion of a linear PDE:
Ex(t) = Ax(t) + Bu(t),

y(t) = Cx(1),

where A E € R™" B € R"™ and C € RP*" are constant matrices. The variable x(t) € R™

(1.1.1)

denotes an internal variable, u(t) € R™ denotes the control inputs, and y(¢) € R? denotes the
outputs. For a large scale system n could be huge, i.e., n could take values in the hundreds
of thousands, maybe even millions. Even for linear systems, working with such large orders

still constitutes a big challenge. For this reason, we aim to replace the original model with
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a lower dimension model:

E % (t) = A,;x.(t) + Bu(t), (1.1.2)

yr(t) = Crx,(t),
where A, E, € R™" B, € R™™ and C, € RP*" with » < n. Our goal is to approximate
the true outputs of the original dynamical system with the outputs of the reduced system

for the same input in an appropriate norm, i.e., y,.(t) ~ y(¢) for a wide range of inputs.

Numerous model reduction techniques exist for linear dynamical systems as in (1.1.1). Meth-
ods such as Hankel Norm Approximation [77, 78, 110, 188], Balanced Truncation (BT)
[139, 140| and its various extensions such as Frequency Weighted Balanced Truncation, Bal-
anced Truncation for Quadratic Bilinear Systems, and Time-limited Balanced Truncation
(TLBT) depend on the system gramians; see [8, 33, 83, 126]. An alternative to gramian
based methods is interpolatory model reduction |13, 14, 66, 149, 152, 178|. Methods like
the Iterative Rational Krylov Algorithm (IRKA) [9, 11, 23, 25, 43, 67, 86|, and its vari-
ants TFIRKA |20, 24], Bilinear IRKA (BIRKA) [27, 29, 68|, and Quadratic Bilinear IRKA
[2, 3, 34], yield accurate reduced order models under appropriate norms. For more details
on interpolatory model order reduction see the recent book [11]|. In this thesis, we focus on

nonparametric systems; for model reduction of parametric dynamical systems we refer the

reader to [19, 36, 95, 97, 142, 143, 150).

For general nonlinear systems Proper Orthogonal Decomposition (POD) [52, 108, 121, 131,
156] is the method of choice. However, POD is input dependent. For techniques that help

us make better choices for the training input we refer the reader to [101].

In addition to the system based intrusive frameworks, there exist many data driven ap-
proaches including Loewner [12, 81, 135], Vector Fitting [56, 58|, AAA [141], and Dynamic
Mode Decomposition (DMD) [124, 125, 163].

For linear model reduction we focus primarily on IRKA and BT. IRKA is a fixed point

iteration that takes advantage of the pole residue expansion of the transfer function of
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the dynamical system at hand. With Balanced Truncation, as the name suggests, first we
balance the observability and reachability gramians, and then perform truncation in the
balanced basis. Upon convergence IRKA guarantees a locally optimal reduced model for
single input/single output (SISO) systems, and BT provides an upper bound for the H,

error between the full and the reduced model.

Often, using techniques like balanced truncation and IRKA, we approximate the large sys-
tem with a smaller system over an infinite time horizon. However, in industrial and scientific
applications we never run simulations over an infinite time horizon. Usually, we are inter-
ested only in the behavior of the dynamical system over a finite time interval. Techniques
like time-limited balanced truncation |75, 87, 126, 153, 154| and Proper Orthogonal Decom-

position(POD) [102, 108] yield high-fidelity reduced models on a finite horizon.

One of the major contributions of this thesis is the derivation of an Hy(t) optimality con-
dition for model reduction over a finite time horizon. Before discussing our new results
we investigate some related work. Melchior et al. [137]| propose a method that constructs
an optimal reduced model by minimizing the Frobenius norm of the error for linear time-
varying systems on a finite horizon. Gugercin et al. [86] work within a frequency based
framework to establish the HHy optimality conditions for a full horizon, while we take ad-
vantage of the time-domain representation of the dynamical system to derive the conditions
for a finite time. Following a similar approach to Wilson [181], Goyal and Redmann [82]
exploit the Lyapunov equations associated with the dynamical system in a finite horizon
and the relationship between the H5(¢;) norm and the finite-time Gramians to obtain the
Ho(ty) optimality conditions and propose an IRKA-type algorithm with the aid of the sys-
tem gramians that solve a set of Sylvester equations. However, this IRKA type algorithm

only produces a nearly optimal reduced order model. We follow a different approach by
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representing the impulse response of the reduced dynamical system as follows:

h,(t) =) dpe™, (1.1.3)
k=1

and treat ¢;’s and \;’s as the optimization parameters. In addition to establishing F{5(¢)
optimality conditions over a finite time horizon, we also introduce an algorithm which yields
better approximations of the large-scale dynamical systems compared to other model reduc-
tion methods. Establishing H,(t;) optimality conditions for model reduction over a finite
horizon enables us to reduce unstable systems optimally under the 35(t;) measure. Com-
putational experiments on a heat model, an International Space Station (ISS) model, and

an unstable model, further support our results.

Another major contribution of this dissertation is the development of an operator split-
ting algorithm that solves unstructured reduced nonlinear systems accurately. Consider the

general nonlinear dynamical system

(1.1.4)

If the nonlinearity has the form

£(x(t),u(t)) = Y  Nix(t)ux(t) + Bu(t),

then we have a bilinear system, and this nonlinear model can be approximated by BIRKA

[27, 29] or BT for bilinear systems [31, 62| without input dependence. If
f(x(t),u(t)) = H-x(t) @ x(t) + Y Npx(t)ur(t) + Bu(t),
k=1

i.e., if we have a quadratic bilinear system, the system in (1.1.4) can be approximated via
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QB-IRKA [34] or BT for quadratic bilinear systems [33]. However, as mentioned earlier, for
nonlinear systems without any structure POD remains the method of choice. For POD we
exploit the singular value decomposition of a snapshot matrix obtained by simulating the
dynamical system. Since POD relies on a specific trajectory, it is input dependent; therefore,
different inputs yield different reduced order models. To mitigate the input dependence of
POD, we integrate the best features of a data-driven method such as POD, and a system
theoretic method like IRKA or Balanced Truncation using operator splitting. Operator
splitting is a very effective technique that is used to split terms in ODEs and PDEs based on
the criteria of interest [132]. For example, we may split terms with different physics, terms
with different spatial characteristics, or, as in our case, linear terms from nonlinear ones. We
split the linear and nonlinear parts because we want to perform model reduction separately.
Initially, we reduce the order of the linear terms via IRKA or BT, and the nonlinear terms
via POD. Once we have obtained the reduced order terms we evolve the linear and nonlinear

parts separately over each subinterval.

Structure of the Dissertation

e Chapter 2 reviews linear model reduction. In the first part we discuss reduced order
modeling for linear asymptotically stable systems using system theoretic methods like
IRKA and Balanced Truncation. Then, we describe a few existing approaches for model
order reduction of unstable systems like Lo-IRKA [134] and Balanced Truncation for

unstable systems [189).

e Chapter 3 discusses our contributions for finite horizon model order reduction. First,
we review existing techniques like time-limited balanced truncation and a gramian
based approach. Then, we establish the optimality conditions for the multi input /multi

output case.
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e Chapter 4 delineates the computational framework arising from the established finite
horizon optimality conditions. We construct a descent algorithm, perform numerical

experiments to test the newly constructed algorithm, and present the results.

e Chapter 5 presents another major contribution of this dissertation. We start by review-
ing nonlinear reduced order modeling, specifically methods like QB-IRKA, POD, and
DEIM. Then, we construct an algorithm that combines IRKA and POD via operator

splitting. We perform an error analysis on this algorithm and test it numerically.

e Chapter 6 concludes the dissertation with a summary of our work and the outlook for

these research topics.



Chapter 2

Model Reduction of Linear Dynamical

Systems

In this chapter we review existing model reduction approaches for linear dynamical systems,
specifically, the Iterative Rational Krylov Algorithm (IRKA) and Balanced Truncation (BT).
We also discuss error measures and define concepts like asymptotically stable systems, i.e.,
systems whose poles lie on the open left plane. Lastly, we cover extensions of IRKA and BT

for systems with poles on the right half-plane.

2.1 Model Reduction of Linear Dynamical Systems

Consider the linear dynamical system:

Ex(t) = Ax(t) + Bu(t)
(2.1.1)
y(t) = Cx(t) with x(0) =0,
where AE € R™" B € R™™ and C € RP*" are constant matrices. In this system
x(t) € R™ is the internal variable, also called the state variable if the matrix E is invertible.
The dimension of the system is n, the input is u(¢) € R™, and the output is y(¢) € RP. If
m = p = 1, then the dynamical system is called single-input/single-output (SISO). If m > 1

and p > 1, the system is called multi-input/multi-output (MIMO).
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Definition 2.1. A dynamical system is called asymptotically stable if Re(\;) < 0 for k =
1,...,n, where the \;’s denote the poles of the dynamical system and Re(-) denotes the real

part of a complex number.

Definition 2.2. A dynamical system is called stable if Re()\;) < 0 for k = 1,...,n, where the
Ar’s denote the poles of the dynamical system and Re(-) denotes the real part of a complex
number, provided that the poles on the imaginary axis are not defective, i.e., the geometric

multiplicity is the same as the algebraic multiplicity.

When n is very large, e.g., n > 10°, the simulations for design, control, and other applications
are very costly, computationally speaking. The purpose of model reduction is to replace the

original model with a lower dimension model that has the form

E%. () = A,x,(t) + Bu(t), (2.12)

v.(t) = C,x,.(t), withx,(0)=0,

where A, E, € R™" B, € R™™ C, € RP*" and D, € RP*™ with r < n, and such that the
outputs of the reduced system are good approximations of the corresponding true outputs
over a wide range of inputs, i.e, y,(¢) =~ y(¢). Later in the chapter we clarify how we measure

closeness.

For the sake of clarity and simplicity of presentation, we assume E = I, and have the

following dynamical system:

x(t) = Ax(t) + Bu(t),

y(t) = Cx(t).

(2.1.3)
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We aim to produce a reduced order model of the form

%, (t) = A,x,(t) + B,u(t)
(2.1.4)

v (t) = C.x,(t).

Nonetheless, all of the methods discussed in this dissertation extend to the case where E # 1,
but nonsingular. If E # I, we can multiply both sides of the first equation in (2.1.1) by E~!
to retrieve an equivalent dynamical system of the same form as in (2.1.3) since E is assumed
to be nonsingular. However, in practice, we do not multiply by E~! to simplify the system,
because that might destroy the sparsity of A. Similarly to (2.1.3), we have E, = I, for the
reduced model (2.1.4).

Remark 2.3. In this dissertation we focus on the case where E is nonsingular, i.e, we
work with ordinary differential equations (ODEs). If E is singular, the model is a system
of differential algebraic equations (DAEs). For extensions of the methods like Balanced

Truncation (BT) and the Iterative Rational Krylov Algorithm (IRKA) to DAESs, see [89, 172].

As is the case with any approximation, we need to evaluate how good the approximation is.
Thus, we need to define the error measures that are necessary for the quantification of the
model reduction error. For model order reduction of asymptotically stable linear systems we
mainly use the Hy and H, norms. For the definition of these norms we transform (2.1.3)
and (2.1.4) to the frequency domain. We give further details on these error measures in
Section 2.3. To obtain the frequency domain representation of the full order dynamical
systems we can compute either Laplace or Fourier transforms of the quantities of interest.
There are robust methods that work with these frequency domain measures such as the
[terative Rational Krylov Algorithm (IRKA) [21, 86], Balanced Truncation [8, 139, 140],
Hankel Norm Approximation [77]| etc., which we can use to approximate these large scale
systems by a reduced order model. The main methods that we examine in this thesis are

Balanced Truncation (BT) and the Iterative Rational Krylov Algorithm (IRKA).
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2.2 Projection Based Model Reduction

In order to achieve model reduction, most methods use projection, more specifically, some
variant of a Petrov-Galerkin or Galerkin projection. The original state is approximated by
x(t) ~ Vx,(t), where x,(t) € R", and V € R"" is a basis for an r—dimensional subspace.

Thus, we plug in the approximation Vx,.(t) into (2.1.3) and obtain:

Vx,.(t) — R(x,.(t)) = AVx,(t) + Bu(t), (2.2.1)
where R(x,(t)) is a residual. We rewrite (2.2.1) as

R(x,(t)) = Vx,(t) — AVx,(t) — Bu(t). (2.2.2)

In order to determine the trajectory of the reduced internal variable x,., we enforce a Petrov-

Galerkin projection by multiplying both sides of (2.2.2) with W7 to obtain

WIR(x,(t)) = WIVx,(t) - WTAVx,.(t) - WTBu(t) = 0 (2.2.3)

If we obtain the bases W,V such that W is bi-orthogonal to V, i.e., W'V = I, then we

have

X, (t) = Arx,(t) + Bru(t),

Y'I‘(t) = CT’XT‘ (t)
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such that
A, =WTAV,
B, = W'B, and (2.2.4)
C,=CV,

where A, € R™" B, € R™™ and C, € RP*",

2.3 Error Measures

When we approximate a large scale dynamical system by a reduced order model, we need
to compute the approximation error. Thus, we need appropriate error measures. The error
analysis for linear dynamical systems will be conducted in the frequency domain initially,
since the difference between the outputs Y (s) and Y ,(s) is directly linked to the difference
between the full and reduced transfer functions. Let Y (s), Y,(s), and U(s) be the Laplace
transforms of y(t), y,(¢) and u(¢). After taking the Laplace transforms of the original model
(2.1.1) and the reduced model (2.1.2) we obtain

Y(s) = (C(sI - A) 'B)U(s),

and

Y, (s) = (C,(sI, — A,)'B,U(s).

The mappings U +— Y and U — Y, are the transfer functions associated with the full and

reduced model respectively, and they are denoted by:

H(s) = C(sI - A)'B,
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and
H,(s) = C.(sI, — AT)_lBT,

where both H(s) and H,.(s) are p x m matrix valued rational functions.
We have

Y(s) = H(s)U(s), and Y,(s)=H,(s)U(s). (2.3.1)
In the frequency domain we have
Y (s) — Y, (s) = (H(s) — H,(5))U(s).
Equivalently, the output y(¢) in the time domain is given by

y(t) = Cx(t) = /0 "h(t — ryu(r)dr, (2.3.2)

where

h(t) = CeA'B,  t>0 (2.3.3)

is the impulse response of the full model. Note that the transfer function H(s) is the Laplace

transform of the impulse response h(t).

The error analysis in the time and frequency domains are equivalent. Thus, we measure how

close H,(s) is to H(s) using the 3, and H,, norms.

Definition 2.4. Suppose G(s) and H(s) are transfer functions corresponding to linear stable
dynamical systems with the same input and output dimensions. The H, inner product (-, -)sq,
in the frequency domain is defined as

1 (o.9]

(G(s),H(s))s, :== by tr(G(—iw)H(iw)" dw,

—0o0
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and as a result, the Hy norm is given by

) = (o [ ImGt)

where ||-|| represents the Frobenius norm. Recall that the impulse response h(t) is the

inverse Laplace transform of the transfer function H(s). In the time domain we have
2 TR
(ol = [ i de.
0

We revisit the error analysis in the time domain with more details in Chapter 3. Computation
of the Hy norm relies on the reachability and observability gramians of the system (2.1.3).

Let us define the concepts of reachability and observability first.

Definition 2.5. [8] Let ¥(u;x;t) be the solution to the state equations x = Ax + Bu with
x(0) = x¢ and X be the subspace of all the states of the system. A state X is reachable from
the zero state if there exists an input function u, of finite energy, and a time ¢ < oo such

that
x = (1; 0; 7).

We say that the system is completely reachable if X = R™. A state x € X is unobservable
if y(t) = C¢(0;%;t) = 0 for all t > 0. Let X" be the unobservable subspace of X for the

dynamical system (2.1.3). Then, (2.1.3) is fully observable if X** = 0.

Recall the impulse response of the system (2.1.3) is given by (2.3.3). Define

h(t) =eAB, >0 (2.3.4)
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to be the input-to-state response, and

ho(t) = Cert, >0 (2.3.5)

to be the state-to-output response [8]. The response definitions in (2.3.3), (2.3.4), and (2.3.5)

enable us to define the reachability and observability gramians.

Definition 2.6. Suppose the dynamical system (2.1.3) is asymptotically stable. Then, the

reachability gramian of the system is defined as

P = / h,. ()b’ (t)dt = / eABBT At (2.3.6)
0 0

and its observability gramian is defined as

Q:= / hZ, (t)hy(t)dt = / ACT CeAtdt, (2.3.7)
0 0
Note that the output matrix C is irrelevant in terms of reachability, while the input ma-
trix B plays no role in terms of observability. Therefore, instead of describing reachability

and observability in terms of the dynamical system, we may depict these concepts as the

reachability of the pair (A, B), and the observability of the pair (C, A).

We can compute these gramians by solving the following Lyapunov equations for P and Q:

AP+ PAT + BB =0and ATQ+ QA + CTC =0. (2.3.8)

If the dynamical system is asymptotically stable the solutions of (2.3.8), i.e., the matrices
P, Q are unique and symmetric positive semi-definite. Furthermore, if the pair (A, B) is
reachable, and the pair (C, A) is observable, then P and Q are positive definite matrices.

For more details, we refer the reader to [8]. Once we have the solutions of the Lyapunov
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equations (2.3.8), using the definition of the Hy norm of the system (2.1.1), it follows:

IH||y, = /tr(CPCT) = \/tr(BTQB). (2.3.9)

Alternatively, if the matrix A is diagonalizable, [8] provides a method based on the poles

and residues of the transfer function to calculate the Hs norm:

n

H(s)[l3, = Z = tr(res[H(—s)H” (s), \t]), (2.3.10)

k=1

where )\, denotes the eigenvalues of A and

res[H(—s)H" (s), \i] = lim H(—s)H"(s)(s — \z).

S—>>\k

In order to further explore the aforementioned equivalence between the error analysis in the

time and frequency domains, we define the Ly norm in the time domain.

Definition 2.7. Let f(¢) and g(¢) be vector valued real functions defined on the interval

J =[0,00). Then, the Ly inner product is defined as

(£(1), (1) = ( | f<t>Tg<t>dt); , (23.11)

and

e, = ([ ecnza) (23.12)

The Hy norm relates to the Lo, norm of the output y(¢) in the time domain as

¥l = sup ly@)ll < Hlls, llull, -
t>0

In model reduction, we aim to minimize the error between the full and the reduced problem,
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so we are interested in the following:

Iy =yrllo., < [H =B, [ull,-

In future sections, we discuss how these definitions of the s norm and the aforementioned
methods for its computation facilitate establishing Hy optimality conditions. As mentioned
above, in addition to the s norm, we use the H., norm to measure the error. The H.,

norm is defined as

[H[|5 = sup [[H(iw)]],
weR

where ||-||, denotes the 2-norm of a matrix. The H, norm of a dynamical system is directly

related to the Ly induced operator norm of the operator which maps u into y. We have

00 1/2
||H||9{oo = sup ||y||L2 = sup (/ ||y(t)||§dt) for all u such that ||u||L2 =1.
0

uels uels,

Hence, for the model reduction problem we have

Iy = yrllp, < H = Helly [lull, -

Therefore, if we want to minimize the output error in the L, norm, an Hs-based model
reduction technique should be used. On the other hand, if we aim to have the minimal output
error in the Ly, norm, we should use an H,-based model reduction technique. Depending
on the norm of interest, we may choose which technique to use. If we want an upper bound
for the H,, error, we use balanced truncation. If we want to find a local minimum for the

Hy error we use IRKA.

It is important to note that we are bounding the L, and L. error measures, which are

defined on the time domain, respectively by the H., and Hy norms, which are defined on
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the frequency domain. For more details on the equivalence between the time and frequency

domain error measures, we refer the reader to the recent book [11].

2.4 Interpolatory Model Reduction

When we reduce the order of a dynamical system we are essentially approximating the full

order system with a reduced order model. Recall that
H(s)=C(sI-A)'B

is a rational function of degree n, which we want to approximate via interpolation with a

rational function of degree r, i.e.,
H,(s) = C.(sI, — A,)'B,.

Enforcing interpolation conditions for a scalar-valued transfer function is straightforward.

In the single-input/single-output (SISO) case, where
H(s) =c'(sI—A)"'b
is a scalar rational function of degree n and

H,.(s) = c'(sI, — A,)"'b,
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is a scalar rational function of degree r, the interpolation is straightforward. In order to

interpolate, we need a set of interpolation points {o;}; C C and construct H, such that

H(oy) = H,(0oy) fori = 1,2,3, ..., 7. (2.4.1)

We construct H, by projection as shown in section 2.2.

However, if H is a transfer function corresponding to a multi-input/multi-output (MIMO)
system, then H is a p x m matrix-valued function. In this case interpolation becomes
slightly more complicated. One option is to enforce the interpolation conditions pointwise;
however, this would require a large reduced order r since for each interpolation point, p x m
interpolation conditions would be necessary. Even reasonable input and output dimensions
would lead to a large number of interpolation conditions and, as a result, defeat the purpose
of model reduction. Tangential interpolation is an alternative approach. This means that the
matrix-valued approximant H, interpolates the original transfer function H along certain
tangential directions. Thus, we need to select left and right tangential directions as well as

left and right interpolation points. H, is a right-tangential interpolant to H if

H(O’k)rk = HT(O']C>I']€, (242)

where o, € C is a right interpolation point and rp € C™ is a right tangential direction.

Analogously, H, is a left-tangential interpolant to H if

L () = Lo H, () (2.4.3)

where p;, € C is a right interpolation point and 1, € CP is a left tangential direction. Note
that the interpolation points o, and pu; cannot be poles of either the full system or the

reduced model. Next we address the question of how to obtain the projection bases V and

W.
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For the MIMO case, given the transfer function H, right interpolation points {o;}/_; C C, left
interpolation points {u;}7_; C C, right directions {r;}’_; C C™, left directions {1;}/_; C C?,

we construct W € R™" and V € R™*" in the following manner:

V= I-A)"'Br; --- (0,1 - A) 'Br,],

17'C(uI— A)~!
wr 1CmI=A) (2.4.4)

ITTC(MTI - A)il

Computing the projection bases V and W as in (2.4.4) and changing these bases so that
WTV =1, enables us to project down the state space matrices A, = WAV, C, = CV,
and B, = WTB and satisfy the Lagrange tangential interpolation conditions in (2.4.2) and
(2.4.3). Furthermore, if (2.4.4) holds, and o, = py, for all k, we have tangential Hermite
interpolation, i.e.,

H ()t = IEH (1) (2.4.5)

For the SISO case, obviously, there is no need for tangential directions or left/right cat-
egorization of the interpolation points. Given a set of interpolation points {o;}i_; C C
we construct the model reduction bases similarly to the MIMO case where the tangential

directions are equal to one:

V=[cI-A)""b - (c,E—-A)'D]

CT(J1I — A)_l
WA :

(2.4.6)

c(o,I—A)™!

and W7V = 1. Obtaining the reduced matrices A, = WTAV, ¢, = ¢V, and b, = Wb,

we compute a reduced order model H, that satisfies the Lagrange and Hermite interpolation
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conditions, i.e.,

H(oy) = H,(0%) and

(2.4.7)

H'(0),) = Hi (o)
for © = 1,2,3,...,r. Interpolatory model reduction and its applications have been addressed
also in [13, 14, 66, 72, 73, 83, 149, 152, 179, 186, 187]. For a comprehensive review of
interpolatory model reduction we refer the reader to the recent book [11]|. Since projection
based interpolatory model reduction is, after all, an approximation via interpolation, the
quality of such an approximation depends on the choice of the interpolation points. Our goal
is to construct an optimal reduced model with respect to some norm. We are particularly

interested in optimality in the Hy norm. In other words, if we have a full-order dynamical

system H(s), we want to construct a reduced-order model H,(s) such that

)
Ho

[H—H |, < [H-H,

where H, is any dynamical system of dimension r. JH, optimality informs our choice of
interpolation points and helps us avoid ad hoc selections. We describe how to achieve local

optimality next in Section 2.4.1.

2.4.1 3, Optimal Interpolation Methods

The previous section showed how to construct a reduced model that satisfies the interpolation
conditions given a set of initial shifts. However, we have no information whether the obtained
reduced-order model is optimal. In this section we will describe how to obtain optimality,
at least locally, in the J{s norm. Model reduction with respect to the Hy norm has been
studied extensively; see, for example, [7, 16, 43, 45, 47, 49, 70, 86, 91, 106, 111, 130, 136,
145, 168, 178, 180, 181, 184] and the references therein.

Recall the optimization problem we are considering: If H(s) is the transfer function for a
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large dynamical system, find a new reduced model H,.(s) which minimizes the H, error. In

other words, find H, such that

Ky

Assuming A, is diagonalizable, we write the pole-residue expansion of H,(s) as

T

HT(S) = C'I‘(SIT - Ar)_lBT = Z

k=1

T
S — >\k ’

where A\, are the poles of H,, while 1, and r; are residue directions, and lkrg are rank-1
residues. Taking advantage of the pole-residue expansion [86] establishes necessary local

optimality conditions, as stated in Theorem 2.8.

Theorem 2.8. [86] Let H,(s) be the best r'" order rational approzimation of a stable linear

model H with respect to the Hy norm. Then

LH(=\) = TTH, (=),
H(—X\y)ry = H.(—\p)rg, and

FH (—\)re = LH.(=\)ry,

fork=1,2,....r, where A\ denotes the poles of the reduced system and 1,y are the residue

directions.

For the SISO case, the pole residue expansion of the reduced transfer function is

where )\, are the poles of the reduced system and ¢, are the corresponding residues. This

pole-residue expansion can be computed easily through the eigenvalue decomposition for
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sI, — A,. The eigenvalue decomposition is relatively cheap, since the size of the reduced
system is relatively small. The next corollary follows directly from Theorem 2.8, however it

first appeared in [136].

Corollary 2.9. [136] Let H,(s) be the best r'" order rational approzimation of H(s) with

respect to the Hy norm. Then

H(—X\¢) = H,.(—\g), and

H'(—=\) = Hy (=)

for k=1,2,....r where the \;’s denote the poles of the reduced system.

Thus, in order to satisfy the first-order conditions for optimality in the Hy norm, we need to
interpolate at the mirror images of the poles of the reduced model [86, 136]. However, since we
do not have any knowledge of the reduced system poles, the model reduction algorithm must
be iterative. Building upon Theorem 2.8 and Corollary 2.9, the Iterative Rational Krylov
Algorithm (IRKA) was developed [86]. IRKA produces a reduced model that satisfies the
first-order optimality conditions in the s norm. Indeed, in the SISO case, it is guaranteed
to yield at least a locally optimal reduced order model [67|. The optimality conditions in
Theorem 2.8 and Corollary 2.9 can equivalently be derived using the norm expressions in

(2.3.9) via differentiation with respect to the state space matrices [27, 181].

By picking a set of initial interpolation points, we can compute V and W as described in
(2.4.4) or (2.4.6), and obtain a reduced order model. Then we compute the pole residue
expansion of the reduced model. After computing the pole residue expansion, we use the
mirror images of the poles of the reduced system as interpolation points and repeat the
process to obtain another reduced model. We continue until the convergence condition is
satisfied. Algorithm 1 presents the pseudocode for IRKA for SISO systems. For more details

about IRKA, see [86]. While IRKA it is a great tool for reducing a linear asymptotically
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stable system, it is quite limited when we deal with unstable systems, i.e., systems that
have poles in the right half plane. We can see from the definition of the Hy norm that the
error is unbounded. Of course we can attempt to reduce an unstable system via IRKA as
in [165], but we have no guarantees of convergence or accuracy, even though the reduced
model captures some of the unstable poles of the full order system. Note that in some
projection based model reduction, unstable poles can appear even if the original system is
asymptotically stable and we refer to the recent paper [64] for some details on this aspect.

In Section 2.6.1 we discuss an Ly approach for unstable systems [134].

2.5 Balanced Truncation

So far we have discussed interpolatory projection based model order reduction and methods
like IRKA. Balanced Truncation is another effective method for model order reduction of
linear asymptotically stable systems [8, 88, 139, 140|. Unlike IRKA, which produces a locally
optimal reduced order model in the 35 norm, balanced truncation is not optimal in any norm,
but it allows us to bound the model reduction error with respect to the H., norm. As we
have observed so far, reducing the order of a dynamical system requires the elimination
of some of the state variables. Since balanced truncation generates a reduced model that
is potentially different from IRKA, it makes decisions about which states to eliminate in
a different manner. We explore balanced truncation in this section. Write the dynamical

system (2.1.3) as

A|B
Y= ,
Cc|o

where A € R B € R™™, and C € RP*". Approximation by balanced truncation is
achieved by eliminating the states that are hard to reach and hard to observe. We say that

a state is hard to reach if the minimal energy required to transition a system from the zero
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Algorithm 1 IRKA Pseudocode

Input: Original state space matrices and initial shift selection

Output:Reduced state space matrices
e Pick an r-fold intial shift set selection that is closed under conjugation

o V=1[oI-A) b .. (0,I—A)")b]

W = [(oI — AT . (0,1 — A)TeT]

Change the bases so that WTV =1,..

while (not converged)

— A, =WTAV,. b, = W7b, and ¢, = cV

— Compute a pole-residue expansion of H,(s):

H,(s) = ¢! (sI, — A,)"'b, = Z

— 0, =N, fori=1, ...,r
— V=[(oI-A)"b ... (6,1—A)'p]
— W= [, I-A)Te . [(0,1—A) T

— Change the bases so that W'V =1,.

e A, =WTAV, b, = W7h, and ¢, = cV
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state at t = —oo to state x,. at time ¢ = 0 is high. This energy is quantified by the norm of
the control input. A state is difficult to observe if it yields low energy when we observe the
output of the state x,, with no input. The observation energy is quantified by the norm of
the output. Furthermore, assuming the system is reachable and asymptotically stable, the

minimal energy required to reach a state x,. is given by

Ee = x P %, (2.5.1)

and the maximal observation energy yielded by the state x,, is

Eup = x25,0% . (2.5.2)

Thus, in order to classify which states are hard to reach and to observe we use the reacha-
bility and observability gramians defined in (2.3.6) and (2.3.7). It follows from (2.5.1) and
(2.5.2) that the states which are hard to reach are in the span of the eigenvectors of P cor-
responding to small eigenvalues, and the states which are hard to observe are in the span of
the eigenvectors of Q corresponding to small eigenvalues. For more details on the concepts

of reachability and observability, we refer the reader to [8].

If A is asymptotically stable, the solutions P, Q to the Lyapunov equations are unique sym-
metric positive semi-definite matrices. One popular and effective method for solving the
Lyapunov equations (2.3.8) is the Bartels-Stewart algorithm [18, 92|. However, the Bartels-
Stewart algorithm computes a Schur decomposition, hence the number of arithmetic opera-
tions is O(n?) and the storage required is O(n?). Thus, balanced truncation is too expensive
for large-scale systems if we solve the Lyapunov equations (2.3.8) with the Bartels-Stewart
algorithm. We can reduce the cost of balanced truncation if we solve the Lyapunov equations
using less expensive, yet accurate, techniques such as Alternating Direction Implicit (ADI)

[37, 118, 127] and Krylov methods [38, 113, 164, 173]. Since balanced truncation requires
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the solution of Lyapunov equations, which is quite taxing, the cost of the approximation is

closely connected to the method that we use to solve these equations.

As we have already mentioned, balanced truncation eliminates the states which are hard to
reach and hard to observe. If the states which are difficult to reach are easy to observe or
vice-versa, we need to find a basis where the states that are hard to reach, are also hard
to observe. Since the quantity of interest is the output, we consider transforming the state
variable x. In other words, we find a linear state transformation T, where T is nonsingular,
such that

% = Tx. (2.5.3)

Plugging (2.5.3) into (2.1.3) we obtain the equivalent system

) (2.5.4)
y(t) = Cx(t),
where
A = TAT !,
B = TB, and (2.5.5)
c=cCT!

Given a nonsingular matrix T, we transform the gramians as

P = TPTT and Q = T-TQT .

Therefore, in order to guarantee the states that are hard to reach are simultaneously hard
to observe we need to find an invertible state transformation T that yields P = Q in the
transformed basis. If P = Q, we say that the reachable, observable and stable system X
is balanced. X is principal axis balanced if P = Q = diag(oy, ..., 0,) for g, = /A(PQ)

where these \;’s denote the eigenvalues of PQ. The values o; are known as the Hankel



2.5. BALANCED TRUNCATION 27

singular values of the system. Before computing the balancing transformation T, we need

the Cholesky factor U of P and the eigendecomposition of UTQU:
P =UU" and U'QU = KG’K".
Lemma 2.10. /8] Given the reachable, observable and stable system

A B
c|o

and the corresponding gramians P and Q, a principal axis balancing transformation is given

as follows:

T = GY?2KTU™ ! and T™' = UKG /2,

In the balanced basis the states which are hard to observe are also hard to reach and they

correspond to small Hankel singular values. Let’s assume the system

A|B

A

0

is balanced. Consider the following matrix partitions:

. B, .
,B = ,C:[Clc2],and(}:
Ay Ao B,

G11 0
0 Go
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for

G = diag(oy,...,0,) =P =Q,
G1 = (O'l, ...,Ur), and

G2 = (UT+17 "'7Un)7

where o; denotes the i-th Hankel singular values of the system for ¢ = 1,2,....n. Note

A e R Gy e R By € R, and C € RP*". Then the system

All Bl
¥, = (2.5.6)

Ci |0
is a reduced order model obtained by balanced truncation. Balanced truncation preserves
asymptotic stability [148], and provides an upper bound for the error in the 3., norm [65].

Thus, the reduced model (2.5.6) is asymptotically stable and satisfies

12 = Bl < 20051+ + o), (2:5.7)

where 0,1, ..., 0, are the non-repeated n — r smallest Hankel singular values of the system.
If a Hankel singular value is repeated, then it is counted only once. The equality is achieved
if Ggo = 0, [8]. The balancing method described above is numerically inefficient and ill-
conditioned. For this reason, when implementing balanced truncation, square-root balancing
is preferred [8]. Next, we provide a description of the square-root balancing method. First,
we compute the Cholesky factorizations of the gramians without computing the gramians

themselves:

P=UU" and Q = LL”.

In other words, we solve the Lyapunov equations for the Cholesky factors U and L of the
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gramians, rather than the gramians. Then, we compute the singular value decomposition
U'L=YxzZ"

Let Y, and Z, be the matrices consisting of the first » columns of Y and Z, respectively, and
Y. be the diagonal matrix with the largest r singular values on the diagonal. If we define
V = UY,S, ? and W = LZ,% "2, we can compute A, = WTAV, B, = WTB, and
C, = CV,; hence, we obtain the reduced model. Although balanced truncation produces a
high fidelity, asymptotically stable reduced order model, solving Lyapunov equations can be
very expensive. Thus, any improvement with respect to the efficiency of balanced truncation
requires methods that solve the aforementioned Lyapunov equations fast; see [30, 37, 38,

113, 118, 127, 164, 173].

2.6 Model Reduction for Unstable Systems

While BT and IRKA are very reliable for reducing stable linear systems, this is not the case
for unstable systems. Before continuing to discuss model reduction for unstable system, let

us formally define unstable systems.
Definition 2.11. A dynamical system is called unstable if at least one of the following is

true:

e Re(\g) > 0 for at least one k or where A\;-s denote the poles of the dynamical system

and Re(-) denotes the real part of a complex number.

e The algebraic multiplicity of the poles located on the imaginary axis is greater than

their geometric multiplicity.

As we have seen already in this thesis, IRKA produces a locally optimal approximation
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under the Ho-norm. However, if the poles of the system have a non-negative real part, the
Ho-norm of the error system cannot be bounded. The system gramians as described in
Definition 2.6 cannot be extended to dynamical systems with poles in the right half plane,
since the integrals in (2.3.6) and (2.3.7) are unbounded. Nonetheless, the solutions to the
Lyapunov equations (2.3.8) may still exist. Furthermore, these solutions are unique if and
only if the eigenvalues of A do not overlap with the eigenvalues of —A. Therefore, we need

a different framework for reducing unstable systems via balanced truncation.

2.6.1 Optimal £, Model Reduction

Even though we cannot guarantee a high-fidelity reduced order model while reducing an
unstable system, we can ensure there exists a bounded related norm so that we can modify
IRKA to approximate unstable systems. Before describing an iteratively corrected rational
Krylov algorithm, we discuss briefly £, systems and the Lo norm. Let L5 (R) be the set of

vector-valued functions with finite “energy” on R:

o0

Lo(R) = {x(t) € R" : / x(t)||? dt < oo}

—00

Define A : L3(R) — L5(R) as Ax = x — Ax on all vector-valued functions x(t) € L5 (R)
with absolutely continuous components and derivative x € L5 (R). If A has eigenvalues that
lie on the imaginary axis, then there is f € L5(R) such that Ax = f does not have a solution
in L5(R). On the other hand, if A has no purely imaginary eigenvalues, Ax = f has a unique

solution in £%(R). Using the defintion of A, we obtain the following input-output mapping

[ee])

y(t) = [CA~'Blu(t) = / h(t — 7yu(r)dr, (2.6.1)

—0o0
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which is also a convolution operator. Following the discussion in [134], if the eigenvalues of

A lie to the left of the imaginary axis, we have

[ATH] () = x(t) = t eAIE (1) dr,

—00

v(t) = [CA-'Bul(t) = / h(t — 7yu(r)dr,

—00

and

CeA'B, for t > 0;
h(t) = (2.6.2)

0, for t < 0.

On the other hand, if the eigenvalues of A have positive real parts, then

and

0, for t > 0;
h(t) = (2.6.3)

—CeA'B, fort < 0.
If the system is unstable, i.e., the eigenvalues of A lie both to the left and to right of the
imaginary axis, we separate the system into two parts, where one is stable and the other
is antistable. Let X* be a basis for Ut and X~ for U™, where U" and U~ are invariant
subspaces of A corresponding to stable and antistable eigenvalues, respectively. In other
words, UT = Ran(X™) and U~ = Ran(X~). Since dim(U")+dim(U~) = n, the matrix
X = [X* X7] has rank n, hence it’s nonsingular. Thus, we can write
Mt 0

A[X* X] = [X* X ,
0 M-
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where M is stable and M~ is antistable. If we let Y = (X')* = [Y" Y|, then,
I =X"(YH) and I~ = X (Y")*

are the stable and antistable projectors for A. These spectral projectors enable us to separate

a linear unstable system into its stable and antistable components. In this case we have

(e 9]

y(t) = [CA™'Bu](t) = / h(t — 7)u(r)dr,

—00

where

CeATITB, for t > 0;
h(t) = . (2.6.4)

—CeMIT™B, fort < O0;
As we can see, it is possible to separate an unstable system into its stable and antistable
components. Since IRKA enables us to reduce stable systems with high accuracy, the £,
optimality conditions in [134] requires the reduced order stable subsystem to be an Hy opti-
mal approximation of the full order stable subsystem, and the negative of the reduced order
antistable component of the reduced unstable system is also an Hy optimal approximation
of the negative full order antistable subsystem. After reducing each component separately,
we negate the component which corresponds to the antistable part of the system; then, we
combine the reduced components together. Hence, we obtain a reduced unstable system.
Now, let us explore the £, error in the frequency domain. Recall in Section 2.3 we obtained
the frequency domain representation of the dynamical systems by taking the Laplace trans-
form of the time representations (1.1.1) and (1.1.2). However, the existence of the Laplace
transform of u is not guaranteed if u € L5 (R). Thus, we apply a Fourier transform to (2.6.4)

and obtain

y(w) = C(iwl — A) "I Ba(w) + C(iwl — A) "I Bi(w) = C(iwl — A) " 'Bu(w),
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where y(w) and a(w) are the Fourier transforms of y(¢) and u(t), respectively. Then,
H" (iw)a(w) + H (iw)a(w) = H(iw)a(w),

where H is the total transfer function, H" the transfer function of the stable part and H™ the
transfer function of the antistable part. Let £5(iR) be the Hilbert space whose elements are
the meromorphic functions G(s) such that [ |G(iw)|*dw is finite. Note that the transfer
functions of the stable and the antistable parts of the dynamical systems are contained in
L5(iR). Then, for any two functions G, H in L£,(iR) that represent real dynamical systems,

the inner product is defined as
(G,H) = / G(—iw)H(iw)dw.

As a result, the £5(¢R) norm of H is

o 1/2
1H]l,, = (/ |H(z’w)|2d¢u> . (2.6.5)

We know L4 (iR) can be written as a direct sum : Ls(iR) = Hy(C™) @ H2(CT) where Hy(C™)
denotes the set of functions that are analytic in the open left half plane C~ and Hy(C™")
denotes the set of functions that are analytic in the open right half plane C*. If H} denotes
the stable reduced subsystem, H, denotes the antistable reduced subsystem, and H, denotes

the total reduced unstable system, then we have

IH =2, = [ = B 5, o+ TH = H 5 o) -

The following theorem [134] presents the interpolatory £, optimality conditions for unstable

systems.
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Theorem 2.12. [13/] Let H,(s) be the best r'" order approzimation of an Ly system H(s).
Moreover, suppose H,.(s) has simple poles {\},_, such that the first j poles are stable and
the last r — j poles are antistable. Then

H™(=\,) = H (=\), and

(2.6.6)
(H) (=) = (H)) (=)

fork=1,....7; and

H_(—Ak) = H;(—)\k), and
(2.6.7)

(H7)' (=) = (H,) (=A%)

fork=j4+1,..r.

Thus, in order to compute the Ly error in optimal £, model reduction, we need to compute
the H, error obtained during the reduction of the stable and antistable components. For a
detailed description of £, IRKA and a proof of Theorem 2.12 | we refer the reader to [134].

Algorithm 2 presents a sketch of £, TRKA.

2.6.2 Balanced Truncation for Unstable Systems

The concepts of gramians and model reduction by balanced truncation can be extended to

unstable dynamical systems with no poles on the imaginary axis [189]. Let’s write (1.1.1) as

3= . (2.6.8)

In order to get a balanced realization of the system, we need to compute the reachability
and observability gramians P and Q. For stable systems we obtain the gramians P and Q
by solving the Lyapunov equations (2.3.8). However, if A has eigenvalues whose real parts

are positive, the gramians of the system cannot be defined in the same way as in Definition
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Algorithm 2 £, IRKA Pseudocode

Input: Original state space matrices and initial shift selection

Output:Reduced state space matrices
e Decompose H into minimal stable and antistable systems.

e Make an initial shift selection closed under conjugation and ordered as follows:

{017 - ,gk} C C* and {Ok+1, e ,Ur} cC .

Negate the antistable subsystem.

Reduce each subsystem via IRKA.

Negate the reduced subsystem corresponding to the antistable subsystem.

Add the reduced stable and antistable systems.

2.6 since the infinite integral in the time domain would not make sense. Hence, we need to

redefine the reachability and observability gramians. Suppose T is a transformation such

that
A, 0 |B;
TAT ' | TB
= 0 A, |[Bs |
cT! 0
C, Cy| 0

where A is stable and A, is antistable. Let P, Py, 91, Q5 > 0 be solutions to the Lyapunov

equations:

Alipl + :PlA{ + BlB{ = 0,
A{Ql + QlAl + C{Cl - 0,
(—A3)Ps + Po(—Az)" + ByB; = 0, and

<—A2)TQQ —|— QQ<—A2> + CgCQ - 0



36 CHAPTER 2. MODEL REDUCTION OF LINEAR DYNAMICAL SYSTEMS

Additionally, [189] showed P and Q can be computed as

pop| 0 T
0 P,
and
oot | Y | pr
0 Q

The reachability and observability gramians, P and Q do indeed satisfy the frequency domain

definition of the gramians [189).

Recall the generalized Hankel singular values are defined as o; = \/m such that o >
o9 > -++ > 0,. In other words, the generalized Hankel singular values of an unstable system
can be computed via the Hankel singular values of its stable and antistable components.
After this point, we follow the same steps as in balanced truncation for stable systems. This
method eliminates the states associated with the smallest Hankel singular values without
making a distinction between the values associated with the stable subsystem and those
associated with the antistable part. The only criterion for the elimination is the magnitude
of the Hankel singular values. If the dynamical system (2.6.8) has no poles on the imaginary

axis, then neither truncated system has any poles on the imaginary axis, and the same upper

bound as in (2.5.7) holds [189].



Chapter 3

Finite Horizon Model Reduction

Generally, for asymptotically stable linear models, techniques such as balanced truncation
(BT) [139, 140] and the Iterative Rational Krylov Algorithm (IRKA) [86] produce high
fidelity reduced order models. However, balanced truncation and IRKA approximate the
large-scale system with a smaller system over the time interval [0, 00). In this chapter and
throughout this dissertation we refer to the interval [0, 00) as an infinite time horizon. To
differentiate from an infinite time horizon, we refer to the interval [0,¢/], where t; > 0, as a
finite horizon. As we observed in Section 2.6, reducing the order of a model over an infinite
horizon introduces additional challenges for unstable systems. Furthermore, in industrial
and scientific applications we run simulations over a finite time horizon. In this chapter we
discuss model reduction over a finite horizon in general, and how we can take advantage of

the methods developed here to reduce unstable systems with high fidelity.

3.1 Reduced Order Modeling on a Finite Horizon

Recall the linear dynamical system:

x(t) = Ax(t) + Bu(t),

y(t) = Cx(1),

(3.1.1)

37



38 CHAPTER 3. FINITE HORIZON MODEL REDUCTION

where A € R™" B € R™ and C € RP*" are constant matrices. The variable x(t) € R™
denotes an internal variable, u(t) € R™ denotes the control inputs, and y(t) € RP denotes
the outputs. We want to replace the original model with a lower dimension model:

x.(t) = A,x,.(t) + Bu(t),
(3.1.2)

Y- (t> = Crxr (t) )

where A, € R™" B, € R™™ and C, € RP*" with r < n. Our goal is to approximate
the true outputs of the original system with the outputs of the reduced system for the same
input in an appropriate norm. In this chapter, we only explore the behavior of the dynamical
system over a finite time interval. Existing techniques like time-limited balanced truncation
(TLBT) [75, 87, 126] and Proper Orthogonal Decomposition (POD) [108] yield high-fidelity
reduced models, however, none of these methods produce any locally optimal model with
respect to the output. For TLBT error upper bounds, see [87, 153, 154]. Proper Orthogonal
Decomposition is optimal in projecting the observed data. For a more thorough discussion

of TLBT, see Section 3.3, and for POD, see Section 5.1.2.

In this chapter, we establish H,(tf) optimality conditions over a finite time horizon and set
the stage for an algorithm that yields better approximations of the large-scale dynamical
systems compared to other existing model reduction methods. With this goal in mind,
we explore initially the gramian based framework [82, 91, 181], the Lyapunov equations
associated with the dynamical system on a finite horizon, and the relationship between
the Hy(ty) norm and the finite-time Gramians to obtain finite-time optimality conditions.
However, in the Gramian-based framework, the reduced quantities satisfy the optimality
conditions only approximately [82]. Inspired by the frequency based framework and the
H, optimality conditions for a full horizon in [86], we take advantage of the time-domain

representation of the dynamical system to derive the conditions for a finite time horizon. We
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represent the impulse response of the reduced dynamical system as follows:

h,(t) = Coe®'B, = > eMr], (3.1.3)

i=1

where )\;’s are the eigenvalues of A,, and £; € CP*! r; € C™*!. In other words, the impulse
response is expressed as a sum of r rank-1 p x m matrices. To simplify the presentation,
we assume that \;’s, the reduced order poles, are simple. The representation (3.1.3) is
nothing but a state-space transformation on h,(t) = C,e?"'B, using the eigenvectors of
A,. Using the parametrization of the reduced model in (3.1.3), we derive interpolatory
optimality conditions in the H5(¢¢) norm and implement a model reduction algorithm that

satisfies these optimality conditions.

This approach allows us to implement a more efficient model reduction algorithm. Estab-
lishing H,(ts) optimality conditions for model reduction over a finite horizon also enables us

to reduce unstable systems optimally under the H,(t;) measure [166].

3.2 Error Measures on a Finite Horizon

In this section we introduce an appropriate error measure for the approximation of dynamical
systems on a finite horizon. In Chapter 2 we explored error measures in the frequency
domain. Nonetheless, the error analysis for linear dynamical systems in the frequency and

time domain are equivalent. Recall from Chapter 2 that

Y(s) = H(s)U(s) with H(s) = C(sI — A)"'B, and

Y.(s) =H,(s)U(s) with H,(s) = C,(sI, — A,)'B,,
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where H(s) and H,(s) are the transfer functions associated with the full and reduced models
in (3.1.1) and (3.1.2), respectively. Also, Y(s), Y,(s), and U(s) are the Fourier transforms
of the outputs of the full and reduced models, y(¢), y.(¢) and of the control input u(t).

Therefore,

From Defintion 2.4 we have

(G(), H(s))se, = 5— | tr(G(—iw)H(iw)" )du,

— 00

and

)y = (o [ o)

Recall that the transfer function of a dynamical system is the Fourier transform of the impulse
response. The Hy norm in the time domain is defined in terms of the impulse response. The

formal defintion follows.

Definition 3.1. If g(¢) and h(¢) are the impulse responses of asymptotically stable linear

dynamical systems, the Hy inner product (-, ), in the time domain is

aw»gwmbzlmwmafamﬁ,

and, as a result,

HMM@=L\M@%

where ||-||» denotes the Frobenius norm.
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Recall that the transfer function error is an upper bound for the output error between the

full and the reduced models [10], as shown in the following inequality:

ly = yelloo < IH=H, |y, [, - (3.2.1)

Therefore, approximating the transfer function allows us to obtain a reduced order model
whose output is very close to the original output. Similarly, if we approximate the impulse
response, we bound the output error. However, in scientific and industrial applications we do
not simulate models for infinite time horizons. Minimizing the Hs norm of the error produces
a good approximation over the infinite horizon; nevertheless, we could get better results if
we focus our efforts over a finite horizon of interest and allow for larger errors outside of the
interval of interest. Our analysis for model reduction over a finite time horizon is naturally
conducted in the time domain. Inspired by the infinite time horizon H, inner product and

norm, we define the H,(t;) inner product and norm for a finite horizon as follows.

Definition 3.2. If g(t¢) and h(t¢) are the impulse responses of linear dynamical systems, the

Hy(ty) inner product (-, -)s¢,«,) in the time domain is

(h(t), &(O)scs,) = / "t (h(t)g(H)T)dr,

and, as a result,
2 tf 2
I, = / Ih(6)|12 d.

In addition to enabling us to obtain better approximations over a finite horizon, the time-

limited H5(¢) norm provides an error measure for model reduction of unstable systems.

Similar to the Hy norm, the Hs(tf) norm can be computed by the time-limited gramians

associated with the dynamical system (3.1.1).
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Let A, B, C be the state space matrices of the dynamical system (3.1.1) and ¢ € (0,%y].

Then the time-limited reachability gramian is

ty
Pt) = /0 ABBT Ay, (3.2.2)

and the time-limited observability gramian is

ty
Q(ty) := /0 ATCTCeAldt. (3.2.3)

The time-limited gramians solve the following Lyapunov equations for P(¢;) and Q(t):

AP(t;) + P(t;)AT + BBT — A/BBT A = () (3.2.4)
3.2.4
ATQ(t;) + Q(t;)A + CTC — ATt CT CeAtr — ).

The following corollary describes the relation between the H5(t;) norm and the finite time

gramians depicted in (3.2.2) and (3.2.3).

Corollary 3.3. Given the time-limited reachability and observability gramians in (3.2.2) and

(3.2.3), the Ha(ty) norm is computed as follows:

10 () ll3eye,) = \/tr(CfP(tf)CT) = \/tr(BTQ(t;)B). (3.2.5)

Proof. From Definition 3.2 we have

2 tf 2
I, = / In(0)]1% dt.

Therefore,

I, = /O " e (b (1) (h(t)T ). (3.2.6)



3.2. ERROR MEASURES ON A FINITE HORIZON 43
Plugging h(t) = CeA'B into (3.2.6), we obtain
ty
Hh(t)Hgﬁ(tf) = / tr(CeABB A CT)dt. (3.2.7)
0

Since C is a constant matrix, we can rewrite Equation (3.2.7) as

tf -
() 156,y = tr <C ( / AMBBTeA t) CT) dt.
0

Since
ty
Plty) = / eA'BBT At
0
we have
(1) 15,y = tr(CP(t;)CT).
As a result,

I0(t)llsey,) = £/r(CP(E)CT).
Similarly, we can write

(Ol = [ tr(h(e) hie)

ty
= / tr(BTeA'CT CeA'B)dt (3.2.8)
0

tf -
=tr (BT (/ e tCTCeAt) B) dt.
0

Thus,

Ih(®)ll55,.,) = tr(BTQt;)B),
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and

() llse,r,) = 1/ tr(BTQ(t)B).

We use the definitions of the finite time norms and the computation methods presented in

this section to derive H,(t;) optimality conditions in later sections.

3.3 Time-limited Balanced Truncation

Consistent with the theme of this chapter, we explore model reduction via balanced trunca-
tion for a finite horizon. Balanced truncation reduces a model by taking advantage of the
observability and reachability gramians which are defined on an infinite horizon. However,
as we have already noted, no simulation continues infinitely over time, and practically we are
interested in approximating large scale models only over a limited time interval. Therefore,
we restrict the limits of integration and consider time-limited gramians on finite intervals

[75, 87, 126].

Definition 3.4. Let {\;}7_; be the set of the eigenvalues of the product P(¢7)Q(¢s). Define
o; = VA for i = 1,2,....,n. Then, {o;}", is the set of the time-limited Hankel singular

values of the dynamical system for final time ¢;.

Note that the Lyapunov operators in (3.2.4) are the same as in (2.3.8), where we deal
with infinite-time Gramians, but the inhomogenities are different. The bulk of the cost
for balanced truncation consists of the solutions to the corresponding Lyapunov equations,
hence, dealing with these inhomogenities is essential [126]. One approach approximates the

exponential terms eAB and 27 CT via rational Krylov subspaces. After approximating
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the exponential terms, we can compute the low rank factors of the time-limited gramians by
solving the corresponding Lyapunov equations. Once we have computed the low-rank factors,
we perform square root balancing similar to balanced truncation in the infinite horizon case
in Chapter 2. The success of time-limited balanced truncation hinges on our capability to
accurately approximate the finite time gramians P(¢) and Q(¢;). For an in-depth discussion
of how the time-limited gramians compare to the infinite gramians and how to approximate

the action of the matrix exponentials we refer the reader to [126].

Depending on the interval of interest, time-limited balanced truncation does not necessar-
ily preserve stability when reducing stable systems. Therefore, it does not guarantee an
Ho upper bound similar to (2.5.7). Nonetheless, upper bounds for time-limited balanced

truncation do exist. For instance, [154] establishes the following bound for the output error.

Theorem 3.5. [15]] Let A, be a real matriz. Suppose the eigenvalues of A, and —A.,. do not
overlap. Assume further that A and —A,. do not have any eigenvalues in common. Let P(ty)
and P,(ty) denote the reachability gramians of the full and reduced systems, respectively. Let

P1a(ty) be the solution to the following Sylvester equation:

APo(tf) + Pra(ts)A, + BB — ATBBY el = 0.

Then, for a reduced system generated by TLBT we have

) —y, @), < O, 3.3.1
trer[lo‘c}g;}Hy() y()HQ—EHU()HLt‘f (3.3.1)

where

€ = \/tr(CP(ty)CT) + tr(C,P,(t7)CT) — 24r(CP1a(t;)CY),
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and
utllz, = [ (o) u)ar

For an L3. error bound, see [153]. Furthermore, [87] presents a modified version of the method

presented in [75] that provides a simple H,, upper bound for the error.

Provided the eigenvalues of A and —A do not overlap with each other, the time-limited
gramians exist for unstable dynamical systems. In such cases, time-limited balanced trun-

cation is a good candidate for model reduction of unstable systems.

3.4 Gramian based H(tf) optimality conditions

Wilson [181] established the Hs optimality conditions over an infinite horizon by taking ad-
vantage of the infinite gramians associated with the dynamical system. Halevi [91] followed
a gramian-based approach to obtain the H, optimality conditions for weighted model reduc-
tion. In this section we briefly review the Wilson framework for the infinite horizon case.
Subsequently, we discuss the gramian based optimality conditions derived in [82]. Using the
Hs(t) norm definition and similar techniques as in [181] and [91], [82] obtains an expression
for the error system. The necessary H,(t;) optimality conditions for model reduction are

attained by differentiating the JHy(ty) error expression with respect to the reduced matrices.

Let us start by discussing the infinite horizon case. Recall H = C(sI, —A)™'B is the transfer
function of the full system of order n and H, = C,(sI, — A,)"'B, the transfer function of

the reduced system of order r. Then,

H.=H-H, =C(5J,, —A) B (3.4.1)
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is the error system, where

ec=[C -C,, A= , and B =
A, B,

Let P, be the infinite horizon reachability gramian and Q. the infinite horizon observability

gramian for the error system (3.4.1). Based on Definition 2.6, we have

?e:/ e‘AtBBTe‘ATtdt, and
0

. (3.4.2)
Q, = / eA el ecMdt,
0
Therefore, P, and Q. are the solutions to the following Lyapunov equations:
AP, + PAT +BB" =0, and
(3.4.3)

ATQ, + Q. A +cTe =0.

Then, the Hsy norm of the error system is

13€]|5, = /tr(€PE) = \/tr(BTQ.B). (3.4.4)

Differentiating the Hy error expression in (3.4.4) subject to the Lyapunov equations (3.4.3),

[181] establishes the following necessary optimality conditions.

Theorem 3.6. Let H, be the best " order rational approzimation of H with respect to the

Hy norm, 1i.e.,

L = HLfly, = , min - |[H — H[ly,
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Then,
A, = _Q22Q{2A:P12:P2_21a
B, = —95,0,B, and
CT - C?12T521,

where

(‘Pe _ :Pll ’JDIQ
Pl P

1s the reachability gramian of the error system,

Qe _ Qll Ql?
Qf, Qg

1s the observability gramian, and P11, Q11 € R™™, Pig, Q19 € R™7 and Pay, Qg € R™".

The Wilson optimality conditions [181] are equivalent to the intepolation conditions in [86,
136]; see [27] for more details. Using similar tools to Wilson, [82] extends the gramian based
optimality conditions to the time-limited case. From Equations (3.2.2) and (3.2.3) the time

limited reachability and observability gramians of the error system are

ty T
Pe(ty) —/ eAtBBT A tdt, and
O (3.4.5)
Q.(ty) :/ A teTee Mg,
0
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From (3.2.4) follows that the gramians P.(¢¢) and Q.(¢f) solve

AP(t;) + P(t;)A” + BBT — A BBTA 1 =0, and 16
3.4.6

T To  A't;oTe Aty _
A Q(ty) + Q(tp)A+C C—e’ C Ce™ = 0.

Consequently,

13U, = /tr(€PLE1)€7) = \Jtr(BTQ.(11)B). (34.7)

The Wilson optimality conditions have been extended to the finite horizon case in [82].

Theorem 3.7. Let A,, B,., and C, be the state-space matrices of a locally optimal reduced

order approximation of the full order system (3.1.1) under the Hy(ty) norm. Suppose

A, =S'DS,
B, = SB,, and (3.4.8)
C,=C,S,

where D is a diagonal matriz. Furthermore, the gramians P1o(ty), Pots), Qalty), Qu(ty), Q.

and Q15 solve the following Lyapunov equations respectively:

ADPys(ts) + Pio(ty)D + BB! — Ay BBT Pl = 0,
DP,(t;) + P.(t;)D + B, Bl — P B, Bl P =0,
DQys(ty) + Qua(ty)A + CFC — P CT CePr =0,
DQ,(t;) + Q.(t;)D + CI'C, — P CT'C,ePl = 0,

DQT + QTD + éfér =0, and

Dng + ngAT + CZ—'C == 0
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Then, it holds that

C, = CPu(t)P.(ty),
B, = Q,(t;)Q1,(t;)B, and (3.4.9)

el Qs [Pra(ty) — treA BB ePle; = el Q, [P, (t;) — t ;P B,BL P e,

for alli € {1,...,r} where e; is the i-th unit vector.

In addition to deriving the optimality conditions in Theorem 3.7, [82] also proposes a time-
limited IRKA type algorithm that approximately satisfies the established optimality condi-

tions.

We revisit Theorem 3.7 and Algorithm 3 in the next sections after we discuss the inerpolation

based optimality conditions for the 3{5(¢;) norm.

3.5 Hsy(ty) Optimal Model Reduction: MIMO Case

In this section we explore the following problem: Consider a dynamical system with impulse

response
n

h(t) =) e'eb] (3.5.1)

=1

or equivalently, with transfer function,

n

H(s) =) b (3.5.2)

)
S —_— .
i=1 pi

where ¢; € R? and b; € R™, for ¢ = 1,...,n are residue directions. This is called the pole-
residue form, where the p;’s are the poles of the (rational) transfer function H(s) with the

corresponding rank-1 residues cibiT.
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Algorithm 3 Time-limited IRKA-type Algorithm Pseudocode

Input: Original state space matrices

Output: Reduced state space matrices
e Make an initial guess for the reduced matrices
e while (not converged)

— Compute an eigendecompositon of A, and define B,, C, as follows:

A, =S7'DS,
Er = SB,, and
C,.=C,S!

— Solve for V and W:

—AV — VD = BB! — ¢AVBBT P

~WD — ATW = CTC, — AtrCTC, Pt

— Perform a change of basis so that WTV = 1.

— A, =WTAV, B, = W'B, and C, = CV.
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Given a reduced order r, the problem is to find the reduced model with the impulse response

h,(t) =) eMer] (3.5.3)
i=1
and transfer function
H,(s) = Z bir, (3.5.4)
T -1 0 Al h
where £; € C? and r; € C™, for i = 1,...,r are the residue directions and the p;’s are the

poles of the transfer function H,(s) with the corresponding rank-1 residues £;7! such that

|h — hTHﬂ-C2(tf) is minimized.

As in the regular H, case, this is a non-convex optimization problem and we focus on
local minimizers. Using the parametrization (3.5.3), we derive interpolation-based necessary
conditions for optimality. The main result is given by Theorem 3.10. However, we need

many supplementary results, Lemmas 3.8 and 3.9, to reach this final conclusion.

It is immediately clear that the H,(ty)-error, denoted by J, satisfies

I =, 555

2 2
— [0, — 200 B sy + Il

where the inner product (h,h,)s,«,) is real since h(t) and h,(t) are real. Finding the
first-order necessary conditions for optimal H,(¢;) model reduction requires computing the
gradient of the error expression (3.5.5) with respect to the optimization variables. Since
the reduced model, as described by the impulse response in h,(t), is parametrized by the
reduced order poles {);}, and the residue directions {£;} and {r;}, we will compute the
gradient of the error with respect to these variables. Since the first term in the error (3.5.5),
ie., HhH%(tf), is a constant, we will be focusing on the remaining two terms only. First, in

the next lemma, we will formulate these two last terms with regard to {\;}, {£;} and {r;}.

Lemma 3.8. Let h(t) = Y7

i1 efite;bl and h,(t) = YI_ e rT be, respectively, the im-
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pulse responses of the full and reduced models as described in (3.5.1) and (3.5.3). Then,

= et
(h, by )se,) = szz c;b; [ U (3.5.6)
j=1 i=1 it e
and
T T L+>\ )tf - 1
2 T
b3, Z;le [y —— N (3.5.7)

Proof. The both results follow from the definition of the Hy(¢f) inner product. First consider

(B, by )seaq) = b ( /0 7 () ht) dt) |

Plug h(t) = Y7, ¢;b] /" and h,(t) = Y./, £;7] €X' into this formula to obtain

<hh Ha(ty) =1tr </ ZETT )‘t ZC]bTep]tdt)
(Z Zr 2] c;b] / e()‘i“’f)tdt) :

=1 j5=1

Computing the integral and using the fact that tr(A;As) = tr(AyA,) for two matrices A

and A, of appropriate sizes, we obtain

Nitpity 1

Te

<h7 hT>ﬂ'f2(tf) =tr Z Z r; ETCJ ;
)‘ +pj

j=1 =1
(Nit+pj)ty —1

= Z Z BTC]bTT'lij,

7j=1 i=1

which proves (3.5.6). Then, (3.5.7) follows directly by replacing h(t) with h,(¢) in this

derivation. O

For the infinite time horizon, Theorem 2.8 tells us that a locally H, optimal reduced transfer
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function is a tangential Hermite interpolant of the original transfer function at the mirror
images of the reduced poles. We show that in the finite horizon case, even though Hermite
tangential interpolation is still the necessary condition for optimality, the quantity being
interpolated and the interpolant are different. Lemma 3.9 defines the interpolated function

and the interpolant.

Lemma 3.9. Let
H(s) = C(sI — A)™'B, (3.5.8)

with A € R™"™, B € R™™, and C € RP*™, be the transfer function of the full-order model
with the pole-residue representation

n

H(s) =) % (3.5.9)

8 .
i=1 pi

where ¢; € C?, b; € C™, and p; € C fori=1,...,n. For a finite-time horizon [0,ts], define

G(s) = —e U C(sI — A) e B + H(s). (3.5.10)
Let
H,(s) = C,(sI, — A,)"'B, = Z i (3.5.11)
T T T T T — S _ )\Z i

be the transfer function of an r'" order approzvimation of H(s) where A, € R™", B, € R"™™,

C.eRP £, €CP,r;ecC™ and \; € C fori=1,...,r. Define

G,(s) = —e U C,(sI, — A,) e B, + H,(s). (3.5.12)
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Then,
(/\k+pj)tf —1
ch W (3.5.13)
J
Z b7 (tr e+ ps) = ety 41 (3.5.14)
(A +p;5)? 7 -
6(/\k+/\ tf —1
ZK T RV and (3.5.15)
(tr(\ + Aj) — et 1
Ze 7l (ik W . (3.5.16)

Proof. Note the definition of G(s) = —e 7 C(sI — A)~1eAB + H(s) and recall our as-
sumption that the eigenvalues of A are simple. Therefore, eA' is also diagonalizable

by the eigenvectors of A. Using this fact and the pole-zero residue decomposition of
T

H(s) = C(sI — A)'B = Y0 &b

, we obtain

G(s) = —e*C(sI — A) e B 4+ H(s)

pits
_ sthchT ‘ +ch (3.5.17)

(&
= AbT—, 3.5.18
Sept 3519

Arteilty _q

Ak + pj
differentiate (3.5.18) with respect to s to obtain

Thus, G(=X\,) => 0, cjbjTe , which proves (3.5.13). To prove (3.5.14), we first

, = te(s —pj)e
G(s):chbjT il )

J=1

(=stpi)ty  o(=stpilty _ 1
(s = p;)?

Plugging in s = —p; in this last expression yields the desired result (3.5.14). The proofs
of (3.5.14) and (3.5.16) follow analogously. Recall G,(s) = —e~*/C,(sI, — A,) " leA"&B, +
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H,(s). Rewrite

-+ Ze r! (3.5.19)

—Dr e
.7 j=1 - )\J
r (=s+X)ty _ 1
_ T€

Thus, we have proven (3.5.15). Differentiating (3.5.20) with respect to s we get

)e( S+A; )tf+e( 8+)\)f_1

7t
Ze AN CESwE . (3.5.21)

Substituting A\g for s in (3.5.21), we get (3.5.16) and prove the lemma. O

Theorem 3.10. Let H(s) = C(sI — A)™'B be the transfer function of the full-order model
with the pole-residue representation as defined in (3.5.9). Let H,.(s) = C,.(sI, — A,)"'B,
with pole residue representation as defined in (3.5.11) be the transfer function of an v order

optimal approximation of H(s) with respect to the Hy(ty) norm. For a finite-time horizon

0,2f], define G(s) as in (3.5.10) and G, (s) as in (3.5.12). Then, for k=1,2,...,r,

G G(=N) = £,G (=), (3.5.22)
G(—)\k)’l"k = Gr(—)\k)rk, and (3523)

Proof. As mentioned above, let J denote the J5(ts) error norm square, i.e.,

2
J = Hh - hng'fz(tf)

2 2
= HhHﬂ'f2(tf) - 2<h7 hr>g{2(tf) + HhTHg‘fg(tf)
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The expressions for (h, h;)s, ) and ||hr||f2}c2(tf) in terms of the optimization variables { A},
{ri}, and {€}, for k = 1,2,...,r, were already derived in Lemma (3.8). To make the
gradient computations with respect to the kth parameter more clear, we separate the k-th

term from these expressions. For example, we write (h, h,)s, ) in (3.5.6) as

Nitps)ty 1
B T T T . T
(h, hr)gfz(tf) _Zﬁkcjbj r———————— Ak—i-P —i—ZZE c]b 'l“z TP

Following the same procedure for ||h7.||§{2 (t;): We obtain

tf n (/\k+p] tf _ 1 n r 1+p7)tf _ 1
J= / h(t)"h(t)dt —2 | > £F o > ;b r, pv—
0 —1 i i T Pj
=1 =1 1;&]14
Xe)ty _q eitAu)ty _
Ty T, © T
+£k£krkrkT+Z£ EkrkrlT)\k
z;ék
()\k+)\j)tf _ 1 T T ()\ +)\j)tf _ 1
e e
Ty, — = VR —
+Z Tk Yy +2;Z iT; T A
J?ék g#ﬂ i7k
(3.5.25)

To compute the gradient of the cost function J we perturb the cost functional with respect

to the residue directions, i.e., £, — £, + AL, and ry, — 1, + Ary:

J tfhtThtdt 2 Y e, + Ae) e.b? A et -1
= — + b (1), +
. /D (t)" h(t) <j§1( k k)" by (1 + Ary) vy

eNitpity _q

Y e )

7j=1 =1

i#k
. - e(2z\k)tf _ 1
k
07 (8, + AL Ary) T
+le(k+ K) (e + Arg) VW
2k
r (Ae+X)tp 1 r r (NitAj)ty 1
Ty T € Toplp S " 72

Jj=1 =
Jj#k J#£k iFk
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Then, collecting the terms that are multiplied by A#, and Arj, we obtain

QET Z c]bTe

Aktpidty 1 Me+Ai)tr 1

+ 2£T ZE rTe— and

+ p; Ak + A

)\k+p] ty 1

Ve d = -2 (ch] M )rk+2<Z£r )\k+)\ )’rk.

Setting V,.,J = 0 and Vg, J = 0, and using Lemma 3.9, mainly (3.5.13) and (3.5.15), yield

€ G(—=\) = £4,G, (=), and

G(_)\k)'rk = Gr(_)\k)rka

which proves (3.5.22) and (3.5.23). To prove (3.5.24), we differentiate J in (3.5.25) with
respect to the k-th pole A\;. Note that we have written J in such a way to isolate the terms
that depend on A from the ones that do not. Thus, many of the terms in (3.5.25) have a

zero derivative and we obtain:

oJ i te(\ (Pj+A)ty (5 +Xe)ty 1
_:_%g<z et o))

O s (A + pj)? (A +p5)? (3.5.26)
tr( i 4 Ap)eitAelts  pQatAety
2£T lr T f _ )
* (Z (N + Ai)? Ntz )

Note that the first term in (3.5.26) corresponds to the derivative of the second term in
(3.5.25) and the second term in (3.5.26) corresponds to the derivative of the last four terms
n (3.5.25). We rewrite (3.5.26) to obtain

0J

— = 2K, + 2K 3.5.27
(9)% 1 + 2 ( )

where

t )\k _|_ p ) _ 1)6(p7+>\k)tf + 1
Ky =7 (ts( J 3.5.28
! (Z ()‘k + pj) " ( )
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and

(tp(Ni 4 M) — 1)eitMts 4
Ky = £ lr T s : 3.5.29
2= (Z N+ )2 "k (3:5.29)

Lemma 3.9, specifically (3.5.14) and (3.5.16), shows that the expressions in the parentheses
J
in (3.5.28) and (3.5.29) are, respectively, —G'(—\;) and —G.(=\g). If v 0, then
k

EZG/(_)\k)rk EkG ( )\k)Tk,

which completes the proof. m

Remark 3.11. We note that the interval of interest is problem dependent and the choice
of the interval, i.e., the choice of ¢¢, may depend on the model. In some cases, we pick the
final simulation time arbitrarily. In other cases, the final time can be chosen based on how
fast the system is decaying. If we wait too long before ending the simulation, i.e., we pick
a relatively large value for ¢y, FHIRKA essentially reduces to IRKA, since the exponential
term virtually vanishes. However, these optimality conditions hold for any choice of t; > 0.

If we let t; — 0o, we recover the optimality conditions in Theorem 2.8.

Remark 3.12. In the infinite-horizon case, if H,(s) is the best Hy approximation to H(s),
then H, (s) interpolates H(s). However, in the finite-horizon case, the interpolant is G,.(s),
and the interpolated function is G(s); thus, H,(s) does not interpolate H(s). To give more
intuition about these resulting interpolation conditions, consider the time-limited function

g(t) such that

h(t), fort <ty

0, for t > t;.

A direct calculation shows that G(s) is the Laplace transform of g(¢):
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L7HG(8)} =h(t) + Y u, (e bl bt

i=1

= h(t) + Z Uy, (t)e;b] it

i=1

where wu;,(t) is the unit step function

Similarly let g, (¢) denote the time-limited version of h,(¢). Then its Laplace transform is
G, (s). Therefore, the optimality conditions (3.5.22)—(3.5.24) correspond to optimal inter-
polation of G(s) (Laplace transform of the time-limited function g(t)) by G, (s) (Laplace
transform of the time limited function g,(¢)). The fact that g(¢) and g,(¢) are both time-
limited is the precise reason why we cannot simply apply H, optimal reduction to G(s).
The method of [24], called TF-IRKA, does not require the original function to be a rational
function. Thus, in principle we can use TF-IRKA to reduce G(s). However, the resulting
reduced model is a rational function without any structure. In our case, the reduced model
G, (s) needs to retain the same structure as G(s) so that we can extract an H,(s). In other
words, if we simply apply an H, optimal algorithm to G(s), we would be approximating a
finite horizon model by an infinite horizon one and we cannot extract H,(s). Therefore, a

new algorithmic framework is needed, as we discuss in more detail in Chapter 4.

Remark 3.13. For an unstable dynamical system without any purely imaginary eigenvalues,
one can work with the £5 norm by decomposing it into a stable and anti-stable system,
and then obtain an interpolatory reduced model based on this measure, as we discussed in
Subsection 2.6.1. However, this solution requires destroying the causality of the underlying

dynamics [134]. Working with a finite-time interval allows us to reduce unstable models
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while preserving the casuality of the system.

3.5.1 Implication of the interpolatory H,(t;) optimality conditions

Theorem 3.10 extends the interpolatory infinite-horizon I, optimality conditions in Theo-
rem 2.8 to the finite-horizon case. Note that in the case of asymptotically stable dynamical
systems, if we let t; — 0o, we recover the infinite-horizon conditions in Theorem 2.8. The
major difference from the regular H, problem is that optimality no longer requires that the
reduced model H,(s) tangentially interpolates the full model H(s). Instead, the auxiliary
reduced-order function G,(s) should be a tangential Hermite interpolant to the auxiliary
full-order function G(s). However, the optimal interpolation points and the optimal tangen-
tial directions still result from the pole-residue representation of the reduced-order transfer
function H,.(s). This situation is similar to the interpolatory optimality conditions for the
frequency-weighted Hs-optimal model reduction problem in which one tries to minimize a
weighted F; norm in the frequency domain, i.e., find H,(s) that minimizes ||[W(H — H,)||4,
where W (s) represents a weighting function in the frequency domain. As [43] showed, the
optimality in the frequency-weighted Ha-norm requires that a function of H,(s) tangentially
interpolates a function of H(s). Despite this conceptual similarity, the resulting interpola-
tion conditions are drastically different from what we obtained here, as one would expect

due to the different measures. For details, we refer the reader to [43].

As we pointed out in Section 3.4, in addition to the interpolatory framework, one can
represent the H, optimality conditions in terms of Sylvester equations, leading to a pro-
jection framework for the reduced model. This means that given the full-model H(s) =

C(sI — A)™'B, one constructs two bases V,W € R™" with VI'W = I, such that the

reduced-order quantities are obtained via projection, i.e.,

A, =WTAV, B, =W'B, and C,=CV. (3.5.30)
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In the infinite-horizon case, [181] showed that the optimal H; reduced model is indeed guar-
anteed to be obtained via projection. As discussed in Section 3.4, recently, [82] established
the Sylvester-equation based optimality conditions for the time-limited H; model reduction
problem; i.e., they extended the Wilson framework to the time-limited (finite-horizon) Hy
problem. Furthermore, [82| developed a projection-based IRKA-type numerical algorithm
to construct the reduced models. However, as the authors point out in [82], even though
their algorithm yields high-fidelity reduced models in terms of the H(5(t;) measure, the re-
sulting reduced model satisfies the optimality conditions only approximately. This is not
surprising in light of the optimality conditions we derived here. Since the optimality re-
quires that G, (s) should interpolate G(s) (as opposed to H,(s) interpolating H(s)), unlike
in the infinite-horizon case, the reduced model in the finite-horizon case is not necessarily
given by a projection as in (3.5.30). Therefore, a projection-based approach would satisfy
the optimality conditions only approximately. This was also the case in [43] where even
though a projection-based IRKA-like algorithm produced high-fidelity reduced models in

the weighted norm, it satisfied the optimality conditions approximately.

The advantage of the interpolation framework and the parametrization (3.5.3) we consider
here is that we do not require the reduced-model to be obtained via projection. By treating
the poles and residues in (3.5.3) as the parameters and directly working with them, we can

obtain a reduced model to satisfy the optimality conditions exactly.

Remark 3.14. The finite-horizon approximation problem for discrete-time dynamical sys-
tems has been considered in [137]. The derivation in [137], however, allows the reduced-
model quantities to vary at every time- step, thus using a time-varying reduced model,
as opposed to the time-invariant formulation considered here and in [82|. Allowing time-
varying quantities drastically simplifies the gradient computations, leading to a recurrence
relations for optimality. Even though at first glance discrete finite horizon linear time-varying
(LTV) systems may appear more complicated, the derivation of the optimality conditions

is straightforward due to the aforementioned gradient computations. Even though 35(ty)
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optimal model reduction for continuous finite horizon linear time invariant (LTT) models
appears less complex, it requires dealing with matrix exponentials which arise due to the
finite horizon integrals. The model reduction problem for finite-horizon H, approximation

for time-invariant discrete-time dynamical systems is still an open question.



Chapter 4

Algorithmic Developments for Ho(t f)
Model Reduction

In this chapter we discuss pole- residue based Hs(t ;) optimality conditions for single-input /single-
output (SISO) systems. We also derive a descent algorithm (FHIRKA) which generates a
reduced model that satifies the H,(tf) optimality conditions. The numerical results obtained

further support our theoretical results.

4.1 Fy(t;) Optimality Conditions: SISO Case

Remark 4.1. The optimality conditions for SISO systems follow directly from the conditions
established in Chapter 3 for the multi-input/multi-output case. However, we rederive the
optimality conditions for the reader who is not interested in the theoretical framework for
the MIMO case. Furthermore, the SISO derivations are easier to follow than the MIMO
ones, and consequently, they are helpful in understanding the essence of these results for the
reader who is not familiar with concepts such as tangential interpolation. The reader who
is comfortable with the interpolation conditions in the MIMO case, may skip the proofs of

the Lemmas 4.2, 4.3, 4.5 and of Theorem 4.6.

64
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Consider the SISO linear dynamical system:

x(t) = Ax(t) + bu(t),
(4.1.1)

y(t) = e'x(t),
where A € R™" b € R”, and ¢ € R". We also have the state x(t) : R — R”™ | the input
u(t) : R+— R, and the output y(¢) : R — R. The reduced order model is

x,(t) = A,x,(t) + byu(t)
(4.1.2)

yr<t) = crxr(t)a
where A, € R™" b, € R", and ¢, € R" with r < n. The state x,(¢) : R +— R" and the
dimensions of the input u(t) and output y,(¢) remain unchanged. While SISO systems can
be considered a special case of MIMO systems, analyzing the SISO case on its own may
reveal some nuance that is specific to the SISO systems as well as shed light on the choices

we make when constructing a finite horizon algorithm. Let

h(t) = c"eMb = e (4.1.3)
k=1

be the impulse response of a dynamical system of order n where ¥, € R and p, € C are
the residues and poles of the transfer function, respectively. We aim to produce a locally

optimal approximant under the JHy(t;) norm that has the following impulse response:
h,(t) = cfe®'b, = Z piet, (4.1.4)
i=1

where b,,c, € R", ¢ € R, and A € C. The residues ¢ are scalars since they are obtained by

the inner product ¢!'b,.

Using definition 3.2 of the Hy(t;) norm, we can measure the error between the full and
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reduced models. It follows that

2 2 2
I8 = B,y = M, = (B oy + e (415

In order to minimize the expression in (4.1.5), we need to differentiate with respect to h,.
Since h, is determined by the poles and the residues of the reduced model, we write (4.1.5)
in terms of these poles and residues. The impulse response of the full system h is clearly
constant with respect to the poles and residues of the reduced system; hence, it does not
affect the minimum of the error. For this reason, in the following lemmas, we deal only with

the last two terms in (4.1.5).

Lemma 4.2. Let
h(t) = ¢’eAtb = Z¢ ePit

and

h,(t) = clet'b, = Z P,
i=1

where the p;’s and the 1, ’s are respectively the poles and residues of the full system, and \;’s

and ¢;’s are respectively the poles and residues of the reduced system. Then,

e()\k—i-p] ty 1 e()\ +p] ty 1

+ZZ¢WJ Nt (4.1.6)

7j=1 =1
i#£k

< 9{2 tf Z st’d}]
Proof. From Definition 3.2, we have

(s = [ B0 ()
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As a result,

(h, B, g6 —/ Zaﬁz At gt

— i€ i i Pj
/ Z¢ Alt2¢6]tdt
0 =1 j=1

_ i@ /Otf iwjepjte)\itdt
i=1 j=1

3 i y V; ! efiteritdt
>0 3w

p]+)\ tf_l
:§ szE 1/}] )\_,_ p;
(Ak+pj tr 1 L eitpity _
e
= + i
;mw] s ;Zm N

=1
i#£k

Lemma 4.3. If h,(t) = >_._, ¢:ei’ is the impulse response of the reduced model, then

(M)t s itAr)ty _q
2 A —— el €
HhTHg'CQ(tf + ¢Z¢k i + i
z;ék
eQrtAty 1 r.or eitAity _q
+Z¢J¢k S VR DO DL e vy

Tk J#k 1#k

67
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Proof. From Definition 3.2 we have

ty r 2
2 .
Il = [ (o)
=1
ty T ty
- / > et + 2 / > GimeN At

<m
tr r r r r
— / ¢ie(2)\k)t + Z ¢i¢k€(Ai+)\k)t + Z ¢j¢ke()\k+/\j)t + Z Z ¢i¢je()\i+)\j)tdt
0 i — e
ik T T ik
(2)\k)tf _ 1 r ()\r‘r/\k)tf _ 1
€ (&
B D Dl ey v
k Py i T Ak
" (/\k+)\j)tf -1 r r ()\i+/\j)tf -1
(& e
s J#h ik

Remark 4.4. The k—th index is no different than any other index. We only isolate the
k—th index to clarify later derivations. In Lemma 4.3, if we add up all the individual sums

in the right-hand side, we obtain the usual summation over all the indices.

For an infinite horizon, Corollary 2.9 tells us that a locally Hs optimal reduced transfer
function fully interpolates the transfer function of the original system at the mirror images
of the poles of the reduced model. In the finite horizon case, we obtain an equivalent result
for the SISO system, even though the full and reduced transfer functions are not interpolants
of each other at the mirror images of the poles. The following lemma is essential in proving

the interpolation conditions for the finite horizon case.
Lemma 4.5. Let G(s) = —e ¢l (s — A)~teAlsb + H(s). Then,

G(=)\) = /0 (et (4.1.7)
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Proof.

ty ty n
/h@ww:/eWXWMmt
0 0 k=1
ty n
_ / Z wke(ﬂk+>\j)tdt

Pk+>\ 2ty 1

= dt
Zd)k Pr + Aj
)\tf wk’epkf + &
Z —Aj — Pk ; )‘J_Pk:
= eVl (=) — A) b+ H(-)\))

= G(=))).

Writing the relevant terms of the error in (4.1.5) in terms of the poles and residues of
the reduced system enable us to differentiate the error. This representation of the error
is essential in proving the following theorem, which establishes the necessary optimality

conditions with respect to the Hy norm.

Theorem 4.6. Let G(s) = —e ¢l (sI — A)~teArb + H(s) and G,.(s) = —e*7cl (I, —
A" teAtib, + H,(s). If H, is the best r'" order approximation of H with respect to the

Ho(ty) norm, then

G(—)\k) = Gr(_)\k) and

G'(=Ar) = Go(=),

where A\ ’s for k =1,2,...,r are the poles of the reduced system.
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Proof. Let J be the square H{5(tf) error between the full and reduced models, i.e.,
J = Hh - hTHg'CQ(tf)

From Definition 3.2, Lemma 4.2, and Lemma 4.3, we infer

ty n e()‘k+pj)tf — 1 n r e()‘i+pj)tf — 1 6(2)‘k)tf — 1
J= [ h®) h(t)dt—2 — ) ——————— | +pp————
/0 w2 | 3o E DS o iy
J J Zh
Ni+Xp)ty e()\k-i—)\ Ytr 1 r r N+X)ty 1
+Z¢Z¢k o +Z¢J¢k Y +;;m Y
z;ék g?gk i#£k
(4.1.8)

If we differentiate the error J with respect to the k-th residue ¢, and set it equal to 0, we

have

= 0.
This implies
" eitAe)ty _ 1 Ly
i = / h(t)e M dt. 4.1.9

Equation (4.1.9) and Lemma 4.5 imply

G(~A) = G (—N0).
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If we differentiate the error J with respect to the k-th pole A\, and set it equal to 0, we have

rO +pj) YelPitArlts — elpitAn)ts 41 N LAt ARt — 262Nt 4 2

= -2
8)\k P Z ! Ot 2))? Ok I5Y:
i + Ap)eQitAelty — eQatdilty 4]
2 i )
" Z it O+ )2
z;é/c
)\ + (Pj+>\k)tf _ e(ﬂj+>\k)tf +1
= _2¢k Z ¢] i pj 2
(A +p5)
)\ + )\k> Ni+Xp)ty 6(’\i+/\k)tf +1
2 i
+ ¢kz¢ ESWE

Thus, if ¢ # 0, then, we have

Z ¢ )\k + p e(ﬂ3+)\k)tf — elpitAe)ty +1 B XT: ¢ )\ 4 )\k)e()\ it ARty o(NitAr)ty 41
! (Ae + p;)? ' (N + )2 '
(4.1.10)

Consider
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and

G.(s) = —e*rcl(sI, — A,) te® b, + H,.(s)

_St ¢Z Atf ¢Z
fz Zs_
o o o

Z : Z -

If we differentiate G(s) with respect to s, we get

n

Zw tf S — p])e( 5+p3)tf — e( S+ﬂ] B Z
’ (s — pj)? s—pg

Yel=stpilts — e(=stpits 4

_ ()5 = py
} Z% G=p)

6( sty o e(=s+pilty _ 1

_Z% EEynE

Similarly, if we differentiate G,.(s) with respect to s, we get

)6( 8+)‘)tf+6( S+/\)f_1

Z¢Z (S_)\Z,)Q

For any pole A\; of the reduced system H,, the left side of (4.1.10) equals —G’(—\x) and the

right side of (4.1.10) equals —G/(—\x). Hence, for any pole A\, of the reduced system H,.,

G'(=Ak) = GL.(= ).

The following corollary deals with a specific case of Theorem 4.6. If we know the poles of the

reduced system, we can establish the necessary and sufficient optimality conditions for the
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residues. In other words, given the poles of a reduced system we can find the best residues

so that we minimize the error between the full and reduced systems.

Corollary 4.7. Let H(s) and H,(s) be as given in (4.2.1), and G(s) and G,(s) as de-
fined in Theorem 4.6. Assume the reduced poles {\;}i_, are fized. Then, H,(s) is the best

th

™" order approzimation of H(s) with respect to the Hy(ty) norm if and only if M¢ = z,

or equivalently, G(=X\) = G.(=Ai), for k=1,2,... 7, where ¢ = [¢p1 ¢y -+ ¢JT € C" is

the vector of residues; z € C" is the vector with entries
z; = e)‘jtch(—/\jI —A) et — H(-)\),i=1,2,...,r;

and M € C™*" is the matriz with entries

6()\1'+)\]')tf _ 1

R T VA

Proof. Using the the results from Lemmas 4.2 and 4.3 and applying some algebraic manip-

ulation, the cost functional J can be written as
2
J = ||h’|9{2(tf) —2¢"w + ¢ Mo,

where w € C"™*! has the entries

e(pk+)\ tf _ 1

for 1=1,2,...,r

Note that M is positive definite, ¢* M¢p = HhrHicQ(tf) > 0, and the cost function is quadratic
in ¢. Thus ,the (global) minimizer is obtained by solving M¢ = z, which corresponds to

rewriting G(—Xz) = G, (=) for k =1,2,...,r in a compact way. O

The result is analogous to the regular infinite-horizon Hy problem where the Lagrange opti-

mality becomes necessary and sufficient once the poles are fixed [24, 71]. What is important
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here is that once the reduced poles are fixed, the best residues can be computed directly by
solving an r x r linear system M@ = z. This is the property that we will exploit in the

numerical scheme next.

Remark 4.8. If we let t; — oo we retrieve the conditions for the infinite-horizon case for
SISO systems. In other words if ¢; grows arbitrarily large, the reduced transfer function

interpolates the full transfer function at the mirror images of the poles, which is expected.
Proposition 4.9. Let G(s) = —e T (sI— A)~LeAl b+ H(s) where H(s) = ¢T'(sI—A)~ b

is the transfer function of (3.1.1). Then, HGH%Q(W = HHH%(W.

Proof. Note

G(s) = —e el (sT — A) e b+ H(s)

where the \;’s and the ¢;’s are the poles and the residues of the system, respectively. Consider

the inverse Laplace transform of G(s):

LHG(s)} =h(t) + Z e, (£) gie 0 M=)
=1

=h(t)+ ), (t)gie™,
i=1
where wu;,(t) is the unit step function
0, t< tf,
Utf (t)
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Thus,

ty n
Gl = /0 h(t) + 3w, () due
i=1

_ /0 7 )t

= ||H||f}f2(tf) :

]

Remark 4.10. The transfer function of a dynamical system H(s) is closely connected to the
pseudo-transfer function G(s) with respect to the Hy(ts) norm, i.e., ||G||}(2(tf) = ||H||5{2(tf).
Proposition 4.9 enriches the discussion in Subsection 3.5.1 about the implications of Hy(ty)

optimal finite horizon reduced order modeling.

4.2 A Descent-type Algorithm for the SISO Case

In this section, we briefly discuss a numerical framework to construct a reduced model that
satisfies the optimality conditions in Theorems 3.10 and 4.6. Let H(s) and H,(s) be SISO
full- and reduced-model transfer functions, respectively, i.e.,

Vi
S Pi

H(s)=c"(sI-A)"'b = Z and
i=1

) (4.2.1)
HT(S) = ch(SIT - AT)_le = Z s fl)\ )
i=1 :

where A € R™", b,c € R", A, € R™*", and b,,c,. € R". Note that the residues ¢; and ¢;

are scalar valued.

As stated before, the 3{5(t;) minimization problem is a non-convex optimization problem

and Theorems 3.10 and 4.6 give the necessary conditions for optimality when both poles and
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residues are treated as variables. However, if the poles are fixed, Corollary 4.7 establishes
the necessary and sufficient optimality conditions for the residues and suggests a method to

find the global minimizer, the optimal residues, by solving a linear system.

The numerical algorithm described here produces a reduced model that satisfies the necessary
Ho(tf) optimality conditions upon convergence. Let A € C” denote the vector of reduced
poles. Thus, the error J is a function of A and ¢. Since we explicitly know the gradients
of the cost function with respect to A and ¢ (and indeed we can compute the Hessians as
well), one can (locally) minimize J using well established optimization tools. However, as
Corollary 4.7 shows, we can easily compute the globally optimal ¢ for fixed A. Therefore,
we treat the reduced poles A as the optimization parameter, and once A are updated at the
k-th step of an optimization algorithm, we find /update the corresponding optimal residues ¢
based on Corollary 4.7, and then repeat the process. Similar strategies have been successfully
employed in the regular Hy optimal approximation problem |22, 24] and for nonlinear least
squares [80, 104, 105]. In summary, we use a quasi-Newton type optimization with A being
the parameter, and in each optimization step, we update the residues, ¢, by solving the r x r
linear system M¢ = z as in Corollary 4.7. Since we are enforcing interpolation at every step
of the algorithm, yet tackling the model reduction problem over a finite horizon, we name
this algorithm Finite Horizon IRKA, denoted by FHIRKA. Unlike regular IRKA, FHIRKA
is a descent algorithm, thus indeed mimics [22| more closely. Upon convergence, the locally

optimal reduced model satisfies the first-order necessary conditions of Theorem 4.6.

4.3 Numerical Comparisons

In this section we compare the proposed algorithm FHIRKA with Proper Orthogonal Decom-
position (POD), Time-Limited Balanced Truncation (TLBT), and the recently introduced

Hs(tf)-based algorithm by Goyal and Redmann (GR) [82], as briefly discussed in Section
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Algorithm 4 Pseudocode of FHIRKA

Input: Original state space matrices: A, B, C and final simulation time ¢

Output: Reduced state space matrices: A,., B, C,
e Pick an r-fold intial shift set that is closed under conjugation.
e while (not converged)

— Find the optimal residues ¢ for the given shift set using Corollary 4.7.

— Update the shifts A by minimizing the Hy(ty) error J.

e With the converged poles A and residues ¢ construct the matrices A,, B, and C,.

3.5.1. We use three models: a heat model of order n = 197 [51], a model of the International
Space Station 1R Module (ISS 1R) of order n = 270 [85], and a toy unstable model of order
n = 402. The ISS 1R model has 3-inputs and 3-outputs. We focus on the SISO subsystem
from the first-input to the first-output. We have created the unstable system such that it has
400 stable poles and 2 unstable poles (positive real part). For all three models, we choose
ty =1, first reduce the original model using POD, GR or TLBT, and then use the resulting
reduced model to initialize FHIRKA. Thus, we are trying to investigate how these different
initializations affect the final reduced model via FHIRKA and how much improvement one
might expect. We trained POD with input u(t) = cos(5t). We generated the POD snapshot
by simulating the time response of the dynamical system using the MATLAB function 1sim.

For details on our implementation of POD, we refer the reader to Section 5.1.2.

The results are shown in Figures 4.1-4.3, where we show the H,(¢;) approximation error for
different values of r, the order of the reduced model. All three initializations are used for the
heat model (Figure 4.1) where the order is reduced from r = 2 to r = 10 with increments
of one. For some r values, certain initializations are excluded (e.g., the GR initialization

for r = 6) since the algorithm either did not converge or produced poor approximations.
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However, this happened only rarely. For the ISS model (Figure 4.2), we use TLBT and
GR initializations, since POD approximations were very poor and are excluded. In this
case, we pick reduced orders from r = 2 to r = 14 with increments of 2. For the unstable
model (Figure 4.3), we use POD and GR initializations; for this model TLBT produced
poor results and is avoided. In this case, we reduce the order from r = 2 to r = 12 with
increments of 2. The first observation is that, since FHIRKA is a descent-method and drives
the initialization to a local minimizer, it improves the accuracy of the reduced model for
all three initializations as expected. The improvements could be dramatic. For example,
FHIRKA is able to outperform POD as much as by an order of magnitude, see, for example,
Figure 4.1, the r = 4 and r = 5 cases. While FHIRKA improves the TLBT and GR
initializations as well, the improvements for the heat model are not as significant. However,
for the ISS model, FHIRKA is able to improve the TLBT performance as much as 50%; see,
e.g., Figure 4.2, the r = 8 case. The best improvement of the GR initialization has occurred
for the unstable model. For example, for » = 8, for the unstable model, FHIRKA improved
the reduced model by more than 40%. Gains were significantly better for POD, especially
for larger r values. Finally, in Figure 4.4, 4.5, 4.6 we compare the error in the impulse
responses due to POD and FHIRKA for the three models. For both methods, POD and
FHIRKA, the reduced model was of order r = 14 for the ISS model. As we can see from the

graphs, FHIRKA clearly outperforms POD on the time interval [0, 1].

In the tables in this section we present some raw numerical results for the same models as
above. In addition to comparing the relative errors from different model reduction techniques
with FHIRKA, we also include the number of iterations that it takes for FHIRKA to converge.
In each table r denotes the order of the reduced model; ¢4 denotes the final simulation time;
Iterations denotes the number of iterations it takes for FHIRKA to converge. When FHIRKA
fails to converge, we indicate it by writing (NC) next to the number of iterations for which we
allowed FHIRKA to run. Similar to the figures above, Table 4.1 shows FHIRKA outperforms

POD in terms of accuracy under the Hy(t;) norm for a heat model of order n = 197. We
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FHIRKA vs POD for a heat model
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Figure 4.1: FHIRKA and other algorithms for the heat model
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FHIRKA vs TLBT for an ISS model
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Figure 4.2: FHIRKA and other algorithms for the ISS model
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FHIRKA vs POD for an unstable model
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Figure 4.3: FHIRKA and other algorithms for the unstable model
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Figure 4.5: FHIRKA and POD for the heat model
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Impulse Response of the Error
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Figure 4.6: FHIRKA and POD for the unstable model

also notice faster convergence for FHIRKA as the order of the reduced model increases. We

speculate the faster convergence could be due to a better initialization model for FHIRKA.

In Table 4.2 we show the comparison of the performances of FHIRKA and POD when
reducing an ISS model of order n = 270. Even in this case, FHIRKA approximates the
original more accurately than POD, although we do not observe a trend of faster convergence

in this case.



84 CHAPTER 4. ALGORITHMIC DEVELOPMENTS FOR Hy(t;) MODEL REDUCTION

Table 4.1: Hy(ty) errors for POD and FHIRKA for a heat model (n = 197)

r |ty | POD Error | FHIRKA Error | Iterations
4 | 1| 443 x1072 9.0 x 1073 19
51 1] 511x10°2 2.32 x 1072 6
61| 1.39x10°2 8.5 x 1073 3
711 |5.0674x 1074 | 4.3467 x 10~* 3
8 | 1 ]1.4813x 1073 | 5.9447 x 1074 3
9 | 1 |4.1931x107%| 1.7433 x 1074 3
10| 1 | 2.3879x107° 4.5018 x1076 3

Table 4.2: Hy(ty) errors for POD and FHIRKA for an ISS model (n = 270)
r |ty | POD Error | FHIRKA Error | Iterations
4|1 [28713x 1073 | 2.614 x 1073 11
6 | 1| 3.148x 1072 | 25749 x 1073 | 200(NC)
8 | 1 |3.2879 x 1073 | 2.4203 x 1073 3
10 | 1 |3.1631 x 107 | 2.3463 x 1073 7
1211 ]28524x1073 | 2.354x 1073 3

Tables 4.3 and 4.4 illustrate the superiority of FHIRKA for unstable systems compared to
POD. We consider two unstable systems: one consists of 400 poles in the left half plane, and
2 poles in the right half plane, hence it has order n = 402, and the other consists of 4000
poles in the left plane, and 2 poles in the right half plane, thus the second system has order
n = 4002.
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Table 4.3: Hy(ty) errors for POD and FHIRKA for an unstable system (n = 402)

|ty POD Error FHIRKA Error | Iterations

4 | 1]28713x107% | 2.614x 1073 11
511 ]1.4859 x 1072 | 1.1144 x 1073
6 | 1| 8504x107* | 5.2878 x 1074
711122721 x 1074 | 9.4445%x107°
8 | 1]3.2879x 1073 | 2.4203 x 1073
9 | 131449 x 1073 | 2.4583 x 1073

10| 1 | 6.1985 x 1075 | 1.7889 x 1075
11| 1 |3.1519 x 1073 | 2.3127 x 1073

W W | I N[O | W | N W | Ww

12| 1 | 2.8524 x 1073 | 2.354 x 1073

Table 4.4: Hy(ts) errors for POD and FHIRKA for an unstable system (n = 4002)

r |ty | POD Error FH Error Iterations
1 0.0511 0.0232 6

1 1.39 x 1072 8.5 x 1073
5.0674 x 107* | 4.3467 x 10~
1 | 1.4813 x 1073 | 5.9447 x 10~*

© |00 | | O | Ot
—_
W | W | W | W

1141931 x 107* | 1.7433 x 10~*

Next, we present the raw values for the relative errors when comparing FHIRKA to time-
limited balanced truncation. In this case we reduce the full models via TLBT, and then use
the reduced model obtained through TLBT to initialize FHIRKA. As Table 4.5 and Table
4.6 show, FHIRKA outperforms TLBT when we reduce a heat model of order n = 197 and
an ISS model of order n = 270, respectively. This is expected since FHIRKA is locally

optimal under the Hs(t¢) norm.
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Table 4.5: Hy(ty) errors for TLBT and FHIRKA for a heat model (n = 197)

r |ty | TLBT Error | FHIRKA Error | Iterations
4 | 132876 x 1071 | 1.3734 x 1071 2
5|1 |1.4359 x 1071 | 1.8329 x 1072 2
6 | 1|85492x107% | 1.9707 x 102 2
7|1 |1.2954 x 1071 | 1.4427 x 1072 2
8 | 1 ]1.2415x 107! | 1.0454 x 1072 2
9 | 1 ]84319x 1072 | 83239 x 1074 2
10 [ 1 | 1.7938 x 1072 | 6.4013 x 10~* 2

Table 4.6: Hy(ty) errors for TLBT and FHIRKA for an ISS model (n = 270)

r | ty | TLBT Error | FHIRKA Error | Iterations
4 | 126247 x 1073 | 2.6135 x 1073 | 200(NC)
6 | 1| 1.916 x 10~* 9.7942x107° 200(NC)
8 | 1 |1.6636x107%| 1.0124 x 1074 4
10| 1 | 1.7279 x 1074 | 1.0772 x 10~* 2
12| 1 | 1.4254 x 107* | 1.1624 x 1074 2
14| 1 | 9.5064x1073 7.6996x107° 2

Finally we compare the conventional Iterative Rational Krylov Algorithm (IRKA), which
yields a locally Hs optimal reduced model over an infinite time horizon to FHIRKA. Since
FHIRKA produces a reduced model which is locally H,(t;) optimal over a specific finite
time interval, we expect FHIRKA to return a more accurate model than IRKA with respect
to the H5(t;) norm over the time interval [0,¢;]. In the examples shown below, we reduce
the full model via IRKA, and then use the reduced model we obtained through IRKA as an
initialization for FHIRKA. The following tables, namely Table 4.7, Table 4.8, and Table 4.9

not only demonstrate the better performance of FHIRKA compared to IRKA with respect
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to the Hy(ts) norm, but also illustrates the advantage of a general finite horizon framework

over an infinite horizon one, provided the interval of interest is finite.

Table 4.9 shows a drastic improvement of the FHIRKA over IRKA when dealing with an
unstable system. We expect this drastic improvement due to IRKA’s inability to produce a

locally Hy optimal reduced system if the full system is unstable.

Table 4.7: Hy(ty) errors for IRKA and FHIRKA for a heat model (n = 197)

r |ty | IRKA Error | FHIRKA Error | Iterations
4 |1 |1.6087 x 107" | 1.4717 x 107" 2
51 |58176x 1073 | 4.1439 x 1073 2
6 | 1 |25614x 1073 | 2.5408 x 1073 2
711 |7.9903 x 1074 | 7.4239 x 10~* 2
8 | 1 |81294x107*| 7.3622 x 1074 2
9 | 1| 6.6808x107° | 4.4417x107° 2
10 | 1 | 2.1285x107% | 2.1006x10~6 3

Table 4.8: Hy(t) errors for IRKA and FHIRKA for an ISS model (n = 270)

r |ty | IRKA Error | FHIRKA Error | Iterations
4 |1 [26247 x 1073 | 2.6135 x 1073 | 200(NC)
6 | 1]1.8958x107* | 9.9932x10° 191

8 | 116483 x107*| 9.2441x107° 13

10 | 1 |1.6354 x 107* | 1.0912 x 10~* 6

12 ] 1 ]1.3247 x 107% | 1.0485 x 1074 2

14 | 1 | 1.3084 x 107* | 1.6309x1076 2
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Table 4.9: Hy(ty) errors for IRKA and FHIRKA for an unstable model (n = 402)

r |ty | IRKA Error | FHIRKA Error | Iterations
6 | 1 ]2.0949 x 107! | 3.2466 x 1073 3
8 | 1 |1.0856x 107! 8.212 x 1073 3
12| 1 ]6.5629 x 1072 | 1.1665x107° 4

Overall, as expected, FHIRKA yields a better approximation compared to the other algo-
rithms for each model. We find that GR provided the best initialization for FHIRKA. This
is not surprising, since GR produces a reduced-model that approximately satisfies the H5(t)

optimality conditions.

4.4 Matrix Exponential Approximation

As we have observed throughout this chapter both the auxilary interpolated function G(s)
and the time-limited gramians require the computation of the action of a matrix exponential
to a vector, i.e., we want to compute eA/b where A € R™ ", A direct computation of the
matrix exponential would be very expensive; fortunately, a plethora of numerical methods
to approximate eA% b exist |6, 26, 48, 60, 61, 69, 90, 99, 116, 159]. For FHIRKA we use
the approach proposed in [6], which is an adaptation of the scaling and squaring method
for computing the matrix exponential e® [129, 138]. Since we just need to compute eAb
we do not need to explicitly compute the matrix exponential itself. We take advantage of a

truncated Taylor series approximation and the relation:

Al = (e Al)7b. (4.4.1)
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Let
~ (27" Aty)’

7!

T,(:7'Aty) = (4.4.2)

1=0

be a truncated Taylor series approximation for e* Atr. Then the following recurrence

by=b
(4.4.3)

b1 =T, (2 Atp)b; fori =0,1,...,2 — 1

produces the approximation b, ~ et/b. The parameters z and ¢ are chosen based on the

backward error analysis in [6, 98, 100]|. The same analysis demonstrates that
b, = AITAMIY L p, (4.4.4)

with
|AALy || < tol [|Aty]l,

and

c-q-n-e

|| < ellatell oy

l—c-qg-n-e

where tol is the backward error of the approximate computation of the exponential, € is the
machine precision, and c is some small constant. Note ||Atf|| =t/ ||A||. For more details on

this upper bound and an implementation of the method, see [6].

As already mentioned in this section, we can choose from a plethora of methods that guar-
antee a small approximation error, i.e., b, = eA%b+ A, where A is small. Therefore, instead

of interpolating

G(s) = e el (s — A) e b4 H(s),

we interpolate

A

G(s) = —e el (s — A)7'b, + H(s).
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Corollary 4.11. Suppose b, = eAtrb+ A, Let G(s) = —e ¢ (sT— A) b, +H(s). Then,

HG@)—G@Wfﬂk”WJ@I—AYWHAW

Proof. Note that

~

G(s) = —e el (sT — A)"H e + A) + H(s)

= —e el (sT— A)terb — e el (sT — A)7'A 4 H(s).

As a result,

and

Hm@—é@ < Jle=tre(sT— A)Y| A

(4.4.5)

]

If the method chosen for the computation of the matrix exponential eA* b yields a small

value for ||Al|, the approximation b, ~ e b does not change our algorithm drastically;

however, it does speed it up. The only aspect of FHIRKA that changes is the definition

of the function that needs to be minimized. Instead of computing the matrix exponential

explicitly, we approximate its action on the vector b. Indeed, the MATLAB code used for

expm is modified so that we do not compute the dense matrix exponential; instead, we benefit

from only storing a vector yielded by the action of the matrix exponential on another vector.

Remark 4.12. Unlike G(s), the approximation G(s) in Corollary 4.11 loses analyticity.

Thus, the approximation and the error bound will have singularities that get unboundedly

poor for some values of s.
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As Table 4.10 shows, the error introduced from this approximation is minimal. Moreover
FHIRKA requires only a single computation of eA/b. We tested the approximation with

the three full order models described in Section 4.3.

Table 4.10: Matrix Exponential Computation

Model | Order Hbs — eAtfbH
Heat 197 | 9.4252 x 1074
ISS1IR 270 | 4.5551 x 1071
Unstable | 402 | 4.8908 x 102

To further illustrate the accuracy and efficiency of the approximation in [6] we consider a
convection-diffusion heat equation of order n = 10000 [147]. For problems of moderate size
such as those referenced in Table 4.10, the MATLAB matrix exponential function expm yields
satisfactory results even in terms of computational speed. However, for larger problems, the
approximation in (4.4.3) is drastically faster, e.g., for the convection-diffusion model, the

MATLAB function computes €A b in 293.07 seconds, while it takes only 1.25 seconds for

the approach in [6]. Moreover, ||b, — eAts bH = 7.7869 x 107 !3, where b, is the result of the
(4.4.3), and A7 b is the result of the MATLAB computation. We incorporate the approach in
[6] into FHIRKA and reduce the Convection Diffusion model from order n = 10000 to order
r = 12. We initialize FHIRKA with a POD-reduced order model. As we observe from the

output and error plots in Figures 4.7 and 4.8, FHIRKA produces accurate approximations

even when implemented with the matrix exponential approximation in (4.4.3).

4.5 Summary of Finite Horizon MOR

In Chapter 3, we defined a finite horizon Hs(¢;) norm, which enables us to measure the

approximation error over a finite interval. We reviewed existing techniques for time-limited
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model reduction such as time-limited balanced truncation and an IRKA-type algorithm
which approximately satisfies the time-limited gramian based JH,(ty) optimality conditions.
Writing the impulse response of the reduced system in terms of the poles and residues of
the ROM allowed us to establish interpolatory Hs(t;)-optimality conditions for model order
reduction of dynamical systems over a finite time horizon. We derived the conditions for
both the MIMO and the SISO cases. Even though the optimal interpolation points and
tangential directions are still determined by the reduced model, we showed that unlike the
regular Hy problem, a modified reduced-transfer function should interpolate a modified full-

order transfer function.

For the special case of SISO models, we have studied a numerical algorithm, FHIRKA, and
illustrated that it performs effectively. FHIRKA outperforms POD, IRKA, TLBT, and the
GR algorithm [82] for the examples discussed in this dissertation. Numerical experiments

were consistent with our theoretical results.



Chapter 5

Operator Splitting with Model

Reduction

As we have already discussed in this dissertation, a plethora of powerful and robust meth-
ods exists for reducing linear dynamical systems. However, the nonlinear model reduction

problem is more difficult.

The Iterative Rational Krylov Algorithm (IRKA) has inspired algorithms that produce high
fidelity nonlinear reduced order models for nonlinearities that can be converted to a bilinear
and a quadratic bilinear form, respectively Bilinear IRKA (B-IRKA) [1, 27] and Quadratic
Bilinear IRKA (QB-IRKA) [2, 3, 34|. Balanced Truncation (BT) has also been extended for
bilinear and quadratic bilinear systems [5, 33, 63]. Since not every system can be converted
into a bilinear,or quadratic bilinear form, QB-IRKA and BT for quadratic bilinear systems

are not feasible in every case.

Proper Orthogonal Decomposition(POD) provides an alternative approach [40, 42, 93, 112,
119, 121, 160, 182]. POD has been implemented successfully in many applications, such as
optimal control [120], fluid dynamics [15, 121], compressible flow [157], and aerodynamics
[46]. While POD can be very useful, one of its main downsides resides in the fact that
the reduced order model is dependent on the selected input. In this chapter, we propose a
method to mitigate the impact of the input on the reduced system by incorporating model

reduction into operator splitting.

Operator splitting is a numerical method widely used for solving differential equations in-

94
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volving terms with different physics [4, 76, 103, 107, 132, 161, 162, 169, 171|. A few other
instances of splitting include dimensional splitting, domain decomposition, and splitting of
objective functions in optimization [132]. In fact, operator splitting generalizes to any differ-
ential equation that involves two or more operators. The main motivation behind operator
splitting is that it is faster than the direct computation of a solution. This comes at the cost
of accuracy. In this chapter we discuss how to integrate system theoretic methods like the
Iterative Rational Krylov Algorithm (IRKA) and Balanced Truncation (BT) with trajectory
based techniques like Proper Orthogonal Decomposition (POD) in order to solve nonlinear
ODEs more efficiently. First, we review model reduction techniques for nonlinear systems.
Then, we discuss operator splitting in the context of separating linear terms from nonlin-
earities and propose an algorithm which incorporates model order reduction into operator
splitting. In the last two sections of this chapter we perform some theoretical and numerical

analysis for the proposed algorithm.

5.1 Nonlinear Model Reduction

In this section we discuss existing model reduction methods for nonlinear system. First, we
describe methods for quadratic bilinear systems, which constitute a special class of nonlinear
systems. The structure of quadratic bilinear systems enables the extension of IRKA and BT
to QB systems. Then, we cover POD and DEIM, which are popular methods for reducing

general nonlinearities.

5.1.1 Quadratic Bilinear Systems

For Quadratic Bilinear systems, a class of nonlinear systems, the authors in [34| propose an

approach that yields an Hs-quasi-optimal reduced order model. Quadratic Bilinear systems
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have the following form:

(1) = Ax(t) + H-x(t) @ x(t) + > Ny - x(t)ug(t) + Bu(?)
k=1 (5.1.1)

y(t) = Cx(t)

where A,N;, € R H € R™" B € R™™ C € RP*" are constant matrices. Consistent
with our previous notation x(¢) € R™ are the states, u(t) € R™ are the inputs, and y(¢) € R?
are the outputs. The symbol ® indicates Kronecker product. Many models from engineering
and physics contain a quadratic nonlinearity, as is the case with spatial discretizations of
Burgers’ equation and the Allen-Cahn equation. Furthermore, many smooth nonlinearities
can be converted into a Quadratic-Bilinear form [28, 84]. However, many of this conver-
sions give rise to differential algebraic equations (DAEs) or descriptor systems [122|, which

introduce a complete new set of challenges 32, 89].

The Quadratic Bilinear Iterative Rational Krylov Algorithm (QB-IRKA), similar to IRKA,
is a projection based algorithm. Thus, the reduced matrices are obtained via projection.
QB-IRKA produces a high fidelity reduced model under a truncated Hs-norm for quadratic

bilinear systems which is defined with the help of the Volterra series [34, 158|.

Balanced truncation has also been extended to the bilinear and quadratic bilinear approaches
[31, 33]. As discussed in previous chapters, Balanced Truncation generates a reduced order
model by eliminating states that are simultaneously hard to reach and hard to observe.
Balanced Truncation for QB systems relies on the computation of the truncated reachability
and observability Gramians, P and Q, which are the solutions to the following Lyapunov

equations:

AP, + P AT+ H(P, @ P)H" + > NPN{ + BB” = 0 and
k= (5.1.2)

ATQ, + 0 A+ HP (P ) (HP)T + Y NFQN; +C'C =0,
k=1
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where P; and Q; are the solutions to

AP +PAT ++BBT =0
(5.1.3)

ATQ + QA +C'C = 0,

and H® denotes the mode-2 matricization of the Hessian. For more details on the tensor

properties and how they relate to quadratic bilinear systems, see [34, 109, 117].

Similar to the original Balanced Truncation and time limited Balanced Truncation (TLBT),
the efficient computation of the low-rank Cholesky factors of the truncated Gramians is
essential; see [38, 164]. After computing the Cholesky factors, the procedure is the same as
in the case of regular BT and TLBT. For further details on Balanced Truncation for QB

systems, including error bounds, we refer the reader to |33].

Quadratic Bilinear IRKA and BT for Quadratic Bilinear systems yield high-fidelity reduced
systems independent of the control inputs since they depend only on state-space quantities.
However, for systems that cannot be written in a quadratic bilinear form, we need to consider

other tools such as POD for example.

5.1.2 Proper Orthogonal Decomposition

Let f(z,t) be some function of interest that can be approximated as follows over some

domain:

flz,t) = Zai(t)gi(x). (5.1.4)

i=1
We expect that this approximation gets closer and closer to the true function as k becomes
larger. In other words, the limit of the infinite sum in (5.1.4) as k goes to infinity is the
original function f(x,t). The approximation in (5.1.4) is not necessarily unique. We can

pick g;(z) to be Chebyshev polynomials, Legendre polynomials or some other set that could

serve as a basis. For each basis, we would have different functions a;(¢). For POD it makes
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sense to choose an orthonormal basis. In this section we discuss how to accomplish this in
the finite dimensional case. POD originated in statistical analysis. In statistics it is more
commonly known as Principal Component Analysis (PCA) [114, 123, 139]. Consider the
case where we take measurements for a state variable of order n at N instants of time. We
store the data in a n x N snapshot matrix X. In statistical analysis, POD (or PCA) is useful
when dealing with large sets of data because it enables us to extract the most “important”
information from the dataset. In the dynamical system setting, which is our area of interest,
the snapshot matrix X is obtained by simulating the dynamical system. In other words, we
have

X = [x(t1) x(t2)---x(tn)],

where x(¢;) denotes the evaluation of the state variable x at time ¢;. Once we have constructed

the snapshot X, we get its singular value decomposition as follows:

X = o0l (5.1.5)

Then, we pick the the dominant r left singular vectors to form the POD basis V. Let us

illustrate POD by considering the nonlinear dynamical system

x(t) = Ax(t) + Bu(t) + f(x, t)

y(t) = Cx(1),

(5.1.6)

where A € R™" B € R™™™, and C € RP*™ are constant matrices. Consistent with the
notation from the linear case, in this system x(¢) € R” is the internal variable. Obviously,
the dimension of the system is n. The input is denoted by u(t), while y(¢) is the output. Just
as in the linear case, if m = p = 1, then the dynamical system is called single-input/single-
output (SISO). If m > 1 and p > 1, the system is called multi-input/multi-output (MIMO).

For large n, e.g., n > 10° we want to replace this nonlinear model with a reduced order
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nonlinear model

X, (t) = Arx,(t) + Byu(t) + VI'E(Vx,, 1)
(5.1.7)

yr(t) = Crx,(t)
where A, = VIAV, C, = CV, and B, = VIB. Algorithm 5 presents a synthesized sketch
of the POD algorithm.

As we notice, the reduction basis V is contingent on the snapshot matrix X, which in turn
depends on a particular simulation of the system. Since for different inputs, we have different
simulations, hence, different snapshots, the POD generated reduced models could be different

depending on the training input.

Algorithm 5 Pseudocode for POD

Input: Original system

Output: Reduced system

e Construct snapshot X by simulating the ODE

e Obtain the singular value decomposition of X: X = &7

e Select the basis V.= ®(:,1: 7).

e Use projection to reduce the state space matrices: A, = VIAV, B, = VIB, C, =
CV.

e The reduced system is:

%, (t) = A,x,(t) + B,u(t) + VI£(Vx,,1t)

yr(t) = Crx, (1)

Even though (5.1.7) is a reduced order model, we still could have costly computations due to



100 CHAPTER 5. OPERATOR SPLITTING WITH MODEL REDUCTION

the lifting bottleneck for the evaluation of nonlinearity at a “full order” vector. In order to
deal with this bottleneck we use Discrete Empirical Interpolation Method (DEIM) [53, 54]

which is a discretized version of the Empirical Interpolation Method (EIM) [17, 97, 133].

5.1.3 Discrete Empirical Interpolation Method

As we have extensively discussed throughout this dissertation, model reduction aims to pro-
duce lower dimension systems that approximate the original outputs. POD is one popular
method. However, when reducing a nonlinear system via POD, the computational complex-
ity of the nonlinearity remains unchanged. For example, the nonlinear term in (5.1.6) is

approximated as follows:

f(x) ~ f(Vx,,1).

Even for the reduced model, we need to evaluate the nonlinearity for a vector of the same
length as the order of the full model. In order to reduce the cost of evaluating the nonlinear
terms, we approximate the nonlinearity f using the Discrete Empirical Interpolation Method
(DEIM) [53]. The DEIM algorithm selects a set of indices which determine what components
of the state variable to evaluate. We initialize the DEIM algorithm with a linearly indepen-
dent set {u;}7* C R" obtained from snapshots of the nonlinearity f. Once we construct a
set of indices using the DEIM algorithm, the constructed set of indices informs us where to

evaluate the nonlinearity. The DEIM approximation of order m for f(x) is

f(x) := UPTU)'"PTE(x) (5.1.8)

where the columns of U are {u;}}* and P is a permutation of some columns of the iden-

tity according to the DEIM indices. Incorporating DEIM into POD generates the reduced



5.2. LINEAR OPERATOR SPLITTING 101

nonlinearity

f.(x.(t)) = VIUPTU) H(PTVx, (1), u(t)), (5.1.9)

where V is a POD basis. As we see from (5.1.8), the permutation matrix P selects the
components at which the nonlinearity is evaluated. To obtain U we select the first m
singular vectors in the singular value decomposition of the snapshots of f. Once we have
the input bases {w;}7*, DEIM constructs the set of indices Py, ..., P,, which determine the
permutation matrix P. The first index P; corresponds to the component of u; that has the
largest magnitude. The rest of the indices are selected based on the largest magnitude entries
of the error between the corresponding input basis and its approximation from interpolating

the basis as shown in the DEIM algorithm below.

For other variations of DEIM see [57, 146, 167, 185].

5.2 Linear Operator Splitting

Let us consider the following ordinary differential equation:
x(t) = (M + N)x(t) (5.2.1)

with solution

x(t) = !MNx(0). (5.2.2)

In many applications, computing e/(M+N)

is not always cheap or easy. Nevertheless, there
exist techniques which enable us to compute e™ and e separately. This is one reason to

employ operator splitting, which yields

! MIN) g tMIN, (5.2.3)
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Algorithm 6 Pseudocode of DEIM [53]

Input: Original nonlinearity

Output: DEIM indices
e Construct snapshot F

Obtain the singular value decomposition of F: F = &7

Select the basis U = ®(:,1: m).

[[pl; P1] = max{fuy[}

—

L U:ul,P:eyl,ﬂ): [’Pl]

for!l=2:m

— Solve (PTU)c = Py, for ¢

—r=w — Ue

[lpl, 1] = max{[r|}

~U=[Uu], P=[Pes), F=
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If MN = NM, equality is attained [79]. The splitting in Equation (5.2.3) is known as first

order splitting, named after the order of accuracy. Consider the following Taylor expansions:

1
M =T+ M+ SM? -
1
N =T+ N+ SN+ (5.2.4)
1
e MHN) — T4 (M 4+ N) + §t2(M +N)Z

Note that

1 1
eMe™N = T4+ +(M +N) +z2(§1v12 +NM + 5N2) Sy (5.2.5)

Therefore, if M and N do not commute, then the Taylor series of e/™*N) and eMeN have
only the identity matrix I and the first order term in common. This implies the splitting

has O(h?) accuracy on a subinterval of length h, and O(h) accuracy over the entire interval,

i.e., the local error is O(h?) and the global error is O(h).

The symmetric Strang splitting generates a more accurate approximation with O(h?) global
error [132, 170, 171]. However, for numerical experiments in this chapter, a first order

splitting is sufficient.

5.3 Nonlinear Operator Splitting

For nonlinear splitting we separate the linear and nonlinear terms. This means that over each
time step, we compute the solutions of the linear and nonlinear parts separately. Consider

the following system of differential equations:

x(t) = Ax(t) + £(x(t)), (5.3.1)
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where A is a constant matrix and f(x()) is some nonlinear function. When applying operator
splitting, first, we numerically integrate x(t) = Ax(t) over [t,,t,11]. If we use, e.g., the

Forward Euler method, we have
Xs = X, + AtAXx,, (5.3.2)

where At =t,,1 — t,.

Then, we use the result, x4 as an initial condition for the next “half step”, i.e., we numerically

integrate x(t) = f(x(t)) over [t,,t,+1] by setting the starting point x(¢,) = X, i.e., we have
Xpi1 = X5 + Atf(xg). (5.3.3)

We repeat this process for every step. A simple operator splitting scheme is illustrated

visually in Figures 5.1, 5.2, and 5.3.

The convergence analysis for nonlinear operator splitting is not as robust as in the linear

case [132]. We revisit the error/convergence analysis for nonlinear systems in Section 5.5.

5.4 Operator Splitting and MOR for General Nonlinear-

1ties

As we have broadly discussed throughout this dissertation, modeling and simulation for
large scale nonlinear systems can be very costly. Thus, the need for efficient computational
methods arises. Operator splitting and model order reduction, even as separate approaches,
are very effective in reducing costs of numerical computations. In this section we combine

these strategies in order to approximate nonlinear dynamical systems with high fidelity
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Figure 5.1: Operator Splitting: Step 1
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Figure 5.2: Operator Splitting: Step 2
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X
Xn+1
Xs
Xn °
tn tn—l—l !

Figure 5.3: Operator Splitting: Step 3

reduced models which are minimally dependent on the control inputs. Consider a general

nonlinear system,

x(t) = Ax(t) + Bu(t) + £(x(t), u(t))
y(t) = Cx(t),

where A € R B € R™™ and C € RP*" are constant matrices, and f(x(t),u(t)) :

(5.4.1)

R” x R™ +— R"™ is some nonlinear function. Similar to the linear case we discussed in
previous chapters, the variable x(¢) € R" denotes the internal variables, u(t) € R™ denotes
the control inputs, and y(¢) € R? denotes the outputs. The length of the internal variable
x(t), i.e., n, is called the order of the full model that we would like to reduce. As we
mentioned in Section 5.1, many existing methods, e.g., Quadratic Bilinear IRKA (QB-IRKA)
and Proper Orthogonal Decomposition (POD) could approximate nonlinear systems such
as (5.4.1) with a reduced order model. Both QB-IRKA and POD are very effective model

reduction techniques and produce accurate approximations in many cases. QB-IRKA yields a
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system that approximately satisfies necessary optimality conditions under the truncated ngT)
norm and POD generates an optimal approximation with respect to the observed state data.
However, it is not always feasible to convert a system into quadratic bilinear form. POD is
input-dependent and relies on sampled trajectories, hence, it cannot capture what it has not
observed. In this chapter, by taking advantage of operator splitting, we propose a numerical
method that integrates the best features of system theoretic approaches with trajectory
based techniques. Operator splitting enables us to consider the linear and nonlinear terms
in (5.4.1) separately. First, we reduce the linear terms of (5.4.1) via IRKA (alternatively
via balanced truncation, or your favorite system theoretic method) to obtain A,;,B,;, and
C,1. Then, we approximate f(x(t),u(t)) with VI £(Vx(t),u(t)) where V is a POD basis.
We incorporate the Discrete Empirical Interpolation Method (DEIM) to speed up the POD

reduction. Therefore, we have the following reduced ODE systems:

X;1(t) = Ay (t) + Bryu(?) (5.4.2)
%,2(t) = VIU(PTU) ' (PTVx(t), u(t)). (5.4.3)

Once we have reduced the the linear and nonlinear terms individually, we apply operator

splitting, i.e., in each step we numerically integrate the linear and nonlinear parts separately.

For the n-th step of our numerical scheme, first, we obtain an approximation of x,1(t,1)
by evolving (5.4.2) over the interval [t,,t,41]. Then using the computed approximation of
X,1(tny1) as the starting point, we get an approximate value for x,9(t,11) by evolving the
nonlinear reduced model (5.4.3) over the interval [¢,,t,:+1]. Even though we can choose
different ROM techniques to reduce the linear and strictly nonlinear parts of the dynamical
system of interest, for the sake simplicity and clarity, we assume we perform linear model
reduction via IRKA, and nonlinear model reduction via POD. We refer to this numerical

scheme as IRKA-POD Splitting (IPS). Algorithm 7 describes the pseudocode for IPS.
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Algorithm 7 Pseudocode of IRKA-POD Splitting (IPS)

Input: Original ODE system

Output: Approximate reduced solution of the ODE system

e Given a nonlinear dynamical system,

x(t) = Ax(t) + Bu(t) + f(x(t), u(t))

isolate the nonlinear residual to obtain

x1(t) = Ax(t) + Bu(t)

Xy (1) = £(x(t), u(t))

e Reduce (5.4.5) via IRKA, and (5.4.6) via POD to obtain

X,1(t) = Anx1(t) + brau(?)

X,9(t) = VIUPTU) HH(PTVx(t),u(t))

e At the k-th step:

— Evolve (5.4.7) from x,1(t) to X,1(tx+1) to obtain x;.
— Lift and reduce x, to ensure matching orders.
— Evolve (5.4.8) from X,9(tx) = X1 (tg+1) t0 Xp2(tkt1) to obtain xgg.

— Lift and reduce x;,1 to ensure matching orders.

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)

(5.4.8)
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5.5 Error Analysis for IPS

In this section we explore error bounds for the error between the full solution and the IPS
solution. We know that individually both operator splitting and model reduction are very
successful approaches, however, we do not know how they behave together. Let us analyze
the error in the state variable. We treat IPS as any numerical method for ODEs and exploit

concepts like truncation and global error in our analysis [74, 176].

First, we investigate the truncation and global errors for operator splitting without model
reduction in the context of Forward Euler. We use Forward Euler for the sake of simplicity

and clarity of presentation.

Definition 5.1. |74, 176] The truncation error of the method ® (approximate increment

per unit step) at the point (¢, x(x)) is defined by

Tk(tk, X(tk); h) = (I)(tk, X(tk>; h) — %[X(tk -+ h) — X(tk)]

Theorem 5.2. Given a full order nonlinear dynamical system as in (5.4.1) where the non-
linearity £ € C® is Lipschitz continuous in the first variable x with Lipschitz constant Ly,
let h be the time step size for a Forward Euler operator splitting algorithm that isolates the

nonlinearity. Then, the truncation error is

X(tr)
2

Ti(te, x(tr); h) = £(x(tr) + h(Ax(t;) + bu(ty), u(ty)) — £f(x(tx), u(ty)) — h )+ O(hz)
(5.5.1)
and

1Tty x5 ); )| < P(Ly [[AX(21) + bu(te) || + % () [1) + O(h?). (5.5.2)
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Proof. On the k + 1-th step of Forward Euler with operator splitting we have the following:

xs = X(tg) + h(Ax(tg) + bu(ty)) and

X1 = X + h(f(xs, u(ty)).

(5.5.3)

Combining the two “half steps” in (5.5.3), we infer the k + 1-th step of Forward Euler with

operator splitting is implemented as follows:

X1 = X(tr) + h(Ax(tg) + bu(te) + £(x(t) + h(Ax(tr) + bu(ty), u(ty)).
This implies that the approximate increment per unit step is

D(ty, x(t); h) = Ax(tr) + bu(te) + £(x(tx) + h(Ax(t) + bu(ty)), ults)).
The truncation error on the £ + 1-th subinterval is given by the equation

Tt X(14)3 ) = B{ti, X(14); ) = 3 (v + ) = (0]
Using Taylor expansion for x(t; + h) we get
B2
x(ty + h) = x(tg) + hx(t) + ?)"((tk) + O(h?).

Substituting (5.5.7) into (5.5.6) we get

Tie(tr, x(tr); h) = ®(tr, x(tr); h) — l[x(tk) + hx(ty) + h—zk(tk) + O(h%) — x(tr)]

h 2
= O(ty, x(t): h) — %[hx@k) + %s‘c(tw +0(n%)]

= {1, x(1e):h) — X{t6) — (1) + O(R?).

(5.5.4)

(5.5.5)

(5.5.6)

(5.5.7)

(5.5.8)
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Plugging (5.5.5) and (5.4.1) into (5.5.8) we get:

Tk(tk, X(tk); h) :AX(tk) + bu(tk) + f(X(tk) + h(AX(tk) + bu(tk)), ll(tk)) (5 . 9)
~ (Ax(t) + bu(ty) + £(x(te). (k) — B(t) + O(R?).

Therefore,

To(te, x(t): ) = £(x(ty) + R(Ax(ty) + bu(ty)), u(ty)) — F(x(ts), u(ty)) — gwk) +O(h3).
(5.5.10)

Since f is Lipschitz continuous in the first variable x, we have

[£(x(te) + h(Ax(tk) + bu(ty)), ultr)) — £(x(tx), ulty))||
< Ly [|x(tk) + h(Ax(tr) + bu(t)) — x(t)] (5.5.11)
= Ly [[h(Ax(ty) + bu(ty))||
= hLy [|Ax(ty) + bu(ty)]]

Then, from (5.5.10) and (5.5.11) we infer

It x(t): DI < B (Lf | Ax(te) + bu(t)] + 5 !Ii'c(tk)H) o). (5512)

For our analysis of IPS we assume we implement operator splitting with model reduction in
the context of Forward Euler as well, i.e., in each “half step” we are evolving the reduced

linear and nonlinear terms with Forward Euler.

Theorem 5.3. Let

ar = [V, V Vi(VIAx(ti) + bru(ty) — (Ax(t) + bu(ty))||
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be the model reduction error for the linear terms, and
B = ||V, VIE(x(t), u(ti) — £(x(t), ult))]|

the model reduction error for the nonlinear terms, where V; is the IRKA basis and V,, is the
POD basis used in Algorithm 7. Also assume the nonlinearity f € C? is Lipschitz continuous

in the first variable x. Then, we have
1.
||Tk(tk,x(tk); h)” S g + 5k + h <Lf HVZVZTAX(tk) + Vszu(tk)H + 5 HX(tk)”) + O<h2>7

where h is the time step size.

Proof. The approximate increment per unit step for the IPS algorithm is

D(ty, x(tr); h) = V,VIVi(VI Ax(ty) + byu(ty))
(5.5.13)
+ V,VIE(x(tr) + (Vi V] Ax(t) + Vibou(ty)), u(te)),
where V,, is the POD basis used to reduce the nonlinearity and V; is the IRKA basis used

to reduce the linear terms. Since the truncation error can be written as

h 2
= O(ty, x(tk); h) — %[hX(tk) + h;x(tk) +O(h3)] (5.5.14)

= O(ty, x(tp); h) — x(t),) — git(tk) +0(h?),
we infer

Tk(tk, X(tk); h) = VPV§VZ<V?AX(tk) + bru(tk)) — (AX(tk) + bu(tk))

LV VIRt + A(VVIAX(t) + Vibu(t)a() )

— Ex(te), u(ty)) — (1) + O,
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Note that for the nonlinear terms in (5.5.15) we have

V,V]E(x(ty) + h(ViVI Ax(t) + Vibou(ty)), u(te)) — £(x(tx), u(ts))
=V, VI f(x(tx) + h(V, V] Ax(t;) + Vibu(te)), u(ty))
— f(x(tx), u(ty)) + VpVZf(x(tk), u(ty)) — Vpng(x(tk), u(ty))
= V,,fo(x(tk) + h(ViVIAx(t;,) + Vibeu(ty)), u(ty))
— VpVZf(x(tk), u(ty)) — f(x(tg), u(ty)) + vagf(x(tk), u(ty)).

(5.5.16)

By the triangle inequality we have

|V, VIE(x(tr) + h(ViV] Ax(t) + Vibyu(te)), uty)) — V, VL E(x(t), u(ty)) — £(x(tr), u(ty))
+ V,VIE(x(t), u(te))|| < ||V, Vi E(x(te) + A(ViV] Ax(ti) + Vibyu(te)), u(ty))
— V, Vo E(x(tk), u(te) || + || £ (x(tx), u(te)) + V, VI E(x(te), u(ty))]| -

(5.5.17)
Furthermore,
[V, VEE(x(tr) + h(ViVT Ax(tr) + Vibyu(ty)), u(ty)) — V, VI E(x(t > tk I 5518)
= [V, V3 (E(x(te) + AV VIAX(t) + Vibou(te)), u(t) — £(x(t), u(t)
< ||V, VTH |£(x(tr) + h(ViVI Ax(t) + Vibou(ty)), u(te)) —f(x( ) tk )| -
Since V,, is orthonormal,
IV Vi (E(x(te) + A(ViVTAx(t) + Vibru(t)), u(te) — £(x M 519
< [F(x(t) + BV Ax(te) + Vibu(ti)), ulty)) — f(x H
The Lipschitz continuity of f implies
[£0x(ti) + ROVAVTAX(t) + Vibeu(t)), ults) = Ex(t) w55 o)

< Ly ||R((ViV Ax(ty,) + Vibou(ty)) ||
= hL; ||ViVIAx(ty) + Vibu(ty)|| -
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Plugging (5.5.20) into (5.5.17) and substituting g for
[ =E(x(t), ulte) + V, Vo E(x(t), u(t)]|

we obtain

[V, VIE(x(ti) + h(V, VT Ax(ti) + Vibou(t)), u(ty) — V, VIE(x(t), u(ty)) (5.5.21)
—£(x(te), u(ty) + V, Vo £(x(tr), u(ty)|| < B+ hLy || ViV Ax(ty) + Vibu(ty)]] -

Thus,

h .
1Tk (te, x(t); )| < e+ B+ by || ViVEAX () + Vibpu(ti) || + 5 1% (t) || + O(R?)

1.
=ar+ B +h (Lf |ViVIAx(t,) + Vibou(ty)|| + 3 ||x(tk)||> + O(h?)

We have determined the local truncation error of the IPS method. However, in order to
determine the global error, we need to establish that & is Lipschitz continous, and if so, to

find its Lipschitz constant.

Remark 5.4. The assumption of Lipschitz continuity for the nonlinear function f is a
reasonable one, given that the nonlinearities appearing in most applications are Lipschitz

continuous.

Theorem 5.5. If the nonlinearity f is a Lipschitz continuous function with Lipschitz con-

stant Lg, then ® is also a Lipschitz continuous function with Lipschitz constant Le where

Lo = ||All + Le ||[T+ AV, VI A||. (5.5.22)
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Proof. For simplicity of notation let y; = x(t1.) + h(V; VI Ax(t;.) + V;b,u(t;)). Then,

D(ty, x(tr); h) = V,VIVi(VIAx(t) + bou(t)) + V, V] E(ys, u(ty))

= V, V3 (Vi(VIAx(ty,) + bou(te)) + £(yx), u(ts)).
Note that

®(ty, Xa; h) — P(ty, x5, h) = vag(vi(vaxa) + (Yo, u(ty)) — Vi(VIAxg) — f(yg,u(ty)))
= VPVZ(ViViTAXa — ViViTAXB) + f(ya,ulty)) — £(ys, u(te))

=V, V, (ViVi (Ax, — Axg)) + £(ya, u(ti)) — £(ys, u(ty)).

Since V), is an orthonormal POD basis we have,

122, %a; h) = @t x53 1) < ||V, V5 | [[(ViV](Axa — Axg)) + £(ya, ulte)) — £y, ults))]]

= [[ViVT (Ax, — Axs) + £(ya, ulty)) — £ys, ulty)]] .

By the triangle inequality we have

1D(t, %05 h) — @(t, %53 1) || < ||V VI (Axa — Axs) || + [|f(ya, ults)) — £(ys, ults))l.
(5.5.23)

Since V; is an orthonormal IRKA basis

HViVZ-T(AXa — AXB)H < ||Ax, — Axgl|
(5.5.24)
< Al llxa — x5l -

Since the nonlinearity f is Lipschitz, we have

(Yo ute)) — £(ys u(te))l| < Lt [y — ysll, (5.5.25)
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where L¢ is the Lipschitz constant for f. Further,

1ya — ¥l = [[%xa + R(ViV] Axq + Vibou(t)) — x5 — h(V;V] Axs + Vibu(t)) ||
= ||xa + A(ViV]Ax,) — x5 — h(V; V] Axy)||
(5.5.26)
= [T+ AV, V] A)(x, — x5)||

< [T+ AV VT A|| %0 — x5]| -

Plugging (5.5.26) into (5.5.25), and then substituting (5.5.24) and (5.5.25) into (5.5.23), we

obtain

|®(t, %05 h) — ®(t,x5; h)|| < |A| [[xa — xp]| + Le [|[T+ AV, VIA|| Ixa — x5]| . (5.5.27)

As a result,
8t Xa: h) = D(t, x5 )| < Lo x0 —x5]] (5.5.28)
where
Lo = ||Al| + Le |[T+ AV, VI A)]|. (5.5.29)
Thus, ® is Lipschitz, with Lipschitz constant Le. O

Therefore, the global error for operator splitting with model reduction is
llex|| < ” ’“H 2 (ekelte=to) ) (5.5.30)

where Lg is the Lipschitz constant for ® and ¢, the final time. We refer the reader to |74, 176]
for more details on the concepts of global error, truncation error and the relation between

them.

The global error ||ex|| in (5.5.30) provides an upper bound for the error in the state variable,

ie., ||x — Vx| < |lex]|]. We are also interested in an error bound for the output. Let y be
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the output obtained by solving the system via Forward Euler and y, the output when we

solve the system via IPS. We have

ly =yl = |Cx — CVx,||

< [ICll % = Vx|

As a result

Iy =yl < ICIexll - (5.5.31)

As expected, IPS is not, and it cannot be, a consistent numerical method since model reduc-
tion introduces inaccuracies that are independent of the step size. Even as h approaches zero,
the model reduction error is still present. However, if we have a small model reduction error,
we can obtain an accurate approximate solution for a system of ordinary differential equa-
tions by picking a small step size. Since both system theoretic methods and POD generate
high fidelity reduced models, we are confident our results will yield accurate approximations.
Next, we investigate numerically the effects of the order of the reduced model and of the

time-step choice.

5.6 Numerical Results

In this section we investigate the IRKA-POD splitting algorithm numerically on several
nonlinear models. As described previously in this chapter, the implemented operator splitting
first evolves the linear terms, and then uses the result to evolve the nonlinear terms. Even
though, our error analysis was conducted in the context of Forward Euler, due to the stiffness
of some of the problems we use the Backward Euler method to numerically integrate the

ODE. Even though the reduced linear terms and the reduced nonlinearity can be of different
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Figure 5.4: RC Ladder Circuit [177]

reduced orders, in our numerical experiments below they are of the same order r for simplicity

and clarity of comparisons.

5.6.1 Nonlinear RC Ladder

The nonlinear RC-ladder is an electronic test circuit [177]. This system models a resistor-
capacitor network that exhibits a distinct nonlinear behavior caused by nonlinear resistors.
The nonlinearity models a diode as nonlinear resistor similar to the Shockley model [155].

The nonlinear RC ladder system is structured as follows:

X(t) _ AX(Zf) + Bu(t) . e40A0x(t) + e40A1x(t) . 640A2x(t) +1

y(t) = Cx(t).

(5.6.1)

The order of the original model is n = 400. The 2-norm condition number of the matrix A
is 3.208 - 10° and Figure 5.5 shows the plot of the 2-norm condition number of the Jacobian

of the nonlinearity f at given time steps.

Using IRKA to reduce the linear terms, we get

x,(t) = A,x,.(t) + B,u(t), (5.6.2)

and the 2-norm condition number of A, is 3.5213 - 103.
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%«10° RC Ladder Model: Jacobian
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Figure 5.5: Jacobian of the Nonlinearity

POD generates the following reduced nonlinearity:

Xp(t) _ VT(64OA0VX(t) + e40A1Vx(t) _ e40A2Vx(t) + 1) (563)

where V is a POD basis. If we reduce (5.6.1) using only POD, we obtain:

Xp(t) — Apo(t) + Bpu(t) . VT(64OA0Vx(t) + €4OA1Vx(t) o €4OA2Vx(t) + 1) (5 ; 4)

Yp(t) = Cpx,p(t).
Any time we reduced a system or a nonlinearitiy via POD we approximated the nonlinear
terms via DEIM to make our computations more efficient. For all the numerical experiments
with the RC Ladder model POD was trained with the input u(¢) = e~ and the snapshots

were generated via Backward Euler.

First, we show some numerical results where we compare the solution of the reduced order

model obtained via a combination of IRKA and POD and the solution of the reduced order
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Output Error for RC Ladder Model
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Figure 5.6: Output Error: IPS vs POD

model obtained using solely POD, for both the linear and nonlinear parts. Specifically, we
compare |y — y,||, with ||y — y, ||, and ||x — V,x,||, with ||x — V,x,][[,. The outputs y,, y,

and the states x,, x,, are obtained after solving the reduced systems via operator splitting.

For the comparison between IPS and POD we used N = 100 steps for the Backward Euler
method. Figure 5.6 and Figure 5.7 show the results of the comparisons for various values of
r. Even though POD appears to do better for very small values of r, IPS clearly outperforms
POD when r > 4. The control input we use for the comparisons is the same as the control

input we use for training POD, so these comparisons are biased towards POD.

Next, we explore how the order of the reduced model and the step size influence the accuracy
of IPS. Figure 5.10 illustrates the accuracy of IPS for the reduced order » = 8 and the time
step size h = 0.0025 for the RC Ladder model through the plots of the impulse responses
obtained via Backward Euler and IPS. For this case, we also computed the values of oy and
B, from the analysis in Section 5.5 for each step of the method. These values are plotted in

Figures 5.8 and 5.9. As anticipated, the values of o and S, are small.
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State Error for RC Ladder Model

10° - -
—¥— POD Error
—©- 0S Error
_10F
o
LE
102}
o—6—0—0—10
0 2 4 6 8 10 12
r
Figure 5.7: State Error: IPS vs POD
<1074 RC Ladder Model: o
6 T T T T T T T

O 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

k

Figure 5.8: ROM Error on the Linear Terms
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RC Ladder Model: By
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Figure 5.9: ROM Error on the Nonlinear Terms

Figure 5.11 shows various impulse responses for various r values as we keep the time step
h = 0.01 constant, and Figure 5.12 illustrates the same results with the output error plots.
As expected, a higher order reduced model produces a more accurate solution. The impulse
responses plotted in Figure 5.13 and the error plots in Figure 5.14 show the outcomes of
numerical experiments where we fix the order of the reduced order model at r = 6. In
Figure 5.15 we plot the values of the output error ||y — y,||, over the time interval [0, 1] for
a constant value of h = 0.01 and varying values of r. Figure 5.16 depicts the relationship
between the output error ||y —y.,||, for a fixed value of r = 6 and changing values of h. As
we observe, the error diminishes as r increases and h decreases. These results suggest we
could play some balancing act between the time step and the order of the reduced model in

order to maximize the accuracy of the solution and minimize the cost of the computations.
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RC Ladder Model
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Figure 5.16: Error vs h; r =6

5.6.2 Chafee-Infante Model

The one-dimensional Chafee-Infante system is a diffusion-reaction model first introduced in
[50] and has been used as a benchmark for nonlinear model reduction [28, 34, 35|. The

system is described by the following equations:

dv 5 0%

- U= o+, (l”t) € (07 1) X (OvT)> U(OvT) = U(t), le (O7T)>

dt 8.1'2 (565)
J .0.
é(l,t) =0, te(0,T), v(x,00=0, z€(0,1).

We are interested in the output at the right boundary. After discretizing this system using
250 grid points, we obtain the nonlinear dynamical system

x(t) = Ax(t) + bu(t) + £(x(t)),
(5.6.6)

y(t) = ex(?),
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Chafee-Infante Model: Jacobian
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Figure 5.17: Jacobian of the Nonlinearity

where the nonlinearity f(x(¢)) is described by the element-wise third power of the state
vector x(t). The 2-norm condition number of the full oder matrix A and the IRKA-generated
reduced order matrix A, are 1.7058 - 10° and 1.5265 - 10°, respectively. In Figure 5.17, we
plot the 2-norm condition number of the Jacobian of the nonlinearity f versus the given time

steps.

Similarly to the RC Ladder system, we use the Chafee-Infante model to numerically inves-
tigate the connection between the time step h, the reduced order r, and the error between
the true and the approximate solution obtained via IPS. All the simulations for this model
were performed on the time interval [0, 5]. For this system we trained POD with the input

u(t) = 10(sin(nt) 4+ 1) and the snapshot simulations were generated via Backward Euler.

In Figure 5.18, we observe that IPS captures the solution of the Chafee-Infante system very
accurately for the time step size h = 0.0001 and the order of the reduced model » = 16.
The impulse response plots in Figure 5.19 and the error plots in Figure 5.20 illustrate how

the error decreases when we fix the time step size h = 0.0001 and increase the order of the
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5 Chafee-Infante Model
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Figure 5.18: IPS vs Backward Euler; » = 16, h = 0.0001

reduced model from r = 8 to » = 16 in increments of 2. In Figures 5.21 and 5.22, the plots
show the dependence of the error on the time step h as we keep the order of the reduced
model fixed to r = 16. In Figures 5.23 and 5.24 we plot the output errors ||y — y,||, versus
the values of r and h, respectively. Since r and h affect the accuracy simultaneously, we can

choose to vary their values according to the problem at hand.
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Chafee-Infante Model
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5.6.3 Warning: Tubular Reactor

While IPS can be very successful with systems such as the RC Ladder and the Chafee-Infante
model from the previous sections, it does not always work. To illustrate this point we describe
a non-adiabatic tubular reactor system with a single reaction that models the evolution of
the concentration v (z,t) and temperature 6(z,t) [35, 94]. The system is governed by the
following PDEs:

o 19 O L
5 = Peaz B~ DIW.0);

09 1.0% 00

5 = Pegz 5y~ PO~ Orer) + BDI(W,6;),

where z € (0,1), t > 0, the Damkohler number D = 0.167, the Peclet number Pe = 5, the
reaction rate v = 25, the constants B = 0.5, 5 = 2.5, the reference temperature 0,.y(x,t) = 1,

and the Arrhenius reaction term is

F(,0:7) = vexp (v = 7). (5.6.7)

We impose the following boundary conditions:

O 80

So(0.) = Pe((0,1) = 1), 5-(0,¢) = Pe(8(0,) — 1),
o BY.
S =0, (1) =0.

The initial conditions are given as 1(z,0) = ¢o(z) and 6(x,0) = 6y(x). Discretizing this

PDE model we obtain the following ODE system

X(t) = Ax(t) + B + f(x(1)), (5.6.8)
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Tubular Reactor Model
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Figure 5.25: Operator Splitting vs Backward Euler

where
—0.167x, ()P =0
£(x(1) = o
0.0835x; (t)e™ *®
and

X1 (t)

X3 (t)

x(t) =

Note that the input of the dynamical system (5.6.8) is constant, i.e., u(t) = 1. The nonlin-

earity comes from the Arrhenius term and it requires pointwise evaluations.

The problem with IPS for this system is with the splitting of the terms rather than model
reduction. Even when we attempted to solve the full system with operator splitting, we
could not obtain an accurate solution for various splitting schemes. We speculate the issue

is structural. Since problem is near a bifurcation, it is possible the operator splitting ap-
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70 Tubular Reactor Model: Jacobian
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Figure 5.26: Condition Number of the Jacobian of the Nonlinearity

proximation is very different from the trajectory yielded by the simulation of the coupled
problem. Furthermore, Figure 5.25 shows that operator splitting is capturing the true solu-
tion in the beginning, but deviates as soon as the true solution starts to rapidly increase. In
summary, for the problems were operator splitting produced accurate, we could incorporate

model reduction. If operator splitting failed, then IPS cannot succeed.



Chapter 6

Conclusions and Outlook

In this dissertation we have explored model reduction of linear systems on a finite horizon,
and the integration of system theoretic methods like Balanced Truncation and IRKA with

trajectory based techniques like POD.

First, we reviewed existing model reduction techniques for linear systems that produce high
fidelity reduced models on an infinite interval. Then, we established a framework for lo-
cally optimal reduced order modeling by deriving interpolation based conditions on a finite
time horizon. Based on the derived H{5(¢;) optimality conditions, we constructed a descent
algorithm, FHIRKA, that produces a high fidelity reduced order model upon convergence.
Furthermore, FHIRKA reduces unstable systems optimally in a finite horizon. Our nu-
merical experiments further supported our theoretical results and showed that FHIRKA
outperforms many existing methods such as POD, Time-Limited Balanced Truncation, and

an IRKA-type time-limited algorithm based on Sylvester equations.

These results have spawned many interesting questions that remain to be investigated in the
future. FHIRKA can be improved further in order to become more efficient. Establishing
a connection between the gramian based optimality conditions and the interpolation condi-
tions would further illuminate our understanding of the problem, and possibly facilitate the

extension to the bilinear and quadratic bilinear cases.

We also examined current model reduction approaches for nonlinear systems such as QB-
IRKA, BT for QB systems, and POD. Since QB-IRKA and BT for QB systems cannot be

used to reduce systems that cannot be converted into a quadratic bilinear form, and POD

135
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is highly dependent on the selected trajectory, we propose a different approach. Operator
splitting enables us to combine method like IRKA and POD to construct an algorithm
like IPS. Our error analysis of IPS showed that as long as we keep the model reduction
errors under control, IPS can yield highly accurate approximate solutions and our numerical
experiments provided further justification for this conclusion. For the RC Ladder model, IPS
even outperformed POD; however, the main contribution of IPS consists in the mitigation
of the POD input dependence. Nonetheless, we must exercise caution when employing IPS,

since it is not appropriate for every nonlinear system, e.g., the tubular reactor system.

In the future, establishing a relationship between the time step h and the reduced order r
could enable us to make a priori choices for these parameters. A more rigorous investigation
of the effects of lifting the state variable every step of the method could provide insights
on how to further improve the IPS algorithm. Constructing an algorithm that separates
quadratic bilinear terms from the strictly nonlinear term would reduce the input dependence
that results from POD even further. Another interesting research direction to pursue would

be the integration of FHIRKA with POD via operator splitting.
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