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I. INTRODUCTION

l.1 Introduction

One of the most fundamental problems in statistical
theory is the problem of estimation. Let xl,xz,...xn be
independent and identically distributed random variables
each with distribution function F(x,6), where ¢ is a para-
meter. One problem in estimation is to obtain a function

t = t(Xl,X ""Xn) of the n random variables such that t

2
has expectation equal to a‘preassigned function g(6). t

is then said to be an unbiased estimator of g(6). Without
loss of generality we will consider the function g(g) = ¢

as the object of our estimation problem. Usually 6 admits
more than one unbiased estimator. 1In such a case we uée

the unbiased estimator which has uniformly minimum variance
when it exists. It will be shown that if‘a minimum variance
unbiased estimator for 6 exists, then it is unique.

A very useful concept in the theory of statistical
estimation is that of a lower bound for the variance of all
unbiased estimators. The use made of this lower bound is
the following. If we have an unbiased estimator whose
variance is equal to this lower bound, then it has uniformly
minimum variance among all unbiased estimators. A possible
practical use of a lower bound might be as follows. Suppose
that we have a relatively simple unbiased estimator whose
variance is only slightly greater than our lower bound. In

such a case, we might be willing to use this estimator.



Another method for finding uniformly minimum variance
unbiased estimators without finding the lower bound involves
the concept of Completeness. This method was introduced by
Blackwell and developed further by Lehmann and Scheffe, but
will not be considered here.

The problem considered here is to find lower bounds for
the variance of unbiased estimators and to determine when they
are attained.

We will derive the lower bounds due to Cramer and Rao,
Bhattacharyya, Hammersley, Chapman and Robbins, and Kiefer;
discuss each on its own merits and then compare each with the
other.

Throughout this paper we will denote by xl,xz,...xn,

n independent identically distributed random variables each
with distribution function F(x,0). We will also use the
following conventions:

F'(x,0) = p(x,08) if X is discrete

f(x,0) if X is continuous,
F'(xl,e)...F'(xn,e) = L(x,6) (the likelihood function),
and f dx is interpreted as § if X is a discrete random

variable.

1.2 Uniqueness of the Minimum Variance Unbiased Estimator

In order to assure that an unbiased estimator whose

variance attains a lower bound is "the" uniformly minimum



variance unbiased estimator for 8 we must prove the following
theorem (Kendall and Stuart [8]).

Theorem 1.1 If a minimum variance unbiased estimator for

8 exists, then it is unique.

Proof. Let tl and t, be any two distinct unbiased estimators

for 6 and suppose that both have minimum variance V. Define

a new estimator

1
t = ‘2"(t1 + t2). (l.1)
Now
= 1 . —
E(t) = §~[E(tl) + E(tz)] =9,
and
Var (t) = %'[Var (tl) + Var (tz) + 2 Cov (tl’tz)]’

We therefore see that t is also an unbiased estimator of o.
Using the Cauchy-Schwarz's inequality we have

Cov (tl’tZ) = f'°°f(tl-9)(tz-e)dF(xl,e)...dF(xn,O)

| A

{f'°'f(tl-e)2dF(xl,e)...dF(xn,e)

f-°'f(t2-e)2dF(xl,e)...dF(xn,e)}l/z

{var (tl)'Var (t:‘_,)}l/2 = {V.V}l/2

A

\Y {1.2)

| A

"and hence
1
Var (t) < gz (Var (ty) + Var (t,) + 2V)
< V.
By hypothesis the estimator with minimum variance has variance

V which implies that Cov (tl,tz) = V. Parzen [12] showed that



this can only be so if (tl—e) = K(e)(tz-e). Multiplying
both sides of this equation by (tz-e) and taking expectations
we obtain
_ _ay 2
E[(tl—e)(tz-e)] = K(e)[E(t2 8)“}.
~ Therefore

Cov (tl’tz) = K(8) Var (t2)

K(8) V.

Since Cov (tl,tz) = V, we obtain that K(6) = 1 and (tl-e) =
(tz-e) or tl =t, identically. Thus if there exists a
minimum variance unbiased estimator for 6, it is unique.



ITI. CRAMER-RAO LOWER BOUND

2.1 Derivation

Let Xl’x2""xn be n independent identically distributed

random variables each with distribution function F(x,6).

Regularity Conditions

(1) 6 may be any value in (a,b) - » < a < b < «,

(1i) 0 F'(x,0) < » for all x and all ¢ in (a,b).

lo wlo

111 4 ...g
(iidi) 56 f~--de(xl,e)...dF(xn,e) = [ faedF(xl,e)...dF(xn,e)

for all ¢ in (a,b).
(iv) For any statistic t = t(xl,xz;...xn)

3
36

for all ¢ in (a,b).

(-5 {3

JeooSt dF(xl,e)...dF(xn,e) = [eeoft edF(xl,e)...dF(xn,e)

(v) E[%eln F'(x,e)lz > 0 for all e in (a,b).
The following theorem is due to Cramer and Rao[4],[14].-

Theorem 2.1 If E(t) =6, i.e., t = t(Xl,X Xn) is

2'.00
an unbiased estimator for the parameter 6, and regularity

conditions (i),...(v) are satisfied, then

1 (2.1)

Var (t) > 5

n E[%eln F'(x,9)]
Proof. E(t) =6 = [eee[ft dF(xl,e)...dF(xn,e). Taking a

derivative with respect to 6 we obtain

1= Jeeeft dF(Xl,G)...dF(xn,e)

e

6



3
foooft 56dF(xl'e) .oodF(xn'e)

n
%edF(xl,e)'nldF(xi,e)
= j...ft{ l_ +...+
dF(xl,e)
5 n
i=1l
+
dF(xn,e) ]

n
feees(8) (£ 201n F'(x;,0)) dF(x;,0)...dF(x_,0)

i=1l
(2.2)
since
]
-~ F' (X. ’e)
96 1 _ 3 '
n . :
Define Z = 561n F'(xi,e). We therefore have from (2.2)
i=1 ' '
1l = feeeft Z dF(xl,e)...dF(xn,e) (2.3)

or E(tz) = 1.
Using 1 = f---de(xl,e)...dF(xn,e) and taking a derivative
with respect to 6 we obtain

0

3 4 00
Sl JAF(x,,6)...dF(x_,0)

ol

= fooof[

1

eln F'(xi,e)] dF(xl,e)...dF(xn,e)

[ el

1

Seoeo[Z dF(xl,e)...dF(xn,e). (2.4)
or E(Z) = 0. We now have that E(tZ) = 1 and E(Z) = 0,
which imply that

Cov (t,Z) = E(t2) - E(t) E(Z) = E(t2) = 1.
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It also follows that

Var (2) = Var/(

3 \ _ 2
Soln F'(x,0) - E(2)]

i=1

= n EL2,1n F' (x,0)1°, (2.5)
Recalling that for any two variables X and Y
[Cov(x,Y)]2 < Var(x) varly),

we obtain

[Cov(t,2)]°
var (Z)

Var (t) >

> 3 L 5 (2.6)
" n E['a'eln F'(x,0)]1".

This inequality (2.6) is the Cramer-Rao lower bound
for the variance of any unbiased estimator for the parameter
6 in the distribution F(x,0).
If we add the regularity condition
2 2

[+++JdF(x],0) .. .dF (x_0) f---f%ezdF(xl,e)...dF(xn,e),

2
202

(vi)

then

3 =
sef 'de(xl’e)oo'dF(}‘{n’e) f deF(X,e).o.dF(Xn,e) = 0
becomes by taking a derivative with respect to 6

0

9
f'°-f56[z dF(xl,O)...dF(xn,G)]

) 2
f"'f[sez + 2 ] dF(Xl,e)...dF(xn,e). (2.7)
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Therefore
) 2, _ 3 2, _
E[aez + 2°) = E[aez] + E[Z2°]) =0
or
2, _ _g(?
E[Z2°]) = E[an]
82
- - 9 (]
= -E[,8, 2 ,1n F'(x;,0)]
36
a2
= -n E[- 2ln F'(x,0)]. (2.8)
96

The Cramer-Rao inequality may now be equivalently stated as
Var (t) > 7] 1

-n E[.a.
L)

where t is any unbiased estimator for 6. The inequality

2ln F'(x,90)] (2.9)

(2.9) is due to Rao [14].
In most cases this later inequality adds ease in

computing the Cramer-Rao lower bound.

2.2 Conditions Under Which the Cramer-Rao Lower Bound

is Attained

Theorem 2.2 Assuming that the regularity conditions

are satisfied, then -

1l
n E[%eln F'(x,e)]2

var(t) =

if and only if Z = A(6) (t-6) where t = t(Xl,Xz,...xn) is an
unbiased estimator for 6, and A(6) is some function of #.

Lemma (Parzen(l12]) For any two variables Xl and xz,
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[E(X1X2)12 = E[Xlzl E[X22] if and only if, for some constant
A, XZ = AXl.
The above lemma applied to the random variables Z and

t-0 states that

[Cov(Z,t)]1% = Var(z) var(t) (2.10) -

if and only if Z = A(9) (t-6) since E(Z(t-6)) = Cov(Z,t). "

Since in our case Cov (Z,t) = 1, equation (2.10) becomes

1

Var(t) = VE?(—Z_)'

- - ) (2.11)
n ElSeln F'(x,0)]

if and only if Z = A(e) (t-6). 1In particular A(8) = VE%TET
. _ 2 _ 1
since Var(2) = A(6)“ Var(t) and Var(t) = Var (2]

Therefore if the Cramer-Rao lower bound exists, a
necessary and sufficient condition that it be attained is

that Z can be written in the form

I S
Z = VE?TET(t 9) ., (2.12)

or equivelently that t may be written in the form

_ Z
t _\_far_(—z-)_+ 0. (2.13)

2.3 Sufficient Statistics and the Cramer-Rao Lower Bound

Blackwell [2] showed that if a sufficient statistic
exists for estimating 6, then the unbiased estimator with

uniformly minimum variance is a statistic based on a
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sufficient statistic.

One may show Blackwell's result as follows. Let S be
a sufficient statistic for ¢ and t be any unbiased estimator
for 6. Define T = E(t|S). Now

E(T) = E[E(t|S)] = E(t) = o (2.14)
or T is an unbiased estimator of 6. It is easily seen that
for any two random variables t and S (Parzen.[13]) that

vVar(t) = var[E(t|S)] + E[Var(t|s)], (2.15)
which implies that

Var (T) < Var(t). (2.16)
Therefore we obtain Blackwell's result.

Fend [6] proved the following. If the regularity
conditions are satisfied and if Vvar(t) > 0 for 511 e,
then a necessary and sufficient condition that the variance
of t, where t is unbiased, achieve the Cramer-Rao lower
bound is that

F'(x,,0)...F'(x,8) = exp[tg(8) + g (8) + £(x;...%)]

(2.17)

where %eg(e) # 0 for all 6 in (a,b).

2.4 Examples
Example 2.1 The Poisson Distribution

-0,x

F'(x,0) = & xf x=0,1,2...

It is easily seen that the regularity conditions are
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satisfied for this mass function. . Continuing we see that

ln F'(x,6) = -6 + X 1n 6 -1ln(x!)

3 ' = - X
aeln F'(x,0) 1l + 3
2 .
2 ,1n F'(x,0) = - X,
96 0
Therefore
var(t) > 1
- -X
-n E(_Z)
0
> 8
- n
where t is any unbiased estimator for 6. Now X = % iglxi

. . . . 0
is an unbiased estimator of 6, and has variance a° Hence
X is the uniformly minimum variance unbiased estimator for

0.

Example 2.2 The Normal Distribution

2
F'(x,0) = (2n02)-l/2expfj§:3; ] - ® < X < =»,
20

It is easily seen that the regularity conditions are

satisfied for this density function. Continuing we see that

2.
ln F'(x,06) = - %_-annoz - —(fi;—
20

d _ x-9
561n F'(x,0) = —

o
2
3 2ln F'(x,0) = - lf'
96 o

Therefore for any unbiased estimator t
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Var (t) >

>

5|0

This lower bound is attained by the variance of the unbiased
estimator X = % iglxi‘ Thus X is the uniformly minimum
variance unbiased estimator for 6.

Example 2.3 The Uniform Distribution

F'(x,0) = % 0 <x <0

3 1 _
sef...f.e-n dxl...dxn - 0’
whereas
a l = o0 o [ = l

= - 3
T8

Hence regularity condition (iii) is not siatisfied, and the

Cramer-Rao lower bound does not exist for this distribution.

2.5 Discussion of the Examples

In example 2.1 z = 5(X-6), which indicates that X
is the uniformly minimum variance unbiased estimator for

6 with variance g. Here X is sufficient for 6 and
] ™ - e - -
F (xl,e)...r (xnﬂ) = exp([xn 1lnb-ng lniﬁlxi!]

which is in agreement with Fend's result (2.1.7).
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2(f(—e) which indicated that X

is the uniformly minimum variance unbiased estimator for
2
6 with variance % . Here also X is sufficient for 6 and

In example 2.2 Z = 1
o

B, (x,-%) %-nx

o

= no ne2 is
F'(xl,e)...F'(xn,e) = expl[x - )

N

o 202 20
n 2
-3 In(2n07)]

which is in agreement with Fend's result (2.17).
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III. BHATTACHARYYA LOWER BOUND

3.1 Derivation

ll
random variables each with distribution function F(x,6).

Let X Xz"“xn be n independent identically distributed

Regularity Conditions

(i) 8 is in (a,b) - » < a < b =,
(ii) %e F'(x,08) < = for all x and all 6 in (a,b).
i14) 2 = eeesd

for all ¢ in (a,b).

(iv) For any statistic t = t(Xl,Xz,.,.xn)

o
vl

[eeoft dF(xl,e)...dF(xn,e) = [feeeft edF(xl,e)...dF(xn,e)

6

for all ¢ in (a,b).

(v) E[$,1n F'(x,0)]% > 0 for all 6 in (a,b).
st F'(x,0)
(vi) _—T =1,2,...K are all linearly independent

1
96
functions of the variables xl’XZ""Xn for some fixed K.

Theorem 3.1 Under the above regularity conditions we

have the following inequality for the variance of any unbiased

- estimator t for the parameter 6.

l .
Var(t) > (3.1)
2 1
9131k 5k 911915 Y15.1)
1
9 ' '
'a-ei[F (xl’e).ooF (Xn,e)]

where Jij = E[zizj] with z, = F'(x,,0)...F'(x_,6)
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and

2K
3K

22 "23 ° °°

32

o o
(]

ij.1

k2 Ik3 * * * Jkkg]

'Qon-

The proof as given here is a special case of that of
Bhattacharyya [1] but is much more detailed and complete.

Proof. Consider the function RK = RK(XI,XZ""Xn'e)

defined by

t -6 - .52, (3.2)

RK i=2171i%i

where t t(xl'XZ""xn) is an unbiased estimator for 6,
and Ai' i=1,2,...K, are constants to be determined.

E(Ry) = fe++/(t-0)dF(x),0)...AF(x ,8)= 8§ X fe++/2,dF(x,0)...dF(x_,0)

=0
!
since
ai
E(Zi) = ;eif'°'de(Xl,9)...dF(Xn,e)
i
96
= 0.

Now we choose the_Ai in such a way that the variance of

RKr

var (Ry) = f---f[t-e-iglkizilzdF(xl,e)f..dF(xn,e)23 .

is a minimum.
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We differentiate (3.3) with respect to Aj' set it equal

to zero, and obtain

(3.4)
_ ai .
for g =1,2,...K. Since fee++ft2.dF(x,,06)...dF(x_,0) = = .6,
J 1 n 593
the system of equations (3.4) can be written as
E12y95y = 1
1E12 3735 = O
iE12395¢ = 0. (3.5)

The system of equations (3.5) can be written in matrix form

as
Jll,JZI o o . JK1 Al 1
le J22 o o o JKZ Az 0
_JlK J2K o o o JKKJ .AK. .O;. (3.6)

Since regularity condition (vi) holds (3.6) becomes

(Al‘ ﬂJll gt , . . 1K (1]
A, g2t g22 | g% 0
: ‘K1 K2 KK .
.de :J J . . .3 | .o-




Qe o 0o gy

-

21

Kl
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’

(3.7)

where J*J represents the (i,j) element of the inverse of

the matrix J...
1]

Jll

Therefore Ai

Hence equation (3.3) becomes

—4 o oo - b - il
Var(R) = s---s(t-0-§ 5z 1aF (x,,0) .. AP (x ,0)
= var(e)-2, 8 sV e (e-012,1 + £1 K ot1a )2
= Var(t)- § J E(tZ ) + § § JllelE[ZiZj]
_ _ 11 jl
= var(t)-20t% + 151351 37345
= Var(t)-gi! (3.8)
since
il j1 _ _
iglJ .glJ Jig = glJ E(t-6)2, by (3.4)
_ il
= £ st ez
- gl
where
E(tz;) = 1 if i = 1
=0 if i = 2,3,...K.
From equation (3.8) we obtain the inequality
var(t) > Ji, (3.9)

The equality sign holds when Var(RK)

0.
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By definition

FJll Klz’ g1l K12 1 0vvuea0
01.....0
21 22| = |.
Ky, K,, K K .
i 1 L ] 0 0.....1] (3.10)

= = ' =
~ where K12 = (le...JIK), K21 = (J21...JK1) ’ K22 Jij.l'

12 1K 21 K1l

k12 = (g12...51%), 2L - (g2, .5KYy 1, ana
22. .. JZK
Kzz— .
K2 . JX¥] .
From equation (3.10) we obtain
11 21
JllJ + K12K =1 (3.11)
and 0
11 21 = |.
K21J + K22K ) (3.12)
ol .
Solving (3.12) for K21 we obtain
21 _ _ -1 11
K™ = =(Kyy) "Kyy0
and hence
21 _ _ -1 11
KlZK = Klz(Kzz) K21J . (3.13)

Substituting equation (3.13) into equation (3.11) we obtain

11 1 11

J1197 Ky (Kyp) TRy 07T = 1.
" Therefore
S0 _ 1 _
Jy117Ky5(Kpp) TKyy
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= 1 (3.14)

Jll-iEZj-ZJliJlj(Jij.l)

where (JlJ 1) -1 is as defined before. Hence (3.9) can be
written
Var(t) > 1

§ ¥o..0 -1

1 i22422V14 l] j l)

This lower bound is known as the K-th Bhattacharyya
lower bound. It gives us a whole sequence of non-decreasing
lower bounds as K = 1,2,... for the variance of any unbiased
estimator for 6 (Lehmann [10]). This set of bounds may not
increase at all or they may increase toward a limiting value
which may or may not be attained by the variance of any
unbiased estimator for 6.

Seth [16] showed necessary and sufficient conditions
under which the Bhattacharyya lower bound is attained. The
conditions are that there exist an unbiased estimator t such
that (1) the regularity conditions are satisfied, and (2)

the probability density g(t,6) of t satisfies the equation

P. i
S S
i=lg(t,e) 36

t = g(t,e)

i
where the Pi are constants.

He also showed that the Mth, M>1l, Bhattacharyya lower

bound is higher than the first Bhattacharyya lower bound
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if and only if Ry ,5 y 1s not zero where R, ,5 . is

the multiple correlgtion between ¢1(x) and ¢2(x)...¢M(x)

1 .
and where ¢i(x) =2 iF'(x,e) + F'(x,0). This is equivalent

96
to the condition that for at least one i (i>2), the correla-

tion coefficient between ¢1(x) and ¢i(x) is different from
zero.

Fend [6] gave an important theorem which helps in
establishing which Bhattacharyya lower bound is achieved
by the variance of the uniformly minimum variance unbiased
estimator. He showed that if the régularity conditions for
the Bhattacharyya lower bound are satisfied and if for some
unbiased estimator t, Var(t) achieves the K-th Bhattacharyya
lower bound but not the (K-1)-th Bhattacharyya lower bound,
then the density may be expressed in the form

F'(x),0)...F'(x_,0) = exp[p(x;,...x ) g(6) + 90(9)

+ £(Xy,000%x )]

where t is a polynomial in p(Xl,...xn) of degree K. Further,
the variance of any polynomial in p(Xl,...Xn) of degree K
will achieve the K-th Bhattacharyya lower bound.
Hence if

F'(xl,e)...F'(xn,e) = exp[p(xl,...xn) g(e) + go(e)'

+ £(xy,000%x )]

we should try to find an unbiased polynomial in p(Xl,...xn)
for 6. If this polynomiallis of degree K, then its variance

will achieve the K-th Bhattacharyya lower bound and is therefore
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the uniformly minimum variance unbiased estimator for 6.
We can also see that if the K-th lower bound is achieved

by the variance of t, then t is necessarily a polynomial of

degree K in p(xl,...an.

3.2 General Comparison with the Cramer-Rao Lower Bound

l. The existence of the Bhattacharyya lower bound
requires an added regularity condition not required for
the existence of the Cramer-Rao lower bound, namely that

i
the 2 iF'(x,e) i=1,2,...K are all linearly independent
96
functions of the variables X,,X,,...X for some fixed K.

2., For the case K = 1 the Bhattacharyya inequality

becomes

Var(t) > == (3.15)
11 |

where t is any unbiased estimator for 6, and where

J f'--f%eln F'(xl,e)...p'(xn,e)-geln F'(X),8) .. F' (x,0)

11
dF(xl,e)...dF(xn,e)
= i, 1n F'(xq,0)...F' (x_,0)]°
=n E[%eln F'(x,e)]z.

Therefore the inequality (3.15) becomes

Var (t) > —— ) (3.16)
n E[5,1n F'(x,8)] '

which is exactly the Cramer-Rao lower bound.
3. The K-th, K>1, Bhattacharyya lower bound is higher

than that obtained by employing the Cramer-Rao lower bound
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if and only if for at least one i, i = 2,3,...K, the
correlation coefficient between ¢l(x) and ¢i(x) is different
i
" from zero where ¢, (X) = 2 .F'(x,0) + F'(x,0).
i 5ol
4. The K-th Bhattacharyya lower bound becomes
increasingly difficult to compute as K increases.
5. Both the Bhattacharyya and the Cramer-Rao lower

bounds are non-existant when the range of the distribution

depends on the parameter 6.

3.3 Examples

Example 3.1 The Poisson Distribution

-6 X
F'(X,e) =‘§'_-_e X=0,l,2,....

xl!
Since the Cramer-Rao lower bound is attained, the first
Bhattacharyya lower bound is also attained and the cal-
culations are identical.

Example 3.2 The Normal Distribution

F'(x,0) = — L~ expl- (x-e)Z] — < x <
(2m02)1/2 202

Since the Cramer-Rao lower bound is attained, the first
Bhattacharyya lower bound is also attained and the cal-
culations are identical.

Example 3.3 The Uniform Distribution

F'(x,08) = % 0 < x < 6,

Regularity condition (iii) does not hold as was shown in

the Cramer-Rao example. Hence none of the Bhattacharyya
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lower bounds exist.

Example 3.4 A Variation on the Gamma Distribution

Consider one observation from the distribution with

density

1/2 1/2

F'(x,0) = (8) expl[-x6~ 7“1 0<x, 0<6.
It is easily seen that for this distribution the regudarity .
conditions for the Bhattacharyya lower bound are satisfied.

Continuing we see that

3 _—exp(-xe-l/z) X exp(-xe-l/z)
30F (x,0) = 3/2 + 2
20 20

%eF'(x,e) = -1 ,_x

F'(x,0) 28 26?:2
3% _, _ 3 exp(-xe-l/z) 5x exp(-xe-l/z) x> egp(-xe-l/z)
= oF'(x,8) = 572 - 3 + 5/2
96 40 40 40

32

- 2F'(x,e) 2

36 - 3 _ 50X . X

F'(x,0) 462 40°/2 4¢3

It can be shown that E(x) = 91/2, E(xz) = 280, E(x3) = 693/2.

.E(x4) = 2492. Now

R Rl )
26 40 40 40

) .2, 2
40%  40°  4¢°
1
= T 9
4e§
3 5x X 1 %
J = E[( - + ) (= 5= + )]
12 402 40572 493 @ 20 7 4372
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o
= = =
8¢ >
and
3 5x x2.2
J = E[ + ]
22 462 40772 4¢3
s p[d o _30x_ 31k | 10 L x?
1667 166772  160° 1661172  166°
= 2
1664

The first Bhattacharyya (Cramer-Rao) lower bound is given

by ,
2

1 _ 462,

J11

Var(t) >

- The second Bhattacharyya lower bound is given by

var(t) 2 L -1
J11 = I12912 U500
2 L |
1 1 166
402 649® O
> 562.

The estimator x2/2 is unbiased for 6 and has variance
562. Therefore X2/2 is the uniformly minimum variance
unbiased estimator for 6.

3.4 Discussion of the Examples

Examples 3.1 and 3.2 were discussed in section 2.5.
In example 3.4 the Cramer-Rao lower bound was 402

whereas the second Bhattacharyya lower bound was 562 which

€
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is attained by the variance of X2/2. This is in accordance
with Fend's [6] results, since F'(x,0) = exp[-—xe-l/2 - 1/2 1ne]
and X2/2 is a polynomial in X of degree two. Hence the second
ﬁhattacharyya lower bound should be attained by the variance

of the uniformly minimum variance unbiased estimator.
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IV. HAMMERSLEY LOWER BOUND

4.1 Derivation

Let X, ,X,ree X be n independent identically distributed

random variables each with distribution function F(x,0).

'Regularity Conditions

(i) 8 is in (a,b) - » < a < b < =,
(ii) 2,F'(x,0) < = for all ¢ in (a,b) and all x.
. F'(x,0,) :
(iii) E[fTTiTFET] # 1 for all 0,,8, in (a,b) where 6, e 0,.
With the aid of the above regularity conditions,
Hammersley [7] derived an inequality which gives a lower
bound for the variance of any unbiased estimator for the
parameter 6 in the distribution F(x,60).
Hammersley's lower bound is
32

F'(x,e+d)}2
F'(x,0)

Var (t) > sup

d [E{ 1 - (4.1)

where t = (xl,xz,...xn) is any unbiased estimator for 6
and the sup is taken over all d (d+$0) such that 6+d is in
(a,b) (Mitra [11]).

This lower bound is derived as follows (Hammersley [7]).
Let us suppose that 90 is the true (unknown) value of the
parameter 6, and that 6, and 6, are any two distinct members
~of the set of values of 6 in (a,b). Let L(x,8) = F'(xl,e)

...F'(xn,e) be the likelihood function. Since
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f---fL(>_c__,e)dx1...dxn = 1 and t is unbiased for all 6 in
(a,b), we have that

f'--f{L(g,el)--L(g_,ez)}dxl...dxn =0 (4.2)
and

feeest{L(x,6,)-L(x,0,)}dx;,..dx = 6, - 6,. (4.3)

"By multiplying (4.2) by 6, and subtracting from (4.3) we

obtain
91-92 = J'-"f(t-ez){L(g,el)-L(_)s,ez)}dxl...dxn
L(x,8,)-L(x,8,)
= [eeer{(t-0,) [L(x,0,) 112} L yAtaxp...dx; .
(L{x,0,)]
(4.4)
Applying the Cauchy-Schwarz inequality to (4.4) and
rearranging we obtain
(91 _ 92)2
Var (t) > 5
(L(x,8 )-L(g,ez)]
JoeoS{ L(Syez) }dxl...dxn. (4.5)

Now

L(x,6,) T L8, 2 L(x,8;) + L(x,6,).

(4.6)
If we integrate the expression (4.6) over all x, we see
that the last two terms on the right yield -2 and +1 respect-
. fully. Therefore our inequality (4.5) becomes, since the

variables xi are independent,
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Var(t) > >
[L(f'el)]
f'..f L(§,927 dxl...dxn—l

2
(6, - 9,)

|V

2
(F'(x,,6,)]
-E f T 1 l dx."l
i=1l F (xi,927 i
2

2
[F'(x,6,)] '
1 . n
F'(x,ez) dx} -1

v

(4.7)
{s

The inequality (4.7) holds for all values of el and
6, in (a,b). We may put 6, = 8 + d and 92 = 6 and allow
8+d (d+0) to vary over the whole set (a,b). We therefore

find that (4.7) becomes

2

d
Var (t) > sup ¥ ' (4.8)
a {E[F (x,e+d)]2}r_1_1 ,

F'(x,0)

where the sup is taken over all 4 (d$0) such that e+d is

in (a,b).

4.2 Comparison with the Bhattacharyya Lower Bound

1. The existence of the Hammersley lower bound
"requires less restrictive regularity conditions than
those required for the existence of the Bhattacharyya
lower bound.
2. The author has not found a general inequality
that exists between the Hammersley and the K-th Bhattacharyya

lower bound. However given that both the first Bhattacharyya
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(Cramer-Rao) and the Hammersley lower bounds exist, then

(Chapman and Robbins [3])

6+d)-L(x%,6)

2
TLE,0) )

n E(2,1n F' (x,0)1% = E[1lim(2&s
' d-+0

L(x,0+d) ~L(x,0) 2,
L(x,90)

n
[
-
3

=

N

E[{

L (x,0+d) -L(x,0) )2,

£ =, El{ L(x,0)

|v
(™

L(x,e+d)}2_l]
L(x,0)

|v
(=

2 [E{

Qs

F'(x,6+d,2,n
Fi (X,e)} ] -l}

H H
Q- i Qe

-
o7}

>

» (B

which is the denominator of the Hammersley lower bound.
Therefore we may conclude that under fewer regularity
conditions, the Hammersley lower bound will be greater
than or equal to the first Bhattacharyya (Cramer-Rao)
lower bound. We can now be assured that in those distri-
butions in which the first Bhattacharyya (Cramer-Rao)
lower bound exists and is attained by the variance of the
uniformly minimum variance unbiased estimator that the
Hammersley lower bound will exist and be attained by the

variance of this same estimator.

4.3 Examples

Example 4.1 The Poisson Distribution

Consider n independent observations from the Poisson

distribution with mase function
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-0 X

F'(x,0) = x,° X = 0,1,2000

It is easily seen that the reqularity conditions
of the larmmersley lower bound are satisfied for this

mass function, Continuing we see that

o
2
-5 -2d . [(o+d) ]x
- x=0 9
X1
-0 _-2d_(e+d)?
= e e e ) °
Therefore
sup — dz = sup dz
L Pl (x,06+d),2.n_ 12
d [E(~?ﬂ7§737—} 17=-1 d n:
e -1
- sup a’
- 2 2.4
d (1 + ng + 2 dz + eee)=1
20
= lim 212
d-+0 % + D d +ouus
26
= 8
n

which is also the Cramer-Rao lower bound.

Example 4.2 The RNormal Distribution

Consider n independent observations from the Normal

distribution with density function

2
P'(x,0) = (2n0%) 712 -"-2‘27"-1-1
g

exp (- - o ¢ X < w,
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It is easily seen that the reqularity conditions
of the Hammerslecy lower bound are satisfied for this

density function. Continuing we see that

2
[F'(xze+d)]2 _ e(d/°)2 (2102) "1/2 expr- Lxz072d) 7,
s, 0 20
and d2 d2
b T (R, 0td) 2. n 5 9P ———7
d [E{—-QTL—T—F X, 6 1717 -1 d en(d/o)
1
) )
Z(2n0?) 7Y/ 2 exp(- L2202 gy
20
d2
= sup >
d n(d/e)"_,
d2
= sup = =
d nd n“d
[l + 2 + ] + ooo]“l
o o
1
= sup
a n , n%a®, nla’,
2 4 6 e 00
g g o
= 02/n

which is also the Cramer-Rao lower bound.

Exanple 4,3 The Uniform Distribution

Consider one observation from the distribution F(x,6)
with density function

F'(x,0) = % 0 < x < 6,

It is easily seen that for this distribution the
reqgularity conditions of the Hammersley lower bound are

satisfied. Continuing we see that



(x,0+d) _ 6
E e = o

The inequality (4.1) becomes

2

var (t) > sup = =d(6+d).,

. -1
0+3

Since %d(-ed-dz) = 0 when d = =~ %, the inequality (4.1)
finally becores
e2
Var(t) ->_ —
4
The statistic 2x is unbiased for 6. Davis [5] showed
that the statistic 2x is the uniformly minimum variance
2

unbiased estimator for 6 with variance %—. The Hammersley

lower bound therefore exists but is not attained,

Example 4.4 The Gamma Distribution (Mitra [1ll])

Consider n independent observations from the Gamma
distribution with density function

xp-l e-ex

F'(x,0) = 0 <x, 6 >0.

T{pY
It is easily seen that for this distribution the

regularity conditions of the Hammerslcy lower bound are

satisfied. Continuing we see that

-2 (e+d)x

2p <P~ -1
L F'(x,064d),2 _ (e+d) e

oP r(p) e

dx

6+d, 2p, 0 \p (e+2d)p p-1 _-(e+2d)x
(=) Plamm® I ¥ e
0+d, 2p

( ¢ ) (9+2

P,
) .



-36-

Hence for any unbiased statistic t

2

d
Var(t) » sup . : (4.9)
= a1+ P
13 -1
(1 + = P"

Let d = %ﬁ where a is a constant not depending on n., Now

(4.9) becomes

2 2
Var(t) > sup anz < . 4.1
= a1+ )PP ;7 (4.10)
n -1

(1 + %ﬁ)pn

Now

(1 + g)2pn
In( E— ] = 2pn In (1 + )-pn In (1 + 22
(1 + <&ynp n n
: n
= zpn[% = %(%)2 + %(%)3 - ooo]
2
- Pn['n—a" - !2'.('3‘1&)2 + ‘13.(1-2'2")3" ooo]
3
pPa 2pa 1l
n >t 0 3)'
n n
Hence (4.10) becomes
e2 : a2
vari) z ez pa’ _ 2pa> 1
exp | — - + 0(—3)]-1
n n
2
> sup J
% np _(pa 4pa) 0(1)
2
e2

(4.11)
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2 2

since %a (p"a” = 4pa) = 0 when o = =, The estimator

T

2§:£ is unbiased for 6 and PRao [15] showed that it is the

X
anifornly minimum variance unbiased estimator for 6 with
e2
variancce np__:f’

4,4 Discussion of the Examples

In examples 4,1 and 4.2 the same lower bounds are
obtained as were obtained by the techniques of Cramer-Rao
and Bhattacharyya.

In example 4.3 the Cramer-Rao and Bhattacharyya lower
bounds do not exist. The llammersley lower bound exists,
but is not attained by the variance of the uniformly
minimurm variance unbiased estimator for 6.

In example 4.4 Hammersley's technique gives a lower
bound which is only slightly smaller than the variance of
the uniformly minimum variance unbiased estimator for 6

(the difference-being of order lg).
'n



V. CHAPMAN AND ROBBINS LOVER DBQUMD

5.1 Derivation (Chapman and Robbins [3])

Let X, XypeeeX be n independent identically distributed
random variables each with distribution function F(x,0).
Let 6 be a real parameter belonging to some set 2, Let ¥
be the whole space and define S(6) a subset of x as follows:
F'(x,0) > 0 for all x in S(6)
F'(x,6) = 0 fcr all x in x - S(90).
Let t = t(Xl,Xz,...Xn) be any unbiased estimator for e,
such that for all 6 in Q
f'~°{t L(x,90) dxl...dxn = 0
where L(x,8) = F'(x,9)F'(x,,0)...F' (x_,6) is the likelihood
function,
Now if 6 and 6th are any two distinct values belonging
to Q@ such that S(e+h) is a subset of S(8), then

f...é(e)L(Z{"O)dxl...dxn = l'

f---é(e+h)L(§,e+h)dxl...dxn = f"'é(e)L(§'9+h)dx1"‘dxn =1,

f"‘é(e)t L(?j"e)dxl.codxn = 9, and
I-O-é(e)t L(_}_<_,0+h)dxl...dxn = 9+h,

Therefore
1/2 L(Eﬁr o+h) -L (ice)

[ooe (t-8) [L(x,0)]
é(e) —' h i(-}i'e) °

1/2

[L(i,e)] dxl...dxn =1,

(5.1)
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Applying the Cauchy-Schwarz inequality to (5.1) we obtain

the relation

2
1< f°°°§(e)(t-e) L(&,e)dxl...dxn.

Ve L(x,9+h) -L(x,90)
-t é(e)[ h L(x,9)

] L(x e)dxl...dx

N S L(x,9+h) -

(5.2)
since
2
[L(x,6+h)-L(x,0)] CIL(x, 9+h)] -
Therefore the inequality (5.2) can be written as
Var(t) > 1 (5.3)

[ LTXIO'FhY

Since the inequality (5.3) holds whenever 6 and 6+h are
any two distinct elements of Q@ such that S(e+h) is a

subset of S(6) we obtain the fundamental inequality

1
var(t) »> (5.4)
= I L(x,6+h).2_- ..’
1§f E[—hz{[——L(ir") 17-11}]

where the infimum is taken over all h (h$0) such that
S(e+h) is a subset of S(98).

The inequality (5.4)'gives a lower bound for the
variance of any unbiased estimator t = t(xl,xz,...xn) with
the only restrictions (i) 6 belongs to some set @, (ii) for
each 6 there exists at least one h (h+$0) such that 6 and

6+h belong to Q@ and such that S(6+h) is a subset of S(6).
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5.2 General Comparison With Other Lower Bounds

Comparison with the Hammersley Lower Bound

1. The Hammersley lower bound and the Chapman and
‘Robbins lower bound are similar in that neither requires
differentiation under the intergal sign.

2. They were both derived in a similar manner using
the concept of differences and applying the Cauchy-Schwarz
inequality. 1In fact, it is easy to show that they are
identical when 2 = (a,b) and x is the real number line.

In this case the Chapman and Robbins lower bound,

2
1 ‘ h
- 1 LR, 02 111  °uP (X, 6+h) 2
= sup F'(x BEE) 2.n
h {E[_—F'—(’x—,e—T] } -1

which is Hammersley's lower bound.

Comparison with the Bhattacharyya and Cramer-Rao Lower Bounds

The regularity conditions for the Bhattacharyya
and Cramer-Rao lower bounds include the assumptions that
Q@ = (a,b) and x is the real line. In this case the Chapman
and Robbins lower bound is identical to the Hammersley
lower bound. The comparisons are therefore identical to

those of section 4.2.

5.3 Examples
The only-‘examples this author has been able to find
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assume that Q@ = (a,b) and x is the real line. Examples of

this type have already been given in section (4.3).
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VI. KIEFER LOWER BOUND

6.1 Derivation (Kiefer [9])

Let xl,xz,...xn be n independent identically distributed
random variables each with distribution function F(x,0),
where 6 is a parameter belonging to some set 2 and where
x belongs to some set x. For each 6, let @, = {h| (6+h)
is in Q}. For fixed 6, let Al(h) and Az(h) be two completely
~arbitary distribution functions such that Ei(h) = ﬁeh dAi(h)
exists for i = 1,2. Let L(x,6) be the likelihood function.

Now for any estimator t = t(X;,X,,...X ) which is
unbiased for 6, 6 in Q, we have for i = 1,2.

66[f--°f(t-e)L(§,e+h)dxl...dxn]dli(h) = Ei(h). (6.1)

Assuming we can interchange the order of integration we

can write

El(h)-Ez(h) 66[f-°'f(t—6)L(§,6+h)dxl...dxn]d(kl-kz)

f"'f(t-e)[é L(§,6+h)d(kl-kz)]dxl...dxn
e .

1/2 { L(x,6+h)d(x;-A,)
['e

foees(t-0) [L(x,6)] |
1/2

[L(x,0)]
dxl...dxn.

(6.2)
Usihg the Cauchy-Schwarz inequality we obtain from (6.2)
2 2
[E; (h)-E, (h)]" < [eeS(t-8)" L(x,0)dx;...dx .

§ (X 0+ A -2 y)

1732 1 %ax

ofo!lf[ dxn

(L(x,0)) 1t

(6.3)
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which on rearrangement becomes

2

[f LlxE+n)d0 -2y))

Var (t) > 5 .

IRRRVA

L(?S,e) dxl...dxn

The inequality (6.4) is true for every Ay and A, and
therefore we obtain

2
[E, (h) - E,(h)]

Var(t) > Sup T L(x,0+R)d(A;-1,)
1772 g8 1)
L(x,0)

(6.5)

where the supremum is taken over all Al and 12 for which
Ay $ A, and for which the expectation in the denominator
is defined.

This lower bound is subject to the difficulty of
locating appropriate forms of Al(h) and Az(h) in each

case of interest.

6.2 General Comparison With Other' Lower Bounds

Comparison with the Chapman and Robbins Lower Bound

1. Neither the Kiefer lower bound nor the Chapman
and Robbins lower bound require differentiation under the
intergal sign to ensure their existence.

2, If in the Kiefer lower bound Az(h) is allowed to
degenerate to a point at h = 0, (6.5) becomes (Kiefer [9])

2

(E; (h)]
Var(t) > .Sllp 6 “L(x,6+h)dx; °

A
1 0 2
EL =g 11

(6.6)
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If we further allow Al(h) to degenerate to a point h % 0,

then the Kiefer lower bound becomes

1
Var(t) > (6.7)
= 1 L(x,6+h),2_
inf = BRGe 1Y

which is precisely the Chapman and Robbins lower bound
for the variance of any unbiased estimator t.

Therefore it follows that in general Kiefer's lower
bound is at least as good as that of Chapman and Robbins.
In fact if the Chapman and Robbins lower bound is attained
by the variance of some unbiased estimator, then Kiefer's lower
bound is attained by the variance of this same unbiased
estimator.

3. Chapman and Robbins lower bound may be obtained
directly whereas Kiefer's lower bound is subject to the
difficulty of locating the appropriate forms of Al(h) and

Az(h) for each problem.

Comparison with the Hammersley Lower Bound

The comparison between the Kiefer and Hammersley lower
bounds can only be made when Q@ is an interval (a,b) and x
is the real line. 1In this case the Hammersley lower bound
is identical to the Chapman and Robbins lower bound and

these comparisons have already been made.
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Comparison with the Bhattacharyya and Cramer-Rao Lower Bounds

1. The existance of the Bhattacharyya and Cramer-Rao
lower bounds requires more restrictive regularity conditions
than those required for the existence of the Kiefer lower
bound.

2. The author has not found a general inequality
that exists between the K-th Bhattacharyya lower bound
and the Kiefer lower bound. However as was shown, the
Kiefer lower bound is always greater than or equal to the
Chapman and Robbins lower bound, and the Chapman and Robbins
lower bound is always greater than or equal to the first
Bhattacharyya (Cramer-Rao) lower bound. Hence the Kiefer
lower bound is always greater than or equal to the first
Bhattacharyya (Cramer-Rao) lower bound.

6.3 Examples

Example 6.1 The Poisson Distribution

Consider n independent observations from the Poisson

distribution with mass function

-0 X

F'(x'e) =e_?l—e—' X = 0,1,20.00

For this distribution the Kiefer lower bound gives the
" inequality

2
[E, (h) - E. (h)]
L 2 (6.8)

Var(t) > sup
Al,kz

_Z e-n(0+h) (e_‘_h)nxd()‘l_xz) ?] °
e—neenx

E [{
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If in equation (6.8) i, (h) is allowed to degenerate to a
point at h=0 and then Al(h) is allowed to degenerate to a

point at h#0, then equation (6.8) becomes

) h’
var(t) > sup ~(6+h) <
h (E{ — §e+h) 2]n_1
6
> 6/n

as was shown in example 4.1.

Example 6.2 The Normal Distribution

Consider n independent observations from the Normal
distribution with density function

-1/2 (x-e)zl

F'(xp) = (Zwoz) exp [~ 2 - ® <x< =,
2

For this distribution the Kiefer lower bound gives the

inequality

2
[E; (h) - E,(h)]

Var(t) > sup _ 3 . (6.9)
Al,xz _Z exp[-n(x-g-h) ]d(xl-kz)
-n(x-e)2]

202

exp [

If in equation (6.9) xz(h) is allowed to degenerate to a
point at h=0 and thenvxl(h) is allowed to degenerate to a

point at h$0, then equation (6.9) becomes

Var(t) > sup




-47-

2 02/n
as was shown in example 4.2.
It is interesting to note that two examples given by
Kiefer [9] are incorrect. The examples are the following:

Example 6.3 The Uniform Distribution

Consider n independent observations from the Uniform

distribution with density function

F'(x,08) = % 0 < x < 6,

Kiefer lets dxz(h) degenerate to a point at h=0 and lets

_n+1 n _
dxl(h) = ;E?T—(h+°) dh 6 < h <0,
e2
He claims that his lower bound gives YT which is the

variance of the uniformly minimum variance unbiased

estimator E%EY where Y is the maximum of the n observations.

In checking the rationale one finds the Kiefer lower bound
2
to equal ——2———§-which is not attained by the variance of
n(n+2)

the estimator EﬁlY.

Example 6.4 The Exponential Distribution

Consider n independent observation for the Exponential

distribution with density function

F'(x,0) = e~ (¥-8) X > 0,

Kiefer lets dxz(h) degenerate to a point at h=0 and lets

nh

dxl(h)=ne" dh 0 < h < =,
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He claims that his lower bound gives 17, which is actually
n

attained as the variance of the unbiased estimator Z- l,

n
where 2 is the minimum of the n observations.
In checking the rationale here one finds that
& L(x,e+h)dxl(h)
6 £

is infinite, which implies that the lower bound

[E, (h)1°
sup
A 66L(5,e+h)dxl )
E({ }41-1
L(x,0)
is zero.

6.4 Discussion of the Examples

Example 6.1 and 6.2 follow by letting the Kiefer lower
bound degenerate to a point and hence obtaining the
Hammersley lower bound which is attained by the variance
of the uniformly minimum variance unbiased estimator for 6.

The author has not been able to find an example in
which the Kiefer lower bound is greater than the Chapman
and Robbins lower bound, although one may exist. Kiefer [9]
gives two examples in which he attempts to show that his
lower bound is greater than that of Chapman and Robbins.

These examples however do not seem to be correct.
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VII. SUMMARY

The problem considered is that of finding a lower
bound for the variance of the uniformly minimum variance
unbiased estimator.

The lower bounds due to: Cramer and Rao; Bhattacharyya;
Hammersley; Chapman and Robbins; and Kiefer; are derived
and discussed. For the Cramer-Rao lower bound, necessary
and sufficient conditions are given, which ensure that the
variance of the uniformly minimum variance unbiased estimator
attains this lower bound. Examples illustrating each lower
bound are given.

The lower bounds are compared with each other. It was
found that: the first Bhattacharyya lower bound is identical.
to the Cramer-Rao lower bound; the Chapman and Robbins lower
bound is equal to the Hammersley lower bound whenever the
latter exists; the Hammersley, Chapman and Robbins, and
Bhattacharyya lower bounds are always greater than or equal
to the Cramer-Rao lower bound. A summary of other comparisons
of the various lower bounds is illustrated in Table 6.1,
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Table 6.1 Comparison of Lower Bounds

Lower Bound

When lower bound is
attained other lower
bounds that are also
attained.

Form of distribution function
when lower bound is attained.

Cramer-Rao

Bhattacharyya
Hammersley

Chapman and Robbins
Kiefer

F'(xl,e)...F'(xn,e) =
exp([t g(s) + go(e) + f(xl...xn)].

One considers the

F' (xl,e) eel.F' (xn,e) =

Bhattacharyya| particular problem expp(x;...x )g(e) + g, (e) + f(Xlo..Xn)]
here. where t is a polynomial in p(xy...x )
of degree K.
Hammersley Chapman and Robbins

Kiefer

Chapman and
Robbins

Hammersley
Kiefer

Kiefer

-og-
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ABSTRACT

The object of this paper was to study lower bounds
-for the variance of uniformly minimum variance unbiased
estimators.

The lower bounds of Cramer and Rao, Bhattacharyya,
Hammersley, Chapman and Robbins, and Kiefer were derived
and discussed. Each was compared with the other, showing
their relative merits and shortcomings.

Of the lower bounds considered all are greater than
or equal to the Cramer-Rao lower bound. The Kiefer lower
bound is as good as any of the others, or better.

We were able to show that the Cramer-Rao lower bound
is exactly the first Bhattacharyya lower bound. The
" Hammersley and the Chapman and Robbins lower bounds are
identical when they both have the same parameter space,
i.e., when Q@ = (a,b). -

The use of the various lower bounds is illustrated

in examples throughout the paper.
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