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I. INTRODUCTION 

1.1 Introduction 

One of the most fundamental problems in statistical 

theory is the problem of estimation. Let x1 ,x2 , •.. xn be 

independe~t and identically distributed random variables 

each with distribution function F(x,e), where e is a para-

meter. One problem in estimation is to obtain a function 

t = t(x1 ,x , ••. X) of then random variables such that t 
2 n 

has expectation equal to a preassigned function g(e). t 

is then said to be an unbiased estimator of g(e). Without 

loss of generality we will consider the function g(e) = e 

as the object of our estimation problem. Usually e admits 

more than one unbiased estimator. In such a case we use 

the unbiased estimator which has uniformly minimum variance 

when it exists. It will be shown that if a minimum variance 

unbiased estimator fore exists, then it is unique. 

A very useful concept in the theory of statistical 

estimation is that of a lower bound for the variance of all 

unbiased estimators. The use made of this lower bound is 

the following. If we have an unbiased estimator whose 

variance is equal to this lower bound, then it has uniformly 

minimum variance among all unbiased estimators. A possible 

practical use of a lower bound might be as follows. Suppose 

that we have a relatively simple unbiased estimator whose 

variance is only slightly greater than our lower bound. In 

such a case, we might be willing to use this estimator. 



-5-

Another method for finding uniformly minimum variance 

unbiased estimators without finding the lower bound involves 

the concept of Completeness. This method was introduced by 

Blackwell and developed further by Lehmann and Scheffe, but 

will not be considered here. 

The problem considered here is to find lower bounds for 

the variance of unbiased estimators and to determine when they 

are attained. 

We will derive the lower bounds due to Cramer and Rao, 

Bhattacharyya, Hammersley, Chapman and Robbins, and Kiefer; 

discuss each on its own merits and then compare each with the 

other. 

Throughout this paper we will denote by x1 ,x2 , ••• xn, 
n independent identically distributed random variables each 

with distribution function F(x,e). We will also use the 

following conventions: 

F' (x,e) = p(x,e) if xi~ discrete 

= f(x,e) if Xis continuous, 

F' (x1 , e) ••• F' (xn, e) = L (~, e) ( the likelihood function) , 

and f dx is interpreted as E if Xis a discrete random 
X 

variable. 

1.2 Uniqueness of the Minimum Variance Unbiased Estimator 

In order to assure that an unbiased estimator whose 

variance attains a lower bound is "the" uniformly minimum 
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variance unbiased estimator fore we must prove the following 

theorem (Kendall and Stuart [8]). 

Theorem 1.1 If a minimum variance unbiased estimator for 

e exists, then it is unique. 

Proof. Let t 1 and t 2 be any two distinct unbiased estimators 

fore and suppose that both have minimum variance V. Define 

a new estimator 
1 t= 2 ct1 +t2 ). 

Now 

and 

Var (t) = 

(1. 1) 

We therefore see that tis also an unbiased estimator of e. 

Using the Cauchy-Schwarz's inequality we have 

2 
< {/•••/(tl-0) dF(xl,e) ... dF(xn,e) 

f • • • f ( t 2 - e ) 2 dF ( x 1 , e ) ••• dF ( xn , e ) } l/ 2 

< V 

· and hence 

Var (t) < i· (Var (t1 ) + Var (t2 ) + 2V) 

< v. 

(1.2) 

By hypothesis the estimator with minimum variance has variance 

V which implies that Cov {t1 ,t2 ) = V. Parzen [121 showed that 
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this can only be so if (t1-e) = K(e) (t2-e). Multiplying 

both sides of this equation by (t2-e) and taking expectations 

we obtain 

E[(t1-e) (t2-e)] = K(8} [E(t2-e) 2 J. 

Therefore 

Cov (t1 ,t2 ) = K(8) Var (t2 ) 

= K(8) V. 

Since Cov (t1 ,t2 ) = V, we obtain that K(e) = 1 and (t1-e) 

(t2-e) or t 1 = t 2 identically. Thus if there exists a 

minimum variance unbiased estimator fore, it is unique. 



-8-

II. CRAMER-RAO LOWER BOUND 

2.1 Derivation 

Let x1 ,x2 , .•• Xn be n independent identically distributed 

random variables each with distribution function F(x,e). 

Regularity Conditions 

(i) e may be any value in (a,b) - m ~a< b < m. 

(ii) 

(iii) 

a F' (x,e) < m for all x and all e in (a,b). ae 
a a ae /• • •/dF(x1 ,e) ••• dF(xn,e) = /• • •la 8dF(x1 ,e) ••• dF(xn,e) 

for all e in (a,b). 

(iv) For any statistic t = t(x1 ,x2 ~ ••• Xn) 

a · a 
ae / 000 /t dF(x1 ,e) ••• dF(xn,e) = /•••/t aedF(x1 ,e) .•• dF(xn,e) 

for all e in (a,b). 

(v) E[¾ 81n F' (x,e)] 2 > O for all e in (a,b). 

The following theorem is due to Cramer and Rao[4], [14].· 

Theorem 2.1 If E(t) = e, i.e., t = t(X ,x2 , ••• x) is 1 n 
an unbiased estimator for the parameter e, and regularity 

conditions (i), ••• (v) are satisfied, then 

Var (t) > 1 
a 2 

n E [ a e ln F ' (x , 8 ) ] 
( 2 .1) 

Proof. E(t) = e = /•••/t dF(x1 ,e) ••• dF(xn,e). Taking a 

derivative with respect toe we obtain 
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+ ••• + 

+ ---d=F""T(_x_n_'_e.,...) ____ 1 

n a 
= f· • •f (t) ( 1: - ln F' (x. ,e)) dF(x1 ,e) ••• dF(xn,e) . 1 ae 1 

since 

1= 

~eF' (xi,e) a 
F' (x. ,8) = aeln F' (Xire) • 

1 

(2.2) 

n a 
Define z = _1: ~ 81n F' (x.,e). We therefore have from (2.2) 

1=1 a , .1 

1 = f• • •ft z dF(x1 ,e) ••• dF(xn 1 e) (2.3) 

or E(tZ) = 1. 

Using 1 = f•••fdF(x1 ,e) ••• dF(xn,e) and taking a derivative 

with respect toe we obtain 
a 0 = aef~ • •fdF(x1 ,e) ••• dF(xn 1 8) 

n 
= f• • •f [ 1: *81n F' (x. ,e) J dF(x1 ,e) ••• dF(x ,e) . 1 a 1 n 1= 

(2. 4) 

or E(Z) = O. We now have that E(tZ) = 1 and E(Z) = 6, 

which imply that 

Cov (t,Z) = E(tZ) - E(t) E(Z) = E(tZ) = 1. 



-10-

It also follows that 

Var (Z) 
n a 

= var [ E a 8 ln F' (x. , 8) ] 
i=l 1 

n 
= E[ E ¾aln F'(xi,8) - E(Z)] 2 

i=l 

= n E[~ 81n F'(x,8)] 2• 

Recalling that for any two variables X and y 

[Cov(X,Y)] 2 < Var(X) Var(Y), 

we obtain 

2 
Var(t) > [Cov(t,Z)] 

Var(Z) 

1 > 
n E [ ¾ 8 ln F' (x, 0) ] 2 • 

( 2. 5) 

(2.6) 

This inequality (2.6) is the Cramer-Rao lower bound 

for the variance of any unbiased estimator for the parameter 

8 in the distribution F(x,8). 

If we add the regularity condition 

then 

becomes by taking a derivative with respect to 8 

a 0 = /•••laa[Z dF(x1 ,e) ••• dF(xn,8)] 

a 2 = /•••/[aez + Z J dF(x1 ,a) ••• dF(xn,8). (2.7) 
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Therefore 

or 

E[Z 2 ] = -E[¾ez] 

a2 
= - E [ . f 1 - 2 ln F ' (x . , 0 ) ] 

1.- a e 1 

a2 
= -n E [ - 2 ln F' ( x, 0) ] • ( 2. 8) 

ae 
The Cramer-Rao inequality may now be equivalently stated as 

a2 
-n E[- 21n F' (x,0)] 

ae 

Var (t) > 1 

(2.9) 

where tis any unbiased estimator for a. The inequality 

(2.9) is due to Rao (14). 

In most cases this later inequality adds ease in 

computing the Cramer-Rao lower bound. 

2.2 Conditions Under Which the Cramer-Rao Lower Bound 

is Attained 

Theorem 2.2 Assuming that the regularity conditions 

are satisfied, then· 

1 Var(t) = 
n E[} 01n F'(x,0)] 2 

if and only if z = A(8) (t-8) where t = t(X1 ,x2 , ••• Xn) is an 

unbiased estimator for e, and A ( e) is .some· function of .e. 
Lemma (Parzen[l2)) For any two variables x1 and x2 , 



-12-

[E(x1x2)] 2 = E[x12] E[x22] if and only if, for some constant 

A, x2 = AX1 . 

The above lemma applied to the random variables z and 

t-e states that 

[Cov(Z,t)J 2 = Var(Z) Var(t) (2.10) 

if and only if z = A(e) (t-e) since E(Z(t-8}) = cov(Z,t). · 

Since in our case Cov (Z,t) = 1, equation (2.10) becomes 

1 
Var(t) = Var(Z) 

= 1 
n E [ ¾ 9 ln F' (x, e) ] 2 

(2 .11) 

if and only if z = A(e) (t-e). In particular A(e) = Va;(t) 

since Var(Z) = A(e) 2 Var(t) and Var(t) = Va;(Z)" 

Therefore if the Cramer-Rao lower bound exists, a 

necessary and sufficient condition that it be attained is 

that Z can be written in the form 

1 z = Var(t) (t-e)' (2.12) 

or equivelently that t may be written in the form 

z 
t = Var(Z) + 9• (2 .13) 

2.3 Sufficient Statistics and the Cramer-Rao Lower Bound 

Blackwell [2] showed that if a sufficient statistic 

exists for estimating e, then the unbiased estimator with 

uniformly minimum variance is a statistic based on a 
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sufficient statistic. 

One may show Blackwell's result as follows. Let S be 

a sufficient statistic fore and t be any unbiased estimator 

fore. Define T = E(tls). Now 

E(T) = E[E(tls>J = E(t) = e (2.14) 

or Tis an unbiased estimator of e. It is easily seen that 

for any two random variables t and S (Parzen (13)) that 

Var(t) = Var[E(tlS)] + E[Var(tlS)], 

which implies that 

Var(T) Var(t). 

Therefore we obtain Blackwell's result. 

(2.15) 

(2.16) 

Fend (6] proved the following. If the regularity 

conditions are satisfied and if Var(t) > 0 for all e, 
then a necessary and sufficient condition that the variance 

oft, where tis unbiased, achieve the Cramer-Rao lower 

bound is that 

F' (x1 , e) ••• F' (xn, e) = exp [tg ( e) + g 0 { e) + f {x1 ••• xn) 1 

(2.17) 

where !eg(e) + 0 for all e in {a,b). 

2.4 Examples 

Example 2.1 The Poisson Distribution 

e-eex 
x! F' (x,e) = X = 0,1,2 ••• 

It is easily seen that the regularity conditions are 
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satisfied .. for this mass function •. ~ontinuing we see that 

ln F' (x,e) = -e + x ln e -ln(xl) 

¾8 1n F' (x,e) = -1 + i 
a2 
- ln F' (x, e ) = 
ae 2 

Therefore 

e 
> -n 

where tis any unbiased estimator fore. Now x = ! .f1x. n 1= 1 
e is an unbiased estimator of e, and has variance n Hence 

Xis the uniformly minimum variance unbiased estimator for 

e • 

Example 2.2 The Normal Distribution 

F' (x,e) 
2 2 -1/2 (x-e) = ( 2 1r a ) exp E- - ] 

2a 2 
- 00 < X < 00. 

It is easily seen that the regularity conditions are 

satisfied for this density function. Continuing we see that 

1 2 (x-e) 2 · ln F' (x,e) = - -2 ln21ra -
2a 2 

a x-e aeln F' (x,e) = --2 
a 

2 1 
ln F 1 (x,e) = - 2 . 

ae 2 a 

Therefore for any unbiased estimator t 
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2 
> £_. -n 
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This lower bound is attained by the variance of the unbiased 
. - 1 n estimator X = - .r1x .• n i= i 

Thus Xis the uniformly minimum 

variance unbiased estimator fore. 

Example 2.3 The Uniform Distribution 

1 F' (x,e) = o < x < e e 
a 1 - /•••/- dx1 ••• dxn = O, ae 8 n 

whereas 

Hence regularity condition (iii) is not siatisfied, and the 

Cramer-Rao lower bound does not exist for this distribution. 

2.5 Discussion of the Examples 
n - -In example 2.1 Z = 8 (X-8}, which indicates that X 

is the uniformly minimum variance unbiased estimator for 

e with variance~- Here Xis sufficient fore and 

which is in agreement with Fend's result. (~.[~). 
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In example 2.2 Z = n 2 (X-e) which indicated that X 
0 

is the uniformly minimum variance unbiased estimator for 
2 

8 with variance O Here also Xis sufficient for 8 and n 

n 2 - 2 ln(2wo )] 

which is in agreement with Fend's result (2.17). 
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III. BHATTACHARYYA LOWER BOUND 

3.1 Derivation 

Let x1 ,x , ... x be n independent identically distributed 
2 n 

random variables each with distribution function F(x,e). 

Regularity Conditions 

(i) e is in (a,b) - m <a< b m. 

(ii) :e F' (x,e) < m for all x and all 8 in (a,b). 

(iii) 

for all e in (a,b). 

(iv) For any statistic t = t(x1 ,x2 ,.~.Xn) 

(v) 

(vi) 

a a ae !•••ft dF(x1 ,e) ••• dF(xn,e) = /•••ft aedF(x1 ,e) ••• dF(xn,8) 

for all e in (a,b). 

E[¾ 81n F'(x,e)J 2 > O for all e·in (a,b). 

ai F' (x,e) i = 1,2, ••• K are all linearly independent 
a e1 

functions of the variables x1 ,x2 , ••• xn for some fixed K. 

Theorem 3.1 Under the above regularity conditions we 

have the following inequality for the variance of any unbiased 

estimator t for the parameter e. 

where J .. 
l. J 

1 
-1 

Jl. Jl. (J. . 1) 
l. J l.J. 

( 3 .1) 

i 
2. . [FI (x, , e) • e • F' (x , e) ] 
ae 1 • n = E[Z.Z.] with Z. = 

l. J l. 
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and 

J22 J23 . . . J2K 
J32 J33 • . . J3K 

J .. 1 = . 
l.J • . . 

JK2 JK3 . . . JKK 

The proof as given here is a special case of that of 

Bhattacharyya [1] but is much more detailed and complete. 

Proof. Consider the function RK = ~(x1 ,x2 , ••• xn,e) 

defined by 

RK = t - 8 - .!1A.Z, 1.= l. l. 
(3.2) 

where t = t(x1 ,x2 , ••• Xn) is an unbiased estimator for a, 
and A,, i = 1,2, ••• K, are constants to be determined. 

l. 

E (~) = / ••• / ( t-e) dF (xl, a) ••• dF (xn.' a) - if 1 Ai/ ••• / z i dF (xl, a) ••• dF (xn, a) 

= 0 

since 

= o. 
Now we choose the A. in such a way that the variance of 

l. 

~, 
var(R.__) = /•••/[t-e-.J1A.Z,J 2dF(x1 ,e) ••• dF(xn,e), 

-l{ J.- 1. 1. · (3. 3) 

is a minimum. 
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We differentiate (3.3) with respect to A., set it equal 
J 

to zero,. and obtain 

0 = I• .. I [t-8-. f1A . Z. J Z . dF (x1 , 8) ••• dF (x , 8) 
1= 1 1 J - n 

= /•••/tZ.dF(xl,e) ••• dF(x ,e)-.,lA.Z,Z,dF(xl,e) ••• dF(x ,8) J n 1= 1 1 J n 
( 3. 4) 

for J = 1,2, ••• K. 

the system of equations (3.4) can be written as 

.flLJ.l = 1 l.= l. l. 

.flA.J,2 = 0 1= l. l. 

• 

'flLJ 'K = O. l.= l. l. 
(3. 5) 

The system of equations (3.5) can be written in matrix form 

as 

Jll J21 . • . JKl Al 1 

Jl2 J22 • • . JK2 A2 0 

. • . = . • . 
• • . 
JlK J2K • • • JKK AK o. (3. 6} . 

Since regularity condition (vi) holds (3. 6} becomes 

Al Jll Jl2 
' . • JlK 1 

A2 J21 J22 • . • J2K 0 

• = • • 
• • • 
• "Kl JK2 JKK • 
AK J • • • 0 
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Jll 
J21 

= . . 
"Kl J , (3.7) 

where Jij represents the (i,j) element of the inverse of 

the matrix J ..• Therefore A, = Jil. 
1] 1 

Hence equation (3.3) becomes 
K il Var(RK) = f•••f(t-8-iilJ Zi]dF(x1 ,e) ••• dF(xn,8) 

= Var(t)-2.!1Ji1E[(t-8)Z.] + E[.f1Ji1 z.] 2 
i= i i= i 

K il K K il ji = Var(t)-2.LlJ E(tZ.) + .Ll.LlJ J E[Z.Z.] 
i= i i= J= i J 

11 K K 'l 'l = Var(t)-2J + .Ll.LlJ1 JJ J .. 1= J= 1) 

= Var(t)-J11 

since 

where 

K il iI1J E(t-8)Zi by (3.4) 

E(tZ.) = 1 if i = 1 
i 

= 0 if i = 2,3,~ .. K. 

From equation (3.8) we obtain the inequality 

Var(t) J 11 • 

The equality sign holds when Var(~)= O. 

(3.8) 

(3.9) 
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By definition 

Jll Kl2 
Jll Kl 

= 
K21 K22 

K21 K22 

where K12 

J22. • . J2K 

K22 . 
= . 

•K2 JKK J • . . . 
From equation (3.10) we obtain 

J Jll 
11 

+ K K21 
12 = 1 

and 0 . 
K Jll K K21 = . + 21 22 . 

0 • 

Solving (3.12) for K21 we obtain 

K21 = -(K )-lK Jll 
22 21 

and hence 

K K21 = 
12 

1 0 ••••• 0 
0 1 ••••• 0 
• 
• . 
0 0 ••••• 1 (3.10) 

J .. 1' 1J. 

(3 .11) 

(3.12) 

(3.13) 

Substituting equation (3.13) into equation (3.11) we obtain 

Therefore 
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1 

J11-·f2.f2J1.J1.(J.' 1>-1 
1- )- 1 J 1). 

(3.14) 

-1 where (J .. 1) is as defined before. Hence (3.9) can be 
1). 

written 

Var(t) > 1 

This lower bound is known as the K-th Bhattacharyya 

lower bound. It gives us a whole sequence of non-decreasing 

lower bounds as K = 1,2, •.• for the variance of any unbiased 

estimator for a {Lehmann (10]}. This set of bounds may not 

increase at all or they may increase toward a limiting value 

which may or may not be attained by the variance of any 

unbiased estimator for a. 
Seth (16] showed necessary and sufficient conditions 

under which the Bhattacharyya lower bound is attained. The 

conditions are that there exist an unbiased estimator t such 

that (1) the regularity conditions are satisfied, and (2) 

the probability density g(t,8) oft satisfies the equation 

where the P. are constants. 
1 

He also showed that the Mth, M>l, Bhattacharyya lower 

bound is higher than the first Bhattacharyya lower bound 
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if and only if R1 • 23 ••• M is not zero where R1 • 23 ••. M is 

multiple correlation between ~1 (x) and ~2 (x) ... ~M(x) 
ai -

where~- (x) = - .F' (x,e) f F' (x~e). This is equivalent 
i a e i 

the 

and 

to the condition that for at least one i (i~2), the correla-

tion coefficient between ~1 (x) and ~i(x) is different from 

zero. 

Fend [6] gave an important theorem which helps in 

establishing which Bhattacharyya lower bound is achieved 

by the variance of the uniformly minimum variance unbiased 

estimator. He showed that if the regularity conditions for 

the Bhattacharyya lower bound are satisfied and if for some 

unbiased estimator t, Var(t) achieves the K-th Bhattacharyya 

lower bound but not the (X-1)-th Bhattacharyya lower bound, 

then the density may be expressed in the form 

F' (x1 ,e) ••• F' (xn,e) = exp[p(x1 , ••• xn) g(e) + g0 (e) 

+ f ( x 1 , ... xn) ] 

where tis a polynomial in p(X1 , .•• Xn) of degree K. Further, 

the variance of any polynomial in p(X1 , ••• Xn) of degree K 

will achieve the K-th Bhattacharyya lower bound. 

Hence if 

F' (x1 ,e) ••• F' (xn,e) = exp[p(x1 , •.. xn) g(e) + g0 (e) · 

+ f(x1 , ... xn)] 

we should try to find an unbiased polynomial in p(X1 , ••• Xn) 

fore. If this polynomial is of degree K, then its variance 

will achieve the K-th Bhattacharyya lower bound and is therefore 
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the uniformly minimum variance unbiased estimator fore. 

We can also see that if the K-th lower bound is achieved 

by the variance oft, then tis necessarily a polynomial of 

3.2 General Comparison with the Cramer-Rao Lower Bound 

1. The existence of the Bhattacharyya lower bound 

requires an added regularity condition not required for 

the existence of the Cramer-Rao lower bound, namely that 
ai 

the - .F' (x,e) i = 1,2, ••• K are all linearly independent 
a e 1 

functions of the variables x1 ,x2 ,~·-Xn for some fixed K. 

2. For the case K = 1 the Bhattacharyya inequality 

becomes 
1 Var(t) > --

- Jll 

where tis any unbiased estimator fore, and where 

= E [ ¾ 8 ln F' (x1 , e) ••• F' (xn, e) ] 2 

= n E [ ! 8 ln F' (x, e) ] 2 • 

Therefore the inequality (3.15) becomes 

1 Var ( t) ---------2 
n E[¾ 81n F' (x,e)l 

which is exactly the Cramer-Rao lower bound. 

(3.15) 

(3.16) 

3. The K-th, K>l, Bhattacharyya lower bound is higher 

than that obtained by employing the Cramer-Rao lower bound 
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if and only if for at least one i, i = 2,3, ••• K, the 

correlation coefficient between ~1 (x) and~- (x) is different 
i i 

from zero where~- (x) • .F' (x,e) ¼ F' (x,e). i aei 
4. The K-th Bhattacharyya lower bound becomes 

increasingly difficult to compute as K increases. 

5. Both the Bhattacharyya and the Cramer-Rao lower 

bounds are non-existant when the range of the distribution 

depends on the parameter e. 

3.3 Examples 

Example 3.1 The Poisson Distribution 

-8 X 
F' (x e) = e 8 x = o, 1, 2, •••• ' xl 

Since the Cramer-Rao lower bound is attained, the first 

Bhattacharyya lower bound is also attained and the cal-

culations are identical. 

Example 3.2 The Normal Distribution 

F' (x, 8) 
2 (x-8) exp [ - -----........... -] 

202 - OD < X < °"• 

Since the Cramer-Rao lower bound is attained, the first 

Bhattacharyya lower bound is also attained and the cal-

culations are identical. 

Example 3.3 The Uniform Distribution 
1 F 1 (x, 8) = e O < X < 8 • 

Regularity condition (iii) does not hold as was shown in 

the Cramer-Rao example.- Hence none of the Bhattacharyya 
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lower bounds exist. 

Example 3.4 A Variation on the Gamma Distribution 

Consider one observation from the distribution with 

density 

F' (x,8) = (8)-l/2 exp[-x8-l/2J O<x, 0<8. 

It is easily seen that for this distribution the regularity 

conditions for the Bhattacharyya lower bound are satisfied. 

Continuing we see that 

} 8F 1 (x,8) = 
F 1 (x, 8) 

1 X 
28 + 283/2 

2 -1/2 a 3 exp(-x8 ) - 2F'(x,8)= -
a0 40 512 

2 
F' (x, 9) 

a0 2 
= 3 -- -

49 2 
5x 

495/2 

2 
X 

+ --3. 
49 F'(x,9) 

It can be shown that E(x) = 91/2, E(x2 ) 
4 2 .E(x) = 248. Now 

= 29, E(x3 ) 

1 x ~ 2 E[ 1 2x + x 2 1 Jll = E[- 28 + 28 3/ = - 48 5/2 

3 Sx 
= E [ (~ - 485/2 

1 = 2 -- + 
49 2 

1 = 492 u 
x2 

+ -) (-
493 

= 683/2. 
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and 
3 Sx 2 

J22 = E[- -
485/2 

+ _!_]2 
48 2 48 3 

9 30x 2 10x3 4 
= E[-- -

16e 912 
+ 3lx _ 

16811/2 
+ _x_] 

168 4 168 5 168 6 

5 = 
16e 4 • 

The first Bhattacharyya (Cramer-Rao) lower bound is given 

by 
1 2 Var(t) y-- = 48 • 
11 

The second Bhattacharyya lower bound is given by 

Var(t) > 
1 

1 > 
1 1 16e 4 

48 2 - 648 6 - 5-

2 > Se • 

The estimator x2;2 is unbiased fore and has variance 

se 2 • Therefore x2;2 is the uniformly minimum variance 

unbiased estimator fore. 

3.4 Discussion of the Examples 

Examples 3.1 and 3.2 were discussed in section 2.5. 

In example 3.4 the Cramer-Rao lower bound was 48 2 

whereas the second Bhattacharyya lower bound was 58 2 which 
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is attained by the variance of x2;2. This is in accordance 

with Fend's [6] results, since F' (x,e) = exp[-xe-112 - 1/2 lne] 

and x2;2 is a polynomial in X of degree two. Hence the second 

Bhattacharyya lower bound should be attained by the variance 

of the uniformly minimum variance unbiased estimator. 
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IV. HAMMERSLEY LOWER BOUND 

4.1 Derivation 

Let x1 ,x2 , ••• xn be n independent identically distributed 

random variables each with distribution function F(x,e). 

Regularity Conditions 

(i) e is in (a,b) - 00 < a < b < oo. 

¾aF' (x,e) < 00 for all e in (a,b) and all x. ( ii) 

(iii) 
F' (x,a 1 ) 2 

E[F 1 (x,a 2 )] :f= 1 for all a1 ,a 2 in (a,b) where e1 :f= e2 • 

With the aid of the above regularity conditions, 

Hammersley [7] derived an inequality which gives a lower 

bound for the variance of any unbiased estimator for the 

parameter e in the distribution F(x,e). 

Harnrnersley's lower bound is 

Var (t) 
d2 

( 4 .1) 

where t = cx1 ,x2 , ••• Xn) is any unbiased estimator fore 

and the sup is taken over all d (df0) such that e+d is in 

(a,b) (Mitra [11]). 

This lower bound is derived as follows (Hammersley [7]). 

Let us suppose that 80 is the true (unknown) value of the 

parameter e, and that e1 and e2 are any two distinct members 

of the set of values of e in (a,b). Let L(x,e) = F'(x1 ,e) 

••• F' (xn,e) be the likelihood function. Since 
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/•••/L(x,e)dx1 ••• dx = 1 and tis unbiased for all e in - n 
(a,b), we have that 

( 4. 2) 

and 

( 4. 3) 

·ay multiplying (4.2) by e 2 and subtracting from (4.3) we 

obtain 

Applying the Cauchy-Schwarz inequality to (4.4) and 

rearranging we obtain 

Var(t) > 

Now 

= 

(4.4) 

(4.5) 

(4.6) 

If we integrate the expression (4.6) over all x, we see 

that the last two terms on the right yield -2 and +l respect-

. fully. Therefore our inequality (4.5) becomes, since the 

variables X. are independent, 
1 
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Var{t) > 

> 
[F'(x.,e 1)] 2 

/ l. 

> 

dx.-1 
l. 

• ( 4. 7) 

The inequality (4.7) holds for all values of e1 and 

e 2 in (a,b). We may put e1 = e + d and e2 = e and allow 

e+d (dfO) to vary over the whole set (a,b). We therefore 

find that (4.7) becomes 

d2 
Var(t) > sup , ( 8 d) 2 , 

d {E[F x, + J }n-1 
F' (x,e) 

(4.8) 

where the sup is taken over all d (dfO) such that e+d is 

in (a,b). 

4.2 Comparison with the Bhattacharyya Lower Bound 

1. The existence of the Hammersley lower bound 

· requires less restrictive regularity conditions than 

those required for the existence of the Bhattacharyya 

lower bound. 

2. The author has not found a general inequality 

that exists between the Hammersley and the K-th Bhattacharyya 

lower bound. However given that both the first Bhattacharyya 
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(Cramer-Rao) and the Hammersley lower bounds exist, then 

(Chapman and Robbins [3]) 

n E[~eln F' (x,8)] 2 = E[lim{L(.x,e+d)-L(.x,e)} 2] 
a d-+O d L(x,8) 

inf 1 E [ { L , 8 +d) - L ( x , 8 ) } 2 ] > 
~2 d L~, 8) 

inf 1 [ E { L ( x , 8 +d) } 2 - l] > 
d2 - d L(~,8) 

inf 1 { [ E { F ' ( x , 8 +d } 21 n _ 1 } > 
~2 d F'(x,e) 

which is the denominator of the Hammersley lower bound. 

Therefore we may conclude that under fewer regularity 

conditions, the Hammersley lower bound will be greater 

than or equal to the first Bhattacharyya (Cramer-Rao) 

lower bound. We can now be assured that in those distri-

butions in which the first Bhattacharyya (Cramer-Rao) 

lower bound exists and is attained by the variance of the 

uniformly minimum variance unbiased estimator that the 

Hammersley lower bound will exist and be attained by the 

variance of this same estimator. 

4.3 Examples 

Example 4.1 The Poisson Distribution 

Consider n independent observations from the Poisson 

distribution with mass function 
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-0 X 
r'(x,o) = e 0 

x! X = 0,1,2,,, 

It is easily seen that the regularity conditions 

of the Harimerslcy lower bouncl are satisfied for this 

mass function. Continuing we see that 

E [F' (x, O+d)] 2= 
F'(x,e) 

()0 

t :x=O 
e-2(9+d) (e+d)2x 

-8 X c e xl 
2 

-e -2<.1 "" [ (o+cJ) ]x = e e x~ 0 __ o __ _ 
xi 

Therefore 

sup 
d 

-e -2c1 (e+<l) 2 
= e e e-------

0 

= sup 
d 

= sup 

• 

c12 

nd 2 -e e -1 

2 d (1 + ~+ e 

= lim 1 
d-+0 n + 

n2d2 
+ e 7 

e = n 
which is also the Cramer-Rao lower bound. 

Example 4.2 The Normal Distribution 

d2 
n2d4 

+ 7 

• • • 

••• ) -1 

Consider n independent observations from the Normal 

distribution with density function 

F' (x,e) = (21ro 2 )-~12 exp[- (x- 9>2 1 
2a 2 

- .., < X < ..,, 
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It is cctsily seen thc1t the rcrinlnrity conditions 

of the Ilamr1crslcy lower hound arc sntisfied for this 

density function. 
2 [F'(x,o+cl)] 

F 1 (x,e) 
and 

sup 
cl 

Continuing we see that 

sup 2 • 
d en(d/o) 

1 
• 

_z(2wo2)-l/2 exp[-(x-oi2d) ]dx-1· 
2o 

d2 
= sup 2 d en(d/o) _1 

= sup 
d nd2 

[ 1 + ---,-
2d4 + n -,- + ••• ] -1 

0 0 

1 = sup 2 2 n3d4 d n + n d + + -2 -r -r • • • 
0 0 a 

2 = o /n 

which is also the Cramer-Rao lower bound. 

Example 4.3 The Uniform Distribution 

Consider one observation from the distribution F(x,e) 

with density function 

F' (x,e) 1 
= - 0 < X < 8. e 

It is easily seen that for this distribution the 

regularity conditions pf the Hammersley lower bound are 

satisfied. Continuing we see that 
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E[F'(x,0+t1)]2:::: 8 
F 1 (x,e) O+d • 

The inequality (4.1) becomes 

Var(t) ,!_ sup 
d 8 -1 

U-t-a 

= -d(e+d). 

Since ¾a(-8d-d2 ) = O when d = - ;, the inequality (4.1) 

finally becones 

Var(t) 
82 

> -. 
4 

The statistic 2x is unbiased fore. Davis [5] showed 

that the statistic 2x is the uniformly minimum variance 
82 

unbiased estimator for 8 with variance 3 . The Hammers~ey 

lower bound therefore exists but is not attained. 

Example 4.4 The Gar.ma Distribution (Mitra [11)) 

Consider n independent observations from the Gamma 

distribution with density function 

F' (x, 8) aP p-1 -ex 
= fTp} X e 0 < x, 8 > o. 

It is easily seen that for this distribution the 

regularity conditions of the_ Hammersley lower bound are 

satisfied. Continuing we see that 

E [ F ' ( X , 8 +d) ] 2 
F(x,e) 

= 7Ce+a) 2P xp-l 
o eP r(p) 

-2(e+d)x e 
-ex e 

dx 
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Hence for any unbiased statistic t 

Var(t) 
d2 

?. sup §.) 2pn • 
d (1 + 

~)pn 
-1 

(1 + 

Let tl =~where a is a constant not depending on n. Now n 
(4.9) becomes 

Now 

Vctr (t) 

(1 
ln [ 

,(1 + 

> sup 
a 

('I 2 2 
c;> ~)2pn . 

(1 + n n 
+ ~)pn 

-1 
(1 n 

2pn ln (1 + ~)-pn ln (1 + ~) n n 

- pn c32.. - ! c32..) 2 + ! (~)3 - 1 n 2 n 3 n ••• 
2 3 

= a. - + o c!...>. n 3 n n 

Hence (4.10) becomes 

Var(t) 
2 

!. sup½, 
a n 

sup > -

2 
exp[E2... n 

82 

2 
a 

3 
~+ 

n 
1 oc3 >1-1 
n 

2 2 - 4pa) o cl> a np - (P a + 
2 n 

82 
> o c!, - 2 + np - n 

(4.10,) 

(4.11) 
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2 a=-. p 'l'hc estimator 

~. b' d f a d P is un iase or an .ao [15] showed that it is the 
X 

unifornly minimun variance unbiased estimator fore with 
. e2 

variance - 2 • np-

4.4 Discussion of the Exnr.ples 

In exar.plcs 4.1 and 4.2 the same lower bounds are 

obtained as were obtained by the techniques of Cramer-Rao 

and Bhattacharyya. 

In exaT"lple 4.3 the Crarner-Rao and Bhattacharyya lower 

bounds do not exist. The IIar'.111,ersley lower bound exists, 

but is not attained by the variance of the uniformly 

minimu~ variance unbiased estimator for a. 
In example 4.4 HaT'1mersley's technique gives a lower 

bound which is only slightly smaller than the variance of 

the uniforraly minimum. variance unbiased estimator fore 

(the dif ferencf?·• being of order ~) • 
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V. Cll7'Pr1Nl l\ND RODBH1S Lm!T:P Dotff!'D 

5.1 :Jerivation (Chaprrian and Robbins (3)) 

Let x1 ,x2 , ••• xn be n independent identically distributed 

randorri variables each with distribution function F(x,e). 

Leto be a real parameter belonging to some set n. Let x 
be the whole space and <lefine S(e) a subset of x as follows: 

F' (x,o) > O for all x in S(9) 

F' (x,e) = 0 fer all x in x - S(O). 

Lett= t(x1 ,x2 , ••• Xn) be any unbiased estimator fore, 

such that for all 8 inn 

/•••~t L(~,e) dx1 ••• dxn = e 

where L(~ 1 e) = F' (x1 ,9)F' (x2 ,o) ••• F' (xn,e) is the likelihood 

function. 

Now if e andSrh are any two distinct values belonging 

ton such that S(e+h) is a subset of S(e), then 

/•••s(e)L(~,O)dx1 ••• <lxn = 1, 

/•••~(e+h)L(~,e+h)dx1 ••• dxn = /•••s(e)L(~,e+h)dx1 ••• dxn = 1, 

Therefore 

/• .. see) (t-e) [L(~,e)]l/2 L(~,e+h)-L(~,e) 
h L <~, e) • 

[L(~,o)J 112 dx1 ••• axn = 1. 

( 5 .1) 
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Applying the Cauchy-Schwarz inequality to (5.1) we obtain 

the relation 

L(x.,e+h)-L(x,8) 2 
• f • • • S ( 8 ) [ h L ( ~, 8 ) ] L ( x , 8 ) dx l ••• dxn 

1 L(x,e+h) 2 
< Var(t) • ~{/•••see) [ L(~,e)] L(x,8)dx1 ••• dxn-1}, 

(5.2) 

since 
2 

=· [L(x,e+h)J - 2L(x e+h) + L(_x,e). 
L(~,8) -' 

Therefore the inequality (5.2) can be written as 

(5.3) 

Since the inequality (5.3) holds whenever e and e+h are 

any two distinct elements of n such that S(e+h) is a 

subset of S(8) we obtain the fundamental inequality 

Var(t) 

where the infimum is taken over all h (hfO) such that 

S(8+h) is a subset of S(8). 

(5.4) 

The inequality (5.4) gives a lower bound for the 

variance of any unbiased estimator t = t(x1 ,x2 , ••• Xn) with 

the only restrictions (i) 8 belongs to some set n, (ii) for 

each 8 there exis1tsat least one h (hfO) such that 8 and 

e+h belong to o and such that S ( e+h) is a subset of S ( 8) •. 
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5.2 General Comparison With Other Lower Bounds 

Comparison with the Hammersley Lower Bound 

1. The Hammersley lower bound and the Chapman and 

Robbins lower bound are similar in that neither requires 

differentiation under the intergal sign. 

2. They were both derived in a similar manner using 

the concept of differences and applying the Cauchy-Schwarz 

inequality. In fact, it is easy to show that they are 

identical when n = (a,b) and xis the real number line. 

In this case the Chapman and Robbins lower bound, 

sup 
h 

= sup 
h 

which is Hammersley's lower bound. 

E[L(x_,0+h)J2-l 
L (~, 0) 

Comparison with the Bhattacharyya and Cramer-Rao Lower Bounds 

The regularity conditions for the Bhattacharyya 

and Cramer-Rao lower bounds include the assumptions that 

n = (a,b) and xis the real line. In this case the Chapman 

and Robbins lower bound is identical to the Hammersley 

lower bound. The comparisons are therefore identical to 

those of section 4.2. 

5.3 Examples 

The only·examples this author has been able to find 
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assume that n = (a,b) and xis the real line. Examples of 

this type have already been given in section (4.3). 
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VI. KIEFER LOWER BOUND 

6.1 Derivation (Kiefer [9]) 

Let x1 ,x2 , ... xn be n independent identically distributed 

random variables each with distribution function F(x,e), 

where e is a parameter belonging to some set n and where 

x belongs to some set x. For each e, let n9 = {hi (e+h) 

is inn}. For fixed e, let A1 (h) and A2 (h) be two completely 

arbitary distribution functions such that E. (h) = 6 h dA. (h) 
i e i 

exists for i = 1,2. Let L(~,e) be the likelihood function. 

Now for any estimator t = t(X1 ,x2 , ••• Xn) which is 

unbiased fore, e inn, we have for i = 1,2. 

r [/• • •l (t-e)L(x,e+h)dx1 ••• dx ]dA. (h) = E. (h). 
S\:j - n 1. 1. 

(6.1) 

Assuming we can interchange the order of integration we 

can write 

6 [l•••l(t-9)L(x,e+h)dx1 ••• dxn]d(A 1-A 2) 
e 

= l•••l(t-e) [6 L(~,e+h)d(A 1-A 2)]dx1 ••• dxn e . 
= l•. •l (t-e} [L(x,e)] l/J [69 L(~,e+h)d(Al-A2)] 

[L (!, 9)] 1/2 

Using the Cauchy-Schwarz inequality we obtain from (6.2) 

[E1 (h)-E2 (h)] 2 < l••/(t-e) 2 L(~,9)dx1 ••• dxn. 

(6.3) 
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which on rearrangement becomes 

Var(t) > (6 L(x,8+h)d(A 1-A 2)J 2 

/•••f{--8---~-~----L (~, 0) 

The inequality (6.4) is true for every Al and A2 and 

therefore we obtain 

6 
E [ { 8 

• 

(6.5) 

where the supremum is taken over all Al and A2 for which 

Al+ A2 and for which the expectation in the denominator 

is defined. 

This lower bound is subject to the difficulty of 

locating appropriate forms of A1 (h) and A2 (h) in each 

case of interest. 

6.2 General Comparison With Other· Lower Bounds 

Comparison with the Chapman and Robbins Lower Bound 

1. Neither the Kiefer lower bound nor the Chapman 

and Robbins lower bound require differentiation under the 

intergal sign to ensure their existence. 

2. If in the Kiefer lower bound A2 (h) is allowed to 

degenerate to a point at h = 0, (6.5) becomes (Kiefer [9]) 

Var(t} > sup 
. Al 

[El (h) ] 2 

r . L(x,e+h)dAl 
n -E[{ e }2)-1 L(x,e) 

• (6. 6) 
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If we further allow A1 (h) to degenerate to a point h +· 0, 

then the Kiefer lower bound becomes 

Var(t) (6.7) 

which is precisely the Chapman and Robbins lower bound 

for the variance of any unbiased estimator t. 

Therefore it follows that in general Kiefer's lower 

bound is at least as good as that of Chapman and Robbins. 

In fact if the Chapman and Robbins lower bound is attained 

by the variance of some unbiased estimator, then Kiefer's lower 

bound is attained by the variance of this same unbiased 

estimator. 

3. Chapman and Robbins lower bound may be obtained 

directly whereas Kiefer's lower bound is subject to the 

difficulty of locating the appropriate forms of A1 (h) and 

A2 (h) for each problem. 

Comparison with the Hammersley Lower Bound 

The comparison between the Kiefer and Hammersley lower 

bounds can only be made when n is an interval (a,b) and x 
is the real line. In this case the Hammersley lower bound 

is identical to the Chapman and Robbins lower bound and 

these comparisons have already been made. 
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Comparison with the Bhattacharyya and Cramer-Rao Lower Bounds 

1. The existance of the Bhattacharyya and Cramer-Rao 

lower bounds requires more restrictive regularity conditions 

than those required for the existence of the Kiefer lower 

bound. 

2. The author has not found a general inequality 

that exists between the K-th Bhattacharyya lower bound 

and the Kiefer lower bound. However as was shown, the 

Kiefer lower bound is always greater than or equal to the 

Chapman and Robbins lower bound, and the Chapman and Robbins 

lower bound is always greater than or equal to the first 

Bhattacharyya (Cramer-Rao) lower bound. Hence the Kiefer 

lower bound is always greater than or equal to the first 

Bhattacharyya (Cramer-Rao) lower bound. 

6.3 Examples 

Example 6.1 The Poisson Distribution 

Consider n independent observations from the Potsson 

distribution with mass function 

F' (x ,e ) = 
e-e ex 

xl X = 0,1,2 •••. 

For this distribution the Kiefer lower bound gives the 

inequality 

(6. 8) 
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If in equation (6.8) A2 (h) is allowed to degenerate to a 

point at h=O and then A1 (h) is allowed to degenerate to a 

point at h+o, then equation (6.8) becomes 

8/n 

as was shown in example 4.1. 

Example 6.2 The Normal Distribution 

Consider n independent observations from the Normal 

distribution with density 

F' (x,e ) = (2 Tr/) -l/2 

function 
2 (x-e) exp [ ---------] 

2 r?-
- CD 

For this distribution the Kiefer lower bound gives the 

inequality 

'Varft) sup 
Al'A2 

[El (h) - E2 (h) ] 2 ---------2=-------. (6. 9) 
1 exp[-n(x~e-h) ]d(A -A) 

-~ 2 2 1 2 2 
E ({ (1 } 1 

2 
exp[-n(x-e) 1 

2a 2 

If in equation (6.9) A2 (h) is allowed to degenerate to a 

point at h=O and then A1 (h) is allowed to degenerate· to a 

point at h+o, then equation (6.9) becomes 
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2 
a /n 

as was shown in example 4.2. 

It is interesting to note that two examples given by 

Kiefer [9] are incorrect. The examples are the following: 

Example 6.3 The Uniform Distribution 

Consider n independent observations from the Uniform 

distribution with density function 
1 F' (x, 8) = 8 0 < X < 8. 

Kiefer lets dA 2 (h) degenerate to a point at h=O and lets 

- 8 < h < O. 

82 
He claims that his lower bound gives n(n+2), which is the 

variance of the uniformly minimum variance unbiased 

estimator n~ly where Y is the maximum of then observations. 

In checking the rationale one finds the Kiefer lower bound 
82 

to equal 3 which is not attained by the variance of 
n(n+2) 

the estimator n+ly. n 

Example 6.4 The Exponential Distribution 

Consider n independent observation for the Exponential 

distribution with density function 

F' (x, 8) = e - (x- 8 ) x > 8. 

Kiefer lets d~ 2 (h) degenerate to a point at h=O and lets 

dA 1 (h) = n e-nh dh O < h < m. 
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He claims that his lower bound gives 12 , which is actually 
n 

attained as the variance of the unbiased estimator z- 1 , n 
where Z is the minimum of then observations. 

In checking the rationale here one finds that 

~e L(~1 8+h)d~ 1 (h) 

is infinite, which implies that the lower bound 

6 L(~1 8+h)dX 1 
E[{ 8 }2]-1 

L(x,e) 

is zero. 

·6.4 Discussion of the Examples 

Example 6.1 and 6.2 follow by letting the Kiefer lower 

bound degenerate to a point and hence obtaining the 

Hammersley lower bound which is attained by the variance 

of the uniformly minimum variance unbiased estimator fore. 

The author has not been able to find an example in 

which the Kiefer lower bound is greater than the Chapman 

and Robbins lower bound, although one may exist. Kiefer [9] 

gives two examples in which he attempts to show that his 

lower bound is greater than that of Ch~pman and Robbins. 

These examples however do not seem to be correct. 
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VII. SUMMARY 

The problem considered is that of finding a lower 

bound for the variance of the uniformly minimum variance 

unbiased estimator. 

The lower bounds due to: Cramer and Rao1 Bhattacharyya; 

Hammersley; Chapman and Robbins; and Kiefer; are derived 

and discussed. For the Cramer-Rao lower bound, necessary 

and sufficient conditions are given, which ensure that the 

variance of the uniformly minimum variance unbiased estimator 

attains this lower bound. Examples illustrating each lower 

bound are given. 

The lower bounds are compared with each other. It was 

found that: the first Bhattacharyya lower bound is identical. 

to the Cramer-Rao lower bound; the Chapman and Robbins lower 

bound is equal to the Hammersley lower bound whenever the 

latter exists; the Hammersley, Chapman and Robbins, and 

Bhattacharyya lower bounds are always greater than or equal 

to the Cramer-Rao lower bound. A summary of other comparisons 

of the various lower bounds is illustrated in Table 6.1, 

page SO. 



Lower Bound 

Cramer-Rao 

Bhattacharyya 

Hammersley 

Chapman and 
Robbins 

Kiefer 

Table 6.1 Comparison of Lower Bounds 

When lower bound is 
attained other lower Form of distribution function 
bounds that are also when lower bound is attained. 
attained. 

Bhattacharyya 
Hammersley F' (x1 , e) ••• F' (xn, e) = 
Chapman and Robbins exp [t g (e) + go (e) + f(x1 ••• xn)]. 
Kiefer 

F' (x1 , e) ••• F' (xn, e) = 
One considers the 
particular problem exp[p(x1 ••• xn)g(e) + go ( e) + f (x1 ••• xn)] 
here. where tis a polynomial in p(x1 ••• xn) 

of degree K. 

Chapman and Robbins 
Kiefer 

Hammersley 
Kiefer 

I 
U1 
0 
I 
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ABSTRACT 

The object of this paper was to study lower bounds 

·for the variance of uniformly minimum variance unbiased 

estimators. 

The lower bounds of Cramer and Rao, Bhattacharyya, 

Hammersley, Chapman and Robbins, and Kiefer were derived 

and discussed. Each was compared with the other, showing 

their relative merits and shortcomings. 

Of the lower bounds considered all are greater than 

or equal to the Cramer-Rao lower bound. The Kiefer lower 

bound is as good as any of the others, or better. 

We were able to show that the Cramer-Rao lower bound 

is exactly the first Bhattacharyya lower bound. The 

Hammersley and the Chapman and Robbins lower bounds are 

identical when they both have the same parameter space, 

i.e., when a= (a,b). 

The use of the various lower bounds is illustrated 

in examples throughout the paper. 
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