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(ABSTRACT)

Strategies for topology optimization of trusses and plane stress domains for minimum
weight subject to stress and displacement constraints by Simultaneous Analysis and De-
sign (SAND) are considered. The ground structure approach is used. For the truss
topology optimization, a penalty function formulation of SAND is compared with an
augmented Lagrangian formulation. The efficiency of SAND in handling combinations
of general constraints for truss topology optimization is tested. A strategy for obtain-
ing an optimal topology by minimizing the compliance of the truss is compared with a
direct weight minimization solution to satisfy stress and displacement constraints. It is
shown that for some problems, starting from the ground structure and using SAND is
better than starting from a minimum compliance topology design and optimizing only the
cross sections for minimum weight under stress and displacement constraints. One case
where the SAND approach could not predict a singular topology obtained by compliance
minimization is discussed in detail. A member elimination strategy to save CPU time is
developed .

For the plane stress topology optimization problem, the ground structure is obtained
by using 3 noded constant stress triangular elements. A chess board pattern is observed
in the optimal topologies which may be attributed to the triangular elements. Some

suggestions for future research are made.
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1. INTRODUCTION

1.1 Structural Optimization - Classifications

Structural optimization is the science of designing structures to meet certain require-
ments or objectives while satisfying certain limitations or constraints that are imposed.
With the advent of digital computers and the finite element method, research interest
in structural optimization received a boost. The efforts focused mainly in developing
numerical methods appropriate for use on the computers. Structural optimization can be
classified broadly under three categories

1. Sizing optimization,
2. Shape optimization, and
3. Topology optimization.

Sizing optimization involves optimizing structural sizes (e.g., areas of cross sections
of truss members, thicknesses of plates, etc.,) without changing the spatial lay-out of the
structure and hence the finite element mesh. Variables such as the areas and thicknesses
are called sizing design variables. Since the finite element mesh is fixed, sizing opti-
mization is simple to implement. However, by keeping the geometry fixed only limited
benefits can be reaped in the design. Allowing the geometry of the design domain to
change during the course of optimization is called Shape optimization. Inherently, this
is more difficult than sizing optimization. If the structure is modeled using finite ele-
ments, geometry changes require that the finite element mesh be regenerated repeatedly.
Variables that describe the structural shape (shape variables) are also used as design vari-

ables in addition to the structural sizes. The sensitivity of the objective function and the
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constraints to the shape variables is expensive to cdmpute. Despite the computational ex-
pense, the benefits of changing the geometry are quite significant. Reference [1] reviews
some of the research on shape optimization.

When optimization of structures involves decisions on connectivity of a domain
(number of holes) or on if and how individual members are connected with one another,
we enter the 3rd classification of structural optimization, namely Topology optimiza-
tion. Seeking member connectivity in addition to structural sizes makes the topology
optimization problem difficult and challenging. However it provides additional gains in
efficiency. This is illustrated by an example in Ref. [21]. The familiar 10 bar truss was
optimized for minimum weight subjected to stress and a single displacement constraints.
The optimization for sizing produced a design heavier than the one produced by topology
optimization as shown in figure 1.2. It is clear that topology optimization removed the

redundant members and reduced the weight.

1.2 Historical Background on Structural Topology Optimization

The first work done on designing an optimal topology for any structure was by
Michell [2], early in this century. In this classical work Michell laid out theorems for
designing optimal truss lay-outs for single loading conditions subject to stress constraints.
These optimal trusses were statically determinate, consisting of a large number of mem-
bers and sometimes even unstable. Hence, the Michell trusses were often impractical.
However, in addition to pioneering research on topology optimization, Michell provided
sufficient conditions for optimality of structural layouts that have been also used in recent
years (e.g., see Lev [13]).

Research on topology optin}ization stalled for more than half a century after that,
mainly because the mathematical theory behind the Michell trusses is very complex and

also because of the fact that these trusses were impractical.
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In the sixties Michell structures were re investigated by Hemp [3], Prager and Shield
[4] for the design of minimum weight structures. Rozvany and Adidam [5], Rozvany
[6],and Rozvany and Prager [9] used Michell’s theory for the design of grillages and

continued this work through the seventies. The reader is referred to the books by Roz-
vany [7], [8] for a detailed description of the foundations of the analytical optimal layout
theory for trusses, beams, grillages and plates. The theory due to Prager expressed the
problem in terms of generalized stresses (local stress, shear force, bending moment, etc.)
and generalized strains (local strains, shearing strains, bending strains etc.). A cost func-
tion was then constructed by taking into account the structural weight, fabrication and
handling costs, etc., A set of optimality criteria were developed for the minimality of
this cost function satisfying the static and kinematic requirements. The optimal structural
topologies developed were like Michell structures. They were characterized by a large
number of elements, and were statically determinate. For more practical structures, topol-
ogy optimization has always been based on some approximations. These approximation
include but are not limited to :
a) approximate analysis models (plastic analysis, rigid),
b) considering only a few simple constraints,
c¢) simple objective functions (e.g., weight, compliance),
d) simple structural systems (trusses),
e) a limited number of loading cases.

Most of the research in topology optimization has been concentrated on the design
of trusses, and for good reason. Trusses are simple yet nontrivial structures that can
be analyzed and optimized easily. For a given set of nodal points there can be several
ways of connecting them by truss members a natural problem for topology optimization.

Starting from Michell [2], several researchers have proposed various solutions (exact as
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well as approximate) for truss topology optimization which are classified in the review
paper by Kirsch [12].

In recent years a lot of effort has been put into designing light weight structures. This
has spurred a renewed interest in topology optimization. After Michell, the first serious
work on topology design was by Dorn, Gomory and Greenberg [14]. They introduced the
concept of ground structure for automatic topology design of truss structures. Topology
optimization by definition involves removal or retention of elements. This means that the
optimization problem should have some way to keep track of the presence or absence of
a particular member. Integer variables which function like switches can be used to keep
track of the presence or absence [14]. However since efficient methods were not available
to tackle the mixing on integer variables Qim other continuous variables like the member
sizes, this was not a practical approach. The ground structure approach of [14] offered
a solution to this problem. It defines an admissible set of nodal points in the structural
domain where each of these nodes is connected with every other node by uniform truss
members creating a highly connected structure that can be used as the initial design for
topology optimization (see figure 1.4). The optimal truss topology will be obtained as a
subset of this ground structure. The ground structure approach transforms the topology
optimization problem into a large sizing optimization problem where integer variables
are not needed and most of the cross sectional areas reduce to zero.

The objective of the study of [14], was to design a minimum weight truss subject to
stress constraints. Member forces were considered as design variables which rendered the
problem linear in the design variables. By using the linear programming (LP) method,
Dorn, et al., obtained optimum topologies for a single loading case. If a design variable
(member force) was non-basic, the corresponding member area was set to zero and was

removed from the structure. Other cross sectional areas were obtained by dividing the
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absolute values of the member forces by the allowable stresses. These steps rendered the
optimal design statically determinate and fully stressed.

Dobbs and Felton [15], extended the work of Dorn et al., to design statically
indeterminate trusses subject to multiple loading cases. By considering the member cross
sectional areas as design variables, they ended up with a linear objective function and
nonlinear constraints. By using nonlinear programming (NLP) and heuristics they solved
the problem. Members whose cross sectional areas were approaching zero were identified
and removed but no proof that these members will not come back later was given.

Sheu and Schmit [16], used a branch and bound technique for the topology opti-
mization of trusses. An LP problem was initially solved to get a lower bound on the
minimum form a set of candidate topologies and then the most promising configura-
tions from these are refined using NLP. This scheme is general since both stress and
displacement constraints can be considered and multiple loading cases were considered
too. However they found that in problems where the displacement constraints dominated,
more than 50% of all the candidate topologies needed to be refined by using NLP. This
proved computationally expensive. Hence, to make the cost non prohibitive, the initial
set of candidate topologies had to have limited number of configurations only.

Majid and Elliot [17], used a “steepest descent alternate mode algorithm” to opti-
mize ground structures subject to stress, displacement and buckling constraints for mul-
tiple loading cases. Initially the ground structure is a_nalyzed. Then a series of influence
coefficients is created by applying unit loads at the end of each member in the ground
structure. Using these coefficients and some theorems on structural variation, the struc-
ture can be reanalyzed efficiently. The theorems and coefficients are used to eliminate
members that are not needed and to detect any possible instability that may arise by

removing a member. This method is however limited by the size of the problem. This
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method was later extended by Majid and Saka [18], to topology optimization of rigidly
jointed frames.

Saka [19] considered in his work joint displacements as design variables in addition
to member cross sectional areas and joint coordinates thus doing away with the structural
analysis. The sensitivities were obtained by simple algebraic expressions. This concept is
a simultaneous analysis and design approach that has also been used in this dissertation.
Saka, by linearizing the problem and using the simplex method in a sequential manner
was able to ﬁndloptimal topologies for various truss configurations for multiple loading
cases. To reduce the computational cost, he used for a ground structure certain practical
configurations selected from experience and previous knowledge of the problem instead
of the one described in [14].

When truss topologies are designed for a single loading case with the allowable
stresses in tension and compression at the same level, the optimum topology is statically
determinate. This was proved by Sved [10] and Barta [11]. This means that the plastic
design optimum is also the elastic design optimum.

Kirsch [20], used plastic design to simplify the problem of truss topology optimiza-
tion for a single loading case. In plastic design of trusses one does not need to satisfy
elastic compatibility equations and the problem turns out to be linear in the cross sec-
tional areas. Linear programming (LP) algorithms which are readily available can be
used. This approach considers as design variables the cross sectional areas of the truss
members and the member forces, the weight of the truss as the objective function and
stress constraints and upper and lower bounds oh the areas as simple side constraints.
The objective function and constraints are linear in the design variables.

The solution to this simple LP problem is not usually the true optimum for multiple
loading cases and problems with displacement constraints. Modifications are required as

a second stage to take care of the elastic compatibility by solving the actual nonlinear
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problem by NLP methods. However this LP solution represents a lower bound on the
optimum. Despite its approximate nature, this approach has the advantage that the use of
LP process being very simple, large structures (for single loading case) can be optimized
easily.

The optimum truss topology retains only a fraction of the members from the ground
structure. The cross sectional areas of the other members are reduced to zero by the
optimization algorithm. This vanishing of members may cause the stiffness matrix of
the structure to become singular. It cannot be inverted or factored and the optimization
problem becomes non differentiable.

In the plastic design for truss topology, since the compatibility conditions are ne-
glected, the structure stiffness matrix is not needed and so the singularities do not pose
a problem. This is another big advantage of using the LP based approach of Kirsch.

Ringertz [21], used a similar strategy of neglecting the compatibility and solved a LP
problem to obtain a topology, then improved the cross-sections by solving the complete
non-linear problem. He also used the LP solution as a starting point [22], for a branch
and bound algorithm to get optimal truss topologies for multiple loading cases.

Fully stressed design procedures have been tried for topology optimization of trusses
by Barnes, Topping and Wakefield [23], [24]. Starting with a ground structure and by
using a stress ratio method they resized the truss members after each elastic analysis.
With this technique they were able to drive most of the member cross sectional areas to
zero. For a single loading case and with the allowable stresses in tension and compression
on the members at the same level, they were able to derive statically determinate layouts
that compared well with the layouts obtained by using LP based techniques. For multiple
loading cases or for different stress allowables the resulting structures were statically

indeterminate. The comparison with LP based techniques was not good. In this method
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there is no objective function being considered for the derivation of the optimality criteria
and the trusses are optimized for member stresses.

The above mentioned stress ratio method is an example of a method that uses
Optimality criteria for the design of structures. Optimality criteria are conditions that are
satisfied by the optimal design. The stress ratio method is an example of a method based
on an intuitive optimality criterion. The criterion is the requirement of a fully stressed
design.

When structures are optimized for minimum weight subject to a single loading
case and if the allowable stresses in tension and compression are at the same level,
the optimum design will have minimized compliance also [30]. The compliance of
a structure is the work done by the applied loads on the displacements so that small
compliance means large stiffness. Minimizing the compliance of a structure for a given
weight or equivalently minimizing the weight for a given compliance is computationally
very cheap for two reasons. First, the calculation of derivatives of the compliance does
not require the solution of the equilibrium equations. Secondly, optimization for a single
constraint can be performed very efficiently by optimality criteria methods. For these
reasons minimum compliance optimization has been quite popular. For example, Ben-
Tal and Bendsge [29] used this approach to design topologies for trusses subject to a
weight budget. They based their approach on the work done by Taylor and Rossow
[30] for the topology design of trusses by an optimality criteria based method. Taylor
and Rossow also used an algorithm to identify active bars in the truss. Bendsge and
Ben-Tal used a displacement based formulation and the algorithm to identify active bars.
The topoloéy optimization problem is to find a set of active bars that minimize the
mean compliance of the truss. The problem is converted into an equivalent problem
using an optimality criterion based formulation. A steepest descent method is used for

the minimization. The equivalent problem does not require the global stiffness matrix
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and so its singularities do not affect the optimization. The compliance minimization
method does not consider any individual stress and displacement constraints. For general
problems with both displacement and stress constraints, topologies are first obtained for
minimum compliance without consideration of the stress constraints and then the cross
sectional areas are resized for handling the constraints. This two stage strategy does not
always produce the optimal design as will be seen from the examples in chapter 3 of this
dissertation.

Rozvany and Zhou [26], have developed continuum-based optimality criteria meth-
ods (COC) for designing topologies and generalized shape optimization [27]. By applying
the Euler-Lagrange equations in infinite dimensional design spaces (continua) and by us-
ing techniques of calculus of variations, control-theory and energy theorems they derived
optimality criteria for shape optimization problems [28] . The optimality criteria were
differential equations in the generalized stress resultants (e.g. bending moments). The
design variables were the member sizes and the generalized forces. The methods are
computationally efficient and are capable of predicting topologies that agree well with
analytical solutions [26]. While large structures can be optimized efficiently without
much computational cost, the COC methods suffered from a drawback that the for each
type of structure and for different design conditions, the optimality criteria had to be
analytically derived by a lengthy process. For discrete structures a discretized version
of the COC method (DCOC) was used. The derivation of the optimality criteria was
simpler in this case. The DCOC algorithm is capable of handling large size problems
with stress and displacement constraints. The singularity problem of the stiffness matrix
was overcome in this method by using extremely small minimum gage (107!? inches)
on the sizing variables.

Another class of methods for topology optimization has been becoming very popular

in recent years for the optimization of 2-D and 3-D structures. This is based on the
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Homogenization method. Starting from a 2-D continuum as the ground structure and by
altering the material distribution at the micro structural level (e.g., see Bendsge [31] shape
design and topology design problems have been solved for two and three dimensional
structures. The shape and topology optimization problem were nested into one and were
solved as a material distribution problem. The initial design domain was a 2-D or 3-D
continuum that was completely filled with a homogeneous isotropic material. It was then
discretized using some special finite elements that are partially filled and partially void.
The design variables for optimization were the dimensions of the void and its orientation
in space. The objective function was the mean compliance of the total structure. The
optimization problem was to get the best topology that minimized the mean compliance
subject to a constraint on the percentage of material volume that can fill the domain.
By altering the size and orientation of the voids internal boundaries (new holes) can
be created in the isotropic continuum. The optimization problem can be viewed as the
determination of the distribution in space of an anisotropic material that can carry the
given loads and meet other requirements. The homogenization idea is to create and fill
the design domain with this porous anisotropic material by periodically distributing an
infinite number of infinitesimally small voids.
The advantages of this method are :

1. The main advantage of this method with compared to traditional shape optimization
is that the shape and topology (e.g., number of holes) need not be known a priori.
Using mathematical programming methods for shape optimization, it is not possible
to predict voids. That means that the method will not introduce holes in the domain.
The homogenization method is capable of doing this.

2. The optimization process can start with any arbitrary 2-D or 3-D domain. For shape

optimization problems the FE mesh need not be updated.
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The output from the homogenization method is the design domain consisting of
elements with variable densities. Elements with small densities are interpreted as voids
and elements with high densities as solid structure. The final designs that are output by
this approach are only a non smooth estimate of the final shape of the structure. This
method hence can be the first stage or the preprocessor of a 2-stage approach. The second
stage will be a traditional shape optimization method where the information from the first
stage is used to refine the shape.

Bendsge and Kikuchi [32], developed a strategy using the homogenization method,
where truss like topologies are obtained starting from a plate like domain by requiring
the percentage of material volume to be low. They used this approach for the design of
fillets.

Suzuki and Kikuchi [33] modified this approach to consider multiple loading cases.
Later they extended the work for three dimensional shells and applied the method for
designing automobile bodies [34].

Diaz and Bendsge [35] have used the homogenization approach to design truss
topologies for multiple loading cases by using a composite objective function which is
the weighted sum of individual load cases. Several other research works on using the
homogenization method for topology optimization are reported in the literature (see for
example [36]- [41]).

This dissertation introduces an approach similar to that taken by Saka [19] for topol-
ogy design. It is called the Simultaneous Analysis and Design approach. The approach
eliminates the need for repeated analysis by considering the equilibrium equations of
structural analysis as equality constraints and the displacements as design variables in
addition to the sizing design variables. Saka linearized the optimization problem and
solved it using LP techniques. The SAND approach here uses nonlinear programming

solution methods.
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The SAND method presented in this dissertation is also a natural way to avoid the
singularity problem due to vanishing members. The method does not require the assembly
or factoring of the global stiffness matrix. Hence the singularities are not a problem.
The other advantage of the SAND approach is that unlike the compliance minimization
method, SAND is a general method capable of handling multiple constraints. So, general

problems with stress and displacement constraints can be solved in a single stage.

1.3 Historical background on simultaneous analysis and design

Structural optimization problems were originally solved based on the calculus of
variations. A problem would be solved by first obtaining the Euler-Lagrange optimality
differential equations and then analytically solving them simultaneously with the differ-
ential equations of the analysis. This method is still employed for optimizing individual
structural elements [43]. With the advent of high speed electronic computers and the finite
element method (FEM) for structural analysis, a transformation took place in structural
optimization. Numerical methods of optimization were being developed for structural
design using computers, and an approach called here the “Nested Approach” became the
standard for optimization. The nested approach is rcprcséntcd in Fig 1.1. An optimization
iteration begins by computing the structural responses for a given design variable set.
The gradients of these responses with respect to the design variables are then calculated
and are used to direct the optimization process and update the variables. This means
that structural equations are solved repeatedly once for each optimization iteration. This
nested approach is based on the use of efficient elimination fnethods like the Gaussian
elimination method for solving the structural equations. Since techniques for optimization
were not competitive with these elimination techniques, the nested approach that keeps

the analysis and optimization at separate levels was very popular.
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When iterative methods are used for analysis there is a way of integrating analy-
sis and design. This was originally investigated by Rizk [44] for aerodynamic design
problems. The two levels of analysis and optimization are still kept separate. The flow
chart for this approach is shown in figure 1.3. The method takes advantage of the it-
erative analysis scheme. The analysis iterations, instead of running to full convergence
are stopped after a small number of iterations, with the number carefully chosen so that
meaningful information about the sensitivities can be obtained. This approach was ap-
plied by Barthelemy et al., [45] for hole shape optimization in a thick plate subjected
to in-plane loads modeled by three dimensional finite elements. An element-by-element
preconditioned conjugate gradient (EBE-PCG) method was used for the analysis. It was
shown that this method was substantially cheaper computationally when a large number
of elements through the thickness was used.

When the two levels are completely merged into one so that we solve one big
optimization problem and perform no analysis, we call it the Simultaneous Analysis and
Design (SAND) approach. This approach was initiated by Fox and Schmit [46],[47] in
the mid sixties. They converted the optimization problem into an unconstrained problem
by using a penalty fuﬂction approach and then employed the conjugate gradient (CG)
method for minimization. However, The discretized equilibrium equations are inherently
ill-conditioned and the CG technique performed poorly because of this. Interest in SAND
waned for a while.

Recently, preconditioning techniques have been developed and the resulting precon-
ditioned conjugate gradient (PCG) methods are highly competitive with methods like
Gaussian elimination [48] for poorly banded problems like the ones that arise in the
discretization of three dimensional structures. Hence, interest in integrating analysis and

design has been rekindled.
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Haftka [49] revisited SAND with a penalty function formulation using an Element
by element preconditioned conjugate gradient (EBE-PCQG) algorithm due to Hughes et al.
[50]. He used it to solve linear elastic truss and non-linear panel collapse problems. He
showed that the SAND approach with EBE-PCG is more efficient computationally than
the standard nested approach employing Gaussian elimination. Although the inherent
ill-conditioning associated with the equilibrium equations that slowed down the regular
CG method was alleviated using the EBE-PCG scheme, the SAND method was found to
be very sensitive to certain parameters used to tune the algorithm.

Haftka and Kamat [51], used SAND to design structures where the equations of
equilibrium were nonlinear. For the design of a 72 bar truss and an antenna truss they
showed that the SAND approach using a penalty function solution or a projected La-
grangian solution was computationally superior to a nested approach using a projected
Lagrangian solution or a generalized reduced gradient method.

Shin, Haftka and Plaut, [52] showed that it was feasible to use this approach for
eigenvalue maximization problems. They designed optimum columns for a given foun-
dation and optimum foundations for a given column.

The computational cost associated with SAND varies with the number of design
variables in a nonlinear fashion like other mathematical programming methods. The
addition of displacement design variables increases the dimensionality of the problem
and hence the computation time. For designs under multiple loading cases SAND may
not be the best method since the number of displacement design variables will very high.
Chibani [53], tried to alleviate this problem by using a two-level SAND approach and
geometric programming for the design of space trusses for multiple loading cases.

Ringertz [54] used the SAND approach for the design of space trusses with geo-
metric nonlinearities. In one approach all the equilibrium equations were considered as

equality constraints for the optimization. In a variation of this approach, only some of the
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equilibrium equations were considered for the optimization. Buckling constraints were
also considered.

Smaoui and Schmit [55] used the SAND approach for the design of three dimensional
trusses with geometric nonlinearities and geometric imperfections. Constraints on static
displacements, stresses and local buckling were considered. The SAND problem was
solved using a reduced gradient method.

Orozco and Ghattas [56] showed that when the projected Lagrangian algorithm is
used and if the sparsity of the matrices in the problem (at least the sparsity of the Jacobian)
is exploited, the SAND approach can be computationally superior to a nested approach

that uses a SQP algorithm for the solution.

1.4 Present Work-objectives

This dissertation primarily focuses on using SAND for obtaining optimal topologies.
The objectives of this dissertation are:

1. To obtain topologies by weight minimization subject to stress and displacement
constraints starting from a ground structure and to compare these topologies with
those obtained by the two stage process of optimizing topology by compliance
minimization followed by sizing optimization of the minimum compliance topology.

2. To reduce the computational time associated with the SAND approach by using an
augmented Lagrangian approach and developing a member elimination strategy to
identify and eliminate periodically unwanted members from the ground structure.
The organization of the dissertation is as below:

Solution strategies for SAND are reviewed in Chapter 2. The relative advantages
and disadvantages of each strategy is discussed.
In Chapter 3 the SAND approach for obtaining optimal truss topologies using the

ground structure approach will be explained. The solutions are compared in terms of the
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geometry and layout to those in Ref. [29] to validate the method. The solution strategies
are compared in terms of computational expense. A member elimination strategy to help
reduce the computer time is developed and tested. The two stage approach of compliance
minimization followed by sizing optimization is compared to a direct sizing optimization
of the ground structure.

Chapter 4 applies the SAND approach for deriving optimal topologies for plane
stress problems.

Chapter 5 offers concluding remarks and some suggestions for future research.
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