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Analytical Solution of two Traction-Value
Problems in Second-Order Elasticity with
Live Loads

Gianni Luca laccarino

(Abstract)

We present a generalization of Signorini’s method to the case of live loads
which allows us to derive approximate solutions to some pure traction-value prob-
lems in finite elastostatics. The boundary value problems and the corresponding
compatibility conditions are formulated in order to determine the displacement of
the system up to the second-order approximation. In particular, we consider the case
of homogeneous and isotropic elastic bodies and we solve the following two pure
traction-value problems with live loads: (i) a sphere subjected to the action of a uni-
form pressure field; (ii) a hollow circular cylinder whose inner and outer surfaces
are subjected to uniform pressures. Then, starting from these solutions, we sug-
gest experiments to determine the second-order constitutive constants of the elastic
body. Expressions of the second-order material constants in terms of displacements

and Lamé coefficients are determined.
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Introduction

1.1 Preliminary Considerations

The nonlinear Theory of Elasticity presents many interesting problems both from mathe-
matical and physical points of view. The main issues are essentially related to the following

topics.

Equations governing the equilibrium and the motion of an elastic system are not
linear. This implies that, except for some cases of incompressible materials, it is not
possible to obtain an analytical solution to these equations. Then, it is necessary to
resort to procedures which allow us to determine approximate solutions, which are
extremely useful in practical applications. It is also common to turn to numerical
routines which are presently very effective thanks to the extraordinary developments

in modern computers.

A further complication of the theory for live loads is that boundary conditions can be

assigned only as a function of the unknown deformation.

Owing to the nonlinearity of the equations, the wave propagation problems are very

hard to study and may present blow-up phenomena.

4.  The determination of the response of a nonlinear elastic material is not an easy
task. For homogeneous and isotropic solid bodies it reduces to finding the form

of the specific strain energy. This situation is more complex than the one in the
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linear Theory of Elasticity. In the latter case the response of an isotropic material is
completely characterized by only two constants, the Lamé coefficients, which can be

experimentally determined by a simple tension test.

In this thesis we deal with points 1, 2, and 4. The study of wave propagation in

nonlinear materials represents the next step of the present work.

1.2 A Brief Historical Survey

In 1930, Signorini [1] suggested a perturbation method to find approximate solutions of
boundary-value problems of finite elasticity in the presence of dead loads (loads indepen-
dent of the deformation). This procedure is essentially an application of Poincaré’s pertur-
bation method (e.g., see [2] and [3]) to equations of finite elasticity. Furthermore, in [4]
and [5] Signorini’s method was used to investigate the uniqueness of solutions as well as
the position of the classical linear theory with respect to the nonlinear theory. Later, Stop-
pelli [6-10] proved a local theorem of existence, uniqueness, and analytic dependence on
a parameter for the solution to the traction-value problem, when the applied dead loads do
not have an axis of equilibrium, and the existence and analyticity of solutions when the
dead loads have an axis of equilibrium (see also Tolotti [11]). A discussion of Stoppelli’s
work can be found in [12-14]. In [15-19] Capriz and Podio-Guidugli investigate the com-
patibility of the linear and nonlinear elasticity theories and show that a very large class of
traction-value problems can be solved by perturbation methods of Signorini’s type. In par-

ticular, in [16], the authors provide a series expansion to construct an approximate solution
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to the static balance equations of elastic bodies under dead loads and discuss the meaning
and implication of the Fredholm-type conditions for the existence of such an expansion.
Furthermore, in [18] and [19] traction-value problems of finite elasticity are analyzed in
the presence of loads depending on the deformation (/ive loads). Although every realistic
load depends on the deformation, the introduction of live loads leads to difficult mathe-
matical problems. A crucial contribution in this framework, has been given by Valent in
many papers which are collected in [20]. In this book, Valent proves theorems of existence,
uniqueness, and analytic dependence on a parameter for boundary-value problems of place

and traction in finite elastostatics with dead loads and some special types of live loads.

1.3 Detailed Summary of the Work

This thesis is divided into four chapters.

The first chapter is devoted to the statement of the equilibrium problem in finite
elastostatics. First, the balance equations are written in the Eulerian and the Lagrangian
formulation for an arbitrary continuous system and then they are specialized to the case of
elastic systems, both in the linear and the nonlinear framework.

The second chapter is concerned with some issues regarding the formulation of the
equilibrium problem. We start from the classification of boundary-value problems of fi-
nite elastostatics and then discuss difficulties related to the pure traction-value problem. In
particular, we analyze the concept of live loads and describe the resulting mathematical

complications. Further, we discuss the nature of the global equilibrium conditions, observ-
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ing that in the pure traction problem and in the presence of live loads they are essentially
compatibility conditions for the data and the displacements.

The third chapter deals with the description of the classical Signorini’s method for
dead loads. In order to obtain conditions under which the perturbation method can be ap-
plied, the equilibrium equations, the boundary conditions and the corresponding compati-
bility conditions are written in a nondimensional form. Reference is made to the existence
and the uniqueness results obtained by Stoppelli [6, 7, 9, 10] and Van Buren [21].

The last chapter collects results obtained in [22]. Starting from the results obtained
by Valent in Chapter 6 of [20], we provide a generalization of Signorini’s method to the
case of live loads. In the framework of second-order elasticity theory we solve two traction-
value problems with live loads and design four experiments which allow us to determine

the second-order constitutive constants for the given material.



Chapter 1
Equilibrium of an Elastic System

1.1 Introduction

In this chapter the local equilibrium equations are written for a continuous system, both
in the Eulerian and in the Lagrangian formulation. These equations are general relations,
that is, they are valid for all continuous systems and do not depend on the material of the
body. However, it is well known from experience that two bodies having the same geo-
metric characteristics react differently when subjected to the same mechanical loads and
thermal conditions. Thus it is necessary to introduce some criteria which allow us to distin-
guish between the macroscopic behaviors of different material bodies. The mathematical
description of different material behaviors is the object of the theory of constitutive equa-
tions. Even if these equations represent the material constitution of the body, they must
fulfill certain general principles, called constitutive axioms, which impose restrictions on
their forms.

In Section 5 of the present chapter the constitutive equations of a continuous elas-
tic system are derived. It is noted there that, although constitutive axioms impose severe
restrictions on the form of constitutive equations, they still allow the theory wide margin
of arbitrariness, which can be filled only by experimental data. This is due to the fact that

the macroscopic behavior of a continuous body is related to its molecular structure. Since
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this structure does not enter into the continuum description, the constitutive equation of a
particular material must be determined experimentally. The experimental determination of
the constitutive equations of an elastic material is an extremely complicated task. It can be
simplified by exploiting the symmetry of the material. After having introduced the concept
of isotropy group of a material, the constitutive equations of homogeneous and isotropic
elastic bodies are exhibited. In the last Section these equations are specialized to the case

of linear elastic materials.

1.2 Finite Deformations

We consider a three-dimensional continuous system S moving in an inertial reference frame
I in which is assigned a Cartesian coordinate system R = (O, e;), i = 1,2,3, where O is
the origin and e; the unit vectors. The region of space occupied by points of S at a certain
time instant ¢ is called the configuration of S at the instant ¢ and denoted by C(t). In order
to determine the motion of S, it is necessary in the first place to "label" all points of S and
then to follow them during the motion, assigning their position in R at every instant.

To this aim a reference configuration C\ is introduced, that is a possible configuration
of S, and we call material or Lagrangian coordinates the coordinates (X ), L = 1,2,3, in
R of a particle p € S in the configuration C,.

The configuration C' (t) of S at the instant ¢ is the actual or the present configuration
of S and the coordinates (x;) in R of the particle p € S in C are referred to as spatial

or Eulerian coordinates. Any quantity ¢ associated to the motion of S’ can be expressed
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in either the Lagrangian or the Eulerian form depending on whether it is intended as a
function of the variables (X)) or (z;), in other words depending on whether it is assumed
to be defined on C, oron C.

We call finite deformation from C, to C' the vectorial function

x = x (X) (1.1)

which maps any point X € C, onto the corresponding position in C', or equivalently, the

three scalar functions

The functions (1.2) are assumed to be

1. one-to-one, and

2. of class C! together with their inverse.

The first assumption assures that the system neither fractures during the motion nor
does a crack close; the second one translates into mathematical terms the basic property of
the matter that two particles cannot simultaneously occupy the same place (impenetrability
principle). In particular, we require that at any point X € C, functions (1.2) fulfill the

condition

aiEi
J = det (8XL) >0,

in order to guarantee the right-hand orientation of the frame of references. In other words

(1.2) are diffeomorphisms preserving the topological properties of the reference configura-
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tion. Differentiation of (1.2) yields

du; —
YT X,

(X) dXr. (13)

where we have used Einstein’s summation notation in which the summation over two re-
peated indices is understood. Equation (1.3) defines at any point X € () a linear trans-
formation which maps an infinitesimal vector dX coming from X onto the corresponding
infinitesimal vector dx coming from x (X). This transformation is called deformation gra-

dient at X and it is represented in the reference frame R by the matrix

oz,
F = (Fy) = (a)f,L). (1.4)

It is easy to realize that equation (1.3) contains all the information regarding the deforma-

tion of the volume element at X when passing from C\ to C'.

In the sequel we shall make use of the following formulae, which can be deduced
from (1.3) and relate the corresponding infinitesimal surface elements do . and do, as well
as the infinitesimal volume elements dc, and dc in C, and C' respectively (for their deriva-

tion see [23])

do = J(FYde,, (1.5)
dc = Jdc,. (1.6)

From equation (1.5) we can write
do|* = doydo; = J* |do|* (F7) 1iNor (F ™) ki Nk (1.7)

C=F"F, Ciy = —mr
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since
(F Y (F Y = (C Y,

from (1.7) we obtain the following relation which will play an important role in the sequel

do = Jy/N,C-N,do.. (1.8)

The deformation of S when passing from C\ to C' can be described in a completely equiv-

alent way by resorting to the displacement field u (X) defined by the following relation
u(X)=x(X)—-X. (1.9)

Introducing the displacement gradient H by the definition

aul-

H = HZ = av
Vu, L aXL

from (1.9) it follows that
H=F -1, (1.10)

where 1 is the 3 x 3 identity matrix.

1.3 Mass Conservation Equation

The mass of a continuous system .S is assumed to be continuously distributed over the
whole region C' (¢) occupied by S at the instant ¢. In other words, we postulate the existence
of a function p (x,t) of class C, called mass density, such that, if c, is a part of S in C,

and c its image through the deformation x (X), the mass of ¢, at time ¢ is given by

m(c,) = /p(x,t) de. (1.11)
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Like every quantity associated with S, the mass density can be expressed in Lagrangian
form. In this case it will be denoted by the symbol p, to highlight that it is a function

assigned on C\, namely p, = p, (X, t). Hence, the following relation holds

m(c*):/c,o(x,t)dc:/ p, (X, 1) des,

Cx

from which, having in mind the rule of the variable change in the multiple integrals (equa-

tion (1.6)), it follows that

[ o). 7~ p. (X, 0)lde. = 0.

Cx

Since ¢, is an arbitrary volume, at any point of ¢, in which the integrand function is regular

we obtain the following local Lagrangian formulation of the mass conservation

pJ = p,. (1.12)

1.4 Eulerian Formulation of the Equilibrium Equation

In the Mechanics of the Continuous Systems loads acting on the material region ¢ C C'
from its exterior ¢¢ are divided into mass forces (or body forces), continuously distributed
over the region ¢ and contact forces (or surface loads) acting on the boundary dc. The
resultant force R and the resultant moment M, with respect to a fixed point O are given
by

R(c,ce):/pbdc+/ tdo, (1.13)
c dc

M (¢, %) = /(x — Xg) X pbdc+/8 (x — x¢) X tdo, (1.14)
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where X is the position vector of O, p is the mass density of S and the specific mass force
b and the traction t are defined on ¢ and Oc respectively.

The first integral in (1.13) takes into account all forces acting over ¢ from the exte-
rior of S. These actions are assumed to be known "a priori". They may be gravitational,
electromagnetic, thermal etc. and are expressed by the assigned specific force field b (x, ¢)
acting on the whole volume ¢ and whose values are not influenced by the motion of .S.

On the contrary, t represents a contact force field acting at the boundary dc of ¢; the
behavior of these forces is deeply related to the motion of S and therefore they are unknown
quantities.

We remark that the previous assumptions, although natural, are extremely restrictive.
First of all, the mass forces acting on ¢ can originate from the region outside of ¢ but not
necessarily from that outside of S. However, in this case they cannot be assumed as known
since they depend on the motion of the system. Further, the assumption regarding the
contact forces implies that the action of all bodies contacting Jc is equivalent to the vector
tdo. If one takes into account phenomena related to the inner structure of the medium,
then it can be assumed that these forces are better represented by a force tdo and a couple
mdo. This assumption gives rise to a branch of Continuum Mechanics referred to as the
theory of Cosserat (or micropolar) Continua'. Hence in a micropolar body, in addition to
body forces, the existence of an independent body couple density m is postulated. If it is

assumed, as we do in the sequel, that m = 0, S is called a simple continuum.

1 For a deteiled description of micropolar continua, see [24-27].
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We postulate that the force acting upon the surface element do is related to the de-
formation of particles close to do only, and depends on the orientation of do only through
its outward normal vector n. This is known as Cauchy’s postulate and can be expressed in

mathematical terms as
t=t(x,t,n). (1.15)

This is one of the fundamental assumptions in the Mechanics of Simple Continua.
We assume that at equilibrium for any arbitrary material volume ¢ C C' of S the

following conditions hold
R(c,c?) =0, M (¢, c?) =0,

which, from (1.13) and (1.14), become

/tda—l—/pbdc:o, (1.16)
Jc c

/ (x — xo) xtda—i—/(x—xo)prdc:o. (1.17)
oc c
A fundamental theorem due to Cauchy shows that, under proper regularity conditions, t is

a linear function of n, i.e.,
t =T (x,t)n, (1.18)

where T is a second order tensorial field independent of n known as the Cauchy stress

tensor®. Equation (1.18) allows us to write the local form of equation (1.16). In fact,

2 For a detailed treatment of the Cauchy theorem see [23].
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applying the Gauss theorem we can write the first integral as

/ tdo :/ Tndo = /Vx-Tdc, (1.19)
de de c

. T, I .
where Vi - T is a vector whose components in R are a—] Substituting equation (1.19)
Ly

into (1.16) we obtain

Since the integration domain is arbitrary, at all points of ¢ where the integrand functions
are regular, the relation written above implies the following local form of the equilibrium

of §
pb+ V- -T =0. (1.20)
In order to derive the local equation corresponding to equation (1.17), we remark that by

virtue of the Cauchy theorem, the second integral can be written as

/ €ijk (T — Toj) th = / €ij (2 — xoj) Tennp, =
oc

dc

o7,
/eijkaij —+ /Q’jk (.’L’j — iﬁoj) kth

823 h
where ¢, 1s the Levi-Civita symbol. Then, substituting into (1.17) and taking into account

(1.20) we obtain

/Eijkaij = 0.

Since c is an arbitrary material volume, it follows that
€ijklr; = 0,
which implies that the Cauchy stress tensor is symmetric

T =T7. (1.21)
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We conclude that the local equilibrium equation of a continuous body in the Eulerian form

is given by equation (1.20) in which T is a symmetric tensor.

1.5 Lagrangian Formulation of the Equilibrium Equation

In the previous section the fields p and T have been written in Eulerian form. However

there are many physical problems of practical interest in which it is more convenient to

express these fields as functions of X in C.

From the mass conservation equation in Lagrangian form, p, = pJ, the following

identity follows

/pbdc:/ p,bdc,

(1.22)

for any region ¢, C C\, where c is the material volume corresponding to c, in the actual

configuration C'.

We define the first Piola-Kirchhoff stress tensor T, by the condition

/ T, -N.do, = / T - ndo,
Oy dc

where N, is the unit outward normal vector to the surface element do, of dc,
equation (1.5), 1. e.,

don; = J (F*I) N,pdo,,

Li

equation (1.23) becomes

/80* (Tuir = Ty J (F7') ,)Nupdo, =0, Ve, C C,

(1.23)

. Recalling



1.6 Elastic Bodies 15

from which we have

(1.24)
Equation (1.24) expresses the relation between Cauchy’s stress tensor T and the first Piola-
Kirchhoff stress tensor T,. From (1.22) and (1.23) it follows that the integral equilibrium

equation of S can be put in the form
/ T, - N.do, +/ p,bdc, =0, Ve, C C.. (1.25)
Ocx Cx

By employing the same arguments as those used in the previous section we conclude from
(1.25) that, if the involved fields are regular, then the local equilibrium equation in La-
grangian form is

Vx - T, + p,b =0, (1.26)

aT*iL

0Xy

where Vx - T\,is a vector whose i-th component in the reference frame R is given by

Equation (1.26) presents the following two advantages over equation (1.20):

1. the mass density p, is a known function of the point X;

2. the involved fields and the function x (X) are defined in the known and fixed region

C..

1.6 Elastic Bodies

The local equilibrium equations are general relations, that is, they are valid for all continu-
ous systems and do not depend on the material of the body. However, it is well known from

experience that two bodies having the same geometric characteristics may react differently
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when subjected to the same mechanical loads and thermal conditions. This means that for
a continuous system the knowledge of the equilibrium conditions and of the external forces
acting upon the body is not sufficient to determine the deformation field.

The above considerations can be expressed in a more formal way by noting that
equation (1.26) constitutes a system of three partial differential equations in the 6 unknown
components of T, (X)*. This means that the equilibrium equations do not form a closed
set of field equations, so we add additional relations connecting the stress tensor T, to the
the deformation x(X) or the displacement u(X). Thus it is necessary to introduce cri-
teria which allow us to distinguish between macroscopic behaviors of different material
bodies. These relations are called constitutive equations because they translate in mathe-
matical terms the material constitution of the body. In order to get these equations one can
start from the assumption that the macroscopic response of a body depends on its mole-
cular structure. This means that in principle the response functions can be obtained from
Statistical Mechanics in terms of the average of microscopic quantities. Such an investi-
gation is very stimulating both from theoretical and practical points of view. In this way,
we can improve material properties and create new materials that respond to technolog-
ical demands. But this approach is not straightforward if applied to complex materials,
which are of interest in applications. In Continuum Mechanics the basic assumption of a
continuously distributed matter cancels its discrete structure, so constitutive equations are
determined experimentally. Even if these equations translate the material constitution of

the body, they have to fulfill certain general principles, called constitutive axioms, which

3 Because T? = T, from (1.24) it can be seen that only 6 components of the first Piola-Kirchhoff stress

tensor are independent.
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impose restrictions on their form. For an exhaustive study of this subject see pages 134-155
of [13].

Here we only remark that constitutive equations are assumed to be objective, i.e., we
postulate that the material behavior is independent of the observer ( principle of material
frame indifference) and further that in any evolution of the system they satisfy the second
law of thermodynamics ( principle of dissipation of Coleman and Noll )*.

A material point X in a continuous system .S is elastic if the Cauchy stress tensor T
at the point X of S depends on the deformation which S has experienced in the neighbor-
hood of X when passing from the reference configuration C\ to the actual configuration C'.
Having in mind that the deformation at X € C is completely described by the deformation

gradient F, the material point X is said to be elastic if
T(X,t) =1 (F,X,t). (1.27)

It can be shown (see [13]) that equation (1.27) satisfies the principle of dissipation and the

material frame indifference principle if the Cauchy stress tensor has the following form

%

FT, (1.28)

where 1) = ¢ (F) is called the specific strain energy.
An elastic material point X is incompressible if it can undergo only volume preserv-

ing deformations,i.e.,

det C = 1. (1.29)

4 See the fundamental memoir [28].
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For an incompressible material equation (1.28) becomes

T =—pl+ p%FT, (1.30)

where the pressure p(x) = p(X) is an unknown function. In other words, the constitutive
equation for an incompressible elastic material contains a pressure which is unknown in
the problem. This is similar to the situation in the Dynamics of Rigid Bodies. There, the
assumption of material rigidity makes all components of stress tensor unknown.

From equation (1.28), having in mind the relation (1.24) and the mass conservation
equation in Lagrangian form (1.12), we obtain the following expression for the first Piola-

Kirchhoff stress tensor for an unconstrained elastic medium

d

(1.31)

We conclude that the Lagrangian equilibrium equations for an elastic system are given by

(1.26) in which the first Piola-Kirchhoff stress tensor is given by (1.31).

We point out that although constitutive axioms impose severe restrictions on the con-
stitutive equation (1.27), they still allow the theory a wide margin of arbitrariness, which
can be filled only by experimental data. The experimental determination of the constitutive
equations of an elastic material is an extremely complicated task. From equations (1.28)
and (1.31) it can be seen that it consists in the determination of the specific strain energy
function ¢ (F'). On the other hand the symmetry properties of the material can simplify it
to some extent. We recall that the material symmetry group or simply the isotropy group is

the group of unimodular transformations (i.e. whose determinant equals 1) of the material
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coordinates under which the constitutive equations are invariant.” In this sense, the sym-
metry group of an isotropic material, i.e., a material whose properties are independent of
the particular direction, is the whole group of orthogonal transformations. In mathematical

terms, for any orthogonal matrix Q the function f(F') must satisfy

£(F)= £(FQ).

It can be shown (see [23]) that an elastic material point, whose constitutive equations satisfy
the objectivity principle and the second principle of thermodynamics, is an isotropic solid

if and only if
W= (I ILIIT), T =@l +pB+pB (1.32)

where I, 11,111, are the three principal invariants of the left Cauchy-Green tensor B =

FF7 and functions ©;, 1 =0,1,2, are defined as follows

T

Yo = 2/)[[[0[[[,
B o o

Y, =2p (W + Iﬁ) , (1.33)
_ 5,9

A simple application of the Cayley-Hamilton theorem allows us to obtain the following

form of (1.32),

T = fol + fiB+ foB™, (1.34)

5 This form of the notion of symmetry group was introduced by W. Noll [29].
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where f;,7 = 0, 1,2, are related to the ¢, by the following relations:®

fo = 0o — L1y,

fi = o — 1y, (1.35)
fo = Illgp,.
Using (1.33) in (1.35), we obtain
fo = 2p(II%+HI%>,
fi = Zp%, (1.36)
fo = —2plll%.

For an incompressible isotropic solid, we have

_ _ Wp o 0
G=9(LII), T=-pl+2p-B-2- B (1.37)

For the proof of these results and a detailed description of the symmetry properties of a

continuum system we refer the reader to [13] and [23].

6 The Cayley-Hamilton theorem states that an n x n square matrix A satisfies the following identity

(—A)" "+ L(—A)" '+ .+ L1 (-A) + 1,1 =0,

where I, I5, ..., I,, are scalar functions depending on the components of A and are called principal invariants
of A. For n = 3 we have

A3 —TAA? + II4A — 11141 =0,

where
IA = Akk = t?“A,
1 1 2 1, 5
IIA = §(AkkAll — AklAlk) = §(tTA) — itTA s
11T, = detA.

In particular for the left Cauchy-Green tensor we obtain
B?® - IB*+1IB—II1=0.
Multiplying the preceding equation by B! and solving for B2 we get
B>=IB - II1+IIIB7 !,
which, substituted into (1.32), gives (1.34).
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1.7 Linear Elastic Bodies

The deformation x(X) is said to be infinitesimal if components of the displacement field
(1.9) and those of the displacement gradient (1.10) are first order quantities, that is, if their
powers or products can be neglected as compared to the quantities themselves. When the
deformation x(X) from C, to C is infinitesimal and C, represents a natural state (that is
T = 0in C,), from (1.32) we derive the constitutive equation for an isotropic linear elastic
material. We note that for an infinitesimal deformation we obtain the following expressions

for B and B?:

B=FF' =(1+H)(1+H") =1+2E+.., (1.38)

B?>=1+4E + ..,

where the symmetric tensor

E=-(H+H") (1.39)

1
2
is known as the infinitesimal strain tensor and plays a fundamental role in the theory of
infinitesimal deformations. If we assume that functions ¢,, 7 = 0, 1, 2, can be approximated

by their Taylor series expansions in the invariants of B in the neighborhood of B = 1

(absence of deformation), up to first order terms in H, we obtain
¢; =ai +b; (I —3) = a; +2b;1g, (1.40)

where [ is the first principal invariant of E. The condition T = 0 for B = 1 requires that

constants a; and b; satisfy the relation

a1+a2+a3:0.
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Hence, for small deformations of an elastic isotropic material, the stress tensor becomes
T = Mgl + 2uE, (1.41)

where coefficients A and p, which depend in a proper way on constants a; and b;, are called
Lamé coefficients of the elastic material.
The Cauchy stress tensor for infinitesimal deformations of an anisotropic elastic ma-
terial can be written as
T =CE, (1.42)
where the elasticity tensor C is a fourth order tensor characterized by the following sym-

metries

Cijnk = Cijen = Cjign.
These properties can be proved starting from the symmetry properties of tensors T and E:
T = CijneEre = CijinErn = CijinEne = Tji = Cjing Eng.

In particular, for an isotropic linear elastic medium, from (1.41) and (1.42) it follows that

the elasticity tensor becomes
Cijnk = AijOnk 4 p(0in0j + 0n0ir).

In the Theory of Elasticity it is useful to consider the Green-Saint Venant strain ten-

sor

1
(;:E+§H?H. (1.43)

It is easy to see that in an infinitesimal deformation

G-E, (1.44)
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where the notation x> means that quantities on the left and the right-hand side of (1.44)

differ by an order greater than |u| and |H|. The following relations between the invariants

of G and B hold:
2lc = -3,
4Ilg = II—21+3, (1.45)
8lllg = IIT—11+1-1,
and

I = 2Ig+3,
II = 4l +4lg + 3, (1.46)

Il = 8Illg+4llg +2Ig + 1.



Chapter 2
Nonlinear Elastostatics

2.1 Introduction

In this chapter we formulate the boundary-value problems of finite elastostatics. We study
in depth the meaning and the difficulties related to the assignment of the traction boundary
conditions. In fact, in the case of the pure traction-value problem the boundary condition
depends on the unknown deformation. In order to describe this, we discuss two examples.
The first example is concerned with an elastic system at equilibrium in an uniform pressure
field acting upon its boundary. The second example deals with an elastic system subjected
to the action of elastic surface forces.

A further complication is represented by the fact that, for the case of pure traction-

value problem, the global equilibrium conditions depend also on the unknown deformation.
2.2 The Local Equilibrium Equations

Let S be an elastic system at equilibrium in a reference configuration C,. Let us assume
that under the action of body forces and surface tractions acting on a part or on the whole

boundary 05, S reaches a new equilibrium configuration C'. The task of an elastostatic

problem is to determine the finite deformation x (X), or equivalently the displacement

24



2.2 The Local Equilibrium Equations 25

u (X), which S undergoes when passing from C, to C, under the action of the aforesaid
forces.

Since the function x = x (X) is defined on the reference configuration C,, it is
necessary to resort to the Lagrangian equilibrium equations. Also the traction acting upon
the boundary 9C of the equilibrium configuration C' can not be assigned since C' appears
among the unknowns of the problem. At the equilibrium the following equations hold (see

(1.24)):

{ Vx - -T,+p,b=0, VX € C,, (2.47)

T, N, =t,, vX € aCy,
where p, is the mass density in the reference configuration, T, the first Piola-Kirchhoff
stress tensor and N, the outward unit vector normal to the part dC”, of 0C, on which the
surface forces with density t, act. (If 9C., # 0C,, then boundary conditions on OC, — 9C,
need to be given).

For an elastic material, by virtue of (1.28), we have

%

FT, (2.48)

from which, remembering the definition (1.24) of the first Piola-Kirchhoff stress tensor,
the Lagrangian formulation of the mass equation pJ = p, and the definition (1.10) of the

displacement gradient H, we obtain

oy (F) 0y (H)
oF P oH

T, = p, (2.49)

Substitution of (2.49) into (2.47), yields the following system of three non linear second

order partial differential equations in the three scalar unknown functions x; (X) which are
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regular in the domain Ci:

0%u;
where
aT*iL aQw aiZlkzL
MM 9y TOHL0H T \ 09X, @31)

In particular, when the body is homogeneous in the reference configuration, the coefficients
Arnij do not depend explicitly on X and r; = 0, Ve.
The main goal of the non linear elastostatics is to find the finite deformation x(X) of

S from equations (2.50), together with boundary conditions (2.47),.

2.3 Some Considerations about Boundary Conditions

In the boundary-value problem (2.47) there is no mention of conditions on the part 0C? =
0C — OC., of the boundary of S on which no surfaces forces are applied. Here, we assume

that this part is fixed or deformed in a known way by virtue of suitable constraints. That is
x (X) = x¢ (X), VX € aCy. (2.52)

If OC! = ¢, the boundary-value problem (2.47) is a pure displacement problem; it 0C" = ¢
we deal with a pure traction-value problem, and finally the problem is said to be mixed if
ocC! c oC,.

The following remarks can be made concerning the boundary-value problems.

1. In a boundary-value problem the data are usually assigned functions on the boundary

of the domain which is to be determined as a part of the solution. For instance, in the
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Dirichlet problem for the Laplace equation on the domain 2, we assign the value of
the unknown function on the boundary of 2. In the Neumann problem the value of
the normal derivative of the unknown function is given. Finally, in the mixed problem
we assign the value of the unknown function on a part of 9€2 and the value of the
normal derivative on the remaining part of 9€2. However, the assignment of the surface
traction on the boundary in a non linear elastostatic problem is not as easy as it may
appear.

Let us consider, for example, an elastic system S at equilibrium in the absence of
body forces (i.e., b = 0) under a uniform pressure py acting on the boundary 0C' of
the actual configuration. The corresponding Eulerian boundary-value problem is (see
(1.20))

{ V., -T=0, VxeC, 253)

T N = —pN, Vx € 0C".
This boundary-value problem can be formulated in the Lagrangian form. Having in
mind equation (1.5) and the definition of the first Piola-Kirchhoff stress tensor we

obtain

T;jNj = TyyJ (F7) , Nux
From (1.5) and (2.53)s,, it follows that

do
t;, = CTUNJ = _pONZ = —poJ (F_I)Li N*L%

Comparing the two preceding relations we obtain

TerNer, = —poJ (F71),. N,p.

Li
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Thus the Lagrangian formulation of the problem (2.53) becomes

T, =0, X e C,,
{ Vx 0 VX el (254)

T, N,=—poJ (FY) ' N,=t,, VXeaC.
It is easy to realize that t, is not a known function of the point X € 9C,. In fact it
contains the unknown deformation x (X) through its gradient F. In other words, the

function t, (X) can not be given.

Similarly, let us consider an elastic system S subjected to the action of the elastic
forces t (x) = —kh (x) i (where h (x) is the elongation of a linear spring at the point
X, k is a constant, and i is a unit vector) acting on the part dC” of the boundary 0C
of its present equilibrium configuration. Because of (1.8) and having in mind that the
relation between t, and t is

t.do, = tdo,

we obtain the following relation between t, and the actual stress vector t

t, = Jt1/N,CIN,. (2.55)

Hence, the data to assign on the part 0C”, corresponding to the part C” is

t. (F,X) = tj" = —J/N,CIN, kh (x (X)), (2.56)

O «
which depends on the unknown deformation and, consequently, can not be assigned.
These two examples together with the fact that equations (2.50) are essentially non
linear make the boundary-value problems of elastostatics very complicated. Hence, it
is natural to attempt to simplify the problems described above by limiting the analysis
to those problems in which boundary conditions can be assigned. All loads, which

in C, depend on the deformation are called /ive loads; differently, loads which can
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be given as known functions of X € 9C, are called dead loads. These dead loads
have been widely studied in the literature. However, they are very difficult to realize

in practice. As a matter of the fact, from the condition

do
t

- do,

t. (X)

it follows that the traction t acting upon 0C” has to be assigned in such a way that t,

be independent of the deformation but depend only on X.

Equations (2.47) represent necessary conditions for the equilibrium of .S. Therefore,
together with (2.47), we have to consider the global equilibrium conditions which
express the vanishing of the resultant force and the resultant moment with respect to a
point O of all forces acting on S. In order to write them, we denote by ® the reaction
due to constraints which are necessary to realize the displacement (2.52). Then the

following global equilibrium conditions must hold

fo* p, bdc, + faci t.do, + fac; ®do, =0,
fc* p,r X bdc, + fac; r X t.,do, + fac; r x ®do, = 0.

(2.57)
It is plain that for a mixed-value and a displacement-value problem the constraints

have to satisfy these conditions. On the contrary, for the traction-value problem

conditions (2.57) reduce to the following

fc* p.bdc, + fac* t.do, =0,
Jo. px x bde. + [, r X t.do, = 0.

(2.58)
Since t. depends on x (X) and F on 9C, and owing to the presence of r = (x(X)—x)

in (2.58), it is not possible to establish if the data satisfy these conditions unless we

know the deformation corresponding to the force system (t., b). For this reason,
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Signorini [1] suggested to regard (2.58) as compatibility conditions, i.e., if there exists
no deformation satisfying equations (2.47) and (2.52), then the traction boundary-value
problem has no solution. In the particular case of dead loads, condition (2.58); is an

"a priori" restriction upon the traction data, while (2.58) still remains a compatibility

condition due to the presence of r.



Chapter 3
Signorini’s Method for Dead Loads

3.1 Dimensional Analysis of the Equilibrium Equations

In 1930, Signorini [1] suggested a perturbation method to find approximate solutions of
boundary-value problems of finite elasticity in the presence of dead loads. First the elastic
system S is assumed to be in equilibrium, in the absence of forces, in a homogeneous,
isotropic and unstressed configuration C',. Subsequently, under the action of a system of
mass forces b and surface tractions t, the continuum S deforms until it assumes a new
equilibrium configuration C'. The basic assumption of Signorini’s perturbation method is
that the response of S to applied loads is not so different from its response if the system
behaved like a linear elastic material. Consequently, the first step in order to check if the
method can be applied is to write equations (2.47) in a nondimensional form. To this aim,

we introduce the following reference quantities
T, I, L, b 1 p (3.59)

where 7" has the dimension of stress and describes the internal state of the system in C.;
[ and L are lengths which represent measures for the displacements and the characteristic
dimensions of the body, respectively; b and ? are reference mass and surface forces, and

finally p has the dimension of mass density. If we continue to use the same notations for

31
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the nondimensional quantities, the pure traction boundary-value problem (2.47) becomes

T ~
VT = —pp.bb, (3.60)

TT, N, = tt.

On the other hand, if we use the Cauchy stress tensor of linear elasticity as a measure of

the state of stress of the body, from the constitutive equation (1.41)
T = Mpl1+2uE,

in which [y is the trace of the infinitesimal deformation tensor E and A and p are the Lamé

coefficients, it follows that

~ [
T:FZEQF,

[ .
where I' = max{\, u} and a = I Substituting into (3.60) the preceding expression of T',

we obtain the following system

Lbj

V.- T, = — %L/, (3.61)
al’

T, N, = 4

U ar’

where all quantities are nondimensional. It is now easy to understand that if we want C', to

be the unperturbed state of S', we must have

Lhp i
_Fp ~ <<, (3.62)

€
«Q al’

This relation allows us to estimate the order of magnitude of the body forces and surface
tractions acting upon S starting from the material of the body (I'), its dimensions (L) and

the relative magnitude of displacements (ov = [/ L).
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In terms of reference and nondimensional quantities, the compatibility condition

(2.58); can be written as

,55L3/ p*bdc*+fL2/ t.do, =0,
. 9C

which, dividing by aI'L? and having in mind the value of the small parameter € given by

(3.62) becomes

/ p.ebde, + / et do, = 0. (3.63)
Cx 0C

In the same way, for the second compatibility condition (2.58), we have

pblL? / p,r X bde, + t1L* / r X t,do, =0,
- 0Cx

and, dividing by oI'lL?, we obtain

/ p,I X ebdc, +/ r X et,do, = 0. (3.64)
- 00

3.2 Signorini’s Method for Dead Loads

We note that the use of an approximation procedure makes no sense unless we have en-
sured that there exists at least a solution to the equilibrium problem. Consequently, the
existence and uniqueness results play a crucial role within the boundary-value problems of
finite elasticity. Unfortunately, the known existence and uniqueness theorems for solutions
to the partial differential equations are not general enough to include the boundary-value
problems we have described above. Van Buren [21] proved an existence and uniqueness

theorem for the solution of the mixed problem involving dead loads. This result starts from
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the Banach-Caccioppoli theorem on the inverse functions and is local, i.e., it is valid for fi-
nite deformations which are not far from the linear deformations. Furthermore, it requires
that an existence and uniqueness theorem hold for the corresponding linear problem. For
a mixed boundary-value problem Van Buren showed that if the first Piola-Kirchhoff stress
tensor depends analytically on the displacement gradient and the applied body and surface
loads are analytical functions of the perturbation parameter e then there exists a unique so-
lution of the problem which is an analytical function of €. Hence, provided that ¢ < 1, the

perturbation method can be applied if the following main hypotheses are satisfied:

The first Piola-Kirchhoff stress tensor T, = JT (Fil)T depends analytically on the

displacement gradient H;

2. Db(e,X) and t, (e, X) are analytical functions of e.

In order to derive a sequence of linear problems to be solved, we write
T.=A(H)=) A,(H), A(0)=0, (3.65)
n=1

where functions A,, (H) are homogeneous polynomials of degree n in H’, and further

b = i €'b,, t,= i "tun, (3.67)
n=1 n=1
u= i €"u,, (3.68)
n=1

7 In fact it is sufficient to note that

Twir = Air (H) = Cyirjpm Hjne + CayirjpnnHjp Han + .. (3.66)
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where series (3.65), (3.67), and (3.68) are absolutely and uniformly convergent in a proper
radius of convergence.

Assuming that H,, = Vu,,, from (3.68) it follows that

H=> ¢H,. (3.69)
n=1
Substituting from (3.69) into (3.65), we have

Tiir = Cayiinr (eHijm + € Hojar + ...) +
+C(2)iLthN <€H1jM + €2H2jM + ) (EthN + 62H2hN + ) + ...

= eCoyirjpHijn + e (C(l)iLjMHQjM + C(?)iLthNHlethN) + ...

or equivalently

T.=) ¢ (CyH, +B, (Hy,...H, ), (3.70)

n=1
where C ) is a fourth order tensor and B,, (Hl, - Hn_1)» n = 2,3, ..., are homogeneous

polynomial of degree n in variables Hy, ..., H while B; = 0. From (3.66) it follows

n—1»
also that Cy) has to be identified with the tensor C of the linear theory of elasticity (see

equation (1.42)), so that (3.70) becomes

T.=)» ¢ (C-E,+B,(H,..H,,)), (3.71)

n=1

(H, +H]) .

here E,, =
where 5
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Substituting from (3.67) and (3.71) into (2.47) with homogeneous displacement bound-

ary condition, we obtain

~

V- (C-E,)+pb,=0, onC,,
(C-E,) N, =%.,, onoC, (3.72)

u, =0, ondC! n=12 ..
where the following definitions have been made
p*f)n =p,b,+V-B, (H1, e Hn_l) ,
(3.73)
tin = tu, — B, (Hy,...,H,_;) - N..

When n = 1, f)l = by, t.; = t; and equations (3.72) coincide with those of the
mixed boundary-value problem in the linear theory of elasticity. More generally, if we
assume that fields uy, ..., u,,_; are solutions to the problems (3.72) forn = 1,....,m — 1;
then, equations (3.72) written for n = m define a new mixed boundary-value problem
for the same material and for the same domain C., but with loads by, tin depending in a
known way on uy, ..., u,,_1. In other words, the determination of the m — th term of series
(3.68) reduces to the solution of m mixed boundary-value problems for the same body in
C. , but with different loads. The great advantage of using Signorini’s method lies in the
fact that it allows us to pass from a non linear problem to a set of /inear problems.

Van Buren’s theorem can not be directly extended to the case of the pure traction-

value problem for the following two reasons. First, the linear and the nonlinear pure traction

boundary-value problems admit at least a solution if the applied loads are balanced , i.e.,

/ p.bdC, + / t,do, = O, (3.74)
Cx 0C

/ r X bp,dC, +/ r x t,do, = 0, r=r,+u (3.75)
C. aC,
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Second, for the linear problem there does not exist a uniqueness theorem since the solution
is determined to within an arbitrary infinitesimal rigid displacement (see Theorem 10.4 of
[23]). This means that in order to obtain a unique solution to the linear pure traction-value
problem, we have to add further conditions to the displacement. For instance, we may
require that

u(0) =0, H(0) = H”(0), (3.76)
which exclude the translation and the infinitesimal rigid rotation respectively. Concerning
Signorini’s method for the pure traction-value problem with dead loads, Stoppelli [6-10]
proved a local existence and uniqueness theorem, and analytic dependence of the solution
on a parameter, when the applied dead loads do not have an axis of equilibrium, and the
existence and analyticity of solutions when the dead loads have an axis of equilibrium
(see also Tolotti [11]). As Van Buren’s theorem, Stoppelli’s theorem is an application of
Banach-Caccioppoli theorem on the inverse functions to the pure traction-value problem
and is local. A discussion of Stoppelli’s papers can be found in [12-14], and [33].

In [4] and [5] Signorini’s method was used to investigate the uniqueness of the above
solutions as well as the position of the classical linear theory with respect to the nonlinear
theory. Later, Capriz and Podio-Guidugli [15-19] investigated the compatibility of the
linear and the nonlinear elasticity theories and showed that a very large class of traction-

value problems can be solved by perturbation methods of Signorini’s type.



Chapter 4
Signorini’s Method for Traction-Value
Problems with Live Loads

4.1 Introduction

Starting from the fundamental paper [1], the research relative to pure traction-value prob-
lems (see [4-17]) has essentially been developed only in the presence of dead loads b =
b(X) and t, = t.(X). Nevertheless, it is easy to realize that the physically meaningful
loads depend on the deformation. Further the hypothesis of live loads in the pure traction-

value problems introduces the following mathematical difficulties (see Section 2.3):

1. The boundary conditions depend on the unknown deformation.

2. The global equilibrium conditions represent compatibility conditions for the data and

the displacement and can not be verified a priori.

Only since the 80’s the research in finite elastostatics has been devoted to pure
traction-value problems with live loads. In fact, in [18], [19], and [30] Signorini’s method
has been extended to live traction-value problems by Grioli, Capriz and Podio-Guidugli. In
particular, in [30] Grioli studied an equilibrium problem for a heavy solid immersed in a
homogeneous incompressible fluid and, later, in [31] and [32] Grioli provided a new pertur-

bation procedure for the pure traction boundary-value problems introducing a convenient

38
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constitutive parameter. In [19], starting from two problems suggested by Grioli, Capriz and
Podio-Guidugli generalized the results of [18] and presented a perturbation method for the
pure traction-value problems with live loads for almost rigid hyperelastic bodies. An im-
portant contribution in the framework of non linear elasticity with live loads has been made
by Valent in many papers which are collected in [20]. In this book, Valent extended Stop-
pelli’s theorem to some pure traction-value problems with live loads. In particular, Valent
proved some local theorems of existence, uniqueness and analytic dependence on a para-
meter which allow us to use Signorini’s method for pure traction-value problem in which
the prescribed surface traction is parallel to the normal to the boundary of the body. More
precisely, within this class Valent considered the traction-value problem for loads invariant
under translations and rotations, and the case of a heavy body submerged in a homogeneous
liquid.

In this chapter, starting from the results of Valent [Chapter 6, 20], we study traction-
value problems for a body subjected to a uniform pressure. Besides the introduction, this
chapter is divided into five sections. In the second section, we provide a generalization of
Signorini’s method to the case of live loads. Furthermore, we formulate the boundary-value
problems and the corresponding compatibility conditions (global equilibrium conditions) in
order to determine the displacement of the system up to the second-order approximation. In
the third section, we solve two live traction-value problems for an elastic continuous system
of simple geometry (sphere and hollow cylinder) in a uniform pressure field. The obtained

solutions allow us to propose four experiments for determining the second-order constitu-
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tive constants for the given material. Finally, in the last section we present expressions of

the second-order material constants.
4.2 A Generalization of Signorini’s Method to Live Loads

4.2.1 Dimensional Analysis

For the sake of clarity, here we reproduce briefly the same arguments as used earlier to de-
scribe the dimensional analysis for dead loads. We assume that the elastic system S is in
equilibrium in the absence of forces in a homogeneous, isotropic and unstressed configura-
tion C,. Then, by virtue of the action of a system of mass forces b and surface tractions t,
S assumes a new equilibrium configuration C'. We assume that the response of S' is close
to the linear elastic response. Consequently, the first step in order to check if Signorini’s
method can be applied is to write equations (2.47) in a nondimensional form. In order to

do that, we introduce the following reference quantities (see section 3.1)
oL Loobofp, (4.77)

and continue to use the same notations for the nondimensional quantities, the pure traction
boundary-value problem (2.47) and compatibility conditions (2.58) (see equations (3.63)

and (3.64)). We write them as

(4.78)

V., Ty, =—cb inC,,
T, N, =¢€t, ondC,,
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/ p.ebdc, +/ et do, =0,
C. ac,

/ p.Ir X ebdc, +/ r X et,do, =0,
C. aC.,

where, adopting the Cauchy stress tensor T of the linear theory to describe the stress state,

(4.79)

the perturbation parameter € is given by

t
— 4.
al’ (4.30)

I -
= —pb~
‘ aF'O
in which I' = max{\, u}, A and u are the Lamé coefficients, and o = [/ L.

Provided that ¢ < 1, the perturbation method can be applied if the following hy-

potheses are satisfied:

1.  The first Piola-Kirchhoff stress tensor T, depends analytically on the displacement

gradient H;

2. b(e,X,u,H) and t.(¢, X, u, H) are analytical functions of e.

Note that in this case the body force and surface tractions depend on the displacement
field and its gradient.

Then, if local theorems of existence and uniqueness for the problem (4.78) hold and
the solution is an analytic function of ¢ which satisfies the compatibility conditions (4.79)
together with the assigned loads, problem (4.78)-(4.79) reduces to solving a set of linear

pure traction boundary-value problems with dead loads.
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4.2.2 Signorini’s Method for Live Traction-Value Problem

In view of the applications of Section 4, the aforesaid perturbation method will be used to

solve up to the second order of approximation the following problem

V.- T,=0 inC,,
{ T, N, =¢t, ondC,, (4.81)
/ et do, = 0, / r X et,do, =0, (4.82)

0C« 0Cx

where

t, = Jt\/N, - C-IN,, (4.83)

(see equation (2.55)).
The first Piola-Kirchhoff stress tensor T, of an elastic, isotropic and homogeneous

body up to second order in H is given by (see [13])

A
T, = Mgl+2uE+ 3 (Igur +213) + Byl + Byl I | I

+B,I6E + B,E? — MgHT — ;1 (HT)?, (4.84)

where E :% (H + HT) is the infinitesimal strain tensor, 3,, i = 1,--- ,4, are the sec-
ond order constitutive constants, and Ig and [ Ig denote the first and the second principal
invariants of the tensor E, respectively.

The series expansion of the displacement u up to second-order terms in the small

parameter € is given by

u = eu; + €u,. (4.85)
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From (4.85) we can easily deduce the following relations:

H = €H1 —+ €2H2, E = €E1 + €2E2, [E = GIEl + €2IE27
Iyur = Elgur, Ig=ély, Ilp=¢llg, IwE=éIgE;, (4.86)

E* = ¢€Ei, I[gH" =g H], (H)? =¢&(H))%

Substituting the second-order expansions (4.86) into (4.84) we obtain

T, = €T, + € (Thwo + B.), (4.87)
where
T, = Mg I+2uE;, i=12 (4.88)
)\ 2 2
Boi = |5 (L + 208, ) + 8103, + Bl s, | T+ By, Ex (4.89)

2
+6,E} — Mg, H] — 1 (H{) .

We now derive the form of the traction (4.83) up to second order terms. First, from (4.85)
we get the following expression for t = t (X, u (¢) , H (¢))

et = ety (X) + € [(Vut)gw + (Vat), Hyl . (4.90)
Furthermore, for a matrix A written as

A=1+8,

detA = 1+4+Ig+1ls+ 11]g, (4.91)

At = 1-S+S*+0(8?). (4.92)
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Therefore, for
F=1+H,

from (4.91) and (4.92), to within an error of third order in the components of H, we get

1
J:detF:1+]H+UH:1+IH+§[Il‘g—lm}, (4.93)

F'l=1-H+H*+o (H2) : (4.94)
! = (F'F) " =F'(F) = (1-H+H) (1-H+ (H)") (499)
~ 1- (H+H") + (H")’ + HH" + H2.
From (4.86); it follows that
H? ~ ZH? (4.96)
Iy = elu, +Iu,, I =l (4.97)
Substituting relations (4.97) into (4.93) we obtain

1
J ~ 1+ely, + Iy, + 5 [(e[Hl + €2IH2)2 — 62]H%i|

1
~ 1t el + h, + 56 (Iﬁh - IHf)

and, since

1
I, =5 (th - IH§> ,

we finally come to the following second-order expression for .J

J=1+¢ly, +€ [Iu, + ] (4.98)
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By using equations (4.86)1, (4.86)19, and (4.96) we get
C' = 1—(eHy + @H, + eH! + @HY) + (eHT + HY) +

(H; + €Hy) (eHT + €HY) + (eH; + €H,)”

12

1 — (eH, + €H, + eH! + ¢HY) + (eHT)” + ¢H,H + H?
~ 1—¢(H,+H)+¢ <H§+ (HlT)2+H1H1T—H2—H2T>,
and remembering that
2E, = (H; +H]), i=12,
we have
Clnl—2E — & (213:2 _H:-HHT - (HIT)2> . (4.99)

From (4.99) it follows that
N.-C7'N. =1-2N. - EN, - €N, - (2B, - B} - HiH] — (H])”) N..

Using the Taylor series expansion

2+
V1—2ac—be? =1—¢€a— <a2+ )62+0(€2)7

and introducing the following constants
a = N* . ElN*

b = N, (2E2 - H2-HH - (H{)2) N.,
we obtain

VN, -CIN, = V1-—2ae—€2b

2 )
~ 1—ea— <a 2+ )62. (4.100)
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Thus from equations (4.90), (4.98), and (4.100) the relation (4.83) can be written as

et, = Jet\/N, -C-IN, ~ (14 ely, + € [Iu, + [Tn,])
24 b
(et1 (X) + €f) [1 —ea — (a 2+ ) 62:| ,

where
f = (Vut)o u; + (th)O Hl-

Retaining only the terms up to second order in € we obtain

2
+b
et, = (et1 + e + 62IH1t1) {1 —€a — (a 5 > 62:|
~ Etl — €2t1a + €2f + 62[H1t1

= ety + € [T, t1 — 6N, - BN, + (Vyut)ow + (Vat), Hyl .
Thus, the the traction (4.83) assumes the following form up to second order terms
et, = eto + tao, (4.101)
where

t, = ti, (4.102)

t*g = [Hltl — th* . ElN* + (Vut)o u; + (th)O Hl.

Finally, because of equations (4.87) and (4.101), problem (4.81) reduces to solving

the following two linear boundary-value problems with dead loads

Ve - Ty=0 inc’*’
{ T, -N, =t ondC,, (4.103)
V* . (T*2 + B*l) =0 in C*,
{ (Ty2+B,1) N, =t,, ondC,, (4.104)
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respectively with the following compatibility conditions

/t*ldo—* — 0, (4.105)
aC.,
/(X—f—ul)xt*lda* = 0,
aC..
/t*ng'* = 0, (4.1006)
aC..
/ (X 4+uy) Xty +uy X ty]do, = 0.

0Cx

Here moments are taken with respect to the origin of the coordinate system.

In the next section, we solve the problem (4.81)-(4.82) only when S is subjected to
a uniform pressure. Furthermore, since the uniform pressure fields are live loads which
are invariant under translations, the theorems of existence, uniqueness, and continuous
dependence on a parameter, proved in [20], hold for the problem (4.81)-(4.82).

Equations (4.105) are compatibility conditions imposing restrictions both on the ap-
plied forces and on the corresponding displacement which is solution to the problem (4.103).
In other words, in (4.105) the following relations

/ t*ldO'* = 0, / X x t*ldO'* = 07

0Cx 0C«

representing a restriction on the applied forces, have to be verified a priori. However, the
condition which guarantees the physical meaning of the displacement u;
/ uy X tydo, =0,

0C

can only be verified a posteriori.

The inspection of the compatibility conditions (4.106) can only be made a posteriori.
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4.3 Two Live Traction-Value Problems

In this section problems (4.103)-(4.106) are solved for the case of a continuum with spher-
ical and cylindrical geometry. Then, starting from the obtained solutions, some experimen-

tal procedures are suggested to determine the constitutive constants 3, of the body.

4.3.1 The First Traction-Value Problem: Sphere

Let S be a sphere of radius R made of an elastic, homogeneous, and isotropic material.
Suppose S be at equilibrium in a current configuration C' under the action of a uniform

pressure field

t = —poN, (4.107)

where pq is a positive constant and N is the unit outward normal vector to the boundary

0C of S (see Figure 4.1).

Fig. 4.1. A sphere loaded by a uniform pressure.
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In order to write the Lagrangian equilibrium equations in a nondimensional form, it

is useful to introduce the following characteristic quantities (see (4.77))

t=p, Il=1u(R), (4.108)
T =max{\,pu} =T, L=R,

where p is a pressure which induces a linear response and @ (R) is the displacement of the
boundary of S in the linear approximation.

From (4.80) and (4.108), the perturbation parameter e is given by
p
= =—. 4.109
=T ( )

Owing to spherical symmetry, we search for the solution of pure traction-value problem

(4.78)-(4.79) in the following form
u(r) = [eur (r) + €uy (r)] a, (4.110)

where a, is the radial unit vector of the physical basis associated with the spherical coordi-
nates {7, ¢, 0}.

The first-order boundary-value problem (4.103) is

{ V.- Tyz1 =0 inC,, @.111)

T*l . N* = t*l on 80*

In order to write the problem (4.111) in spherical coordinates we start by writing the metric

tensor (g;;) associated with the natural (or holonomic) basis (e;).

10 0 ) 1 0 0
(gi) =1 0 sin®0 0 |,(¢")=(95) " = | 0 ogzg O (4.112)
0 0 g2 0o "0 1L
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First, we recall that the relation between the unit vectors of the natural basis (e;) and the

unit vectors (a;) of the physical basis is®

a; = e; (no sum over 1), (4.113)

0

while the relation between the reciprocal basis is
a' = /g€’ (nosum over 7). (4.114)

The covariant components of the first-order displacement gradient H; in the basis e’ ® e’

are given by

aui

B 0mj

where the Christoffel symbols T'}; are related to the metric coefficients g;; and g*/ by the

(Hy)y

—Thuy, (4.115)

following formulae

1 ..
Fé’h = §glz(gij,h + Ghij — Gjni)- (4.116)

From (4.112) it follows that the non-zero Christoffel symbols are
1
3, = I'y,=03 =% =~ Ij=-rsin’f, I=-r (4.117)
r
I3, = I3 =cotf, TI3,=—sindcosh. (4.118)

It is now an easy task to compute from (4.115), (4.117), and (4.118) the covariant compo-

nents of the first-order displacement gradient H; in the basis €’ ® €’

(Hl)l_] = Oa i 7£ ja

8  Note that from (4.112) and (4.113) it follows that

€2 €3
MTeL AT e BT
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where u} = d_l The non-zero contravariant components of H; are given by the relation
r
(H1)7 = g™ ¢’ (H1)wn

and, from (4.112), they assume the following values

Hence, we can write

Uy
!
H, =ue ®e + 3

Uy
—262 X (D) + —363 X €3
r3sin® 0 r

and, from (4.113), we finally obtain
U u
H, = uja; ® a; + 7132 ®ag + ?133 ® ag,

or in matrix notation

wy 0 0
Uy
H=|0 -0 (4.119)
0 o0 2
.
From (4.119) we have
ey, = ) + 2%, E, = H,,
and from (4.88) we obtain
O\ + 2p0)u, + 222 0 0
r
T, = 0 M+ 20 + u)% 0 (4120

0 0 i, +2(A+u)%
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We recall that the physical components of the divergence of a symmetric tensor field T in

spherical coordinates are given by (see [33])

oT,, 10Ty 1 0T,

or +; 00 Jr7"si1r10 Op
1
-
0T, 10Ty 1 0Ty,

(V-T)y = or +r 00 +rsin9 D * (@.121)

1
;[3T79 + cot 0(T99 — Ttptp)]a
0T, N 10Ty, 1 0T,
v or r 00 rsinf Op
1
(3T, + 2cot 0Tp,,).

r

(V-T), =

(2T7~,« — Tg@ — T%D + cot QTTQ),

It can be easily seen from (4.120) that the relations (4.121) assume the following form

d(Tu1)rr | 1
(V ’ T*1>r = (d—l) + _[Q(Tﬂ)rr - (T*1)99 - (T*l)gw]
r r
= (A+2u) [ uf + gu’ — 3u (4.122)
1 r 1 r2 1] :
(V- T.)y = 0, (V-Tu), =0
and, having in mind that N, = (1,0,0)7,
)N

Furthermore, from (4.107) and (4.102), it follows that
t.1 = —poN.. (4.124)

Hence, from (4.122) and (4.123), and (4.124), the boundary-value problem (4.111) be-

comes
r?uf + 2ru} — 2u; = 0,
2\ 4.125
(A +2p) uy + el = —Po. ( )
r=R
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The general integral of the differential equation (4.125); is

~ B
uy (r) = Ar + ot (4.126)

Substituting from (4.126) into the boundary condition (4.125); and due to the spherical

symmetry of the problem we must have

u (0) =0,
by routine calculations we get
— po —
A=-— B =0.
3A+2u’
Thus, the solution of system (4.125) is
Po
=— . 4.127
w(r) = 5t (4.127)
On the other hand, t,; = —pyN,, so that from (4.127) we easily verify that the

first-order compatibility conditions (4.105) are satisfied.

The second-order boundary-value problem is

(0% e @
From the first-order displacement (4.127) we obtain
H, = E, =A1, E?=(H")?=4%11, (4.129)
In, = Ig, =34, Iyur=34A% Iy, =3A%
Substitution of expressions (4.129) into (4.89) and (4.102), yields
B, = AA%1, (4.130)

t*g = —2p0/_1N*,
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where
15

Since A and A are constants, equation (4.130); implies that
V.- B, =0. (4.131)

Using the same arguments as those used to derive the expression of the divergence of the

first-order stress tensor we obtain

0 T, rr 1
(v T, = 202 Lo, (T (1))
T T
2 2
= (A 2p) <u’2’ + ;u’z — T—2u2) : (4.132)

(V- Tw)y = 0, (V-T.), =0.

©
Furthermore
;02X
T - Nu= (A +2p) uy + —us. (4.133)
r
Therefore, from (4.132), (4.131) and (4.130), the second-order boundary-value problem

(4.104) becomes

r2uly + 2rul, — 2uy = 0,

2\ _ _
[()\ +2u) ) + —m] AR = —2poA, (4.134)
r r=R
and it admits the following solution
AR
ug (r) = [ 2A* 4+ — | r. (4.135)
Po

From (4.130), and (4.135), it is easy to verify that the second-order compatibility conditions
(4.106) are also satisfied.

In conclusion, the pure second-order traction-value problem has the solution

A3
u= [[le + (2212 + ﬂ) 621 ra,. (4.136)
Do
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It is influenced by the second-order elastic constants through the presence of A in (4.136).
Even if all the second-order elastic constants vanish, the second-order displacement field is

non-zero.

4.3.2 The Second Traction-Value Problem: Hollow Cylinder

We consider an infinite hollow cylinder S made of an elastic, homogeneous and isotropic
material. Let R; and R, be the internal and the external radii, respectively. Let S be at

equilibrium in the current configuration C' under the action of the uniform pressure field

(4.137)

£ — —piN;  on 9C;,
B _peNe Ol’laCe,

where p; and p, are positive constants, N; and N, are the unit outward normal vectors to

0C; and 0C,, respectively (see Figure 4.2).

Fig. 4.2. Schematic sketch of a circular hollow cylinder subjected to pressure on the inner
and outer surfaces.

Adopting the same arguments as in the previous section, assuming that L = R,,t = p

and | = u (R.), where @ (r) is an infinitesimal displacement, the parameter € can be written
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as

~

p

EZE.

Adopting the cylindrical coordinates {r, ¢, z}, the following first-order pure traction-value

problem has to be solved

V*-T*l =0 inC’*,
T, N, =t ondC,, (4.138)
T, N,. = tiel) on 0C,.,

for the unknown displacement u; (1) = u; (r) a,, where a, is the radial unit vector of the
physical basis {a,,a,,a,} associated with the cylindrical coordinates. In order to write
the problem (4.138) in cylindrical coordinates we start by writing the metric tensor (g;;)

associated with the natural basis (e,, e,,e,)’

1 00 - 1 0 0
(g)=1{ 0 7 0 |,(¢")=1(g)"'=| 0 = O (4.139)
0 0 1 0 0 1
From (4.139) and (4.116) it follows that the non-zero Christoffel symbols are
1 2 2 1

It is now easy to see from (4.115) and (4.140) that the non-zero covariant components of

the first-order displacement gradient H in the basis e’ ® e’ are
<H1>11 = U/17 (H1)22 =Tus.
The corresponding contravariant components of H; are given by the relation

(H1)7 = g™ ¢’"(H1)wn

9 Note that from (4.139) and (4.113) it follows that

€2
ap =e€;, ax= o az = es.
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and, from (4.139), they take the following values

Uy
(Hl)ll = Ulp (H1)22 = ﬁ

Hence, we can write
U
H, = uje; ®e; + r_3€2 ® ey,
and, from (4.113), we obtain

Uy
/
H1 = U ®a; + ?aQ X ag,

or in matrix notation

uy 0 0
H =] 0 % 0 (4.141)
0 0 O
From (4.141) we have
g, = u) + X B, =H,
T
and from (4.88) we get
O+ 200, + A2 0 0
r
T, — 0 iy + (A + 2@% 0 . (4.142)
0 0 A <u’1 + E)
,

We recall that the physical components of the divergence of a symmetric tensor field T in

cylindrical coordinates are given by (see [33])

aTrr 1 aTrG 8Trz Trr - T09
+= +

(V-T), = or r 00 0z r ’
. T,y 1 0T 0Ty, 2
(V-T)y = FE+- S+ e o, (4.143)
orT,, 10Ty, 0T1,, 1
VD). = -+ T, Tl
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It can be easily seen from (4.142) that quantities in (4.143) assume the following values

0 T* T T* e T*
(v . T*l)r _ ( 1) + ( 1) ( 1)99
or r
up o wg
(V : T*l)e = 0, (V ) T*l)z =0,
and, since
N.; = (-1,0,0)", N,.=(1,0,0)", (4.145)
we have
, A
T Ny = —|(A+2p)u; + Sl
A
Ta - Noe = (A4 2p) v} + —uy. (4.146)
r
Furthermore from (4.137) and (4.102); we have
till) = _pZN*Z7 tiel) = _peN*e' (4147)

Hence, from (4.144), (4.146) and (4.147), the boundary-value problem (4.138) becomes

r2uf + ruf —u; =0,

A
A 2 ! - = — Vi,
{( +2p) vy + rul] 7 (4.148)

A
{(A o)l + —ul] _—
r r=Re

The general solution of (4.148) is

uy (r) = Ar + E (4.149)
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Substituting (4.149) into boundary conditions (4.148), 3, we obtain following values of

constants A and B

_ Rip. — Rip; _ RZR? (pe — pi)
-2\ +p) (R} - R?) - 2u(RI-R?)

(4.150)

The second-order boundary-value problem is

V*' (T*2+B*1) =0 in C*,
(Tus + Bui) - No =t%  onadC.,, (4.151)
(T*Q + B*l) : N*e = tieg) on aC*ey

Adopting the same arguments that brought us to the expression of the first-order stress

tensor (4.142), we obtain

O\ + 2p)udy + A% 0 0
T, = 0 iy + (A + 2@% 0 , (4.152)
;U2
0 0 A <u2 + )

from which we get

(V- Tw), =

= (A+2p) (ug - % — —) , (4.153)

(V-Tw), = 0, (V-T.),=0.

From the first-order displacement (4.149) we obtain

BQ
Iy, = Is, = 24, Iyur =2 (A2 + F) C g, =AY — = (4.154)
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Substituting relations (4.154) into (4.89) we obtain

2AB(A\+ 1) | B*(A—p)

4

_ 2
By = ABA=p)+ =3 -

B2 2AB B\?
+4A%6, + (Az _ F) By + <2A2 - =3 )53+ (A— ﬁ) B4,

_24B(Atp) | B*(A—p)

(But)yy = A*(3A—p) 3 = (4.155)
B? 2AB B\’
+4A%6, + (AQ_F) By + <2A2+ - )534- <A+ﬁ> By
B2\ B?
(Bu1)s; = BA*A+ T T +4A%8, + <A2 - ﬁ) B,
(B*l)z‘j = 0, 1 7é J-
It is now easy to compute from (4.143) components of the divergence of B,
8 B* T B* T B*
B, ~ 2Bl (B~ (Baw
or r
4B% (u— A -
_ (:UJ r:— ﬁQ 64)’ (4156)

(V-Bu), = 0, (V-B.),=0.

In order to write boundary conditions (4.151), 3 we start by noting that (4.152), (4.155),

and (4.145) give

A
(Tso+Bu) Ny = — [()\ + 20) uy + U + (B*l)n] a, (4.157)

A
(Tua+By) N = {()\ + 241) Uy + Tl + (B*l)u} a,. (4.158)
Further, from (4.137) and (4.102), it follows that

tl9 = pi(H] — I, 1) N,

tfé) = De (H{ - IH11) N,
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which, recalling (4.154) and (4.145), become

B B
() = (A + ) a, t9=— <A + —2) a,. (4.159)
T

Hence, from (4.153), (4.156), (4.157), (4.158), and (4.159) the second-order boundary-

value problem (4.151) becomes

( riug 4+ ruy — up = — (A(L/\_JFAQJ/:)%_ 54>,
{— (A4 2p) uy — %Uz — (Ba1)yy - Dip;, (4.160)
O+ 200+ 2+ (B —-D
where N
Di:AJr]%, D€:A+R%. (4.161)

It will be useful in the sequel to write (B, ), as follows (see (4.155))

4
(But)y = Ao+ Y Aif3;, (4.162)
i=1
where
2AB (A B?(\ —
Ao = A2 (3\ — ) + £2+’“‘)+ (T4 o) (4.163)
B? 2AB
A =4A%, Ay = AQ——4, Ay =2A% — 5
r
B? 2AB
Ay = A? =A;— A,.
r4 r2
The problem (4.160) has the following solution
us () =0+ 24 2, (4.164)

where

B* (A = p— By + By)
2(A+2p)

and the integration constants C; and C; have to be determined from the boundary condi-

Cs =

tions (4.160), ;.
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In anticipation of the developments in the next section, it is useful to write constants
Ch, h = 1,2, 3, in such a way as to highlight their dependence on the second-order material

moduli. In particular, it is possible to write them as

4
Cp=An+Y Ay, h=123, (4.165)

Jj=1

where for h =1, 2,

Ao =g = A=A =g e =0l
Ah3 = gh37 Ah4 = gh4 - fh’
and
A= B 0, A= A= Ay @167)
30_2(A—}—2[},)’ 31 — 4133 — Y, 32 — 2()\"’2,[1)’ 34 — 32, .

where we have introduced the notations

R RZA;(R;) — R2A;(R.) . RZR2(A;(R;) — Aj(R.)) .
glj: > 5 s g2_]: D) 3 , j:O’...747
2()\+/J“)<Re _Rz) 2:“’ (Re _Rz)
(4.168)
B2(\ + 3u) —A(R?p; — R2p.) + B(pe — pi)

_ by — i e 4.169
=T o emrere ™ w0t mr-—ry 0 HO
Lo BPOCBIR R AR~ p) + B (R~ Rep)

T u(A+2uR2RZ T 2u(R? — RY) '

Since A, = 4A2?, (4.166) gives Ay = 0.
Finally, it can be seen that, owing to the symmetry of the problem and the loads acting
on S, the compatibility conditions (4.105) and (4.106) are evidently satisfied.

For a solid cylinder with pressure applied on the outer surface, we must have

B=0, Cy=0, C3=0.
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Thus the second-order traction boundary-value problem has the solution

u(r) = (eA+ &C))ray.

4.4 The Experimental Procedures

The analyses presented in the previous two sections suggest experiments to determine the
second-order constitutive constants ;. Consider a homogeneous and isotropic elastic ma-
terial S, whose Lamé coefficients are A and p. Let S and S. be two specimens of S of
spherical and cylindrical geometry, respectively, and assume that geometrical characteris-
tics and forces acting upon S, and S, be those described in the previous subsections (see
Figures 1 and 2). Then, the displacement fields for S, and S, are given by (4.136), (4.149),

and (4.164), which can be written in the following dimensional form

A3
u, = {A+2A2+ﬂ} ra,, (4.170)
Po

B+ C. C
w= o+ LA LG @171)
r r
We propose the following experiments:
For a sphere S, subjected to a uniform pressure t = —pyIN, we experimentally

measure the displacement u, (R) of the external surface. Then, (4.170) provides one

equation in the unknowns [3;:

[A + <2A2 + Ap—ﬂ)] R=us(R). (4.172)
0
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Consider a very long hollow cylinder S. and assume that p; = 0 and p. = 7. Then, if
we denote by u,.; (R.) the experimentally measured displacement of the outer surface,

from (4.171) we get the following equation in the unknowns j3;:

(B<1> v 02(”) ow

R + R33 = Uc1 (Re) ) (4173)

(A® 4+ ) R +

where AV = A and O = Cil for

(pi=0,pe=m1 (pi=0,pe=m1) ? pi=0,pe=m1)’

i=1,2,3.

Let the hollow cylinder S. be subjected to the pressures p; = w9 and p. = 0. Then,

instead of (4.173), we obtain

<B<2> + Cf)) o)

2 (2) 3 _
<A< el ) R, + i + g = e (R.), (4.174)
2
where A®) = A‘(pi=7r2,pe=0) ) B® = B (pi=m2,pe=0)’ and Ci( ) = Ci|(p¢=ﬂ2,pe=0)’ for
1=1,2,3.
Finally, let u 3 (R.) be the displacement corresponding to the pressures p; = p. = 7.
Then
(B9 +cf) o
(A(3> + 0{3)> R, + 0 + R33 = e (R.), (4.175)

3) _ 3) _ (3) _
where A®) = A|(pz'=ﬂ'3,pe=7r3) ’B( )= B|(Pi=7r3,pe=ﬂ'3) , and Oi o Cil(Pz‘=7T37pe=7r3)’ for

i=1,2,3.

It is now easy to verify that (4.172)-(4.175) provide an algebraic system of four equa-

tions in the unknowns 3, - - - , 8, which has a unique solution. In fact, the determinant of
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the coefficient matrix A given by

RR}Rip3minin?

det .A = 3
641t (A + 11)” (3X + 2p1)° (R2 — R2)

1S hon-zero.

In particular, the solution of the system (4.172)-(4.175) is

(A p) (R — R}) 1 (A + p) (R? — R?)

1
fr=2 R Uer (Re) — 4 2R U (Re) —  (4.176)
M) 2N +p) 2N+ p) R,
2 2 (R,
Rl 7 Ral | Rl ues (Re) +
3 OHwBR p(A ) A+t (11
2 28 - [ — - =)=
2M+ 2R2 + 7T3 + ILL 7-[-1 7T3
R A p (At p) R2 p2 R
Rimg  m R2my Ry’
2 4 4 2 2 2
WA+ p) (RE-RY)  p* (A +p) (R — RY)
62 = -2 |: R2R3ﬂ_ +2 R?Re’]'('% Uel (Re)+
2 2 2
i (N + ) (R2 — R?)
8 o (Re
RoRay Vel
Atw’ | At w) | e+ p) R (3) + 200)°
2 4 (R B2
YR TR |t Ty e (0
A3 QEmB A2t pO 2 ()
2 2“ (2R 0 p -
L_ 1N, iR pQ+w R LR
™ Rz2ﬂ-3 B! Rgﬂ—l R?ﬂ'l’

4.177)
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p (A + ) (R — RY)

2 2 2
p (A + p) (RZ — R)
=21-3 4
o | e R
% + % e 7
1 R2R, 73 ter (Fe) +
A+ O+ g+ ) Re
(3)\+2u)3u () - BA+5p (A +p) R N (3 +2u)° S +2p)
2 S 92 2R2
<A}—?Z>2 11\ PR " M p (Ap L) 2 /f;g
—_2M2<_ ) e+__3 1+ e

T3 T T3 Rims  m Ry Ry’

} uer (Re) +

2 —9 Ue3 (Re> +

9

(4.178)

2 4 4 2 2 2

pt A+ p) (R — RY)  p” (A4 p) (RS — RY)
oo (A R R Y () +

A+’ w2\ +p)Re (3\ +2u)° 3\ 4 T
C Re - T 5 9  UWs

Rt b Ve B s e (R
A R (3M+2u)° (A4 p)? 2R2 A A R? 2R?
tp R BAE 2 (At ) +3M26_3_u+3u( + 1) gl e
QRg Do T3 Rz T3 1 Rgﬂ'l RZ 1
(4.179)

63

N

It must be noted that expressions (4.176)-(4.179) of the second-order constitutive
constants just appear to be complicated. Indeed, once Lamé coefficients of the material
S together with its geometry and the forces acting on it are known, (4.176)-(4.179) only
depend on the displacements .y (Re) , ue2 (Re) , ues (R.), and ug (R) which are measured
in the experiments. Thus the four second-order elastic constants can be evaluated. Note
that loads applied must be such that ¢ << 1, otherwise the response of S to applied loads
may not be governed by the second-order elasticity theory used to derive equations (4.176)-

(4.179).
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