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{ABSTRACT)

A nonlinear mixed finite element formulation based on the Hellinger-Reissner variational
principle is developed for planar contact stress analysis. The formulation is based on the
updated Lagrangian approach and accounts for geometric nonlinearity. In the mixed model,”
both displacements and stresses are approximated independently and this approach has in
general been found to be more accurate than the displacement finite element model, espe-
cially for contact problems since it avoids the extrapolation of stresses computed at the Gauss

points to the boundary nodes.

An algorithm based on the penalty technique for equality constraints has been developed to
handle the interface boundary conditions arising in a contact problem. The algorithm auto-
matically tracks potential contact nodes, detects overlap during any load step and iteratively
restores geometric compatibility at the contact surface. The classical Hertz contact problem

is solved to validate the algorithm.

The mixed formulation algorithm in cylindrical coordinates is applied in conjunction with the
penalty based algorithm to solve the contact problem in layered cylindrical bodies. Static
condensation techniques are used to condense out the discontinuous components of stresses
at the element level. The contact stress distribution and variation of contact area with load is

computed for different loading situations. Furthermore, the effect of the difference in the rela-



tive magnitudes of the moduli of the layers on the stability of the contact algorithm is investi-

gated.

1]



Acknowledgements

I am very thankful to my advisor, Dr. Surot Thangjitham for his continuous support and guid-

ance. His encouragement was instrumental in the successful completion of this work.

My sincere thanks to Drs. Robert Heller and Rakesh Kapania for serving on my graduate
committee and for their valuable suggestions. Their recommendations greatly improved this

work.

1 am also grateful to Dr. J.N. Reddy for his invaluable guidance during the initial stages of this

work.

| am greatly indebted to my parents, Ramamurthy and Krishnakumari for their constant en-

couragement and love throughout my education.

Finally, | would like to convey my thanks and appreciation to my friends here at Virginia Tech
who helped me in numerous ways. | would especially like to thank Dr. I. Janajreh, Dr. X. Wang,

Dr. Y.S. Reddy, J. Pandrangi and N. Vure.

Acknowledgements v



Table of Contents

INTRODUCTION .. ittt ittt ittt et et eaan e atsreananns
1.1 The contact problem .. ... . . e e e e e
1.2 Solution of contact problems . ... .. ... . L
1.3 Mixed elements vs standard elements for contact analysis .. ..................
1.4 Literature review . . ... e e
1.5 Objective of the Present Study . ........ ... . . . . . . it

DEVELOPMENT OF GOVERNING EQUATIONS .........ccvviivionn e
2.1 Introduction . ... e e
2.2 Equilibrium equations . ... ... e e e
2.3 Finite element model .. ... ... ... .. e
2.4 Finite element model in cylindrical coordinates ........... .. .. ... .. .......
2.5 Static condensation . ... ... e e
2.6 On the nature of mixed approximations . .......... ... ... .. .. .. .

NUMERICAL ALGORITHM FOR CONTACT CONSTRAINT ..........ccctiveveivinnns
3 dntroduction ... e e

Table of Contents



3.2 General CONCEPIS . /... i e 38

3.3 Selection of penalty parameter ........ ... ... . ... 39
3.4 Tracking and imposing contact constraints . . ....... ... ... ... .. .. .. .. ... 40
3.4 Description of the algorithm . .. .. .. 47
NUMERICAL PROBLEMS AND RESULTS .. ..ttt ittt v tnrnnerorenrtanraraeennns 50
4.1 Introduction . .. e e 50
4.2 Hertz contact problem . . ... . 50
4.3 Finite element solution for the Hertz contact problem ... .................... 52
4.2 Isotropic Cylinder with abore .. ....... .. . . .. . . i 63
4.3 Layered cylinder with a bore .. ... .. .. . i e e e 64
SUMMARY, CONCLUSIONS AND RECOMMENDATIONS ....... ..o eninnnnsses 76
D SUMIMIAIY L e e e e e 76
5.2 CONCIUSIONS . ... e e e 77
5.3 Recommendations .. ... . . e e 78
ReferenCes ... ... ¢ttt tintcnnnenent oot noneaaarsststsrtanasonnsa 79
7 1 82

Table of Contents vi



List of lllustrations

Figure 1.1.‘ Two surfaces connected by gapelements .......................... 4
Figure 1.2. Bilinear normal stiffness of gapelements ............... ... .. .. .... 5
Figure 1.3. Two surfaces connected by area interface elements ................... 6
Figure 1.4. Two surfaces in slidelinecontact .. ........ ... .. .. ... ... .. ... ..... 7
Figure 1.5. Schematic sketch of the solid rocketmotor . ....................... 11
Figure 2.1. Motion of a body in cartesian coordinates . ........... ... .. ......... 14
Figure 3.1. Two bodies to be brought intocontact ............................. 41
Figure 3.2. Configuration of the two bodies atcontact .. ........................ 42
Figure 3.3. Forces acting on the two bodiesincontact . ......................... 43
Figure 3.4. Violation of compatibility and contactoverlap ........................ 45
Figure 4.1. Schematic of the Hertz contact problem .. ................ ... ... ... 53
Figure 4.2. Coarse finite element mesh for the Hertz contact problem .............. 54
Figure 4.3. Deformed configuration (4 nodes in contact) for the coarse mesh ........ 55
Figure 4.4. Contact pressure vs centreline distance for aload of 118 Ib/in ... ..... ... 56
Figure 4.5. Contact pressure vs centreline distance for a load of 248 Ib/in .. ......... 57
Figure 4.6. Refined finite element mesh for the Hertz contact problem ............. 58
Figure 4.7. Deformed configuration (6 nodes in contact) for refihed mesh ........... 59
Figure 4.8. Contact pressure vs centreline distance for aload of 78 ib/in .. .......... 60
Figure 4.9. Contact pressure vs centreline distance for a load of 140 Ib/in .. ......... 61
Figure 4.10. Load vs contact area for the Hertz contact problem . ................. 62
Figure 4.11. Finite element mesh for isotropic cylinder withbore .................. 65

List of lllustrations vil



Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure

Figure

4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.19.
4.20.

Deformed finite element mesh (nodes 1,17,33 & 43 incontact) .......... 66

Contact stress vs angle about centre foraload of 9 1b/in .............. 67
Contact stress vs angle about centre for aload of 34 Ib/in . ............ 68
Load vs contact area for the isotropic cylinder withbore .............. 69
Contact stress vs centreline distance for the layered cylinder .......... 71
Load vs contact area for the layered cylinder .................... ... 72
Tangential stress vs load at the bore (node 16) . .................... 73
Tangential stress vs load at the interface (node 2, casing) ............. 74
Tangential stress vs load at the interface (node 2, propellant) .......... 75

List of lllustrations viil



List of Tables

Table 2.1. Eigenvalues for different interpolation orders

List of Tables



Chapter |

INTRODUCTION

1.1 The contact problem

The evaluation of the stresses and deformation when two or more solid bodies are brought
into contact as a result of external loading constitutes a contact problem. When the type of
contact is non-conforming (i.e. the bodies coming into contact have dissimilar profiles), the
area of contact is much smaller compared to the dimensions of the bodies themselves. As a
result the stresses are highly concentrated in the region of contact and are independent of the
distribution of stresses in the bulk of the bodies. Hence the contact stresses constitute a local
stress concentration that can be significantly high and can lead to failure of the structure. Thus
in a contact problem one is interested in the stresses in the vicinity of the contact region as
opposed to other problems wherein the region of interest is far removed from the point of

application of load.

There are other significant differences that set apart the contact problem from other problems

of linear elasticity. The foremost characteristic is that prior to the application of loads to the
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body, the extent of the contact surface (area on which the contacting bodies meet) is not
known. As a result, the boundary conditions on this contact surface (stresses and displace-
ments) are also unknown. Hence, even if one were to neglect the imminent finite strains and
material non-linearities, the progressive change of contact surface in itself presents a kind of
surface non-linearity. In addition, the surface of contact may be frictional or frictionless and
appropriate slip criteria need to be adopted to accurately model the particular case. Thus the

contact problem is inherently non-linear.

1.2 Solution of contact problems

Historically, the study of contact problems was motivated by attempts to put forth acceptable
theories of impact of colliding bodies[1]. in 1882, Heinrich H;ertz solved the static contact.
problem in elasticity[2]. This marked the advent of the subject of contact mechanics. Although
exact, the Hertz theory is restricted to idealizations like perfectly elastic solids, small strains,
frictionless surfaces and specific geometric configurations. Some of the other authors who
presented exact solutions to specific problems are Muskhelishvili[3], Gladwell[4] and

Johnson(5].

Exact solutions using the classical approach are not possible or are very difficult to obtain
when dealing with arbifrary geometrical configurations and/or nonhomogenous materials.
Typically, the contact problem is idealized by introducing concentrated forces, support condi-
tions or some form of pressure distribution. However, such approximations are not true rep-
resentations of the interface conditions that characterize a contact problem. This has
necessitated the use of numerical techniques like the finite element method which has the
inherent capability to handle problems with varying geometry, material and loading conditions

and can also provide realistic solutions.
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Different methods are available for solving the contact problem using the finite element
method. These range from special interface elements to surface algorithms. A popular ele-
ment used widely in commercial codes for handling contact problems is the gap element [8]
[7]. Gap elements are used to connect two or more bodies which may come into contact as
a result of loading. Gap elements usually consist of a truss element with bilinear material
properties. Two surfaces connected by gap elements are shown in Fig.[1.1]. Since truss ele-
ments are one dimensional they provide stiffness against motion normal to the line of contact.
If the bodies come into contact, a compressive force must exist at the interface and if they lose
contact, the force should be tensile or close to zero. To account for this behaviour, the gap
element should exhibit bilinear stiffness as shown in Fig.[1.2]. As can be seen, the element
has a high stiffness in compression and a very low stiffness in tension. Another element that
is used in contact problems is the area interface element shown in Fig. [1.3]. These elements’
also use material properties similar to the gap elements to account for the separation and
closing. A major disadvantage in using gap or interface elements is that they require matching‘
nodes and spacing along the potential contact surfaces. An alternative to using such elements
is the surface algorithm approach wherein the algorithm continually checks for penetration
of one component by the boundary of the other and then pushes it back. These algorithms do
not suffer from the disadvantage that gap elements or interface elements do, that is, thay do
not require the meshing to be done in any particular fashion on the contacting surfaces. In the

present work also such an algorithm has been developed.

1.3 Mixed elements vs standard elements for contact analysis

The displacement finite element method based on the minimization of the total potential en-
ergy is well established and a vast amount of literature describing the method can be found
[8],[9]. Hence most of the literature dealing with the solution of contact problems is based on

this method. However, the mixed finite element method is gaining popularity in the analysis
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Body 1 L I

Truss Gap
elements

Body 2 y

Figure 1.1. Two surfaces connected by gap elements
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AF (Force)

Kt (stiffness in tension)

»-d (displacement)

Kc
(stiffness in compression)

Figure 1.2. Bilinear normal stiffness of gap slements
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Figure 1.3. Two surfaces connected by area interface elements
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Body 1

WA

Body 2

Figure 1.4. Two surfaces in slideline contact
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of contact problems as it has clear advantages over the standard displacement method. First
of all, since both displacements and stresses are nodai variables the boundary stresses or
contact stresses can be obtained directly from the solution instead of postcomputing them
from the strains. Secondly, the mixed finite element method yields the stresses directly at the
boundary (the region of interest) while in the displacement based method they are obtained
at the Gauss points and would have to be extrapolated to the boundary nodes. These
succesive approximations might diminish the accuracy of the stresses in the displacement
based method. Besides, the stresses might be required at intermediate steps of the analyses
({for e.g. in geometrically non-linear analyses) and in such a case the stresses from the sol-
ution vector of the mixed finite element analysis can be directly used, thus saving time and
retaining accuracy. For all these reasons the mixed finite element method would seem more
preferable in contact analysis. In the current work a mixed finite element formuilation based
on the Hellinger-Reissner variational principle is used. For comparison and completeness a

displacement based formulation is also included.

A literature review of finite element based contact analyses using the displacement method

and the mixed finite element method is given below.

1.4 Literature review

A finite element technique to solve the frictionless contact problem using differential dis-
placements was first presented by Wilson and Parsons[10]. They used the technique to solve
problems in which statically indeterminate conditions arise as a result of the contact interface
conditions. Chan and Tuba[11] treated the contact forces as unknowns and used iterative
procedukes to reach the assumed contact status. Ohte[12] solved the frictional contact prob-
lem as an extension of the work of Wilson and Parsons by incorporating the stick-slip condi-

tions at the contact surface into the stiffness equation. Tsuta and Yamaji[13] formulated an
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incremental stiffness equation that took into account the unknown forces at the contact surface
and iteratively solved for the solution. Francavilla and Zienkiewicz[14] used a flexibility matrix
in terms of contact pressures of the potential contact points to solve the frictionless contact
problem. Gaertner[15] used triangular elements to solve the plane elastic contact problem
with friction. Kalker{[16] used variational principles and Campos, Oden and Kikuchi[17] solved
the contact problem using non-linear inequalities. Okamoto and Nakazawa([18] used an in-
cremental load approach to solve the frictional contact problem. Sachdeva and
Ramakrishnan[19] modified the procedure of Francavilla and Zienkiewicz to include frictional
effects at the contact surface. Oden and Pires[20] used the penalty method to solve frictional
contact problems under nonlocal friction laws instead of the classical Coulombs law.
Rahman[21] used an iterative technique along with a mixed coordinate system at the contact
surface to solve the frictional contact problem. Chandrasekharan[22] proposed a new solution
technique using geometric constraints to solve the progressive contact problem with friction.
A penalty parameter was used to restore geometric compatibility at the contact nodes. Bathe
and Chaudhary[23] imposed contact conditions by imposing stationarity of a modified func-
tional obtained by adding the total potential due to contact forces for an element in contact to

the original potential energy functional.

Studies using mixed finite elements are not as numerous as those using displacement ele-
ments. Tseng and Olson[24] used Reissner’s principle to derive the mixed formulation from
the equations of linear elasticity, for plane elastic contact. Haslinger and Hlavacek[25] pre-
sented a mixed formulation for the Signorini problem but gave no numerical resuits.
Heyliger[26] developed a mixed variational statement using the updated Lagrangian formu-
lation to analyse plane elastic contact problems. The variational statement was based on the
Hellinger- Reissner variational principie. Two solution algorithms were presented to solve the
contact problem with friction. The first one called the rigid pin algorithm is based on the iter-

ative scheme developed by Rahman[21] and is used when one of the bodies is rigid. The
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second, called the elastic pin algorithm is more general and is based on the idea developed

by Bathe and Chaudhary for a displacement formulation.

1.5 Objective of the Present Study

The objective of the present work is to predict the contact stress distribution and variation of
contact area with load in solid rocket motors. The motivation behind studying the contact
problem in solid rocket motors is that it is the first step towards an impact analysis (a dynamic
contact problem). The particular type of solid rocket motor structure considered is shown in
Fig[1.5]. It is a layered cylinder and consists of a thin composite outer casing which covers a
thick layer of propellant and a central air core. The composite case is orthotropic and has
moduli much higher than the propellant. The cylindrical structure is assumed to be sufficiently-

long and so is analyzed as a plane strain problem.

The type of contact considered is progressive Hertzian type. An updated Lagrangian formu-
lation (where all kinematic variables are refered to the previous configuration) is used along
with a mixed variational statement based on the Hellinger-Reissner stationary principle. The
mixed formulation yields two displacement and three stress components as nodal variables.
The formulation is transformed so that the analysis is performed in cylindrical coordinates.
This is necessary to satisfy the continuity of normal and shear components of stress at the
nodes. The static condensation technique is used to condense out the discontinuoué
tangential stress components and after the solution is obtained they are computed at the el-
ement level. An algorithm based on the penalty method is developed to impose the contact
constarints. A similar scheme was used by Chandrasekhar[22] for a displacement formulation.
The technique which is a finite element adaptation of an optimization procedure for imposing
equality constraints at discrete points is used to restore geometric compatibility at the contact

surface.
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Casing _

Bore
(Air core)

Propellant

Figure 1.5. Schematic sketch of the solid rocket motor
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The following chapters contain a detailed explanation of the topics introduced in this chapter.
Chapter 2 deals with the development of the governing equations and the derivation of the
mixed finite element models in two different coordinate systems. Chapter 3 introduces the
penalty technique and contains a detailed description of the contact algorithm. Chapter 4
contains various numerical examples that were solved using the mixed finite element modei
and penalty technique. Chapter 5 gives a summary of the main topics dealt with in this work,
the conclusions that were drawn from the results and the behaviour of the algorithm and

recommendations for further extensions.
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Chapter II

DEVELOPMENT OF GOVERNING EQUATIONS

2.1 Introduction

As described in Chapter 1, the contact problem is essentially nonlinear and as a result the
assumption of infinitesimal displacements made in a linear analysis is not valid for accurate
results. The continuous deformation of the body requires an appropriate incremental formu-
lation to accomodate the consequences of finite deformations. These consequences will be
outlined as the formulation is carried out. Of the two general incremental formulations, ‘the
total Lagrangian formulation’, and the ‘updated Lagrangian formulation’, the latter will be
adopted in the formulation to follow. In the updated Lagrangian formulation all the static and
kinematic variables are referred to the previous configuration. The procedure is presented

pictorially in Fig.[2.1].

DEVELOPMENT OF GOVERNING EQUATIONS 13



XA

Configuration O

Configuration 1

Configuration 2

Figure 2.1. Motion of a body in cartesian coordinates
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2.2 Equilibrium equations

In the incremental Lagrangian formulation of solids the equation of equilibrium is given by the

principle of virtual work[27],

where,

ZTU

Zeij

,

2,

uj

V2

S:

f %2, 6(%e)) — 6(°F) dv = 0 (2.1)

Va

sCFy =| % 6u; dv + f %, u; dS .2y
Ve Sz

components of the Cauchy stress tensor in configuration 2

components of the strain tensor in configuration 2

1, 0 du;
2 (ox,

cartesian components of the body force vector measured in configuration 2
cartesian components of the surface stress vector measured in configuration 2
components of the displacement vector

variational operator

volume of the body in configuration 2

boundary of the body in configuration 2
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Although equation 2.1 is applicable to the deformed configuration, it is not useful since the
integration needs to be performed over a region that is not yet known. This is one of the
consequences of not assuming infinitesimal deformations. The Cauchy stresses in the de-
formed configuration are also not known since they are defined as the force per unit area in
current configuration. Hence we need to define auxiliary stress and strain measures which
permit us to express the internal virtual work in equation (2.2) in terms of an integral that is
known. There is another important reason to adopt auxiliary stress measures. Cauchy
stresses in the deformed configuration cannot be obtained by simply adding stress increments
that are due to straining of the material alone. This is because rigid body rotations which
acting alone can change the components of the Cauchy stress tensor must also be accounted

for in the calculation.

In order to represent the internal virtual work in the equation 2.1 in terms of an integral over.
a volume that is known and to facilitate incremental decomposition of the stresses and strains,
auxiliary stress and strain measures are used[27]. A widely used stress measure in this re-

gard is the second Piola-Kirchoff stress, which is defined as,

P 0X o, 9%

125-- = T
4 P2 Ix, ™ x,

(2.3)

where,
p1 = mass density in configuration 1
pz = mass density in configuration 2
X,- = coordinate in configuration 1

X, = coordinate in configuration 2
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2tmn = Cauchy stress tensor in configuration 2

In equation (2.3), #S; should be interpreted as the second Piola-Kirchoff stress at configura-
tion 2 referred to configuration 1. Since by definition, the Cauchy stress tensor is measured

in the most recent configuration, it follows that,

2 2

5Sj = T (2.4)
We also define the Green-Lagrange strain tensor as,

2 _ 1,0y oy oupy, Oupy,
Er= 7 Gy * o T X, ox,)

(2.5)

where fE; is the Green lagrange strain tensor in configuration 2 referred to configuration 1-

and,
u; = components of displacement vector
X; = coordinates in configuration 1

The variation of the Green-Lagrange strain tensor E; is related to the variation of the

infinitesimal strain tensor e; by the following transformation,

ox ax
2 2
S(1Ey) = _6;: axf; 5(%emp) (2.6)

For a proof of relation 2.6, see reference [27].

From equation 2.1 we have,
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2 2 _ _pi. ax,- 2 axj axm 5Xk GX, 2
Ivz 7y o8 = fvz P1 X, 1Smn X, X, ox; dx 8(1Exy) av
@2.7)
P2
- J' 22 2 S(Emn) AV
V.

2

5X,' BXk
6X,.,, aX,‘

In writing equation (2.7), the identity = JSm has been used.

Assuming no change in the mass density of the body, that is, p,dV, = p4dV;, we get,

2 2 2 2
1 2

Equation 2.8 also demonstrates that the second Piola-Kirchoff stress tensor is energetically
conjugate to the Green-Lagrange strain tensor just as the Cauchy stress tensor is energet-

ically conjugate to the infinitesimal strain tensor.

Substituting equation 2.8 into the equation for internal virtual work given by equation 2.1 and

assuming that applied loading is independent of the deformation of the structure, that is,

sCF = (P (2.9)

we obtain,

[ s, 6gp av - 6 = 0 @.10)
V.

\
This equation is in terms of the known configuration, that is, C4

The incremental decompositions of the stresses and strains are given by,
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1
15,‘/ = T,'/ + 1Si] (2113)

iEj = 185 + amy (2.11b)
where,
1Sy = incremental component of 2nd Piola-Kirchoff stress tensor
1€; = incremental component of the linear strain tensor
my; = incremental component of the nonlinear strain tensor
1 , OUn OUm
= 2 (3x ax,-)

It is clear from the above relations that the Cauchy stress at configuration 2 is equal to the
second Piola-Kirchoff stress at configuration 2. This also follows from the definition of Cauchy

stress.

Substituting 2.9 and 2.10 into 2.8 we obtain,

fv (y + 1S SGey + mpav — (A = 0 (2.12)
1

Equation 2.12 can be written as,

.
fv 156185 + my) adV + J.v Tjj 6(4myp) AV
1

1
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= =], T ey av + o('h 2.13)

1

Equation 2.13 can be written as,

1 1 1
[, tCus 1o S @+ | Moy stomp v = = | ey ae) v+ a(R) 219
1 1 1
wherein the linearization, S; = :Cyses and 6tE; = 6e; has been used in writing the

first term.

Equation 2.14 represents the approximate total potential energy in configuration 2 but referred
to configuration 1. The mixed finite element model is now constructed by introducing the strain'
displacement relations into the above variational statement as constraints and by using the
increment in the second Piola-Kirchoff stress tensor as a Lagrange multiplier. We then obtain

a modified functional which is given as,

1
M, =1 + y L5y +up — 18] 1Sy av (2.15)
1

The Hellinger-Reissner stationary variational principie is now given by setting 8IIy = 0,

1 1
6(ITy) = j 6(7 Ciywr 18y 18 — 1S5 18 + 7y 2
Vi (2.16)

1 1 1
+ oyt 5 0GS, Uy + 5 (S, u) aV — 6(Fy) = O

The first term of equation 2.16 can be written as,
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! 1
6(?18.1([ Dk/ij 1SU - 1Sfj DU“ 1Skf) = 15(-— _é_ Dljkl SI_[ Sm)

1
— = (Diix11Sii 64Sk + Dijjws 64Sii1S
2 Oipa 1Sy 018k ikt 015y 15k (2.17)

1
== 7 Duy1Su 6185 + Dyy 915415

= — Djjus 1Sk 615y

Substituting in equation 2.16 we get,
fw [ = Dyr 1S 1Sy + 11',!- o(1ey 1my) + 6{41Sy % (uy + u,',-)}] dv — 6Fy =0 (2.18)
Imposing stationarity with respect to displacements,
fv1[’f,ja(e,,- + ) + % 1Syduy; + u)l av — 6F = 0 (2.19)
Using symmetry of the stress tensor S;; the above equation can be written as,
'[v1[ 17y 8(ey + my) + 1Syé(u) 1 av = 6F, (2.20)
Imposing stationarity with respect to stresses,
fw[ Ujy61S; — Djjy Sy 6Sy) avy = 0 (2.21)
We thus obtain the two governing equations,

DEVELOPMENT OF GOVERNING EQUATIONS 21



J.v [eyo(ey + nyp + 1Sy0(upl av = oF, (2.22a)
:

J.v [U,‘J 615'] - Dijk! 15“ 61SU }dV = 0 (222b)
4
Wherein
2s; = '1; + 4S 2.23
194 Tj + 15y (2.23a)
2 1
W = Y + U,‘ (223b)

Since the equations 2.22 were obtained by linearization, they are only an approximation of the
true equation of equilibrium. Hence they must be solved simultaneously until the increments’
in stresses and displacements lie within a small prescribed tolerance. Hence, within a pre-

scribed load step we need to solve for the solution vector iteratively.

Before deriving the finite element model, a note about the nature of the mixed finite element
solution is in order. The displacement based finite element method, which is based on the
principle of minimization of total potential energy starts off by assuming approximate dis-
placement functions. The functional is then expressed in terms of the approximate model and
the minimization generates governing equations that are approximate. But the compatibility
conditions are satisfied identically. In the force or stress finite element model, which is based
on the principle of minimum complementary energy, approximate stress functions are as-
sumed to establish the approximate functional. This formulation yields governing relations that
satisy the equilibrium equations identically but only satisfy the compatibility conditions ap-
proximately. A mixed finite element model, which is based on a stationary principle rather
than a minimization of energy, embodies the satisfaction of both the equilibrium equations and

compatibility conditions since the equlibrium equations, stress-strain relations, strain-
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displacement equations and the essential boundary conditions are all taken into consideration

in deriving the governing equations.

2.3 Finite element model

In this section the two dimensional finite element model is constructed from the governing
equations 2.22. In the mixed finite element model, the displacements and stresses are ap-

proximated independently in the following form,

uixy.z) = I u yixy.z2) (2.24a)

Syxy.2) = I Sf ¥yxy.2) (2.24b)

Although the same symbol i, has been used in equations 2.24 for the interpolation functions
for displacements and stresses it is to be understood that in general they can be different.
This also follows from the fact that in the mixed model we approximate the displacements and
stresses independently. However, there are certain rules to be followed in the selection of the
order of the approximating functions and this is discussed in detail in a subsequent section.

Substituting these expressions into the governing equations 2.22, we obtain,

(k™ o1 ™ o1 % |[w]  [eb] [
[0] [K*] [0] [K*] [K*] v (F) Fh
(k¥ (0] K K*1 K*1 | S| = | O} | = | © (2.25)
[0] [K*1 [K®] k*1 k*1 | (s, {0} {0}
(K] K] K] K] K] | | {Sq)) © © |
where,
{u} = vector of incremental displacements in X-direction
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{v} = vector of incremental displacements in Y-direction

{Sw} = vector of incremental stresses in X-direction
{S,,} = vector of incremental stresses in Y-direction
{Sy} = vector of incremental shear stresses

{Ft} = linear force vector in X-direction

{Ff} = linear force vector in Y-direction

{F¥*} = nonlinear force vector in X-direction

{F*} = nonlinear force vector in Y-direction

and the components of the stiffness matrix and force vectors are given by,

i

oy

o 5‘!’/ oy 5‘1’] 2 5!//1 oy
”’u(a—x' ) PG Gt 5ty

11
= Kj

= —aﬂ d.d—K
T, ox yjaxdy = Kj

W, 51
= dxdy = K

Oy 42
= — Y,dxdy = K;
J.V ay ’I’j y ji
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25 i 52
KU = J.v _57 l[ljdxdy = Kj~

KB = - fv Dyy Wy ;dx dy

K¢ = - fv Dy ¥; ¥, dx dy

K;?S = - jv Dgs ¥; yjdx dy

Kyt = - .[v Dig ¥y ¥jdxdy = Ki°

KP = — J.V Dig¥; Yjdxdy = K;°

K> = - fv Do ¥; ¥ydxdy = Ki*

B = [ swaxay + [ e+ wyny s

(F5} fvfyw,dxdy + jr(fxynx + 1,,n,) ¥, dS
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2.3.1 On solving the positive indefinite mixed finite element matrices

It can be seen from the expression for the submatrix [K''] in equation (2.25) that it depends
on the values of Cauchy stresses evaluated in the previous iteration. Hence, in the first iter-
ation of the first load step the submatrix [K'] will contain all zeros since the Cauchy stresses
are all zero throughout the domain of the body in the undeformed configuration. If the element.
matrix is assembled as it is, the global stiffness matrix will also contain zeros corresponding
to its contribution from the submatrix [K'']. This would make the stiffness matrix positive in-
definite since zeros will appear on the principal diagonal and a conventional solver will be
useless for this system of equations. Using a solver with partial pivoting will circumveﬁt the
problem, but such a procedure would destroy the bandedness of the stiffness matrix and
would increase the computational cost. An alternative procedure used by Mirza [28] and
Yogeswaran et. al.[29] was to multiply and divide the global stiffness matrix by its transpose.
This made the global stiffness matrix positive definite and also preserved the banded char-
acter of the matrix. In the present work, a simpler procedure was adopted since it also suited
the geometry of the problem. Both the displacement components corresponding to the first
node of the finite element mesh were constrained in both the coordinate directions. This would
cause a ! to be placed on the principal diagonal corresponding to the first and second degrees
of freedom. This is the way in which the imposition of essential boundary conditions proceeds
in the ﬁ‘nite element program [9]. Now any conventional banded solver can be used since the

1’s are now used as the pivots and any further zeros on the diagonal will not affect the solution

process. Hence, the positive indefinite nature of the mixed finite element matrix is overcome
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using a specific node numbering procedure. Another point that merits mention is that although
from the first two equations of 2.25 it appears as if the two displacement components are de-

coupled, the Poisson effect is taken care of by the fifth equation.

2.4 Finite element model in cylindrical coordinates

In the mixed finite element method the displacements and stresses are approximated inde-
pendently over an element. If all the degrees of freedom are retained and assembled globally,
they are also forced to be continuous at the nodes. While displacements are almost always
continuous, the stresses may not be. This situation arises when the material of the body is
discontinuous. It is clear from the fundamentals of mechanics that the normal and shear
stresses will be continuous but not the tangential stress component. It is also evident that it.
is difficult to enforce the continuity of the normal and shear components in the cartesian co-
ordinate system. For this reason, the formulation of section 2.3 has been transformed into the
cylindrical coordinate system. This formulation also facilitates the imposition of stress
boundary conditions (for e.g. one may wish to explicitly impose stress free boundary condi-

tions on free boundaries of the structure).

Since the tangential component of stress will be discontinuous across different material
boundaries, it must not be assembled globally but must be condensed out at the element
level. This is achieved by the well known static condensation technique which is demonstrated

in the later portion of this section.

The formulation in terms of cylindrical coordinates is obtained by substituting into eqns (2.22)
the equivaient components of strain in cylindrical coordinates and simultaneously transform-

ing the stress components. Since the algebra involved in this process is quite tedious, only the
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results are reproduced below. After performing the requisite transformations, the following fi-

nite element model is obtained,

(K1 (Kol [Kia) [Keal [Kas] || (0 EBEn
[Kp1] [Kz2] [01 [Kpgd [Kps] || {up) (F5} {(F"}
[Ks] [01 [Kssl [Kaal [01 ||| =@ ] -] @ (2.26)
[K41] [Kgol [0] [Kuql [O] {Sps} {0} {0}
Ksi] K2l 101 [0] [Kss] | |(Sw}| | @) ©

where,
{u} = vector of incremental displacements in radial direction
{us} = vector of incremental displacements in tangential direction
{S§,} = vector of incremental radial stresses
{Sss} = vector of incremental tangential stresses
{S,s} = vector of incremental shear stresses
{Ft} = linear force vector in radial direction
{F§} = linear force vector in tangential direction
{FM} = nonlinear force vector in radial direction
{F§*} = nonlinear force vector in tangential direction

and the components of the stiffness matrix and force vectors are given by,
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K = - J-Qsz}/,-d//rdrdG

Ky = —f Dig ¥y ¥;r dr do
Q

K;}a = —J- D21 lll,l[/jrdrde
Q

Kt = —f Dyg ¥ ¥, r dr do
Q

Ky = —j Dog ¥, r dr d@
Q

K = —f D1 ¥ ¥, r dr df
Q

K,’?4 = "'J. DeQ\I/;l/ljrdde
Q

Ky = —J.Qoss.p,.p,rdrde
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Q r

DEVELOPMENT OF GOVERNING EQUATIONS

30



oY T O Vi
NL 6
(F5y = —I[T”—Er_l + +6_0' +TGBT!:|rdrd6

{FoL} = J;l fg ',l/jrdrdﬁ + fr{frg n, -+ T99 ne} ds

o, oy,
NL 1 1
{Fo } = — f [Tre{ ar, - ¥} + 19 - ._66' ]rdrde

2.5 Static condensation

As mentioned earlier, in the case of a solid rocket motor, the material properties are not the.
same throughout the structure. Typically, a thick layer of soft propellant is enclosed in a hard
outer casing. As a result, the tangential stress component will not be continuous and needs
to be condensed out at the element level. This is necessitated because of the mixed formu-
lation approach wherein both displacements and stresses are approximated independently
and consequently appear as nodal variables. The process of condensing out the tangential

stress reduces the global degrees of freedom per node to four from five.

The equations 2.26 can be written as,

K"} + K1 g} + [K°1(Se) + [K™1(Se} + [K™1(Sre} = (F (2.27a)
K¥'T{u + K21 {up} + [K®1(S} + [K*1{See} + [K®1(Sse} = {Fa} (2.27b)
D () + K2 (U} + K (S) + K] (S0g) + (K1 (S0} = () (2.27¢)
[K*'T{u} + (K1 {up) + [K®1(Sr) + [K*1 (S} + [K*1(Se} = (0} (2.27d)
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K33 U + K% (ug) + [K3*1(S,3 + [K*1{Spe} + [KZ®1(S,} = (0} (2.27¢)

where,
(F} = (73 — (7"
{Fe} = {F8} — (F?Y}

From equation (2.27d),

(Spo) = — KT KT () = IK*T" [K* g} — K*T K1 (S, — (K17 (S0} (2.28)

Substituting this in equations (2.27a), (2.27b}, (2.27c) and (2.27¢) we get,

[sk11] [sk12] (sk13] tsk14]| [ wa | [eFy]
[SK21] [SK22] [SK23] [SK24]| | {up} (F5)
- 2.29
[SK31] [SK32] [SK33] [SK34]| | (.3 0} @29
[SK41] [SK42] [SK43] [SK44]| | (S,g} (0} |
where,

[sk11] = [K"'] — [K™1[k*17 [K*]
[sK12] = [K"] - [K"1[K*17" [k*]
[sK13] = [K"] — [K™1[K*17" [k*]
[SK14] = [K"°] — [K™1[K*T7" [K*]
[sK21] = [K*'] — [K*1[K*T7" (k"]
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[sk22] = [K**] — [K*][k*]" [k*2)
[SK23] = [K*] — [K*Ik*T7' [k*]
[SK24] = [K*] — [K*][K*T7' [K*]
[sK31] = [K*"] — [K*1[K*17" [k*']
[sK32] = [K*] — [K*1[K*17" [k*]]
[sK33] = [K®] — [K*1[K*T7 [k*]
[SK34] = [K*] — [K*1[K*17" [k*] _
[sKka1] = [K*'] — k¥ [K*T7 [k*"]
[SK42] = [K®?] — [K¥*1 KT [K*]
[sk53] = [K*] — (K1 [K*T7 [K*)

[SK54] = [K>] — [K**1[K*T7" [K*)

2.6 On the nature of mixed approximations

As has been mentioned earlier, in the mixed finite element method, the displacements and
stresses are approximated independently. In this section, some important considerations

concerning the nature of these approximations will be mentioned and discussed.

it is known from the finite element theory that the approximating functions must satisfy certain

conditions. These are, (i) the approximating functions should be sufficiently differentiable {ii)
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the set of approximating functions should be complete and linearly independent and (iii) the
approximating functions should satisfy at least the homogeneous form of the essential
boundary conditions. The differentiability criterion is decided by looking at the differentiability
required of the dependent variables in the variational statement or the weak form of the gov-
erning differential equations. Performing this procedure for the equations (2.22) we see that
the displacement components are each differentiated once with respect to each of the coor-
dinate directions and that the stress components are undifferentiated. Thus, the stresses
should be approximated by at least a constant and the displacement components by at least
a bilinear function ( linear in both the coordinate directions). The respective approximations
should also be consistent with the mathematical definition relating stress and displacement (

that is, stresses are a function of the gradient of the displacement).

The above discussion is usually valid for standard finite element approximations. However,
the requirements mentioned in the earlier paragraph are not sufficient when using mixed finite
elements. There are further restrictions on the order of the polynomials approximating the
stresses and displacements. If these restrictions are violated, the solution leads to mech-
anisms and non-unique solutions. Mirza and Olson [30] have performed extensive studies on

this aspect and have proposed a completeness criterion which is reproduced below:

“ The strains from the stress approximations should possess at least all the strain modes that

are present in the strains derived from the displacement approximations.”

The purport of the above‘ statement is that unless the siress and displacement approximations
are of a given order, the element matrices will contain more than the allowable three zero
eigenvalues corresponding to the three rigid body modes for two-dimensional bodies. Mirza
et. al. performed an eigenvalue analysis of the mixed element matrix for various combinations
of interpolations for displacements and stresses in a rectangular element. They found that the
correct three zero eigenvalues for the expected rigid body modes are obtained only when the

order of the approximating functions for displacements and stresses are the same. Their re-
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sults are reproduced in Table [2.1]. That is, only bilinear-bilinear, biquadratic-biquadratic
combinations are allowable. When other combinations were used, more than three zero
eigenvalues were obtained and the stresses in the eigenvectors for these extra zero
eigenvalues were always zero. These extra modes are mechanisms since they cause an ap-
parent strain without any stress. Also, these mechanisms cannot be eliminated by imposing

essential boundary conditions.

In keeping with the guidelines mentioned above, only linear-linear combinations of approxi-

mating functions for the displacements and stresses respectively have been used in this work.
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Table 2.1. Eigenvalues for different Interpolation orders

Degrees of Sign of | No. of
Interpolation Freedom Eigen- Eigen- Composition of Eigenvectors
"IN% T 2T .t u,vit's [Total | values values
Xy yy xy

(-) 3 t's constant; u,v bilinear

Bilinear Constant 8| 3 1 (0) (34 r‘s=0;(u,x-v.y'u.y¢v,x-0;u.v bilinear}.
(+) 3 t's constant; u,v bilinear.
(-) 12 1's,u,v bilinear,

Bilinear Bilinear 8 {12 20 (0) 3t x's-u.x-v.y-u.y¢v,x-0.f
(+) 5 1's,u,v bilinear.
(-) 12 ‘s bilinear; u,v biquadratic.

*

Biquadratic| Bilinear 16 |12 28 (0) 4ue y's-o;(u.‘-v. =y, #v.x-O;u.v biquadratic}.
(+) 12 t's bilinear; u,v biquadratic.
(-) 24 t's,u,v biquadratic.

Biquadratic| Biquadratic [ 16 |24 40 (0) 3 r's-u.x'v.y-u.yOV.‘-O.
(+) 13 t's,u,v biquadratic.

* Full quadratic in x and y plus xy and xyz.

** Extra zero eigenvalues are associated with mechanisms which have the same u,v distributions

as the approximating polynomials.
t Rigid body modes (“-,‘O;V-y‘o‘“',""x'o)'

( Reproduced from the paper by Mirza and Olson [30] )
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Chapter Il
NUMERICAL ALGORITHM FOR CONTACT

CONSTRAINT

3.1 Introduction

In this chapter the technique used to analyze the planar contact problem will be outlined.
While a number of techniques have been used in the past to analyze contact problems, most
of them are quite complicated and utilize a number of iterative schemes to account for the
changing boundary conditions at the contact surface. Typically, constraints have been im-
posed by the use of Lagrange multipliers. This method suffers from the inconvenience of in-
creasing the number of unknown parameters to be solved for. It also yields indefinite matrices
{especially in linear problems) and special procedures need to be adopted to overcome this

difficulty.

The following sections explain an alternative technique and algorithm that is effective in im-

posing the contact constraints and also converges in a couple of iterations. The algorithm is
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based on a finite element adaptation of an optimization technique[22], the penaity function
method. This method avoids the difficulties associated with the Lagrange multipliers men-

tioned above.

3.2 General concepts

The penalty function method is an optimization technique which allows the reformulation of a
constrained variational problem as one without constraints. For example, consider the func-

tional F(x,y) subject to the equality constraint G(x,y).

Fixy) = fxy) @)

subject to the constraint,

G(xy) = 0 (3.2)
This problem can be reformulated by using the modified functional,

Fxy) = fxy) + o (BT (3.3)

wherein y is a preassigned weight parameter called the penalty parameter. The effect of the
second term on the right side is to increase the functional F, in proportion to the qth powér
of the amount by which the constraints are violated. That is, there is a penalty for violating the
constraints and the amount of penalty for violating the constraints increases at a faster rate
compared to the amount of violation of a constraint. it can be seen that for sufficiently large
values of the penalty parameter y, the solution to equation (3.3) will be close to the actual
solution. If y is a very large positive constant, then a minimum is obtainable only if the

product y [G]? is small and hence minimizing F. is equivalent to minimizing a function not
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substantially different from  F(x,y) while ensuring that the constraint is nearly satisfied. Al-
though in general any value of q greater than one can be used, in practice the value
g = 2 is used. It can be seen from eqgn. (3.3) that this ensures that the constraints are satis-

fied in a least square sense.

Aithough the penalty method seems to be best suited for situations where a minimum of F(x,y)
is sought, it is equally applicable to situations where F(x,y) is stationary. The process is
equally applicable to constraints applied on boundaries as simple discrete constraints. It is

in this latter form that the penalty method is used in the present work.

3.3 Selection of penalty parameter

In the earlier section it was said that as the value of the penalty parameter is increased, the
solution becomes more accurate. This is because, as the magnitude of the penalty parameter
y is increased, satisfaction of the constraints is imposed more closely. However, in practice
the upper limit on the penalty parameter depends on the computer used. If the absolute
maghnitude of the elements of a coefficient matrix (in our case the global stiffness matrix), vary
by a large amount, truncation and round-off errors can be large. These errors are a function
of the number of digits used to represent a given number (that is, the word length of the
computer). With the advent of powerful computers and double precision arithemetic, this is
no longer much of a problem. The actual selection of a value could be an empirical one or as
a thumb rule, one can adopt a value that is about a couple of orders of magnitudes greater

than the largest entry in the global stiffness matrix.
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3.4 Tracking and imposing contact constraints

Consider two bodies A; and A, brought together by the application of imposed displace-
ments or tractions Fig.[3.1]. In the present analysis we will assume that one of the bodies, say
Ay is rigid and the other A, is deformable. This assumption simplifies the imposition of con-
tact constraints and is also consistent with the specific problem under study. The basic tech-
nique is however quite general and can be extended to the case where both the bodies are

deformable.

For the sake of clarity let A, be the indentor body and A, be the target body. On the appli-
cation of load, the two bodies come into contact and contact forces develop in the region of
contact Fig.[3.2]. The contact stresses and contact area are both unknown in this region of
contact Fig.[3.3]. However, at the instant when a node just touches the surface the contact
pressure is zero. This leaves the contact area as the only unknown at that instant. The area
of contact can only be determined after a node has made contact. Hence it is necessary to
keep track of all potential contacting nodes in deciding when actually the contact overlap oc-
curs. Then kinematic constraints in the form of the impenetrability condition is imposed to
restore compatibility, thus establishing the contact area. The impenetrability condition states
that no part of either body can lie within the other. The procedure by which the contact

overlap is detected and compatibility restored is iliustrated below.

The procedure will be described for the case of the Hertzian or progressive contact problem
which is also the type of contact problem of interest in the present work. In this type of contact,
successive nodes come into contact as the load is increased. We assume that there is no
contact at the initial configuration C,. The stationarity of the Hellinger-Reissner variational

principle yields finite element equations of the form,
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€ - Prescribed Displacements

Figure 3.1. Two bodies to be brought into contact
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Figure 3.2. Configuration of the two bodies at contact
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Figure 3.3. Forces acting on the two bodies in contact
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Au
(KL + KNL][ ] = [AF] (3.4)
AS

wherein K, is the linear stiffness matrix and Ky, is the nonlinear stiffness matrix due to ge-

ometric or material nonlinearities, and,
2
1U,' = 1U1 + AU,' (353)

are the incremental decompositions of the displacements and stresses.

Since equilibrium is satisfied and no contact is made between bodies A, and A; compatibility_
and force equilibrium are both satisfied at configuration C,. Let an additional load step be

taken such that the new configuration is C,. The motion of the nodes can be represented by,

% = 1)?m + Aumid + Avmf, m=12.N (3.6)

wherein N is the total number of global nodes. The incremental motion from configuration 1

to 2 can be represented by,

X = %, - 'x, (3.7

If the load increments are small this linear displacement path can be considered acceptable.
If the compatibility is violated at any external surface, that is, between bodies A, and A,, then
the equilibrium equation (3.4) does not satisfy compatibility. This kinematic violation is shown

in Fig.[3.4].
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: initial position of the node m

: position of node m after penetration
: final position of node m

: overlap

bwO>

Figure 3.4. Violation of compatibility and contact overlap
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Since the current positions of the potential contact nodes are being constantly monitored, the
contact point B can be determined as soon as a contact overlap is detected. Numerically, the

contact overlap is given by,

&
]

- -
("Xe — Xg) 3.9)
= Xmi + ¥Ynj

where X, and y., are the penetrations of the node m inthe X and Y directions respec-

tively.

In order to achieve kinematic compatibility, sufficient force must be applied at node m in
configuration C to bring it to B . Equivalently, a displacement of —Z can be applied to C.
The displacement of —(x,,,7 + y,,,f) is obtained in this work using the penalty function

method. The finite element equation in configuration 2 can be written as,

r 1T 1 r
K11 K12 K13 AU1 AF1
Avy AF,
ASy, AF,
Tl =17 (3.9)
Kop Aup AF,
qu Av)o AF,
Kon| | ASpp AF,
where p and g are the global degrees of freedom at node m . Now let,
Ko = vKpp (3.10a)
and
j i—1 .
AFy = AFSTY 4 xpKpp (3.10b)
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where i is the iteration number, K., appearing on the right hand side is the nominal stiffness
obtained in the finite element formulation. K,, on the left hand side is the modified stiffness

to be used in equation (3.9). Similarly, for the gth degree of freedom,

ol

I
Kgg = vKgqg (3.11a)

and

"

/ i—1
AFy = AFS™Y 4y Kha (3.11b)
It should be clear from the similarity to the earlier discussion on penalty methods that the
second term of equations (3.10b) and (3.11b) represent the constraint to be satisfied. In our
case they represent the incremental displacements to be achieved at the node in the given

direction. y is the penalty parameter.

Physically, the above penalty method can be interpreted as equivalent to adding a spring of

large stiffness at node m and applying a load that results in the desired displacement level.

3.4 Description of the algorithm

In this section, a step by step description of the solution strategy and the computational de-
tails are discussed. We will consider the case of the Hertz contact problem to describe the
steps. Extensions to the layered cylinder problem only require performing the static

condensation and calculations in cylindrical coordinates.

Step 1: The potential contact nodes along the boundary are computed and stored in a matrix

NCONT(]) . The value of the penalty parameter y is also initialised.
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Step 2: The load loop is begun. The load is applied incrementally such that not more than
one node comes into contact during that step. The number of load steps are controlled by a

user supplied parameter LS.

Step 3: The iteration loop for both force imbalance and contact is started. This means that

the contact status is checked in every iteration of each load step.

Step 4. The stiffness matrices are assembled and the incremental finite element solution

{GF} is obtained. The total solution matrix {GF1} is updated.

Step 5: The convergence is checked using the Euclidean norm of the total solution. Since the

solution contains both displacements and stresses, each is checked separately.

Step 6: If the solution converges, go to Step 10. If the solution does not converge, the pre-
vious solution and geometry are stored. The geometry is then updated to obtain the most

current deformed configuration. This is equivalent to,

x()) = x(i) + Ay
y(i) = y(i) + Ay,

where, i = 1.....N, N being the total number of global nodes and x and y are the coordi-

nates.

Step 7: The coordinates of the potential contact nodes are checked in the most current con-
figuration for possible penetration. A counter ICONT(l) is activated to keep track of any nodes

that may have overlapped.

Step 8: If a node, say m has overlapped, the amount of overlap is calculated using equation
(3.8). This calculation is possible only because we have assumed a linear motion of the node

from the immediate previous configuration to the present position.
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Step 9: Control is passed back to Step 3. After the global stiffness is assembled for the new
iteration, the nominal stiffnesses corresponding to the mth degree of freedom are modified

according to equations (3.10) and (3.11). The solution is then checked for convergence.

Step 10: Print the solution and proceed to next load step i.e. Step 1.

When dealing with frictionless problems, the node that has been pushed to the surface should
be free to move in the tangential direction and should be restrained only in the vertical or
normal directions to the two surfaces. Hence, in Step 9, equation (3.10) and equation (3.11)
should both be imposed only in the first iteration after contact overlap is detected. After that
only the equation that corresponds to the degree of freedom that might cause penetration on
further loading should be used. This would free the node to move along the target surface but

not penetrate it.

Chapters 2 and 3 involved the construction of the formulation and the development of the
contact algorithm respectively. In Chapter 4, the algorithm will used to solve numerical prob-

lems and its accuracy will be checked against known classical solutions.
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Chapter IV

NUMERICAL PROBLEMS AND RESULTS

4.1 Introduction

In this chapter, different numerical examples are chosen to verify and validate the effective-
ness of using a mixed formulation combined with a penalty based method for contact con-
straints. Wherever possible finite element solutions are compared with analytical solutions or
other numerical solutions. Throughout the solution procedures, fully nonlinear(geometric)
mixed formulations have been used. The sensitivity of the contact aigorithm to steep changes

in the material properties from one layer to the other is also investigated.

4.2 Hertz contact problem

In this section, an overview of the classical Hertz problem is given before using this analytical

solution to compare with the finite element solution. The problem involving two elastic cylin-
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ders of different radii in contact was first solved by Heinrich hertz in 1882 [2]. The Hertzian
theory relies on the basic assumption that the highly concentrated contact stress can be
treated separately from the general distribution of stress in the contacting bodies. The general
stress distribution may arise because of the shape of the bodies or due to the way in which
they are supported. For the above assumption to hold, the following conditions need to be
satisfied : (1) the contact area must be small compared with the dimensions of each body and
with the relative radii of curvature of the surfaces and (2) the surfaces are frictionless. Using
these assumptions, the following Hertzian formulae have been derived for the two dimensional
contact of cylindrical bodies. For a discussion of the theoretical and mathematical details,

refs.[4][5] can be consulted. The formulae alone are reproduced below,

-1

o[-, 1= .
= |78 T Tg “1)
where,
v, = Poissons ratio of cylinder i, i=12
E; = Youngs modulus of cylinder i, i=12
1 1 1
R = [R_1 + R—z] (4.2)
where,
R; = radius of curvature of cylinder i, i=12
For a line load of P per unit length, maximum contact pressure is given by,
b 1
PE” |?
Pmax = [ =R ] (4.3)
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Semi-contact width b is given by,

b=[4PR] (4.4)

PO = 5x7 [ D~ X2]2 (4.5)

where x is the distance from the centerline.

4.3 Finite element solution for the Hertz contact problem

The schematic of the contact problem that is modeled is shown in Fig[4.1]. An elastic cylinder
pressed against a rigid half-space is idealized as a plane strain problem by assuming that the
cylinder is very long. Only a quarter of the cylinder is modeled by exploiting the symmetry in
the problem. The Youngs Modulus of the cylinder is 21000 Psi and the Poissons ratio is 0.3.
The radius is 1.0 inches. Tha material values mentioned above were not adopted for any

specific reason other than to compare with earlier published results [31].

Two different finite element meshes are used to idealize the problem. The first is a coarse
mesh Fig.[4.2] which uses 66 isoparametric linear elements. The humber of degrees of free-
dom is 410. The load is applied as a point force at the center of the cylinder. At the maximum
load of 248 Ib/in, four nodes make the contact with the rigid surface. The deformed mesh is
shown in Fig.[4.3]. The results of the analysis for the coarse mesh are shown in Figs[4.4] and
[4.5]. The numerical results are compared with the Hertz analytical solutions given by
equations (4.1)-(4.5) wherein R, = oo and E, = oo need to be substituted to model the rigid

half-space. Fig.[4.4] shows the contact pressure distribution as a function of the distance from
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Figure 4.1. Schematic of the Hertz contact problem
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Figure 4.2. Coarse finite element mesh for the Hertz contact problem

NUMERICAL PROBLEMS AND RESULTS

54



Figure 4.3. Deformed configuration (4 nodes in contact) for the coarse mesh
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Figure 4.6. Refined finite element mesh for the Hertz contact problem
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Figure 4.7. Deformed configuration (6 nodes in contact) for refined mesh
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the centreline. It corresponds to a total applied load of 118 Psi. At this load three nodes on the
boundary come into contact. Fig.[4.5] shows the contact pressure variation with centreline

distance for a load of 248 Ib/in. It can be seen that four nodes are in contact for this load.

The second mesh Fig.[4.6] is much finer and uses 88 isoparametric linear elements and has
530 degrees of freedom. At the maximum load of 140 Ib/in, six nodes come into contact. The
corresponding deformed mesh (magnified) is shown in Fig.[4.7]. Figs.[4.8] and [4.9] show the
show the pressure distribution for the refined mesh. Fig.[4.10] shows the load plotted against
the total contact area for the refined mesh. Since the continuous contact problem is
discretized into a finite number of nodal points, the contact area variation as a function of
loading is also discrete in nature. As has been mentioned in Chapter 1, this is the character-
istic nonlinearity arising in a contact problem. What this means in terms of the finite element
solution procedure is that the data points for the contact length can only be obtained when
each successive node comes into contact with the target surface (in our case, the rigid plane)..
The finite element solution appears to follow quite closely the analytical solution, both for the

pressure distribution and the contact area variation.

For the above analyses, the load was applied incrementally, with the initial load steps in
smaller increments as compared to the later ones. A tolerance of 0.001 was used for the

equilibrium iterations.

4.2 Isotropic Cylinder with a bore

As a preliminary to the layered cylinder problem, the contact algorithm was applied to the
isotropic cylinder with a bore. The motivation for doing this was to verify the formulation in
cylindrical coordinates against the equivalent formulation in cartesian coordinates. The

Youngs modulus and Poissons ratio are the same as that used for the Hertz contact problem

NUMERICAL PROBLEMS AND RESULTS 63



i.e. 21000 Psi and 0.3 respectively. The dimensions of the cylinder modeled are an outer ra-
dius of 1.6875 inches and a bore radius of 0.75 inches. Since the line load applied at the top
of the cylinder and the support are symmetrical, only half of the cylinder is modeled. The tar-
get surface in this case is also the rigid plane surface. Nine hundred linear isoparametric el-
ements are used and the total number of degrees of freedom are 4880. The number of of
degrees of freedom per node are five. Fig.[4.11] shows the finite element mesh used and the
type of line load applied at at the top of the cylinder. Fig.[4.12] shows the final deformed mesh
for a load of 34 Ib/in. The contact pressure variation as a function of the angle about the centre
of the cylinder is plotted in Fig.[4.13] and Fig.[4.14]. Three nodes are in contact when the total
foad is 9 Ib/in and four nodes come into contact for a load of 34 Ib/in. The variation of contact

area in with load is given in Fig.[4.15].

The results obtained from the formulation in cylindrical coordinates were compared with those
obtained using the formulation in cartes_ian coordinates for theh case of the isotropic cylinder.
with a bore. They were found to be exact to four decimal places for most of the degrees of
freedom. Any variation whenever it occured was minor and can be attributed to numerical
computation. This close correlation lends confidence to the correctness of the formulation in

cylindrical coordinates and it is applied next to the layered cylinder with a bore.

4.3 Layered cylinder with a bore

The layered cylinder with different material properties for the case and the propellant was
modeiled using 1200 linear isoparametric elements. The dimensions of the cylinder are the
same as that of the problem in section 4.2, i.e. an outer radius of 1.6875 inches and bore radius
of 0.75 inches. The thickness of the case is 0.0625 inches. A single layer of elements is used
to model the case and fourteen elements for the much thicker layer of propellant in the radial

direction. As discussed in Chapter 2, since the material properties of the case are different
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Figure 4.11. Finite element mesh for Isotropic cylinder with bore
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from those of the propellant the static condensation procedure needs to be adopted to con-
dense out the discontinuous tangential stress component. This procedure reduces the de-
grees of freedom per node to four from five. Hence the total degrees of freedom for this

problem are 5184. The load is applied as a line load at the top of the cylinder in increments.

The Youngs modulus for the case is taken as 2.E05 Psi and the Poissons ratio is 0.3. the
Youngs modulus for the propellant is 1.E04 Psi and the Poissons ratio is 0.49. The results of

the contact analysis are shown in Figs.[4.16-4.20].

The nonlinear variation of the contact area with load is seen in Fig.[4.17]. The contact stress
is plotted for a maximum load of 170 Ib/in. At this load, four nodes are in contact Fig.[4.16]. It
can be seen from the figure that the contact stress variation with distance from the centerline
shows a great variation from the Hertzian distribution. The contact stress seems to decrease.
almost linearly as we move away from the centre as opposed to the elliptical distribution ob-

served in the Hertzian case.

The tangential stresses in the bore Fig.[4.18] also exhibit a linear variation with load. This is
to be expected since the nodes on the bore are far away from the point of application of the
load. The tangential stresses at the interface between the casing and the propeliant are shown
in Fig.[4.19]. These results correspond to the stress obtained from the casing (since the
tangential stresses are being condensed out at the element level, there will be two values of
the tangential stress at a common node on the interface, one from the element that belongs
to the casing and another from the element that belongs to the propellant layer). Fig.[4.19]
shows that the tangential stress exhibits a steep increase with load initially. After about 100
Ib/in, the gradient becomes less steep and almost levels off. Fig.[4.20] shows the tangential
stress at the same node but computed from the element that belongs to the propellant layer.

The stresses in this case are compressive and indicate a steady increase with load.
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Chapter V
SUMMARY, CONCLUSIONS AND

RECOMMENDATIONS

5.1 Summary

A mixed formulation based on the Hellinger-Reissner variational principle is developed in cy-
lindrical coordinates to analyse orthotropic, layered cylinders. In the mixed formulation, both
displacements and stresses are approximated independently. Since the stresses are approx-
imated independently, they are available directly from the solution vector and need not be
postcomputed. Besides, in contact problems, stresses are required at the boundary nodes and
the mixed formulation facilitates that purpose. It also helps to improve the accuracy of the
solution since the extrapolation of the stresses computed at the Gauss points to the boundary
is avoided. Another advantage of the mixed method is that it allows the specification of stress

boundary conditions.
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A computational algorithm based on the penalty technique for equality constraints was de-
veloped to handle the interface conditions. The effect of friction was neglected. The algorithm
is capable of handling contact between a rigid surface and a deformabie body. Several nu-

merical examples for which classical solutions exist were solved to validate the algorithm.

The algorithm was also used to solve the contact problem in a layered cylinder with different
material properties for each layer. The material discontinuity necessitated the use of static
condensation techniques to condense out the discontinuous components of stress at the ele-

ment fevel.

5.2 Conclusions

The results obtained by combining the mixed finite element method and a penalty technique.
were in good agreement with analytical solutions. The availability of stress as a nodal solution
was very useful in computing the nonlinear stiffness and force matrices. Although the mixed
finite element method suffers from the disadvantage that it increases the nodal degrees of
freedom and thus the size of the problem to be solved, the gain in accuracy and computational

ease makes up for any extra computational time spent.

The contact algorithm was found to be quite efficient in that convergence was obtained in most
cases in two or three iterations. The value of the penaity parameter was selected by numer-
ically experimenting with different values. Although, initially increasing the magnitude of the
penalty parameter helped improve the imposition of the impenetrability condition, indefinitely

increasing it had no appreciable effect either on the convergence or the contact conditions.

During the analysis of layered cylinders it was found that a modulus difference of more than
an order of magnitude caused unpredictable bending of the cylinder and subsequent break-

down of the algorithm which depends on the systematic contact of the nodes on the boundary.
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An analysis of the limiting case of a soft interior was attempted by modelling only the casing.
It was found that at a particular load level, the entire shell buckled with subsequent breakdown
of the contact algorithm and loss of convergence. This leads to the conclusion that when there
is a soft interior the structure may buckie inwards and instead of progressive contact from the
inside out, the reverse might occur. Modelling this would require incorporating some form of

release conditions for the nodes on the boundary in the contact algorithm.

5.3 Recommendations

The unpredictable bending of the cylinder warrants further investigation to explore ways of
modifying the algorithm to handle the contact problem for larger differences in moduli. Severa[
other extensions to this work are possible. Friction at the con_tact interface can be incorpo-.
rated so that different stick-slip conditions can be handled. Another relevant possibility is ex-
tending the algorithm to handle thermoelastic contact. Thermoelastic deformations arising
due to a temperature difference between the contacting bodies or due to heat of friction may
alter the contact geometry and thus the contact area. The algorithm could also be used as a
compact subroutine in a an impact solution procedure. The contact subroutine could be called

to compute the contact forces and contact area in every time step.
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