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1 Introduction

Connecting quantum error correction and the AdS/CFT correspondence [1, 2] has proven to
be very fruitful. The key idea underlying this connection is to interpret the holographic map
from the AdS bulk to the CFT boundary as a redundant encoding that has error correcting
properties. While this connection was initially leveraged to resolve the commutator puzzle
in AdS/CFT [3], it has since led to further advances in the field. Examples include, but
are not limited to, progress in our understanding of entanglement wedge reconstruction [4—
6], the development of toy models for holography [7], and more realistic refinements of
these models [8-10]. Conversely, these models of holography have inspired new classes of
quantum error correcting codes [11-16]. Going beyond quantum error correction, recently,
fault tolerance of the AdS bulk to CFT boundary encoding was investigated and used to
relate the confinement/deconfinement phase transition in the CFT to the Hawking/Page
phase transition in the AdS gravity theory [17].

First, the success of quantum error correction in AdS/CFT naturally leads to the question
of whether techniques from quantum error correction are applicable more broadly in high
energy physics. Beyond the context of holographic conformal field theories, are there further
systems or theories that give rise to non-trivial quantum error correcting codes (QECCs),
and what insights into these systems and theories do such codes give? Conversely, one



should also expect such connections to inspire new ideas and directions for quantum error
correction in and of itself.

Second, a question that was raised in ref. [17] is whether the confinement/deconfinement
phase transition in any confining quantum field theory admits an interpretation as a threshold
for fault tolerance. In addition to holographic conformal field theories, this appears to be
the case is another special regime of quantum field theory, namely topological quantum
field theory, via topological QECCs [18-20]. Having a QECC in hand is a prerequisite for
discussing fault tolerance, however, and so we are returned to the question of whether other
systems — but now, specifically confining field theories — give rise to QECCs.

Demonstrating that any confining quantum field theory admits an interpretation as
a QECC is still an extremely general and undoubtedly difficult task, not to mention that
it remains a nontrivial step away from proving a threshold theorem for fault tolerance.
Therefore, in this note we will consider a closely related but narrower task, which is to
investigate the error correcting properties of theories that have superselection rules. This
constitutes the primary goal of our study.

Given a Hilbert space, a superselection rule (SSR) specifies a partition of the Hilbert
space into a direct sum of subspaces called superselection sectors. The SSR itself consists of
the following conditions: no physical operator is allowed to map a state in one sector to a
state in another sector, and any physical state cannot consist of a superposition of states from
different sectors. Intuitively, SSRs formalize notions such as how it is impossible to create
global superpositions of states with different electric charges, or that there is no such thing
as an absolute orientation for angular momentum. For electric charge (or more generally
U(1)y hypercharge at high energies) the SSR is thought to be exact, meaning that it is never
broken at any scale. However, a SSR can instead be approximate and only hold in a specific
regime of a theory; we will revisit such SSRs in low-energy quantum chromodynamics (QCD)
later. As any confining quantum field theory necessarily requires a block-diagonal form for
its unitary interactions to prevent the direct interaction of non-compatible hadronic sectors
at leading order, any such quantum field theory can be shown to respect a SSR.

That a SSR gives rise to a partition of Hilbert space into sectors that cannot be connected
by physical operators is interesting from the perspective of quantum information processing.
For instance, SSRs have previously been studied in the context of cryptographic protocols [21—
23], where it was hoped that communication in the presence of a SSR could result in stronger
cryptographic security. (This hope is unfortunately not borne out, essentially because it is
always possible for an adversary to simulate a SSR-violating protocol using SSR-obeying
systems [23-25].)

In contrast, SSRs in the context of quantum error correction is a topic that is ripe for
investigation. SSRs immediately give rise to a classical code, in the sense that superselection
sectors offer protection against bit flips if codewords are chosen to be representatives of
the different sectors. However, a priori there is no canonical way to protect against phase
flips; some further thought is necessary.

For a more concrete model that ties well with our motivation, we examine QCD and
related models and how they can be connected to QECCs. As it was shown recently that
SU(N) gauge symmetries at large N can give rise to approximate QECCs [15-17], QCD is a
natural next step in addressing the above motivations because it is a finite /N instance of a



non-abelian SU(N) gauge theory which exhibits a confinement-deconfinement phase transition.
In the low energy regime, it also sustains approximate symmetries, e.g. isospin symmetry,
that give rise to approximate SSRs. Therefore, we ask whether one can define a QCD QECC
that yields good error correction properties, and whether the confinement-deconfinement
transition can correspond to error thresholds like the case in the holographic CFTs. We
define a set of QCD codes by leveraging isospin symmetry and, as observed above, we find
that these codes are robust against bit-flip errors but susceptible to phase errors. We then
explore additional encoding schemes to address phase errors. As expected, this code no longer
protects the encoded information above the deconfinement phase transition.

In section 2 we begin by more carefully reviewing the definition of a SSR and relevant
prerequisite topics in quantum error correction. We then address the central question of
this work: how SSRs provide the basic scaffolding for a QECC, as well as the associated
limitations, which we illustrate with a simple example. Next, in section 3, we examine a
richer example of a theory with SSRs, namely low-energy QCD, and we explore its quantum
error correcting properties. In section 4 we then conclude with a discussion of further topics,
such as topological quantum error correction, supersymmetry, as well as how the present
work relates to other literature.

2 Ceriteria for error correction from superselection rules

2.1 Review of quantum error correction

In this subsection, we review the key concepts of quantum error correction needed for our
discussion. This section is aimed at readers with a more high energy background.

Mathematically, a quantum error correcting code is a subspace, the code subspace Hcode,
of a larger physical Hilbert space H . The state p from this code subspace is referred to as
logical state. Errors are modeled by a quantum process £ and the quantum error correction
procedure is given by a recovery channel R, such that for any state p € Heode,

R(E(p)) = p- (2.1)

The error channel £ is assosiated with a set of erorr operators {E,}2_;, from which the
errors are drawn with some probability and applied to the state. In general, finding the
recovery channel is hard given a particular error model. However, a simpler criterion for
the existence of the recovery is given by the Knill-Laflamme condition [26], which we now
briefly recall. Given a code subspace Hcode C H, let [i) € Heode for i = 1,...,n be any set
of orthonormal vectors, or codewords, such that Hcodqe = span{|i) *_,. Given a set of error
operators {Ea}é\;l that act on states in H, the Knill-Laflamme condition states that Hcoge is
a quantum error-correcting code (QECC) that can correct an error drawn from & if and only if

GIE} Eali) = Cadij, (2.2)

where Cg, is some Hermitian matrix. The intuition behind KL is that errors are unable to
cause transitions between distinct states in the code. The error operators cannot be used to
distinguish them because the expectation values are independent of the codeword state.



In practice, such a code is instantiated within a concrete physical substrate, with H
being some model of the physical space of states of the substrate. For example, a code Hcode
might be implemented as a subspace of the full energy levels of a superconducting circuit
(substrate). In some cases, the code space might correspond to the ground space of some
Hamiltonian for the substrate, but this is not required in general.

The simplest example of QECC is the 9-qubits repetition code, constructed by concate-
nating two classical repetition codes. The first classical repetition code simply make copies
of the physical qubit state |0) and [1),

0y := |000) .
1) = [111). 23)

Given a logical state [¢)) = ¢g|0) 4 ¢1|1), the information is stored in the coefficients ¢ and
c1. The encoding protects against the bit-flip errors, denoted by X, which flips the state of
a single physical qubit, swapping |0) <> |1). Consider the bit-flip error acting on the first
physical qubit, which transforms the logical state to

X[y = ¢o|100) + ¢1]011) (2.4)

To recover the information, we apply the majority voting on the three qubits, [100) —
|000) and |011) — |111). To protect against phase-flip errors, we add a second layer of
encoding. This layer encodes logical states using the following classical repetition code,

3 - S AN

O =T+++), [ =—75(0+)
V2

- (2.5)

D=7 F=—(@-0).

A phase-flip error, represented by the Pauli Z operator, acts on the individual qubits
as Z|0) = |0) and Z|1) = —|1). This error flips the states, [+) <+ |—). The second classical
repetition code corrects the phase-flip error by applying majority voting across the three
encoded states. As one can check explicitly, the code subspace spanned by {|0)r,|1).}

satisfies the KL condition for any pair of E,, Ej, which are single qubit operators.

2.2 Review of superselection rules

Let us proceed by defining superselection rules more carefully, following the definitions
and conventions of ref. [23]. Let H be a Hilbert space. A superselection rule (SSR) is a
decomposition of H into a direct sum of subspaces called sectors that are preserved by
local operations. We write

H:/}_[QI @7_[(]2@ (26)

where the label of each sector, g;, is called a charge. The decomposition is determined by
specifying a set of operators {A,}, called local operators, which are such that

<w‘Aa’¢> =0 v W}> € qu‘? ’¢> € qu'v ¢ # q;- (2'7>



Note that the term “local” need not have anything to do with real space; at this point,
it is just a definition.

This structure is sufficient to establish a connection with error correction through the
Knill-Laflamme (KL) condition. Given a SSR, a straightforward approach is to construct a
code subspace using representatives of the superselection sectors, i.e.,

Hcode = Span{|Qi>}i€Aa (28)

where each |¢;) € Hy,, (gilgj) = dij, and A is a subset of the charges. Then, Hcode defined in
this way can correct errors that are drawn from a subset £ C {A,} of the local operators
that respect the SSR. More precisely, such a code is robust against bit-flip errors because the
superselection rule protects the codeword from changing, according to eq. (2.7). This easily
produces the d;; part of eq. (2.2). However, codewords are still vulnerable to phase-flip errors.
We can easily construct operators that respect SSR but induce phase factors that differ across
codeword states, resulting in a phase-flip error. A concrete example is the following operator,

Zg, =1 —2[qi)(qil (2.9)

which is allowed by the SSR and as such is part of the error model £ defined above.! There
is no canonical way (in other words, defined by the SSR alone) to protect against such errors.
Nevertheless, for specific phase-flip error models, it is possible to design codes that offer further
protection, which we illustrate with a simple but somewhat artifical construction below.

2.3 A simple example

One way in which SSRs can arise is through symmetries. For instance, let G be a compact
group, suppose that H transforms under a unitary representation of G, and let the irreducible
representations of G label the superselection sectors of H. Following an example from ref. [23],
for G = U(1), let the superselection sectors be labelled by the eigenvalues ¢ € Z of the charge
operator ), with corresponding orthonormal eigenstates |¢). To be even more concrete, H
could be the Hilbert space of a particle moving on a unit circle. In this case, the charge
is the momentum of the particle. Denoting the particle’s position on the circle by 6, we
can write the momentum eigenstates as

1 27 .
= do €'%|9), 2.10
o) = = [ a0 o) (210)

i.e. having a 2m-periodic wavefunction q() = €% /v/27 with respect to which the charge
operator has the representation () = —id/dq. The phase 0 is of course not measurable —
there is no absolute notion of position on the circle. Equivalently, one can also observe
that the improper definite phase states

1 o

0) = NeT: q;oo e q), (2.11)

1A natural question to have at this point would be how superpositions of codewords can be prepared, if

superselection rules are so strict as to prevent interaction between codeword sectors. We will return to this
point shortly.



which satisfy (8]0') = 6(6 — '), are eigenstates of the charge-nonconserving operator

o0

Up = > lg+1){dl, (2.12)

g=—00

which does not respect the SSR. As observed above, if we let each |¢) be a codeword, then
transitions to different charge states are prevented by the SSR, but nothing stops any given
codeword from acquiring an overall phase.

To protect against phase flips, let us consider building a QECC out of the global
superselection sectors of several degrees of freedom. Instead of a single degree of freedom
labelled by ¢, suppose that we have two charged degrees of freedom, A and B, so that
H = Ha® Hp. Now, conservation of charge is the statement that

Qup=Qa®Ip+I14®Qp (2.13)
is conserved. The space H, of states of definite total charge ¢ is correspondingly
Hq =span{|@)al¢g — @) | ¢ € Z}. (2.14)
For each ¢ € Z, let a codeword be
o0
[ba = ) coqla—Dald)s, (2.15)
gq=—00

where cgg # 0 and Y |egq|* = 1. Consider now some logical state [¢) ap = alq1) ap + 5]42) AB-
This state can be written in several ways:

) ap =) cqaq e —@)al@) s+ B8 copaplae — @) ald) s (2.16)
q1 G2
=Y (acqlas — P a+ Bepalar — a) ® )5 (2.17)
q
=Y 1@y a ® (acqglar + @) B + Begyglaz + D)) - (2.18)
q

First, let us suppose that some number of phase flips Z, gets applied to only one of the
degrees of freedom, say B. In that case, if we measure B, then AB is projected onto a single
term in eq. (2.17), which can be unitarily rotated to

(gt = @)a+ Blaz — @) a) @ 14) B (2.19)

We thus recover the state |¢))4 on A, at least for this very specific error model in which
phase flips are only applied to B.

If we did not know whether the phase flips were applied to only A or only B, then we
could guess. In the event of a wrong guess (e.g. we measure B but the phase flips happened on
A), then some of the possible post-measurement and post-rotation states will be of the form

(algr — @)a — Blaz — @) a) ® 1) 5, (2.20)



i.e. they contain a phase error. However, provided that only a finite number of phase flips are
applied, then the probability that we end with a logical error is vanishing. This is simply due
to the fact that formally the logical states (2.15) are a sum over infinite numbers of charge
states. For practical purposes, one would not expect such sums to be possible, and so in
practice there would be a finite error rate that is set by the number of charge states that can
be prepared in superposition to build a logical state. In any case, the considerations above
illustrate that protecting against phase flips is not generic, but rather depends sensitively
on the types of phase flips that can occur.

2.4 Superpositions of charge states

Thus far we have been writing down superpositions of different charge states rather cavalierly.
A superselection rule, however, by definition prohibits the creation of superpositions of
quantum states belonging to different charge sectors. One way to address this point is
to note that, in practice, one can simulate such SSR-violating states if given access to
multiple charge-carrying degrees of freedom, similarly to the model for protecting against
phase-flip errors above.

As before, let H be a Hilbert space with a SSR that is generated by a compact group G.
Given a SSR-violating operator M on H one can write down a charge-invariant simulation
of M on two copies of the Hilbert space that we here label Hr and Hg [23]:

M™ =" (lg)(g)r ® (U(g)MU(g) )5 (2.21)
geG

M™ is a simulation of M in the sense that for any density matrices p and pg, it follows
that Tr(M™ pr ® p) = Tr(Mp), and MI™ M = (M; Ms)™ for any operators M; and My.>
Returning to the simple example with G = U(1), letting |g) = |#) and U(g) = U(#) = e~¥%,
we may write

. 2m . B
M = do (16)(8])r ® (e~ M e 9. (2.22)
0

Then, for a particular superposition of charge states [i) = Zq aglq), we may, for example,
prepare a simulation of |¢) from the Qrs = 0 state |0)r|0)s by choosing (¢|M|0) = «4
and acting with M™:
M™[0)r|0)s =Y agl — a)rla)s (2:23)
q

Should we further wish to incorporate the phase-flip model discussed above, consider making
the replacement S — AB and replacing each charge state |q)s with the corresponding
codeword |g)ap from eq. (2.15), so that the total simulated state is

‘1@ = Zachij‘ —Q)r®|¢—a®@|q)B. (2.24)

By making measurements of A or B, we can carry out the same sort of protocol to protect
against phase flips as described in egs. (2.16)—(2.19). Here, the state | — ¢) g simply comes
along for the ride once § is fixed by measuring A or B.

2For proofs of these and further properties, see ref. [23].



The code developed here is a simple example of how superselection rules and quantum
error correction can interact and relies on specific assumptions about the error model. For
instance, an encoded state of the form (2.24) will only retain the bit-flip protection afforded
by the SSR as long as R, A, and B are not allowed to exchange charge once the state has
been prepared. Additionally, the phase-flip protection relies on R and at least one of A
or B remaining clean.

As an alternative, we could instead consider building codes out of a SSR that only
holds approximately. For example, suppose that a given SSR is approximate in the sense
that it holds true at sufficiently low energies, but can be violated by operators at higher
energy scales. Schematically, one could envision starting with a low-energy state, acting with
high-energy operators to bring it above the threshold where the SSR is no longer obeyed,
performing a desired logical operation, and then cooling the state back down below the
SSR-respecting threshold.

In the following section, we will examine this latter strategy and provide a concrete
example of how the correspondence we established earlier between SSRs and the Knill-
Laflamme condition for quantum error correction can be instantiated. We will use low energy
quantum chromodynamics (QCD) as an illustration, which is a quantum field theory model
that approximately follows a SSR. Based on our principle, this implies that the QCD model
can be transformed into a quantum error correcting code.

Subsequently, we will provide a detailed implementation of how to construct the code
and demonstrate its non-trivial distance. It is important to note, however, that building this
code for practical purposes would be challenging. Additionally, while we prove the quantum
error correction ability based on the Knill-Laflamme condition, it does not inherently provide
methods for implementing the recovery process.

3 QCD code

Let us now consider models assembled from low energy quantum chromodynamics (QCD)
below the QCD scale and examine how they can be interpreted as quantum error correcting
codes (QECCs). These codes are not meant to be practical QECCs for fault-tolerant quantum
computation, but help to illustrate the principle in the last section.

To begin, we consider only up and down quarks and label them by their two-component

spinor q¢ = (Z) The Lagrangian is

1 v
Lqocp = §/d3fc (@ —igA"T)q — qMq, (3.1)

my 0

where M = is the mass matrix. The QCD model has two independent scales: the

mq
QCD scale Aqcp and the quark mass scale. If m, = my exactly, the model also exhibits
an SU(2) symmetry that rotates the up and down quarks according to the transformation
q — Vg for V € SU(2), under which the Lagrangian remains unchanged. This symmetry
ensures that there is no transition between the up and down quarks, thereby leading to the



conservation of isospin; however, this symmetry is of course only approximate in reality, as
the up and down quark masses are slightly different.

At the Lagrangian level, there exists another approximate symmetry, known as axial
SU(2), which applies differently to right- and left-handed quarks when the quark mass is
small. However, this symmetry is spontaneously broken by quark condensation in the vacuum,
resulting in the emergence of a set of pseudo-Goldstone bosons, the pions [27]. The pion
mass is related to the quark masses via [28§]

m2 ~ B(m., +myg), (3.2)

for an energy scale B ~ 3 GeV. The measured mass for the up and down quarks is around
3 MeV and pion mass is around 140 MeV at about one half of Agcp ~ 330 MeV [29].

In addition to the SU(2) global symmetry, an essential component of the system is
the SU(3) gauge symmetry. Quarks carry color charges and transform in the fundamental
representation under this symmetry. Each quark field, such as u, and dp, is associated with
color indices, denoted here with subscripts. The SU(3) gauge symmetry imposes a constraint
that all physical states must be gauge singlets, which applies to composite particles, such as
protons and neutrons. The operators can be approximated by composition of quark fields
with the same quantum number as the corresponding nucleons,

D R €qpellqUpde (33)
n = €qpedadplic.
In these expressions, the color indices are anti-symmetrized using the Levi-Civita symbol
€abe to form charge-neutral objects.

The proton and neutron states belong to different superselection sectors at low energy,
meaning that they cannot be transformed into each other by any physical process at energy
scales much below Aqcp. To be more specific, for any auxiliary state |¢) with definite energy
E, the matrix element of the time evolution operator U(¢) between proton and neutron
states contain a theta function,

(@ 1n[U@)p)8) < O(E — mx), (3.4)

where m is the mass of pion in the QCD sector, which is around one half of Aqcp. Moreover,
in the situation in which a proton or neutron is coupled to a thermal bath, and the auxiliary
state is in equilibrium at some temperature T, the transition amplitude can be estimated as

ma

(87(n[U()|p)|¢r) ~ Oe™T"). (3.5)

. . _Aqep .
It is suppressed exponentially by a factor ~ e~ 727 . In other words, the probability of

a transition between proton and neutron states at temperature much lower than Aqcp is
greatly reduced.

Despite this approximate superselection rule, it is still possible to make a superposition of
proton and neutron states at high enough energies, around the QCD scale® (E ~ Aqcp). This

3There are other SSRs in the Standard Model, e.g. the one given by U(1) electric charge conservation,
which would prohibit a p-n superposition. We will discuss this point in section 3.2.



is because at these energies, the quarks inside the proton and neutron can exchange roles. In
other words, at high enough energies, the distinction between protons and neutrons becomes
fuzzy, and it is no longer possible to uniquely identify which type of baryon is present.

Consider the state [¢)) = c1|p) 4+ c2|n). We can encode one qubit of information into
this state by assigning logical values 0 and 1 to the proton and neutron states, respectively.
If we couple this state to a thermal reservoir at energy much lower than the QCD scale,
bit-flip errors are unlikely to occur due to the suppression factor in eq. (3.5). This will be
the basis for interpreting the model as a QECC.

However, phase-flip errors can still occur and depend on the specific dynamics of the
model. For example, if the particle is coupled to an external electromagnetic field, it can
experience a phase shift that causes the encoded information to become corrupted. Therefore,
it is important to consider the specific physical environment in which the qubit is placed
and to design error correcting codes that can protect against phase-flip errors, much as
we saw in section 2.3.

In following subsections, we will discuss two distinct scenarios. In the first case, we
examine a pure QCD model which is coupled to isospin singlet particles. Although the
interactions may not be physical, this toy model effectively demonstrates the effect of
superselection across variable energy scales. We then move on to the second case, in which we
aim to incorporate additional Standard Model interactions, thereby creating a more realistic
model. We will show that the practical considerations, although complex, do not impact
the primary conclusion drawn from analyzing the simplified model.

3.1 Toy model

Approximate superselection rule. In eq. (3.1) we have the Lagrangian Lqcp for the
pure QCD sector, and here let us take m, = my. To couple it with other fields, we introduce
isospin singlet particles ¢; that have masses m; < Aqcp. The full toy-model Lagrangian
that we will consider is

L = Lgcp + % Z [(3¢2)2 - mfﬁ] + A1ppo1 + Aanngs. (3.6)

i=1,2
The ¢; particles are the only constituents of low-energy errors at scales £ < Aqcp. Since they
are isospin singlets, they do not induce any transitions between the proton and neutron states.

As the energy increases, more particles within the QCD sector become excited. Among
these excitations, the lightest ones possessing non-trivial isospin are the pions. Pions
are composite particles composed of quarks and anti-quarks, and their masses m, are
approximately one-half of Aqcp. Due to their non-trivial isospin, pions can induce transitions
between protons and neutrons. The interaction between pions and baryons can be derived
using the effective theory method of QCD [30-32]. In appendix A, we present the action
and utilize it to calculate the transition amplitude between baryons, providing justification
for eq. (3.4).

When the model is coupled to an environment at a finite temperature T, the excitation of
pions occurs at a rate that is exponentially suppressed by e~ T . This suppression factor arises
due to the relatively high mass of the pions compared to the typical temperatures considered
in physical systems. Consequently, the probability of pion excitations is significantly reduced.

,10,



Figure 1. Flipping error induced by pion scattering.

When pions are thermally excited, they can interact with protons and neutrons and
induce bit-flip errors, as depicted in figure 1. This justifies the right hand side of eq. (3.5):
the proton-neutron superselection rule is approximately valid for low energy FF < Aqcp, but
is violated for energy scales comparable or larger than the QCD scale.

Phase errors. The naive superposition of |p) and |n) can be used to encode one qubit of
information. However, when coupled to an environment, the qubit can be subjected to phase
errors. It is therefore necessary to consider more complicated codewords in order to interpret
the model as an instance of quantum error correction.

In general, the errors acting on codewords arise from the unitary time evolution of the
combined system of the code states and the ambient modes. Mathematically, we denote a
codeword as py and the environment modes collectively as |¢). By inserting specific ambient
modes |¢) we induce corresponding errors {E,‘f} The general error channel is then

N EPppELT = Trg(Ut)py @ ) (8UT (1)) (3.7)
k

We aim to find the code states, labeled by |i) and |j), that satisfy the Knill-Laflamme

condition,*

<3|E1fflTEzf|g> = Gy (0, 9")dij. (3.8)

As an example, consider the case when |¢) is a single particle state and the evolution
time is long enough that the error channel can be treated as a scattering process,

Jim Ut )|2,0)]s, k) ZAkk’|Z K)ls,k — ). (3.9)

We denote the environmental states by |s, k), where s is the particle species and k is its
3-momentum. In this toy model, s can be either ¢; or ¢o. The logical state |7) initially has
zero-momentum, which we denote by [i,0). From the equation above, the error operator
is explicitly related to the scattering amplitude via

ERME,0) = AT K). (3.10)

Tt remains conjectural that the Knill-Laflamme condition works in the continuum limit (in which lattice
spacing goes to zero); however, it is widely expected to not fail. In particular, the work on holographic
QECCs [3] requires it to hold. For the purposes of this work, we will assume the continuum generalization to
be correct. Aspects of this question are discussed in [33].
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If we use the naive superposition of proton and neutron as logical states, then the
superselection property in eq. (3.5) already gives us the factor d;; in the Knill-Laflamme
condition eq. (3.8). However, the prefactor C'(¢,¢') can depend on the logical state. To see
this, we simply evaluate the Knill-Laflamme matrix element and write it as the scattering
amplitude, i

A E ER i) = [ Ay (3.11)

Let us first examine the errors induced by the isospin singlet particles ¢; and ¢o. Focusing

on the case when & = 0, one easily obtains the amplitudes

Apr=1-5 A =1
N
3

Since the amplitudes for protons and neutrons are different, i.e., AZ”,’;, #* Z’Z,, this scattering

(3.12)
A =1 AT =1

process induces a phase error. In fact, we can explicitly see this by expanding the state
after the scattering process,

Uletlp,0) + caln, 0)|s, k) = D (et AR [p, k) + ca Ay uln, K))s, k — &)

-
= [(ar(K) + (k) Z)(ci|p, k') + c2|n, k') @ |s, k — K').
m

(3.13)

The state is a superposition of different branches, each labeled by a particular momentum &’.
For each £/, the error is induced by an error operator a1 (k') I+a2 (k') Z, with o and ag given by

_ A + Ay
2 (3.14)

s7p S7p

aq (k‘/)

Kk’ ~ Ak’
a(k) = ———5—.

In contrast to the approach in section 2.3, here let us correct the phase error by con-
catenating with a phase-flip (repetition) code. Define

_|p k) +n, k)
_Ip,k) —In, k)
= —ﬂ

and encode the logical information in the state of several entangled physical particles,

WN)) = c+‘+’0>|+70> e |+70> + C—|_70>|_’O> U ‘_’0>' (316)

(3.15)
|_7k> :

Again the errors are induced by scattering between some particle in the environment with
this group of particles. We assume that the interaction happens locally and only affects
one physical particle each time. For example, let us assume that only the first particle is
affected. The error then maps the logical state to

Uld)]s, k) = [aa(K) (co|+, k) @ |+ 4 +,0) + c_|— k)@ — — - =,0))
K (3.17)
+ ag(K) (cp|— k)@ | ++ - +,0) + |+, k)@ | ——--—,0))] @ |s, k — k).
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To recover the logical information from this scattered state, we need to make some
assumptions. First, assume that we could measure just the momentum without perturbing
the isospin of particles. This projection would pick one state with definite momentum &’ out of
the sum in the above equation. Second, assume that we could separate the auxiliary particle s
from the other physical particles after the projection (this assumption might not be realistic),
so we make sure that the subsequent recovery operations only apply to the physical particles.

After projecting to a definite momentum, apply a boost to the scattered particle based
on the measured momentum value to bring it back to the same momentum as the other
physical particles. After this operation, the state becomes

W) = aq(K)(eqr|+4+ 4+ +,0) +e | ———- = ,0))

(3.18)
+ag(K)(ep| =+ 4,0+ e |+ ——---—,0))

The error can be detected by measuring the syndrome {X;X2, XoX3} acting on the first
three qubits. For more general phase-flip errors, we can apply the standard recovery channel
of the phase-flip code to recover the logical information. Note that the phase-flip code is
essentially a classical code, since it only corrects one type of errors. The other error is
already supressed physically by the SSR.

3.2 Generalization with Standard Model interactions

It is possible to generalize the toy model presented above by including more realistic inter-
actions from the Standard Model, where we have both weak interactions described by the
SU(2) gauge theory and electromagnetic interactions described by the U(1) theory. However,
there are several complications that arise from including these interactions which affect the
model’s interpretation as an instance of quantum error correction.

First, the weak interaction induces transitions between the proton and neutron states
through interactions with particles in the lepton sector. Specifically, in the neutron sponta-
neous decay channel, a neutron can decay into a proton, an electron, and an antineutrino
through the weak interaction. This can cause an error in the encoding of the qubit, as the
neutron state has been converted to a proton state. Similarly, in the electron capture channel
of the proton, a proton can capture an electron and be converted to a neutron and a neutrino
through the weak interaction, causing a bit-flip error in the encoding. Since leptons have
small masses and can be easily created from the environment, these additional sources of
errors must be analyzed carefully.

Second, the U(1) charges of the proton and neutron states are different, and therefore it
is impossible to make a direct superposition of these states due to the superselection rule
imposed by U(1) charge conservation. This means that a more complex encoding scheme is
needed in order to interpret qubits as being encoded in a combined proton-neutron state.

Despite these complications, the conceptual feasibility of encoding and manipulating
qubits in baryon superposition states remains unchanged, based on the validity of the
approximate SSR. We will discuss this in greater detail in the following subsections.

Transitions induced by weak interactions. Protons and neutrons can be converted
into one another by interacting with W and Z bosons, whose mass scale is my/,mz ~
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e

Figure 2. Bit-flip error induced by lepton scattering mediated by a W boson.

90 GeV > Aqcp. In reality, the mass of a neutron is larger than that of a proton; a single
neutron spontaneously decays into a proton, an electron and a neutrino, whereas a single
proton is stable. However, the neutron decay rate is very small, occurring on a time scale
of about 15 mins. Therefore, this effect is negligible for the purpose of preserving encoded
quantum information as long as one is satisfied with coherence times that are much shorter
than this time scale.

The channel for a proton converting to a neutron is through an electron capture process,
shown in the diagram above:
This process is suppressed by a factor of (%)2 When E < 0.05Aqcp, it follows that

(%)2 > e‘AQ%. In other words, this is the regime in which leptons that carry non-trivial
isospin would be the dominant bit-flip error. In contrast, for £ > 0.05 Aqcp, pions are
the dominant source of error.

In summary, the states of protons and neutrons indeed constitute approximate super-
selection sectors at low energy, even when considering further Standard Model interac-
tions. The suppression factor located on the right side of eq. (3.5), however, is modified

Aqo
to max(e” B . , 75—22)
w

U(1) superselection rule. Since proton and neutron states carry different U(1) charges,
U(1) symmetry imposes a SSR that prevents the superposition of protons and neutrons. The
U(1) SSR is still present even at extremely high energy E >> Ayeak, when the SU(2), x U(1)y
is not spontaneously broken by the Higgs mechanism. This forbids the superposition of up
and down quarks, because they carry different U(1)y hypercharges, @, = %, and Qg = —%.

One possible way to address the U(1) SSR is to consider SSR-conforming superpositions
of more than one degree of freedom (cf. section 2.4). In other words, consider superpositions

of states in the form of

) = alp)le™) + Bln)|v) (3.19)

that have both definite electric charge and lepton number. In principle, one could even
envision creating a magnetic trap to constrain the proton and electron pair within a localized
region. The neutrino has negligible interactions with the environment, so we can safely
assume that no error could act on the neutrino state.

Bit-flip errors and phase errors. As we mentioned before, the bit-flip errors in this model
are induced by both the meson interactions (as shown in figure 1) and the electron capture
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process (as in figure 2), which are suppressed either by the QCD scale or the mass of W
and Z bosons. The dominant contribution to phase errors comes from the electromagnetic
interaction. Since the proton and neutron states carry different U(1) charges, coupling to the
electromagnetic field can easily induce a relative phase change on |p) and |n),

) = ae”*|p)le”) + Bln)|v) (3.20)

Nevertheless, a repetition code as in eq. (3.16) would still succeed in protecting the
logical information.

3.3 Distance of the QCD code

The distance of a quantum error-correcting code (QECC) is typically defined as the minimum
number of physical qubits that need to be changed by an error to convert one valid codeword
to another. This definition is natural in conventional QECCs based on qubits because the
dominant error is local and well-approximated by the depolarizing channel. Both the encoding
and the error models are quite different in the case of the QCD code examined here — a single
baryon is used to encode information, and the codewords correspond to proton and neutron
states. A pertinent question is how the code distance should be defined in this scenario.

In a general QECC model, it is commonly assumed that each single-qubit error occurs
with equal probability p, and is independent of the qubit’s polarization. Therefore, an error
operator that alters the codeword would occur with a probability no greater than O(p’),
where L is the code distance.

For the QCD code, in analogy, we can consider the probability of an error occurring with
an energy E. At a given temperature 7', this error occurs with thermal probability ~ e T
This can be rewritten as (e_%)g, where € is the energy scale of a typical process at that
temperature. Hence, we can tentatively identify e~ T as the probability of a “single-qubit”
error, denoted as p, and the energy measured in units of € as the size of the error operator.

In this framework, we can define the effective distance of the QCD code as AQSD

, with AQCD
being the QCD scale, and € being the scalar particle mass in the toy model and lepton
mass in the standard model.

4 Discussion

Before we make some general comments regarding superselection and quantum error correction,
let us first discuss further instances of the relationship between the two.

4.1 Comparing the QCD code with the SU(3) toric code

The toric code can be understood as a Zsy lattice gauge theory [34]. This theory can be
generalized to include a gauge group of SU(3), or more generally, SU(V), as noted in [35, 36].
This generalization preserves many intriguing properties of the Zy toric code, including the
existence of topological sectors and the indistinguishability of these sectors when subjected
to local operators. As such, like the Zs toric code, these generalized versions can also be
utilized as QECCs.
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In comparison to the QCD code that we constructed earlier, the SU(3) toric code exhibits
a clear advantage: it inherently functions as a quantum code. The QCD code functions as
a classical code that only protects against bit-flip errors.

We underscore the fact that the QCD code and the SU(3) toric code correspond to
distinct regimes of the SU(3) gauge theory with suitably chosen coupling constants. Both
codes can protect information coherently up to a certain temperature. However, the QCD
code possesses a much higher temperature threshold, attributable to the significant binding
energy of gluons that confine quarks within hadrons. Conversely, the SU(3) toric code model
exists in a fully deconfined regime, with a substantially smaller energy gap for excitations.

4.2 Topological quantum error correcting codes and topological quantum field
theory

Another class of quantum error correcting codes that exhibits a relationship to superselection
rules are topological codes. The code space Hcode Of a topological code is the Hilbert space
of a corresponding topological quantum field theory, or equivalently a discrete gauge theory
with a discrete gauge group G.

The simplest topological code, the toric code, corresponds to the case of G = Zo. Consider
more generally the Zy gauge theory, which can be described with the Chern-Simons action:

Scs = / Eb Ada. (4.1)
27

Here, a and b are 1-form compact U(1) gauge fields describing the electric and magnetic
degrees of freedom. By setting N = 2 we get back to the Zs gauge theory and toric code.
There are four superselection sectors in the ground-state subspace, or equivalently code space
Heode in the toric code, i.e., Heode = span{|l)s, |€)s, |m)s, |em),}, where the basis states |a),
are the eigenstates of the Wilson loop operator W2 corresponding to charge a along the
x-cycle of the torus (the other is cycle is denoted by y). The superselection rule states that
for any local operator A with support less than the code distance d, one has

x<a|A\a’)x =0 Y |a), |a’>x € Heode, a # a, (4.2)
which is consistent with the Knill-Laflamme condition.

4.3 Supersymmetric quantum field theory

Some work relating quantum error correction to supersymmetric quantum field theory has
already been done in [37]. The work in this article is complementary to this previously
existing work, and perhaps points to how it can be generalized.

Specifically, supersymmetry generates its own superselection rules governing its dynamics
dependent on the number of conserved supercharges [38, 39]. These superselection rules are
broken by breaking supersymmetry from a higher number of conserved supercharges down
to a lower number, e.g. from N = 4 supersymmetry down to N' = 2. Per the argument
presented in this work, this implies that the supersymmetry-derived superselection rules also
admit a quantum error correction interpretation. Indeed, it is well-known that the dynamics
of supersymmetric field theories are increasingly restricted by the number of conserved
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supercharges. This corresponds quite well to protected logical qubits with a relatively
restrictive set of allowed logical gates at higher A/ and less well protected logical qubits
with a more permissive set of allowed logical operations at smaller or zero A. It is of clear
interest to further study the potential ramifications of the quantum error correction picture
on the field of supersymmetry as a whole, in particular in the context of supersymmetry
breaking and constraints on dynamical processes.

4.4 Scale-dependent error correction and code concatenation

In defining low energy subspaces of quantum field theories as the code subspaces, the natural
error model associated with the code corresponds to thermal errors, where the dominant
errors come from interactions with particles at some energy scale u ~ T'. For instance, we saw
that below the QCD scale, the possible errors modes were dominated by interactions with
the isospin singlet ¢ in the toy model or decays mediated by the electroweak interaction in
the Standard Model. However, for energies near the QCD scale, they were dominated by the
exchange of mesons, such as pions at the 100 MeV scale. Then for u > Aqcp we would expect
the interactions, and hence primary error modes, to be dominated by quark-gluon interactions
in the asymptotically free regime. In general, we can understand this in terms of the unbroken
symmetries at different scales that gave rise to different types of permissible processes. This
constitutes an error channel £(u) which now also depends on the energy p, or equivalently, a
length scale £ ~ 1/pu. In this case, the error model is not just one where the “physical degrees
of freedom” simply become noisier like in the usual Pauli depolarizing channel, but the type
of error that is turned on is also different at different length or energy scales.

Although the above field theory code or error model has little bearing on practical
error correction, it does motivate the possibility that the nature of errors may be length
or energy scale-dependent in a physical system. For such a system, it is more beneficial
to tailor a code that is designed to correct such scale-dependent errors. For instance, one
can consider a concatenated quantum code where the block code used at different levels of
concatenation best protects against errors at that scale. This is similar to the observation
of RG as a QECC [40, 41], wherein each RG or coarse-graining step maps to an encoding
isometry. Then, irrelevant operators in the UV correspond to correctable errors that do not
harm the logical information encoded in the IR.

For concreteness, one could construct a Pauli-based error model as a toy example. Suppose
that there are n physical qubits arranged in a 1-dimensional lattice subjected to short-range
Z errors and long range X errors such that the “short-ranged” errors are dominated by single
qubit phase errors Z with some probability p; while the longer range errors are correlated
X® of [ contiguous bit flips of probability px. To tailor a code for such an error, one could
construct a concatenated code that is a gauge fixed Bacon-Shor code. In the UV level, one
could use repetition codes that protect against phase-flip errors and in the IR layer use
codes that best protect against bit-flip errors.

In this work, we used code concatenation to convert the current QCD (outer) codes
into a quantum code by further encoding the hadronic degrees of freedom with another
classical (inner) code that protects against phase errors. The concatenation with the artificial
repetition code may not have a natural interpretation in RG. However, one may also leverage
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other symmetries and associated (S)SRs at a deeper IR scale to identify more natural inner
codes that protect against phase flips. For instance, one may be able to identify states of
more complicated atomic nuclei as codewords with such desired properties.

4.5 General comments and future directions

There are several general comments worth making regarding the connection between su-
perselection and quantum error correction. First, we can consider the situation in which
two different approximate superselection sectors corresponding to independent conservation
of two different quantities exist. This would correspond to a concatenated quantum error
correcting code, where one can fix the code subspace corresponding to a specific value of the
first quantity, and then fix the code subspace corresponding to the second. Such fixing in
this case is commutative, something which is not always the case in concatenated quantum
codes. It is worth considering in the future if there is a way to use superselection sectors to
form non-commutative quantum error correcting codes; this may take the form of conditional
superselection rules, e.g. rules that only hold for a given second quantity if the first quantity
obeys some constraint, as in points of enhanced symmetry.

In particular, we could specialize to cases in which two approximate superselection
rules break down at different energy scales. This would correspond to a situation in which
the quantum error correcting properties of the code corresponding to the lower breakdown
energy stops correcting nontrivially first, while the code corresponding to the higher energy
remains functional. By specifying the scales in question to be those associated with, e.g.,
breakings of specific supersymmetries or with the scales appearing in the Standard Model
construction described above, one can fold both of these instances of multiscale quantum
error correction into this framework.

Finally, it is worth mentioning that while we have established a relation between superse-
lection rules and quantum error correction, a full connection between superselection rules
and fault tolerance remains elusive. Specifically, we have not established what the criteria for
fault tolerance are in the language of superselection, nor what the specific threshold is. A
naive attempt at this would be to set the threshold at the scale at which approximate supers-
election breaks down, but this would need to be examined carefully because the breakdown
of superselection is not necessarily equivalent to the breakdown of fault tolerance.
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Figure 3. Flipping error induced by pion scattering.
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A Transition amplitude

The effective Lagrangian describing the interactions between pions and nucleons, derived
from the spontaneous breaking of axial SU(2) symmetry, can be expressed as:

Ling = /dgm 91> NTY°Pn'N + g2 > N7 7' N, (A1)
7 )

where N = (p) represents the nucleon field.
n

The strength of the interaction between pions and nucleons is determined by the coupling
constants g1 and go. These constants are proportional to #, where fr ~ 100 MeV denotes the

pion decay constant. Consequently, pions scatter at a rate proportional to (AQ%)? Errors
arise from transitions between proton and neutron states, which occur when a pion is absorbed
or emitted. A relevant Feynman diagram illustrating this process is presented in figure 3.

The amplitude for the process can be estimated as follows:

7

mup(k1) (A.2)

Apsn = (—iXi)tn (k3)(—igikyvs — g2v5)

Here, ki through k4 represent the momenta of the scattering particles. The masses of the
particles are given by:

ki=ml, ky=mj, ki=m), ki=m: (A.3)

To account for the energy conservation constraint, we incorporate a delta function and
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integrate over the outgoing momenta to calculate the total cross section:

1 Bhs [ Bhy [ Apon? 45(4)
7ttt = 2F1)(2E2) 1 — 2] / / (27)3 (2E3) (2E,) (2m)"0" (ky + ki — kg — ka)

1 || 1
dQ nQ/dk: By BBt Ea—E :
= STTE B ] ] (A el” [ s (Es-+ Ex - Eo) (A4)

1 K3

———— - 0(E — dQ n
= 612 B2, 7l (Ecm —ms m4/ |Apsn|?

This results in the inclusion of a Heaviside step function 6(FEcn — my, — my), where
Ecn is the center of mass energy. For a stationary target proton, a non-zero scattering cross
2

section requires the incident energy FE5 of the scalar particle ¢ to satisfy Eo > m, + 2% .
P
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