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(ABSTRACT)

A short history of acousto—optics research is presented

along with a general description of how light and sound

_interact.

The Multiple Scattering model is derived and used with

a Gaussian light beam to observe the distortion in light

beam profile within the sound field. Numerical results are

presented for comparison to previous studies using thick

holograms and two orders of light. The results from using

two light orders are compared to four light order results.

A Hamming sound amplitude distribution is introduced as

a possible way to reduce the amount of light beam profile
distortion.
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Chapter 1

A Review of Acousto-Optics

In 1922 Leon Brillouin predicted that light could be

scattered by sound waves under certain conditions (1). He

reasoned that since a sound wave propagating through a fluid

produces alternating regions of compression and rarefaction

and a light wave moves fast enough compared to a sound wave

to make those regions appear stationary, the light waves

would reflect off of the planes of compression. If two

parallel rays of light in phase with each other reflect off

two adjacent layers of compression, then they would

constructively interfere after reflection only if the

difference in path length between the. two rays is one

wavelength long. This would only occur at a specific light

angle of incidence. Referring to Figure 1.1, the length ABC

would have to be one wavelength. Since AC and BC are equal,

they each must be a half wavelength long. A simple relation

for the incident angle can be derived from Figure 1.1:

sinS = BC / cu = A / 2A, (1-1)

where is the wavelength of light, /\ is the wavelength of

sound, and ·9 is the angle of light incidence. This

relation appears in the diffraction of X-rays by crystals

and the angle is known as the Bragg angle ¢8.

Brillouin's prediction was experimentally proven in

l
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b
1932 by two 1ndependent groups: Lucas and B1quard (2) 1n

France, and Debye and Sears (3) 1n the Un1ted States.
Debye and Sears used a quartz crystal lmmersed ln a water

tank CO produce sound waves ln Che MHZ range and VarlOus

llnes of a mercury arC for a llght source. The SCatterlng I

of 11ght by sound was ach1eved, but the Bragg angle was not 2
dlstlnCt. Many orders of llght were generated whlCh were

SymmeCIlC about une unscattered order only for 11ght

lnCldenCe parallel tO Che planes of COmpreSs10n, S = 0 ln

F1gure 1.1. Also unexp1a1ned was the peI1OÖlC 1ntens1ty of

the l1ght orders as the angle was changed. Debye and Sears

also pred1cted that the mOClOn of une sound beam would

doppler shlft the llght freguenc1es.

One of the reasons the results were not as Br11lou1n

predlcted 1S that, unllke aCOmlC planes ln a crystal wh1Ch

are dlSCreCe, COmpresslOn ln a sound beam ls SlnusOldal ln

nature. A mOre COmprehenSlve way of explalnlng aCOuSCO—

OptlC lnteraCt10n ls wlth phOnOn and phOtOn COll1S1OHS (4).

A photon has momentum hk and a phonon has momentum 6K, where

6 = h / ZTT, h belng Planck's COnStant, k ls the wave number

of l1ght 2TT/A., and K 1S the wave number of sound 2TT/,\.

A phonon-photon COll1SlOH Can Occur wlth twO dlfferent

geOmetrles as shOwn ln flgure 1.2. SlnCe the aCOustlC

momentum ls Smdll relatlve CO the llght momentum, une

SCaCtered llght momentum hk ls nearly equlvalent CO Che

3
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incident light momentum. We can derive a relation for the

incident angle from the figure:

sinS= f1K/2hk=K/2k=)\/2/\, (1-2)

which is the Bragg angle relation. The energies associated

with light and sound are hau and·hI1, where Q) and.{L are

the radian frequencies of the light and sound respectively.

Making no approximations, the scattered light energy would

be h(Q)-+I1) for the upshifting case in figure l.2a, and

h(tu -I1 ) for the downshifting case in figure 1.2b.

The theory so far predicts that an infinite plane wave

of light interacting with an infinite plane wave of sound,

characterized by a photon and phonon, will interact to

produce one order of scattered light if the incident angle

is t:¢¤. If the acoustic transducer is finite, the sound ~

wave will no longer be planar. It will have a radiation

pattern (angular or Fourier spectrum) as shown in figure

1.3a, giving rise to scattered light orders illustrated in

figure l.3b (4). This pattern is developed in the same

manner as antenna radiation patterns. For the uniform

transducer used in these examples, the antenna analog is the

uniform line source (5). As the length of the transducer is

reduced, the central lobe of the radiation pattern broadens,

allowing more phonons propagating at wider angles. For

example, a long transducer might only radiate the sound

5



I?. " I?.
Rz R.,)

E .
o..

E3

· 2

..
kl

Eo

6. Ilz
ACOUSTIC AN GULAR SPECTRUNI AND

ASSOCIATED LIGHT ORDERS

FIGURE I.3

6



l

‘orders K+‘ and K,, 1H tne central lobe. Pnonons travell1ng

1H CHESE Ö1rECC1OHS WOUld 1HCEraCC W1CH CHE 1HC1dEHC l1gHC,

ko, to produce tne kl, and k_, orders of l1gHC• A snorter

transducer could also rad1ate K+z and K_Z pnonons WH1CH

would react W1CH tne k+, and k_l pnotons to produce k+2_ and
k_Z l1gHC orders, and so on. Rescatter1ng can also nappen

SUCH CHaC a prEV1OU5ly Up5H1fCEÖ QHOCOH 15 dOWH5H1fCEÖ EHÖ

V1Sa VErSa•

THE aHgUlar WIÖCH of CHE ma1H lODE 15 prOpOrC1OHal CO

/\ / L, L DELHQ tne transducer lengtn. Tne angular

5EparaC1OH DECWEEH CHE 1HCEraCC1Hg QHOHOHS 15 CW1CE CHE

Bragg aHglE, A,//\• A raC1O of tnese qUaHC1C1E5 15 OCCEH

USEÖ CO dEf1HE CHE 1HCEraCC1OH COHÖ1C1OH:

Q=2TTÄL//\z=KzL/k• (1-3)

THE 1HdEX of rEfraCC1OH of CHE 1HCEIaCC1OH mEÖ1Um CaH DE QUC

1H tne ÖEHOm1HaCOI for referr1ng tne output l1gHC to anotner

mEd1Um (6)• For Q >> l CHE 1HCEIaCC1OH rEg1OH 15 lOHg äHd

CHE 5OUHd 15 HEarly plaHar• TH15 15 CallEd CHE Bragg

rEg1OH• FOI Q < l CHE 1HCEraCC1OH rEg1OH 15 snorc; CHE

sound 15 d1ffUSE• TH1S 15 tne so called Debye—Sears or

Rama¤—NaCH rEg1OH afCEr Early rESEarCHErS ln CHE f1Eld•

SIHCE CHE amOUHC CHaC l1gHC CaH DE SCECCEIEÖ aHd

rE5CaCCErEd by SOUHÖ 15 ÖEQEHÖEHC OH CHE aVa1laD1l1Cy of

QHOHOHS, CHE lHCEHSlCY of CHE l1gHC OIÖEKS ÖEQEHÖS OH CHE

7



1nCenSlCy of Che sound fOI a constant lnC1denC angle. In

the Debye—Sears regime the light order amplitudes are I

pIOpOIClOna1 CO Che BeSSe1 fUnCC10nS:

An =
(-j)“

E,„CJ„(kC|S|L / 2) , (l-4)

where An is the nth order light amplitude, j = Vri1Z E,Nc1s

the input light amplitude, C is a COhSCahC dependent on the

interaction medium, J„ is the nth order Bessel function, and

lsl is the sound amplitude (4).

For Bragg diffraction, Q is large and S = ¢B , the

scattered light amplitudes are given by:

E° = E,Nccos(kC|S|L / 4)
(1-5)

Whefe elChe£ the +1 Of *1 order of 11ghC W111 eXlSC

dependent on upshifting or downshifting operation (4).

Applications for acousto-optics started shortly after

1CS VeIlflCaClOn with an OpClCa1 Ce1eVlSlOn ln the mid-

thirties (7,8). The development of the laser in the 1960s

pfOVlded a more COnVenlenC 11ghC source and opened the way

for coherent 11ghC pIOCeSSlng. An eXCenSlVe 11SC of

references for CheOCy and appllCaClOnS appears ln a report

by KOKpe1 (9). SOme mOIe recent app1lCaClOnS lnC1Ude ah

lnCeIfefOmeCIlC meChOd of meaSUIlnQ surface Shape and

vibration (10), spatial display of the correlation of two

8
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eleCCflCdl S1gnälS (ll), CWO ÖlmenS10näl lmäge pIOCeSS1ng

(12,13,14), and Gaussian beam shaping (15).

The läSC COplC, Che effects of acousto-optic

1nCef&CC10n on G&USS1än llghC beams, is Che COplC of Ch1S

study. The multiple plane wave scattering model of

acousto—opt1c interaction developed by Korpel (9,16) is used

CO eXäm1ne the Ö1SCOfC10n of ä GäUSSlän pIOf1le llghC beam

as it propagates through a sound beam. The distortion was

shown experimentally by Forshaw (17), and a mathematical

KepIeSenCäC10n has been presented by ChU and Tamlf (18). A

mäChemaC1C6l development of the mUlC1ple SCäCCeflng model 1S

presented. DeCdlleÖ gfäph1C&l representations of Che output

light orders are presented and compared to related work by

Moharam, Gaylord and Magnusson (19).
-

9
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Chapter 2

The Multiple Plane Wave Scattering Model

ofACOUStO·OptlCInte!dCtlOn

S1nCe the prediction of aCOUStO—Opt1C 1nte!aCtlOn by

Brillouin in 1922, many ways of mathematically modeling the

SCatte!lng have been p!eSented. Raman and Nath f1!St

t!eated the p!Oblem as llght enCOUnte!lng a SlnUSOldal phase

g!dtlng (2@,21), then late! US1ng a wave eqUatlOn app!OaCh

(22,23). Bhatia and Noble used a model based on scattering

by element volumes (24). These methods assumed that both

the light and the sound fields were planar. Chu and Tamir

developed a method for the bounded light beam case by using

1tS angüla! plane wave SpeCt!Um, but the sound !ema1nS

planar (18).
As ment1oned in the preceding review, the sound field

cannot be t!UthfUlly !ep!eSented öS a plane wave unless the

sound SOU!Ce 1S very long COmpa!ed tO the sound WaVelength•

This implies large values of Q (eq. 1—3). The strong

1nte!aCtlOn model p!eSented by KO!pel (9,16) allows aCCU!ate

representation of the light and sound fields by use of their

!eSpeCt1Ve angula!SpeCt!a•The

fOllOW1ng de!1Vat10n ShOWS the 1nClUSlOn of the

Fourier spectra of both the light and the sound beams and

hlghllghtS the approximations that afe made. It p!1ma!lly

follows the derivation published by Korpel (16) with some l

lfä
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differences in trigonometry relating to the directions of

propagation of the light and sound beams, ¢ and S .

The general geometry for the interaction is shown in

figure 2.1. It has been shown that the two dimensional

interaction of sound and light fields with respective

frequenciesl1.and:l>can be described by the following system

of equations, provided that the sound Velocity is far

exceeded by the light Velocity and the interaction medium is

isotropic both optically and acoustically (25):

V2E„(p) + kz E„(P) +
(2-1)

I

l/2 k2CS(P) E„„(P) + 1/2 k2CS‘(p) E„„(p) = 0,

where V2 is the LaPlacian operator öz°/ bxz + Ö"/b za, E„(P)

is the light field at frequency u)+ nf), k is the wave

number of the incident light, S(p) is the complex sound

field, * denotes the complex conjugate, and C is a constant

given by ·«12;n where n is the refractive index of the

unperturbed medium and p is the strain—optic constant given

by:

A(l/¤;2)=p;j SJ. (2-2)

SJ being the strain (26). The Value of C is actually a

tensor which reduces to a constant in isotropic materials.

The sound field can be written as its angular spectrum

by way of its Fourier transform:

ll
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S(p) = S5-(G) exp(-jI?·P) d6, (2-3)

where I? is the acoustic propagation vector in the S

direction. Similarly, the light fields, En(P), can be

written as their spectra:

E„(p) = Sä„(z„¢) @xp(-jk·P) d¢„ (2-4)

where k is the light propagation vector in the ¢ direction.

The fields must contain a z dependence since they are

constantly being modified as they cross the sound field.

The incident light field is = El, (—oo,¢).

Putting (2-4) into the first two terns of (2-1) gives:

V'E„(€) + kzEn(P) =
SN/bz‘

i:„(z,¢I exp(-jk·(3) a¢
)_ _ (2-5

- zjg kz 2;/bz E„(z,¢) exp(-jk·f”S) ap! ,

where kz = k cos¢. The first term on the right side of

(2-5) is dropped with the assumption that Ö2/ Özzfln is

fairly small over distances on the order of Ä , the light

wavelength, compared to kz Ö/ Öz En. Putting (2-3),

(2-4) and (2-5) into (2-1), we have:

kl gd/dz €1„(z,¢) exp(-jk-[5) d¢$ =

-l/4 exp -j (2-6)

expI

Using the definition for the Dirac delta function: :
I
I13 I
I
I
I

,



(
l

+¤¢ V

2TT (k - kn) = S exp j(knx —kx) dx , (2-7)
•%

equat1on (2-6) can be mu1t1p11ed by exp(jk nx x) and
mtegrated over ·oo< x <+o0to produce for the left s1de:

kzgg Ö/dz E„(z,¢) exp -j(kzz + kxx - knxx) d¢dx =
(2-8)

27Tg kl Ö/ 52 En(z,¢) exp(—jkzz) 8 (ky - knx) d¢ .

Subst1tution of dkx = d(k s1ng2‘) = k cos¢ dgz? = kz d¢ ,
k s1n¢ = kx and k s1n ¢,„ = km, 1nto (2-8) g1ves:

21T S6/öz ä„<z,¢> exp<—3k,z> $<k,„ - k,„,> d¢=
, _ (2-9)

21Texp(-jkz ms ¢„> ö /ö z E„<z,¢„> •

S1m11ar treatment of the r1ght—hand Sldé f1rst term 1n (2-6)

g1.V€S2 .

-j/4 k2C 8(9) ‘E„,,(z,¢)
€Xp j(-Kxx -Klz —kzZ ·KxX +knxX) d9d¢dx =_ _ (2-10)

—j/4 k C2exp

j(-Kfz -kaz) (kx -knx +KX) d8d¢ .

Us1ng kg = k cos¢ and k s1n ¢n_,= knx — KX, (2-10) becomes:

—jkC/4 21T S §(6) E„-,(z„¢„-.)/cos ¢„., (2-ll)x exp j(—K‘z -kz cos ¢„-,) d9 .
TDG Sämé QIOCGSS Wlth CDE second CGIIII L1SlI1Q

k s1n¢„,_‘= knx+ KX gives:

14
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·3)<C/4 ZTT S $76) $„.„(Z·¢„„)/<=<>=—= ¢»•„
(2-12)

x exp j(K„z -kz cos¢„,,) dé •

Combxning (2-9), (2-11), (2-12) and subst1tuting

Kl = -K sin6,we have:

exp j(Kz s1n Q -kz cos +kz cos ¢„) dS +
(2-13)$$76) E„..(z„¢„..)/cos ¢*„.•

exp -j(Kz SIHG +kz cos ¢„„-kz cos¢„ ) dél .

Emp1oy1ng CIIQOHOMECIIC 1dent1ty:

cos x - cos y = -2 Sln l/2(x + y) s1n 1/2(x - y), (2-14)

the exponent1a1s of (3-13) become:

cos ¢„- cos¢„,, = -2 s1n s1n 1/2(¢„ - ¢„,,)
E

= -2 s1n 1/2(¢„ +¢„_„) s1n 1/2 ¢, (2-15)

and:

cos ¢M• - cos¢„= -2 S10 1/2(¢„„ +¢„) s1n 1/2(¢,,,,,-¢„)

= -2 s1n 1/2(¢„„ +¢„) s1n 1/2 ¢„ , (2-16)

where ¢‘ is the angular separat1on between the 11ght

orders. F&CCOI1Hg 2k out of the exponent1a1s in (2-13)

g1ves for the exponents:

15
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term 1;

exp j2kz (K/2k sinö - sin 1/2(¢„+¢„_•) sin 1/2 ¢,)
‘ (2-17)

term 2;

exp -j2kz (K/2k sin6 - sin 1/2(¢„,_|+ ¢„) sin 1/2 ¢,) .

For the strongest deflection of energy from the n+l and n-1
‘

orders into the nth order, the exponential terms should

vanish. This happens when:

S = 1/2 (¢„+ ¢„_|) for the n-1 order , (2-18)

Q = 1/2 (¢„„+ ¢„) for the n+l order (2-19)

and ‘ ·
sin (1/2) ¢I = K / 2k . (2-20)

Equation (2-20) gives the relation for the Bragg angle when

K / 2k is small. For such small angles sin G ä S and

cosG= 1. Rewriting (2-13), we have:

6/bz E„<z.¢„> = —jkc/4 1?I.„-,(z.¢„-.)/cos ¢„-,
x exp j2kz¢B(e- 1/2(¢„+¢„_„ )) dG

x exp -j2kz ¢ß(6- l/2(¢„,, +¢„)) dG] . (2-21)

Using 1/2(¢„+¢„_·) = (2n -1)¢„, 1/2(¢„„ +¢„) = (2n +1)¢B,

and ¢B= K/2k in (2-21):

I
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Ö /Ö Z Ü„(Z„¢„) = —·jkC/4 [S§(9) E„_„(z,¢„_·)/cos ¢„_·

exp jKz(S - (2n-l)¢B) dS (2-22)

+g§*(S) E„„(z,¢„„)/cos ¢,„, exp -jKz(9- (2n+1)¢ß) d6] .

Using ¢„-, = ¢„ - 2 ¢B , ¢„_,_, = ¢„+ 2 ¢B and defining

coordinates:

x„_„ = z¢B(2n-l) and xym = z¢8(2n+l) (2-23)

in (2-22), the components take on the form of Fourier

transforms and can be rewritten as:

=

-jkc/4 [S(z,xn_|) E„_·(z,q$„ -2955)/c¤s(¢„ -2¢B)
+ S"(z,x,„„) ä„„(z,¢„ +2¢B)/¤¤S(¢„ +2¢ß)1 . (2-24)

A graphical representation of (2-24) is shown in figure 2.2.

The change in amplitude of the nth order of light comes from
i

contributions from the n+l and n-l light orders. The n+l

light interacts with sound S(x„M) which, in figure 2.2, are

phonons propagating perpendicular to the line. The

resultant photons are in the nth order. In the same

fashion, the n-1 light interacts with sound S(x„q) which are

phonons traveling perpendicular to the line.

Simultaneously, the n+2 and nth light orders are

contributing to the n+l order, the nth and n-2 light orders

are contributing to the n-l order and so on. Now, the

bounded planar sound column mentioned above is given by:

l
17
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Sm, = lS| exp [—jKz(¢, + (2n-l)¢B)]

= |6| exp [-jxzz/2k (gp, /¢ß + 2¤—1)1
= ISI exp [-jQ§°/ 2 (gb, /¢B + 2n-1)] , (2-25)

where g = z/L is the normalized distance across the sound

field, ¢; is the angle of incidence and Q is the Klein-

Cook parameter, KzL/k (6). Similarly:

6,,,, = I6! exp [jQ§°/2 (gi,/¢,, + 2n+1>1 . (2-26)

This notation assumes a real sound field, that is S

=forsimplicity, and ¢° is positive for the downshifting case

(27). This sound model is used in this study for purposes

of comparison and because the light beam distortion

investigated appears at high Q values where the planar sound

approximation is valid. A rigorous derivation of some '

familiar equations has been done by Poon and Korpel (27).

Also, treatment of the bounded case has been done using

Feynman diagrams by Poon and Korpel (28,29). A study that

successfully verified this model in the case of adjacent

sound columns has recently been done by Poon, Chatterjee and

Banerjee (30).

I
I
I
I
I
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Chapter 3

Diffraction of Gaussian Light Beams

by Thick Sinusoidal Gratings

Since the phenomenon of light—sound interaction is most

easily seen when coherent light is used to illuminate the

sound beam, the laser is a logical light source for the

purpose. Laser light is coherent, and highly directional.

A problem with the laser as a light source for acousto-

optics is the finite extent of the beam. Early models of

acousto—optic interaction assumed infinite plane waves of

light. It has been seen that the intensity profile of a

laser beam, which is typically Gaussian in shape, distorts

for thick sound beams with high sound intensities (17). An

U analytical approach to the beam distortion phenomenon in

light diffraction by thick holograms has been done by Chu

and Tamir (18), and Moharam, Gaylord and Magnusson (19). A

thick hologram (i.e., a thick phase grating) is

approximately equivalent to a bounded sound column, provided

the sound Velocity is small compared to the light Velocity.

The article by Moharam et al. presents calculated results in

graphs, showing the evolution of a Gaussian light beam as

the grating strength increases for several geometrical

configurations. It is to these results that analyses of

similar sound cell configurations, using the multiple

scattering model, are compared.

20
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Correlating Notation:

Moharam et al. use two variables in their analysis to

illustrate the effect of bounded light beam diffraction by a

thick hologram: a grating strength and a geometry factor.

The grating strength is proportional to the Variation in

refractive index in the grating and is given by:

X = n'1Td /).cos9 , (3-1)

where n. is the peak amplitude of the sinusoidal index

Variation, Q is the light incident angle and d is the

grating thickness. The grating thickness is specifically

determined by the geometry factor:

.g=dsin6/w , (3-2)

where w is the l/ez Gaussian beam radius.

The multiple scattering model also uses two variables Q

and Ä; , which can be seen in the following formulation

derived from (2-22), (2-25) and (2-26):

dE,, /dz = -jkC|SI/4 {exp [-jQz/2L (¢;/¢B +(2n-l))]E„_·
_ (3-3)

+ exp [jQz/2L (¢;/¢B+(2n+l))]E,„,} .

Using f = z/L, (3-3) becomes:

dY3„ /d§’= -jä/2 {exp [-jQ§°/2 <¢;/¢„ +(2¤—l))]Ü?·„-. )(3-4 ~
+ exp [jpg/2 (¢;/¢B+(2¤+l))]E„.,}„{

2l ‘

{
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where 62: kCL|SI/2, Q = KZL/k and cos
¢„_?=’ 1.

The parameter Ülcan be equated to $¢in the following

manner: strictly speaking k is the light wave number within

the interaction medium so that nk° = k = 2TTn /,k. From the

paper by Korpel (26), the peak index variation in the medium

is:

An = 2n· = nC|S| (3-5)

For small incident angles, i.e., cos QQ2 1, the values L and

d are identical. Hence for (3-1):

Ö’=1Tn„d
/Äcos6 = knCL[S| / 2x2n = kCL|S|/4 = Ö/2. (3-6)

Throughout the study by Moharam et al., 9 was taken to

be the Bragg angle so that sin S = sin ¢ß = K/2k for small

values of K/2k. Using this in (3-2):

g = d sin ¢b / w 2 LK / 2kw = LK: / 2kKw = Q / 2Kw . (3-7)

Hence:

Q = 2gKw . (3-8)

Moharam et al. assumed that only the ßth and lst orders of

light were non-zero and they varied X from Q to 21T for g

values 3, 1 and a value much less than l. The equivalent

equations using the multiple scattering model are:
ä
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dEa / d§ = -j•§/2 exp(jQ§’/Z (¢;/¢a +1)) E, (3-9a)

dE, / df = -j&/Z exp(—jQ§’/2 +1)) Ea (3-9b)

w1th<$,var1ed from 0 to 4TT. To match the values of g, some

standard must be chosen for the Gaussian function and the

sound wave. Choosing CDG Gaussian radius, w, to be .5 mm

with a 40 MHz sound wave in flint glass, which has a

longitudinal acoustic velocity of 4030 m/s (31), K is

62364 m". With these values Q is 0, 62.4 and 187 for the

respective g values of 0, 1 and 3.

Since the system of equations in (3-9) is written to

describe plane waves of light, the Gaussian profile must be

decomposed into superimposed plane waves, that is, its

Fourier spectrum. The general form of a Gaussian and its

Fourier transform are (32):

Gaussian Fourier transform” (3-10)
g(x) = exp(-ax‘) G(w,.) =@ exp(—w,,‘/4a) ,

where uux= ZU? and f is a spatial frequency x/)„z where x

and z are defined in the light ray diagram figure 3.1 (33).

The length x is the spatial wavelength after a propagation

distance of length z. Assuming that G? is small

x/z = tan S E 6, so oo, = 2U'6/)„ = k6. 'Hence the Fourier

spectrum from (3-10) becomes:

G(9) = exp(-k‘6‘/4a) . (3-11)

I° 23 {
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For a Gaussian with amplitude 1/e at x = 0.00¤5 m the

constant a is 4 x 106. Using light from a He-Ne laser
(A_= 6328 Ä) the normalized spectrum is:

G(6) = exp(-6161789 SZ) « (3-12)

WUICD nas a l/e amplitude at 9 = 0.4 mrad so the small angle

approximation is valid. Figure 3.2 shows the input Gaussian

and its angular spectrum. The initial condition for the EO

light amplitude 1S the amplitude of the angular spectrum at

the appropriate incident angle. The center of the Gaussian

1S at the upshifting Bragg angle, - ¢8. The E. light

amplitude 1S 0 before enter1ng the sound. Equation (3-9) is

solved numerically for several input angles around the Eragg

angle to give the output angular spectra of both the 0th and
-

1st order light. An inverse Fourier transform is then done

to give the output intensity profiles of the two light

orders. Figures 3.3, 3.4 and 3.5 show the output intensity

profiles for cases corresponding to those presented by

Moharam et al. in figures 2 and 3 of ref. 19. The S and R

beams in ref. 19 are the E6 and E. beams presented here. An

explanation of the numerical analysis methods and

programming used to generate these graphs appears in the

appendix. The darkened line indicates the starting location

of the center of each order and the spike at 5} =0 shows the

height of the input Gaussian.
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I
The results agree well w1th Moharam et al. for both the

graph shapes and the movement of the ax1s of symmetry for

each order away from 1ts or1g1nal center. The graphs also

show the gradual mOC10¤ of the two orders towards each other

observed by Forshaw (17). The very h1gh Q values used here

at f1ISC seem r1d1culous; for the 40 MHz sound frequency

the sound source length for Q = 187 would almost 1/2 meter.
However, the sound frequency can be 1n the GHz range. The

transducer léngth at a sound frequency of 1 GHz and Q = 187

would only be 0.7 mm. At such frequenc1es much h1gher Q

values would be reasonable. The graphs presented here are

val1d for any sound frequency s1nce the system \‘lS

normal1zed. What would change 1S the relat1onsh1p between g

and Q; for g = 3 at 1 GHz, Q = 4677. What 15 unreasonable
1S the assumptlon that only two orders of l1ght w1ll ex1st

for the low values of Q. As meht1oned 1n Chapter 1, low Q
values represent Debye-Sears reg1on operat1on where the

output 1ntens1t1es are proport1onal to Bessel fUHCClOHS•

l
3 3



Chapter 4

Bragg Diffraction of Gaussian Beams:

A Four Order Approximation

The equations describing acousto-optic interaction

developed in chapter 2 suggest that the amount of light in

any diffracted light order is dependent on the amount of

light in the orders adjacent to it. Indirectly, every order

is affected by every other light order on both sides of it,

therefore the infinite set of coupled equations. Since an

infinite set of complex coupled differential equations is

mathematically ~cumbersome, some approximations are usually

I made. In this case the higher orders of light, both

positive and negative, are assumed to be zero. Since there

is seldom enough sound energy at broad angles to transfer

light energy from the incident light order into the higher

orders, ignoring those orders is reasonable. The question

then arises. How many orders does one assume non-zero?

Moharam et al. assumes all but the central two orders to be

zero for the Bragg diffraction case (19). For very thick

gratings this is a reasonable assumption. The angular

spectrum for a thick grating is virtually a plane wave so

most light is in the first two orders. However, for thin

gratings the two light order approximation is insufficient.

For the case of the bounded light beam many light plane

waves are considered for each light order. This would

Ä 34
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suggest the use of more light orders, even for thick

gratings, to avoid compounding error.

Moving up in order of approximation from two would

require adding the same number of orders to either side of

the original two. For a four order approximation with a

light upshifting incident angle, the non-zero light orders

would be -1, 6, l and 2. The four differential equations

describing the case would be, from (3-4):

dä-. /d§’ = -362/2 {exp l3Q§’/2 (¢;/¢ß - 1)] E,}
dE¤ /d§° = -382/2 {exp {-3Q§’/2 (¢;/¢B - 1)] FZ-, +

exp [3Q§’ /2 (¢;/¢B + 1)] Ü,}

dä, /Ö§° =
-36)*/2 {exp [-jf)? /2 (¢;/¢B + l)] Ea +

(4-1)

exp l3Q§’/2 (¢;/¢B + 3)] E,}

dä; /d§° = -362./2 {exp [-jQ§’/2 <¢;/¢B+ 3)] E, ].

The initial conditions are zero for all light orders except

ZEO . The field EG is initially a plane wave with amplitude

given by (3-12), where S= 0, the center of the Gaussian,

corresponds to the upshifting Bragg angle, ¢¢; =-ßg, just as

in the cases given in chapter 3. The graphs of numerical

solutions to (4-1) for the Qth and 1st light orders with Q

values of Q, 62.4 and 187 are given in figures 4.1, 4.2 and

4.3. These cases correspond to the two order approximation

graphs in figures 3.3, 3.4 and 3.5.

The differences between the two and four order

i 35
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approximations are easily seen when comparing figures 3.3

and 4.1. For the Q = G case, the graphs look very little

like each other except for the initial peak of the ßth

order, which is the input Gaussian. Provided the input beam

shape stays the same, the ßth order should always be the

same at gt = E since the light travels straight through the

unperturbed medium. The low peaks, beyond the first, in

figures 4.la and 4.lb, indicate a substantial amount of

light being transferred into the higher orders, orders -1

and 2. If the sound were allowed to increase beyond the

level corresponding to &= 4TT a six order approximation

would probably be worth investigating. For the Q = 62.4 and

187 cases the graphs have shapes similar to the two order

graphs. Close comparison of figures 4.2a and 3.4a, which
” show the ßth order at Q = 62.4, shows that the four order

case has slightly lower levels throughout the second and

third peaks. Slightly lower peaks also appear on the lst

order graph, figure 4.2b, when compared to figure 3.4b.

Both ßth and lst order graphs being lower in intensity shows

that there are still small but noticeable light energies in

orders -1 and 2. In the Q = 187 case, figures 3.5 and 4.3,

the four order graphs have different light distributions

from the two order graphs. The third peak in the ßth order

is actually higher in the four order graph than the two

order graph. At such a high Q level the light quantity in

{
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the outer orders is very small, but they cannot be neglected

because they affect the way the light moves in the inner

orders. It is also interesting to note that the extra light

orders in the approximation have no visible affect on how

I far the light beam centers move from their original

positions as the sound level increases. The lateral motion

of the light beam is evidently a function of Q amd 62 ,

but not a function of the number of orders used in the

approximation.

Changing the length of the transducer is not the only

way of changing the shape of the sound radiation pattern.

Changing the amplitude distribution across the transducer

will also change the radiation pattern. So far in this

study the sound distribution has been taken to be uniform,

i.e., the sound amplitude has been unity across the whole

transducer as shown in figure 4.4a. An alternate

distribution, called the Hamming function, is of interest

because the size of the radiation pattern side—lobes is

diminished. This puts more sound energy into the central

lobe, thereby reducing the amount of sound available to move

light into the higher light orders. The Hamming function is

graphed in figure 4.4b and is expressed mathematically as:

Hamming(x) = 0.54 + 0.46 cos(TTx) (4-2)

Since the Hamming function modifies the sound amplitude \S|,
P P
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it is inserted into the interaction formulae (4-1) by

multiplying it with Ö;. For the sound cell running from
€°=

@ to 1, (4-l) becomes:

dä-,
/d€

= ··j&ham/2 {exP [jQ§’/2 (¢,·/¢B - 1)] Eo}
däo /dq = -jérhem/2 {exp /2 <¢,/425,, - 1)] €:,, +

exp [;iQ§/2 (¢;/¢„ + 1)] E,}
(4-3)

dä, /dg’ = —j&ham/2 {exp [-jQ€/2 (¢;/¢B+ 1)] EG +

exp [jQ§ /2 (¢;/¢ß+ 3)] EZ]

dä, /dg* = -jékham/2 {exp [—jQ§’/2 <¢,-/¢, + an ä,] ,

where:

ham = @.54 + @.46 sin(1T§) . (4-4)

Plots for the cases shown in figures 4.1, 4.2 and 4.3 using

four light orders and the Hamming sound distribution are in

figures 4.5, 4.6 and 4.7.

Comparison of figures 4.1 and 4.5 show no visible

differences. This makes sense since the Q = @ case implies

an infinitely thin sound beam, where no real amplitude

distribution can exist. Any difference between these graphs

would be artifacts of the computer programming. The graphs·

for the higher Q values show more interesting differences.

The graphs for both the @th and 1st orders, in both the

Q = 62.4 and Q = 187 cases, are slightly higher. Less light

is escaping into the higher light orders. This shows that

} 45
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the Hamming distribution does collimate the sound better

than the uniform distribution. The increases are not

dramatic, but at these high Q levels not much light is in

the -1st and 2nd orders even for the uniform sound source.

Furthermore, the Hamming distribution does have an effect on

the lateral motion of the light beam centers. The peaks

have moved less with the Hamming source than with the

uniform source, noting specifically the ßth order at

Q = 187, in figures 4.3a and 4.7a. The peak for the uniform

sound source has moved 8 lines to the right compared to a 7

line shift in the Hamming case, a difference of about 1/8 mm
in a l mm diameter light beam. The lateral shift of the

light orders can evidently be changed by either change in

the sound source length or amplitude distribution.

II
I
I
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üChapter 5

Summary and Conclusions

In this study the multiple plane wave scattering model

was used to solve the problem of acousto-optic interaction

of a Gaussian input light beam. Using a uniform sound

source and two orders of light only, this model produced

results very close to those found by Moharam, Gaylord and

Magnusson (19). Assuming they were correct, Gaussian light

beams are within the bounds of acousto-optic problems

solvable using the multiple scattering model.

Extension of the bounded light beam problem to four

orders of light showed how ineffective the two light order

approximation is for thin sound beams. The two light order

case is simply too idealistic for thin gratings. The four

light order results for thicker gratings showed some
n

differences in light beam shape and intensity from the two

order results, but the differences were small compared to

the amount of distortion the beams show as the sound
strength increases. Judging by the way the beam distortion

develops with rising Q (KZL/k) and sound level, its effects
can be mostly avoided by operating at sound levels

{
corresponding with the light intensity peaks. At the peaks

the distortion is small, provided that the Q value is not

too high. Lower Q values, unfortunately, while having less

distortion, also have higher light energies in the higher

I 53 I
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orders. A trade—off exists between the amount of light beam

distortion, and how much light is lost to the higher orders.

An alternative to the trade-off is to find another way

of controlling the system. The Hamming distribution is

introduced, as the sound source amplitude profile, to lower

the amount of light leaking into the higher orders. The

graphs in chapter 4 show clearly that although the central

light orders are a little brighter, the Hamming function is

not a good way to control distortion of the beams. The

change is just not enough. The fact that there is a change

suggests that other sound distributions might be more

effective. Also, the plots only show results for two Q

values, the Hamming function might do better for different Q

values.
Lastly, the Q values used in this study for thick

gratings are very high (though they could be much higher for

higher sound frequencies). At such high Q values the

assumption that the sound beam is a uniform column is

reasonable. As the Q value lowers, i.e., the length of the

sound source gets smaller compared to the sound wavelength,

the sound field that the light beams will encounter will

look more and more like the spectrum shown in figure 1.3.

The methods shown here are very effective for high Q values,

sound fields like figure 1.3 should be used for analysis of

the lower Q values. 54
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1 Appendix

Computer Programming

The physical problem that this study presented was a

bounded sound column causing diffraction of a Gaussian

shaped light beam over a range of sound amplitudes. The

mathematical problem arising from using the Multiple Plane

Wave Scattering method to model this physical problem was a

system of first order, complex, coupled differential

equations to be solved over the interval E to 1. The

initial values of the light orders were ß for all orders

used but the ßth order which had unit amplitude. The

formulation used by the model assumes that the input light

is a plane wave, so any non-planar light must first be

broken into plane waves at the input and put back into

profile form at the output. These solutions must be found

repetitively for different sound amplitudes so that the

development of the light beam profiles as the sound changes

can be seen. The following algorithm was used to solve this

problem.

1. Convert the input gaussian to its angular spectrum
representation by means of a Fourier transform.

2. Sample the spectrum a sufficient number of times,
and at close enough intervals, to allow reconstruction
of the shape at the output of Che system.

3. Solve the system of equations for each plane wave
sample and store the results for each output light
order.
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4. Find the inverse Fourier transform of the output
spectrum to get an output light profile.

5. Square the light profiles to get intensity profiles
and store the results.
6. Repeat steps 2 through 5 for each sound amplitude.

7. Plot the intensity profiles against the sound
amplitude.

The Fourier transforming of the input Gaussian was

performed by hand, the resultant function appears in (3-12)

and figure 3.2. The spectrum sampling, differential system

solving, inverse transforming, squaring and storing were all

done in one computer program, which appears in figure Ä.l.

The sampling of the light beam profile function was done 32

times at 0.15 mrad intervals centered around the upshifting

Bragg angle which was the nominal angle of incidence.

The differential equation solving method used was the

fifth order Runge-Kutta method (34):

yM, = y, + h(16K,/135 + 6656K3/12825 + 2856lK,/56430
- 9Ks/50 +2K‘/55) (A-ia)

K, = f(x,,y,) (A-lb)
K2 = f(x, + h/4, y, + n/4 K,) (A-lc)
K3 = f(x, + 3h/8, y,

f(x, + 12h/13, y, + h(l932K,/2197 - 7200Kz/2197
+ 7296K3/2197)) (A-le)

K, = f(x, + h, y, + h(439K,/216 - 8KZ+ 3680K3/513 ,- 845K,/4104)) — (A-lf) )

I
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. b

Kß = f(x; + n/2, y; + h(-8K,/27 + 2K, —35441<3/2565
+ l859K,/4104 - 1lKs/40)) (A-lg)

where y;„ 1S the approximate solution at the end of a step,

ya is the approximate solution, or initial value, at the

beginning of a step, h 1S the step length and f(x,y) 1S

dy/dx, 1.e., the system of first order differential

equations to be solved.

The Runga-Kutta methods are derived by assuming the

solution at the end of an interval 1S the solution at the

interval beginning plus a weighted sum of derivative

evaluations taken across the interval. Such is the form of

(A-la). The evaluation locations and weights are chosen by

expanding the general form of (A—la), with the weights and

locations as arbitray constants, into a Taylor series and

comparing terms to the Taylor expansion of a general two

dimensional function. The resultant set of equations to be

solved for the arbitrary constants 1S under specified, so

there are always possible solutions. The order of the

method is based on the number of terms in the Taylor

expansion that are used. The order of the possible error

made on each step of approximation 1s proportional to the

first term in the Taylor expansion that 1S dropped. The

above method 1S fifth order, so the local error 1S

on the order of the S1XCh term in the Taylor expansion,

which is proportional to
h‘.

The h used in the following
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0 program was .04 so the local error was on the order of

4 x l0°,(35). When testing the results from thé program for

COnS€IV8.t10n of energy, the ratio of thé total llght energy

input to thé total light energy output, the error was never

more than 0.1%.

The inverse Fourier transforming was done by means of a

Fast Fourier Transform (FFT) subprogram written by Jim

Cooley, a graduate of the Virginia Tech Electrical

Englnééflng Department. The only change made tO h1.S IOL1t1n€

was to allow for double precision complex numbers. For more

information on the FFT see references 36 and 37.

Squaring of the profile was done by squaring each of

the 32 values returned from the FFT routine. The final

results were printed to output data files. The arrays had

to be rearranged in the printing since the FFT rout1ne

returns them with the center of the profile in the first

position. The incrementing of the sound was done in a large

loop containing all the above Computer executed steps. The

execution of the program was done on the IBM 3ß90 mainframe

computer available at Virginia Tech. The data files were

downloaded to an IBM—PC for graphing.

The program to do the graphics appears in figure A.2,

along with the directly and indirectly called library

subroutines that do the actual three dimensional plotting.

The subroutines were written by Ken Becker, a Master's
nI
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graduate of Virginia Tech Electrical Engineering and were

obtained through the Engineering College PC Lab. Thé plots

were done on an IBM-PC equipped with an 8087 math co-

processor (a great convenience but not a necessity), a Color

Graphics Adapter, an IBM-PC Color Display, and a graphics

printer. TDG compiling and linking of the fortran and

assembler routines was done using the Microsoft Fortran

package, version 3.31, August, 1985.
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