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(ABSTRACT)

Ue present a method of constructing the phase diagram at low

temperatures, using the low temperature expansions. Ue consider spin

Iattice systems described by a Hamiltonian with a d—dimensional

perturbation space. Ue prove that there is a one-one correspondence

between subsets of the phase diagram and extremal elements of some

family of conuex sets. Ue also solue a linear programming problem of

the phase diagram for a set of affine functionals.
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CHAPTER 1: Introduction.

The major problmn of statistical physics consists in determining

the number and the properties of phases of a system. Here we use

the term 'phase' to mean an equilibrium state [IJ. Ue will be

interested in the following situation. Suppose that a system with a

known set of phases is described by a Hamiltonian HO. Next we allow Ho

to be perturbed by an element from a d—dimensional perturbation space

8, and ask the following question: how are phases of the perturbed

system described by phases of the non·perturbed one? In particular, we

want to determine the phase diagram. Since we know, at least in

principle, how to derive the zero-temperature phase diagram, we expect

some simplification of the problem at low temperatures. Therefore we

restrict our attention to the low temperature region.

The framework of this paper is described in Section 2.1. Ue

consider translation-invariant lattice spin systems. In addition, we

assume that Ho, and all elements of 8, have finite ranges, and that Ho

has a finite number of periodic ground states. Some remarks concerning

the systems with an infinite number of ground states are comprised

in Section 4.4.

As the first step in describing phase diagrams at low temperatures,

one uses often the low temperature (LT) expansions. Ue review the most

important elements of the LT expansion technique in Section 2.2. For

any periodic ground state I3 of Ho, and small perturbations L, this

l
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technique yields the series in variables {e_pEi} (p + w), denoted

as bß. Here O(El<E2<... are energies of excitations of the ground

state G. For ferromagnetic, nonperturbed systems, the bG(0)'s are

convergent [21. However, nothing is known in the general case.

Therefore we will use the series
pg

only within the formal series

framework. The formal series are discussed in Section 2.3.

Uithin the formal series framework we define a formal phase diagram

as a family of solutions for systems\of equations of the type:

— <H,eG) + bG(H) = — <H,eG,> + bG,(H) G,G' € S' (1.1)

with the additional condition:

— <H,eG) + bG(H) ) · (H,eg> + bä(H) G
€

S', G ( S' (1.1a)

Here S' is a subset of the set of ground states S of Ho, and for any G,

eG is a linear functional on 8 defined at every L as energy per spin

for the Hamiltonian L.

For special systems, the relation between the formal diagram and

the 'real life' phase diagram has been described by Slawny [3].

Consider the system for which:

a) The Hamiltonian HO has n ground states, and satisfies Peierls

condition;

b) the perturbation space 8 is (n—1)-dimensional and the functionals

{eg) span the space dual to 8.

Pirogow and Sinai ([4],[5l) proved that at low temperatures and for
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small perturbations, the phase diagram for this type of system is

a perturbation of the zero—temperature phase diagram. Using their

contour expansions, Slawny showed that the formal phase diagram is

asymptotic (as p -+ ¤) to the rigorous phase diagrun. One can extend

this result to the cases where dim 8 is less than n-1. However, there

are no corresponding results for the systems with an infinite number of

ground states.

Setting aside the problem of the relation between the formal and

rigorous phase diagrams, we will concentrate on the description of

the former one. For practical reasons, we cannot deal with the formal

series ps. Hence for any ground state G, we consider a function defined

by the first m terms of the formal series, called the cut-off pressure
h

pg in order m (Section 2.2).

The phase diagram in order m is defined by cut-off pressures by

formulae similar to (1.1) and (1.1a): for any subset S' of the set of
”

ground states S we consider the system of equations:

- <pL,eG> + pg(pL,p) = - (pL,eG,> + pg’(pL,p) G,G'
€

S' 8 (1.2)

with the following dominance condition:

- <pL,eG> + pg(ßL,ß) > - <pL,eg> + pä(ßL,ß) G
€

S', Ö ( S' (1.2a)

If (1.2a) is satisfied, we will say that G dominates Ö at the point

(L,p). A subset of the phase diagram defined by (1.2) and (1.2a) is
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called the stratum corresponding to the family of phases S'.

In this paper we present a method of constructing the phase diagram

in any order m. This construction is relatively easy in simple cases:

the main difficulty consists in generating the low temperature

expansions. However, with growing dimension d of the perturbation

space, and increasing difference between the number of ground states n,

and d+1, the situation becomes complicated, even if the expansion

coefficients are known. Our method makes possible the order-by·order

description of the phase diagrun. Ue are also able to determine in

which order mhis description becomes complete, so that higher terms of

the LT expansions yield no additional information.

The construction of the phase diagrmn is described in Chapter 3.

Section 3.1 contains a definitin of the phase diagram in order m, and

deals with general properties of the strata arising from the analycity

of cut-off pressures. In Section 3.2 we consider the following

situation:

a) Ho has d+1 ground states;

b) perturbation space is d—dimensional and {eG} spans the space dual

to 3.

In any order m, the phase diagram for this type of systems has

the following property: Let S' be any k-element subset of S. Then there

exists in 3 a (d-k)-dimensional surface such that any point (L,p) in

this surface satisfies equation (1.2) for phases in S', and also the

dominance condition (1.2a). This result corresponds to the rigorous

result of ([4],15]), thus supporting the formal (asymptotic) diagrams
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approach.

In the remaining part of Chapter 3 we deal with the situation when

HO has strictly more than d+l ground states. The essence of our method

consists of an order by order, local approximation of cut—off pressures

by constants. Let us fix order m, and consider the first two steps of

this construction. In zero order all constants are zero, and

Ipg(ßL,ß)| < const
e-p‘,

e ) 0 (1.3)

for L in some region around zero, and p large. Using this fact we show

that:
d

1. If G is not a ground state for H0+i§1Li with L = (Ll,...,Ld) ¢ 0

then there exists a family of open balls {B(0,r,(p)),p} with

r1(p) = 0(e-BEI) such that outside this family, other phases dominate

the phase G. ·

2. with some additional hypotheses the phase diagrmn outside

{B(0,r1(p)),p} looks like the zero-order (zero-temperature) phase

diagram, i.e. there is a one-one correspondence between surfaces:

<L,eG - es,) = 0, G,6' € S' C S

<L,eG — eg) ( 0, G € S', Ö ( S'

and the surfaces defined by (1.2) and (1.2a) for S'.

Moreover, the corresponding surfaces are close to one another in the

sense that for any large p, their distance is proportional to

e_pE1.

In the next step we construct the phase diagram only inside

(B(0,r,(p)),p}. without loss of generality, let us suppose that in the

first order of the LT expansion, the coefficients n?(0) differ for some
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ground states. The cut-off pressure for a ground state G is

approximated by n?(0): if L is in B(0,r1(p)), then

constIn
this step we cannot use the zero temperature phase diagram. Instead

we construct a phase diagram for the set of affine functionals

{(eG,n?(0))}. Let U1 = conv {(eG,n?(0))}. Then we can show that:

1. if (e6,n?(0)) lies inside a d—dimensional face of max U1, then there

exists a family of balls {B(O,r2(p)),ß} (with r2(p) = 0(e-pE2) and

depending on the face), such that other phases dominate G outside this

family.

2. with some additional hypotheses the phase diagrun outside

(B(0,r2(ß)),p} looks like the phase diagram for affine functionals

(eG,n?(0)), i.e. there is one-one correspondence between surfaces:

- <pi.,eG> + n?(0) = - <pi.,eG,> + n‘§'<0>, 6,6' > 6· c 6

— (pL,eG> + n?(0) > - <pL,eg) + n§(0), G
€ 5’, Ö ( S'

and the surfaces defined by (1.2) and (1.2a). Again, these surfaces are

close to one another in the sense that for any large p, their distance

is proportional to

e_pE2.

In the following step we construct the phase diagrun only inside

sets {B(0,r2(p)),p}, for each face of max U1. This construction becomes

more and more complicated with increasing order. In particular,

the constants which approximate cut-off pressures consist not only of

LT expansion coefficients, but also of products of their deriuatiues of
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different orders. However, one can see the emerging pattern. In every

order m we construct the phase diagram in sets with diameter

of order m. In each of these sets we can use estimations similar to

(1.3) and (1.4). The phase diagram is then described through a one—one

correspondence between its strata and subsets of the phase diagrams for

some set of affine functionals.

An important element of the above construction is dhtermining a

phase diagram for a set of affine functionals. Ue deal with this

problem in Section 3.3. This is also a new problem in linear

programming: for a given set T of affine functionals we construct

a phase diagram, i.e. the family of surfaces defined by:

pi(x) =.pi (x) pi,pj
€

T' (F' C F)

pi(x) > p(x) pi
€

T', p ( F'.

Ne show that there is one-one correspondence between extremal elements

(faces, edges, points) of the set: max(conv P), and subsets of the

phase diagram. Namely, to any extremal point pi there corresponds an

open region in the perturbation space: at any L in this region, pi

dominates all other functionals. Next, for any extremal edge

{äpi + (1-))p2} there exists a (d-1)-dimensional flat region. For any L

in this region,
I

p(L) = pi(L) if p =
A’pi

+
(1—1’)p2

, l'
€

(0,1)

and pi(L) > H(L) if E does not belong to the edge spanned by pi and p2.

Similar results hold for other extremal elements of max(conv F).

In the remaining sections of Chapter 3 we prove a corresponding

result for the phase diagram in order m. The set max(conv F) is



8

substituted by a more complicated family of convex sets: the convex

structure in order m. Ue define this family in Section 3.4.

Section 3.5 is preliminary for the main result. Ne use the convex

structure to reduce the phase diagram construction to finding the phase

diagram in a family of open sets. we also introduce affine functionals

and prove several approximation results. The main result is proved in

Section 3.6. Ue show that, with some additional hypotheses about the

Hamiltonian, the phase diagrun in order m is described by the convex

structure in order m in the same manner as the phase diagram for affine

functionals is described by max(conv F): For every extremal point of

the convex structure, corresponding to the ground state G, there exists

an open region in which G dominates all other phases. For any extremal

edge spanned by points corresponding to ground states 61,62, there

Aexists a (d-1)-dimensional surface on which cut—off pressures for G1,

G2 are equal to one another, and 61, G2 dominate other phases.

Analogous statements hold for other subsets of the phase diagram.

Section 3.6 contains also a detailed description of the phase diagram

construction.

In Section 3.7' we generalize the main result of the preceding

section to the cases when the full Hamiltonian has additional symmetry,

other than translational invariance.

Chapter 4 contains examples. In Section 4.1 we describe

the Blume-Capel model <[6J,[71), which is used extensively throughout

this paper to illustrate our method. Another class of models is

obtained by complicating the interaction. In this way we can create
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models with arbitrary properties. However, with the increasing

complexity of the potential, it becomes difficult to derive the LT

expansions. In Section 4.2 we present a simple case of such a model

with three ground states. Section 4.3 contains a general argument about

the phase diagrams for generalized ferromagnetic models. Finally, in

Section 4.4 we describe models with stabilization, with the

antiferromagnet on the f.c.c. lattice serving as an example. Since

these models arise from systems with an infinite number of ground

states, we use this example to illustrate the application of our method

to the systems for which the number of ground states is not finite.

The chapters and sections in this work are numbered by arabic

numerals. The formulae and propositions are numbered by double arabic

numerals, the first numeral denoting the chapter number. The list of

symbols is placed before the introduction.



CHAPTER 2 : Framework.

In this chapter we introduce a framework for the problem of phase

diagrams. Section 1 contains a description of a lattice system and a

perturbation space together with the concept of transversality. In

Section 2 a pressure and a cut-off pressure are introduced, and

properties of low-temperature expansions of the pressure are discussed.

In Section 3 we discuss formal and asymptotic series, and their

relationship to low—temperature expansions.

1. Definitions.

A. Lattice. I
Let l C

R,
be a discrete, ZV-invariant subset. l is called

a lattice. Let S be a finite set. Define

x=s‘ , x^=s^ nac;.
X is called a configuration space. lt is a topological space with

the product topology.

The action of Zv on X is defined as follows:

if g € ZV and X € X, then U a € Ai
(gX)a = .

A configuration X in X is called geriodic if there exists a cofinite

subgroup 6 C ZV (i.e. ZV/G is finite) such that

U g
€

6 gX = X

Ue will denote the set of periodic configurations by Xp°°.

iO
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B. Interaction

Let Q be a function on finite subsets of l, assigning to each A

a function QA : 2% + R, which is continous in the product topology

on XA. Q is called an interaction. Ue assume that Q is Zv—invariant,

i.e.

U 9
€ ZV , U A finite , Ög^(QX} = Q^(X)

For the purpose of this work Q is assumed to have finite range. This

means that for any a
€
l there exist only a finite number of sets M

containing a and such that ÖH # 0.

For any finite A we define a function

H^(X) = QH(X) (2.1) .

HA is a Hami?%:nian in the finite volume A. One would like to drop

the condition 'MCA' in the summation. However, the resulting expression

would be meaningless. In general one is not interested in the value of

H^(X) itself, but rather in its value relative to H^(Y) for some Y

fixed. For any Y in 2, define

XY
= {X

€
X : Xa ¢ Ya only for finite number of points a in l}

If X
€

2V , we write X + Y and say that X is gggal gg Y ai infinitg. If

X Q Y, then suppX = {a
€
l : Xa # Ya}. Now, for X » Y, the expression

H(X|Y) = Z QM(X) - QH(Y) (2.2)

(with the sum over finite M) is well defined. Ue call it the relative

Hamiltonian. ·

Ngggz Ue say that a Hamiltonian H has finite range if the potential Q

entering into (2.1) or (2.2) has finite range.
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C. Ground states

A periodic configuration G is called a gggppg gtétg of H if U Y
€ XG,

H(YlG) ) 0

The set of ground states is denoted by 5(H>.

If Y » G, then Y is called an excitation of G. Let Y,,Y2 € XG be such

that suppY, 0 suppY2 = Q. Denote by Y1vY2 the element of Xß:
i

(Y1vY2)a = (Yi)a if a € suppYi, (Y1vY2)a = Ga otherwise.

lf Y = Y1vY2, then Y is called reducible. Y1, Y2 are components

of Y. If Y cannot be represented as a union of two components, then Y

is irreducible. For any Y «· G, there is a unique decomposition of Y

into irreducible components. .

Ue will be interested in values of H<XIG) for G in 9(H). Thus we

define the spectrum of H:

6(H) = U { H(XIG), X » G }G€$

c(H) is countable. Ue will assume that elements of the spectrum are

ordered increasingly, hence c(H) = {El, E2, ...}

Let A be finite. Define

8A = {a
€

A : 3 M : a
€

M , M h Ac # Z and ÖH ¢ 0}

Ue say that a sequence {An} goes to infinity lp th; sgpgg pf Eighgp

([11} if I8AnI/IA"! Üig 0.

The proof of the following result can be found in I4].
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G
Propgsition gp;

U G
€ XPGG, the limit (in the sense of Fisher) exists:

eG(H) = lim -1- H^(G) (2.3)
A+¤ IAI

The function H + eG(H) is linear. Moreover, if G
€ 5(H), then

e (H) = inf e (H)G
m¤··‘

X
eG(H) is called the (specific) energy of the ground state G.

D. Perturbations.

Let 8 be a d—dimensional space of Hamiltonians. on X. For the

consistency with section 1, an·interaction for every element in 8 is

assumed to have finite range. we will be interested in Hamiltonians of

the form
d

H(L) — Ho + i§lLi L - (Ll,...,Ld)

where HO is some fixed Hamiltonian with finite range, and L
€

8. 8 is

called a perturbation space, and L in 8 a perturbation.

Let G € 5(H). Then the function L + eG(L) (cf. (2.3)) defines an

element of 8* (the space dual to 8).

Definition: 8 is transvgrsal to $(H) if for any fixed Go
€

9(H),

e — e : G
€

$(H)} spans 8*.{6 6o
Obviously 8 is transversal to $(H) only if |5(H)l ) d+1. Henceforth, we

will assume that 8 is transversal to 5(H).
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2. The low-temperature expansions.

Suppose that the system on the lattice l is described by

the Hamiltonian HO with the set of ground states 5. Let 8 be

a perturbation space, transversal to $(H). For any G
€

9(H), L
€

8 and

A finite we define the statistical sum in volume A with boundary

conditions G by:

G ·ß(H°(XlG) + L(XlG))
2^(pH°+pL) = XXS e (2.4)

suppXCA

and the corresponding pressure:

G 1 Gp (pH +pL) = -— log Z (pH +pL) (2.5)A o löl A o
Consider Hamiltonians of the form

H = pH°
”+

E

(i.e. with perturbations L = k which are p-dependent). Then Z£(H) can
P

be resummed by grouping terms with the same value of H°(XIG):

N
22(H) = l§l ?«'?()s,¤.) e-ßE,i (2.6)

(N is some natural number) with

H§(.s,C) = z
e"-‘X'°’

(2.7)"“§ä2„
supp

H°(XIG)=El
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Using the expansion 0+ log around 1, one obtains similar expression

+0r pg:

p2(H) = L n?<n,i.”> e-pEj. (2.8)
IA! J=1

H? is a polynomial in IA! plus some boundary terms [31.

For the next result to hold, we need an additional restriction

on H0: U G 5(H°),

H°(X!G) -+ Q i+ IsuppXI —+ Q (2.9)

The above condition is not easy to prove in the general case. For a

certain class 0+ models this task is simpli+ied by the notion 0+ an

m—potential.

An interaction Q is called an m·potential i+ there exists X
€

X such

that U A:

¢^(X) = I2; Q^(Y)
Holsztynski and Slawny [81 showed that i+ an interaction is an

m—p0tential and $(H) is +inite, then condition (2.9) is satis+ied.

For some systems, the original interaction Q may not be an

m—p0tential, but by grouping terms one can create a new interaction
Q’

such that U X,Y
€

X : X » Y:

H¢(XIY) = HQ„(X!Y)

(The subscript denotes interaction entering into (2.2).) Q’
and Q are

called eguivalent. lt is obvious that in this case, (2.9) also holds.
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Proposition 2.2.

U j , J- n?(A,L) —• n?(C) as IM e o (in the sense of Fisher).
IAI

Moreover, n?(L) is the coefficient in H?(A,[) of the linear term in

IAI. n?(L) has the form:

s- "6~ _ J 6 '“1a"·’nj(L) - igl nj,i e ’ (2.10)

where s- and p. . depend on G, and p. . is linear.
J J;} Jgl

For the proof of this result, cf. [3] and references contained

therein.

Obviously, by varying L with fixed p, one can recover the dependence of

G Inj s on L.

lt has been shown that for any ground state G the limit (in the

sense of Fisher) exists:

p(H) + <H,eG) = lim p2(H) (2.11)
neo

and is independent of G ([1]). p(H) is a pressure of the system. 0n the

other hand, the series with coefficients n?(L) is, in general,

divergent. Though no proof of this fact exists, the following heuristic

argument strongly suggests that it is true:

Suppose that the series with coefficients n?([) is convergent. Then

0 ll—J=

But the left-hand side is G-independent, while the right-hand side.is

strongly G-dependent (as can be checked in numerous examples).



'I7

The set of coefficients {n?([)} is used to define the cut—off

pressure. Let m be a natural number. For G in 9(H) and A finite,

define
s

., -<pn
= Z e ° (2.12)

where the summation is over those X € X6, for which H°(Xk) $ Em for any

irreducible component XK of X. Then the cut-off pressure is
··G "' - 1 G "'p (L p) = lim —- log Z (L p) (2.13)
"' ° n-•¤ mi ^·"' °

The proof that this limit exists is similar to the proof of existence

of pressure p(H) (2.11).

The following result comes from I3].

Propgsition 2.3.

U m
€

N , U G
€

9 , 3 cm(G) > 0 and pm(G) : U p>pm(G) ,

U L € 3 : HLH < cm(G) ‘

^'s<pi. p> nG <pn.> e-Ei <2 14>pm Ü i,m _ ' ·

with the right-hand side absolutely convergent. Moreover, if i(m, then

n?’m(pL) = n?(pL), where n? are given by prop.2.2.

Remark: cm(6) is choosen in the following way. For any G and t there

exists only a finite number (modulo translations) of irreducible

excitations of G, say X1,...,Xk, for which HOCXRIG) $ Em. Let cm(G) be
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such that U Xi: H°(XiI6) } cm(G) ) 0. Then for any L for which

ILH < cm(6),

H°(XiI6) + L(XiI6) ) cm(6) ) 0. (2.15)

This condition arises frau the requirement similar to (2.9) and is

neccesary for the existence of the expansion (2.14).

Notation: Let

p§i<pi.,p>= g ui.u 4 cm<6> <2.16>Ei"ä„.

For our purpose we need pg, and not the full expression (2.14).‘

Henceforth, pg will also be called the cut-off pressure. Since we do ·

not use Hg, there will be no misunderstanding on this point.

One additional advantage of using pg is that this function is defined

for all

p)0.ßgmggkzLet 6 be a ground state, and 96 be its translate (9 € ZV).

Since ¢ is Zv—invariant, 96 is also a ground state. Moreover, since

H(gXI96) = H(XI6) , any X + 6,

for any J , n?G(L) = n?(L).

Thus in the framework we use, translates of 6 are indistinguishable

frun one another. Henceforth, we will understand the phrase: 'ground

state 6' to mean 'set of translates of ground state 6'.
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3. Formal series and asymptotic series.

Let {Ei,i=I,2,...} be a discrete, additive subset of R+, with

0=E0<E1<E2..., and En —+ 0 as n —+ 0. Let also {fi, i=I,2,...} be

a family of functions:

fi : B<0,r) + R , B(0,r) C RK

with each fi analytic in B(0,r). The expression

f(x) = _Z$ f,(x) e B i p>0, x
€

B(0,r) (2.17)
|=

is called the formal Dirichlet (functional) series. Functions fi are

coefficientg, of the series. The set of formal Dirichlet series is

denoted by D(B(0,r)). D is an algebra with addition defined

componentwise, and multiplication
*

defined by

(fl )*'( )) = f-( ) -< )x g x K x gJ x

The unit element B
€

D has components (é)j = 60,.

By Dn(B(0,r)) we will denote the direct sum of n copies of D(B(0,r)):

if f
€

D", then its components are Rn-valued functions on B(0,r).

Let¤g={+6¤>":+°s0}

Remark: If a set of exponents {E,} is equal to the spectrum c(H°)

of Ho (cf. Section IC), then coefficients n?(L), defined for each phase

by Proposition 1.2, determine an element of D°(B(0,cm(G)>, denoted by

pG(L). Explicitly,
IV 0 E —

|=
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In D2 one can perform an operation of substituting a formal series for

an argument of f(x). Suppose that fi has an expansion around zero:
_, czfi(x) —

E
fiß x

where cz is a multiplicity function on {1,...,n}, and x°° = Fl
xfn)

lf S: = (i1,*2,•••,iK) € Dä, then we denote by fi(x) an element of
I>n(B(0,r)) of the form:

• _
n

-§ fi"! x

where x I- xkuk). Then

, 0
f($<) = Z fi(x).

i=1

Definition (asmptotic series)

Let f : B<0,r)x{M,¤) —• Rn (M)0) be analytic in the first variable

in B(0,r). Ue say that
€

II)n(B(0,r)) is a formal series asmgtotic

Lg; (denoted as f«~ f) if Um
€

N , U x
€

B(0,r),

m -pE— p
l|f(x,p) - Z fi(x) e °|l e

Em ä•° O. (2.19)
i=1

Let g(x,p) be such that U x
€

B(0,r)
B

IIf(x,ß) — g(x,p)I| e
Em ü•° 0

Then g is called an m-th aggroximation Q i. Note that each m-th

approximation of f has the form:
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m-pE„g(x,p)
= i§1fi(x) e ° + h(x,p)

where

un<x,p>u
JE"' E? 0.

Let us consider the following problem. Suppose that

f : B(0,r)X[M,•) -+ Rn is analytic in the first variable, and that

f » f with f
€

Dg(B(0,r)). Consider equations:

x = f(x,p) (2.20)

2 = im <2.20a>

The question is: if xo is a solution of (2.20), and io a solution of

(2.20a), is io asxmptotic to xn? Furthermore, if g is an m-th

approximation of f, and 7 is a solution of the equation

x = g(x,p), (2.20b)

is 7 an m-th approximation to x?

Let us first address the problem of existence of solutions. For p

large enough, the existence of x°(p) and 7(p) is assured by the

inpiicit function theorem. The following proposition (cf. [3]) asserts

the existence of in as well.

Progosition gégé

There exists in D2 a unique solution io of (2.20a). It is given bY

the formula:

20 = $‘"’<0> (2.21)

where
f(n)

stands for n-fold composition of f with itself. If j is such



22

that Ei $ nEi, then
I

<&°>_i = <{<""<o>>i
Zero in (2.17) can be substituted by any other element of D2.

Next we prove the following technical lemma which we will later use

in the proof of Proposition 3.12.

Lemma 2.5.
• °

—pEi
~

m
· E ~Let x

€
Dä, x = Z xi e , and xm(p) = Z e B i x. (x (p) € Rk).

s=1 s=1 ' "'
Then 3 cm ) 0 and po such that U p>p°

m . -pE- m -pE- E +1uz<+m>.e
‘—

g+.<§>e 'u <c e"'

Proof:

First note that xmtp) can be treated both as an Rk·valued function and

as an element of Dx. Hence we can write:
|'|'| 0

f-(Y )
e_pEi

5 9 = Z y e-pEs
i§l

'
—"‘ s»=1s

• S
*

l

with

ysHerei(s) is such that Eiis) + Ei = Es.

Note that for any multiplicity function a,
<s«°‘>s

=
<§°‘>s

ai 6 < m+1.
Hence

(fi<x>>s = (fi(;))s if s < m+1

It follows that

ys = (f(x)>s if s < m+1.

Furthermore, since 9 is absolutely convergent, 3 cm > 0:
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0 pß
H Z y epEsH ( c e m+1.

s=m+1 5 m
'

Progosition 2.6.

1) io ¢ x°(p)

2) y(p) is a m-th approximation to xO(p).

Proof
„ m -§Ei1) Let x(p) = Z (x0)ie . Then

i=1

„ m . _ -pEi
Hx(ß) - x°(ß)H - ßi§l(f(x°))ie - f(x°,ß)H {

„ „ m . —pEi
( Hg(x,p) - f(x°,p)H + Hg(x,p) — _Zl(f(x°))ie H (

|=

( Hg(Y,p) · g(x°,ß)ß + üg(x°,p) - f(x°p)H + .

I —

+ Hg(§,p) — _Zl(f<x))ie pEiH
|=

I ‘ 'ß
The second and third terms go to zero faster than e

Em
(by definition

of m-th approximation and Lemma 2.5.). The first term is evaluated as

foiiows:

ug<§,p> — g(x°,p)H ( H§(p) - x°(p)H sup HDxg(x,p)H (
x€B(0,r)

(
H”(

) ( )H ä HD f ( )N
—ßEi

{
H”(

) ( )H
-651

x p - x ß sup - x e c x p - x ß e
° s=1 x6s<0,«~> " ' °

If p is such that ce_pE1 < 1, then

H§(ß) — x°(p)H epEm
< -—l-—-— {Hg(x°,p) - f(x°,p)H +

1—ce°pE1

_ m . —pE. p
'u} 6

Emä
0

i=!
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Again, the first term vanishes since g is a m-th approximation of f,

and the second term vanishes by Lemma 2.5.

2) Hytp) - x°<p)H = Hg(y,ß) - f(x°,p)H (

( Hg(y,ß) — g(x°,p)H + Hg(x°,p) - f(x°,p)H $

( c Hy(ß) - x°(p)H
e_pE1

+ Hg(x°,p) — f<x°,p)H

Here c is as in part i) of the proof. Hence for p such that

ce_pE1 < 1, we have .
BE BHy<p) - x°(p)ß e m

< --l-——— Hg<x°,ß) - f(x°,p)H e
Em

Eis 0.
1-ce°EE1

Remark: Since y(p) is a m—th approximation to x°<p),

y(p) = ämip) + z<ß)

pEwarn uz<p>u e "' E-•° 0 I



CHAPTER 3 : Asymptotic Phase Diagrams

In this chapter we present method of constructing asymptotic phase

diagrams. Section 1 contains definitions. Ue also study the general

properties of phase diagrams which arise from analycity of cut-off

pressures. Next we investigate two special cases. The 'Pirogov—Sinai'

case is worked out hx Section 2: the dimension of the perturbation

space is smaller by one than the number of ground states. Section 3

contain the phase digran construction for a family of affine

functionals.

In Section 4 we introduce the convex structure of order m. This

structure is used in Section 5 to reduce the phase diagram construction

to finding the phase diagram separately in some family of open sets. In

Section 6 we show that the phase digram is described by the convex

structure introduced in Section 4. Finally, Section 7 contains remarks

about the modifications of the method in the presence of symmetries.

1. Definitions.

Suppose that a system on a lattice l is given by a Hamiltonian HO

satisfying condition (2.9). 5 is the set of ground states of Ho, and 8

is a d—dimensional perturbation space. The norm on 8 is given by H.H:

Hxus=1
' ‘

Let m
€

N. For any G
€

5 and p>0 we define:

1g(ßL,p) = - <pL,eG> + pg(pL,p) (3.1)

25
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with es being an element of 8* introduced by (2.3), and pg being

defined by (2.16) for L satisfying condition (2.15). Let

cm = mgn cm(G) (3.2)

and define O = B(0,¢m), with Ö denoting the closure of O.

The set 0 is the connon domain for all functions 1:.

Let po ) 0 be fixed. Ue will specify its value later. Ue define:

- ' , G - G' G"{L€0 . 1m(pL,p) - 1m (pL,p) )1m (pL,p) all G 65} (3.3)

The family Qm = {M , p>p°} is called the asmgtotic phase diagram ig

orderLet

S' C S. The stratum of Qm corresgonding g Q is the family

of sets:

Qm(S') = {QmI

with‘o
° ' m

p Ip
m B Ip m B Iß

for all G,G’6S’, G"($'} (3.4)

Ue will also use the term 'stratum' to mean a member of
the family, with p>p° fixed.

The stratum coresponding to 5' is of order K if K is the largest

natural number such that

d' ( (S')) < (S')
-pEk

uam Qmp c e

for some positive constant
c(S’),

and all p)p°.
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Let G
€

9. The of G is the family of sets

Qm(G) = , p>p°}

with

Qm,p(G) =
{L€Ü

: 1g(L,p) )1gI(L,p) , all
G’€5}

(3.5)

Note that in contradistinction to strata, domains are closed sets.

Ue define the order of the domain in the same way as for strata.

There are no restrictions on L other than (2.15). Ue pay the price

for this in the form of some restrictions on po, which generally arise

as conditions for the existence of strata. Factors which determine pn

are described at the end of Section 6. Here we note that as long as po ·

remains finite, its value is of no interest in the asymptotic diagrams

approach.
I

As mentioned in the introduction, we expect that the asymptotic

phase diagram will yield qualitative features of the 'true' phase

diagram. Here we understand the 'true" phase diagram to mean the phase

diagram constructed by rigorous methods (for example, by Pirogov—Sinai

theory (£4J,[51), or by reflection positivity [91,[10l). By studying

Q". we can obtain two types of information about this true phase

diagram: ~

I. One can determine, which strata are not empty, whether or not this

property is stable (i.e. if Qm(9’) af 0, then U s )m, Qs(5’) # Q),

and what is the order of the stratum.
‘
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2. The localization of the nonempty stratum in the perturbation space

can be described by a local approximation (in some order) by some

piecewise linear set.

The easiest way to approach these problems is to study the members

Qh,p of the asymptotic phase diagram for some 9 fixed. Let us perform

the change of variables:

Ü -+ 9Ö : L -4 9L E x ( 9>9° fixed)

As one can see frau definition (3.1), the pair of variables (x,9) is

natural for the problem (cf. also (2.16)). Henceforth, the strata of

9n,p for 9 fixed will be expressed in terms of the variable x.

The definition (3.4) of a stratum involves a system of equations

and a set of inequalities. The stratum is 'cut out' from the solution

set of the system by these inequalities. The first question arises, for

which subfamilies S', the system of equations has the solution for all

9 large enough. Before we answer this question, let us prove a

technical lemma.

@1

U 9>0 , U m
€

N , U G
€

S 3 Am(G))0 : U x
€

9Ö

H Dxpg(x,9) H < Am(G)e_€mp (3.6)

Hence U
x,x'€

9Ö

|pg(x,9) — pg(x’,9)| ( Hx - x'H Am(G)

e_€mp

(3.7)
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Progf:

Using the form of pg(x,p) (cf. (2.10) and (2.16)) we obtain

an inequality:

5.

G m ·ßEj J G 'llj ‘(Y)
HDxpm(y,ß)H ( jgle ‘§i lnJ,]| Hpj’,H e ‘

Note that as long as y
€

pö,

(cf. definition of Ü). Hence

G m -pcm sl
G -pcm

HDxpm(x,ß)H ( jgle IE} lnj,]l Hpj,,H ( Am(G)e

where

<6> m SJ
i G in ‘

AmBy

the mean value theorem
L

¤p§<x,p> — p§<¤',p>: $ Hx -
x’H

HDxpg(y,p)H

where Y is between x and x'. I

Definition: A family of points x1,x2,...,xs in a linear vector space is

said to be linearlg independent if for any choice of i, (1$i$s), the

set of vectors {xk · xi, k#i} is linearly independent.



30

Progosition 3.2.

Suppose that 90 5 {B0,Gi,...,GS} C 5 is such that {eG_, i=1,..,s} is
i

. . . a S
lnnearly independent in 3 . Let N = _Uiker(eG_- eßo), and

1= u
3 = N 0 M. Consider a system of equations:

1Gi(x
) -

1G°(x
) = 0 (3 8)m JB m aß ‘

Then there exists pm(9°) such that:

1. U p)pm($°) the solution y : po 0 N X (pm($°),¢) + M exists and

is analytic in first coordinate,

2. U z
€

po 0 N
0 -gE.

y(z,p) = Z yJ(z)e J (3.9)
J=1

3. 3 a)0 : U p>pm(9°) , U z
€

pü 0 N :

Hy(z,p)ß·< a (3.10)

Proof: 4
Ga

For p large enough and x
€

pü, ni (x) can be written in

the following form (cf.(2.10)):

si rj si -ppiii<x>
ni (x) = IE! ni,] e

Ga Ba .where uiii
€

{uiii, i=0,...,s}, and niii = 0 if piii does not enter
I

m
into (2.10) for the phase G. Let r = _Ziri. Define a function

J=

F : M x Rr + M : Fi(y,u) = — <y,eG_— es > +
n o

|".m J Gi Go —ppi i(y)
ujl
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where u=F

satisfies conditions of the implicit function theorem: F(0,0) = 0,

and U h
€

£ : DyF(0,0)(h) = (<h,eG°— eGi))?=1, so DyF(0,0) is

invertible since {eG_,i=0,..,s} is Iinearly independent. Hence there
i

exists an open ball B(0,q) C RV in which the solution: y : 8(0,q) -+ M

of the equation: F(y,u) = 0 exists. Horeover, since F is analytic, y is

analytic in u. Let 1 be a muitiplicity function :

1 N, and 7 a set of all multiplicity

functions. Ue can write y(u) in the following way: 3 q1<q :

U u
€

8(0,q1) '

Iy(u) = y u (3.11)vi. ¤
m °J -where ul = H

”n uJ§J’]).
i=1l=1 J

Obviously, there exists a>0 such that for any u in B(0,q1) we have:

Hy(u)H 4 a. 4 ·

Consider now the subset of B(0,q1):

'ß(E.+p. (L))
{u

€ R? : uj, = e J JJ] ,
L€0,

ß€R+} h B(0,q1)

Let pm(5°) be such that cm pm($°> > — lnqi, with am as in (3.2). For
p>p($°) define

-pE-+p- (2)
y<z,p> = y<<e J J·‘

z 6 ponn,

Then y(z,ß) exists and is the solution of (3.8). Obviously y is bounded
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on $0 0 N for all $>$m($°)):

Hy(z,$)H ( a
—$E-+p- ,(z)

The substitution: uj, = e J J' in (3.9) yields

0 —pE.
y(z,$) = Z yJ(z) e J

.i=l
where

yj(z) =
¥

ylexpl-(nZ‘)I(n,l) un,,(z)]
9

and the first sum is taken over all multiplicity functions I such that

Z I(n l)E = E-
<n,1>

’
" ·' '

Note: Conditions imposed on SO may be relaxed in the presence of

symmetries (cf. Section 7).

In general, if SO does not satisfy the conditions of the above

proposition, the solution of (3.8), and hence Qh(5°), does not exist.

In order to avoid· this problem, we will be forced to adopt an

additional assumption (cf. Assumption 3.20).

Suppose that SO satisfies conditions of Proposition 3.2. The

stratum Qm($°) is 'cut out' of the solution set (3.9) by surfaces which

arise as intersections of this set with solution sets for other

families of phases. 0ur next result describes the way in which these

solution sets behave in the vicinity of their common intersection.

Let
9’

C 9 be such that {es,
G€9’}

is linearly independent. Ue

define the boundarg of as the set

= 0 0 \
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Furthermore, let {Si} be a family of subsets of S' with ISi| } 2.

Ue write 8 as a direct sum:

8 = Yi 0 Xi 0 N

with

N = 0 ker(e - e ,)
G’GI€9I G G

’

N- E X- 0 N = 0 ker(e - e ,)i i G G

Assume that dim Yi = ri.

For any Si, the hypotheses of Proposition 3.2. are satisfied. Let

yi(2,p) be the solution of the system of equations (3.8) with S0 E Si.

Progosition 3.3.

3
ßm(S’,Si)

, 3 a(S’,Si)>0 : U p>ßm(S’,Si) , U 20
€

pö 0 N ,

6 z 6 pö n xi

ae m
"Yi(Z*Z°,ß) — yi(z°,ß)l ( -—-———- H z H a E a(S’,Si)

1-ae-p°m

(for the clarification of notation, see Fig.1) °

Proof:

Choose G° € Si. Let

s·Yi2r‘·<s>—< ->
where Gi € Si. S is invertible (by the definition of Yi).
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X; V

(2+20 „yi (2+20,6))
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Fig.l: The restrictions on a stratum near its boundary.

The figure shows the cut through L with the plane

perpendicular to N at 20. Here X; = Xi + (z0,yi(z0,B)).

The dashed lines represent regions described by

Proposition 3.3.



35

'“a
Denote by A(z,p) the vector in R with coordinates: ·

GJ Go
&j(z,ß) = pm <yi(z+z°,p),2+zo,p) - pm (yi(z+z°,p),z+z°,ß).

Then U y
€

yi(p0 0 Xi,p), y satisfies the equation

y(2,p) = S-1 &(z,p)

Let yo E yi(z°,p), and y E yi(z+z°,p), 2
€

pö 0 Xi. Then

lyo- yß ( HS_iH H A(z,p) - A(0,§)H (

-1
'P€m

( 2HS H I(y,2+z°) - (y°,z°)H max Am(G) e
G€Si

In the last inequality (3.7) has been used.

If pm(S’,Si) is such that —

_ —p (S' S-):
a : a<s·,si> E zmax Am(G)||S1||e "' °' "' <1

G€Si

then U p>ßm(S’,Si):

—§€

Hy · y°H ( -—-—-- I 2 I
1-ae_p‘m

2. The Pirogov-Sinai case: ISI = dim 8 + 1.

As the first case, let us consider the situation when 8 is

transversal to S and dim 8 = ISI-1. This case has been solved

rigorously in ([4J,I5]). It therefore is a test for the validity of

the asymptotic diagrams approach. Ue will also use the results of this

section later on in the construction of the phase diagram in the

general case.
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Let us suppose that the elements of 5 are ordered in some way:

5 = {GO, Gi,...,Gd}. Ue consider the function:

<>·ö¤zd*‘· <><>—G‘<> <6>1m ß . p 4 . rm p x i - im x,p .12

+1 . . d
The norm on Rd is given by BxH = _ZbIxi|

|=

Progosition 3.4.

3 po, 3 a>0, 3 A>0 : U p>p° , U x,x’
€

pö :

aHx — x’H $ l1m(p)(x) - 1m(p}(x’)H ( Aux - x'H (3.13)

Proof:

The upper bound in (3.13) is obtained by applying (3.7) to each °

component of 1m(p)(x) - 1m(p)(x’). Let

A = (df!) max ( (G-) + He H).04s4uA"‘ '
Gs

To show the second inequality, let us first note that

Hx — x’H = sup |<x—x’,e>I with e
€

8*
HeH=1

Since {e e } generates 8* e g c ( e ) It ° as t— = . g - . is e y o seeGa Go ’
i=1' Ga Go ¤

d
that 7 E sup Z Icil ( 0

HeH=1 i=1
Hence

Hx - x’H 7 max |<x · x' e — e >| $ 27 max |<x - x' e >|4 mw °Gi Go 04:4d
’Gi

But
Gi Gi Gi Gi

I<x -
x’,eGi>|

( l1m (p)(x) — in (p)(x’>| + Ipm (x,p) — pm (x’,p)| $

II(ß1m(p)(x) — 1m(p)(x )H + Ah(Gi)Hx - x H e
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-po‘m 27
Let po be such that u E 27 max Am(Gi)e < 1. Set a = ——-

ogagu 1-« '

Let A = {y
€ RF+l : yi= yj, all i,j}. A induces an equivalence

relation: Y * Y' if Y · Y'
€

A. Denote the set of equivalence classes

as Rd+1/A. Ue define the function:

8+1 . d tIn Rd /A we introduce the norm H.H1: Hxßl = Z lxi-xol.
i=l

Progosition 3.5.

3 $1 :,6 is a local diffeomorphism on $0.

Progf:

Let $>$°, with $° as in Proposition 3.4. BY the same proposition, ¥m($)

is a global homeomorphism on $0. Horeover, 6 xo
€

$0 , 6 h
€

8

N d Gi Go
Dxpm (x°,$) —

Dxpm (x°,$)>I

Since the mapping h + (<h,-eG_+ eG >)?=x is invertible, then 3 u > 0 :
i o

g |<h )| > Hhü
7

e - e ua=1
’ Ga Go

Let $1 be such that
Zoiziaaéd

Am(Gi)e < cc, where Am(Gi) is given by
ix

(3.6}, and cm by (3.2). Then

HD 7 ($)(x )hH ) (« - 2 max (G )e-ß€m)ßhH >

> (a - 2 max Am(Gi)e )HhH
0{Kd
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for all xo in pO. I

Let us define the subsets of R¤+1/A:

R = {x : xi = xi ) xk, all pairs of i,J, k#i,J}/A (3.14)

and for I C {l,2,...,d+1}, III ) 2

RI = {x : xi = xi > xk,
i,J€I,

k(I}/A

Obviously U sl = {Gi, i€l} the following holds:

szim<s‘> = %'m°‘<p><R‘n¥m<p0>> <a.1s>

Proposition 3.6.

Let p>p1. Then U SI C S : ISII } 2, Qm,p(SI) exists and is

a differential manifold modelled on RI. Qh B is a stratified manifold
l

modelled on R.

Proof:

Qn ß(S]) is a diffeomorphic image of RI by Proposition 3.5. Obviously
9

I - Ithe, closure of contains and strata of lower
• - I _ I’

dimensions (note that ) )). .

The typical phase diagram for d = 2 is presented in Fig.2.

The system has three ground states: GU, Gi, G2. By Proposition 3.6,

the phase diagram 9n,ß has one triple point and three lines

where two phases coexist: and
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I
I
I
I
I
I
I
I

G] G2

// \
//G„3 XX

// ‘

Fig.2: The generic phase diagram for the system with
”

two dimensional perturbation space and three
I

ground states. The dashed lines show zero order

(zero temperature) phase diagram.
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3. Phase diagrams for sets of affine functionals.

As the next case in the investigation of phase diagram for various

systems, let us consider the phase digram for the set of affine

functionals. This is also a new type of a problem in linear

programming.

Suppose that F = {pi, i=l,2,...,hß is a set of affine functionals:

pi : Rd + R : pi(x) = <x,hi> + ai , a € R (d+1 ( N).

Assume that {hi :
pi€

T} spans Rd. Ue will also write

pi = <ni,ai> 6 Rd".
If T' C T, we define

H(T’) = {x = pi(x) = pi(x) > pk(x) if pi,pi
€

F', pki F'}
(3.11)

I(pi) = {x : pi(x) ) pi(x) all j¢i} (closed)

The set H = U Hff'), where the union is over all F' C F such that

IT'! ) 2, will be called the phase diagram for F, and its subsets H<F’)

the strata.

Let

w = com r c md" <s.i7>
Ue define maxU as the set of maxima of U. Ue will say that E C maxU is

a face (extremal edge) of maxU if E is a face (extremal edge) of U.

6(maxU) denotes a set of extremal points of maxU.
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Theorem QL;
U

1. p 6 c(maxU) ä lntH(p) # Q

2. p = igläipi (2 $ s ( d+1) with pi 6 6(maxU), ki 6 (0,1),

s

iéläi
= 1 é I(p) = H({p1,...,ps})

3. p ( maxw ä H(p) = Q

4. There exists a one-one correspondence between extremal elements of

maxU and strata of H. Namely, let E C maxw be a face (extremal edge)

of dimension d-r. Then H(E) # Q, dimH(E) = r , and

K(E) = {x: p(x) = p’(x) > p(x) Up,p’ 6 E, E 6 U c(F)}
FDE

_ @=
1. Let T' = F\{p}, and U' = conv P'. Suppose that p 6 c(maxU). Since U'

is convex and closed, then there exists a hyperplane P C Rd+l, strictly

separating p from U'. Hence there exist xo 6 RF, yo, a 6 R such that

P = {(q,t) 6 Rd+1 : <x°,n> + yot = u }

If p is such that h 6 e(conv{h’: p’6 F’}), then P may be choosen so

that VD = 0. (since conv{h’ :
p’6

F'} can be separated frun h). Then

3 7 ) 0 such that <x°,h> = u + 7, and <x°,p’> < u for all p' 6 P'.

Choose A ) 0 such that A7 + a = max a'.
Pla'!

Then

p(}x°) = <Ax°,h> + a = hu + X7 + a )

> p’(}x°) + }7 + a - a' } p’(}x°)

for all p' 6 T'. By changing xo we can assume that 1 = 1.

If p is such that h ( e(conv{h’ : p’6T’}), then yo # 0 and by

adjusting xo and u we can assume that yo = 1. Note that p(x°) > u while
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p’(x°)
< a for all p'

€
P' (if p(x°) < u, then since P separates p from

U',
p’(x°)

) c > p(x°) for p' = (h,a’), and hence p ( maxw).

Let now c > 0 be such that p(x°) ) a + c. Then U x :

H x - x H { 1 e ( max Hhü )°!o 2 p€r

p(x) = p(x°) + <x-x°,h) ) p(x°) - H x — xoß Hhü ) u + ;
p’(x) =

p’(x°)
+ <x—x°,h’) ( p’(x°) + H x — xoß Uhu < u + é

Hence IntH(p) # Q.
‘

s
2. Let p = _Zi}ipi . Define

|2

N = {x : pi(x) = pj(x) , i=l,...,s}

Note that:
. s

a) U x
€

N , p(x) = pi(x) for all i (this is evident since Z Ai = 1)
i=1

b) U x ( N 3 i : p(x) < pi(x).

Suppose that b) does not hold. Then 3 xo ( N : U i ,

p(x°) } pi(x°)

Obviously then 3 c ) 0 , 3 J : p(x°) ) pj(x°> + c. (if p(x°) = p(x°)

for all i, then xo € N). But in this case

s s
p(x°) = _Z1}ipi(x°) ( _Z1}ip(x°) - c = p(x°) — c•= i=

(contradiction)

Obviously H(p) = H({p1,...,ps})
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3. p ( maxU ä 3 (h,t)
€

maxU : (h,t) ) p. Hence U x
€ Rd+1,

<x,h) + t > p(x)
s

Let (h,t) = igläipi. Suppose that 3 xo : p(xo) ) p’(x0) for all

other p', then p(x°) > pi(x°), i=1,...s, and p(x°) > <x°,h) + t

(contradiction). Thus H(p) = Q.

4. First let us consider the case when E is an extremal point po, i.e.

r=d. Then K(E) = H(p°) # Q and has dimension d (part 1.). Let

TO = U F, H°(p°) = {x : p°(x) ) p’(x)
,

p’€
Fo}p°€F

Claim: U p ( Io, U x
€

HO : p°(x) > p(x) .

Proo+: Let p = (h,a). Consider px = (Ah+(1—A)h°,aÄ), Z
€

(0,1), where

ax is such that (h,a}) €
maxw. Then 3 F and ä'

€ (0,1) such that

p°,pÄ, E F. Obviously ax, > k’a+(1-k’)a°, since p ( F. But then

U x € H°(p°)

p°(x) ) px,(x) = 1’<x,h) + (1-}’)<x,h°> + ax, >

) k’p(x)
+ (1-1’)p°(x)

i.e. p°(x) ) p(x).

s
Finally note that if p ( U c(F) and p = Z lipi, then the condition :p°€F

i=1

p°(x) > pi(x) for all i=1,...,s induces the condition: pO(x) ) p(x).

Thus H0(p°) = {X = p(X)
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Now consider the general case: E has dimension d-r, r < d.

Let po, pi,...,pd_r
€

¢(E), and

N = {x : pi(x) = p°(x), i=1,2,...,d—r}.

Since {pi—p°,i=1,...,d—r} is linearly independent, E C [pi-po]. Thus

d-r
U x

€
N , U

p’€
E : p' - po = Z ci(pi- po), one has °

i=1

I d-r
p (x) - p°(x) — i§1ci(pi(x) — p°(x)) - 0

i.e. H(E) C N
d-r

Note that N = xo + 0 Ker(hi-ho), where xo is any solution of the
i=1

system of equations:
4

<x,hi- ho} = ao- ai. °

Ue can choose xo uniquely by demanding that it is orthogonal to

d-r
0 Ker(hi-ho). Consider the mapc

i=1

prE : Rd+1 + Rd-°+1 : prE(p) E E = (h,a+h(x°))

„ d-r
where h is the restriction of h to _01Ker(hi—h0). If E is translated to

|=

zero, then prE can be interpreted as a projection along E onto its

orthogonal complement. Obviously for any p in E, E = Ho.

Let Ü = prEU.

Claim: So
€

c(maxÜ), and U face F C maxÜ such that 50
€

F,

3 a face F D E such that F 3 prEF

Proof: First note that if E' is a plane of dimension K in Ü, then

E' =
prEE’

with E' being a plane in U of dimension not less than K.



45

Now suppose that po = 251 + (I-A>$2. Let
E’

= conv(E,{p,,p2}). Then

prEE’ = conv({H,,H2Q), hence E' is a plane in U. If pl, P2 ( E, then

E is not extremal. Thus pl, p2
€

E, i.e. 5, = 52 = HO and

H0
€ 6(maxÜ).

Second part of the claim is obvious.

Now we apply part 1. of the theorem to Ü and conciude that i(5°) ¢ Q.

Using the case when E is an extremal point, we can find the bounds on

i(5°). But since H(E) C N, we have: prEH(E) E ü($°) = H(E). .

The phase diagran H for F is now constructed as follows: to any

d-dimensional face F of maxw there corresponds (by part 4 of

l Theorem 3.7) a point v(F) which is the unique element of H(F).

Furthermore, for any face E of F (of dimension d-2) there exists a

1-dim line on which elements belonging to E coexist. This line either

goes to infinity (if some elements of e(E) are such that their linear

parts belong to conv{h,
p€I} ), or it terminates at another point of

coexistence v(F’), for some face F' sharing E with F. The process then

continues for faces of H with lower dimensions. After K has been found,

the domain H(p) for each
‘p

is determined by parts 1, 2 and 3

(existence), and part 4 (localization) of theorem 3.7.

ä=
If T is a set of linear functionals {eG, G

€
$(H°)}, then

the application of Theorem 3.7 results in a zero—temperature phase

diagram.
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4. The convex structure in order m.

Ue will now consider the general situation: dim £ { l$l—1, and cut-off

pressures are not neccesarily constant. we will show that the

properties of the phase diagram 9m,ß can be described with the help of

some family of convex sets (a convex structure) in £*XR. This family is

a generalization of the set maxw defined in Section 3 (cf. (3.17)).

The definition of the convex structure is the subject of this section.

Example: Blume-Capel model ([6J,[7J)

The following example will be used throughout this section and the

following ones.

2 5 3 1 1 3 5
Let l = Z , S = {— — , - - , — — , — , - , - }

2 2 2 2 2 2

H = Z (s - s )2 s (X) = Xo a b a a

where (a,b> denotes a pair of nearest neighbors.

The set of ground states of H0 is:

5 = {(-5),(-3),(—1),(1),(3),(5>}

with (K) denoting the configuration: U a
€ Z2, (K)a =

ä
.

Ue will describe this model extensively in Section 4.1, here we only

cite some properties of formal pressure coefficients for first few

orders.

1. E, = 4 , ¤§5’<o> =
n§'5’<o>

=1
¤§"’<o> = 2 if x ¢ -5, 5
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h
2. E2 = 6 2

66§“’<0> = 4 6+ 61 ¢ -5, 5

3. The order 7 is the lowest order in which +0r any (k) there exists an

excitation s such that +0r some a
€ Z2, Isa - kl > 1. In this order

n§"’<0> = ¤§"<0> , ¤§.3’<0> = 66§.'3’<0>
¤§"<0> - 66§3’<0> s 6161 > 0

4. v 6 < 7, n§"’<0> = ¤§"<0> x = -6, 6, -1
The perturbation space is generated by interactions:

- - 3 - -(¢i)a
— sa , (§2)a — sa , (Qi)^ - 0 6+ A # {a}

In the base generated in 3* by él, ¢2

1_ _ 3e(K) - 8
(4k , K )

[gg convex structure lg order Q

For any 6 € 9, let A? = pG(0)1 5 n?(0). De+ine
A

U1 C 3*XR : U1 = conv{(eG,A?), 6€S}

In Hl we consider the set 0+ maxima 0+ U1: maxwl. The set E C maxwl is

an s-dimensional +ace (edge) 0+ maxwl i+ it is an s—dimensi0nal +ace

(edge) 0+ U1.

Let F1 denote the set 0+ all +aces 0+ maxwl. 1+ F € F1, we de+ine:
51(F) = {G : (eG,n?(0)) €

F}

There exists a unique vector v1(F) in 3 such that U 6,60 € 91(F):

G Go
- <v1(F),eG - eßo) + A1 - A1 — 0

1+ G°,61,...,6d are any phases corresponding to elements 0+ e(F), then
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v1(F) is defined as the solution of the system of equations:

- (v (F),e - e > +
Asi — AG°

= 0 (3 18)1 Gi Go 1 1

Example:

ln our example, maxwi has five faces (cf. Fig.3a). They are listed

below, every face P together with elements of 91(P), and v1(P).

F : (—1),(1),(-3),(3) , v,(F) = 0

G : (5),(3),(—1) , vi(G) = ( L ,- 2- );
6 21

H : (5),(—1),(-3) , v,(H) = ( 12 ,— i- );
21 21

G' : (-5),(—3),(1) , v1(G’) = (- L , g- );
6 21

H' : (—5),(1),(3) , vl(H’) = (- lä , i- ).
21 21

For any F
€

F1, we define the following quantities:

„ TPEI
vl(F,ß) = e v1(F) (3.19)

öl € Dd : (vl), = vi, (ü,)k = 0 if K ) 2

Let ¤§<i=> = bG<6,<i=>>2, and
U2(F) = conv {(eG,Ag(F)), B€$1(F)}

Ue denote the set of faces of maxU2(F) by F2(F). The set

E = U F (F)2 Fer, 2

is called the convex structure ig order 2.
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Example:

In order 2 (E2 = 6) one has

for any face P. Hence

4 , k ¢ -5, 5
2 , k = -5, 5

Thus maxU2(P) has only one element which is isomorphic (as a convex

set) to P. Ue will denote it also as P. Moreover, it is easy to see

that v2(P) = 2v1(P). Obviously F2 ·^ Fl (as collections of convex sets,

cf. Remark 3.11 below).

The convex structure in order m is defined by induction.

If F' 6 Fm_1 is given, then for any F 6 Fm_1(F’) one defines vm_1(F) by

means of formula (3.18), and ,

öm_1 6 Dd : (üm_1<F))k = (¤1·m_2(F'))k if k aé m—1 ,

· (vm_1(F))m_, = vm_1(F)

5m_1(F) = {669m_2(F’) : (eG,Ag_i(F’))6F}

Let ßg(F) = bG(üm_,(F))m. Ue define Um(F), maxix|m(F) and Fm(F) as in

order 2. The g structure g gig pi is the set

FmForthe completion, FO = UO = conv {eG, 665}
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LL.
Let Ä:(F) = Ag(F) + c, and Üm(F> = conv {(eG,Äg(F>), G € $m_,(F)}. Then
Üm(F) is a translate of Um(F) and hence there is a trivial

correspondence between extremal edges and faces of both sets. we will

often use c = — AE°(F) for some Go € $m_1(F). Note that due to the fact

mentioned above, we can reduce the amount of information needed about

the formal series coefficients for deducing the form of convex

structure: it is not neccesary to know the absolute values of,

coefficients but rather their values relative to coefficients of some

fixed phase.

For any F in Fm, there exists a unique set of faces {FU, F,,..., EJ
such that Fi € Fi(F,_,>, and Fm = F.

Emil
i

Suppose that l5(F)| = d+1 for some F € Fm. Then = {Fm+,}, ...,

for all s, and F, Fm+,,...,Fm+S are isomorphic

(as convex sets in £*xR, i.e. that there is a one-one correspondence

between extremal elements of both sets).

Example:

Let P be any element of F2. In order 3 (E3 = 8)

p""<02<P>>3 = p""<ü,<i=>>>3 = n§,"’<0> + <¤1<P>,dn§"’<0>>
Since the exact form of these expressions is cumbersome and of little

importance, we will not reproduce it here. Ue note that w3(P) is again

isomorphic to U2(P>: if P is not F, then this holds because 53(P) has

three elements, and for F one has: v2(F) = 0, so w3(F) is a translate
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of U2(F). Since in any order s, higher than 2, Fs(P) is isomorphic to

f2(P) (P not equal to F), we will not investigate Fs(P).

Let us study Ui(F) for i > 3. As we have already observed,

5""102>3 = n§k)(0) = constant if i1 = -3,-1,1,3
Hence

v3(F) = 0

By the inductive argument, vi(F) = 0 if i < 7. In order 7

n§D(0) - n;3)(0) s a16> > 0
Max U7(F) has two faces (Fig.3b). These are listed below together with

corresponding vectors in 8:

F1 1 97(Fl) = (16>,11>,1-1>} , v7(Fl) = 1 %
, - ¥>

F2 : $7<F2) = {(—3),(—1),(1)} , v7(F2) = (-
äéäl

, äääl )

One does not have to investigate convex structures in higher orders

( s)? ) since FS is isomorphic to F7 (in the sense of

Remark 3.11)

5. Applications of convex structures.

The general strategy of constructing the phase diagram 9m,p is based on

the following observation: Suppose that
5’

is a subset of 5, and let U

be an open set contained in G29,Qm,p(G). Define 9m,p as a phase diagram
for phases in

9’
(i.e. with other phases neglected). Then

Qm,p A U = 9m,ß A U
Ue will find the covering of pü with the family of sets such that in
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each of these sets, Qm p is described by 5; B for some subset 5’ of 5.
I _ I

Definition:

Let F
€

Fm, and {FU, F1,...,F} be as in Remark 3.10. For any G in 9, we

define an affine functionai:

pg,p<i=> : c -• R

6 _ _ "' 6 'BEJpm,ß(F,x) <x,eG) + J§1Aj(Fj_1)e (3.20)

Remark 3.12

U 6
€

$m(F), U J < m ,

6 Go .
Aj(Fj_1) - (vj(Fj,p),eG> — AJ (Fj_l) - <vj(FJ,p),eG°>

with Go € 9m(F) being any fixed element.

Let {F°,...,Fh) be a sequence of faces. as in the remark 3.10. with

» every element of this sequence we associate a set

uk<i=k> = 6<vk<i=k,p>,ck<i=k> e
"*‘>

The constant cK(Fk) will be specified later in this section. Slightly

abusing this notation, we set U°(F°) E p0.

we will define Uk(Fk) in four steps, using an induction in the order k.

Suppose that Uk_1(Fk_l) is defined. Then we show that:

1. in Uk_,(Fk_l), the function 1g is approximated by pE,B(Fk_,), so

that their difference is of order k;

2. in Uk_1(Fk_1), the phase diagran is given by phases in 5k_1(Fk_1)
(i.e. with neglecting other phases);

. 6 .3. if Int FK for some FK €
Fk(Fk_1), then is of
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order at least k+1;

4. In step 4 we define Uk(Fk), FK € Fk(Fk_1).

Steg 1: Affine functionals (3.20) approximate functions (3.1).

Progosition 3.13.

Let F
€

Fm, and {Fo, Fl,...,F} be the family of faces corresponding to

F (cf. remark (3.10)). For 04k4m and c>0 we define

uB(Fk,c)= {x : ux - vk(Fk,p)l 4 ce }

Then 3 am > 0 : U G € 5m(F) 3 dk(G)> 0 : U p>0 , U x € B(Fk,c):

-p(E + )
ipg’p(F,x) - «g<¤,p>i 4 dk(G)e

"
am

(3.21)

Proof:
m -ßE~

Ipg’p(F,x) — 1g(x,p)| = l_ZipG(üm(F))je J
- pg(x,p)| 4

J=

'* .6 . 'PEJ 6 ~4 |_Z1p (vm(F))je - pm(vm(F,p),p)| +
J=

+ ip§<Gm<i=,p>,p> · pg<x,p>1 4

'9 „ 'ß¢
4 cm(G)e Em+1 + Am(G)Hx — vm(F,p)H e m

The estimation of the first term is given by Lemma 2.5., and of

the second one by (3.7). By the hypothesis

„ 'PEk „ „
lx · vm(F,p)H 4 ce + Hvk(Fk,p) — vm(F,p)H 4
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-pE —pE m(ce *+e ***5 u¤.<¤=.,p>u
j=·'+i J J

_ . Ex+1'Ek . ..Let um - msn (cm, ———-———-), with em defuning the set 0 (cf. (3.2)).
K(m 2

m
Set dk(6) - cm(6) + Am(6)[c + j§]+lHvj(Fj,p)H]. .

Note: In the zero order the estimation is not as good, since we demand

that (3.21) holds on pÜ. Hence

Hxß $ pc

Then

lpg,ß(F,x) · 1g(x,p)| ( $d°(6)e °

The next proposition is an immediate consequence of

Proposition 3.13.

Progosition 3.14.

Let So 5 {60, 61,...,65} C $m(F) be such that {eG_,i=1,...,s} is
n

linearly independent. Consider the solutions: y(z,p) ( p>pm(9°)> of the

system of equations (3.8) (cf. Proposition 3.2.), and y°(z,ß) of the

system

Gi Go
-pm,p(F,y,z) = pm’p(F,y,z) •=1,...,s (3.22)

ere x er e - eH
€

Ä K ( )a=1 Ga Go
Let B(FK,c) be as in Proposition 3.13. Then U K $ m , U c ) 0 , 3 ak(c)

such that if p>pm(5°) and (y°,z)
€

B(Fk,c), then
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_ '$Ek+1Hy(z,p) y°(z,p)H ( ak(c) e (3.23)

Note: Proposition 3.14 states that inside 8(Fk,c), the solutions of

(3.8) and (3.22) are close to one another: their distance is of

order k+1.

Proof:

The proof is by induction in k. Suppose that the estimate (3.23) holds

in the ball B(Fk_,,r) for some radius r>0. Let c' > c be such that if
(y°,z) €

B(Fk,c’), then (y(z,p),z) €
B(Fk,c) (if ak_l(r) is given by

the estimation (3.23) for order K-1, we take c' = c + ak_,(r)).

Note that both (3.8) and (3.22) can be written in the form:
_ Gi GO _

<y,eG_- es ) = pm (y,z,p)- pm (y,z,p) ¤=1,...,s
i o

m Gi Go -pEj _

Hence
Gi Go|<y—y°,eGi- eG°)I ( |1m.(y,z,p) — pm’p(F,y,z)| +

G, GO —p<sk+«m>
+ lim (y,z,p) — pm’p(F,y,z)l $ 2dke (3.24)

Next note that

0 •pE.
y(z,p) = Z yJ(z)e J

J=1
(cf. (3.9)). Obviously

m ·pEjy°(z,ß) = JZly°,Je

(is z-independent).

By (3.24), <y°,j - yJ(z) , eGi· eßo) = 0 if J $ m. Therefore for all z:
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(y°,z) € Bk(c’)
, y°,j = yJ(z) if J $ m . Finally,

I
0 —ßE. —pE

Ny(z,p) - y°(p)ß $ Z Hy (z)H e J ( ak(c)e k+J
J=k+1 J

where ak(c) = sup _
E

1Hyj(ßK)H e J and sup is taken over all
J= *

L in Ö and p>pm. ak(c) is finite because of estimation (3.10). I

Steg gz The phase diagram in Uk(Fk) is given by the set of phases

Sk(FK) (i.e. we may disregard other phases).

Lgmma 3.15

Let F
€

fk. Then 3 c > 0 , 3 7(c) ) 0 , 3 pk(F) : U p)ßk(F) ,

ne„U
6 ( S (F) , U x

€
B(v (F ,p),ce ):K K K

0 _ßE

pg p<i=,«> - pg §<i=,x> > yme
" <a.2s>• s

for some G € Sk(Fk). Hence Uk(Fk) C U Qm,p(G)

with the union over elements of $k(Fk).

Proof:

Let 6J be the set of phases Ö ( Sk(F) such that J is the highest order

for which Ö € Sj(FJ). Denote
&t(G) E A$(Ft_1) - <vt(Ft,ß),eG) if t { K

Then U G
€ SJ, U G

€
Sk(F)

G ···
_ G ~ =pJ,p(Fj_1,x+vJ) pj’p(Fj_1,x+vj)

= - <x,eG— eg) + [Aj(6) — Aj(0)]e



58

(cf. Remark 3.12.)

Note that by the definition of Uj<Fj,p),

aj(G> · Ajtß) > 0 °

Let ßj(Ö) be such that

„ „ x „ -p <§><s - E.)
é<G) E A (G) - A (G) - Z IAi(G) — Ai(G)I e J

'
J > 0J J i=J+1

Define

cs = é
max Hes- esH—J6(Ö) ps = max pj(Ö)

. . j „ 'FEJ
with both maxima taken over 5 . Then U x

€
B(vk,cJe ) ,

v E 6 sJ, 1 J
96 (F x) -

pg
(F x) = -

(x—$ e - e") + ä (A (G) - A (E)l
e-ßEi

}k,p J k,p J kJ G G i=j x n

-9E- ,., —pE.
; e J16<6> - Hes— esß J

Now let ßk(F) > mg: ps be such that U p>pk(F)
J

'ßE· ‘ßE
cje J > cke K.

Set c = ck and 7(c) =
ä

ck

Combining Proposition 3.13 and Lemma 3.15 we see that the inequality

(3.25) also holds for the cut-off pressures with the slight

redefinition of 7(c). Obviously for any c > 0

Uk<Fk) C B<vk(Fk),ce K)

if p is large enough.
.
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Qjgg Q: 1+ pg is an interior point 0+ FK, then has order at

least k+1.

Lemma.3.16.

Let SD be as in Proposition 3.14. Suppose U is a subset 0+ the solution

set for the systun 0+ equations (3.22), homeomorphic to a ball (U is

connected and has no holes). Furthermore, let U be an open bounded

subset 0+ the solution set +0r the system 0+ equations (3.8). Assume

also that 3 F € fk , 3c) O :

U C B(Fk,c)

1+ there exists d > 0 such that

8U E U \ U C {z : dist(z,U) 4 de-ßEk}

then U p>pm(S°) (c+. Proposition 3.2)

w c {z : dist(z,U) 4 <ak<c>+¤>e—ßE"*‘}
where ak(c) is given by Proposition 3.14.

&.e¤;t=
Let S = {z : dist(z,U) 4 de-Bak}, and N = 0 ker(eG— es,)G,G’€S°

The solution set 0+ the system (3.22) is N + w, where w is any solution

0+ (3.22). Since 8U C S, then prN SU C prN S. By hypothesis, U is

bounded, and hence prN U C prN S. But then U (y,z) > U,

dist((y,z),U) 4 dist(y,w+N) + dist(z,prN S) 4

4 <ak4¤>+d>._°E"** I
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Progosition 3.17.

Let F
€

Fm(F') and G be such that pg (F') €
IntF. Then U s ) mIp

3 pS(G) : U p>ps(G), QS,p(G) is of order not lower than m, i.e.

3 rs ) 0 :

„ ‘ß
QS,p(G) C B(vm(F,p),rse Em+l)

(3.26)

Proof:

Ue will prove the proposition for order m only. The proof for s ) m is

similar.

Since pg,B
€

IntF, then there exist d+1 eleents of 9: Go, G1,...,Gd,

such that {eG_} is linearly independent, and
u

G d Gi _ d
with igoäi — 1,, A, € (0,1)

Let ßm(G) = max ßm({G,Gi}), with ßm({G,Gi}) as in Proposition 3.2.
0$i{d

Define Öm
B

to be the phase diagrmn in order m for the set of phases
* .

{G, G0,...,Gd}. Ubuuously C Ue will apply induction in

K, i.e. we want to show that U K $ m 3 rg ) 0 :

N
I :, ~ I _pEk+1Qm p(G) C Zk(rk) - B(v(Fk,ß),rKe ) (3.27)

I

Suppose that (3.27) holds for K-!. In order to show that it holds also

for order K, we will use inductiuely Lemma 3.16.

First let us consider the solution yi of the system of equations:

G Gt
1m(x,p) = em (x,p) , t # i x
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By Proposition 3.14., 3 ai > 0 :

uyi - ¤k<i=,p>u 4 aie
""‘

Let al = max ai '
n

Next, let

H. . = {(1 y. -) z
€

0 ker(e — e )}'·J "•*' 1¢s,5 6 Gt
be the solution set 0+ the system 0+ equations:i G Gt . .1m(x,p) = im (x,p) , t ¢ i,J

Denote by U the subset 0+ Miii bounded by yi and yi.

1+ (1,yi J) €
U, by Lemma 3.16 one has:

S

||(1,yi’•i) - v‘i(F,p)|| 4 (al + aihih K1'!

where ai
i

is obtained by applying Proposition 3.14. to the set
!

{6,6t, t#i,J}.

Let a2 = al + max ai i{HJ}Ue

continue in the same manner +0r elements 0+ Söm p(6) 0+ higher
· !

dimensions. Finally, there exists ad such that U x € Söm p(6)
' I

...
‘ßE

Hx - vk(F,p)l 4
ad e k+1

Hence by applying Lemma 3.16. once again, we obtain (3.27).

Set rm = ré
I

The next corollary deals with the case when in some order,

pG_ (F')
€

Int F (F
€

F _ (F’)), but 06 (F) is neither an extremalm 1,p m 1 m,p

point 0+ maxUm(F), nor an interior point 0+ any +ace +rom The

conclusion 0+ the corollary is the only statement that we can make
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about the domain of G.

Corollarg 3.18.

Let {F0,...,Fm} be a sequence of faces as in Remark 3.10. Suppose that

G is such that:

G1. pm_i,p(Fm_2)
€

Int Fm_i, {

G r Gi
2. r ( d+1

Gi r
where pm,ß(Fm_i) € cm(Fm), iäiki = 1, and li € (0,1)

Then U s ) m 3 dl ) 0 , 3 ßm(G) : U p>pm(G)

_ . 'pEm+1
Qm’p(G) C {z . dist(;,H(Gi,...,GP)) ( dme } (3.28)

where
Gi G G'

I(Gi,...,Gr) — {x : —

)all G' ¢ G,Gi}

Proof:

Ue will prove this Corollary for Qh ß(G) only. The proof for higher
9

orders is similar.

I- . GLet F - {F €
Fm(Fm_i) . pm,p(Fm_i) € F}

Consider the set of phases:

-
I .

GI
$0 - {G} U

{GDefine

ß (G) = max p ({G G’})'“ G’€5° "'
’

Let Öm
B

be a phase diagram for the phases in this set. Now we use
!
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the inductive argument as in the proof of the Proposition 3.17. Here

U = H(6,6i,...,q“> .

gtpp Q: The definition of sets Uk(Fk>.

Suppose that FK
€ FK. Define rk(Fk) to be the smallest number such that

Ué(Fk> 5 B(UK(Fk,p>,rk(Fk>e_pEk+1) contains sets described below.

1. QhiB<6> if pEip(Fk_i)
€ Int FK.

2. If F has more than d+1 extremal points, let us consider any

d—element collection of pairs {(6i,i,62ii),i=1,...,d}, where any phase

corresponds to an extremal point of F, and some elements in different

pairs may be the same. For any pair (6i,i,62,i), let Ni be the solution

set for the equation

G1,i _ 62i
pkiß (Fk_i,x)

—
pkiä (Fk_i,x)

Define

. si = (x : das1<x,Ni>
4whereai is given by Proposition 3.14. applied to the set {6i,i,62ii}.

It is easy to see that for any such d-element collection of pairs,

i§i
Si is of order k+1. Ue require rk(FK) to be such that for any

d
collection of pairs as described above, E2! Si C Ué(Fk).

lf FK contains exactly d+1 functionals p3ii(Fk_i), then we set Uk = Q.

Example: =

The construction of the set U6(F°) for our example is shown in Fig.4.

Ue choose the collection of pairs {(-5>,(3)},{ (-3),(3)}. The thin
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U

N((—3). 3))

‘_ I.: 'fx '

u·(¤= )
rl

~
'J

.2o

°\
/I-___~

x
‘

';]}.’_·/ , N((—3),(-5))·x‘~;«75
‘ iv -.

Fig.4: The construction of the set U(f)(FO) (dashed circle).

The thin solid lines are N((—3),(-5)) and N((-3),(3)).

The dotted lines represent sets S((—3),(-5)) and
S((-3),(3)). The dotted region is their intersection.
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1
solid lines represent sets N((—5),(—3)) and N((3),(—3)). The dotted

lines show regions restricted by Proposition 3.13. The dotted region is

S((-5),(-3)) 0 S((3),(-3))

Now let 7 > 0 be any fixed number. Ue define ck(FK) = rk(Fk) + 7. In

the applications 7 will be choosen in such a way that its value

comprises a small fraction of any rk(Fk), k ( m.

Let pU(7) be such that if p>pU(7), then the following conditions hold:

a) Uk(Fk) C Ué_,(FK_1)

b) Uk(Fk) C B(Fk,c) (with c defined by Lemma 3.15) (3.29)

c) U F,F’ €
Fk(Fk_l) , Uk(F) 0 Uk(F’) = E

If ß)pU(7), we can define a covering of ßü by a family of sets:

{Uk(Fk), FK
€ FK, k=0,...,nQ.

The phase diagrmn Qm,ß in each of the sets Uk(Fk) is the same as the

phase diagrun 5m,B for the set of phases 5k(Fk). Ue observe some sort

of scaling: the procedure of determining 5%,p (or Qm,B in the set

Uk(FK)) is exactly the same as an original problem of finding Qm,B in

the set pü. The only differences are that we deal with a smaller set of

phases 9k(Fk), and all strata which do not intersect the boundary
Uk(Fk), are of order at least k+1 (in the original problem such strata

are of order at least 1). The last property follows trivially from the

fact that Uk(Fk) is of order k+1.

In the connection with the scaling property mentioned above, let us

note the following result. Ue will use this result in the proof of
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Theorem 3.22 (next section) to determine orders of_strata.

Let H(Fk) be a phase diagram for the set of affine functionals

{p$+l’p(Fk),
6'€

9k(Fk}}.
Ue introduce the notation: if

9’ €
9, then

H(Fk,$’> E H({p$+1’p(Fk>, G € 9'})

Note that for all phases in 9k(Fk)

p§+1,§<Fk,x+6k<Fk,p>> = · <x,eG> + A$,,<i=k>e_pE"*‘
This fact allows us to draw conclusions about orders of strata

of H(Fk). ‘

Progosition Qélgé _
I

Let E be a n-dimensional face of max Uk+i(Fk) such that

n(Fk_,,{G : pE,ß(Fk_1) € E}) = {Uk(Fk,p)}

Then

{H(Fk,{G : pE+i,§(FK)
€

E}>, p>pk(Fk)}

is of order k+1. pk(Fk) is given by Lemma 3.15.

EQ9i=
Ue will prove the proposition for E = {pE+1,p(Fk>}, since in general

case we can use the projection method introduced in the proof of

Theorem 3.7, part 4.

Let p$+1’ß(Fk) € e(max Uk+1(Fk)). Since H(Fk,{G}) = {Uk(FK,p>}, then

pE,p(Fk_1)
€

Int FK, and hence 3 Go, Gl,...,Gd € 9k(Fk): pE,p(Fk_1) is

the convex combination of pE,p(Fk_l)’s. Let Ué+1 be such that

Gi
~

Go
~PK+l,ß(FK’Ué+l) = pK+l,ß(FK’vü+l)

For any x in the boundary 3H(Fk,{G}) of H(Fk{G}), there exists Gi such
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that
G Gi

Then

(x

G , Ga , -pEk+1” [Ak+1(Fk) ' (°k+l'°G> ' Ak+1(Fk) * ‘"k+1·°6i’] °
Hence

Hx - $4+1u 4

$ He — e H—lHAG (F ) - (v' e > ·
Aßi

(F ) + ( ’
>H6Gi k+l x k+1’ 6 k+1 x °¤+1·°6i °

and {H(Fk+1,{G}), p>pk+1(Fk)} is of order at least k+1.

B7 Lemma 3.15, H(Fk,{G}) does not intersect H(Fk,{Ö}) if Ö ( $k(Fk>.

L t n n
—pE“*‘

+ "· n "e xo be suc t at e xo vk+1
€

(Fk,{G}). Then U G € 9k(Fk)

AE+1(Fk)
— (x°,eG> - AE+1(Fk) + <x°,eg) E 7(G) ) 0

For any x
€

8I(Fk,{G}> 3 Ö such that

~ —ßEk+1 6 E

6 _ 6 _ E 6

( Heß- eöß Hx — xou

Thus {H(Fk+1,{G}), ß>pk(Fk)} is 0+ order not higher than k+1.

·
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Example:

Let us apply Theorem 3.7 to the set {(e(k), (K) €
9}. we obtain

zero-temperature (and zero-order) phase diagrmn (Fig.6a, p.78). Next

let us consider the set {(e(k), A§k)e_4B), (K) € 9}. The resulting

phase diagram is represented in Fig.7. Finally, Fig.9a contain the

bl0w—up of the central part (around zero) of the phase diagram for

ine set {p§"’<i=>, uns 6}. I

In our example all lines

1,K ¢ -1,1

are of order 0. The lines

H(F1,{(1),(k)}) and H(F1,{(-1),(K)}) , K # -1,1 .

are of order 1. The line

H(F7,{(1),(-1)}

is of order 7. .

6. Phase diagrams in order m.

In this section we present the construction of the phase diagram in

order m. Ue show that if the set maxU of Section 3 is replaced by

the convex structure in order m, the result holds for similar to
Theorem 3.7.

Let us first describe the restrictions of the method. The first

problem arises in connection with the existence of strata. This problem

has been already mentioned in Section 1. Suppose that E is a

n-dimensional face of max By we denote the set of
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phases G such that pE+1,p(Fk) 6 E. Then H(Fk,Sk+1(E)) exists. However,

if SE does not satisfy conditions imposed by Proposition 3.2. (or, in

the presence of symmetries, by Proposition 3.24), then the solution for

the system of equations (3.8) (and hence does not

generally exist. Therefore we have to make an additional assumption

about the convex structure:

Assumgtion Qéggz

Let k 4 m. If E is a face (extremal edge) of maxU,(F) (F 6 F,_l) with

dim E ( d , E contains only dim E + 1 functionais p$,p(Fk_,)).

The example of the system, in which the above assumption does not hold,

is given in Section 4.1A.

The next problem is as follows. Let us consider Um(F), F 6 Fm. Inside
Um(F), the form of ig is determined by terms of order higher than m.

These terms have no correlation to formal pressure coefficients. Hence

the phase diagrams in higher orders will generally have different

properties than Thus information contained inside Um(F) is

superfluous. Ue dispose of it by the means of the following

definition.

Definition: Let S' C S. Ue say that the function x(p) is k-equivalent

with constant b to Qm,p(S’) if U S" C S' : ¢ Q ,

cygtgzIn general does not exist.

Ue have already shown (Section 5) that the phase diagram 9m,ß can
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be constructed separately in sets Ué(Fk) \ U Uk(F), with the union over

+aces in FK+,(Fk). Note that i+ the system satis+ies Assumption 3.20,

then Qm,p has a natural structure 0+ a strati+ied mani+old: each
stratum is a manifold by Proposition 3.2, and evidently the closure 0+

any contains this stratum and all with S' D So (which

are 0+ lower dimension). H(Fk) also is a strati+ied mani+0ld. we will

show that there is a relation between 9m,p and H(Fk).

Let us consider a covering 0+ pö by the +amily 0+ sets de+ined in a

+0ll0wing way. Let F € Fk(Fk_1), and S' C Sk(F). Ue say that S' is

gggmgl i+:

1. |S'| = d+1

2. all elements 0+ S' correspond to extremal points 0+ FK;

3. O'(F,S’) E Int [ Uk_1(F’) 0 Gg9’H(F,G) 1 is connected.

For any normal sub+amily 0+ Sk(Fk) we de+ine

O(F,S') = 0 {x
€

O' : dist (x,H(F,G’))_$ ak(G’) e_5Ek+l} \ Ué(FK)

The intersection here is over all G' ( S' which have common boundary

with some G
€

S', and a,(G’) is given by Proposition 3.14 +or the A

+amily S0 5 {G,G’}.

Obviously the +amily 0+ sets:

{0(F,S’), F € FK, S' normal subset 0+ SK(F), k=0,...,m}

covers pö.

Examgle:

In our example the covering is as follows. Only U°(F°) and U7(F) are

nonempty. The normal sub+amilies 0+ S are: {(5),(3),(-3)} ,

{<3),<—5),(—3)} {<-5),(—-3),<5)} , {<-5),(3),<5>}.
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The set 0(F°,{(5),(3),(—3)}) is dotted on Fig.5a.

Note that S1(H1), $(61), S(H’) and S(G') are normal.

The normal subfamilies 0+ S1(F> are: {(·1),(3>,(1)} , {<3),<1),<-3)} ,

{(1),<-3),(-1)} , {(—3>,<-1>,(1>} _

The set 0(F;{(-1),(3),(1)}) is dotted on Fig.5b.

Finallv both S7(F1) and S7(F2) are normal.

@ L2.;
l

Let 2 = Ué<Fk) ‘ U Uk+i(F), with the union over +aces in Fk+,(Fk). Then

3 ß(Fk) : U p>p(Fk) the +0ll0wing holdsz

1. There is a one-one correspondence between strata 0+ H(FK> 0 Z and

strata 0+ 9m,p
O- Z: This correspondence

preserves the closure, i.e. the elements 0+ the closure 0+ H(FK,S°>

correspond to the elements 0+ the closure0+2.

3 a<Fk) > 0: dist(H(S'> 0 Z , Qm p<S’> 0 Z) 4 a(FK>e-ßEk+1.

3. 1+ H(Fk,S°) C Ué(Fk), then is 0+ order k+1.

E2£= T
The +amily 0+ sets {0(Fk,S'), S' normal in Sk(Fk)} covers Z. By

Proposition 3.6, 9m,ß and H(Fk) are di++e0m0rphic in every 0(Fk,S’).

Consider a stratum H(Fk,S°) with dimension r < d. There is a +ace 0+

max Uk+1(Fk) 0+ dimension d—r, corresponding to H(Fk,S°). By

Assumption 3.19, ISOI 4 d, and it contains only phases corresponding to

extremal points 0+ max Uk+1(Fk>. Hence there exists a normal subset S'

such that So C S'. By Proposition 3.6, 0 0(Fk,S’) exists. The
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elements 0+ the closure 0+ Qm B, which lie inside 0(Fk,5’), obviouslys
correspond to the elements 0+ the closure 0+ H(Fk,5°) which are inside

0(Fk,9’) (since Qm p and H(Fk) are di++e0m0rphic inside 0(Fk,$’)). Note
I

that C and the same holds +0r H(Fk,$°). Hence
o

+0r every element 0+ the closure 0+ we can +ind a set 0(FK,$’)

which contains this element. Thus by the above argument, there exists

the corresponding element 0+ the closure 0+ H(Fk,9°).
“

1+ FK contais only 0+1 +uncti0nals pS(Fk_1), the there is an obvious

correspondence between H(Fk,5k(FK)) and (both sets contain

one point). . '

The bound on the distance 0+ corresponding strata can be easily

established by applying Proposition 3.14 to any 9 +or which Qh (5 )
0 ,ß 0

is nonempty. Here a(Fk) is a maximum over ak’s +0r all such SO (ak is

given by Proposition 3.14).

The combination 0+ Lemma 3.16 and Proposition 3.18 provides +or the

proo+ 0+ the statement about orders 0+ the strata. I

The +oll0wing theorem is the main result 0+ this paper.

Theorem 3.22.

Suppose that the system satis+ies Assumption 3.20 +0r all orders up to

the order m. Then B pm : U p>pm the +0llowing holds:

1. U F
€

Fm B! v(F) :

a) i+ F contains only d+1 +oncti0nals pg B(Fm_1), then v(F) is the
I

unique element 0+
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b) 1+ F is other than in a), then 3 b > 0 such that v(F) is

m-equivalent with constant b to Qm,ß(9m(F)).

2. Let E C max
Um(F’) (F' €

Fm_1) be such that dim E = d-r, r)1. Then

Qm,ß(9m(E)) # Q, and has dimension r. In particular, Qm,ß(G) ¢ 6 i+
' G I Iand only It pm,p(F ) € c(max Um(F )).

3. The order 0+ stratum Q (9 (E)) is given bym,p m

K = min{t : E C max Ut(F), F€Ft_1}

4. U s ) m 3 ps : U p>ps , 1a), 2 and 3 hold +or corresponding strata

0+ 95,5.
Proo+:

l
First note that due to the Assumption 3.19, i+ E is a r—dimensional

+ace 0+ max Uk+1(Fk)
(r<d), then +or any s)K+1, E is a r—dimensional

+ace 0+ max U5+1(Fs). The same holds +or a d-dimensional +ace F i+ F

contain only d+1 +unctionals pg. Let K be the lowest order in which E

is an extremal element 0+ max Uk(Fk_,). By Theorem 3.7, there exists a

stratum H(Fk,9k(E)) 0+ H(Fk) which corresponds to E. By Lemma 3.21,

there is a stratum Q (9 (E)) which corresponds to H(F ,9 (E)).m,p K K K

Horeover, Q(Fk,9k(E)) has, order K+1 (by Proposition 3.18) and hence

Qm p(9k(E)) also has order K+1 (by Lemma 3.21).
9

1+ E contais more than d+1 a++ine +unctionals, then in general there is

no correspondence. However, in higher orders E is replaced by

max UK+1(E).
In the last order we are le+t with sets Um(F), F € Fm, in which

Lemma 3.21 cannot be applied. But since every Um(F) is 0+ order m+1,

then Q 0 U (F) is m-equivalent with constant c (F) to the line o+m,p m m
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coexistence Üm(F).

Uith the change of order m we have to redefine sets Uk(Fk) and sets

0(Fk,9’) since there will be a change in estimation (3.23). ay lowering

temperature we can compensate for these changes, so the above

considerations hold for a construction of Qs,p with s ) m. The only

exception is the statement lb., since now we can investigate phase

diagrmn in any in the same manner as we did in sets Uk(Fk) in

lower orders.

The value of pm is determined as the maximum of the following:

1. pf given as the condition that the sets Uk(Fk) do not intersect

· (cf.(3.29));

2. p(Fk) defined by Lemma 3.21;

3. pm({G,G’}) (as in Proposition 3.2.) for all pairs of phases,

corresponding to extremal points which share a 1-dimensional

extremal edge. The condition: p>pm({G,G’}) assures the existence of

stratum and hence validates an approximation (3.23) which

enters into the definition of 0(F,5’).

Obviously pm is finite. I

B.mu:l<. .3i.L7-E
Let us assume that Fm has the following property: H F

€
Fm(Fm_1),

F contains only d + 1 functionals pg’p(Fm_l)• By Remark 3.11, for any

s } m, FS is isomorphic (as a collection of convex sets) to Fm. Also,

since every = Q, the phase diagram QS is completely determined

by extremal properties of Fm. lile will say that order m is conclusive.
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Note that all features of phases diagrams in orders lower than m are

obtained frm 9h,ß in a following way: one finds sets UK(FK), FK
€ fk.

All strata of 9h,ß which lie inside Uk(Fk>, are then identified with

the point $k(Fk). The remaining strata of 9m,p correspond to strata

of QKIP.

[gg descrigtion gi ggg ggggg diagram ig ggggg gi

Let p;>ps be such that if p>p;, Proposition 3.3 hoids for any nonempty

stratum Qs,p(S’), and any subset S" of
S’

with |S"l ) 2. Obviously,

pg is finite. The phase diagram in order m is described as follows.

For every F
€

Fm, there exists a point v(F) which plays the role of

the unique point of coexistence of phases from Sh(F). Next, for any

(d-1)-dimensional face E1 of F, there is a 1-dimensional surface of

coexistence of phases in SE1 which either terminates at the boundary of

pö (if some phases in SE correspond to elements of e(conv{eG, 665})),

or terminates at another point of coexistence v(F'> (with F' D E1).

Furthermore, for any (d-2)—dimensional edge E2, there exists

a 2—dimensional surface of coexistence of phases from SE2. This surface

is bounded by the set of lines which are the surfaces of coexistence of

phases from SE, for any E' D E2. In addition, if some element of SE2

corresponds to the element of e(conv{eG, G€S}), then one of the

boundaries is the boundary of pÖ. One can make similar statements about

strata of higher dimensions.

The most convenient way of representing the phase diagrmn is to
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shua it separately in the blow-ups of sets Uk(F), F
€

FK. In each of

these sets we can apply Lemma 3.21 to obtain the topology and

localization of strata. Finally, Proposition 3.3. gives more detailed

description of strata near their boundaries.

Example:

The phase diagrmn for our example is shown in Fig.6b,8 and 9b. Since

9m,ß is constructed order by order, we represent it in the succesive

blow-ups of sets Uk(Fk).
As it has been discussed before (Section 4), UO has four extremal

points: (-5),(5),(—3),(3), and four edges: {(-5),(-3)} , {(—5),(3)} ,

((5),(—3)} , {(5),(3)} (Fig.3a).

Hence on BO \ U4(F°), Qm,p has four lines of two-phase coexistence:

, ,

,(Fig.6b).The shaded areas show the regions, to which strata listed

above are restricted by Proposition 3.13. Numbers appearing close to

strata denote their orders (in Fig.6b all orders are zero).

Next, Qm’p 0 U°(Fo) is shown in Fig.8. It is easy to see the

correspondence between strata of Qh’p, strata of H(F°), and extremal

features of maxwl (cf. Fig.3b). Finally, the blow-up of U7(F) is shown

in Fig.9b. Since Fi « F7 if i ) 7, the phase diagram of Fig.6b,8 and 9b

is representative for all orders higher than 7.



^ V
Q

-„-
__

Ü
z',} I

‘

1/ I
:"

‘
\

1

5:

//
I
I'?/

E;
I .7

_I· \

/
I

I
I

J

_·•

I'
.;•;'

\

/

I_.[
I .. J,. , \

GJ

[

I { I. Ä.]

K

I

I—I- I

IJ

UII
-•••-,___•,· I Q:

I

C

I

«L.._'___I-.\

VIII-·°
··--°"L'·

L

I

I
g

,'

j: I A
I. I

LI')

x
.;

I

I
Ä E

\
·_,·°·,§' Lx

_;
:

/

A U')

\
_.· _ (Y)

LI I

/

X Ö
L4 L

.· T
I

/

Ö

x T '
/

I

/

ID

x
I

1

V7
+-‘

‘ I ·
I

al

I-
4-)

*,_ I
' ,1

FU O

°

—I__:,¢

g
'U

I
IS E ·
Q I- E
g .

'·•- «~ M

II- I.I.o ä
O -¢O.„.
I-> :> Z‘„;’

·

3,* In
O¤ Q.

Ö ®, O

I

E : gg

I °:

L
·°_

>>

I r~

IE
®..D

I
gv)

é•.¤

I
I

xL

I: C: GJ

I

E
In

Q E O

I

L
ns Q.

LD I

Q
cr, W-

I I

•I— (U

gz

·¤
°"

VI

I

‘°
E

I

Ö Q
•

¢‘•-•-,,____
I

I3 In

·:

QI

GJ In

I

I__ E GJ

I

I- L

I

’\ r-

I

‘° -¤

.
I
I

KO

'
cä

I

’—

'I-

A

LO

I_I_

co
I

xa

-r

·
I
I
I
I



79

9 I

(I)I
(-5) -

I

(3) '

W;;
(-3)

(5)
E (_·|

I

Fig.7: The phase diagram 1I(Fo) for the set of affine

A
funct1onaTs” {(e(k),A§k)”)}
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7. Phase diagrams in the presence of symmetries.

Assumption 3.20 can be relaxed in the presence of symmetries of an

original Hamiltonian HO.

Let R be the transformation group acting on the lattice, and G be the

group of transformation acting on X pointwise: if Go is a group of

transformations of S, then I = Got. The transformations of X form a

group given by the semidirect product R*G with the action defined by

(r1,q1)*<r2,q2) = Irif r2,q1+ r1(q2))

where r(q) € G is given by (r(q))a = qr(a)
The subgroup 6 C R*G is the syggetry ggggg of the Hamiltonian H0 if

U 6 € 6 , U Y»X

HOIOXIGY) = Ho(XlY)

6 induces the group of transformations T acting on 8 in the following

way: if 0 €
6 and L

€ 8, then U X»Y

TsL(XlY) = LIOXIQY)

T in turn induces the group of transformations T* of 8*X R:

if 6
€

6, then

T8*(h,a) E (Te*h,a)

where T0*h is defined as follows: U x € 8

<x,To*n> = <T°x,n>
“

It is easy to see that U G € XP°r <T°L,eG> = <L,eoG>.

Ubviously U G
€

5 , U 8
€

6 , U x
€

po
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Therefore for anx m

·«:·°<x,p> = «g<T*x,p>
It follows that 9m,p is invariant with respect to T.

Suppose now that F
€ Fm(Fm_,), and let 0(F) be a symmetry group of

$m(F): U 6 € 0(F) , T0*F = F

Define 8(F) = {L : U 0
€ 0(F) TQL = L}, 8 = 8(F) 0 8’(F).

Qlayg: If 5m(F) has p+1 orbits with respect to 0(F),

then p - dim 8(F) } 0

ßgggjz Let ni+1 be the number of elements in the i—th orbit. Then

iä0(ni+1) = I$m(F)I ) d+1

(since a face has at least d+1 extremal points). Also

d — dim 8(F) $ max ni
_ ¤(¤(p

Then

p - dim 8(F) } p — dim 8(F) + ago ni — (d — dim 8(F)) =

= p + ä ni - d = ä (ni+1) - (d+1) } O
i=0 i=0

Suppose now that $m(F) has p = dim 8(F) + 1 orbits with respect to

0(F). Let Gi, i=0,...,p be representatives of the orbits.
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Proposition Qégj;

3 ßm(F) : U ß)pm(F) , exists and is contained in £(F).

E@=

First note that U 0 € 0 , U G E 5m(F) , £(F) C kerteß- eeß). Suppose

that L
€ £’(F) and U 0 € 0(F) , U G

€ 9m(F), eG(L) = esG(L), i.e.

(OL - L,eG> = 0

Note that {eG], i=0,...,p} is linearly independent, and it spans

£’(F)*. Hence OL = L, i.e. L = 0. Thus £(F) =
G Q ker(eG— eos).

Consider now the system of equations:
,

1g(x,p) — 1g’(x,p) = 0 G,G’ € $m(F) .

This system can be separated into two sets of equations:

<x,eG— eßi), i=0,...,p G in i-th orbit (3.30)

and
1Gi(x,p) — 1G°(x,p) = 0 i=l,...,pm m

The solution set of the first system of equations is £(F), hence one

can choose d - dim £<F) linearly independent equations of type (3.30).

The second set is linearly independent. Hence by the dimension argument

one can apply the implicit function theorem. I

Note that and Fm+, » F, so the proposition holds by

induction for all s ) m.

Next suppose that the following holds: '
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Assumgtion 3;;;,

Let E be a r·dimensional face (extremal edge) of F, 0(E) C 0(F) be

the symmetry group for E, and £(E) a subspace invariant with respect

to 0(E). Then Sm(E) has s = r + 1 — dim £(E) orbits.

If the above assmption is satisfied, then by the argument similar as

in Proposition 3.24, Qh’p(SE) exists and is contained in £(E).

Now assume that every edge E C max Uk(Fk_i), FK_1
€ Fk_1 , SE satisfies

the above condition. Then Theorem 3.22. holds with the small

modification of the covering:

0(F,S’) = 0’(F,S’) \ A'

where

A' = {x € 0’(F,S’) : dist (x,H(Fk,G’) < aK(G,G’)e-pEk+‘

unless G' = 0G , 0
€

0(F)}

here ak(G,G’) is given by Proposition 3.14.

Since the stratum is contained in ker<eG- eeü), this

definition of 0(F,S’) provides for the set in which Proposition 3.6 can

be applied. The example of the systeni with symmetries is given in

Section 4.13.



CHAPTER 4: Examples

This chapter contains examples. In Section 1 we provide the +ull

argument about the LT expansions +0r the 8lume—Capel model. Using

di++erent perturbation spaces with this model, we also present examples

+0r systems, where Assumption 3.20 does not hold (Section.4.1A), and

+0r the system with symmetries (Section 4.18). The next section

contains a simple case 0+ another class 0+ models, in which a

complication 0+ interaction produces arbitrary properties 0+ the phase

diagram. In Section 3 we present a general discussion 0+ phase diagrams

+0r the generalized +err0magnetic models. Finally, in Section ·4 we

describe models with stabilization, and discuss the application 0+ our

method to the systems with in+inite number 0+ ground states.
i

1. Ih; Blume-Cagel mgggl

This model has been +irst discussed in [6J,[?]. Since we have used this

model throughout the previous chapter to illustrate our method, we

present here all in+ormation about the LT expansions which is necessary

to determine the phase diagram. V

86
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Let l =
Z2, S =

{—q, —q+1,..., q-1, q}. Deflne interactlon Q:

Qaaab} = (sa- sb)2 lf a,b are nearest neighbors, QA = 0 otherwise.

The Hamiltonian has the form:

::0 = agbawa- sb>2
where <a,b> denotes a pair of nearest neighbors.

Q is obvlously Z2—invariant. It is also invarlant with respect to the

operation of the spin flip:

f: X + X : (fs)a = -sa U a € l

The group {e,f}, where e is identity, in the only polntwise acting

group of symmetrles of HO.

The set of periodic ground states is:

9 = {GK E (K), K = —q,...,q : U a
€ Z2 (Gk)a = K }

By (m) we will denote the ground state correspondlng to the minimal IKI

(m = 0 lf q is integer, m =
ä

lf q is half—lnteger).

Let (K)
€

5. Define
xi") = {x 6 xi") z mx ixa- xi = :~}

suppX

ggg: q — ix: ; :— => xi"')
—·~xi"') (set :s¤m¤:~p:·.:sm>

ßgggis Let (K)
€

5, without loss of generality we may assume that K ) 0

(the case K $-0 is obtained by symmetry). Conslder the map

q: : xi"') + xi") :¢<x>a = xa - m + ic.
Obviously ¢ is an lsomorphlsm.

ggtg: If q — K < r, then the above clalm falls. Suppose that

r $ q — m. Let X
€ Xim). Define

x 6 x‘"') : :xa— xa: = 2:xa- ml
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Let a be such that lXa · ml = r. Then

|¢(X)a - K + (¢(X)a - K)I = 2r

and since I¢(X)a - KI 4 q - K ( r, then

I¢(X)a — KI ) r } q — K

Hence ¢(X) ( X, and q is not into.

ggg temgerature exgansion gg; go ggg gerturbation)

First note that Ho satisfies condition (2.9). Let (K) €
5. For any

x 6 x"", let SE be soon um
U a € supp X Xa = K + 1 , Xa = K otherwise

(if K = q, then take Xa = q - 1). Obviously

H°(XI(K)) 4 H°(XI(K))

But H0 restricted to the set QX : |Xa - KI 4 1} is isomorphic to the

Hamiltonian for the Ising model, and {X : X
€ X(K)}

is isomorphic to

the set of excitations from the ground state of Ising model. Hence

H°(XI(K)) -+ ¤ if lsuppXI +
•

consider now (io 6 6 and let x 6 xm. If x 6 xf_")wi1n
r 4 q — IKI, then by the Claim, X contributes to ngk) in the same way

as corresponding excitation contributes to ngm). Let Ei(K) be the

lowest energy for which 3 X € Xäk):

H°(XI(K)) = Ei(k)

and such that r ) q — IKI. If i < i(K), then U w 4 K

n$“)(0) = n§"’<0> = n§""<0>
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Progosition 4.1.

ak s 0
Proof:

Let t = q - lkl + 1. Consider s € Nik) with r > t. Define

E
€ Xik)

: supp E = supp s, if lsa - kl $ t then Ea = sa ,

if Isa- kl > t, then Ea - k = t for K < 0, Ea - K = - t for k } 0

Let U =
{a€

l : Ea ¢ sa}

Then

- 2 ·
— 2H (sis) = Z l<s - s ) - (s - s ) 1 =

° <a,¤>nu¢g
‘ b ‘ b

2 — — 2 2= Z [ts - s ) - (s - s ) 1 + Z (s - s )
a6u,b4u °

b * ° a,¤6u °
b

ln the second sum Ea- Eb = 0 by the definition of U. Note that if

a
€

U, b ( U, then '

Isa- kl > t = lEa- kl } lsb- Kl = lEb- kl

Hence

2 — — 2
Z l(s - s ) - (s - s ) 1 =a b a b

= Z l<lsa- kl - lsb- kl)2 — (IEA- kl — lsb- kl>2l >
a€U,b(U

2) Z (Is - kl - t)
y a6u,b4u

‘

Obviously for any excitation there is at least one bond for which

a
€

U, b ( U, therefore always

H°(slE) = H°(sl(K>) — H°(El<k)) > 0

Hence one needs to investigate excitations from Xik) only.
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Let X € Xém) be such that H°(XI(m)) = Ei(k). Note that X is

irreducible, hence it contributes positively to algebraic

method 0+ calculating n§k)(0>’s in [111). Horeover, Xik) is always

isomorphic to a subset 0+ Xim). Obviously there are irreducible

excitations in Xim) such that

H°(XI(m>> = E;(k)
but there are no corresponding excitations in Xik).

l

The above considerations allow us to make a general statement about the

+0rm 0+ convex structures +0r any type 0+ perturbations 0+ H0.

Let 8 be a perturbation space transversal to S and such that

dim 8 ( ISI - 1.

Progosition 3;;;

U k U i ( i(k> 3 F € Ei:

1. 9 w : Iwl ( Ikl , (U) € Si(F>

, 2. unless order i+l is conclusive, vi(F,p) E 0 °

Qgggiz (by induction in i)

Suppose that the thesis holds +or i < i(k)—1.

1+ i < i(s) - 1 +0r some ss Isl { Ikl, thenl
5 ""’<0>i;; a n§'f§<o> = n§‘,['§<0> _

A

and Fi;} ¢ Fi

Now suppose that i = i(s) - 1. Then

¢· ""’<¤>„.> ··§‘?i><¤> = ¤§'ä‘ä><¤> - ¤.«¤„,.
Hence max has one +ace whichcontainsi+

Iwl < Isl. This +ace is determined by the vector v which satis+ies
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the system of equations:

‘°·°<w>' °<m>> =
°

‘”" 6 Sa<s>‘Fa<s>’
Since by hypothesis there are at least dim 8 + 1 linearly independent

points in $i(s)(Fi(S)), then v E 0.

Obviously F. .

A) 8 is generated by interactions:

(Q1)a = sa , (¢2)a = sg , <¢i)^ = 0 if A ¢ {a}.

For q = -3 this example has been used in Chapter 3 to illustrate the

method. Let us consider the case when q is integer. This case serves as

a good example of the system in which assumption 3.20. does not hold.

UO is as followsz

if lwl ) gäl , then e(w)
€ e(U°)

if lwl < Eil , then e
€

Int conv {e , Iwl $ K}
2 (w) (w) -

if k = 2n+1, then
_ 2 3k—1

°<n>
‘ °<-so " ""'gk+1 °(n+1) ·

- 2 3k—1
°<-in '

gg_Theabove facts combined with the form of
n€k)(0)

imply that for any

k = 2n+1 one has
(n) 2 <—k+i) 3k-l <n+1)P. = .;. P. + i P.¤(k) 3k+l ¤<k) 3k+l ¤(k)

and similarly for (-n).
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B) 8 is generated by interaction:

(Q1)a=sa , (Q2)a=s§ , (Qi)^=0 HA? {a}

Let q = 2.

In the base induced in 8 by Q1, Q2, one has ew) = (K,K2).

It is easy to see that U K , eq)
€ e(U°). max U1 has two faces:

H containing points corresponding to : (2),(—2),(1),(-1) ;

vin-n=<0, —é>
F: (1),(-1),(0) , v1(F) = 0

Note that {e,+} is a symmetry group for 9,(H). It has two orbits:

{(—2),(2)} and {(·1),(1)}. Hence by Proposition 3.24. one can apply

Theorem 3.22. Obviously order 1 is conclusive as to the existence of

the strata. In addition, if order i(1) is examined, one can see that

vi(1)(F) = ( 0 , -1).

The convex structure IFI is shown in Fig.10a, and the phase diagram

QSJ for s > i(1) is presented in Fig.10b. The indeces appearing at

strata of QSJ show their orders.

If q is arbitrary, the conclusive order is i(1). The construction of

FHD has several characteristic steps occuring at orders i(K). For any

K there exists F' €
ß'i(k)_1 such that I'i(k,(F’) has two facesz

H: (—K),(K),(-K+1),(K—1) , vi(k)(H) = ( 0 , — $:1-)

F : all other phases , vi(k)(F) = 0

The group {e,·F} is a symmetry group ·For 5i(k)(H). Hence one can apply

Theorem 3.22. to this system and obtain phase diagram in the manner

similar to that presented for case q = 2.
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2. The model M.

The large class of models is obtained by complicating the

potential. In this way we can construct examples with arbitrary

properties. The problem is that with the increasing complexity of an

interaction, the difficulties with generating the low-temperature

expansions also increase. The following example, suggested to me by

J.Miekisz, is one of the simplest in this category. we will denote it

as 'model M'. It belongs to the class of so called 'stacked‘ systems.

Let l = Z2, S = {-1,1} E {-,+}. Introduce the base in Z2: {e1,e2}. The

system consists of lines, stacked one onto another and interacting by

ferromagnetic potential: in the direction of ez (vertical):

¢{a,a+e2} = °3 saSa+e2
The interaction inside each line (in the direction of

el — horizontal) is given by:

¢{a-e,,a,a+e,} = ' é sa-e,5a$a+e, +
ä

ga — 3 sa—e1sa+e1
(see Fig.11a)

It is easy to see that Q is an m·potential. First note that the

configuration of any ground state has to be ferromagnetic in the

direction of ez. To find the configuration in the direction of el, let

us consider XA with A = {-e1,0,e,}.

a) Q^(+++) = Q^(-—-) = Q^(+-+) = Q^(—+-) = -3

b) Q^(+-—) = QAC--+) = 2

c) Q^(++-) = Q^(-++) = 4
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lllggß .!!ll‘ lllnnl lßqgß
*!!|!§!! ·!!=!
lllnnl Qgßäßl .

H0 perturbation (A)

(6)

V 4- - 4- - + + 4- 4- 4- 4-
4- — 4- - + 4- 4- 4- 4- +
+ — 4- - 4- 4- 4- 4- 4- 4-
4- - 4- - 4-
4- - 4- —- 4-

A E

Fig.ll. (a) The bounds for the model M: for the Hamiltonian HO
u

(left), and the perturbation (A) (right)

(b) The ground states: A (left) and E (right)

The ground state F is obtained from E by replacing

all + by -.
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The ground states are (Fig.11b):

E: Ea = 1 for all a;

F: Fa = -1 for all a;

A: Aa = 1 if a = 2me, + nez,

Aa = -1 if a = (2m+l)e, + nez , m,n € Z

TA : a translate of A by el. Ue identify TA with A.

[hg low-temperature expansion

Let X » G (G € 9) be connected. Suppose that the projection of suppX on

{hei, n€Z} has k elements, and the projection of suppX on {mez, m€Z}

has h elements. Then

H°(XIG) ) 10h + 12k_

This fact may be verified by counting the number of broken bonds (A is

a bond if QA # 0. A is broken if ¢^(X) is not minimal). X has at least

2h broken horizontal bonds, with minimal energy change equal 5 per bond

(configuration b) above) and at least 2k broken vertical bonds, each

producing the energy change 6.

Ho satisfies condition (2.9), since it has m-potential and finite

number of ground states.

As we will show, order 8 (E8 = 44) suffices for the determination of

the phase diagram (in the sense of Remark 3.23). Hence if X is

irreducible and H°(XlG) $ E8, then k ( 2 and h $ 2, or h = 3 and k = 1.

The possible configurations with length k and height h satisfying these

conditions are listed in the table. From this table one can see that:

n2(0)=ä ifs < 6

nE<0) = 1 if s = 2,5,6 , nE(O) = 0 if s = 1,3,4,7;
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F _ . _ F _ . _
ns(0) — 0 uf s — 2,5,6 , ns(0) — 1 if s · 1,3,4,7;

nQ<0>=—§,n§<0>=0,n§<0>=—§ 0

A) Let 8 be one-dimensionai perturbation space generated by

interaction:

- 1 - -x 0 otherwise.

Then eE = 1, eF = -1, eA = U

In order 1, maxux has one face P, since eA =
ä

eE +
é

eF,

and n‘§<0> = l n$(0) + l n';<0>.
2 2

The corresponding point in_8 is:

v1(P) = — 1, G,<P>= - i {22**
2 2

Hence

pG(üs)s = pG(0>5 if s < B

Note that for s < 8,

A _ 1 E 1 Fns(0) —
E

ns(O) +
E

ns(O)

Therefore max Us has one face isomorphic to P.

Next,

Agzm = ng(0) + <v1(P),dn?(0>>.
By straightforward caiculation,

n?(x) = ä
e_2x , nq<x) = e—2x , n$<x> E 0

Hence Agm = —% , A‘;<P> = -§ ,
A‘§<r>>

= 0
max U8(P) has two faces:

_ _ _ 5P1. 98(P1) — {A,F}, v8(P1) - R
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P2: 58(P2) = {A,E} , v8(P2) = l
4

The phase diagram is shown in Fig.12a.

B) Let 8 be generated by an interaction:

*I'{a} = hsa , ~I'^ = 0 otherwise

Then eE= 1, eF= -1, eA= 0

Up to order 7, all calculations for the case A hold here. However, now

n?(x) = i- ezx , n?(x) = e-2x , n$(x) E 0

and nQ<r> = — ä , A§<r> = — ä , A§<r> = 0
4 2

Therefore max lJ8(P) has only one face P1, and p‘g(P) ( P1. The phase

diagram for this case is shown in Fig.12b.
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TABLE

The low—energy excitations (up to order 8) for model M. Circles in

column 'suppX' denote flipped spins, and dashes in between denote spins

which are not flipped. Numbers in the left column are energies of an

excitation with given support, and numbers in the right column are

multiplicities.

suppX X X
=·=· *8

X38 <-—> i 34 <++> l
2 2

40 <-> i 32 <+> l
2 2

54 <-> l 42 <+> l
2 2

OO

o-o _ L L

two 52 - Z 44 — Z 52 <-,-> · ä 48 <—,+> -1
2 2 4

. _ 5indep. 44 (+,+>
E
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3. Generalized Ferromagnetic Systems.

Let l be any lattice, S = {—q,-q+1,...,q}, Let F
€

X be such that

U a
€
l , Fa = q. The Hamiltonian is:

H0 = - E
J(B)sB J<B) } 0

where B : l + N is a multiplicity +unction (non-zero +0r +inite number

0+ points only), and

SB = aEäsE(a)

Such a system is called a generalized +err0magnetic sysjsm.

Let G = {e,+}be a group 0+ trans+ormati0ns 0+ S 0+ the +0rm:

es = s , +s = — s
~

De+ine a subgroup 0+ GF:
T

0 = {6 6 0'· : :6 am ¢ 0, then ai; 6§"’ = 1}
lt is easy to see that O is a subgroup 0+ the symmetry group 0+ HO.

Uith this de+initi0n one can show that ([2])

$(H°) = {gF, g
€

GQ

Hence in the absence 0+ perturbation, the low—temperature expansion +0r

all ground states is the same.

Assume now that 0 is +inite, and let 8 be any perturbation space

satis+ying the transuersality condition. Then the +0llowing hold:

1. U s , F5 contains only one element FS. F5 is a translate 0+ Fo, and '

+0r the corresponding element 0+ 8, us(Fs) = 0.

2. I+ eG € Int Fo, then U s C Us(Fs>.

Because 0+ 1., the zero-th order is conclusive.

The phase diagram 9m,p can be now described in terms 0+ zero-th order
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(zero—temperature) phase diagrmn QD. First note that Assumption 3.20.

(or 3.25.) imposes restriction on 8:

1. U 6 9, es 6 e(F°) or es 6 Int Fo.

· 2. any face (extremal edge) of FO contains the proper number of

functionals eG (prescribed by 3.25.).

The description of 9m,ß is now as follows. For any stratum Q°($’) (with

exception of the point Qo(9) of coexistence of all phases) there exists

a stratum is 'close' to Q°(5’) in terms of

Proposition 3.13. The domains of all phases for which eG 6 Int FO are

m—equivalent (with the constant equal to the radius of Um(F0)) to the

point {0}. '

4. The antiferromagnet on the f.c.c. lattice.

The important class of models consists of so called models with

stabilizations. Ue will use an example from this class to demonstrate

how our method works if there is an infinite number of ground states.

Suppose that H0 has an infinite number of ground states. Ue

introduce an additional Hamiltonian, which forces spins in some fixed

distance one from another to be aligned ferromagnetically:

H1(m1,...,mv) = - iéici a§äsasa+miei

where {ei} is the canonical base in RV, and ci are small positive. Then

the Hamiltonian H0 + H1(m1,...,mv) has finite number of ground states,

namely these ground states of H6 which are invariant with respect to
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m1Z 0 mzl 0...0 myZ. Ue can apply our method to this system as long as

other hypotheses are satisfied.

As an example let us consider the antiferromagnet on the f.c.c.

lattice in R3. l contains four sublattices: Z3, é<e1+e2) + Z3,

l(e1+e3) + Z3, l(e2+e3> + Z3. The configuration set S is {-1,1}. The
2 2
Hamiltonian H0 is given by

H°where<a,b> denotes a pair of nearest neighbors. Ue add one-dimensional

perturbation:

L(J) = J Z sasb

with the sum over pairs of next nearest neighbors (cf.Fig 13a).

The reader will find an extensive description of this model in [3].

Here we cite results only, without proofs.

The ground states of Ho are as follows. There is a class of

completely symmetric ground states: we choose any two sublattices and

assign +1 to every point. To every point of the remaining two

sublattices we assign -1. This class has six members. Every other

ground state is obtained from the completely synmetric ones in the

following way. Ue choose one of the base vectors, say el. Starting from

any of the completely symmetric ground states, we flip spins in

arbitrary finite number of lattice planes perpendicular to the el-axis.

Then we repeat this flipping in a periodic fasion. It is evident that

all ground states differing by the choice of the axis are related by a

symmetry of the full Hamiltonian H°+L. Ue identify these states with G.
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Henceforth we assume that the axis of changes is the e1—axis (x-axis).

Thus every ground state can be viewed as a sequence of

antiferromagnetically ordered planes, with no g gglggl relation between

spin orientations in different planes (other than induced by

periodicity).

Let G
€

9(H°). Consider a pair of planes perpendicular to

the x—axis: {P,gP}, where g
€ Z3 is the translation by vector el. Ue

say that this pair is an p—pair if U a
€

P, Ga = Ga+°1.

If Ga = — Ga+€1, then the pair is an ¤—pair (cf. Fig.13b). Let L be the

period of G in the direction of x. Ue define

pu(B) =
ä

Cardü¤—pairs with the first plane intersecting .

{0,e1,2e,,...,(L-l)e,}}

pa is a concentration of «·pairs in the ground state G. Ue define pß(G)

in the similar fasion. By uu we will denote three planes P, gP, g2P

such that {P,gP} and {gP,g2P} are «—pairs. Then pu¤(G) is

a concentration of ma triples. Ue will also use this notation to

describe longer sequences of planes. One has obvious relations for

concentrations:

I I

pre ‘
°¤¤¤ = °¤¤ " "¤¤¤ = ps

and so on.

Let us first study the system without stabilization. Ue note that

the Hamiltonian HO satisfies condition (2.9). The argument is long and

will not be reproduced here. The first four terms of low·temperature

expansions for any ground state can be expressed in terms of
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concentrations p in the f0llowing‘way:

E1 = 8 n1(0) = 1

E2 = 12 n2(0) = 4

E3 = 16 n3<0> = + pB(G)

E4 = 20 ng(0) = 60 + 12pp(G) + 2pßp(G)
The expression for the last coefficient differs from the expression

obtained by Mackenzie and Young [121. Our result is in agreement with

calculations by Styer [13].

Next we add perturbation L(J). It is easy to see that

eG = 2 + pß(G) — p«(6) = 1 + 2pß(G).

Hence for J < 0, the only ground states are these, for which pp = 1,

i.e. the only plane pairs are p-pairs. These configurations are exactly

the completely symmetric ground states described before. Their class

will be denoted by (p).

For J > 0, the concentrations for the ground states satisfy the

condition: pß = 0. These ground states are described as follows:

starting from any ground state (p), we flip spins in every other plane.

This class has twelve elements, and will be denoted as (a).

[gg ggggg; structure jg_lgg ggggggz

ggggg L: p?,ß = (-e6,1). There is one face F parallel to max UO.

v1(F) = 0.

ggggg gz pg’p = (-eG,4). Again max U2 has one face F parallel

to max UO. v2(F) = 0.

ggggg gz 9g,ß = (-1,2;) + pB(G)(—2,1). Hence all functionals lie on
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the same line. There is one face F'. v3(F') is defined by

the equation:
p§‘:‘g<x> = p§§;<x>

a.e. ¤3<i=·> =!i , G3<i=·> = ä
{*6**. 1

ggggg 4: 92,5 = (- es , 60+12pp+2pßß).

Let G ¢ («),(p). Then es = p«(G)e(a) + pp(G)e(p), and

p¤(G)pÄTä + pB(6)9§?ä = (- es , 60+12pp+2pß) > 92,p.

The last inequality follows from the fact that

pß(G) = p§p(G) + ä
(psd + puß) > ppp

if G ¢ (u),(p). Hence max U4 has only one face F, and no phase other

than (u) and (9) belong to 54(F).

Suppose now that we add to Ho the stabilization H,(m). Then the forms

of convex structures described above do not change. Ue conclude that

for p large enough, and J small enough, there are only two phases: (a)

for larger J, and (p) for smaller J. The phase diagram in any order

higher than 3 consists only of the line separating these two phases

(Fig.13c).

Let us return now to the original system without stabilization. Ue

have already derived the convex structures in this case. Uhen one

examines estimations in Section 3.4, one can see that in orders 1,2

and 3 the bound (3.21) is G-independent. Hence there exists a ball

such that for any G # («),(p):

Qm’ß(G) C B(0,re_ßE4)
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Inside this ball

6 _ 6 ‘°E4
|p4,ß(x) 1t(x,ß)| < ce

with c independent of G. From this fact, and the form of the conuex

structure in order 4, we conclude that U G ¢ (¤),<p) 3 pt<G> :

U p>p,<6> , Qt BCG) = Q. This is the most general statement which we
I

can make about the domains. Note that sgp pt<6> = ¤. This is because if

U4(F) corresponds to the face of max U4, then U c 3 G :

p4,p(v4(F,p)) p4,p(v4<F,p))
2

(pßa + puß) < e.

Hence if the phase diagram is taken in the sense of the definition

(3.2), we cannot describe it by using our method.
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