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(ABSTRACT)

We present a method of constructing the phase diagram at low
temperatures, using the low temperature expansions. We consider spin
lattice systems described by a Hamiltonian with a d-dimensional
perturbation space. We prove that there is a one-one correspondence
between subsets of the phase diagram and extremal elements of some
family of convex sets. We also solve a linear programming problem of

the phase diagram for a set of affine functionals.
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CHAPTER 1: Introduction.

The major problem of statistical physics consists in determining
the number and the properties of phases of a system. Here we use
the term “"phase® to mean an equilibrium state [1])., We will be
interested in the following situation. Suppose that a system with a
known set of phases is described by a Hamiltonian Ho‘ Next we allow Ho
to be perturbed by an element from a d-dimensional perturbation space
£, and ask the following question: how are phases of the perturbed
system described by phases of the non-perturbed one? In particular, we
want to determine the phase diagram. Since we Know, at least in
principle, how to derive the zero-temperature'phase diagram, we expect
some simplification of the problem at low temperatures. Therefore we
restrict our attention to the low temperature region.

The framework of this paper is described in Section 2.1. We
consider translation-invariant lattice spin systems. In addition, we
assume that Ho’ and all elements of £, have finite ranges, and that Ho
has a finite number of periodic ground states. Some remarks concerning
the systems with an infinite number of ground states are comprised
in Section 4.4.

As the first step in describing phase diagrams at low temperatures,
one uses often the low temperature (LT) expansions. We review the most
important elements of the LT expansion technique in Section 2.2. For

any periodic ground state G of Ho’ and small perturbations L, this

1



technique yields the series in variables {e P i} {(p + @), denoted
as bs. Here 0<E1<E2<... are energies of excitations of the ground
state G. For ferromagnetic, nonperturbed systems, the bG(O)'s are
convergent [2). However, nothing is Known in the general case.

G only within the formal series

Therefore we will use the series p
frameworK. The formal series are discussed in Section 2.3.
Within the formal series framework we define a formal phase diagram

as a family of solutions for systems of equations of the type:
- (Hyeg> + pOCHY = - CHyeg> + 387 6,6 € 5 (1.1

with the additional condition:

- Hyegd> + pOcH) > - Hyepd + pBhd 6 €5, 6¢5 (l.1a)

Here §’ is a subset of the set of ground states § of Ho’ and for any G,
e is a linear functional on £ defined at every L as energy per spin
for the Hamiltonian L.
For special systems, the relation between the formal diagram and
the "real 1life" phase diagram has been described by Slawny [3].
Consider the system for which:
a) The Hamiltonian Ho has n ground states, and satisfies Peierls
condition;
b) the perturbation space £ is (n-l)-dimensional and the functionals
{eGg span the space dual to £,

Pirogow and Sinai ([41,[5]1) proved that at low temperatures and for



small perturbations, the phasé diagram for this type of system is
a perturbation of the zero-temperature phase diagram. Using their
contour expansions, Slawny showed that the formal phase diagram is
asymptotic C(as B + ®) to the rigorous phase diagram. One can extend
this result to the cases where dim £ is less than n-1. However, there
are no corresponding results for the systems with an infinite number of
ground states,

Setting aside the problem of the retation between the formal and
rigorous phase diagrams, we will concentrate on the description of
the former one. For practical reasons, we cannot deal with the formal

G

series p . Hence for any ground state G, we consider a function defined

by the first m terms of the formal series, called the cut-off pressure

6

Pm in order m (Section 2.2).

The phase diagram in order m is defined by cut-off pressures by
formulae similar to (1.1) and (1.1a): for any subset §’ of the set of

ground states § we consider the system of equations:
- < G = - G’ . ’
pL,eG> + pm(pL,p) = (pL,eG,> * Py (pL,pB) 6,67 €9 (1.2)
with the following dominance condition:

- <BL,eg> + pOepL,p) > - <pL,eg> + pl(pL,p) G €5/, & €57 (1.2

1§ (1.2a) is satisfied, we will say that G dominates G at the point

(L,8>. A subset of the phase diagram defined by (1.2) and (1.23) is



called the stratum corresponding to the family of phases §’.

In this paper we present a method of constructing the phase diagram
in any order m. This construction is relatively easy in simple cases:
the main difficulty consists in generating the low temperature
expansions., However, with growing dimension d of the perturbation
space, and increasing difference between the number of ground states n,
and d+1, the situation becomes complicated, even if the expansion
coefficients are Known. Our method makes possible the order-by-order
description of the phase diagram. We are also able to determine in
which order mhis description becomes complete, so that higher terms of
the LT expansions yfeld no additional information.

The construction of the phase diagram is described in Chapter 3,
Section 3.1 contains a definition of the phase diagram in order m, and
deals with general properties of the strata arising from the analycity
of cut-off pressures. In Section 3.2 we consider the following
situation:

a) H° has d+1 ground states;
b) perturbation space is d-dimensional and {eG} spans the space dual

to £.
In any order m, the phase diagram for this type of systems has
the following pfoperty: Let S’ be any K-element subset of §. Then there
exists in £ a (d-k)~-dimensional surface such that any point (L,p) in
this surface satisfies equation (1.2) for phases in §’, and also the
dominance condition (1.2a). This result corresponds to the rigorous

result of ([41,[51), thus supporting the formal (asymptotic) diagrams



approach.

In the remaining part of Chapter 3 we deal with the situation when
H° has strictly more than d+l ground states. The essence of our method
consists of an order by order, local approximation of cut-off pressures
by constants. Let us fix order m, and consider the first two steps of
this construction. In zero order 21! constants are zero, and

1pSepL,pI1 ¢ const ePC, ¢y 0 (1.3)
for L in some region around zero, and p large, Using this fact we show
that:

d

1. If G is not a ground state for Ho+i§1Li with L = (Ll""’Ld) # 0
then there exists a family of open balls {B(O,rl(p)),p} wi th
rl(p) = O(e-pEl) such that outside this family, other phases dominate
the phase G.
2. With some additional hypotheses the phase diagram outside
{B(O,rl(p)),p} looks like the zero-order <(zero-temperature) phase
diagram, i.e. there is a one-one correspondence between surfaces:

{L,eq - egq,> =0, G6,6°" €5°C3$

(Lyeg - e3> <0, G €5, 05¢89
and the surfaces defined by (1.2) and (1.2a) for §‘.
Moreover, the corresponding surfaces are close to one another in the
sense that for any large B, their distance is proportional to e_pel.
In the next step we construct the phase diagram only inside

(B(O,rl(p)),p}. Without loss of generality, let us suppose that in the

first order of the LT expansion, the coefficients n?(O) differ for some



ground states. The cut-off pressure for a ground state G is

G

approximated by nl(O): if L is in B(O,rl(p)), then

-B(E,+¢)
1pSepL,p) - n$C0d1 < const e !

(1.4
In this step we cannot use the zero temperature phase diagram. Instead
we construct a phase diagram for the set of affine functionals

{(es,n?(O))}. Let Ul = conv {(es,n?(O))}. Then we can show that:

1. if (eG,n?(O)) lies inside a d-dimensional face of max wl, then there

exists a family of balls {B(O,rz(ﬁ)),a} (with rz(p) = O(e-pEz) and
depending on the face), such that other phases dominate G outside this
family.
2. with some additional hypotheses the phase diagram outside
(B(O,r,(p)),p} looks like the phase diagram for affine functionals
(eG,n?(O)), i.e. there is one—on? correspondence between surfaces:

- (pLyeg> + n§€0) = - <BL,eg,> + ng €0), 6,6°)> S CS$

- pLyegd + nf€0) > - <pL e3> + n§(0), 6 €5,0864¢5
and the surfaces defined by (1.2) and (1.23a). Again, these surfaces are
close to one another in the sense that for any large B, their distance

. : ~PEy
is proportional to e .

In the following step we construct the phase diagram only inside
sets {B(O,rz(ﬁ)),p}, for each face of max Ul. This construction becomes
more and more complicated with increasing order. In particular,
the constants which approximate cut-off pressures consist not only of

LT expansion coefficients, but also of products of their derivatives of



different orders. However, one can see the emerging pattern. In every
order m we construct the phase diagram ir sets with diameter

of order m. In each of these sets we can use estimations similar to
{1.3) and (1.4). The phase diagram is then described through a one-one
correspondence between its strata and subsets of the phase diagrams for
some set of affine functionals.

An important element of the above construction is determining a
phase diagram for a set of affine functionals. We deal with this
problem in Section 3.3. This is also a new problem in 1linear
programming: for a given set I of affine functionals we construct
a phase diagram, i.e. the family of surfaces defined by:

p;(x) = p; (x) PP €T’ (r’'enm

pi(x) > pix) Pi €ET’', p gr’.

Qe show that there is one-one correspondence between extremal elements
(faces, edges, poinfs) of the set: max{conv 'Y, and subsets of the
phase diagram. Namely, to any extremal point Pi there corresponds an
open region in the perturbation space: at any L in this region, i
dominates all other functionals. Next, for any extremal edge

{lp1 + (l-l)pz} there exists a (d-1)-dimensional flat region. For any L
in this region, |

peL) = p (L) ifp=2p  + (1=-3py , X7 €0,
and pi(L) > p(L) if p does not belong to the edge spanned by Py and Poe
Similar results hold for other extremal elements of max{(conv I).

In the remaining sections of Chapter 3 we prove a corresponding

result for the phase diagram in order m. The set max{conv I') is



substituted by a more complicated family of convex sets: the convei
structure in order m. We define this family in Section 3.4.

Section 3.3 is preliminary for the main result. We use the convex
structure to reduce the phase diagram construction to finding the phase
diagram in a family of open sets. We also introduce affine functionals
and prove several approximation results. The main result is proved in
Section 3.4. We show that, with some additional hypotheses about the
Hamiltonian, the phase diagram in order m is described by the convex
structure in order m in the same manner as the phase diagram for affine
functionals is described by max(conv I'): For every extremal point of
the convex structdre, corresponding to the ground state G, there exists
an open regfon in which G dominates all other phases. For any extremal
edge spanned by points corresponding to ground states 61,62, there
_exists a (d-1)-dimensional surface on which cut-off pressures for Gl’
62 are equal to one another, and Gl’ 62 dominate other phases.
Analogous statements hold for other subsets of the phase diagram.
Section 3.4 contains also a detailed description of the phase diagram
construction.

In Section 3.7 we generalize the main result of the preceding
section to the cases when the full Hamiltonian has additional symmetry,
other than transtational invariance.

Chapter 4 contains examples. In Section 4.1 we describe
the Blume-Capel model ([41,[71), which is used extensively throughout
this paper to illustrate our method. Another class of models is

obtained by complicating the interaction. In this way we can create



models with arbitrary properties. However, with the increasing
complexity of the potential, it becomes difficult to derive the LT
expansions. In Section 4.2 we present a simple case of such a model
with three ground states. Section 4.3 contains a general argument about
the phase diagrams for generalized ferromagnetic models. Finally, in
Section 4.4 we describe models with stabilization, with the
antiferromagnet on the f.c.c. lattice serving as an example. Since
these models arise from systems with an infinite number of ground
states, we use this example to illustrate the application of our method
to the systems for which the number of ground states is not finite.

The chapters and sections in this work are numbered by arabic
numerals. The formulae and propositions are numbered by double arabic
numerals, the first numeral denoting the chapter number. The list of

symbols is placed before the introduction,



CHAPTER 2 : Framework.

In this chapter we introduce a framework for the problem of phase
diagrams. Section 1 contains a description of a lattice system and a

perturbation space together with the concept of transversality. In

Section 2 a pressure and a cut-off pressure are introduced, and
properties of low-temperature expansions of the pressure are discussed.
In Section 3 we discuss formal and asymptotic series, and their

relationship to low-temperature expansions.

1. Definitions.
A. Lattice, .
Let L C R be a discrete, Z2'-invariant subset. L is called
a lattice. Let S be a finite set, Define
x=¢ x,=s* ifacu.
X is called a confiquration space. It is a topological space with
the product topology.
The action of Z¥ on X is defined as follows:
if g €2 and X € X, then Y a € A (gX), = xg(a) .
A configurationlx in X is called periodic if there exists a cofinite
subgroup 6 C 2¥ (i.e. 2'/B is finite) such that
Ugeb g{=X

We will denote the set of periodic configurations by xPer,

10
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B. Interaction

Let ¢ be a function on finite subsets of L, assigning to each A
a function QA : Xh + R, which is continous in the product topology
on xA' & is called an interaction. We assume that & is Zv-invariant,
i.e.

Uge€z', UAfinite , B (K = $, (X
For the purpose of this work & is assumed to have finite range. This
means that for any a € L there exist only a finite number of sets M
containing a and such that @H #0,
For any finite A we define a function

Hy(X) = MEh Gy (X (2.1)
HA is a Hamiltonian in the finite volume A. One would like to drop
the condition "MCA®" in the summation. However, the resulting expression
would ﬁe meaningless. In general one is not interested in the value of
HA(X) itself, but rather in its wvalue relative to HA(Y) for some Y
fixed. For any Y in X, define

XY = X e€X: Xa #* Ya only for finite number of points a in L}

I+ X € 27 s we write X ~ Y and say that X is equal to Y at infinity. If

X wY, then suppX = {a €L : X_ # Y_.}. Now, for X » Y, the expression
a a

HXIY) = QM(X) - QH(Y) (2.2)
(with the sum over finite M) is well defined. We call it the relative

Hamiltonian.
Note: We say that a Hamiltonian H has finite range if the potential ¢

entering into (2.1) or €(2.2) has finite range.
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C. Ground states

A periodic configuration G is called a ground state of H if U Y € XG,

H(YIG) 3 0
The set of ground states is denoted by S(H).
I Y ~ G, then Y is called an excitation of G. Let YI,Y2 € xs be such
that suple n suppY2 = (. Denote by Yle2 the element of x5=
(YIVYZ)a = (Yi)a if a € suppYi, (YIVYZ)a = Ga otherwise.
1Y = YIVYZ’ then Y is called reducible. Yl’ Y2 are components
of Y. If Y cannot be represented as a union of two components, then Y
is irreducible. For any Y +» G, there is a unique decomposition of Y
into irreducible components.

We will be interested in values of H(XIG) for 6 in S(H). Thus we
define the spectrum of H:

c(H) = U {( HXIBG), X~ G}

GES

6(H) is countable. We will assume that elements of the spectrum are

ordered increasingly, hence o(H) = {El’ Ez, —

Let A be finite. Define
AA={a€A:3IM:a €M , MN A® # @ and éy = 03
We say that a sequence {An} goes to infinity in the sense of Fisher

([11) i€ 13A 1/1A1 32 9,

The proof of the following result can be found in [4].
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Proposition 2.1
U6 €xXP", the limit (in the sense of Fisher) exists:

egtH) = lim —— H (B (2.3)
A Al
The function H 4+ eG(H) is linear. Moreover, if G € S(H), then

e~(H) = inf e (H)
® xexPer X

eG(H) is called the (specific) enerqr of the ground state G.

D. Perturbations.
Let £ be a d-dimensional space of Hamiltonians on X. For the
consistency with section 1, an interaction for every element in £ is

assumed to have finite range. We will be interested in Hamiltonians of

the form
d

where Ho is some fixed Hamiltonian with finite range, and L € £. & is
called a perturbation space, and L in £ a perturbation.

Let 6 € S(H). Then the function L <+ eG(L) (cf. (2.3)) defines an
element of £* (the space dual to &£).
Definition: £ is transversal to $C(H) if for any fixed 6, € S(H,

*

{eG - eso t 6 € $(H)} spans £7.
Obviously £ is transversal to S(H) only if IGC(H)I 3 d+1. Henceforth, we

will assume that £ is transversal to S5(H).
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2. The low-temperature expansions.

Suppose that the system on the lattice L is described by

the Hamiltonian Ho with the set of ground states §. Let £ be

a perturbation space, transversal to S(H). For any G € 9(H), L € £ and

sum in volume A with boundary

A finite we define the statistical

conditions G by:
—p(HO(XIG) + L(XIG))
(2.4)

G
2.(BH_+pL) = T e
A o X=6

suppXCA

and the corresponding pressure:

pocpH +pL) = L 109 25¢pH +pL) (2.5)
1Al
Consider Hamiltonians of the form
H=gH, + L
(i.e. with perturbations L = & which are p-dependent>. Then ZS¢H) can
B
be resummed by grouping terms with the same value of HO(XIG):
G ; G E
= 4 L 'ﬁ-
ZA(H) =1 nJ(A,L) e "-j (2.68)
(N is some natural number) with
(2.7

RBa,h = 3 e HXI®
J PoXCA
supp
Ho (X1 6)=E,
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Using the expansion of log around 1, one obtains similar expression
G

for PA?
@ - -gE.
poumy = L 3 n?(A,L) e 9, (2.8)
1Al j=1

ﬁ? is a polynomial in Al plus some boundary terms [3].

For the next result to hold, we need an additional restriction
on H°= UG S(Ho),

HO(XIG) — @ if lsuppXl — o (2.9
The above condition is not easy to prove in the general case. For a
certain class of models this task is simplified by the notion of an
m-potential,

An interaction ¢ is called an m—potential if there exists X € X such
that U A:

QA(X) = ;2; ¢A(Y)

Holsztynski and Slawny (8] showed that if an interaction is an
m-potential and S(H) is finite, then condition (2.9) is satisfied.

For some systems, the original interaction & may not be an
m-potential, but by grouping terms one can create a new interaction &~
such that U X,Y € X : X ~ Y2

HQ(XIY) = HQ,(XIY)

{The subscript denotes interaction entering into (2.2).) &/ and ¢ are

called equivalent. It is obvious that in this case, (2.9 alse holds.
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Proposition 2.2,

v i, = nSa,D = 0D as 1A 4 o Cin the sense of Fisher),
1Al

Moreover, n?(f) is the coefficient in ﬁ'?m,f.') of the linear term in

1AL, n?(f) has the form:

Jyi (2.10)

where s. and g. . depend on G, and p. . is linear.
J Jal Jyl

For the proof of this result, cf. [3] and references contained
therein.

Obviously, by varying L with fixed g, one can recover the dependence of

G .,
nJ s on L.

It has been shown that for any ground state G the Timit (in the
sense of Fisher) exists:

PCH) + CHyegd = Tim pa(H) (2.11)

n4a@
and is independent of G ([1]). p(H) is a pressure of the system. On the
other hand, the series with coefficients n?(f) is, in general,
divergent. Though no proof of this fact exists, the following heuristic
argument strongly suggests that it is true:

Suppose that the series with coefficients n?(f) is convergent. Then

o ~r - -~
P = 3 nSDre™PEj - <D ep
J=
But the left-hand side is 6G-independent, while the right-hand side .is

strongly G-dependent (as can be checked in numerous examples).
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The set of coefficients {n?(f)} is used to define the cut-of+f
pressure. Let m be a natural number. For G in SC(H) and A finite,

define

-(pH +0) (X16)

zf,m(f,p) =T e (2.12)

where the summation is over those X ¢ XG, for which Ho(Xk) £ Em for any
irreducible component Xk of X. Then the cut-off pressure is

pSi,p) = lim “i—l log zﬁ,m(f,m (2.13)
The proof that this limit exists is similar to the proof of existence
of pressure p(H) (2.11).
The following result comes from [3],
Proposition 2.3.
Ume€N,UG6 €5, 3 (6)>0 and p(6) : Y pip (G ,

gL €L MLl < Cp <G

~ @ ﬂ .
BocpL,p) = I n?,m(pl.) e | | (2.14)

with the right-hand side absolutely convergent. Moreover, if i{m, then

n?,m(pL) = n?(pL), where n? are given by prop.2.2.

Remark: cm(G) is choosen in the following way. For any G and t there

exists only a finite number {(modulo translations) of irreducible

excitations of G, say Xl""'xk’ for which HO(XKIG) £ Em. Let cm(G) be
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such that ¥ Xi: HD(XiIG) 1 cm(G) > 0. Then for any L for which
LR < cm(G),

H (X;16) + L(X;16) } c,¢6) > 0. (2.1%

This condition arises from the requirement similar to (2.9) and is
neccesary for the existence of the expansion (2.14).
Notation: Let

-BE
pitpL,p) = _ T n?(pue PR [N I3 (2.16)
E;<Ey

For our purpose we need pg, and not the +full expression (2.14).
Henceforth, pg will also be called the cut-off pressure. Since we do

not use ﬁg, there will be no misunderstanding on this point.

G

m is that this function is defined

One additional advantage of using p

for all g 0.

Remark: Let G be a ground state, and g6 be its translate (g € 2").

Since ¢ is Zv-invariant, g6 is also a ground state. Moreover, since
H(gX1g6) = H(XIG) , any X »~ G,

for any Jj , n?G(t) = n?(f).

Thus in the framework we use, translates of G are indistinguishable

from one another. Henceforth, we will understand the phrase: “ground

state 6" to mean “"set of translates of ground state G".
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3. Formal series and asymptotic series.
Let {Ei,i=l,2,...} be a discrete, additive subset of R,s with
0=E0(E1(E2..., and En -~ ® as n — o, Let also {fi’ i=1,2,...} be
a family of functions:
£, 1 BCO,r) + R , B(O,r) C R

with each fi analytic in B(O,r). The expression

. @® -8E
$x) = T §.(x) e PE B30, x € BCO,r) (2.17)

i=0

is called the formal Dirichlet (functional) series. Functions fi are

coefficients of the series. The set of formal Dirichlet series is
denoted by D(B(O,r)>. D is an algebra with addition defined
componentwise, and multiplication * defined by

(FOO*xD), = £,00g;¢x)

Ei+EG=Ek

The unit element E € D has compohents (é)j = 6oi
By DP(B(O,P)) we will denote the direct sum of n copies of D(B(O,r)):
it ; € D", then its components are R"-valued functions on B(O,r).

Let og = {(f €D" : f, = 0)

Remark: If a set of exponents {Ei) is equal to the spectrum c(Ho)

of H° (cf. Section 1C), then coefficients n?(f), defined for each phase
by Proposition 1.2, determine an element of DO(B(O,cm(G)), denocted by
88>, Expricitiy,

~ d ~ -
p%Dy = I nfeD e 7PE (2.18)
i=
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In DE one can perform an operation of substituting a formal series for

an argument of 3(x). Suppose that fi has an expansion around zero:

£.(x) = : «
i x) 5 fl,u X

where @ is a multiplicity function on {1,...,n}, and XX=n x?(i)
I+ x = (il,iz,...,ik) € Dﬁ, then we denote by fi(i) an element of
DP(B(U,P)) of the form:

F0=3 § _x¢

i & Vi
where x € = ila(l) * 22“(2) SR ik“(k). Then

Definition (asymptotic series)
Let £ : B(O,r)X[M,®) — R" (M)>0) be analytic in the first variable

in B(O,r). We say that i € DP(B(O,P)) is a formal series asymptotic

1o £ (denoted as ? ~ f) ifUdmeENMN, Ux €B(O,r),
m -8E. B
N§¢(x,p) - .Zlfi(x) e 'Me Em 832 o, (2.19)
i=

Let g(x,p) be such that ¥ x € B(O,r)
B
NFCx,B) = g(x,p)Nl e m B2 ¢
Then g is called an m-th approximation of f. Note that each m-th

approximation of f has the form:
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m -gE..
g(x,p) = .zlfi(x) e '+ hix,p)
1=

where

Mhex,p) epEm B33 ¢,

Let us consider the following problem. Suppose that
f : BO,P)Xx[M,0) — R" is analytic in the first variable, and that
f » f with ; € Dﬂ(B(O,r)). Consider equations:

£(x,p) (2.20)

X

X = (x) (2.20a)

The question is: if X is a solution of (2.20), and *o a solution of

(2.20a), is io asymptotic to xo? Furthermore, if g is an m—~th

approximation of f, and ¥ is a solution of the equation

x = g(x,p), {2.20b)
is ¥ an m-th approximation to x?

Let us first address the problem of existence of solutions. For B
large enough, the existence of xo(p) and y(p) is assured by the

implicit function theorem. The following proposition (cf. [3]) asserts

the existence of io as well.

Propogition 2.4.

There exists in Dg a unique solution io of (2.20a). It is given by

the formula:

%o = 1im £"2¢0) (2.21)
hE 4

where i(") stands for n-fold composition of ; with itself, If j is such
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that E‘j £ nEl, then

(x_)

- r¢€n)
= (f (0))‘j

Zero in (2.17) can be substituted by any other element of Dg.
Next we prove the following technical lemma which we will later use

in the proof of Proposition 3.12,

Lemma 2.9.

[ -pE. - m .
et x €0f, = Tx e | ,andi(p = T ePEi x, X (p) ¢ RO,
i=1 i=1
Then 3 m > 0 and Po such that ¥ p)po
m : . 'ﬂE- m -p +
Higx(f(x))le - iglfl(xm) e M (c, e ™!
Proo<f:

First note that §m(p) can be treated both as an Rk-ualued function and

as an element of m*. Hence we can write:

m
\<l
[}
(ng
~
L ]

m - .
i§14i<gm) e PE;

S
with y_= T (£.(X)).,_5.
s g5 i{s)

Here i(s) is such that Ei(s) + Ei = Es'
Note that for any multiplicity function «,

sy o O
(X )S = (X )s

if s { mti,
Hence

00 = AN if s < mel
It follows that

y. = (§(X))_ if s { m+l.

Furthermore, since ¥ is absolutely convergent, 3 <m > 0:
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gE pEm+1

@
By ry_eP-sH { c_e .
s=m+l m

Proposition 2.4.
1) x_ -~ xo(p)

o

2) y(p) is a m—th approximation to xo(p).

Proof
~ m -pEi
1) Let x(g) = ¥ (io)ie . Then
i=1
. m .o -BE;
HXCp) - x (p)H = ﬂigl(f(xo))ie - f0x B0 ¢

- - m . -pE;
§ Ng(X,p) = £(x ,p)N + Ng(X,p) - .zl(f<i°>)ie o
1=

§ Ng(X,p) - glx,B2 + Ng(x ,p) - flx BN +
m . -

+ lgtk,p) - I (FG0d e PEin
1=

The second and third terms go to zero faster than e Em (by definition
of m-th approximation and Lemma 2.5.). The first term is evaluated as
fol lows:

g(X,p) - glx,, BN { NX(B) - x (I x€328 P)Hng(x,p)ﬂ §
]

E

~ m —pE. ~ -ﬁ
§ Nx<pg) - x (il ¥ sup AD_#.¢(x>l e ' § c Ux(g) - x_(pXll e
o i=1 x€B(O,r) X! o

14 B is such that ce PE1 ¢ 1, then

U%(p) = x g1 ePEm ¢ -—-J-—E— {IgCxy,8) = Flxg, PN +
1-ce Py

- m . -pE. p
+ Ng(X,p) - _zl(f(i))ie "n e En B33 ¢
i=
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Again, the first term vanishes since g is a m—~th approximation of f,
and the second term vanishes by Lemma 2.5.

2) My(p) = x (B = llgly,p) = #(x ,p)N {

§ Ngly,p) - g(xo,p)ﬂ + Hg(xo,p) - f(xo,p)ﬂ £
$c My - x (ol ePEL 4 wgix ,p) - Fex ,m0H
Here ¢ is as in part i) of the proof. Hence for p such that

ce PEy ¢ 1, we have

i

B
v Hgix,,B) = $<x )l e m B3 o,
1-ce P&y

iy(py - xo(p)u e {

Remark: Since y(B) is a m-th approximation to xo(p),

y(B) = X _(B) + z(p)

BE
with lHz(gdn e ™EX g



CHAPTER 3 : Asymptotic Phase Diagrams

In this chapter we present method of constructing asymptotic phase
diagrams. Section | contains definitions. We also study the general
properties of phase diagrams which arise from analycity of cut-off
pressures. Next we investigate two special cases. The "Pirogov-Sinai®
case is worked out in Section 2: the dimension of the perturbation
space is smaller by one than the number of ground states. Section 3
contain the phase digram construction for a family of affine
functionals.

In Section 4 we introduce the convex structure of order m. This
structure is used in Section S to reduce the phase diagram construction
to finding the phase diagram separately in some family of open sets. In
Section 6 we show that the phase digram is described by the convex
structure introduced in Section 4. F}nally, Section 7 contains remarks

about the modifications of the method in the presence of symmetries.

1. Definitions.

Suppose that 3 system on a Tattice L is given by a Hamiltonian Ho

satisfying condition (2.9). § is the set of ground states of Hys and &

is a d-dimensional perturbation space. The norm on £ is given by il.H:
lixl = g lxil.

i=1
Let m € N. For any 6 € § and >0 we define:

12¢L,8) = - <pL,eg) + pOeaL,p) (3.1

25



26

G

wi th e being an element of e* introduced by (2.3), and Pm being
defined by (2.18) for L satisfying condition (2.15). Let
€ = m;n cm(G) (3.2

and define 0 = B(O,tm), with D denoting the closure of 0.
The set 0 is the common domain for all functions 1ﬁ.
Let Bo > 0 be fixed. We will specify its value later. We define:

%, ™ o Y {Led : o5¢pL,p> = 15 ¢pL,p) 3 10 "(pL,p) all G7/€5) (3.3
]

The family Qm = {Qm_LQ ' p)po} is called the asymptotic phase diagram in

order m.

Let §/ C §. The stratum of Qm corresponding toe S’ is the family

of sets:
2,(57) = (@ 4(5), BIB.)
with
2, 5(57) = (LED : ¢l = 18 L, > 18 epL
for all G,6’€5/, G’45") (3.4)

We will also use the term "stratum” to mean a member Qm,p(S’) of
the family, with p)po fixed.
The stratum coresponding to S is of order k if K is the largest
natural number such that
diam(@. .(5) < <5 e T
i am Qm,p c e

for some positive constant c($’), and all BBg:
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Let G € §. The domain of 6 is the family of sets
Qm(G) = {Qm,p(G) s p)po}
wi th

Q. o(B) = {L€D : 1o(L,p> ) 10 (L,p) , all G’€9) (2.5
3

p
Note that in contradistinction to strata, domains are closed sets.
We define the order of the domain in the same way as for strata.

There are no restrictions on L other than (2.15). We pay the price
for this in the form of some restrictions on oo which generally arise
as conditions for the existence of strata. Factors which determine Po
are described at the end of Section 4. Here we note that as long as o
remains finite, its value is of no interest in the asymptotic diagrams
approach. |

As mentioned in the introduction, we expect that the asymptotic
phase diagram will yield qualitative features of the "true" phase
diagram. Here we understand the "true® phase diagram to mean the phase
diagram constructed by rigorous methods (for example, by Pirogov-Sinai
theory ((4]1,[3]), or by reflection positivity [?1,[10]1). By studying
Qh we can obtain two types of information about this true phase
diagram:

1. One can determine, which strata are not empty, whether or not this
property is stable (i.e. if Qm(S’) # @, then Y s 3 m, QS(S') # O,

and what is the order of the stratum.
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2, The localization of the nonempty stratum in the perturbation space
can be described by a local approximation (in some order) by some
piecewise linear set.

The easiest way to approach these problems is to study the members

Qh,p of the asymptotic phase diagram for some p fixed. Let us perform

the change of variables:

0 — pa : L— gl = x ( p)po fixed)

As one can see from definition (3.1), the pair of variables (x,p) is

natural for the problem (cf. also (2.14)). Henceforth, the strata of

Qn,p for g fixed will be expressed in terms of the variable x.

The definition (3.4) of a stratum involves a system of equations
and a set of inequalities. The stratum is "cut out" from the solution
set of the system by these inequalities. The first question arises, for
which subfamilies §/, the system of equations has the solution for all
g large enough. Before we answer this question, let us prove a
technical lemma.

Lemma 3.1,

UpO ,UmEN,UGES TABI :Yx €pD

8
1 0,pSex,p) B CA (B ™ (3.6)

Hence Y x,x’€ pﬁ
-€

B
1pS¢x,p0 = pSxs,pr1 ¢ Wx - XN ACE) e ™ (3.7
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Proof:
Using the form of pg(x,p) (cf. (2.10) and (2.14)) we obtain

an inequality:

6 m -pE. (y)
D po(y,p20 § Te

J=1 ]

-'lj,]

b o

G
lnj,]l "“J,]" e

Note that as long as y € pa,
pEJ + pj,l(y) 3 Begy

(cf. definition of 0). Hence

w

G m Py I g Pen
1D, pScx,po1 ¢ jzle T 10 My < A

i

where

m > G
Ei l§1 Inj’ll ""j,l“

An(G) =

J

By the mean value theorem

1pSex,p> = pSex’ g3t ¢ e = x’u w0 pScy,pru

where vy is between x and x’.

Definition: A family of points Xq3XgyeaesX in a linear vector space is

s
said to be linearly independent if for any choice of i, (1£i{s), the

set of vectors {xK - X k#i)} is linearly independent.
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Proposition 3.2,
Suppose that 90 H {60'61""'65} C S is such that {eG_, i=1,..,8} is
i

S
linearly independent in e*. LetN= U ker(eG - eg ), and
i={ i 0
£ =N & M. Consider a system of equations:
6; 6,
T {(X,B) - L (x,p) =0 (3.8)
Then there exists pm(So) such that:
1. v p)pm(so) the solution y : BON N x (pm(so),o) + M exists and
is analytic in first coordinate,
2.2z €0NN
o -pEJ
y{z,8) = I YJ(z)e (3.9
J=1
3. 3a)0 : Y p)pm(so) s U2 €ONN
y(z,p)l ¢ a (3.10)
Proof:

G.
For B large enough and x € g0, nj'(x) can be written in

the following form (c£.(2.10)):

6; i G; -Buj,](x)
n; (x) = ]Zl nj,] e

G; 5.
where uJ,, € {uj:], i=0,...,8}, and nj:] =0 if “j,l does not enter

m
inte (2,10) for the phase G. Let r = 'erj. Define a function
J=

F:MxE +M: Fi(y,u) = - <y,e6i- eGO> +

r.
m i G G -Bp. (¥)
) dyl ujy
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where u = (ull’u12""’u1r1""’"mrm)
F satisfies conditions of the implicit function theorem: F(0,0) = 0,
and Y h €L : DYF(O,O)(h) = (<h,eG°- eGi))?=l’ so DyF(0,0) is

invertible since {eG_,i=0,..,s} is linearly independent. Hence there
i

exists an open ball B(0,q) C R in which the solution: y : B(0,q) —m M
of the equation: F(y,u) =0 exfsts. Moreover, since F is analytic, y is
analytic in u. Let 1 be a multiplicity function :
I 2 {Cj,1) & 1§j{m, 1414rj} + N, and v a set of all multiplicity

functions. We can write y(u) in the following way: 3 q1<q :

Yu € B(O,ql)

I
y{u) = Y U (3.11)
1% !

r.
m J :
where uI = N N ufo’]).
i=t 1= J

Obviously, there exists a0 such that for any u in B(O,ql) we have:
Hy<udll £ a.

Consider now the subset of B(O,q1)=

~B(E 4p. (L))
weR sy = DT Len, per) N BO,qp)

Let ﬁm(So) be such that e, pm(so) > = Inqq, with € 3s in (3.2). For

p)p(so) define

-pEJﬂnJ. ) (z))

y(z,8) = y((e z € B0 N N,

Nk
Then y(z,p) exists and is the solution of (3.8), Obviously y is bounded
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on 0 N N for all BIBL(9,)):
Hy<z,pol { a

e-pEj+uj ,I(Z)

The substitution: ujy = in (3.9) yields

J

@ -pE.
y(z,p) = _zlrj(z) e J

J"—'
where

yj(z) = ; ylexp[-(n§‘)l(n,l) “n,l(Z)]
and the first sum is taken over all multiplicity functions I such that

Y I(n,1}E_=E,.
(e »
Note: Conditions imposed on So may be relaxed in the presence of
symmetries (cf. Section 7).

In general, if So does not satisfy the conditions of the above
proposition, the solution of (3.8), and hence Qh(so)’ does not exist.
In order to avoid this problem, we will be forced to adopt an
additional assumption (cf. Assumption 3.20).

Suppose that So satisfies conditions of Proposition 3.2. The
stratum 9m<s°) is "cut out" of the solution set (3.9) by surfaces which
arise as intersections of this set with solution sets for other
families of phases. Our next result describes the way in which these
solution sets behave in the vicinity of their common intersection.

Let § C § be such that {es, G€S’} is linearly independent. Ue

define the boundary agm,p<s') of Qm‘p(S’) as the set

GQm’p(S‘) =00 (Qm,p(S’) ) Qm,B(S’)]
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Furthermore, let {Si} be a family of subsets of §/ with ISiI 3} 2.
We write £ as a direct sum:

4

Y, 8 X, &N

with

N Ker{e.~ en.,)
G’Glesl 6 G '
. X, N= N Ker(e.—- €en,)
i i G,G’€$i 6 °6

N
N
Assume that dim Yi =1

For any Si, the hypotheses of Proposition 3.2, are satisfied. Let

ri(z,p) be the solution of the system of equations (3.8) with 90 H Si.

Proposition 3.3.
3 pm(S',Si) s 3 a(S’,Si)>0 - p)pm(S',Si) , Y z, € pﬁ NN,

Yz €pdn X,
ae M
uyi(z+zo,p) - yi(zo,p)ﬂ § —— N z 1 a s a(S',Si)
1-ae P*m

(for the clarification of notation, see Fig.1)

Proot:

Choose Go € Si. Let

r.
[] i [ - -
s : Yi + R H (Sy)‘j (y,eso eGJ)

where GJ € Si. S is invertible (by the definition of Yi)'
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(ztz ,y;(z42,,8))

Fig.1: The restrictions on a stratum near its boundary.
The figure shows the cut through L with the plane
perpendicular to N at z . Here X; = X; + (zo,yi(zo,s)).
The dashed lines represent regions described by

Proposition 3.3.
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r.
Denote by A(z,B) the vector in R ' with coordinates:
Gj Go
ﬁj(z,p) = Pm (yi(z+z°,p),z+z°,p) ~ Pp (yi(z+z°,p),z+zo,p).
Then U y € yi(pO n Xi,p), y satisfies the equation

v(z,p) = s~ acz,p)

Let ¥, 2 »;€z_,p), and ¥ = y;{z+2,p), 2 € p0 N X;. Then

Iy - ¥ ¢ us~in # acz,p) - aco,prn ¢

- -p
§ 20s 1“ H(y,z+z°) - (yo,zo)ﬂ 32;. Am(G) e M
i

In the last inequality (3.7) has been used.

14 pn(S',si) is such that

~B,(5,5.0¢

~1 P m
a s a(S’,Si) 2 2 max Ah(G)HS e <1
BES,;
then ¢ p)pm(S',Si)z
_pe

e " I 2 #

ty = y I { =—— I 2
o L]
1-ae Pem

2. The Pirogov-Sinai case: |19l = dim & + 1,

As the first case, let us consider the situation when £ is
transversal to § and dim £ = 1§i-1. This case has been solved
rigorously in <([41,[3]). It therefore is a test for the validity of
the asymptotic diagrams approach. We will also use the results of this
section later on in the construction of the phase diagram in the

general case.
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Let us suppose that the elements of § are ordered in some way:

§ = {80, Gl""’sd}' We consider the function:

() i pb e B 1 1 (e, = vl ) (3.12)
mp .p : mp i mx’p .

Ix.1

The norm on RI*! is given by ixil = i

gpdn.

Proposition 3.4.
38, 3a%0, 3A : U, , ¥ x,x’ €50 :

allx - x’I ¢ ﬂrm(p)(x) - lm(ﬁ)(x')ﬂ § Allx - x‘Hi (3.13
Proof:
The upper bound in (3.13) is obtained by applying (3.7) to each
component of 1m(p)(x) - 1m(p)(x’). Let

A= (d+1)0??zd(ﬁh(6i) + "esin).
To show the second inequality, let us first note that

lx - x’0 = sup I<x-x’,ed>l  with e € £¥

Heli=1

d
Since {e. - en } generates 3*, e= Yc.{gn — e~ )., It is easy to see
6 "B i= | 9 B a

d
that y = sup 3 Icil {o
elt=1 i=1

Hence
x = x0H { v max I1{(x -~ x’,ex ~ea Xl { 2r max I{x - x’,e. 2|
1€ ¢d '"6; "By 0gigd *"B;
But
G, G, 6; G;
I<x = x“yeq 21§ 1o "(BI(x) = " (pI(x)] + IPg (x48) = pp (x7,B)1 ¢
i

-eﬁ
§ M1 (pY(x) = w (BX(xIN + A(B)IIx - x’ll e ™
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“Botm 2y
Let Bg be such that o« = 2r max Am(Gi)e {1, Set a = —
0gi{d 1« "

Let A= {y € Rp*l TYPE Y all i,j}. & induces an equivalence
relation: y v ¥y’ if y - ¥* € A. Denote the set of equivalence classes
as Rd+1/A. We define the function:

-~ . d*l . -
1m(p) t £+ R /8 im(p)(x) = llm(p)(x)]

+1 . d
In §9 /8 we introduce the norm ﬂ.ula llxlll = 3 lxi-xol.

Proposition 3.35.

3 By H - p)pl ' ?m(p) is a local diffeomorphism on 80,

Proof:

Let p)po, wi th By 35 in Proposition 3.4. By the same proposition, ?m(p)
is a global homeomorphism on p0. Moreover, Y Xq €p0 , Yh €L

d G, 6
1D, T () Cxhll = T I<h, e + g ¢ D Py (Xo18) = D p %(x 8>

Since the mapping h + ((h,—eG_+ eg >)?=x is invertible, then 3 a > 0 :
i o

iMa

I<h,en - e~ > ¥» o UhH
i ' Gi Go

1

Let B, be such that 2 max A_(G.)Je Im { «, where A (G;) is given by
1 i m i i
N

(3.4), and €n by (3.2). Then

D _x_(gd{(x _Jhil } (&« - 2 max (G.)e JBhil >
x'm o 0gigd An(B;

-pe
>t - 2 max A (G e ! )i
0gi4d
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for all Xq in g0, -

Let us define the subsets of Rp*l/bz

R= {x: Xj = X 3 Xy s all pairs of i,j, k#i,j}/a8 {3.19)
and for I C (1,2,...,d+1}, 111 ) 2

Rl = ¢x 1 x; = Xj Y %y, §,J€1, KEI}/A

Obviously ¥ §' = {B,, i€I) the following holds:

I, .~ -t Ine
Qm,p(s ) = A, T(RIRINT (p0)) (3.13)

Proposition 3.4.
Let p>p,. Then & §' C § : 1511 5 2, Qm,p(sl> exists and is

a differential manifold modelled on RI. Qh,p is a stratified manifold
modelled on R.

Proof:

Qn,ﬁ(sl) is a diffeomorphic image of RI by Proposition 3.5. Obviously

I

the closure of Q (Sl) contains Qm p(9 ) and strata of lower
. 3

m,p
. . 1, _ 1’
dimensions (note that an,p(S )= U Qm,p(s ). =

121
The typical phase diagram for d = 2 is presented in Fig.2.
The system has three ground states: GU’ G,, Gz. By Proposition 3.4,
the phase diagram Qm,p has one triple point Qm,p(S)’ and three lines

where two phases coexist: Qm,p(GO’Gl)’ Qm,p(BO'Bz)’ and Qm,p(Gl'GZ)'



39

Fig.2: The generic phase diagram for the system with
two dimensional perturbation space and three
ground states. The dashed lines show zero order

(zero temperature) phase diagram.
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3. Phase diagrams for sets of affine functionals.

As the next case in jhe investigation of phase diagram for various
systems, let us consider the phase digram for the set of affine
functionals. This is also a new type of a problem in linear
programming.
Suppose that I = {pi, i=1,2,...,N} is a set of affine functionals:
p; ¢ Rd + R pi(x) = (x,hi> ta ,a €ER (d+1 { N).
Assume that {hi : pi€ I} spans Rd. We will also write
p; = (h;,a;) € RO,

14T CT, we define

urHy = {x: pi(x) = pj(x) > pk(x) if PisP; €r’, pkc |

(3.11)
I(pi) = {x pi(x) )X pj(x) all j#i} {closed)
The set T = U H(I'’), where the union is over al! I C T such that

IT’1 3 2, will be called the phase diagram for I, and its subsets I(I'’)
the strata.
Let

W= conv T ¢ g3 (3.17)
We define maxW as the set of maxima of W. We will say that E C maxW is
a face f(extremal edge) of maxW if E is a face (extremal edge) of W.

e{max) denotes a set of extremal points of maxW.
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Theorem 3.7
1. p € e(maxd) 3 Intli(p) # O

s
2, p= .leipi (2 { s { d+1) with Pi € e{maxl), }i € <0,1),
=

s
z Ai =1 3 Ip) = n({pi,...,ps))
i=1
3. p gmaxd 2> Nip) =0
4. There exists a one-one correspondence between extremal elements of

maxW and strata of I. Namely, let E C maxW be a face (extremal edge)

of dimension d-r. Then I(E) # @, diml<E) = r , and

RCE) = (x: p(x) = p’(x) > pix) WUp,p’ €E, p € U e{F)}

FOE
Proof:
1. Let T'" =T>{p}, and W’ = conv T’. Suppose that p € c¢(maxW). Since W’
is convex and closed, then there exists a hyperplane P C Rd*l, strictly
separating p from W’. Hence there exist L € RP, Yor € R such that
P=(tn,) € R ¢ e ,m ¢y t=«)
1f p is such that h € e(convf(h’: p’€ T'’}), then P may be choosen so
that Yo = 0. (since conv(h’ : p“€ I'’} can be separated from h). Then
3o >0 such that (xo,h> =a + 7, and <x°,p'> {« for all p’ €T’.
Choose 2 > 0 such that Xr + a = max a“’.
pla'l
Then
p(}xo) = (Axo,h) + a=}x+ Xy +a >
) p’(lxo) + 2y +ta-a’ ) pQix,)

for all p’ € T’. By changing X, We can assume that 2 = 1,

If p is such that h § e(convfh’ : p’€r‘}), then Yo # 0 and by

adjusting X, and « we can assume that Yo = 1. Note that p(xo) > « while
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p'(xo) {a for all p’ €T’ (if p(xo) { «, then since P separates p from

W, p'(xo) >a 2 p(xo) for p’ = (h,a’), and hence p ¢ maxW).

Let now € > 0 be such that p(xo) >da + ¢, Then U x :

1 -1
i x~-x_1 ¢ € ( max Hhil )
o 2 p €T

PUX) = plxg) + (x=x sh> 3 plx ) = W x - x I bl > « + 3
pi(x) = p'(xo) + (x-xo,h’> § p’(xo) + Il x - xoﬂ thil ¢ « + %

Hence Intll(p) # @&.

2, Let p = .glxipi . Define
N= {x : pi(x) = pj(x) s i=1,...,8)
Note that:
a) Ux €N, p(x) = pi(x) for all i (this is evident since _glki =1
b) ¥ x N ‘3 i pix) « pi(x).
Suppose that b) does not hold, Then 3 Xq ¢§N:VU i,
p(xo) > pi(xo)
Obviously then 3 ¢ > 0 , 3§ : p(xo) 3 pj(xo) + €. Cif p(xo) = p(xo)

for all i, then Xs € N). But in this case

s s
p(xo) = iEllipi(xo) £ iglxip(xo) -¢= p(xo) - ¢
(contradiction)

Obviously H(p) = n({pl,...,ps})
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3. p gdmaxtd 3 I (h,t) € maxW : Ch,t) > p. Hence Y x € Rd+l,

{x,h> + t > p(x)
S
Let ¢(h,t) = iglaipi. Suppose that 3 X5 8 p(xo) > p’(xo) for all
other p’, then p(xo) > pi(xo), i=l,...s, and p(xo) > (xo,h) + t

(contradiction). Thus N(p) = @.

4. First let us consider the case when E is an extremal point Pos i.e.
r=d. Then H(E) = n(p°> # O and has dimension d (part 1.). Let

ro = U F, Ho(po) = {x po(x) Y piix) , p’€ ro}
p°€F

Claim: Y p ¢ ro, Ux € Ho : po(x) > p(x)

Proof: Let p = (h,a). Consider Py = (Ah+(l-k)h°,ak), A € (0,1), where
3, is such that (h,a}) € maxW. Then 3 F and X’ € (0,1) such that
PoiPy - € F. Obviously . > }'a+(l-k’)ao, since p ¢ F. But then
U x € Ho(po)

Po(x? > py.(x) = X’<x,h} + (I=37)3Kx,h >+ 3y, 0
> Xplx) + (1=37)p (x)
i.e. po(x) > plx).,
s

Finally note that if p § U e(F) and p = 3 lipi, then the condition :

p°€F i=1

po(x) > pi(xd for all i=1,...,8 induces the condition: po(x) > pixd,

Thus Ho(po) = {x 1 p(x) (¢ po(x), pE U e(F)}.
p°€F
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Now consider the general case: E has dimension d-r, r { d.
Let Pos PyseeosPyep € ¢{E), and
N= {x: pi(x) = po(x), i=1,2,...,d-r}.

Since {pi-po,i=l,...,d-r} is linearly independent, E C lpi-pol. Thus

d-r
Ux €N, U p’€E : p’ - Po = izlci(pi- po), one has

d-r
p/ix) - po(x) = iElci(pi(x) - po(x)) =0
i.e. M(EY CN
d-r
Note that N = X, * N ker(hi-ho), where Xq is any solution of the
i=1

system of equations:
(x,hi- h°> =a," 3.

We can choose Xq uniquely by demanding that it is orthogonal to

d-r
n ker(hi-ho). Consider the map:
i=1

pre gdtl , gd—r¢l pretp) 2 p = (ﬁ,a+h(x°))

where h is the restriction of h to ié:ker(hi—ho). I+ E is translated to
zero, then prg can be interpreted as a projection along E onto its
orthogonal complement. Obviously for any p in E, § = §,.
Let W = preW.
Claim: §, € e(maxW), and Y face F C maxW such that Pg € F,

3 a face F D E such that F D prEF

Proof: First note that if E‘ is a plane of dimension K in ﬁ, then

£/ = prEE' with E- being a plane in W of dimension not less than K.
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Now suppose that ‘60 = za'l + (1-1)62. Let E’ = conv(E,{p;,p5}). Then
prEE’ = conv({ﬁl,ﬁzg), hence E’ is a plane in W, If Pys Pp ¢ E, then
E is not extremal. Thus py, py €E, i.e. 51 = 52 = ﬁo and
ﬁo € e(maxid).
Second part of the claim is obvious.

Now we apply part 1. of the theorem to W and conclude that i(so) % @.

Using the case when E is an extremal point, we can find the bounds on

i(ﬁo). But since N(E) C N, we have: prgl(E) = ﬁ(ﬁo) = IKE).

The phase diagram X for T' is now constructed as follows: to any
d-dimensional face F of maxW there corresponds <(by part 4 of
Theorem 3.7) a point v(F) which is the unique element of I(F).
Furthermore, for any face E of F (of dimension d-2) there exists a
1-dim line on which elements belonging to E coexist. This line either
goes to infinity (if some elements of €(E) are such that their linear
parts belong to conv{h, p€I} ), or it terminates at another point of
coexistence v(F’), for some face F’ sharing E with F. The process then
continues for faces of Il with lower dimensions. After Il has been found,
the domain N(p)> for each p is determined by parts 1, 2 and 3
(existence), and part 4 (localization) of theorem 3.7.

Remark 3.8:
14T is a set of linear functionals {eG, G € S(Ho)}, then
the application of Theorem 3.7 results in a zero-temperature phase

diagram.
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4, The convex structure in order m.

We will now consider the general situation: dim £ { 151-1, and cut-off
pressures are not neccesarily constant. We will show that the
properties of the phase diagram Qm,p can be described with the help of
some family of convex sets (a convex structure) in £'XR. This family is
a generalization of the set maxW defined in Section 3 (cf. (3.17)).
The definition of the convex structure is the subject of this section.
Example: Blume-Capel model ([41,[7]1)
The following example will be used throughout this section and the
following ones.
Let L =22, 5= (- > , - 3 , -
2 2
H = 3 (s,-80)% s (X) = X
o ¢a’sb) a °b a
where {(a,b> denotes a pair of nearest neighbors.
The set of ground states of Ho is:
§ = {(-5),¢=3),(=-1),¢(1),(3),(5)}
with (k) denoting the configuration: Y a € 22, (k)a = ; .
We will describe this model extensively in Section 4.1, here we only
cite some properties of forma! pressure coefficients for first few

orders.

1. E =4, 03¢0 = a0 =1

nj“’(ﬂ) 2 ifK#-55
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2. E,= 6, n§5’<o> = {0 = 2

nik20y =4 ifk#-5,5
3. The order 7 is the lowest order in which for any (k) there exists an

excitation s such that for some a € 22, Isa -kl > 1, In this order

ns¢0 = adl , a8 = ni o
nd12¢0) - n$Pc0 = a® >0

4.9 <7, 080 =) k= -3, 3, -
The perturbation space is generated by interactions:
= = o3 = ;
(), =s, » @), =87 , (3,0, =0 ifA# {a)

In the base generated'in &* by $s &

! 3

The convex structure in order m
For any 6 € 5, let A = p%0), = nS¢0). Define
*
W, C ¥R : Wy = conv(teg,A), 6€9)
In wl we consider the set of maxima of NI: maxul. The set E C maxw1 is
an s-dimensional face (edge) of maxw1 if it is an s-dimensional face
{edge) of ul.
Let Fl denote the set of all faces of maxwl. 1§ F € FI, we define:
5,(F) = (B : (eg,nS(0)) € F)
There exists a unique vector vl(F) in £ such that Y G,Go £ SI(F):

G GO

1 Go’sl""’sd are any phases corresponding to elements of ¢(F), then
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vl(F) is defined as the solution of the system of equations:

6

Gi o
- (UI(F)’eG-_ e >+ AI - AI =90 (3.18)
i

0

Example:

In our example, maxw1 has five faces (cf. Fig.3a)., They are listed
beltow, every face P together with elements of SI(P), and vl(P).

Fr(=1),(1,(=3),(3 , v(F) =0

62 (5),(3),¢-1) , v =L -2y,
6 ' 21
H: (5),0-1,¢-3) , v,y = (13 3
21 ' 21
4 . - - V4 — l 2
B/ ¢ (=5),(-3) (1) , v (6 = (-1 2,
6 21
HO 1 (-5, (D (3, vH = (=13 3,
1’21

For any F € FI, we define the following quantities:

- ~BEy
UI(F,ﬁ) = e Ul(F) (3.19)

. d - [ - L] — M
Let AS(F) = pB¢o,<F),, and
Wo(F) = conv {Ceg,AS(F)), GES,(F))
We denote the set of faces of maxwz(F) by FZ(F). The set

F,o= U F (F)
2 FEF, 2

is called the convex structure in order 2.
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Example:

In order 2 (52 = &) one has
p Ko pnr, = KN,

for any face P. Hence

ask Py = nf20r = 4, k-5, 5
2,k=-5,5

Thus maxwz(P) has only one element which is isomorphic (as a convex
set) to P. We will denote it also as P. Moreover, it is easy to see
that vz(P) = 2v1(P). Obviousiy F2 w FI (as collections of convex sets,

ct. Remark 3.11 below).

The convex structure in order m is defined by induction.
1 F’ € Fm_1 is given, then for any F € Em_l(F') one defines "m—l(F) by

means of formula (3.18), and
-1

ar

~ ’ -ﬂEm
vm_l(F,p) = vm_z(F B) + e um_l(F)

Gy €09 1 O (P = (o _(FO, if K £t
(g CFI g = v (F)
- ’ N G ’
§._(<F) = {B€S_ _(F") : (eg,AC_ (F/))CF )
Let ASCF) = pBco _ (F)) . We define W (F), max (F) and F_(F) as in

order 2. The convex structure in order m is the set

F_.= U F_(F)
m m
FeF 4

For the completion, Fo = wo = conv {es, GES)
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Remark 3.9.

Let ASCF) = AS(F) + ¢, and §_(F) = conv {Ceg,AD(FY), B € §__ (F)}. Then
ﬁn(F) is a translate of W, (F) and hence there is a trivial

correspondence between extremal edges and faces of both sets. We will

often use ¢ = - Aﬁo(F) for some G° € sm-l(F)' Note that due to the fact
mentioned above, we can reduce the amount of information needed about
the formal series coefficients for deducing the form of convex
structure: it is not neccesary to Know the absolute values of
coefficients but rather their values relative to coefficients of some
fixed phase.

Remark 3.10.

For any F in ﬁm’ there exists a unique set of faces {FO’ Fl""’ ﬂﬁ

such that F, € F.(F,_,), and F = F,

Suppose that 1S5(F)| = d+{ for some F € Fm. Then Fm+1(F) = {Fm+1}’ raey

F ..(F

misFmeg-1? = {Fpegd for all s, and F, F

m+l""’Fm+s are isomorphic

(as convex sets in 8*XR, i.e. that there is a one-one correspondence
between extremal elements of both sets).
Example:
Let P be any element of F,. In order 3 (E5 = 8)

B o g = 30 (Prg = afR 2 ¢+ <u Py an{Kc0n>
Since the exact form of these expressions is cumbersome and of little
importance, we will not reproduce it here. We note that w3(P) is again
isomorphic to w2<P>: if P is not F, then this holds because 53(P) has

three elements, and for F one has: vz(F) = 0, so NS(F) is a translate
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of UZ(F). Since in any order s, higher than 2, FS(P) is isomorphic to
fz(P) (P not equal to F), we will not investigate FS(P).
Let us study Ui(F) for i > 3. As we have already observed,

520,05 = 0K ¢0) = constant if k = -3,-1,1,3
Hence

03(F) =0
By the inductive argument, ui(F) =0 if i 7. In order 7

(1) - A3 =

ny" 70 ny"(0) = a(3) > 0

Max w7(F) has two faces (Fig.3b). These are listed below together with

corresponding vectors in £:

Fy o Sp0F)) = {(0,(1),(-1)) , un(F)) = ¢ ‘;2’ , - é§§l )

a(3) . a(d)
12 3
One does not have to investigate convex structures in higher orders

Fp i 55(Fp) = {¢=3),(=1),(1)} , v (Fy) = (=

{ 837 ) since ’s is isomorphic to F? (in the sense of

Remark 3.11)
5. Applications of convex structures,

The general strategy of constructing the phase diagram Qm,p is based on
the following observation: Suppose that 57 is a subset of §, and let - U
be an open set contained in G%S’Qm’p(s)' Define Qm,p as a phase diagram
for phases in §/ (i.e. with other phases neglected). Then

Qm,p nu= Qm,p nu

We will find the covering of B0 with the family of sets such that in
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each of these sets, Qm,p is described by 5;,5 for some subset S’ of S.
Definition: |

Let F € Fm, and {FO, Fl,...,F} be as in Remark 3.10. For any G in §, we
define an affine functional:

G :
Pm,p¢F) + £ = R

m -gE.

pS g(Fyx) = = (x,eq) + _EIA?<FJ_1)e J (3.20)
J=

Remark 3.12

W6 €S F,Yjm,

6 6 |
- = o -
Aj(F;_g) = (v (F,p),e0) = A%CF; ) (vj(Fj,p),eGO)

with GO € Sm(F) being any fixed element.

Let {Fo""’FhJ be a sequence of faces as in the remark 3.10. With
every element of this sequence we associate a set

U CFyd = BCT, (Fy 1B) €y (F) o Pl
The constant ck(Fk) will be specified later in this section. Slightly
abusing this notation, we set Uo(Fo) g po.
We will define UR(FK) in four steps, using an induction in the order K.

Suppose that Uk-l(Fk-l) is defined. Then we show that:

6

. . G
m |S approximated by pk,p(Fk—l)’ S0

1. in Uk-!(Fk-l)’ the function 1«
that their difference is of order K;

2. in Uk-l(Fk-l)’ the phase diagram is given by phases in Sk-l(Fk-l)
(i.e. with neglecting other phases);

. G .
3. if pk,p(Fk-l) € Int FK for some Fk € Fk(Fk—l)’ then Qm’a(G) is of
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order at least k+i;

4. In step 4 we define Uk(Fk)’ Fk € Fk(Fk_l).
Step 1: Affine functionals (3.20) approximate functions (3.1).

Proposition 3.13.
Let F € Fm, and {FO’ Fl,...,F} be the family of faces corresponding to

F (cf. remark (3.10)). For 0gk{m and c)>0 we define
BCF,€) = {x & Mx = T (F @00  ce )

Then 3 >0 :UG6 €5 (F) 3d,(6)>0 :4YpX0 , Y x €B(F,,c):
% m K K

ng’p(F,x) - 00,1 ¢ dk<s)e-p(5k*um) (3.21)
Proof:
|pg’p(F,x) - 10cx,pr1 = |j§15°<0m<r)>je-pEJ - pSex,pr1 ¢
$ |j§lbe(bm(F))je-pEJ - P3G (F,8),801 +
+ 1p3¢5 (F,p,8> - pSex,p31 ¢

- ~ B
§ cp(Ble fme1 AL(BIIx - T (F,pdll e ™
The estimation of the first term is given by Lemma 2.5., and of

the second one by (3.7). By the hypothesis

Bx = § (F,p)I § ce k I3, (Fp s8> = G (F 00 ¢



55

-pE -gE m
{ce Kaeo Kls  yy(r . pou
j=1+1 J o J
Eye1~Eg
Let & = min (¢ , ———), with €n defining the set 0 (cf. (3.2)).

kgm ™

m
Set d (6) = CpB) + ARG lc + %

J_Mou.(FJ.,pm.

Note: In the zero order the estimation is not as good, since we demand

that (3.21) holds on p0. Hence
Ixf § pc
Then

po
lpg,p(F,x) - 150x,001 ¢ pd(Bre  ©
The next proposition is an immediate consequence of
Proposition 3.13,

Proposition 3.14.

Let So H {Bo, Gl""’Gs} C sm(F) be such that {eGi,i=l,...,s} is
linearly independent. Consider the solutions: y(z,8) ¢ p)pm(so)) of the
system of equations (3.8) (cf. Proposition 3.2.), and yo(z,ﬁ) of the

system

. 6
pm:p(F,y,z) = pm?s(F,y,z) iIZ1,000,8 (3.22)

s
Here x € N Ker(e, = e )

i=1 G; "G
Let B(Fk,c) be as in Proposition 3.13. Then Wk {m , ¥¢c >0, 3 ak(c)

such that if pdp <S)) and (y,,2) € B(F,C), then
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“BEysi

ly<z,p) - yo(z,p)ﬂ < ak(c) e (3.23)

Note: Proposition 3.14 states that inside B(Fk,c), the solutions of

(3.8) and (3.22) are close to one another: their distance is of

order K+i.

Proof:

The proof is by induction in k. Suppose that the estimate (3.23) holds
in the ball B(Fk-l’r) for some radius r>0. Let ¢’ > ¢ be such that if
(yo,z) € B(Fk,c’), then (y(z,p),2) € B(Fk,c) Cif ak_l(r) is given by
the estimation (3,23) for order k-1, we take ¢’ = c + ak_l(r)).

Note that both (3.8) and (3.22) can be written in the form:

Gi Go .
(y,es'- e > = Pm (ysz,B)- Pm (y,2,B) i=l,4:4,8
j o
1] Bi GO -pEj .
(Y,@Gi' eso) - jgl [AJ' (Fj_l) - AJ (F,j-i)l e l=l,lll,s
Hence

G G
I(y-yo,esi eG PR I 4 I1 (y, +B) - Pm p(F,y,z)l +

p(Ek+am)

G,
+ (2,8 - (F,y,2)1 § 2de (3.24)

Pm B

Next note that

@ -gE.
y(z2,B) = 3T r.(2)e J
=t

(cf., (3.9)). Obviously

-pE.
yo(z,p) zl O,J J

(is z~independent).

By (3.24), (yo,j - yJ(z) y @G = ep >=0 if¥ j { m. Therefore for all z:
i o
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(yo,z) € Bk(c') ' yo,J = yj(z) ifj¢m. Finally,
' o -gE , -gE
Uy(z,8) = ¥ (X0 ¢ 3 Myl e I ¢ alcre K
j=K+1 Y
) - (E'-Ek+l)
where ak(c) = sup X Hyj(pK)ﬂ e J and sup is taken over all

J=k+1

L in O and p)pm. ak(c) is finite because of estimation (3.10).

Step 2: The phase diagram in Uk(Fk) is given by the set of phases

SK(FK) (i.e. we may disregard other phases).

Lemma 3.15
Let F € F oo Then 3¢ >0, 3 7(c) >0, 3B, (F) : U pdp (F) ,

w - -pE
Y6 ¢S (F) , ¥ x €BW,(F,p),ce Ky

6 _ B ~PEy
pk’p(F,x) pk,p(F’X) > ri(cle

(3.29)
for some G € SK(FK). Hence Uk(Fk) cu Qm,p(s)
with the union over elements of SK(FK).
Proot:
Let SJ be the set of phases G ¢ SK(F) such that j is the highest order
for which G € §;(F;). Denote

8,(6) = AS(F,_1) = (v (Fy,B),egd  if t ¢ K

Then ¥ § € ), ¥ 6 € 5, (P

G

ne - G ~ =
pj,p(Fj_I,x+vj) pj,p(Fj-l’x*Uj)

= - (x,eg- eg> + [A;(B) - A (B)]e J
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(cf. Remark 3.12.)
Note that by the definition of GJ(FJ,p),
AJ(G) - AJ(G) >0

Let pj(ﬁ) be such that

w v K . =B (BIE.- E)
8¢6) = A.(G) -A(B) - T I1A.(B) - A (Gl e Y 4 o
J J i=j+1 ! '
Define
-1 - ~_1 ~ = »~
c; = > max HeG eGH 4(G) 5J max pj(G)

with both maxima taken over SJ. Then Y x € B(Uk,cje J') '

Ueesd,
G S v . K = “BE;
pk’p(F,x) - pk,p(F’X) = - (x-vk,es- eG> + iEG(Ai(G) - Ai(G)] e )
PE 5By - lea- ex 1o P
Now let B, ,(F) > max g. be such that U g)p (F)
KT dgk “
-8E . -pE
J K
cje > cke .
Set c = T and r{c) = é CK

Combining Proposition 3.13 and Lemma 3.15 we see that the inequality
(3.25) also holds for the cut-off pressures with the slight
redefinition of r{(c). Obviously for any c > 0

U () € B(UK(FK),ce-ﬁEk)

if p is large enough,
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Step 3: If pE is an interior point of Fk’ then Qm p(G) has order at
y

least k+1.

Lemma.3.14.

Let SD be as in Proposition 3.14, Suppose U is a subset of the solution
set for the system of equations (3.22), homeomorphic to a ball (U is
connected and has no holes). Furthermore, let W be an open bounded
subset of the solution set for the system of equations (3.8). Assume
also that 3 F € F, , 3c> 0 :

U C B(F,,c)
1f there exists d > 0 such that

. B
W =W NWC {z 1 dist(z,U) { de &

then U p)pm(so) (cf. Proposition 3.2)

—sE
WC {z : dist<z,) ¢ (a (cr+dde  K*h

where ak(c) is given by Proposition 3.14.

Proof:
. ~Pey
Let S = {z : dist(z,U) { de }, and N = N ker(es- eG,)
G,G’€9°

The solution set of the system (3.22) is N + w, where w is any solution
of (3.22). Since 3W C S, then PPN s C Py S. By hypothesis, W is
bounded, and hence PPN W C PrN S. But then Y (y,2) > W,

dist((y,z),U) { dist{y ,wtN) + dist(z,prN S«

-pE
¢ (acredre  KH
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Proposition 3.17.

Let F € F,(F’) and G be such that pﬁ (F’) € IntF. Then Y s } m
sB

3 pS(G) H - p)ps(G), Q (G) is of order not lower thanm, i.e.

SsB
3r, >0
o 4
Qg (6 C BT (F,p),r e Fme 1 (3.26)
Proof:

We will prove the proposition for order m only. The proof for s ) m is
similar,
. G .
Since pm,p € IntF, then there exist d+l elements of §: GO’ Gl""’Gd’
such that {eG_} is linearly independent, and
i

d G. d
6 i . -
Pmyp = ZPifm,p  With T3 =13 €400

Let B (6) = 0??2d Bn¢ (6:6;}), with g ({6,6,3) as in Proposition 3.2,

Define §m B to be the phase diagram in order m for the set of phases
]

{G, Go,...,Gd}. Obviously Qm,p(e) C Qm,p(s)' We will apply induction in

K, i.e. we want to show that ¥k { m 3 ré >0 :

8 p(8) € 2,(r() = BCTCF, ) rfe k+1, (3.27)

Suppose that (3.27) holds for k-{. In order to show that it holds also
for order K, we will use .inductively Lemma 3.14.

First let us consider the solution Yi of the system of equations:

6 B¢ .
1m(x,p) =T, (x,8) , t # i x € Zk_l(ré_l)
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By Proposition 3.,14., 3 a; >0

~ ~pe
Uy, = G (F,pol § age KV

Let al = max a;
i

Next, let
Hi,j = {(z,yi’j), z € t;‘(i\"jl(er‘(es - est)}
be the solution set of the system of equations:

G G,
tm(x,p) =1, (x,8) , t# i,J

Denote by W the subset of Mi,J bounded by Yi and yj.

1+ (z,yi,J) € W, by Lemma 3.14 one has:

“BEy4g

-3 1
ﬂ(z,yi,J) vJ(F,p)H § (a’ + ai’j)e

where 3 is obtained by applying Proposition 3.14. to the set
]

(6,6, t#i,J}.

1

Let a2 =a + max a.

{i,g '
We continue in the same manner for elements of 8§m p(G) of higher
: s
dimensions. Finally, there exists ad such that Y x ¢ 8§m p(G)
’ 3

- -pE
Ix - vk(F,p)l £ ad e k+1

Hence by applring Lemma 3.14. once again, we obtain (3.27).

Set "m = Pﬁ .

The next corollary deals with the case when in some order,

G
m,p

peint of maxwm(F), nor an interior point of any face from Fm+l(F)' The

G (F’) € Int F (F € Fm_l(F’)), but p (F> is neither an extremal

Pm-l,p

conclusion of the corollary is the only statement that we can makKe
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about the domain of G.

Corollary 3.18.

Let (FO,...,Fm} be a sequence of faces as in Remark 3.10. Suppose that
G is such that:

G
1' pm—l ,ﬂ(Fm_z) € Int F _1’
G r Gl
2. Pm,ﬁ(Fm_l) - iEIAipm,p(Fm_l) s r { d+i

G, r
i =
where pm,p(Fm-l) € cm(Fm), iglxi = ], and li € (0,1)

Then Y s 3m 3 q‘ >0, 3 pm(G) : d p)pm(G)

-g
Qm,s(G) C {z : dist(z,R(Gl,...,Gp)) § dme Em+1} (3.28)
where
Gi G G’
I(GI""'Gr) = {x : pm,p(Fh-l’X) = pm,p(Fm—l’X) ) pm,p(Fm—l’x)'
all G/ # G,Gi}
Proot:

We will prove this Corollary for Qh p(G) onty. The proof for higher
?

orders is similar.

‘4 = . o0
Let F7 = {F ¢ Fm(Fm_l) H pm,p(Fm-l) € F}
Consider the set of phases:

= + . o8

5,= {6} U {67 : pm,p(Fm-l) € F%‘,‘m(F)}
Define

g _(G) = max g _({G,6})>

m 6'¢s, ™

o

Let ﬁm 8 be a phase diagram for the phases in this set. Now we use
H
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the inductive argument as in the proof of the Proposition 3.17. Here

Step 4: The definition of sets Uk(Fk).

Suppose that Fk € Fk' Define rk(Fk) to be the smallest number such that

UgCF,) = B(UK(Fk,p>,rk(Fk>e-pE“*‘) contains sets described below.

1.9, (B if pE,ﬁ<Fk_1) € Int F.

2. I¥+ F has more than d+1 extremal points, let us consider any
d-element collection of pairs {(Gl,i’Gz,i)’i=l""’d}’ where any phase
corresponds to an extremal point of F, and some elements in different

pairs may be the same. For any pair (Gl i,G2 i), let Ni be the solution
. ] ]

set for the equation
S PLPS 1 PP
Pr,p ‘Tk-1° Pk,p ‘Tk-1°
Define

_pE
Si = {x dist(x,Ni) £ a;e k+1}

where a, is given by Proposition 3.14. applied to the set {G1 i’GZ,i}'
1

1t is easy to see that for any such d-element collection of pairs,

d
N S. is of order Kk+l. We require rk(FK) to be such that for any

= !

d
collection of pairs as described above, _nl Si C Ué(Fk).
=

14 Fk contains exactly d+! functionals PE+1‘FK—1" then we set Uk = @,

Example:

The construction of the set Ué(Fo) for our example is shown in Fig.4.

We choose the collection of pairs {{(-3),(3},{ (-3),(3)}. The thin
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Fig.4: The construction of the set Ué(Fo) (dashed circle).
The thin solid lines are N({(-3),(-5)) and N((-3),(3)).
The dotted lines represent sets S{(-3),(-5)) and

S((-3),(3)). The dotted region is their intersection.
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solid lines represent sets N((-5),(-3)) and N({3),(-3)). The dotted
lines show regions restricted by Proposition 3.13. The dotted region is

S((=5),(-3)) N S((3),(-3))

Now let v > 0 be any fixed number. We define CK(FK) = rk(Fk) + v. In
the applications 7 will be choosen in such a way that its wvalue
comprises a small fraction of any rk(Fk), k § m.

Let pu(y) be such that if p)pu(f), then the following conditions hold:
) U Fy Cug ((F_ )

b) U (F ) C B(F,c) (with ¢ defined by Lemma 3.15) (3.29)

) YFFERF ), WP N UF) =g

14 p)pu(y), we can define a covering of B0 by a family of sets:
{UK(FK)’,FK € Fy, k=0,...,m}.

The phase diagram Qm,p in each of the sets Uk(Fk) is the same as the

phase diagram 5m,p for the set of phases SK(FK)' We observe some sort

e

of scaling: the procedure of determining Qh B (or Qm 8 in the set
’ ?

UK(FK)) is exactly the same as an original problem of finding Q in

m,p
the set p0O. The only differences are that we deal with a smaller set of
phases Sk(Fk), and all strata which do not intersect the boundary
Uk(Fk), are of order at least k+1 (in the original problem such strata
are of order at least 1). The last property follows trivially from the
fact that U (F ) is of order k+l.

In the connection with the scaling property mentioned above, let us

note the following result. We will use this result in the proof of
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Theorem 3.22 (next section) to determine orders of strata.

Let H(Fk) be a phase diagram for the set of affine functionals
(Pes1,p¢Fi)s B € S (FOY,

We introduce the notation: if §/ € §, then
R(F,,5°) = n<{p3*1’p<Fk), 6 €5

Note that for all phases in Sk(Fk)

6 PEk4y

P, pCFirX T (Fi8)) = = (x,e0) + S, (F e
This fact allows us to draw conclusions about orders of strata
of H(Fk).
Proposition 3.19.
Let E be a n-dimensional face of max wk+1(Fk) such that
MCFy g+ (6 pg,p(Fk_l) € E)) = (J,(F,p)
Then
{ICF,, (6 : pE+l’p(Fk) € B}, BIB(F)
is of order k+i,. pk(Fk) is given by Lemma 3.13.
Proof:
We will prove the proposition for E = {pE+1 p(Fk)}, since in general
3
case we can use the projection method introduced in the proof of
Theorem 3.7, part 4,
Let pE+1,p(Fk) € e(max wk+1(Fk)). Since H(Fk,{G}) = {Gk(Fk,s)}, then
pp 5¢Fi=g) € Int Fy, and hence 3 g, 6p,...,64 € S CF )+ pg,p(Fk_l) is
3
the convex combination of pE,p(Fk_l)’s. Let 3§+1 be such that

G;

G
~, - [n] ~,
Pre1,pFrrVier? = Pray g FrrViey?
For any x in the boundary SH(FK,{G}) of H(FK(G}), there exists Gi such
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that

6 6,

Then

{(x - ué+1,e6 - eGi> =

G Gi —pEk+l
= [Ags1(FY = g pregd = Al (Fd ¢ qup, es o e
|
Hence
Ix - ué+lﬂ £
$ e, - e u"nAG (F) - (v y - AGi (FL) + <u/ I PEkss
G G k+1 'k k+1°%G k+1 Tk °k+1'esi e

i

and {H(Fk+l'{6})’ p)pk+](Fk)} is of order at least Kk+i,

By Lemma 3.195, H(Fk,{G}) does not intersect H(Fk,{g}) if 6 ¢ sk(Fk)'

—pE + ar ~
Let X be such that e K 1x + vé+1 € H(Fk,{G}). Then Y G € Sk(Fk)

o

6 - _ LG s = e
Arar (Fi) = <xgreg> = AR, ((F) + (x .03 = 2¢B) 5 0

For any x € 8N(F,,(6}) 3 & such that

= “BEyy G 6

- .6 _ .G _ .6 G
= pk+1,p(Fk’xo) pk+1,p(Fk’X) pk+1,p(Fk’xo) + pk+l,ﬁ(Fk’X) §

£ ﬂeG- egn Ix - xoﬂ

Thus {H(Fk+1,{G}), 5)pk(Fk)} is of order not higher than k+i. -



68

Example:
Let us apply Theorem 3.7 to the set {(e(k), (k) € §5}. We obtain
zero-temperature <(and zero-order) phase diagram (Fig.éa, p.78). Next
let us consider the set {(e(k), Aik)e-45), (k) € §}). The resulting
phase diagram is represented in Fig.?. Finally, Fig.9a contain the
blow-up of the central part (around zero) of the phase diagram for
the set (pSX7(F), (ky€ 9.
In our example all lines

M(Fgs {(K)4€3I})  Jyk # ~1,1
are of order 0. The lipes

I¢Fy, {€1),¢K)}) and MCFy, {(C-1),¢3) , Kk # -1,1
are of order 1. The line

ICF5, {(1),(~13}

is of order 7.
4. Phase diagrams in order m,

In this section we present the construction of the phase diagram in
order m. We show that if the set maxW of Section 3 is replaced by

the convex structure in order m, the result holds for Qm,p’ similar to
Theorem 3.7.

Let us first describe the restrictions of the method. The first
problem arises in connection with the existence of strata. This problem
has been alreadr mentioned in Section 1. Suppose that E is a

n—-dimensional face of max wk+1(Fk). By 5k+1(E) we denote the set of



69

phases 6 such that pE+1,p(Fk) € E. Then H(FK,SK+1(E)) exists, However,
if SE does not satisfy conditions imposed by Proposition 3.2. Cor, in
the presence of symmetries, by Proposition 3.24), then the solution for
the system of equations (3.8) (and hence Qm,p(sk+l(E))) does not
generally exist. Therefore we have to make an additional assumption
about the convex structure:

Assumption 3.20:

Let K { m. If E is a face (extremal edge) of mawa(F) (F € F'_l) wi th

dim E ( d , E contains only dim E + | functionals pE p(Fk-l))'
]

The example of the system, in which the above assumption does not hold,
is given in Section 4.1A.

The next problem is as follows. Let us consider Um(F), F € Fm. Inside

G

m is determined by terms of order higher than m.

Um(F), the form of 1«
These terms have no correlation to formal pressure coefficients. Hence
the phase diagrams in higher orders will generally have different

properties than Qm Thus information contained inside Um(F) is

-
superfluous. We dispose of it by the means of the following
definition.

Definition: Let § C G. We say that the function x(p) is K-equivalent
with constant b to Qm,p(S’) itfY 57 C 8 Qm,p(S”) #d,

..pE
0 _(§'7) C B(x(p),be K1y,
m,p

Note: In general Qm B(S') does not exist.
'

We have already shown (Section 5) that the phase diagram Qm 6 can
3
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be constructed separately in sets UQ(FK) ARy Uk(F), with the union over
faces in rk+l(Fk)' Note that if the system satisfies Assumption 3.20,
then Qm,p has a natural structure of a stratified manifold: each
stratum is a manifold by Proposition 3.2, and evidently the closure of

any Q (§ ) contains this stratum and all Q

m,p "o m’p(S’) with §’ D 9, (which

are of lower dimension). ICF ) also is a stratified manifold. We will
show that there is a relation between Qm,ﬁ and I(F).

Let us consider a covering of pa by the family of sets defined in a
following way. Let F € rk(Fk-l)’ and §° C SK(F). We say that 9/ is
normal if:

1. 1§71 = d+1
2. all elements of §’ correspond to extremal points of Fk;
3. 0°(F,5") = Int [ U _((F) N Ggs'n(F,G) ] is connected.

For any normal subfamily of Sk(Fk) we define

0CF,57) =N {x €07 : dist (x,I(F,6")) { a,(6") e-§Ek+1} N UR(F )
The intersection here is over all G’ ¢ 9§’ which have common boundary
with some 6 € §/, and a](G’) is given by Proposition 3.14 for the
family 5, = {6,6%}.
Obviously the family of sets:

{OC(F,8%), F € Fk, S’ normal subset of SK(F), k=0,...,m}
covers pO.

Example:

In our example the covering is as follows. Only UO(FO) and U?(F) are

nonempty. The normal subfamilies of § are: {(3),(3,(-3)} ,

{€3),(=5),(=3} {{(-5),(=-3),()) , {{(=5),(3),(5)).
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The set O(F,, {(5),(3),(-3)}) is dotted on Fig.5a.

Note that §;(H;>, 5(Gy), S(H" and'S(G’) are normal.

The normal subfamilies of SI(F) are: {(~-1),(3),(1)} , {(),(1),(-3)} ,
{€1),¢(=3),(-12} , {(-3),(-1),(1)}

The set O(F;{(-1),(3),(1)}) is dotted on Fig.5b.

Finally both 97(F1) and 57(F2) are normal.

e

Lemma 3,2

Let 2 = UQ(FK) ARV Uk+l(F)’ with the union over faces in rk+1(Fk)' Then

3 ﬁ(Fk) - p)p(Fk) the following holds:

1. There is a one-one correspondence between strata of H(Fk) n 2 and
strata of Qm,p n 2: H(FK,SO) + Qm,ﬁ(so)' This correspondence
preserves the closure, i.e. the elements of the closure of H(FK,SO)

correspond to the elements of the closure of Qm p(90).
?

. ~BEy,
2. 3 atF) > 0: distUSDH N 2, & (59 N D) ¢ aFe  KH,
3. 14 H(FK,SO) C Ué(Fk), then Qm,p(so) is of order Kk+1,
Proot:
The family of sets {O(FK,S'), $’ normal in SK(FK)} covers Z. By
Proposition 3.4, Qm 8 and H(Fk) are diffeomorphic in every O(FK,S’).
3
Consider a stratum H(FK,SO) with dimension r  d. There is a face of
max W,  (F ) of dimension d-r, corresponding to I(Fk,so). By
Assumption 3.19, ISOI § d, and it contains only phases corresponding to

extremal points of max wk+1(Fk). Hence there exists a normal subset §‘

such that So C §’. By Proposition 3.4, Qm p(So) n O(FK,S’) exists. The
]



72

*yL'€ uoLltsodoad Aq pasoduwl SUOLIILAISAA MOYS
SSuLf pa3jop 3yl -saseyd JuaLd44Lp 404 Sulewop d3ededas saul| paysep ay]|

() (e)(t-)14)o (a)
maﬁam-v“Amv.Amvw.omvo (e) :09 Jo Butusnod jo sjuswa|d ayjp :G°614

(9) (®)




73

elements of the closure of Qm B’ which lie inside O(Fk,S’), obviously
]
correspond to the elements of the closure of H(Fk,so) which are inside
O(Fk,S’) (since Qm ! and H(Fk) are diffeomorphic inside O(FK,S’)). Note
)

that Qm,p(so) C s'gso Qh,p(s’)’ and the same holds for H(FK,SO). Hence

for every element of the closure of Qm,p(so) we can find a set O(FK,S')

which contains this element. Thus by the above argument, there exists

the corresponding element of the closure of H(Fk,so).

1+ Fk contais only d+i1 functionals pE(Fk_l), the there is an obviocus

correspondence between H(FK,SK(FK)) and Qm,p(sk(Fk)) (both sets contain

one point). '

The bound on the distance of corresponding strata can be easily

established by applying Proposition 3.14 to any 90 for which Qh (§)
1

is nonempty. Here a(Fk) is a maximum over ak’s for all such 90 (ak is

given by Proposition 3.14),

The combination of Lemma 3.18 and Proposition 3.18 provides for the

proof of the statement about orders of the strata, a

The following theorem is the main result of this paper.

Theorem 3.22.

Suppose that the system satisfies Assumption 3.20 for all orders up to
the order m. Then 3 Pm ¢ o p)pm the following holds:
1. ¥ F ¢ Fm 3! w(F) :

a) if F contains only d+! fonctionals pg,p(Fm-l)’ then v(F) is the

unique element of Qm,p(sm(F))’



74

b) If F is other than in a), then 3 b > 0 such that v(F) is

m-equivalent with constant b to Qm p(Sm(F)).
]

2. Let E C max Um(F') (F’ € Fm-l) be such that dim E = d-r, r3i1. Then

Qm,ﬁ(sm(s)) # @, and has dimension r. In particular, Qm,p(G) #0if
. G ‘ ‘
and only i+ pm,p(F ) € elmax Um(F ».
3. The order of stratum ©_ _(S (E)) is given by

m,g “m
K=min{t : E C max Ut(F), F€Ft_l}
4. Ys3im 3 Bg ¢ g p)ss s, 13), 2 and 3 hold for corresponding strata
of Qs,p'
Proof:
First note that due to the Assumption 3.19, if E is a r-dimensional
face of max uk+1(Fk) {(r<{d), then for any s)k+i, E is a r-dimensional
face of max ws,lch>. The same holds for a d-dimensional face F if F
contain only d+! functionals pg. Let kK be the lowest order in which E
is an extremal element of max UK(FK-I)' By Theorem 3.7, there exists a
stratum H(FK,SK(E)) of H(Fk) which corresponds to E. By Lemma 3.21,
there is a stratum & _(5,(E)) which corresponds to I(F, ,5, (E)).
m,p K kYK
Moreover, Q(Fk,Sk(E)) has order Kk+1 (by Proposition 3.18) and hence
Qm p(SK(E)) also has order k+1 (by Lemma 3.21).
s
1¥ E contais more than d+1 affine functionals, then in general there is
ne correspondence, However, in higher orders £ is replaced by
max uk+1(s>.
In the last order we are left with sets Um(F), F € rm, in which
Lemma 3.21 cannot be applied. But since every Um(F) is of order m+il,

then Qm n Um(F) is m-equivalent with constant cm(F) to the line of
’

p
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coexistence U (F),

With the change of order m we have to redefine sets Uk(Fk) and sets

0CF,,5’) since there will be a change in estimation (3.23). By lowering

temperature we can compensate for these changes, so the above
considerations hold for a construction of Qs,p with s 3 m. The only
exception is the statement 1b., since now we can investigate phase
diagram in any Uh(Fm) in the same manner as we did in sets Uk(Fk) in
lower orders.

The value of Pm is determined as the maximum of the following:

1. pf given as the condition that the sets Uk(Fk) do not intersect

o (cf.(3.29));

2. p(Fk) defined by Lemma 3.21;

3. pm({G,G’}) (as in Proposition 3.2.) for all pairs of phases,
corresponding fo extremal points which share a 1-dimensional
extremal edge. The condition: p)pm({G,G'}) assures the existence of
stratum Qm,a(G'G') and hence validates an approximation (3.23) which

enters into the definition of O(F,5%).

Obviously Pm is finite. .

Remark 3.23

Let us assume that fm has the following property: Y F € Fm(Fm-l)’

F contains only d + 1 functionals pg p(Fm-l)' By Remark 3.11, for any
3
s 3 m, ‘s is isomorphic (as a collection of convex sets) to Fm. Also,

since every Um(ﬁn) = (j, the phase diagram QS is completely determined

by extremal properties of l'm. We will say that order m is conclusive.
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Note that all features of phases diagrams in orders lower than m are
obtained from Qh,p in a following way: one finds sets UK(FK)' Fk € Fk.
All strata of Qh which lie inside U (F, ), are then identified with
N KK
the point GK(FK). The remaining strata of Qm 8 correspond to strata
3
of Qk,p'

The description of the phase diagram in order m.

Let p;)ps be such that if p)p;, Proposition 3.3 holds for any nonempty

stratum Q_ ,(57), and any subset 5’ of §7 with 187’1 } 2. Obviously,

Syf
p; is finite. The phase diagram in order m is described as follows.
For every F € Fm' there exists a point v(F) which plays the role of
the unique point of coexistence of phases from Sh(F). Next, for any

(d-1)-dimensional face E1 of F, there is a l-dimensional surface of

coexistence of phases in SEI which either terminates at the boundary of

pa (if some phases in SE correspond to elements of e(conu{eG, GES} ),
or terminates at another point of coexistence v(F’) (with F’ D El)'
Furthermore, for any (d-2)-dimensional edge EZ’ there exists

a 2-dimensional surface of coexistence of phases from SEZ. This surface
is bounded by the set of lines which are the surfaces of coexistence of
phases from SE’ for any E“ D 52' In addition, if some element of SE
corresponds to the element of e(conu{es, G€S} >, then one of the
boundaries is the boundary of pﬁ. One can make similar statements about
strata of higher dimensions.

The most convenient way of representing the phase diagram is to
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show it separately in the blow-ups of sets Uk(F), F € Fk. In each of
these sets we can apply Lemma 3.21 to obtain the topology and
localization of strata. Finally, Proposition 3.3. gives more detailed
description of strata near their boundaries.

Example:

The phase diagram for our example is shown in Fig.éb,8 and 9b. Since
Qm,p is constructed order by order, we represent it in the succesive
blow-ups of sets Uk(Fk).

As it has been discussed before (Section 4), uo has four extremal
points: (-9),(5),(-3),(3), and four edges: {(-5),(-3)} , {(-5),(3)} ,
{(3), (-} , {(N,(} (Fig.33).

Hence on B0 © Ué(Fo), Qm,p has four lines of two-phase coexistence:
Qm’§<(-5),<-3)) s Qm,p((S)'('a)) ’ Qm,p((S),(S)) s Qm’p((S),(S))
(Fig.éb). The shaded areas show the regions, to which strata listed
above are restricted by Proposition 3.13. Numbers appearing close to
strata denote their orders (in Fig.éb all orders are zero).

Next, N UO(FO) is shown in Fig.8. It is easy to see the

Qmiﬁ

correspondence between strata of Qh g’ strata of H(Fo), and extremal
14

features of maxul {cf. Fig.3b). Finally, the blow-up of U7(F) is shown

in Fig.?b. Since Fi > F7 if i ¥ 7, the phase diagram of Fig.éb,8 and 9b

is representative for all orders higher than 7.
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Fig.7: The phase diagram II(FO) for the set of affine
functionals {(e(k),AT(k)')}
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Fig.8. The phase diagram in the set U'(F ) U, 4\ (F)
Qm,s 0''o i(3)

The dotted regions represent the restrictions imposed

by Proposition 3.14.
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7. Phase diagrams in the presence of symmetries.

Assumption 3.20 can be relaxed in the presence of symmetries of an
original Hamiltonian Ho'
Let R be the transformation group acting on the lattice, and @ be the
group of transformation acting on X pointwise: if QO is a group of
transformations of S, then @ = Qol. The transformations of X form a
group given by the semidirect product R*Q with the action def}ned by
(rl,qi)*(rz,qz) = (r1+ Foyqyqt rl(qz))
where r{(q) € @ is given by (r(q))a = Q. ¢a)
The subgroup © C R*@ is the symmetry group of the Hamiltonian H° if
Ueé €6, YX
Ho(8X18Y) = H (XIY)
® induces the group of transformations T acting on £ in the following
way: if @ € 6 and L € £, then U XY
TL(XIY) = L(8X18Y)
T in turn induces the group of transformations T of &*x R:
it €6, then
Tg (hya) = (Tg%h,a)
where Te*h is defined as follows: U x € £
X, Tg"h> = (Tgx,h>
It is easy to see that U G € xXP®" (Tglieg) = (L,eyed.
Obviously UG €5 ,Y8€0,Yx €80

86 - .6
P (x) = "m(TOX)'
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Therefore for any m
1380x,p) = «ScT .

1t follows that Qm is invariant with respect to T.
H

B
Suppose now that F € Fm(Fm_l), and let O(F) be a symmetry group of
*e _
Sm(F). U ¢ € 6(F) , Te F=F
Define £(F) = (L : ¥ 8 € O(F) TOL =L}, &= &F) & £'(F).
Claim: If Sm(F) has p+1 orbits with respect to 6(F),
then p - dim &(F) } 0
Proof: Let ni+1 be the number of elements in the i-th orbit. Then
p
Z (n;+1) = ISm(F)I ) d+t
i=0
(since a face has at least d+1 extremal points). Also
d - dim £&(F) { max n;
0gigp
Then

p
p - dim £&(F) } p —~ dim L(F) + _25 n;, - (d - dim £L(F)) =
i=

p P
=p + zoni -d= .ZE(ni+l) - (d+1) 3} 0
= j=

Suppose now that Sm(F) has p = dim &(F) + | orbits with respect to

9(F). Let Gi’ i=0,...,p be representatives of the orbits.



84

Proposition 3.24,
3 ﬁm(F) HIE- ﬁ)pm(F) ' Qm,ﬁ(Gm(F)) exists and is contained in £(F).
Proot:
First note that ¥ ¢ € 6 , UG € sm(F) s £&F) C ker(eG- eeG). Suppose
that L € £CF) and Y & € 8(F) , U 6 € 5 (F), eg(l) = eya(l), i.e.

(6L - L,eG) =0

Note that {ee_, i=0,...4p} is linearly independent, and it spans
i

£/(F)*. Hence oL = Ly i.e. L=0, Thus &(F) = N ker(eG- eGG)'
Consider now the system of equations:
10x,8) - 187, = 0 6,687 € 5 (F)

This system can be separated into two sets of equations:

(x,eG- eG.), i=0,.0.,p G in i-th orbit (3.30)
i
and
Gi G°
Tn (x,p) -~ L (x,8) =0 i=l,...,p

The solution set of the first system of equations is £(F), hence one
can choose d - dim £(F) linearly independent equations of type (3.30).
The second set is linearly independent. Hence by the dimension argument

one can apply the implicit function theorem. .

Note that rm+l(F) = {Fnetd:s and Fm+1 v~ F, so the proposition holds by

induction for all s } m.

Next suppose that the following holds:



85

Assumption 3.23.
Let E be a r-dimensional face (extremal edge) of F, O(E) C O(F) be
the symmetry group for E, and £(E) a subspace invariant with respect
to 9<E). Then Sm(E) has s =r ¢ 1 - dim £(E) orbits.
14 the above assumption is satisfied, then by the argument similar as
in Proposition 3.24, Qh (SE) exists and is contained in £(E).
B

Now assume that every edge E C max NK(FK-I)’ Fk-l € Fk—l ' SE satisfies
the above condition. Then Theorem 3.22. holds with the small
modification of the covering:

0CF,57) = 0/CF,5’) ™A’
where

. - SE G , . ryo PEK41
A’ = {x € 0°(F,5’) : dist (x,H(Fk,G )« ak(G,G Je
uniess G/ = 4G , & € O(F)}

here ak(G,G') is given by Proposition 3.14,
Since the stratum Qm’p({G,OG}) is contained in ker(ee- eOG)’ this
definition of 0(F,9‘) provides for the set in which Proposition 3.4 can
be applied. The example of the system with symmetries is given in

Section 4,18B.



CHAPTER 4: Examples

This chapter contains examples. In Section 1 we provide the full
argument about the LT expansions for the Blume-Capel model. Using
different perturbation spaces with this model, we also present examples
for systems, where Assumption 3.20 does not hold (Section 4.1A), and
for the system with symmetries <(Section 4.1B). The next section
contains a simple case of another class of models, in which a
complication of interaction produces arbitrary properties of the phase
diagram. In Section 3 we present a general discussion of phase diagrams
for the generalized ferromagnetic models. Finally, in Section 4 we
describe models with stabilization, and discuss the application of our

method to the systems with infinite number of ground states.

1. The Blume-Capel model

This model has been first discussed in [41,[7). Since we have used this
model throughout the previous chapter to illustrate our method, we
present here all information about the LT expansions which is necessary

to determine the phase diagram.

86
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Let L = 22, S = {-q, -q*1,..., q-1, q}. Define interaction :
Q{a,b} = (sa- sb)2 if a,b are nearest neighbors, QA = 0 otherwise.
The Hamiltonian has the form:
2
= ¥ (s.-8s.)
° G * P
where {a,b)> denotes a pair of nearest neighbors.
¢ is obviously Zz-inoariant. It is also invariant with respect to the
operation of the spin flip:
f: X+ X (fs)a = -5, Uac€l
The group {e,f}, where e is identity, in the only pointwise acting

group of symmetries of Ho'

The set of periodic ground states is:

(K); K= =qy.0000 Y 2 €22 (B0, = k)

§ = {6, a

By (m) we will denote the ground state corresponding to the minimal Ikl

m=10 if q is integer, m = % if q is half-integer).

Let (K) € &. Define

xK = x € x® 1 max_1x,- kI

r}
suppX a

Claim: q - 1kl 3¢ 3 %™ «» x{™ (et isomorphism)
Progof: Let (k) € 5, without loss of generality we may assume that k 3} 0
(the case K ¢ 0 is obtained by symmetry). Consider the map
g+ x'™ 4 xR e =X, -m sk,
Obviously @ is an isomorphism.
Note: If q = K < r, then the above claim fails. Suppose that
r{q-m. Let X € Xﬁm). Define

Z m) , 3 _ - -
X € X : IXa Xal = 2IXa ml
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Let a be such that IXa - ml = r. Then
|¢(i)a =Kk + (@0, - K = 2r

and since Icp(X)a - Kl £ q -k <r, then
l9X)_ - kI Y r }q-k

Hence ¢(i) ¢ X, and ¢ is not into.

Low temperature expansion for ﬂo {no perturbation)
First note that Ho satisfies condition (2.9). Let (K) € §. For any
x € XK. 1et X be such that
Wae€suppX X =k+1 , X =k otherwise
(if Kk =gq, then take X, = q - 1), Obviously
H (X1 (K)) § H (XI€K))
But HO restricted to the set {X : IXa - KI £ 1} is isomorphic to the
Hamiltonian for the Ising model, and {§ 1 X € x‘k’} is isomorphic to

the set of excitations from the ground state of Ising model. Hence

Ho(XIC(k)) — @ i lsuppXl + o
(k)

Consider now (k) € § and let X € X7, 14 x € 2% witn
r £ q - IkKl, then by the Claim, X contributes to n?k) in the same way
{m)

as corresponding excitation contributes to n . Let Ei(k) be the

i
lowest energy for which 3 X € Xﬁk):

Ho(XICk)) = E; (yy
and such that r > q - JKI, If i ( iC(k), then Y w { K

n{¢0) = nf*2¢0> = ni™ o>
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Proposition 4.1.

= (m) _ €Kk
ay ni(k)(O) ni(k)(O) >0
Proof:

Let t =q - IKI + 1. Consider s € xﬁ“’ with r > t. Define

s € Xik) : supp $ = supp s, if Is, = kI § t then §a =s.

if Isy;- kI > t, then §a -k=1% for K <O, §a -k=-t for k 30
Let U= {a€ L : Sa # Sa}
Then
2y = - 2 _ iz -z 42, _
Ho(sls) = ) [(sa sb) (sa sb) ] =

Ca,bINUAD

2 .22 2
= ¥ [{s.- 5.2 - (s_—-85.2°1 ¢+ ¥ (s_-35.)
acUibgu & P a b a,bey 8 P

In the second sum §a- §b = 0 by the definition of U. Note that if

a €U, b ¢ U, then

Is - kI > t = Iia- Kt 3 Isy- Kl = Isy- Kli

Hence
2 = = 42
> [(s.= 80" = (s _-5)"] =
a€u,bgu a b a b
= - - - 2 _ iz - _ _ 2
= z [(Isa ki lsb k1) (Isa ki lsb KIX*1 3

a€u,bgu

2
Yy T (s~ ki -t
a€U,bgu 2

Obviously for any excitation there is at least one bond for which
a €U, b ¢ U, therefore always
Ho(sls) = Ho(sl(k)) - Ho(sl(k)) >0

Hence one needs to investigate excitations from xi“’ only.
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Let X € xim’ be such that H (XI(m) = E, ,,. Note that X is

(m)

irreducible, hence it contributes positively to n,

(0> (cf. algebraic

method of calculating ngk)(O)'s in [111). Moreover, Xik) is always

x(m)

isomorphic to a subset of N Obviously there are irreducible

excitations in X:M) such that
Ho(Xl(m)) = Ei(k)

but there are no corresponding excitations in ng).

The above considerations allow us to make a general statement about the
form of convex structures for any type of perturbations of Ho'
Let £ be a perturbation space transversal to § and such that
dim& { 191 - 1.
Proposition 4.2,
Yk ¥i<ikk) IFEF;:
1. 9w : lw ¢ Ikl , (W € 5,<F)
2. unless order i+ is conclusive, ui(F,p) =0
Proof: (by induction in i)
Suppose that the thesis holds for i < it(k)-1,

1§ i < i¢(s) - 1 for some s: Isl § Ik!, then

(w)

= otm

+ (W) =
Py 20 i+1
and Fi+1 w Fi

Now suppose that i = i(s) - 1., Then

. (w) (w) _(m -
P70 ¢g) 2 Mjgy(0) = gy (D) = agé, o

Hence max W.

. . (w)
|(s)(Fi) has one face which contains p )(Fi)

i(s

it lwi < Isl. This face is determined by the vector v which satisfies
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the system of equations:

>=10 (w) € 5.

ieinT Cm) i) Ficsy?

Since by hypothesis there are at least dim £ + 1| linearly independent
points p?(s) in si(s)(Fi(s))’ then v = 0.

Obviously pg?;), p?::; §F. .

A) £ is generated by interactions:

= — 3 - .
For g = -3 this example has been used in Chapter 3 to illustrate the
method. Let us consider the case when q is integer. This case serves as

a good example of the system in which assumption 3.20. does not hold.

uo is as follows:

. -1
i lwl > 35- , then e, € €U )

. k-1
if lwl < —;— y then € (w) € Int conv {e(w), lwl § K}
if K = 2n+1, then
3k-1
e = e + e
{n) {-k) 2K +1 (n+id !

3Kk+1

2 3Kk-1
e,_ =t ¢ + e, ___
(-n) 3K+1 4.9 3K+1 (-n-1)

_The above facts combined with the form of nfk)(O) imply that for any

K = 2n+1 one has

(n) _ 2  (-k+1) , 3K=1 _(n+1)
Pickr = 357 Pickd akey i€k

and simitarly for (-n).
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B> & is generated by interaction:

@), = s, , (8, =, (3,0, = 0 if A # (a)

Let q = 2.

In the base induced in £ by ¢;, ¢,, one has e ., = (k,kz).

It is easy to see that Y k , ecK) € e(uo). max Ul has two faces:
H containing points corresponding to : (2),(-2),(1},(-1) ;

v = (0, ~2)

1

3
F (), (~-1),(0) , vl(F) =90
Note that {e,f} is a symmetry group for SI(H). It has two orbits:
{¢(-2>,(2)} and {(-1),¢(1)}. Hence by Proposition 3.24. one can apply
Theorem 3.22. Obviously order | is conclusive as to the existence of
the strata. In addition, if order i(1) is examined, one can see that
The convex structure E& is shown in Fig.10a, and the phase diagram
Qs 8 for s > i(1) is presented in Fig.10b., The indeces appearing at

3

strata of Qs,p show their orders.

1§ q is arbitrary, the conclusive order is i(l). The construction of
Fi(l) has several characteristic steps occuring at orders i(k). For any
k there exists F’ € Ei(k)—l such that fi(k)(F’) has two faces:

H 8 (KD, €K (k41D (k=10 , v,y (Y = € 0, = —— )

2Kk-1
F : all other phases , ”i(k)(F) =0
The group {e,f} is a symmetry group for Si(k)(H). Hence one can apply

Theorem 3.22. to this system and obtain phase diagram in the manner

similar to that presented for case q = 2.
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2. The model M.

The large class of models is obtained by complicating the
potential. In this way we can construct examples with arbitrary
propertfes. The problem is that with the increasing complexity of an
interaction, the difficulties with generating the low-temperature
expansions also increase. The following example, suggested to me by
J.Miekisz, is one of the simplest in this category. We will denote it
as "model M". It belongs to the class of so called "stacked” systems.
Lét L = 22, S= {-1,1} £ {-,+}. Introduce the base in 22: {el,ez}. The
system consists of lines, stacked one onto another and interacting by
férromagnetic potential: in the direction of es (vertical):

Q{a,a+e2} =-3 a%ate,

The interaction inside each line (in the direction of
ey - horizontal) is given by:

— 1
= - - + -
é{a-elga’a.QI} Sa 915 13 -3 3 s

1 s
a~ate, 2 8 a-e;“ate,
{see Fig.113)
It is easy to see that ¢ is an m-potential. First note that the
configuration of any ground state has to be ferromagnetic in the
direction of en. To find the configuration in the direction of ey let

us consider XA with A = {-el,o,ei}.

a) QA(*++) = @A(—--) = QA(+-+) = QA(-+-) = -3

b) QA(“'-") = @A("-i') 2

4

C) §y(44-) = Pp(-tt)
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I wd \\
[~

~
2 > .

H° perturbation (A)

(a)
+ - & - + + &+ £+ + 4+
+ - + - + + + + + 4+
+ - + - + + F + + F
+ - + - +
- & - ¥
A E

Fig.11. (a) The bounds for the model M: for the Hamiltonian Ho
(1eft), and the perturbation (A) (right)
(b) The ground states: A (left) and E (right)
The ground state F is obtained from E by replacing

all + by -.
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The ground states are (Fig.11b):
E: E;, =1 for all aj

F: F,

-1 for all aj

A: Aa 1 if a= 2me1 + ney,

Aa = -1 if a = (2m+l)el *+ ney , myn €Z

TA : a translate of A by ey, We identify 1A with A.

The low-temperature expansion

Let X ~ G (G € §) be connected. Suppose that the projection of suppX on
[nel, n€Z} has Kk elements, and the projection of suppX on {mez, meZ)
has h elements. Then

Ho(X16) 3 10h + 12k
This fact may be verified by counting the number of broKen bonds (A is
a bond if ¢, # 0. A is broken if ¢,(X) is not minimal). X has at least
2h broken horizontal bonds, with minimal energy change equal 5 per bond
{(configuration b)> above) and at least 2k broken vertical bonds, each
producing the energy change 6.
Ho satisfies condition (2.9), since it has m-potential and finite
number of ground states.
As we will show, order 8 (E8 = 44) suffices for the determination of
the phase diagram (in the sense of Remark 3.23). Hence if X is
irreducible and HO(XIG) £ EB’ then K { 2 and h {( 2, or h=3 and kK = 1,
The possible configurations with length K and height h satisfying these
conditions are listed in the table. From this table one can see that:

)= ifs<(8
s 2

E
ns(O)

1 ifs=2,56,n¢0 =0 ifs=1,34,7
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n§<o> =0 ifs=2,5,6, n§(0) =1 ifs=1,34,7;
3
2

nfe0) = - 3 , n5t0) =0, nfc0> = -

A) Let £ be one-dimensional perturbation space generated

interaction:

=1 - .
*{a,a+e1,a+ez} T a X 535a§9153+92 y ¥4, = 0 otherwise.

Then eg = 1, ep = -1, ep = 0

In order i, maxW, has one face P, since e 1o +1 e
1 A o, E ", 7F

and o) = L nBoy + LoFcom.
1 1 i
2 2
The corresponding point in £ is:

oy = -1 Gpy =122
2

N

Hence
8o, = p8od, if s ¢ B
Note that for s ( 8,
A i E 1 F
n_(0) = =n_(0) + = n_<0)
s 2 S 2 S
Therefore max ws has one face isomorphic to P.

Next,
a3¢0) = n3co) + <v <Py, dnSc0r>.

By straightforward calculation,

n?(x) = % o ~2X ; nf(x) = 72X , nf(x) =0
A - _ 1 F =-3 E =
Hence AS(P) = z s Al(P) = P R AI(P) 0
max HB(P) has two faces:
3

P

by
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- - — 1

The phase diagram is shown in Fig.i2a.

B) Let £ be generated by an interaction:
?{a} = hsa s ?A = 0 otherwise
Then eg = i, eg = -1, eq = 0

Up to order 7, all calculations for the case A hold here. However, now

n?(x) =1 2x | nf(x) = 72X , n?(x) =0
2
A - _ 9 F . _ 3 E =
and AG(P) = - 2, ag(P) = - 2, A5(P) = 0

Therefore max UB(P) has only one face Pl’ and pg(P) ¢ Pl’ The phase

diagram for this case is shown in Fig.12b.
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TABLE

The low-enerqgy excitations (up to order B) for model M. Circles in
column "suppX" denote flipped spins, and dashes in between denote spins
which are not flipped. Numbers in the left column are energies of an
excitation with given support, and numbers in the right column are

multiplicities.

suppX E F A
o 26 1 22 1 26 (=) 1122 (1 1
2 2

oo 48 1 48 1 48 1
0-0 38 1 34 1 38 (--) L | 3a @4y L
2 2
o a0 1 32 40 ¢-) L] a2 (s 1
o 2 2
o _ 1 1
o 54 1 42 1 54 (-) 1142 (0 1
o 2 2

[als]

oo 72 1 72 1 72 1
0-0 52 1 44 1 52 (-) 11 44 (&) 1
o~-0 2 2
two sz -2 44 -2 52 (=,-) -2 48 (-,4) -1

2 2 4

. _s

indep. 44 (+,4) :
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3. Generalized Ferromagnetic Systems.

Let L be any lattice, S = {-q,-q+i,...,q}, Let F € X be such that

Ja€l , F_=4q. The Hamiltonian is:

a
Ho = - E J(B)sB J(B) 3 0
where B : L + N is a multiplicity function (non-zero for finite number

of points only), and

B(a)
s, = s
B aa ?

Such a system is called a generalized ferromagnetic system.
Let @ = {e,f}be a group of transformations of S of the form:

es =s , fs = -5
Define a subgroup of G‘:

o=(scd : if JB #0, then n 82 =
It is easy to see that @ is a subgroup of the symmetry group of Ho'
With this definition one can show that ([2])

S(H)) = {oF, g € 6}
Hence in the absence of perturbation, the low-temperature expansion for
all ground states is the same.
Assume now that © is finite, and let £ be any perturbation space
satisfying the transversality condition. Then the following hold:

1. ¥s , Fs contains only one element Fs. F_ is a translate of Fo’ and

S

for the corresponding element of £, US(FS) =0,

2. 14 e € Int Fo, then U s ©_ ,(6) C U_(F ).

S,p

Because of 1., the zero-th order is conclusive.

The phase diagram Qm,p can be now described in terms of zero-th order
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(zero-temperature) phase diagram QO. First note that Assumption 3.20.
{or 3.25.) imposes restriction on £:

1.9 €8, es € e(FO) or eq € Int Fo‘

2. any face (extremal edge) of Fo contains the proper number of
functionals 5 (prescribed by 3.23.).

The description of Qm,p is now as follows. For any stratum QO(S’) (with
exception of the point 90(9) of coexistence of all phases) there exists

’ . ( ’ H ] ] ] z H

a stratum Qm,p(s ) Qm,p ) is “"close to QO(S ) in terms of
Proposition 3.13. The domains of all phases for which eg € Int Fo are

m-equivalent (with the constant equal to the radius of Um(Fo)) to the

point {0}.
4, The antiiefromagnet on the f.c.c. lattice.

The important class of models consists of so called models with
stabilizations. We will use an example from this class to demonstrate
how our method works if there is an infinite number of ground states.

Suppose that Ho has an infinite number of ground states. We
introduce an additional Hamiltonian, which forces spins in some fixed

distance one from another to be aligned ferromagnetically:

1 4

where {ei} is the canonical base in R', and €; are small positive, Then
the Hamiltonian H0 + Hl(mi""’mv) has finite number of ground states,

namely these ground states of H, which are invariant with respect to
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mIZ L mzz ®...9 va. We can apply our method to this system as long as
other hypotheses are satisfied.
As an example let us consider the antiferromagnet on the f.c.c.

lattice in Ra. L contains four sublattices: 23, é(el+ez) + 23,

%(el+e3) + 23, %(e2+e3) + 23, The configuration set S is {-1,1}. The
Hamiltonian H, is given by

Mo = 7 Zpy e
where {(a,b> denotes a pair of nearest neighbors. We add one-dimensional
perturbation:

LW = J X s,
with the sum over pairs of next nearest neighbors (cf.Fig 13a).

The reader will find an extensive description of this model in [3],
Here we cite results only, without proofs.

The ground states of Ho are as follows. There is a class of
completely symmetric ground states: we choose any two sublattices and
assign +! to every point. To ewvery point of the remaining two
sublattices we assign -1. This class has six members., Every other
ground state is obtained from the completely symmetric ones in the
following way. We choose one of the base vectors, say ey Starting from
any of the completely symmetric ground states, we flip spins in
arbitrary finite number of lattice plahes perpendicular to the el—axis.
Then we repeat this flipping in a periodic fasion. It is evident that

all ground states differing by the choice of the axis are related by a

symmetry of the full Hamiltonian H°+L. We identify these states with G.
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Henceforth we assume that the axis of changes is the el-axis (x-axis).
Thus every ground state can be wviewed as a sequence of
antiferromagnetically ordered planes, with no a priori relation between
spin orientations in different planes (other than induced by
periodicity).
Let G € S(HO). Consider a pair of planes perpendicular to

the x-axis: {P,gP}, where g € 23 is the translation by vector ey. We
say that this pair is an p-pair if Y a € P, Ga = Ga+el'

14 6, =-6

a a+el’ then the pair is an «-pair (cf. Fig.13b). Let L be the

period of G in the direction of x. We define

pa(G) = % Card{x-pairs with the first plane intersecting

{0,ey,2e0,...,(L-1)e }}

Py is a concentration of a-pairs in the ground state G. We define pﬁ(G)
in the similar fasion. By «c we will denote three planes P, gP, gzP
such that (P,gP) and {gP,gzP} are a-pairs. Then pau(G) is
a concentration of oo triples. We will also use this notation to
describe longer sequences of planes. One has obvious relations for
concentrations:

Py * Pg = 1 ' Poe * Pep T Pox * Ppe T Py ¢

Ppe * Pup = Ppp * Ppa = Pp
and so on.

Let us first study the system without stabilization. We note that
the Hamiltonian Ho satisfies condition (2.9). The argument is long and
will not be reproduced here. The first four terms of low-temperature

expansions for any ground state can be expressed in terms of



105

concentrations p in the following way:

51 =8 nl(O) = |
E2 = 12 n2(0) = 4
= ~ 2%
= G =
54 = 20 04(0) = 40 + 12pﬁ(6) + 2p§§(6)

The expression for the last coefficient differs from the expression
obtained by Mackenzie and Young [12]. Our result is in agreement with
calculations by Styer [13].
Next we add perturbation L(J). It is easy to see that

eg = 2+ pﬁ(G) - p«(G) =1+ 2pp(G).
Hence for J < 0, the only ground states are these, for which pp =1,
i.e. the only plane pairs are p-pairs. These configurations are exactly
the completely symmetric ground states described before. Their class
will be denoted by ().
For J > 0, the concentrations for the ground states satisfy the

condition: = 0. These ground states are described as follows:

Pe
starting from any ground state (p), we flip spins in every other plane.

This class has twelve elements, and will be denoted as («).

The convex structure in low orders:

order 1: pG = (-en,1). There is one face F parallel to max W_.
_— 1,8 G o

UI(F) = 0.

order 2: pG = (-e~,4). Again max W, has one face F parallel
2,p G 2

to max Uo. uz(F) = 0.

order 3: pg,ﬁ = (-l,gg) + pp(G)(-Z,l). Hence all functionals lie on
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the same line. There is one face F’. 93(F’) is defined by

the equation:

() = of(B?
p3,p(x) pS,p(X)
. ’ — 1 e ’ — l ‘165
i.0. UalF’) = = , U (F") ~ e
3 2 ' 3 2

order 4: pg,s = (- eg 60+12pp+2pﬁp).

Let 6 # (a),(g>. Then eg = p«(G)e(a) + pp(G)e(p), and
pa<s>p§f; + p5<s>p§f; = (- e, 60+12pg+2p,) O pg,p.

The last inequality follows from the fact that

- L
pﬁ(G) = pﬁp(G) + 3 (pp“ + pap) ) ppp

if 6 # (x),(B>. Hence max U4 has only one face ?, and no phase other
than (x) and (p) belong to §,(F).

Suppose now that we add to H° the stabilization Hl(m). Then the forms
of convex structures described above do not change. We conclude that
for g large enough, and J small enough, there are only two phases: («)
for larger J, and (p) for smaller J. The phase diagram in any order
higher than 3 consists only of the line separating these two phases
(Fig.13c).

Let us return now to the original system without stabilization. We
have already derived the convex structures in this case. When one
examines estimations in Section 3.4, one can see that in orders 1,2
and 3 the bound (3.21) is G-independent. Hence there exists a ball

_pE
B(O,re 4) such that for any G # (x,(p):
!354)

2 5¢6) € BLO,re
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Inside this ball

lpg,ﬁ(x) - 150x,81 < ce

‘ﬁE4

with c¢ independent of G. From this fact, and the form of the convex

structure in order 4, we conclude that Y 6 # (x),(p) 3 ﬁt(G) :

o p)pt(G) s Qt p(G) = @. This is the most general statement which we
]

can maKe about the domains. Note that sgp pt(G) = o, This is because if

34(?) corresponds to the face of max u4, then ¥ ¢ 3 G :

6 7~ .2 _ .6 = |
p4,p(v4(F,p)) 94’5(04(F,p)) = ; (pp« + pup) { €.

Hence if the phase diagram is taken in the sense of the definition

(3.2), we cannot describe it by using our method.
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