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(ABSTRACT) 

This dissertation is concerned with the application of a method for decomposing multivariate data, 

three-mode principal component analysis, to a three-way table with one observation per cell. It is based 

on the class of multiplicative models for three-way tables (s x tx u) whose general form has expectation 

8 t u 

E(Y; jx) = p+ ast By + Yet (af); , + (AY), + (BY) 54 + L u ue Cogr Sip hig Ckr: 
P = qd = r= 

The application is related to tests for nonadditivity in the two-way analysis of variance with 

noreplication. 

Three-factor interaction can be assessed for three-way cross classified tables with only one observation 

per treatment combination. This is done by partitioning the three-factor interaction sum of squares 

into a portion related to the interaction and a portion associated with random error. In particular, the 

estimated interaction matrix is decomposed by three-mode principal component analysis to separate 

significant interaction from random error. Three test procedures are presented for assessing interaction: 

randomization tests, Monte Carlo methods, and likelihood ratio tests. Examples illustrating the use of 

these approaches are presented. 

In addition to the above testing approaches, a graphical procedure, joint plots, is investigated for 

diagnosing the type of model to fit to three-way arrays of data. The plot is a multiway analogue of the 

biplot graphical analysis for two-way matrices. Each observation is represented by a linear combination 

of inner products of markers which are obtained from three-mode principal component analysis. The 

relationship between various models and the geometrical configurations of the plots on Euclidean 

spaces of such markers allows one to diagnose the type of model which fits the data. An example is 

given to illustrate the simplicity of the technique and the usefulness of this graphical approach in 

diagnosing models.



This dissertation is dedicated to 

my mother, Junghee Jo, 

and to 

the memory of my father, Byung Gil See. 

iii



Acknowledgements 

First, I would like to express my most heartfelt thanks to my advisor, Dr. Eric Smith, for his 

superb guidance and support. He introduced me to three-mode principal component analysis and 

provided me with constant encouragement. He made my research career at Virginia Tech most 

enjoyable, being easy to get along with, and always enthusiastic about what I was doing. I am forever 

grateful for the experiences I take with me. 

I would like to thank my committee members: Drs. Hinkelmann, Lentner, Myers, and Terrell. 

Especially, I am deeply grateful to Dr. Klaus Hinkelmann for his careful review of my dissertation and 

many suggestions of changes and constructive criticism. I also want to sincerely thank Dr. Marvin 

Lentner, for his willingness to serve on my committee and for the assistance he gave me in completing 

my program; Dr. Ray Myers, for his confidence in me and his valuable support and advice; and to Dr. 

George Terrell, for his thought-provoking questions which gave me more insight on my research 

problems. 

My appreciation is extended to all my professors of the Department of Statistics at Virginia 

Tech for providing an excellent education, especially to Dr. Don Jensen, for his expertise and his 

valuable suggestions on the materials in Section 3.4 of this dissertation. 

Last, but far from least, to my families in Seoul, Korea and in the United States, your love and 

support has meant so much to me. 

lv



Table of Contents 

CHAPTER 1. INTRODUCTION ...0...... ccc ceccccssccensccceseccensceesseeeseceeseeeseesesessceessseeseeesseeneceeseeeeseas 1 

CHAPTER 2. BACKGROUND. ............ccccccsccccssseecceseseccensscccnssscceuseeccasscecaeecaeaseccaeeceaescesacesssusceeoneees 5 

2.1 ANALYSIS OF NONREPLICATED TWO-WAY TABLEG...........ccccccccssssreceeees 9 

2.2 THREE-MODE PRINCIPAL COMPONENT ANALYSIS (PCA)........:esesseeeeeees 9 

2.2.1 Introduction ..........cccccceeccsecceeccencceueceeeceecueeceeecucceeseeceseeeeeneeeaaes 9 

2.2.2 The model .........ccccccccccsscccansccseseceececenceeesesusenesenseceaeseeeeeaeeceues 12 

2.2.3 Methods and algorithms ..............cccceeeeeseeeeeeececteccueeeneeseeaeeens 13 

CHAPTER 3. TESTS FOR COMPONENTS OF INTERACTION IN THREE-WAY TABLES...... 19 

3.1L INTRODUCTION .......cccccccscccccsscessssssnseeceeceeeseseseseesecensetsceaescanansnnuscsssacsssesseees 19 

3.2 THREE-WAY PCA IN ANOVA MODELS ..........c.ccssssccccessessssssneeceeceesessessnens 22 

3.3 RANDOMIZATION TESTS ...........ccccccccssssssscccecceesssstccceseeeessssenneeesceeseeseseeeens 25 

3.3.1 Idea of randomization tests..........cccceccccesecccnseeceneeeeceneneceeneees 25 

3.3.2 procedure of randomization tests ............ccceceeeeeeeececececeseeeeees 27 

3.3.3 Choice of test statistics .........ccccccecccssccseeecseccseceeeeeaeeeaseeaaeceuees 30 

3.3.4 Examples ...........ccccccccccccceccaeececceeeceeceedeecaeensecaecssceaecaeseeeeees 37 

3.4 LIKELIHOOD RATIO TESTS (LRT) ........c:ccceseceeessceeceseeecesseceeeeseeeseesseeeeesseees 53 

3.4.1 Maximum likelihood estimators.............cceccesecesecenecceeeeneeeeeees 55 

3.4.2 Likelihood ratio test statistic (LRTS) ...... ces cccceseseeeetereeeeeeseeeeees 60 

3.4.3 Approximate distribution Of LRTS ..........ceccscsscsseeesreeeceeseeeteeens 63 

3.0 MONTE CARLO METHODG.........cccccccssssseccececeseececeeesesesseesessensssssessnssenaaseeees 73 

3.5.1 ANOVA table with multiplicative terms ............ ce eeeeeeeeeees 74 

3.5.2 Application of Monte Carlo Methods... eee cece cece eee 77



CHAPTER 4. GRAPHICAL PROCEDURES IN MODEL BUILDING ...0......... cc eceeeeeceeeeeeeees 86 

A.1 INTRODUCTION ..........ccccssssssssseessssssesssssssessssssesseseeseececccccceeccuaansassnssesesecesoess 86 

4.2 INTERACTION PLOTS ..0........ccecsssssssssscccececcescsssssssessensnscnssenscnaeacacassesensaaeeses 88 

4.3 MODEL DIAGNOSIS USING BIPLOTS FOR TWO-WAY TABLE6.............. 92 

4.4 MODEL DIAGNOSIS USING JOINT PLOTS FOR THREE-WAY TABLES.. 97 

4.4.1 Definition of joint plots ..........cceeeceecccsecceeeeeeeceeeeeeeneecaeeeneees 97 

4AA.2 Models 0.0... cccceccccsccccseccnsececsccceeceeseeeaecceeeeeeseceseeaseeseeeaseusees 99 

4.4.3 Conversion formula for fitted parameters...........cccccceeeeee sevens 104 

4.4.4 Models and joint plots 0.0... ee ceeececeseeeeeeceeeeeensesceuaeeeeneess 106 

Case A. Two-dimensional joint plots .............ccccecccseeeeceneees 106 

Case B. Three-dimensional joint plots ..............ccccseccneeeeees 113 

4.5 EXAMPLE (Toxicity data)......ccccccccccssssccccesesssenececscessessnancceeeeeseeseseessaeeeeeeoes 115 

CHAPTER 5. CONCLUSIONS ....0..........ccccccccccessscccessscccnssecccensececeseceeaeeccsesccceeseseueeceussecensceueseeeeees 126 

CHAPTER 6. A SAS PROGRAM ...0...........ccccccccccecccccecnssssssseeeeeeeeseeeesaseeeccescaeassesseecnsanssseseeeeneeeeees 129 

BIBLIOGRAPHY... eccceeesssssnnncccceccesessnsssssaeeceeeceeeesssseneeeeeeeeeeeeeeeteeseeeeseeeeseeeseeetsneeeeeneeenaoage™ 142 

APPENDIX A. Proof of ||DJ|]? = ||Cl|? ..........cccccccccscccescsssssescsscssssesscsscssesessecseeeesscsecseensensessesecaeeasenees 147 

APPENDIX B. Likelihood ratio test for group testing ................ccccssssescececceeceesseeeceeeeneneeeesseeaeaeeereees 149 

VITA occ cesseececeecccccnasssseeseeeceseesseeeessseeeeeeeseesssaaeeeesseeeeeeeeeeeeeaassseeeeeesssseueesssceessauaaseesecesenaseeseees 154 

Vi



List of Tables 

Table 1. 

Table 2. 

Table 3. 

Table 4. 

Table 5. 

Table 6. 

Table 7. 

Table 8. 

Table 9. 

Table 10. 

Table 11. 

Table 12. 

Table 13. 

Table 14. 

Table 15. 

Table 16. 

Table 17. 

Table 18. 

Table 19. 

Table 20. 

Dataset for Example 1 under alternative model ...............ccseeeseeeseeeeeeeeecoenees 39 

Analysis of variance table for Example 1 .............cccceecceneecceececeeeceeeeeeueseeenes 40 

Residual matrices for Example 1 ..0......cccccceecceeeeceeeceeeceneeeeeeeeeeceueceaeeeeeseuees 4l 

Dataset for Example 2 under null model............ cece eeeceeeeeeceneeeceeeeeesoeneees 44 

Analysis of variance table for Example 2 ............ccccccseccneceneeccneeceesenseeneeoesees 45 

Residual matrices for Example 2 ............cccceccccsecceeeeceeeeneeceeecceceaesesseeueeousees 46 

Summary table for the randomization tests for Example 1 ............ eee 51 

Summary table for the randomization tests for Example 2 ................::..006 51 

Analysis of variance for the multiplicative model (3.5) ............eceseeeeeeee seen ees 75 

Values of Char Spgr> and their SD for 1=6, M=5, N= 4. eee eee cent etter 80 

ANOVA with multiplicative terms for Example 1 .............ccceceseeeeeceneeeeeeeee ees 81 

ANOVA with single multiplicative term for Example 1...............ceceseeeeeee ees 83 

Some multiplicative models for three-way tables ..............ccseeeeeeeeeeeeeeeneeenees 85 

Some multiplicative models for two-way tables..............ccseeeseeeeeeeseeeeeeeee eens 88 

Fitted parameters of the decomposition based on the GH-joint plot .......... 105 

Diagnostic rules for three-way tables when s = t = U=2.......eecceeeceeseceeeeeeeee ees 112 

Toxicity data ......cccccccccceccsscceccsecnsceeeesecescceeceseeeeceesseceeeeececeeeoseaeeeeeaseeseeeeees 116 

ANOVA for Toxicity data........ccceccccccssccescceccssccescceecaecceeceseeeeeceecenseseeaesaeses 117 

Component matrices and standardized components ...............csseeeseeseeeeeaeees 119 

Frontal planes of Core array .........ccccceecccssccnececeeeaecceetcceneecseeaeceeeceeaeseeeeeens 120 

vil



List of Illustrations 

Figure 1. Flow chart of randomization tests .........:.cccsscccseccseececeeeeceecceeeaeeeeeeeeeeeeeees 29 

Figure 2. The distribution of test statistic Sy .......cccceeeccecsseeececnseeeceneeecenaaeeeaaaeeseeaeneeeas 42 

Figure 3. The distribution of test statistic Gq... eeeecesecccseseceeeceeeeseeaeeeeneseuaeeeeeaess 47 

Figure 4 The distribution of test statistic Do... ceccecccecseecceceeeecceneeeeneeeseeeaeeseeseeeens 48 

Figure 5 The distribution of test statistic M oo... cceccececseeccccnseecceeeeeeeeeeeeceneeseeaeeesenas 49 

Figure 6 The distribution of test statistic N ........ccccccccccssccneeeceeceeescnseceeeceeeestcceeceneees 50 

Figure 7. Interaction plots .............ccccccccecccccseeececececceeeceeaeeeeeseccsaeeeeaaecceseeseaseeaeaseeaeesees 89 

Figure 8. HE-joint plot based on the first horizontal core matrix.............:.cceeeeeeeneeees 123 

Figure 9. GH-joint plot based on the first frontal core MatrixX.............ceceeeeseeeeeeeeee ees 124 

Figure 10. GE-joint plot based on the first lateral core Matrix ......... ce cceeccceeeeeeeee eee es 125 

Vill



CHAPTER 1. INTRODUCTION 

A standard approach, in testing data from two-factor replicated studies, is to test first 

for interaction, then assess main effects if there is no interaction and do follow-up 

analysis if there is interaction. However, this approach is difficult when there is no 

replication. When there is only one observation per cell, there is no way to directly test 

for interaction since there is no independent measure of error. The interaction mean 

square is made up of both the inherent variability and the true interaction effect if any. 

Attempts have been made to establish models to partition the interaction sums of 

squares into something related to interactions and something more associated with 

random error. One approach to do this was due to Tukey (1949) who split off a single 

degree of freedom associated with a test for nonadditivity. 

An alternative test for nonadditivity may be obtained using principal component 

analysis, or rather singular value decomposition. The test applies the Eckart and Young 

theorem (1936) on the least squares property of the singular value decomposition of the 

matrix of the interaction terms estimated from the data. For two-way tables, this 

approach has been studied by many researchers (Gollob (1968), Mandel (1971), Johnson 

and Graybill (1972), Cortsen and Van Ejijnsbergen (1972), Krishnaiah and Yochmowitz 

(1980)). These authors examined the following model (usually associated with Mandel, 

1971) 

r 

Yip = B+ + Bj + 22 Spt pits + 5, 

which has been employed to analyze an unreplicated two-way table. 
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There are also several ways of informally implementing this singular value 

decomposition approach using various graphical plots such as, interaction plots (Snee 

(1982), Milliken and Johnson (1989)), probability plots (Kettenring, (1983)), and biplots 

(Gabriel (1971), Bradu and Gabriel (1978)). 

A three-way classification model is a useful model in experimental investigations. To 

make a complete model, it is necessary to determine if all two and three factor 

interactions are present and also to get an estimate of the error variance o?. Since the 

data we discuss has exactly one observation per cell, the conventional linear model 

theory cannot be used to check for the three-factor interaction since the estimate of 

error variance must be obtained from the sum of squares for three-factor interaction. 

These unreplicated three-way experiments take place for several reasons. Some 

experiments are too expensive to conduct so that experimenters are often forced to limit 

the number of treatment combinations that can be studied in order to have adequate 

resources available to replicate the treatment combinations under study. Sometimes 

these single-observation experiments occur by accident. That is, the researcher thought 

the experiment was replicated while, in reality, the replicates were really subsamples. 

How are such data to be analysed? 

For three-way tables, analyses become complicated because one has to consider one 

more dimension than for two-way tables. For instance, the matrix theory, for two-way 

tables, can no longer be applied directly to three-way tables. In spite of the complexity 

of the subject, it has been suggested that the extensions of these ideas to deal with 

three-way interactions are also feasible. In some contexts, it makes sense to treat these 

interactions as if they were layers of two-way interactions and apply methods which 

exploit this viewpoint. More generally, an extended form of the singular value 

decomposition based on the work of Tucker (1963), Kroonenberg and De Leeuw (1980), 

and Harshman (1970) can be applied to these interactions although the method is not as 

simple as in the two-way case. 

Three-mode principal component analysis model as introduced by Tucker (1963) and 

developed by Kroonenberg and De Leeuw (1980) results in what is referred to as Tucker3 

model. The model decomposes the observation y as 
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Yigk = 
p=l1q i

t
~
 u 

; mL Cygr Bip Nyq ey, + ej i=1,...,l j=ol,...,m, k=1,...,7 
r= 

s<l, t<m, u<n, 

which is a generalization of the well known machinery of data analysis associated with 

the singular value decomposition of two-way matrices. The model represents complex 

three-way interdependencies in a large data set (Ixmxn) in terms of simpler 

interdependencies among the three sets of components as described by elements of a 

small three-way array (s xt xu) of a component interactions called the core. Notice that 

the term “three-mode” and “three-way” will be used interchangeably in this dissertation 

as they have similar meaning. 

In this research, the three-mode principal component analysis model will be applied to 

decompose significant interaction in a three-factor experiment with no replication by 

modifying the usual three-way analysis of variance model as 

1 Cpgr Sip hjg Ckr t Ciak M
e
 8 t 

Vijk = H+ O;+ B+ Yet (af); ;+ (@Y) + (BY) 5, + Le a 

To differentiate interaction from random error, Chapter 3 presents three different 

approaches: randomization tests, likelihood ratio test, and Monte Carlo methods. 

As a different line of approach, a graphical procedure has been proposed as a model 

diagnostic approach which may be viewed as a generalization to the graphical method 

for two-way data matrices. In particular, joint plot (Kroonenberg, 1983), as a graphical 

display of data arrays, is proposed as a data analytic tool for diagnosing the type of 

model to fit the data. Each entry of the data array is represented by a pair of vectors 

coming from the principal component scores. The model diagnosis proceeds by 

examining these vectors for collinearity in a two-dimensional plane or coplanarity in a 

three-dimensional Euclidean space. The relationship between various special forms of 

the general model 

Vijk = B+O;+ 85+ 74+ (aB)i5 + (or) int (BY) jet (BY) ijn 
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and the geometrical configurations observed from the joint plots for three-way data 

arrays, allow one to diagnose the type of model to fit the data. 

The primary application is to data from three-factor experiments with one observation 

per cell. These results apply to completely randomized three-factor experiments with no 

replication or to randomized block experiments with a single blocking factor and two 

crossed treatment factors (cf. remarks in Chapter 3). 

This dissertation is organized as follows: Chapter 2 presents background information on 

analysis of a nonreplicated two-way table and three-mode principal component analysis 

(PCA). Chapter 3 and 4 describe feasible applications of three-mode PCA in three-factor 

fixed effects studies. Chapter 3 discusses procedures that can be applied to detect and to 

separate interactions from random error in a three-way table with one observation per 

cell. Chapter 4 illustrates a use of a graphical procedure, joint plots, which can be 

obtained in the process of three-way principal component analysis. Chapter 5 makes 

concluding remarks and suggests some areas for further research. Finally, a SAS 

program is given in Chapter 6. 
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CHAPTER 2. BACKGROUND 

2.1 ANALYSIS OF NONREPLICATED TWO-WAY TABLE 

In this section, the model and the analysis of nonreplicated two-way tables will be 

presented. When no interaction is presented, the hypothesis of no main effects is tested 

by using the ratios of the mean squares associated with the main effects to the error 

mean square. But when the interaction between the main effects is present, these tests 

are no longer valid. This has led to quite a bit of interest in the structure of interaction 

and the effect of interaction on the usual tests for main effects (Krishnaiah and 

Yochmowitz, 1980). 

To state the problem formally, consider a general additive model with one observation 

y;; per cell. A linear model associated with this is 

Vij = p+ a; + B, + 15 + €55, 1=1, eee yl j=l, esey M, (2.1) 

where yp is the overall mean, a; is the effect of the ith level of factor A, f,; is the effect of 

the jth level of factor B, n;; is the effect of the interaction for the ith level of factor A 

and jth level of factor B, and ¢;, is error associated with that same combination and the 

€;;8 are assumed to be independently and identically distributed normal variates. This 

equation will hold for any two-way classification. 
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If there is no interaction, then n;,; will be equal to zero for all i and j. In that case, this 

will be an additive model and n;,; will drop out of (2.1). If there is an interaction, then 

two or more of the 7;; are unequal to zero and the model is no longer additive. In the 

analysis of interactions, the estimates fi, d,, By, are found for y, a,, 6; and residuals are 

calculated as dj;=y,,;- f- 4; - B 5. The main interest is then in using d,; to estimate n,, 

of the model (2.1). 

A common practice is to assume that the model is multiplicative. Tukey’s (1949) model, 

also called the concurrent model is 

Yij = H+ a; + B,; + Oa,6, + €;5- (2.2) 

That is, it is assumed that the interaction term n,; in the model (2.1) is a scalar multiple 

of the product of the row and column main effects. 

Mandel (1961) generalized Tukey’s model and proposed a linear model of the form 

Yip =H +a; + (14+5a,;") 8; + «;;, (2.3) 

where the interaction is a linear function of 8 ,; and called rows-linear model, and 

Yip = B+ By + (14 €8;") a; + &5, (2.4) 

where the interaction is a linear function of the a; and called the columns-linear model. 

Bradu and Gabriel (1978) advocated the use of biplots on the matrix of residuals D, 

where 

D = [d;;) = [yij-¥i.-y.5+9_]- (2.5) 

If the points or the endpoints of the vectors representing the columns (f,) are collinear, 

it would suggest (2.3). If the points representing the rows (a;) are collinear, it would 

suggest (2.4). If both sets were collinear, it would suggest the concurrent model (2.2). 

The additive model would be indicated by both sets being collinear but at right angles 
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to each other. 

Applying concepts of principal component analysis for these models, Gollob (1968) and 

Mandel (1971) proposed another multiplicative model which partitions the interaction 

term, n;;, into a sum of multiplicative functions of i and j 

r 

Vig =H +a, + B+ LS 0 UpiV ps + i; (2.6) 
P= 

where the «¢;,’s are assumed to be independently and identically distributed normal 

variates, and r-=rank(D) <min(I-1,m-1). In vector notation, the conditions 

u,pUp=VpVp= b op! (Kronecker’s delta) hold and u, and v, need not be functions of 

the main effects. The estimates of the interaction term in (2.6) come from a singular 

value decomposition of the residual matrix D (2.5). There will be a maximum of r 

eigenvalues and the sum of these eigenvalues equals the interaction sum of squares, 

where 6, >0)>.....>6,>0. The estimate 6? is the pth largest eigenvalue of D’D or DD’, 

tu, is the eigenvector corresponding to the pth eigenvalue of DD’, and ¥, is the 

eigenvector corresponding to the pth eigenvalue of D’D. 

Gollob (1968) called this model (2.6) FANOVA, being a combination of factor analysis 

(principal component analysis, actually) and the analysis of variance. The model 

incorporates the benefits of data reduction from principal component analysis 

decomposition of residuals and the ease of interpretation permitted by the analysis of 

variance. The interaction sum of squares was partitioned into r terms 6%, ..., 62. 

Generally, the last few roots are pooled as an error term and the others are tested by 

means of an F-tests. Since the roots are not independent and are not distributed as 

central chi-squares, these tests are not independent. In a slightly different approach, 

Mandel (1969, 1971) suggested adjusting the degrees of freedom. These degrees of freedom 

are based on the expected values of the eigenvalues, which are tabulated, using 

simulation, along with their standard deviations for the first few eigenvalues. 

Johnson and Graybill (1972) examined a special case of model (2.6), namely, the presence 

of a single multiplicative component. For this case, they showed that the likelihood 

ratio test statistic (LRTS) of the first eigenvalue Hy: 6,=0 vs H,: 6,40 could be tested 

by using the statistic 
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The exact null distribution of this statistic has been derived when (/-m-1)/2 is an 

integer by Schuurmann, Krishnaiah, and Chattopadhyah (1973). Corsten and Van 

Eijnsbergen (1972) showed that the group of components for equality, that is, for 

simultaneously testing Hp: 6,=....=0,=0, could be tested by using the likelihood ratio 

test statistic 

wa
] u
t
e
 

=
>
 

w
h
y
 

ho
 

u
t
]
 

where c<r<min(l—1, m—1). Hegemann and Johnson (1976) derived the likelihood ratio 

test statistic for testing the hypothesis Hy: 6, =0 for the second component of the form 

6 
92 

os P 

and included some tables for its use. Finally, Yochmowitz and Cornell (1978) showed 

that this can be generalized so that the test statistic for the kth root, Hp: 6, =0, is 

0 
5 
pak” 

Once a multiplicative component is found to differ significantly from zero, then the 

cause of the interaction may be investigated. Snee (1982) studied the coefficients in the 

fitted model to distinguish between row- or column-related nonhomogeneous variance 

and interaction between the row and column vectors. 

The methods proposed here are for nonreplicated two-way tables. In contrast to two- 

way tables, it is somewhat surprising to note that not much work has been presented for 
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the unreplicated three-way tables. The following section describes three-mode principal 

component analysis. In chapter 3, it will be shown that this is a useful technique to 

analyse the interactions in three-way tables with only one observation per cell. 

2.2 THREE-MODE PRINCIPAL COMPONENT ANALYSIS 

This section describes three-mode principal component analysis, a method for 

multivariate data, based on the book by Kroonenberg (1983). In later chapters, this 

method will be applied to three-way analysis of variance models with a single 

observation per cell. 

2.2.1 Introduction 

Investigating relationships in multivariate data is a necessary but often difficult task. 

Such data needs to be condensed and summarized in a rather simple form that is to be 

more easily comprehended. Among the most popular methods to achieve such 

parsimonious summarization is principal component analysis (PCA), which looks for a 

few linear combinations that can summarize the data, keeping in the process as much 

information as possible. 

The central idea of principal component analysis is to reduce the dimensionality of a 

data set which consists of a large number of interrelated variables, while retaining as 

much as possible of the variation present in the data set. This is achieved by 

- transforming to a new set of variables, the principal components, which are uncorrelated 

and which are ordered, so that the first few retain most of the variation present in all of 
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the original variables. 

Suppose we have data on a population of 11 distinct species measured at 12 different 

sites once every time period over 6 time periods. The data can be assembled into a 

cubical array in which the entry y,,, is the population density of the species i at site j 

at time k. Since each entry in the array is subject to the three ways or modes of 

classification - by species, site, and time - this would be considered three-mode data. 

Until not long ago, a researcher who wanted to perform component analysis of such data 

would have to force the data into the standard two-way form by combining two of the 

classifications, such as site and time, perhaps by averaging successive slices of the array, 

leaving species as the other dimension and reducing the problem into two dimensions. 

Other times, such data was analysed separately at each time period, i.e., one might 

carried out a separate PCA of the standard two-way matrix at each time period instead 

of performing the analysis simultaneously. But these ignore potentially important three- 

way interdependencies among the observations. 

More recently, some techniques have been developed to obtain direct solutions for three- 

mode data sets, and the technique is generally referred to as Three-Mode (Three-Way) 

Principal Component Analysis. The procedure was first formulated by Tucker (1963, 

1966). who generalized the decomposition of the two-way component analysis to the 

three-way array. The general aim of the three-mode analysis is to fit a model to the 

data with a low dimensional representation so that the basic underlying structure can 

be more readily determined and interpreted. This is achieved by computing principal 

component analysis for two or three modes. 

Principal component analysis is directly related to a more general decomposition 

method based on the singular value decomposition (SVD). In doing a principal 

component analysis for a given data matrix, the importance of the SVD is threefold. It 

provides a computationally efficient method of actually finding principal components; it 

supplies additional insight into what a PCA actually does; and it gives useful means, 

both graphical and algebraic, of representing the results of principal component analysis. 

The SVD of an arbitrary | x m matrix Y can be written as 
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Y =UAV' (2.7) 

where U'U=V'Vel,, A is rxr diagonal, U is 1 xr, and V is mx r, where r < min(J,m). 

In summation notation, this is 

The decomposition is not unique in the sense that any permutation of columns of U is 

allowed, provided that the inverse permutation is applied to A and V. Here we will 

assume that all @, are different, and they are arranged in descending order. With these 

side conditions the SVD of Y is uniquely determined. 

U and V are the eigenvector matrices of YY’ and Y’Y respectively, and the singular 

values 6, are the square roots of the eigenvalues. At most min(/, m) of the 6, can be 

nonnegative. An important property of the SVD is that the best least squares 

approximation of Y of rank r<min(l, m), is equal to Y,=U,A,Vi. with U, and V, 

containing the first r columns of U and V respectively, and with A, the diagonal matrix 

with the largest r singular values. The diagonality of A implies that the pth component 

of U is exclusively linked with the pth component of V, i.e., there is no relation between 

the pth component of U and p’th component of V. 

From a methodological point of view, three-mode PCA is a generalization of standard 

PCA, or rather, of the SVD. However, not all properties of the two-mode SVD carry over 

to all three-way models, and no three-way model has all the properties analogous to the 

two-way SVD. The difficulties in the extension of the SVD to the case of three-way arrays 

are mainly due to the many mathematical differences between three-way arrays and 

two-way arrays with respect to decomposition and rank as discussed in Kruskal (1989). 

There are several decompositions of three-way data which claim to be the three-way 

generalization of the SVD. The general principal component model (Tucker3 model), 

which forms the basic working model for this research, will be described in the next 

section. 
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2.2.2 The Model 

Tucker (1966) developed three-mode principal component analysis by generalizing 

standard principal component analysis, or rather, the singular value decomposition of 

two-way data to three-way data sets. A Ixmxn three-way table Y is defined as the 

collection of elements 

{yigel @=1,--,5 j=1,-,m; k=1,---, n}. 

The elements are placed in the three-dimensional block such that indices i, j, & run 

along the vertical axis, the horizontal axis, and the depth axis, respectively. The word 

mode is used to indicate a collection of indices by which the data can be classified. Here 

only real matrices will be used and the notations for these are: R'*™%*" for the class of 

all Ix mxn three-mode arrays, and K™*" for the class of mxn columnwise orthonormal 

matrices. While many models have been suggested for the analysis of three-mode data, 

the most general is the Tucker3 model (Kroonenberg, 1983). Using the above 

definitions, the Tucker3 model, which is the factorization of the three-mode data 

Y =[y,;,] € R'*%™*", can be written as 

Yijk = 
Pp ut 

=
 tb 

lg a Cpgr Sip hq Ckr, (2.8) 

where the coefficients g;,, h;,, and e,, are the elements of the component matrices ID 

Gek!’**; He kK™**, and Ee K"*" respectively, and s, t, u are the number of 

, are the elements of the so- components of the first, second, and third mode. The c,, 

called three-mode core array C € R°*'*" and each of these elements represents a unique 

combination of categories of the components. A matrix formulation of the Tucker3 

model is 
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Y = GC(E@H)’ (2.9) 

where Ye R'*™, CeR**' are now ordinary two-mode matrices, each of which is 

obtained by concatenating frontal slices in a row, and (E@H) =[e,,H] denotes the 

Kronecker product of matrices. 

To explore the relation between components from the various sets, consider a two-way 

table. The squared singular values, 62, of A in Y=UAV’ (2.7), express the amount of 

variance accounted for by the pth component of U and V. For a three-way table, if G, 

H, and E are columnwise orthonormal, the squared core elements, Char in (2.8), does the 
2 pqr iS the amount of same for the combination of the three components. Thus, c 

variance, or sum of squares, jointly accounted for by the pth, qth, and rth component of 

G, H, and E respectively. 

The next section presents the main theory for the method of alternating least squares, 

due to Kroonenberg and De Leeuw (1980), for fitting the Tucker’s three-mode principal 

component model (Tucker3 model). It also describes the development of the TUCKALS3 

algorithm which estimates the parameters in the three-mode principal component 

analysis model and thus obtain the solutions to (2.10) below. 

2.2.3. Method and Algorithm 

Loss Function 

As mentioned earlier, if all the principal components are computed, thus, s=1, t=m, 

and u=n, then the data array could be decomposed exactly into its components. 

However, in practical applications, one is just interested only in the first few principal 

components for each mode. This precludes finding an exact factorization of Y in G, H, 

E, and C. One therefore has to be satisfied with an approximation, Y=GC(E’@H’, 
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that is, finding G, H, E, and C such that s, ¢, and u are as small as possible yet the 

difference between the model and the data is minimal according to some loss function. 

The least squares loss function corresponding to (2.8) has the form 

{(G,H,E,C) = ||Y-Y||? = || Y-GC(E’@H’)||?. (2.10) 

where ||.|| denotes the Euclidean norm. The minimization has to be carried out under 

the restrictions of the model, i.e., G, H, and E must be columnwise orthonormal 

matrices. There always exist some G, H, E and C such that the loss function f in (2.10) 

attains a global minimum (cf. Page 73 of Kroonenberg and De Leeuw (1980)). This is 

shown in two steps. First, for given G, H, and E, find a unique C which can be 

expressed in terms of G, H, E, and Y, and secondly, the resulting C minimizes the loss 

function f (2.10). In this way the problem is reduced to minimizing f over G, H, and E. 

Thus for fixed G, H, and E, f attains its minimum for this CG, where, 

C =G'Y(E@H) (2.11) 

and its elements 

Coon = 
rt i 

1 [
J
e
 

f
e
 

Bip Djq Chr ijk (2.12) 
t 

Xu 
1j=1k 

The elements of the core C are referred as generalized singular values. 

To find Y which minimizes the loss function f in (2.10), substitute (2.11) into (2.10), and 

call the rewritten function g 

g(G,H,E) =||Y-Y|? =||Y-GG’Y(H @E)(H’ @E’)|/? 
= ||Y-GG’Y(HH’ @ EE’)||? . (2.13) 

The domain S$ of the function g is 

S={s|s=(G,H,E), GeK™, He k™!, Ee k"*"} 

which is a compact subset in a finite-dimensional Euclidean space. Using the fact that g 
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is a bounded continuous function on S (0<g<||Y||?), it is concluded that there exists a 

point s= (G,H,E) in S, such that g attains its minimum. In other words the 

minimization problem always has a solution. 

In order to reduce the minimization problem (2.10) to some handier form, the problem is 

converted to a maximization problem. Rewriting the equation (2.13) using the traces 

instead of norms, it is found that 

g(G,H,E) = tr(Y-Y)(Y-Y)’ 

= tr(Y-GG’Y(HH' @ EE’))(Y-GG’Y(HH' @ EE’))’ 

= trYY’—2trGG’Y(HH! @ EE’) Y’ + trG’Y(HH’ @ EE’)Y’G 

= trY Y’—trG’Y(HH’ @ EE’) Y’G 

or 

5S(Residual) = SS(Total)—SS(Fit). 

Clearly the minimization of the residual sum of squares g(G,H,C) comes down to the 

maximization of the fitted sum of squares: 

SS(Fit) = p(G,H,E) = trG’Y(HH’ @ EE’)Y’G (2.14) 

still under the constraints that G, H, and E are columnwise orthonormal. So far, H and 

E are placed in the Kronecker product term, but we could equally well have done so 

with G and E, or G and H. Such substitutions cause only a change in form, but not in 

the model itself. The model is indifferent to such notational changes as can be clearly 

seen from (2.8). 

The necessary and sufficient conditions for the existence and nature of an exact solution 

to the minimization problem (2.10) are stated in the theorems 1 and 2 in Kroonenberg 

and De Leeuw (1980). In essence, these theorems tell us that SS(Fit) (2.14) can be 

maximized by simultaneously solving the eigenvalue-eigenvector problems of P*, Q”*, 

and R”*: 

P*(H,E) = Y(HH’ @EE’)Y’ and Ye R*™ (2.15) 

Q*(E,G) = Y(EE’@GG')Y’ and Ye R™*” (2.16) 
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R*(G,H) = Y(GG@’ @HH’)Y’ and Ye Rrxim (2.17) 

where 

G, H, and E are the eigenmatrices corresponding to the eigenvalues of P*(H,E), 

Q*(E,G), and R*(G,H), respectively. (2.18) 

Notice that although ¢,,, is not a direct function of the eigenvalues, it is related to the 

eigenvalues as follows. First, we note that 

Sas St, (2.19) 

where, 

AT >+++>A7z are the eigenvalues of P*(H,E) 

py>-->pe, are the eigenvalues of Q*(E,G) 

vi>-+->ve are the eigenvalues of R*(G,H) 

Also from (2.8), we obtain 

Le Soar (2.20) 

if s=l, t=m, and u=n (cf. Appendix A). Now, by combining the equations in (2.19) and 

(2.20), 

8 t u a2 * t - Ux 

QL X, » Cpar = »— v5 = »~ Hg = > Vy. (2.21) 

Furthermore, we obtain the following relations between the eigenvalues of the cross 

product matrices of Y and the core elements: 
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t u 
Y a2 Xp = 2 Len (2.22) 

ak § u a2 

q7 » » Cygr> (2.23) 
p=l1r=1 

8 t a2 

Mey ye. (2.24) 
p=1q=1 

Notice that, in P*(H,E), Q*(E,G), and R*(G,H), the first s, ¢, and u eigenvectors are 

required for (2.15), (2.16), and (2.17) respectively. Thus the component matrices G, H, and 

E of a solution are each nothing but the eigenvectors corresponding to the largest 

eigenvalues of suitably constructed cross-products of the data matrix Y and the other 

two components matrices. These solutions, however, are not unique and any 

orthonormal transformation of G and/or H, and/or E will provide a solution as well. 

Not surprisingly this can not be solved analytically, but only iteratively. 

Alternating Least Squares (ALS) Algorithm 

Obviously one would like to construct an algorithm for the maximization of the fitted 

sum of squares, p, in (2.14), that converges to a global maximum. Unfortunately p is the 

cross-product term of a high degree multivariate polynomial, and in general it is not 

possible to prove that methods to solve such nonlinear problems attain a global 

optimum. 

The method to be described utilizes alternating least squares, an iterative procedure. 

The essential feature of the ALS approach is that in solving optimization problems with 

more than one set of parameters, each set is estimated in turn by applying conditional 

least squares procedures holding the other sets fixed. After all sets have been estimated 

once, the procedure is repeated again and again until convergence. 

In order to see how the alternating least squares approach can be applied in the present 

context, recall (2.13), g(G,H,E) =||Y-GG’Y(HH’ @ EE’)||?. The sets of parameters here 

are G, H, and E, as C can be derived from these three as in (2.11). Minimizing g over G 
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holding H and E fixed is identical to solving one conditional least squares problem, 

minimizing over H holding E and G fixed, and minimizing over E with G and H fixed 

are the two others. Although the goal here is to maximize the SS(Fit), p in (2.14), the 

problem is still an ALS one. 

A rough outline for an algorithm is given as follows: 

stepl. choose an arbitrary Hp and Ey and maximize over G to get a new Gy, 

step2. maximize subsequently over H with the just computed G, and Eg fixed to 

get a new H,, and 

step3. finally maximize p = SS(Fit) over E with G, and H, fixed yielding a new E,. 

Iterate this procedure until convergence. 

With the G, H, and E obtained from the procedure, C is now given by GY(Ee@ fi) as in 

(2.11). The maximizations are essentially identical to searching for eigenvectors and 

eigenvalues of matrices of the order 1, m, and n respectively. As the orders of P, Q, R 

are typically much larger than the number of components or eigenvectors described, 

Kroonenberg and De Leeuw (1980) chose an eigenvalue-eigenvector technique, known as 

Bauer-Rutishauser simultaneous iteration method (Rutishauser, 1969), which is 

particularly efficient in this situation. The algorithm is based on an eigenvalue- 

eigenvector technique. The maximization of p(G,H,E) in (2.14) consists of an iteration 

process in which, at each step, three eigenvalue-eigenvector problems have to be solved. 

For further discussion on this iteration, we refer to Chapter 4 of Kroonenberg (1983). 
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CHAPTER 3. TESTS FOR COMPONENTS OF INTERACTION 

IN THREE-WAY TABLES 

3.1 INTRODUCTION 

Earlier the three-mode principal component model was discussed as a useful technique 

to analyse three-way data. This chapter discusses how to use the three-mode principal 

component analysis in the study of interactions in a three-way ANOVA table with only 

one observation per cell. 

As a starting point, one can take the fully general three-way classification model 

Yijk = H+ a, + By + VR + (af); + (AY), + (BY) 5h + (aBY); 5% t+ €55k) 

t=1,...,l gal,...,m, k=1,..., 2, (3.1) 

where p is an overall mean; a,, 8;, and 7, are the ith, jth, and kth levels of the main 

effects of three factors, say A, B, and C respectively; (a$),;; is the effect of the 

interaction for the ith level of the factor A and the jth level of the factor B, and 

similarly (ay);, and (7) ;, are the corresponding two-way interaction terms; (af7);;4 18 

the three-way interaction term and the ¢;,, term represents random error and the e’s are 
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assumed to be independently and identically distributed normal variates with mean 0 

and variance o”, i.e., €;;, ~ NID(0, 0”). To give the parameters a unique interpretation, 

usual constraints are imposed, i.e., all of the main effect and interaction terms are 

constrained to sum to zero across each of their subscripts. 

Now consider an experiment where the basic treatment structure is three-way and there 

are no independent replications of the three-way treatment combinations. Standard 

ANOVA models for such data, which include all possible main effect and interaction 

terms, no longer work because the number of parameters in the model equals the 

number of data points. In other words, the usual methods of statistical analysis no 

longer apply because there are no independent replications from which to estimate the 

experimental error variance o?. Having a good estimate of o? is important when the 

major objective of the experiment is confirmatory. However, if the major objective of 

the experiment is exploratory, it is often more desirable to study different treatment 

combinations, each performed once, rather than a few treatment combinations each 

replicated many times. This chapter is devoted to the methods that can help to extract 

the relevant information in three-factor experiments that are not replicated. 

One way to handle this situation is to omit the three-way interactions, possibly even 

some of the two-way interactions, to simplify the model. In some cases, there is no 

reason to believe that these interactions are null. The assumption of no interactions 

should not be made without some justification for it being true. But many 

experimenters are more than willing to assume the factors, say, A, B, and C do not 

interact, especially when such an assumption enables them to obtain some test 

statistics. What can be done? What can an experimenter do when three-factor 

interaction is suspected to be present in the data? 

One natural way of generalizing the techniques in section 2.1 on three-way treatment 

structure is to look at the experiment as though it is two-way. For the three-way model 

this can be done by letting all possible combinations for two of the factors in the three- 

way represent one of the factors in the two-way and letting the levels of the third factor 

in the three-way represent the second factor in the two-way. That is, if one had a three- 

way treatment structure with factors A, B, and C, one could consider the experiment as 

a two-way with factors AxB and C, A*C and B, or A and BxC. It can be easily shown 
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that if there is no two-way interaction between the levels of AxB and C, then there can 

be no three-way interaction between the levels of A, B, and C. However, if there is 

interaction between the levels A+B and C, there may or may not be a three-way 

interaction (Milliken and Johnson, 1989). In this case, it would be wise to look for 

interaction between the levels of AxC and B and/or between the levels of B+C and A. 

For a three-way Ixmxn array of data Y, to diagnose three-factor interaction in the 

above sense the data array must be reduced to matrix form. This may be done by 

crossing two of the factors to comprise the rows and isolating the remaining factor levels 

in the column. Thus it would become, for example, an Imxn data matrix. There are six 

such matrix reductions available. Crossing the levels of two factors to reduce three-way 

data to each of the six matrix forms results in asymmetric treatment of the three two- 

factor interactions that has to be considered in the decomposition in (3.1). So such a 

reduction method may be applicable for a special type of data. For an example, see 

Chapter 6 of Milliken and Johnson (1989). 

Another reduction method was introduced by Kettenring (1983). In order to check if 

there is two-way interaction between the factors A and B in three-way data, he reduced 

the ixmxn array to the [xm matrix [d;,] = ly;,.- ¥;.- ¥.;.+ Y..], 1-e., an average is being 

taken with respect to the third subscript. Once the three-way data array is reduced to a 

two-way matrix then the methods available for two-way interactions can be applied. 

These methods are essentially forcing the three-way array into the standard matrix form 

so that the known methods for two-way data can be applied. But these ignore 

potentially important three-way interdependencies among the observations. One could 

not recommend such procedures to analyse three-way interaction if there is a way to 

analyse all three factors simultaneously since one can gain much more insight into the 

data structure. 

While few specific solutions have been developed for this more difficult situation, one 

possibility is to extend the concurrent model to cover all the interaction terms involved 

as in Kester (1979). Her model uses the same constant of proportionality for each of the 

multiplicative terms representing two-way interactions and its square for the three-way 

multiplicative terms. Kettenring (1983) used the modified parallel factor analysis model 
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to decompose the three-factor interaction term in a nonreplicated three-way table. He 

  replaced g;,h,,e,, in (2.12) with Copp = (L8p Lo h?, Dek)”, Bie Ti 

ip 

Ajp Ckp 

V Dh» V Dd ekp 

SVD), applying this form, to the three-way sample interactions. 

hi ,= , and ef, = for all p (which makes this model appear more like the 

This chapter is organized in the following manner: Section 3.2 proposes a new analysis 

of variance model for a data with a three-way cross-classification treatment structure 

with only one observation per treatment combination by applying three-mode principal 

component analysis to the residuals. Sections 3.3 and 3.4 discuss two different 

approaches for testing the null hypothesis of no three factor interactions: randomization 

tests and likelihood ratio test. Section 3.5 shows a third approach which applies Monte 

Carlo methods to separate interaction from random error. 

3.2 THREE-WAY PCA IN ANOVA MODELS 

Using the common ANOVA notation, the nonreplicated three-way model is usually 

written as 

Yigk = B+ 0; + By + YR + (48);5 + (ON) + PY jE + ijk (3.2) 

with the standard meaning and constraints on parameters. This model is like model (3.1) 

but the (ay); ;, term is missing. As stated before, because there is only one observation 

per each treatment combination, one often assumes that there is no three factor 

interaction and this term is used to represent ¢;,, which is considered as the pure 

random error. 
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The more general model for this nonreplicated three-way table can be written as 

Yijk = H+ 0; + By + Yq + (4B); + (Nig + (BN 5e + Nigk + zk (3.3) 

In this model, ¢;;, in (3.2) is no longer considered as just random error. However a part 

of €;;, may be just random error so the term is written as a sum of two separate 

quantities 

* 

€igk = Nigk + igk 

where n;, is referred to as the effect of interaction between the ith, jth, and kth levels 

of the three factors, and ¢j,;, is the experimental error associated with that same 

combination and the e’s are assumed to be independently and identically distributed 

normal variates. As usual, in addition to the standard constraints, the conditions, 

Nik = ijk = do Nish =0Q are imposed. 

¢ 3 

The goal is then to separate or partition the three-factor interaction sum of squares into 

a portion related to the interactions and a portion associated with random error. The 

decomposition of the interaction term ;,, into the sum of multiplicative functions of j, 

j, and k using the three-mode principal component analysis is represented by 

Cpgr Sip hg Ckr (3.4) 

8 t 

Njk= 
p=lq=l1r=1 M

e
 

where s, t, and u are the number of the components of the first, second, and third factor 

of the residual array below (3.6). In equation (3.4), the interaction parameters 7;,, are 

expressed as the sum of several multiplicative contrasts such that each contrast is 

orthogonal to all previous contrasts and accounts for a maximum of the variance of the 

Vigk 

In practice, the partitioning of the interaction into multiplicative terms is carried out 

only partially, i.e., only a few multiplicative terms are retained and the remaining terms 

are pooled together and considered as experimental error. The values of s, t, and u are 

much smaller than 1, m, and n, and these are often one or two. If s=1, t=2m, u=n, then 
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�p�=�l�q� 

�B�u�t� �i�n� �p�r�a�c�t�i�c�e�,� �o�n�l�y� �a� �f�e�w� �t�e�r�m�s� �o�f� �t�h�e�s�e� �a�r�e� �r�e�t�a�i�n�e�d� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�e�r�m�s� �a�r�e� 

�p�o�o�l�e�d� �a�n�d� �c�o�n�s�i�d�e�r�e�d� �a�s� �e�r�r�o�r�:� 

�8� �t� �u�e� �~� �A� �a� 

�d�i� �i�k� �=� �L�L� �u� �L�e� �C�p�g�r� �S�i�p� �h�q� �C�k�r� �+� �(�e�r�r�o�r�)�;� �5�4�:� �(�3�.�8�)� 

�a�n�d� �é�,�,�,� �w�h�e�r�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �T�h�i�s� �p�r�o�d�u�c�e�s� �t�h�e� �e�s�t�i�m�a�t�e�s� �¢�,�,� �h� �i�q� 

�C�y�g�r� �a�r�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �c�o�r�e� �a�r�r�a�y�,� �a�n�d� �g�;�,�,� �h�,�,�,� 

�c�o�l�u�m�n�w�i�s�e� �o�r�t�h�o�n�o�r�m�a�l� �c�o�m�p�o�n�e�n�t� �m�a�t�r�i�c�e�s� �G�,� �H�,� �a�n�d� �E�,� �w�h�e�r�e� �t�h�e�s�e� �a�r�e� �t�h�e� 

�q�r�?� �S�i�p�»� 

�a�n�d� �é�,�,� �a�r�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� 

�e�i�g�e�n�v�e�c�t�o�r� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �c�r�o�s�s� �p�r�o�d�u�c�t�s� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s� �r�e�d�u�c�e�d� �b�y� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� 

�t�h�e� �o�t�h�e�r� �f�a�c�t�o�r�s� �(�c�f�.� �(�3�.�2�2�)� �t�o� �(�3�.�2�4�)�)�.� �T�h�e�s�e� �e�s�t�i�m�a�t�e�s� �h�a�v�e� �t�h�e� �u�s�u�a�l� �c�o�n�s�t�r�a�i�n�t�s�,� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �2�4



�a�2� �t� �a�2� 

�p�>� �D�i�p� �=� �N�o�g� �=� �e�r�a�l�,� �V�p�,�a�r� 
�+�=� �1� �j�=�l� �=�1� 

�S� �G�0�3� �=� �h�a�h� �=�S�>�é� �é� �=�0� �V�v� �#� �p �� �x�q�,� �r�é�r �� �(�3�.�9�)� 

�i�P� �s�i�n�!� �&�,� �J�d� �j�d�,� �k�r� �k�r �� �>�  �� �P� �P�;�5�@� �q�5� �.� �.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �t�h�r�e�e� �s�e�c�t�i�o�n�s� �d�e�a�l� �w�i�t�h� �i�s�s�u�e�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �p�r�o�b�l�e�m� �o�f� �h�o�w� �t�o� �d�e�t�e�c�t� 

�a�n�d� �s�e�p�a�r�a�t�e� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �f�r�o�m� �r�a�n�d�o�m� �e�r�r�o�r�.� �F�i�r�s�t�,� �s�e�c�t�i�o�n� �3�.�3� �d�i�s�c�u�s�s�e�s� 

�r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s�.� 

�3�.�3� �R�A�N�D�O�M�I�Z�A�T�I�O�N� �T�E�S�T�S� 

�T�h�i�s� �s�e�c�t�i�o�n� �s�h�o�w�s� �h�o�w� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �c�a�n� �b�e� �a�p�p�l�i�e�d� �i�n� �t�h�e� �a�r�e�a� �o�f� �t�e�s�t�i�n�g� �f�o�r� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �o�f� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �7�;� �,�,� �(�3�.�4�)�.� �T�h�e� �a�n�a�l�y�s�i�s� �i�s� �a�p�p�l�i�e�d� �o�n� �r�e�s�i�d�u�a�l�s� 
�i�n� �(�3�.�6�)�.� 

�3�.�3�.�1� �T�h�e� �i�d�e�a� �o�f� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� 

�R�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �o�f� �r�a�n�d�o�m�n�e�s�s� �i�s� 

�r�e�a�s�o�n�a�b�l�e�,� �w�h�e�n� �t�h�e� �a�l�t�e�r�n�a�t�i�v�e� �h�y�p�o�t�h�e�s�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e�r�e� �w�i�l�l� �b�e� �a� �t�e�n�d�e�n�c�y� �f�o�r� �a� 

�c�e�r�t�a�i�n� �t�y�p�e� �o�f� �p�a�t�t�e�r�n� �t�o� �a�p�p�e�a�r� �i�n� �d�a�t�a�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �a�r�e� 

�p�r�o�c�e�d�u�r�e�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �s�t�a�t�i�s�t�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �d�i�r�e�c�t�l�y� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �2�5



�w�i�t�h�o�u�t� �r�e�c�o�u�r�s�e� �t�o� �s�i�g�n�i�f�i�c�a�n�c�e� �t�a�b�l�e�s�.� �S�u�p�p�o�s�e� �a� �s�t�a�t�i�s�t�i�c�,� �s�a�y� �S�,� �i�s� �c�h�o�s�e�n� �t�o� �m�e�a�s�u�r�e� 

�t�h�e� �e�x�t�e�n�t� �t�o� �w�h�i�c�h� �d�a�t�a� �s�h�o�w� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� �v�a�l�u�e� �o�f� 

�8�)� �o�f� �S� �f�o�r� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�i�d�u�a�l�s� �i�s� �t�h�e�n� �c�o�m�p�u�t�e�d� �w�i�t�h� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �S� �t�h�a�t� �i�s� 

�o�b�t�a�i�n�e�d� �b�y� �r�a�n�d�o�m�l�y� �r�e�o�r�d�e�r�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l�s�.� �T�h�e� �a�r�g�u�m�e�n�t� �m�a�d�e� �i�s� �t�h�a�t� �i�f� �t�h�e� �n�u�l�l� 

�h�y�p�o�t�h�e�s�i�s� �i�s� �t�r�u�e� �t�h�e�n� �a�l�l� �p�o�s�s�i�b�l�e� �o�r�d�e�r�s� �f�o�r� �t�h�e� �d�a�t�a� �w�e�r�e� �e�q�u�a�l�l�y� �l�i�k�e�l�y� �t�o� �h�a�v�e� 

�o�c�c�u�r�r�e�d�.� �T�h�e� �o�b�s�e�r�v�e�d� �r�e�s�i�d�u�a�l�s� �o�r�d�e�r� �i�s� �t�h�e�n� �j�u�s�t� �o�n�e� �o�f� �t�h�e� �e�q�u�a�l�l�y� �l�i�k�e�l�y� �o�r�d�e�r�s� �a�n�d� 

�S�q� �S�h�o�u�l�d� �a�p�p�e�a�r� �a�s� �a� �t�y�p�i�c�a�l� �v�a�l�u�e� �f�r�o�m� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �S�.� �I�f� �t�h�i�s� �d�o�e�s� 

�n�o�t� �s�e�e�m� �t�o� �b�e� �t�h�e� �c�a�s�e� �s�o� �t�h�a�t� �s�,� �i�s� �s�i�g�n�i�f�i�c�a�n�t� �t�h�e�n� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �i�s� �d�i�s�c�r�e�d�i�t�e�d� �t�o� 

�s�o�m�e� �e�x�t�e�n�t� �a�n�d�,� �b�y� �i�m�p�l�i�c�a�t�i�o�n�,� �t�h�e� �a�l�t�e�r�n�a�t�i�v�e� �h�y�p�o�t�h�e�s�i�s� �i�s� �c�o�n�s�i�d�e�r�e�d� �m�o�r�e� 

�r�e�a�s�o�n�a�b�l�e�.� 

�T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l� �o�f� �s�)� �o�r� �p�-�v�a�l�u�e� �i�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s� �p�r�o�v�i�d�i�n�g� 

�a�s� �l�a�r�g�e� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e� �a�s� �t�h�a�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �T�h�i�s� �c�a�n� 

�b�e� �i�n�t�e�r�p�r�e�t�e�d� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �c�o�n�v�e�n�t�i�o�n�a�l� �t�e�s�t�s� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e�:� �i�f� �i�t� �i�s� �l�e�s�s� �t�h�a�n� �.�0�5� 

�t�h�e�n� �t�h�i�s� �p�r�o�v�i�d�e�s� �s�o�m�e� �e�v�i�d�e�n�c�e� �t�h�a�t� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �i�s� �n�o�t� �t�r�u�e�,� �i�f� �i�t� �i�s� �l�e�s�s� �t�h�a�n� 

�0�1� �t�h�e�n� �i�t� �p�r�o�v�i�d�e�s� �s�t�r�o�n�g�e�r� �e�v�i�d�e�n�c�e� �t�h�a�t� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �i�s� �n�o�t� �t�r�u�e�,� �a�n�d� �s�o� �o�n�.� �I�n� 

�p�r�a�c�t�i�c�e�,� �i�t� �i�s� �m�o�r�e� �d�e�s�i�r�a�b�l�e� �t�o� �r�e�p�o�r�t� �t�h�e� �p�-�v�a�l�u�e�,� �t�h�e� �s�m�a�l�l�e�s�t� �a� �a�t� �w�h�i�c�h� �t�h�e� �r�e�s�u�l�t�s� 

�a�r�e� �s�i�g�n�i�f�i�c�a�n�t�,� �i�t�s�e�l�f�,� �r�a�t�h�e�r� �t�h�a�n� �p�r�o�v�i�d�i�n�g� �a� �c�o�n�c�l�u�s�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� 

�l�e�v�e�l�s� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e�.� 

�T�h�e�r�e� �a�r�e� �t�w�o� �b�a�s�i�c� �m�e�t�h�o�d�s� �o�f� �p�e�r�m�u�t�i�n�g� �d�a�t�a� �b�y� �t�h�e� �u�s�e� �o�f� �a� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�.� �O�n�e� 

�w�a�y� �i�s� �t�o� �u�s�e� �a�l�l� �p�o�s�s�i�b�l�e� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s� �i�n� �a� �s�e�t� �o�r� �s�u�b�s�e�t� �t�o� �d�e�t�e�r�m�i�n�e� �s�i�g�n�i�f�i�c�a�n�c�e�.� 

�I�n� �m�a�n�y� �c�a�s�e�s�,� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �p�o�s�s�i�b�l�e� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s� �m�a�k�e�s� �a� �c�o�m�p�l�e�t�e� 

�e�n�u�m�e�r�a�t�i�o�n� �e�x�t�r�e�m�e�l�y� �d�i�f�f�i�c�u�l�t� �i�f� �n�o�t� �i�m�p�o�s�s�i�b�l�e�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �w�a�y� �i�s� �t�o� �u�s�e� �r�a�n�d�o�m� 

�d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s� �w�h�i�c�h� �u�s�e�s� �a� �r�a�n�d�o�m� �s�a�m�p�l�e� �o�f� �a�l�l� �p�o�s�s�i�b�l�e� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s� �t�o� 

�d�e�t�e�r�m�i�n�e� �s�i�g�n�i�f�i�c�a�n�c�e�.� �I�t� �r�e�d�u�c�e�s� �a� �s�u�b�s�t�a�n�t�i�a�l� �n�u�m�b�e�r� �o�f� �p�e�r�m�u�t�a�t�i�o�n�s� �w�h�i�l�e� �i�t� �s�e�r�v�e�s� 

�t�h�e� �s�a�m�e� �f�u�n�c�t�i�o�n� �a�s� �t�h�e� �e�a�r�l�i�e�r� �m�e�t�h�o�d�.� �I�n�s�t�e�a�d� �o�f� �r�e�q�u�i�r�i�n�g� �s�e�v�e�r�a�l� �m�i�l�l�i�o�n� �o�r� �b�i�l�l�i�o�n� 

�d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s�,� �t�h�e� �r�a�n�d�o�m� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n� �m�e�t�h�o�d� �m�a�y� �b�e� �e�f�f�e�c�t�i�v�e� �w�i�t�h� �a�s� �f�e�w� 

�a�s� �5�0�0� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n�s�.� �I�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �w�i�l�l� �b�e� �p�e�r�f�o�r�m�e�d� 

�u�s�i�n�g� �r�a�n�d�o�m� �d�a�t�a� �p�e�r�m�u�t�a�t�i�o�n� �i�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �t�h�e� �a�l�l� �p�o�s�s�i�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �t�h�e� 

�d�a�t�a�.� 

�T�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �o�f� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �i�s� �t�h�e� �s�e�t� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �(�i�.�e�.�,� �r�e�s�i�d�u�a�l�s�,� 

�i�n� �o�u�r� �c�a�s�e�)� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �a�s�s�i�g�n�m�e�n�t� �u�n�i�t� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �a�s�s�i�g�n�m�e�n�t� �o�f� 
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�u�n�i�t�s� �t�o� �t�r�e�a�t�m�e�n�t�s�.� �T�h�a�t� �i�s�,� �t�h�e� �s�e�t� �o�f� �r�e�s�i�d�u�a�l�s� �{�d�;�,�,�|� �¢�=�1�,�-�-�.�1� �j�=�l�,�-�-�.�m�,� �k�=�1�,�-�-�n�}� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �a�s�s�i�g�n�m�e�n�t� �o�f� �u�n�i�t�s� �t�o� �t�h�e� �t�r�e�a�t�m�e�n�t�s�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �f�o�r� 

�t�h�e� �m�o�d�e�l� �(�3�.�5�)�,� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �o�f� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �a� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� 

�i�s� 

�H�o� �.� �C�h�o�r� �=� �0�,� �f�o�r� �a�l�l� �p�H�=�l�,�-�-�s�,� �g�=�1�,�e�-�t�,� �P�=�1�,�-�+�u�.� 

�T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �m�o�d�e�l� �(�3�.�2�)�,� �w�i�t�h� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �n�;�,�,�,� �a�s� �t�h�e� �n�u�l�l� 

�m�o�d�e�l�.� 

�3�.�3�.�2� �T�h�e� �p�r�o�c�e�d�u�r�e�s� �o�f� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� �F�i�r�s�t� �t�h�e� 

�r�e�s�i�d�u�a�l�s� �D�  ¬� �R�'�*!"�*�"� �(�3�.�6�)� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �f�i�t�t�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �t�h�r�e�e�-�w�a�y� �A�N�O�V�A� �m�o�d�e�l� 

�(�3�.�2�)� �t�o� �t�h�e� �g�i�v�e�n� �d�a�t�a�.� �T�o� �t�e�s�t� �w�h�e�t�h�e�r� �t�h�e� �t�e�r�m� �n�;�,�,� �(�3�.�4�)� �b�e�l�o�n�g�s� �i�n� �t�h�e� �m�o�d�e�l� �(�3�.�3�)�,� �t�h�e� 

�o�b�t�a�i�n�e�d� �r�e�s�i�d�u�a�l�s� �a�r�e� �p�e�r�m�u�t�e�d� �r�e�p�e�a�t�e�d�l�y� �b�e�t�w�e�e�n� �a�l�l� �1�x�m�x�n� �t�r�e�a�t�m�e�n�t�s�.� �F�o�r� �e�a�c�h� 

�p�e�r�m�u�t�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s�,� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s� �S� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�r�e�e�-�m�o�d�e� �P�C�A�.� �T�h�i�s� 

�g�i�v�e�s� �a�n� �e�m�p�i�r�i�c�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S� �a�n�d� �i�t� �w�i�l�l� �b�e� �c�a�l�l�e�d� �a�s� �t�h�e� 

�r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �M�a�n�l�y� �(�1�9�9�0�)� �d�i�d�.� �T�h�e� �c�o�m�p�u�t�e�d� �v�a�l�u�e� �s� �i�s� �t�h�e�n� �c�o�m�p�a�r�e�d� 

�w�i�t�h� �t�h�e� �v�a�l�u�e� �s� �)�,� �f�r�o�m� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�i�d�u�a�l�s�,� �f�o�r� �e�a�c�h� �p�e�r�m�u�t�a�t�i�o�n�.� �F�i�n�a�l�l�y�,� �t�h�e� �p�-� 

�v�a�l�u�e� �o�r� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l� �o�f� �s�,� �i�s� �c�o�m�p�u�t�e�d� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �v�a�l�u�e�s� 

�t�h�a�t� �a�r�e� �a�s� �e�x�t�r�e�m�e� �o�r� �m�o�r�e� �e�x�t�r�e�m�e� �t�h�a�n� �t�h�i�s� �v�a�l�u�e� �s�y� �i�n� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�I�f� �s�y� �l�o�o�k�s� �l�i�k�e� �a� �t�y�p�i�c�a�l� �v�a�l�u�e� �f�r�o�m� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�e�n� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�t�h�e� �a�s�s�i�g�n�m�e�n�t� �o�f� �u�n�i�t�s� �t�o� �t�h�e� �t�r�e�a�t�m�e�n�t�s� �t�h�a�t� �o�c�c�u�r�r�e�d� �i�n� �t�h�e� �r�e�s�i�d�u�a�l�s� �i�n� �r�e�a�l�i�t�y� �s�e�e�m�s� 

�t�o� �b�e� �r�a�n�d�o�m�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �a�n�d� �d�o� 

�n�o�t� �r�e�j�e�c�t�s� �H�o�:� �,�;�;�,�=�0� �f�o�r� �a�l�l� �i�,� �j�,� �&� �(�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �C�i�r� �=�0� �f�o�r� �a�l�l� �p�,� �g�,� �r�)�.� �O�n� �t�h�e� �o�t�h�e�r� 

�h�a�n�d�,� �i�f� �s�,� �i�s� �u�n�u�s�u�a�l�l�y� �l�a�r�g�e� �t�h�e�n� �t�h�e� �d�a�t�a� �a�r�e� �u�n�l�i�k�e�l�y� �t�o� �h�a�v�e� �a�r�i�s�e�n� �i�f� �t�h�e� �n�u�l�l� �m�o�d�e�l� 

�i�s� �t�r�u�e� �a�n�d� �i�t� �c�a�n� �b�e� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �a�l�t�e�r�n�a�t�i�v�e� �h�y�p�o�t�h�e�s�i�s� �H�y�:� �n�,�;�,�#�0�,� �o�r� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �2�7



�e�q�u�i�v�a�l�e�n�t�l�y�,� �c�%�,�,�>�0� �f�o�r� �a�t� �l�e�a�s�t� �o�n�e� �t�e�r�m� �i�n� �(�3�.�4�)� �i�s� �m�o�r�e� �p�l�a�u�s�i�b�l�e�.� 

�I�t� �i�s� �a� �q�u�e�s�t�i�o�n� �o�f� �w�h�e�t�h�e�r� �s�,� �i�s� �u�n�u�s�u�a�l�l�y� �l�a�r�g�e� �i�n� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �I�f� �s�y� �i�s� �i�n� �t�h�e� �b�o�t�t�o�m�,� �s�a�y�,� �9�5� �%� �p�a�r�t� �o�f� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e� 

�t�e�s�t� �r�e�s�u�l�t� �i�s� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t� �s�o� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �s�h�o�u�l�d� �b�e� �r�e�t�a�i�n�e�d� �i�n� 

�t�h�e� �m�o�d�e�l� �(�3�.�2�)�.� �I�f� �s� �)� �i�s� �a�m�o�n�g� �t�h�e� �v�a�l�u�e�s� �i�n� �t�h�e� �t�o�p� �5�%� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�e�n� �t�h�e� 

�r�e�s�u�l�t� �i�s� �s�i�g�n�i�f�i�c�a�n�t� �s�o� �t�h�e� �m�o�d�e�l� �s�h�o�u�l�d� �i�n�c�l�u�d�e� �t�h�e� �t�e�r�m� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�r�e�e�-�f�a�c�t�o�r� 

�t�e�r�m� �a�t� �t�h�e� �5�%� �l�e�v�e�l�.� �A� �c�o�n�v�e�n�i�e�n�t� �w�a�y� �t�o� �s�u�m�m�a�r�i�z�e� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �r�e�s�u�l�t�s� 

�i�n�v�o�l�v�e�s� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �p�-�v�a�l�u�e�,� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �a�l�l� �t�h�e� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s� �o�f� �S� �t�h�a�t� �a�r�e� 

�g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �s�j�.� �T�h�i�s� �i�s� �a�n� �e�s�t�i�m�a�t�e�d� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �s�u�c�h� �a� �l�a�r�g�e� �v�a�l�u�e�,� �w�h�i�c�h� 

�i�s� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l� �o�f� �s�p�.� 

�I�n� �s�u�m�m�a�r�y�,� �t�h�e� �s�t�e�p�s� �f�o�r� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�1�.� �O�b�t�a�i�n� �t�h�e� �r�e�s�i�d�u�a�l�s� �(�3�.�6�)� �b�y� �f�i�t�t�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �t�h�r�e�e�-�w�a�y� �A�N�O�V�A� �m�o�d�e�l� �(�3�.�2�)� �t�o� �t�h�e� 

�g�i�v�e�n� �d�a�t�a�.� 

�2�.� �C�o�m�p�u�t�e� �s�9�,� �w�h�i�c�h� �i�s� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e� �f�o�r� �t�h�e� �r�e�s�u�l�t�s� �g�i�v�e�n� �b�y� �t�h�e� �o�b�s�e�r�v�e�d� 

�r�e�s�i�d�u�a�l�s�.� 

�3�.� �R�a�n�d�o�m�l�y� �p�e�r�m�u�t�e� �t�h�e� �r�e�s�i�d�u�a�l�s� �a�n�d� �c�o�m�p�u�t�e� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e� �s� �f�o�r� �e�a�c�h� �s�e�t� �o�f� 

�p�e�r�m�u�t�e�d� �r�e�s�i�d�u�a�l�s�.� 

�4�.� �R�e�p�e�a�t� �s�t�e�p� �(�3�)� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �t�i�m�e�s� �t�o� �f�i�n�d� �a� �s�a�m�p�l�e� �o�f� �v�a�l�u�e�s� �f�r�o�m� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �S�.� 

�5�.� �C�o�u�n�t� �e�a�c�h� �t�i�m�e� �w�h�e�n�e�v�e�r� �s� �>� �s�g�,� �i�.�e�.�,� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e� �i�s� �a�s� �l�a�r�g�e� �a�s� �t�h�e� �o�b�t�a�i�n�e�d� 

�v�a�l�u�e�.� 

�6�.� �C�o�m�p�u�t�e� �t�h�e� �p�-�v�a�l�u�e�:� 

�n�u�m�b�e�r� �o�f� �{�s�>�s�)�}�+�1� 
�-�v�a�l�u�e� �=� 

�P� �n�u�m�b�e�r� �o�f� �p�e�r�m�u�t�a�t�i�o�n� �+� �1� 
� � 

�T�h�a�t� �i�s�,� �t�h�e� �p�-�v�a�l�u�e� �i�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e�s�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �o�b�t�a�i�n�e�d� 

�v�a�l�u�e�,� �t�h�a�t� �a�r�e� �a�s� �l�a�r�g�e� �a�s� �t�h�e� �o�b�t�a�i�n�e�d� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e�.� 
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�F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �t�h�e� �b�a�s�i�c� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �a�b�o�v�e� �p�r�o�c�e�d�u�r�e�.� 
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�B�e�f�o�r�e� �w�e� �d�i�s�c�u�s�s� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s�,� �s�o�m�e� �n�o�t�a�t�i�o�n�s� �a�r�e� �i�n�t�r�o�d�u�c�e�d�.� �F�o�r� �a� �g�i�v�e�n� �a�r�r�a�y� 

�A� �=�(�a�;�;�,�)�,� �l�e�t� �|�|�A�|�|�?� �d�e�n�o�t�e� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �o�f� �a�l�l� �e�l�e�m�e�n�t�s� �o�f� �A�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� 
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�a�n�d� �t�h�i�s� �i�s� �t�h�e� �r�e�s�i�d�u�a�l� �s�u�m� �o�f� �s�q�u�a�r�e�s� �o�f� �D�e�R�'�*!"�*�"�.� �W�h�e�n� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� 

�o�b�s�e�r�v�a�t�i�o�n� �p�e�r� �t�r�e�a�t�m�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�,� �t�h�i�s� �q�u�a�n�t�i�t�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�o�r� 

�i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�r�e�e� �f�a�c�t�o�r�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �s�=�!�,� �t�=�m�,� �a�n�d� �u�=�n�,� �t�h�e�n� �u�s�i�n�g� �(�3�.�7�)� 
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�(�4�.�1�0�)�)� �o�f� �t�h�e� �a�r�r�a�y� �i�n� �a� �r�o�w�.� �T�h�e�r�e� �a�r�e� �t�w�o� �m�o�r�e� �d�i�f�f�e�r�e�n�t� �w�a�y�s� �t�o� �w�r�i�t�e� �t�h�e� �t�h�r�e�e�-�w�a�y� 

�a�r�r�a�y� �D� �i�n�t�o� �a� �m�a�t�r�i�x� �f�o�r�m�:� �t�h�e� �f�o�r�m� �D�e�R!"�*�'� �i�s� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�c�a�t�e�n�a�t�i�n�g� �t�h�e� 
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�c�o�n�n�e�c�t�i�n�g� �t�h�e� �l�a�t�e�r�a�l� �p�l�a�n�e�s� �(�c�f�.� �(�4�.�1�2�)�)� �o�f� �t�h�e� �a�r�r�a�y� �i�n� �a� �r�o�w�.� 

�T�h�e� �d�i�f�f�i�c�u�l�t�y� �w�i�t�h� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �i�s� �o�f�t�e�n� �w�i�t�h� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s�.� �I�n� �o�r�d�e�r� �t�o� 

�e�x�p�l�a�i�n� �a�n�y� �e�x�i�s�t�i�n�g� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�r�e�e� �f�a�c�t�o�r�s�,� �t�h�e� �r�e�s�i�d�u�a�l� 

�a�r�r�a�y� �D� �i�s� �d�e�c�o�m�p�o�s�e�d� �u�s�i�n�g� �t�h�e� �t�h�r�e�e�-�w�a�y� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s�.� �I�n� �t�h�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n�,� �a�l�t�h�o�u�g�h� �1�+�m�+�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �r�e�p�r�o�d�u�c�e� �t�h�e� �t�o�t�a�l� �s�y�s�t�e�m� 

�o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�,� �o�f�t�e�n� �m�u�c�h� �o�f� �t�h�i�s� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �a� �s�m�a�l�l�e�r� 

�n�u�m�b�e�r�,� �s�+�t�+�u�,� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s�.� �I�f� �s�o�,� �t�h�e�r�e� �i�s� �a�l�m�o�s�t� �a�s� �m�u�c�h� �i�n�f�o�r�m�a�t�i�o�n� 

�i�n� �t�h�e� �s�+�t�+�u� �c�o�m�p�o�n�e�n�t�s� �a�s� �t�h�e�r�e� �i�s� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �a�s� �1�+�m�+�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �s�+�t�+�u� 

�p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �t�h�e�n� �r�e�p�l�a�c�e� �t�h�e� �i�n�i�t�i�a�l� �1�4�m�+�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �t�h�e� �o�r�i�g�i�n�a�l� 

�r�e�s�i�d�u�a�l�s�.� �T�h�e�s�e� �c�o�n�d�e�n�s�e�d� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s� �o�f�t�e�n� �s�h�e�d� �l�i�g�h�t� �o�n� �r�e�l�a�t�i�o�n�s�h�i�p�s� 

�t�h�a�t� �w�e�r�e� �n�o�t� �p�r�e�v�i�o�u�s�l�y� �s�u�s�p�e�c�t�e�d� �a�n�d� �t�h�e�r�e�b�y� �a�l�l�o�w� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�s� �t�h�a�t� �w�o�u�l�d� �n�o�t� 

�o�r�d�i�n�a�r�i�l�y� �r�e�s�u�l�t�.� 

�S�i�n�c�e� �t�h�e� �c�o�r�e� �a�r�r�a�y� �r�e�f�l�e�c�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� 

�f�a�c�t�o�r�s�,� �a�l�l� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �t�h�r�e�e� �f�a�c�t�o�r�s� �s�h�o�u�l�d� �i�n�t�u�i�t�i�v�e�l�y� �b�e� �s�u�m�m�a�r�i�z�e�d� �b�y� 

�s�o�m�e� �f�u�n�c�t�i�o�n�s� �o�f� �c�o�r�e� �e�l�e�m�e�n�t�s� �c�,�,�,�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �f�r�o�m� �t�h�e� �r�e�l�a�t�i�o�n� �i�n� �(�3�.�1�1�a�)�,� �t�h�e� �c�o�r�e� �p�q�r �� 
�a�r�r�a�y� �r�e�p�r�e�s�e�n�t�s� �a� �p�a�r�t�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �o�v�e�r�a�l�l� �f�i�t�t�e�d� �s�u�m� �o�f� �s�q�u�a�r�e�s� �o�f� �r�e�s�i�d�u�a�l�s� �i�n�t�o� �s�m�a�l�l� 

�u�n�i�t�s� �w�h�i�c�h� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �e�a�c�h� �c�o�m�p�o�n�e�n�t�.� �H�e�n�c�e�,� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �s�q�u�a�r�e�d� 

�c�o�r�e� �e�l�e�m�e�n�t�s�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �r�e�s�i�d�u�a�l� �s�u�m�s� �o�f� �s�q�u�a�r�e�s�,� �s�e�e�m�s� �t�o� �b�e� �t�h�e� �n�a�t�u�r�a�l� �c�h�o�i�c�e� 

�a�s� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�e�s�t�i�n�g� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �o�f� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� 
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�r�e�s�p�e�c�t� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �s�u�m� �o�f� �s�q�u�a�r�e�s�.� �A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �p�a�r�t� �é� �i�n�t�e�r�a�c�t�i�o�n� �m�a�y� 

�w�e�l�l� �b�e� �r�a�n�d�o�m� �e�r�r�o�r�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �i�n� �p�r�a�c�t�i�c�e�,� �t�h�e� �p�a�r�t�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �i�n�t�o� 
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�m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �p�a�r�t�i�a�l�l�y� �s�o� �o�n�l�y� �a� �f�e�w� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �o�f� �t�h�e� 

�7� �=�C� �_�h�;�e�,�.� �t�y�p�e� �a�r�e� �r�e�t�a�i�n�e�d�.� �G�e�n�e�r�a�l�l�y� �o�n�e� �o�r� �t�w�o� �s�u�c�h� �t�e�r�m�s� �w�o�u�l�d� �s�u�m�m�a�r�i�z�e� �i�j�k� �p�q�r�o�i�p�.�j�q�v�k�r� �y�p� 

�t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e� �p�r�o�p�e�r�l�y�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �f�o�r� �t�e�s�t�i�n�g� �a� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� 

�t�e�r�m� �r�a�t�h�e�r� �t�h�a�n� �t�e�s�t�i�n�g� �t�h�e� �g�r�o�u�p� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�.� �T�h�u�s� �i�f� �t�h�e� �r�e�s�u�l�t� 

�i�s� �s�i�g�n�i�f�i�c�a�n�t�,� �o�n�l�y� �t�h�e� �l�a�r�g�e�s�t� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �w�o�u�l�d� �b�e� �r�e�t�a�i�n�e�d� �i�n� �t�h�e� �m�o�d�e�l� �(�3�.�5�)� 

�a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�e�r�m�s� �a�r�e� �p�o�o�l�e�d� �t�o�g�e�t�h�e�r� �a�n�d� �c�o�n�s�i�d�e�r�e�d� �a�s� �e�x�p�e�r�i�m�e�n�t�a�l� �e�r�r�o�r�.� �T�h�e� 

�e�x�t�e�n�s�i�o�n� �t�o� �m�o�r�e� �t�h�a�n� �a� �s�i�n�g�l�e� �t�e�r�m� �w�o�u�l�d� �i�n�v�o�l�v�e� �a� �s�t�e�p�w�i�s�e� �t�e�s�t� �p�r�o�c�e�d�u�r�e� �w�i�t�h� �m�o�r�e� 

�c�o�m�p�u�t�a�t�i�o�n�.� 

�L�e�t� �c�*� �o�r� �c�h�)� �b�e� �t�h�e� �l�a�r�g�e�s�t� �s�q�u�a�r�e�d� �e�l�e�m�e�n�t� �o�f� �c�o�r�e� �a�r�r�a�y� �C� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �(�3�.�6�)�,� 

�2� �2� �2� �c�o� �=� �C�q�)� �=� �m�a�x� �{�c� �n�o�r� �|� �L�S� �P�S�s�,� �l�<�q�s�r�,�l�<�r�s�u�h�.� �(�3�.�1�5�)� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �c�?� �d�o�m�i�n�a�t�e�s� �a�l�l� �o�t�h�e�r� �c�?�,�,�,� �i�.�e�.� �c�?�/�|�|�C�|�|�?� �i�s� �n�e�a�r� �1� �o�r� �m�u�c�h� �g�r�e�a�t�e�r� �p�q�r�?� 

�t�h�a�n� �t�h�e� �r�a�t�i�o�s� �f�o�r� �t�h�e� �o�t�h�e�r� �c�o�r�e� �e�l�e�m�e�n�t�s�,� �t�h�e�n� �t�h�e� �m�o�d�e�l� �(�3�.�5�)� �c�a�n� �b�e� �s�i�m�p�l�i�f�i�e�d� �a�s� 

�V�i�j�k�=�H�+�O�;�4�+� �8�5�+� �7�_�+�(�0�8�)�;� �5�+� �(�0�7�)�,� �+� �(�B�N�)�,� �+� �C�B� �b�j� �e�e�t� �e�5�5�4� �(�3�.�1�6�)� 

�w�h�e�r�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �d�e�f�i�n�e�d� �a�s� �i�n� �t�h�e� �m�o�d�e�l� �(�3�.�1�)� �w�i�t�h� 

 ¬�i�j�n� �~� �N�I�D�(�O�,� �o�*�)� 

�2�2�4�4� �=� �d�B�;� �=� �3�s� �T�k� �=� �2� �(�4�8�)� �;�5� �=� �d�e� �(�a�B�)�i�g�=� �=� �3�2� �(�8�1�)� �j�=� �9�-� 

�T�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �c�g�;�h�,�e�,� �r�e�p�r�e�s�e�n�t�s� �a� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �s�a�t�i�s�f�y�i�n�g� 

�2� �B�i�=� �L�h�j�=� �L�e�g�=�0� �a�n�d� �L�e�i� �=� �L�h�y�=� �L�e�k� �|� �(�3�.�1�7�)� 

�w�h�e�r�e� �i�=�1�,�-�-�+�l�,� �j�=�1�,�:�-�.�m�,� �a�n�d� �k�=�1�,�-�-�.�n�.� �F�o�r� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �f�o�r� �t�e�s�t�i�n�g� 

�t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �i�s� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �3�2



�H�y�:� �c�?�=�0� �v�e�r�s�u�s� �H�,�:�c�?�>�0�.� �(�3�.�1�8�)� 

�F�o�r� �t�h�e� �t�e�s�t�i�n�g� �t�h�i�s� �h�y�p�o�t�h�e�s�i�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�i�r�s�t�:� 

� � 

� � 

�a�2� �a�2� �é� �é� �S�,� �=�  � � � �� �=� �T�R� �(�3�.�1�9�)� 
 ��o�Y� �¥� �d�i�p� �I�D�I� 

�a�=�1�j�7�=�1�k�=�1� 

�a�n�d� 

�a�2� �2�2� �é� �¢� 
�S�y� �=�.� �=� �2� �(�3�.�2�0�)� 

�y�e� �E�v�a�,� �P�l� 
�t�=� �1�7� �=�1�k�=�1� �J� 

�w�h�e�r�e� �¢�?� �=� �m�a�x�{� �@�2�,�,� �|� �l�<�p�<�s�,� �l�<�q�<�r�,� �1�<�r�<�u�}�,� �i�e�,� �t�h�e� �l�a�r�g�e�s�t� �e�s�t�i�m�a�t�e�d� �s�q�u�a�r�e�d� 

�c�o�r�e� �e�l�e�m�e�n�t�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �r�a�n�g�e�s� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �S�,� �a�n�d� �S�,� �a�r�e� �t�h�e� �i�n�t�e�r�v�a�l� �[�0�,� �1�]� 

�s�i�n�c�e� �t�h�e�s�e� �a�r�e� �p�r�o�p�o�r�t�i�o�n�s�.� 

�T�o� �t�e�s�t� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s�,� �(�3�.�1�8�)�,� �o�f� �n�o� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �s�t�a�t�i�s�t�i�c� �S�,� �i�s� �t�h�e� �m�o�s�t� �n�a�t�u�r�a�l� 

�c�h�o�i�c�e� �f�o�r� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �s�i�n�c�e� �i�t� �m�e�a�s�u�r�e�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �l�a�r�g�e�s�t� �c�o�r�e� �e�l�e�m�e�n�t�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �r�e�s�e�a�r�c�h�,� �S�,� �w�a�s� �u�s�e�d� �a�s� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �s�i�n�c�e� �c�,�,�,� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�h�r�e�e� �f�a�c�t�o�r�s� 

�a�n�d� �s�o� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �c�?�,�,� �i�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �t�h�e� �l�a�r�g�e�s�t�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�i�s� �s�h�o�u�l�d� �w�e�l�l� 

�s�u�m�m�a�r�i�z�e� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e� �i�n� �t�h�e� �r�e�s�i�d�u�a�l�s�,� �i�f� �a�n�y�.� �I�t� �t�u�r�n�s� �o�u�t�,� �i�n� �g�e�n�e�r�a�l�,� 

�f�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �b�a�s�e�d� �o�n� �s�o�m�e� �o�f� �t�h�e� �s�i�m�u�l�a�t�e�d� �d�a�t�a�,� �t�h�a�t� �c�?�,�,� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �a�l�w�a�y�s� 

�t�h�e� �l�a�r�g�e�s�t�.� �T�h�i�s� �l�e�a�d�s� �t�o� �a� �b�i�m�o�d�a�l�i�t�y� �p�r�o�b�l�e�m� �a�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�T�o� �o�v�e�r�c�o�m�e� �t�h�i�s�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �S�,�,� �w�h�i�c�h� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �c�o�r�e� �e�l�e�m�e�n�t�s�,� 

�t�h�e� �s�t�a�t�i�s�t�i�c�s� �b�a�s�e�d� �o�n� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s�,� �L�(�3�.�2�7�)�,� �M�(�3�.�2�8�)�,� �a�n�d� �N�(�3�.�2�9�)�,� �a�r�e� �a�l�s�o� �s�t�u�d�i�e�d�.� �A�s� 

�a�n� �a�n�a�l�o�g�u�e� �o�f� �S�e�c�t�i�o�n� �2�.�2�.�3�,� �w�e� �h�a�v�e� 

�2� �l� �m� �n� �2� �l�-�1� �,� �m ��1� �n�o�l�.� 

�[�I�D�i�l�f�=� �S�M� �L�d�,� �=� �U�A�,� �=� �C�h�e� �=� �L�e�,� �(�3�.�2�1�)� 
�t�=� �1�l�j�=�1�k�=�1� �q�=�1� �r�=�1� �p�=�1� 
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�j�y� �>�+�+�+�>� �f�l�y� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �Q�(�G�,�E�)� �=� �D�(�E�E �� �@�G�G ��)�D ��,� �w�h�e�r�e� �D�e� �R!"�*�'�"�  �� �(�3�.�2�3�)� 

�b�y� �>�+�+�+�>�d�,�_�,� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �R�(�G�,�H�)� �=� �D�(�G�G �� �@� �H�H ��)�D ��,� �w�h�e�r�e� �D�e� �R�"�*�'!"�.� �(�3�.�2�4�)� 

�B�y� �c�o�m�b�i�n�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �(�3�.�1�1�)� �a�n�d� �(�3�.�2�1�)�,� 

�u�o� �8� �t� �.� �u�i� 
�L�o� �e�p�a�r� �=� �D�U� �5� �=� �D�e� �H�g� �=� �D�L� �V�+� �(�3�.�2�5�)� 

�F�u�r�t�h�e�r�m�o�r�e�,� �w�e� �o�b�t�a�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �t�h�e� �l�a�r�g�e�s�t� �e�i�g�e�n�v�a�l�u�e� �o�f� �t�h�e� 

�r�e�s�i�d�u�a�l� �m�a�t�r�i�c�e�s� �a�n�d� �t�h�e� �c�o�r�e� �e�l�e�m�e�n�t�s�:� 

�t� �u�e� �.�9� 

�r�y� �=� �»� �»� �C�i�g�r�s� 
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�a� �8� �t� �m�2� 
�Y�=� �p�e�g� �(�3�.�2�6�)� 

�w�h�e�r�e�,� �}�,�,� �f�i�,� �a�n�d� �%�,� �a�r�e� �t�h�e� �l�a�r�g�e�s�t� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�r�o�s�s� �p�r�o�d�u�c�t� 

�m�a�t�r�i�c�e�s� �D� �i�n� �(�3�.�2�2�)�-�(�3�.�2�4�)� �a�n�d� �s�=�t�=�u� �a�r�e� �o�f�t�e�n� �o�n�e� �o�r� �t�w�o�.� �N�o�t�i�c�e� �t�h�a�t� �a�l�l� �t�h�r�e�e� �o�f� �t�h�e� 

�s�u�m�m�a�n�d�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �(�3�.�2�6�)� �c�o�n�t�a�i�n� �c�?�,�,�.� �A�s� �a� �r�e�s�u�l�t�,� �w�h�e�n� �c�?�,�,� �i�s� �m�u�c�h� �l�a�r�g�e�r� 

�t�h�a�n� �t�h�e� �o�t�h�e�r� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s�,� �t�h�e�n� �c�?�,�,� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �a�n�y� �o�f� �t�h�e� 

�e�i�g�e�n�v�a�l�u�e�s�:� �4�,�,� �j�i�,�,� �a�n�d� �,�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e�s�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �a�s� �w�e�l�l�.� 

�T�h�u�s�,� �S�,� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �a�n�y� �o�f� 
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� � 

� � 

� � 

�L� �=�  �� �(�3�.�2�7�)� 
�|�|�D�|�|�?� �=� �i�,� 

�p�=�1� 

�M� �=� �D�I�E� �=� �w�a�t� �p� �a�n�d� �(�3�.�2�8�)� 
�d�h� 

�q�=�1� 

�v� �V�4� �N� �=� �D�i�e� �=�=�.� �(�3�.�2�9�)� 
�L�Y�,� 

�r�=�1� 

�I�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�n� �t�h�i�s� �c�a�s�e� �w�o�u�l�d� �b�e� 

�S�,� �~� �m�i�n� �{� �L�,� �M�,� �N� �}� �(�3�.�3�0�)� 

�s�i�n�c�e� �c�?�,�,� �w�i�l�l� �b�e� �c�l�o�s�e�s�t� �t�o� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �i�n� �(�3�.�2�6�)�,� �i�.�e�.�,� �c�?�,�,�~� �m�i�n� �(�\�,�,� 

�j�t�,� �a�n�d� �o�,�)�.� �T�h�e� �f�u�r�t�h�e�r� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�e�s�e� �b�e�i�n�g� �s�u�i�t�a�b�l�e� �s�t�a�t�i�s�t�i�c�s� �i�s� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� 

�3�.�4�.�2�.� 

�T�o� �c�o�m�p�a�r�e� �t�h�e� �s�t�a�t�i�s�t�i�c�s�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �f�o�l�l�o�w�i�n�g� �t�h�e� �s�t�e�p�s� �i�n� 

�S�e�c�t�i�o�n� �3�.�3�.�2� �a�r�e� �p�r�e�s�e�n�t�e�d� �n�o�w�.� �F�i�r�s�t�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �t�e�s�t� �f�o�r� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S�,� �a�r�e� 

�s�u�m�m�a�r�i�z�e�d� �b�e�l�o�w�:� 

�(�1�)� �W�h�e�n� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �d�a�t�a�,� �t�h�e� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s� �s�,� �o�f� �S�,� �i�s� 
�l�a�r�g�e�.� �A�s� �e�x�p�e�c�t�e�d�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �e�f�f�e�c�t�s� �l�e�a�d�s� �t�o� �l�a�r�g�e�r� �p�r�o�p�o�r�t�i�o�n�s� 

�a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �c�?�,�,�.� �I�n� �t�h�i�s� �c�a�s�e�,� �¢�?�,�,� �=� �1�)� �h�o�l�d�s�.� 

�(�2�)� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �f�o�r� �t�h�e� �d�a�t�a� �w�i�t�h� �n�o� �t�h�r�e�e� �f�a�c�t�o�r�-�i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �v�a�l�u�e� �s�,� �o�f� �S�,� 

�i�s� �q�u�i�t�e� �s�m�a�l�l�.� �D�e�c�r�e�a�s�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�,� �l�e�a�d�s� �t�o� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �S�,�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� 

�G�i� �=�e�)� �s�t�i�l�l� �h�o�l�d�s� �m�o�s�t� �o�f� �t�h�e� �t�i�m�e�,� �b�u�t� �n�o�t� �a�l�w�a�y�s�.� �T�h�i�s� �l�e�a�d�s� �t�o� �a� �b�i�m�o�d�a�l�i�t�y� 

�p�r�o�b�l�e�m�.� 

�(�3�)� �T�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S�,� �r�e�v�e�a�l�s� �b�i�m�o�d�a�l�i�t�y�.� �T�h�e� 

�h�i�s�t�o�g�r�a�m�s� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �s�h�o�w� �t�w�o� �m�o�d�e�s�;� �t�h�e� �f�i�r�s�t� �m�o�d�e� �i�s� �l�o�c�a�t�e�d� �n�e�a�r� �t�h�e� 
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�m�e�d�i�a�n� �(�o�f�t�e�n� �a�r�o�u�n�d� �.�1�8� �t�o� �.�2�4�)� �a�n�d� �t�h�e� �s�e�c�o�n�d� �m�o�d�e� �i�s�,� �n�e�a�r� �z�e�r�o�,� �o�n� �t�h�e� �f�a�r� �e�n�d� �o�f� �t�h�e� 

�l�e�f�t� �t�a�i�l� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �(�s�e�e� �F�i�g�u�r�e� �3�)�.� �M�o�s�t� �s�a�m�p�l�e� �v�a�l�u�e�s� �s�)� �a�r�e� �c�l�u�s�t�e�r�e�d� �n�e�a�r� �t�h�e� 

�f�i�r�s�t� �m�o�d�e� �o�f� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�.� �A�b�o�u�t� �1�0�-�1�5�%� �o�f� �t�i�m�e�,� �t�h�e� �v�a�l�u�e�s� �s�y� �o�f� �S�y� 

�a�r�e� �g�a�t�h�e�r�e�d� �a�r�o�u�n�d� �t�h�e� �s�e�c�o�n�d� �p�e�a�k� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�.� �F�o�r� �t�h�e�s�e� �v�a�l�u�e�s�,� �a�s� �e�x�p�e�c�t�e�d�,� 

�n�o�t� �o�n�l�y� �¢�?�,�,� �C�s� �b�u�t� �a�l�s�o� �t�h�e�i�r� �m�a�g�n�i�t�u�d�e�s� �a�r�e� �r�a�t�h�e�r� �s�m�a�l�l�.� 

�(�4�)� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l�s� �o�r� �t�h�e� �p�-�v�a�l�u�e�s� �o�f� �s�,� �a�r�e� �r�e�a�s�o�n�a�b�l�e�.� �T�h�e� �r�a�n�g�e� �o�f� �p�-�v�a�l�u�e�s� �f�o�r� 

�t�h�e� �s�i�m�u�l�a�t�e�d� �d�a�t�a� �w�i�t�h� �n�o� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �b�e�t�w�e�e�n� �.�2�8�8� �t�o� �.�6�0�4� �a�n�d� �f�o�r� �t�h�e� �d�a�t�a� �w�i�t�h� 

�i�n�t�e�r�a�c�t�i�o�n� �t�h�e� �r�a�n�g�e� �o�f� �p�-�v�a�l�u�e�s� �i�s� �b�e�t�w�e�e�n� �.�0�0�4� �t�o� �.�0�0�2� �u�s�i�n�g� �5�0�0� �i�t�e�r�a�t�i�o�n�s�.� 

�T�h�e� �o�t�h�e�r� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�e�s�t�i�n�g� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �$�,�,� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �l�a�r�g�e�s�t� �s�q�u�a�r�e�d� 

�c�o�r�e� �e�l�e�m�e�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �s�u�m� �o�f� �s�q�u�a�r�e�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �a�r�e� �t�h�e� �r�e�s�u�l�t�s� 

�o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �f�o�r� �S�,�:� 

�(�1�)� �T�h�e� �r�e�s�u�l�t�s� �o�f� �(�1�)� �f�o�r� �t�h�e� �s�t�a�t�i�s�t�i�c� �S�,� �a�l�s�o� �h�o�l�d� �f�o�r� �5�}�.� 

�(�2�)� �F�o�r� �t�h�e� �d�a�t�a� �w�i�t�h� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �v�a�l�u�e� �s�,� �o�f� �S�,� �i�s� �s�m�a�l�l�.� �A�g�a�i�n�,� 

�d�e�c�r�e�a�s�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �e�f�f�e�c�t�s� �l�e�a�d�s� �t�o� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �5�)�.� 

�(�3�)� �T�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �5�,� �i�s� �u�n�i�m�o�d�a�l�.� �T�h�e� �h�i�s�t�o�g�r�a�m� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� 

�v�a�l�u�e� �s�y� �o�f� �S�,�,� �s�h�o�w�s� �a� �b�e�l�l� �s�h�a�p�e�d� �c�u�r�v�e� �w�i�t�h� �m�i�l�d� �s�k�e�w�n�e�s�s� �t�o� �t�h�e� �r�i�g�h�t�.� �S�i�n�c�e� �S�,� 

�a�l�w�a�y�s� �p�i�c�k�s� �u�p� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �o�f� �t�h�e� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s�,� �t�h�e� 

�b�i�m�o�d�a�l�i�t�y� �p�r�o�b�l�e�m� �i�s� �g�o�n�e�.� 

�(�4�)� �T�h�e� �p�-�v�a�l�u�e� �o�f� �S�,� �i�s� �s�l�i�g�h�t�l�y� �s�m�a�l�l�e�r� �b�u�t� �a�b�o�u�t� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �f�o�r� �S�)�.� 

�(�5�)� �S�,� �i�s� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�5�,� �f�o�r� �t�h�e� �h�y�p�o�t�h�e�s�i�s�,� 

�H�y�:� �¢�?�=� �C�i�)� �=�0� �v�e�r�s�u�s� �H�,�:� �c�*�=� �c�i�)� �>� �0�.� 

�N�o�w� �w�e� �b�r�i�e�f�l�y� �n�o�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �f�o�r� �L�,� �M�,� �a�n�d� �N�:� 

�(�1�)� �T�h�e� �o�u�t�c�o�m�e�s� �(�1�)� �a�n�d� �(�2�)� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �S�,� �s�t�i�l�l� �h�o�l�d� �f�o�r� �t�h�e�s�e� �s�t�a�t�i�s�t�i�c�s�.� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �3�6



�(�2�)� �M�o�s�t� �n�o�t�a�b�l�y�,� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �4� �t�o� �6�,� �d�i�s�p�l�a�y� 

�m�u�c�h� �s�m�o�o�t�h�e�r� �a�n�d� �m�o�r�e� �s�y�m�m�e�t�r�i�c� �b�e�l�l� �s�h�a�p�e�d� �c�u�r�v�e�s� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�o�s�e� �o�f� �S�,� �a�n�d� 

�S�>�.� 

�(�3�)� �T�h�e� �p�-�v�a�l�u�e�s� �f�o�r� �t�h�e� �d�a�t�a� �w�i�t�h� �l�a�r�g�e� �i�n�t�e�r�a�c�t�i�o�n� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�o�s�e� �o�f� �t�h�e� 

�s�t�a�t�i�s�t�i�c�s� �S�,� �a�n�d� �S�j�.� �H�o�w�e�v�e�r�,� �f�o�r� �t�h�e� �d�a�t�a� �u�n�d�e�r� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s�,� �t�h�e� �p�-�v�a�l�u�e�s� �f�o�r� 

�t�h�e�s�e� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �t�h�a�n� �t�h�o�s�e� �o�f� �S�,� �a�n�d� �S�,�:� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �p�-�v�a�l�u�e�s� 

�u�n�d�e�r� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �b�a�s�e�d� �o�n� �t�h�e�s�e� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �b�e�t�w�e�e�n� �.�0�1� �t�o� �.�0�9� �a�n�d� �t�h�e� �p�-�v�a�l�u�e� �o�f� 

�S�,� �a�n�d� �S�,� �a�r�e� �n�e�a�r� �.�3�0� �(�c�f�.� �T�a�b�l�e�s� �7� �a�n�d� �8�)�.� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �o�b�s�e�r�v�a�t�i�o�n�s�,� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �S�,�,� �L�,� �M�,� �a�n�d� �N� �a�p�p�e�a�r� �t�o� �b�e� �a�p�p�r�o�p�r�i�a�t�e� 

�s�t�a�t�i�s�t�i�c�s� �f�o�r� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�.� �I�n�t�r�i�n�s�i�c�a�l�l�y�,� �h�o�w�e�v�e�r�,� �t�h�e� �s�t�a�t�i�s�t�i�c� �S�;� �s�e�e�m�s� �t�o� �b�e� 

�t�h�e� �m�o�s�t� �s�u�i�t�a�b�l�e� �c�h�o�i�c�e� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �s�i�n�c�e� �i�t� �t�e�s�t�s� �t�h�e� 

�p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �l�a�r�g�e�s�t� �c�o�r�e� �e�l�e�m�e�n�t� �w�h�i�c�h� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�s� �t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e�.� 

�N�o�t�i�c�e� �t�h�a�t�,� �e�x�c�e�p�t� �f�o�r� �t�h�e� �b�i�m�o�d�a�l�i�t�y� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �S�,�,� �b�o�t�h� �o�f� �t�h�e� �t�e�s�t� 

�s�t�a�t�i�s�t�i�c�s�,� �S�,� �a�n�d� �S�,� �a�r�e� �b�a�s�i�c�a�l�l�y� �g�i�v�i�n�g� �t�h�e� �s�a�m�e� �r�e�s�u�l�t�s� �a�s� �f�a�r� �a�s� �t�h�e� �t�e�s�t�i�n�g� �i�s� 

�c�o�n�c�e�r�n�e�d�.� �I�n� �S�e�c�t�i�o�n� �3�.�4�,� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �t�e�s�t� �b�a�s�e�d� �o�n� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S�,� �w�i�l�l� �b�e� 

�p�r�e�s�e�n�t�e�d� �u�n�d�e�r� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �C�h�)� �=�C�7�i�4�.� 
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�T�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �p�r�o�c�e�d�u�r�e� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �u�s�i�n�g� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �$�,�.� �T�w�o� 
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�1�.� �F�o�r� �t�h�e� �g�i�v�e�n� �d�a�t�a�s�e�t�,� �t�h�e� �s�t�a�n�d�a�r�d� �A�N�O�V�A� �m�o�d�e�l� �i�s� �f�i�t�t�e�d� �a�n�d� �t�h�e� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �2�.� �F�r�o�m� �t�h�i�s� �f�i�t�,� �t�h�e� �r�e�s�i�d�u�a�l� �m�a�t�r�i�c�e�s� �i�n� �T�a�b�l�e� �3� �a�r�e� �o�b�t�a�i�n�e�d�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� 
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�2�.� �U�s�i�n�g� �a� �S�A�S�/�I�M�L� �p�r�o�g�r�a�m�,� �t�h�e� �o�b�s�e�r�v�e�d� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �s�,� �o�f� �S�,� �i�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� 
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�3�.� �T�h�e� �r�e�s�i�d�u�a�l�s� �a�r�e� �r�a�n�d�o�m�l�y� �a�l�l�o�c�a�t�e�d� �a�n�d� �t�h�e� �s�t�a�t�i�s�t�i�c� �v�a�l�u�e� �s�,� �i�s� �c�o�m�p�u�t�e�d� �f�o�r� �e�a�c�h� 
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�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �l�o�o�k�s� �f�a�i�r�l�y� �n�o�r�m�a�l� �b�u�t� �w�i�t�h� �m�i�l�d� �s�k�e�w�n�e�s�s� �t�o� �t�h�e� �r�i�g�h�t�.� �S�i�n�c�e� �s�y� �=� �.�9�8� �i�s� 
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�5�.� �T�o� �s�u�m�m�a�r�i�z�e� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �r�e�s�u�l�t�s�,� �t�h�e� �p�-�v�a�l�u�e�,� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �s�,� �v�a�l�u�e�s� �t�h�a�t� 
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�F�o�r� �a� �c�o�m�p�l�e�t�e� �i�l�l�u�s�t�r�a�t�i�o�n�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s� �S�,�,� �L�,� �M�,� �a�n�d� �N� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e�s� �3� �t�o� �6�.� �T�h�e� �o�u�t�c�o�m�e�s� �f�r�o�m� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� �a�l�o�n�g� �w�i�t�h� �t�h�e� 

�a�b�o�v�e� �r�e�s�u�l�t�s� �f�o�r� �S�,� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �7� �a�n�d� �8�.� 

�R�e�m�a�r�k�s� �o�n� �R�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t�s� 

�T�h�e� �a�b�o�v�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �i�s� �b�a�s�e�d� �o�n� �a� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�.� �I�n� �p�r�a�c�t�i�c�e� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �t�o� �h�a�v�e� �c�o�m�p�l�i�c�a�t�e�d� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�i�s� �l�e�a�d�s� �t�o� �a� �s�e�q�u�e�n�t�i�a�l� �a�p�p�r�o�a�c�h� �t�o� �t�e�s�t�i�n�g�.� 

�I�f� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �o�f� �a� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �(�3�.�1�8�)� �i�s� �r�e�j�e�c�t�e�d�,� �o�n�e� �m�u�s�t� �t�e�s�t� �f�o�r� 

�a� �s�e�c�o�n�d� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �c�o�m�p�o�n�e�n�t� �o�r� �o�n�e� �m�a�y� �b�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �t�e�s�t�i�n�g� �f�o�r� �a� �g�r�o�u�p� �o�f� 

�c�o�m�p�o�n�e�n�t�s� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �t�o� �s�e�e� �i�f� �a�n�y� �o�t�h�e�r� �t�e�r�m�(�s�)� �s�h�o�u�l�d� �b�e�l�o�n�g�(�s�)� �i�n� �t�h�e� �m�o�d�e�l�.� 

�C�o�n�c�e�r�n�i�n�g� �t�h�i�s� �i�s�s�u�e�,� �i�t� �i�s� �w�o�r�t�h� �w�h�i�l�e� �t�o� �m�e�n�t�i�o�n� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�C�a�s�e� �1�:� �I�f� �t�h�e� �p�-�v�a�l�u�e� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �s�m�a�l�l�,� �s�a�y� �l�e�s�s� �t�h�a�n� �.�0�5�,� �(�i�.�e�.� �c�?� �d�o�m�i�n�a�t�e�s� �t�h�e� 

�c�o�r�e�)� �a�n�d� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �|�|�C�|�|�*�/�|�|�D�|�|�*� �i�s� �l�a�r�g�e�,� �e�.�g�.�,� �g�r�e�a�t�e�r� �t�h�a�n� �9�0�%�,� �t�h�e�n� �t�h�e� �t�h�r�e�e�-� 

�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �i�n� �a� �d�a�t�a� �c�a�n� �b�e� �s�u�m�m�a�r�i�z�e�d� �w�e�l�l� �w�i�t�h� �o�n�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� 

�c�g�;� �h�j�e�,�.� 

�C�a�s�e� �2�:� �I�f� �t�h�e� �p�-�v�a�l�u�e� �i�s� �s�m�a�l�l� �b�u�t� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �s�m�a�l�l�,� �y�e�t� �t�h�e� �p�r�o�p�o�r�t�i�o�n� 

�\�|�C�|�|�?�/�|�|�D�|�|�?� �i�s� �l�a�r�g�e�,� �t�h�e�n� �c�o�m�p�a�r�e� �t�h�e� �q�u�a�n�t�i�t�y� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c�s� 

�C�1�)� �+� �(�2�)� 
�I�D�I�?� 

�2� 

�(�1�)� 
 ��)� �*� �[�D�I�P� 

� � �a�n�d� �$�(�2�)� �=� 

�w�h�e�r�e� �s� �(�2�)� �i�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �s�u�m� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �l�a�r�g�e�s�t� �c�o�r�e� �e�l�e�m�e�n�t�.� 

�(�i�)� �I�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �$�4�)� �a�n�d� �s�/�,�)� �i�s� �n�e�g�l�i�g�i�b�l�e�,� �t�h�e�n� �n�o� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� 

�b�e�l�o�n�g�s� �i�n� �t�h�e� �m�o�d�e�l� �a�n�d� �t�h�e� �n�u�l�l� �m�o�d�e�l� �i�n� �(�3�.�2�)� �i�s� �s�u�p�p�o�r�t�e�d�.� 

�(�i�i�)� �I�f� �s�/�9�)� �i�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �$�1�)� �t�h�e�n� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �s�e�c�o�n�d� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� 

�f�o�r� �p�o�s�s�i�b�l�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e�.� 
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�C�a�s�e� �3�:� �I�f� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �|�|�C�|�|�?�/�|�|�D�|�|�?� �i�s� �r�a�t�h�e�r� �s�m�a�l�l�,� �t�h�e�n� �t�h�e� �r�e�d�u�c�t�i�o�n� �o�n� �r�e�s�i�d�u�a�l� 

�a�r�r�a�y�s� �a�r�e� �d�o�n�e� �c�r�u�d�e�l�y�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �f�i�t� �o�f� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� 

�a�n�a�l�y�s�i�s� �o�n� �r�e�s�i�d�u�a�l�s� �n�e�e�d�s� �t�o� �b�e� �i�m�p�r�o�v�e�d� �b�e�f�o�r�e� �t�h�e� �r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �i�s� �p�e�r�f�o�r�m�e�d�.� 

�I�t� �m�a�y� �b�e� �p�o�s�s�i�b�l�e� �t�o� �i�m�p�r�o�v�e� �t�h�e� �f�i�t� �b�y� �a�d�d�i�n�g� �m�o�r�e� �c�o�m�p�o�n�e�n�t�s�.� 

�3�.�4�.� �L�I�K�E�L�I�H�O�O�D� �R�A�T�I�O� �T�E�S�T�S� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t�s� �f�o�r� �t�e�s�t�i�n�g� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �o�f� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� 

�i�n�t�e�r�a�c�t�i�o�n� �i�n� �a� �t�h�r�e�e�-�w�a�y� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �m�o�d�e�l� �w�i�t�h� �a� �s�i�n�g�l�e� �o�b�s�e�r�v�a�t�i�o�n� �p�e�r� �t�r�e�a�t�m�e�n�t� 

�c�o�m�b�i�n�a�t�i�o�n�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �a� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �d�e�r�i�v�e�d� �t�o� �t�e�s�t� �f�o�r� �a� �s�i�n�g�l�e� 

�m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�.� �I�n� �S�e�c�t�i�o�n� �3�.�4�.�1�,� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �(�M�L�E�)� �a�r�e� 

�c�o�m�p�u�t�e�d�.� �S�e�c�t�i�o�n� �3�.�4�.�2� �d�e�r�i�v�e�s� �a� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�e�s�t�i�n�g� �t�h�e� �n�u�l�l� 

�h�y�p�o�t�h�e�s�i�s� �H�y�:� �c�?�=�0�.� �I�t� �t�u�r�n�s� �o�u�t� �t�h�a�t� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �S�$�,� �(�3�.�1�9�)�.� 

�M�o�r�e�o�v�e�r�,� �u�n�d�e�r� �t�h�e� �c�o�n�s�t�r�a�i�n�t�,� �c�?�=�c�?�,�,�,� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S�$�,� �(�3�.�2�0�)� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �S�j�.� 

�I�n� �S�e�c�t�i�o�n� �3�.�4�.�3�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a�n� �a�p�p�r�o�x�i�m�a�t�e�d� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� 

�s�t�a�t�i�s�t�i�c� �i�s� �p�r�e�s�e�n�t�e�d� �b�a�s�e�d� �o�n� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s� �t�o� �o�b�t�a�i�n� �p�e�r�c�e�n�t�a�g�e� �p�o�i�n�t�s�.� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �t�h�r�e�e�-�w�a�y� �a�n�a�l�o�g�u�e� �o�f� �J�o�h�n�s�o�n� �a�n�d� 

�G�r�a�y�b�i�l�l ��s� �(�1�9�7�2�)� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �t�w�o�-�w�a�y� �t�a�b�l�e�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �w�a�y� �o�f� �d�e�r�i�v�i�n�g� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�I�n� �f�a�c�t�,� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �s�t�a�t�i�s�t�i�c� �i�n� �(�B�.�2�)� �i�s� �f�o�r� �a� �g�e�n�e�r�a�l� �h�y�p�o�t�h�e�s�i�s� �(�3�.�1�3�)� �f�o�r� �t�e�s�t�i�n�g� 

�g�r�o�u�p�s� �o�f� �c�o�m�p�o�n�e�n�t�s�.� 

�F�o�r� �t�h�e� �m�o�d�e�l� �(�3�.�1�6�)�,� 

�V�i�j�k� �=� �B�+�;� �+� �B�5�+� �p�+� �(�O�B�)�;� �+� �(�O�Y�)� �E�+� �(�O�N�)� �j�E� �+� �c�e�h�r�e�g�t�e�z� �i�y� 
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�a� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �o�f� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �H�y�:� �c�?� �=�0� �v�e�r�s�u�s� �H�,�:� �c�?� �>�0� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �b�e�l�o�w�.� 

�I�f� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �t�e�s�t� �s�h�o�w�s� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e�n� �t�h�e� �u�s�u�a�l� 

�a�n�a�l�y�s�i�s� �o�f� �m�a�i�n� �e�f�f�e�c�t�s� �a�n�d� �t�w�o�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�s� �w�o�u�l�d� �b�e� �m�a�d�e�.� �I�f� �a� �t�h�r�e�e�-�f�a�c�t�o�r� 

�i�n�t�e�r�a�c�t�i�o�n� �i�s� �s�u�s�p�e�c�t�e�d�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �f�o�r� 

�(�i�)� �o�b�t�a�i�n�i�n�g� �a� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �w�h�i�c�h� �i�s� �s�e�p�a�r�a�t�e�d� �f�r�o�m� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r� 

�(�i�i�)� �a�c�q�u�i�r�i�n�g� �a� �s�u�i�t�a�b�l�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �o�? �� 

�(�i�i�i�)� �g�e�t�t�i�n�g� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �m�a�i�n� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�I�t� �i�s� �k�n�o�w�n�,� �f�r�o�m� �T�h�e�o�r�e�m� �1� �o�f� �K�r�o�o�n�e�n�b�e�r�g� �a�n�d� �D�e� �L�e�e�u�w� �(�1�9�8�0�)�,� �t�h�a�t� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� 

�l�e�a�s�t� �s�q�u�a�r�e�s� �(�A�L�S�)� �e�s�t�i�m�a�t�e�s� �o�f� �c� �h� �p�q�r�)� �&� �p�)� �B�q� �a�n�d� �e�,� �a�r�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �¢� �,� �a�n�d� 
�p�q�r�?� �&� �p�=�q� 

�é�,�,� �w�h�e�r�e� 

�&� �=�[�&�i�p�]� �1�8� �a�n� �e�i�g�e�n�v�e�c�t�o�r� �o�f� �P� �i�n� �(�3�.�2�2�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �4�,�,� �p�=�1�,�-�-�+�s�,� 

�h� �=�{�h�.�.�]� �i�s� �a�n� �e�i�g�e�n�v�e�c�t�o�r� �o�f� �Q� �i�n� �(�3�.�2�3�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �M�o�,� �V�=� �l�e�t�,� �q�=� �4� �j�q� �&� �P�p� �g� �g� �q� 

�é�,� �=� �[�é�,�,�|� �i�s� �a�n� �e�i�g�e�n�v�e�c�t�o�r� �o�f� �R� �i�n� �(�3�.�2�4�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �v�,�,� �r�=�1�,�-�-�+�,�u�,� 

�(�3�.�3�1�)� 

�c
�D

� 

�I� �p�a�r� �=� �t�h�e� �(�p�,�q�,�r�)�t�h� �e�l�e�m�e�n�t� �o�f� �t�h�e� �c�o�r�e� �m�a�t�r�i�x� �C� �f�o�r� �t�h�e� �r�e�s�i�d�u�a�l� �a�r�r�a�y� �D� �(�3�.�6�)� 

�I� 

�t
�e
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�n
�=

� 

�,� �2� �d�i�s�k� �S�i�p� �h�j�q� �C�k�r�:� �(�3�.�3�2�)� 
�p�=�i�q� 

�I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�,� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�o�r�s� �a�r�e� �f�o�u�n�d� �b�a�s�e�d� �o�n� �t�h�e�s�e� 

�a�l�t�e�r�n�a�t�i�n�g� �l�e�a�s�t� �s�q�u�a�r�e�s� �e�s�t�i�m�a�t�o�r�s� �a�l�o�n�g� �w�i�t�h� �t�h�e� �u�s�u�a�l� �l�e�a�s�t� �s�q�u�a�r�e�s� �e�s�t�i�m�a�t�o�r�s�.� �W�e� 

�a�s�s�u�m�e� �t�h�a�t� �t�h�e�s�e� �e�s�t�i�m�a�t�o�r�s� �a�r�e� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n�s� �w�h�i�c�h� �m�i�n�i�m�i�z�e� 

�A� �l� 

�|�D�-�D�]�|�?� �=�>� 
�+�=� �1�9� 

�D�e� �(�d�i�s�e� �-� �d�n�) ��,� 

�w�h�e�r�e� 

 ��p�a�r� �S�i�p� �h�j�q� �C�k�r�s� 

�.� �l� �m� 
�D�=�(�d�;�,�,�]�,� �w�i�t�h� �d�j�j�=� �0� �L�v� 

�p�=�l�1�q�=�I�1�r� �u
�s

� 

�a�n�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�a�m�p�l�e� �e�s�t�i�m�a�t�e�s� 
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�D� �=� �[�d�i� �s�a�l�;� �w�i�t�h� �d�i�s�k� �=� �d�L� �L�o� �C�o�g�r� �S�i�p� �b�i�g� �k�r�)� �p�=�l�1�l�q�=�1�r�=� 

�w�i�t�h� �s�<�l�,�t�<�m�,� �a�n�d�u�<�n� �(�c�f�.� �3�.�8�)�.� 

�3�.�4�.�1� �M�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�o�r�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �g�i�v�e� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� 

�s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l� �(�3�.�1�6�)� �a�n�d� �u�s�e� �t�h�e�m� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�s�t�a�t�i�s�t�i�c� �f�o�r� �t�e�s�t�i�n�g� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �H�,�:� �c�?� �=�0� �v�e�r�s�u�s� �H�,�:� �c�?�>�0�.� 

�F�i�r�s�t� �w�e� �n�o�t�e� �t�h�a�t� �w�h�e�n� �Y�,� �D�,� �C�,� �G�,� �H�,� �a�n�d� �E� �a�r�e� �g�i�v�e�n� �a�s� �b�e�f�o�r�e�,� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� 
�l� �m� 

�o�f� �(�>� �d�X� �>� �d�i� �5�x� �g�i�h�;�e�,�)�?� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �g�;�,� �h�j�,� �a�n�d� �e�,� �s�u�b�j�e�c�t� �t�o� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �i�n� 
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�p�a�r�a�m�e�t�e�r�s� �@� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �v�a�l�u�e�s� �s�p�e�c�i�f�i�e�d� �b�y� �H�g�,� �a�n�d� �l�e�t� �L�(�Q�)� �b�e� �t�h�e� �m�a�x�i�m�u�m� 

�v�a�l�u�e� �o�f� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e� �w�h�e�r�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �t�a�k�e� �o�n� �a�n�y� 

�v�a�l�u�e� �s�p�e�c�i�f�i�e�d� �b�y� �t�h�e� �u�n�i�o�n� �o�f� �H�y� �a�n�d� �H�,�.� �T�h�e�n� �t�h�e� �c�r�i�t�i�c�a�l� �r�e�g�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �t�h�o�s�e� 

�s�a�m�p�l�e� �o�u�t�c�o�m�e�s� �f�o�r� �w�h�i�c�h� 

�a�t�.� �L�)�  �� �L�s� �7� �k�*�*� 

�~� �«�L�(�®�)� 

�w�h�e�r�e� �k�*�*� �i�s� �c�h�o�s�e�n� �s�o� �t�h�a�t� �P�(�t�y�p�e� �I� �e�r�r�o�r�)� �T� �&� 

�T�h�e� �p�a�r�a�m�e�t�e�r�s� �u�n�d�e�r� �H�,� �U�H�,� �a�r�e� 

�9�g� �=�I�(�[�4�,� �a�,� �B�,� �Y�,� �Z�s� �P�y� �@�,� �C�,� �&�>� �h�,� �e�,� �o�7� �|�,� 

�a�n�d� �u�n�d�e�r� �H�,� �a�r�e� 

�T�h�u�s� �u�n�d�e�r� �H�y�,� �t�h�e� �u�s�u�a�l� �l�e�a�s�t� �s�q�u�a�r�e�s� �e�s�t�i�m�a�t�o�r�s� �(�3�.�3�4�)� �f�o�r� �a� �t�h�r�e�e�-�w�a�y� �f�i�x�e�d� �A�N�O�V�A� 

�m�o�d�e�l� �w�i�t�h� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �a�r�e� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�o�r�s� �f�o�r� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �9�,�,� �a�s� �t�h�e� �m�o�d�e�l� �(�3�.�3�3�)� �a�s�s�u�m�e�s� �n�o�r�m�a�l� �e�r�r�o�r�s�.� �U�n�d�e�r� �H�,�,� �T�h�e�o�r�e�m� �3�.�4�.�1� 

�g�i�v�e�s� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�o�r�s� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �9�9�.� �T�h�u�s�,� �t�h�e� �l�i�k�e�l�i�h�o�o�d� 

�r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �o�f� �H�y�:� �c�?� �=�0� �v�e�r�s�u�s� �H�,�:� �c�?�>�0� �i�s� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �6�0
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� � 

�i�m�n� �-� �i�m�e� 
�S�e�e� �S�a�y�e� �s� �x� �i�j� 

�A�*� �_� �L�(�é�)� �t�=�1�l�j�=�1�k�=�1� �a�k� 
�~� �A� �=� �I�m�n� �i�m�n� �L�a�)� �~� �P�|� �i�n� �i� 

�m�i�n� 

�2�x�(� �>�>� �d�D� �5�k�  ��  ¬�*�)� 
�*�=�1�l�j�y�=�1�k�=� 

�l� �m� �n� 

�>�>� �D�>� �D�y� �d�y� �5�K� �-�@�¢� �i�n�e� 
�_� �*�t�=�1�j�y�=�1�k�=�1� 
�=� �(� �l�L� �o�m� �o�n� �9� �)� 

�Y�Y� �L�Y� �a�y�s� 
�t�=�1�j�g�=�1�k�=�1� 

�S�o�,� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�e�o�r�e�m�:� 

�T�h�e�o�r�e�m� �3�.�4�.�2�:� �F�o�r� �t�h�e� �m�o�d�e�l� �(�3�.�3�3�)�,� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �o�f� �H�p�:� �c�?�=�0� 

�v�e�r�s�u�s� �H�,�:� �c�?�>�0� �i�s� 
�l� �m� �n� �2� �2�2� 

�y�y� �V�a�y �� �-� �¢ ¬� �i�n�n� 
�=�1�i�=�)� �,� �(�3�.�3�7�)� 

� � 

� � 

�l� �m� �n� 

�2� �d�a� �2�m� �f�i�a�  ��¢� 
�*�\� �T�e�n�n� �a�=� �1�l�j�=� �=� �e�k� 

�»� �»� �D�S� �d�y� �5�K� �i�=�1�j�=�1�k�=�1� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �r�e�j�e�c�t� �H�o� �i�f�f� 

�a�2� �a�2� 
�C�c� �C�c� �*� 

�A�=� �T�e� �S�a�.� �"�m�r� �*� 
�»� �»� �S�S� �d�i�y�, �� 

�t�=�1�j�g�=�1�k�=�1� �J� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� 

�(�3�.�3�8�)



�2� 
�w�h�e�r�e� �A�=�1�-�(�A�*�)�'!"�"�,� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �A� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� 

�r�a�n�d�o�m�i�z�a�t�i�o�n� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �S�'�,� �(�3�.�1�9�)�.� 

�F�o�r� �a� �t�y�p�e� �I� �e�r�r�o�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�,� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �H�y�:� �c�?� �=�0� �i�s� �r�e�j�e�c�t�e�d� �i�n� �f�a�v�o�r� �o�f� �H�,�:� 

�c�?�>�0�,� �i�f� �A�>�k�*�,� �w�h�e�r�e� �k�*� �i�s� �s�u�c�h� �t�h�a�t� 

�P�(�A�>�k�*� �|�H�,�)�=�a� �f�o�r� �a� �g�i�v�e�n� �a�.� 

�T�h�u�s�,� �f�o�r� �e�x�a�m�p�l�e�,� �f�r�o�m� �(�3�.�2�1�)�,� �A�>�k� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�2� 
� � �L

�o
� 

�a�2� 
�C�c� �A� �=� �=� �>� �k�*� 

�|�|�D�]�|�?� �l� 
�A� �i�P� �n

�t
� 

�P�p� 

�w�h�e�r�e�,� �k�*� �i�s� �s�u�c�h� �t�h�a�t� �P�(� �A�>�k�*� �|� �H�,� �)�=�a� �f�o�r� �t�h�e� �g�i�v�e�n� �a�.� 

�T�o� �t�e�s�t� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �b�a�s�e�d� �o�n� �t�h�e� �s�t�a�t�i�s�t�i�c�,� �A�,� �w�e� �n�e�e�d� �i�t�s� �d�i�s�t�r�i�b�u�t�i�o�n� �w�h�i�c�h� �i�s� 

�u�n�k�n�o�w�n�.� �T�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �s�q�u�a�r�e�d� �c�o�r�e� 
�2� �p�a�r�r� �P�=�1�e�,� �=�8�,� �g�=�l�,�-�,�=�t�,� �r�=�1�,�-�-�,�=�u�,� �a�n�d� �a�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �t�h�e�s�e� �a�r�e� �e�l�e�m�e�n�t�s� �¢� 

�n�e�i�t�h�e�r� �d�i�s�t�r�i�b�u�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �n�o�r� �a�s� �c�h�i�-�s�q�u�a�r�e� �v�a�r�i�a�b�l�e�s�.� �O�n�e� �w�a�y� �t�o� �s�o�l�v�e� �t�h�i�s� 

�p�r�o�b�l�e�m� �i�s� �t�o� �c�o�n�s�t�r�u�c�t� �t�a�b�l�e�s� �o�f� �p�e�r�c�e�n�t�a�g�e� �p�o�i�n�t�s� �o�r� �c�r�i�t�i�c�a�l� �v�a�l�u�e�s� �o�f� �A� �u�s�i�n�g� �M�o�n�t�e� 

�C�a�r�l�o� �m�e�t�h�o�d�s�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �w�a�y� �i�s� �t�o� �f�i�n�d� �a� �t�e�s�t� �s�t�a�t�i�s�t�i�c�,� �w�h�i�c�h� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� 

�A�,� �a�n�d� �d�e�r�i�v�e� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�t�i�s�t�i�c�.� 

�F�i�r�s�t�,� �w�e� �f�i�n�d� �a� �s�t�a�t�i�s�t�i�c� �w�h�i�c�h� �n�e�a�r�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �s�t�a�t�i�s�t�i�c� �A� 

�u�n�d�e�r� �t�h�e� �c�o�n�d�i�t�i�o�n� �t�h�a�t� �c�?� �=� �c�?�,�,� �d�o�m�i�n�a�t�e�s� �t�h�e� �c�o�r�e�,� �w�h�i�c�h� �i�s� �t�h�e� �o�f�t�e�n� �t�h�e� �c�a�s�e�,� �w�h�e�r�e� 
�2� �p�a�r� �|� �1�S� �P�S�s�,� �1�<�q�s�r�,�1�<�r�<�u�}� �a�s� �d�e�f�i�n�e�d� �i�n� �(�3�.�1�5�)�.� �2�.�2� �c�i� �=�C�j�)�=� �m�a�x�{�c� 

�T�h�u�s�,� 

� � 
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�c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �a�n�y� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �L� �i�n� �(�3�.�2�7�)�,� �M� �i�n� �(�3�.�2�8�)�,� �a�n�d� �N� �i�n� �(�3�.�2�9�)�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�n� �t�h�i�s� �c�a�s�e� �w�o�u�l�d� �b�e� 

�A� �~� �m�i�n� �{� �Z�L�,� �M�,� �N�}� �(�3�.�3�9�)� 

�s�i�n�c�e� �c�h�y� �=� �c�?�,�,� �w�i�l�l� �b�e� �c�l�o�s�e�s�t� �t�o� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �i�n� �(�3�.�3�9�)�,� �i�.�e�.�,� �c�?� �=� 

�c�?�,�,�2� �m�i�n� �{�i�,�,� �f�,�,� �2�}�.� �H�e�n�c�e�,� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �1�,� �i�s� �t�h�e� 

�s�m�a�l�l�e�s�t� �o�f� �t�h�e� �t�h�r�e�e� �e�i�g�e�n�v�a�l�u�e�s�,� �w�e� �w�i�l�l� �s�t�u�d�y� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �L�Z�,� �i�n�s�t�e�a�d� �o�f� �A�,� �a�s� 

�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �A� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �f�i�n�d�.� 

�A�s� �a� �r�e�s�u�l�t�,� �w�e� �n�o�w� �t�e�s�t� �t�h�e� �h�y�p�o�t�h�e�s�i�s� 

�H�o�:� �A�;� �=�0� �v�e�r�s�u�s� �H�y�:� �A�,� �>�0� �(�3�.�4�0�)� 

�i�n�s�t�e�a�d� �o�f� �H�,�:� �c�?�=�0� �u�n�d�e�r� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �c�?�=�c�?�,�,�.� �T�h�u�s� �t�h�e� �t�e�s�t� �b�a�s�e�d� �o�n� �L� �i�s�:� �r�e�j�e�c�t� 

�H�o�:� �A�y� �=�0� �i�f�f� 

�I�>�k� �(�3�.�4�1�)� 

�w�h�e�r�e� �k� �i�s� �s�u�c�h� �t�h�a�t� �P�(�Z�>�k� �|� �H�y�)�=�a� �f�o�r� �a� �g�i�v�e�n� �a�.� 

�3�.�4�.�3� �A�p�p�r�o�x�i�m�a�t�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �L�R�T�S� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c� �Z� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �a�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �A�.� �T�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �u�t�i�l�i�z�e�s� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �W�i�s�h�a�r�t� �m�a�t�r�i�x� �a�s� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� �a�n�d� �a�n�a�l�o�g�u�e� �t�o� 

�t�h�e� �t�w�o�-�w�a�y� �c�a�s�e� �b�y� �J�o�h�n�s�o�n� �a�n�d� �G�r�a�y�b�i�l�l� �(�1�9�7�2�)� �a�n�d� �C�o�r�s�t�e�n� �a�n�d� �v�a�n� �E�i�j�n�s�b�e�r�g�e�n� �(�1�9�7�2�)�.� 

�H�e�r�e� �a�n�d� �i�n� �w�h�a�t� �f�o�l�l�o�w�s�,� �f�o�r� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�i�m�p�l�i�c�i�t�y�,� �w�e� �a�r�e� �u�s�i�n�g� �D�D �� �a�n�d� �i�t�s� 
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�e�i�g�e�n�v�a�l�u�e�s� �i�n�s�t�e�a�d� �o�f� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �P� 

�a�n�d� �i�t�s� �e�i�g�e�n�v�a�l�u�e�s� �(�3�.�2�2�)�.� �T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e�s�e� �a�r�e� �v�e�r�y� �c�l�o�s�e� �t�o� �e�a�c�h� �o�t�h�e�r� �a�s� �t�h�e� �P�C�A� 

�c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �r�e�s�i�d�u�a�l�s�.� �A�l�s�o� �f�o�r� �n�o�t�a�t�i�o�n�a�l� �c�o�n�v�e�n�i�e�n�c�e�,� �w�e� �u�s�e� �t�h�e� �s�a�m�e� 

�n�o�t�a�t�i�o�n� �A�,� �f�o�r� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s�.� �F�i�r�s�t� �w�e� �e�x�a�m�i�n�e� �t�h�e� �j�o�i�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �M�e�t�)� �M�e�y� �O�f� 

�t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �a�n�d� �c�r�o�s�s� �p�r�o�d�u�c�t� �m�a�t�r�i�x� �D�D ��¢� �® ��* ��.� �I�n� �f�a�c�t�,� �t�h�e� �j�o�i�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�d�i�y� �+�+�)� �y�z� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �j�o�i�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �a� �W�i�s�h�a�r�t� �m�a�t�r�i�x�.� 

�J�o�i�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �4�,�,� �-�-�-�,� �A�y�,� 

�L�e�t� �1� �<�m�n�,� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y�.� �F�r�o�m� �(�3�.�6�)� �a�n�d� �(�3�.�1�2�)�,� �D� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�D� �=� �[� �d�i�j� �|� �d�i�j�e� �|�-�-�-�|� �d� �i�j�n� �|� 
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�=� �H�,�Y�(�H�,�,�©�@� �Z�,�,�)�,� �(�3�.�4�2�)� 

�w�h�e�r�e� �H�,� �=�]�,� �-� �p�h�i� �1�;�,� �I�,� �i�s� �t�h�e� �/�x�/� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�.� �F�u�r�t�h�e�r�m�o�r�e�,� 

�D�D�'� �=� �A�,� �Y�(�H�,�,�0�H�,�,�)� �Y�H�,� 

�=� �K�,�K�,�Y� �(�K�,�K�,�,� �o�K�,�,�K�,�,�,�)� �Y�'� �K�,�K�;�,� �(�3�.�4�3�)� 

�w�h�e�r�e� �K�,� �i�s� �t�h�e� �/�x�(�/�-�1�)� �s�e�m�i�-�o�r�t�h�o�g�o�n�a�l� �m�a�t�r�i�x� �s�u�c�h� �t�h�a�t� 

�K�K�,� �=� �H� �=� �l�y�)� �~� �4�4�0�1�,� 

�K�K�,� �=� �T�a� �a�n�d� �K�;� �=� �K�,� �;� 

�w�h�e�r�e� �K�,� �i�s� �t�h�e� �M�o�o�r�e�-�P�e�n�r�o�s�e� �i�n�v�e�r�s�e� �o�f� �K�)�.� 

�T�h�u�s� �i�t� �i�s� �e�a�s�i�l�y� �s�e�e�n� �(�s�e�e� �J�o�h�n�s�o�n� �a�n�d� �G�r�a�y�b�i�l�l�(�1�9�7�2�)�)�,� �t�h�a�t� �t�h�e� �n�o�n�z�e�r�o� �e�i�g�e�n�v�a�l�u�e�s� �o�f� 
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�D�D �� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �n�o�n�z�e�r�o� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �f�u�l�l� �r�a�n�k� �(�I�-�1�)�x�(�I�-�1�)� 

�m�a�t�r�i�x� �W� �w�h�e�r�e� 

�W� �=� �K�i�D�D�'�K�,� 

�=� �K�,� �Y�(�K�,�K�,�,� �@�K�,�,�K�,�,�)� �Y� �K�;�.� �(�3�.�4�4�)� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �r�o�l�e� �o�f� �K�,� �i�s� �t�o� �r�e�m�o�v�e� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �i�n� �D�D �� �a�n�d� �m�a�k�e� �W� �a� �f�u�l�l� �r�a�n�k� 

�m�a�t�r�i�x�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �t�h�e�o�r�e�m� �g�i�v�e�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �m�a�t�r�i�x� �W�.� 

�T�h�e�o�r�e�m� �3�.�4�.�3�:� �T�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �m�a�t�r�i�x� �W� �h�a�v�e� �a� �n�o�n�c�e�n�t�r�a�l� �W�i�s�h�a�r�t� �d�i�s�t�r�i�b�u�t�i�o�n�,� 

�i�.�e�.� �W� �i�s� �d�i�s�t�r�i�b�u�t�e�d� �a�s� 

�W�i�i� �(�n�-�1�)�(�m�-�1�)�,� �o�7�1�)� �4�;� �K�;� �r�I ��K�,� �)� �(�3�.�4�5�)� 

�w�h�e�r�e� �I� �=� �(�n�;�;�,�)�.� 

�P�r�o�o�f�:� �T�h�e� �c�o�l�u�m�n�s� �o�f� �K�/�Y�,� �i�.�e�.�,� �K�;�y�,�,� �a�r�e� �d�i�s�t�r�i�b�u�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �a�s� �(�/�-�1�)� �v�a�r�i�a�t�e� 

�N�(�K�;�M�,� �o�2�K�;�K�,�)�,� �t�h�a�t� �i�s�,� 

�,� �i�n�d�e�p�.� �'� �'� 
�K�Y� �N�;�_�,�(�K�,�M�,� �0�2�K�;� �K�;�)� 

�w�h�e�r�e� �M� �=� �(�m�,�,�,�)� �=� �E�[�Y�]�,� �M�y� �j�k�=� �H�+� �O�t� �8�5�+� �7�E� �+� �(�O�P�)�,� �5� �+� �(�O�N� �i�n�t� �(�P�V� �5�6� �+� �N�i�g�z�k� 

�S�i�n�c�e� �(�K�,�K�)�,� �@�K�,�,�K�,�,�)� �i�s� �a� �s�y�m�m�e�t�r�i�c� �i�d�e�m�p�o�t�e�n�t� �m�a�t�r�i�x� �w�i�t�h� �r�a�n�k� �(�n�-�1�)�(�m�-�1�)�,� 

�W�=� �(�K�I�Y�)�(�K�,�K�i�,�o�K�,�,�K ��,�)� �(�K�i�Y�Y� 
�~� �W�,�4�(� �(�n�-�1�)�(�m�-�1�)�,� �0�1�,�1�,� �0�)� 

�w�h�e�r�e� �t�h�e� �n�o�n�c�e�n�t�r�a�l�i�t�y� �p�a�r�a�m�e�t�e�r� 

�@� �=� �K�i�\�M�(�K�,�K �� �e�K�,�,�K�.�,�)�M ��K�,� �=� �K�j�T�I ��K�;�.� �o� 
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�H�e�n�c�e� �t�h�e� �n�o�n�z�e�r�o� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �m�a�t�r�i�x� �D�D �� �a�r�e� �d�i�s�t�r�i�b�u�t�e�d� �a�s� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �a� 

�m�a�t�r�i�x� �W� �w�h�i�c�h� �h�a�s� �t�h�e� �W�i�s�h�a�r�t� �d�i�s�t�r�i�b�u�t�i�o�n� �(�3�.�4�5�)�.� �N�o�t�i�c�e� �t�h�a�t�,� �u�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� 

�c�?�~�A�,� �1�e�.�,� �N�i�j�k�=� �C�B� �h�y�e�,� �~�A�g�;�h�,�e�,�,� �f�o�r� �a�l�l� �i�,� �j�,� �a�n�d� �k�,� �t�h�e�n� �t�h�e� �n�o�n�-�c�e�n�t�r�a�l�i�t�y� �m�a�t�r�i�x� 

�K�,�T�I ��K�,� �h�a�s� �r�a�n�k� �o�n�e� �a�n�d� �h�e�n�c�e� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �n�o�n�z�e�r�o� �e�i�g�e�n�v�a�l�u�e� �}�,�.� 

�D�i�s�t�r�i�b�u�t�i�o�n� �o�f� �L� 

�N�o�w� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c� 

� � �L�=� �3� �I�-�1� �,� 
�d�T� �A�p� 

�p�=�1� 

�u�n�d�e�r� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �H�y�:� �4�,� �=� �0� �i�s� �f�o�r�m�u�l�a�t�e�d�.� �A�s� �s�t�a�t�e�d� �a�b�o�v�e�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �W� 

�a�r�e� �4�,� �>�A�,� �>�-�+�+�>�A�;�_�,� �a�n�d� �u�n�d�e�r� �t�h�e� �H�y�:� �A�,� �=�0�,� �W� �i�s� �d�i�s�t�r�i�b�u�t�e�d� 

�W�i�-�i�l� �(�n�-�1�)�(�m�-�1�)�,� �o�T� �0�)�.� 

�T�h�e� �j�o�i�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �i�s� �g�i�v�e�n� �b�y� �S�e�b�e�r� �(�1�9�8�4�)� 

�(�n ��1�)�(�m�-�1�) ��(�I�-�1�)�-�1� �1� �~� �i�,� 

�a�A� �f�(�s� �A�n�a�)� �=�f�(� �4�)� �=�k� �(� �(�0� 
�(�3�.�4�6�)� 

�i�n� �t�h�e� �r�e�g�i�o�n� �f�o�r� �w�h�i�c�h� �0� �<�\�j�_�1� �<�-�-�-�<� �A�,� �<�4�,� �<� �+�,� �a�n�d� �k� �i�s� �t�h�e� �c�o�n�s�t�a�n�t� �s�u�c�h� �t�h�a�t� 

�i� 

�1� �k� �=� �(�n ��1�)�(�m ��1�) ��(�[�-�1�)�-�1� �l�t� �y�i�s�l� �m�o�l�)� �l�y� �i�a�l� �.� 

�2� �r�T�  ��1�)�-�1�+� �n�-� �m�- ��1�)�  ��2� �i�f� �r�e�t�e�)� �p�e�e�d�)� �F�t� �h�y� 
� � 

�(�2�0�7�)� 
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�T�o� �f�i�n�d� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �Z�L�,� �f�i�r�s�t� �m�a�k�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� �D�e�f�i�n�e� �t�h�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �T� �b�y� 

� � 

� � 

�x�.� �I�-�1� 
�T�,� �=� �q�q� �t�a�l�s� �t�-�2� �a�n�d� �T�y�=� �Y�A�,� 

�p�=�1� �P� 

�a�n�d� �c�o�n�s�i�d�e�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� 

�i�.� �l�-�1� �,� 
�t�e�=� �G�a�p�,� �i�=�l�,� �1�-�2� �a�n�d� �t�y�=� �Y�o� �A�,�.� 

�>� �5� �p�=�1� 

�p�=�1� �P� 

�L�e�t� �t�h�e� �t�;�=�u�,�(�A�;�,� �-�-�-� �4�;�_�,�)� �a�n�d� �i�t�s� �i�n�v�e�r�s�e� �o�f� �t�;� �b�e� �d�e�n�o�t�e�d� �b�y� �A�;�=� �w�,�(�t�,�,� �t�o�,� �+�+�,� �t�y�-�1�)�;� 

�w�h�e�r�e�,� �i�=�1�,� �-�-�-�,� �|�-�1�.� �T�h�u�s� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �i�t�s� �r�e�s�p�e�c�t�i�v�e� �i�n�v�e�r�s�e�s� �a�r�e� 

�u�;�(�A�,� �+�  ��s�+� �+�A�r�_�4�)� �w�(�t�y�,� �t�o�,� �+�5� �t�y�_�1�)� 

�A�y�t�o�e�e� �t�A� 

�d� �.� 
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�3�.�3� 

�(�i�i�)� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �u�s�i�n�g�,� �f�o�r� �e�x�a�m�p�l�e�,� �D�i�r�i�c�h�l�e�t� �o�r� �B�e�t�a�.� �N�o�t�i�c�e� �t�h�a�t� �f�o�r� 

�t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �o�n�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�,� �t�h�e� �D�i�r�i�c�h�l�e�t� �p�.�d�.�f�.� �b�e�c�o�m�e�s� �a� �b�e�t�a� �p�.�d�.�f�.� 
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�(�i�i�i�)� �a�p�p�l�y�i�n�g� �l�a�r�g�e� �s�a�m�p�l�e� �a�s�y�m�p�t�o�t�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�e�o�r�y� �(�a� �y�?� �d�i�s�t�r�i�b�u�t�i�o�n�)�.� �N�o�t�e� �t�h�a�t� 

�f�o�r� �t�h�i�s� �a�p�p�l�i�c�a�t�i�o�n�,� �t�h�e� �b�a�s�i�c� �a�s�y�m�p�t�o�t�i�c� �r�e�g�u�l�a�r�i�t�y� �c�o�n�d�i�t�i�o�n�s� �(�R�a�o�,� �s�e�c�t�i�o�n� �6�a�)� �n�e�e�d�s� 

�t�o� �b�e� �c�h�e�c�k�e�d�.� 

�(�i�i�i�)� �u�s�i�n�g� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�t�u�d�i�e�s� �i�n� �M�a�n�d�e�l� �(�1�9�7�0�)�.� 

�S�o� �f�a�r� �w�e� �s�t�u�d�i�e�d� �t�h�e� �t�e�s�t� �o�f� �a� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� 

�i�n�t�e�r�a�c�t�i�o�n�.� �A�l�t�h�o�u�g�h� �t�h�e� �k�e�y� �s�t�a�t�i�s�t�i�c�s� �w�e� �c�o�n�s�i�d�e�r� �a�r�e� �¢�?� �=�f�)� �(�3�.�1�5�)� �o�r� �¢�2�,�,�,� �t�h�e�r�e� �i�s� 

�n�o� �r�e�a�s�o�n� �w�h�y� �m�o�r�e� �t�h�a�n� �o�n�e� �s�h�o�u�l�d� �n�o�t� �b�e� �u�s�e�d� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�.� �W�h�e�n� �m�o�r�e� �t�h�a�n� 

�o�n�e� �t�e�r�m� �i�s� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �s�e�p�a�r�a�t�e� �i�n�t�e�r�a�c�t�i�o�n� �f�r�o�m� �r�a�n�d�o�m� �e�r�r�o�r�,� �a� �c�r�i�t�e�r�i�o�n� �1�s� 

�n�e�e�d�e�d� �s�o� �t�h�a�t� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �c�a�n� �b�e� �s�e�l�e�c�t�e�d� �t�o� �d�e�s�c�r�i�b�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�O�n�e� �w�a�y� �t�o� �d�e�a�l� �w�i�t�h� �t�h�i�s� �i�s�s�u�e� �i�s� �t�o� �p�e�r�f�o�r�m� �s�t�e�p�w�i�s�e� �p�r�o�c�e�d�u�r�e�s� �b�a�s�e�d� �o�n� �t�e�s�t�i�n�g� 

�p�r�o�c�e�d�u�r�e�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�n�d� �i�n� �A�p�p�e�n�d�i�x� �C�.� �T�h�e� �a�p�p�r�o�a�c�h� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�m�e�t�h�o�d� �p�r�e�s�e�n�t�e�d� �b�y� �Y�o�c�h�m�o�w�i�t�z� �a�n�d� �C�o�r�n�e�l�l� �(�1�9�7�8�)� �f�o�r� �t�w�o�-�w�a�y� �t�a�b�l�e�s�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� 

�a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�.� 

�3�.�5� �M�O�N�T�E� �C�A�R�L�O� �M�E�T�H�O�D�S� 

�M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �a�r�e� �o�f�t�e�n� �u�s�e�d� �b�y� �s�t�a�t�i�s�t�i�c�i�a�n�s� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �d�i�s�t�r�i�b�u�t�i�o�n�a�l� 

�p�r�o�b�l�e�m�s� �t�h�a�t� �a�r�e� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �i�n�t�r�a�c�t�a�b�l�e�,� �s�u�c�h� �a�s� �e�v�a�l�u�a�t�i�o�n� �o�f� �d�i�s�t�r�i�b�u�t�i�o�n� 

�f�u�n�c�t�i�o�n�s� �o�r� �m�o�m�e�n�t�s� �o�f� �a� �d�i�s�t�r�i�b�u�t�i�o�n� �(�H�a�r�t�l�e�y�,� �1�9�7�7�)�.� �A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �t�h�e� 
�2� 
�p�q�r� 

�i�n� �S�e�c�t�i�o�n� �3�.�3�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e�s�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�t�u�d�i�e�d� �b�y� �a�p�p�l�y�i�n�g� �r�a�n�d�o�m�i�z�a�t�i�o�n� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s� �c�%�,�,�,�.� �i�s� �u�n�k�n�o�w�n�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�i�s�,� 

�t�e�s�t�s� �w�h�i�c�h� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �s�p�e�c�i�a�l� �c�a�s�e�s� �w�i�t�h�i�n� �a� �b�r�o�a�d�e�r� �c�a�t�e�g�o�r�y� �o�f� �M�o�n�t�e� �C�a�r�l�o� 

�t�e�s�t�s�.� 
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�C�o�n�s�i�d�e�r�,� �a� �t�h�r�e�e�-�w�a�y� �f�i�x�e�d� �e�f�f�e�c�t�s� �A�N�O�V�A� �m�o�d�e�l� �(�3�.�5�)� �w�i�t�h� �o�n�e� �o�b�s�e�r�v�a�t�i�o�n� �p�e�r� �c�e�l�l� �w�i�t�h� 

�m�o�r�e� �t�h�a�n� �a� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�:� 

�J
�e

� 

�a� 

�{�S�p�a�r� �S�i�p� �h�j�g� �C�k�r� �+�  ¬� �i�g�k�-� �V�i�j� �=� �H�H�O� �+�B�;� �+�I� �H�O�B�)�;� �H�O�N� �R�E�A�D�:� �L�D� 

�W�h�e�n� �m�o�r�e� �t�h�a�n� �o�n�e� �t�e�r�m� �i�s� �t�o� �b�e� �u�s�e�d� �t�o� �d�i�f�f�e�r�e�n�t�i�a�t�e� �i�n�t�e�r�a�c�t�i�o�n� �f�r�o�m� �r�a�n�d�o�m� �e�r�r�o�r�,� 

�o�n�e� �o�f� �t�h�e� �m�a�i�n� �p�r�o�b�l�e�m�s� �i�s� �t�o� �d�e�r�i�v�e� �a� �c�r�i�t�e�r�i�o�n� �b�y� �w�h�i�c�h� �a� �d�e�c�i�s�i�o�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� 

�s�e�l�e�c�t�i�n�g� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �t�o� �d�e�s�c�r�i�b�e� �i�n�t�e�r�a�c�t�i�o�n�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �M�o�n�t�e� 

�C�a�r�l�o� �m�e�t�h�o�d�s� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �n�u�m�b�e�r� �o�f� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� 

�t�e�r�m�s� �(�s�,� �t�,�u�)� �t�h�a�t� �w�o�u�l�d� �s�u�m�m�a�r�i�z�e� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �a�p�p�l�i�c�a�t�i�o�n� �i�s� �a�n� 

�e�x�t�e�n�s�i�o�n� �o�f� �M�a�n�d�e�l ��s� �(�1�9�7�1�)� �a�p�p�r�o�a�c�h� �f�o�r� �a�n� �u�n�r�e�p�l�i�c�a�t�e�d� �t�w�o�-�w�a�y� �m�o�d�e�l�.� 

�3�.�5�.�1� �A�N�O�V�A� �t�a�b�l�e� �w�i�t�h� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� 

�F�i�r�s�t�,� �a�n� �A�N�O�V�A� �t�a�b�l�e� �b�a�s�e�d� �o�n� �t�h�e� �m�o�d�e�l� �(�3�.�5�)� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �9� 

�w�h�e�r�e� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �i�s� �p�a�r�t�i�t�i�o�n�e�d� �i�n�t�o� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �u�s�i�n�g� 

�t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �u�s�u�a�l� �r�o�w�s�,� �f�o�r� �a�n� �A�N�O�V�A� 

�t�a�b�l�e� �f�o�r� �t�h�e� �m�o�d�e�l� �w�i�t�h� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �(�3�.�2�)�,� �i�t� �d�i�s�p�l�a�y�s� �s�e�v�e�r�a�l� �r�o�w�s� 

�w�i�t�h� �t�e�r�m�s� �C�p�q�r�B�i�p�h� �j�q�@�k�e� �l�<�p�<�l�,� �l�<�q�<�m�,�1�<�r�<�n�.� �T�h�e�s�e� �a�d�d�i�t�i�o�n�a�l� �t�e�r�m�s� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�.� �T�o� �f�o�l�l�o�w� �t�h�e� �u�s�u�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 

�A�N�O�V�A�,� �w�e� �n�e�e�d� �t�o� �f�i�n�d� �a� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �a� �s�u�m� �o�f� �s�q�u�a�r�e�s�,� �a�n�d� �a� �m�e�a�n� 

�s�q�u�a�r�e� �f�o�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�.� 

�T�h�e� �s�u�m�s� �o�f� �s�q�u�a�r�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �a�r�e�,� �s�i�m�p�l�y� �t�h�e� 

�J�a�r� �1�S� �p�s�i�,� �1�<�q�<�m�,� �a�n�d� �1�<�r�<�n�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �t�h�a�t� �t�h�e� �¢�%�,�,� �a�r�e� �q�u�a�n�t�i�t�i�e�s� �¢� �p�a�r� 

�a�d�d�i�t�i�v�e� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �s�u�m� �o�f� �s�q�u�a�r�e�s� 
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�T�a�b�l�e� �9�.� �A�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l� �(�3�.�5�)� 

� � 

�S�o�u�r�c�e� �d�f� �S�S� �M�S� 

�u�s�u�a�l� �u�s�u�a�l� 

�a�;� �(�! ��1�)� �S�S�(�A�)� �M�S�(�A�)� 

�B�;� �(�m ��1�)� �S�S�(�B�)� �M�S�(�B�)� 

�Y�k� �(�n ��1�)� �S�S�(�C�)� �M�S�(�C�)� 
�(�a�8�)�;� �;� �(�i ��1�)�(�m ��1�)� �S�S�(�A�B�)� �M�S�(�A�B�)� 

�(�O�Y�)� �i�p� �(�I�-�1�)�(�n ��1�)� �S�S�(�A�C�)� �M�S�(�A�C�)� 

�(�B�Y�)� �5�p� �(�m ��1�)�(�n ��1�)� �S�S�(�B�C�)� �M�S�(�B�C�)� 
�i�j�k� �(�I ��1�)�(�m ��1�)�(�n ��1�)� �S�S�(�A�B�C�)� �M�S�(�A�B�C�)� 

�C�1� �1�1�8�4�1�9� �j�x� �b�i�n� �G�i�n� �C�f�1�1�/�6�1�1�1� 

�C�1�1�2�8�:� �j�1�e�e�2� �5�1�1�2� �f�i�e� �1�2�/�6�1�1�2� 

�C�p�q�r�B�i�p�h� �j�q�e�k�r� �o�p�g�r� �C�p�g�r� �C�p�r�!� �p�a�r� 

�C�o�t�u�S�i�s�l� �j�1�e�k�u� �b� �s�t�u� �C�y� �0�2�/�5� �s�t�u� 

� � 

�N�o�t�a�t�i�o�n�s�:� �(�a�)� �¢�2�,�,� �i�s� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�o�r� �(�p�,�q�,�r�)� �t�h� �e�n�t�r�y� �a�n�d� 

�(�b�)� �4� �p�g�r� �1�8� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �7�5



�S�S�(�A�B�C�)�=� �O�F� �S�a�y�e�d� �Y�L� �B�e� �(�3�.�5�1�)� �i�=�1�j�=�1�k�=�1� �p�=�l�q�=�i�r�=� 

�i�n� �t�h�e� �c�a�s�e� �o�f� �a� �c�o�m�p�l�e�t�e� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �i�.�e�.�,� �s�=�1�,� �t�=�m�,� �a�n�d� �u�=�n�.� �T�h�e� �s�e�c�o�n�d� �e�q�u�a�l�i�t�y� 

�i�n� �(�3�.�5�1�)� �f�o�l�l�o�w�s� �f�r�o�m� �(�3�.�7�)� �a�n�d� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �p�r�o�p�e�r�t�y� �o�f� �e�i�g�e�n�v�e�c�t�o�r�s� �g�,� �h�,� �a�n�d� �e�,� 

�b�y� �w�h�i�c�h� �a�l�l� �c�r�o�s�s� �p�r�o�d�u�c�t�s� �a�r�e� �z�e�r�o�.� �T�h�e� �d�e�t�a�i�l�e�d� �p�r�o�o�f� �f�o�r� �t�h�i�s� �i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�F�r�o�m� �t�h�e� �r�e�l�a�t�i�o�n� �i�n� �(�3�.�5�1�)�,� �o�n�e� �c�a�n� �s�e�e� �t�h�a�t� �t�h�e� �s�q�u�a�r�e�d� �g�e�n�e�r�a�l�i�z�e�d� �s�i�n�g�u�l�a�r� �v�a�l�u�e�,� �c ��,�,�,�,� 

�i�n�d�i�c�a�t�e�s� �h�o�w� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�o�r� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�,� �S�S�(�A�B�C�)�,� �o�r� �t�h�e� �t�o�t�a�l� 

�v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�,� �i�s� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �c�o�m�p�o�n�e�n�t�s�.� �F�u�r�t�h�e�r�m�o�r�e� �t�h�e� �c�o�r�e� �m�a�t�r�i�x� �p�a�r�t�i�t�i�o�n�s� �t�h�e� �f�i�t�t�e�d� �v�a�r�i�a�t�i�o�n� �i�n�t�o� �p�a�r�t�s� 

�w�h�i�c�h� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �e�a�c�h� �c�o�m�p�o�n�e�n�t�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �e�q�u�a�t�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� 

�t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�u�m� �o�f� �s�q�u�a�r�e�s� �i�s� �p�a�r�t�i�t�i�o�n�e�d� �i�n�t�o� �s�x�t�x�u� �t�e�r�m�s� �¢�7�,�,�,� �-�-�-�,� �¢�%�,�,�,�.� �I�n� 

�p�r�a�c�t�i�c�e�,� �o�n�l�y� �t�h�e� �f�i�r�s�t� �f�e�w� �l�a�r�g�e�s�t� �t�e�r�m�s� �a�r�e� �r�e�t�a�i�n�e�d� �f�o�r� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�u�m� �o�f� �s�q�u�a�r�e�s� 

�a�n�d� �t�h�e� �o�t�h�e�r� �t�e�r�m�s� �a�r�e� �p�o�o�l�e�d� �a�s� �a�n� �e�r�r�o�r� �t�e�r�m�.� 

�D�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �d�e�n�o�t�e�d� �a�s� �6�,�,�,� �a�s� �i�n� �T�a�b�l�e� �9�.� �A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �é�%�r� �a�v�e� �n�e�i�t�h�e�r� 

�d�i�s�t�r�i�b�u�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �n�o�r� �a�s� �c�h�i�-�s�q�u�a�r�e� �v�a�r�i�a�b�l�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� 

�6� �p�a�r�?� 
�i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �B�e�f�o�r�e� �w�e� �p�r�o�c�e�e�d�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�s� �g�i�v�e�n� �f�i�r�s�t�.� 

�c�a�n�n�o�t� �b�e� �o�b�t�a�i�n�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� �T�h�e�s�e� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� 

�C�o�n�s�i�d�e�r� �t�h�e� �l�a�s�t� �c�o�l�u�m�n�,� �t�h�e�  ��M�S �� �c�o�l�u�m�n�,� �i�n� �T�a�b�l�e� �9�.� �T�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� 
�2� 
�p�q�r�°� 

�i�s� �m�e�r�e�l�y� �a�n� �e�s�t�i�m�a�t�e� �o�f� �r�a�n�d�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� 

�f�r�e�e�d�o�m�,� �6� �i�s� �t�h�e� �d�i�v�i�s�o�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �¢� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �r�e�a�l� �s�y�s�t�e�m�a�t�i�c� 
�p�q�r�?� 

�.� �.� �.� �a�2� 

�i�n�t�e�r�a�c�t�i�o�n� �e�f�f�e�c�t�s�,� �t�h�e� �r�a�t�i�o�  ¬�,�4�,�/�5� �p�o�,� 

�e�r�r�o�r�.� �T�h�u�s� �i�f� �o�?�=�v�a�r�(�e�;�;�,�)�,� �a�n�d� �i�f� �n�o�n�e� �o�f� �t�h�e� �t�e�r�m�s� �c� �h�j� �e�x�,� �o�c�c�u�r� �i�n� �t�h�e� �r�e�a�l� �p�q�r�S�i�p� 

�m�o�d�e�l�,� �t�h�e�n� �w�e� �m�u�s�t� �h�a�v�e� 

�a�2� �é� 
�E� �|� �i�.� �]�=�o�?� �f�o�r� �e�a�c�h� �p�g�r�,� 

�2� 
�p�a�q�r� 

�f�r�e�e�d�o�m� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s� 

�w�h�e�r�e� �(�C�4�,� �i�s� �t�h�e� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�.� �O�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� 

�p�a�r� �_� �p�q�r� �6� �q�r� �= �� �S�E�.� �(�3�.�5�2�)� � � 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �7�6



�T�h�a�t� �i�s�,� �a�p�a�r�t� �f�r�o�m� �o�?�,� �t�h�e�s�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� 

�s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s� �¢� �C�o�r�:� 

�A�s� �s�t�a�t�e�d�,� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �6�,�,�,�,� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �s�i�m�u�l�a�t�i�o�n� �m�e�t�h�o�d�s�.� �I�n� �p�q�r�?� 
�p�a�r�t�i�c�u�l�a�r�,� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �e�x�p�e�c�t�a�t�i�o�n� �i�n� �(�3�.�5�2�)� �t�o� 

�f�i�n�d� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �U�s�i�n�g� �t�h�e�s�e� �v�a�l�u�e�s� �o�f� �6� �o�n�e� �c�a�n� �t�h�e�n� �e�x�a�m�i�n�e� �t�h�e� 
�p�q�r�?� 

�m�a�g�n�i�t�u�d�e� �o�f� �¢�%�,�,�/�(�6�7�5�,�,�,�)� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �o�f� �t�h�e� �¢�,�, ��s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�.� �H�e�r�e� 

�6 �� �i�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �s�u�m� �o�f� �a�l�l� �t�h�e� �r�e�m�a�i�n�i�n�g� �o�r� �i�e�.�,� �t�h�o�s�e� �w�i�t�h� �i�n�s�i�g�n�i�f�i�c�a�n�t� 

�m�a�g�n�i�t�u�d�e�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �S�o�,� �f�o�r� �e�x�a�m�p�l�e�,� �i�f� 

�é�?�,�,� �a�n�d� �é�?�,�,� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �t�h�a�n� �o�t�h�e�r� �e�l�e�m�e�n�t�s� �t�h�e�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �i�s� 

� � 

�r�e�m� �A�a�n� �a�2� �a�2� 
�»� �c�E� �d�s� �d�i�s�k�  �� �C�y�y�i�-� �C�i�1�2� 

�a�2� �t�=� �=� �=� 

�=� �7� �m� �n� 

�a�i�g� �X�e� �o�e� �S�p�a�r� �b�s�1�i�-� �1�1�2� 

�_� �S�S�(�A�B�C�)� �-� �C�u�n� �C�7�1�0� 
�=� �(�E�I�m�=�i�n�-�N� �-� �6�4�4�-�8�9� �*� � � 

�3�.�5�.�2� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �M�o�n�t�e� �C�a�r�l�o� �M�e�t�h�o�d�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a� �p�r�o�c�e�d�u�r�e� �o�f� �M�o�n�t�e� �C�a�r�l�o� �a�p�p�l�i�c�a�t�i�o�n� �i�s� �d�i�s�c�u�s�s�e�d� �t�h�r�o�u�g�h� �a�n� �e�x�a�m�p�l�e� 

�t�o� �i�l�l�u�s�t�r�a�t�e� �h�o�w� �t�o� �s�e�l�e�c�t� �a� �r�e�a�s�o�n�a�b�l�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�T�o� �p�e�r�f�o�r�m� �t�h�e� �a�n�a�l�y�s�i�s�,� �o�n�e� �c�a�n� �s�t�a�r�t� �w�i�t�h� �a�n� �I�x�m�x�n� �a�r�r�a�y� �o�f� �i�n�d�e�p�e�n�d�e�n�t�,� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �d�e�v�i�a�t�e�s�,� �d�;�,�,�,� �w�i�t�h� �c�o�m�m�o�n� �v�a�r�i�a�n�c�e� �o�?� �a�n�d� �h�a�v�i�n�g� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� 

�i�n�t�e�r�a�c�t�i�o�n�.� �I�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�p�e�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �t�i�m�e�s�,� �t�a�k�i�n�g� �a� 

�d�i�f�f�e�r�e�n�t� �s�e�t� �o�f� �r�a�n�d�o�m� �n�o�r�m�a�l� �d�e�v�i�a�t�e�s� �e�a�c�h� �t�i�m�e� �a�n�d� �a�v�e�r�a�g�i�n�g�,� �f�o�r� �e�a�c�h� �v�a�l�u�e� �o�f� �p�g�r� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �7�7



�2� �p�q�r� �V�a�l�u�e�s� �o�b�t�a�i�n�e�d� �i�n� �a�l�l� �s�e�t�s�.� �s�e�p�a�r�a�t�e�l�y�,� �t�h�e� �¢� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �M�o�n�t�e� �C�a�r�l�o� �e�s�t�i�m�a�t�i�o�n� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�s� �s�u�m�m�a�r�i�z�e�d� �a�s� 

�f�o�l�l�o�w�s�:� 

�1�.� �G�e�n�e�r�a�t�e� �a� �d�i�f�f�e�r�e�n�t� �s�e�t� �o�f� �r�a�n�d�o�m� �n�o�r�m�a�l� �d�e�v�i�a�t�e�s�,� �d�,�;�,�,� �w�i�t�h� �o�?�=�1�,� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� 

�g�e�n�e�r�a�l�i�t�y�,� �i�.�e�.�,� �d�;�;�,� �a�r�e� �f�r�o�m� �N�(�0�,�1�)� 

�2�.� �F�o�r� �e�a�c�h� �g�e�n�e�r�a�t�e�d� �d�a�t�a� �i�n� �s�t�e�p� �1�,� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s� �i�s� 

�a�p�p�l�i�e�d� �t�o� �p�a�r�t�i�t�i�o�n� �t�h�e� �d�e�v�i�a�t�e�s�,� �a�n�d� �o�b�t�a�i�n� �t�h�e� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s� �a�s� �t�h�e� �s�u�m� �o�f� 

�s�q�u�a�r�e�s� �f�o�r� �e�a�c�h� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�.� 

�3�.� �R�e�p�e�a�t� �s�t�e�p�s� �1� �a�n�d� �2� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �t�i�m�e�s�,� �t�a�k�i�n�g� �d�i�f�f�e�r�e�n�t� �s�e�t�s� �o�f� �r�e�s�i�d�u�a�l�s�.� 

�4�.� �C�o�m�p�u�t�e� �t�h�e� �m�e�a�n� �o�f� �C�o�n� �w�h�i�c�h� �i�s� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �6�,�,�,� �f�o�r� �t�h�e� �(�p�,�q�,�r�)� �t�h� 

�t�e�r�m�,� �a�n�d� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�e�r�m�.� 

�5�.� �C�o�n�s�t�r�u�c�t� �a�n� �A�N�O�V�A� �t�a�b�l�e� �s�i�m�i�l�a�r� �t�o� �T�a�b�l�e� �9� �w�i�t�h� �s�x�t�x�u� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s�.� 

�T�h�e�s�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �a�r�e� �e�n�t�e�r�e�d� �i�n� �a� �d�e�c�r�e�a�s�i�n�g� �o�r�d�e�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �v�a�l�u�e�s� 

�o�f� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �o�r� �t�h�e� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s�.� 

�6�.� �T�o� �s�e�l�e�c�t� �a� �n�u�m�b�e�r� �o�f� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�(�s�)�,� �f�i�r�s�t� �c�o�m�p�u�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �F�-�l�i�k�e� 

� � 

� � 

�s�t�a�t�i�s�t�i�c�:� 

�a�2� 
�M�S�(�c�p�g�r� �t�e�r�m�)� �_� �C�p�q�r� �(�3�.�5�3�)� 

�M�S�(�r�e�m�a�i�n�d�e�r� �t�e�r�m�)� �-� �M�S�(�r�e�m�a�i�n�d�e�r� �t�e�r�m�)� �6�,�,�, �� 

�w�h�e�r�e�,� 

�S�S�(�A�B�C�)�-� �S�y� �S� �@�,�,� 
�M�S�(�r�e�m�a�i�n�d�e�r� �t�e�r�m�)� �=� �p�o�t�q�r�i�r�=�t� �,� �(�3�.�5�4�)� 

�d�.�f�.�(�A�B�C�)� �e�e�s� �6� �p�a�r� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �7�8



�I�f� �t�h�e� �r�a�t�i�o� �i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �t�h�a�n� �1�,� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �t�e�r�m� �s�h�o�u�l�d� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� 

�m�o�d�e�l� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�f� �t�h�e� �r�a�t�i�o� �i�s� �q�u�i�t�e� �s�m�a�l�l�,� �i�.�e�.�,� 

�n�e�a�r� �o�r� �l�e�s�s� �t�h�a�n� �1�,� �t�h�e�n� �t�h�e� �t�e�r�m� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� �T�h�e�s�e� �t�e�r�m�s� �w�i�t�h� 

�i�n�s�i�g�n�i�f�i�c�a�n�t� �v�a�l�u�e�s� �o�f� �t�h�e� �r�a�t�i�o� �a�r�e� �p�o�o�l�e�d� �t�o�g�e�t�h�e�r� �a�n�d� �u�s�e�d� �a�s� �e�x�p�e�r�i�m�e�n�t�a�l� �e�r�r�o�r�.� 

�7�.� �F�i�n�a�l�l�y�,� �w�r�i�t�e� �a� �s�u�i�t�a�b�l�e� �m�o�d�e�l� �b�a�s�e�d� �o�n� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�e�p�s� �a�n�d� 

�r�e�c�o�n�s�t�r�u�c�t� �a�n� �A�N�O�V�A� �t�a�b�l�e� �w�i�t�h� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �n�u�m�b�e�r� �o�f� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s�.� 

�E�x�a�m�p�l�e� 

�T�h�e� �p�r�i�n�c�i�p�l�e� �b�e�h�i�n�d� �a� �M�o�n�t�e� �C�a�r�l�o� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �t�y�p�e� �j�u�s�t� �d�e�s�c�r�i�b�e�d� �i�s� �n�o�w� 

�d�e�m�o�n�s�t�r�a�t�e�d� �f�o�r� �E�x�a�m�p�l�e� �1� �i�n� �S�e�c�t�i�o�n� �3�.�3�.�4�.� �T�h�e� �d�a�t�a�s�e�t� �f�o�r� �t�h�e� �e�x�a�m�p�l�e� �i�s� �d�i�s�p�l�a�y�e�d� 

�i�n� �T�a�b�l�e� �1� �a�n�d� �t�h�e� �m�o�d�e�l� �f�o�r� �t�h�e� �d�a�t�a� �i�s� �g�i�v�e�n� �i�n� �t�h�e� �s�e�c�t�i�o�n�.� �T�h�e� �a�i�m� �o�f� �t�h�i�s� 

�i�l�l�u�s�t�r�a�t�i�o�n� �i�s� �t�o� �s�h�o�w� �h�o�w� �t�o� �s�e�l�e�c�t� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �n�u�m�b�e�r� �o�f� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �u�s�i�n�g� �a� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�.� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �s�t�e�p�s� �a�b�o�v�e�,� �a� �M�o�n�t�e� �C�a�r�l�o� �e�x�p�e�r�i�m�e�n�t� �i�s� �c�a�r�r�i�e�d� �o�u�t� �u�s�i�n�g� �a� �S�A�S�/�I�M�L� 

�p�r�o�g�r�a�m�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �g�e�n�e�r�a�t�e�s� �1�2�0�0� �i�n�d�e�p�e�n�d�e�n�t� �s�e�t�s� �o�f� �n�o�r�m�a�l� �e�r�r�o�r�s�,� �d�,� �j�z� 

�(�d�;�;�,�~�N�(�0�,�1�)�)�,� �f�o�r� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �1�=�6�,� �m�=�5�,� �a�n�d� �n�=�4�.� �T�h�e�s�e� �a�r�e� �t�h�e�n� �v�i�e�w�e�d� �a�s� 

�r�e�s�i�d�u�a�l�s� �f�r�o�m� �a� �t�h�r�e�e�-�w�a�y� �f�a�c�t�o�r�i�a�l� �e�x�p�e�r�i�m�e�n�t� �w�i�t�h� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�.� �O�f� 

�c�o�u�r�s�e�,� �o�n�e� �c�a�n� �c�o�n�s�t�r�u�c�t� �t�a�b�l�e�s� �o�f� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �|�,� �m�,� �a�n�d� �n� �i�n�a� 

�s�i�m�i�l�a�r� �m�a�n�n�e�r�.� 

�F�i�r�s�t�,� �f�o�r� �e�a�c�h� �i�n�d�e�p�e�n�d�e�n�t� �s�e�t� �o�f� �d�e�v�i�a�t�e�s�,� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s� 

�w�a�s� �f�i�t�t�e�d�.� �F�r�o�m� �t�h�e� �a�n�a�l�y�s�i�s�,� �c�o�r�e� �e�l�e�m�e�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�a�s�e�d� �o�n� �t�h�e� �s�=�t�=�u�=�2� 

�r�e�d�u�c�t�i�o�n�.� �T�h�e�n�,� �f�o�r� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �(�p�,�q�,�r�)�,� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �w�h�i�c�h� �i�s� �t�h�e� 

�a�v�e�r�a�g�e� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �¢�%�,�,� �a�n�d� �t�h�e�i�r� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� 

�T�h�e� �f�i�r�s�t� �r�o�w� �o�f� �T�a�b�l�e� �1�0� �g�i�v�e�s� �t�h�e� �o�b�s�e�r�v�e�d� �s�u�m�s� �o�f� �s�q�u�a�r�e�s� �(�o�r� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s�)� 

�a�s� �e�x�p�l�a�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�5�.�1�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �r�o�w� �s�h�o�w�s� �i�t�s� �p�r�o�p�o�r�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �S�S�E�,� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �7�9



�o�r� �S�S�(�A�B�C�)� �i�n� �t�h�i�s� �c�a�s�e�,� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� �b�y� �f�i�t�t�i�n�g� �t�h�e� �m�o�d�e�l� �(�3�.�2�)�.� �T�h�e� �t�h�i�r�d� �r�o�w� �g�i�v�e�s� 

�t�h�e� �n�u�m�b�e�r�s� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �6�,�,�,�,� �w�h�i�c�h� �a�r�e� �t�h�e� �a�v�e�r�a�g�e�s� �o�f� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s�.� �p�q�r�?� 
�T�h�e�i�r� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �i�s� �d�i�s�p�l�a�y�e�d� �i�n� �t�h�e� �l�a�s�t� �r�o�w� �o�f� �t�h�e� �t�a�b�l�e�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� 

�s�x�t�x�u�=�8� �i�n�t�e�r�a�c�t�i�o�n� �s�u�m� �o�f� �s�q�u�a�r�e�s� �t�e�r�m�s�,� �t�h�e� �t�a�b�l�e� �d�i�s�p�l�a�y�s� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� 

�s�t�a�t�i�s�t�i�c� �c�h�y�:� �t�h�e� �m�a�x�i�m�u�m� �c�o�r�e� �e�l�e�m�e�n�t�s� �(�3�.�1�5�)�.� 

�T�a�b�l�e� �1�0�.� �V�a�l�u�e�s� �o�f� �C�o�o�r�s� �S�p�q�r�)� �a�n�d� �t�h�e�i�r� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r�,� �1�=�6�,� �m�=�5�,� �a�n�d� �n�=�4�.� 

�2� �2� �2� �2� �2� �2� �2� �2� �2� 
�C�1�)� �C�1�1�1� �C�2�2�2� �C�2�1�2� �©�2�9�2�1� �=� �©� �1�2�2� �C�1�2�1� �C�1�1�2� �C�a�1�1� 

� � 

�O�b�s�e�r�v�e�d� �|� �2�8�9�3�.�3�6� �2�8�9�3�.�3�6� �1�3�.�9�9� �5�.�2�9� �3�.�9�6� �0�.�1�8� �0�.�0�3� �0�.�0�2� �0�.�0�0�2� 

�2� 

� � 
�C�c� 

�p�@�r� �S�S�C�A�B�C�)� �0�.�9�7�8� �0�.�9�7�8� �0�.�0�0�5� �0�.�0�0�2� �0�.�0�0�1� �<�.�0�0�1� �<�.�0�0�1� �<�.�0�0�1� �<�.�0�0�1� 

�M�e�a�n�(�6�,�,�,�)�|� �1�9�.�2�0� �1�5�.�3�1� �2�.�3�0� �3�.�7�9� �4�.�5�2� �3�.�5�1� �5�.�9�7� �5�.�7�9� �6�.�2�8� 

�S�D� �6�.�5�7� �1�0�.�1�1� �3�.�5�8� �4�.�0�8� �4�.�5�3� �3�.�6�6� �5�.�5�8� �5�.�5�2� �6�.�0�2� 
�L� 

�A�s� �t�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �o�u�r� �s�o�l�u�t�i�o�n�,� �a� �c�o�m�p�l�e�t�e� �a�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �t�a�b�l�e�,� �w�h�i�c�h� �i�s� �s�i�m�i�l�a�r� 

�t�o� �T�a�b�l�e� �9�,� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �f�o�r� �E�x�a�m�p�l�e� �1�.� �T�a�b�l�e� �1�1� �d�i�s�p�l�a�y�s�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �u�s�u�a�l� 

�s�e�v�e�n� �t�e�r�m�s�,� �s�e�v�e�r�a�l� �m�o�r�e� �i�t�e�m�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �p�a�r�t�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� 

�t�e�r�m�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �u�s�u�a�l� �p�a�t�t�e�r�n� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e�,� �e�a�c�h� �o�f� �t�h�e�s�e� �a�d�d�i�t�i�o�n�a�l� 

�t�e�r�m�s� �c�o�n�t�a�i�n� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �a� �s�u�m� �o�f� �s�q�u�a�r�e�s�,� �a�n�d� �a� �m�e�a�n� �s�q�u�a�r�e�.� �T�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �f�r�o�m� �t�h�e� �t�h�i�r�d� �r�o�w� �o�f� �T�a�b�l�e� �1�0�.� �T�h�e� �s�u�m� �o�f� 

�s�q�u�a�r�e�s� �a�r�e� �t�h�e� �s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s�.� �M�e�a�n� �s�q�u�a�r�e�s� �f�o�r� �t�h�e�s�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �a�r�e� 

�o�b�t�a�i�n�e�d� �b�y� �d�i�v�i�d�i�n�g� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �b�y� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �6�,�,�,�,�,� 

�a�s� �u�s�u�a�l�.� �T�h�e� �r�e�m�a�i�n�d�e�r� �t�e�r�m� �i�s� �o�b�t�a�i�n�e�d� �b�y� �t�a�k�i�n�g� �d�i�f�f�e�r�e�n�c�e�.� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �8�0



�T�a�b�l�e� �1�1�.� �A�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �w�i�t�h� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�s� �f�o�r� �E�x�a�m�p�l�e� �1� 

� � 

� � 

�T�e�r�m�s� �i�n� 

�S�o�u�r�c�e� �m�o�d�e�l� �d�f� �S�S� �M�S� �F� �P�-�v�a�l�u�e� 

�a�;� �5� �1�4�8�2�.�2�1�9�8� �2�9�6�.�4�4�4�0� �6�.�0�1� �0�.�0�0�0�1� 

�B�;� �4� �7�9�3�.�5�2�6�2� �1�9�8�.�3�8�1�6� �4�.�0�2� �0�.�0�0�5�9� 

�V�k� �3� �3�9�8�.�4�8�6�9� �1�3�2�.�8�2�9�0� �2�.�6�9� �0�.�0�5�4�0� 

�A�*�B� �(�a�8�)�;� �5� �2�0� �9�7�2�0�.�3�9�1�7� �4�8�6�.�0�1�9�6� �9�.�8�6� �0�.�0�0�0�1� 

�A�*�C� �(�O�Y�)� �5� �1�5� �2�0�.�7�2�9�5� �1�.�3�8�2�0� �0�.�0�3� �1�.�0�0�0�0� 

�B�x�C� �(�B�Y�)� �5�k� �1�2� �1�1�.�1�4�9�7� �0�.�9�2�9�1� �0�.�0�2� �1�.�0�0�0�0� 

�A�*�B�x�u�C� �N�i�j�k� �6�0� �2�9�5�8� �.� �2�8�4� �4�9�.�3�0�5� 

�C�4�1�1� �8�4�1�)� �j�e� �x�1� �1�5�.�3� �2�8�9�3�.�3�6� �1�8�9�.�1�1� 

�C�o�9�2�8�i�2�h� �j�2 ¬�K�2� �2�.�3� �1�3�.�9�9� �6�.�0�8� 

�C�y� �2�2�8� �i�1�h� �j�e� �x�2� �3�.�5� �0�.�1�8� �0�.�0�6� 

�C�y� �S�i�h� �j�o�e� �g�y� �5�.�9� �0�.�0�3� �0�.�0�0�5� 

�C�4�1�2�8� �4�1�)� �5�1� �e�p� �2� �5�.�8� �0�.�0�2� �0�.�0�0�3�4� 

�C�o� �S�i�2�h� �j�2 ¬�x�1� �6�.�3� �0�.�0�0�2� �0�.�0�0�0�3� 

�R�e�m�a�i�n�d�e�r� �C�i� �j�k� �6�0�-�4�7�.�4� �2�9�5�8�.�2�8�-�2�9�1�6�.�8�3� �3�.�3�0� 

�=�1�2�.�6� �=�4�1�.�4�5� 

�T�o�t�a�l� �1�1�9� �1�5�3�8�4�.�7�8� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �8�1



�F�r�o�m� �T�a�b�l�e� �1�1�,� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �c�a�n� �b�e� �s�u�m�m�a�r�i�z�e�d� �b�y� �t�h�e� �f�i�r�s�t� 

�m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�.� �T�h�e� �m�e�a�n� �s�q�u�a�r�e�s� �f�o�r� �t�h�e� �f�i�r�s�t� �t�e�r�m� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �l�a�r�g�e�r� �t�h�a�n� 

�o�t�h�e�r� �t�e�r�m�s�.� �T�h�i�s� �t�e�r�m� �a�l�o�n�e� �a�c�c�o�u�n�t�s� �f�o�r� �9�7�.�8�%� �o�f� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �o�f� �t�h�e� �t�h�r�e�e�-� 

�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�,� �w�h�i�l�e� �t�h�e� �o�t�h�e�r� �e�l�e�m�e�n�t�s� �c�o�n�t�r�i�b�u�t�e�s� �l�e�s�s� �t�h�a�n� �3�%� �o�f� �i�t�s� �v�a�r�i�a�t�i�o�n�.� �I�n� 

�f�a�c�t�,� �t�h�e� �F�-�l�i�k�e� �r�a�t�i�o� �(�3�.�5�3�)� 

�M�S�(�c�,�1�1� �t�e�r�m�)� �1�8�9�.�1�1� �_� �5�7�.�3�]� 

�M�S�(�r�e�m�a�i�n�d�e�r� �t�e�r�m�)� �~� �3�.�3�0� �~�~� 
� � 

�f�o�r� �t�h�e� �f�i�r�s�t� �t�e�r�m� �w�h�i�l�e� �t�h�e� �r�a�t�i�o�s� �f�o�r� �o�t�h�e�r� �t�e�r�m�s� �a�r�e� �l�e�s�s� �t�h�a�n� �1�.�9�.� �T�h�e�r�e�f�o�r�e� �a�l�l� �t�h�e� 

�t�e�r�m�s�,� �e�x�c�e�p�t� �t�h�e� �f�i�r�s�t� �t�e�r�m�,� �a�r�e� �p�o�o�l�e�d� �t�o�g�e�t�h�e�r� �a�n�d� �c�o�n�s�i�d�e�r�e�d� �a�s� �t�h�e� �r�e�s�i�d�u�a�l� �t�e�r�m� �i�n� 

�a� �r�e�c�o�n�s�t�r�u�c�t�e�d� �A�N�O�V�A� �t�a�b�l�e� �(�T�a�b�l�e� �1�2�)�.� 

�T�a�b�l�e� �1�2� �s�h�o�w�s� �t�h�e� �r�e�v�i�s�e�d� �v�e�r�s�i�o�n� �o�f� �T�a�b�l�e� �1�1�.� �I�t� �p�a�r�t�i�t�i�o�n�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �i�n�t�o� �a� 

�s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �a�n�d� �a� �r�e�s�i�d�u�a�l�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �m�e�a�n� �s�q�u�a�r�e�s� �f�o�r� �t�h�e� �f�i�r�s�t� 

�t�e�r�m� �(�=�1�8�9�.�1�1�)� �i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �p�o�o�l�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �{� �=� �1�.�4�5�)�.� �H�e�n�c�e�,� 

�o�n�e� �m�a�y� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �m�o�d�e�l� �f�o�r� �t�h�e� �d�a�t�a� �n�e�e�d� �a� �t�h�r�e�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� 

�a�n�d� �i�t� �i�s� �s�u�m�m�a�r�i�z�e�d� �w�e�l�l� �b�y� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�.� 

�T�h�u�s� �c�o�m�b�i�n�i�n�g� �t�h�e�s�e� �r�e�s�u�l�t�s�,� �o�n�l�y� �t�h�e� �f�i�r�s�t� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �s�e�e�m�s� �t�o� �b�e� �n�e�c�e�s�s�a�r�y� 

�i�n� �o�r�d�e�r� �t�o� �e�x�p�l�a�i�n� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �i�n� �t�h�i�s� �d�a�t�a�.� �S�o� �o�n�e� �m�a�y� 

�c�o�n�c�l�u�d�e� �t�h�e� �f�i�t�t�e�d� �m�o�d�e�l� �f�o�r� �t�h�e� �d�a�t�a� �i�s� 

�A�a� 

�V�i�g�k� �=� �f�t� �a�+� �B�i�+� �V�e�t� �(�a�8�)�,� �5�+� �(�2�7�)�,� �+� �(�B�Y�)� �s�R� �+� �C�1�1�7� �B�i�t� �h�a�y�  ¬�x�1�,� 

�w�h�e�r�e� �¢�,�,�,�=�-�5�4�.�3�0� �a�n�d� �g�(�,�)�=�(� �-�.�4�7� �-�.�3�6� �-�.�2�4� �-�.�0�0� �.�4�7� �.�6�1�)�,� �b�a�y� �=�(� �-�.�0�1� �-�.�3�5� �-�.�1�8� �.�3�6� 

�.�6�8�)�,� �a�n�d�  ¬� �a�y� �=� �(� �-�.�4�3� �-�.�2�1� �.�6�2� �.�6�2�)� �a�r�e� �t�h�e� �f�i�r�s�t� �c�o�l�u�m�n� �v�e�c�t�o�r�s� �o�f� �t�h�e� �o�r�t�h�o�n�o�r�m�a�l� 

�c�o�m�p�o�n�e�n�t� �m�a�t�r�i�c�e�s� �G�,� �H�,� �a�n�d� �E� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �8�2



�T�a�b�l�e� �1�2�.� �A�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �w�i�t�h� �s�i�n�g�l�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m� �f�o�r� �E�x�a�m�p�l�e� �1� 

� � 

� � 

�T�e�r�m�s� �i�n� 

�S�o�u�r�c�e� �m�o�d�e�l� �d�f� �S�S� �M�S� �F� �P�-�v�a�l�u�e� 

�a�;� �5� �1�4�8�2�.�2�1�9�8� �2�9�6�.�4�4�4�0� �2�0�4�.�4�4� �<�0�.�0�0�0�1� 

�B�;� �4� �7�9�3�.�5�2�6�2� �1�9�8�.�3�8�1�6� �1�3�6�.�8�1� �<�0�.�0�0�0�1� 

�V�k� �3� �3�9�8�.�4�8�6�9� �1�3�2�.�8�2�9�0� �9�1�.�6�1� �<�0�.�0�0�0�1� 

�A�x�B� �(�a�f�)�,� �2�0� �9�7�2�0�.�3�9�1�7� �4�8�6�.�0�1�9�6� �3�3�5�.�1�9� �<�0�.�0�0�0�1� 

�A�x�*�C� �(�@�Y�)� �5�4� �1�5� �2�0�.�7�2�9�5� �1�.�3�8�2�0� �0�.�9�5� �0�.�5�1�7�0� 

�B�C� �(�B�Y�)� �5�x� �1�2� �1�1�.�1�4�9�7� �0�.�9�2�9�1� �0�.�6�4� �0�.�7�9�5�6� 

�A�x�B�x�*�C� �N�i�j�k� �6�0� �2�9�5�8� �.� �2�8�4� �4�9�.�3�0�5� 

�C�1�9� �8�i�r�h� �5�1�4�4� �1�5�.�3� �2�8�9�3�.�3�6� �1�8�9�.�1�1� �1�3�0�.�4�2� �<�0�.�0�0�0�1� 

�R�e�s�i�d�u�a�l� �C�j� �j�k� �4�4�.�7� �6�4�.�9�2� �1�.�4�5� 

�T�o�t�a�l� �1�1�9� �1�5�3�8�4� �.�7�8� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �8�3



�T�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �r�e�m�a�r�k�s� �a�r�e� �w�o�r�t�h� �t�o� �m�e�n�t�i�o�n�:� 

�1�.� �B�e�f�o�r�e� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �c�o�n�c�l�u�d�e�d�,� �a�s� �a�l�w�a�y�s�,� �a� �r�e�s�i�d�u�a�l� �a�n�a�l�y�s�i�s� �i�s� �s�u�g�g�e�s�t�e�d� �t�o� �m�a�k�e� 

�s�u�r�e� �t�h�a�t� �t�h�e� �r�e�s�i�d�u�a�l�s� �f�r�o�m� �a� �n�e�w� �m�o�d�e�l� �w�i�t�h� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �t�e�r�m�(�s�)� �s�h�o�w� �n�o� 

�s�y�s�t�e�m�a�t�i�c� �p�a�t�t�e�r�n�.� 

�2�.� �I�n� �o�r�d�e�r� �t�o� �l�e�a�r�n� �a�b�o�u�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�u�c�t�u�r�e�,� �o�n�e� �n�e�e�d�s� �t�o� �s�t�u�d�y� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� 

�t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s�,� �i�.�e�.�,� �c�o�r�e� �e�l�e�m�e�n�t�s�,� �a�n�d� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�h�e� 

�e�i�g�e�n�v�e�c�t�o�r�s�.� 

�R�e�m�a�r�k�s� 

�T�h�i�s� �c�h�a�p�t�e�r� �i�s� �c�o�n�c�l�u�d�e�d� �w�i�t�h� �T�a�b�l�e� �1�3�,� �w�h�i�c�h� �p�r�e�s�e�n�t�s� �s�o�m�e� �f�e�a�s�i�b�l�e� �m�o�d�e�l�s� �w�i�t�h� �a�t� 

�l�e�a�s�t� �o�n�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �u�s�i�n�g� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �P�C�A� �m�o�d�e�l�.� �F�o�r� �t�h�i�s� 

�p�r�e�s�e�n�t�a�t�i�o�n�,� �w�r�i�t�e� �t�h�e� �m�o�d�e�l� �(�3�.�3�)� �a�s� 

�Y�i�j�g�k� �=� �M�+� �O�o�;� �+� �B�y� �+� �Y�e� �+�E�i�j�k� �+�  ��i�j�k� �(�3�.�5�5�)� 

�w�h�e�r�e�  ¬�;� �j�k� �T�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�s�.� 

�M�o�d�e�l� �1� �i�n� �T�a�b�l�e� �1�3� �i�s� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �a�d�d�i�t�i�v�e� �m�o�d�e�l�.� �M�o�d�e�l� �2� �d�e�c�o�m�p�o�s�e�s� �t�h�e� �t�w�o�-� 

�p�l�u�s�-�t�h�r�e�e� �w�a�y� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�.� �M�o�d�e�l� �3� �p�a�r�t�i�t�i�o�n�s� �o�n�l�y� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� 

�t�e�r�m�,� �w�h�e�r�e�a�s�,� �f�o�r� �t�h�e� �s�a�m�e� �m�o�d�e�l�,� �m�o�d�e�l� �4� �d�e�c�o�m�p�o�s�e�s� �b�o�t�h� �t�h�e� �t�w�o�-�f�a�c�t�o�r� �(�u�s�i�n�g� �S�V�D�)� 

�a�n�d� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�.� �T�h�e�s�e� �m�o�d�e�l�s� �a�r�e� �m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �t�h�e� �t�w�o�-� 

�f�a�c�t�o�r� �A�N�O�V�A� �m�o�d�e�l� �w�i�t�h� �b�l�o�c�k�i�n�g� �i�.�e�.�,� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �r�a�n�d�o�m�i�z�e�d� �b�l�o�c�k� �d�e�s�i�g�n�.� 

�L�a�s�t�l�y�,� �m�o�d�e�l� �5� �d�e�n�o�t�e�s� �t�h�e� �u�n�r�e�p�l�i�c�a�t�e�d� �t�h�r�e�e�-�f�a�c�t�o�r� �A�N�O�V�A� �m�o�d�e�l� �w�i�t�h� �t�h�r�e�e�-�w�a�y� 

�i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �d�e�c�o�m�p�o�s�e�d� �a�s� �i�n� �m�o�d�e�l� �(�3�.�5�)�.� 

�F�o�r� �m�u�l�t�i�-�l�e�v�e�l� �a�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e�,� �t�h�e� �n�a�t�u�r�e� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �i�n�t�e�r�a�c�t�i�o�n�s� �a�r�e� 

�C�H�A�P�T�E�R� �3� �-� �T�E�S�T�S� �F�O�R� �C�O�M�P�O�N�E�N�T�S� �O�F� �I�N�T�E�R�A�C�T�I�O�N� �I�N� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� �8�4



�o�f�t�e�n� �d�i�f�f�i�c�u�l�t� �t�o� �i�n�t�e�r�p�r�e�t�.� �M�o�r�e� �i�n�s�i�g�h�t� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �s�t�r�u�c�t�u�r�i�n�g� �d�a�t�a� �w�i�t�h� �a� 

�m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l�.� �T�h�u�s�,� �t�h�e� �m�e�t�h�o�d� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� 

�m�e�t�h�o�d� �i�n� �S�e�c�t�i�o�n� �3�.�3� �w�i�l�l� �b�e� �u�s�e�f�u�l� �n�o�t� �o�n�l�y� �f�o�r� �t�h�e� �n�o�n�r�e�p�l�i�c�a�t�e�d� �e�x�p�e�r�i�m�e�n�t�s� �b�u�t� �a�l�s�o� 

�f�o�r� �t�h�e� �u�s�u�a�l� �r�e�p�l�i�c�a�t�e�d� �f�a�c�t�o�r�i�a�l� �e�x�p�e�r�i�m�e�n�t�s�.� 

�T�a�b�l�e� �1�3�.� �S�o�m�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l�s� �f�o�r� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e�s� 

� � 

�M�o�d�e�l� �I�n�t�e�r�a�c�t�i�o�n� �f�o�r�m� 

�M�o�d�e�l� �1� �c�i�j�k� �=�0� 

�&� �t� �&� 

�M�o�d�e�l� �2� �e�i�j�k� �=� �»� �»� �»� �C�p�a�r� �S�i�p� �h�q� �C�k�r� 
�p�=�l�q�=�t�i�1�i�r�=�1� 

�8� �t� �u� 
�M�o�d�e�l� �3� �a� �(�a�f�)�;� �5�+� �L�S� �2�,� �u� �C�a�r� �S�i�p� �D�i�g� �C�k�r� �p�=�l�q�=�1�r�=� 

�8� �8� �t� �u� 
�M�o�d�e�l� �4� �e�i�j�k� �=� �o�e� �A�p�"� �p�i�p�;� �+� �p�i�g� �r�i�e�s� �C�o�g�r� �B�i�p� �h�j�q� �C�k�r� 

�8� �t� �u� 
�M�o�d�e�l� �5� �e�i� �i�k� �=� �(�0�B�)�;� �5�+� �(�1�)� �4� �+� �(�B�Y�)� �5�4� �+� �L�T� �u�,� �d�u�,� �C�p�g�r� �S�i�p� �D�i�g� �C�k�r� �p�=�1�q�=�1�i�r�=� 

� � 
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�C�H�A�P�T�E�R� �4�.� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� 

�I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� 

�4�.�1� �I�N�T�R�O�D�U�C�T�I�O�N� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �a� �g�r�a�p�h�i�c�a�l� �p�r�o�c�e�d�u�r�e� �i�s� �d�i�s�c�u�s�s�e�d� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �t�h�e� �t�y�p�e� �o�f� �m�o�d�e�l� �t�o� �f�i�t� 

�t�o� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e�s�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �s�t�u�d�y�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �v�a�r�i�o�u�s� �m�o�d�e�l�s� 

�a�n�d� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �u�s�i�n�g� �j�o�i�n�t� �p�l�o�t�s� �f�r�o�m� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s�.� 

�S�e�v�e�r�a�l� �m�e�t�h�o�d�s� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �a� �m�o�d�e�l� �o�f� �a� �t�w�o�-�f�a�c�t�o�r� �d�a�t�a� �m�a�t�r�i�x� �b�y� �m�e�a�n�s� �o�f� 

�g�r�a�p�h�i�c�a�l� �t�o�o�l�s� �h�a�v�e� �b�e�e�n� �i�n�t�r�o�d�u�c�e�d� �b�y� �m�a�n�y� �a�u�t�h�o�r�s�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �S�n�e�e� �(�1�9�8�2�)� �u�s�e�d� 

�i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �(�s�e�e� �a�l�s�o� �M�i�l�l�i�k�e�n� �a�n�d� �J�o�h�n�s�o�n� �(�1�9�8�9�)�)�,� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� �(�1�9�7�8�)� �u�s�e�d� 

�t�h�e� �b�i�p�l�o�t� �a�n�d� �K�e�s�t�e�r� �(�1�9�7�9�)� �s�t�u�d�i�e�d� �p�o�s�s�i�b�l�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l ��s� �m�e�t�h�o�d� 

�t�o� �t�h�e� �m�u�l�t�i�f�a�c�t�o�r� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l�.� 

�G�a�b�r�i�e�l� �(�1�9�7�1�)� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �b�i�p�l�o�t� �f�o�r� �a� �d�a�t�a� �m�a�t�r�i�x� �a�s� �a� �g�r�a�p�h�i�c�a�l� 

�m�e�t�h�o�d� �f�o�r� �d�i�s�p�l�a�y�i�n�g� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �e�f�f�e�c�t�s� �i�n� �a� �s�i�n�g�l�e� �d�i�a�g�r�a�m�.� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� 

�(�1�9�7�8�)� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �b�i�p�l�o�t� �o�f� �a� �t�w�o�-�w�a�y� �t�a�b�l�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�i�a�g�n�o�s�e� �t�h�e� �s�u�i�t�a�b�i�l�i�t�y� 

�o�f� �v�a�r�i�o�u�s� �s�p�e�c�i�a�l� �f�o�r�m�s� �o�f� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l� �y�;�;�=�+�0�;�+�@�;�+�0�7�8�}�.� �G�o�w�e�r� �(�1�9�9�0�)� 

�g�e�n�e�r�a�l�i�z�e�d� �t�h�e� �m�e�t�h�o�d� �t�o� �a� �r�a�n�k� �t�h�r�e�e� �d�a�t�a�-�m�a�t�r�i�x�.� �H�e� �d�i�s�c�u�s�s�e�d� �t�h�e� �g�e�o�m�e�t�r�i�c� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �b�i�p�l�o�t�s� �f�o�r� �d�a�t�a� �w�h�i�c�h� �f�i�t� �s�o�m�e� �s�p�e�c�i�a�l� �f�o�r�m�s� �o�f� �t�h�e� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �8�6



�m�o�d�e�l� �y�,�;�=�+�0�;�+�8�;�+�a�3�9�%�+�a�%�*�9�%�"�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �f�u�l�l� �b�i�p�l�o�t� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �m�o�d�e�l�.� �I�n� �a� 

�d�i�f�f�e�r�e�n�t� �c�o�n�t�e�x�t�,� �G�o�w�e�r� �a�n�d� �D�i�g�b�y� �(�1�9�8�1�)� �a�n�d� �G�o�w�e�r� �a�n�d� �H�a�r�d�i�n�g� �(�1�9�8�8�)� �d�i�s�c�u�s�s�e�d� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �b�i�p�l�o�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �a�n�d� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �j�o�i�n�t� �p�l�o�t�s� �o�f� �a� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e� �m�a�y� �b�e� �v�i�e�w�e�d� �a�s� �a� �m�u�l�t�i�-�w�a�y� �a�n�a�l�o�g�u�e� �o�f� �t�h�e� 

�b�i�p�l�o�t�,� �p�r�o�v�i�d�i�n�g� �a� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �i�t� �i�s� �p�r�o�p�o�s�e�d� 

�t�h�a�t� �j�o�i�n�t� �p�l�o�t�s� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �d�a�t�a� �a�n�a�l�y�t�i�c� �t�o�o�l� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �t�h�e� �t�y�p�e� �o�f� �m�o�d�e�l� �t�o� 

�f�i�t� �t�o� �t�h�r�e�e�-�w�a�y� �d�a�t�a�.� �T�h�e� �j�o�i�n�t� �p�l�o�t� �h�a�s� �b�e�e�n� �i�n�t�r�o�d�u�c�e�d� �b�y� �K�r�o�o�n�e�n�b�e�r�g� �a�s� �a�n� 

�a�n�a�l�o�g�u�e� �o�f� �t�h�e� �b�i�p�l�o�t� �(�w�h�i�c�h� �i�s� �a�s�s�o�c�i�a�t�e�d� �o�n�l�y� �w�i�t�h� �t�w�o�-�f�a�c�t�o�r� �l�a�y�o�u�t�s�)�,� �b�u�t� �i�t� �h�a�s� �n�o�t� 

�b�e�e�n� �u�s�e�d� �a�s� �a� �t�o�o�l� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �t�h�e� �m�o�d�e�l�s� �f�o�r� �t�h�r�e�e�-�f�a�c�t�o�r� �e�x�p�e�r�i�m�e�n�t�s� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e�.� �(�I�t� �i�s� �n�o�t� �k�n�o�w�n� �t�o� �u�s� �a�t� �l�e�a�s�t�)�.� 

�S�o�m�e� �m�o�d�e�l�s� �i�n� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �c�a�s�e� �m�a�y� �b�e� �d�i�a�g�n�o�s�e�d� �b�y� �c�h�e�c�k�i�n�g� �w�h�e�t�h�e�r� �e�a�c�h� �o�f� �t�h�e� 

�i�n�t�e�r�a�c�t�i�o�n�s� �i�s� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �f�o�r�m�.� �T�h�i�s� �t�y�p�e� �o�f� �d�i�a�g�n�o�s�i�s� �m�a�y� �b�e� �d�o�n�e� �b�y� �u�s�i�n�g� 

�i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �a�n�d� �b�i�p�l�o�t�s� �a�f�t�e�r� �r�e�d�u�c�i�n�g� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r� �a�r�r�a�y� �t�o� �a� �s�u�i�t�a�b�l�e� �m�a�t�r�i�x� 

�f�o�r�m� �c�a�l�l�e�d� �t�h�e� �b�i�s�t�r�u�c�t�u�r�e� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n�s� �4�.�2� �a�n�d� �4�.�3�.� �S�o�m�e�t�i�m�e�s�,� �h�o�w�e�v�e�r� 

�e�n�t�i�r�e� �m�o�d�e�l�s� �o�f� �c�e�r�t�a�i�n� �s�p�e�c�i�a�l� �f�o�r�m�s� �c�a�n� �b�e� �d�i�a�g�n�o�s�e�d� �a�s� �a� �w�h�o�l�e� �b�y� �u�s�i�n�g� �t�h�e� �t�h�r�e�e�-� 

�m�o�d�e� �P�C�A� �m�e�t�h�o�d� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �j�o�i�n�t� �p�l�o�t�s�.� �T�h�i�s� �a�l�l�o�w�s� �a� �s�i�m�p�l�e�r� �p�r�o�c�e�d�u�r�e� 

�t�h�a�n� �t�h�a�t� �e�n�t�a�i�l�e�d� �b�y� �s�e�p�a�r�a�t�e� �d�i�a�g�n�o�s�i�s� �o�f� �e�a�c�h� �i�n�t�e�r�a�c�t�i�o�n�.� �I�n� �s�e�c�t�i�o�n� �4�.�4�,� �i�t� �w�i�l�l� �b�e� 

�d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �i�s� �o�r�g�a�n�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� �S�e�c�t�i�o�n�s� �4�.�2� �a�n�d� �4�.�3� �p�r�e�s�e�n�t�s� �b�a�c�k�g�r�o�u�n�d� �m�a�t�e�r�i�a�l�s� 

�o�n� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �a�n�d� �t�h�e� �b�i�p�l�o�t� �m�e�t�h�o�d�.� �T�h�e� �j�o�i�n�t� �p�l�o�t�s� �a�n�d� �o�u�r� �m�a�i�n� �r�e�s�u�l�t�s� �w�i�l�l� 

�b�e� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �4�.�4� �w�h�i�c�h� �c�o�n�s�i�s�t�s� �o�f� �t�h�r�e�e� �s�u�b�s�e�c�t�i�o�n�s�.� �F�i�r�s�t�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� 

�j�o�i�n�t� �p�l�o�t�s� �i�s� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� �4�.�4�.�1� �a�n�d� �a� �l�i�s�t� �o�f� �s�p�e�c�i�a�l� �m�o�d�e�l�s�,� �e�a�c�h� �o�f� �w�h�o�s�e� �j�o�i�n�t� �p�l�o�t� 

�w�i�l�l� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �s�p�e�c�i�a�l� �g�e�o�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �i�s� �p�r�o�p�o�s�e�d� �i�n� �4�.�4�.�2�.� �N�e�x�t�,� �i�n� 

�s�e�c�t�i�o�n� �4�.�4�.�3�,� �a� �c�o�n�v�e�r�s�i�o�n� �t�a�b�l�e� �i�s� �g�i�v�e�n� �t�o� �s�e�e� �t�h�e� �c�l�e�a�r� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �b�i�s�t�r�u�c�t�u�r�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �c�o�m�i�n�g� �f�r�o�m� �t�h�e� �g�r�a�p�h�i�c�a�l� �p�r�o�c�e�d�u�r�e�.� �T�h�e� 

�m�a�i�n� �r�e�s�u�l�t�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �4�.�4�.�4�.� �A�n� �e�x�a�m�p�l�e� �i�s� �g�i�v�e�n� �i�n� �4�.�5�,� �t�o� �i�l�l�u�s�t�r�a�t�e� �h�o�w� �t�o� 

�d�i�a�g�n�o�s�e� �a� �m�o�d�e�l� �u�s�i�n�g� �t�h�e� �g�r�a�p�h�i�c�a�l� �t�e�c�h�n�i�q�u�e� �a�n�d� �t�o� �s�h�o�w� �t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �t�h�e� 

�m�e�t�h�o�d�.� 
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�4�.�2� �I�N�T�E�R�A�C�T�I�O�N� �P�L�O�T�S� 

�A�s� �s�t�a�t�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�1�,� �f�o�r� �a�n� �u�n�r�e�p�l�i�c�a�t�e�d� �t�w�o�-�w�a�y� �e�x�p�e�r�i�m�e�n�t�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�p�e�c�i�a�l� 

�c�a�s�e�s� �o�f� �t�h�e� �g�e�n�e�r�a�l� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l� �i�n� �T�a�b�l�e� �1�4�,� �w�e�r�e� �s�t�u�d�i�e�d�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �b�y� 

�T�u�k�e�y�(�1�9�4�9�)�,� �G�o�l�l�o�b�(�1�9�6�8�)�,� �a�n�d� �M�a�n�d�e�l� �(�1�9�6�9�)�.� 

�T�a�b�l�e� �1�4�.� �S�o�m�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �m�o�d�e�l�s� �f�o�r� �t�w�o�-�w�a�y� �t�a�b�l�e�s� 

� � 

�(�a�)� �A�d�d�i�t�i�v�e� �m�o�d�e�l� �V�i�g� �=�e�t�+�a�;�+�B�;� 

�(�b�)� �T�u�k�e�y ��s� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l� �Y�j� �=�H�t�a�;�+�9�;�+�r�a�;�f�;� 

�(�c�)� �M�a�n�d�e�l ��s� �r�o�w�s�-�l�i�n�e�a�r� �m�o�d�e�l� �Y�i�g� �=�H�+�a�,� �+�8�,� �+� �6�0�7�8�,� 

�(�d�)� �M�a�n�d�e�l ��s� �c�o�l�u�m�n�s�-�l�i�n�e�a�r� �m�o�d�e�l�,� �;� �=� �p�+�.� �0�;� �+�8�;� �+� �£�0�,�0�7�3� 
� � 

�N�o�t�e� �t�h�a�t� �o�f� �#�a�;�,� �6�%�%�8�,�;�.� �I�n� �(�b�)�,� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �m�o�d�e�l�e�d� �a�s� �a� �p�r�o�d�u�c�t� �o�f� �r�o�w� �a�n�d� �c�o�l�u�m�n� 

�e�f�f�e�c�t�s� �w�h�i�l�e� �i�n� �(�c�)� �(�a�n�d� �(�d�)�)�,� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �a� �p�r�o�d�u�c�t� �o�f� �t�h�e� �c�o�l�u�m�n� �(�r�o�w�)� �e�f�f�e�c�t� �a�n�d� �a� 

�d�i�f�f�e�r�e�n�t� �r�o�w�(�c�o�l�u�m�n�)� �e�f�f�e�c�t�.� 

�I�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �f�o�r� �t�w�o�-�w�a�y� �t�a�b�l�e�s� �a�r�e� �u�s�u�a�l�l�y� �o�b�t�a�i�n�e�d� �b�y� �g�r�a�p�h�i�n�g� �j�i�;�;� �v�e�r�s�u�s� �a� 

�t�r�e�a�t�m�e�n�t� �l�e�v�e�l�.� �M�i�l�l�i�k�e�n� �a�n�d� �J�o�h�n�s�o�n� �(�1�9�8�9�)� �d�i�s�c�u�s�s� �o�n� �a�l�t�e�r�n�a�t�i�v�e� �t�y�p�e� �o�f� �i�n�t�e�r�a�c�t�i�o�n� 

�p�l�o�t�s� �c�a�l�l�e�d� �t�y�p�e� �I�I� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s�.� �T�h�e� �t�y�p�e� �I�I� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �f�o�r� �a� �t�w�o�-�w�a�y� �m�o�d�e�l� 

�a�r�e� �t�h�e� �p�l�o�t� �o�f� �t�h�e� �p�o�i�n�t�s� �(�4�,�,� �y�;�;�)� �f�o�r� �i�=�1�,�-�-�-�,�J� �f�o�r� �e�v�e�r�y� �j�=�1�,�-�-�-�,�m� �o�r� �t�h�e� �p�l�o�t� �o�f� �p�o�i�n�t�s� 

�(�B�;�,� �y�;�:�;�)� �f�o�r� �e�v�e�r�y� �i�=�1�,�-�-�-�,�!�.� �T�h�e� �p�l�o�t�s� �a�r�e� �u�s�e�f�u�l� �w�h�e�n� �w�e� �c�h�o�o�s�e� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �m�o�d�e�l�,� 

�e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �t�y�p�e� �o�f� �m�o�d�e�l� �i�s� �g�o�i�n�g� �t�o� �b�e� �c�l�o�s�e� �t�o� �o�n�e� �o�f� �t�h�e� �a�b�o�v�e� �s�p�e�c�i�a�l� �f�o�r�m�s�.� �T�h�e� 
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�a�.� �A�d�d�i�t�i�v�e� �m�o�d�e�l� 

�Y�i�j� 

� � 

� � � � 

�c�.� �M�a�n�d�e�l ��s� �r�o�w�s�-�l�i�n�e�a�r� �m�o�d�e�l� 

�Y�i�;� 

� � 

� � 
� � 

�_�b�.� �T�u�k�e�y ��s� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l� 

�Y�i�;� 

� � 

� � 
� � 

�d�.� �M�a�n�d�e�l ��s� �c�o�l�u�m�n�s�-�l�i�n�e�a�r� �m�o�d�e�l� 

�V�i�j� 

� � 

� � 
� � 

�F�i�g�u�r�e� �7�.� �I�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� 
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�s�k�e�t�c�h� �o�f� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �f�o�r� �t�h�e� �a�b�o�v�e� �s�p�e�c�i�a�l� �f�o�r�m�s� �a�r�e� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�u�r�e� �7�.� �T�h�e�s�e� 

�t�y�p�e� �o�f� �p�l�o�t�s� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �a�s�s�e�s�s�m�e�n�t� �o�f� �a�n� �c�e�r�t�a�i�n� �m�o�d�e�l�s� �f�o�r� �t�h�r�e�e�-�w�a�y� �d�a�t�a� 

�w�i�t�h� �i�n�t�e�r�a�c�t�i�o�n�.� �F�i�r�s�t�,� �i�f� �t�h�e� �a�r�r�a�y� �f�i�t�s� �t�h�e� �t�h�r�e�e�-�w�a�y� �a�d�d�i�t�i�v�e� �m�o�d�e�l� 

�Y�i�g�g� �=� �M�h� �+�O�,� �+� �B�p� �+� �%� 

�t�h�e�n� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t� �y�,�;�,� �v�s� �&�;� �i�s� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �m�n� �s�t�r�a�i�g�h�t� �l�i�n�e�s� �w�h�i�c�h� �a�r�e� 

�p�a�r�a�l�l�e�l�.� �T�h�e� �s�a�m�e� �g�r�a�p�h�i�c�a�l� �d�i�s�p�l�a�y� �w�i�l�l� �b�e� �s�h�o�w�n� �f�o�r� �d�a�t�a� �p�l�o�t�s� �y�;�,�,� �v�s� �B� �5� �O�T� �V�i�g�k� �U�S� �V�e�o� 

�i�n� �t�h�i�s� �c�a�s�e�.� 

�F�o�r� �t�h�e� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l� �(�K�e�s�t�e�r�,� �1�9�7�9�)� 

�Y�i�j�k� �=� �p�t� �a�;� �+� �B�,� �+� �V�k� �+�A�(�a�B� �5�+� �B�i�e� �+�0�,�7�p�)� �+� �0�8� �7�b�;� �(�4�.�1�)� 

�a�g�a�i�n� �t�h�e� �p�l�o�t� �y�;�,�,� �v�s� �@�;� �w�i�l�l� �c�o�n�s�i�s�t� �o�f� �m�n� �s�t�r�a�i�g�h�t� �l�i�n�e�s� �w�h�i�c�h� �m�e�e�t� �a�t� �a� �s�i�n�g�l�e� �p�o�i�n�t�.� 

�T�h�e� �r�e�a�s�o�n� �i�s� �t�h�a�t� �t�h�e� �m�o�d�e�l� �c�a�n� �b�e� �a�l�s�o� �e�x�p�r�e�s�s�e�d� �a�s� 

�Y�i�j�k� �=� �B� �-�¥� �+�?� �(�a�;�+�4� �)� �(�8�;�+�5�)� �(�%�e�+�4�)� �(�4�.�1�a�)� 

�T�h�u�s� �f�o�r� �f�i�x�e�d� �j� �a�n�d� �&�,� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �a�;� �a�n�d� �y�,�,�,�,� �w�i�l�l� �b�e� �a� �l�i�n�e�a�r� �r�e�l�a�t�i�o�n� �s�o� �t�h�a�t� 

�i�t� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �i�n� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �p�l�a�n�e� �w�i�t�h� �t�h�e� �s�l�o�p�e� �\�?� �(�¢� �i�t�y� �)� �(�v�e�t� �5� �)� 

�a�n�d� �v�e�r�t�i�c�a�l� �i�n�t�e�r�c�e�p�t� �p�  �� �x� �+�A� �(�p� �i�t�y� �)� �(�Y�e�t� �)�.� �A�l�s�o� �t�h�e� �l�i�n�e� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t� 

�(�-� �X�>�  �� �x�)� �f�o�r� �a�l�l� �p�a�i�r�s� �j� �a�n�d� �k�.� 

�I�n� �g�e�n�e�r�a�l�,� �f�o�r� �n�-�w�a�y� �d�a�t�a� �i�n� �a�n� �|�,�x�l�,�x� �-�-�-� �x�i�,� �a�r�r�a�y�,� �t�h�e� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l� �w�o�u�l�d� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� 

�V�i�g� �=� �w�t� �%� �a�!� �+�4� �D�a�l�a�l� �+� �7� �Y�L� �a�f�t�)� �a�f�f� �o�f� 
�n� �t�=�1� �{�s�,�t�h�E�e�p�,� �*� �|�!� �{�s�,�t�,�u�s�e�p�;� �°�  �� 

�3� 
�n� 

�f�o�o�e�y� �\�r�-�l� �a�f�)� �w�e�e� �a�l ��)� �,� �(�4�.�2�)� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �9�0



�w�h�e�r�e� �g�,�;� �d�e�n�o�t�e�s� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �j�-�e�l�e�m�e�n�t�-�s�u�b�s�e�t�s� �o�f� �{�1�,� �2�,�-�-�-�,�n�}�,� �a�n�d� �a�l�)�,� �q�l�?�)�.�.�.� �a�r�e� 

�u�s�e�d� �i�n�s�t�e�a�d� �o�f� �a�,� �8�,� �7�,�-�-�-�,� �1�<�i�,�<�l�,� �f�o�r� �t�=�1�,� �2�,�-�-�4�n�.� 

�P�r�o�p�o�s�i�t�i�o�n� �4�.�2�.� �T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t� �Y�i�s�i�g� �i�,� �U�8� �a�l ��)� �o�f� �t�h�e� �m�o�d�e�l� �(�4�.�2�)� �f�o�r� �n�-�w�a�y� �d�a�t�a� �o�f� �t� �n� 

�.� �.� �.� �I�l�o� �.� �.� �.� �.� �.� �d�i�m�e�n�s�i�o�n� �1�,� �x�1�,�x� �+�+�+� �x�1�,�,� �c�o�n�s�i�s�t�s� �o�f� �+�4 ��*� �s�t�r�a�i�g�h�t� �l�i�n�e�s� �a�l�l� �i�n�t�e�r�s�e�c�t�i�n�g� �a�t� �t�h�e� �p�o�i�n�t� 
�t� 

� � 

�P�r�o�o�f�:� �A� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �c�o�m�p�u�t�a�t�i�o�n� �r�e�v�e�a�l�s� �t�h�a�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �a�b�o�v�e� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�a�s� 

�=� �-� �+� �A�n�e�w� �(�a�f�)� �4�4� �)� �(�a�f�?�)� �+� �i� �)�e� �(�a�l�)� �+� �x� �)� �(�4�.�2�a�)� �V�i�j�i�g �� �i�,� �4� �r� 

�a�n�d� �t�h�u�s� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �h�o�l�d�s�.� �O�o� 

�A�s� �a� �f�e�a�s�i�b�l�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �g�r�a�p�h�i�c�a�l� �t�e�c�h�n�i�q�u�e�,� �o�n�e� �c�a�n� �s�t�u�d�y� �t�h�e� �p�l�o�t� �i�n� �a� �s�i�m�i�l�a�r� 

�m�a�n�n�e�r� �t�o� �d�e�t�e�c�t� �s�p�e�c�i�a�l� �f�o�r�m� �o�f� �i�n�t�e�r�a�c�t�i�o�n�s� �f�o�r� �t�h�r�e�e�-�w�a�y� �d�a�t�a� �a�r�r�a�y�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �i�n� 

�t�h�e� �t�h�r�e�e�-�w�a�y� �A�N�O�V�A� �m�o�d�e�l� �(�3�.�1�)� �o�r� �(�3�.�2�)�,� �i�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t� �y�,�,�,� �v�s� �@�;� �c�o�n�s�i�s�t�s� �o�f� 

�s�t�r�a�i�g�h�t� �l�i�n�e�s� �w�h�i�c�h� �a�r�e� �a�l�l� �p�a�r�a�l�l�e�l� �t�o� �e�a�c�h� �o�t�h�e�r�,� �o�n�e� �c�a�n� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� 

�i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �f�a�c�t�o�r� �B� �a�n�d� �t�h�e� �c�o�m�b�i�n�e�d� �f�a�c�t�o�r� �A�*�C� �a�n�d� �t�h�u�s� �t�h�e� �m�o�d�e�l� �m�a�y� �b�e� 

�r�e�d�u�c�e�d� �t�o� 

�Y�i�g�k� �=� �B�+� �0�,� �4�+� �B�S� �+� �V�E� �+� �(�O�N�E� �(�4�.�3�)� 

�w�h�i�c�h� �i�s� �t�h�e� �u�s�u�a�l� �t�h�r�e�e�-�f�a�c�t�o�r� �r�a�n�d�o�m�i�z�e�d� �b�l�o�c�k� �d�e�s�i�g�n� �t�a�k�i�n�g� �6�;� �a�s� �t�h�e� �j�t�h� �b�l�o�c�k� 

�e�f�f�e�c�t�,� �a�s� �m�e�n�t�i�o�n�e�d� �i�n� �t�h�e� �r�e�m�a�r�k� �a�t� �t�h�e� �e�n�d� �o�f� �C�h�a�p�t�e�r� �3�.� 

�S�u�p�p�o�s�e� �f�u�r�t�h�e�r� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�o�d�e�l� 

�V�i�j�k� �=� �H�+� �a�j� �+� �B�y� �+� �V�R� �+� �A�B�I�V�E� �(�4�.�4�)� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �9�1



�i�s� �s�u�s�p�e�c�t�e�d� �a�n�d� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t� �y�;�,�,� �v�s� �y�,� �c�o�n�s�i�s�t�s� �o�f� �b�u�n�d�l�e� �o�f� �s�t�r�a�i�g�h�t� �l�i�n�e�s�.� �T�h�e�n� 

�o�n�e� �c�a�n� �s�p�e�c�u�l�a�t�e� �s�o�m�e� �k�i�n�d� �o�f� �l�i�n�e�a�r�i�t�y� �b�e�t�w�e�e�n� �y�,� �a�n�d� �y�j�,� �s�o� �t�h�e� �m�o�d�e�l� �b�e�c�o�m�e�s� 

�w�h�i�c�h� �c�a�n� �b�e� �a�l�s�o� �i�n�v�e�s�t�i�g�a�t�e�d�.� 

�U�s�i�n�g� �t�h�e� �v�a�r�i�o�u�s� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t�s� �t�o� �d�e�t�e�c�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �s�p�e�c�i�a�l� �t�y�p�e�s� �o�f� �i�n�t�e�r�a�c�t�i�o�n�s� 

�i�n� �t�h�r�e�e�-�w�a�y� �a�r�r�a�y� �o�r� �e�v�e�n� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �d�a�t�a� �s�e�e�m�s� �t�o� �b�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �E�v�e�n� 

�t�h�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�l�o�t� �a�p�p�e�a�r�s� �t�o� �b�e� �l�i�m�i�t�e�d� �t�o� �s�u�c�h� �s�p�e�c�i�a�l� �t�y�p�e�s� �a�s� 

�n�u�l�l�i�t�y�,� �c�o�n�c�u�r�r�e�n�c�e�,� �a�n�d� �p�a�r�t�i�c�u�l�a�r� �l�i�n�e�a�r�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �v�a�r�i�a�b�l�e�s�,� �i�t� �m�a�y� �b�e� �e�x�t�e�n�d�e�d� 

�t�o� �a�n�y� �k�n�o�w�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�a�i�n� �e�f�f�e�c�t� �p�a�r�a�m�e�t�e�r�s� �t�o� �m�o�d�e�l� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�T�h�e� �n�e�x�t� �t�w�o� �s�e�c�t�i�o�n�s� �u�s�e� �b�i�p�l�o�t�s� �a�n�d� �j�o�i�n�t� �p�l�o�t�s� �t�o� �m�o�d�e�l� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�;� �t�h�e� 

�m�e�t�h�o�d� �u�s�e�s� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l�s� �w�h�i�c�h� �d�o� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �t�o� 

�m�o�d�e�l� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �i�n� �t�e�r�m�s� �o�f� �m�a�i�n�-�e�f�f�e�c�t� �p�a�r�a�m�e�t�e�r�s� �a�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�o�s�e� �i�n� �t�h�i�s� 

�s�e�c�t�i�o�n�.� 

�4�.�3� �M�O�D�E�L� �D�I�A�G�N�O�S�I�S� �U�S�I�N�G� �B�I�P�L�O�T�S� 

�F�O�R� �T�W�O�-�W�A�Y� �T�A�B�L�E�S� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �t�o� �r�e�v�i�e�w� �b�i�p�l�o�t� �m�e�t�h�o�d�s� �a�n�d� �t�o� �p�r�o�v�i�d�e� �b�a�c�k�g�r�o�u�n�d� �f�o�r� 

�t�h�e� �g�r�a�p�h�i�c�a�l� �p�r�o�c�e�d�u�r�e�s�.� 

�G�a�b�r�i�e�l� �(�1�9�7�1�)� �o�r�i�g�i�n�a�l�l�y� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �b�i�p�l�o�t� �f�o�r� �a� �d�a�t�a� �m�a�t�r�i�x� �o�f� �r�a�n�k� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �9�2



�t�w�o� �a�s� �a� �g�r�a�p�h�i�c�a�l� �m�e�t�h�o�d� �f�o�r� �d�i�s�p�l�a�y�i�n�g� �m�u�l�t�i�p�l�e� �e�f�f�e�c�t�s� �i�n� �a� �s�i�n�g�l�e� �d�i�a�g�r�a�m�.� �T�h�e�  ��b�i �� 

�o�f� �b�i�p�l�o�t� �r�e�f�e�r�s� �t�o� �t�h�e� �t�w�o�-�m�o�d�e�s� �n�o�t� �t�w�o�-�d�i�m�e�n�s�i�o�n�s� �(�a�l�t�h�o�u�g�h� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�s� �a�r�e� 

�p�o�s�s�i�b�l�e�)�.� �T�h�e� �r�e�s�u�l�t� �b�e�l�o�w� �o�f� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� �(�1�9�7�8�)� �i�s� �a� �u�s�e�f�u�l� �f�o�r�m� �o�f� �t�h�e� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �b�i�p�l�o�t� �f�o�r� �t�w�o�-�w�a�y� �d�a�t�a�.� 

�S�u�p�p�o�s�e� �t�h�e� �r�a�n�k� �o�f� �a�n� �[�x�m� �d�a�t�a� �m�a�t�r�i�x� �Y� �i�s� �s�.� �T�h�e�n� �b�y� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n�,� �Y� �c�a�n� �b�e� �d�e�c�o�m�p�o�s�e�d� �a�s� 

�Y�=� �U�A�V �� �=�(�U�A�®�)� �(�V�A�!�-�*�)�'�=� �G�H ��,� �(�4�.�6�)� 

�w�h�e�r�e�,� 
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�G�=�U�A�%� �=� �a�n�d� �H�=�V�A�!�-�*�=� �f�o�r� �s�o�m�e� �0�<�a�<�1�l�.� 
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�W�i�t�h� �t�h�i�s� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �t�h�e� �m�a�t�r�i�x� �Y� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �a�n� �s� �d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �s�p�a�c�e� 

�b�y� �t�h�e� �!�+�m� �v�e�c�t�o�r�s� �g�;� �a�n�d� �h ��'�;� �b�y� �m�e�a�n�s� �o�f� �t�h�e� �u�s�u�a�l� �i�n�n�e�r� �p�r�o�d�u�c�t�,� �n�a�m�e�l�y� �y�;�;� �=� �g�;� �b�h�,� 

�w�h�e�r�e� �g�;� �a�n�d� �h �� �a�r�e� �t�h�e� �i�t�h� �r�o�w� �o�f� �G�,�,�,� �a�n�d� �j�t�h� �r�o�w� �o�f� �H�,�,�,�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �b�i�p�l�o�t� 

�i�s� �a� �p�l�o�t� �o�f� �p�o�i�n�t�s� �o�n� �t�h�e� �s�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�c�l�i�d�e�a�n� �s�p�a�c�e� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �Y� �t�h�r�o�u�g�h� �t�h�e� 

�r�o�w� �v�e�c�t�o�r�s� �o�f� �G� �a�n�d� �H�.� �I�t� �i�s� �u�s�u�a�l�l�y� �h�a�r�d� �t�o� �v�i�s�u�a�l�i�z�e� �s�u�c�h� �a�n� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �w�h�e�n� �s� �>� �3�,� 

�w�h�i�l�e� �i�t� �c�a�n� �b�e� �f�u�l�l�y� �d�i�s�p�l�a�y�e�d� �i�n� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�l�a�n�e� �i�f� �s� �=� �2�.� 

�W�h�e�n� �t�h�e� �r�a�n�k� �s� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�w�o�,� �o�n�e� �m�a�y� �a�p�p�r�o�x�i�m�a�t�e� �y�,�;� �b�y� �t�h�e� �i�n�n�e�r� �p�r�o�d�u�c�t� �o�f� 

�t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r�s� �w�i�t�h� �a� �c�e�r�t�a�i�n� �l�e�v�e�l� �o�f� �f�i�t�.� �N�a�m�e�l�y�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �Y� �b�y� 

�t�h�e� �f�i�r�s�t� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �S�V�D� 
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�w�h�e�r�e� 

�a�o� �1�-�@� 

�G�=�[�u�,�,� �u�y�]� �0� �8� �,� �H�=�[�¥�1�,� �Y�Q�]� �0� �8� 
�2� �2� 

�a�c�h�i�e�v�e�s� �t�h�e� �h�i�g�h�e�s�t� �g�o�o�d�n�e�s�s� �o�f� �f�i�t� �o�f� �a�l�l� �r�a�n�k� �2� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �Y� �a�m�o�n�g� �a�l�l� �p�o�s�s�i�b�l�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n�s� �o�f� �Y� �b�y� �t�w�o� �m�a�t�r�i�c�e�s� �G� �a�n�d� �H� �o�f� �o�r�d�e�r� �/� �x� �2� �a�n�d� �m�x� �2�.� �A� �p�l�o�t� �o�f� �p�o�i�n�t�s� 

�o�n� �t�h�e� �p�l�a�n�e� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �r�o�w� �v�e�c�t�o�r�s� �g�;� �o�f� �G� �a�n�d� �h�/�,� �o�f� �H� �i�s� 

�c�a�l�l�e�d� �a� �b�i�p�l�o�t�.� �T�h�e� �b�i�p�l�o�t� �h�a�s� �b�e�e�n� �u�s�e�d� �i�n� �v�a�r�i�o�u�s� �c�o�n�t�e�x�t�s� �a�s� �a�n� �a�i�d� �i�n� �p�e�r�f�o�r�m�i�n�g� 

�d�a�t�a� �a�n�a�l�y�s�i�s� �m�o�s�t� �n�o�t�a�b�l�y� �b�y� �G�a�b�r�i�e�l� �(�1�9�8�1�)�.� 

�B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� �(�1�9�7�8�)� �c�o�n�s�i�d�e�r�e�d� �s�o�m�e� �m�o�d�e�l�s� �f�o�r� �a� �t�w�o�-�w�a�y� �l�a�y�o�u�t� �a�n�d� �d�e�t�e�r�m�i�n�e�d� 

�t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�o�s�e� �m�o�d�e�l�s� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �a� �b�i�p�l�o�t� �o�f� �a� �r�a�n�k� �t�w�o� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �d�a�t�a� �m�a�t�r�i�x�.� �T�h�e�i�r� �m�a�i�n� �r�e�s�u�l�t�s� �m�a�y� �b�e� �s�u�m�m�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�T�h�e�o�r�e�m� �(�B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l�)�.� 

�1�.� �Y� �i�s� �c�l�o�s�e�l�y� �f�i�t�t�e�d� �b�y� �t�h�e� �a�d�d�i�t�i�v�e� �m�o�d�e�l�,� �y�;�;�=�+�0�,�;�+�0�;�,� �i�f� �a�n�d� �o�n�l�y� �i�f� �t�h�e� �r�o�w� 

�v�e�c�t�o�r�s� �o�f� �G� �a�r�e� �n�e�a�r�l�y� �c�o�l�l�i�n�e�a�r� �a�n�d� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �o�f� �H� �a�r�e� �n�e�a�r�l�y� �c�o�l�l�i�n�e�a�r� �a�n�d� �t�h�e� 

�t�w�o� �l�i�n�e�s� �a�r�e� �n�e�a�r�l�y� �o�r�t�h�o�g�o�n�a�l�.� 

�i�f� �a�n�d� 

�o�n�l�y� �i�f� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �o�f� �G� �a�r�e� �n�e�a�r�l�y� �c�o�l�l�i�n�e�a�r� �a�n�d� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �o�f� �H� �a�r�e� �n�e�a�r�l�y� 

�2�.� �Y� �i�s� �c�l�o�s�e�l�y� �f�i�t�t�e�d� �b�y� �T�u�k�e�y ��s� �(�1�9�4�9�)� �c�o�n�c�u�r�r�e�n�t� �m�o�d�e�l�,� �y�;�;�=�p�+�0�,�;�+�8�;�+�0�;�8�;�,� 

�c�o�l�l�i�n�e�a�r�.� 

�3�.� �Y� �i�s� �c�l�o�s�e�l�y� �f�i�t�t�e�d� �b�y� �M�a�n�d�e�l ��s� �(�1�9�6�9�)� �r�o�w�s� �l�i�n�e�a�r� �m�o�d�e�l�,� �y�;�;�=�n�+�0�;�+�8�,�;�+�A�0�j�@�;�,� �i�f� 

�a�n�d� �o�n�l�y� �i�f� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �o�f� �H� �a�r�e� �n�e�a�r�l�y� �c�o�l�l�i�n�e�a�r�.� 

�4�.� �Y� �i�s� �c�l�o�s�e�l�y� �f�i�t�t�e�d� �b�y� �M�a�n�d�e�l ��s� �c�o�l�u�m�n�s� �l�i�n�e�a�r� �m�o�d�e�l�,� �y�,�;�;�=�+�a�;�+�6�;�+�a�,�6�%�,� �i�f� �a�n�d� 

�o�n�l�y� �i�f� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �o�f� �G� �a�r�e� �n�e�a�r�l�y� �c�o�l�l�i�n�e�a�r�.� 
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�I�n� �t�h�e� �a�b�o�v�e� �d�i�a�g�n�o�s�t�i�c� �m�e�t�h�o�d� �i�f� �t�h�e� �r�a�n�k� �o�f� �Y� �i�s� �n�o�t� �e�x�a�c�t�l�y� �t�w�o�,� �o�n�e� �n�e�e�d�s� �t�h�e� �r�a�n�k� 

�t�w�o� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �Y�.� �I�n� �s�u�c�h� �a� �c�a�s�e� �t�h�e� �f�i�t� �o�f� �t�h�e� �r�a�n�k� �t�w�o� �a�p�p�r�o�x�i�m�a�t�i�o�n� �m�u�s�t� �b�e� 

�j�u�s�t�i�f�i�e�d�.� 

�G�o�w�e�r� �(�1�9�9�0�)� �p�o�i�n�t�e�d� �o�u�t� �t�h�a�t� �t�h�e� �b�i�p�l�o�t� �f�o�r� �t�h�e� �m�o�r�e� �c�o�m�p�l�e�x� �m�o�d�e�l� 
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�V�i�j� �=�H�+�a�,�+� �8�;� �+�0�7�8�;� �o�r� �Y� �=� �G�H �� �=�[� �p�l�i�t�a�,� �1�)�,� �a�*� �|� �(�4�.�7�)� 

�[�
%

� �s�d� 

�m�u�s�t� �b�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�s� �t�h�e� �p�o�i�n�t�s� �g�i�v�e�n� �b�y� �t�h�e� �r�o�w�s� �o�f� �G� �a�n�d� �H� �a�r�e� �e�a�c�h� �c�o�p�l�a�n�a�r� 

�o�n� �t�w�o� �o�r�t�h�o�g�o�n�a�l� �p�l�a�n�e�s�.� �H�e� �d�i�s�c�u�s�s�e�d� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �g�e�o�m�e�t�r�y� �o�f� �b�i�p�l�o�t�s� �f�o�r� 

�m�o�r�e� �g�e�n�e�r�a�l� �r�a�n�k� �3� �m�o�d�e�l�s� �o�f� �a� �t�w�o�-�w�a�y� �d�a�t�a� �m�a�t�r�i�x� �Y� �w�h�i�c�h� �f�i�t�s� �t�h�e� �m�o�d�e�l� 

�Y�=�p�l�,�1�j�,�,�t�+�a�1�)�,�+�1�,� �B�'�+�a�*�B�"� �+�a�"�"�8�"�"�'� �(�4�.�8�)� 

�w�h�e�r�e� �@� �a�n�d�/�o�r� �#� �a�r�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �a�*� �a�n�d� �a�*�*�,� �a�n�d� �8�*� �a�n�d� �#�*�*�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �b�a�s�i�c� �l�e�m�m�a�s� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�e� �s�e�q�u�e�l�.� �T�h�e�s�e� �l�e�m�m�a�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �d�u�e� 

�t�o� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� �w�h�o� �u�s�e�d� �t�h�e�m� �t�o� �p�r�o�v�e� �t�h�e�i�r� �b�i�p�l�o�t� �g�e�o�m�e�t�r�y� �f�o�r� �t�h�e� �d�i�m�e�n�s�i�o�n� 

�t�w�o� �c�a�s�e�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �s�p�i�r�i�t� �o�f� �G�o�w�e�r�,� �w�e� �w�i�l�l� �s�t�a�t�e� �t�h�e�m� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �r�a�n�k� �s�.� 

�F�o�r� �a� �g�i�v�e�n� �/�x�m� �m�a�t�r�i�x� �A�,� �l�e�t� �V�(�A�)� �d�e�n�o�t�e� �t�h�e� �v�e�c�t�o�r� �s�p�a�c�e� �s�p�a�n�n�e�d� �b�y� �t�h�e� �c�o�l�u�m�n� 

�v�e�c�t�o�r�s�,� �2�1�)� �B�a�y�s� �4� �(�m�)� �o�f� �A�.� 

�L�e�m�m�a� �4�.�3�.�1�.� �S�u�p�p�o�s�e� �F�,� �G�,� �a�n�d� �H� �a�r�e� �I�x�m�,� �I�x�s�,� �a�n�d� �m�x�s� �m�a�t�r�i�c�e�s� �o�f� �r�a�n�k� �s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �F�=�G�H ��.� �T�h�e�n� �(�1�)� �V�(�F�)�=�V�(�G�)� �a�n�d� �(�2�)� �V�(�F ��)�=�V�(�H ��)�.� 

�P�r�o�o�f�:� �S�i�n�c�e� �F� �=� �G�H ��,� �o�n�e� �c�a�n� �w�r�i�t�e� 

�£�i�y�=�b�a� �B�a�y�t� �b�y�e� �S�a�t�e� �+� �b�y�s� �B�i�s�)� �5� 
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�a�n�d� �t�h�u�s� �f�(�;�)�¢� �V�(�G�)� �f�o�r� �a�l�l� �j�.� �H�e�n�c�e� �V�(�F�)� �c� �V�(�G�)�.� �B�u�t� �V�(�F�)� �=� �V�(�G�)� �s�i�n�c�e� �t�h�e�i�r� �d�i�m�e�n�s�i�o�n�s� 

�a�r�e� �t�h�e� �s�a�m�e�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f� �f�o�r� �(�1�)�.� �T�h�e� �p�r�o�o�f� �f�o�r� �(�2�)� �i�s� �t�h�e� �s�a�m�e�.� �O�o� 

�L�e�m�m�a� �4�.�3�.�2�.� �L�e�t� �G� �b�e� �a�n� �[�x�s� �m�a�t�r�i�x� �o�f� �r�a�n�k� �s�.� �T�h�e�n� �a�l�l� �t�h�e� �p�o�i�n�t�s� �(� �g�1�1�,� �2�1�9�,�°�°�°�)� �B�i�s�)�;� 

�(�2�1�,� �B�o�o�s� �B�a�e�)�s� �*�*�s� �(� �B�r�y� �B�i�e� �B�,�)� �l�i�e� �o�n� �t�h�e� �s�a�m�e� �h�y�p�e�r�p�l�a�n�e� �i�n� �t�h�e� �s�-�d�i�m�e�n�s�i�o�n�a�l� 

�E�u�c�l�i�d�e�a�n� �s�p�a�c�e� �i�f� �a�n�d� �o�n�l�y� �i�f� �1�,�  ¬� �V�(�G�)�.� 

�P�r�o�o�f�:� �S�u�p�p�o�s�e� �t�h�e� �|� �p�o�i�n�t�s� �(�g�;�1�,� �2�;�2�,� �-�*�;� �&�;�,�)� �l�e� �o�n� �t�h�e� �s�a�m�e� �h�y�p�e�r�p�l�a�n�e�.� �T�h�e�n� �9�,�g�;�)� �+� 

�G�B�i�2� �t�+� �¥�,�8�i�s�=�1� �f�o�r� �s�o�m�e� �9�,� �$�2�,�°�4�~�,� �a�n�d� �f�o�r� �a�l�l� �i�=�1�,� �2�,�-�-�,� �1�.� �T�h�a�t� �i�s�,� �y�g� �q�+� 

�$�2�8� �(�2�)� �+�7�7�'� �+� �¥�,�8�(�s�)� �=�1�,� �a�n�d� �t�h�u�s� �1�;�  ¬� �V�(�G�)�.� 

�C�o�n�v�e�r�s�e�l�y�,� �i�f� �1�; ¬� �V�(�G�)�=�<� �8� �(�1�)�;� �8�2�)�»� �B�i�s�)� �>� �»� �t�h�e�n� �t�h�e�r�e� �e�x�i�s�t� �p�,� �p�y�.�.�.� �p�,� �s�u�c�h� �t�h�a�t� 

�L�y� �=� �p�S� �(�1�y�+� �P�B� �(�a�y� �t�+� �P�B�s�)� �T�h�u�s� �p�,�8�i�1�+� �p�o�B�i�a�t�-�+� �P�p�B�i�s�=�1� �f�o�r� �a�l�l� �i�=�1�,� �2�,� �-�-�-�,� �1�,� 
�a�n�d� �a�l�l� �p�o�i�n�t�s� �l�i�e� �o�n� �t�h�e� �h�y�p�e�r�p�l�a�n�e� �p�,�z�,�+� �p�,�z�.�+�-�:�:�+� �p�,�t�,�=�1�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f�O� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �h�y�p�e�r�p�l�a�n�e� �i�n� �2�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�c�l�i�d�e�a�n� �s�p�a�c�e� �i�s� �a� �l�i�n�e� �a�n�d� �i�t� �i�s� �a� �p�l�a�n�e� 

�i�n� �3�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�.� �T�h�u�s� �t�h�e� �l�e�m�m�a� �s�t�a�t�e�s� �t�h�a�t� �w�h�e�n� �s�=�2�,� �t�h�e� �p�o�i�n�t�s� �(�g�,�,�,� �g�,�2�)� �a�r�e� 

�c�o�l�l�i�n�e�a�r� �i�f� �a�n�d� �o�n�l�y� �i�f� �1�,�¢� �V�(�G�)� �a�n�d� �w�h�e�n� �s�=�3�,� �t�h�e� �p�o�i�n�t�s� �(�g�,�,�,� �g�;�2�,� �g�;�3�)� �a�r�e� �c�o�p�l�a�n�a�r� �i�f� 

�a�n�d� �o�n�l�y� �i�f� �1�,�  ¬� �V�(�G�)�.� 

�C�o�r�o�l�l�a�r�y� �4�.�3�.�1�.� �F�o�r� �a�n�y� �d�e�c�o�m�p�o�s�i�t�i�o�n� �F� �=� �G�H �� �o�f� �r�a�n�k� �s�,� �t�h�e� �p�o�i�n�t�s� �(�g�;�,�,� �8�9�,� �-�-�+�,� �&�j�,�)� �l�i�e� 
�o�n� �t�h�e� �s�a�m�e� �h�y�p�e�r�p�l�a�n�e� �i�n� �s�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�c�l�i�d�e�a�n� �s�p�a�c�e� �i�f� �a�n�d� �o�n�l�y� �i�f� �1�,�  ¬� �V�(�F�)�.� 

�P�r�o�o�f�:� �I�t� �i�s� �a�n� �i�m�m�e�d�i�a�t�e� �c�o�n�s�e�q�u�e�n�c�e�s� �o�f� �t�h�e� �a�b�o�v�e� �t�w�o� �l�e�m�m�a�s�.� �a�)� 

�N�e�x�t�,� �t�h�e� �u�s�e� �o�f� �j�o�i�n�t� �p�l�o�t�s� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �t�h�e� �f�o�r�m�s� �o�f� �v�a�r�i�o�u�s� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� 

�v�a�r�i�a�b�l�e�s� �a�n�d� �t�h�e� �t�y�p�e� �o�f� �m�o�d�e�l� �t�o� �f�i�t� �t�h�r�e�e�-�w�a�y� �d�a�t�a� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� 
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�4�.�4� �M�O�D�E�L� �D�I�A�G�N�O�S�I�S� �U�S�I�N�G� �J�O�I�N�T� �P�L�O�T�S� 

�F�O�R� �T�H�R�E�E�-�W�A�Y� �T�A�B�L�E�S� 

�A�l�t�h�o�u�g�h� �n�o�t� �a�s� �s�i�m�p�l�e� �a�s� �t�h�e� �b�i�p�l�o�t� �m�o�d�e�l�,� �t�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�o�d�e�l� 

�(�2�.�8�)� �i�s� �a�l�s�o� �u�s�e�f�u�l� �f�o�r� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e�s� �o�f� �d�a�t�a�.� �B�e�l�o�w� �i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� 

�T�u�c�k�e�r�3� �m�o�d�e�l� �i�s� �u�s�e�f�u�l� �a�s� �a� �t�o�o�l� �f�o�r� �a�s�s�e�s�s�i�n�g� �a�p�p�r�o�p�r�i�a�t�e� �m�o�d�e�l�s� �f�o�r� �t�h�r�e�e�-�w�a�y� �d�a�t�a�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �w�e� �s�h�o�w� �t�h�a�t� �m�a�n�y� �s�p�e�c�i�a�l� �f�o�r�m�s� �o�f� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e�l� 

�V�i�j�k� �=� �B�+�O�;�+� �8�5�+� �7�~�+�(�0�8�)�i�5� �+� �(�O�7�1�)� �i�e� �+� �(�B�Y�)� �5� �+� �(�O�Y�)� �s�j�e� �(�4�.�9�)� 

�c�a�n� �b�e� �d�i�s�t�i�n�g�u�i�s�h�e�d�.� 

�4�.�4�.�1� �D�e�f�i�n�i�t�i�o�n� �o�f� �j�o�i�n�t� �p�l�o�t�s� 

�F�i�r�s�t�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �w�i�l�l� �b�e� �g�i�v�e�n�.� �L�e�t� �Y� �b�e� �a� �l�x�m�x�n� �t�h�r�e�e�-�w�a�y� �d�a�t�a� 

�a�n�d� �C� �b�e� �t�h�e� �s�x�t�x�u� �c�o�r�e� �a�r�r�a�y� �o�f� �Y�.� �N�o�t�e� �h�e�r�e� �t�h�a�t� �i�n� �c�o�n�t�r�a�s�t� �t�o� �C�h�a�p�t�e�r� �3�,� �t�h�e� �d�a�t�a� 

�a�r�r�a�y� �Y� �i�s� �d�e�c�o�m�p�o�s�e�d� �n�o�t� �t�h�e� �r�e�s�i�d�u�a�l� �a�r�r�a�y� �D�.� �T�h�e� �T�u�c�k�e�r�3� �m�o�d�e�l� �s�u�g�g�e�s�t�s� �d�a�t�a� �Y� �b�e� 

�d�e�c�o�m�p�o�s�e�d� �a�s� �(�2�.�9�)� �w�i�t�h� �e�a�c�h� �o�f� �t�h�e� �f�r�o�n�t�a�l�(�F�,�)�,� �h�o�r�i�z�o�n�t�a�l�(�H�;�)�,� �a�n�d� �l�a�t�e�r�a�l�(�L�,�)� �s�l�i�c�e�s� 

�p�a�r�t�i�t�i�o�n�e�d� �b�y� �t�h�e� �b�i�s�t�r�u�c�t�u�r�e� �e�x�p�r�e�s�s�i�o�n�s�.� �N�a�m�e�l�y�,� �f�o�r� �k� �=�1�,� �-�-�-�,� �n�,� 

�Y�u�k� �°�°� �Y�i�m�k� 

�F�p� �=�|�:� �:� �|� �=� �Y�e�,�,�G�C�,�H �� �=� �»� �e�,�,�G�H!"�,� �(�4�.�1�0�)� 
�r�=�1� �r�=�1� 

�Y�u�k� �°�*�*� �Y�i�m�k� 
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�w�h�e�r�e� �G�'�)�=�G�U�,�A�2� �a�n�d� �H�'�)�=�H�V�,�A�C�-�?� �w�i�t�h� �C�,�=�U�,�A�,�V�i�,� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�t�h� �f�r�o�n�t�a�l� �s�l�i�c�e� �C�,� �o�f� �C�.� �S�i�m�i�l�a�r�l�y�,� �f�o�r� �H�;� �a�n�d� �L�;�,� �w�e� �h�a�v�e�,� �f�o�r� 

�t�=�1�,�-�+� �1�,� 

�Y�i� �*�*�'� �Y�i�i�n� 
�H�.� �_� �:� �_� �i� �B�i�n�C�,�E �� �=� �©� �B�i�p�H�'�P�E �� �(�4�.�1�1�)� 

�Y�i�m�i� �°�*�*� �Y�i�m�n� 

�a�n�d�,� �f�o�r� �j�=�1�,� �-�-�-�,� �m�,� 

�Y�i�j�t� �"�°�°� �Y�i�j�n� �;� �'� 

�L�,�=�|� �:� �:� �|�=� �b�y� �G�C�E �� �=� �h�j� �G�E �� �(�4�.�1�2�)� 
�Y�i�j�1� �*�*�*� �Y�i�j�n� 

�w�h�e�r�e� �C�,� �a�n�d� �C�,� �a�r�e� �t�h�e� �p�t�h� �h�o�r�i�z�o�n�t�a�l� �s�l�i�c�e� �a�n�d� �t�h�e� �q�t�h� �l�a�t�e�r�a�l� �s�l�i�c�e� �o�f� �t�h�e� �c�o�r�e� �a�r�r�a�y� 

�C�,� �a�n�d� �H�B�)� �a�n�d� �G�E�M�"� �a�r�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �b�i�s�t�r�u�c�t�u�r�e� �e�x�p�r�e�s�s�i�o�n�s� �o�f� �t�h�e� 

�m�a�t�r�i�c�e�s� �H�C�,� �E �� �a�n�d� �G�C�,�E ��,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �r�t�h� �j�o�i�n�t� �p�l�o�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �G� �a�n�d� �H�,� �w�h�i�c�h� �w�i�l�l� �b�e� �c�a�l�l�e�d� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �o�r� 

�G�H�-�p�l�o�t�,� �d�i�s�p�l�a�y�s� �t�h�e� �p�o�i�n�t�s� �f�r�o�m� �t�h�e� �r�o�w�s� �o�f� �G�'�"�)� �a�n�d� �t�h�o�s�e� �o�f� �H�)� �i�n� �(�4�.�1�0�)� �o�n� �t�h�e� �s�-� 

�d�i�m�e�n�s�i�o�n�a�l� �E�u�c�l�i�d�e�a�n� �s�p�a�c�e�,� �b�o�t�h� �G�"�)� �a�n�d� �H ��?�)� �n�e�c�e�s�s�a�r�i�l�y� �o�f� �r�a�n�k� �s�(�=�t�)�.� �T�h�e� �p�t�h� �H�E�-� 

�j�o�i�n�t� �p�l�o�t� �o�n� �t�(� �=�u�)�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �a�n�d� �t�h�e� �q�t�h� �G�E�-�j�o�i�n�t� �p�l�o�t� �o�n� �s�(� �=�1�)�-� �d�i�m�e�n�s�i�o�n�a�l� 

�s�p�a�c�e� �a�r�e� �d�e�f�i�n�e�d� �a�c�c�o�r�d�i�n�g�l�y�.� 

�S�u�p�p�o�s�e� �d�i�s�t�i�n�c�t� �s�,� �t�,� �a�n�d� �u� �a�r�e� �p�r�o�p�o�s�e�d� �f�o�r� �a� �d�a�t�a� �a�r�r�a�y� �Y� �i�n� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �T�h�e�n� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �f�o�r� �Y� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �o�n�l�y� �a�f�t�e�r� �a�d�j�u�s�t�i�n�g� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �p�a�i�r�s�,� �G� �a�n�d� �H�,� �H� �a�n�d� �E�,� �a�n�d� �G� �a�n�d� �E�.� �I�t� �i�s� �o�u�r� �c�u�s�t�o�m� �t�h�a�t� �i�f� �s�<�t�,� 

�t�h�e�n� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �s�-�d�i�m�e�n�s�i�o�n�a�l� �G�H�-�j�o�i�n�t� �p�l�o�t�,� �w�e� �d�e�l�e�t�e� �t�h�e� �l�a�s�t� �¢�-�s� �c�o�l�u�m�n�s� 

�f�o�r� �H� �a�s� �i�f� �w�e� �o�n�l�y� �t�a�k�e� �t�h�e� �f�i�r�s�t� �s� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �f�o�r� �t�h�e� �f�a�c�t�o�r� �c�o�r�r�e�s�p�o�n�d� �t�o� �H�.� 

�I�n� �t�h�i�s� �c�a�s�e�,� �a� �g�o�o�d�n�e�s�s� �o�f� �f�i�t� �f�o�r� �t�h�e� �d�a�t�a�,� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �j�o�i�n�t� �p�l�o�t� 
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�r�e�p�r�e�s�e�n�t�a�t�i�o�n�,� �i�s� �a�l�s�o� �c�h�a�n�g�e�d� �d�u�e� �t�o� �t�h�e� �a�l�t�e�r�a�t�i�o�n�.� �T�h�u�s� �f�o�r� �s�o�m�e� �t�h�r�e�e�-�w�a�y� �d�a�t�a� 

�a�r�r�a�y�,� �o�n�e� �n�e�e�d�s� �t�o� �s�t�u�d�y� �m�a�n�y� �j�o�i�n�t� �p�l�o�t�s� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �3�s� �j�o�i�n�t� �p�l�o�t�s� �a�l�l� 

�t�o�g�e�t�h�e�r� �i�f� �s�=�t�=�u�>� �2�,� �t�o� �d�i�a�g�n�o�s�e� �t�h�e� �m�o�d�e�l� �w�h�i�c�h� �f�i�t�s� �d�a�t�a�,� �w�h�i�l�e� �f�o�r� �a� �t�w�o�-�w�a�y� �d�a�t�a� 

�m�a�t�r�i�x� �o�n�l�y� �o�n�e� �b�i�p�l�o�t� �i�s� �n�e�e�d�e�d�.� 

�4�.�4�.�2�.� �M�o�d�e�l�s� 

�A� �n�u�m�b�e�r� �o�f� �s�p�e�c�i�a�l�i�z�a�t�i�o�n�s� �o�f� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e�l� �(�4�.�9�)� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �p�r�a�c�t�i�c�e�.� 

�A�m�o�n�g� �o�t�h�e�r�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�s� �o�f� �s�p�e�c�i�a�l� �m�o�d�e�l�s� �(�4�.�1�3�)� �-� �(�4�.�2�2�)� �a�n�d� �t�h�e�i�r� �v�a�r�i�a�t�i�o�n�s� �a�r�e� 

�o�f� �p�a�r�t�i�c�u�l�a�r� �i�n�t�e�r�e�s�t�.� �H�e�r�e�,� �a�s� �i�n� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l� �(�1�9�7�8�)�,� �w�e� �n�a�m�e� �e�a�c�h� �m�o�d�e�l� �r�a�t�h�e�r� 

�t�h�a�n� �s�i�m�p�l�y� �l�i�s�t� �i�t�.� �T�h�e� �n�a�m�e�s� �s�t�a�r�t�i�n�g� �w�i�t�h�  ��F�- ��,�  ��H�- ��,� �a�n�d�  ��L�- �� �a�r�e� �u�s�e�d� �t�o� �e�x�p�l�a�i�n� 

�p�h�e�n�o�m�e�n�o�n� �o�c�c�u�r�r�i�n�g� �w�i�t�h�i�n� �t�h�e� �f�r�o�n�t�a�l�s�,� �h�o�r�i�z�o�n�t�a�l�s�,� �a�n�d� �l�a�t�e�r�a�l�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �O�n� �t�h�e� 

�o�t�h�e�r� �h�a�n�d�,�  ��F�*�- ��,� �p�u�t�t�i�n�g� �*� �o�n� �t�h�e� �s�h�o�u�l�d�e�r�,� �i�s� �u�s�e�d� �i�f� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �h�a�p�p�e�n�s� �n�o�t� 

�i�n�s�i�d�e� �o�f� �e�a�c�h� �f�r�o�n�t�a�l� �b�u�t� �f�o�r� �i�n�t�e�r�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �f�r�o�n�t�a�l�s�.� �I�t� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� 

�s�i�m�i�l�a�r�l�y� �f�o�r�  ��H�*�- �� �a�n�d�  ��L�*�- ��.� �N�o�t�a�t�i�o�n�a�l� �c�o�n�v�e�n�t�i�o�n�:� �I�n� �w�h�a�t� �f�o�l�l�o�w�s�,� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t�e�d� 

�G�r�e�e�k� �a�l�p�h�a�b�e�t�s� �a�,� �a�°�,� �a ��,� �-�-�.� �w�i�l�l� �b�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �a�*�,� �a�*�*�,� �a�*�*�*�,� �-�-�-� �,� �f�o�r� �s�i�m�p�l�i�c�i�t�y�.� 
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�V�i�j�g�k� �=� �B�+� �O�t� �B�y�t� �p�+� �A�A�Z�B�S�+� �O�a�l�y�R�+� �V�B�S�Y�E�+� �n�a�t� �B�t� �y�g� �(�4�.�1�3�)� 

�(�b�)� �F�e� �b�i�l�i�n�e�a�r� �m�o�d�e�l�:� �(�a�f� �«� �a�;�,� �8�7� �«� �B�;�)� 
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�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� 
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�(�4�+�7�p�)�l�i�n� �+�B�'�+� �(�B�r�)�,� 
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�V�i�s�e� �=�H� �O�;�+� �B�j�+� �T�e�t� �A�O�B�B�;�+� �(�a�r�n�t� �V�B�E� �(�a�r�)�i�e� �8�,� 
�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� 
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�(�j�)� �A�d�d�i�t�i�v�e� �m�o�d�e�l�:� 

�V�i�j�k� �=� �H�+� �a�t� �B�t� �V�E� �(�4�.�2�2�)� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� 

�e�t�y�,� �1� �d�i�n� 
�F�,�=� �(�L�i�,� �@� �|� �1� �0� �B� 

�U�+�a�;� �1� �1�;� 
�H�,�=�(�1�,�,�,� �8� �2� �[�L�m� �,� �B�|� �1� �0� �x�!� 

�w�+�B�,� �1� �1�,� 
�L�,�=� �[�1� �»� �a� �;� 

�1� �0� �7� 

�I�t� �w�i�l�l� �b�e� �c�o�n�v�e�n�i�e�n�t� �t�o� �r�e�f�e�r� �t�o� �t�h�e� �d�a�t�a� �a�r�r�a�y� �Y� �f�o�r� �w�h�i�c�h� �a� �c�e�r�t�a�i�n� �m�o�d�e�l� �f�i�t�s� �b�y� �t�h�e� 

�n�a�m�e� �o�f� �t�h�e� �m�o�d�e�l�.� �T�h�u�s�,� �f�o�r� �e�x�a�m�p�l�e�,� �Y� �w�i�l�l� �b�e� �s�a�i�d� �t�o� �b�e�  ��F�-�b�i�l�i�n�e�a�r �� �i�f� �(�4�.�1�4�)� �h�o�l�d�s�,� 

�e�t�c�.� �B�e�s�i�d�e� �t�h�e� �a�b�o�v�e� �l�i�s�t�e�d� �m�o�d�e�l�s�,� �t�h�e�r�e� �w�i�l�l� �b�e� �m�a�n�y� �o�t�h�e�r� �s�p�e�c�i�a�l� �m�o�d�e�l�s� �o�f� �(�4�.�9�)�.� 

�T�h�e�y� �w�i�l�l� �b�e� �n�a�m�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �f�o�l�l�o�w�i�n�g� �t�h�e� �r�u�l�e� �g�i�v�e�n� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� 
�c�u�r�r�e�n�t� �s�u�b�s�e�c�t�i�o�n�,� �p�e�r�h�a�p�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �a�d�d�i�t�i�v�e� �m�o�d�e�l�:� �y�;�j�,�=� �w�+�0�;�+�8�;�+�7�,�%� �W�h�i�c�h� �i�s� 

�i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �(�4�.�2�1�)� �w�i�t�h� �t�h�e� �c�o�n�d�i�t�i�o�n� �t�h�a�t� �\�=�@�=�v�=�n�=�0�.� 

�T�h�e� �m�a�i�n� �p�u�r�p�o�s�e� �o�f� �s�t�u�d�y�i�n�g� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �o�f� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e�s� �i�s� �t�o� �s�e�l�e�c�t� �a� �m�o�d�e�l� 

�w�h�i�c�h� �f�i�t�s� �t�h�e� �d�a�t�a� �o�r� �p�a�r�t�s� �o�f� �i�t�.� �H�o�w�e�v�e�r�,� �d�e�t�a�i�l�e�d� �i�n�s�p�e�c�t�i�o�n� �o�f� �t�h�e� �b�i�s�t�r�u�c�t�u�r�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �g�i�v�e�n� �b�y� �(�4�.�1�0�)� �t�o� �(�4�.�1�2�)� �c�a�n� �a�l�s�o� �g�i�v�e� �s�o�m�e� �i�d�e�a� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� 

�t�h�e�s�e� �m�o�d�e�l�s�.� �S�o� �w�e� �s�h�a�l�l� �s�e�e� �h�o�w� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �j�t�,� �&�;�,� �/� �-� �(�o�f�)�;� �;� �e�t�c�.�,� �c�a�n� �b�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �m�e�a�n�s� �o�f� �t�h�e� �i�n�n�e�r� �p�r�o�d�u�c�t�s� �b�e�f�o�r�e� �w�e� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� 

�j�o�i�n�t� �p�l�o�t�s�.� 
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�L�e�t� �Y� �b�e� �a�n� �/�x�m�x�n� �d�a�t�a� �a�r�r�a�y�,� �a�n�d� �l�e�t� �C� �b�e� �t�h�e� �s�x�t�x�u� �c�o�r�e� �a�r�r�a�y� �o�f� �Y� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� 

�b�e�s�t� �(�i�t� �i�s� �a�s�s�u�m�e�d� �h�e�r�e� �t�h�a�t� �t�h�e�r�e� �i�s� �a�n� �e�x�a�c�t� �f�i�t�)� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�i�t� �Y�=� �G�C�(�E�@� �H�) �� �a�s� �i�n� 

�S�e�c�t�i�o�n� �2�.�2�.� �T�h�u�s� �t�h�e� �t�y�p�i�c�a�l� �e�l�e�m�e�n�t� �y�,�,�;�,� �o�f� �Y� �i�s� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �(�2�.�8�)� �o�r� 

�e�q�u�i�v�a�l�e�n�t�l�y�,� �t�h�e� �k�t�h� �f�r�o�n�t�a�l� �s�l�i�c�e� �o�f� �Y� �i�s� �g�i�v�e�n� �b�y� �(�4�.�1�0�)�.� 

�A�s� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �(�4�.�1�0�)�,� �i�f� �s�=�t�,� �t�h�e�n� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �u�s�e�s� �t�h�e� �b�i�s�t�r�u�c�t�u�r�e� �e�x�p�r�e�s�s�i�o�n� 

�f�o�r� �e�a�c�h� �s�l�i�c�e� �a�s� 

�F�P�,� �=� �y� �e�,� �G�O�H�,� �k�=� �l�,�-�e�n� 
�r�=�1� 

�w�i�t�h� �G�C�,�H ��=� �G�D�H�)� �o�r� �e�q�u�i�v�a�l�e�n�t�l�y� 

�Y�i�j�k� �=� �Y� �e�k�e� �g�f �� �h ��?� �f�o�r� �e�v�e�r�y� �i�,� �j�,� �k� �(�4�.�2�3�)� 

�r� 
�w�h�e�r�e� �t�h�e� �s�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�l�u�m�n� �v�e�c�t�o�r�s� �g� �(�"�)� �a�n�d� �h� �(�r�)� �a�r�e� �c�o�m�i�n�g� �f�r�o�m� �t�h�e� �i�t�h� �r�o�w� �o�f� 

�G ��)� �a�n�d� �t�h�e� �j�t�h� �r�o�w� �o�f� �H ��)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�U�s�i�n�g� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �Y� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�2�.�3�)�,� �t�h�e� �f�i�t�t�e�d� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e�l� �(�4�.�9�)� �f�o�r� �Y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �i�n�n�e�r� 

�p�r�o�d�u�c�t�s� �o�f� �v�e�c�t�o�r�s� �i�n� �(�4�.�2�3�)� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e�1�5�.� �I�n� �t�h�e� �t�a�b�l�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�n�o�t�a�t�i�o�n�s� �a�r�e� �u�s�e�d�:� 
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�T�a�b�l�e� �1�5�.� �F�i�t�t�e�d� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� 

� � 

�F�i�t�t�e�d� �E�q�u�i�v�a�l�e�n�t� �E�q�u�i�v�a�l�e�n�t� 

�P�a�r�a�m�e�t�e�r�s� �o�b�s�e�r�v�a�t�i�o�n�a�l� �e�x�p�r�e�s�s�i�o�n� �B�i�s�t�r�u�c�t�u�r�e� �e�x�p�r�e�s�s�i�o�n� 

�A� �y�.�.� �D�e�r�g �� 

�6�,� �9�.� �D�e�e�r� �C�a�f� �9�)� �b�i� 

�6�,� �V�5�.� �e�e� �l�M� �b�Y� �n�O�)� 

�T�k� �Y�u�k�o�.�.�.� �x� �C�p�e� �e�y�)� �g�f�)� �a�)� 

�(�a�8�)�;� �V�i�g�.� �V�i�V�i�.� �t�+�.�.�.� �L�e�r� �(� �g�i�)� �g�l�)� �n�i�)� �n�(�)�)� 

�(�2�7�)� �i� �V�i�k� �V�i�-�Y�i�u�k� �t�+�.�.�.� �x� �e�a�r� �e�y�)� �(�g�f� �=� �g�y� 

�(�P�Y� �j�k� �Y�i� �j�k�-�V� �5�.� �F�Y�,�.�,� �x�  ¬�k�r �� �&�.�p�)� �g�l�)� �n�l�)�_� �p�l�)� 

�(�7�)�;� �j�k� �Y�i�g�h�~� �Y�i�g�.�7� �V�i�k�~� �V�i�k� �t� �V�i�.� �t�i�.� �+� �K�A�Y�.�.�.� �x� �C�n�r �� �e�r�)� �(�8� �$�=� �8�)� �n�i�)� �n�i�)� 

� � 
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�A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �t�w�o� �o�t�h�e�r� �s�e�t�s� �o�f� �c�o�n�v�e�r�s�i�o�n� �f�o�r�m�u�l�a�e� �a�r�e� �o�b�t�a�i�n�a�b�l�e� �b�y� �u�s�i�n�g� �t�h�e� 

�b�i�s�t�r�u�c�t�u�r�e� �e�x�p�r�e�s�s�i�o�n�s� �(�4�.�1�1�)� �a�n�d� �(�4�.�1�2�)� �f�o�r� �h�o�r�i�z�o�n�t�a�l� �s�l�i�c�e�s� �H�;� �a�n�d� �l�a�t�e�r�a�l� �s�l�i�c�e�s� �L�;�.� �O�n�e� 

�c�a�n� �o�b�t�a�i�n� �t�h�e�s�e� �b�y� �u�s�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� 

�Y�i�j�k� �=� �o�e�?� �h�'�?�)� �e�l�?�)� 

�o�r� 
�t�  �� 

�Y�i�j�k� �=� �s�e�y� �b�i�a� �g�)�?�)� �e�f�?�)� 

�i�n� �t�h�e� �p�l�a�c�e� �o�f� �(�4�.�2�3�)� �i�n� �T�a�b�l�e� �1�5�.� �H�o�w�e�v�e�r�,� �f�o�r� �b�r�e�v�i�t�y�,� �w�e� �o�m�i�t� �t�h�e�s�e� �c�o�n�v�e�r�s�i�o�n� �t�a�b�l�e�s� 

�a�s� �t�h�e�y� �a�r�e� �a�n�a�l�o�g�o�u�s�.� 

�4�.�4�.�4�.� �M�o�d�e�l�s� �a�n�d� �j�o�i�n�t� �p�l�o�t�s� 

�T�h�r�o�u�g�h�o�u�t� �t�h�e� �s�e�q�u�e�l�,� �f�o�r� �a�n�y� �2�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t�s� �o�f� �a� �l�x�m�x�n� �d�a�t�a� �a�r�r�a�y� �Y�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �n�o�t�a�t�i�o�n�s� �w�i�l�l� �b�e� �u�s�e�d�:� �F�o�r� �1�<�r�<�u�,� �t�h�e� �r�t�h� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� 

�L�i�g� �i�f� �t�h�e� �|� �p�o�i�n�t�s� �(� �g�'�t�)�,� �g�{�)� �)� �a�r�e� �c�o�l�l�i�n�e�a�r�,� �a�n�d� �L�,�,� �i�f� �t�h�e� �m� �p�o�i�n�t�s� �(�h�y�)�,� �h�i�)� �)� �a�r�e� 

�c�o�l�l�i�n�e�a�r�.� �W�h�e�n� �t�h�e� �p�l�o�t� �s�a�t�i�s�f�i�e�s� �b�o�t�h� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �t�h�e� �t�w�o� �l�i�n�e�s� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �t�o� 

�e�a�c�h� �o�t�h�e�r� �t�h�e�n� �w�e� �w�i�l�l� �s�a�y� �t�h�a�t� �L�,�,� �h�o�l�d�s�.� �S�i�m�i�l�a�r�l�y�,� �f�o�r� �1� �<� �p�<� �s�(�r�e�s�p�.� �1�<�q�<�t�)�,� �w�e� 

�s�a�y� �t�h�a�t� �t�h�e� �p�t�h� �H�E�-�j�o�i�n�t� �p�l�o�t� �(�r�e�s�p�.� �t�h�e� �q�t�h� �G�E�-�j�o�i�n�t� �p�l�o�t�)� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �L�y�,� �L�y�x�,� 

�o�r� �L�,�.� �(�r�e�s�p�.� �L�y�g�,� �L�o�g�g�,� �o�r� �L�y�)� �i�f� �t�h�e�y� �m�e�e�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�l�l�i�n�e�a�r�i�t�i�e�s� �o�r� 

�o�r�t�h�o�g�o�n�a�l�i�t�y�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �g�e�o�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �t�h�e� �j�o�i�n�t� �p�l�o�t� 

�a�n�d� �t�h�e� �m�o�d�e�l� �w�h�i�c�h� �m�a�y� �f�i�t� �t�h�e� �d�a�t�a� �w�i�l�l� �n�o�w� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� 

�C�a�s�e� �A�.� �T�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t�s�:� 

�W�e� �b�e�g�i�n� �w�i�t�h� �a� �s�p�e�c�i�a�l� �c�a�s�e� �w�h�i�c�h� �s�h�o�w�s� �h�o�w� �t�h�e� �b�i�p�l�o�t� �m�e�t�h�o�d� �c�a�n� �b�e� �g�e�n�e�r�a�l�i�z�e�d� �t�o� 

�a� �t�h�r�e�e�-�w�a�y� �d�a�t�a� �a�r�r�a�y�.� �S�u�p�p�o�s�e� �a� �/�x�m�x�n� �d�a�t�a� �a�r�r�a�y� �Y� �i�s� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �a� 

�2�x�2�x�1� �c�o�r�e�.� �T�h�e�n� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �G�H�-�j�o�i�n�t� �p�l�o�t� �a�v�a�i�l�a�b�l�e� �f�o�r� �Y�.� 
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�N�o�w� �t�h�e� �e�l�e�m�e�n�t�s� �y�,�,�;�,� �o�f� �Y� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� 

�Y�i�j�k� �=� �C�k� �g�h� �(�4�.�2�4�)� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y� �t�h�e� �f�r�o�n�t�a�l�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �b�y� 

�F�,� �=� �e�,�G�Y�H�O� �k�e� �l�e�s�n� 

�w�h�e�r�e� �G� �a�n�d� �H!"� �a�r�e� �1�x�2� �a�n�d� �m�x�2� �m�a�t�r�i�c�e�s� �o�f� �r�a�n�k� �2�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �a�l�l� �t�h�e� �f�r�o�n�t�a�l� 

�s�l�i�c�e�s� �o�f� �Y� �a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �o�n�e� �s�i�n�g�l�e� �m�a�t�r�i�x� �G�U�O�"� �T�h�a�t� �i�s�,� �a�n�y� �p�a�i�r� �o�f� �f�r�o�n�t�a�l� �s�l�i�c�e�s� 

�d�i�f�f�e�r� �b�y� �a� �s�c�a�l�a�r� �m�u�l�t�i�p�l�e�.� �H�e�n�c�e�,� �i�n� �t�h�i�s� �s�e�t�t�i�n�g�,� �w�e� �h�a�v�e�:� 

�T�h�e�o�r�e�m� �4�.�4�.�1�.� �L�e�t� �Y�=�G�C�(�H�@�E�)�,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n� �o�f� �a� �2�x�2�x�1� 

�c�o�r�e� �a�r�r�a�y�.� 

�1�.� �Y� �f�i�t�s� �a� �s�p�e�c�i�a�l� �t�y�p�e� �o�f� �L�-� �b�i�l�i�n�e�a�r� �m�o�d�e�l� �i�f� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�y�g�.� 

�2�.� �Y� �f�i�t�s� �a� �s�p�e�c�i�a�l� �t�y�p�e� �o�f� �H�-� �b�i�l�i�n�e�a�r� �m�o�d�e�l� �i�f� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �y�.� 

�3�.� �Y� �f�i�t�s� �a� �s�p�e�c�i�a�l� �t�y�p�e� �o�f� �T�r�i�l�i�n�e�a�r� �m�o�d�e�l� �i�f� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �L�,�g� �a�n�d� 

�L�y� �y�y�.� 

�P�r�o�o�f�:� �L�e�t� �F� �~� �G�O�_�O�"� �a�n�d� �y�s�)� �=� �g�h�,� �S�u�p�p�o�s�e� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� 

�p�r�o�p�e�r�t�y� �L�i�g�.� �T�h�e�n�,� �b�y� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l ��s� �T�h�e�o�r�e�m�,� �t�h�e� �m�a�t�r�i�x� �F� �(�)� �f�i�t�s� �t�h�e� �m�o�d�e�l� 

�y�=� �p�O� �y�a�l� �4� �a�M� �4� �W�a�l�a ��,� 

�w�h�e�r�e�,� �w�=� �g�b�,� �o�f�=�(� �g�M� �g�y� �n�M�,� �p�=� �g�M�(� �b�Y� �h�l�)�,� �a�n�d� 

�B�Y�)� �a�r�e� �s�o�m�e� �c�o�n�s�t�a�n�t�s� �w�i�t�h� �E�a� �=�0�.� �F�r�o�m� �(�4�.�2�4�)�,� �y�j�;�;�,� �i�s� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �e�,�,� �y�$�)�,� 

�w�h�i�c�h� �i�s�,� �i�n� �t�u�r�n�,� �e�x�p�r�e�s�s�e�d� �a�s� 

�Y�i�g�k� �=� �(�e�-�1� �+�  ¬�4�1�)� �(�1�)� �4� �a�f� �+� �8�)� �4� �M�a�l�t�)� �Q�)� �)�,� 
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�w�h�e�r�e�,�  ¬�,�,� �=�¢�,�; � ¬�.�,�-� �T�h�e�r�e�f�o�r�e�,� �b�y� �u�s�i�n�g� �t�h�e� �c�o�n�v�e�r�s�i�o�n� �f�o�r�m�u�l�a�e� �a�s� �i�n� �T�a�b�l�e� �1�5�,� �w�e� 

�h�a�v�e� 

�M�o�p�,� �e�y�a�M�a�a�;�,� �8�M� �=�8�;�,� �e�u� �M�=�7�,� �A�V�A� �=� �A�9�3�5�,� �u�e�,� �=�  �� �A�O� �=�n�,� 

�D
�l
� 

�e�b� 

�a�n�d� 

�V�i�j�k� �=�H�+�O�;�+� �B�j� �+�7�4� �+� �A�G�F� �+� �O�a�;�7�,� �+� �O�B� �1�4� �+� �N�O�S� �V�k� 

�w�h�i�c�h� �i�s� �L�-�b�i�l�i�n�e�a�r� �m�o�d�e�l� �w�i�t�h� �v�g�§�=�6�f�,�;� �a�n�d� �p�%�=� �p�d� �=� �6�3�.� �B�y� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t�,� �i�t� �i�s� 

�p�r�o�v�e�d� �t�h�a�t� �i�f� �t�h�e� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,�,�,� �t�h�e�n� �Y� �f�i�t�s� 

�Y�i�j�k�=� �H�+� �O�z�t�+� �B�i�t� �p�t� �A�T�R�;� �+� �V�A�G� �E�+�Y�B� �S�T�E� �t�+� �N�G�A� �I�T�E� 

�A�l�s�o� �i�f� �t�h�e� �p�l�o�t� �h�a�s� �b�o�t�h� �p�r�o�p�e�r�t�i�e�s� �L�;�g� �a�n�d� �L�,�y�,� �t�h�e�n� �Y� �f�i�t�s� �t�h�e� �t�r�i�l�i�n�e�a�r� �m�o�d�e�l� �w�i�t�h� 

�d�=�v�.� �0� 

�W�e� �n�o�t�e� �t�h�a�t�,� �f�r�o�m� �C�o�r�o�l�l�a�r�y� �4�.�3�.�1� �a�n�d� �f�r�o�m� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n�s� �o�f� �F�,� �i�n� �(�4�.�1�5�)�,� 

�(�4�.�1�6�)�,� �a�n�d� �(�4�.�2�1�)�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�s�e� �i�s� �a�l�s�o� �t�r�u�e� �u�n�d�e�r� �o�u�r� �a�s�s�u�m�p�t�i�o�n�.� 

�T�h�e�o�r�e�m� �4�.�4�.�2�.� �I�f� �f�o�r� �e�v�e�r�y� �k�,� �F�,�=� �e�,�,�G�C�H �� �=�e�,� �G�U�H�O�"�,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� 

�e�x�p�r�e�s�s�i�o�n� �o�f� �a� �2�x�2�x�1� �c�o�r�e� �a�r�r�a�y�,� �t�h�e�n� �Y� �f�i�t�s� �t�h�e� �F�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� �m�o�d�e�l� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �,� �.� 

�P�r�o�o�f�:� �S�u�p�p�o�s�e� �Y� �f�i�t�s� �t�h�e� �F�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� �m�o�d�e�l�.� �T�h�e�n� 

�V�i�g�k�-�V�i�j�t�e� �V�i�t� �j�e� �t�+� �V�i�'�5�'�k� �=�0� �f�o�r� �a�l�l� �t�,� �i �� �a�n�d� �J�;� �7� 

�f�o�r� �e�v�e�r�y� �k�.� �B�y� �u�s�i�n�g� �(�4�.�2�4�)�,� �t�h�i�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�e�g� �(�g�b� �M�E�O� �g�M�E�M�i� �g�M� �n�C�)� �-� �0�.� 

�T�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 
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�(�2�9� �g�C� �h�h�)� �=�0� �f�o�r� �a�l�l� �i�,� �#�,� �5�,� �7�.� 

�T�h�u�s� �t�h�e� �p�o�i�n�t�s� �(� �g�l�)� �;� �g�(�t�)� �)� �f�o�r�m� �a� �l�i�n�e� �a�n�d� �(� �h�i�,� �h�i�)� �)� �f�o�r�m� �a� �l�i�n�e� �a�n�d� �t�h�e� �t�w�o� �l�i�n�e�s� 

�a�r�e� �o�r�t�h�o�g�o�n�a�l� �t�o� �e�a�c�h� �o�t�h�e�r�.� �C�o�n�v�e�r�s�e�l�y� �s�u�p�p�o�s�e� �t�h�e� �j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �,� �.� 

�T�h�e�n� �b�y� �t�h�e� �B�r�a�d�u� �a�n�d� �G�a�b�r�i�e�l ��s� �T�h�e�o�r�e�m�,� �F�'!"�)� �f�i�t�s� �t�h�e� �m�o�d�e�l� 

�y�)� �=� �p�M� �p�a�i� �4�0� 
�t�J� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �w�e� �c�a�n� �w�r�i�t�e� 

�(�g�f�) �� �g!"�)�(� �b�h�M �� �b�h�)� �=�0� �f�o�r� �a�l�l� �¢�,� �5�.� 

�T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n�s� �(�0�B�)�;� �5�%� �a�n�d� �(�a�B�)�;�;� �i�n� �t�h�e� �m�o�d�e�l� �(�4�.�9�)� �a�r�e� �z�e�r�o� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �c�o�n�v�e�r�s�i�o�n� �f�o�r�m�u�l�a�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �1�.� �S�o� �Y� �f�i�t�s� �t�h�e� �F�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e�-� 

�m�o�d�e�l�.� �0� 

�S�u�p�p�o�s�e� �a�l�x�m�x�n� �d�a�t�a� �a�r�r�a�y� �Y� �i�s� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�e�d� �u�s�i�n�g� �a� �2�x�2�x�w�u� �c�o�r�e� �a�r�r�a�y� �C� �f�o�r� 

�s�o�m�e� �u�>�2�.� �T�h�e�n� �t�h�e�r�e� �a�r�e� �u� �G�H�-�j�o�i�n�t� �p�l�o�t�s� �f�o�r� �Y� �a�n�d� �e�a�c�h� �f�r�o�n�t�a�l� �i�s� �e�x�p�r�e�s�s�e�d� �b�y� 

�(�4�.�1�0�)�,� �o�r� �b�y� 

�F�,�=� �e�p�,� �F�M� �4� �c�o�e� �g�b� �e�,�,� �F�Y�)� 

�w�i�t�h� �t�h�e� �m�a�t�r�i�c�e�s� �F �� �=� �G�C�,�H �� �=� �G�O� �H�O�Y� �B�a�c�h� �j�o�i�n�t� �p�l�o�t� �m�a�y� �i�n�d�i�c�a�t�e� �a� �m�e�a�n�i�n�g�f�u�l� 

�a�s�p�e�c�t� �a�b�o�u�t� �i�n�t�e�r�a�c�t�i�o�n� �a�n�d� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �a� 

�s�u�i�t�a�b�l�e� �m�o�d�e�l� �f�o�r� �t�h�e� �d�a�t�a�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �i�f� �c�,�,�,�;� �e�x�p�l�a�i�n�s� �m�o�s�t� �o�f� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �d�a�t�a�,� �t�h�a�t� �i�s�,� �b�y� �d�e�f�i�n�i�t�i�o�n�,� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �c�?�,�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�t�o�t�a�l� �s�u�m� �o�f� �s�q�u�a�r�e�d� �o�b�s�e�r�v�a�t�i�o�n�s� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�l�o�s�e� �t�o� �1� �t�h�e�n� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �p�l�o�t� �a�l�o�n�e� 

�s�u�m�m�a�r�i�z�e�s� �m�o�s�t� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �e�,�,�F�"�)� �i�t�s�e�l�f� �g�i�v�e�s� �a� �r�e�a�s�o�n�a�b�l�y� �g�o�o�d� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �F�,� �f�o�r� �e�v�e�r�y� �k�.� �I�f� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e�,� �i�n� �m�a�n�y� �i�n�s�t�a�n�c�e�s�,� �t�h�e� �r�e�s�t� �o�f� �t�h�e� 

�j�o�i�n�t� �p�l�o�t�s� �a�r�e� �n�o�t� �r�e�l�e�v�a�n�t� �a�n�d� �c�a�n� �b�e� �i�g�n�o�r�e�d�.� �T�h�e�n� �w�e� �w�i�l�l� �s�a�y� �t�h�a�t� �t�h�e� �f�r�o�n�t�a�l�s� �a�r�e� 

�c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �p�l�o�t�.� 
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�I�n� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�l�g�o�r�i�t�h�m�,� �t�h�e� �c�o�r�e� �d�i�m�e�n�s�i�o�n�s� �(�s�,� �t�,� �u�)� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� 

�p�r�i�o�r� �t�o� �t�h�e� �f�i�t�.� �H�o�w�e�v�e�r�,� �a�s� �i�n�d�i�c�a�t�e�d� �b�e�l�o�w�,� �T�h�e�o�r�e�m� �4�.�4�.�1� �a�n�d� �4�.�4�.�2� �a�r�e� �s�t�i�l�l� �v�a�l�i�d� 

�e�v�e�n� �i�f� �o�n�e� �o�f� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �i�s� �o�v�e�r�s�p�e�c�i�f�i�e�d�.� 

�C�o�r�o�l�l�a�r�y� �4�.�4�.�1� �L�e�t� �Y�=�G�C�(�E�@�H�)�,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n� �o�f� �a� �2�x�2�x�u� �c�o�r�e� 

�a�r�r�a�y� �f�o�r� �s�o�m�e� �u�>�2�.� �S�u�p�p�o�s�e� �t�h�e� �f�r�o�n�t�a�l�s� �o�f� �Y� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �p�l�o�t�.� 

�T�h�e�n� �t�h�e� �s�t�a�t�e�m�e�n�t�s� �1�,� �2�,� �a�n�d� �3� �o�f� �T�h�e�o�r�e�m� �4�.�4�.�1� �h�o�l�d�.� 

�C�o�r�o�l�l�a�r�y� �4�.�4�.�2�.� �L�e�t� �Y� �=�G�C�(�E�@�H�) ��,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n� �o�f� �a� �2�x�2�x�u� �c�o�r�e� 

�a�r�r�a�y� �f�o�r� �s�o�m�e� �u�>�2�.� �S�u�p�p�o�s�e� �e�i�t�h�e�r� �a�l�l� �f�r�o�n�t�a�l�s� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �f�i�r�s�t� �G�H�-�j�o�i�n�t� �p�l�o�t� 

�t�h�a�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �,� �,� �o�r� �a�l�l� �t�h�e� �G�H�-�j�o�i�n�t� �p�l�o�t�s� �h�a�v�e� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �,�.� �T�h�e�n� �Y� 

�f�i�t�s� �t�h�e� �F�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� �m�o�d�e�l�.� 

�P�r�o�o�f�:� �T�h�e� �f�i�r�s�t� �p�a�r�t� �o�f� �t�h�e� �C�o�r�o�l�l�a�r�y� �i�s� �a�n� �i�m�m�e�d�i�a�t�e� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �T�h�e�o�r�e�m� �4�.�4�.�2�.� 

�F�o�r� �t�h�e� �s�e�c�o�n�d� �p�a�r�t�,� �s�u�p�p�o�s�e� �f�o�r� �e�v�e�r�y� �r�,� �t�h�e� �r�t�h� �G�H�-�j�o�i�n�t� �p�l�o�t� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �L�,� �,�.� 

�T�h�e�n� �u�s�i�n�g� �t�h�e� �n�o�t�a�t�i�o�n�s� �i�n� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �4�.�4�.�1�,� 

�V�i�j�e� �=� �2� �C�x� �r�(� �w�h� �+� �a�l ��)� �+� �B�Y�)� 
�r�=� 

�~� �d�u� �(�e�.�,� �+�  ¬� �n�y� �)�(� �u�O�)� �+� �a�l ��)� �+� �9 ��)� �r� 

�(�1� �M
�4�

 
�o�

O�
 

�%� �=�
 �=�

 
�+

� �M
� 

�o�
m�

 
�i�a

� �|� �8� �Z�z� 
�+

� �M
� 

�o�
O�

 
�4� �®

� 
 �
�T

�Z
� 

�a
�+

� 
�u

�t
�e

� 
�r�

y�
 

�n
�m

� 
�=�

 
�:
� �=�

 
�_

�t�
 

�t
�e

� 
 ��

_�
 

�o
�m

� 
�= ��  �� �f�s�  ��2

� 
�a

�+
� 

�i�
t�e

� 
�n

�e
� 

�o
�m

� 
�=

� 
�3�

 �®
� 

 ��S
�s�

 

�T�h�u�s� �Y� �f�i�t�s� �t�h�e� �m�o�d�e�l� �o�f� �t�h�e� �t�y�p�e� 

�V�i�s�e� �=�H�+�O�;�+� �B�+� �7�4�+� �(�a�r�)� �i�n� �+� �(�8�7�)� �j�e�:� 

�T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f�.� 

�S�o� �f�a�r�,� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �G�H�-�j�o�i�n�t� �p�l�o�t�s� �f�o�r� �d�a�t�a� �h�a�v�i�n�g� �a� �2�x�2�x�w�u� �c�o�r�e� �a�n�d� �t�h�e�i�r� 

�r�e�l�a�t�i�o�n�s�h�i�p� �t�o� �t�h�e� �s�u�i�t�a�b�l�e� �m�o�d�e�l�s� �w�h�i�c�h� �f�i�t� �t�h�e� �d�a�t�a� �h�a�v�e� �b�e�e�n� �c�o�n�s�i�d�e�r�e�d�.� �S�i�m�i�l�a�r�l�y�,� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �1�1�0



�a�n�a�l�o�g�o�u�s� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �G�E�-�j�o�i�n�t� �p�l�o�t�s� �f�o�r� �d�a�t�a� �h�a�v�i�n�g� �a� 

�2�x�t�x�2� �c�o�r�e� �a�n�d� �H�E�-�j�o�i�n�t� �p�l�o�t�s� �f�o�r� �d�a�t�a� �h�a�v�i�n�g� �a� �s�x�2�x�2� �c�o�r�e�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�f� 

�s�=�t�=�u�>�2�,� �t�h�e�n� �o�n�e� �n�e�e�d�s� �t�o� �c�o�m�b�i�n�e� �a�l�l� �f�e�a�s�i�b�l�e� �m�o�d�e�l�s�,� �e�a�c�h� �o�f� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�h�e� �i�n�s�p�e�c�t�i�o�n� �o�f� �G�H�-�,� �G�E�-�,� �a�n�d� �H�E�-�j�o�i�n�t� �p�l�o�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�W�e� �n�o�w� �s�u�m�m�a�r�i�z�e� �o�u�r� �m�a�i�n� �r�e�s�u�l�t� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �s�=�t� �=�u�=�2� �w�i�t�h�o�u�t� �p�r�o�o�f�.� 

�C�o�r�o�l�l�a�r�y� �4�.�4�.�3�.� �L�e�t� �Y�=�G�C�(�E�@�H�) ��,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n� �o�f� �a� �2�x� �2�x�2� �c�o�r�e� 

�C�.� �S�u�p�p�o�s�e� �t�h�e� �f�r�o�n�t�a�l�s�,� �h�o�r�i�z�o�n�t�a�l�s�,� �a�n�d� �l�a�t�e�r�a�l�s� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �p�l�o�t�s� �o�f� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �G�H�-�,� �H�E�-�,� �a�n�d� �G�E�-�j�o�i�n�t� �p�l�o�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�n� �t�h�e� �v�a�r�i�o�u�s� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�i�e�s� �o�f� �t�h�e� �t�h�r�e�e� �p�l�o�t�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�o�d�e�l�s� �a�r�e� �g�i�v�e�n� 

�i�n� �T�a�b�l�e� �1�6�,� �w�h�e�r�e� �t�h�e� �n�o�t�a�t�i�o�n�s� �L�g�,� �L�y�,� �L�g�,� �a�n�d� �L�,� �a�r�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �L�y�g�,� �L�y�y�,� 

�L�i�g�,� �a�n�d� �L�,� �,� �,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �¢�;�,�,� �i�n�d�i�c�a�t�e�s� �t�h�e� �t�y�p�e� �o�f� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �m�o�d�e�l� 

�(�4�.�9�)� �(�s�e�e� �a�l�s�o� �(�3�.�5�5�)�)�.� 

�R�e�m�a�r�k�s� 

�T�h�e� �m�o�d�e�l� �f�o�r� �d�a�t�a� �w�h�i�c�h� �h�a�s� �a� �2�x�2�x�2� �c�o�r�e� �a�n�d� �e�a�c�h� �o�f� �t�h�e� �s�e�c�o�n�d� �G�H�-�,� �G�E�-�,� �H�E�-� 

�j�o�i�n�t� �p�l�o�t�s� �h�a�s� �a� �s�t�r�o�n�g� �e�f�f�e�c�t� �(�n�o�t� �a�s� �m�u�c�h� �a�s� �t�h�e� �f�i�r�s�t� �o�n�e�s� �b�u�t� �s�t�i�l�l� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �i�s� 
�s�i�g�n�i�f�i�c�a�n�t�)� �m�a�y� �i�n�d�i�c�a�t�e� �o�t�h�e�r� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �b�e�s�i�d�e�s� �t�h�e� �o�n�e�s� �a�l�r�e�a�d�y� �f�o�u�n�d� �i�n� �t�h�e� 

�f�i�r�s�t� �p�l�o�t�s�.� �H�e�n�c�e� �t�h�e� �m�o�d�e�l� �o�f� �s�u�c�h� �d�a�t�a� �h�a�s� �m�o�r�e� �g�e�n�e�r�a�l� �f�o�r�m�s� �t�h�a�n� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �1�6�.� 

�I�n� �s�o�m�e� �o�f� �s�u�c�h� �c�a�s�e�s�,� �o�n�e� �c�a�n� �u�t�i�l�i�z�e� �t�h�e� �m�e�t�h�o�d� �t�h�a�t� �w�a�s� �u�s�e�d� �i�n� �t�h�e� �p�r�o�o�f�s� �o�f� 

�T�h�e�o�r�e�m� �4�.�4�.�1� �a�n�d� �C�o�r�o�l�l�a�r�y� �4�.�4�.�2� �t�o� �f�i�n�d� �a� �s�u�i�t�a�b�l�e� �m�o�d�e�l� �f�o�r� �t�h�e� �g�i�v�e�n� �d�a�t�a�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �i�f� �a�l�l� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �a�p�p�e�a�r� �a�s� �L� �,� �,� �t�h�e�n� �t�h�e�r�e� �i�s� �n�o� �t�h�r�e�e�-�f�a�c�t�o�r� �i�n�t�e�r�a�c�t�i�o�n�.� �I�n� 

�t�h�e� �s�e�c�o�n�d� �G�H�-�j�o�i�n�t� �p�l�o�t�,� �i�f� �a�l�m�o�s�t� �a�l�l� �g�-�p�o�i�n�t�s� �c�o�n�v�e�r�g�e� �t�o� �a� �s�i�n�g�l�e� �p�o�i�n�t� �a�n�d� �a�l�l� �h�-� 

�p�o�i�n�t�s� �a�l�s�o� �c�o�n�v�e�r�g�e�,� �t�h�e�n� �t�h�e�i�r� �i�n�n�e�r� �p�r�o�d�u�c�t�s� �b�e�t�w�e�e�n� �a�n�y� �t�w�o� �v�e�c�t�o�r�s�,� �o�n�e� �f�r�o�m� �G� 

�a�n�d� �o�n�e� �f�r�o�m� �H�,� �a�r�e� �a�l�m�o�s�t� �e�q�u�a�l�,� �s�o� �i�t� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �t�h�e� �t�y�p�e� �o�f� �t�h�e� �m�o�d�e�l� �a�t� �a�l�l�.� 

�I�f� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �p�l�o�t�s� �o�f� �t�h�e� �d�a�t�a� �h�a�s� �p�o�o�r� �g�o�o�d�n�e�s�s� �o�f� �f�i�t�,� �t�h�e�n� �n�o�n�e� �o�f� �t�h�e� �a�b�o�v�e� 

�m�o�d�e�l�s� �c�a�n� �b�e� �s�u�i�t�a�b�l�e� �a�n�d� �o�n�e� �m�i�g�h�t� �a�l�s�o� �t�r�y� �t�o� �u�s�e� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �i�n� �a� �s�t�e�p�w�i�s�e� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �1�1�1



�T�a�b�l�e� �1�6�.� �D�i�a�g�n�o�s�t�i�c� �r�u�l�e�s� �f�o�r� �t�h�r�e�e�-�w�a�y� �t�a�b�l�e�s� �w�h�e�n� �s�=�t�=�u�=�2� 

�P�r�o�p�e�r�t�i�e�s� �s�a�t�i�s�f�i�e�d� �b�y� �S�t�r�u�c�t�u�r�e� �o�f�  ¬�;�,�,� �i�n� �T�y�p�e� �o�f� �t�h�e� �m�o�d�e�l� 
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�G�H�-�p�l�o�t�s� �|� �G�E�-�p�l�o�t�s�|� �H�E�-�p�l�o�t�s� �|� �y�;�j�,�=�+�4�;�+�8�;�+� �e�+� �&�i�j�r� �f�o�r� �Y� 

�L�y� �L�y� �L�y� �0� �A�d�d�i�t�i�v�e� 

�L�g�,� �L�y� �d�a� �8� �;� 

�L�e�g� �L�y� �L�y�,� �A�a� �8�5� �F� �*�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�u� �d�o�f� �B�;� 
 � �� �(�a�f�)�;�;� 

�L�y� �L�y�  �� �(�B�Y�)� �5�%� �H ��-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�y� �a� �L�y� �(�a�y�)� �s�k� �L�*�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�y� �_�_� �_�_� �(�a�y�)� �i�x� �+� �(�B�Y�)� �5�x� �F�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�e�,� �L�y� �|� �L�g�,� �L�y� �h�a�,� �B�;� �+� �0�0�;�7�4� 
�L�y� �L�o�,� �L�e� �A�a�Z�B� �;� �+� �O�a�;�7�,� 

�L�o�,� �L�y� �|� �L�e�g� �d�a�,� �;� �+� �0�a�?�y�,� 
�L�i� �L�e� �L�y� �A�o�}� �B� �5� �+� �b�a�?�y�,� �H�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�e� �L�e� �d�e�,� �B�5� �+� �0�a�;�7�p� 

 ��_� �L�e� �(�c�B�)�;� �5�+� �0�a�;�7�p� 

�L�e� �_�_� �A�a� �8�5� �+� �(�a�)� �i�k� 

 � ��  � �� �(�a�B�)�i�;�+� �(�a�y�)� �i�x� 

 �� �L�y�,� �_�_� �(�a�8�)�;� �5�+� �(�B�Y�)� �5�k� �L�-�i�n�t�e�r�a�c�t�i�o�n�-�f�r�e�e� 

�L�e�,� �L�y� �L�o�,� �L�g�e� �|� �L�y�,� �L�e� �A�a�B� �5� �+� �9�0�5�7�,� �+� �V�B� �1�p� �+� �N�B� �5� �V�e� �T�r�i�l�i�n�e�a�r� 

�L�e�,� �L�y� �L�e� �L�y� �d�a�,� �8�;� �+�0�a�;�7�k� �+�B� �y�+� �n�a�0�,�8� �7�%� �F�-�b�i�l�i�n�e�a�r� 

�L�y� �L�e� �L�y�,� �L�e� �a�d�h�;� �+� �0�a�2�y�,� �+�B� �7�4�.� �+� �N�O�G� �B�7�5� �H�-�b�i�l�i�n�e�a�r� 

�L�g� �L�a�,� �L�e� �|� �L�e� �d�e�b�s� �+� �0�0�;�7�,� �+� �B�6�7�,� �+� �N�A�B�,� �|� �L�-�b�i�l�i�n�e�a�r� 

�_�_� �L�e� �L�e� �(�a�f�)�;� �;� �+�0�0�0�7�,� �+�8�5�7�4�,� �+� �(�0�B�)�;� �5�7�5� �F�*�-�l�i�n�e�a�r� 

�L�e� �L�e� �_�_� �d�a�;� �B�;� �+� �0�0�,�7�2� �+� �(�B�y�)� �j�n� �+� �(�B�Y�)� �5�4�0�;� �H� �-�l�i�n�e�a�r� 

�L�y�  ��_� �L�y� �a�t�B� �+� �(�a�7�)�i�n�+�V�B�j�;�7�E�+�(�7�)�i�n�8�;� �|� �L ��-�l�i�n�e�a�r� � � � � � � 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �1�1�2



�m�a�n�n�e�r�:� �F�i�r�s�t�,� �d�i�a�g�n�o�s�e� �t�h�e� �m�o�s�t� �a�p�p�r�o�p�r�i�a�t�e� �m�o�d�e�l� �t�h�r�o�u�g�h� �t�h�e� �i�n�s�p�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� 

�j�o�i�n�t� �p�l�o�t�s�,� �f�i�t� �t�h�i�s�,� �a�n�d� �t�h�e�n� �s�t�u�d�y� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �o�f� �r�e�s�i�d�u�a�l�s� �f�r�o�m� �t�h�e� �f�i�t� �t�o� �s�e�e� �i�f� �t�h�i�s� 

�i�n�d�i�c�a�t�e�s� �a� �r�e�a�s�o�n�a�b�l�e� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �f�i�t�t�e�d� �m�o�d�e�l�.� �T�h�e� �s�u�m� �o�f� �t�h�e�s�e� �c�a�n� �s�e�r�v�e� �a�s� 

�p�r�o�p�e�r� �m�o�d�e�l�s� �f�o�r� �t�h�e� �d�a�t�a�.� �I�n� �g�e�n�e�r�a�l�,� �t�o� �d�e�t�e�r�m�i�n�e� �a� �s�u�i�t�a�b�l�e� �m�o�d�e�l� �f�o�r� �d�a�t�a� �o�n�e� �h�a�s� 

�t�o� �e�x�a�m�i�n�e� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �a�n�d� �i�m�p�o�r�t�a�n�c�e� �o�f� �e�a�c�h� �j�o�i�n�t� �p�l�o�t� �a�s� �w�e�l�l� �a�s� �t�h�e� �g�e�o�m�e�t�r�i�c� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�e� �p�l�o�t�.� 

�C�a�s�e� �B�.� �T�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t�s�:� 

�F�o�r� �a� �g�i�v�e�n� �d�a�t�a� �a�r�r�a�y� �Y�,� �i�f� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �b�y� �a� �2�x�2�x�2� �c�o�r�e� �s�e�e�m�s� �n�o�t� �t�o� �s�u�f�f�i�c�e� 

�t�h�e�n� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �f�i�n�d� �h�i�g�h�e�r�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s�.� �A�s� �t�h�e� �m�e�t�h�o�d� 

�i�s� �a� �g�r�a�p�h�i�c�a�l� �o�n�e�,� �i�t� �i�s� �o�f� �l�i�m�i�t�e�d� �a�p�p�e�a�l� �i�f� �t�h�e� �d�i�m�e�n�s�i�o�n� �i�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�r�e�e�.� �H�o�w�e�v�e�r�,� 

�f�o�r� �d�i�m�e�n�s�i�o�n� �3�,� �w�e� �m�a�y� �b�e� �a�b�l�e� �t�o� �e�x�t�e�n�d� �t�h�e� �t�e�c�h�n�i�q�u�e� �i�n� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� 

�G�o�w�e�r� �(�1�9�9�0�)� �h�a�s� �e�x�t�e�n�d�e�d� �t�h�e� �p�l�a�n�a�r� �b�i�p�l�o�t� �m�e�t�h�o�d� �t�o� �t�h�e� �3�-�d�i�m�e�n�s�i�o�n�a�l� �b�i�p�l�o�t� �f�o�r� �t�h�e� 

�r�a�n�k� �t�h�r�e�e� �d�a�t�a� �m�a�t�r�i�x�.� �I�n� �t�h�i�s� �s�u�b�s�e�c�t�i�o�n� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t�s� �w�i�l�l� �b�e� �b�r�i�e�f�l�y� 

�d�i�s�c�u�s�s�e�d� �f�o�r� �o�n�e� �s�p�e�c�i�a�l� �c�a�s�e� �t�o� �e�x�h�i�b�i�t� �s�o�m�e� �i�n�t�e�r�e�s�t�i�n�g� �s�t�r�u�c�t�u�r�e�s� �i�n�v�o�l�v�e�d�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�a�i�r�l�y� �g�e�n�e�r�a�l� �m�o�d�e�l�,� �y�e�t� �a�n�o�t�h�e�r� �s�p�e�c�i�a�l�i�z�a�t�i�o�n� �o�f� �(�4�.�9�)�:� 

�Y�i�g�k� �=� �H�+� �O�a�;�t�+� �B�,� �+� �Y�¥�R�+� �(�A�\�0�,�8�;� �+� �A�0�7�8� �;� �+� �A�g�a�,� �8�3� �+� �A�4�0�7� �8�5�)� �+� �(�9�,� �E�O�;� �+� �9�9�7�K�0�7�)� 

�+� �(�M�4� �7�R�B�;� �+� �Y�2�V�E�B�S�)� �+� �(�n�y� �1�E�a�{�B�;�+� �n�g�r�h�a�t�B�;� �+�n�g�7�h�a�,�B�9� �+� �n�g�r�h�o�$�B�4�)� 

�(�4�.�2�5�)� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� 

�L�+�4�z� �1�+�,�%� �v�o�r�k� �l�i�n� 

�P�y�,� �=� �[�4�s� �»� �2�,� �a�4� �1�+�6�,�7�%� �A�y� �+� �V�E� �A�3� �+� �1�3�7�k� �p� 

�O�0�7� �A�g�t�n�g�y�v�h� �=� �A�g�t� �n�g�7�h� �p�m� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �1�1�3



�N�o�t�i�c�e� �t�h�a�t� �e�a�c�h� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �i�n� �(�4�.�9�)� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n� �t�e�r�m�s� �o�f� �a�;�,� �6�;�,� �a�7�,� �8�7�,� �a�n�d� 

�v�y�;� �s�.� �T�h�i�s� �m�o�d�e�l� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �3�-�d�i�m�e�n�s�i�o�n�a�l� �b�i�s�t�r�u�c�t�u�r�e� �a�n�d� �i�s� �s�u�b�j�e�c�t� �t�o� 

�a�;�=� �0� �8�;�=� �7�,� �=�0� �a�s� �w�e�l�l� �a�s� �a�l�l� �t�h�e� �s�u�m�s� �o�f� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �a�r�e� �z�e�r�o� �o�v�e�r� �i�,� �o�v�e�r� �j�,� 
�2� �J� 

�a�n�d� �o�v�e�r� �k�.� 

�A� �n�u�m�b�e�r� �o�f� �s�p�e�c�i�a�l�i�z�a�t�i�o�n�s� �o�f� �t�h�i�s� �m�o�d�e�l� �a�r�e� �r�e�c�o�g�n�i�z�e�d� �a�s� �m�o�d�e�l�s� �i�n� �T�a�b�l�e� �1�6� �o�r� �t�h�e�i�r� 

�s�p�e�c�i�a�l� �f�o�r�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �a�l�l� �c�o�e�f�f�i�c�i�e�n�t�s� �A�,� �6�,� �v�,� �a�n�d� �n� �v�a�n�i�s�h� �t�h�e�n� �i�t� �b�e�c�o�m�e�s� �a�n� 

�a�d�d�i�t�i�v�e� �m�o�d�e�l� �a�n�d� �i�f� �a�l�l� �e�x�c�e�p�t� �f�o�r� �\�,�,� �6�,�,� �v�,�,� �a�n�d� �n�,� �v�a�n�i�s�h� �t�h�e�n� �i�t� �i�s� �t�h�e� �F�-�b�i�l�i�n�e�a�r� 

�m�o�d�e�l�.� �S�u�p�p�o�s�e� �Y� �i�s� �a� �s�p�e�c�i�a�l� �t�h�r�e�e�-�w�a�y� �d�a�t�a� �a�r�r�a�y� �w�h�i�c�h� �i�s� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �3�x�3�x�1� 

�c�o�r�e� �a�r�r�a�y� �C�.� �T�h�e�n� �a�s� �b�e�f�o�r�e�,� �t�h�e� �f�r�o�n�t�a�l�s� �o�f� �Y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �b�y� �a� �s�i�n�g�l�e� �b�i�s�t�r�u�c�t�u�r�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n�.� �T�h�a�t� �i�s�,� 

�F�y�,� �=� �e�,�,�G�0�H�O�)� �f�o�r� �k�=�1�,� �+�+�+�,� �n�.� 

�F�o�r� �s�u�c�h� �d�a�t�a�,� �i�f� �Y� �f�i�t�s� �a� �p�a�r�t�i�c�u�l�a�r� �f�o�r�m� �o�f� �t�h�e� �m�o�d�e�l� �(�4�.�2�5�)�,� �t�h�e�n� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� 

�j�o�i�n�t� �p�l�o�t� �w�h�i�c�h� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �p�o�i�n�t�s� �g�i�v�e�n� �b�y� �t�h�e� �r�o�w�s� �o�f� �t�h�e� �!�x�3� �m�a�t�r�i�x� �G!"� �a�n�d� �t�h�e� 

�m�x�3� �m�a�t�r�i�x� �H!"�)� �o�n� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�c�l�i�d�e�a�n� �s�p�a�c�e� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�.� 

�T�h�e�o�r�e�m� �4�.�4�.�3�.� �L�e�t� �Y�=�G�C�(�E�@�H�) ��,� �w�h�e�r�e� �C� �i�s� �t�h�e� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n� �o�f� �a� �3�x�3�x�1� �c�o�r�e� 

�a�r�r�a�y�.� 

�1�.� �I�f� �Y� �f�i�t�s� �t�h�e� �m�o�d�e�l� �(�4�.�2�5�)� �t�h�e�n� �t�h�e� �p�o�i�n�t�s� �g�i�v�e�n� �b�y� �t�h�e� �r�o�w�s� �o�f� �G!"� �a�n�d� �H!"� �a�r�e� �e�a�c�h� 

�c�o�p�l�a�n�a�r�.� 

�2�.� �I�f� �Y� �f�i�t�s� �t�h�e� �m�o�d�e�l� �(�4�.�2�5�)� �w�i�t�h� �A�,� �=�A�,� �=�A�3� �=�n�,� �=�n�.� �=�,� �=�0� �t�h�e�n� �t�h�e� �p�o�i�n�t�s� �g�i�v�e�n� �b�y� �t�h�e� 

�r�o�w�s� �o�f� �G!"� �a�n�d� �H!"� �a�r�e� �c�o�p�l�a�n�a�r� �o�n� �t�w�o� �o�r�t�h�o�g�o�n�a�l� �p�l�a�n�e�s�.� 

�P�r�o�o�f�:� �1� �i�s� �a�n� �i�m�m�e�d�i�a�t�e� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �C�o�r�o�l�l�a�r�y� �4�.�3�.�1�.� �F�o�r� �2�,� �n�o�t�i�c�e� �t�h�a�t� �i�f� �Y� �f�i�t�s� �f�o�r� 

�t�h�e� �g�i�v�e�n� �m�o�d�e�l�,� �t�h�e�n� �t�h�e� �m�o�d�e�l� �a�l�s�o� �c�a�n� �b�e� �d�e�c�o�m�p�o�s�e�d� �a�s� 

�F�,�=� �e�,�,�G�*�H�*� �w�i�t�h� 

�G�*�=�[�(�H�+� �7� �L�i�t� �0�4�a� �t�O�r�i�a�t�,� �C�e�d�i�,� �r�e�h�l�i�t�Q�s�t�n�a�d� �a�4�]� 

�C�H�A�P�T�E�R� �4� �-� �G�R�A�P�H�I�C�A�L� �P�R�O�C�E�D�U�R�E�S� �I�N� �M�O�D�E�L� �B�U�I�L�D�I�N�G� �1�1�4



�T�h�i�s� �b�i�s�t�r�u�c�t�u�r�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �p�a�r�t�i�c�u�l�a�r� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� 

�p�r�o�p�o�s�e�d� �m�o�d�e�l� �a�n�d� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�o�i�n�t�s� �g�i�v�e�n� �b�y� �t�h�e� �r�o�w�s� �o�f� �G�*� �a�n�d� �H ��*� �a�r�e� �e�a�c�h� 

�c�o�p�l�a�n�a�r� �o�n� �t�w�o� �o�r�t�h�o�g�o�n�a�l� �p�l�a�n�e�s�.� �W�e� �c�a�n� �s�h�o�w� �t�h�a�t� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �i�s� �e�s�s�e�n�t�i�a�l�l�y� 

�i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �c�h�o�i�c�e� �o�f� �d�e�c�o�m�p�o�s�i�t�i�o�n� �G�*�H ��'� �f�o�r� �F�,�.� �O� 

�I�t� �i�s� �n�o�w� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �a�l�l� �t�h�e� �s�p�e�c�i�a�l� �f�o�r�m�s� �d�i�s�c�u�s�s�e�d� �i�n� �c�a�s�e� �A� �m�a�y� �a�r�i�s�e� �w�h�e�n� �t�h�e� 

�F�,� �a�r�e� �d�e�c�o�m�p�o�s�e�d� �a�s� �r�a�n�k� �t�w�o� �b�i�s�t�r�u�c�t�u�r�e�s�,� �g�i�v�i�n�g� �d�e�g�e�n�e�r�a�t�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� 

�p�l�o�t�s� �f�r�o�m� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�n� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �M�o�s�t� 

�o�f� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �o�f� �d�i�m�e�n�s�i�o�n� �t�w�o� �s�h�o�u�l�d� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �c�r�o�s�s�-� 

�s�e�c�t�i�o�n�s� �o�f� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �j�o�i�n�t� �p�l�o�t�s� �.� 

�4�.�5� �E�X�A�M�P�L�E� 

�T�h�i�s� �e�x�a�m�p�l�e� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �a�b�o�v�e� �m�e�t�h�o�d�o�l�o�g�y�,� �a�n�d� �c�o�m�e�s� �f�r�o�m� �a� �s�t�u�d�y� �o�f� �t�h�e� �t�o�x�i�c�i�t�y� 

�o�f� �f�a�c�t�o�r�y� �e�f�f�l�u�e�n�t�s�.� �T�h�e� �a�u�t�h�o�r�s�,� �W�u�h�r�m�a�n�n� �a�n�d� �W�o�r�k�e�r� �(�1�9�5�3�)�,� �m�e�a�s�u�r�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� 

�t�h�e� �d�i�f�f�e�r�e�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �c�y�a�n�i�d�e� �i�o�n� �o�n� �t�h�e� �s�u�r�v�i�v�a�l� �t�i�m�e� �o�f� �P�h�o�x�i�n�u�s� �l�a�e�v�i�s�,� 

�E�u�r�o�p�e�a�n� �m�i�n�n�o�w�s�.� �F�i�v�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �c�y�a�n�i�d�e� �w�e�r�e� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�r�e�e� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �o�x�y�g�e�n� �a�n�d� �t�h�r�e�e� �t�e�m�p�e�r�a�t�u�r�e�s�.� �F�o�r� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �f�a�c�t�o�r�s� �t�e�n� 

�r�e�p�l�i�c�a�t�e� �f�i�s�h�e�s� �w�e�r�e� �e�x�a�m�i�n�e�d�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�a�t�a� �i�n� �T�a�b�l�e� �1�7� �g�i�v�e�s� �o�n�l�y� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�t�e�n� �r�e�a�d�i�n�g�s� �a�n�d� �t�h�u�s� �d�o� �n�o�t� �p�r�o�v�i�d�e� �a�n� �e�s�t�i�m�a�t�e� �o�f� �w�i�t�h�i�n�-�s�u�b�g�r�o�u�p� �v�a�r�i�a�n�c�e�.� 

�T�h�e� �u�s�u�a�l� �a�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �t�a�b�l�e� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �f�i�t�t�i�n�g� �t�h�e� �m�o�d�e�l� �(�3�.�2�)�.� �T�a�b�l�e� �1�8� 

�r�e�v�e�a�l�s� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �c�y�a�n�i�d�e� �b�y� �o�x�y�g�e�n� �i�n�t�e�r�a�c�t�i�o�n�,� �a�s� �w�e�l�l� �a�s� �a� �c�y�a�n�i�d�e� �b�y� 
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�t�e�m�p�e�r�a�t�u�r�e� �i�n�t�e�r�a�c�t�i�o�n�,� �b�u�t� �n�o� �o�x�y�g�e�n� �b�y� �t�e�m�p�e�r�a�t�u�r�e� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�u�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� 

�t�h�e� �a�n�a�l�y�s�i�s� �o�f� �v�a�r�i�a�n�c�e� �t�a�b�l�e� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �c�y�a�n�i�d�e� �i�o�n� �o�n� �s�u�r�v�i�v�a�l� 

�t�i�m�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �o�x�y�g�e�n� �c�o�n�c�e�n�t�r�a�t�i�o�n� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �w�a�t�e�r�.� 

�T�h�e� �t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �d�a�t�a� �i�n� �o�r�d�e�r� �t�o� 

�i�l�l�u�s�t�r�a�t�e� �h�o�w� �t�h�e� �j�o�i�n�t� �p�l�o�t�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�.� �T�o� �r�u�n� �t�h�e� 

�t�h�r�e�e�-�m�o�d�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e�,� �a� �S�A�S� �p�r�o�g�r�a�m� �(�c�f�.� �c�h�a�p�t�e�r� �6�)� �u�s�i�n�g� 

�S�A�S�/�I�M�L� �h�a�s� �b�e�e�n� �w�r�i�t�t�e�n� �f�o�l�l�o�w�i�n�g� �t�h�e� �U�s�e�r ��s� �g�u�i�d�e� �b�y� �K�r�o�o�n�e�n�b�e�r�g� �a�n�d� �B�r�o�u�w�e�r� 

�(�1�9�8�5�)�.� �F�i�r�s�t�,� �s�o�m�e� �o�f� �t�h�e� �m�o�s�t� �u�s�e�f�u�l� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�,� �i�.�e�.� 

�c�o�m�p�o�n�e�n�t� �m�a�t�r�i�c�e�s�,� �c�o�r�e� �a�r�r�a�y�s�,� �a�n�d� �j�o�i�n�t� �p�l�o�t�s�.� 

�T�h�e� �c�o�m�p�o�n�e�n�t� �m�a�t�r�i�c�e�s� �(�G�,� �H�,� �E�)� �a�n�d� �e�i�g�e�n�v�a�l�u�e�s� �(�A�,�,� �y�,�,� �v�,�)� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �1�9� 

�w�i�t�h� �s�=�t�=�u�=�2�.� �T�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �c�o�l�u�m�n�s� �o�f� �o�r�t�h�o�n�o�r�m�a�l� �m�a�t�r�i�c�e�s� �G�,� �H�,� 

�a�n�d� �E� �o�f� �a� �f�a�c�t�o�r�,� �a�r�e� �a�r�r�a�n�g�e�d� �i�n� �d�e�c�r�e�a�s�i�n�g� �o�r�d�e�r� �o�f� �i�m�p�o�r�t�a�n�c�e� �a�s� �e�x�p�r�e�s�s�e�d� �b�y� 

�e�i�g�e�n�v�a�l�u�e�s�.� �F�o�r� �a�l�l� �t�h�r�e�e� �f�a�c�t�o�r�s�,� �t�h�e� �f�i�r�s�t� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �t�o�g�e�t�h�e�r� �a�c�c�o�u�n�t� �f�o�r� �a�l�m�o�s�t� 

�a�l�l� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �d�a�t�a� �a�n�d� �t�h�e� �s�e�c�o�n�d� �c�o�m�p�o�n�e�n�t� �e�x�p�l�a�i�n�s� �l�e�s�s� �t�h�a�n� �1�%� �o�f� �t�h�e� 

�t�o�t�a�l� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �d�a�t�a�.� �F�o�r� �i�l�l�u�s�t�r�a�t�i�o�n� �p�u�r�p�o�s�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� 

�b�a�s�e�d� �o�n� �a� �2�x�2�x�2� �r�e�d�u�c�t�i�o�n� �a�l�t�h�o�u�g�h� �t�h�e� �5�x�3�x�3� �d�a�t�a� �m�a�y� �b�e� �r�e�d�u�c�e�d� �q�u�i�t�e� �e�f�f�e�c�t�i�v�e�l�y� 

�t�o� �a� �s�m�a�l�l�e�r� �d�i�m�e�n�s�i�o�n�.� 

�T�h�e� �2�x�2�x�2� �c�o�r�e� �a�r�r�a�y� �i�n� �t�e�r�m�s� �o�f� �t�w�o� �2�x�2� �f�r�o�n�t�a�l� �c�o�r�e� �m�a�t�r�i�c�e�s� �a�r�e� �d�i�s�p�l�a�y�e�d� �i�n� �T�a�b�l�e� 

�2�0�.� �T�h�e� �c�o�r�e� �m�a�t�r�i�x� �r�e�p�r�e�s�e�n�t�s� �a� �p�a�r�t�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �o�v�e�r�a�l�l� �f�i�t�t�e�d� �s�u�m� �o�f� �s�q�u�a�r�e�s� �i�n�t�o� 

�s�m�a�l�l� �u�n�i�t�s� �t�h�r�o�u�g�h� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�h�r�e�e�-�f�a�c�t�o�r�s�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �l�i�k�e� �t�h�e� �s�q�u�a�r�e�d� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �i�n� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �t�h�e� 

�s�q�u�a�r�e�d� �c�o�r�e� �e�l�e�m�e�n�t�s� �c�2�,�,� �p�a�r�t�i�t�i�o�n� �t�h�e� �f�i�t�t�e�d� �v�a�r�i�a�t�i�o�n� �i�n�t�o� �p�a�r�t�s� �w�h�i�c�h� �c�a�n� �b�e� 

�a�t�t�r�i�b�u�t�e�d� �t�o� �e�a�c�h� �c�o�m�p�o�n�e�n�t�.� �A�s� �i�s� �o�f�t�e�n� �t�h�e� �c�a�s�e�,� �e�s�p�e�c�i�a�l�l�y�,� �i�f� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �b�a�s�e�d� �o�n� 

�t�h�e� �n�o�n�-�c�e�n�t�e�r�e�d� �d�a�t�a� �l�i�k�e� �o�u�r� �e�x�a�m�p�l�e�,� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �e�l�e�m�e�n�t� �o�f� �t�h�e� �c�o�r�e� �a�r�r�a�y� �i�s� 

�t�h�e� �f�i�r�s�t� �e�l�e�m�e�n�t� �c�,�,�1�.� 

�I�n� �t�o�x�i�c�i�t�y� �d�a�t�a�,� �t�h�e� �h�i�g�h� �p�r�o�p�o�r�t�i�o�n� �o�f� �c�?�,�,� �(�0�.�9�9�2�)� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t�s� 

�o�f� �t�h�e� �t�h�r�e�e� �f�a�c�t�o�r�s� �e�x�p�l�a�i�n� �m�o�s�t� �o�f� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �d�a�t�a� �a�n�d� �t�h�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e� 

�f�i�r�s�t� �j�o�i�n�t� �p�l�o�t� �a�l�o�n�e� �s�u�m�m�a�r�i�z�e�s� �m�o�s�t� �o�f� �l�o�w� �a�n�d� �h�i�g�h�e�r� �o�r�d�e�r� �e�f�f�e�c�t�s� �i�n�t�e�r�a�c�t�i�o�n� �i�n� �t�h�e� 
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�A�, ��T�a�w� �6�5�7�0�3�.�2� �3�1�1�8�.�5� 
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