AN ANALYSIS OF LAMINAR JET REATTACHMENT:

REATTACHMENT DISTANCE AS A FUNCTION OF REYNOLDS NUMBER

by

Felix Aguilar

Thesis submitted to the Graduate Faculty of the
Virginia Polytechnic Institute
in candidacy for the degree of
Master of Science
in

Mechanical Engineering

Approved:

Dr. R. A. Comparin, Chairman Dr. F. J. Pierce

Dr. J. B. Jones, Head of Department

November, 1968

Blacksburg, Virginia



TABLE OF CONTENTS

Chapter

II.

ITI.

IV.

V.

VI.

VII.

VIII.

LIST OF FIGURES & TABLES . . s s esnnnesenoneneeennnnneens
NOMENCLATURE . + + v v oo e e e e nvnnonsennnneesennnneeeeennnnnees
INTRODUCTION s « e e e e e o neeeeenenneeeseennneeesennneeeenes

REVIEW OF LITERATURE. .. ivtiiiiernineneeonnetoonnasoncons

Two-Dimensional Laminar Jet Flow...eeeeeeoeeenns e
Jet Reattachment to an Adjacent Flat Plate.........
ANALYSIS..... et eeseeseestee et e se et et aat e s an
General Solution...ieesieeeecoanonns Ceeesreraese e

Two-Dimensional Laminar Jet Theory..eeeeeeoeeseooeas

1. The Bickley Solution......... Ceesosasnnes e
2. The Okabe Approximate Solution....... Checeneen
3. The Modified Okabe Solution.....eeeveeoa. e
Reattachment Distance versus Reynolds Number........
1. The Analysis with the Bickley Profile.........
2. The Analysis with the Okabe Profile........ .

3. The Analysis with the Modified Okabe Profile..

RESULTS......... Ctasesesterecsenssanenons cetieesaseasaaeas
ACKNOWLEDGEMENT S . et et et teetieansonnroennanns Ceereesaeaes
BIBLIOGRAPHY vt it iti ittt ennenecnnnonnsnas e
VITA. . i Ceeeeeas e cesrenssaseanas N
APPENDICES . ittt it tinietennnesnnnnenannnas titesesnene

A. Integration of the Square of the Velocity
Functions of the Okabe and Modified Okabe

SOIUtIiONS e eenienn et st e e e e .

Page
iv

v

16
16
18
21
27

27

34
37
46
47
49

50



iii

Page
B. Application of the Gaussian Quadrature
Method.seeeerieeeeeneesseeecessesssssassncsnsss 56
C. Computer ProgramS....ceescsececcccssssasasseass 6L
Determination of Reattachment Distance
versus Reynolds Number Using the Bickley

Exact Solution for the Laminar Plane Jet... 62

Determination of Reattachment Distance
versus Reynolds Number Using the Okabe
Approximate Solution for the Laminar

Plane Jet.ceeeeesesossssossessssccscscsananss 0O

Determination of Reattachment Distance versus

Reynolds Number Using the Modified Okabe

Approximate Solution for the Laminar

Plane Jet.ceiiieeeeeenesssssssesnnsssssasses 16
D. Comments on Thomas' Modification of the

Okabe SOlULIONeceseereoesensosssssasenssnsnesss 86



- LISTS OF FIGURES & TABLES

Figure

1.

The control volume approach to the problem of jet
reattachment at low Reynolds numbers....eceeeeecesssces
Jet reattachment to an inclined flat plate....eeeeseces
Velocity distributions of the laminar plane jet:
Bickley, Okabe, modified Okabe..eeseeeeeesovecaasconnns
Laminar jet reattachment to a flat plate inclined at

/2
Laminar jet reattachment to a flat plate inclined at
30% . iitettettectttaeetttetcossettssettatasteasnsennns
Laminar jet reattachment to a flat plate inclined at
0% it iiteetitetetctetstottasetstsnantasantacrsannannn

Laminar jet reattachment to a flat plate inclined at

50°Qi0000Oc'Q..Q‘I‘onl...ll'.'..lll.‘.‘t.vltcu.'o..tto.

Table

1.

Approximate solutions for the plane jet..iiiieveeeeenns

2. The proportionality constant C, for various

1

Plate inclinationS.eeeeeeeeeeeesessssastsossassassannsns

iv

Page

11

26

40

41

42

43

22

39



NOMENCLATURE

Symbols

scale factor found in equation 3
width of nozzle exit
dimensionless constant
dimensionless constant
pressure coefficient: Cp = (PB - Poo)/(P0 - Pw)

momentum flux

static pressure

stagnation pressure of fluid supplying jet

static pressure of surroundings

static pressure within separation bubble

Reynolds number: Re = U b/v

magnitude of path vector defined by equation 3

arc distance measured along reattaching streamline
x-component of velocity

mean velocity of mass leaving nozzle

Cartesian coordinates: x coincident with axis of

a free two-dimensional jet

coordinate measured from virtual origin of a two-dimensional
jet

reattachment distance measured along inclined plate from

nozzle exit to point of reattachment

angle of plate inclination



angle between reattaching streamline and path vector
angle between reattaching streamline and plate at
reattachment

angle between path vector and initial direction of jet
maximum possible value of ¢

dimensionless jet width: &6 = 2A/b

distance from ;xis of symmetry to boundary of jet
dimensioniéss ordinate: n = y/A

dimensionless velocity component: 6 = u/U

density

paramefer dependent on x

kinematic viscosity

dimensionless ordinate defined by equation 10b

Subscripts

quantity referred to the reattachment point

vi



I. INTRODUCTION

The problem of jet reattachment to an adjacent plate is of
great concern to fluidics technology. An analytical formulation
of the reattachment phenomenon describing both the flow field and
the pressure field is immediately applicable to fluidic design.

In the solution of the problem lie the solutions to other problems
such as those dealing with the effect of the injection of mass
through a control jet and with the calculation of the corresponding
response time.

However, most of the present literature on jet reattachment
considers only high Reynolds number turbulent jets. When this
kind of jet attaches itself to an adjacent wall, the location of the
reattachment point is independent of Reynolds number. By the
choice of an appropriate jet spread parameter and by the stipulation
of proper velocity conditions at the jet orifice, reattachment
distanceAhas been found to be only a function of plateAangle and
offset distance.

It is quite interesting to discover that the behavior of a
stable laminar jet (low Reynolds number) is markedly different.
Besides the dependence on plate angle and offset distance, the
location of reattachment is strongly dependent on both Reynolds
number and aspect ratio. Investigators in the area also hold
suspect the initial development of the jet as a contributor to the

reattachment phenomenon.



Unlike efforts made in the high Reynolds number range, analysis
of laminar je§ reattachment has been only moderately successful. The
approach used thus far has been that developed by Bourque aﬁd Newman
for the high Reynolds number case (4). The boundaries of a semi-
infinite control volume are drawn about the reattachment zone as
shown in Figure 1. The principle of momentum conservation is then
applied to the control vﬁlume. In conjunction with the consideration
of the equation of écntinuity and of the pertinent geometry, one

may readily solve for the reattachment distance,

X

r
5 = C1 Re - C2.

A number of assumptions are implicit to the solution, and among them
are the following. The velocity profile of the jet is uniform at

the nozzle exit, and the subsequent jet growth is governed by

the velocity distribution for a laminar jet cited by Schlichting (14).
Also the path of the jet center line is assumed to be a circular

arc.

The aim of the present study is to delete the above assumptions
from the analysis. Altogether, three solutions are developed. In
the first, the previous solution is modified only in that the
increasing curvature of the jet center line is taken into account.

A uniform velocity profile is still assumed in the second analysis,
however the jet growth is described by Okabe's approximate
solution (8). Also the increasing curvature of the jet center line

is considered. In the third solution, the second analysis is



Figure 1. The control volume approach to the problem

of jet reattachment at low Reynolds numbers



modified in an attempt to consider the effect of the emergence of

a fully developed jet from the nozzle.



II. REVIEW OF LITERATURE

A very thorough survey of the literature related to jet
reattachment necessarily would be a very ponderous document.
The present state of the technology in this area is the fruit of
progtress in nearly every realm of fluid mechanics. Obviously
the following survey has important omissions; but none is felt to

be immediately pertinent to the task at hand.

Two-Dimensional Laminar Jet Flow

The initial_work in the area of laminar jet flows was done in
1933 by H. Schlichting (13) who developed closed form expressions
describing the behavior of the axially symmetrical laminar jet.
A similar closed form solution for the case of the plane (two-
dimensional) jet eluded Schlichting; and in 1937, W. G. Bickley (2)
discovered thaﬁ the equation for the plane case was indeed exactly
integrabie. This famous solution possessed a singularity at the
jet origin (a characteristic of many exact solutions 6f the
boundary layer equations) and was valid only at moderate to large
distances from the origin. The solution was also encumbered by
the necessity of determining a virtual origin if the solution
were to be put to use. With some qualification, E. N. Andrade (1)
confirmed the theory experimentally. Agreement between theory
and fact was deemed to be best at low Reynolds numbers.

In 1948, J. Okabe (8) developed relatively complex but no less

interesting solutions for both the plane and axially symmetrical



laminar jets. Okabe's approximate solutions dealt with jets
emerging from orifices of finite dimension and having uniform
velocity profiles. In addition, these solutions were applicable
everywhere along the jet length. They satisfied the boundary
layer equations exactly only at the extremities and centers of
the jets. However with é numerical example, Okabe (9) showed
that the net deviation was zero. A. L. Thomas (15) compared

the Okabe velocity distribution for the plane laminar jet with
Andrade's data and found the agreement to be quite good.

In the same paper, Thomas modified Okabe's approximate
solution for the plane jet in an attempt to describe the behavior
of a jet which emerged fully developed from a slit orifice. The
effect of pressure gradient on momentum flux however was éverly
appraised, and in the opinion of this writer, this fact has
seriously threatened Thomas's arguments. Criticism of Thomas's

paper may be found in Appendix D.

Jet Reattachment to an Adjacent Flat Plate

Until very recently most effort in the area of jet reattach-
ment has been expended in research concerning high Reynolds
number turbulent plane jets attaching to adjacent flat plates.
In 1960, C. Bourque and B. G. Newman (4) developed two approximate
theories for the mean pressure within the separation bubble, for

the position of reattachment, and for the increase in volume flow

from the slot. Their interest was restricted to the range of



Reynolds numbers in which jet reattachment is independent of
Reynolds number, and the investigation was qualified by the
following assumptions: (i) the jet flow was incompressible and
two-dimensional, (ii) the flow velocity was uniform at the exit
from the slot, (iii) the pressure within the separation bubble

was uniform and the center line of the jet was a circular arc,
(iv) the jet had a velocity distribution of a free jet and
entrained corresponding amounts of fluid, (v) entrainment within
the bubble ceased and the flow divided where the extended center
line of the jet intersected the plate, and (vi) the force

parallel to the plate due to the skin friction of the forward

and backward flow near reattachment was negligible compared with
jet momentum. Bourque and Newman attacked the problem from

two points of view. In their first theory the momentum principle
was applied locally at the reattachment point neglecting the
pressure difference across the extended jet center line. As
depicted in Figure 1, a control volume extending from midway along
the jet center line and past the reattachment point was considered
in the second theory. Borque and Newman found the agreement
Between analysis and experiment to be fairly satisfactory.

In the same year, R. A. Sawyer (11) experimentally supported
the work of Bourque and Newman. Sawyer also suggested adjustment
of the spread parameter (found in the Goertler velocity profile)
as a convenient device for balancing error inherent in the

analytic hypothesis. His measurements also induced him to



investigate the effect of curvature on jet entrainment. In 1963,
Sawyer (12) modified the analysis to take into account the
different rates cf entrainment at the edges of the curved jet.

He also made other refinements by including in the mathematical
model a partially developed velocity profile at the jet orifice
and the pressure forces near reattachment. Although the resulting
calculations were quite complex, his efforts were vindicated
experimentally.

By revising his previous hypothesis, Bourque (3) was able to
make rather simple calculations which correlated quite well with
his experimental data (reattachment distance versus plate angle).

The revision postulated a sinusoidal variation of the vector radius
of the path of tﬁe reattaching streamline. This simply presumed

that the pressure difference across the jet increased up to the point
ofvreattachment, implying that the curvature of the path increased as
well. 1In qualitative terms this was accurate.

Jet reattachment at low Reynolds numbers had not been studied
quantitively until 1967 when R. A. Comparin, W. C. Jenkins, and R. B.
Moore (5) published their measurements of jet reattachment distances
on inclined walls with Reynolds numbers in the range 10 to 1400.

It was found that reattachment distance varied approximately
linearly with Reynolds number as long as a stable laminar jet was
maintained. It was also observed that the location of this linear
function was dependent cn aspect ratio. Comparin's analysis,
patterned after that of Bourque and Newman, yielded reasonable

results only at high angles of wall inclination.



III. ANALYSIS

In the presentation of the various solutions for reattachment
at low Reynolds numbers, the format is the following. First a
general solution for reattachment distance is presented which--as
cited in the introduction--incorporates the sinusoidal variation
of the vector radius of the jet path. Then there follows a
discussion of three solutions for the velocity field of a two-
dimensional laminar jet: the Bickley, Okabe, and modified Okabe
solutions. Finally, each velocity profile is substituted into the
general solutionlin order to determine the functional dependence of
reattachment distance on Reynolds number for each case. Experimental
evidence is inserted in the text wherever justified, and computer
programs and discussion of a few mathematical details appear in the

appendices.

General Solution

The general solution is the same as the one developed by
Bourque (3) for the case of turbulent jet reattachment to an
adjacent flat plate. The following assumptions are necessary for
the development of the theory:

i) the jet aspect ratio is large, and the flow is everywhere
two-dimensional, laminar, and incompressible.

ii) the reattaching streamline effectively divides the flow.
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iii) at reattachment, momentum is conserved on both sides of
the reattaching streamline even though the velocity
profiles may be highly perturbed.

iv) the jet width is small compared to the radius of curvature,
and the distance measured along the reattaching streamline
is equal to the distance measured along the jet center line.

v) the velocity profile of the curved jet up to reattachment
is that of a free jet, and the jet entrains corresponding
amounts of fluid. The jet entrainment ceases where the
reattaching streamline intersects the wall.

vi) the pressure forces can be neglected in the momentum
equation at reattachment.

The geometry of the flow is described in Figure 2.

The ordinate of the reattaching streamline can be determined
from the equation of continuity. Since the flow is steady and
reattachment is presumed stable, ﬁhe mass flow between the jet
center line and the reattaching streamline is equal to half the
mass flow at the nozzle exit at every point along the jet,

Ty

b
L)

= p u dy.
0 y

And since the flow is incompressible, the ordinate is given implicitly

as

b = 2 6 dy. (1)



.

Figure 2.

11

dr -

Jet reattachment to an inclined flat plate
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With the geometry of Figure 2 in mind, Newton's second law

may be written about the reattachment point,

PR— . d
E:forces = It (momentum) -

In the direction coincident with the wallband with the application
of assumptions ii, iii, and vi, the equation becomes

0 = (-J) cosy + Jl - J2.
And finally,

cos y = —/—/m——— . (2)

At this juncture, it is assumed that the pressure field
corresponding to laminar jet reattachment is similar in nature to
the pressure field for the high Reynolds number case. The pressure
inside the separation bubble is not constant, and measurements
performea by Bourque and Newman (4) reveal that the pressure
coefficient Cp along the adjacent wall decreases with distance and
then increases rapidly just before reattachment. The point of
minimum pressure is closer to the reattachment point than to the
nozzle exit. Thus Bourque (3) reports that the pressure difference
across the jet increases during the first seven-tenths of the
distance between the nozzle exit and the feattachment point and
that it is impossible to determine the variation thereafter. With
some justification therefore, he assumes that the pressure

difference across the jet increases up to reattachment. In this
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assumption lies the tacit assertion that the curvature of the path
increases as the reattachment point is approached.
As will be seen in a following section, equations 1 and 2

predict that as reattachment distance is infinitely increased

lim cos vy = 0.
X > o«
r

This fact indicates that when the inclination of the plate is
adjusted so that the reattachment point is an infinite distance from
the nozzle exit, the resulting angle of reattachment will be 90
degrees. It is impossible to satisfy this condition by the
previously postulated circular arc path. Moore (7) has measured
this limiting angle of plate inclination to be 60 degrees for
reattachment at low Reynolds numbers.

A function which satisfies the above condition and the

condition of increasing curvature has been proposed by Rodrigue (3):

r _ a _. [’m¢
I sin ( > ¢m>- (3)

The quantity a is a scale factor which is a function of the plate
angle a, and its value increases from zero to infinity as o varies
from zero to ¢m.

The following relations are evident from the geometry:
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Also from Figure 2, it may be seen that

tan B = (242;5%3 . (4)

Differentiating equation 3 with respect to ¢ yields

d(x/b) _ _m_a T
T = 26 b cos (2¢m). (5)

And finally after substitution of equations 3 and 5, equation 4

becomes

2¢ |
tan B =—TT-IE tan (%L)
¢m

And in particular at the reattachment point, the above becomes

¢
tan Br = —;E tan (-1'—2) . (6)

o
N
o'|n
N———
1]
N
o'|R
[a¥
©
N——
N
+
A
dla
~
N————
N
-

and comnsequently,

=

¢

o'ln

2
dr/b
+ (_ddo——) do. (7

2
ks
(%)
Substitution of equations 3 and 5 gives the following result:

¢

uj
2 ¢ 2

- 'm 2¢ .

s _ a I T S Y

b = 3 1 1 ( - ) sin ( 5 ) d(

0 m

N =

g_) _
¢m

IE]
NI
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Defining ¢y = %-%—, the above becomes
m
v 1
. 2¢m 2 2
2 - 1- | 1- (—n ) sin“y dy (8)

which is an elliptic integral of the second kind. As will be
seen in a later section, . another expression for arc distance can
be derived; and in egch of the three cases considered, the
expression wiil be of the form (s/bRe).

At this point it is a simple task to extract a general
solution for the low Reynolds number reattachment problem from the

expression for the path,

r _oa . (1o
T < 3 sin (2 s ) . (3)

At reattachment, ¢ = ¢r and r = Xr' Substituting these symbols

as well as the expressions for arc length leaves

X Re (s/bRe) oi E_EE .
b (s/a) 2 ¢
m
And finally setting
c. = (s/bRe) . n %
1 (s/a) 2¢ |~
m
the equation for reattachment becomes
Xr
— = C.Re. 9
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It is seen that reattachment distance varies linearly with
Reynolds number--a conclusion which has been experimentally

verified for low Reynolds number jet reattachment.

Two-Dimensional Laminar Jet Theory

As stated pre;iously, this investigation shall incorporate
into the general solution of the reattachment problem three
different descriptions of the velocity field of the two-dimensional
laminar jet. There follows below a development and discussion of

each of the velocity profiles.

1. The Bickley Solution

Since the Bickley formulation appears so often in standard texts
(14) and the literature, it is felt that a complete development of the
solution is unnecessary. However, a brief outline is presented to
provide contrast for comparison with the other solutions.

A number of assumptions are made, and among them are the following.
Since the constant pressure of the surroundings impresses itself on
the jet, the pressure gradient along the jet length is neglected.

Thus the momentum flux J is constant. Also it is assumed that the
velocity profiles are similar.

With these assumptions in hand, a stream function is constructed,
and the appropriate substitutions are made into the boundary layer
equation. With some manipulation, the resulting second order
differential equation is put into a form from which it is easily

integrated. Therefore the resulting solution is exact, and the
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velocity component in the direction of flow may be deduced to be

9 1/3
J 2
u = 0.4543 sech ¢ » (10a)
o vx'
where
3 1/3
g = 0.2752 | — . (10b)
'2/3
pv

However, the assumption of similar velocity profiles eliminates
one of the boundary conditions: a finite jet velocity ét the origin.
Accordingly, it is seen that the origin is a singular point. The jet
velocity is infinite there, and to compensate, one must imagine the
jet orifice to be infinitely thin. Thus the solution is encumbered
by the necessity of locating a virtual origin.

Comparin (5) attacks the problem by assuming that a uniform
velocity profile exists at the nozzle exit. He then establishes that
at a distance %ZRe b downstream from the nozzle, the potential core
will have deteriorated. Ignoring any transition region and matching
center line velocity with potential velocity at the point of
potential core deterioration, Comparin calculates the virtual origin
to be a distance of %ZRela upstream from the nozzle exit. However
if one attacks the problem from the viewpoint of determining that
distance from the virtual origin where the calculated mass flow
equals that emerging from the nozzle, one finds that the virtual
origin lies only a distance of %gRel) behind the nozzle exit.

Here is the dilemma. Some compromise must be made, and it is quite
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evident why the Bickley solution is applicable only at large
distances from the origin.
To facilitate future use, equations 10a and 10b may be written

in the form

u x' -1/3 2
es =37 = 0.4543 (Re b) sech™ ¢ (11a)
g = 0.2752 (Re b) 5 (11b)
and where
x' _ X 5
Re b ~Reb T 6 ° (11c)

2. The Okabe Approximate Solution

Okabe attacks the problem of the two-dimensional laminar jet
by choosing a function for the velocity component in the flow

direction of the form

“1/2. 2 2

3 - 4
T e 1/ ) n+ am + a2n3+ asn . (12)

A
X (1-e

Okabe has not published the logical processes from which the function
emerged, however he intimates that it is a product of the Kdrmén-
Pohlhausen momentum equation. Nevertheless, the function is not as
"formidable as it would seem; and in fact, it predicts the growth
of the laminar jet with great success.

The quantity XA is a function of x only, and as will be seen, it

is of the form
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>0, x>0-

Unlike the Bickley formulation, the jet is finitely bounded by the
function y = +A where A is also a function of x. The quantity n

is defined to be y/A. The coefficients a may be

1’ 29> and a

determined from the boundary conditions at the edges of the jet.

3

At n = 1, the function eo = eo(x,n) must satisfy

Accordingly, a system of linear equations may be written and the

unknowns ars a2, and as found:

a, = =94, a, = 9A, az = =34,

where

e(l—e)2

=1/x
X e .

with € =
Since it is assumed that the pressure gradient in the

direction of flow is negligible, the boundary layer equation at

the line of symmetry can be reduced to

06 ) 08
g —2 =2 o .
( o 90X (U 2 >

After evaluation of the various quantities and substitution, the
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above yields

dx - 1 (1—5)452 a
bRe 4 6X(1-e) + (1-3¢)

where § is defined to be 2A/b. After integration it is seen that

A is implicitly defined in the relation

4.2

x _ 1 (1-e) '8 X

bRe 4 6 (1-c) + (i-3e) P (13)
0

There remains only the task of finding an expression for the
dimensionless jet width §. Because the pressure gradient has been

ignored, the momentum flux in the direction of flow is constant:

pUzb = 2p u2dy.
0

Dividing by the quantity pUzb and factoring A from the integrand

yields
) A/A . 2 y
1= 4 (ﬁ) d(A).

0
And finally,

1 -

9 1
§ = 60 dn (14)
0

The integrand is exactly integrable, and the details of the

integration may be found in Appendix A.
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Unlike Bickley's exact solution, the Okabe approximation is
applicable everywhere in the jet flow. No virtual origin is
required, because at the origin, the jet emerges from an orifice
of width b with a finite and uniform velocity. Also it has been
demonstrated by Thomas (15) that agreement between the theoretical
and the experimental profiles is quite good. However, one must pay
dearly for these benefits; Evaluation of equatibn 14 is torturous
at best, and quadrafure methods must be employed to evaluate
equation 13. The results of such calculations for a range of the

variable A appear in Table 1.

3. The Modified Okabe Solution

Reference has been made previously to Thomas' article (15) in
which an attempt was made to alter the Okabe approximate solution
so that the effect of a parabolic velocity profile at the nozzle
orifice might be included. Thomas' efforts are judged to be
unsuccessful by this author, and criticism of Thomas' method are
found in Appendix D. The present effort retains Thomas' modification
of the Okabe velocity profile, but there is no subsequent similarity
in the two approaches. This new approach is largely patterned
after Okabe's.

The modified velocity profile is
/A3

)" + 3An + a n2+ a

_ u _ 3 _ 2 __.n 3 4
Gm =3 = 3 [ (1-n7) (1-ce 1 P + asn (15)
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Table 1.

Okabe Velocity Profile
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Modified Okabe Velocity Profile

$

1.0000
1.3242
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4
6

8627

.4222
.8766
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35.
51.
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740
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.0000
.0512
.3082
.8332
. 7245
L1426
.3049
.5512
.219
.498
.825

x/bRe

0.0
0.02535
0.05828
0.1108
0.2007
0.3587
0.6375
1.124
1.959
3.361
5.663

x/bRe

0.0
0.00002750
0.004213
0.02209
0.05853
0.1249
0.2429
0.4499
0.8029
1.392
2.343

Approximate solutions for the plane jet
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where the symbols e and A have been defined previously. Also
it is assumed that the pressure gradient in the direction of flow
is negligible. Thus at the edges of the jet boundary (n = 1), all

three of the following boundary conditions must be met:

This results in a set of linear equations:

em . = 30 + al + a2 + a3 =0
n=1

aem

3;—-n ) 1= 3A + Zal + 3a2 + 4a3 =0

826m
;—2—' =al+3a2+6a3=0
LU SO
Solving for a;s 2y, and ag and substituting into equation 15 leaves
3 3
0 = % [ (1-n%) (1~ + 3an@2-n) | (16)
It may be easily shown that at X = 0,
3 2
em| =3 (I-n7)
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which is the desired fully developed profile. Also it may be
readily shown that at the axis of symmetry (n = 0), the following

condition is satisfied:

du ou  _ 1 3p J u
u % + v 3y = o 3% + v —5

Since 3P/3x is negligible, the equation at the axis of symmetry

reduces to

g du -y 2%
ox 2 *
=0 oy y =0
‘g . 2
Dividing by the quantity U™,
30 y azeml
y y y =0
But
6 -3 (1-0)°
m 2
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. 30, dA _ 9 A dA
re— - = - =
ax TS IR 2 X dx
2 2
9 em 9 em 1 3 682 3e 2
—B - B S R I N e )
9 2 3 2 | A2 2A2 Az Xz
18¢

-5 (l-e)2 - 2(1—&:)3
Substituting into equation 17 yields

e(1-c)%s2
3e[(1-3e) + 6A(1-€)] + 222 (1-¢)?

dx
bRe

=2
=3 dx .

Integration gives X implicitly defined by

A
€(l~€)462

da. (18)
0 3¢[(1-3e) + 6A(1-e)] + 222 (1-e)?

x _9
bRe 8

Since the assumption of no pressure gradient implies constant

momentum flux,

A A

2 2

pu dy A#0 pu dy A =0"
=4 -A
Consequently,

1 1

22 | o2 an =b | 0% an
A #0 "o lr=o0



26

Solving for the dimensionless jet width §,

1
% (l-nz)2 dn
28 _Jo
S$ =% = F1
2
Sm dn
0
And finally
1 -1
_6 2
§ = S Gm dn . (19)
0

The quantity on the right hand side of equation 19 is exactly
integrable as may be seen in Appendix A. Equation 18 however
requires a quadrature method for its evaluation. The results of
such calculations appear in Table 1 along with the original Okabe
approximate solution. The velocity profiles of all three
solutions—-the Bickley, Okabe, and modified Okabe--are compared

in Figure 3.

Reattachment Distance Versus Reynolds Number

The analysis is concluded with the substitution of each of
the velocity profiles into the general solution for reattachment

distance.

1. The Analysis with the Bickley Profile

With substitution of the Bickley velocity profile (equations

1lla, b, c) equation 2 becomes
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l.SJ Okabe, Bickley
x -
BRe - 3.361
1.0 A :
-3
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y/(b/2)
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TRe - 0.02535
I
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Figure 3. Velocity distributions of the laminar plane jet:
Bickley (---), Okabe (—), Modified Okabe (-+-)
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Yr
2.2 2.2
pU GS dy - oU es dy
e Ve
cos y = - .
2.2
pU es dy
With simplification this reduces to
fr 4 ) 4
sech & d& - sech g dg&
o £,
cos y = -
sech4£ dg
and finally to
cos y = -% tanh gr - -%-tanh3 gr- (20)

Since the angle of plate inclination o is known and since it
has been established that ¢r = q and y = Br, the angle of reattachment
can be determined from equation 6. Equation 20 is merely a third
degree polynomial and it is a simple chore to find its roots. By
the nature of the hyperbolic tangent, it is known that the desired
root lies within (0,1), and Newton's method is perfectly adequate
to find the value of the root.

Previously it was determined that the ordinate of the

reattaching streamline was given implicitly by
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Yr
6 dy . (D

o
]
N

0
Substituting equation 1la and adjusting the variable of integration
accordingly,

Er
sechzs dg .

1="%.2752 \x'

_2(0.4543) (Reb) -1/3
0

Solving for the length of the jet path--now denoted by s--in

light of equation llc yields

1 5
bze = T 64 (21)

36 tanhd 3 64

In view of equations 20 and 21, the previous assertion that

lim cos vy = 0

X > ©
r

is verified.
Thus the solution is complete. The quantity (s/a) is
calculated from equation 8 via a quadrature method* and together

with the quantity (s/bRe) is substituted into

*The reader may well question the usefulness of employing a
quadrature method since tables of elliptic integrals are to be found
anywhere. However, because quadrature methods have to be employed
elsewhere, it is deemed convenient to apply them here. At any rate,
accuracy does not suffer. See Appendix B for details.
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5 = ClRe (9)
where
¢
_ (s/bRe) . [m
Cl = —?§7ZY_ 31n.(2 E;)'

2. The Analysis with the Okabe Profile

The analysis with the Okabe velocity profile is very similar
to the previous solution although somewhat less straightforward.
Again the development begins with the appropriate substitution into

equation 2:

n. 1
b .2 2 b .2 2
p > U-s 60 dn - p 2 U6 eo dn
-1 Ny
cos y = 2
obU
which readily reduces to
n. 1
1 2 2
cos Y =3 8 eo dn - ) eo dn
-1 r

With little effort the above simplifies to

cos y = 8§ 6~ dn (22)

<

< . . . s . .
where of course 0 - n. 1. The dimensionless jet width § is given
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by equation 14, and the task remains to find the non-dimensional
ordinate n_.as a function of the parameter AX.
Accordingly, attention is turned to equation 1:

Yr

b=2 Oo dy .

After substitution of the velocity profile, the above may be

manipulated so that it appears in the form

n N

r
/ - 3&2e2n/x + e3e3n/A) dn - 3A (n - 3n2 + 3n3

(Been

3
]

- n4) dn + st ' (23)

For any given value of the parameter A, it is obvious from the
physical aspects of the problem that the solution of the above
equation exists and is unique. With some confidence in the

outcome, the standard fixed point iterative technique is applied:

n = f(n
Y (nt+1) ( r(n))

where n, of course, denotes the number of iterationms.

Again from physical intuition, it may be reasoned that as
A > =, the ordinate n, > 0. This can be rigorously proven at this
point, but such steps are sacrificed for the sake of brevity. In

this spirit, the assertion is made that as A »> « the integral in
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equation 22 goes to zero faster than the non-dimensional jet width
increases. Thus it is seen from equation 22 that
lim cos y = O
X > w
T

and moreover that cos y approaches zero strictly monotonically.

At this juncture it may be wise to bring the analysis into
sharper focus. It has been shown that the angle of jet reattach-
ment may be determined strictly from the geometry of the reattach-

ment problem:

_ 24 ¢
Y = Br=tanl —}Etan('g— ) (6)

5% |

with o, = a. The momentum principle (equation 22) and the
continuity concept (equation 23) are introduced in order to determine
that value of the parameter A which corresponds to a given plate angle.
The comments in the previous paragraph not only support the proposal
for the path of the jet (equation 3) but indicate that for any
plate angle there exists a unique A. This is important not for what
it says (the physically obvious: for a given Re and a, reattachment
occurs at only one point) but for what it suggests: a method for
determining the parameter A.

The procedure for the calculation of A is as follows. An
.initial value of the parameter is assumed such that the corresponding

value for cos y, which is calculated from equations 14, 22, and 23,
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is less than cos Br determined from equation 6. Then the
subsequent values of A are diminished by the rule

-L

A 10

@ = Ma-1) T

(where initially L = 1) until upon the KEE-step cos y first exceeds
cos Br. Then the entire process is repeated with the initial value

for the parameter chosen to be X and with the exponent L

(K-1)
augmented by one. Single precision on the IBM 360 computer is
quite sufficient for the processes described, and the calculation
is terminated when the exponent L exceeds six. Thus the unique
value of the parameter X corresponding to a given plate angle is
known to at least the fifth decimal place.

Now that the parameter A can be found for any given plate

inclination, the quantity (s/bRe) can be calculated from

s 1 (1-e)*s?

bRe 4 61 (1-c) + (1-3¢)
0

dx . - (13)

The anti-derivative of the integrand of course does not exist, and
numerical integration is required. The Gaussian quadrature method
has been chosen for two reasons. As the reader may appreciate,
the evaluation of the integrand is a rather lengthy procedure
incurring significant computer expense. Therefore, an efficient
quadrature is desired. The chosen method is superior to more

ordinary ones (e.g. trapezoidal, Simpson's rule) because its n
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ordinates are comparable in effectiveness to 2n equidistant
ordinates*. The second reason for the éhoice_is that if it
were desired that the error of the quadrature be known, only the
first derivative of the integrand need be found*#

As in the analysis with the Bickley solution, the quantity
(s/a) is calculated using the Gaussian quadrature method on the
elliptic integral of equation 8. Quadrature has been employed
at this step to instill a modest degree of flexibility into the
analysis. Details of this and the preceding numerical integration
are to be found in Appendix B.

Having determined the two expressions for the arc length of
the jet, one merely substitutes these quantities into the

following equation to complete the analysis:

|

C., Re 9)

o
ot

where

¢
_ (s/bRe) . mr
Cl = _75757— sin ( z'gg) .

3. The Analysis with the Modified Okabe Profile

The analysis with the modified Okabe velocity profile is much

like the previous one. The main difficulty is again the evaluation

*
Lanczos, C., Applied Analysis, Prentice Hall, Inc., Englewood

Cliffs, N. J., 1956, p. 403, 404.
*%
Ibid .
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of that value of the parameter A which corresponds to a given plate

inclination. Substitution of the appropriate profile into equation

2 yields n. 1
b .2 2 b .2 2
P35 U-s em dn - p 2 Uu-s Gm dn
cos y = -1 T .
%-prz

This can be reduced to

cos y = (24)

< N[¥;
O
D
[N
3

The non-dimensional ordinate of the reattaching streamline

n. may be calculated for any given value of the parameter A from

Iy

0

After substitution for em and expansion of the integrand, the

following results:

n .
T
n, = (3€en/k - 3€2e2n/k + e3e3n/x)dn
0
Ny
+ (n2 - 3sn2en/x + 3€2n2e2n/A - e3n2e3n/x) dn
0
Ny
+ 3A (-n + 3n2 - 3n3 + n4) dn + %~6—l. (25)
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This can be solved using the fixed point iteration

n = f ( n )
T (1) T (n)

where n denotes the number of iterations. It can be demonstrated
at this point that n,>0as>e.

Depending on intuitive arguments once again, it may be deduced
from equation 24 that

lim cos y =0 .
X > o

The assertion is'also made that cos y approaches zero strictly
monotonically. With these assertions in hand, one computes the
unique value of the parameter A corresponding to a given plate
angle o in precisely the same manner as before.

Once the value of ) is found, the quantities (s/bRe) and
(s/a) may be evaluated from equations 18 and 8 via the Gaussian
quadrature method. Details can be found in Appendix'B; Substitution

into equation 9 yields the desired result:

|

= C, Re

o
-

where



IV. RESULTS

The analysis of the problem of laminar jet reattachment to an
inclined flat plate reduces to

X

-b} = €, Re, 9)

where

_  (s/bRe) [T
C1 = _—-—(s/a) sm(2 ¢m) s

for each of the velocity profiles considered. It is obvious that
this theory predicts that reattachment distance is directly
proportional to Reynolds number for a given plate inclination. How
does the theory compare with experiment?

Although experimental data of laminar jet reattachment with
sufficiently high aspect ratio to approximate two-dimensional flow
are not abundant, Jenkins' measurements (6) show that reattachment
distance varies linearly with Reynolds number at least at moderate
angles of plate inclination: 25-40 degrees. As the extreme plate
inclination (60°) is approached, the data behave somewhat erratically.
These trends may be observed in Figures 4-7. A least-squares line
has been fitted to each set of data to qualitatively aid in the
description of the reattachment phenomenon. Another trend may be
deduced from the lines: the slope of the least-squares line
increases with increasing plate inclination. On the other hand,
the ordinate intercept does not behave in a consistent manner.

For these reasons it is the opinion of this author that equation

9 might adequately describe events as they are. At a plate

37
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inclination of 25 degrees, reattachment distance (measured over the
broadest range of Reynolds number) is directly proportional to
Reynolds number. This is not the case at plate angles of 30 and 40
degrees. However, data collected at these angles contain no
measurements in the range of Reynolds number less than 180 and

110 ééspectively. Therefore, the dearth of data at high aspect
ratios allows one to interpret the least-squares '"fit'" only in a
qualitative sense; and one need not be too concerned whether the
theory (equation 9) provides for an ordinate intercept.

Despite the preceding arguments, the results of the calculations
using the Bickley, Okabe, and modified Okabe velocity profiles are
most disappointing. The results are tabulated in Table 2 and are
compared with Jenkins' data in Figures 4-7. The computer programs
may be found in Appendix C. Only at an angle of inclination of
30 degrees does the theory bear some semblance to experiment.

Very gross discrepancies between theory and experimental fact occur
at all other plate inclinations.

The differences among the three analyses are quite evident.

The modification of the Okabe approximate solution to include the
effect of an initially fully developed laminar jet is significant.
.Theoretically this effect is of the first order as it diminishes the
constant of proportionality Cl of the Okabe analysis sharply for all
plate inclinations. It should be noted that subsequent measurements
by Ricketts (10) reveal that the laminar jet studied by Jenkins

might be considered to be fully developed.*

*
The disruptive effects of vena contracta were detected as well.




C,, Bickley

l’

C Okabe

l’

Cl’ Modified Okabe

Table 2.
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Plate In;lination
20° 25° 30° 40° 50°
-0.0194 -0.00226 0.0248 0.170 1.36
0.0398 0.0619 0.0954 6.256 1.44
0.0249 0.0401 0.0640 0.187 1.23

The proportionality constant C, for various

plate inclinations

1



r

Reattachment distance, X_/b

40 1

32 A

24 7

16 7

Okabe

modified Okabe

least-squares

T T T

100 200 300

Reynolds Number, Re

Figure 4. Laminar-jet reattachment to a flat plate inclined at

25°

400

oY



40

200

Reynolds Number, Re
Figure 5.

400
Laminar

Jet reattachment to 4 flat Plate inclined

at 3p°



r

Reattachment distance, X_/b

40 7

32

24 7

16 7

Okabe

modified Okabe

Bickley

least-squares

Figure 6.

100 200 300
Reynolds Number, Re

Laminar jet reattachment to a flat plate inclined at 40°

400

Y



r

Reattachment distance, X_/b

40

32 J

24 -

16 ]

Okabe

Bickley

modified Okabe least-squares

100 200 300
Reynolds Number, Re

Figure 7. Laminar jet reattachment to a flat plate inclined at 50°

400

ey



44

The disparity between the analyses using the Bickley and
Okabe velocity profiles may be disturbing. However, one must remember
that the choice of a virtual origin for the Bickley formulation was
arbitrary to some extent. By choosing another virtual origin (e.g.,
by satisfying mass conservation at the orifice), better agreement
with the Okabe analysis can be achieved commensurately with poorer
correlation with the experimental data. It is apparent from
Figures 4-7, however, that as the maximum plate inclination is
approached, the differences among all three analyses become less
significant. This is in harmony with intuition--at the maximum plate
inclination reattachment distance is infinite and thus indepéndent
of the properties of the laminar jet.

The task remains to account for the large discrepancies between
theory and experiment. Referring to the list of assumptions implicit
to the general solution of the reattachment problem, one must
conclude that the order of the error introduced by several of the
assumptions is unknown. Assumptions ii, iii, and vi as yet have
not been studied analytically or experimentally. On the other hand,
Sawyer's measurements (1ll) on a turbulent jet near reattachment show
the validity of assumption v.

On account of these arguments, the most vulnerable point in the
analysis has been the application of Newton's second law about
the reattachment point (equation 2). In order to judge the
sensitivity of this calculation to induced error, the cosine of

the reattachment angle for the Okabe analysis (equation 22) was
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adjusted by a factor of 5/6. This had the result of diminishing

the proportionality constant C. to values below corresponding ones

1
qf the modified Okabe approach. That is, there resulted net changes
in C1 sometimes exceeding 307%.

The present theory is rather attractive on paper when compared
to previous efforts with the problem of laminar jet reattachment.
The increasing curvature of the reattaching streamline is treated
in the analysis as well as the initial state of development of the
jet. Unfortunately these advantages are not realized. The
expression for the cosine of the reattachment angle (equation 2)
produces results which are too sensitive to error inherent in
equation 2. Although the analysis yields an analytical insight to
the effect of initial jet development on reattachment, theltheory
fails in its primary purpose-—the precise determination of jet

reattachment distance as a function of Reynolds number for low

Reynolds number flows.
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Appendix A

Integration of the Square of the Velocity Functions of the Okabe

and Modified Okabe Solutions

Although the Okabe and modified Okabe velocity functions
(equations 12 and 15) are réther formidable in appearance, mathe-
matical operations on these functions proceed straightforwardly
if a systematic approach is used. As is demonstrated in parts 1
and 2 of this appendix, the squares of the velocity functions may
be integrated over an interval of the variable n exactly. However,
for reasons of which the reader shall be made aware, it has been
decided not to carry the evaluation of these integrals to their
conclusion by hand. Thus, two functions subprograms have been

written which assume most of the burden of computation. These

subprograms are explained in part 3.

A

1. Evaluation of ei dn where 0 = s, t

S

The velocity function of the Okabe approximate solution is

o, () = (="M + 3an(a-m)

Squaring the function gives

ei = (1-ee™M0 4 6n @-ee™™3 na-m3 + 912 n2(1-mb.
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A
A

Expanding and integrating over s n t,
t
Oi dn =
s
t
(1—6een/k + 15€2e2n/l_ 20€3e3n/l + 15€4€4n/x- 6€5e5n/x + s6e6n/l)dn
s . BINT (1)
t
+ 6 n(l - 3€en/A + 382e2n/A - €3e3n/k) dn
s SINT (1)

2 n/x

n (1 - 3ece €2e2n/A - e3e3n/x)

+ 3

SINT (2)

t
+ 3.1. n3(1 - 3€en/A + 3€2e2n/x - e3e3n/A) dn

s SINT (3)
t
- n4(l - BEEH/A + 3€2e2n/A - €3e3n/x) dn
s SINT (4)
-t
+ 9A2 (n2 - 6n3 + 15n4 - 20n5 + 15n6 - 6n7 + n8) dn . (1A)
s BINT (3)

The labels appearing underneath the terms in the equation refer to
variable names used in the computer programs. It is seen that each of
the above integrals can be quickly reduced to a sum of smaller integrals,

each of which has one of the following forms:
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:L)Jxn dx, where n 20

:I.:i.)fxn e dx, where n 2 0.

The anti-derivatives of forms i and ii exist, of course, and it is a
simple task to program the digital computer to perform these rather
tiresome calculations.

t

2. Evaluation of ei dn where 0O s s, t 2 1

s

The velocity function of the modified Okabe approximate solution is

n/x.3

0 o) = %[(1—n2)<1-ee ) +3/\n(l—n)3J

Squaring the function gives

2

02 =-% [ (1-n2)% (1-ee™™)® & 6an(1-n?) (1-n) 3 (1-ee™ M3

)
+ 9n2n2(1-m®

< <
Expanding and integrating over s = n = t,

t
2
em dn =
S
- t
% (1bee™* 1 156262170 2033072 4 15 bt Al 6 55Ny 6,600y g
° SINT (1)
t
-2 n2(1—6sen/x + lSeZezn/A- 20€3e3n/l + 15€4e4n/X_ 6€5e5n/x+ €6e6n/k)dn
S

SINT (2)
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t
+ n4(l—6een/>\ + 1552e2n/>\— 20€3e3n/>‘ + 15€4e4n/}\- 68565n/l+ €6e6n/)\)dn

S

SINT (3)
t
+ 6A % n(l-BEen/A + 36232n/)‘ - €3e3n/>\)dn
s SINT (4)
t
- BJ‘ n2(1-3aen/l + 332e2n/)‘ - e3e3_n/)\)dn
s SINT (5)
t
+ ZJ’ n3(l—3€en/x + 38262n/)\ - €3e3n/)\)dn
s SINT (6)
t
+ Zj’ n4(1—3€en/}\ + 2€2e2n/)\ - €3e3n/>\)dn
s SINT (7)
t
- 3J' n5(1—3een/>‘ + 382e2n/>‘ - e3e3n/k)dn
s SINT (8)
t
+ n6(1—3sen/>\ + 362202 €3e3n/>\)dﬂ
s SINT (9)
t
+ on? % (n% = 60> + 150* - 200> + 150° = 60 + nP)an. (28)

s BINT (3)
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Again it can be seen that each of the above integrals can be reduced to

a sum of smaller integrals, each of which is either of form i or ii.

3. Integration of Forms i and ii

The anti-derivatives of forms i and ii exist, and they are the

following: -
[ n. 1 o+l >
i) ) x dx = —1 ¥ , where n = 0
[ n ax ax| x* 0 x" 1 n(n—l)xn-2
ii) X e dx = e —_ - + e

a 2 3

P a a
n-1 n'x n n! >

Form i is straightforward and requires no further comment. However,
form ii deserves some attention. It is seen that the finite series

may be written more compactly as

n ax ax k-1 n! xn—k+1 >
X e dx = e (-1) ookt D) X , where n = 0.
k=1 a

Also an examination of equations 1A and 2A reveals that every exponential

term occurs in the form
m mn/A
. en/

where m is an integer. Therefore, the accuracy of the calculation is

enhanced by retaining the constant coefficient
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L e-m/k

in the integrand.’

Unfortunately, the problem of exponential underflow occurs when
the above calculations (form ii) are performed for values of the
parameter A less than 0.035. However, the only computations which
are affected are in the evaluation of equations 13 and 18 by
numerical procedures.

It should also be mentioned that the integral forms i and ii
occur frequently in the calculation of the reattaching streamline for
both profiles; and the appropriate subprograms have been used

accordingly.



Appendix B

Application of the Gaussian Quadrature Method

It is not the purpose of this section to present mathematical
discussion of the well-known Gaussian quadrature method but rather to
outline its application in the present work. The method has been used
successfully in the evaluation of equations 8, 13, and 18, and each

application will be dealt with separately.

1. Evaluation of Equation 8

This equation is an elliptic integral of the second kind, which
has the form

¢
A = (1-k
0

2 1/2

sin2¢) dé. (1B)

Making the substitution x = sin ¢, the above quickly reduces to

xmax W’l—kzxz
0 \ l--x2

dx. (2B)

The point x = 1 is singular, and thus one must expect the quadrature
method to fail as the argument ¢ approaches 90 degrees.

To apply the Gaussian quadrature, it is necessary to shift the
interval of integration from [O, Xmax] to [-1, 1]. This is done by

the following transformation of variable:

X
x = m;x (v+1) - (3B)
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Then denoting the integrand of equation (2B) by y, one sees that

y =y =y®)

and finally that

X +1
max X ox
A= y(x) dx = 3 y(y) dy.

0 -1

Finally, it has been determined by the author that sixteen ordinates
are quite sufficient to insure at least four significant digit accuracy
for all values of the argument k and for values of the argument ¢ not

exceeding 81 degrees. Thus we have

16
~ Xmax
AS A= > Z y(zpi)wi

i=1

where wi and W denote the abscissas and weights of the Gaussian
quadrature¥®.
2. Evaluation of Equation 13
The evaluation of equation 13,

A
max (1—8)462

bRe & Ga(l-0) + (1-30) %>

follows exactly as the previous one with only one minor complication.

Although the function in the integrand of the equation is well behaved,

*Davis, P., and Rabinowitz, P., "Abscissas and Weights for Gaussian
Quadratures of High Order," Journal of Research of the National Bureau
of Standards, vol. 56, no. 1, January 1956, pp. 35-37.
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it can not be calculated at values of the parameter )X less than 0.035
without incurring underflow probiems with the digital computer. As
discussed in Appendix A, underflow will occur during the evaluation

of the dimensionless jet width § at small values of A. Therefore,

when it is required to calculate the value of § for X < 0.035, a linear
interpolation is used. This, of course, adds to the error inherent in
any quadrature method.

Denoting the integrand of equation 13 by y and making the trans-

formation
A= m;X (v+1), (4B)
it is seen that
y=y ) =y .
Then,
A +1
max Amax
A= y) dn = 22 y(¥) v
0 -1
and again it follows that
16
. X = max
AZA > Z y(¥;) W
i=1

" It has been determined that sixteen ordinates are sufficient to
insure convergence. Several trial calculations have been performed

using forty-eight ordinates, and the results differ from the present
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calculations in only the seventh significant digit. Therefore, the
error inherent in the quadrature method is judged to be quite

acceptable.
3. Evaluation of Equation 18

The evaluation of thisbequation,

A
max e(1-€)452

3e[(1-3¢) + 61 (1-)] + 222 (1-¢)?

x _9
bRe 8

dx ,

by the Gaussian quadrature method proceeds as the previous one.

Again the integrand is a well behaved function, however underflow
problems with the digital computer are incurred during the calculation
of the dimensionless jet width § at values of the parameter A less than
0.038. As before, a linear interpolation is used to calculate § for

A < 0.038.

Denoting the integrand by y and making the transformation of

variable
A= R D
it is seen that
y=yQ) =y )
Then,
A +1
max Amax
A = y(A) dx = 5 y() dv ,
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and it follows that

16

:'__ max
A=A= = Z yy) vy .
i=1

Trial calculations with forty-eight ordinates have been performed,
and again no significant differences are evident when these

calculations are compared to those with sixteen ordinates.



Appendix C

Computer Programs

In this appendix are presented the computer programs which have
been used to determine reattachment distance as a function of
"Reynolds number for two-dimensional low Reynolds number flows. An
IBM 360 digital computer has been used exclusively; and the programs
are written in the Fortran IV language. Since the programs are all
relatively short, they have been executed in the WATFOR mode. The
reader may notice that in the subprograms dealing with the Gaussian
quadrature method, the abscissas and weights of the quadrature are
in the double precision mode. This is unnecessary in order to
meet any error requirement. However, the double precision mode is
necessary in order to read information via the data declaration.

The comment "EXTENSION" found in the margin of these subprograms
refers to the fact that this particular type of data statement may

not be available at other computer facilities.

61
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J7JUE ABUILARTIiME=120

C

C  ODETERMINATION OF RUEATTAURMERT DISTANCE V5. REYROLDS NUMBLS
C USING THE SICRLEY EXACT SULUTION PR THE LAMINAR PLANL JLY
C

REAL K2
DIMENSION ALPHAL(S)
REAG(S5, 1003 ALPHALI) s I=1,45)
100 FURMATIGFLIOLO)
WRITE(G.200)
200 FORMATULHL////13Xy 33HANALYS IS WITH THE SICKLEY PrOFiILE)
PI=34141552"
PHIM=1.24719706
P 1 1=1,.5
ASI=PIxALPHALLI) /(2. 0%PHIM)
BETAR=ATAN (2. 0%PHIMIFTAR(XSI)/PI)
T=HTAN{BLETAR)
WHiERe T = HYPERBUOLIC TANGENY FUURD IRN Ldi. 20

e}

51 = S/{BRREY) —- FuNe 21
K2=1ati={ 22 D%PHIM/PI) ¥%2
WHARE K2 = FACTUR OF SINE TERM IN fuN. 3
S2=ELINTUKZyXS51)
WHERE 852 = S/A - EGN. 8
C1=S1%STN(X51)/52
ALPHA(I)=130.0%ALPHA(I)/P]
WRITE(S6,300)ALPHA(TL)HC1
300 FURMAT(/ /25X 90 HALPHAS g F 5.2 35X g 3HC1=9FT+4)
1 CONTINUE
STOP

eNU

&y

[ I
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REAL FUNCTIUN ATAN(GANMMA)
C
¢ SOLUTIUN OF
C

SUUATION 20 (MOMENTUM PRINCIPLE) VIA NEWTUNS MeTHUD

DIMERSTON X{500)
A=CuUS{GAMMA)
X(1)=0U.5
Bl 1 I=1,500
XCI+L}=XCI ) - CUIX{I ) %43 ) =3 o USRI )42 0%A) /{3, 0 (X (1) #%)-3.0)
IFCABSOX{ D) -X(I+1))elToalaic—05)060 10 2
1 CONTINUE
2 HTAN=X{1I+1)
RETURN
END
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REAL FUNCTION ELINT(Qy PHI)

U AN ELLIPTIC INTERORAL OF THE SeCURNDE KiNo BY LAUSSIAN

USING 10 UROINATES

AEAL K

LDUUsLE PRECISIUN XSIe¥
DIMERSTIUN X51{12),W(15)
DATALXSI(L) 9I=1418)/-9e894 0093500~ 0U1,— 4%)?» J23 101y —ha 000312024
10—@1,-7.§54G%45@4U-33y-6.1187¢2444ﬁ—P1, ﬁ)uic7711J—ui, 2+ B100C3B55
208001, 552012509840~ 024%5312509841 J3554580 sLetit
B3T0-0190e1787624%40-01y Te5540440840-0198.H563120240—01 394457502310
4=C1ly9a35450%95500-01/
WHERE THE X5141) = ABSCISSAS
DA-5
DA-4
UATA(W(1)1=1,16)/2 fibf&)

4 U029 De 2253523540029 %6 51580116800y
11.246£8871303-0191.495555 Ul 1091565194001 1e3460341500-001s1.
285450610 ;d—al,i.uwé)uéla) 219 le826UB41500-0L 9169150651940 Ukslest
35959888 0=019 1l e 2402089713001 9551588117012 90: 22955 235410=0"297 11524
455410—-02/7
AHERE THE W(I) = WEIGHTS
DA-5H
DA=4
K=
XMAX=5165(PHL)
WHEREZ X AND PRI

DUMMY VARTASLES OF INTEGRATIUN, ANU XMAX
IS THE UPPLR LIMIT

i

SUM=0.0
DU 1 M=l,lo

X=XMAXF{AST (M) +La0) /2.0
Y=50RT (Le U-K#X322) /SQRTL L. 0= X5%2)
SUM=SUM+Y %W (M)

CUNT INUE

ELINT=XMAXH*SUM/2 o0

RETURN

END

/7506 SYS5IN
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THE B1CKLE

ALPHA=20 .00 GCl=—

ALPHA=Z5.00

ALPHA=Z3G LU

ALPHA=4U . Q0

ALPHA=50.G0

Ci=

ScCyeXECUTION TiIwg=

Cl=—0

Y PriFiLk

velilVg

L0023

13624

0ubbs

SEC, GBJIETT

Cubk=



66

/7305 AGUILARTIME=300

REYRNOLLS WURBER UDING
AR PLANE JiT

“] EATTACHMENT LISTARCL Vhae &
PPRAUXIMATE SGLUTION FUR THE LAMKIN

C
C
£ THE UKABE
C

REAL LAMBDALAM,KZ
DIMENSTON ALPHALUS)
REAU(S 9 LUGILALPHALL) yi=145)
100 FURMATIEF1UL0)
WRIT{8,200)
00 FURMATILHL /7 /720X 93 YHANALYSIS WiITH TiY OKAZE PRUFILE)
Pi=3.1415%217
PHIM=1.0471%76
DU 1 I=145
LAMBDA=LAM{ALPHA({L))
51=S{LAMBDA)

C WHERE 51 = 5/7(B%KE) - FONe 13
XSI=PI*ALPRA(L)I/{2.,0%PHIM)

R2=1a =2 dO%PHIN/PL) *x

C WHERE K2 = FACTUR UF S5InNE TieR® IN cwiNe &
SE=pLINT{K24X51)

C WHERE 52 = 5/4 — EUN. §
Cl=S8145IN{X51) /52
ALPHA{I ) =180 . 0%ALPHALL)}/PI
WHITE(GCyA00YALPHA(T) L C1

30 FURBATI{/ /23X y0HALPHAS 9 F 922 95X 9 3HUL=9F Te %)
1 CUNTINUE
STup
END




YOGSy

67
RiAL FUNCTION LaM(w

CALCULATIUN oF THE PARAMETER LAMSDA CURRLEOSPUONDING T
PLATL ANulLlE ALPHA

REAL Liyg#UM
DIMENSION LM{S5aC)
PI=3.1415%27
PHIR=
PHIM=1.04T7T1976
BETAR=ATAN(Z JOFPHIMXTAN(PI*PHIR/ (2.0%PRIM))/PL)
X=CUS{HETAR)
LM(l)=1i.2C
Wrilidls LM = LAMBUDA
M=
L=1
1 CUNTINUGC
M=M+1
ETAR=ORDILMM))
Y=0DLMIM) )EMUMILMIM) 909 ETAR
wWHiEkE Y = CLUS(GAMMA) — CONe 27
TF(ABSIX=Y) LTl <E=08)60L TU 3
IF{X.LTLY)GE TG 2
LM+l ) =LM(M)-10.Cx%(~L)
Gu TU 1
2 LM{1)=LM(¥~1)
L=L+1
IF(L.6T.8)68 10 3
M=y
Lo T 1
3 LAM=LM(M)
HETURN
ENO

2}

2}

LIVin
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REAL FUNCTIuN 0(Q)
CALCULATIUON OF THLD oIBENSIONLESS JieT WIGTH

REAL L#yHMOM
LM=4
WHERE LM = LAMBODA

IF(LEM.LTL0.035)60 TO 1
RETURN

1 D=1.0U+5.3786%LM/5.5
RETUKN
END

DELTA
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REAL FUNCE 1an MNUM(GeSy 1)
INTEGRATIUN UF THLTVASSRZ OVER THL INTEARVAL ¥4 = (537) AT LAMELUA

Rical LM
CUMMOUN LB
GIMENSTION BINTU3)+5INT(4)
LM=4
WHERE LM = LAMBUA
E=EXPl-1.0/LH8)
BINTUL)=VP (U SyT)—6eCxV{U9lagSyTi+15eU%VI 09l agSeT)I 20,03V (093495, T
l)+1b.(}"'x=V(f;,-i}.,S,"i')—é.*;;*V(i;,"j.,S,T)+V(U,-t>.,;S,T)
313 1 K=1ly4
SINTUK)=VPIK S 9T )34 0%VIK 1Sy T ) +3e UV Ky Za 959 T )= VIKy3495,7)
1 CunNTINUE
BINT(2)=53INT{Ll)-3.U*SINT(2)+3.CxSINTI3)-5INT(4)
BINTU3)=VP{ 959 T) 0.0 VE{3359T) 415 0%VP 4GSy TI—20eumVP{0,5,7T)4+15.0C
LEVPl{ 69 59T ) =0 0%VP(T9SeTIHVE(295,T)
WHERE BINTUL)y SINT(I) ARKE DEFINDL IN EanN. 1A
AUM=BINTILI+ 0. O /LM)F{{l0—E) = &2 )REINT{(Z2)+({ s 0% p /L) #3253 ({1. 0
1) %4 )*BINT(3)
HETURN
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RiAL FURCTION LRO((Q)

CALCULATIUN UF THE GRUINATE UF THL REATTACHING STR:zAMLING claR

1
2

REAL L#g INd
CUMMUN LM
SIMERNSIUN INT(2),:2TA(S500)
ETA{1)=0U.5
LM=i
WHer s LM = LAMODA
E=eXPl-1.0/7010M)
DEL=0{LM)
WHEZRE DEL = LDELTA

DU 1 J=1ly500
INTUL) =303V 09l e 9Ue s ETALI) ) 2003V G 92 09U ey ETALIIIHFV{L 3309 CeqrETALY
1))

INT(2)=VP{la0eyiiTALI) ) -3.05VP {290 e zTAI) 4305 VP U340, ETA(I)I-VPHL
149 0.95TALd))
ETA(J+L)=INT(L)-({2. 0Fc/LM)*R (1. G- )2 )RINT(2)+1a0/0¢EL
IF{ASOS{eTA{I+L)—ETA(J) ) oLT 1l oE-CO)GL T 2
CUNT INUE
DRU=SETA(J+]1)
KETURN

END
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Ko AL FUNCTION LLIRT{G,PHI)

EVALUATIUN UF AN BELLIPTIC INTEGRAL UF TRHE ScCuUbid Kike oY CAULS IAN
QUALRATURE USING 14 LRUINATES

OO

RzAb K

luuBL s PRECISIUN XS51sw
DIMERSTIUN XST{15)ywlls)
CAaTA(XSIUL) 9yI=1316)/-9.854009

350001 9=5e 4407502510-01,=5.0656312024

208U—0Ly—SebuUlZ2n09040—dyve 5ULZ50SELU— 0921003550800 Ul 4abB016777
BID~0196.1787624440~019 T5540U4403840—01 980563120240 U1y 04407502310

4—019%9e89400U335C0-01/
C WHERe THE XSI(I) = AusSCIS5AS
ION* DA-5
10GN% DA=4
GATAIWI{I) 9 =19 16) /27152459410 379042255523940~0245.5158511680-024
1102460239713 0-019149559598380-01916919651%940U—ulyledcu34lbGU—Ulyls
26945081 0U50—1U1y 1ad3945001 05001y 1826034150001 918915651594 0—01914Y
359548880019 122462897T130—0199e5158511 700796025950 40940L—Uly2e 11524
459410U-32/7
C WHERE THE W{I) = wWEILHTS
TON* LA-5
ION* UA~4%
K=
XeiAX=51IN{PHI)
C WHeRE X ANu PHI = DUMKY VARIABLES OF INTEGRATIUNe AND XFAX
C IS5 THe UuPPeR LIMIT
SUM=0. 0
DU 1 #M=lyls
X=XMAXF(XSI{R)*+1 .U /2.0
Y=S0RT{lae —K&XF52)/50RT{1a G—X*%2)
SUM=5UMFY ER(M)
1 CUONTINUC
FLINT=XMAXISUM/ £eis
RETURN
END
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Roak FUNCTION 5(Q)

CALCULATICN OF 3S/(U%RE) FRUM SGUATION 13 oY GAUSSIAN JUAURATURE
USING 16 GROINATES

REAL Litg LMMAX

DUUBLE PRECISICN X5IgW

GIMINSTON X51(10)ydWlls)

DATALXSI(L) 9i=1y16)/-9.8940093500—01 9= 9244575051001y~ 56956312024
15=0ly= 15940440440~ 01 9= 0 1T87H24440— 01 y— 4580186777 T0—01 928160355
2OBI—U19=5.5012509845—0295e 5312503840~ 029 2581003553035~ 01 9423010777
STU=0190el 78702444001y TeD941440840—01 98.05031204400—3193.445750G2310
4—01 95 8940095500017

WHERE THE XSI(I) = ABSUISSAS

DA-5

UA-4

DATA(W(I) 9 I=1y916)/ 2.T7152455411- 0296225352394 0—0/23%5156511680-02
11.2462857130-02191e4959598880-0191.6915651940—019 1326034150001y 10
28945001050~ 01y1la8945061050-0151.8260341500-0U191.59150651540—01y149
3595588800191 724¢2897130-0195.51585117T0-0296.22532253G413—0297211524
459410-02/

WHERE THE WUI) = WEIGHTS

DA-5

DA-4

LMMAX=1%

WricRE LM = LAMBDOA, AND LMMAX IS ThE UPPER LIMIT

SUM=( .0

D1 J=1,16

LM=LMMAX®(XSI{J)+1.0)/72.0C

E=EXP(=1.0/0LM)

Y= {OLM)#¥2) 2 (1 U-E)5%4) /{{le 03 0%E)F0au¥LM¥ (L a—1) )
SUM=SUM+YXW{J)

CUNTIRNUE

S=LMMAXRSUM/ S, U

KETURN

EiNU
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REAL FUNCTION VINSXN,C40)

C
C  INTEORATION LR (cxX)3N*eXP(A#X) OVER THi INTERVAL (Cl0)

(@]

CUMMUN £
DIMENSLIUN XINT(2)
A=XN/ L
DO O L=ly?2
IF{Lewe 1) X=U
IF(L.EG 2 ) X=¢0
FACTN=1.
C WHERE FACTN = N FACTUKRIAL
IF{iNFLe)GE TU 2
00 1 I=14N
B=1
FACTN=FACTN*E
1 CUNTINUE
2 SUM=0.U
M=iN+1
DU D K=1.M
FACTNK=1.0U
C WHERE FACTNK = (N-K+1) FACTURIAL
IF(Kaowe®M) izl T 4
J=N-K+1
P} 3 1I=14J
B=1
FACTNK=FACTRK*®E
CUNTINULE
SE{-1.0) ¥R (K=1) ) R(FACTNFXXE{N-K+1) )/ {FALTNKFASXHK)
4 [F{Kemile™M)S={{-1.C) 3 {K-1)} I®(FACTN/A%H%K)
SUM=SUK+S
5 CUNTINUE
AKINTLL)=SUM*EXPLAR(X—1.0))
6 CUNTINUE
V=XINT(1)=-XINT(2)
RETURN
END

(L
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REAL FURNCTIUN VPN A4D)

INTEGRATIUN UF X%3N DVER THE INTERVAL (A,B)

OO

XN=N

VP= (%% (N1 )—AFE(N+L) )/ (XN+1.0)
RETURN

END

//GUSYSIN
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ANALYSIS WiTH THE GKABc PRUOFILE

ALPHA=2G .00 Cl= ©.0398

ALPHA=25.00 Ll= 0.0619

ALPHA=3L. 00 Ll= ual954%

ALPHAT4U 00 Ci= Ge.2561

ALPHA=L0. 00 L1= l.4416

COMPILE TIME= .00 SECyEXECUTION TIMe= 243.41 Sc(UBJECT Cubk= 1oia
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/730 AGUILARy TIME=1000
C

et USING
PLANE Jud

CETERMINATION OF REATTACHMENT CISTANCE VSe REYNULDS NUMY

C
L THe MUpibicy oKabr APPROXIMATE SOLUTIOH FUR THz LAMINAK
¢

REAL LAMOUAZLAMyK2
DEMENS TON ALPHALD)
REASTHD 100 (ALPHAL L) 9i=145)
100 FURMATISFLLL0)
WRITE(649208)
U0 FURMATULHL 9/ /7 /716Xy 4CHANALYSIS WITH THE MUDIrIED ORABE PROFILE)
PIl=3.1415%527
FAHIM=1.0471976
DO 1 I=14d
LAMBUA=LAMALPHAL(L))
S1=5(LAMEDAY}

C WHERE S1 = S/{8%KE) — EUN. 18
XSi=P1*aLPHA(I) /(2. 0%PHIM)

K2=1la U= (2 CFPHIM/PT ) F%2

C WHizE K2 = FACTUR GF SINE TeERA IR Edbe 3
SZ2=LINTIKZ4X51})

C WHERE 52 = S5/A — £4(N. 3
Cl=51%SIN(XSI) /52
ALPHA(I) =130 OFALPHA(LI/PI
WHRITE(Gy3UG)ALPRALTL) HC1

RO FURMAT(/ /25X 90HALPHA= 9 F D a2 95Xy 3HU =9 1o 4)
1 CONTINUE
STOP
END
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Rial FUNCTION LAMR)

CALCULATION UF THY PARAMETER LAMEDA CURRESPURDING
PLATE ANGLE ALPHA

RiZAL LMy ROM
UIMENSTON LM{S00)
PI=3.1415927
PHIR=Y
PHIM=1.5471976
BETAR=ATAN(Z « S#PHIMFTANIPIF*PHIR/ (2o ukPHIM) /P L)
X=CiS{EcTAR)
LM{l)=C.95
WiHbrE LM = LAMEBDA
M=
L=1
1 COanNTIRUE
M=M+1
ETAR=URU{LM (M) )
Yoo, GROLM{M) )FMOMILM{E) yCa gt TARI/H LU
WiHERE ¥ = CUSIGAMMA) — LEUN. 24
IFLABS(X=Y) L TolabE=06)G60u TU 5
IFr{XLT.Y)GU TG 2
LMIM+L ) =LMIM)I - 10Ok {—1L)
G Tu 1
2 Lk{i)=L#(M¥-1)
L=L+1
IF{L.GT.0)BL T 2
M=0
GU TG 1
3 LAM:LM(?’?)
RETURN
END

Tu A GIVEN
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REAL FUNLCTIGN DOQ)

CALCULATION OF THE DISMZNSIUNLESS Jded

RiEAL LMynoM
LM=4
WHERE LA = LAKBOA

IF{LM.LTLC.033)60 TG 1
D=6 0/{5,0%MUMLMyDaylad)
RETURN

1 D=1.0+34385%LM/3B.0
RETURN
END

w¥IDTH

LobLta
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RiEAL FUONCTIUN Rul{ueS,T)

INTEGRATION GF THETAMSSZ OVER THE INTERVAL oTA = {5,7) AT LAMGLA

REAL LM

DIMENSION SBINTL3)SINT(9)
LM=4
WHoRE LM = LAMSUA

E=EAP(-1L.0/1LM)
DU 1 L=2y0e2

K=L-2

M=L/2

SINTIM)=VP K9S 9T )0 Ut VI{Kyle g ST ) +10.USVIK gl a9l l—dua ¥ VIKe3ugiaT
1) H15e0%V(KeGa9Se9T)=0al %V Ky asSeyT)#V(KyHe9S5eT)
1 CUNTINUE

SINTOL)=0INT(L)—Z2 JO¥SINTIZ)+SINT(3)

DU 2 L=%y4

K=L—-3

SINTUL)Y=VPIK 53T ) =305V IKglagSg T )43 0V Ky ZegSeT)-VIKyZa9ieT)
2 CUONT INUE

EINTI2)=5INT{4) =3 0SS INT{S )2 JOSINTUO) 2. 045 INT( T )= 2. 0#SINTUREI+5]
INT(D)

BINT 0)=VP Z 9 9T )= e URVP I3 959 T I+ 15.0% VP lde 591 )20 0%VP{5959T I+ 10,0
1%VP{69S T )=0e0%VPLI Ty TIHVE(Ey5,T)

WHERE BINT(I)y SINT(I} ARL DeFINeD IN pun. 24

VALUE=BINT{IL) ¥ e U E/LM) I L JU—E )52 ) B INTU2)H (S 0 (/LM s (1. 00
LaE2yFF2)EZINTL3)
MUM=S  URXVALUE/4 W C
RiETURRN
END
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REAL FUNLTION uRoly)
CALCULATION OF THE UlrDINATE UOF THE REATTAURING STREAMLINLD ©TAR

KEAL LMye INT

CLimbiom LM

DIMENSITUON INTU3) T8 1000)

L=u

WHAERD LM = LAKUJA
pel=u(Li)
WiHERE Uil = DELTA

ETA(L)=0.5

E=EXP{—-1.0/L#8)

DU 1L J=141000

INTU1) =303V {09leslanginTALI) )20V U g2 mgtiag i TALI) I TV 3D UestTALY
1))

INTH l):V;)(Z’Go 'LEjA(J) )‘3.U3¢V({:1lo vyOe 75:7?33( RERE EPSIr o) (:‘yz’ayL"LT{’—\(J 1)
1“V(-Z,T’$o,0¢’ LT;\‘J) ,

INTE3)==VP {1 gUaligtTA(I) I F3.UHVP {290 U ETA(J) ) -3..03VP (5500, ETALS))
1+ViP {442 0yETALd))

ETA(JFL) =INT{L)+INTH{2)+ ({3 UFE/LM)F( 1o 02 ) 42 )2 INTL 2 )4 2. O/ (5 UL
1)

IFTASS(ETAIFL)—ETALJ ) ) LT Lo 06)GL TU 2

1 CUNTINUC
Z UGRU=ETA(J+1)
AETURN

END
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REAL FUNCTION ELINT(W,PRI)

NUKIND 5Y GAUSSLIAR

Tt 16 URODIKATES

Kicab K

DUUBLE PRECISIUN X51l+w

DIMENSION X3I(01i6)eW{1s)

DATAIXSI(I) 91=1416)/=5.8940059% 50001y = 949070031~ U1l y—debbbillues
I0=01g= T4 0450540~ 01y =5 17075624440~ 01 39— %»buJ16771!”—Qly“Z,ulb6555
2UBI=01 9= Y e BULZEUSEAU— U2 30 e BU1Z2509B400~00 92 e 3163535 0y il benibi 16777
HT0-0196a i 18782444 05—01 3 1eH0004400840— U1y b. 0203120 40—
431990 89400955000/

WHERE THE X5I{1) = ABS{ISSAS

0] 9 a4 HTHUAS1 0

OA->

DA—4

GATAGWIT ) 9I=1916)/2.7152455410-029 64 2252523940 oF
11.2462@97139—01,1.495959838E~01,1.6915@51»4L—u1 1.ub S341500—01y 1.
268945061 050= 01y Le 8694506105001y La8B260341500-011.6515651940-01 9149
35955898001y 1e246289T130-0155.9158511T0-0c 9000255525940 —0292. 7105724
45941D-02/

WHERE THE W(I) = WeIGHTS

La—5h
DA—4
K=l
XAX=5iN{PHIL)
WHERE X ANG PHI = DUMMY VARIAGLLES OF INTEORATIUNy AND AMAX
15 THE UPPER LIMIY
SUM=0.0
BU 1 M=lyle
X=AMAXR{XSI{MI+L )/ 2.0
Y=S50RT(Le UmKEXFH2) /50K T( 1e U—R%2)
SUM= SUM+Y®W (M)
1 CONTINUL
FLINT=XMAXXLUA/Z.0
R TURN

o



aNaNaRe!

C
STUN*
STUN®

c
STON*
>TUN*

C

LA
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Apal FUNLCTIOHN S(4)

LOCULATIURN OF S/7{B*Ke) FROM BOUATION 19 LY GAUSOIAN nUARATURL

WITH L& GRUINATES

1

KIDAL LMgLMMA

DUUSLE PRELISIUN ASIsW

OIMeRSIUN AS5I116) 416}

DATAIASI{I) 9I=1918) /=5 854 00530 0D~01 9= 5e 440700 310~ Lly—8 hB03 120024
10=0 9 =7e 954044084001y =0. 110762444001y~ %e D0
2UBU=(1 9= 950125008840~ 029%. 5012509841024 2. 516055 =Gle el O6TTH
BTIU=U196. 1787624441~ 019 1904044054001 3805031200411 yDaban{5B0231 0
G—(019 5894004350001/

WHeERE THE XS5I{I) = ARSCLISSAS
DA=H
DA—4%

UDATALEL 1) 91219106 )/2.71524594 110296225352 5359G0— 029951035 1L1080-02,
11e2406289T130-019144559598880-0141.0915651940— 101y ladleU341500~C1ela
25945001050 0U191e0545061050-0U191laB826034150L-1191.6915651940— 119145
3599954880 0191424062897 130—01 9381585117001 96a285 3525540~ Ud 92 T1L504
45941 p-02/

WHERE THe Wll) = WEIGHTS
OA=5
DA—4
LMMAX=4
WHERE LM = LAMBDA, AlD LMMAX 15 THp UPPER LIALT

SUM=( .0

D31 J=l,1%6

LM=LMMaX+#=(XS5I{J)+1.0)/2.0

E=EXP(-1.0/7LM)

Y= {O(LM)ER2)IHEF{ L e 00 )%%G ) /{3 O%FER( (Lo U—320%F )48 U%LME(L 0~F) 347
IO (LM*x{]l.0—-E))*%k2)

SUM=3UM+YE:W{(J)

CUONT INUE

S5=Q, DELMMAXFSUM, Lo .0

RETURN

END
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REAL FUNCTION VIN,XN,C,.0)

INTEGRATIGN Ul (oL )RxNFEXP{A%K) UVER

DIMENSTON XINT(2)
A=XN/ 2
P 5 L=l,y2
IF(L Q1) X=0
Ir{LerGaz ) X=C
FAUTN=1.0

WHeRE FACTN = N FACTURIAL
IFlnedau )bt TU 2
il 1 I=1gN
3=1
FACTN=FACUTN%:G
CUNTINUE
SUM=0 a4
M=N+1
OU 5 K=leM
FALTRK=1.0

THE

WHiRE FACTNK = (N-K+1) FACTORIAL

IF(Ka20aMIGU TU 4
J=hN-K+1

DU 3 I=144d

B=1
FACTNK=Fr AL TNK*x3
CONTINUE

INTERVAL

{Cqy03)

S=({=1e0) 4% (K=1) )= (FACTN® X33 (N=K+1} )/ (F AL TNKRAR5K
IF(KaEQaM)S=((—1av) ¥ {K=1) J% (FAC TN/ AX%K)

SUM=5UM+5

CONTINUE
XINTOL)=5UMSEXPAF{X-1.3))
V==XINT(L)-XINT{(2)

RETURN

END
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RiZAL FUNCTIUN VP{pyAsE)
C
" INTEGRATIUN OF XSy UVER THE INTERVAL (Ag.B)
C

XN=N

VP={ k(41 )—AsxR(N+1) ) /{XK+1.0)

RETURN

END

//7GULSYSIN
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ANALYSIS WITH THE MUDIFLIED OKASE PRUFILE

ALPHA=Z20 .00 Cl= D.0249

ALPHA=25.00 Li= U.0401

ALPHA=ZC. LU Cl= La0640

ALPHA=4 UL GU Cl= C.186%9

ALPHA=DUL 00 Ll= 1.2306

OMPILE TIMi= 1060 HECEXELUTIUN TIHe= S1%e 19 Sttaupdbct Louks= 109464



Appendix D

Comments on Thomas' Modification of the Okabe Solution

Thomas' proposal for the modification of the Okabe approximate
solution for the plane laminar jet appears in equation 15. Along
with including the effect of a fully developed velocity profile at
the nozzle exit, Thoﬁas' analysis includes the effect of pressure
gradient on jet development as well. To this end, he postulates

the following:

_ no-n
T n A
1 9P o o
5 3% = ol l1-e (1D)
where T, = the shear stress at the wall within the rectangular slot
from which the jet issues
= at whichég oes to zero
Mo n ax ©

Thomas continues by asserting that at the origin,

and that

. =2uU
A

(o}

It can be seen from equation 1D that for all n < "o and for all

v

A 0, the pressure gradient is negative.
It is the present author's assertion that equation 1D leads to

conclusions which from intuition are unacceptable. The boundary

layer equation in the x-direction is

86
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Jdu du 1 93P 32u
U t v = - T v
9x y p 9x 8y2

and the equation of continuity is

du , 3v

9x  dy =0.

Integration over half the width of the jet results in

A A A A

2
u du 1 oP 3 u
u dy + v 5y dy = - 5 % dy + v ; 5 dy . (2D)
0 0 0 0°Y
term 1 term 2 term 3 term 4

One should note that A = A(x). Turning attention to term 1, it

is seen that

A A A .
Jdu 1 3 2 1d 2 1 2 dA
Y ox dy = 2 5;~(u ) dy = 2 dx udy - 2 ulx,8) dx
0 0 0
But u(x,A) =0,
A A
Ju _1ld 2
u o dy = 5 dx u dy. (3D)
0 0

Substituting into term 2 of equation 2D,
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A A y
du Ju du
Viay &= Byf x Vo
0 0 0
Integration by parts gives
A - y A A
Ju ou du
v 3y dy = - uj 5% dy + u oz dy
0 L 0 0 0
0
ou
But u(x,A) = 0 and T dy = 0,
Jo
A A
Ju du
v 3y dy = u = dy,
0 0
and from equation 3D,
A A
du 1d 2
v 3y dy = 7 dx u dy . (4D)
0 0
Considering term 4 of equation 2D,
’ 32 Jdu ’
v -—%dy=v oy =0 . (5D)
0 % ' 0

Substitution for terms 1, 2, and 4 of equation 2D yields

A A
2 oP
-— pu dy = - axdy.

0 0
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A
But the momentum J = 2 puzdy and therefore
0 .
A
dJ aP
dx 2 9x dy .
0
Substitution for 9P/3x gives
A 3
4l 2 2uU a - een/nox) dy .
dx 2
0 A

Since no = 1 and since 3P/3x = 0 for n > No?

o
41 _ 4uu _ _.n/ngX 3
& = A (1 ce ) dn

Integration yields,

dJ

4uUn
dx A

°[1—3(x-xe)+%(x-xez)-%(A-AQ)]. (6D)

It can be easily shown from equation 6D that dJ/dx is positive
for all finite A and that only as X - « does dJ/dx = 0. Therefore,
momentum has been shown never to decrease with distance. Thomas'
calculations®* support these assertions: at A = 1.3, jet momentum

has increased by 20% of its value at A = O.

*
Thomas, A. L., "Force and Mass Balances of the Incompressible,
Isothermal, Planar Laminar Jet Issuing From a Finite Source,"
AD 115055, Tables 1 and 2.
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The assertion that Thomas has overly valued the influence of
the pressure gradient may be demonstrated in another manner. It
has been shown previously that one may expect the cosine of the
reattachment angle (equation 2) to approach zero strictly
monotonically as reattachment distance is infinitely increased.
If Thomas' velocity profile is used in the calculation of
reattachment distance, it is seen that indeed,

lim cos y =0,

X >
r

but also that the cos Yy approaches zero much too slowly. This,
of course, results in completely unrealistic values of reattach-
ment distance.

The author hopes that the reader does not detect an air of
self-righteousness in the preceeding comments. The author hardly
can afford -such an attitude, because his alternate proposal for
the velocity profile is vulnerable to criticism as well. For
instance, for values of the parameter X < 0.12, the equation of
continuity is not satisfied. However, since the investigation is
concerned only with jet reattachment to an adjacent plate and
since this corresponds to a range of X of 0.2 -~ 0.9, the author

feels justified in his use of the modified Okabe profile.



AN ANALYSIS OF LAMINAR JET REATTACHMENT :
REATTACHMENT DISTANCE AS A FUNCTION OF REYNOLDS NUMBER
by

Felix Aguilar

Abstract

The problem of laminar jet reattachment to an inclined flat
plate was attacked by the application of the momentum equation at the
reattachment point. The pressure distribution within the separation
bubble was considered in the analysis as well as the initial state
of development of the reattaching jet. The assumption was also
made that reattachment angle was independent of Reynolds number for
a given plate inclination. A general solution was developed in which
reattachment distance was determined to be directly proportional to
Reynolds nqmbet.

The theory correlated moderately well with experiment at a
plate inclination of 30°, but it clearly failed at all other angles
of inclination. It was shown that the initial state of jet

" development had a first order effect on the reattachment phenomenon.
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