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CHAPTER I

INTRODUCTION

1.1 Functional Observations

The purpose of this research is to investigate the use-
fulness of a concept which we call the functional observation
and to relate this concept to a statistical-genetic study of
juvenile avian growth.

A functional observation is a mathematical relationship

between two or more mathematical variables gbserved as a

entity on each individual of a sample. Thus Yi = fi(x) is
a function observed for the ith individual relating the
mathematical variables y and x for this individual.

Examples of functional observations are becoming more
common with the advent of continuously recording devices.
With these devices one or more variables arxe graphically
recorded as tracings and the entities observed are parametric
functions of a time variable. Thus a recording of deflection,
as a function of applied force, for a sample of structural
timbers; individual hysteresis loops for a sample of test
specimens; salt penetration in brine-soaked hams as a func-

tion of time; or the time-dependent temperature change



recorded for individual eggs being warmed from ambient
temperature to incubator temperature are all realizations of
the functional observation type.

A previous study between the Statistics and Poultry
Husbandry departments indicated that an individual chicken's
juvenile growth curve was a unigue characteristic. 1In
Figure 1.1 are data from this study represented graphically.
The data were not collected by a continuously recording
device but by daily weighings  of the individual birds. The
scale of the figure is such that the observations associated
with individual weighings is obscured; however, it is clear
that further refinement of either the weighing procedure or
the time spacing of the observations would not materially
alter the results as indicated in the figure. Thus the
individual curves are graphical representations of continuous
functions of time as a mathematical variable. For each indi-
vidual bird, then, there is a function relating body weight
and time and one can visualize the functions represented as
being a sample from a population of functions, The juvenile
growth curve is thus a concrete example of a functional
observation which should aid in discussion of the general

concept and suggest problems to be solved, characteristics
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Figure 1.1 Body weights of individual birds as a function of
time
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unique to the functional observation, and the uses of such

types of observational information.

1.2 8Specification of Functional Form

These examples indicate the importance of specifying a
family of functions of sufficient generality to adequately
describe the response of each individual in the investigated
population. The specification problem is usually complicated
by "noise" (error) added to the "signal" (functional obser-
vation) due to the measurement device (e.g., continuously
recording instrument) or external sources (usually of minor
relative importance compared to the signal, but often trouble-~
some to effectively eliminate). In the case of the chicken
weight data such sources of error might be ingestion of food
or elimination of waste products.

A reasonable requirement on the family of functions is
that the random nature of the functions should be incorporated
into the functional form. This can be done by requiring the
function to be not only a function of one or more mathematical
variables, but also of one or more random variables. Then,
for an individual "realization" or functional obsexvation,
the random variables in the function each have numeric

realizations and define uniquely and explicitly a mathematical



function of the mathematical variable or variables. If the
functional observation is observed by means of an interrupted
process, (such as daily weighings), or an imperfect recording
device then the realizations of the random variables in the
functional observation can only be observed subject to error
due to the necessary estimation process that reduces the
crude déta to functional observations. Thus a name for the
random variables in the function might be the stochastic
parameters of the function if they must first be estimated
for each individual.

The functional form needed for representing each indi-
vidual must usually be constructed by using the available
information about the particular phenomenon under investiga-
tion. Sometimes this information is in the form of
differential equations and/or conditions that must be met.
Generally the model building procedure is a bit tentative in
that forms are proposed and tested by fitting until it is

felt that the form is adequate for the purposes visualized.

1.3 Properties and Uses of Functional Observations

The formulation of the functional observation as a
mathematical function for each individual suggests that

information describing the individual can be derived from



each observation. Thus, maxima, minima,points of inflection,
definite integrals, and a variety of other descriptive
gquantities can be derived from each function, Further
possibilities are indefinite integrals, derivatives, and
alternative representations which are themselves functional
observations. The usefulness as well as the conditions
necessary for the existence of this derived information will
depend on the particular form assumed and the conditions
under which the functional observations were obserxrved.

Thus it is seen that the appropriateness of the model is of
major importance.

The availability of such derived information is a
property of the functional observation that is of great
importance to the experimenter in that it thus summarizes a
variety of aspects of the relationship being investigated.
This property might even enable subsequent investigators to
use functional cbservations previously generated to examine
aspects of the relationship not considered by the original
investigator. How to derive such information will be shown
in subsequent chapters for the particular functional obser-

vation considered.



The uses of functional observations are dependent upon
the particular field of research and the natural conditions
éf the experiment in which they were obtained. This par-
ticular research represents a formulation and discussion of
chicken growth. The formulation will involve the character-
ization of each individual's growth as a functional observa-
tion, which is a member of a particular parametric family.
Various derived descriptive quantities and dexrived functions
will be discussed and interpreted in terms of chicken growth.
A statistical-genetics study will be presented which treats
each individual's entire growth pattern (functional observa-
tion), as a genetic trait. This discussion will also
illustrate how the previously mentioned derived information
can be used to write the parametric family in terms of
interpretable stochastic parameters. The derived properties
can also be used as univariate measures in genetic research.
The probability structure of a functional observation will
be given and used as a theoretical explanation of various
phenomena, such as the variance among body weights at a
particular age, which are often observed in such experi-

ments.



CHAPTER II

REVIEW OF LITERATURE

2.1 Review of Literature

Wishart (1938) reported a study of the growth of the
bacon pig. In his analysis he suggested that, to each indi-
vidual pig's growth data, a first and second degree poly-
nomial be fitted by least squares. Then he considered the
coefficients of the linear and quadratic terms to be growth
characteristics which were analyzed in place of the observed
age-body weight pairs. He concluded that differences among
lots were concentrated among the linear coefficients which
were analyzed by an analysis of variance. Thus Wishart
recognized that individuals gave distinct responses which
should be taken into account to better analyze the data.

Myers (1960) discussed a part of the general framework
of functional observations relative to chicken growth. His
data were from a sample of Athens-Canadian Randombred
chickens and he showed that an individual's growth curve was
distinct and could be represented by a smooth curve., He
discussed four functions which might be appropriate to gen-
erate individual functional observations. He discussed the

consequences of assuming that each stochastic parameter was
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an element of independent uniform and independent gamma
distributions and found moment estimates of the mean and
variance of Yit conditional on the value of t.

The consideration of individual growth curves as func-
tional observations as entities has received little attention
in the literature. 8Some of the ideas considered in the
development which follow are related to non-stationary con-
tinuous time stochastic processes. The general results
available in this area are of little help in the present
problem however, and it was thought better to reformulate
the problem from first principles in order to allow the most
appropriate specific problems to be more clearly defined.

Consideration of an individual functional observation
of juvenile growth as an inherited trait is believed to be
unique to this paper.

There are many papers pertinent to aspects of this study
which will be cited and discussed in the sections where
their content is relevant.

It is appropriate to recognize that there is a wealth
of information concerning population growth curves, consid-
ered in the usual regression sense. Some of these will be

cited later. There are also many papers dealing with
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physiological processes and growth which include some mathe-~
matical formulations of these processes at the cell level
(Weiss and Kavanau, 1957; Kavanau, 1960; and Kavanau, 1961).

However, these papers are for the most part irrelevant to

this paper.
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CHAPTER III

RESEARCH PLAN

3.1 Introduction

At the initiation of this study it was proposed that a
realistic and appropriate union would be sought between the
statistical formulation of functional observations and the
biological system studied, so that statistical theory could
be checked by experimental results and these results in turn

used to suggest modifications in theory.

3.2 Biological Material and Methods

The work reported by Myers (1960) involved data collected
from a sample of Athens-Canadian Randombred (A-C), (Hess,
1962), chickens. A part of the present study is a continua-
tion of the basic problem which he discussed. Therefore the
animals used in this study were chosen to be chickens of
this stock.

The use of this stock should result in moxre generally
applicable results than might be obtained by using birds
from a selected population, since they are from a broad
genetic base, Further, complete pedigree and health records

were kept for this population.
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Biological experimentation was conducted in co-operation
with the Department of Poultry Husbandry, Virginia Polytechnic
Institute, Blacksburg, Virginia. Actual experimentation was
performed at the V.P.I. Poultry Research Center at Blacksburg,
Virginia.

Eggs from the A-C stock were hatched March 6, 1962. A
sample of 230 chicks representing 42 full-sibships from 10
sires were permanently marked at hatching. Each chick was
identified according to its sire, dam, and chick number
within a sibship.

This group of birds was reared and later maintained tos
(1) Provide a quantity of data which could be used in the
statistical studies; and (2) Make available a parental pool
with known growth histories for future selection expeximents.

The chicks were reared in floor pens throughout. Both
sexes occupied the same pen until the birds were approximately
six weeks old; they were then sexed and placed in adjacent
pens. Both groups were moved from the brooder house to an
adult house when they were twelve weeks of age, where they
remained until sexually mature.

Both groups (sexes) were inoculated against Newcastle

disease when they were two weeks old. Males were dubbed and



- 13 -

debeaked when they were thirteen weeks of age, No diseases
were apparent, and post-morten examinations were made on all
birds that died. Both groups ran out of feed on the 103rd
day, a Sunday, and a noticeable drop in body weight followed.
They apparently recovered from this shock during the next
four to eight days.

An attempt was made to control the environment as much
as possible. The same medium-energy ration (Siegel, 1962)
was fed free choice and each pen was equipped with automatic
watering devices.

Each chick was weighed at hatching and every four days
thereafter. Body weight was measured in grams. Weighing
was performed between 8 and 10 a.m. by an experimental team
of three persons, a band reader, a weigher, and a recorder.
The birds were handled as quietly and quickly as possible.

Weights were recorded on punch cards soon after they
were taken. Each card contained an identification code and

the age of the bird corresponding to that particular weight,
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CHAPTER IV

SPECIFICATION OF THE FUNCTIONAL FORM

4.1 General Development and Evaluation of Parametric

Families

The development of the idea of functional observations
is dependent on the existence of a family of functions whose
elements can be taken to represent the response of indivi-
dual experimental units. Therefore primary interest muét be
devoted to describing the observations as a parametric
family of functions.

The parametric family, 7, dictates the form of the
functional observation. It is a function of p random vari-
ables and g mathematical variables. A functional observation
results when 1 is evaluated for an individual's set of p
random variables. This procedure generates a functional
observation, a random function, for each experimental unit.
The variation among functional observations arises from the
different sets of p random variables.

In some experiments it may be unnecessary to know the
form which 1 takes or the realized values of the p random
variables involved. Such cases might occur when a contin-

uously recording device has plotted the individual's
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response with negligible noise (measurement erxor). Then it
may be possible to use the tracing and an analog electronic
computer to obtain all the information which is pertinent to
the experiment.

Generally the parametric family may be expressed
symbolically as

'Q(_t.) = n(el’el”.”’ep: tlxtz:"';tq) ’
where 1 is a functional form, the 61,62,...,GP are random

variables and t_ ,t.,... ,tq are mathematical variables.

1°72

A particular functional observation for the ith indivi-

dual is then
ni(—t") = n(eil’eiE"“’eip; tl’tz,-ou,tq) .

ni€£), above, represents the response of the ith individual

for given t and @ e 8 that individual's particular

i1’ iz’

set of random variables.

ip’

If an individual’'s set of random variables is not known,
but instead must be determined indirectly, the functional
observation may be written as

Yi(E) = n(eil,eiz,...,Gipg tl,tz,...,tq) + eiE .
Thus a second source of variation among the functional obser-

vationsis allowed due to estimating the values of the p
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random variables, which will be called stochastic parameters.

Our biological data (weights of A~C chickens) fall in this
category. The €iy> considered an additive random measure-
ment error, will be assumed to have the properties,

E(Sit) =0

8(s§t) = g2

—

and serial independence. The serial correlation between
Yi(gj and YiLg‘) is thus assumed to be a part of 7.

Some criteria must be set down to judge whether a par-
ticular parametric family is satisfactory or unsatisfactory.
An important criterion is the attainment of goodness of fit
to the data, since the functional observation is taken to
represent the observed response. The parametric family
should be appropriate in that its form should reflect the
broad aspects of the process. Thus, since growth is a con-
tinuous, monotonic increasing and asymptotic process, the
parametric family should reflect these characterxistics. It
would be desirable for the stochastic parametexrs in the
parametric family to have meaningful biological interpreta-
tions and the parametric family to admit the derivation of
growth characteristics which reflect aspects of the indivi-

dual's performance. The parametric family should involve
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as few stochastic parameters as are necessary to describe
the functional cobservations. Finally the parametric family
must be sufficiently general to generate functional observa-
tions to represent the diverse responses of all individuals
in the wvisualized population.

The remainder of this section will be devoted to a
study of various proposed parametric families. Each
parametric form will be developed and maximum likelihood
functional observations found for several individuals. On
the basis of these results a satisfactory form for the
parametric family will be chosen using the criteria previously
mentioned.

Chicken growth may be considered as a process which is
dependent on age (t) and weight (Yit) at that age. It is
possible that the well known differential equation (Hald,
1952)

dn .
(4.1) 5t =n(n,b)

permits, by suitable choice of form, a solution which might
be used as the parametric family.

If it is assumed that the function (4.1) is separable
into two functions, one involving only 7, the other only t,

then it can be written as
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(4.2) B = (gt
dt ’
which can be separated and integrated, giving
F(n) = G(t) ,

where

an _ _
J E(n) F(n)

and

S g(t)dt = Gg(t) ,

and the constant of integration is absorbed in G(t).

If it is further assumed that growth rate at age t is
proportional to body weight at age t and amount of growth
remaining, £{(n) can be written as

£(n) = n(g-q) ,
where B represents final weight of the animal and the
constant of proportionality is absorbed in g(t). It follows

from (4.2) that

(4.3) n = _._____é.____.
Lea-BGLE)

is a solution, for 0 { 1 { B, which could equivalently be
written as

(4.4) G(t)p =—zn(§§ﬂ> .
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The data collected from the sample of A-C chickens were
used to study the form of G(t). Approximate values of P
were taken from the data and G(t) evaluated. Several sets
of data were studied, and two representative G(t)P are given
in Figﬁre 4,1.

It was apparent from Figure 4.1 that G(t) was an
increasing function of t, negative for small t, becoming
positive in the vicinity of t = 18 (four day units).
Although G(t) differed markedly for different individuals,
its general shape seemed quite stable. Generally the curve
was approximately linear for t greater than 5 or 6 but
dropped off markedly for small values of t.

The general form of G(t) suggests that g(t) in (4.2)
might take the form

g(t) = x/t ,

and {(4.2) can be written as

a
T =t ()

The differential equation now states that growth rate is
directly proportional to weight at age t and remaining
growth, but inversely proportional to t.

Integrating g(t) gives

G(t) =x fnt +C ,
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FIGURE 4.1 BG(t) for two individuals
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and substituting this result (4.3) gives the parametric

family

g

N7 e Plx In t4C)

Defining the stochastic parameters in the form as

p=2p

A = e"C/x

R=xp |,

gives

n(t) =~*‘§‘;t,r .
1+ ()

The functional observation for the ith animal is

P,

1.
(4.5) Y, = AR, & it ° (£2 1) .

i, i
l+(t)

Data collected from the previously discussed sample of
A-C chickens were used to find such functional observations
for various individuals.

Maximum likelihood estimates of the stochastic
parameters for individual functional observations were found
by a modified Newton method for transcendental equations.

The g,, were assumed to be NID(0,c®) and serially independent.

it
































































































































































































