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I. INTRODUCTION 

Most Civil Engineering Structures are built on defonnable rock 

and soil foundations. The defonnable characteristics of the soil 

foundation and the rigidity (or flexibility) of the structure 

mutually interact. That is, the deformation of the structure depends 

upon not only its own rigidity {or flexibility) but also on the 

characteristics of the interacting (soil) medium. 

Closed form solution for some simple problems like a beam on 

linear elastic foundation can be obtained. If the geometry of the 

structure is nonuniform and the foundation medium is nonlinear, the 

analysis becomes complex. Finite difference method can be employed to 

analyze some situations. The finite element method is more versatile 

and can include most of the factots easily. It can include irregular 

geometry of the structure, nonlinearity of the foundation medium and 

arbitrary loadind conditions. 

In this study, a few selected soil-structure interaction 

problems are analyzed by using finite element method. For this 

purpose a computer code called FEM-STFN is used. The finite element 

procedure idealizes the structure as an assemblage of two-dimensional 
plate elements and one-dimensional beam-column elements. The foundation 

is replaced by spring elements. The spring stiffness is represented by 

using Ramberg-Osgood model. 

The problems solved involve beams and plates on elastic 

foundations and pile group with cap. The problems solved include both 

1 
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practical problems and nndel tests. Solutions of these problems by 

different methods are available. These results are compared with 

those obtained by the present analysis and discussed wherever 

possible. 



II. SOIL~STRUCTURE INTERACTION 

2. l Introduction 

Most Civil Engineering structures are built on defonnable soil and 

rock foundations. Footings, rafts and pile foundations are some of the 

structures whi~h interact with soil. The analysis of these structures 

should be done by properly taking into account the 1111tual interaction 

between the structure and the soil. The conventional method of founda-

tion design assumes arbitrary contact pressure distribution under the 

structure. This assumption may not be valid because it does not take into 

account the interaction effect. The interaction effect can be included 

approximately by representing the soil by a set of discrete springs and 

the resulting model is called Winkler's Model [23]. Winkler's Model is 

a better model than the conventional method of analysis. However, in 

Winkler's Model, the soil is represented by discrete independent springs 

which can deform in the one (vertical) direction only. The effect in 

the other (horizontal) direction due to the vertical load, that is, 

Poisson's effect, is not included. The spring constant used in the 

Winkler Model can be found from the coefficient of subgrade reaction of 

the soil. 

An improved model will be the elastic half space model [14]. If 

actual stress-strain relationships of a foundation soil is incorporated 

into the analysis of the half space model using non-linear theory, the 

results can be closer to the actual situation. However, the approach 

can be complex and as a result, the range of problems solved by this 

manner is restricted. Still, the Winkler Model has some merits in 

3 
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solving practical problems in a simple manner. 

2.2 Coefficient of Subgrade Reaction [41,42] 

The coefficient of subgrade reaction of soil, Es' is defined as the 

ratio of soil resistance, q, to the deflection w required to develop the 

resistance at a certain point. Thus 

where 

Es is in kN/m2/m 

q is the pressure on the footing in kN/m2, and 

w is the deflection at the point in meters. 

2. 1 

The coefficient of subgrade reaction can be evaluated from plate load 

tests. Its value depends upon the soil properties, the size and the shape 

of the plate used for the tests [41]. For preliminary designs, the range 

of values of Es given by Terzaghi [41] as shown in Table 2.1 can be used. 

When the Winkler Model is used to simulate non-linear soil behavior in 

analyzing problems of laterally loaded piles and other structures, the 

tangent spring modulus, Et' of the soil can be simulated from resistance-

deflection curves [14,35,36,37,38]. 

2.3 Resistance Deflection Curves 
The curves showing the soil resistance-deflection relationship (at 

different depths} are called p-y curves. Different methods are available 

to obtain these curves [14,32,35,36,37,38]. A general family of p-y 

curves is shown in Figure 2.1. The curves imply that the soil re-

sistance depends upon the depth. Figure 2.2 shows the soil modulus at 
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TABLE 2.1 

VALUES OF COEFFICIENT OF SUBGRADE REACTION Es' IN 
Kips/Cu. Ft., ON 1 Ft. x 1 Ft. SQUARE PLATE [41] 

Sandy Soil 

Dry or Moist Sand, Limiting 
Values 

Proposed Values 

Submerged Sand, Proposed 

Clayey Soil 

qu in Kips/Sq. ft. 

Range of Values 

Proposed Values 

1 Kip/Cu. Ft. = 157.2 kN/m3 

1 Ft. = 0.305 m 

Relative Density of Sand 

Loose Medium 

40-120 120-600 

80 260 

50 160 

Consistency of Clay 

Stiff Very Stiff 

2-4 4-8 

100-200 200-400 

150 300 

• 

Dense 

600-2,000 

1,000 

600 

Hard 

8 

400 

600 
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any point xi beneath the ground surface is a function of the load on the 

pile and the deflection of the pile and increases linearlly with depth 

[35]. The slope of a p-y curve at a point gives the tangent modulus Et. 

Some empirical methods are available to construct p-y curves for 

different soil types [14,37,38]. These methods depend on the pile 

dimensions and the soil parameters c, + and y, where c is cohesion of 

the soil in kN/m2, +is the angle of internal friction and y is the 

density of the soil. 

It should be noted that the p-y curves are not an inherent property 

of the soil but a family of fitting functions to correlate the pile 

deflection and soil properties at different depths. In this study, a 

modified form [17] of the Ramberg-Osgood model [31] is used to represent 

these p-y curves. A discussion of this model is given later in Chapter 

III. 

2.4 Beams on Elastic Foundations 

is 

where 

The governing differential equation for a beam on elastic foundation 

4 
EI 3 + EtY = 0 

dx 

E = modulus of elasticity 

I = moment of inertia 

y = lateral movement 

x = length of beam 

Et = soil modulus 

2.2 
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Closed-form solutions of various problems of beams on elastic founda-

tions were obtained by Hetenyi [23]. · 

Cheung and Nag [9] used the finite element method to study the 

distribution of stresses in a beam on elastic foundation as well as the 

vertical and horizontal contact pressure developed at the interface 

between the beam and the foundation. In this method, the beam stiffness 

matrix was obtained by the direct stiffness method and the foundation 

stiffness matrix was obtained by inverting the flexibility matrix of the 

foundation obtained from the equation of displacements of an isotropic 

half-space [9,14]. The overall stiffness matrix of the foundation-structure 

system is obtained by combining the two stiffness matrices. There are 

three degrees of freedom at each node along the beam (u,w,ex) and only 

two degrees of freedom at each node for the foundation (u,w) along the 

line of interaction of the beam and the foundation. It is evident that 

the force components, the displacement components and the stiffness 

matrices for the beam and the foundation are not identical and a trans-

formation must be carried out before combining them. As it is sometimes 

observed, an uplift may occur in flexible beams due" to the presence of 

central loads which result in the presence of tensile contact pressure. 

However, most foundation materials cannot carry tension and tend to 

separate from the overlying structure. Cheung and Nag developed an 
iterative procedure to eliminate any tensile forces that may occur due 

to loss of contact between the structure and the foundation. In this 

method, whenever a tensile contact pressure is present at a certain 

node, the rows and colunms in the foundation flexibility matrix cor-
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responding to that node are made equal to zero and the new stiffness 

matrix is obtained. : The procedure is repeated until no tensile contact 

pressure occurs. However, this procedure may not be strictly correct. 

It will be more correct to redistribute the negative pressure by an itera-

tive procedure without elimination.of soil stiffness. The procedure of 

-,. redistributing negative pressures to compression zones is used in this 

study and is explained later in Chapter III. 

Haddadin [22] used the finite element procedure developed by Cheung 

and Nag and solved a beam on elastic half space. He compared numerical 

predictions with results obtained from a photoelastic study of a beam in 

the laboratory. 

2. 5 La tera 11 y Loaded Pjl es 

The beam on elastic foundation theory can be used to analyze laterally 

loaded piles. The lateral loads are applied at the top of the pile. The 

spring constants representing the soil stiffness vary with depth depending 

upon the nature of the soil. 

A generalized closed-form solution of Eq. 2 .. 2 for laterally loaded 

piles have been presented by Matlock and Reese [29]. In this method, the 

solution is expressed as a combination of exponential and trigonometric 

functions [14] and the final equation for displacement is 

P T3 M T2 
. t t 2 3 y = Er Ay + ~ By • 

where y is the deflection, Pt and Mt are the applied lateral load and 

moment respectively. T is the stiffness factor defined as 



where 
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T = (EI/S0)l/S 

E = modulus of elasticity of the pile 

I = moment of inertia of the pile 

s0 = Et/x, and 

x = depth 

2.4 

AY and BY are dimensionless coefficients that are dependent on the pa-

rameters z = x/T and T. The slope, moment and soil reaction can then 

be obtained by successive differentiation of Eq. 2.3. The results are 

given in chart form in reference [29]. 

The analytical approach becomes highly complex when the pile 

properties are irregular, that is E, I and diameter d, change, and the 

soil properties are nonlinear. The finite difference method is often 

used to solve laterally loaded pile problems including arbitrary variation 

of pile geometry and nonlinear behavior of soil. Reese [34] presented a 

procedure based on the finite difference method where p-y curves were 

used to describe the nonlinear behavior of the soil. However, it is not 

possible to include the effect of loading. and soil stiffness in all the 

three·directions. The finite element method can easily take into account 

most of these factors [14]. 

2.6 Plates on Elastic Foundations 

The governing differential equation for plates on elastic founda-

tions is [44] 



where 

12 

w = deflection 

Es = coefficient of subgrade reaction 
Eh3 

D = 2 
12(1-v ) 

E = modulus of elasticity of plate 

h = thickness 

"' = Poisson's ratio of the material of the plate 

q = load per unit area on the plate 

2.5 

A closed-form solution for an infinitely extended circular plate on 

elastic foundation carrying a concentrated load at the center is available 

[44]. However, the problem becomes highly complex for rectangular or 

square plates on elastic foundation and the analytical procedure is very 

cumbersome. 

The finite difference method can be used for solving Eq. 2.5. How-

ever, this method can be quite cumbersome for plates with arbitrary change 

in thickness and shape and nonlinear soil behavior. 

The finite element method for the solution of plates on elastic 

foundations have received.great attention because it is easy to account 

for discontinuities and irregularities in the shape of the plate, dif-

ferent loading conditions and nonlinear behavior of soil. Severn [40] 

attempted the solution of a plate on a Winkler foundation and added a 

spring coupling action to s1111.1late shear resistance in the finite element 

formulation. 
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Cheung and Nag (9] used a rectangular plate element to study the 

contact pressure under a plate on elastic half-space. In this method, 

the flexibility matrix of the soil was obtained from. the deflection 

equations given by Boussinesq and Cerrutti [9,14]. The stiffness matrix 

of the soil was obtained by inverting the flexibility matrix. Then the 

stiffness matrix of the foundation was combined with that of the plate 

to obtain the system stiffness matrix. They also investigated the effects 

on the contact pressure due to loss of contact between plate and founda-

tion by eliminating all soil stiffness at nodes where uplift occurs. 

Haddadin [21] developed a program to find the contact pressure for a 

plate on a Winkler foundation by method of substructure. This method 

takes into consideration the contribution of the superstructure to the 

plate stiffness matrix. He used the same iterative method of Cheung and 

Nag to eliminate ~he soil stiffness where tensile forces are developed. 

However, this approach is not strictly correct because the stiffness 

of the soil is arbitrarily eliminated where tensile pressures occur. A 

more correct approach will be an iterative procedure by which the 

negative pressures are redistributed into the system. This approach 

is adopted in this study and explained later in Chapter III. 

2.7 Pile Groups 
Hrennikoff [25] presented a method using matrix analysis to find the 

load distribution in a pile group involving non-parallel piles where 

both horizontal and vertical resistance of piles are considered. The 

problem he presented is two dimensional. Aschenbrenner [2] extended the 

method to a three-dimensional system with the piles assumed hinged to 
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the pile cap. 

Reese, O'Neill and Smith [39] presented a method similar to that 

of Aschenbrenner. In this method, it 1s assumed that the piles are 

connected to a rigid pile cap. The connection is assumed to be rigid. 

The internal nodal force vector and nodal displacement vector of each 

pile are transfonned into an external nodal force vector and a nodal 

displacement vector respectively by the following relations: 

where 

[Ai]{Fi} = {f(i)} 

[Ai]T{X} = {6i} 

[Ai] = transformation matrix for pile i 

{Fi} = internal force vector at node i 

{f(i)} =external force vector at node i 

{X} =structure displacement.vector, and 

{6i} = joint displacement vector at pile i 

2.6 

2.7 

The pile-head stiffness matrix [Si] for each pile is defined as 

Al 0 0 0 0 0 

0 Bo 0 0 0 c 
0 0 Bl 0 -c 0 

[S.] = 2.8 
l 0 0 0 G 0 0 

0 0 -D 0 Fo 0 

0 D 0 0 0 Fl 

where 
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A1 = compression constant equal to AE/L or 2AE/L depending 

on type of soil 

B0 ,e1 = ~L; slope of the applied lateral-pile force vs. 

deflection 

G = torsion constant of the pile 

C = Ph/e; the slope of pile-head force Ph necessary to restrain 

translation when the correspdonding moments are applied. 

D = ~h; slope of induced pile-end moment vs. deflection, and 

F0 ,F1 = :; slope of pile-head rotation e in radians vs. moment. 

The total structure stiffness matrix R is defined by 

N 
[R] = t [Ai][Si][Ai]T 

i=l 

where N is the total number of piles in a group. 

2.9 

The footing displacement vector {X} is obtained from Eq. 2.10 

below 

{F} = [R]{X} 

{X} = [R]-l{F} 
2.lOa 

2.lOb 

where {F} is the external force vector that is applied on the footing. 

Since {X} is known, substitution into Eq. 2.7 yields the displace-

ment vector for each joint. The pile-head reactions at each joint are 

obtained from Eq. 2.6. 

It should be noted that the stiffness matrix of the structure is a 

6 x 6 matrix obtained by su11111ing up the contribution of the stiffnesses 

of individual piles. The pile cap is assumed to be infinitely rigid and 

the modulus of subgrade reaction of the soil is assumed to be constant. 
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A computer program using this method is given by Bowles [6] and used in 

this study to compare the results of some.of the problems in Chapter IV. 

The advantages of using the finite element analysis 1s that the 

plates and beams with different properties. along their sections can be 

modelled and the nonlinear soil behavior can be readily introduced in 

the program. The presence of various boundary conditions as well as 

notches and irregularities in plates can be easily accounted for without 

much difficulty. Also, the elimination of tensile forces that develop 

when an uplift occurs can be handled by redistributing these forces to 

compressive areas via a simple stress transfer iteration scheme. It is 

also quite easy to change the rigidity of the beams and plates as well 

as the soil modulus to study the effect of these properties on the 

general behavior of the soil-structure interaction problem. 



III. THE FINITE ELEMENT MODEL 

3.1 Introduction 

The finite element method is a numerical technique to solve boundary 

value problems by approximating a continuum as an assemblage of discrete 

elements. Different types of elements are used to discretize a body such 

as three-dimensional brick or tetrahedral elements, two-dimensional 

quadrilateral or triangular. elements or one-dimensional beam-column 

elements [11,13,14,26,47]. In this study, some problems on beams and 

plates on elastic foundations, and pile groups are analyzed by using the 

finite element method. One-dimensional beam-column elements and two-

dimensional rectangular plate elements are used to represent the struc-

ture. The supporting soil medium is represented by springs whose stiff-

ness depends upon the type of soil and depth of embedment. Details of 

the finite element method are found in many books [11,13,14,26,47]; here, 

only the salient features of the formulation of the beam-column element 

and the rectangular plate element are given. 

3.2 Beam-Column Element 

A two node one-dimensional beam column element is shown in Figure 

3. la. Each nodal point can have six degrees of freedom, three transla-

tional u, v and w; and three rotational ex, ey and ez. The element is 
subjected to transverse loads in the x- and y- directions, Figures 

3.lc and 3.ld and axial load in the z-direction, Figure 3.lb. 

For small strains and small axial loads compared to transverse 

loads, one can consider the effects of the two to be uncoupled and the 

17 
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FIG. 3.la GENERAL ELEMENT 
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FIG. 3.lb AXIAL LOAD 
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FIG. 3.ld BENDING IN THE 
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FIG. 3.1 GENERAL BEAM-COLUMN ELEMENT 

(From Reference 11 ) 
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total effect on the system can be obtained by superimposing the effects 

of both. The transverse and axial displacements in the element can be 

expressed by 

{u} = [Nb]{qbx} 3. la 

{v} = [Nb]{qby} 3. lb 

{w} = [Na]{qa} 3. le 

where 

{qbx}T = [u, 8xl u2 8x2] 3.2a 

{qby}T = [vl eyl V2 ey2] 3.2b 

{qa}T = [wl 8wl w2 8w2] 3.2c 

[Nb] and [Na] are the matrices of interpolation functions corresponding 

to the bending and axial modes respectively. Here [Nb] are the cubic 

Hermitian functions given by 

and [Na] are linear functions given by 

[Na] = [1-s, 1-s, s, s] 3.3b 

wheres is the local coordinate= z/1, z = z - z1, z =coordinate along 

the element axis, z1 = coordinate of node l and 1 = length of the element. 

In matrix form, and by superimposing the effects of both transverse 

and axial loads, Eq. 3.1 can be presented as 
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u [Nb] 0 0 {qbx} 

v = [Nb] 0 {qby} 

w synm [Na] {qa } 

The total potential energy of an elastic body is defined as 

[12,13,24]. 

where 

'II' = u + w p p 

np is the total potentail energy of the system 

U is the strain energy due to deformation, and 

WP is the potential energy of the applied loads. 

3. l 

3.4 

For a beam-column element, the potential energy functional used to 

derive the element equations is [11,13,15] 

l 1 
n = t I (1){EI (u")2 +EI (v")2lds +At I E(w 1

)
2ds 

0 2 x y 0 

l l 
+ t J GI2(w")2ds - A I (iu+yv+zw)ds 

0 0 

1 - m 
-t I (T u+T v+T w)ds - E p1.nu1• 0 x y z i=l h 

3.5 

where t = length of the element, E =Young's Modulus, G = shear modulus, 

Ix,Iy = the moments of inertia of the beam in x and y directions, Iz = 
polar moment of inertia, A = cross-sectional area, i, y, z = body forces 

and Tx, TY and_Tz =the surface traction forces in x, y and z directions 

respectively, Pit= the concentrated force at node i, ui =displacements 
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at corresponding nodes (=u,v,w), and m =total number of degrees of 

freedom where P; 1 is applied. The overbar denotes prescribed quantity. 

The variational method used for the formulation of the element stiffness 

matrix is based on the principle of minin11m potential energy [13]. 

Taking variation of the potential energy ~P with respect to the twelve 

degrees of freedom {qi}' we obtain 

a~P/a{q;l = o 
which leads to the equilibrium equation 

[k]{q} = {Q} 

where [k] = element stiffness matrix given by 

ax[kx] [O] [O] 

[k] = [O] ay[ky] [O] 

[O] [O] [I),] 

Elx -~ ax =3; a - 3 
R, y 1 

12 61 -12 

4i -61 
[k ] = [k ] = x y 12 

S.Y11111 

3.6 

3.7 

3.8a 

61 

2l 

-61 3.Bb 

412 



[k ] = w 

22 

AE 
L 

synm 

0 -AE 
R. 

0 

AE 
R. 

3.8c 

0 

{q} is the nodal displacement vector and {Q} is the nodal force vector 

given by 

3.9 

The bending moments in the x and y directions are obtained from the 

following relations 

The shear forces in the x and y directions are obtained from the 

following relations 

3 
V = EI £!...H. = EI [12 6R. -12 
x x dz3 ~ 

3 
"I = El d v = EI [12 6R. -12 
Y · Y dz3 ~ 

3.3 Plate Bending Element 

3. lOa 

3. lOb 

3. lla 

3.llb 

Using classical plate theory, Bogner, Fox and Sc.hmit [4] generated 

separately the element equations for the flexural and membrane displace-
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ments of a flat rectangular plate element and then superimposed them to 

obtain the total element equations. This element is shown in Figure 3.2 

in local and global coordinates. A right handed cartesian system is used 

where both the global and local coordinate systems are parallel to each 

other and hence no transfonnation is required. The plate element developed 

has four nodes with six degree of freedom {u,v,w,ex,ey,ez) at each ~ode. 

Bogner, Fox, and Schmit represented the displacement modes as the 

product of one-dimensional Hermite interpolation formulas. These 

polynomials are known as osculatory polynomials and their advantage lies 

in that the displacement modes along the edge depends upon the values at 

the corners. This means that geometric compatibility between two 

elements is achieved when only the displacement modes at the corners of 

two adjacent elements are equal. The polynomials are defined as 

3.12 

where N is the number of derivatives that the set can interpolate and s is 

the arguement of the polynomial. 

The formulation of the element equation is carried out in the first 

quadrant, Figure 3.3, and the local coordinates are expressed as 

s = x/a 

t = y/b 

where a and b are the sides of the rectangular plate. 

3.13a 

3.13b 

For membrane displacements, the one-dimensional Hermite functions in 

the x-direction are expressed as 
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z 

(2,2) 

FIG. 3 .2 PLATE ELEMENT IN LOCAL AND GLOBAL COORDINATES 
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y,t 

(1,2) 1----------------, (2,2) 

c b 

a ~ x,s 
'-------------------------------~, (l, l) (2, l) 

FIG. 3.3 FLAT RECTANGULAR PLATE ELEMENT * 

* Arrow Indicates Sequence of Nodal Input 
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Ha~)(x) = l - s 

Ha~) (x) = s 

3. 14a 

3. 14b 

For bending displacements, the one-dimensional Hermite functions in 

the x-direction are expressed as 

Ha~)(x) = 2s3 - 3s2 + 1 

Ha~)(x) = s2(3-2s) 

H~~)(x) = as(s-1) 2 

H~~)(x) = as2(s-l) 

3. l Sa 

3.lSb 

3.lSc 

3.lSd 

By replacing x by y ands by tin Eqs. 3.14 and 3.15, expressions, for 

Ha~)(y), Ha~)(y), Ha~)(y), Ha~)(y), Ht~)(y), and H~~)(y) are obtained. 

The membrane displacements uij and vij as expressed in terms of 

the Hermitian functions are 

2 2 
u(x,y) = r r Ha9)(x)Ha9)(y)u .. 

i=l j=l 1 J lJ 
3. l 6a 

2 2 
v(x,y) = r r Ha9)(x)Ha9)(y)v .. 

i=l j=l 1 . J lJ 
3.16b 

where the subscripts 11, 12, 22 and 21 indicate nodes 1, 2, 3 and 4 

respectively. Eq. 3.16 can be expressed as 

3. 17 
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where 

The bending displacements wij as expressed in tenns of the Hennitian 

functions are 

3.19 

where wij' wxij' wyij and wxyij are wij' exij' eyij and exyij respectively. 
Eq. 3. 19 can be expressed as 

wb = [Nb](lxl6) · {qb}(16xl) 3.20 

where 

{qb}T = [wl 6xl eyl 6xyl w2 6x2 ey2 6xy2 

W3 6x3 ey3 6xy3 W4 6x4 ey4 6xy4] 3.21 

The strain-displacement relationship for membrane deflections and 

bending deflections are given by Eqs. 3.21 and 3.22 respectively. 



where 

28 

au/ax Nmx 
{e:m} = av/ay = Nmy . {q } = [Bm](3x8} · {qm}(8xl} m 

2.!! + ~ Nmx + Nmy ay ax 
3. 21 

a2w/ax2 
Nbx 

{e:b} = a2w/ay2 = Nby = [Bb](3xl6} · {qb}(l6xl} 

2a2w/ax·ay 2Nbxy 

3.22 

The total potential energy of an element is expressed as 

~P = total potential energy 

~m = potential energy due to membrane effects 

~b = potential energy due to bending effects 

3.23 

The potential energy terms due to membrane and bending effects are 

given in Eqs. 3.24 and 3.25 respectively. 

3.24 

3.25 

where Um and Ub are the strain energy terms due to membrane and bending 

effects respectively, and Wm and Wb are the potential energy terms of 

the external forces in the axial and transverse directions respectively. 
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For a linear elastic body, the strain energy due to membrane effects 

is [11,13] 

3.26 

where 

1 " 0 

C = _E_ 
m l-v2 " 1 0 3.27 

0 0 1-v 
2 

E = modulus of elasticity 

v = Poisson's ratio 

Similarly, the strain energy due to bending effects is defined as 

[24] 

3.28 

where 

3.29 

h = thickness of the plate 

The potential of the external forces is given by 

3.30 

where 



{u}T = [u v w] are displacements in the x, y and z 

direction 

{X}T = [x y z] are prescribed body forces in the 

x, y and z directions 

{T}T = [Tx TY Tz] are surface traction forces in the 

x, y and z direction 

v = volume of the element, and 

s1 = surface on which tractions are specified. 

Substituting Eqs. 3.21, 3.26 and 3.30 into Eq. 3.24 and applying 

the principle of minimum potential energy by taking the partial deriva-

tive with respect to the eight degrees of freedom (uij' v1j) we obtain 

3.3la 

3.3lb 

which leads to the equilibrium equations 

3.32 

where [km] is the membrane stiffness matrix (Table 3.1), {qm} is the 

membrane displacement vector, and {Qm} is the membrane load vector 

(Table 3.2) whose elements are arranged according to Eq. 3.18. 

Substituting Eqs. 3.22, 3.28 and 3.30 into Eq. 3.25, and applying 

the principle of minimum potential energy by taking the partial deriva-

tive of the potential energy due to bending effects with respect to the 

sixteen degrees of freedom (wij' wxij' wyij' wxyij)' we obtain the 

following relations 
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MEMBRANE STIFFNESS MATRIX 
From Reference 4) 

Constants Used in the Membrane Stiffness Matrix 

a, = I ..!t ... Cl-vi ...2... 6 a 12 b 
I b (I -11 ) a az = 6 a 6 b 
I b + 

(, _., ) a a, =-3 -a 12 b 

I +If a4 = 8 
I - 3v 

as = 8 
I a + (l-11) b 

as =- - -6 b 12 a 
I a (1-11 ) b 

a1 =- --6 b 6 a 
I JL + (l-11) b a =- 12 a 3 b a 

MEMBRANE STIFFNESS MATRIX 

2a1 

a4 2a 6 
Symmetria 

Q2 -a, 2a1 

Eh a, aa -a,. 2a6 2 ( 1-v ) -a, -a .. a3 -a, 2a 1 

-a4 -aG a~ a1 a .. 2a 6 

a3 a, -a. a .. a2 -a5 2a 1 
-a, a1 a .. - a, a5 QB -a4 2a 6 

l 
i 
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a'll'b/aw .. = o lJ 

ihrb/aw .. = 0 X1J 

o'll'b/awyij = o 

airb/awxyij = a 
which leads to the equilibrium equation 

3.33a 

3.33b 

3.33c 

3.33d 

where [kb] is the bending stiffness matrix, {qb} is the bending displace-

ment vector, and {Qb} is the bending load vector {Table 3.3) whose elements 

are arranged according to Eq. 3.21. The elements of [kb] are given by 

this formula 

kb,. J. = D [ p ) (~) 2 + ~ ~ ) (!.) 2 + p) ab y1J a y1J b y1J 

+ y{~)v] aAij bµij 
1J 

where the values of y1~J~), A·· andµ .. are given in Table 3.4. 
1J 1J 

The equilibrium equations for any element e are given by 

[[k:] 
[k:J. 

{qm} {Qm} 

.I = 
{qb} {Qb} 

e 

3.34 

3.35 

The moments that occur in the plate element due to transverse loading 

are obtained from the following moment curvature equations 

3.36a 

. •. 
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where the subscripts indicate derivatives. 

The shearing forces could be obtained as follows: 

2 2 
Q = 0 .L (.!..!!. + a w) 
x ax ax2 ay2 

3.4 System Assembly, Addition of Constraints and Method of 

Solution 

3.36b 

3.36c 

3.37a 

3.37b 

The assemblage of element equations to form the global stiffness matrix 

and load vector is done by the direct stiffness method [11,13,24,26,47]. 

Since the equations for the beam-column elements are expressed in a local 

coordinate system specific to each element, it is important to transform 

all element equations to a unique global coordinate system. In this study 

the local and global systems for plate elements are assumed to be parallel 

and hence no transformation is required, Figure 3.2. 

To formulate the global system equations, two null matrices [K](n,n) 

and {r}(n,l) are established that represent the stiffness matrix and load 

vector respectively. Then each element equation is transformed to global 

coordinates and its stiffness and load coefficients are added to the 

appropriate location in [K] and {r}. Thus the global system equation 

that represents the discretized structure can be expressed as 



where 

[K]{nxn) • {r}(nxl) = {R}(nxl) 

n = number of degrees of freedom of the system 

[K] = system global stiffness matrix 

{r} = displacement vector 

{R} = nodal force vector 

3.38 

In both the beam-column element and plate element, each nodal point 

has six degrees of freedom. However, in the computer code developed in 

this study [16,28], the beam-column element has six degrees of freedom at 

each node while the plate element has only five since it is assumed that 

there is no twist in the plate thus eliminating exy at each node. To 

preserve compatibility at the nodal points where a beam column element and 

a plate element are connected, the equlibrium equations are developed with 

six degrees of freedom at each point. In the stiffness matrix, the formu-

lation will give zero values for the rows and columns corresponding to 

every exy where the node of a plate element is not connected to a beam-

column element. The stiffness matrix [K] will be singular even after the 

boundary conditions are introduced. This is overcome by augmenting the 

diagonal terms in [K] by the value 1 wherever the value zero is 

encountered. 

The matrix [K] is square and singular and hence should be modified 

so that Eq. 3.38 could be solved for the unknown displacements in {r}. 

To render [K] non-singular, boundary conditions are imposed on the 

structure in the form of prescribed joint displacements or spring stiff-



39 

ness. For problems of beams and plates on elastic foundations, the soil 

stiffness at a certain node is added directly to the corresponding 

diagonal term in [K]. For prescribed displacements, both [K] and {Q} 

are modified. The new equilibrium equations of the system are now repre-

sented as 

[K]{r} = {R} 3.39 

To find the displacements {r}, the method of decomposition using 

Gaussian elimination is utilized [13]. 

3.5 Simulation of Soil Behavior 

The concept of beams and plates on a bed of springs (Winkler 

Foundation) is used in this study where the soil reaction at any point 

is obtained by multiplying the nodal displacement at that point by the 

corresponding spring constant. 

As indicated in Chapter II, the soil reaction is not linear and 

for deep foundations families of p-y curves at different depths can be 

constructed [34,35]. Neglecting torsional effects, the soil resistance 

at every node is represented by 3 translational and 2 rotational springs 

whose contribution to the formulation of the stiffness matrix is ac-

counted for by the addition of the spring stiffness to the appropriate 

diagonal location in the global stiffness matrix. 

The mathemtaical model used to present the p-y curves in this study 

is the Ramberg-Osgood model [17,31]. This model is shown in Figure 

3.4 and is expressed as 



where 

40 

Et = tangential modulus 

Eti = initial modulus 

Etf = final modulus 

Pu =ultimate soil resistance 

y = lateral deflection 

m = an exponent defining the shape of the curve. 

3.5.l Load Increment Method 

3.40 

The nonlinear analysis is done by load increment method [13]. In 

this method, the nonlinearity is treated as piecewise linear. The loads 

are applied in steps and the properties are updated at the end of each 

step. The method adopted in FEM-STFN is outlined in the following steps: 

l. The load is divided into several increments (which need 

not be equal). 

2. The first increment is applied assuming the initial soil 

modulus Eti for the soil. The corresponding displacements 

at various points of the structure are obtained. 

3. Corresponding to the above displacements, the new soil 

moduli are computed using Ramberg-Osgood model (Eq. 3.40). 

4. The next load increment is applied and the displacements 

are obtained. 

5. These displacements are accumulated to the previous 
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displacements obtained for the previous load increment 

(Step 2). 

6. Steps 3, 4 and 5 are repeated until all the load 

increments are applied. 

By using Ramberg-Osgood model it is possible to include an unloading 

modulus. When the total load at any increment is less than the previous 

increment, then unloading soil modulus Et1 (Figure 3.4) can be used. 

However, this is not used in the program FEM-STFN. 

3.6 Stress Transfer 

In some cases where flexible beams and plates on elastic foundations 

are considered, it is often observed depending upon loading and geometry 

of beam or plate, some uplift at the edges of the structure may occur. 

In this finite element formulation, because the reaction at any nodal 

point at the soil-structure interface is the product of the soil spring 

and the displacement at that point, this will lead to the presence of 

tension zones at all nodes where uplift occurs. Since soil usually does 

not take tension, an iterative stress transfer scheme is incorporated in 

the solution process whereby all loads carried by the soil in tensile 

zones are redistributed into the adjacent zones. The process for 

simulating loss of contact and stress transfer is outlined in the fol-

lowing steps: 

1. Perform solution as outlined in the previous sections 

and obtain the displacement vector. 

2. Check nodal displacements that will produce tensile 

stresses at the soil-structure interface. If each 
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of these nodal displacements is smaller than an allowable 

prescribed displacement e where eis a small number, then 

stop. Otherwise proceed to the next step. 

3. At every node at the soil-structure interface where an 

upward lift occurs, apply an equal and opposite com-

pressive force which is the porduct of the displace-

ment at that node and the spring constant corresponding 

to that displacement obtained from the Ramberg-Osgood 

model. 

4. Apply the new force vector to the system equation and 

obtain the new displacements. The total system displace-

ment vector is the sum of the displacement vectors at 

steps l and 4. 

5. Repeat steps 2 to 5 until convergence. Convergence is 

satisfied here if the nodal displacement is smaller than 

an allowable prescribed e where e is a small number, or 

the difference in the arithmetic means of the displace• 

ments of any two successive iterations is also smaller 

than e. 

A schematic example of this method is shown in Figure 3.5 where the 

edges of a flexible beam experience an uplift due to a concentrated load 

at the middle. 
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IV. APPLICATIONS 

The computer code developed for this study is utilized to solve a 

number of soil-structure interaction problems. These problems are: 

1. Beams on elastic foundation, 

2. Plate on elastic foundation, 

3. Building frame and foundation, and 

4. Pile group including cap. 

Some of the problems chosen are practical problems. Field or 

laboratory studies on these problems are available in the literature. The 

problems are solved and the results compared with the available solutions. 

In some of the problems, parametric studies are conducted to bring out the 

effects of various parameters involved in the problem. 

Problem IV.l A cantilever beam on linear elastic foundations, 

Figure 4.1 is analyzed. The beam and foundation are assumed to have 

the following properties: 

Length (L) 

Cross-sectional area 

Width (b); square 

Ixx=Iyy 
E 

f y 

Et (soil modulus) 

= 100 cm 

= 100 cm2 

= 0.5 cm 

= 1000 cm4 

= 2.07 x l07kN/m2 

= 98.l kN/cm 

= 2.07 x 103 kN/m2 

The finite element mesh of the beam consisted of 15 elements and 16 

nodes. The left hand end, A (Figure 4. 1) of the beam is fixed. Typical 

comparisons between the finite element solution and the closed fonn 
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solution [23] are given below for the moment and reaction at point A and 

the displacement at point B (Figure 4.1). 

Finite Element 

Closed Fonn 

Displacement at 
Point B (cm) 

0.4433 

0.4427 

Moment at 
Point A {kg-cm) 

-37144 

-36916 

Reaction at 
Point A (kg) 

787 

819 

The results show that the agreement between the two methods is good. 

Problem IV.2 A photoelastic study of a laboratory model of a beam on 

elastic foundation, Figure 4.2, was performed by Durelli, Park, Mok and 

Lee [18]. The beam was subjected to a central load of 140 N. The beam 

material was CR-39 and the foundation material was Hysol 4485. The di-

mensions of the beam and its properties are as follows: 

Length 

Cross-sectional area 

Width 

Height 

Ixx=Iyy 
E 

\) 

= 30.48 cm 

= l.6129 

= 1.27 cm 

= l.27 cm 

= 0.2168 cm4 

= 2,222,800 kN/m2 

= 0.42 

The dimensions of the foundation and its properties are as follows: 

Length = 30.48 cm 

Height = 30.48 cm 

Width = 1.27 cm 

Ef = 3622.5 kN/m2 

\) = 0.47 
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Haddadin [22] analyzed the same beam by the finite element method 

and compared the results with those obtained from the phtoelastic study. 

He treated the beam-element stiffness matrix as a [4x4] matrix with two 

degrees of freedom (w,ex) at each node, and the foundation as an iso-

tropic half-plane. The flexibility matrix of the foundation was 

formulated and then inverted to obtain the foundation stiffness matrix. 

The total stiffness matrix of the system is obtained by superimposing the 

stiffness matrices of the beam and the foundation. 

By matching bending moments under the point load obtained from the 

solution of beam on elastic half-space and beam on a Winkler foundation 

[23], Durelli, Park, Mok and Lee derived a formula to compute equivalent 

spring modulus value Et from the foundation Young's modulus Ef. This 

relation is 

Et = 0. 71 4. 1 

Et was found to be equal to 276 kN/m2• 

For the finite element solution by FEM-STFN, the beam was discretized 

into 12 elements and linear soil springs were used to represent the 

foundation. The contact pressure and bending moment distribution under 

the beam obtained by FEM-STFN, Haddadin's finite element method and photo-

elastic study are shown in Figures 4.3 and 4.4 respectively. A is a 

normalizing factor called the characteristic of the system and is defined 

as 

4.2 
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A: was found to be equal to 0.7 cm-1 for this problem. 

The contact pressure distribution, Figure 4.3, given by the three 

methods show similar trends. However, the solution by FEM-STFN does not 

show an uplift at the free ends while it is observed by the two other solu-

tions. Haddadin used a stress transfer technique to take into account 

the loss of contact towards the end of the beam. Whenever loss of contact 

was observed, he completely ignored the presence of soil by eliminating the 

soil stiffness corresponding to the nodal points where uplift occured. The 

bending moment curves in Fig. 4.4 show some difference between the solu-

tion by FEM-STFN and the other two methods. This may be due to the 

approximation of the soil modulus used here as per Eq. 4.1. 

The loss of contact or uplift did not occur in the FEM-STFN solution 

because either the beam was not long enough or the load was small. How-

ever, when the load was increased to 267 N, uplift occurred towards the 

ends of the beam (Figure 4.5). Stress transfer technique was used to 

redistribute the tensile forces developed. The deflected shape of the 

beam before and after stress transfer is shown in Figure 4.5. 

Problem IV.3 A reinforced concrete deep beam resting on a brick 

wall is shown in Figure 4.6. Cheung and Nag [9] considered the problem 

as a plane stress problem of a beam on elastic half-plane and solved it 

using the finite element method. The moduli of elasticity of the beam 

and the brick wall were assumed to be 2.07 x 107 kN/m2 and 2.39 x 106 kN/m2 

respectively. 

In this study, the beam is treated as a one dimensional beam-column 

resting on a Winkler foundation. The beam is discretized into twenty 
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equal elements. A parametric study was conducted to find the spring 

stiffness which gives deflections that are close to those obtained by 

Cheung and Nag and was found to be 490-540 kN/m,FIG. 4.7. By substi-

tuting the moduli of elasticity of the beam and the brick wall, the 

width of the beam and its moment of inertia in Eq. 4.1, the spring 

modulus Et can be obtained. However, Eq. 4.1 can be used for a constant 

value of I, the moment of inertia of the beam. In this problem, the 

cross-section (height) of the beam is abruptly changing (Figure 4.6). For 

the height of the beam equal to 0.8 m, Ek is found to be 344 kN/m. 

Similarly for 0.5 and 0.4 m heights, Ek values are 498 kN/m and 688 kN/m 

respectively. The average value of Ek is found to be 510 kN/m which is 

very close to the spring constant 490 kN/m found from the parametric 

study here. 

A comparison between the deflections and contact pressure distribution 

obtained from both methods is shown in Figures 4.7a and 4.7b respectively. 

Although the deflection curves in both solutions are consistent with each 

other, Figure 4.7a, the contact pressure distribution is different, 

Figure 4.7b. However, it may be concluded that the results from the 

one-dimensional and two-dimensional analyses show satisfactory 

agreement. 

Problem IV.4 A square plate with a uniform load of 6.9 kN/m2 is 

analyzed. The plate has the following properties 

Length 

Width 

Thickness 

= 762 cm 

= 762 cm 

= 15.24 cm 
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E = 2.07 x 107 kNlm2 

" = 0.3 

The plate is simply supported on all sides. The problem is studied 

for convergence using FEM-STFN. The closed-form solution for deflection 

at the center of a rectangular plate simply supported on all sides is [44] 

where 

q = uniformly distributed load 
3 D _ Eh 

- l 2(1-v2} 
h = thickness of the plate 

a = length of the side on the x-axis, and 

b = length of the side on the y-axis. 

4.3 

The closed-form solution for bending moments in the x- and y-

directions at the center of the plate are [44] 

M = 9 (-1 + " } 
x ic l + _l } a2 b2 "l b2 

4.4 

4.5 

The square plate is divided into 4, 16, 64 and 256 elements and 

the corresponding central deflections and moments are compared with the 

closed-form solution. This is shown in Figure 4.8. 
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Problem IV.5 A square plate on elastic foundations is analyzed, 

Figure 4.9. This is a raft foundation subjected to column loads. The 

coefficient of subgrade reaction is 29.4 kN/cm3. The plate properties 

are 

Length=Width 

Thickness 

E 

" 

= 20 m 

= 90 cm 

= 2.07 x 107 kN/m2 

= 0.15 ,. 

The plate is subjected to the following loads, Figure 4.9, 

Exterior columns 

Interior columns 

Elevator shaft 

= 200 tons 

= 175 tons 

= 750 tons 

The finite element mesh used in FEM-STFN is shown in Figure 4.9. 

The results are used to compare deflections along the plate obtained from 

the finite element method with those obtained from the finite difference 

method [l]. The displacements along the line 64-72 as obtained by both 

methods are shown in Figure 4.10. They are nearly the same. 

Problem IV.6 A mat foundation with a frame, Figure 4.11, is analyzed. 

The dimensions and properties of the frame are as follows [21]: 

Beam length 

Column length 

Ixx=IYY 
E 

= 6.1 m 

= 4.575 m 

= 1.86 x 106 cm4 

= 2.07 x 107 kN/m2 

The dimensions and properties of the plate are as follows: 
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Length 

Width 

Thickness 

E 

\) 

Center Opening 

63 

= 8.53 m 
= 8.53 m 

= 45.7 cm 

= 2.07 x 107 kN/m2 

= 0.15 

= 3.66 m x 1.22 m 

The coefficient of subgrade reaction of the soil varies under the 

slab. Two types of soil with the following properties are present. 

E51 = 27.2kN/cm 

E52 = 13.6kN/cm 

There are two vertical and two horizontal loads on the frame, Figure 

4.11. They are 

P = 136.l tons 

H = 45.4 tons 

Haddadin [21] solved this problem by using the finite element method. 

The finite element mesh is shown in Figure 4.12. The rectangular plate 

element used in his analysis has three degrees of freedom at each node. 

These are a vertical deflection (w) and two rotations (ex,ey). The 

contribution of the superstructure to the stiffness matrix of the slab 

was accounted for by using the method of substructures. In this method, 

the stiffness matrix of the frame is fonnulated and then condensed to 

eliminate the internal degrees of freedom. Then, the new boundary 

stiffness matrix and load vector were added to the stiffness matrix and 

load vector of the slab to obtain the overall equilibrium equation. The 
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soil is idealized as a set of linear springs that are connected to the 

nodal points of the plate. Since soil cannot carry any tensile forces 

that may develop due to an uplift in the slab, Haddadin used an iterative 

procedure to eliminate the soil stiffness where an uplift occurred. 

An uplift along the side 1-67 (Figure 4.12) was observed by Haddadin 

and FEM-STEN and stress transfer techniques were used to eliminate all 

tensile forces developed. The contact pressure along line 9-19 as ob-

tained by Haddadin and FEM-STFN is shown in Figure 4.13. Figure 4.13 also 

shows the contact pressure as obtained by FEM-STFN before stress transfer 

is applied. Haddadin's analysis gave a higher contact pressure on side 

1-67 and less contact pressure on the other side. However, the contact 

pressure as obtained by the two methods is approximately the same. 

Problem IV.7 The distribution of loads in a model test pile group 

in sand containing vertical and batter piles and subjected to both 

vertical and horizontal loads was determined experimentally by Frucco and 

Associates [20]. The layout of the pile group used in the experiments is 

shown in Figures 4.14a and 4.14b. The pile group is located in a bin 4 

feet (1.22 m) in diameter with a depth of 4 feet (1.22 m). Three pairs 

of piles are used to make two rows located at a distance of 3 inches 

(7. 12 cm) center to center. The distance between each pair of piles 

is 5 inches {12.7 cm) center to center in the direction of the horizontal 

loading. A vertical pair of piles is at the middle and a pair of piles 

at 3:1 batter on each side, Figure 4. 14. 

A 15 x 9 x 2.5 inch (38.1 x 22.86 x 6.35 cm) thick pile cap is used. 
The pile cap is 1.27 cm above the soil. The only infonnation about the 
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pile cap material in the original report is that it is made of Hydrocal. 

The modulus of elasticity of this material is assumed to be 2.0 x 106 psi 

(1.38 x 107 kN/m2). The soil properties are: 

Internal Angle of Friction 

Density 

0 = 36.4 

= 104.0 pcf (l.66 g/cm3) 

Each pile is made of hollow aluminum tubing and possesses the following 

properties: 

E 

I 

Diameter 

= 9.75 x 106 psi (6.73 x 107 

kN/m2 

= 1.54 x lo-3 in4 (6.41 x 10-2 

cm4) 

= 0.5 in. (1.27 cm) 

Length of Pile = 21 in. in the sand (53.34 cm) 

Length of Pile= 4 in. above the sand (10.16 cm) 

One vertical and one horizontal load were applied to the pile cap. These 

loads are: 

P = 50 lbs. (22.65 kg) 

H = 31 lbs. (14.04 kg) 

The p-y curves used to simulate the soil behavior, Figure 4.15, are 

constructed by using the empirical formulas developed by Reese, Cox 

and Koop [36]. These curves are represented in FEM-STFN by using the 

Ramberg-Osgood model. The Ramberg-Osgood parameters calculated from 

the p-y curves are given in Table 4.1. 

For the laboratory test, the horizontal and vertical loads were 

applied consecutively to the pile cap. First, the system was subjected 
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TABLE 4.1 PARAMETERS FOR RAMBERG OSGOOD MODEL 

Depth (cm) 2 Et;(kN/m ) Pu(kN/m) 2 Etf(kN/m ) m 

7.62 30.84 0.175 o.o 1.0 

15.24 61.68 0.350 0.0 1.0 

22.86 92.52 0.525 o.o 1.0 

30.48 123.36 0.700 o.o 1.0 

38.1 154.20 0.875 o.o 1.0 

45.72 185.04 1.050 o.o 1.0 

53.34 215.88 1.225 o.o 1.0 



71 

only to a vertical load of 50 lbs (22.65 kgs). This load caused a 

horizontal movement in the pile cap of 8.0 x 10-4 inches (2.03 x 10-3} 

at point A, Figure 4.14. Then the horizontal load was applied incre-

mentally. Using FEM-STFN, the addition of this vertical load gave a 

horizontal movement of about 4.3 x 10-5 in (1.09 x 10-4 cm} at point 

A. The large horizontal movement observed experimentally may be caused 

by experimental error. Then a horizontal load of 31 lbs (14.04 kgs} is 

applied in five increments to the pile cap. The load-movement curves as 

obtained by the laboratory test and FEM-STFN are shown in Figure 4.20. 

The actual load distribution in the pile group and the pile 

constants to be used in Hrennikoff's method were determined experimentally. 

A study is made here to compare results obtained in the laboratory with 

those obtained by using the Hrennikoff method [25], the method developed 

by Reese, O'Neil and Smith [39]. and FEM-STFN. The results are given in 

Table 4.2. It shows that the distribution of load in the pile groups 

obtained by the three methods is reasonably good. 

Figures 4. 16 and 4.17 show the distribution of axial loads and 

moments respecitvely along the pile groups obtained from FEM-STFN. 

Figure 4.18 show the distribution of moment along typical sections in 

the pile cap. Figure 4.19 shows the deflected shape of the pile group. 

The final displacement obtained by FEM-STFN is 90% of the displace-

ment observed experimentally (Figure 4~20}. However, if we take into 

account the initial displacements due to the vertical load that has to 

be overcome by the horizontal loads, the displacement obtained by FEM-

STFN is only 83% of that observed experimentally. Moreover, there is 



TABLE 4.2 COMPARISON OF AXIAL LOAD DISTRIBUTION IN THE PILE GROUP (kgs) 

Predicted by 
Experimentally Predicted by Predicted by * FEM-STEN 

Pile Observed Hrennikoff {13) Reese et al. {36) 5 Ste~ l Step 

l 8.15 7.29 6.75 7.26 6.92 

3 5.80 7.29 6.75 6.56 6.40 

5 2.95 4.30 3.81 4.42 4.58 

7 2.45 4.30 3.81 4.40 4.55 ~ 

4 1.26 0.18 0.82 0.07 0.74 

2 1.38 0.18 0.82 0.69 1.15 

* Based on a computer program given by Bowles (6) 
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a lot of difference in initial load-deflection curves obtained by the 

two methods. 

Discussion 

The horizontal displacement obtained from FEM-STFN and the Hrenni-

koff method is about 0.02 cm and 0.0193 cm respectively as compared to 

0.0224 cm observed experimentally. Thus the horizontal displacement 

obtained is approximately the same for both analytical methods. How-

ever, the finite element solution is better than that of Hrennikoff 

because it gives better information about displacements when linear and 

nonlinear soil springs are used. When linear springs are used in FEM-

STFN, the horizontal displacement is about 0.0175 cm or 12.5% less than 

that obtained with nonlinear springs. The finite element method also 

gives the deflection path as the load is added incrementally. 

In the Hrennikoff method, it is assumed that the soil strength is 

constant with depth. Hence, it is very hard to use this method when 

different layers of soil are present around the pile. The finite element 

method also gives the distribution of axial load and moments along the 

pile length. 

The distribution of forces in the pile group is not affected by 

using linear or nonlinear springs. As shown in Table 4.2, the use of 

nonlinear springs causes an increase of about 4% in the axial load that 

is carried by piles 1, 3, 5 and 6. 

Problem IV.7. l Parametric Study 

The effects of the strength parameters of various components such 

as initial soil modulus and moduli of elasticity of pile and plate on 
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the load distribution in the pile group of problem IV.7 are studied. 

This is done by changing the value of one parameter while keeping the 

other two constant. 

Problem IV.7.la - CASE I: Effect of variation of initial soil 

modulus: The moduli of elasticity of piles and plate are kept constant. 

In this case, the initial modulus of the soil Eti is increased while all 

other parameters of the Ramberg-Osgood model are kept constant. The 

error resulting from keeping the ultimate load constant is small because 

the load applied is too small to develop the ultimate resistance of the 

soil. The results of the study are given in Table 4.3. As shown, the 

increase in soil stiffness around the pile group tends to increase the 

load in the piles that are battered away from the horizontal load. The 

results can be interpreted as follows. When the soil stiffness increases, 

the pile group and the surrounding soil will tend to behave as one block. 

This will cause the load to be redistributed in the pile group. In this 

case, the loads from piles l and 3 are redistributed to piles 2 and 4. 

Problem IV.7. lb - CASE II: Effect of variation of pile modulus: 

Here soil modulus and modulus of elasticity of ~the plate are kept constant. 

The modulus of elasticity of the pile is increased by factors of 3, 10 

and 50 respectively. The results of the study are given in Table 4.4. 

As shown, when the piles get stiffer, more load is carried by piles that 

are battered with the horizontal load. The piles that are away from the 

horizontal load get in tension. As the piles stiffness is increased 

fifty times, the system becomes unstable. The increase in the axial 

load in the piles that are battered with the horizontal load can be 
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TABLE 4.3 EFFECT OF VARIATION OF SOIL STIFFNESS 
ON THE DISTRIBUTION OF AXIAL LOAD IN 

THE PILE GROUP (kgs) 

E-soil E-soil 5 E-soil 10 E-soil 50 

7.26 6.31 6.19 5.83 

6.56 6. 17 6.01 5.73 

4.42 4.47 4.44 4.39 

4.90 4.47 4.43 4.36 

0.69 1.22 1.35 1.62 

0.07 1.08 1.23 1.56 
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TABLE 4.4 EFFECT OF VARIATION OF PILE STIFFNESS ON 
THE DISTRIBUTION OF AXIAL LOAD IN THE 
PILE GROUP (kgs) 

E-pile 50 
Pile E-eile E-ei le 3 E-eile 10 E-eile 50 E-soil 5 

l 7.26 8. 11 8.26 Unstable 7.95 

3 6.56 7.46 7.98 8.10 

5 4.42 4.32 4.25 4.52 

6 4.40 4.31 4.25 4.54 

2 0.07 -0.15 -0.53 -0.09 

4 0.69 -0.75 -0.68 -0.04 
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explained as follows. Because of the increased stiffness of the piles, 

there will be less bending in the piles due to lateral movement. The 

piles will tend to punch through the soil. Thus the structure can be 

viewed as a stiff block rotating around the tip of the two piles battered 

with the horizontal load causing most of the loads to be carried by these 

piles. 

Problem IV.7.lc - CASE III: Effect of variation of pile cap 

modulus: Here initial soil modulus and modulus of elasticity of the 

piles are kept constant. The modulus of elasticity of the pile cap is 

increased by factors of 2, 3, 5 and 10 respectively. The results of 

the study are given in Table 4.5. As shown, the solution is quite 

sensitive to changes in the modulus of elasticity of the plate. As the 

plate stiffness is increased the load is transferred to the piles that 

are battered away from the horizontal load until the whole system be-

comes unstable and moves in a direction opposite to that of the applied 

horizontal load. From the results given in Table 4.5, it is evident 

that for this type of problem, the FEM-STFN code is very sensitive to 

changes in the plate stiffness. The reason for this behavior may be 

due to the dimensions of the pile cap. The plate element developed for 

this study is considered to be a thin membrane element. However, the 

ratio of length to height and width to height are 6:1 and 3.6:1, 

respectively. Thus the basic assumption that the plate element is 

thin does not hold. No final conclusion could be made with respect 

to the effect of the variation of plate stiffness on the load distri-

bution in the pile group. 
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TABLE 4.5 EFFECT OF VARIATION OF PLATE STIFFNESS ON THE DISTRIBUTION 
OF AXIAL LOAD IN THE PILE GROUP (kgs} 

Pile E-plate E-plate 2 E-plate 3 E-plate 5 

1 7.26 6.64 5.35 3.88 

3 6.56 6.21 5.30 3.81 

5 4.42 4.52 4.41 4.33 

6. 4.40 4.72 4.39 4.32 

2 0.07 0.80 2.01 3.36 

4 0.69 1.29 1.93 3.28 



V. POSSIBLE EXTENSION 

After studying the capabilities of the FEM-STFN code, the following 

extensions are suggested. 

1. Modification of the plate bending element to include 

the effects of orthotropic material behavior. 

2. Addition of the consistent mass matrix presented by 

Bogner, Fox and Schmit [4]. Dynamic analysis can be 

conducted. 

3. Addition of a coordinate transfonnation matrix for 

plate elements. This will eliminate the requirement 

that the plate elements must be located in the x-y 

plane. The analysis of shear wells subjected to 

transverse loads can be conducted. 

4. Provisions to include material nonlinearity. 

5. Provisions to include different type of loading con-

ditions such as linearly varying transverse loads. 

6. Addition of a subroutine for automatic mesh generation. 
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VI. CON:LUSIONS 

In working with the FEM-STFN code and the literature studies, 

the following conclusions are drawn: 

1. The use of one-dimensional beam-column element and two-

dimensional Bogner, Fox and Schmit plate bending element 

proved to be a very versatile tool in handling problems 

of beams and plates on elastic foundations as well as 

pile groups. 

2. The idealization of the soil medium as a set of springs 

is easy to program and the results are accurate enough 

for the present type of analysis. 

3. The stress transfer scheme developed herein takes into 

account the overall stiffness of the foundation. It is 

felt that this scheme i.s better than the one developed 

by Cheung and Nag (9) where the soil medium is completely 

neglected when an uplift occurs. 

4. With the modifications proposed earlier, the program is 

able to handle a wide variety of soil-structure inter-
action problems faced by the engineer. 
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FINITE ELEMENT ANALYSIS OF SOME SOIL~STRUCTURE 
INTERACTION PROBLEMS 

by 

Ahmad Raif Alameddine 

(ABSTRACT} 

A finite element procedure is used for analysis of a number of 

soil-structure interaction problems. This procedure involves one-

dimensional beam-column element, two-dimensional (rectangular} plate 

element, and nonlinear foundation represented by a series of springs. 

The behavior of the latter is simulated by using a special form of 

the Ramberg-Osgood Model. The nonlinear analysis is performed by 

using an incremental iterative scheme. 

The procedure is used to predict behavior of a number of 

problems such as beams and plates on elastic and nonlinear foundations, 

building frame and foundation, and cap-pile-foundation interaction. 

The predictions are compared with closed form and laboratory 

observations. In the case of pile-cap-foundation analysis, a 

parametric study is performed to delineate the effects of the 

relative stiffness of the cap, pile and nonlinear soil. The 

comparisons between the predictions and observations has been found 

to be satisfactory. 
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