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Abstract

Absorbing sets are graphical structures that cause iterative decoders to fail. The sets depend
on the particular iterative decoding algorithm. In this paper, we consider a variant of the well-
studied Gallager B decoding algorithm for binary low-density parity-check codes. Here, a bit
node updates its value according to either the number of or fraction of unsatisfied neighboring
check nodes. The traditional Gallager B algorithm is the special case in which half (meaning a
fraction of %) of the check nodes being unsatisfied is required for a bit to change its value. We
study absorbing sets in these settings along with the received words which give decoder failure.
We determine the how changing the update rules pick up new absorbing sets. This allows for
fine-tuning the standard algorithm according to the particular channel or error probability. We
also connect these notions to Boolean functions.
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1 Introduction

Due to their low-complexity iterative decoding algorithms and excellent performance at large block
lengths, codes based on low-density parity-check (LDPC) matrices are at the forefront of coding
theory research. LDPC codes were introduced by Gallager in 1962 [6, 7] but went largely un-
noticed due to the lack of computing power available at the time. In the mid-1990s, they were
rediscovered by Mackay and Neal [13, 15] and later demonstrated to have sequences with infor-
mation rates approaching the Shannon limit [14, 16]. This work laid the foundation for numerous
results and standards including those for 5G technology [10, 17].

LDPC codes are codes with sparse parity-check matrix representations that are often repre-
sented using sparse bipartite graphs called Tanner graphs [20]. The sparse matrix representations
of these codes yields easier computation, but this potential was not realized until decades after
their introduction when improvements in computational power made LDPC codes practical for
longer code lengths. Tanner graphs [20] are used to visualize iterative decoders which are often
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described as message passing algorithms where the vertices perform computations and send infor-
mation along the edges of the Tanner graph. Unfortunately, while these decoders have excellent
performance in general, they are suboptimal with respect to decoder accuracy, and certain sub-
structures in a code’s Tanner graph can cause the algorithms to fail to converge to a codeword.
Substructures in a code’s Tanner graph representation have been shown to characterize decoder
failure over certain channels and decoders. These substructures include stopping sets, trapping
sets, absorbing sets, near-codewords, and pseudocodewords (e.g. [1, 3, 4, 11]).

In this paper, we focus on absorbing sets, which are combinatorially defined graph substruc-
tures, first identified in [3], that cause iterative decoder failure even at relatively high signal to
noise ratios over a variety of channel models. The classical definition of absorbing sets is based
on iterative decoders with update rules based on majority rule. In the same paper where Gallager
introduced LDPC codes [6], he also introduced two relatively easy to understand iterative decod-
ing algorithms, today referred to as Gallager A and Gallager B. In rough terms, Gallager A uses a
check node update rule where all adjacent nodes must be in agreement in order for a variable node
to change, while Gallager B loosens this update rule to require only some adjacent nodes to be in
agreement. Hence, Gallager A can be viewed as a special case of Gallager B.

Here, we explore absorbing sets in LDPC codes under a variant of the Gallager B iterative
decoding algorithm. In particular, we define absorbing sets in these variations of the Gallager B
algorithm. We then provide results on how absorbing sets relate to each other under different update
rules. Gallager’s decoding algorithm was proposed for codes with bi-regular Tanner graphs, so we
also characterize absorbing sets in a variation on Gallager B that requires a fraction of adjacent
nodes to be in agreement instead of a specific number. These results may also be considered to fill
in the spectrum of rules between Gallager A and B (and beyond). They offer the option to tailor
decoding rules to particular levels of sensitivity.

This study is motivated by practical implications and strategies for error correction. First,
superior error mitigation can be achieved by improving the decoding algorithm to better handle
messages within absorbing sets. It can help reduce error rates but may involve using more so-
phisticated update rules that consider the broader graph structure. Next, in terms of code design,
minimizing the formation of absorbing sets can enhance decoding performance. Optimizing the
Tanner graph structure, such as by adjusting degree distributions, can reduce the prevalence and
impact of these sets. Finally, absorbing sets are a significant obstacle in iterative decoding of LDPC
codes, especially under integer update conditions. These sets can trap the decoding process in an
incorrect state, leading to failures. Addressing this issue involves understanding the structure and
behavior of absorbing sets and developing strategies to escape them. By doing so, it is possible to
create more robust LDPC codes and decoding algorithms that ensure reliable communication.

The paper is structured as follows. In Section 2, we give the definitions and background on
codes, iterative decoding, and absorbing sets needed in the remainder of the paper. Section 3 con-
tains the theoretical results of the paper. It is divided into three subsections: the first describes the
standard setting while the latter two consider modified update conditions. Section 4 and Section 5
concludes the paper.



2 Preliminaries

In this section, we will review the foundation on which our results will be built and set the notation
to be used later. We will use the standard notation and definitions from coding theory. For more
background on coding theory, one excellent source is [9].

2.1 Code representations

We begin with some definitions. Throughout, the finite field of cardinality ¢ where g is a power of
a prime number is denoted by F,. We use F™" to denote the set of m X n matrices with entries in
F, and F; = Péx”. For a matrix A € IF’;X", we may write A = (A;;) to mean that A;; € F, is the entry
in Row i and Column j of A.

A linear code C over F, is a subspace of the vector space Fy for a positive integer n. An element
of the code C is called a codeword. A codeword w € C is written w = (wy,...,w,). Important
code parameters include the length n, the dimension k := dim]pq C, and the minimum distance
d = min{wt(c) : ¢ € C\ {0}} where wt(x) :=| {i € n : x; # 0} | is the Hamming weight of a vector
X € FZ A code over FF, with length n, dimension k, and minimum distance d is called an [n, k, d],

code. The rate of an [n,k,d], code is f, which gives a measure of its efficiency, and its error

correcting capability is measured by d since it can correct any [%J errors. We often write [n, k]
code if the alphabet is clear from the context and the minimum distance is not being discussed.

Linear codes can be represented by matrices. A generator matrix for an [n, k, d], code C is any
matrix G € F*" with row span equal to C. For the purposes of this paper, the most relevant matrix
is a parity-check matrix, which is defined as follows.

Definition 2.1. A parity check matrix for an [n, k] code C over F, is a matrix H € F" whose null
space is C, meaning
C={xeF:Hx" =0}

Notice that r > n — k and the rows of H = (H;;) correspond to parity-check equations of C. In
particular, Row i of H gives rise to the parity-check equation

Hl-lxl + H,'Q)Q + -+ H,-,,xn =0

so that the codewords of C are precisely the solutions to the system of equations

Huxy, + Hpx, + ... + Hyux, = 0
Hyxi + Hpx, + ... + Hyx, = 0

. . . (1)
Hi.yxi, + Hox, + ... + Hu,x, = 0

over F,. We typically take r = n — k, which is the minimum number of rows necessary in a parity-
check matrix for an [n, k] code. Error detection can be accomplished by checking whether or not a
received word, w, satisfies these parity-check equations given in (1)

Remark 2.2. According to Definition 2.1, a linear code C does not have a unique parity check
matrix. If we wish to fix a parity-check matrix H for C, we may write C = C(H) to emphasize this
choice.



In this paper, we restrict our attention to binary linear codes, meaning codes over F, = {0, 1}.
Here, codewords are strings of binary digits (0Os and 1s), and operations are performed modulo
2. Next, we discuss graphical representations of these codes. A Tanner graph provides a vi-
sual representation of the relationships between variables and constraints in a code, facilitating
the implementation of iterative decoding algorithms, such as belief propagation. Tanner graphs
are crucial in understanding and implementing iterative decoding algorithms. They allow for vi-
sualization of how information flows between variables and constraints, enabling efficient algo-
rithms like belief propagation to correct errors in transmitted data. The graphs considered are
simple bipartite graphs given by two disjoint sets of vertices V; and V, and an edge set E; such
a graph G is denoted G = (Vi, V,; E). The neighborhood of a vertex v is denoted N(v). Given
a subset of vertices S € V; U V,, the induced subgraph of G is Gs = (5, N(S); Es) where
Es := u,vi:ueS,ve N(S)orveS,ue N(S)}. Recall that a biadjacency matrix of such a
bipartite graph is a matrix M = (M;;) € FIZV”X'VZI where M;; = 1 if and only if vertex i € V) is
adjacent to vertex j € V,.

Definition 2.3. A Tanner graph of a binary [n, k] code C is a bipartite graph whose biadjacency
matrix is a parity-check matrix of C.

In light of Remark 2.2, we typically consider the Tanner graph of a code C = C(H) defined as
follows.

Definition 2.4. The Tanner graph T'(H) for a binary linear code C = C(H) with H € F}" is the
simple bipartite graph (V, W; E) given by

e two sets of nodes (or vertices):

— the set V of variable nodes whose elements correspond to the columns of H, equiva-
lently, to the coordinates of codewords of C

— the set W of check nodes whose elements correspond to the rows of H, equivalently, to
the parity-check constraints given by H

o the set E of edges whose elements indicate which variables participate in which parity-check
constraints; in particular, fori € V and j € W, {i, j} € E if and only if H;; = 1.

We next give an example of a Tanner graph.

Example 2.5. Consider the binary code C of length 6 defined by the parity-check matrix

101100
H=|0 1 1 0 1 0].
110001

The Tanner graph T(H) = (V, W; E) is constructed as follows and is given in Figure 1:

1. The set of variable nodes is V := {vi, v, V3, V4, Vs, Vs}, where v; corresponds to Column j of
H

2. The set of check nodes is W := {wy, wa, w3}, where w; corresponds to Row i of H
3. The set E of edges is precisely those



e between wy and each of vy, vs, v4, since the first row of H has Is in the Ist, 3rd, and 4th
columns.

e between w, and each of v,, v3, vs, since the second row of H has s in the 2nd, 3rd, and
Sth columns.

e between ws and each of vy, v, ve, since the third row of H has Is in the Ist, 2nd, and
6th columns.

V1
%) (6]
V3

(&)
V4
Vs C3
Ve

Figure 1: The Tanner graph corresponding to the parity-check matrix H given in Example 2.5.

Example 2.5 gives a basic example of a Tanner graph. In practice, these graphs are larger and
more complex, especially for codes used in modern communication systems such as LDPC codes.

An important type of LDPC codes are biregular LDPC codes which are those in which every
variable node is connected to d, check nodes, and each check node is connected to d,. variable
nodes. Such a biregular LDPC code is sometimes called a (d,, d.)-regular LDPC code. This
regularity simplifies the design and analysis processes, making it easier to predict the performance
and optimize the codes for specific applications. Biregular LDPC codes can preserve the core
benefits of LDPC codes, such as their sparse parity-check matrices and the efficiency of iterative
decoding algorithms, while introducing a structured consistency that can enhance performance in
certain scenarios [18]. An example of a biregular LDPC code is given in Example 2.6.

Example 2.6. The parity check matrix below gives a (3,4)-regular LDPC code.

(1 1 1 1 0 0 0 O]
10001110
H = 11001010
01 1001O0T1
00111O0O0°T1
0001 01 1 1}

Its corresponding Tanner graph is in Figure 2.

2.2 Relevant decoding algorithms

The steps in Gallager A/B decoding involve specific conditions for flipping the value of a variable
node (VN) in response to calculations performed by its check node (CN) neighbors. Here, flip
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Figure 2: The (3,4)-biregular Tanner graph corresponding to the parity-check matrix H given in
Example 2.6.

means a value of 0 is changed to 1 and a value of 1 is changed to 0. In Gallager A decoding, a
variable node flips its value only if all its neighboring check nodes are unsatisfied. In contrast, Gal-
lager B decoding dictates a specific number of neighboring check nodes that need to be unsatisfied
in order for a variable node to flip.

The notation that we will use to explain Gallager A/B decoding may be found in Table 1.

uOw) the channel information received for v

uOv) the state of variable node v following the completion of iteration ¢

,uglv the information sent from check node ¢ to variable node v at time iteration ¢

Table 1: Notation used in Gallager A/B decoding where v represents a variable node and c repre-
sents a check node.

With the notation set, we are prepared to explain Gallager A/B decoding for a code C with
variable nodes V = {vy,...,v,} and check nodes W = {cy,...,c,}. To begin, foreachv € V, fix a
value

b, <min{INW)|—-1:veV}.

Gallager A/B Decoding Algorithm

1. Initialize each variable node v with values u”(v) given by the channel. One may think of
WO, ...,u2w,)) as the received word. Begin with iteration # = 0.

2. At each check node c, for each of its variable node neighbors v € N(c), compute

nly= Y W00 mod2
VeENO\v)

3. At each variable node v, set

®

() {,uc,_w if at least b, of the ¢’ € N(v) are equal to ,u(’)
u V) =

c'—v

u(v) otherwise.
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Increment by 1.

4. Repeat Steps 2 and 3 until either (u®(v,),...,u”(v,)) € C or after a certain number of
iterations have passed.

The difference between Gallager A and B is in the choice of b,. In Gallager A,
b, = IN(W)I -1,

meaning that in Gallager B, b, is a fixed smaller number. Typically, if deg(v) = deg(v") for all
vertices v,v' € V, then values are chosen so that b, = b, and we simply write b rather than b,.
In particular, the class of LDPC codes introduced by Gallager were all biregular. Hence, a fixed
choice of b made sense, because every variable node had the same number of neighbors. In the
case of LDPC codes which are not biregular, a slight variation on Gallager B decoding can be used,
in which the following step replaces Step 3 in the traditional decoding algorithm.

3b. Fix b’ € Z. At each variable node v, let S| = {c € N(v) | ,uglw = u®(v)} be the set of satisfied
check node neighbors of v at iteration # and U, = N(v) \ S, be the set of unsatisfied check
node neighbors of v at iteration 7. Then set

ODwy+1 if|U >8] +b
ﬂ(H—l)(V):{lJ (V) 1 | v| | vl

u9w) otherwise.

Note that this phrasing uses satisfied and unsatisfied check node neighbors instead of messages
,uﬂiv. To see that this formulation is equivalent, notice that:

o If u”(v) = 0, then in the set S/, we are looking at the set of check nodes ¢ € N'(v) such that
pely = 0. Because s, = Tyenon iy e mod 2, 40(0) = Ty HO0) = sy + pO(v) =

0+ 0=0,s0S/ is exactly the set of satisfied check node neighbors.

o If u®(v) = 1, then in the set S .» we are looking at the set of check nodes ¢ € N(v) such that
ﬂi‘iv = 1 Because :u(ctiv = Zv’eN(c)\v ,uf,l/)_)c IIlOd 2’ ,um(c) = ZveN(c) :u(t)(v) = :u(ctlw +:u(t)(v) =

1+1=0,s0S; is exactly the set of satisfied check node neighbors.

Further note that Step 3b is equivalent to the original Step 3 in the case where C is biregular by
taking b’ = 2b — IN(v)|.

Throughout the remainder of the paper, we will use the following version of the Gallager B
algorithm, which we will call the (u | s + b) variant.

(u | s + b) Variant of Gallager B Decoding Algorithm

1. Initialize each variable node v with values u”(v) given by the channel. One may think of
WOy, ..,u2w,)) as the received word. Begin with iteration ¢ = 0.

2. At each check node ¢ € W, calculate 4”(c) = Y ,enu”(v) mod 2. Define S = {c € W |
2veN(e) u?P@w)=0}and U = W\ S.



3. AteachveV,letS, =S NN(()and U, = U N N(v). Then set

(’)(v) +1 if|U,|=|S,|+b
u(m)(v) _ {,U

uOw) otherwise.

Increment # by 1.

4. Repeat Steps 2 and 3 until either (u®(vy),...,u”(v,)) € C or after a certain number of
iterations have passed.

Remark 2.7. We will say that the (u« | s + b) variant uses the u > s + b update rule. The standard
definition of an absorbing set occurs under the case when the modified Gallager B algorithm given
in Section 2 has b = 0, i.e., under the (u | s) decoder. We consider the effect of modifying b in
Sections 3.2 and 3.3.

We now give an example illustrating this variant of Gallager B decoding.

Example 2.8. Consider the code C(H) in Example 2.5 and corresponding Tanner graph in Fig-
ure 1. Suppose the vector we receive from the channel is y = (0,0,0,0,0, 1). Then we initialize:

O =0, pP)=0, pOw)=0, %0 =0, uOws)=0, p%e =1
We'll first consider the case where we set b = 0. We first calculate:
HOer) = g O + pOvy) + 1) = 0

HO(e2) = p O o) + pO(vy) + 1 O(vs) = 0
1 0(c3) = 1 @) + 1) + 1 ve) = 1

so S ={cy,c2} and U = {c3}. We then calculate the sets S, and U, for eachv € V:

‘ \% 1%) V3 V4 Vs Ve
Sy [ e} e} e} {a} {2} ©
U, | {cz} {c3} % % 2 Acs}

Hence, vy, Vv,, and ve are such that |U,| > |S,|. So the next iteration gives:
pPop =1, gl =1, uPr)=0, pPw) =0, uPs)=0, uPve)=0

We then calculate:
pP) =1, e =1, pP(e3)=0

so S ={c3} and U = {cy, c;}. We then calculate the sets S, and U, for eachv € V:
‘ 141 1%) V3 V4 Vs Ve

Sy | ezt Aes) %) %) @ Acs)
U, | {a1} e} e} {a} {ae} o




So all v except vg are such that \U,| > |S ,|. The next iteration gives:

20y =0, wPe) =0, pPr=1, uPo)=1, u?0s5)=1, p?ve)=0
We then calculate:
) =0, pPe)=0, pPe;)=0
which shows that this is a codeword, and so we are done.
Now consider the case where b = 1, still withy = (0,0,0,0,0, 1). We first calculate:

1) =0, V) =0, pc)=1
soS ={c1,c2} and U = {c3}). We then calculate the sets S, and U, for eachv € V:

‘ Vi Vo V3 V4 Vs Ve
Sy | e} e} e} {a} {e} @
U, | {c3} {c3} % @ o Ac3}

We see that only ve is such that |U,| > |S,| + b. So the next iteration gives:

) =0, pPw) =0, pPw)=0, pVw)=0, uPws)=0, 4V =0
which is a codeword, and so we are done.

In the next section, we will consider these decoding algorithms and structures in a Tanner graph
that can interfere with correct decoding.

3 Absorbing sets under various update protocols

Absorbing sets have been studied as a way to understand iterative decoder failure; see for instance,
[2, 3, 8, 12]. In this section, we consider absorbing sets relevant to variants of the Gallager B
algorithm introduced in Section 2. We first review the notion of absorbing sets in the literature and
then in the following subsections present new results.

3.1 Absorbing sets in the standard setting

Consider a code C(H) and its Tanner graph G := T(H) with sets of variable and check nodes V
and W. For a variable node v € V, let its number of odd degree check node neighbors be denoted
by

D,(v) ={c e NW) : IN(¢)| = 1 mod 2}

and its number of even degree check node neighbors be denoted by
D,(v) =|{c e Nv) : IN(c)| = 0 mod 2}|.

Note that the dependence of the Tanner graph T(H) = G on H is crucial—just as there are many
different parity-check matrices to represent a single code, there are also many different Tanner
graphs. While codewords do not change with these different representations, graph substructures
such as absorbing sets are representation dependent.

For convenience, given a Tanner graph G = (V, W; E) and some D C V, the set of odd degree
(resp., even) check node neighbors in the induced subgraph G, of G is O(D) (resp., E(D)). With
these ideas, we can now define the standard type of absorbing set found in the literature [2].
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Definition 3.1. Given integers a < |V| and b < |W|, an (a, b)-absorbing set is a subset D C V of
variable nodes with |D| = a, |O(D)| = b, and for each v € D,

INv) N O(D)| < IN(v) N E(D)|.

Throughout, in a slight abuse of notation, we will use three representations of an absorbing set
interchangeably:

e the set D C V of variable nodes corresponding to the absorbing set
e the graph Gp induced by the absorbing set,

e the vector yp € F;, where

1 ifv,eD
Op)i =

0 otherwise.

The vector yp can be thought of as the support vector or incidence vector of D.
We now give an example to illustrate the preceding concepts.

Example 3.2. Let H be as given in Example 2.6 and let G = T (H) be its associated Tanner graph
shown in Figure 2. Consider the set D = {vs,vg,vg}. Notice that N(D) = {c;, c3, 4, C5,C6}. The
induced graph Gp contains all these variable nodes as well as all edges between them in the
original graph G and is shown in Figure 3.

This visual representation can be helpful when determining odd versus even parities of degrees
in Gp. Using the graph, we can see that

OD) = {c3} and E(D) = {c,c4,cs,ce},

and we can check that for each v € D, IN(v) N O(D)| < IN(v) N E(D)|. Because |D| = 3 and
|O(D)| = 1, this is a (3, 1)-absorbing set. We may refer to this absorbing set as its set of variable
nodes, D, as its induced subgraph Gp, or as its support vector yp = (0,0,0,0,1,1,0, 1).

C
C3
Vs Cy
Ve Cs
Ce

Vg

Figure 3: The induced graph G given by D = {vs, vs, vg} where G is as in Figure 2. Here, Gp is a
(3, 1)-absorbing set under the standard definition.

In Example 3.2, we considered the induced subgraph of an absorbing set. This is a subgraph
of the original Tanner graph. It is sufficient to consider the induced subgraphs of absorbing sets in
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order to consider absorbing sets, as we could imagine such an induced subgraph as isomorphic to
subgraphs of many different Tanner graphs. The results in Subsections 3.2 and 3.3 and in Section
4 thus consider graphical representations without specific overall codes or Tanner graphs. It is
important to make this note, as many absorbing sets have degree 1 check nodes (as was the case in
Example 3.2), and no practical code would ever have a degree 1 check node in the overall code.

Remark 3.3. It has been shown that the probability that a decoder fails is independent of the
transmitted codeword [5]. Hence, we can always assume that the transmitted vector in our analy-
ses was the all zero codeword. Therefore, for an absorbing set D, we can think of its support vector
Yo as being the received error vector.

3.2 Absorbing sets under integer update conditions

Keeping in mind Remark 3.3, in defining absorbing sets for the (u# | s + b) Variant of Gallager B,
we consider the all zero word as the sent codeword. This motivates the following definition.

Definition 3.4. A (u | s+b) absorbing set is a set of variable nodes that, under the u > s+ b update
rule, the set of variable nodes is not eventually correct.

Definition 3.5. Given b € Z and a code C(H) of length n with Tanner graph 7(H) = G and set V
of variable nodes,

(uls+b) ={ypeFs| DcVandu®w) = u”(v)Vv € D and Vt € N}

is the set of vectors such that the state of variable nodes never changes under the u > s + b update
rule and

(u|s+b), ={yp € Fi| DC Vsuchthat 3i, j € Nwithi# jand u”(v) = u"’(v) Vv € D}

is the set of vectors whose states are exactly those obtained in a prior iteration of the decoding
algorithm under the u > s + b update rule. We will refer to the sets D C V withyp € (u | s + b),
(resp., yp € (u | s + b)) as (u | s + b); or Type 1 (resp., (u | s + b), or Type 2) absorbing sets.

In either type of absorbing set, the set of variable nodes is not eventually correct under the
u > s + b update rule. Because the state of the variable nodes remains unchanged when decoding
all elements of (u# | s + b);, we see that the conditions to be in (u | s + b); are a special case of the
requirements to be in (u | s + b),. Hence, we have the following observation.

Remark 3.6. For any integer b,
(u|s+b)y C|s+b),.
We now give an example of a Type 1 absorbing set.

Example 3.7. Consider the Tanner graph structure given in Figure 4. Suppose that the vector
that is received from the channel is'y = (1,1). Then we have: u®v,) = 1 and p@(v,) = 1. We
calculate 19(cy) = p9(c») = 0 and % (c3) = 1. Because neither v, nor v, has as many or more
unsatisfied than satisfied neighbors, uV(v\) = u'V(v,) = 1. It is clear that the state of the variable
nodes 1" (v;) will be the same regardless of t € N. Hence, we gety € (u | s);.

11



(6] (&)

) V2
V1

]

C3
Figure 4: The Tanner graph of a (u | 5); absorbing set.

We can nicely classify Type 1 absorbing sets. In fact, any (u# | s); absorbing set is also a
(u | s + 1); absorbing set. This is captured in the following theorem.

Theorem 3.8. All (u | s),-absorbing sets are (u | s + 1);-absorbing sets.

Proof. Let V denote the set of variable nodes. Assume S C V is an arbitrary (u | s); absorbing set,
meaning for all v € S, D.(v) > D,(v) holds. Initializing all variable nodes in § with 1, we have
D.(v)+1 > D,(v) for all v € S. Therefore, u > s + 1 is never satisfied, implying that S is also a
(u | s + 1), absorbing set. O

In fact, we can prove something stronger.

Corollary 3.9. If (u | s), is an absorbing set, then, for any k € NU {0}, (u | s + k), is an absorbing
set.

Proof. We will prove this using mathematical induction. Let k = 0. By assumption, S is a (u | ),
absorbing set, thus the base case is true.

Now assume that for some k € N, S is a (u | s + k); absorbing set. We need to prove that S
isalsoa (u | s+ (k+ 1)), absorbing set. Suppose, for the sake of contradiction, that S is not a
(u | s+ (k+ 1)), absorbing set. According to the well-ordering principle, there must be a smallest
k' € N such that § is not a (u | s + k"), absorbing set. Given our inductive hypothesis, this k" must
be k + 1. However, since k is the smallest value where S is not a (u | s + (k + 1)), absorbing set,
and by Theorem 3.8, if S is a (u | s + k); absorbing set, it must also be a (u | s + (k + 1)); absorbing
set. This leads to a contradiction. Therefore, S must be a (u | s + (k + 1)), absorbing set.

By the principle of mathematical induction, S is a (u | s + k); absorbing set forallk e N. O

Interestingly, the results of Theorem 3.8 and Corollary 3.9 do not analogously hold for Type 2
absorbing sets. This is demonstrated in the example that follows.

Example 3.10. In this example, we will demonstrate that (u | s), € (u | s + 1),. Consider
the subgraph of an LDPC code with the Tanner graph from Figure 5. We have that the vector
(1,1,0,0) € (u | s),, since check nodes ci,c;,c3,cq4 would indicate to flip and cs, cs, c7 would
indicate correct states. Under the u > s update rule, this would cause vy, v;, v, c4 to all flip; using
similar reasoning, we have that they would all flip again. Hence, (1,1,0,0) € (u | s),. Now under
the u > s + 1 update rule, we instead would have only the variable nodes v, v, flip as cg, c;7 would
be in a correct state, but the inequality D,(v3) > D.(v3) + 1 would not be true. The same is true
forvy. Hence, we would get vi = v, = v3 = vy = 0 so the vector would be successfully decoded so

(1,1,0,0) ¢ (u | s + 1)

12



Figure 5: The Tanner graph of a (u | 5), absorbing set that is not a (u | s + 1), absorbing set.

Given specific Tanner graph structure requirements, we can prove that a set of variable nodes
is always a Type 1 absorbing set in certain circumstances. One of these circumstances is where
all variable nodes in a subset S C V have exactly some number ¢ more even degree than odd

degree neighbors in Gg. We begin with an example to demonstrate this situation, then follow with
Theorem 3.12.

Example 3.11. Consider the absorbing set defined by the graph in Figure 6. Notice that in this
graph, each variable node has exactly 2 more even degree than odd degree neighbors.

Vi 1
Cs
2
V2
C3
Co
V3 4

Figure 6: The Tanner graph of an absorbing set in which all variable nodes have exactly 2 more
even degree than odd degree neighbors.

It can be verified that this graph gives a (u | s — 1), absorbing set but is not a (u | s — 2),
absorbing set. This observation is generalized in Theorem 3.12.

Theorem 3.12. If every v € S is such that v has exactly t € Z more even degree than odd degree
neighbors in Gg, then S is not an (u | s — t); absorbing set. However, in this situation, S is a
(u| s — k), absorbing set for all k < t.

13



Proof. Assuming that for all v € §, the equality D,(v) = D,(v) + t holds, where ¢t € Z. If every
variable node in § is initialized with 1, then D,(v) = s and D,(v) = u. Under the update rule
u > s —t, this would not be an absorbing set, as D,(v) = D,(v) — t would cause every variable node
to switch on the first iteration of the algorithm. Under the update rule u > s — k where k < ¢, this
would be an absorbing set, as u > u + t — kK would never be satisfied. Hence S isnota (u | s — );
absorbing set but is a (u | s — k); absorbing set for any k < ¢. O

Theorem 3.13. A subset S C Visa(u|s—t+ 1), absorbing set if and only if forall v € S,
D,(v) < D,(v) +t.

Proof. For the forward implication, let S € V be a (u | s —t + 1); absorbing set. Initializing each
variable node with 1, we get for each v € § that |U,| < |S,| + ¢ (otherwise one of the variable nodes
would change in the second iteration). Given that D,(v) = |U,| and D.(v) = |S,|, we obtain the
following inequality: D,(v) < D.(v) + .

For the converse, assume that for all v € S, v has at least # more even degree than odd degree
neighbors. Then the inequality D.(v) > D,(v) + t holds. If every variable node is initialized with
1, then D,(v) = s and D,(v) = u, so we have the inequality s — f > u. The updaterule u > s — 1+ 1
is never satisfied, as s — ¢ > u > s — t + 1 has no solutions. So none of the variable nodes change,
and S isa (u | s —t + 1); absorbing set. O

Notice that Theorem 3.13 is a complete classification of Type 1 absorbing sets. Therefore, we
can make this a definition similar to the standard absorbing set definition given in Section 3.1.

Definition 3.14. A (u | s+ b), absorbing set is a subset D C 'V of variable nodes such that for each
veD,D,v)<D,(v)+b.

Under the standard definition of absorbing sets and the u > s update rule, all codewords are
absorbing sets. We conclude this section by showing that a similar fact holds for the u > s + b
update rule.

Theorem 3.15. For b > 0, all codewords are (u | s + b), and (u | s + b), absorbing sets.

Proof. Assume that ¢ € C = C(H) and (V, W; E) = T(H) for some parity-check matrix H. Since
¢ € C, we have |U,| = 0 for each variable node v € V. Consequently, we get |S,| = N(v).
Therefore, the inequality |U,| < |S,| + b always holds. Thus, u@(v) = u®(v) for all t € N. By
Remark 3.6, we conclude thatc € (u | s + b); C (u | s + b),.

|

3.3 Absorbing sets under fractional update conditions

The update rule we considered in Section 3.2 updates when a variable node has a set number more
(or less, depending on the sign of b) unsatisfied than satisfied neighboring check nodes. When
the variable nodes in the Tanner graph have the same (or relatively close to the same) degree, this
mimics the situation where we update when a set fraction of neighboring nodes are unsatisfied.
However, when variable nodes have wildly different degrees, this can result in unstable decoder
behavior. This can be rectified by considering a decoder variant that requires that some fraction of
check node neighbors are unsatisfied instead of a specific number.

14



In the standard setting, this fraction is % i.e. if u is the number of unsatisfied check node
neighbors of a variable node v and s is the number of satisfied check node neighbors of v, v changes
if == 1 . Building upon the framework built in Section 3.2, we can generalize the definition of
an absorblng set under general fractional update rules so that we update when —= > %, where both
a,beNanda < b.

This iterative decoder framework can be viewed as a slight modification of the (u | s + b)

Gallager B Decoder Variant given in Section 2 by replacing step 3 with the following:
3b.” Ateachve V,let U, = UN N(v). Then set

® Ul < a
#(Hl)(v) _ u "wy+1 if INO) > b @)
uOv) otherwise.

Increment ¢ by 1

We will call this fractional iterative decoding variant (g) decoding. We define absorbing sets in
this setting in a similar way as in Section 3.2.

Definition 3.16. Given b € Z and a code C(H) of length n with Tanner graph T(H) = G and set V
of variable nodes,

(4), = yo € B4 1 D V and u(v) = u(v) Vv € D and Vi € N}

IU\ Q
IN(V)I -

is the set of vectors such that the state of variable nodes never changes under the update

rule and
(g)2 = {yp € F! | D C V such that 3i, j € N with i # j and u®(v) = u’(v) ¥v € D)

is the set of vectors whose states are exactly those obtained in a prior iteration of the decoding

algorithm under the i /l\l/(‘ N2 + update rule. We will refer to the sets D C V with yp € ( ) (resp.,

Yp € ( ) ) as ( ) or Type 1 (resp., (;)2 or Type 2) absorbing sets.
As in Section 3.2, we observe the following.

Remark 3.17. For any a,b € N with a < b,
(3), < (5),
We now give an example of an (%) absorbing set in the specific case where a = 2 and b = 3.

This example both serves to explain the ( ) decoder and to demonstrate Definition 3.16.

Example 3.18. We will show that the Tanner graph in Figure 7 corresponds to a (g

3
set.
Initialize yO(v)) = u®w,) = u@w3) = u@@w,) = 1. Then we calculate that n©(c;) =
HO(e2) = uO(c) = 0and p®(es) = pO(es) = pO(ce) = u(cy) = 1. We notice that 5ot = 0 < ,

NI
W, _ 2 _ 1 L 2 Wyl _ 3 2 .
Mol =123 WNog =3 <% and Nooi = 5 < 5 So none of the variable nodes update,
and u® ;) = /fk)(v) forall k > 0 and i € [4]. This shows that the Tanner graph in Figure 7

corresponds to a absorblng set.

)1 absorbing

3
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V1

1%) €1
Cq
(6]
Cs
C3
Ce
V4
C7

Figure 7: The Tanner graph of a (%)1 absorbing set.

Using the techniques and results built up in Section 3.2, we jump to completely classifying
Type 1 absorbing sets in the (‘Z’) update setting.

Theorem 3.19. A subset S C Visa (%)1 absorbing set if and only if for all v € S,

(b;a)Do(v) < D,(v).
a

a

Proof. Assume S is an ( b) absorbing set. By definition, this means that in the context of an
LDPC code using the Gallager B decoding algorithm variant, the nodes in S never change under
our update rule. Specifically, for S to be an (g) absorbing set, for eachv € §, | }I\l/("vl)l < %. Note that
in the induced subgraph Gg, |U,| = D,(v) and IN(v)| = |U,| + |S,| = D,(v) + D.(v). So we have the

. D, . . . . _
condition W(Bg(v) < ¢ foreach v € §. Rearranging this inequality, we obtain (l%) D,(v) < D,(v).

Conversely, assume that for all v € §, the inequality (ba;“) D,(v) < D,(v) holds. We need to

show that this condition is sufficient for S to be an ( [‘—;) absorbing set. In the induced subgraph Gy,
D,v) =1U,|, D.(v) = |S,|, and D,(v) + D.(v) = IN(v)| for all v € §. Rearranging this inequality,

: Dy (v) a U a .
we obtain DD < b So we have o < b For any v € S, the decoder will change only when
U, | a . . a .
N 2 b which never happens. So § is a ( b)1 absorbing set. O

Definition 3.20. Under (%) decoding, a Type 1 absorbing set is a subset D C 'V of variable nodes
such that for each v € D, (b%“) D,v) < D,(v).

4 Connection to Boolean functions

In this section, we consider the connection between parity-check codes and Boolean functions. We
use the standard notation V for logical or and & for exclusive or. For a vectory € F}, y := y+1 € F,.
Notice that given an arbitrary parity-check matrix H and the Tanner graph T = (V,W; E)

associated with H, we may consider the function g : {0, 1}V — {0, 1} defined by

=\ P » (3)

ceWvieN(c)
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As the next result shows, another way to determine whether a vector is in the code is use the
Boolean function in (3) associated with the corresponding Tanner graph.

Theorem 4.1. For a parity-check matrix H with the Tanner graph T = (V, W; E) and the associated
Boolean function in (3), g(y) = 1 if and only if y ¢ C(H).

Proof. Given an arbitrary Tanner graph T = (V, W; E), assume that y € C where C is the corre-
sponding code. Asy € C, for all c € W, we have u©(c) = 0 mod 2. Hence, we get P 0.
Since this is true for all check nodes, we get \/ .cw @We N Yi = 0.

Conversely, assume thaty ¢ C, where C is the corresponding code. As'y ¢ C, some check
node ¢ € W is not satisfied, hence we get 4®(c) = 1 mod 2. This implies ), 1. O

vieN(c) i =

N Vi T

C1 (&) C3

V1 V3

Cy4

Figure 8: The Tanner graph whose Boolean function is calculated in Example 4.2.

Example 4.2. Calculating the Boolean function from the graph in Figure 8, we have
EY)=72@y3+y1©y3+y1 @y +y1 02D Yy;3
Using the equality x®y = X -y + x - y and De Morgan’s law we obtain

gY) =V 3ty Y3tV -3ty Y3t Vi ooty Yatyicy2 Y3+ Yo Yo y3t
Vi Y2:¥3+Yy1:-y2: 3.

We have that the code defined by Figure 8 is just C = {(0,0,0)}. Then we have

g0,0,00=1-0+0-1+1-0+0-14+1-0+0-1+0-0-0+1-1-0+1-0-1+0-1-1=0
g©0,0,1)=1-1+0-0+1-1+0-0+1-0+0-1+0-0-1+1-1-141-0-04+0-1-0=1
g0,1,00=0-0+1-1+1-0+0-14+1-1+0-0+0-1-0+1-0-04+1-1-14+0-0-1=1
g0,1,1)=0-1+1-0+1-14+0-0+1-1+0-0+0-1-1+1-0-14+1-1-04+0-0-0=1
g1,1,1)=0-1+1-0+0-1+1-0+0-1+1-0+1-1-1+0-0-14+0-1-04+1-0-0=1

The remaining vectors result in an output of 1 as well, and this can either be directly calculated or
be observed by the symmetry of the function.
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In Example 4.2 it can be seen that the Boolean function that is constructed is equivalent to the
Boolean function g’(y) = y; + y» + y3 and hence it should be observed that this construction does
not generally produce a minimum length Boolean expression. It is possible to create a minimum-
length Boolean expression using a tool such as a Karnaugh map. However, it should be noted
that Karnaugh maps are only practical for up to four variables [19]. Even so, they are useful for
visualizing the code. For example, in the function g’(y) = y; + y, + y3, it can be seen that the code
represents just the zero vector.

5 Conclusion

This research has explored absorbing sets of LDPC codes when using a variant of the Gallager
B decoding algorithm. In particular, we introduced definitions that classify absorbing sets of two
Gallager B decoding variants. We also introduced a connection between codes, graphical code
representations, and Boolean functions. The results presented here have the potential to lead to
algorithmic enhancements to overcome existing challenges in coding theory, which will ultimately
contribute to more robust and efficient communication systems. A potential future research direc-
tion stemming from this work is to examine the prevalence of absorbing set influence in decoder
failure. Future research may consider hybrid decoding approaches that leverage the strengths of
multiple algorithms. Additionally, deeper theoretical investigations into the behavior of absorb-
ing sets under various decoding methods will be essential for the development of more advanced
error-correction techniques.
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